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Abstract

In recent years, developments in the field of aerospace materials and structures has been bringing major
breakthroughs in the construction of air vehicles to be more lightweight yet with higher strength. However,
the aircraft body can deform more appreciably due to the occurrence of flow separation and flutter. Therefore,
active control is necessary in order to maintain structural integrity.

One of the proposed control methods uses visual tracking for structural state estimation which reduces
complexity in terms of hardware and data processing requirements compared to the conventional method
of inserting a large number of inertial measurement units and gyroscopes in wing sections. The visual track-
ing routine is then integrated into a new structural state estimation routine that is robust against optical
occlusions, and that can accurately reconstruct the states of the complete aeroelastic system. A new idea
is to use a state estimator based on a reduced order mathematical model of the aeroelastic wing. This new
state estimator is validated in simulation in different gust regimes. The results show that the state estimation
convergences to the true values despite the process and measurement noise present in all simulated flight
conditions. However, the pole position of the reconstructed state space fails to mimic the stable character-
istics of the true model. Further analysis is recommended to constrain the parameter estimation in order to
ensure that the stability of the true model can be retained, yielding an accurate solution for the aeroelastic
controller feedback.
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Preface

This report introduces the readers with the mathematical concept of the aerostructure behaviour in air flut-
tering condition and the development of basic framework for the feasibilty analysis of using visual tracking
as a tool for aeroelastic state and parameter estimation within an active controller scheme for structural in-
tegrity. The framework is further implemented in ten simulation cases with different gust realization and
structural property for the course AE5310 Thesis in the Delft University of Technology. This assignment is
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Control and Operations, Faculty of Aerospace Engineering, Delft University of Technology. The main output
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the visual tracker, and with that, the research questions and the research plan for the main work of the thesis
that will follow.
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ẏ Sway rate of the main wing (Chapter 2)

Γ Discretized Jacobian matrix, process noise

θ̂ Estimated parameter value

θ̂ Estimated parameters
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Chapter 1

Introduction

1.1 Introduction to Aeroelasticity and Basic Understanding of Flutter Oc-
currence

Aeroelasticity is a discipline in aerospace engineering that focuses on the deformations of elastomechanical
bodies due to aerodynamic acts [53]. From this definition, it can be seen that the aerodynamic forces and
moments acting on a body passing through such airflow will then excite such a structural response on the
body. The response is generally named as deformation. The interaction of the two aspects of aeroelasticity is
well described in Fig. 1.1.

Figure 1.1: Interaction between aerodynamics and structural dynamics [53].

In recent years, the development in the field of aerospace material and structure has been bringing a sig-
nificant breakthrough for the construction of air vehicles. The contribution of this field of research brings a
significant impact, such as by introducing the lighter material for aircraft structural components, improving
the strength of the material, and introducing the composite material to the aircraft. These all allow the ex-
pansion of dimensional constraints of aerostructure. However, due to its lightweight, the airplane structure
can deform appreciably under such external aerodynamic loads. Such deformation changes the distribution
of aerodynamic load, which then changes the distribution of deformations across the aircraft body. The flex-
ibility of such aircraft leads to large deformation so that linear theories are not relevant for the analysis [63].
This condition implies that the aircraft should then be treated not as a rigid body but as an elastic structure
[20].

As a consequence of the deformation of the aircraft body, the occurrence of flow separation due to gust
and turbulence may cause degradation of the aircraft flight performance or handling qualities [38]. The highly
undesirable rigid-body motion of aircraft due to airflow disturbance may also cause an autonomous oscilla-
tion, better known as a "limit cycle." Limit cycle oscillation (LCO) occurs when the nonlinear mean aerody-
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namic forces become significant. LCO may also occur in the flow field are coupled deterministically to the
wing motion [38]. Non-linearities in the structure or the aerodynamic forces can induce pre-flutter LCO or
lead to limiting the amplitude of oscillations of an unstable system [62]. This feedback interaction between
the airflow and the aircraft structures may lead to a flutter phenomenon. Flutter is a complex phenomenon
that must, in general, be eliminated from occurring within the flight envelope [20].

Fluttering and buffeting are two types of nonlinear input that may cause change to the shape of the air-
craft. Mayuresh J. Patil (2004) described the energy transfer interrelations as viewed in Figure 1.2 among
propulsion, structure, and airflow. At fluttering mode, it is observed that the energy produced by the propul-
sive system is lost to the fluid due to the occurring separation. Therefore, the energy used to maintain the
stability of the structure decreases. This loss causes instability to the aircraft structure that then turns to
increase the drag of the aircraft. This instability phenomenon of the relative airflow is associated with sep-
aration rand produces the driving forces known as buffeting, while buffeting is the flexible response to the
fluid motion [38]. The vibration level or buffeting intensity, defined by local accelerations or displacements
at either natural or forced frequencies as a consequence of energy loss to the system damping. When the
oscillations or displacement does not converge over time, the structural disintegration can then occur [38]
[36].

Figure 1.2: Energy transfer relation among propulsion, structure, and airflow [62].

In general, high aspect ratio lifting surfaces undergo a greater degree of structural deflections than low
aspect ratio lifting surfaces [58]. By this comprehension, this means that the main wing of the aircraft will
undergo the largest deformation. This large deformation occurs as the wing has the highest aspect ratio on
the aircraft structure. Since the main wing is the most significant lifting surface contributor to the aircraft
structure, the interaction between the aerodynamics and the structure can excite one or more elastic modes.
The elastic modes can cause a significant change in the aerodynamic properties of the wing. The change in
the wing property potentially causes undesired aircraft responses, which will also cause further degradation
in the handling qualities of the aircraft [58]. Therefore, to maintain the handling quality of the aircraft at the
regime, a control scheme is developed with the purpose of maintaining structural integrity during the flut-
tering condition. An aeroelastic estimation routine needs to be built to identify the displacement states of
the flexible design of aircraft structure such that a more accurate state observation can be used to identify
the governing state-space of the aeroelastic structure. The identified state-space can then become input for
the feedback to the aforementioned controller dedicated to maintaining the integrity of the aerostructure,
namely wing. Such that the more robust and fault-tolerant controller can work with controlling the aerody-
namic and aeroelastic influence to the structure.
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1.1.1 Problem Statement

In order to identify the system of aeroelasticity of a structure, an estimator routine for aeroelastic structure
needs to be built to identify the profile of the flexible design of modern aircraft structure. However, in contrast
to rigid states, aeroelastic state estimation requires more measurement points across the span to deduce the
vibrational shapes of the wing excitations. To correctly capture all the operational modes, this requires a high
number of accelerometers and careful geometric placement of these sensors.

However, there is, in reality, a limited amount of IMU that can be applied to the flexible structure. Hence,
not all wing sections displacements can be derived from the measurement from the accelerometer. Further-
more, the body accelerations, velocities, and displacements certainly diminish along with a closer gap to the
root of the wing since the root is not free to move. Therefore the root section will yield a huge stiffness and
damping value. Furthermore, the related computation system also needs to work at a high sampling rate. The
force and moment of each wing section can be considered as uniform across the wingspan [14].

In the Department of Control and Simulation, the Delft University of Technology, a new novel way to
simplify the problem of aeroelastic state estimation due to hardware and data processing complexity is by
exploiting the visual tracker. This method reduces the complexity in terms of hardware and complexity of data
processing compared to the conventional method of planting inertial measurement units and gyroscopes in
wing sections. The scheme of the controller for the aeroelastic structure is depicted in Figure 1.3

Figure 1.3: Controller scheme of an aeroelastic wing.

However, the visual tracker needs to run at a high-frame-rate to be able to capture the deformation modes
that occur on the aircraft structure. In the meantime, the advancement in the image processing field develops
algorithms that allow visual object tracking at a high frame rate. In general, a fast-tracking system uses the
identification of features like edges, corners, or blobs (a feature that has an area) on the image as the basis of
the tracking. The first developed routine called fragment tracking has been developed by Lucas and Kanade
[54] and Shi [71]. However, the tracking is constrained by the transformation of the feature perspective of the
image. The object displacement causes this change that, in turn, changes the shape of the features attached.
Hence, this will cause drift of the tracker. The transformation of the feature’s perspective can be mitigated by
using the mean shift tracker routine or color based tracking [15]. Here, instead of the intensity of the pixel
patch that is used to detect the object of interest. The color histogram becomes the object of the minimization
problem. In this problem, the distance of the referred color histogram should be minimal compared to the
position of candidate tracklet position in the proceeding frames. Despite the advancements, however, the
constraint remains as the color distribution is the determining variable in the tracker. Since the object is
"blurred" with the color kernel, it is harder for the tracker to detect the abrupt moves and the features of the
object. More recently, the correlation-filter (CF) based tracker is developed for the feature tracking routine.
In general, the CF routine divides the training image into subwindows with a predetermined target or object
of interest. These subwindows than can be labeled or weighted such that the target position can then be
acquired. The weight (w) or the classifier of the subwindow will be positive if the subwindow has a high
overlap with the ground truth while the contrary will be given for subwindow far or lowly correlate with the
ground truth or target. In order to give a perspective to the readers, the following figure depicts the cross-
correlation process in the tracker routine.
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Figure 1.4: Cross-correlation process in discriminative tracker.

From Figure 1.4, it can be seen that the high value is given at the true location of the target while the other
location is given low value. The high value surrounding low values creates something called peak. At an earlier
stage, Bolme et al. [8] introduced the distribution of the correlation output as a Gaussian peak in their MOSSE
routine. The correlation output surrounding the target location follows the two-dimensional Gaussian shape
distribution, which removes the hard constraints constituted by ordinary peak calculation. This method gives
the advantage to the MOSSE tracker to work at a very high frame rate (600 fps). However, the routine is
limited to raw pixel image only. Therefore, the tracking is not based on the feature since it cannot be in the
single-channel image. This limitation, in turn, yields a poor performance even when the object is stable. A
more recent algorithm developed is Kernelized Correlation Filter [30], which tracks based on the histogram
of oriented gradients (HOG) of the object of interest. This allows the routine to run at approximately 130-150
Hz with an accuracy of more than 90 percent [34]. However, the routine’s accuracy is still hampered by the
occlusion problem. This problem can be mitigated with the combination of a visual tracker routine with state
estimation. It is exemplified by combination of visual tracker with Kalman Filter routine in pixel reference
frame as in [19],[11], and [66]. Due to the nature of aeroelastic structure dynamics, the monitoring will have
to be performed at multiple wing sections, whereas the angular attitude also requires multiple objects for
each wing section. Once the object position is pinpointed, the position in the true world reference frame
can be obtained by transforming the pixel coordinates through triangulation calculation [29]. In contrast, the
angular attitude also requires multiple objects for each wing section. Furthermore, the proposed pixel-based
state estimation is also constrained to model the object movement at one axis.

A new idea was based on real-time parameter estimation by using the aeroelastic dynamics mathematical
model instead of using the raw pixel reference frame position in order to determine the displacement of the
wing sections. The background is because the pixel unit by itself is an area. Hence the extracted position
in the world reference frame will also have uncertainties. The coupling potentially yields, in turn, accurate
estimation of wing sections displacement states. Hence the estimated dynamics can become an input for the
parameter estimator to estimate the governing state-space representation for the basis of the active controller
to mitigate the fluttering behavior of the wing-aileron body in real-time. However, as formerly mentioned, the
modes of displacement for an aeroelastic structure requires measurements at numerous wing sections. The
increase in the number of states to estimate will increase the computational, which will hinder the utilization
of a high sampling rate system. The realization of the state-space for an aeroelastic structure should be then
reduced in order to reduce the number of states to estimate, hence the computational cost for the controller
will be cheaper. The expected accurate estimation can be yielded so that the estimated dynamics becomes
an input for an active controller to mitigate the fluttering behavior of the wing-aileron body, as exemplified
by Timme et al. [75].

The first step in the implementation of the research for the controller scheme is by testing the open-loop
part in the numerical simulation environment. In order to analyze the feasibility of this new approach, a set
of simulations is formulated. First, the mathematical model of the dynamics of an aeroelastic structure will
be investigated. Once the mathematical state-space has been formulated, the displacement states value will
be sent to a simulated visual model where the fast visual tracker routine, in this case, is KCF, is embedded.
The pixel value obtained from the visual tracking routine will be transformed again through the triangulation
process. The state estimation would be based on the inputs and the position obtained from the visual model.
The corrected displacement position will be fed back to the visual model and correct the position of the visual
tracklet. The unbiased state value will be used as the basis for parameter estimation. The rough picture of the
whole numerical simulation process is depicted in Figure 1.5.
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Figure 1.5: Rough picture of numerical simulation process.

1.2 Research Objective and Questions

Based on the problem backgrounds stated in the previous paragraph, the goal of this report is to analyze the
feasibility of such a controller scheme in numerical simulation before the implementation in the real-life.
The open-loop analysis will be focused, as described in Figure 1.6.

Figure 1.6: Focus parts of the numerical simulation.

The analysis that will be conducted in this report contains a few parts of the full controller scheme. As
shown in Figure 1.6, this consists of the modeling of the aeroelastic model with its contributing states and its
reduction and to deliver the results of numerical simulation of aeroelastic states and parameters estimation
in a high-frame-rate visual tracking environment. For the focus of the paper, the visual model, which repre-
sents the physical representation of the wing and the embedded fast visual tracking routine, will be put aside.
Hence, the triangulation will be unnecessary. Nevertheless, the calculation process is constrained by the lim-
itation of the visual tracker itself, such as the sampling rate and also the transformed sensor noise from the
pixel reference frame. Therefore, based on the previous scheme of the full numerical simulation, the paper
will investigate the aeroelastic mathematical modeling and the system identification part, which consists of
state and parameter estimation The developed algorithm can also be implemented later in other various es-
timation of fast linear system states and parameters with similar hard limitations, such as processing or
sampling rate.

The research objective is then specified as:

• Contribute to the development of the online state estimator for the dynamics and aeroelastic constants
from the nonlinear flexible structure of flexible rectangular wing by investigating the feasibility of appli-
cation of existing online state estimation framework within active controller scheme for structural in-
tegrity control with visual tracking to estimate aeroelastic dynamics and its parameters in Theodorsen’s
fluttering condition.

In order to achieve the mentioned objective, few research questions are formulated as follows:

1. How can states and parameters of a nonlinear aeroelastic system be estimated by using the fusion of
visual tracker and state estimation routine in real-time?

• (RQ 1.1) What is the theoretical basis for the aircraft aeroelastic behaviors, and how does the be-
havior of the aeroelastic wing in fluttering or buffeting condition be represented mathematically?
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• (RQ 1.2) Given the numerical measurement and process noises occurring in the process and the
limitation of the hardware, what is the structure of the state and parameter estimation routine for
the estimation of the aeroelastic object in visual tracking environment?

• (RQ 1.3) With the proposed framework, how does the state estimator routine in different condi-
tions approximate the correct response? In other words, how robust is the proposed method for
the different realization of turbulence, and what are the influencing parameters that may affect
the state estimation results with the given system environment?

• (RQ 1.4) How does the proposed method reconstruct the true parameter values such that the re-
constructed system can imitate the true model of the system? What is the error that occurs during
the parameter estimation?

1.3 Report Outline

As mentioned before, the main goal of this research is to investigate the feasibility of the application of an
existing online state estimation framework within an active controller scheme for structural integrity control
with visual tracking to estimate aeroelastic dynamics and its parameters in Theodorsen fluttering condition.
The core of this work will then be to create an aeroelastic state estimation routine that can yield the informa-
tion in real-time with consideration of processing and sampling rate of hardware. Therefore, to achieve the
main goal, the survey will be then aimed at two objectives. First, the mathematical model of an aeroelastic
body in the flutter condition will be identified. Once the dynamics are known, it is then possible to identify
the states and parameters which needs to be identified, the means of estimating states and constant param-
eters of the aeroelastic system will be then discussed along with the possible model reduction methods to
allow a cheaper computational cost to build the full framework for the feasibility study of aeroelastic state
estimation by using visual tracking.

The introduction of the flutter and the problem background has been stated in this chapter, and the main
part of the report will be divided into two parts afterward. First, the derivation of the two-dimensional aeroe-
lastic equations of motion in fluttering condition and its development as the basis for a three-dimensional
aeroelastic model will be deciphered in Chapter 2. Next, the identification of the related state and parameter
estimation routine and additional step with the goal of simplification of the system with the concern of the
limitation of the system will be presented in Chapter 3 along with the discussion in regards to building the
framework of state estimation routine with visual tracking. The numerical simulation results based on the
built framework will be then displayed and discussed in Chapter 4. In addition to that, the results of addi-
tional simulation cases will be presented in Chapter 5. Lastly, the report will be closed with the conclusion in
Chapter 6.



Chapter 2

Introduction to History of Flutter
Research and Mathematical Model of
Aerostructure in Fluttering Condition

In the next subchapter, the basic understanding and history of aeroelastic research development will be fea-
tured, and the underlying two-dimensional wing problem will then be derived. Furthermore, the Subchapter
2.2, the aerodynamic trailing circulatory lift influence to the aeroelastic equation of motion will be derived by
integrating the Leishman state space into the general aeroelastic equation of motion. The two-dimensional
wing equation of motion knowledge will become the basics to derive the three-dimensional wing problem in
the Subchapter 2.3.

