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1
Introduction

1.1. Radio occultation: general principles and applications
In planetary sciences, the study of the atmosphere (where the word is used here with its broadest
meaning, thus including the lower, denser neutral layers and the environment at higher altitudes, where
gas is rarefied and ionized) is one of those fields whose importance is impossible to overestimate1.
Some key scientific features that rely on it include:

• The physical properties of the atmosphere are the driving forces of the large-scale phenomena
that we identify as ”climate”, therefore: temperatures range and variation; the presence of a
system of clouds and/or suspended particles; the existence in liquid form of certain chemical
species and their cycle; winds and planetary wind currents; the energy balance in absorption
and reflection of incoming solar radiation; the quantity of ionizing solar radiation that reaches the
ground; the stratification of gaseous layers varying with altitude according to their temperature
and composition.

• The study of trace components in the atmosphere -for example, methane and its variability on
Mars (Formisano et al. 2004, Mumma et al. 2009)- can provide information about phenomena
occurring under the surface of the planet.

• Planetary atmospheres are gigantic natural laboratories for the study of the interaction between
solar radiation, solar wind, magnetic field (where present) and rarefied gas/plasma.

• The chemical composition of the atmosphere cannot be considered constant on a geological
scale, and its current composition can be used as a ”starting point” in reconstructing the geological
history of the planet.

• A proper understanding of the physical properties of planetary atmospheres is essential to design
space missions directed towards the surface of these celestial bodies, as entry and descent are
among the most critical phases of such missions.

The study of the atmosphere, depending on the quantity that one wants to measure, encompasses
various techniques and instruments. Pressure, temperature and wind speed are easily measurable
quantities that can be directly probed; spectrometry allows to measure the composition of different
atmospheric species from distance, based on the specific interaction that each chemical species has
with light; techniques based on the analysis of radio signals sent return information about the electron
content of the ionized layers (Schunk and Nagy 2000). Among the techniques within this last cate-
gory (which are all indirect measurements, i.e. they are all based on the analysis of a signal reaching
the instrument after crossing or being reflected by the gas/plasma), radio occultation is a widespread

1Naturally, the next lines apply to those celestial bodies -and we restrict our description to the Solar System only- that possess
an atmosphere. Notoriously, terrestrial planets with an atmosphere are Venus, Earth and Mars; the gas giants (Jupiter, Saturn,
Uranus and Neptune) do have ”atmospheres”, although the lower boundaries of the gaseous envelope is hard to define; moving
to the minor bodies, Saturn’s moon Titan is surrounded by a thick atmosphere (with a surface pressure about 50% higher than
on Earth (Harri et al. 2006), while Pluto has a tenuous one (10 µbar at the surface, mostly composed of molecular nitrogen
(Gladstone et al. 2016); other trans-Neptunian objects, like Eris and Makemake, appear to not have a significant atmosphere
(Sicardy et al. 2011, Ortiz et al. 2012)

1



1.1. Radio occultation: general principles and applications 2

and well-known method that has been used for over half a century. The underlying principle of this
technique is simple: a planetary atmosphere is not a transparent medium for light at radio frequencies,
therefore a radio signal travelling through it ”bends” according to the laws of refraction. By measuring
the magnitude of the deflection it is possible to reconstruct the optical properties of the crossed medium
and, from them, other physical quantities of the medium itself, such as density, pressure, temperature
and, in a ionized environment, the total electron content.

Radio occultation has a long legacy. The first scientific papers describing a method to sound the neutral
atmosphere of Earth with radio signals from orbiting satellites were published in the 1960s (Fischbach
1965, Lusignan et al. 1969). Although the theoretical foundation of the technique was well-understood,
practical applications were limited by the available infrastructures: at that time, the number of orbiting
satellites and receiving ground stations could not allow global coverage, therefore impeding a substan-
tial improvement in the existing atmospheric data (Kursinski et al. 1997). Only the advent of GNSS
constellations (with the correlated creation of the IGS2 network of ground stations) granted a constant,
global coverage for occultation measurements, which nowadays are used, among other applications,
to validate the IRI (International Reference Ionosphere) model, one of the pillars of precise GPS posi-
tioning techniques (Bilitza 2018).
The first relevant scientific application of satellite radio occultation measurements was therefore the
study of planetary atmospheres in the Solar System. The deflected signals from early interplanetary
probes such as Mariner, Pioneer and Voyager missions allowed to study the atmospheres of Venus
(Gunnar Fjeldbo, Arvydas J Kliore, and Eshleman 1971), Jupiter (G. Fjeldbo et al. 1975), Saturn (Arvy-
das J. Kliore et al. 1980), Titan (G F Lindal et al. 1983), Uranus (Tyler et al. 1986), and Neptune (Gunnar
F. Lindal 1992).
The study of Martian atmosphere makes no exception: the first radio occultation measurement at Mars
was performed with the signals from Mariner 43 in 1965 (A. Kliore, Cain, et al. 1965). Over the follow-
ing decades, different missions returned occultation data at different seasons and locations; to name
other examples in chronological order, one could mention the Mariner missions that followed Mariner 4
(launched between 1969 and 1971 A. Kliore, Gunnar Fjeldbo, et al. 1969, A. J. Kliore et al. 1972), the
soviet Mars missions (launched between 1971 and 1973, Kolosov et al. 1972), the two Viking orbiters
(operating in 1976) Gunnar F. Lindal et al. 1979), the long-lasting orbiter Mars Global Surveyor (oper-
ating from 1999 to 2006, Hinson et al. 1999).
All the aforementioned occultation measurements have been performed between a flying spacecraft
and a ground receiver on Earth. In particular, satellite-to-Earth radio occultation measurements have
provided insightful information onMartian atmosphere over the last decades. In the last years, however,
given the increased number of spacecraft orbiting Mars4, it became possible to exploit inter-satellite oc-
cultations (i.e. radio frequency measurements between two orbiters) to sound Martian atmosphere.
This technique has various advantages over Earth-based radio occultation measurements, which can
be summarized in four main categories (Svedhem 2020, Svedhem et al. 2021):

• Eliminating the effect of Earth’s atmosphere. All signals from interplanetary missions are col-
lected by Earth-based receivers. This means that the signal travels through the whole thickness
of Earth atmosphere at variable angles (depending on the local elevation of the spacecraft at the
epoch of measurement). Earth atmosphere increases the noise of the signal and introduces an
additional frequency shift.

• Lower distance. The distance between the two spacecraft is much smaller than the distance
between Mars and Earth, therefore a much higher signal-to-noise ratio can be achieved.

• More scattered measurements. In satellite-to-Earth occultations, the spacecraft-Mars-Earth ge-
ometry is such that the occultation events always occur not far from the planet terminator; more-
over, latitudinal drift is slow and therefore repeated measurements over the same area occur at

2IGS (International GNSS Service) is ”a voluntary federation of over 200 self-funding agencies, universities, and research
institutions [...] working together to provide the highest precision GPS satellite orbits”, whose purpose is to ”provide free
and open access to the highest precision products available for scientific advancement and public benefit” (from IGS website:
https://www.igs.org/about/#at-glance)

3Mariner 4 was the first spacecraft to perform a flyby of Mars, on July 15th 1965
4To give an idea, at the current date (October 2022) seven operational satellites are orbiting around Mars: the American 2001

Mars Odyssey, Mars Express, Mars Reconnaissance Orbiter and MAVEN, the Russian-European ExoMars Trace Gas Orbiter,
the UAE’s Emirates Mars Mission and the Chinese Tianwen 1
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long time intervals; with mutual occultations (and if the orbital geometry is favorable) measure-
ments can be much more scattered (see fig. 1.1 for reference)

• Reducing the effect of interplanetary plasma. The interplanetary plasma effect on the signal
travelling between twoMars orbiters is minimal (due to both the short distance between the space-
craft and the larger distance from the Sun) when compared to the larger impact it has for a signal
travelling from Mars to Earth

With all these advantages comes a drawback, which mainly arises from the flight attitude of the satel-
lites that until the current date (2022) have performed mutual occultations (the discussion is therefore
restricted to the Mars Odyssey - Mars Reconnaissance Orbiter (ODY-MRO) and Mars Express - Ex-
oMars Trace Gas Orbiter (MEX-TGO) pairs). The communication subsystems of these orbiters were
not specifically designed for inter-satellite communication. In fact, those subsystem were either relay
communication systems (dedicated to create a radio link with landers/rovers on the surface) or satellite-
to-Earth communication systems (Ao et al. 2015, Svedhem 2020). The immediate consequence of this
is that the UHF antennas (the ones that send and receive the signal for the radio occultation measure-
ment) are not aligned, meaning that the off-boresight angle is usually quite large and far from optimal5.
In other words, the attitude constraints of the communication systems are such that the two satellites
UHF antennas are not pointed at each other during the occultation event, therefore decreasing the
antenna gain.

The first experiment with mutual occultation was attempted between Mars Odyssey and Mars Re-
connaissance Orbiter in 2007. Results displayed a clear signature of Mars’ atmosphere (mostly due
to the ionosphere). Inversion methods applied to the observed frequency shift returned peak elec-
tron densities and peak ionospheric heights that were consistent with existing empirical models (Ao
et al. 2015). These promising results pioneered other scientific observations performed with the same
technique. A new campaign for mutual occultation measurements between Mars Express (MEX) and
ExoMars Trace Gas orbiter (TGO) started on November 2nd 2020 and is currently carried out by ESA.
Figure 1.1 displays the latitude of MEX-TGO occultations as a function of time, showing how they are
more scattered and numerous than the satellite-to-Earth occultation events: the benefits of this new
technique are evident. Data from this particular campaign and ephemeris from the two spacecraft will
be used to run this thesis’ simulations and to validate the results.

Figure 1.1: Distribution of occultation opportunities for the MEX (Mars Express) and TGO (ExoMars Trace Gas Orbiter) space-
craft in space and time. MEX-Earth occultations opportunities are marked in yellow, TGO-Earth in orange andmutual MEX-TGO
in blue (courtesy of Håkan Svedhem from the conference poster ”The MEX–TGO Mutual Radio Occultation Experiment”, 2020)

5Ao et al. 2015 postulates an angle of 75° as a realistic off-boresight angle in their simulation for the ODY-MRO link budget
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1.2. Problem statement: spherical symmetry and ”straight line ap-
proximation”

When crosslink is established and the receiver measures a frequency (or, more properly, a phase rate)
shift, we can identify 4 different causes6 for it:

1. Relative motion of the two S/Cs. This is the dominant cause for the phase rate shift and it
corresponds to the well-known Doppler effect: a (moving) receiver measures a frequency shift
from a (moving) radio source that is proportional to the ∆v measured along the line-of-sight.

2. Ray bending due to refraction. The presence of a medium induces a change in the ray trajec-
tory7, thus increasing the nominal ray length by a quantity that depends on the optical properties
of the medium crossed and on the mutual geometry medium-ray.

3. Phase shift in a medium with n ̸= 1. Phase is related to wavelength, and thewavelength varies
when light travels through a medium.

4. Relativity effects. The high speed of the two spacecraft and the proximity to a planetary body
suggest that relativity effects may play a non-negligible role.

Coherently with the majority of scientific literature dedicated to radio occultation techniques, relativ-
ity effects are not included in this work, as their effect can be estimated with high precision from the
knowledge of the orbital geometry and the planetary gravity field (Kursinski et al. 1997). This has an
important practical consequence for this work, as it allows classic wave theory to be used. Moreover,
it can be proven, thanks to the calculus of variations (Melbourne 2004), that point 2. and 3. are in fact
two sides of the same phenomenon, and are thus described by the same physical laws.
Therefore, when analyzing the signal, we can ultimately distinguish two main sources of phase rate
shift: one caused by the relative velocities of the S/Cs -that from now on will be simply referred to
as Doppler effect- and one caused by the planetary atmosphere bending the ray (which will be called
atmospheric effect).