2.1 History of Subsonic Aeroelastic Research and The General Equation
of Two-Dimensional Wing Problem

A few scientists proposed the basis of two-dimensional approaches to solving the structure fluttering model.
These are: 1) Velocity potential method was proposed by Theodore Theodorsen (1935); 2) Vortex distribution
method by Kuessner (1936) [45] and Schwarz (1940), and; 3) Integral equation method by Possio (1938) [53].
Here, Theodorsen’s method as the earliest method to occur for two-dimensional aeroelasticity problem made
a difference by not using Routh’s discriminants to deal with sinusoidal aerodynamic behavior [38]. The dis-
covery leads to several parametric ways of finding the flutter solution. In 1925, another model was developed
in order to investigate the flutter behavior on time-domain against a step disturbance. It can be traced that
Wagner and Theodorsen’s works are each related in the Fourier transform [73]. This has been proven by Jones
[39], where the outcome of the indicial response function derived by Wagner only deviates by a small percent-
age from the results obtained by using Theodorsen’s work. Later the ground of Wagner’s function would then
become the basis in order to approximate the aerodynamic lag or Theodorsen’s function in the time domain
[48]. Their results are only valid at zero velocity, utter velocity, or in the presence of a sinusoidal excitation [2].

Because of the ability to capture the unsteady effects in a compact form, finite-state aerodynamic models
(Theodorsen’s work) has become the main base for flight dynamics and aeroelastic simulations and control
design ([62],[47],[73]), as well as its application in industry [2].

2.1.1 The General Equation of Two-Dimensional Wing Problem

In a wing-aileron two-dimensional wing model, the two-dimensional wing-aileron has three degrees of free-
dom, namely the angular movement (pitch) of the wing-aileron system, the angular movement (pitch) of
the aileron, and the translation (heave or plunge) movement of the wing-aileron system. As the equations
of total force and moments acting on the wing-airfoil body at fluttering condition have been established,
Theodorsen ([74], p. 9) established the general differential equations of motion for each angular and transla-

7
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tional attitudes as

Mα = Iαα̈+ (Iβ+b(c −a)Sβ)β̈+Sαḧ +Kαα

Mβ = (Iβ+b(c −a)Sβ)α̈+ Iββ̈+Sβḧ +Kββ

Z = Sαα̈+Sββ̈+Mḧ +Khh

(2.1)

where ρ is the air density, b represents the half chord of wing, M represents the mass of the unit body. S repre-
sents the static moment per unit length, I represents the moment of inertia of the body, and K represents the
stiffness of wing on respective subscripted axes. The subscripts α,β, & h respectively represents the angular
wing-aileron, angular aileron, and plunge deflection attitudes.

As observed, the differential equations above resemble an undamped mass-spring system with the time-
domain characteristic equation of M ẍ +K x = F . From here, the angular frequency and the damping of the
system are zero. Practically speaking, some small amount of damping is known to exist in the system. Use-
ful numerical analysis and simulation will not be possible with the addition of some structural damping,
and so for full modeling [2]. The phenomenon was found evident as well in papers regarding the subject
[77],[38],[75]. Therefore, with the addition of damping part into the system, Equation 2.1 becomes

Mα = Iαα̈+ (Iβ+b(c −a)Sβ)β̈+Sαḧ +Cαα̇+Kαα

Mβ = (Iβ+b(c −a)Sβ)α̈+ Iββ̈+Sβḧ +Cββ̇+Kββ

Z = Sαα̈+Sββ̈+Mḧ +Ch ḣ +Khh

(2.2)

where C represents the damping system. In the system of unflapped wing, the flap-related parameters can
then be written off the equation. Hence, the equation above can be resimplified for clean wing to become

Mα = Iαα̈+Sαḧ +Cαα̇+Kαα

Z = Sαα̈+Mḧ +Ch ḣ +Khh
(2.3)

Hence, the characteristic equation then resembles M ẍ +C ẋ +K x = F . The modal mass matrix at multiple 2D
airfoil wing is represented as M while the modal damping and stiffness matrix are respectively referred as C
and K .

In a homogeneous solution, transforming the characteristic equation from the time domain into fre-
quency domain [60], [36]. The frequency-domain relation between input and output of the system becomes

X (s)

F (s)
= 1

M s2 +C s +K
(2.4)

As specific force f is divided by mass, then

X (s)

f (s)
= 1

s2 + ( C
M )s + K

M

(2.5)

where
C

M
= 2ζωn (2.6)

where ζ is the damping coefficient and natural frequency ωn is

ωn =
√

K

M
(2.7)

The general solution of the wing displacement is

x(t ) = A0e−ζωn t si n(ωd t +φ) (2.8)

where the damped natural frequency, ωd , is formulated as

ωd =ωn

√
1−ζ2 (2.9)

and the amplitude (A0) and initial phase of the wave becomes

A0 =
√

x2
0 + (

ζωn x0

ωd
+ v0

ωd
)2

φ= ar ct an
ωd x0

ζωn x0 + v0

(2.10)



2.2. Aerodynamic Lag Influence to Aeroelastic Formulation (Leishman State Space) 9

2.2 Aerodynamic Lag Influence to Aeroelastic Formulation (Leishman
State Space)

Despite the elaborative derivation of the aeroelasticity state space and the formulation of the general solution
of aeroelastic structure’s equations of motion by Theodorsen, the equation still discounts the effect of the
aerodynamic lag effect in its representation in the time domain. This is because the aerodynamic lag is still
represented in the frequency domain so that the representation in time-domain state space is difficult. In the
paper by de Breuker on the investigation of combined active and passive loads alleviation through aeroelastic
tailoring [14], the combined state space of aerodynamic and structural influence is reformulated as

~Fa = (Ma +Ms )ẍs + (Ca +Cs )ẋs + (Ka +Ks )xs +Kz zi (2.11)

where
~Fa = [Z , Mα] (2.12)

the states are xs whereas zi represents the aerodynamic "stiffness" lag states due to trailing circulatory lift and
the Kz represents the aerodynamic lag matrix. The Ms ,Cs ,Ks represent the structure influence matrix as de-
rived in previous subsection. Ma ,Ca ,Ka represent the aerodynamic influence to the total "mass", damping,
and stiffness respectively.

The readers may question how the aerodynamic lag states and aerodynamic lag matrix are obtained.
Therefore, to answer the question, the Leishman paper is used as the reference [48]. The aerodynamic circu-
latory effect or lag is needed to fully capture the flutter phenomenon based on the Theodorsen’s model [48].
However, this aerodynamic lag or Bessel function is written in the frequency domain. As it has already been
observed in other paper, most of the approximation conducted is also using the complex frequency domain
value to approximate this [53][6]. Since the non-circulatory aerodynamics expression in the time domain ex-
ists, the circulatory aerodynamics caused by wake near the trailing edge should then be represented in the
time domain. Leishman introduced an approximation of this in the time domain by using indicial function
approximation [48].

The lag effects that are present in the unsteady aerodynamics through the Theodorsen function are repre-
sented in the time domain by additional lag states. Hence the unsteady aerodynamics are purely in the time
domain, but the number of states is increased [14]. These additional states of aerodynamic lag will then con-
stitute the circulatory lift caused by the aerodynamic lag. The circulatory lift caused by pitch (Cθ,c

Z ) is affected
by the aerodynamic lag states of z1 and z2. de Breuker et al. [14] gives a solution where the wake-induced lift
can be combined such that the total coefficient lift becomes

C c
Z =Cθ,c

Z +Cβ,c
Z = 4π(

b1b2

2
(

V

b
)2z1 + (A1b1 + A2b2)

V

b
z2)+πθqs +πβqs (2.13)

where the coefficients of A1, A2,b1,&b2 is derived from the exponential fit to Wagner indicial response func-
tion which has been approximated by Jones [39] as

φ(s) = 1.0− A1exp(−b1S)− A2exp(−b2S)

φ(s) = 1.0−0.165exp(−0.0455S)−0.335exp(−0.3S)
(2.14)

and

θqs = ḣ

V
+θ+b(1/2−a)

α̇

V

βqs = T10β

π
+ bT11β̇

2πV

θ =α− ḣ

V

(2.15)

Therefore,

θqs =α+ (b(1/2−a))
α̇

V

βqs = T10β

π
+ bT11β̇

2πV

(2.16)
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Adding these lag states into the structural-aerodynamic equations of motion itself is making the equation
non-solvable as the values of these lag states can also differ over time. Therefore, Leishman introduces the
first derivative of lag states equation where[

ż1

ż2

]
=

[
0 1

−b1b2( V
b )2 −(b1 +b2)( V

b )

][
z1

z2

]
+

[
0
1
2

]
θqs +

[
0
1
2

]
βqs (2.17)

Back to the calculation of lift coefficient due to the circulatory flow, the lift force due to the aerodynamic
lag can then be easily calculated as

Z c = 1

2
ρV 2SC c

Z (2.18)

from which the moment due to the airfoil attitude can then be calculated as

M c
α = Z c b(

1

2
+a) (2.19)

Returning to the first equation presented in this subsection, the lag states matrix and the corresponding
states contribute to each force or moment of the clean wing with an amount of

Kz zi =
[

M c
α

Z c

]
= 1

2
ρV 2S

[
b( 1

2 +a)
1

]
(4π

[
b1b2

2 ( V
b )2 (A1b1 + A2b2) V

b

][
z1

z2

]
+πθqs ) (2.20)

Adjusting the aerodynamic lag contribution formulation above into a two dimensional problem, then

Kz z =
[

M c
α

Z c

]
= 1

2
ρV 2S

[
b( 1

2 +a)
1

]
(4π

[
b1b2

2 ( V
b )2 (A1b1 + A2b2) V

b

][
z1

z2

]
+πθqs )

=
[

1
2ρV 2S(b( 1

2 +a))(4π b1b2
2 ( V

b )2) 1
2ρV 2S(b( 1

2 +a))(A1b1 + A2b2)( V
b )

1
2ρV 2S(4π b1b2

2 ( V
b )2) 1

2ρV 2S(A1b1 + A2b2)( V
b )

][
z1

z2

]

+
[ 1

2ρV 2S(b( 1
2 +a))π 1

2ρV S(b( 1
2 +a))2π

1
2ρV 2Sπ 1

2ρV S(b( 1
2 +a))π

][
α

α̇

] (2.21)

Where c̄ represents the chord length of the wing system. From the derivation of quasi-steady pitch, it can be
seen that the aerodynamic lag also contributes to the angular attitude and angular rate of the wing. This in
turn signifies that the angular attitude is not influenced by only the structural damping and stiffness but also
by the interaction between the structure and the aerodynamic environment as well.

Integrating the angular attitude and rate-dependent variable matrix into the damping and stiffness matrix
of the system, now there is only one variable matrix left. The remaining parameter is dependent on the
aerodynamic lag states of z1&z2. This yields

Kz =
[

1
2ρV 2S(b( 1

2 +a)(4π b1b2
2 ( V

b )2) 1
2ρV 2S(b( 1

2 +a)(A1b1 + A2b2)( V
b )

1
2ρV 2S(4π b1b2

2 ( V
b )2) 1

2ρV 2S(A1b1 + A2b2)( V
b )

]
(2.22)

In addition to that, the gust phenomenon can also add to the dynamic aerodynamic excitation. As the
gust also possesses lag terms due to the wake effect. Other pairs of lag states can also be added to account for
the gust effect signal that makes up the true gust wave.

2.3 Three-dimensional wing aeroelastic behavior solution

Given the solution of the two-dimensional aeroelastic system which has been derived above, it is now possible
to expand the model into a three-dimensional wing model. The depiction of inter-relation among all two-
dimensional elements in the three-dimensional wing model is well figured in Figure 2.1.

Revisiting Figure 2.1, the movement of each section is not constrained by the presence of damping or
stiffness of the wing in the heaving axis. In reality, the heaving attitude of wing sections is also constrained
by the skin and inner spar of the wing. Therefore a more complex model based on the referred figure. For
each degree of freedom, the movement of the wing is constrained by the stiffness of the given axis. These
stiffness for each section is then renamed as Kh i and Kαi for each i th section of wing. The axis of rotation is
assumed to be along the elastic axis, so no stiffness coupling exists between pitch and heave modes. However,
stiffness effects between segments propagate through the model so that each stiffness interface influences the
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Figure 2.1: Example of three-dimensional wing model [2]

dynamics at each segment. As a result, the coupling of stiffness from all sections give a modification to the
Theodorsen’s differential equations of motion to every i th wing section as

Mα = I α̈+Sαḧ +
n∑

j=1
Kαi jα j

Zi = Sαα̈+Mḧ +
n∑

j=1
Kh i j h j

(2.23)

However, as discussed in the derivation of Theodorsen’s work, small damping is also observed when re-
searching the flutter phenomenon [77][36]. The magnitude of this damping is observed between 0 and 0.05.
Hence the damping is also present in the equation. However, as damping also occurs on each wing section,
it interferes as well with the dynamics of other related wing section. Therefore, the equation above becomes

Mα = Iαα̈+Sα,ḧ +Cα α̇+
n∑

j=1
Kαi jα j + (Kz z)i

Z = Sαα̈+Mḧ +Ch ḣ +
n∑

j=1
Kh i j h j + (Kz z)i

(2.24)

In addition to that, the problem formulation expansion to the three-dimensional problem also means
that the rolling and yawing attitude of the wing also influences the equation and the forces of remaining axes.
This expands the problem into a six-degree of freedom problem (φ,α,ψ, x, y,h).

The readers might wonder the decision of the writer to keep using the angle-of-attack instead of pitch
angle to represent the angular attitude of the wing around its Y-axis. While in some papers interchange the
term of the angle-of-attack with the pitching angle, it can be understandable from the relation derived be-
tween pitch and angle of attack in Equation 2.15. When the heave rate is low, and the air free velocity is high,

the ḣ
V term will then yield minute value such that the pitch angle can be considered equal to angle-of-attack.

However, since Theodorsen[74] and Leishman and Nguyen [48] use the angle of attack term, hence the term
is retained to maintain the consistency. As compensation, the pitch angle can be derived by using the rela-
tion previously described in Equation 2.15. In addition to that, the h is used instead of writing in z in order to
avoid confusion between the aerodynamic lag states and heave states.

It is found evident from Subchapter 2.2 that the aerodynamic lag affects the equations of motion for each
wing section. Following the derivation of Leishman state space, then it is possible to expand the aerodynamic
lag variable matrix to be integrated into three-dimensional modeling. The integration of Leishman state-
space adds the wing states with four additional lag states. Two states are the contribution of wake lag due
to the angle-of-attack or pitch [14] of the aircraft while the rest is contribution due to the angle of the flap to



12
2. Introduction to History of Flutter Research and Mathematical Model of Aerostructure in Fluttering

Condition

the global angle of the main wing structure. Hence, the additional influence due to the circulatory lift can be
derived from the two-dimensional wing solution in Equation 2.21 into a three-dimensional solution as

[
M c
α

Z c

]
= Kz zi

=
[

1
2ρV 2S(b( 1

2 +a))(4π b1b2
2 ( V

b )2) 1
2ρV 2S(b( 1

2 +a))(A1b1 + A2b2)( V
b )

1
2ρV 2S(4π b1b2

2 ( V
b )2) 1

2ρV 2S(A1b1 + A2b2)( V
b )

][
z1

z2

]

+
 1

2ρV 2S(b( 1
2 +a))π 1

2ρV S(b( 1
2 +a))2π

1
2ρV 2S(b( T12

2π ))π 1
2ρV S(b( T12

2π ))(b( 1
2 +a))π

1
2ρV 2Sπ 1

2ρV S(b( 1
2 +a))π

[
α

α̇

] (2.25)

Here it can be seen again that the aerodynamic interaction with the structure also influences the angular
attitude and rate of the wing and also aileron. Hence it can be hypothesized that the aerodynamic and struc-
tural parameters influence these two states as seen on the second matrix on the right side of the equation
above.

2.3.1 In-house PROTEUS Aeroelastic Geometry Generator

PROTEUS is an in-house aeroelastic framework for optimization and tailoring, which is owned by the De-
partment of Aerospace Structures and Materials [37]. Developed initially by de Breuker [13], the in-house
software has been used to generate the geometry of multiple aeroelastic objects for the needs of scientific
experiments. The software is designed to improve the conceptual design of aircraft wings with the reference
of its sizing and aeroelasticity. The optimized results yield a numerical three-dimensional wing structure ma-
trices split into several two-dimensional wing elements with matching cross-sectional properties [37]. The
resulting matrices are the geometric mass and stiffness matrix, which represents the dynamics of the wing in
six degrees of freedom. The interested readers can find the theoretical and computational process knowledge
of the software in the works by Werter and de Breuker ([80],[79]).

2.3.2 Final Equation and Concluding Remarks

Given the structural mass and stiffness matrices are obtained from the in-house PROTEUS software, the equa-
tion of motion of three-dimensional wing can then be derived. As mentioned in the preceding subsection,
the three-dimensional wing solution is obtained by dividing the geometry into several two-dimensional wing
components whose dynamics is governed by Equation 2.11. While the stiffness and mass can be obtained
directly from PROTEUS, the structural damping matrix representing the dampened nature of the wing move-
ment has not existed yet. One way to generate the matrix is by manually choosing the damping coefficient.
From [2], it is reported that the damping coefficient of a wing is found between 0 and 0.05 with a natural
frequency as derived in Equation 2.7. Hence the damping matrix can be obtained based on PROTEUS results.

Considering the full picture of aeroelastic displacement model due to structural and aerodynamic influ-
ence, it is then now possible to make the full mathematical model of the aeroelastic wing. Let the mass and
stiffness matrix generated by in-house PROTEUS software is represented as Ms and Ks . The simulated damp-
ing matrix is represented as Cs . The Mw s ,Cw s and Kw s will represent the part of respective Ms ,Cs and Ks

matrices that constitute of the dynamics of the wing section’s degree of freedom parameters related to all
states of the equation, represented as xa . This leaves the full model with the remaining aerodynamic lag in-
fluence is calculated based on the derivation of Leishman State-Space as derived in Section 2.2. However, as
the Leishman aerodynamic lag influence only states the significant influence in the two-dimensional prob-
lem, therefore only aerodynamic lag influence in heave and pitching of the wing section exists. Furthermore,
since the free velocity of air is close to zero, hence implementing the aerodynamic lag parameter Kz in the
roll and yaw axis will yield negligible parameter value.
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Thence, for each wing section, the full mathematical model becomes

Mφ

Mα

Mψ

Fx

Fy

Fz

= Mw s ẍa +Cw s ẋa +Kw s xa +



0 0
1
2ρV 2S(b( 1

2 +a))(4π b1b2
2 ( V

b )2) 1
2ρV 2S(b( 1

2 +a))(A1b1 + A2b2)( V
b )

0 0
0 0
0 0

1
2ρV 2S(4π b1b2

2 ( V
b )2) 1

2ρV 2S(A1b1 + A2b2)( V
b )


[

z1,i

z2,i

]

+



0 0
1
2ρV 2S(b( 1

2 +a))π 1
2ρV S(b( 1

2 +a))2π

0 0
0 0
0 0

1
2ρV 2Sπ 1

2ρV S(b( 1
2 +a))π


[
αi

α̇i

]

(2.26)
where z1,i and z2,i represents the aerodynamic lag states belonging solely to the corresponding wing sec-

tion and α̇i and αi are displacement attitude and rates are belonging solely to the corresponding i th-wing
section.

Concluding Remarks

As the full picture of the aeroelastic phenomenon in fluttering conditions has been described, it is clear to the
writer and the readers about the dynamics and the states that will be estimated by using the state estimation
routine. Hence, the first sub-research question (RQ 1.1) is finally obtained with the formation of the final
equation. This state estimation routine will be further explained and built up in Chapter 3.





Chapter 3

System Identification of Aeroelastic Wing

Given the knowledge of the flexible equations of motion that governs the flexible wing and approaches that
can be useful in constructing the full 3D model of the wing and correlation among the states and variables
on the aeroelastic system, it is now possible to determine the dynamics of the wing by performing the state
space calculations based on the state space derived from the final equation of previous chapter.

As described in the introduction chapter, the proposed methods are by coupling the state estimator with
visual tracking. Visual tracker enables the determination of the displacement of an object by tracking the
object of interest in every single image patch on the image sequence (video). Furthermore, the coupling with
a state estimation routine will further enhance the quality of visual tracking by providing the position and
displacement estimation of the objects of interest during occlusion. The state estimator also simultaneously
estimates the dynamics of the object of interest, namely, in this case, aeroelastic structure or wing. In order
to identify the system that governs the dynamics of the wing, the structural system identification has been
developed in the civil engineering field that enables the states and parameters real-time estimation. The
online structural system identification methods are going to be used as the ideal starting point to derive a
suitable method for aeroelastic wing system identification.

3.1 State of the Art

In order to reconstruct the aeroelastic fluttering dynamics, the system identification will be conducted in or-
der to observe the displacement of the wing section and to estimate the parameters of the aeroelastic system,
namely structural stiffness, damping, and mass. From here, the validation can be run against either the orig-
inal numerical model of the wing or the tracked displacement of the wing (ground truth). In dealing with
the flexible structure estimation problem, Ghanem and Shinozuka identify three main real-time identifica-
tion methods to solve the flexible-structure system ([22], [72]). These are Kalman Filter, Maximum Likelihood
Estimation, and Recursive Least Squares. Out of these proposed methods, it is observed that Kalman Filter
and Maximum Likelihood Estimation yield more reliable computational results in comparison to the stan-
dalone Recursive Least Square. Furthermore, the Recursive Least-Square approach cannot by itself solve the
displacement and aerodynamic states of the wing. Therefore, the two remaining methods, namely Kalman
Filtering and Maximum Likelihood Estimation, will be discussed further.

3.2 Kalman Filtering

Kalman Filter is one of the methods of state estimation that can be used recursively for an online estimation
routine. Kalman Filter was developed in the 1960s with the goal of cleaning out the measurement and process
noise, which may cause erroneous readings of the states in a linear system [41]. The linearity of a system can
be determined from the nature of coupling among the states considered in the equation. By tracing back to
the final equation of the mathematical model of an aeroelastic wing, it can be seen that each state is coupled
by stiffness, damping, and mass. Therefore, it can be seen that nonlinearities do not exist in the equation.
The algorithm of the Ordinary or Linear Kalman Filter can be written as follows.

15
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1. At the first iteration, declare the initial state and covariance estimation

x̂0,0 = x̂0

P0,0 = P0
(3.1)

2. Calculate "one-step-ahead" prediction in discrete form

x̂k+1,k =Φk+1,k x̂k,k +Ψk+1,k uk (3.2)

3. Calculate covariance matrix of state prediction error

Pk+1,k =Φk+1,k )Pk,kΦ
T
k+1,k +Γk+1,k )Qd ,kΓ

T
k+1,k (3.3)

4. Update states’ measurements

x̂k+1,k+1 = x̂k+1,k +Kk+1(zk+1 −Hk+1x̂k+1,k ) (3.4)

5. Calculate covariance matrix of state estimation error

Pk+1,k+1 = (I −Kk+1Hk+1)Pk+1,k (3.5)

6. Return to the Step 2 for the next iteration.

Kalman Filter is also computationally a cheaper state estimation compared to its counterpart, Particle
Filter. The Particle Filter is one of a kind of Bayesian Recursive filter based on random sampling ([10],[68]).
However, the random sampling is not bounded by certain distribution as happened in Kalman Filter [1]. That
results in a low sampling rate created from a more computationally expensive routine and significantly lower
processing rate [61]. This is exemplified by its implementation in visual tracking ([49] [50] [9] [4]).

Furthermore, the application of the Kalman Filter is not only limited to state estimation. Few applications
of Kalman Filtering for parameter estimation have been shown to be working in the field of civil engineering
to estimate the dynamics of the flexible structure of building during an earthquake [84], of vehicle model [7],
and also the health monitoring of the structure as already performed by Wu et al. [82] by using Unscented
Kalman Filter and Xie et al. by using Extended Kalman Filter [83]. The typical structure identification analysis
has already been conducted to estimate the damping and stiffness parameters along with the displacement
of the body by augmenting the state space with parameter estimation such that [33]

Ċ = 0

K̇ = 0
(3.6)

Nevertheless, despite the Kalman Filter routine can estimate aeroelastic constant parameters directly in
one step, augmenting the Kalman Filter state-space will then introduce the nonlinearities to the problem.
Hence the ordinary Kalman Filter routine is no longer applicable to solve the problem. Although further
researches have been conducted in order to increase the capability to measure non-linear systems such as
Extended Kalman Filter [42], Iterated Extended Kalman Filter [85], Unscented ([40], [78]), and Iterated Un-
scented Kalman Filter [85], the computational cost becomes significantly higher compared to the Ordinary
Kalman Filter routine due to nonlinearities. Moreover, by augmenting the Kalman Filter state space to solve
the three-dimensional aeroelastic wing with six degrees of freedom, the augmentation adds the number of
states to estimate by 108n2 states on top of the number of displacement states. Therefore, for every n wing
sections as the results discretization of three-dimensional wing geometry, the total number of states to es-
timate will be in the order of at least hundreds. Although not all parts of the mass, damping, and stiffness
matrix need to be estimated, it can be seen that the routine is already quite complicated. Furthermore, the
number of states involved requires a high processing rate in order to enable high rate system identification.
Therefore, augmenting the Kalman Filter is not suitable for the case where the aeroelastic structure is pre-
sentable in linear state-space.
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3.3 Maximum Likelihood Estimation

the Maximum Likelihood Estimator (MLE) is a non-linear estimator based on the assumption that an un-
known probability density function (PDF) exists on the set of observation where

fN (y,µ,ς) = 1

ς
p

2π
exp(− (y −µ)2

2ς2 (3.7)

Where N represents the number of observation points.
MLE is a special case of Bayes rule where probability density and cost function where the error estimate

is available [65]. Given that each of the observation points is independent and identically distributed. The
likelihood cost function is

L(y |θ) =ΠN
i=1 f (y(i )|θ) = f (y(1)|θ)+ f (y(2)|θ)+ ...+ f (y(N )|θ) (3.8)

Where f (y(i )|θ) represents the distribution function for each observation points.
Given that maximum likelihood has an objective to increase the likelihood of the estimator, the cost func-

tion value has to be maximized. In the parameter model structure, by assuming that y is normally distributed
and the mean of the function is equal to µ= A(x)θ, therefore

L(y |θ) = 1

2πN /2

√
|Σ(θ)|exp(−1

2
(y − A(x)θ)TΣ(θ)−1(y − A(x)θ)) (3.9)

As the maximum likelihood estimator is not influenced by natural logarithmic as it is monotonely increasing,
then

θ̂MLE = ar g maxθ L(y |θ)

= ar g maxθ lnL(y |θ)

= ar g maxθ [ln2πN /2
√
|Σ(θ)|+ 1

2
(y − A(x)θ)TΣ(θ)−1(y − A(x)θ)]

(3.10)

Nevertheless, the covariance matrix is still becoming a problem in this case since it needs to acquired
initially before the calculation. By using relaxation technique ([43]), the covariance matrix can then be sim-
plified by approximating it for each additional measurement point k such that the MLE estimator can be
rewritten as

θ̂k+1 = ar g maxθ[l n2πN /2|Σ̂(θ̂k ,k)|1/2 + 1

2
(y(θ̂k ,k)−p(θ̂k ,k))T Σ̂(θ̂k ,k)−1(y(θ̂k ,k)−p(θ̂k ,k))] (3.11)

Given that the general least-squares estimator is a maximum likelihood estimator if the covariance matrix
is not a function of the parameters, then

θ̂ML = ar g maxθ [ln2πN /2
√

|Σ(θ)|+ 1

2
(y − A(x)θ)TΣ(θ)−1(y − A(x)θ)]

0 = ∂

∂θ
[l n2πN /2

√
|Σ|+ 1

2
(y − A(x)θ)TΣ−1(y − A(x)θ)]

= ∂

∂θ
[

1

2
(y − A(x)θ)TΣ−1(y − A(x)θ)]

(3.12)

Based on these relaxation techniques, it had been proven that the covariance matrix to reduce to all other
least squares estimators.

In order to achieve a maximum likelihood estimated values, three variation methods can be applied,
namely: Output Error, Filter Error, and Equation Error [25]. First, the Output Error is a simplification tech-
nique to achieve a maximum likelihood estimation. However, in this method, the assumption is that no pro-
cess noise occurs. On the other hand, the Equation Error is also a simplification but with the measurement
noise neglected. While the estimation problem can be reduced to an ordinary least square problem, this
method requires additional techniques to remove noise from the explanatory variables to obtain unbiased
solutions. The Filter Error is the method without further simplification by accounting for the measurement
and process noise into the equation, hence yielding an unbiased estimation [25] [64].
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3.4 Two-Step Method of System Identification

Mulder [56] had proven that the Filter Error Method could then be divided into two parts where the flight
path needs to be firstly reconstructed. Then the Least Square routine can then be used in order to obtain the
actual parameters as the noises occurring in the system have been cleared up by the Kalman Filter routine. In
this visual tracking case, the Kalman Filter, which wipes out the measurement and process noise effects are
embedded in the visual tracker system and sensor. The states of displacement of the wing object of interest
as the results of the Kalman Filter will be unbiased, and a simple Least Square routine can then be introduced
in the next step to identify the parameters.

Nevertheless, the option of using the least-square estimation is marred with the error that may occur in
the condition of the higher-order polynomial equation where the error value can overshoot more after pass-
ing through parameter estimation using least squares regression in the second step in the Two-Step Method.
Furthermore, the small error that occurs during the estimation of the objects of interest’s displacement may
accumulate when the states are derived to obtain the velocity and acceleration for the displacement. This
phenomenon is called as Runge’s phenomenon [69]. That can be mitigated by chopping the time window of
the simulation, which limits the deviation due to accumulative error over time. Therefore, the parameters
need to be estimated recursively. This is also one of the properties of an online-based parameter estimator.
Nevertheless, at the first time window, an offline based parameter estimation needs to be carried out.

3.5 Least Square Parameter Estimation

3.5.1 Least-Square Offline Estimators

The offline least-square estimator is based on the basic least-square methods which have a non-iterative and
analytical solution. The common Least Square problem is solved based on the regression problem where

Aθ+e = y (3.13)

where A is the estimated state regression matrix that contains the displacement states of the structure such as
acceleration, velocity, and position displacement. θ contains the corresponding parameters of mass, damp-
ing, and stiffness. e represents the output error, and y represents the external acting aerodynamic forces and
moments.

Over time, the least square method has been developed in order to approximate the increasingly non-
linear behavior of a system [51]. The objective of the estimator itself is to achieve such that the approximation
of the estimated function is minimum in error compared to the real model. That is called as the best linear
unbiased estimator (BLUE) formulated as

B{θ̂} = E(θ̂)−θ = 0 (3.14)

Where B represents the difference between the estimated parameter value and the real value [3]. Ordinary
least square (OLS) is a basic linear parameter estimator which is then formulated with this goal as

θ̂OLS = (AT (x)A(x))−1 AT y (3.15)

However, OLS is plagued with high inaccuracies when the state’s measurement is variant in terms of magni-
tude as well as noise realizations. Hence, an estimator’s noise sensitivity modification is derived out of the
covariance of the estimated states calculated through OLS. The covariance of the least-square method itself
is formulated as

Covar θ̂OLS = (AT (x)A(x))−1 (3.16)

from which the weight matrix (W ) of the states can be composed out of variance of each state on the system
is tabulated as

V ar {θ̂OLS } = di ag (Covar{θ̂OLS }11,Covar {θ̂OLS }22, ...,Covar{θ̂OLS }N N ) (3.17)

where N represents the number of state inside the system.
Given that the least square method cost function has an optimum at zero, then the Weighted Least Square

can be formulated as
θ̂ = (A(x)(W −1)A(x)T )−1 A(x)T (W −1)y (3.18)
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In this way, the new least square method called Weighted Least Square method is found [3]. The realization
of the system function while then be less dependent to the changing noise realization with smaller noise
residuals.

A more advanced least-square estimation can be derived from the calculation using the same method as
derivation as the Weighted Least-Square method. The Generalized Least-Squared is the development from
the Weighted Least-Square, where the new weighting matrix (Σ) is a covariance matrix obtained in the Ordi-
nary Least Square method. Therefore,

θ̂ = (A(x)(Σ)−1)A(x)T )−1 A(x)T (Σ)−1)y (3.19)

3.5.2 Online Least-Square Estimator: Recursive Least Squares

One way to circumvent the Runge’s phenomenon while keeping the computation cost low by using Least
Squares is by using online calculation. In that case, the global data is chopped into the iteration time window,
and the parameter estimation is recursively updated. Recursive least square is a modification of ordinary least
square or weighted the least square, which incorporates the iteration of the solution, which in turn yields a
global solution based on the weighting of the new data from a time window with the other regression results
from previous time windows [52]. While it is inferred that recursive least-squares yield less reliable results
of parameter calculation compared to the other two methods, the reliability of the results can be further
improved by introducing a weighing factor (λ) [72]. The forgetting factor is chosen between 0 and 1, with
one indicates that the old data from older iterations are entirely forgotten while the smaller number signifies
the heavier weighting for older data. Based on the indication from Goodwin and Payne [24], the forgetting
factor is recommended to be 0.99, and Ghanem and Shinozuka further confirm the results [72]. Initially, the
parameter value is obtained through the offline least-square estimator, as described above. In the next time
window, with the presence of the forgetting factor, the RLS weights more to the new data compared to the
weight of old data. Therefore yielding a more accurate update of approximation of the parameter with the
new set of data in any time window. At the first iteration, the initial parameter and covariance estimation
matrix as

θ̂0,0 = θ̂0

P0,0 = P0
(3.20)

Then, the new state measurement values from the Kalman Filter routine ((zk+1,uk+1)) are obtained. The for-
mer represents the estimated measurement of displacement attitude and rate states, and the latter represents
inputs to the mathematical model. The uk+1) becomes the output matrix while the regression matrix for new
data points (ak+1) is formulated based on the measured states.

Next, the calculation of least-square with forgetting factor can then be performed. First, the Kalman Gain
of RLS is calculated as

Kk+1,RLS = Pk ·aT
k+1(ak+1Pk aT

k+1 +λ)−1 (3.21)

and parameter values as
θ̂k+1 = θ̂k +Kk+1,RLS (uk+1 −ak+1θ̂k ) (3.22)

For the next iteration, the new force and moment data will become the new output matrix, and the mea-
sured states are formed in the shape of the regression matrix. The updated parameter covariance matrix is
formulated as

Pk+1 = Pk −Kk+1,RLS ak+1Pk (3.23)

3.6 Fitting the Large System for High Rate Computation

Given the routine of system identification, as mentioned above, and the mathematical model of the aeroelas-
tic wing, it is now possible to execute the system identification process. Given that the aeroelastic parameters
are known, it will be seen that the number of states involved for a rigid wing will be the number of degrees of
freedom. However, in order to render the state-space solvable, the state-space will expand to solve double the
number of degrees of freedom in each wing section. This is caused by the nature of the second-order equation
of the spring-mass-damper model. For an aeroelastic wing, monitoring is calculated based on a discretized
wing with 6 degrees of freedom. For a certain n number of wing sections, the state-space will then have to
solve 12n states. Moreover, the aerodynamic lag due to circulatory trailing wake is also discretized into the
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number of wing sections. This will add 2n states to solve on top of the other displacement states. Therefore,
it can be seen that the number of states rapidly increases. The bigger the system is, then the more expensive
the computation cost is. This will, in turn, affect how fast the calculation can be done for the supposedly fast
system.