Within the framework of radio occultation measurements, the common assumption is that the atmo-
sphere has a spherically symmetric structure: in other words, it is postulated that atmospheric parame-
ters are constant at a given height (in other words, the optical properties are considered to be a function
of height only). In this context, spherical symmetry is meant to be a local condition: the purely radial de-
pendency is only postulated within the region crossed by the ray path. This assumption has the crucial
advantage of simplifying the representation of the atmospheric effect, as the ray travelling through the
atmosphere will be symmetric with respect to the axis passing through the point of maximum curvature.
This assumption has a much more profound purpose. Spherical symmetry is the necessary condition
for Abel transform to be applicable. Abel transform is the key mathematical tool in radio occultation tech-
niques, and it has been extensively used to retrieve planetary atmospheric profiles (Gunnar Fjeldbo,
Arvydas J Kliore, and Eshleman 1971, G. Fjeldbo et al. 1975, G F Lindal et al. 1983, Gunnar F. Lindal
1992, Kursinski et al. 1997). Spherical symmetry is necessary because it allows to represent the over-
all atmospheric effect as a function of two parameters only, the total bending angle α and the impact
parameter8 a -see fig. 1.3 for reference. These parameters can be estimated from frequency measure-
ments: the only additional data required are position and velocity of both spacecraft (to compensate
for the Doppler effect). Once α and a are estimated, Abel transform allows to calculate the index of
refraction as a function of height from the α0, α1, ..., αm and a0, a1, ..., am series. A summary of this
algorithm can be seen in fig. 1.2).
However, the spherical symmetry hypothesis, though widespread, has obvious limits in terms of adher-
ence to reality: planetary atmospheres do have horizontal gradients at a given altitude. For instance,
as the rate of ionization depends from the solar zenith angle, a horizontal gradient must exist in the

6Signal noise will not be included in the mathematical discussion that follows
7In general, the optical properties of the atmosphere vary smoothly, therefore it is expected that the shape of the ray resembles

a curve; our simulations will always include differentiable expressions for the index of refraction n, therefore the ray path won’t
have discontinuities and will always travel in a curved line

8This quantity is sometimes referred to in literature as asymptotic ray miss-distance; the analogy comes from the field of
astrodynamics, where the same name defines the distance between the asymptote of a hyperbolic orbit and the center of the
main body. In this case, as the density of the atmosphere thins out until reaching 0, the undisturbed ray would continue its path
in a straight line after leaving the atmosphere: a is the distance between the straight line and the center of the planet
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Figure 1.2: Simplified version of the algorithm for calculating n as a function of height under the hypothesis of spherical symmetry

electron density as a function of the position of the Sun over the planet’s surface; this effect can be
imagined to be even more dramatic at the terminator line.

Figure 1.3: Ray path geometry from transmitter to receiver in the plane of propagation for a spherical symmetric medium (figure
adapted from Schreiner et al. 1999)

The existence of these asymmetries creates a contradiction. Considering a satellite-to-Earth radio oc-
cultations from a spacecraft in Martian orbit: the orbital geometry is such that the occultations happen
not far from the terminator line (see fig. 1.4 for reference). In order to use the inversion method based
on Abel transform we are forced to adopt the spherical symmetry assumption, but at the same time
the occultation happens in one of the regions where horizontal gradients are most likely to be non-
negligible. This is a well-known issue and studies performed with radio-occultation measurements on
Earth (Shaikh, Notarpietro, and B. Nava 2014) aimed to determine themagnitude of the error introduced
by the spherical symmetry assumption. Inter-satellite occultations are not restricted to the terminator
region, and their major versatility and less noisy signal (which could carry the traces of horizontal gra-
dients) lead to the question: would it be possible to get rid of the spherical symmetry hypothesis to
investigate atmospheric horizontal gradients?
A possible solution comes from the following consideration. The magnitude of the atmospheric effect,
in terms of frequency shift, is always much smaller than the typical Doppler effect between two orbiting
spacecraft. An examples of this is given in fig. 1.5: on Earth, the maximum atmospheric effect is
reached when the ray path crosses the troposphere; in that case, using as a reference the L1 GPS
frequency (1575.42 MHz), the maximum effect is between 150 and 200 Hz, while the Doppler shift can
reach tens of kHz. Despite being comparatively smaller, the atmospheric signal can be easily detected
and it has very visible effects; for the Earth case, refractive bending angles can reach up to 4 deg
near the surface (Melbourne 2004). In terrestrial applications (at least, when the ray path is close to
the surface), ray bending simply cannot be ignored. On Mars, however, this may not hold true. The
planet is smaller, with a less dense neutral atmosphere and a maximum ionospheric electron density
that does not exceed 1/10th of Earth’s. It is plausible that, for radio occultation measurements at Mars,
the estimate of n(r) based on spherical symmetry assumption and Abel transform could be replaced
by a straight line approximation and forward propagation.
By ”straight line approximation” we define an alternate way of defining the Doppler effect. In practice,
we uncouple point (2) and (3) from the list at the beginning of section 1.2 and we ignore point (2); in
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Figure 1.4: Comparison between numerical model and MGS measurements for peak electron density vs solar zenith angle for
5600 profiles derived from the occultation data collected during 1998 through 2005. It is noticeable (especially in the upper panel,
where results are extended to solar zenith angles where data are not available) the restricted range of SZA accessible for an
orbiter-to-Earth occultation geometry (figure from Pi et al. 2008)

other words, we assume that the ray trajectory between point A and point B is known in advance, and
it is the straight line connecting the two. The bending induced by the medium (described by Fermat
and Snell laws, as it will be shown in section 2.1), is completely ignored.
This assumption has major consequences. The frequency shift measured by a moving observer from
a moving source (regardless of the presence of a medium between them) is given by:

∆f = − 1

2π

dϕ

dt
(1.1)

where ϕ is the total cumulative phase from point A to point B. Now, if we build a parametric model of
the atmosphere in which, for any given point P (x, y, z), it is possible to define the index of refraction n
with a certain parametrization:

n = Υ(x, y, z, A1, A2, ..., An) (1.2)

then it is possible to calculate the total phase by using the definition of total cumulative phase:

ϕ =
2π

λ

∫ B

A

n(x, y, z)ds (1.3)

From the cumulative phase, the frequency shift can be approximated via numerical differentiation us-
ing eq. (1.1). The advantage given by the straight line approximation procedure is in the estimate of
eq. (1.3), because we know ”a priori” the trajectory of the ray (a straight line), therefore we know the
path of the integral in eq. (1.3).
At this point we have a set of of measured frequency shift ∆f1,∆f2, ...,∆fm from the occultation event,
and a series of frequency shift ∆f ′

1,∆f ′
2, ...,∆f ′

m calculated with the straight line propagation and the
selected atmospheric parametrization. Through an iterative process of optimization, one can find for
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Figure 1.5: Frequency shifts. On the left: Profile of excess Doppler (in Hz, red line) and phase delay (in meters, blue dotted line)
for a particular occultation event (GPS PRN 28 observed by the GPS/MET experiment on MicroLab-1 on April 25th, 1995) -image
taken from Melbourne 2004. The elapsed time of the occultation and the corresponding ray altitude are shown in the horizontal
axis. The effect of the troposphere is much larger than any other gas or plasma layer surrounding Earth, and the frequency shift
reaches the order of magnitude of 102 Hz. On the right: Example of Doppler effect for an orbital configuration compatible with
the GPS/MicroLab-1 geometry

which set of parameters A1, A2, ..., An the ∆f ′
i series best approximates the ∆fi measurements.

The procedure that has just been described is the ”forward propagation”, which is the second fundamen-
tal segment of the new approach proposed. A simplified scheme of the whole algorithm is presented
in fig. 1.6. The most immediate advantage of this method is that, while designing the parametrization
Υ, spherical symmetry assumption can be abandoned: none of the steps described above requires
spherical symmetry to work, therefore it would constitute an unnecessary hypothesis.

Figure 1.6: Simplified version of the algorithm for calculating atmospheric profiles from the straight-line approximation and
forward propagation

In order for this algorithm to be applicable, we must make sure that the error introduced by this ap-
proximation (i.e. the ”straight line approximation) stays within an acceptable range; ideally, the best
outcome would be to demonstrate that this error is always smaller than the measurement noise in a
typical radio-occultation measurement. For the moment the scope of this inquiry will be restricted to
mutual occultation scenarios between two orbiters -with a specific focus on the Martian case, but sim-
ulations of the Earth case will be performed as well to see whether a thicker atmosphere is a major
obstacle for the applicability of the ”straight line approximation”.
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1.3. Straight-line approximation in ionospheric tomography
A straight-line approximation for radio signals is commonly put in practice for ionospheric tomography
on Earth (Teunissen and Montenbruck 2017). Ionospheric tomography performed with GPS satellites
and ground- or space-based receivers exploits the fact that the any GPS satellite transmits at least two
different signal at different frequencies: this allows to get an estimate of the total electron content (TEC)
along the raypath (slant TEC) with a simple linear combination (the geometry-free combination, which
eliminates all the effects that are not a function of the signal carrier frequency).
We will demonstrate here how this approximation is acceptable. The main goal here is to give an order
of magnitude of the quantities involved in the ray bending as it crosses the ionosphere. The total ray
optical length is given by:

L =

∫ r

t

nds = L0 +∆L (1.4)

where L0 is the distance between transmitter and receiver, while ∆L is the range error (due to ray
bending and optical phase delay). This equation can be decomposed as follows:

L =

∫
ray

nds =

∫
line

ds0︸ ︷︷ ︸
L0

+

∫
line

(n− 1)ds0 +

∫
ray

nds−
∫
line

nds0︸ ︷︷ ︸
∆L

(1.5)

where ds is the infinitesimal path element along the ”real” ray and ds0 is the infinitesimal path ele-
ment along the straight line connecting receiver and transmitter. In this equation, ∆L contains all the
elements related to the presence of the medium in the line-of-sight between transmitter and receiver
(as

∫
line

ds0 is just the geometric length of the straight line). ∆L can then be re-arranged as:

∆L =

∫
line

(n− 1)ds0︸ ︷︷ ︸
∝ TEC

+

∫
ray

nds−
∫
line

nds0︸ ︷︷ ︸
∆Lbend

(1.6)

The first term of this last equation is in fact what the straight line approximation: TEC is proportional
to a quantity integrated over a straight-line path. To consider this approximation valid, one must demon-
strate that the remaining part of the equation, corresponding to ∆Lbend, is negligible. An approximate
formula is given by (Fehmers 1996):

∆Lbend ≈ − tan2 χ
8 cosχ

X2
maxτ

(
0.68− τ

ht

)
(1.7)

where χ is the zenith angle of the ray at its middle point, Xmax is the squared ratio of maximum plasma
frequency9, ht is the height of the transmitter and τ is the ionospheric slab thickness10. This number,
on Earth, is negligible: table 1.1 shows how the effect of ray bending is much smaller than the one due
to the ionospheric phase shift along a straight line (fifth column).

Satellite elevation [°] Zenith angle [°] L0 [m] ∆Ltrop [m] ∆Lion [m] ∆Lbend [m]
90 0 1100 · 103 2 -1505 0
60 28.1 1240 · 103 2 -1706 -1
30 54.6 1100 · 103 5 -2597 -5
10 67.9 1100 · 103 12 -3999 -25
5 69.6 1100 · 103 23 -4316 -32
0 70.2 1100 · 103 100 -4442 -35

Table 1.1: Simulation of tropospheric and ionospheric range errors introduced by ray bending. The transmitting satellite sends a
signal with carrier frequency of 150MHz from an altitude of 1100 km. The ionospheric parameters used are: Ne,max = 2.80·1012
e−/m3, τ = 300 km and mean ionospheric height = 400 km

This demonstration suggests that, if the straight line approximation is adequate on Earth for ionospheric
tomography, it will likely be valid on Mars (which has a much less denser atmosphere, both in terms

9Characteristic quantity of ionospheric plasma, it is proportional to the square root of the electron density
10τ = TEC/Ne,max
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of surface pressure and i terms of electron density) for radio occultation measurements. However, the
mathematical domains are different: tomography exploits TEC measurements integrated over lengths,
while our proposed method directly uses the frequency shifts measured at the receiver. Therefore, the
validity of the straight line approximation must be determined in another way.