One way to circumvent the mentioned problem is by reducing the number of states through a model order
reduction techniques. In the big picture, the basis of the model order reduction technique is conducted in two
steps. Firstly, the original model is transformed into other state-space representations from which the order
of the system can then be reduced while maintaining the behavior of the original system. The reduction
is based on the ranking of the influence of the states. Therefore by discarding the states with minuscule
influence while retaining the states with significant influence, the goal is expected to be achieved.

Gillebaart and de Breuker [23] has tabulated and reviewed the four most popular model order reduction
to solve unsteady aerodynamics state-space. In another paper by Besselink et al. [5], few other methods are
presented and reviewed for its application in structural dynamics, numerical computation, and in control.
The two papers provide the methods of model order reduction, these are:

1. Modal truncation (MT) ([12],[28]),

2. Balanced truncation (BT) [55],

3. Proper Orthogonal Decomposition (POD) [32],

4. Balanced Proper Orthogonal Decomposition (BPOD) ([81],[67]), and

5. Krylov subspace model order reduction (KMOR) ([59],[70]).

Based on the results and conclusion of the two papers, it is found that the MT and KMOR method (named
otherwise as moment matching method) is computationally cheaper compared to the BT method. This is
further approved by Gillebaart and de Breuker that BT is computationally the costliest among the presented
methods, despite it is limited to use BT for a moderate-sized problem. However, BT and MT are more reliable
since it guarantees the preservation of the stability of the true model in the reduced state-space realizations.
Furthermore, the BT method is also bounded by apriori error criteria. These characteristics are not possessed
by other methods that their results’ accuracy needs to be investigated further [5]. The remaining POD and
BPOD model reduction methods also yield accurate results. However, the error margin, which bounds the
balanced realization error of BPOD, needs to be fine-tuned. The error margin tuning makes the method less
robust, while POD does not guarantee the stability of its true state-space [23]. The BT method is very robust
in characteristics as the method requires no input other than the required order of the ROM; this makes the
method one of the most widely used model reduction methods. Although computationally costlier, since the
number of the states introduced in this report is in order of 102 and computed before the implementation of
the Two-Step Method, the BT computational cost is acceptable [26]. The method preserves the stability of the
full high-order model and maintains the reduced model within a priori error bound.

Moore [55] delivers the first balanced truncation algorithm. In short, balanced truncation is a technique
that reduces the order of the model based on the energy or Hankel singular values of the system’s controlla-
bility and observability Gramian values [46]. An example of representation of the Hankel singular values can
be seen as in the following Figure 3.1.

Hankel Singular Values or HSV is essentially the diagonal part of a singular matrix obtained from the
singular value decomposition that will later be described in this section. The largest singular value does not
necessarily belong to the first state in the state order. The HSV shows the contribution of one state from the
lowest to the largest, as shown in the graph. The idea is by discarding the states with low energy and retaining
the states with high energy. The actual model can be represented with a fewer number of states but still
represent the behavior of the true model.

The computational process of Moore’s balanced truncation is formulated as follows.

1. Define the linear system state space as
ẋ = Ax +Bu

y = Cx +Du
(3.24)

2. Solve the observability Gramian matrix (Wo) and controlability Gramian matrix (Wc ) by solving the
Lyapunov equations

AWc +Wc A∗+BB∗ = 0

A∗Wo +Wo A+C∗C = 0
(3.25)
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Figure 3.1: Hankel singular values of states of a system.

3. Find the balanced representation P and Q from the decomposition of obtained controlability and ob-
servability Gramian matrix from Step 2 respectively by using Cholesky decomposition (in MATLAB en-
vironment, the Step 2 and 3 can be automatically solved with command "lyapchol") such that

Wc = PPT

Wo = QT Q
(3.26)

4. Given the matrix H = QP, perform the singular value decomposition of the matrix such that

H = VS2UT (3.27)

where VT V = I and UT U = I and S is Gramian positive semi-definite diagonal matrix.

5. Calculate the transformation matrix and its inverse, where

T = PUS−1 = Q−1VS

T−1 = SUT P−1 = S−1VT Q
(3.28)

6. Obtain the balanced representation of state space matrices as

Ā = T−1AT

B̄ = T−1B

C̄ = CT

D̄ = D

(3.29)

7. Consider the model reduction to be conducted for the balanced state space (Step 6). Separate the state
matrix into

x̄ = [
x̄1 x̄2

]
(3.30)

where x̄1 represents the states to be kept in the reduced model. Then the state space matrices are
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partitioned accordingly as

Ā =
[

Ā11 Ā12

Ā21 Ā22

]
B̄ =

[
B̄1

B̄2

]
C̄ = [

C̄1 C̄2
]

D̄ = D̄

(3.31)

Hence the balanced truncated model (reduced state space model) becomes

Ar ed = Ā11

Br ed = B̄1

Cr ed = C̄1

Dr ed = D̄

(3.32)

In the algorithm of balanced truncation above, it can be ensured that the reduced model will maintain
the stability of the original model and give a realization within the range error formulated as

σH
r+1 ≤ ||G−Gr ed ||∞ <

N∑
k=r+1

σH
k (3.33)

Nevertheless, the realization is applicable for an infinite range frequency and for infinite time-domain data,
which is unachievable in practice. Consequently, the classical Gramians are only approximations to the quan-
tities that describe any physical system [21]. In other words, the reduced model representation only best ap-
proximates the true model response with a number of states close to the full one. This can be observed from
the model reduction using Moore’s balanced truncation in the following figures. The figures are obtained
from a balanced truncation of the full aeroelastic wing example.
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Figure 3.2: Balanced truncation error bound of the simulated aeroelastic wing.
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Figure 3.3: Heaving attitude of tip wing section’s mean-square error of reduced full wing state-space against.

It can be seen from Figure 3.2 that the error resulted from Moore’s balanced truncation is bounded in
accordance with Equation 3.33. However, when the singular value (or Hankel singular value) of the trans-
formed system is very high), this will also drive the reduced-order model to have a significant error value.
Furthermore, in many cases, some measurement tools can only work at a specific range of frequency. This
can translate to the system’s inability to capture the frequency of faster modes. From here, the idea was con-
ceived to approximate the bending and torsion modes of the wing in limited frequency. It will, in turn, give
birth to the frequency-limited model reduction method based on the balanced truncation method founded
by [55].

3.7 Frequency-Limited Model Reduction

The first attempt was taken by weighting the frequency range in the balanced truncation method by Enns
[17]. The method is then further simplified by Gawronski and Juang, which removes the necessity of man-
ually weighting the frequency range by using frequency-domain Gramian representation [21]. Based on
Gawronski-Juang’s algorithm. First, the controllability and observability Gramians for the full system is ob-
tained by solving the Lyapunov equation from which the Gramian matrices value at upper and lower fre-
quency limit. It is followed by the calculation of Gramian matrices at the frequency bandwidth. The Gramian
matrices are then factorized using Cholesky decomposition. Hence the transforming matrix can then be ob-
tained through the same step as Moore’s balanced truncation method.

However, the frequency-limited controllability and observability Gramians of Gawronski et al.’s are not
guaranteed to be positive definite. This condition is because the controllability and observability Gramian
matrices of Gawronski-Juang’s method is not guaranteed to be positive definite. In the meantime, the posi-
tive definite matrix is a prerequisite in order to make Cholesky decomposition successful. This disables the
routine to perform the Gramian decomposition. As consequence, the stability of the reduced model cannot
be guaranteed ([27],[76]). Furthermore, Gawronski and Juang also do not guarantee the error bound of the
reduced model. Despite an attempt to condition the observability and controllability Gramian matrices to be
positive semidefinite such as Higham’s method [31], this nevertheless gives unsuccessful results when per-
forming the model reduction. This is found evidence by performing balanced truncation, as shown in the
following Figure 3.4.

3.7.1 Modified Frequency-Limited Model Reduction Routine

The problem of the balanced realization in a limited frequency range then becomes the basis for Gugercin and
Antoulas [27]. It is proposed that the solution to the non-positive definite controllability (Wc ) and observabil-
ity (Wo) Gramian matrices can be solved by performing the eigenvalue decomposition (EDV) for both matri-
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Figure 3.4: Failing model reduction of a 182-states full model by using the Gawronski-Juang method is signified by the broken line at a
random range of reduction order of states. The model order reduction at a higher number of states are automatically not displayed due
to the instability caused by reduction.

ces. This results in the singular value for each Gramian matrices. Simultaneously the rank of each Gramian
matrix is also counted. The information is then used to rebuild the namely B̂ and Ĉ, which is the multipli-
cation of the left-singular value and a new matrix built of the square root of the absolute singular matrix of
both Gramian up to aforementioned matrix rank and zero for the remaining row. Hence the new matrix has
positive semi-definite characteristics. This allows the Cholesky decomposition solution to be obtained.

Another innovation made in the Gugercin-Antoulas method is by solving the factorization through the
solution of the Lyapunov equation such that the Cholesky decomposition of the solution exists, given the
calculated A, B̂ and Ĉ matrices (MATLAB command: "lyapchol"). Based on this method, the norm error of
the gain between the original model and reduced model through balanced truncation at infinite frequency
will theoretically be governed in the same way as Moore’s balanced truncation norm error. Because the total
energy of the system at the frequency range of interest will be smaller compared to the norm error of Moore’s
balanced truncation, the error between the norm of the frequency-limited model and the original model will
be lower compared by using Moore’s BT method. The statement is exemplified in the following figure.
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Figure 3.5: Balanced truncation error bound of modified frequency-limited Gawronski-Juang balanced truncation of the simulated
aeroelastic wing.

It can be seen that the error range is at smaller orders, as seen in Figure 3.2 that the error bound of the
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reduced model using the modified Gawronski-Juang method at smaller orders is almost equal to the reduced
model of the higher number of states obtained by Moore’s balanced truncation model. Therefore, the modi-
fied Gawronski-Juang’s frequency-limited balanced truncation method can then be formulated as follows.

1. Establish the lower and upper bound of frequency limit [ω1,ω2],

2. Obtain controlability and observability Gramian matrix for all frequency by solving the Lyapunov equa-
tion [55],

3. Calculate the S(ω) term for lower and upper bound of frequency limit [21], formulated as

S(ω) =
∫ ω

−ω
H(v)

d v

2π
= j

2π
l n(( jωI +A)(− jωI +A)−1 (3.34)

4. Determine controlability and observability Gramian at lower and upper bound frequency (Wc (ω1), Wc (ω2), Wo(ω1), Wo(ω2))
where

Wc (ω) =Wc S∗(ω)+S(ω)Wc

Wo(ω) = S∗(ω)Wo +WoS
(3.35)

5. Calculate the frequency-limited Gramian matrices, formulated as

Wc (Ω) =Wc (ω2)−Wc (ω1)

Wo(Ω) =Wo(ω2)−Wo(ω1)
(3.36)

6. Identify the rank of Wc (Ω) as ρWc and the rank of Wo(Ω) as %Wo Perform eigenvalue decomposition of
frequency limited Gramian matrices [27] such that

Wc (Ω) = MΛMT , Λ= di ag (σc 1, · · · ,σc N )

Wo(Ω) = N∆NT , ∆= di ag (σo 1, · · · ,σo N )
(3.37)

7. Calculate new B̂ and Ĉ such that

B̂ = Mdi ag (|σc 1|1/2, · · · , |σcρWc
|1/2,0, · · · ,0)

Ĉ = Ndi ag (|σo 1|1/2, · · · , |σo%Wo
|1/2,0, · · · ,0)

(3.38)

8. Solve the factorization of modified frequency-limited controlability (P̄Ω) and observability (Q̄Ω) Gramian
matrices through the solution of the equation

AP̄Ω+ P̄ΩA∗+ B̂B̂
∗ = 0

A∗Q̄Ω+Q̄ΩA+ Ĉ
∗

B̂ = 0
(3.39)

whose Cholesky factorization are determined as

(P̄Ω) = PPT

(Q̄Ω) = QT Q
(3.40)

9. Perform the Cholesky decomposition and singular value decomposition in order to obtain the trans-
forming matrix (Step 3-6 of Moore’s Balanced Truncation method). Obtain the realization of the re-
duced model.

3.7.2 Singular Perturbation [44]

Given the results of the singular value decomposition of the modified Gawronski-Juang method, it can be
seen that the Hankel singular value of the modified balanced realization is closer to zero. It is also possible
to use a singular perturbation method in order to obtain the realization of model reduction instead of direct
partitioning of state-space matrices as presented through balanced truncation ([26],[44]). The difference is in
the goal where the singular perturbation tries to achieve the equalization of steady-state gain of both the full
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model and the reduced model instead of equalizing the norm at infinite frequency. In other words, the goal
of the singular perturbation method is formulated as

G(0) =Gr ed (0) (3.41)

In order to achieve this, the truncated state-space matrices are perturbed by the remaining matrix-part
related to the rejected states (x̄2). Assuming the rejected states converges to a steady-state much faster than
the remaining states x̄1. The derivative of the rejected states is set to zero [26]. This can be seen as the
extension to the algorithm of balanced truncation or modified Gawronski-Juang frequency-limited balanced
truncation algorithm.

Given the partitioned matrix structures as in Equation 3.31, the model reduction matrices resulted from
singular perturbation method can be formulated as

Ar ed = Ā11 − (Ā12Ā−1
22 Ā21)

Br ed = B̄1 − (Ā12Ā−1
22 B̄2)

Cr ed = C̄1 − (C̄2Ā−1
22 Ā21)

Dr ed = D̄− (C̄2Ā−1
22 B̄2)

(3.42)

3.8 Proposed Method and Concluding Remarks

Based on the literature survey in linear structure system identification, it can be observed that the method
that gives reliable results is either augmented Kalman Filter or Maximum Likelihood Estimation (MLE). In
order to keep the computational cost low, the MLE can then be simplified further to the Two-Step Method.
The Two-Step Method consists of the Kalman Filter for state estimation and Recursive Least-Square with
forgetting factor for more reliable parameter estimation. In order to further simplify the model to enable the
fast-tracking. The full mathematical model of aeroelastic wing introduced in Chapter 2 can be simplified
with methods of linear model reduction. Few methods are presented, and the balanced truncation method
is chosen due to its simple use and robustness. The modification is then incorporated such that the tracking
and identification system can then reliably track the fast displacing modes of the wing despite its limited
operating frequency.

Given that the true model is known and stable, the linear state-space system and the operating frequency
range of the system can then be determined before the state and parameter estimation can then be executed.
The true model can be first reduced to a smaller realization such that the number of states that are going to be
estimated is smaller compared to that of the true model. In this report, the proposed model reduction method
is modified frequency-limited Gawronski-Juang balanced truncation method. Once the reduced model is ob-
tained, the reduced model will be used for state estimation using ordinary Kalman Filter. The estimated state
value will then become the basis to form the regression matrix for parameter estimation by using Recursive
Least-Square. The figure of the open-loop analysis that will be used for the experiment setup in this report is
as follows.

Figure 3.6: Proposed feasibility analysis framework using ROTS method.
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In the end, the error obtained from the estimated parameters will be analyzed. However, since there are
numerous parameters to estimate in one iteration alone, the estimated parameters will be used to obtain a
new state-space matrix. In a linear case, the parameters of mass, damping, and stiffness matrices will be con-
stant. The aerodynamic lag states-related matrix also constant with constant simulated air velocity. Hence,
the eigenvalues of reconstructed state-space based on the ROTS method can be compared to the true state-
space form of the model.

Concluding Remarks

Given all the concerns, the two-step method of state and parameter estimation can then be formed to accom-
modate the state and parameter estimation for a system of a large number of states with limited frequency
or sampling rate, as described in Subchapter 3.8. The routine will be called Reduced Order Two-Step (ROTS)
State and Parameter Estimation Method. Hence, the second sub-research question (RQ 1.2) has been ful-
filled.





Chapter 4

Preliminary Analysis

With the completion of the aspect of mathematical modeling of the aeroelastic wing and the system identi-
fication suitable for the fast visual tracking system, the writer has come up with an enhanced method that
is expected to enable an accurate state and parameter estimation in the system environment as mentioned
earlier. The proposed Reduced-Order Two-Step (ROTS) method algorithm is reiterated from the previous
chapter and formulated as follows.

1. Identify and define the linear state-space system and the operating frequency range of the system,

2. Execute balanced realization and model reduction using the modified Gawronski-Juang frequency-
limited balanced truncation method,

3. Execute singular perturbation for the reduced model to obtain the final reduced model realization,

4. Execute state estimation of Kalman Filter,

5. Execute parameter estimation by using Recursive Least-Square,

6. Analyze the error and eigenvalues of reconstructed state-space based on the ROTS method compared
to the true state-space form of the model.

In this chapter, a preliminary analysis of the applicability of the method will be presented to acquaint
readers with the proposed method process and to help the writer during the development process to take
decision further in developing the method.

4.1 Wing Geometry

In this report, a simple rectangular wing will be used as the object of interest. The rectangular wing is
the property of the Department of Aerospace Structures and Materials, Delft University of Technology, the
Netherlands. The wing is modeled after a clamped wing based on 4-digit NACA airfoil of NACA-0010. Hence
the root is unable to move at any of six degrees of freedom. The geometry data of the wing is tabulated as
follows.