1.4. Research objective
This thesis aims to verify whether a straight-line approximation can be used for the study of the atmo-
spheric effect in order to allow for more realistic atmospheric models, based on non-spherical symmetry
hypothesis, to be used in future analysis. This will be done by creating a simplified model of the Mar-
tian atmosphere (including neutral and charged environment) and performing a simulation of occultation
scenarios, after which the frequency residuals from the straight-line approximation and from the curved,
”physically accurate” ray path are compared to calculate the error arising from this approximation; the
results will also be compared with real occultation data to validate the simulations and to verify whether
the difference between the two approaches is lower than the average signal noise. The main simulation
will be accompanied by other simulated scenarios, including mutual occultations around of Earth and
in proximity of points with a high horizontal gradient in Mars atmosphere, to serve as comparison for
the calculated error.

1.5. Research questions
Based on the research objective, the following research questions can be identified:

• In the context of the study of the atmospheric effect based on residual frequency shift, how large
is the difference between straight-line approximation and the ”real” frequency shift?

• How significant is this difference when compared to the measurement noise?
• What are the main differences in the atmospheric effect estimation based on two-satellites occul-
tation events for Mars and Earth?

To answer these questions, this thesis will be structured as follows. Chapter 2 will introduce the differ-
ent tools needed to simulate an inter-satellite mutual radio occultation event; in particular, there will be
a description of: the ray-tracing algorithm, the atmospheric models adopted (both for Mars and Earth),
the occultation opportunities (i.e. what geometry defines a favorable occultation event), the real-life
instrument that perform the measurement (to adapt the parameters of our simulation to their perfor-
mance) and the SPICE tool, crucial for simulating orbits of real Martian orbiters. The software created
to execute the simulation will be validated and calibrated, and these passages will be shown in chap-
ter 3. Results from the different simulated scenarios will then be shown and interpreted in chapter 4.
Finally, chapter 5 contains our conclusions, the answers to the questions stated above and further
recommendations for expanding the concept proposed in this thesis.



2
Simulation tools

The purpose of this chapter is to provide an overview of the tools required to run a simulation of an
occultation event between MEX (Mars Express) and TGO (ExoMars Trace Gas Orbiter): the numerical
methods required to obtain frequency shift profiles, the models for the neutral and charged atmospheric
environment, occultation opportunities and spacecraft instrumentation (to adapt the simulation param-
eters performance to real-life situations) and the available sources of orbital data.

2.1. Ray-tracing for radio signals
The key-point of this thesis is the comparison of the frequency shift resulting from ”real” measurements
and from assuming a straight line signal propagation. As we are interested in the mathematical differ-
ence between these two, we need to design a simulation environment in which the atmosphere, the
orbits of the spacecraft and the ray travelling between them are precisely defined. Therefore, even real
measurements must be simulated (eventually, real-life measurements from space instruments can be
used to validate the model).
Before introducing themathematical tools required for the simulation, a preliminary remark. Throughout
this work (as it has been anticipated in chapter 1), we will make use of the geometrical optics approx-
imation (in other words, radio signals travelling from transmitter and receiver are described as rays,
characterized by quantities such as the optical path length and for which a ray path trajectory can be
defined). In order for this approximation to be applicable, two conditions must be met (Fehmers 1996):
1. The index of refraction n must not vary significantly over the first Fresnel zone1
2. Rays must not come close together forming an envelope of tangent lines -in other words, becom-

ing indistinguishable
The second condition, in general, is met in most atmospheric environment: ray envelopes are usually
caused by the refraction between different interfaces (generating the phenomenon known as caustic
network). However, we do have to establish if the first condition is met.
From scientific literature it is known that the ”Fresnel zone condition” is met on Earth (Fehmers 1996),
therefore it is reasonable to hypothesize that the same applies onMars, with amuch thinner and rarefied
atmosphere. It can be easily verified; the maximum radius of the first Fresnel zone is given by:

rF =
1

2

√
dλ (2.1)

where d is the distance between the two satellites and λ is the carrier wavelength. The condition is met
if the following formula holds true (Fehmers 1996):

rF <<
n

∇⊥n
(2.2)

1The concept of the Fresnel zone directly descends from the Huygens’ principle, according to which any element of a wave-
front acts as a secondary wave source - therefore, the advancement of the wave in space can be seen as the result of the
superimposition of all the secondary waves. The first Fresnel zone is defined as the volume within which the secondary wavelets
emitted in phase are a maximum of π radians out of phase with the wave travelling from transmitter to receiver in the shortest
possible path (Fehmers 1996)

10
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where ∇⊥n is the vertical gradient of the index of refraction. It can be proven that, at ionospheric level,
this gradient is proportional to the gradient of electron density (see section 2.2):

|∇⊥n| ∝
∣∣∣∣dNe

dh

∣∣∣∣ (2.3)

If we fill these equations with parameters commonly accepted for Mars ionosphere (see section 2.2)
and with the radio frequency used in occultation measurements between MEX and TGO (see next
pages) we find that rF ≈ 1.5 · 103 m, while n/∇⊥(n) ≈ 4.7 · 106 m. Condition 1. is met, and geometrical
optics approximation can be safely used.

As mentioned above, geometrical optics approximation is useful as it allows us to model the electro-
magnetic waves in terms of rays, rather than using the more complicated algebra that would derive from
using Maxwell equation for electromagnetic waves. As we are describing the radio crosslink between
a transmitter and a receiver, our the first concern is to design a method for ray trajectory determination:
in other words, selecting a proper ray tracing algorithm. In our simulation, the ray will travel through
Mars ionosphere and through the neutral lower layers. We will focus on the propagation through the
ionosphere showing that, given the boundary conditions of this problem, our solution will be equally
applicable to the neutral atmosphere.
A vast literature exist for ray tracing in the ionosphere. The first systematic work describing the Hamil-
tonian equations2 for the ray path of a radio wave propagating in the Earth’s ionosphere (also including
the effect of the magnetic field, which leads to a separate description for the ordinary and extraordinary
waves3) comes from J. Haselgrove 1955; these equations were not solvable analytically so a numeri-
cal solution was later developed (C. B. Haselgrove and Jenifer Haselgrove 1960, Jenifer Haselgrove
1963): this set of equations is commonly referred to as the Haselgrove’s equations. In Bennett, Dyson,
and Norman 2004 one can find a comprehensive list of additional hypothesis that have been proposed
throughout the years to simplify Haselgrove’s equations: in many cases, the effect of Earth’s magnetic
field is ignored.
One major problem with these equations is that they describe the ray trajectory given a starting point
of propagation and an initial direction: they cannot identify the ray path between point A and point B,
which has to be found through iterations: the standard approach in this case is be to ”shoot” rays in
different directions from point A and use their ”landing” points (i.e. the closest point to B that the ray
reaches) to better estimate the direction for which the ray would end up crossing B, in an iterative pro-
cess that reaches convergence when the ray passes sufficiently close to B. These methods have been
investigated in the past: Reilly 1991 designed a method based on Newton-Raphson algorithm, while
Strangeways 2000 applied the Nelder-Mead algorithm to solve the ”homing-in” problem. A more recent
work (Coleman 2011) developed a point to-point ray tracing method, where all the raypath points be-
tween A and B are determined simultaneously; however, this technique requires a first approximation
for the raypath, which can be calculated with one of the methods listed in Bennett, Dyson, and Norman
2004.

Ray-tracing has also been performed in scientific works regarding Mars atmosphere. For instance,
in Němec, Andrews, et al. 2019, ray-tracing was used to study oblique reflections coming from par-
ticular density structures in Martian ionosphere; in that case, the ray-tracing was performed via the
Haselgrove’s equations (according to the formulation contained in Nickisch 2008). The Martian case
can somehow be considered easier to model, because Mars lacks of a significant, structured magnetic
field (E. J. Smith et al. 1965, Riedler et al. 1989, Acuña et al. 1998).
It has been reported, however, that localized crustal magnetic fields are at times strong enough to in-
fluence both the ionospheric plasma processes and and electron precipitation (Němec, Andrews, et al.
2019). Nevertheless, if we decide to ignore the local and relatively small crustal magnetic field, a much
simpler approach towards ray tracing can be identified. As it will be shown in section 2.2, ionospheric

2A detailed description of these equations is beyond the scope of this thesis. The basis for Hamiltonian optics is Fermat’s
principle, which will be introduced later in the text

3The geomagnetic field introduces an anisotropy in the plasma environment, which manifests itself as a double refraction that
depends on the direction and strength of the magnetic field along the ray path. For the Earth case, the ordinary wave is the
left-hand side circularly polarized wave, while the right-hand side polarization corresponds to the extraordinary wave (Teunissen
and Montenbruck 2017)
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electron density and pressure-over-temperature ratio for the neutral atmosphere define alone, with a
good degree of approximation, the index of refraction of the medium. This means that, provided a
distribution for the index of refraction n based on a ionospheric and tropospheric model, it could be
possible to design an algorithm based on Snell’s law only (eq:snell_law), excluding the influence of
magnetic fields:

n1 sin θ1 = n2 sin θ2 (2.4)

For such a simplified scenario, differential equations for the ray trajectory exist (Born and Wolf 1959):

θ = c

∫ r

r0

dr

r
√
n2r2 − c2

(2.5)

where c is a constant that contains information about the initial ray direction. However, as for Hasel-
grove’s equations, it is rather difficult to provide an exact solution for the integral; moreover, this ap-
proach does not allow to directly draw a trajectory between two selected points either. Therefore, a
ray-tracingmethod followed by a ”homing-in” algorithmmust be adopted to describe the raypath through
Martian ionosphere.
Different propagators can be designed on the basis of Snell’s law. The easiest, most general method
consists in propagating the ray and, at regular intervals, considering the refraction happening at the
boundary of a hypothetical spherical surface. Faster methods can be implemented on the basis of the
spherical symmetry hypothesis: Gómez-Correa et al. 2021, for instance, proposed a method based
on the Fermat’s ray invariant (that, for the spherical symmetry, takes the name of Bouguer’s rule (see
fig. 2.1 for reference):

rn(r) sinϕ = const (2.6)

Figure 2.1: The path of rays in a medium with spherical symmetric gradient index (image from Gómez-Correa et al. 2021)

Spherical symmetry, in fact, allows for another substantial simplification: it can be proven that, under
spherical symmetry hypothesis, every possible ray is situated in a plane containing the origin (Born and
Wolf 1959). However, since we also want to test the ”straight line hypothesis” with a non-spherically
symmetric atmosphere (to test the goodness of this approximation in highly-asymmetric regions, like
the terminator), we are looking for a very general method that can be applicable for all cases (so that
the error due to the numerical calculation is always the same).
A good algorithm that appears to have a quite general scope is the one from Sharma, Kumar, and
Ghatak 1982 (from now on, the ”Sharma method”). The advantage of this algorithm is that it does
not require the definition of virtual surfaces to apply Snell’s law, nor the knowledge of n before and
after the propagation point (as it is the case of other algorithms, such the one in Zhang et al. 2021);
the disadvantage is that it requires the derivative of the index of refraction, which in our case is easily
computable (as the atmospheric index of refraction used in the simulation is built on a simple analytical
equation, see section 2.2).
The starting point of the Sharma algorithm is the general equation for the ray path in a graded-index
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medium (of which Snell’s law is a particular case):

d

ds

[
n(r)

dr

ds

]
= ∇n(r) (2.7)

For details we refer to the original paper; the key formulas of the algorithm are:

R =

x
y
z

 ; T =

Tx

Ty

Tz

 = n

dx
ds
dy
ds
dz
ds

 ; D = n

dn
dx
dn
dy
dn
dz

 =
1

2


dn2

dx
dn2

dy
dn2

dz

 (2.8)

Rn+1 = Rn +∆s

[
Tn +

1

6
(A+ 2B)

]
; T n+1 = T n +

1

6
(A+ 4B + C) (2.9)

A = ∆sD(Rn)

B = ∆sD

(
Rn +

∆s

2
T n +

1

8
∆tA

)
C = ∆sD

(
Rn +∆sT n +

1

2
∆tB

) (2.10)

The input for the algorithm are the starting pointR0, the initial direction of the ray T 0 and an expression
for the gradient of the index of refraction (D); the output is a list of point coordinates, R0, R1, ..., RN ,
separated by the same distance ∆s.
Once the ray-tracing method is selected, we need to design the ”homing-in” algorithm (which, given
two points A and B, returns the ray trajectory between them). The hypothesis here is that this ray exists
and it is unique (no multipath effect): this assumption will be tested during the simulations.
For its convergence speed, a multi-variable Newton-Raphson method has been selected, similar to the
one described in Coleman 20114. We present the general formulas for the three dimensional case:

1. Setting the initial conditions: tolerance ϵ, vector ∆ = (∆x,∆y,∆z), vector S = Rrec − Rtrans,
initial direction vector V0 = unit(S)5

2. The ray is propagated with the Sharma method until it goes beyond the receiver, i.e. when it
crosses the normal line passing through the receiver and perpendicular to the trajectory; in for-
mulas, the stop condition for the propagation is:

[(RN −Rrec) · (RN −RN−1)][(RN−1 −Rrec) · (RN −RN−1)] < 0 (2.11)

when this condition is met, the last point of the trajectory is defined as the intersection between
the segment delimited by RN and RN−1 and the normal line passing through Rrec. The prop-
agation output are the initial and final direction vectors V0 and Vf and the overshoot vector
F = (Fx, Fy, Fz), i.e. the difference between the target point and the last point of the propagated
trajectory

3. Point 2. is repeated three times, each time with a different V0:

V0∆x
= unit(S+ (∆x, 0, 0)

V0∆y
= unit(S+ (0,∆y, 0)

V0∆z
= unit(S+ (0, 0,∆z)

(2.12)

The output are the three overshoot vectors F∆x, F∆y and F∆z

4. The Jacobian matrix J is calculated as:

J =


F∆xx−Fx

∆x
F∆yx−Fx

∆y
F∆zx−Fx

∆z
F∆xy−Fy

∆x

F∆yy−Fy

∆y

F∆zy−Fy

∆z
F∆xz−Fz

∆x
F∆yz−Fz

∆y
F∆zz−Fz

∆z

 (2.13)

4The algorithm has to be tuned to reach convergence, and the coefficients used have been identified through a ”trial and
error” process, as the work from Coleman 2011 does not contain detailed information about that

5The function unit(v) is defined as unit(v) = v/||v||
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5. The new vector S′ is calculated according to the Newton-Raphson equation for k variables and
k functions:

S′ = S− J−1F (2.14)

6. The loop repeats from point 2. with the following conditions:

∆ = S′ − S
V0 = unit(S′)

S = S′
(2.15)

Unlike other numerical algorithms such as the bisection method, Newton-Raphson does not necessarily
converge to the solution, even if the starting point is not far from the true solution; therefore, the efficacy
of this algorithm has to be tested.

As it has been mentioned above, under spherical symmetry hypothesis every possible ray is situated
in a plane containing the origin; therefore, as our ray must depart from the transmitter and arrive to the
receiver, the plane is the one defined by the two spacecraft and the center of the planet. This simplifies
calculations, as can use only two coordinates to propagate the ray; therefore, when spherical symmetry
applies, eq. (2.8), eq. (2.9) and eq. (2.10) can be expressed in local x- and y- coordinates only.
As we have one degree of freedom in choosing the two-dimensional reference frame, we select it in
such a way that the coordinates of the receiver are (Rrec, 0) while the coordinates of transmitter are
(xtrans, ytrans) = (Rtrans · cosα,Rtrans · sinα) (where α is the angle between transmitter and receiver).
The rotation between the two coordinates system is defined by:

i′ = Rrec
|Rrec|

k′ = Rrec × Rtrans
|Rrec × Rtrans|
j′ = k′ × i′x3D

y3D
z3D

 =

i′x i′y i′z
j′x j′y j′z
k′x k′y k′z


x2D

y2D
0


(2.16)

In our work, the ray path determination serves the sole purpose of calculating the frequency shift for
the two different scenarios, the ”real” case (where the ray propagates according to the laws of physics)
and the ”straight line approximation” case (where the ray, regardless of the medium, propagates in a
straight line). For the latter case, the description of the frequency shift is straightforward and comes
from classic wave theory (as already mentioned in section 1.2): the frequency shift measured at the
receiver is the derivative of the cumulative phase shift. In formulas:

∆f = − 1

2π

dϕ

dt
, ϕ =

2π

λ

∫ B

A

n(r)ds (2.17)

This means that we can obtain an approximation of ∆f by numerically differentiating two consecutive
phase estimations.
For the ”real” case, eq. (2.17) can be also used, but an analytical solution exists, and the frequency
shift between two points moving in a medium can be expressed as (Melbourne 2004):

λ0∆f = nATA · vA − nBTB · vB (2.18)

where nA,B is the index of refraction at point A and B, TA,B is the initial and final direction vector of the
ray and vA,B are the velocity vectors.
The deep meaning of this formula is worth a closer look. This result comes from an important property
of optics, the stationarity of ray paths. Stationarity emerges from the principle of Fermat (known also as
the principle of the shortest optical path or the principle of least time): it asserts that the optical length∫ P2

P1
nds of an actual ray between two points P1 and P2 is shorter than the optical length of any other
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curve joining these points and lying in a certain regular neighbourhood6 of it. A weaker formulation of
Fermat’s principle (which is the one we are interested in) asserts that the actual ray is distinguished from
any other curve by a stationary value of the integral. It can be demonstrated that stationarity leads to
another property of ray paths, the transversality condition, which prescribes that if one slightly changes
the initial and final point of the ray, the phase delay along the new ray minus the phase delay along
the old ray depends only on local conditions at the end points. From this, and by using the calculus
of variations, we can demonstrate that the frequency shift depends only on local conditions at the end
points and not on the path in between them (Melbourne 2004).
This exact formulation allows to determine the instantaneous frequency shift at epoch ti; to calculate
the contribution of the atmosphere alone, we only need to subtract from the right hand term the value
ṙAB , i.e. the radial velocity between the end points A and B:

λ0∆fatm = nATA · vA − nBTB · vB − ṙAB = nATA · vA − nBTB · vB − (vA − vB) · (rA − rB)
|rA − rB |

(2.19)

2.2. Atmospheric models
The refractivity7 at at a given point inside Mars’ atmosphere can be approximated by (Ao et al. 2015):

N = 1.306
p

T
− 40.309 · 106ne

f2
(2.20)

where p is the pressure (in Pa units), T is the temperature (K), ne is the electron density (electrons per
cubic meter), and f is the radio frequency (Hz).
The first term comes from ideal gas laws and it accounts for the gas mixture in Mars’ lower atmosphere.
Planetary tropospheres are non-dispersive media with respect to the radio waves used in satellite com-
munications, which means that the measured delay is not a function of the carrier frequency. The
second coefficient comes from an approximation to the first order of the Appleton-Hartree formula -
in particular, for the case in which the radio frequency f is much greater than the plasma frequency
(Hargreaves 1992). The charged ionospheric environment is a dispersive medium, as the delay is pro-
portional to 1/f2 (frequency-dependent).

As spherical symmetry conditions apply, we are interested in atmospheric profiles that can provide a
radial distribution of pressure, temperature and electron density.
For the electron density profile, the model of choice is the so-called Chapman profile. Originally created
to model Earth’s ionosphere, it is based on a manifold of hypothesis: hydrostatic equilibrium, monochro-
matic incoming radiation, photon-electron single interaction, horizontal atmospheric layers, electrically
neutral and homogeneous gas (Chapman 1931). The conditions in which Mars ionosphere exists in a
stable way are dissimilar from Earth (as mentioned in the previous section, on Mars there is no mag-
netic field to form a magnetosphere, and the combined effects of solar wind, chemical reactions and
ionization processes are substantially different): therefore, there is no certainty that the Chapman pro-
file would be equally applicable. However, different studies have proved that a Chapman-like function
provides an adequate model for Mars’ dayside ionosphere (Pi et al. 2008, Sánchez-Cano et al. 2010,
Němec, Morgan, et al. 2011, B. Sánchez-Cano et al. 2013).
The general equation for a Chapman profile is:

ne(h, χ) = Ne,0 exp

1
2

(
1− h− hm,0

H
− sec (χ) · exp

(
−h− hm,0

H

)) (2.21)

where h is the height above spherical planet, χ is the solar-zenith angle and hm,0, H are, in order, the
height of maximum density and the scale height (z =

h−hm,0

H is the reduced height, while Ne,0 is the
maximum electron density at χ = 0 and h = hm,0). It is worth mentioning that the simple function
sec (χ) in eq. (2.21) is a good approximation for SZA dependency only for those regions sufficiently

6Where a regular neighbourhood is the region covered by rays in such a way that one and only one ray passes through each
point of it

7Refractivity is proportional to the index of refraction according to the formula n = N · 10−6 + 1
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far away from the terminator line (SZA<75°): beyond this limit, the more complex ”Chapman grazing
function” (Ch) should be adopted, whose defining expression is:

Ch(X,χ) = X sinχ
∫ χ

0

exp (X −X sinχ
sinϕ )

sin2 ϕ
dϕ (2.22)

where X = R/H. This formula will be discussed more in detail section 4.3, where an asymmetric
ionosphere is simulated.
The selection of a ionospheric profile is critical for this simulation, as the charged environment is ex-
pected to be the major contributor to the signal phase shift (Ao et al. 2015). Our design choice is to
build a worst case scenario profile, i.e. to identify and choose those conditions that lead to a maximum
in the peak electron density. Therefore:

1. The electron density profile at the sub-solar point will be considered representative for the entire
surface of Mars

2. If the model contemplates this possibility, it is assumed that Mars is at perihelion
3. If the model contemplates this possibility, it is assumed that the Sun is in a phase of intense solar

activity

Point 1. comes from the necessity of selecting a unique profile with the highest electron density -as we
must adhere to spherical symmetry assumption. Points 2. and 3. maximize the electron density peak,
since a major proximity to the Sun and a higher level of solar activity correspond to a higher rate of ion
production in the upper layers of planetary atmospheres.
Different ionospheric profiles are available in dedicated scientific literature: the following list summa-
rizes their main characteristics.

• The profile from Ho, Golshan, and A. Kliore 2002 was included in the NASA Radio Wave Prop-
agation Handbook for Communication on and Around Mars for the year 2022; at the time the
only data available came from radio occultation experiments and from the only in-situ ionospheric
measurements obtained by two Viking landers.

• The model developed in Pi et al. 2008 is more sophisticated: based on about 5600 occultations
during the years 1998-2005 between Earth and Mars Global Surveyor, it includes two different
layers (P-layer and S-layer); given the occultation geometry, the sampled SZA are in the range
71°-90° (which is acknowledged to cause deviation from the true value, as it was observed that
H decreases with the SZA), and most of the measurements are performed over the Northern
hemisphere ; the coefficient Ne,0, hm,0 and H returned are average values over more than a half
of a solar cycle.

• In Němec, Morgan, et al. 2011 the function describing the ionospheric density is not entirely a
Chapman profile: the curve is divided into three parts, among which only the first one (approxi-
mately up to 130 km) is described by a Chapman function; for higher altitudes, a transition zone
and a diffusion region are expressed by sophisticated equations that take into account also the
magnetic latitude; formulas describing the key parameters as a function of solar cycle phase and
distance from the Sun are given.

• Similarly, B. Sánchez-Cano et al. 2013 created an empirical model, calledNeMars, for the dayside
ionosphere electron density profiles, including a primary and a secondary layer; the model is built
on data from Mars Express’ MARSIS instrument (and, to a lesser extent, on occultation data
from the Mars Global Surveyor mission) and consists of two quasi-Chapman profile (a minor
modification on the parameter H is applied); explicit equations for the dependency from Sun
distance and solar activity are given.

• Lastly, the profile used in Nava et al. 2020 is a working model to determine the expected shape
and magnitude of the frequency shift in mutual occultation measurements; no dependency from
season or solar activity is introduced.