Table 4.1: Wing Geometric Properties

Semi span (Lw ) 1.75 meters
Chord (2b) 0.25 meters
Shear center location (a) 0 meters

29
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4.2 Mathematical Modelling

As mentioned in Chapter 2, the corresponding mass and stiffness model matrix is obtained from the in-house
aeroelastic structure geometry analysis software PROTEUS. In this case, the wing model is discretized into 13
two-dimensional wing sections where each has six degrees of freedom. The discretization yields a square
matrix with a dimension of 78 by 78 parameters. The displacement states for each wing section represent the
displacement of the center element of each wing model. Therefore the obtained structure for both mass and
stiffness matrix can be seen as in the following figure.
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Figure 4.1: PROTEUS-generated mass and stiffness matrices’ structure

It can be seen that the blue dots represent the non-zero elements of the matrix. Otherwise, the empty
white field represents zero elements. The structure signifies the influence of one wing section to the immedi-
ate wing section. Therefore the displacement of one wing section can be inferred as direct or indirect results
of the displacement in other wing sections. Given the actual mass and stiffness matrices, the eigenvalues lie
all across the imaginary axis. Such that the wing shows an oscillating behavior given a step input, as shown
in Figure 4.2. It confirms that the PROTEUS model is consistent with the true nature of the undampened
system.

In addition to that, the damping matrix can be generated artificially to represent the dampening behavior
of the wing displacement modes in reality. The damping parameter is dependent on the natural frequency,
which is the square root of stiffness divided by mass while the damping coefficient is of chosen value between
0 and 0.05. In approaching the formulation of the structural damping matrix. Two methods are approached,
first is by multiplying the double value of damping coefficient (2ζ) times natural frequency as formulated in
Equation 2.6 and the second approach is introduced by Asjes [2] where

ωn [2] = 2ζ
√

di ag (Ks )®di ag (Ms ) (4.1)

For both the damping matrix formulations, the mathematical modeling with the first damping strategy
will be named (Model 1, and the mathematical modeling with Asjes’ damping strategy is (Model 2. The damp-
ing matrix will result in the formation of 78 by 78 square matrix. The size is consistent as the size of mass and
stiffness matrices.

With the full structural mass, damping and stiffness matrices are known. The final equation can then be
transformed into the state-space formulation. By doing the substitution on both hands of the equation, the
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Figure 4.2: The undampened heaving attitude behaviour of the tip wing section against various inputs.

state space of the structure dynamics part can then be formed as
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ẍa =−M−1
s ((Cae +Cs )ẍa + (Kae +Ks )xa +Kz z −Fa)

(4.2)
and the aerodynamic lag dynamics state space is represented as in Equation 2.17. The aerodynamic lag is not
affected by the inverse of the mass in the structural dynamic part, nevertheless the structural displacement
influences the aerodynamic lag values through the quasi-steady angle of attack formation.

Given the full picture of the state-space matrices. The dynamics part of the state space can then be built
by incorporating the structural dynamics and aerodynamic lag part into the form of A matrix. Since there are
78 states of displacement, in order to solve the second-order equation, the number of structural is doubled
to 156 states. On top of that, two aerodynamic lags govern the aerodynamic influence for each wing section.
The addition will yield 26 aerodynamic lag states for 13 wing sections. In total, 182 states are incorporated
with six inputs.

The inputs are forces and moments data obtained from the simulation of discrete cosine gusts, which
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Figure 4.3: A state-space matrix structure

has been conducted in Wind Tunnel of TU Delft’s Open Jet Facility on 12-17 April 2019. For each wing sec-
tion, In this numerical simulation, the forces and moments are assumed to be distributed equally across the
wingspan such that the force and moments at each wing section equal the total force and moments divided
by the number of wing sections.

Given the structure of the state-space, it is then possible to start the numerical simulation. In the following
section, the results of the proposed model reduction, state estimation, and the parameter estimation will be
presented. In this chapter, the mathematical model will be tested against one non-turbulent condition (static
forces and moments) and also one gust condition in the cosine signal form. The gust condition is simulated
at a small frequency of 4 Hz at a velocity of 13.6 m/s. Therefore, the four cases to be observed in this chapter
will be structured as follows

Table 4.2: Preliminary Analysis Cases

Model type Case Vai r Turbulence freq. Add. info
Model 1 1 13.6 0 Hz Fz = 1N and Mα = 1N m

4 13.6 4 Hz -
Model 2 1 13.6 0 Hz Fz = 1N and Mα = 1N m

4 13.6 4 Hz -

4.3 Algorithm Path

4.3.1 Model reduction

In order to simplify the model in ROTS state and parameter estimation, the model reduction will have to
be performed in advance to simplify the model. In this part, the reduction of the full aeroelastic model will
be compared against the model reduction by using Moore’s balanced truncation method, Gawronski-Juang
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Figure 4.4: B state-space matrix structure

balanced truncation method, and the proposed modified Gawronski-Juang model reduction. Later for the
development of state-space estimation, the B and D matrices will be further augmented to accommodate
the process and measurement noise effect to the transformed, reduced states. In this report, the damping
frequency is chosen at ζ= 0.01.

4.3.2 State and Parameter Estimation Setup

Once the reduced realization of the model has been obtained, the state and parameter estimation using the
Two-Step Method will then be able to be performed. At this condition, the reduced state-space realization
input is further augmented by the process noise matrix G and the measurement noise of H [57]. The routine
will be run at a uniform sampling rate of 50 Hz. The two noise matrices are in the form of identity matrices
belonging to the respective states and parameters involved in the reduced model realizations. In this chapter,
the process noise and measurement noise are determined in advance. According to [34], the determined
process noise and measurement noise are chosen to be in 0.5 pixels and 1.0 pixels, respectively. However,
it can be seen that the image quality in terms of pixel resolution is different where Huynh et al. uses lower
quality images. In addition to that, the sensor which measures the input of forces and moments also has its
own process and measurement noise. In this case, the noise is based on the world reference frame instead
of the pixel reference frame. The choice of the process and measurement noise is arbitrary, representing the
image resolution noise and forces and moment sensors. Furthermore, the forces and moments noise will be
more pronounced as the accelerometer, and inertial measurement unit runs at a higher sampling rate. For
these cases, the forces and moments input is given at a rate of 800 Hz. Hence, the effect of noise of different
sensors with different sampling rate can also be studied. These noises are tabulated as

In the true derivation of the Kalman Filter formula, it is often assumed that the D matrix is left out since
there is no interference from the inputs to the measurement estimation of the states. In the case where the
singular perturbation step is executed to gain a better-reduced realization of the model, the D matrix is no
longer a zero matrix. Nevertheless, in this report, the assumption of a zero D matrix is still maintained since
the parameters contained in the mentioned matrix is insignificant (close to zero) in order to perform the state
estimation Kalman Filter routine.

For each iteration, the results of the state estimation will then be passed to the Recursive parameter esti-
mation routine as the new data. The algorithm used in this phase is a Recursive Least-Square, as suggested
by Ghanem and Shinozuka ([22],[72],[24]). Furthermore, in order to increase the reliability of the results, the
forgetting factor is also introduced. In order to verify the method as in the literature, the forgetting factor



34 4. Preliminary Analysis

Table 4.3: Noise Case

Parameters Value
Process noise 1.5×10−5

Measurement noise, translation states 3.0×10−5 meters
Measurement noise, translation rate states 3.0×10−5 m/s
Measurement noise, angular attitude states 3.0×10−5 radians
Measurement noise, angular rate states 3.0×10−5 rad/s

λ is chosen at 0.99. Although further recommendation allows the forgetting factor is chosen between the
range of 0.70 and 1, the preliminary results show that the error realization of recursive least-square is more
pronounced when the forgetting factor is less. Due to the limited computational power of the computing
processing hardware, the recursive least-square results are at the moment analyzed after 10 seconds of simu-
lation. This translates to after two cosine gust signals are triggered.

However, as the recursive algorithm suggests, the first step is to obtain the "old data" by doing an offline
parameter estimation. The offline parameter estimation is often referred to as the training phase. While the
length of the training phase is arbitrary, it is chosen that the training phase will be of the same length as
the simulation period. Furthermore, in order to keep the parameter estimation close to optimal, or, in other
sense, to keep the covariance value low, the weighted least-square routine is performed in the training phase
as formulated in the previous chapter.

In order to investigate the results, the results will be compared. In this case, the estimated state-space
A matrix should be able to, at a certain degree, mimic the position of eigenvalues of the true model or keep
the characteristics of the true model poles. However, it is almost impossible to ensure that the parameter
estimation for the mass, damping, and stiffness matrices will yield the same number as it converges with the
true model. Therefore, the alternative approach of eigenvalues is then more feasible to do in this case.

4.3.3 Time-domain Analysis Tools

In order to fully understand the success of a model reduction method. The reduced model can then be an-
alyzed by various means in both the time and frequency domain. In the time domain, the success of model
reduction can be analyzed by either simple observation of scatter plot of states value compared to the true
model’s states value, calculating the root-mean-square error (RMSE) of the reduced model, or by calculating
the coefficient of determination (R-squared value). The observation of the scatters plot is done to look at a
linear fit between the reduced model and the true model behavior. On the other way, the root-mean-square
error calculation is performed to quantify the difference between the value obtained from the reduced model
and the true model at the same number of samples [35]. Given the set of N samples of states from the re-
duced model and the true model. The error between the two models is represented as ε. Therefore, the
root-mean-square error of the two models is formulated as

RMSE =
√
εT ε

N
(4.3)

It is often also that the value of root-mean-square error is represented in terms of percentage. The so-
called Normalized RMSE (NRMSE) is formulated as

N RMSE = 100%× RMSE

x̄tr ue
(4.4)

Where x̄tr ue represents the mean of the true model states value. From here, the model reduction is deemed
successful if the RMSE is closer to zero, which signifies a minuscule error obtained from the reduced model.
Another way to quantify the success rate of a model reduction is by calculating the R-squared value. The
coefficient of determination is another method of regression analysis that measures the confidence of one
model compared to the reference. In other words, it provides a measure of how well-observed outcomes are
replicated by the model, based on the proportion of total variation of outcomes explained by the model [16].
The calculation of R-squared value is equal to the squared Pearson correlation coefficient (ρP ) of the true
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system and the reduced system which is formulated as

ρP = 1

N −1

N∑
i=1

( xi ,tr ue −µtr ue

σtr ue

)( xi ,r ed −µr ed

σr ed

)
(4.5)

It can be seen that the Pearson correlation coefficient is dependent on the cross-variance of the two models
and the standard deviation of both systems as well as the number of samples taken. The value may range
between -1 and +1. This value signifies the relation between the two sample sets. The negative correlation
coefficient shows that the systems are fit, yet in reverse trend, i.e., the reduced model may estimate the de-
creasing trend while the true trend is ascending. The positive value signifies the same trend of data. In the
case of Pearson’s coefficient equal to 1, the coefficient value signifies that the reduced model can perfectly fit
the true model behavior in the same trend and values. In this case, the scatter plot will then show a perfectly
straight line resembling a line function of xtr ue = xr ed .

4.3.4 Frequency-domain Analysis Tools

Besides the analysis in time-domain, the analysis can also be performed in the frequency domain. In this
domain, the analysis can be obtained by analysis of the Bode diagram and looking at the poles position of
both the reduced model and true model.

A Bode diagram is a set of plots that shows the asymptotic approximation of the frequency response of
a system across the frequency spectrum. The Bode diagram measures both magnitude (in decibels) and
phase (in degrees) of the frequency response of the system [60]. However, it is often found from the model-
reduction analysis papers that the magnitude plot is more widely used in order to validate the results of model
reduction. In the context of validation of the reduced model against the original system, the model reduction
is deemed successful when the magnitude response of the reduced model is equal to that of the original
model. In many cases, the Bode plot analysis suffices for the validation on the ground that the reduced system
will be stable when the original system is stable [21]. Nevertheless, it can sometimes be misleading since the
magnitude plot only shows the absolute position of zeros and poles. Therefore, it cannot readily indicate
whether the system is stable or not. An example of a Bode magnitude plot of simple transfer functions can be
seen as follows.
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Figure 4.5: Bode magnitude plot of an unstable system (top) and a stable system (bottom).

Due to insufficient interpretation of the magnitude plot, the Bode phase shift should also be analyzed
together with the Bode magnitude analysis. It is so since the difference can be seen that the phase will increase
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with the unstable pole. However, it can be understood that the Bode phase plot may show a more significant
difference between the two systems, thus yielding a less convincing view.

Another possible frequency analysis method is by looking at the poles’ position of the reduced model.
Initially, the transformed model should be able to retain the characteristics of the poles of the true model. In
the context of an originally stable system, this can be translated into maintaining the representation of the
reduced model such that poles are always in the left-half plane. In further translation, this can also mean
maintaining the trend of pole placement of the original model, although the pole position will undoubtedly
change with the remaining number of states. The results of the poles position analysis can be seen in the next
subchapter regarding the preliminary analysis of the determined models and cases.

4.4 Model Reduction Results

In this section, the discussion of the analysis results in both the time-domain and frequency-domain for
model reduction of both models, and the Two-Step method will be discussed further. Since there are quite
many figures for analysis results added in this report, the figures will be displayed later in the next section for
the convenience of the readers to see the discussion regarding the obtained results. Subchapter 4.5 contains
the compilation of all figures of the results for all cases presented in this chapter.

4.4.1 Model 1 Reduction

For Model 1, the true model has eigenvalues that represent a total of 78 bending and torsion modes as well as
26 aerodynamic lag states. In total, the state-space representation of Model 1 will yield 182 poles, which can
be seen as in the following Figure 4.6.

Figure 4.6: True eigenvalues of Model 1 mathematical model.

It can be observed that the introduction of the damping matrix affects the position of the eigenvalues
such that all the eigenvalues lie in the left-half plane. Therefore it can be concluded that Model 1 is in a stable
condition. The model reduction can then now be applied to the system as the stability criteria have been
fulfilled. In this case, an example of a comparison between the algorithm of balanced truncation, frequency-
limited Gawronski-Juang balanced truncation method, and modified Gawronski-Juang balanced truncation
algorithm will be presented by using time-domain analysis tools. Based on the derivation of the full mathe-
matical model of an aeroelastic wing, the analysis can then be started by using the parameters, as mentioned
in Table 4.1 and 4.2. In addition to that, the frequency upper and lower limit for frequency-limited model
reduction is chosen as follows.

In this comparison case, the reduced model is iterated to be reduced one by one. Hence it can be deter-
mined in which the least number of states the correct model behavior can be well represented. By analyzing
the tip heaving displacement state (State 149), the normalized RMSE and R-squared values of the reduced
model of all reduced realization of the system can be summarized for the three simulated model reduction
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Table 4.4: Frequency Range of Visual Tracking System Case

Parameters Value
Lower limit (ω1) 0 Hz
Upper limit (ω2) 150 Hz

methods. First, the analysis is using the balanced truncation method. The results are well-tabulated in Fig-
ure 4.7. The results are then compared to the reduced model iteration using the Gawronski-Juang balanced
truncation method and the proposed modified version of the method.
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Figure 4.7: (Model 1, Case 1). The Normalized RMSE in percent (top) and R-squared value of model reduction iteration using Moore’s
balanced truncation method (bottom)
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Figure 4.8: (Model 1, Case 1). The Normalized RMSE in percent (top) and R-squared value (bottom) of reduction using Gawronski-Juang
frequency-limited balanced truncation method.
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Figure 4.9: (Model 1, Case 1). The Normalized RMSE in percent (top) and R-squared value (bottom) of model reduction iteration using
modified Gawronski-Juang frequency-limited balanced truncation method. Reduced realization of 6 states

From the model reduction iteration results in Figure 4.7, 4.8, and 4.9, it can be seen that both Moore’s
balanced truncation method and modified frequency-limited Gawronski-Juang balanced truncation method
successfully yield a set of stable results for any number of states’ realizations. On the other hand, while the
original Gawronski-Juang routine is capable of calculating a stable model reduction, the trends are less con-
sistent compared to the other two methods. Hence the results are rejected for other simulation cases on-
wards. Using a 99 % confidence obtained from the R-squared value which corresponds to around 10 % in
normalized RMSE, Moore’s balanced truncation method can reconstruct the state-space with 10 states with a
normalized RMSE of 5.2 % while the model reduction using modified Gawronski-Juang method is successful
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in approximating the true model with six states with normalized RMSE of 4.3 %. The current results show that
the proposed model reduction yields better results than the other compared methods. The scatter plot of the
states further supports the results. Here again, the heaving tip state is used as the states with the most signifi-
cant order number of displacement. Furthermore, the pole-zero placement of the system can be observed to
retain the characteristics of its true model trend. It can also be seen for interested readers that reducing the
state to only one state shows that the farthest state has the most significant energy among other states.
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Figure 4.10: (Model 1, Case 1). Scatter plots of true model samples against the reduced model of (from the first to the last) 180 states and
6 states.

Figure 4.11: (Model 1, Case 1). Pole-zero map of modified Gawronski-Juang method with 6 states against the true pole-zero map.

Figure 4.12: (Model 1, Case 1). Pole-zero map of modified Gawronski-Juang method with 1 state against the true pole-zero map.

Furthermore, it is also suggested the singular perturbation also improves the balanced truncation results.
The normalized RMSE analysis further confirms the finding. The Moore’s balanced truncation results show a
reduction down to 0.226 % while the modified Gawronski-Juang method shows the normalized-RMSE of 0.38
%. However, the results also show that, in this case, the least number of states to match the original model
does not decrease. The results are shown in the Figure 4.13 and 4.14. Given the potential of the results, the
model reduction for the remaining cases will consider the singular perturbation as the "clearing up" step for
the proposed method.
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Figure 4.13: (Model 1, Case 1). The Normalized RMSE in percent (top) and R-squared value (bottom) of model reduction iteration using
Moore’s balanced truncation method with extended singular perturbation step.