All the aforementioned models are displayed in fig. 2.2). In this picture, profiles are taken for SZA=0°;
moreover, for those profiles that allow it (Němec, Morgan, et al. 2011, B. Sánchez-Cano et al. 2013)
the curve is calculated in the ”worst-case scenario” of high solar activity and perihelion.
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Figure 2.2: Ionospheric profiles retrieved from five different studies. Profile sampled at χ = 0° and (when possible) in conditions
of maximum solar activity and minimum distance from the Sun

The selectedmodel is the one proposed in B. Sánchez-Cano et al. 2013. The choice has beenmade be-
cause in that work the functions used for the density profiles are (quasi-) Chapman functions, therefore
easy to represent and to differentiate analytically -an important feature that simplifies the ray-tracing
algorithm. Moreover the explicit expressions for the Sun-distance and solar cycle dependency allow to
easily represent the worst-case scenario we identified.
However, some minor modifications must be implemented to make this model usable for this work. In
order to easily interpret the ray path behavior as a function of altitude it is recommendable that the
ionospheric density curve has a clear ”bell shape”: therefore, we will not include the secondary layer
at lower altitudes (clearly visible in fig. 2.2, first maximum of the purple line). Moreover, the equation
for the primary layer includes a peculiar representation of the parameter H, which varies with altitude:

H = H0 +m(h− h0) (2.23)

whereH0 = 2.6exp (χ/100.5)+9.4 andm = 0.08−0.00035χ. This additional parametrization has been
introduced to account for electron density measurements at high altitudes that could not be adequately
represented by previous models (such as Němec, Morgan, et al. 2011). However, the resulting Chap-
man profile does not tend to 0 for h → ∞ as it would be expected from a standard Chapman profile8,
which could create a bias in case the transmitting satellite (in our case, MEX with its highly-elliptical
orbit) operates at high altitudes. Therefore, we need to identify a constant value for H that can be rep-
resentative for the whole profile. The selected method is a simple numerical least-squares interpolation
for the values between 100 and 450 km, which returnsH = 13.3 km. The other values for the one layer
Chapman profile are hm,0 = 132, 4 km and Ne,0 = 2 · 1011 e−/m3

For the first part of eq. (2.20), the issue is to define temperature and pressure profiles that can be rep-
resentative for the whole planet: atmospheric profiles display a vast range of variation, as a function of

8It could be argued that the residual electron density obtained as h → ∞ represents the electron density of the interplanetary
medium. However, this hypothesis is wrong for 2 reasons: first, the two values do not coincide, as solar wind electron density at
Mars orbit is approximately 4·106 e−/m3 (Knudsen et al. 2016) whereasNe,∞ ≈ 6.4·108 e−/m3; second, and most importantly,
describing the solar wind density is not in the scope of the Chapman function. A Chapman profile describes the ion production
rate of a neutral gas sheet, therefore the electron density should decrease to 0 as atmospheric species disappear with increasing
altitude
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Figure 2.3: The ionospheric profiles derived from NeMars model (B. Sánchez-Cano et al. 2013). In blue the NeMars profile,
with the clearly distinguishable primary and secondary peaks; in red the NeMars profile without the secondary peak; in yellow
the best-fitting profile

season, latitude, dust conditions and Sun angle (M. D. Smith 2008). The solution adopted for our sim-
ulation comes from the work of Ho, Golshan, and A. Kliore 2002, where atmospheric profiles retrieved
from Mars Global Surveyor radio occultation experiment9 were combined with the tropospheric effect
formula N = 1.306p/T and the resulting curve was interpolated via a best-fitting exponential function.
The resulting expression for the neutral gas contribution to refractivity is:

N = N0 exp
(
−h/HN

)
(2.24)

where N0 = 3.9 and HN = 11.0 · 103 m.

For the Earth case, which serves as a comparison for results on Mars, the complete expression for
refractivity is (Kursinski et al. 1997):

N = 0.776
p

T
− 40.309 · 106ne

f2
+ 3.73 · 103 pw

T 2
+ 1.4 · 10−3W (2.25)

where the new terms on the right side account for water vapor (pw = water vapor partial pressure in
Pa) and liquid water (W = liquid water content in kilogram per cubic meter). In our study we will only
consider the dry atmosphere case, so the last two terms of the equation will be ignored.
A plethora of profiles for Earth’s neutral atmosphere and ionosphere is available in scientific literature.
Since we need a standard model for which geographic effects and seasonal variations are levelled out,
our preferred choice for the atmospheric model is the open source U.S. Standard Atmosphere 1976
(United States Committee on Extension to the Standard Atmosphere 1976). The analytical expressions
for pressure and temperature, although simple, vary with altitude to account for the stratification of
Earth’s atmosphere, and this complicates the resulting expression for N . Therefore, the solution is
the same one adopted for the Mars case: interpolating the expression N = 0.776p/T to obtain a best-
fitting exponential model for refractivity. The solution is an expression identical to eq. (2.24): for Earth,
N0 = 332.8 and HN = 6.94 · 103 m.

9The data were retrieved on January 28th 1998, at coordinates 25.3N and 127.1E, at 05:35am local time in the autumn season
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Planet Ionospheric model Ne,0 [e−/m3] hm [m] H [m]

Mars
Chapman (spherical symmetry)
Chapman (Ch = \sec{\chi})

Chapman (Ch = numerical approximation)
2.0 · 1011 132.4 · 103 13.3 · 103

Earth Chapman (spherical symmetry) 1.0 · 1012 350 · 103 100 · 103

Table 2.1: Models and parameters for Earth and Mars ionospheres

Regarding the ionosphere, Earth’s charged environment has been studied in detail for decades with
several different methods andmeasurements (including ionosondes, incoherent scatter radars, rockets,
topside sounders and in situ satellites, GNSS radio occultations) and the models available are usually
quite sophisticated. They generally differ in purpose: while some models, for instance, are simplified
expressions that allow for a first-order estimation of the ionospheric effect in GNSS applications (such as
the Klobuchar or the NeQuick-G), others are meant to be a synthesis of all world-spread measurements
combined into a comprehensive formulation (it is the case of the International Reference Ionosphere,
or IRI) (Teunissen and Montenbruck 2017). Even more complex description can be found in physical
models, which are able to return not only electron densities but also the distribution of charged and
neutral species in the upper atmosphere: it is the case, to mention a few, of the CTIPe, USU-GAIM,
and TIE-GCM models.
For the purpose of this work, we are looking for another Chapman profile that can be representative of
the average behavior of the day-side ionosphere. The required coefficients are taken from Hernández-
Pajares et al. 2011 and are Ne,0 = 1.0 · 1012 e−/m3, h0 = 350 · 103 m, H = 100 · 103 m. A summary of
the parameters and the model used for the simulations can be found in table 2.1.

2.3. Occultation opportunities
Two different types of event can be distinguished in radio occultations: ingress (when the satellite re-
ceiving the signal sees the other satellite disappear below the horizon; ray altitude decreases with time)
and egress (when the receiving satellite sees the other satellite rising from the horizon; ray altitude in-
creases with time). The mathematical description of these two types of event is the same: they can be
considered equivalent, specular events.
Sometimes the geometry of the event can be slightly more complex. The first radio occultation exper-
iment between Mars Odyssey and Mars Reconnaissance Orbiter, for instance, occurred between two
satellites in low, quasi-polar Martian orbits, nearly counterrotating (MRO has a nominal 3 P.M. ascend-
ing node, while ODY has a 5 P.M. descending node). This means that the two satellites come into view
of each other two times per orbit (once on each side of the planet) and the event can be described as
an egress occultation followed shortly after by an ingress occultation (Ao et al. 2015).
The case of MEX and TGO presents a different peculiarity: at the epoch of the mutual radio occultation
campaign, TGO flied in a circular, low Mars orbit (LMO), while MEX had a quasi-polar, highly eccentric
orbit. More in detail: ExoMars Trace Gas Orbiter orbits at 400 km of altitude, with an inclination of 74°
and a period of ≈ 2 hours10; Mars Express has an orbital inclination of 86.9°, apocenter at 10530 km
and pericenter at 330 km (thus resulting in a high eccentricity value, e = 0.571) and an orbital period
of 7 hours11 (-see fig. 2.5). Therefore, if we define an ”occultation opportunity” any event in which the
line of sight between transmitter and receiver crosses a portion of the atmosphere (i.e. the line-of-sight
crosses altitudes lower than TGO), the result is that there is a large variety of possible configurations
for these events.

10Source: https://www.eoportal.org/satellite-missions/exomars#tgo-trace-gas-orbiter
11Source: https://www.eoportal.org/satellite-missions/mars-express#spacecraft
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Figure 2.4: Approximate locations for MEX-TGO occultation opportunities between October 16th and November 30th 2020. The
color indicates the maximum distance between the two S/Cs throughout the occultation event

A practical consequence of this is shown in fig. 2.4, where the approximate ground plot of 200 different
occultation opportunities between October 16th and November 30th 2020 is displayed. The majority
of the events (61%) takes place in the southern hemisphere, which also sees on average the shortest
distance between the two satellites. This is due to the highly-elliptical geometry of MEX orbit, which at
that time had its periares point in proximity of the South Pole.
For our simulation, we will select the event of December 1st 2020 at 18:04:00 Terrestrial Time.

Figure 2.5: Graphic representation for MEX (green trajectory) and TGO (red trajectory) orbits during November 2020. The ”+S”
vector indicates the direction of the Sun
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2.4. Spacecraft instrumentation
Before using the real data from MEX and TGO it is worth mentioning what kind of instruments have
produced those data.
MEX and TGO are both equipped with UHF relay payloads for proximity link communications with
landed assets. The need for such subsystem were originally identified for the MEX mission (though
they are equally applicable for ExoMars) and include (Edwards et al. 2003):

1. The need to support an increasing scientific data flow from the surface of Mars. The two rovers
Spirit and Opportunity alone were expected to generate large data volumes with their PANCAM
instruments, and other lander/rover missions were in sight at the time of MEX design

2. Surface missions must be equipped with energy (and mass) efficient communication systems.
Given the high expected density of scientific payload on board landers and rovers, the high energy-
per-bit required for direct-to-Earth communications and the operational complexity of pointing a
high-gain antenna would be prohibitive

3. Engineering telemetry data during the critical phases of entry, descent and landing are highly
valuable, as in case of failure they allow to diagnosewhat went wrong and to learn from experience
for the benefit of future missions: again, these data cannot be transmitted with direct-to-Earth
communication links

Mars Express Orbiter is older than ExoMars TGO (the former was launched on June 2nd 2003 for a
nominal mission from January 2004 to November 2005, while the latter was launched on March 14th
2016); it carried the first generation of UHF relay payloads, a Melacom transceiver (developed by the
UK company QinetiQ). The transponder (operating in the range 401-437 MHz) is connected to two
2 patch antennas for spacecraft-to-surface link with any landed asset that supports the Proximity-1
protocol12 (Reboud, Denis, and Ormston 2012).

On ExoMars TGO, the proximity link communications are handled by the Electra transponder. Among
the improved capabilities of this new generation radio system, the modulation of data volume as a
function of the local elevation of the orbiter (i.e. slower when the spacecraft is closer to the horizon,
faster when it approaches the maximum elevation) -Webster, Brown, and Cantillo 2016.

Concerning the frequency instability, there is no publication describing this issue for these two spe-
cific instruments. MEX is equipped with an oven controlled oscillator (OCXO), which usually has a
quite good stability (normally characterised as Allan deviation). TGO’s radio Electra has a temperature
compensated oscillator (TCXO), which are typically at least a factor 10 worse than oven controlled os-
cillators. Therefore, despite Electra being much more modern, the performance of the internal oscillator
is less good than the older MEX one. The Electra on MRO and MAVEN both have OCXO’s, therefore
they perform much better than the one on TGO (Svedhem 2022).

2.5. SPICE tool
Open-source archives exist for MEX and TGO orbital ephemeris, therefore, when possible, those data
will be used. For planetary missions, the most practical source for satellite ephemeris has been iden-
tified in the SPICE tool. SPICE is a vast system of tools and datasets developed by NASA (NAIF
2021) that includes and provides 5 different types of information (which together compose the acronym
”SPICE”):

1. Spacecraft ephemeris
2. Planet ephemeris (including satellites, comets and asteroids)
3. Instrument information (such as field-of-view, size, shape and orientation parameters)
4. C-matrix, i.e. information on the spacecraft attitude (or on a spacecraft component upon which

science instruments are located)
5. Events information, including summaries of space activities

12The Proximity-1 protocol has been designed by CCSDS (Consultative Committee for Space Data Systems) specifically for
two-way communication links between a lander and an orbiter. The frequency band used by this protocol is within the 70-
centimeter band (CCSDS 2006)
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According to the NAIF (Navigation and Ancillary Information Facility) website:
”The primary SPICE data sets are often called kernels or kernel files. SPICE kernels are composed
of navigation and other ancillary information providing precision observation geometry for use by the
planetary science and engineering communities. SPICE kernels are produced by the most knowl-
edgeable sources of such information, usually located at a mission operations center. SPICE kernels
should include or be accompanied by metadata—consistent with flight project data system and SPICE
standards—that provide pedigree and other descriptive information needed by prospective users”
SPICE can be used with Python (via the open-source package SpiceyPy) providing the kernel files
described above. Each space mission has its SPICE Kernel dataset; for our simulation, the files that
need to be imported from both missions into the Python script are:

1. fk Contains definition of reference frames
2. lsk Contains a simple text file with the list of leap seconds
3. pck Contains generic and mission-specific planetary constants
4. sclk Contains the parameters of the spacecraft on-board clock (for synchronization with the

ephemeris time)
5. spkDifferent datasets exist for this type of file, includingmission analysis, nominal and operational

spacecraft trajectory, generic planetary and satellite ephemeris

For our thesis, the online archive for MEX and TGO mission kernels can be found here13 and here14
respectively. Depending on the event of interest, the loaded files might change, as trajectory files only
cover a limited amount of time (the order of magnitude is days or weeks).
Once the files are correctly imported in our Python environment, a specific function returns the values
of position and velocity:

[ car tes ianPosVel ] = spiceypy . spkezr ( targ , et , re f , abcorr , obs )

The documentation for this particular function can be found here15. The output is an array of dimension
6 containing position and velocity in Cartesian coordinates, expressed in km and km/s. The input
arguments are defined as follows:

• targ is simply the target body name, in our case ”MEX” or ”TGO”.
• et is the ephemeris time, expressed as seconds past J2000 TDB (Temps Dynamique Barycen-
trique, or Barycentric Dynamical Time), at which the state of the target body relative to the ob-
server is computed. The ephemeris time refers to time at the observer’s location.

• ref is the name of the reference frame relative to which the output state vector is expressed. It
may be a built-in frame or a frame defined by a frame kernel (FK).

• abcorr indicates the aberration corrections to be applied to the state of the target body to account
for one-way light time and stellar aberration

The ephemeris time scale (TDB) might seem unpractical (especially as the data for radio-occultation
events are expressed in UTC YYYY-MM-DD hh:mm:ss format), but that can be fixed with another built-
in function of the SpiceyPy package:

[ e t ] = spiceypy . s t r 2 e t ( epoch )

where epoch is a string in the YYYY-MM-DD hh:mm:ss format: therefore we can convert UTC time
into TDB time. It is also worth mentioning that, despite TDB and UTC slowly drift apart (Seidelmann
and Fukushima 1992), the difference is such that a conversion not including the drift rate would still
correctly identify the occultation event within an accuracy of seconds for epochs around 2020. Since
we are interested in the event itself (which lasts for minutes) and not in its precise identification in time,
we can tolerate any eventual error that may arise from time scale conversions between UTC and TDB.
For simplicity reasons (as it is a default coordinate system contained in most fk kernels) we will use
J2000.0 as a reference frame. This choice surely would make the calculation of the location of occul-
tation events over Mars’ surface quite difficult; however, since spherical symmetry conditions apply,

13http://spiftp.esac.esa.int/data/SPICE/MARS-EXPRESS/kernels/
14http://spiftp.esac.esa.int/data/SPICE/ExoMars2016/kernels/
15https://naif.jpl.nasa.gov/pub/naif/toolkit_docs/C/cspice/spkezr_c.html
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Figure 2.6: Light-time correction; as the photons take time to travel the trajectory path betweenMEX and TGO, the ones reaching
the receiver (TGO) at time t left the transmitter at time t−∆t, where ∆t is the trajectory travel time

information about location is not particularly relevant (once again, we are only interested in the geom-
etry of the trajectory and in the velocity of the spacecraft).
Light-time correction is performed with a dedicated function. This correction is necessary to account
for the light travel time: when the photons reach the receiver at time t, they didn’t leave the transmitter
at time t (which is the state that is returned by SPICE when asked the position and velocity of MEX and
TGO at epoch t): instead, what should be considered is the state of the transmitter at epoch t − ∆t,
where ∆t is the trajectory travel time. To calculate this, we assume that light propagates in a straight
line, and we do a first-order correction -the process should be iterative, but a first-order correction is
usually enough. To give an idea of the order of magnitude: with a first-order approximation, the position
for a transmitter orbiting at an altitude of 400 km and distant 4000 km from the receiver is adjusted by
approximately 44 m; an extra iteration would further correct the position by half a millimeter -which is
unnecessary accurate for our simulation.



3
Software validation

3.1. Validation of ray-tracing algorithm
The implementation of the Sharma method described in section 2.1 will be validated in two different
steps. First, the algorithm will be tested with a known analytical solution for a ray crossing an optically
inhomogeneous medium, for which an analytical solution of the ray trajectory is known; second, the
Newton-Raphson ”homing-in” algorithm will be tested for the same medium, with the purpose of evalu-
ating the rate of convergence. In both cases we use 2D geometry (the algorithms are exactly the same
in three dimensions with the addition of the z component).
The selected benchmark is given by a medium whose index of refraction varies along the y component
according to this law:

n2(y) =

n2
0

(
1− 2∆ y2

a2

)
0 < y ≤ a

n2
0 (1− 2∆) y > a

(3.1)

It can be proved (Gómez-Correa et al. 2021) that the trajectory followed by a ray entering the medium
at point O(0,0) with an angle θ0 is:

y(x) =
a sin θ0√

2∆
sin

( √
2∆

a cos θ0
x

)
(3.2)

In fig. 3.1 both the analytical solution and the propagated ray are displayed; the fixed1 step length for
the numerical integration is 0.1 and the ray path is within the interval x ∈ [0, 100].
Visually, the approximation appears to be acceptable (the two lines are almost indistinguishable). We
can plot the difference between the true and the integrated value for different length steps (including
∆s = 0.1 that was used in fig. 3.1) and we obtain fig. 3.2.
The Sharma method, based on Runge-Kutta integration, proved to be extremely accurate: for the
benchmark case, a discrepancy in the order of 10−13 was found for a length step of 0.01. The improve-
ment in accuracy is coherent to the fact that this is a fourth-order Runge-Kutta method, meaning that
the local truncation error is on the order of O(∆s5), while the total accumulated error is on the order of
O(∆s4); the error goes from ∼ 10−5 to ∼ 10−9 and to ∼ 10−3 as the length step decreases from∆s = 1
to ∆s = 0.1 and to ∆s = 0.01 (at ∆s = 0.001 rounding errors become noticeable and the accuracy
stops improving). For the simulation of the ray travelling through the atmosphere a similar analysis will
be performed to determine the optimal step length for the propagation (see section 3.3).

To test the Newton-Raphson algorithm, we select a target located in proximity of the ascending part of
the curve, where trajectory has a monotonic increase of the y component. This is done because for
this particular medium, selecting a large value for x could lead to multiple solutions, which is not the

1As mentioned in section 2.1, the algorithm used to trace the ray path through the atmosphere adopts a fixed length step; al-
though more computationally demanding, this approach was considered preferable, as it allows to keep integration error sources
under control

24
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Figure 3.1: Ray path for the n distribution in eq. (3.1). The initial parameters are a = 5, ∆ = 0.2, θ0 = π/6 and the (fixed)
length step is 0.1

Figure 3.2: Absolute value of the difference between real value and value obtained through Runge-Kutta ray integration. The
initial parameters are the same used in fig. 3.1 Ray path for the n distribution in fig. 3.1. The length steps that have been tested
are ∆s = 1, ∆s = 0.1, ∆s = 0.01, ∆s = 0.001
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expected outcome from our atmospheric model: therefore we restrict our x domain to a region where
the ray solution is one and one only.
The algorithm is tested for different points in the aforementioned region. Given a length step of 0.001
and a stop condition of 10−6 (i.e. convergence is reached when the ray path misses the target by a
distance smaller than 10−6) convergence is usually reached in ∼ 5 iterations. This is a preliminary test
for the Newton-Raphson algorithm that has been designed: it only proves its capability to converge to
the correct solution for a particular case. The real test is on the atmospheric simulation itself.

3.2. Validation of simulated frequency residualswith real-world data
(MEX-TGO mutual occultation)

Data from an occultation event between MEX and TGO are shown in fig. 3.3. The occultation event
happened on April 6th 2021, starting at 03:40:00 UTC; during the ingress occultation the distance
between the two spacecraft varied between 4395 and 5890 km; the local solar time was 11h, with
a solar elevation angle of 55° (day time occultation); the altitude range for the ray trajectory varied
between 387 and 0 km. Four main features can be observed:

1. The free-space residual frequency measurement has a noticeable level of noise (approximately,
between 0 and 350s of elapsed time)

2. There is a clear signal from the ionosphere (peak at 444s)
3. There is a secondary peak at 468s, probably due to a secondary ionospheric layer at lower alti-

tudes; the existence of this layer is well known (and has been explicitly described in section 2.2),
but it has not been included in our model

4. A downward trend observable from 516s of elapsed time is the mark of Mars’ troposphere

Figure 3.3: Residual for the occultation event 2021-04-06 03:29:59

A comparison between our model and occultation data can be seen in fig. 3.4. Despite the similar
shape, it is immediately noticeable that our model exceeds the measurements maximum and minimum
values. This can be explained by considering what makes our model a ”worst-case scenario”:
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1. The ionospheric profile of the model describes electron density at the sub-solar point: our mea-
surements are taken with a local solar elevation angle of 55°

2. The model assumes a perihelion Sun-Mars distance; the occultation event took place 3 months
before aphelion2

3. The measurements occurred at the beginning of solar cycle 25, with a relatively low solar activity3;
the model assumes maximum solar activity

It is therefore not surprising that the model diverges from measurements; moreover, as we ignored the
secondary ionospheric layer, the signal plummets at around 461s of elapsed time, while in reality the
existence of this additional ionized region of the atmosphere keeps the frequency residual signal above
-1Hz.
From these real measurements we can retrieve a crucial information for our thesis, the expected mea-
surement noise; considering the time span between 0 and 350s (”free space” communication link), the
σ for the measurement noise is≈ 0.09 Hz: this is the number to be used as a reference when analyzing
the performance of the straight line approximation.
One last element worth mentioning is the sampling rate of TGO’s receiver. Frequency measurements
are available at time intervals of ≈ 2.0470 s, whereas our simulation returns frequency shift values ev-
ery second. This does not have any practical consequence on our simulation, but it can be relevant for
the optimization technique described in section 1.2: in this type of problem one needs the number of
parameters n to be significantly smaller than the number of measurementsm (n << m). If we consider
this event to be representative for the average duration of a Martian radio occultation measurement,
and assuming that relevant a clear atmospheric footprint appears at epoch t ≈ 350 s, we are left with
a series of 88 distinct measurements; therefore, given the previous assumptions, n << 88.

Figure 3.4: Comparison between real occultation data and ”worst-case” scenario atmospheric model for Martian ionosphere

3.3. Parameter calibration
Two key parameters must be calibrated for the ray path simulation through Martian atmosphere: the
spatial step length ∆s and the temporal step length ∆t. For the calibration we will use orbital data

2Source: https://www.heavens-above.com/PlanetSummary.aspx?lat=0&lng=0&loc=Unspecified&alt=0&tz=UCT
3Source: https://www.swpc.noaa.gov/products/solar-cycle-progression
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from the occultation event of December 1st 2020, 18:04:00 TT. This particular occultation, as the one
described in section 3.2, is an ingress event therefore the ray, after travelling through vacuum, first
crosses the ionosphere and then, in the very last seconds, the lower neutral layers of Mars’ atmosphere.
For the spatial step length ∆s, we run the simulation of the occultation event and calculate the value
of the total phase Φ for both the curved path and the straight line approximation. The value of Φ is
calculated via simple Euler integration:

Φ =
2π

λ

N∑
i=1

ni∆si (3.3)

where ni is the index of refraction at the midpoint between point i and i+1 for i = 0, 1, ..., N . The results
are shown in fig. 3.5 (curved line) and fig. 3.6 (straight line). The benchmark for the error estimate is the
total phase output given by selecting ∆s = 10 m as step length4 -which, for the machine time required,
would be unpractical for common use). As it can be seen from the plots, rounding errors occur at higher
values of∆s for the simpler straight method. The recommendation would therefore be to use∆s = 300
m for the curved line and ∆s = 1000 m for the straight line.