0 20 40 60 80 100 120 140 160 180 200

Number of remaining states

0

1

2

3

4

5

6

7

8

9

10

N
R

M
S

E
 (

%
)



42 4. Preliminary Analysis

0 20 40 60 80 100 120 140 160 180

Number of remaining states

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

R
2
 v

a
lu

e

Figure 4.14: (Model 1, Case 1). The Normalized RMSE in percent (top) and R-squared value (bottom) of model reduction iteration using
modified Gawronski-Juang frequency-limited balanced truncation method with extended singular perturbation step.

As mentioned in Table 4.2, two cases are going to be tested fr preliminary analysis. It can be seen from the
comparison of normalized RMSE that the realization quality of the reduced state space decreases with the
presence of gust. It can be seen that although the R-squared value stays at a value closer to 1, the normalized
RMSE grows to 2.63 % at the same reduced model realization of 6 states (Figure 4.15) for the realization using
modified Gawronski-Juang frequency-limited balanced truncation method by singular perturbation step.
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Figure 4.15: (Model 1, Case 2). The Normalized RMSE in percent (top) and R-squared value (bottom) of model reduction iteration using
modified Gawronski-Juang balanced truncation method with extended singular perturbation step.

Again by analyzing the scatter plots and the pole-zero maps for Model 1, Case 2, the evolution of the
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linearity and the pole-zero movement can be observed. At the realization of 180 states, very close to the
realization of the original model of 182 states, it can be observed that as in the Model 1 Case 1 results that the
scatter plot is perfectly linear (Figure 4.16. The finding is further confirmed by the observation of poles and
zeros of the reduced system in Figure 4.17.
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Figure 4.16: (Model 1, Case 2). Scatter plots of true model samples against the reduced model of 180 states.

Figure 4.17: (Model 1, Case 2). Pole-zero map comparison of 180-states reduced model and 182-states true model.

At a glance, one may not see the difference between the pole-zero map of the original model and the
reduced model. Again the same results are observed in the scatter plots of reduced model evolution in Figure
4.18. The perfect linear trend observed at the reduced model with 180 states realizations is observed up to 6
states when it starts to degrade. A further sample is also taken with the realization of Model 1 with five states.
It can be seen from the corresponding normalized RMSE and R-squared value that the realization has a low
value of correlation and a higher error value. This is supported by the analysis of the scatter plot of Figure
4.18.
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Figure 4.18: (Model 1, Case 2). Scatter plots of true model against the reduced model. Evolution of tip heaving state of reduced models
of (from the first to the last) 100, 20, 6, and 5 states.

It can be seen that at high normalized RMSE value and low correlation, the linear trend that has been pre-
viously observed at the realization of higher-order has pretty much degraded since the value of the samples
of the states obtained from the reduced model deviates significantly. At the occurrence of higher deviation
value, the linear line characteristics of the scatter plot become less dominant, and the trend becomes more
random r the relation is no longer explainable with the linear relation. It can also be observed from the pole-
zero map (4.19 that each realization retains to some degree the shape of the pole distribution of the true
model in a triangular shape. This finding confirms the relation among the high coefficient of determina-
tion, the low normalized root-mean-square error, and the pole-zero position. It can also be observed that the
realization of gusts does not affect the possible minimal realization.
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Figure 4.19: (Model 1, Case 2). Pole-zero map comparison between the true (left) and the reduced model (right). The evolution in the
right is of (from the first to the last) 100, 20, 6 and 5 states.

The model reduction validity can also be observed from the Bode plot frequency analysis. In this case,
the heaving frequency response against the vertical force input is the subject for the comparison. Since the
angle-of-attack frequency response against the inputs is flat at the frequency range of interest, therefore the
dynamics of the model reduction can not be as clearly observed. For the two cases presented, the realization
of gust conditions does not affect the shape of the Bode magnitude plot since it only depends on what fre-
quency poles and zeros lie. The frequency range of interest is again at the range between 0 and 150 Hz, an
equivalent to 0 and 943 radians per second, respectively. The results can be seen at Figure 4.20-4.24. Again
the sample model reduction realization of 180, 100, 20, 15, and 6 states are presented. The presented results
show that at realization with perfect R-squared value (up to 15 states), the Bode magnitude plot of the reduced
model shows the same characteristics as the true model. However, it can be seen that the same can not be
said for the realization of 6 states. The results may have a relationship that shows a slightly lower R-squared
value. This condition can be investigated from the zoomed-in Bode plot of Figure 4.24 at a lower frequency,
the reduced realization has the same characteristics as the true model. However, the similarities stop after the
second downward slope, where the similarities end. It can be suspected that due to insufficient realization,
the mode of higher frequency can not be sufficiently imitated by the reduced model since all the captured
poles lie at the lower frequency. Hence, its frequency response shows a flat line after around 30 Hz, meaning
that the reduced model of 6 states can only imitate the true system only at the meager sampling rate. How-
ever, this shows that a high correlation value between the true model and frequency model does not always
require the reduced system to mimic the whole true system behavior at the whole range of frequency. This
will be further investigated by analyzing the results of Model 2.
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Figure 4.20: (Model 1). Bode magnitude (frequency response) plot of tip heaving response due to the vertical force input. The com-
parison between the true model and the reduced model of 180 states for all frequency spectrum (top) and the zoomed-in plot for the
frequency range of interest (bottom) in Hertz. Note that the frequency response of the reduced model is at the same magnitude as that
of the true model.
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Figure 4.21: (Model 1).Bode magnitude (frequency response) plot of tip heaving response due to the vertical force input. The comparison
between the true model and 100-states reduced model for all frequency spectrum (top) and the zoomed-in plot for the frequency range
of interest (bottom) in Hertz.
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Figure 4.22: (Model 1).Bode magnitude (frequency response) plot of tip heaving response due to the vertical force input. The comparison
between the true model and 20-states reduced model for all frequency spectrum (top) and the zoomed-in plot for the frequency range
of interest (bottom) in Hertz.
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Figure 4.23: (Model 1). Bode magnitude (frequency response) plot of tip heaving response due to the vertical force input. The compar-
ison between the true model and 15-states reduced model for all frequency spectrum (top) and the zoomed-in plot for the frequency
range of interest (bottom) in Hertz.
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Figure 4.24: (Model 1). Bode magnitude (frequency response) plot of tip heaving response due to the vertical force input. The compari-
son between the true model and 6-state reduced model for all frequency spectrum (top) and the zoomed-in plot for the frequency range
of interest (bottom) in Hertz. Note that the frequency response at the frequency range of interest is not equal to the true model to some
extent, but still yielding a highly confident R-squared value.

4.4.2 Model 2 Reduction

In Model 2, the true model also has eigenvalues, which represent a total of 78 bending and torsion modes as
well as 26 aerodynamic lag states. The difference is only in the realization of the damping matrix, whose in-
spiration for this model comes from Asjes (2015) [2]. Hence the damping for each axis can not be generalized
to one single value as in Model 1. In total, the state-space representation of Model 2 will yield 182 poles, all
of which lie on the left half-plane such that the system is also stable. Using the same criteria of the frequency
range as in Table 4.4, the simulation can then be executed for non-turbulent and turbulent flows.

Figure 4.25: True eigenvalues of Model 2 mathematical model.
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Again as the preliminary analysis of the model, the iteration is conducted by using Moore’s balanced
truncation and modified frequency-limited Gawronski-Juang balanced truncation with an additional step
of singular perturbation for both. The comparison has been made, and it shows a significant difference. The
achieved results can then be seen as in Figure 4.26-4.27. It can be observed that there is a clear difference
in the results of R-squared value between the one using Moore’s balanced truncation routine and the modi-
fied Gawronski-Juang method. It can be observed that while the modified Gawronski-Juang can maintain a
perfect R-square value up to the realization of 15 states, Moore’s balanced truncation shows the perfect coef-
ficient of determination up to only the reduced realization of 124 states. Besides that, it can be observed that
Moore’s balanced truncation is unable to find the numerical realization with high R-squared value at even
higher states number realization. The results mean there is little to no correlation between the true model
and reduced model at realization around 170 states and above as well as the realization of 123 states and
lower. This confirms the finding from [21], which states that the realization using Moore’s balanced trunca-
tion is inferior in this case since the possible produced reduction model has the least number of states closer
to the number of states of the true model — rendering the reduction less significant comparing the proposed
Gawronski-Juang method and also its improved versions.
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Figure 4.26: (Model 2, Case 1). The Normalized RMSE in percent (top) and R-squared value (bottom) of model reduction iteration using
modified Gawronski-Juang balanced truncation method with extended singular perturbation step.
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Figure 4.27: (Model 2, Case 1). The R-squared value (bottom) of model reduction iteration using Moore’s balanced truncation method
with extended singular perturbation step. The reduced model degrades with reduction of model realization less than 156 states.
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Figure 4.28: (Model 2, Case 2). The Normalized RMSE in percent (top) and R-squared value (bottom) of model reduction iteration using
modified Gawronski-Juang balanced truncation method with extended singular perturbation step.

Refocusing back to the results of using the modified Gawronski-Juang frequency-limited method, the per-
fect confidence of correlation (R-squared more than 0.9995) is found in up to 15 states. The high correlation
of R-squared higher than 0.99 occurs up to the realization of only nine states (Figure 4.26. In this case, the the
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realization of 15 states for a tip heaving state have a root-mean-square error of 0.01 % (Figure 4.26) in the non-
turbulent condition and 0.1 % in the turbulent condition (Figure 4.28). On the other hand, the realization of
9 states has a root-mean-square error of 0.24 % at non-turbulent air and 1.84 % at the turbulent condition.

A further verification step is conducted to analyze the accuracy of the results in the same manner as pre-
viously conducted for Model 1 for the non-turbulent case 1. The analysis is firstly by analyzing the scatter
plots as in Figure 4.29 for the realization of a reduced model of 180, 100, 20, and 15 states.
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Figure 4.29: (Model 2, Case 1). Scatter plots of true model samples against the reduced model. Evolution of tip heaving state based on
model reduction of (from the first to the last) 180, 100, 20, and 15 states.

The scatter plot shows results that the straight linear trend similar to what happens in the reduction evo-
lution of Model 1 when the R-squared value of the reduced model against the true states is high while the
error is low. The deviation is not apparent from the scatter plot if there is any in this realization range of re-
duction model. This is further enhanced with the observation of the location of poles and zeros of the system.
In Model 2, the position of the actual model to be more random than that of Model 1. nevertheless, since all
the poles are on the left half-plane, the system is also stable. From the realization of 180, 100, 20, and 15 states
(Figure 4.30, it can be seen that the evolution of the poles position also occurs. However, the trend of the
poles position is roughly the same with the true model where random poles position are staying on the left
part or closer to zero and close to touching the neutral imaginary value. The trend can be seen even after the
realization is reduced down to 15 states. The analysis is also conducted for the realization of reduced models
of 14 states and nine states, as shown in Figure 4.31. As expected from the realization of 5 states in Model 1,
the same occurrence also happens in the realization of 14 states as the correlation with the true model starts
to degrade. In the realization of 9 states, the degradation of the linear line is more pronounced. It can be seen
from the upper-right edge of the plot where the samples at the true model tip heaving state of around zero
are reproduced by the reduced model at a different number, therefore creating a straight upward line.

Furthermore, it can be seen that the scatter line becomes more sinusoidal, signifying the small deviation
between the value of the true model and reduced model. Nevertheless, contrary to what happens in the
reduced realization of 5 states of Model 1, the dispersion of the samples is not far from the trend of linear line.
This what may cause that the R-squared and root-mean-square accuracy of the realization of 9 states remains
high.
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Figure 4.30: (Model 2, Case 1). Pole-zero map of the true model (left) and the reduced model (right). The evolution are the realization of
(from the first to the last) 180, 100, 20, and 15 states.
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Figure 4.31: (Model 2, Case 1). Scatter plots of true model samples of tip heaving state against the reduced model. The degrading results
of realization of 14 (top) and 9 states (bottom).

In order to further confirm the findings obtained in Model 2 Case 1, a similar analysis is also executed
for Case 2 with a similar model. The Normalized RMSE and root-mean-square error have been investigated,
and the results can again be seen in Figure 4.28. It can be reconfirmed that the minimum reduced model
realization with a high confidence coefficient does not change with differing gust air condition. Another
confirmation is made from the analysis of the scatter plot of the model realization evolution (Figure 4.32) and
pole-zero positioning analysis, as seen in Figure 4.34. Again for the realization of 180, 100, 20, and 15 states of
the reduced model, the system can also maintain the linearity, which signifies the perfect replication of the
true model by the reduced models. However, for the realizations of 9 states (Figure 4.33, it is observed that for
its scatter plot that the correlation between the true model and the reduced model of 9 states is not entirely
linear. Instead, it has a sort of exponential correlation closer to zero and at the farthest displacement. This
may also support the cause that the reduction model at this number of states is less reliable.
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Figure 4.32: (Model 2, Case 2). Scatter plots of true model samples against the reduced model of (from the first to the last) 180, 100, 20,
and 15 states.
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Figure 4.33: (Model 2, Case 2). Scatter plots of true model samples against the reduced model of 9 states. Notice the nonlinearities region
at each end of the samples’ line.

The results of the pole-zero map are also observed. An interesting result may attract the readers can
be seen from the poles and zeros position of the reduced model with a realization of 180 states. It can be
observed that there lies a zero that is located at the right half-plane, while the reduced model is a stable one.
This zero presence at the right half-plane may coincide with the position of one pole that is very close to
the neutral axis. It might be caused by the realization of the determinant of the state-space system, which
has some degree of instability in it. However, in order to preserve the stability of the true system, the zero
then appears. The occurrence of the zero cancels the instability of the realization, and the poles stay at the
left half-plane indicating the stability of the model. The realization of zero in other example realizations in
Model 1 and Model 2 never again occurs as the realizations of the reduced model has the poles positioned far
enough from crossing to the right half-plane.
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Figure 4.34: (Model 2, Case 2). Pole-zero map comparison between the true model (left) and the reduced model (right). The poles-zeros
position evolution in the right is the realization of (from the first to the last) 180, 100, 20, and 15 states.

The model reduction validity will also be observed from the Bode plot frequency. The case is the same
as in Model 1 analysis, which is at the tip heaving response against the vertical force input and at the same
frequency range of interest. In this case, the sample is taken for the realization of the reduced model with 180,
100, 20, 15, and 14 states. The corresponding figures of Bode magnitude plot frequency for the Model 2 can
be seen in the following Figure 4.35-4.39.
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Figure 4.35: (Model 2). Bode magnitude (frequency response) plot of tip heaving response due to the vertical force input. The compar-
ison between the true model and 180-states reduced model for all frequency spectrum (top) and the zoomed-in plot for the frequency
range of interest (bottom) in Hertz.
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Figure 4.36: (Model 2). Bode magnitude (frequency response) plot of tip heaving response due to the vertical force input. The compar-
ison between the true model and 100-states reduced model for all frequency spectrum (top) and the zoomed-in plot for the frequency
range of interest (bottom) in Hertz.
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Figure 4.37: (Model 2). Bode magnitude (frequency response) plot of tip heaving response due to the vertical force input. The com-
parison between the true model and 20-state reduced model for all frequency spectrum (top) and the zoomed-in plot for the frequency
range of interest (bottom) in Hertz. Note that the margin of the magnitude between two realizations starts to grow
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Figure 4.38: (Model 2). Bode magnitude (frequency response) plot of tip heaving response due to the vertical force input. The compar-
ison between the true model and 15-states reduced model for all frequency spectrum (top) and the zoomed-in plot for the frequency
range of interest (bottom) in Hertz.
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Figure 4.39: (Model 2). Bode magnitude (frequency response) plot of tip heaving response due to the vertical force input. The com-
parison between the true model and 14-state reduced model for all frequency spectrum (top) and the zoomed-in plot for the frequency
range of interest (bottom) in Hertz. Note the separation at the second "downward bend" between the two realizations.

It can be seen that at the realization of 100 states, the bode plot of the reduced model has slightly deviated
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from that of the original model. However, it can be seen from the scatter plot that the reduced model can
perfectly replicate the dynamic of the true model. The same can be told for the realization of 20 and 15
states, although their magnitude deviates even further from the ground truth. However, it can be seen that
despite the deviation, the realizations have similarities with the true model. It can be seen from the frequency
response of the realized reduced model of 100, 20, and 15 states at the frequency range of 30 Hz up to 200
Hz. At this range, the true model shows two small magnitude peaks. These peaks can be imitated by the
frequency response at the mentioned frequency, albeit imperfectly. The difference in peak value may cause
the reduced model realization to behave somehow in a similar way as the true model, hence creating a perfect
linear scatter plot. The difference can be told for the realizations of 14 states (Figure 4.38). In this case, the
reduced model fails to replicate the two peaks between 30 Hz and 200 Hz. This will then, in turn, shows
the degradation in R-squared value and sudden increase in terms of the normalized root-mean-square error
value. Therefore, from the Model 1 and 2, it can be seen that looser requirements for the reduced system to
fully imitate the original model is that the error and the correlation will be very close to 1 as long as the Bode
magnitude plot can replicate the behavior of the true model.