Figure 3.5: Absolute value of error for different spatial step length in the estimation of the total phase Φ for the curved line ray
trajectory

For the numerical differentiation, we will make use of the symmetric difference quotient (or three-point
centered-difference formula) for the calculation of the frequency shift (which is proportional to the time
derivative of the total phase). The formula for this numerical derivation is:

f ′(x) ∼ f(x+ h)− f(x− h)

2h
(3.4)

with an estimated error of −(1/6)f (3)(c) · h2 (where c ∈ (x − h, x + h)). In floating-point arithmetic, h
cannot be as small as we want: below a certain value, the achievable accuracy rapidly deteriorates due
to loss of significance5 (Sauer 2011). Therefore, we need to find values for h that minimize truncation
error but do not trigger loss of significance effect. In double precision, the value is approximately:

hoptimal ∼ 3
√
ϵmachine ≈ 10−5 (3.5)

4This number has been selected as it proved to be low enough to let rounding errors emerge from the error analysis which is
what one wants to see to select the optimal step length

5This behavior emerges as, for small values of h, the subtraction occurs between nearly equal numbers -therefore losing
significant digits- and then the result is divided by a small number
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Figure 3.6: Absolute value of error for different spatial step length in the estimation of the total phase Φ for the straight line
approximation

The current version of the algorithm does not have the required numerical stability to unambiguously
identify an optimal value for h. However, by comparing the output from the curved line and the formula
approach (which should yield the same result), it appears that by adopting h = 2−13 or h = 2−14 the
error in the frequency shift estimation remains in the order 10−4 − 10−5 Hz, which proves to be enough
for the signal we need to analyze (see section 3.2).



4
Results

4.1. Simulated Doppler profiles for Mars’ atmosphere
After calibration, the simulation can be executed for the selected occultation event. The output is the
one shown in fig. 4.1, where the plots represent (from top to bottom):

1. The Doppler effect from satellite motion only (i.e. only considering relative velocities)
2. The phase shift rate calculated for the path of minimum time (what we called the ”curved line”, us-

ing the formula from Fermat’s theorem and calculus of variation) and the phase shift rate calculate
with numerical differentiation for the straight line approximation

3. Difference between values calculated at point 2. and the Doppler effect at point 1: it is the so-
called ”frequency residual”, which corresponds to the atmospheric effect (the same type of plot
shown in fig. 3.4)

4. Difference between the two signals at point 3 (therefore, the difference between curved-line and
straight-line frequency shift).

The results are consistent with the simulations executed by the ROMA project (Nava et al. 2020), which
returned similar profiles with a comparable order of magnitude. Another confirmation comes from the
analysis of the bending angle α, which is almost exactly twice as large as in the ROMA project simula-
tion: this is due to the fact that the selected ionosphere (which is the main responsible for the bending
angle) is twice as dense as the one in Nava et al. 20201 (see fig. 4.2).
For the Martian atmosphere simulation, the ”homing-in” algorithm always converged to a solution, 100%
of the times requiring less then 5 iterations; given the ”smoothness” of the plot is it reasonable to be-
lieve that no ”alternative paths” exist in the proximity of the identified raypath (no observable multipath
originating from the mathematical expression of the ionospheric and tropospheric index of refraction).
The frequency shift residuals obtained with the two approaches do not differ more than 0.07 Hz (mini-
mum value in the the last plot of fig. 4.1). This difference appears to be small, especially if compared
with the signal noise calculated in section 3.2 (which was approximately 0.09 Hz). However, this infor-
mation alone is not enough to state whether the straight line hypothesis is in fact a good approximation:
onemust verify what is the impact of such a difference on the calculation of the atmospheric parameters;
in particular, what is the impact in the estimate of the index of refraction n profile.

4.2. Sensitivity analysis for the straight line approximation
The last plot in fig. 4.1 displays the error introduced by the straight line approximation when calculating
the residual frequency shift. We see that the difference is in the order of tens of millihertz, which appears
to be negligible when compared to the magnitude of the signal (see third plot from the top in fig. 4.1)
and to the signal noise calculated in section 3.2.

1For comparison, he model used in Nava et al. 2020 assumes a simple Chapman distribution where hm,0 = 130 km,H = 15
km and Ne,0 = 1011 e−/m3, whereas our model uses hm,0 = 132, 4, H = 13.3 km and Ne,0 = 2 · 1011 e−/m3; clearly the
most noticeable difference is the parameter for the electron density

30
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Figure 4.1: Simulation of the occultation event ”14-12-2020 18:04:00”
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Figure 4.2: Simulation of the bending angle resulting from the occultation event ”14-12-2020 18:04:00”

The effect that this difference has on the estimation of atmospheric parameters will be assessed via the
Abel transform. This mathematical tool (see section 1.2) allows to calculate the index of refraction at
a certain height given the distribution of ray’s bending angle and impact parameters above that height.
The formula is:

n(r) = exp

(
1

π

∫ ∞

a1

α(a)

a2 − a21
da

)
(4.1)

where α is the bending angle and a is the impact parameter (see fig. 1.3).
Abel transform only works within the spherical symmetry hypothesis (which allows the definition of
a unique bending angle and impact parameter for any given ray crossing the atmosphere). It is by
definition the inverse of the algorithm performed to calculate the frequency shift: therefore, if we insert
the values of α(a) obtained from the ”curved” trajectory (i.e. the values corresponding to the ”real” ray
path) into eq. (4.1), the output should be the nominal profile n(r) used in the simulation.
Knowing this, the error introduced by the straight line approximation will be estimated as follows. We
assume that the frequency shift signal resulting from the straight line approximation is in fact the result
of a ”real” propagation (i.e. a propagation that follows Snell’s law); with the values of the frequency
shift we can calculate ”virtual” bending angles and impact parameters, from which the n(r) profile can
be calculated using eq. (4.1); the difference between this n(r) profile and the nominal one is a reliable
estimate of the error introduced by the straight line approximation.
This method requires to calculate α(a) and a from the frequency shift measurements. Equation (2.18)
provides an expression for the frequency shift, which can be turned into an explicit equation with the
impact parameter a being the only unknown quantity:

λfD =

(√
r2R − a2 −

√
r2R − b2

)
˙rR
rR

+

(√
r2T − a2 −

√
r2T − b2

)
˙rT
rT

+ (a− b)
(
θ̇T − θ̇R

)
(4.2)

where themeaning of each term can be found in fig. 4.3. Compared to eq. (2.18), this equation assumes
that nA = nB = 1, which is a reasonable hypothesis for both satellites2.
Once the impact parameter at epoch t is calculated, the corresponding bending angle α can then be

2It is also a forced hypothesis, since we are assuming there is no a priori knowledge of the refractivity profile: for satellites
orbiting at ionospheric altitudes, this is a well-known source of error (see Kursinski et al. 1997)
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found as the solution of eq. (4.3): 
a = rR sin (δR + χR)

a = rT sin (δT + χT )

α = δR + δT

(4.3)

Once α(a) is known, we can numerically calculate the integral contained in the Abel transform. It is
worth mentioning that the integral in eq. (4.1) converges, but that in practice it is impossible to obtain
high values of a: for mutual satellite occultations, the value is usually limited by the altitude of one of
the two satellites. In our case, the limiting factor is the altitude of TGO: therefore, a cannot be larger
than ≈ RMars + 400 km. This is a well-known issue in radio occultation techniques, called the upper
boundary problem (a complete description of this problem can be found in Kursinski et al. 1997). Since
we can select the initial epoch of our simulation, we can set it in such a way that the line-of-sight
between the two spacecraft is high above the surface of Mars: this first observation will be the upper
limit of the integral in eq. (4.1). We selected a starting configuration for which the maximum height
above the surface of the line of sight is ≈ 340 km where, according to our ionospheric model, electron
density is lower than the peak density by a factor smaller than 10−3.

Figure 4.3: In-plane geometry of a radio occultation event (adapted from Melbourne 2004)

The results of the Abel transform are shown in fig. 4.4. The dashed green line represent the nominal
index of refraction profile. The other two lines are the output of Abel transform: themagenta and blue
lines are obtained via inversion of frequency shifts in the ”curved-line” propagation and straight-line
approximation respectively.
In principle, the magenta line should match the dashed green line exactly: any observed discrepancy
is due to all the integration approximation performed (in the ray trajectory estimation and in the Abel
transform calculation); these sources of error are the same that affect the straight line approximation,
therefore we will use the magenta plot as the true benchmark to assess the goodness of the straight
line approximation.
The differences in the three plots are hardly noticeable. The index of refraction can be converted
into electron density with eq. (2.20). By applying this formula we can determine that the difference
between the dashed green line and the magenta line (i.e. the error introduced by numerical integration)
nominal n(r) corresponds to an error in the estimate of the electron density peak of 0.04%. For the
neutral species in the lower atmosphere, the error introduced by numerical integration corresponds to
a 0.57% error in the estimate of low altitudes (specifically, at h = 2000 m and assuming an isotermic
atmosphere).
The same comparison can be done between the magenta and the blue line (as we stated above, the
magenta line is the true benchmark for the straight line approximation). When comparing the two
output, the difference in the estimate of ionospheric electron density peak is 0.25%, while the difference
in the retrieved tropospheric, low-altitude pressure is about 0.50%. It is therefore clear that, from a
mathematical point of view, the error introduced by assuming a straight line propagation in a spherically
symmetric atmosphere at Mars is relatively small.

It is worth comparing these results with a similar simulation using Earth parameters, as in terrestrial
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Figure 4.4: Output from Abel transform, compared with the nominal profile for the index of refraction (in green)

orbit inter-satellite link for radio occultation measurements have been (and currently are) widely used
(see chapter 1). As this simulation only provides a term of comparison for the Martian results, we can
model the orbits of the two spacecraft around Earth in a convenient way, therefore adopting a simplified
geometry with a monotonic Doppler effect and high values for the impact parameters (to obtain a more
precise signal after Abel transform). The simulated trajectories are the ones of two satellites flying in
co-planar, circular orbits at 2000 km of altitude (high enough to avoid the upper boundary problem),
moving in opposite directions and separated by an initial angle η = π/9. The frequency used to model
the ionospheric effect is the same as the inter-satellite communication link between MEX and TGO
(437.1 MHz)3. The results of this simulation are shown in fig. 4.5.
The first thing that should noticed is that the magnitude of the atmospheric effect (third box from the top
in fig. 4.5) is larger than on Mars, both for the ionosphere (from epoch t=350s to t=620s) and the neutral
atmosphere (mostly visible after t=620s). This was expected, as both electron density and neutral gas
density is much higher on Earth than on Mars. Moreover, it is immediately visible that the straight
line approximation (yellow line inside the third plot from top in fig. 4.5) visibly diverges from the ”real”
frequency shift for lower ray heights4, where the signal crosses the densest part of Earth’s troposphere.
There, the bending effect simply cannot be neglected and the straight line approximation clearly fails.
As it has been done in the Martian case, we invert the frequency shift measurements with the Abel
transform for both the curved line trajectory and the straight line approximation to obtain the refractivity
profile: the results of this inversion are displayed in fig. 4.6. As expected from the large difference
found in fig. 4.5, the straight line approaches fails in returning acceptable values of refractivity for lower
altitudes. However, it returns a very close approximation for the ionospheric peak. The numerical
integration error (difference between the nominal profile and the one obtained by Abel-transforming
the frequency output from the curved line propagation) in the estimate of the peak electron density is
0.034%, while the error introduced by the straight line approach (difference between blue and magenta
line, i.e. deviation of the straight line from the curved line) is 0.28%

3Despite we use this value of frequency to make a homogeneous comparison, this does not correspond to a radio signal that
would commonly be used for this purpose. On Earth, inter-satellite ionospheric measurements are performed with GPS signals.
All GPS satellites transmit at least two circularly polarized signals at two frequencies, designated as L1 and L2; the GPS carrier
signal L1 has a frequency of 1575.42 MHz, while signal L2 is centered at centered at 1227.60 MHz. Therefore, the use of a
carrier frequency of 437.1 MHz amplifies the ionospheric effect, as the refractivity of the ionospheric plasma is proportional to
1/f2