4.4.3 Summary of Model Reduction Results

From the results with two models and two cases for each model, it can be observed that the modified Gawronski-
Juang frequency-limited is more reliable in finding the reduced model with the realization of the least number
of states compared to other presented balanced truncation method. It can also be concluded that the singu-
lar perturbation extension step yields a higher rate of correlation between the reduced model and the true
model compared to using Moore’s balanced truncation method. The results analysis can be seen by using
time-domain and frequency analysis using the means as presented in the previous section. It can be con-
cluded that the reduced model realization succeeds when the scatter plot coordinates of the reduced model
point is equal to that of the true model. Furthermore, it can be seen that the successful reduced model shall
retain the distribution or the shape of the poles and zeros while also keeping the stability profile of the true
model. The Bode magnitude plot also shows that as long as the reduced model frequency response can cap-
ture the characteristics of the Bode plot of the original model, a linear line scatters plot can also be achieved,
creating looser requirements for the choice of reduced model realization from the frequency response analy-
sis side.

4.5 State and Parameter Estimation Results

After obtaining the reduced model, it is now possible to perform the State and Parameter Estimation following
the proposed ROTS estimation algorithm. Given the full condition prepared for the state estimation and pa-
rameter in Section 4.3.2, the equation of the state-space to be used for the state estimation part is formulated
as

˙̄x = Ar ed x̄ +Br ed u +Gv

y = Cr ed x̄ +Hw
(4.6)

where G and H represent the identity process noise and measurement noise matrices respectively whereas v
and w represent respectively the process noise for the truncated state and the measurement states. In this
case the noise presented is given as in Table 4.3, however it will be downsized to see more clearly whether the
state estimation is really converging to its true model value. Way beyond after state estimation is performed
at each iteration the parameter will then recursively calculated.

In estimating parameters, it is concerned that the number of measurements that can be obtained through
a linear Kalman Filter state estimation routine is 182 states with 78 inputs. The parameters to be estimated
are, in this case, the mass, damping, and stiffness of the system. The parameters which relate to the aero-
dynamic lags need not be calculated since it is formed based on Wagner’s indicial function, the geometric
properties of the wing, and the airspeed. Hence, once the aerodynamic lag states values are known, the aero-
dynamic lag influence on the displacement can then be directly calculated and extracted from the equation.
The aerodynamic lag influence parameters which relate to angular and translation displacements of the wing
sections are absorbed into the parameters to be estimated. For each of the mass, damping, and stiffness ma-
trices, the structure of the matrix is in a dimension of 78 by 78 elements, yielding 6,084 parameters to estimate
and a total of 18,252 parameters to be estimated at a single iteration. However, as observed from the matrix
structure as in Figure 4.1, the non-zero element is overwhelmed by the number of zero elements. Therefore
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there is no need to calculate the zero elements. This further reduces the number of estimated parameters
down to 1,332 parameters for each parameter matrix (3,996 in total). In order to form the regression and out-
put matrix, a naive model decomposition is performed. Since all the mass, damping, and stiffness matrices
have the exact similar structure, the algorithm of model decomposition can then be formulated as follows.

For the regressor matrix, the remaining parameters will be related to the remaining 156 states of struc-
tural displacement and rate. However, the displacement acceleration is not directly obtained from the state
estimator. Hence, the acceleration of displacement has to be derived from the attitude rate states. An array
of estimated states can then be formed by arranging in the order of acceleration, rates, and attitude. This will
yield an array of 234 states. However, for each mass, damping, and stiffness matrices, it is known that there
are 782 parameters that need to be solved. Therefore, the array will be expanded into a matrix with the num-
ber of rows equal to the row of the parameter matrix. The matrix resulted from the expansion of the estimated
states array is then retransformed into the form of an array.

Next, the output matrix will be based on the input data of forces and moments for each iteration. As men-
tioned earlier, the aerodynamic lag influence, which relates to the aerodynamic lag states on the displace-
ment can then be directly calculated and extracted. By subtracting the aerodynamic forces and moments
with the extracted aerodynamic lag states related value. In other words, the output matrix for the recursive
least-square is

uk+1 = Fa −Kz zi (4.7)

This leaves only the mass, damping, and stiffness parameters left. In order to estimate the whole elements
of the aforementioned matrices, the output matrix needs to be extended. The extension results in the output
matrix size are of initial force and moments input number times the number of a row of all parameter matrices
by 1. Next, the position of non-zero elements of the parameter is identified (mass, stiffness, and damping)
matrices (MATLAB command: any), the resulting binary matrix is then transformed into an array with the
same length as the extended output matrix. Lastly, the element-wise multiplication between the output array
and the identification (binary) array to obtain a true output matrix. Finally, the regressor and output matrices
can then be simplified by deleting the regressor and output elements that are zero. Hence only the non-zero
elements are calculated, and the estimation will not propagate to the other elements, which are supposedly
zero.

4.5.1 Model 1 State Estimation

As the algorithm and parameters are established, The state estimation results can then be obtained. Four
states will be observed for each case and model to be observed for the state estimation. These are the root’s
heaving attitude and angle-of-attack, as well as the tip’s heaving attitude and angle-of-attack. The reduced
state-space realizations used in both Model 1 and Model 2 cases are 15 states, respectively. In the simulation
of Model 1 for both Case 1 (Figure 4.40-4.43) and Case 2 (Figure 4.44-4.47), it can be seen more clearly that the
state-estimator by using linear Kalman Filter can converge and follows the trends of all the observed states
of the true model, meaning that the state estimation is successful even when the realization of the model
is reduced up to only eight percent of the number of states in the end. It can be seen as well that the state
estimation at first initial time step is not following the true trends of the true model for all states observed.
This is mainly caused by the high covariance value of the states given initially to the state estimation routine.
The high covariance value signifies the uncertainty of the observer in pinpointing the true value of the states.
However, with the correction of Kalman gain between the true measurement and the estimated value, it can
be observed that the values will then converge as the covariance becomes small. The state estimation will
then rely more on the estimation rather than measurement as the difference the two values are diminishing.
It can also be observed that the noise in the root states is more pronounced compared to the noise realization
in the wing sections closer to the tip. It is undoubtedly the case since the displacement of wing sections closer
to the root is at a much smaller magnitude for the case of a clamped wing. The same can also be said when
observing the noise in the estimation of angle-of-attack compared to the heaving attitude due to smaller
change happening in terms of angle-of-attack. This is what causes some graphs appear to be noisier than the
others.
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Figure 4.40: (Model 1, Case 1). True attitude (black) against estimated attitude (red) of root heaving attitude.

Figure 4.41: (Model 1, Case 1).True attitude (black) against estimated attitude (red) of root angle-of-attack attitude.

Figure 4.42: (Model 1, Case 1). True attitude (black) against estimated attitude (red) of tip heaving attitude.
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Figure 4.43: (Model 1, Case 1). True attitude (black) against estimated attitude (red) of tip angle-of-attack attitude.

Figure 4.44: (Model 1, Case 2). True attitude (black) against estimated attitude (red) of root heaving attitude.

Figure 4.45: (Model 1, Case 2).True attitude (black) against estimated attitude (red) of root angle-of-attack attitude.
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Figure 4.46: (Model 1, Case 2). True attitude (black) against estimated attitude (red) of tip heaving attitude.

Figure 4.47: (Model 1, Case 2). True attitude (black) against estimated attitude (red) of tip angle-of-attack attitude.

4.5.2 Model 2 State Estimation

Model 2 is again simulated with the same cases as in Model 1. The results of the state estimation can be
observed through Figure 4.48-4.51 for the Case 1 and Figure 4.52-4.55 for Case 2. In this case, the realization
of the noise is restored to the true value, as filled in in Table 4.4. It can be further observed that the same
trend of noise and convergence is similar to the realizations of state estimation of Model 1, where the further
wing sections to the root yield a less noisy state estimation. However, it is consistent that the Kalman filter
routine presented with the realization of a reduced number of states converges to the true value of the states.
The reading of the state estimation should then be able to be improved by introducing a smaller noise for
either or both process noise and measurement noise. In terms of measurement errors, this can be further
decreased by introducing the camera system with higher resolution such that the area presented for each
pixel can become smaller.
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Figure 4.48: (Model 2, Case 1). True attitude (black) against estimated attitude (red) of root heaving attitude.

Figure 4.49: (Model 2, Case 1).True attitude (black) against estimated attitude (red) of root angle-of-attack attitude.

Figure 4.50: (Model 2, Case 1). True attitude (black) against estimated attitude (red) of tip heaving attitude.
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Figure 4.51: (Model 2, Case 1). True attitude (black) against estimated attitude (red) of tip angle-of-attack attitude.

Figure 4.52: (Model 2, Case 2). True attitude (black) against estimated attitude (red) of root heaving attitude.

Figure 4.53: (Model 2, Case 2).True attitude (black) against estimated attitude (red) of root angle-of-attack attitude.
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Figure 4.54: (Model 2, Case 2). True attitude (black) against estimated attitude (red) of tip heaving attitude.

Figure 4.55: (Model 2, Case 2). True attitude (black) against estimated attitude (red) of tip angle-of-attack attitude.

4.5.3 Parameter Estimation

Given the resulting state estimated values for all states, it is then possible to execute the parameter estima-
tion based on the estimated value using the established parameter, as established in Section 4.3.2. In general,
the accuracy analysis of the recursive least-square value is conducted by looking at the convergence and the
converged value of the parameters compared to a reference. However, such an analysis method is almost
impossible to do as there are thousands of parameters to analyze, while the estimated parameter values have
also affected the calculation of other parameters, as shown by the structure of the parameter matrix. Fur-
thermore, the end goal of the analysis is to yield an accurate state-space representation of the aeroelastic
structure. The accuracy can be observed through the calculation of the poles or eigenvalues position of the
reconstructed state-space. Given enough simulation time-space, the parameter value should then converge.
This also eases the effort to measure whether the final objective to identify the parameters obtained through
the proposed methods is achieved in the numerical simulation condition.

In doing the results analysis for parameter estimation results, only Case 2 is analyzed since it allows the
calculation in all six degrees of freedom while the condition of force and moments presented for Case 1 only
applied for pitching moment and vertical force, therefore it can be seen that no matter where the initial value
of the parameter, it will then yield a zero value for all parameters related to other degrees of freedom other
than heave and pitch. This then renders the calculation widely inaccurate for the mentioned case. In order
to analyze the eigenvalues of the system, the A matrix will be reconstructed based on the aerodynamic lags’
influence as well as the estimated structural mass, damping, and stiffness matrices yielded by the Recursive
Least square routine.
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As seen in Figure 4.56 and 4.57 for Model 1 and Model 2, respectively, it can be seen that the calculation of
parameter still yields inaccurate results. The results show that the proposed parameter identification routine
is still unable to imitate the poles’ position of the true model or by at least maintaining the estimated poles at
the left half-plane. The main objective of the system identification in the controller scheme is then reviewed
for the reflection of the results, it can be seen that the final objective of yielding an accurate representation
of the aeroelastic system is still not achieved due to the occurring results despite the convergence of the
state estimation results. The results show different characteristics from the true models where all poles lie on
the left-half plane. The finding should become the ground for the next analysis in improving the Two-Step
Method for structural system identification.

Figure 4.56: (Model 1, Case 2). Pole-zero map of the rebuilt system.

Figure 4.57: (Model 2, Case 2). Pole-zero map of the rebuilt system.

4.5.4 Summary of State and Parameter Estimation Results

From the results with both models with the parameters established for state and parameter estimation in the
given numerical simulation condition, the state estimation with the proposed reduced-order model shows
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converging results to the true model in all simulation cases. The parameter estimation has also been con-
ducted, and the results are analyzed by means of pole-zero mapping. From the overall results, it can be con-
cluded that the proposed method is able to estimate correctly to the true displacement of each wing section.
Reflecting on the main objective of the system identification in the controller scheme, the final objective of
yielding an accurate representation of the aeroelastic system is still not achieved as the results show different
characteristics from the true models where all poles lie on the left-half plane. Further analysis is recom-
mended to be focused on constraining the parameter estimation in order to ensure that the stability of the
true model can be retained to yield an accurate solution for the aeroelastic controller feedback.

4.6 Concluding Remarks

Based on the summary of the model reduction and system identification part of the proposed ROTS method.,
the results reveal that the proposed modified Gawronski-Juang frequency limited method succeeds in ob-
taining reduced model realization with small root-mean-square error of 2.63 % with realization of 6 states
and 1.84 % error with realization of 9 states for Model 1 and 2 respectively compared to the true model at
gust condition. The resulting reduced-order model realizations are then used for both respective models
as the observing state-space to calculate the state estimation with the property of simulation accounted in
Subchapter 4.3.2.

The chapter is dedicated to preliminarily answer the third and fourth sub-research questions (RQ 1.3 and
RQ 1.4). The state estimation with the reduced-order model shows converging results to the true model in
all simulation cases. However, parameter estimation has also been conducted, and the results are analyzed
by means of pole-zero mapping. It can be seen that the final objective of yielding an accurate representation
of the aeroelastic system is still not achieved as the results show different characteristics from the true mod-
els where all poles lie on the left-half plane. In order to more fully answer the two remaining sub-research
questions, the next chapter will analyze the supporting simulation cases to answer the cases presented.





Chapter 5

Additional Results

In this chapter, more simulation cases are presented in order to execute the sensitivity analysis of the pro-
posed methods. In other words, the writer tries to identify what are the possible parameters that may cause
differences in realization results. Furthermore, the effects that the differences will have on the model reduc-
tion and state and parameter estimation of structural system identification in the proposed ROTS method.
Four critical parameters will be changed from its initial value in the previous chapter, namely the damp-
ing ratio, airspeed, gust frequency, and sampling rate. In this case, the model that will be used is Model
2, with the reduced-model realization of 15 states using the modified Gawronski-Juang frequency-limited
balanced truncation method. The reasoning is since the model shows a less harmonic and random displace-
ment movement instead of harmonic dampened oscillatory displacement as in Model 1. Furthermore, the
15-state-reduced model realization is used as the results obtained from the previous chapter shows that the
perfect simulation result can be attained up to this realization. Therefore, as things are cleared, it is proposed
the additional study case for the proposed ROTS method to answer the remaining part to fully answer the
research question of RQ 1.3 and RQ 1.4. The simulation cases are tabulated in the following table.

Table 5.1: Additional Analysis Cases

Model type Case Vai r (m/s) Gust freq. Damping Ratio Sampling Rate
Model 2 3 13.6 4 Hz 0.001 50 Hz

4 13.6 4 Hz 0.05 50 Hz
5 13.6 8 Hz 0.01 50 Hz
6 25.6 4 Hz 0.01 50 Hz
7 25.6 8 Hz 0.01 50 Hz
8 25.6 10 Hz 0.01 50 Hz
9 13.6 4 Hz 0.01 25 Hz

10 13.6 4 Hz 0.01 100 Hz

5.1 Results Discussion

5.1.1 Damping Ratio

In Case 3 and 4, the damping ratio is varied to 0.001 and 0.05. The variation is to follow the observation by
Asjes [2] and also [77] that the structural damping for the typical wing is found around the mentioned number
range. Therefore the Case 3 is representation to a weakly dampened structure while Case 4 represents a
heavily dampened structure. Firstly, the effect of the damping ratio towards the realization of the model
reduction using the proposed modified Gawronski-Juang frequency limited method. First, the normalized
RMSE and R-squared value analysis are conducted to obtain the optimal realization of the reduced model
with the least number of states. Then the realization of the reduced model is then planted into the Two-Step
Method routine.

73
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In Case 3, it can be seen from Figure 5.1 that the perfect correlation between the reduced model and the
true model is obtained up to a reduced model realization of 39 states. The realization of the reduced model
has an R-squared value of 0.95 up to the realization of 9 states. For the reduced model realization of 39 states,
the Two-Step method of state and parameter identification is conducted recursively. The results of the state
estimation for root’s heaving and angle-of-attack, as well as the tip’s heaving and angle-of-attack, is described
in Figure 5.2. In general, despite the random spikes occurring in tracking the states, it can be seen that the
results converge to the true model states values, signifying the success of the model reduction. Nevertheless,
the reconstructed state-space matrix shows the instability behavior, as presented in Figure 5.3.
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Figure 5.1: (Model 2, Case 3). Achieved R-squared value of reduced model compared to the original system by modified Gawronski-Juang
balanced truncation method.
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Figure 5.2: (Model 2, Case 3). Value comparison of true attitude (black) and estimated attitude (red) of (from the first to the last) root
heaving attitude, root angle-of-attack, tip heaving attitude and tip angle-of-attack. Reduced realization of 39 states.
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Figure 5.3: (Model 2, Case 3). Estimated eigenvalues position of state-space matrix A.

Moving to Case 4, a similar analysis is conducted it is shown that the true model realization can be reduced
up to only three states remaining and yields a perfect correlation as shown in Figure 5.4. The reduced model
realization of 3 states is then used to obtain the state estimation value. It can be seen that the estimated
state’s value also converges to its true value (Figure 5.5). The eigenvalues of the estimated state-space matrix
can be seen in Figure 5.6, which yields the same results as other parameter estimation in other cases. Hence,
based on the realization of Model 2 in the previous chapter, it can be seen that the damping realization affects
significantly to the reduced model realization that, the more dampened the system, the less number of states
needed in order to attain a perfect correlation as in the true model. However, the parameter estimation results
are not affected by the change in the damping terms.
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Figure 5.4: (Model 2, Case 4). Achieved R-squared value of reduced model compared to the original system by modified Gawronski-Juang
balanced truncation method.



5.1. Results Discussion 77



78 5. Additional Results

Figure 5.5: (Model 2, Case 4). Value comparison of true attitude (black) and estimated attitude (red) of (from the first to the last) root
heaving attitude, root angle-of-attack, tip heaving attitude and tip angle-of-attack. Reduced realization of 3 states.

Figure 5.6: (Model 2, Case 4). Estimated eigenvalues position of state-space matrix A.

5.1.2 Gust Realization

The gust realization influence to the proposed method realization is also investigated by simulating the Case
5-8 for Model 2. First of all, the normalized RMSE and R-squared values are again then calculated. It is
observed that for all cases of gust realization that the number of states for the minimal realization of the
reduced model is kept at 15 states for the same damping ratio despite the degrading normalized RMSE for the
reduced model at the aforementioned number of states. The Figures for the state estimation and parameter
estimation results for Case 5 until Case 8 are tabulated as follows.
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Table 5.2: Figures List for Different Turbulence Realizations

Model type Case State Estimation Parameter Estimation
Model 2 5 Figure 5.7 Figure 5.8

6 Figure 5.9 Figure 5.10
7 Figure 5.11 Figure 5.12
8 Figure 5.13 Figure 5.14

It can be seen from the comparison among the cases presented that the realization of the noise is much
more prominent with the lower frequency of the gust realization. The state estimation results show that the
noise effect is much pronounced in the wing section closer to the root due to poor displacement such that
the estimation results are predominantly noisier. Moreover, the noise is also more pronounced when the
state’s values are flatter. Although it is hard to pinpoint due to the great deviation at the beginning of the
simulations, the root-mean-square error on the root is generally smaller compared to that on tip. However,
the normalized root mean square shows that the NRMSE value is tabulated as follows.

Table 5.3: Normalized Root-Mean Square Values

Model type Case NRMSE Root Heave NRMSE Root AoA NRMSE Tip Heave NRMSE Tip AoA
Model 2 5 3.67 % 38.5% 4.07% 8.14%

6 8.57% 38.0% 4.51% 41.29%
7 753% 12.8% 6.5% 10.70%
8 871% 7.5% 7.08% 10.60%

In other words, the displacements that occur are insignificant when the change in force and moment oc-
curs. In conclusion, it can be concluded that the gust frequency has an effect to the lower level of noise in
state estimation calculation, however, the gust by itself less significantly alters the value of R-squared and
normalized RMSE of the time response of the states of the reduced model against the true states value, there-
fore the minimum realization of reduced model without the change in damping ratio is still at 15 states. By
comparing the results of Case 5 and 7, where the gust frequency is the same with different airspeed. It can
be seen as well that the higher airspeed also affects the state measurement reading to appear less noisy at a
higher airspeed, in particular for the angular state of wing section closer to the root.
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Figure 5.7: (Model 2, Case 5).Value comparison of true attitude (black) and estimated attitude (red) of (from the first to the last) root
heaving attitude, root angle-of-attack, middle wing section’s heaving attitude, middle wing section’s angle-of-attack, tip heaving attitude
and tip angle-of-attack. Reduced realization of 15 states.

Figure 5.8: (Model 2, Case 5).Estimated eigenvalues position of state-space matrix A.
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Figure 5.9: (Model 2, Case 6). Value comparison of true attitude (black) and estimated attitude (red) of (from the first to the last) root
heaving attitude, root angle-of-attack, tip heaving attitude and tip angle-of-attack. Reduced realization of 15 states.

Figure 5.10: (Model 2, Case 6). Estimated eigenvalues position of state-space matrix A.
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Figure 5.11: (Model 2, Case 7).Value comparison of true attitude (black) and estimated attitude (red) of (from the first to the last) root
angle-of-attack, tip heaving attitude and tip angle-of-attack. Reduced realization of 15 states.

Figure 5.12: (Model 2, Case 7). Estimated eigenvalues position of state-space matrix A.
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Figure 5.13: (Model 2, Case 8). Value comparison of true attitude (black) and estimated attitude (red) of (from the first to the last) root
heaving attitude, root angle-of-attack, tip heaving attitude and tip angle-of-attack. Reduced realization of 15 states.

Figure 5.14: (Model 2, Case 8). Estimated eigenvalues position of state-space matrix A.

5.1.3 Sampling Rate

The sampling rate influence the proposed method realization is also investigated by simulating the Case 9-
10 for Model 2. For all the cases that have been presented, the system is established to work at a uniform
sampling rate of 50 Hz. For Case 9, the system identification routine is set to run half the rate to 25 Hz. On
the other hand, Case 10 is set at a double rate of 100 Hz. As previously mentioned in the introduction part
and the analysis of the pole-zero map of Model 2, it can be seen that poles lie far within the left-half plane.
Therefore, the higher the sampling rate, the more displacement modes of the wing section can be captured.
Otherwise, the less the bending and torsion modes that can be captured. The noise realization can also be
more pronounced with a lower sampling rate. Moreover, when the system is also coupled with faster sensors
such as accelerometer and IMU to measure the forces and moments. By using the same reduced model of
15 states for Model 2, the state estimation results for both cases can be observed. For the Case 9, the state
estimation results can be observed in Figure 5.15-5.16. It can be seen that at the lower sampling rate, the
noise effect is even worse compared to the results of Case 2 (Chapter 4), which runs at 50 Hz. This might
happen due to the accumulating process and measurement noise between samples of the slower sensor (i.e.,
visual tracker), which causes the noise realization to appear more prominent. One way to minimalize the
noise is by adjusting the measurement unit to run at the same rate with the slower system compounded in
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the scheme. This can be done through reprogramming the faster sensor or by filtering the measurement of
the faster sensor. Variable-rate Kalman Filter is one way to filter the state estimation results based on the
measurement from the fusion of slow-rate high-quality data with fast-rate low-quality data to form a more
accurate fast-rate prediction of quality variables [18]. Case 9 simulation is then rerun by selecting the data
so that the input and sensor noise yields an input at the same rate as the visual tracker frequency of 25 Hz.
The results show a cleaner results compared to the previous run for all states. Therefore, it can be concluded
that the uniformity of the sampling rate of the fused sensors plays a critical role in a more successful state
estimation.

The sampling rate is increased to 100 Hz, as in Case 10. Compared to the state estimation results from
the rerun Case 9, it can be seen that the deviation of estimated state values is less compared to the results
obtained at a 25 Hz rate. This may be caused by the characteristics of the model itself. From the pole-zero
map of Model 2 (Chapter 4, Figure 4.25), it can be seen that more displacement modes (complex eigenvalues)
of the model lies far to the left on the left-half plane of the map. Therefore, by increasing the sampling rate,
the more the displacement modes of the aeroelastic structure can be captured by the system. Hence, the
deviation becomes less apparent. In addition to that, the occurring slow convergence can be apparent due to
the choice of initial state or error covariance that is too small. This can be mitigated by choosing a larger value
for the assumed covariance. The state estimation results of Case 10 can be seen in Figure 5.19-5.20. Despite
the results, the parameter estimation results do not show the same characteristics as the true model. In both
cases, there are also poles on the right-half plane. The finding means that the reconstructed state-space is
not of a stable nature as the true model.
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Figure 5.15: (Model 2, Case 9). Value comparison of true attitude (black) and estimated attitude (red) of (from the first to the last) root
heaving attitude, root angle-of-attack, Wing Section 7’s heaving attitude and Wing Section 7’s angle-of-attack. Reduced realization of 15
states.
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Figure 5.16: (Model 2, Case 9). Value comparison of true attitude (black) and estimated attitude (red) of (from the first to the last) Wing
Section 10’s heaving attitude, Wing Section 10’s angle-of-attack, tip heaving attitude and tip angle-of-attack. Reduced realization of 15
states.
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Figure 5.17: (Model 2, Case 9). Rerun simulation by adjusting the sampling rate. Value comparison of true attitude (black) and estimated
attitude (red) of (from the first to the last) root heaving attitude, root angle-of-attack, Wing Section 7’s heaving attitude, and Wing Section
7’s angle-of-attack. Reduced realization of 15 states.
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Figure 5.18: (Model 2, Case 9). Rerun simulation by adjusting the sampling rate. Value comparison of true attitude (black) and estimated
attitude (red) of (from the first to the last) Wing Section 10’s heaving attitude, Wing Section 10’s angle-of-attack, tip heaving attitude and
tip angle-of-attack. Reduced realization of 15 states.
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Figure 5.19: (Model 2, Case 10). Value comparison of true attitude (black) and estimated attitude (red) of (from the first to the last) root
heaving attitude, root angle-of-attack, Wing Section 7’s heaving attitude and Wing Section 7’s angle-of-attack. Reduced realization of 15
states.
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Figure 5.20: (Model 2, Case 10). Value comparison of true attitude (black) and estimated attitude (red) of (from the first to the last) Wing
Section 10’s heaving attitude, Wing Section 10’s angle-of-attack, tip heaving attitude and tip angle-of-attack. Reduced realization of 15
states.

Figure 5.21: (Model 2, Case 9). Estimated eigenvalues position of state-space matrix A for the sampling rate case of 25 Hz.

Figure 5.22: (Model 2, Case 10). Estimated eigenvalues position of state-space matrix A for the sampling rate case of 100 Hz.





Chapter 6

Conclusion and Recommendations

6.1 Conclusions

With the advancements in the field of aerospace structure and material has brought breakthrough in the
construction of air vehicles to be built bigger. However, with the lightness and the dimension, the structure
can deform more appreciably due to the aerodynamic disturbance. An attempt is made by introducing vi-
sual tracking in combination with state estimation and parameter estimation in order to provide a cheaper
method of structural health monitoring compared to the conventional method of planting the measurement
units across the wing section.

In this chapter, the results will be concluded in order to answer the established research questions as
follows.

• What is the theoretical basis for the aircraft aeroelastic behaviors, and how does the behavior of the
aeroelastic wing in fluttering or buffeting condition be represented mathematically?

In Chapter 2, the derivation of the mathematical model has been derived that the mathematical model
of an aeroelastic and aeroservoelastic wing dynamics are modeled after a spring-mass-damper system. It is
confirmed that the behavior of an aeroelastic wing is influenced by aerodynamic profile and the structural
profile of the wing itself. The aerodynamic influence representation in the time domain is introduced by
Leishman and Nguyen [48] based on Wagner’s indicial function derivation. It is hence expanding the state-
space representation as it is influenced by aerodynamic lag to represent the influence of the circulatory trail-
ing wake on top of the displacement attitude, rate, and acceleration of the wing itself. Based on the fusion
of the Theodorsen and Leishman’s state-space, the full model of aeroelastic behavior is then formed. From
which the three-dimensional wing behavior is then developed based on the discretization of the wing. There-
fore the whole behavior can then be analyzed by multiple two-dimensional wing sections. The final equation
of Chapter 2 is the concluding remarks on how the wing is mathematically modeled in a three-dimensional
form that will be implemented for the system identification.

• Given the numerical measurement and process noises occurring in the process and the limitation of
the hardware, what is the structure of the state and parameter estimation routine for the estimation
of the aeroelastic object in visual tracking environment?

Given the structure of previously answered in the first sub-research question, the state and parameter es-
timation can be performed. The question is fully answered in Chapter 3 that out of three possible methods
for recursive structural health monitoring. The maximum likelihood estimation and augmented extended
Kalman filter can be used to yield reliable results of state and parameter estimation. Based on the maximum
likelihood estimation’s relaxation technique, the state and parameter estimation can be further simplified
in the routine form of the Two-Step Method. In order to further quicken the calculation, the model reduc-
tion is then performed by using modified Gawronski-Juang frequency-limited balanced truncation with the
extension step of singular perturbation. The step is taken to obtain the least possible realization of the re-
duced model before executing the Two-Step Method based on the arbitrary and recommended parameters
by literature. The structure for the routine is called as Reduced Order Two-Step (ROTS) method.
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• With the proposed framework, how does the state estimator routine in different conditions approx-
imate the correct response? In other words, how robust is the proposed method for the different
realization of turbulence, and what are the influencing parameters that may affect the state estima-
tion results with the given system environment?

The state estimator performance is observed and analyzed in eight simulation cases in Chapters 4 and 5.
The simulated simulation cases are set up with the parameters given in Subchapter 4.3.2. From the results, it
can be observed that the routine shows the convergence at all states of interest in any gust realizations in the
condition where the forces and moments input are sampled at higher rate. Therefore, it can be concluded
that the proposed method up to the state estimation step is a robust method at the given conditions. The er-
ror or deviation that may occur during the state estimation comes from the process noise and measurement
noise. Based on the simulation results, it can be seen that the deviation is more pronounced at the states re-
lated to the wing sections closer to the root. Otherwise, the deviation also occurs more in the states where the
weak excitation occurs, i.e., the displacement is insignificant compared to the change in force and moment.
Furthermore, the higher airspeed condition shows the noise to be less pronounced, in particular for the an-
gular state of wing section closer to the root. In addition to that, the simulations have also been conducted
with changes in the damping term. In both cases of low damping and high damping coefficient, the results
show the convergence as well. The sampling rate also affects the state estimation quality in terms of noise
clearance. The higher the sampling rate, the less noisy the state estimation measurement is as the process
and measurement noise are not accumulated in the time-space between samples. However, the noise occur-
ring in the state estimation can be further mitigated by adjusting the forces and moment sensor to run at the
same sampling rate.

• How does the proposed method reconstruct the true parameter values such that the reconstructed
system can imitate the true model of the system? What is the error that occurs during the parameter
estimation?

In parallel with the state estimation analysis routine of the method, the parameter estimation analysis is
also conducted at every end of the simulation. From the results, it can be seen uniformly that in terms of
structure, the method can duplicate the structure of the mass, damping, and stiffness matrices. Nevertheless,
for all presented cases and models, the eigenvalues of the reconstructed state-space A matrix do not maintain
the original stability of the true model. The failure is caused by the presence of poles on the right-half plane.
The same results are also obtained with the change in damping realization, gust realization, and sampling
rate. Further analysis is recommended to be focused in this part in order to ensure that the stability of the
true model can be retained.

In the end, the main research objective is again reviewed.
Contribute to the development of the online state estimator for the dynamics and aeroelastic constants

from the nonlinear flexible structure of flexible rectangular wing by investigating the feasibility of applica-
tion of existing online state estimation framework within active controller scheme for structural integrity
control with visual tracking to estimate aeroelastic dynamics and its parameters in Theodorsen’s flutter-
ing condition.

In this thesis, the full mathematical modeling of the three-dimensional aeroelastic structure behavior has
been derived based on the derivation of state-space by Theodorsen and Leishman. Furthermore, the sys-
tem identification method is chosen and modified in order to obtain the smallest realizations. Therefore, a
complex calculation, which consists of a large number of states, can be minimalized to reduce the computa-
tional cost. The verification of the proposed method has been carried out. The results show that it is possible
to yield an accurate estimation of the displacement state of an aeroelastic structure based on calculating the
true dynamics of the system instead of doing so in the pixel reference frame. The results have been supported
by the convergence of all presented states in the ten simulation cases presented in Chapters 4 and 5. From
reflecting on the main objective of the system identification in the controller scheme, it can be seen that the
final objective of yielding an accurate representation of the aeroelastic system is still not achieved due to the
occurring results despite the convergence of the state estimation results. The results show different charac-
teristics from the true models where all poles lie on the left-half plane. The finding should become the ground
for the next analysis in improving the Two-Step Method for structural system identification. Further investi-
gation is recommended to be focused on this part to ensure that the stability of the true model can be retained
to yield an accurate solution for the aeroelastic controller feedback. Furthermore, the results of the formed
Reduced-Order Two-Step (ROTS) can be used as the basis for the next research for the implementation of the
routine in the visual structural health monitoring in real-time.
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6.2 Recommendations

Based on the findings, a few recommendation points can then be formed.

1. In this research, the calculation is based on the visual tracking environment. Therefore the parameters
taken into consideration in the presented simulation cases are based on this account. A higher verifica-
tion level needs to be carried out by integrating the proposed method routine with the simulated visual
tracking such as in Blender before implementing it in the real system.

2. During the phase of the thesis work, an idea was discovered to make a feedback loop between the Recur-
sive Least-Square and the Kalman Filter routines such that the state-space system could be renewed for
every iteration. This idea is currently hampered by the instability problem of the reconstructed state-
space matrix. Therefore, based on the writer’s concern, the focus for the next research should be on
integrating some constraints in the recursive least square in order to obtain a stable reconstruction of
the state-space.

3. In addition to the first point, it can be seen from the formation of the regression and output matrix that
the structure of the matrices has been formed initially by doing the naive model decomposition based
on the structure of the model. Nevertheless, it might be possible that other more sophisticated model
decomposition methods can be applied to the routine such that the residual or error accumulated dur-
ing the process of the parameter estimation will yield a smaller error to the formation of restructured
state-space matrices.

4. In this research, the linear Kalman Filter is proposed based on initial information of the mass and stiff-
ness matrix. While the structural matrices will be the same if the gust load is in the elastic region, the
structure will ultimately suffer from fatigue due to a long period of load exposure. This will have an
implication on the mass and stiffness. This alone is the reason why the idea of making a feedback loop
between the parameter estimation and the state estimation routine is based on in the first place. An-
other way to do is by the implementation of model reduction for nonlinear state-space. In very recent
years, few research efforts have been conducted in order to find a suitable routine for this condition.
The benefit of research in this field can also be investigated in future research.

5. In this research, it can be seen that the fusion of multiple sensors at different sampling rate may cause
noise realization to occur at greater magnitude compared to the results where the IMU, visual tracker,
and the system identicatin routine work at the same rate (see the sampling rate analysis on Chapter 5).
One idea to mitigate the condition is by pre-processing data utilizing variable-rate Kalman Filter. This
can be further implemented to augment the accuracy of the results in future research.

6. Lastly, at the technical level, it is also found that the measurement noise in the camera frame is based
on the representation of the object in pixel units, with a camera of high resolution, the measurement
noise can then be decreased. Furthermore, the implementation in other programming languages is
preferable for the simulation as the simulation may take a longer time in the presented console.
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