4The last diagram in fig. 4.5 does not show the last 5 points of the plot, which drops down to to -50 Hz in the last seconds of
the occultation event
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Figure 4.5: Simulated occultation event for Earth atmosphere; the plotted quantities are the same as in fig. 4.1
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Figure 4.6: Output from Abel transform, compared with the nominal profile for the index of refraction (in green) for a simulated
occultation event on Earth

4.3. Effect of asymmetric atmosphere on frequency shift estima-
tion

The study performed in the previous section proved that, if one assumes that the ray between trans-
mitter and receiver propagates in a straight line during a Martian mutual occultation event, the error
introduced by this approximation in the estimate of the atmospheric effect (i.e. the effect on the resid-
ual frequency shift, which is the total frequency shift measured by the receiver minus the Doppler effect
due to satellite motion) is negligible. In particular, the estimate of ionospheric effect, simulated for Mars
and Earth, is scarcely affected by the straight line approximation; on the other hand, the estimate tro-
pospheric effect can be significantly affected by the straight line approximation for thicker atmospheres
(Earth) but on Mars the difference is, once again, negligible.
In this section we will inquire whether the goodness of the approximation stands the test of horizontal
gradient. When spherical symmetry hypothesis is abandoned, ray theory tells us that (in general) the
ray is not confined anymore in a two-dimensional plane: the off-plane trajectory component might con-
sequently affect the adequacy of the straight-line approximation: results found in section 4.2 might no
longer be valid, therefore a separate discussion is needed.
As showed in section 4.1, the major contribution to the atmospheric effect comes from the ionosphere.
The most significant asymmetry in the ionosphere is the day-night variation in ionospheric electron den-
sity -in the upcoming simulation, we will ignore the day-night difference in pressure and temperature for
the neutral atmosphere. In practice, we will replicate the simulations of section 4.1 with an asymmetric
ionosphere, which will take the form of a classic Chapman profile (see eq. (2.21)), this time including
the Chapman grazing function (and therefore the dependency from the solar zenith angle χ).

Two different simulations will be performed: an occultation event taking place on the sunlit side and an
identical occultation event (i.e. with the same mutual orbital configuration between the two spacecraft)
occurring over the terminator line.
For the first simulation, the Chapman grazing function Ch(h, χ) will be approximated by secχ alone:
this is considered to be a satisfactory approximation for solar zenith angles below 75° (see section 2.2).
The two ”virtual” spacecraft operating the mutual occultation measurements fly in two circular, co-planar
orbits with the same altitude, both departing from a starting point on the sunlit hemisphere. The starting
point can be selected as a local maximum in the gradient of the index of refraction: in this way, the ray
will undergo through the maximum possible bending, therefore maximizing the error introduced by the
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Figure 4.7: Fitzmaurice formula compared with other numerical methods for the approximation of Chapman grazing function
(image from Vasylyev 2021)

straight line approximation. If we look for a gradient maximum at peak height hm,0, results show that the
maximum gradient occurs at x = R/4 (where the x-axis points towards the Sun and R = RM + hm,0).
For a selected initial altitude of 450 km, this point is located at a solar zenith angle of 75.52°: too close to
the terminator to use the secant approximation. As a trade-off, since the gradient grows monotonously,
we can select a location close enough to the x = R/4 that allows us to simulate radio occultation events
at different orbital inclinations. According to this definition, the starting point is located at a solar zenith
angle of 47°

For the second simulation, the ”secant approximation” is inadequate. It is so because at the ter-
minator the solar zenith angle is larger than 75°, but the real reason can be deduced from the shape
of the Chapman distribution for Ch(h, χ) = secχ: the formula implies that the electron density drops
to 0 at the terminator for any given altitude and that it remains constant at 0 over the entire night side
of the planet. The fact that at the anti-solar point (i.e. the ”midnight point”) the electron density has a
much smaller value than the sunlit side is acceptable, but the abrupt drop to 0 at the terminator line
is unrealistic; therefore, a more sophisticated form for the Chapman grazing function is required. The
most recent analytical approximation of eq. (2.22) can be found in Vasylyev 2021: it proves precise
even for lower values of χ, but the formula is quite complex and computationally heavy. A compromise
solution is using the so-called ”Fitzmaurice formula” (Fitzmaurice 1964), which has a simpler analytical
expression:

Ch(X,χ) =

√
πX

2
erfc

(√
X

2
cosχ

)
exp

(
X

2
cos2 χ

)
(4.4)

where X is the ratio between RMars + hsat and the scale height H, while ”erfc” is the complementary
error function defined as:

erfc(z) = 1− erf(z) = 1− 2√
π

∫ z

0

e−t2dt (4.5)

The Fitzmaurice formula has the advantage of being relatively easy to differentiate, compared to the
other formulations described in Fitzmaurice 1964 and shown in fig. 4.7. In particular, fig. 4.7 shows 8
different methods to approximate the Chapman function5; it is noticeable that, although the Fitzmaurice
formula (marked with (b)) does not particularly well for low values of the solar zenith angle, as one gets
closer to the terminator (SZA = 90°) many of the methods converge to a relative error of approximately

5This diagram shows the relative errors for a value of X = 500, where X, the ratio between the orbit radius and the scale
height of the ionosphere, is the same quantity that appears in eq. (2.22). In our case, X ≈ 290, which is a bit far from the value
prescribed. However, in the same paper another plot shows similar results for X = 50, therefore we can safely assume that the
conclusions drawn for Fitzmaurice formula are valid
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10−3 (the one that outperforms all the others -the red plot- is the innovative method proposed in the
paper, which however has quite a complex formulation).
The Chapman grazing function can be extended to χ > 90° with the followingmodifications (Fitzmaurice
1964):

Ch(X,χ) = 2 exp (X −X sinχ)Ch(X sinχ, π/2)− Ch(X,π − χ) = (4.6)

= 2 exp (X −X sinχ)
√

πX sinχ
2

−
√

πX

2
erfc

(
−
√

X

2
cosχ

)
exp

(
X

2
cos2 χ

)
(4.7)

Once again, in our simulation the x-axis points towards the Sun, therefore the χ angle is given by the
simple equation:

cosχ =
x

R
=

x√
x2 + y2 + z2

(4.8)

Once the grazing functions for the sunlit hemisphere and for the terminator occultations are defined,
the simulation can be executed using the same ray-tracing and homing-in algorithms described in sec-
tion 2.1 (with the fundamental difference that this time they include 3 dimensions).
After the first simulation is executed and the results plotted, it is immediately noticeable that the output
(fig. 4.8) resembles the one in fig. 4.1 (last plot): the shape is the same and so is the order of magni-
tude of the difference between the two propagated ray paths, although slightly smaller. This can be
explained by noticing that the region sampled during the occultation is relatively small compared to
the circumference of the planet, therefore a strong signal from the now-introduced asymmetry would
appear if the gradient of n displays strong local variations. However, even though we selected a local
maximum in the index of refraction gradient, the trend of Chapman grazing function Ch(h, χ) = secχ
for angles lower then ≈ 75° is such that the electron density (and therefore, the index of refraction) still
varies relatively slowly with the solar zenith angle.

Figure 4.8: Difference between frequency shift calculated with the ”straight line approach” and with the formula for real (curved)
rays for seven different inclinations

Another interesting feature is that the plot (which represent the error introduced by the straight
line approximation) does not show any significant dependency from the orbital inclination; this is most
likely another hint of the fact that vertical gradient, in the model created, is by far the driving force of
atmospheric frequency shift, at least with the type of asymmetry introduced.
The last detail that can be noticed is the jagged appearance of the plot towards the left and right



4.3. Effect of asymmetric atmosphere on frequency shift estimation 39

extremes of the plot. It would be reasonable to expect a smooth line, and no clear reason for these
irregularities emerged. A possible explanation is that the asymmetry introduces a multipath effect: the
solutions (i.e. the possible ray paths) are not too different between each other and the algorithm does
not converge to the ”same” trajectory at all epochs. According to this interpretation, this effect exists at
any given epoch, and it is just more noticeable at the beginning and at the end of the occultation event
only because the horizontal trend of the plot makes it more visible.
For this case and for the next one a sensitivity analysis for the introduced error will not be performed,
as the ”fast” method used in section 4.2 is no longer applicable. In this case, our observations will stop
at the absolute error introduced by the straight-line approximation, which never exceeds 0.05 Hz: by
analogy with the spherical symmetric case, we can infer that this error is small, and introduces a minor
deviation in the estimation of atmospheric parameters.

For the terminator occultation, we use again two circular, co-planar orbits at h = 450 km, flying in
opposite direction from an initial point located above the terminator line. As mentioned above, the
ionospheric model is here integrated with a more sophisticated Chapman grazing function, that is able
to return values of Ne for χ > π/2. The effect of this additional function on ionospheric density profile
is displayed in fig. 4.9, where the equatorial electron density is plotted at different altitude for both the
simplified function Ch(χ) = secχ and the Fitzmaurice formula. It is clearly noticeable that, whereas
the secant approximation stops at SZA = 90°, the Fitzmaurice formula (especially for higher altitudes)
returns values for the ionospheric at SZA > 90°.
The results of the simulation, for three different inclinations (i = 5°, 30°, 75°) can be found in fig. 4.10.
As expected, the frequency residuals are significantly smaller in magnitude compared to the output
from the dayside case, as half of the occultation happens in the dark side (where, despite the more
complex grazing function, electron density is still lower by several orders of magnitude). In fig. 4.11
the difference in frequency residuals estimation between the straight-line approximation and the ”real”
raypath for the three selected orbital configurations is shown. Once again, the absolute difference is
rather small: in this case it is always within 3 mHz, significantly lower than the difference calculated on
the sun-lit side.

Figure 4.9: Polar plots for the equatorial electron density profiles. From top to bottom and from left to right, the altitudes are
hm − 20 km, hm km, hm + 20 km, hm + 40 km, hm + 80 km and hm + 160 km, where hm is the height of the peak electron
density at the sub-solar point. In red, the electron density from the simplified Chapman profile, where secχ is used as grazing
function; in blue, the Chapman profile with the Fitzmaurice grazing function. The Sun vector points towards the right side of the
image. NOTE: the scale for the electron density is not the same for all plots
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Figure 4.10: Residual frequency shift at the terminator for three different inclinations: i = 5° (left), i = 30° (centre), i = 75°
(left).
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Figure 4.11: Difference between straight line and curved line approach for the terminator occultation events



5
Conclusions and further

recommendations
The goal of this thesis is to provide a thorough analysis of the error introduced by calculating the fre-
quency shift of a radio-occultation event at Mars with a ”straight line approximation”, for the purpose of
using this calculation method to retrieve atmospheric parameters with the so-called ”forward propaga-
tion” optimization technique. To do so, several possible occultation scenarios have been investigated:
dayside occultation (with real orbital data fromMEX and TGO spacecraft) with spherical symmetry, day-
side occultation with longitudinal asymmetry and terminator occultation with longitudinal asymmetry.
For the spherical symmetric case, the difference between the two methodologies has been found negli-
gible, smaller than the measurement noise in the radio-occultation measurements performed between
Mars Express and ExoMars Trace Gas Orbiter. This statement has been proved by inverting the re-
sulting frequency residuals with the Abel transform, thus obtaining the refractivity profiles; from those
profiles we can conclude that not only the absolute difference between the two approaches is small in
the frequency domain, but also that the two methods lead to very similar results in the calculation of
the index of refraction (and, from there, to the estimate of surface pressure and ionospheric electron
content).
However, the introduction of the straight line method has been proposed to better interpret the fre-
quency shifts coming from regions with an asymmetric distribution in atmospheric parameters, such as
the terminator (the boundary between the sunlit and the night side). Restricting the analysis to the iono-
sphere (which is by far the larger contributor to the atmospheric effect) and introducing the so-called
”Chapman grazing function” we were able to model an electron density distribution more adherent to
reality, with a continuous decrease in electron density as the solar zenith angle increases, until reach-
ing zero beyond the terminator line. Under this conditions, radio-occultation measurements have been
simulated at different locations (sunlit side with a high gradient in electron density, directly above the
terminator line) and configurations (from equatorial to polar orbits) and the results have shown that the
difference between the two methods is in the same order of magnitude as in the spherical symmetric
case (even less when the occultation occurs over the terminator). Despite the fact that Abel inversion
is not applicable in this case (as it only works under spherical symmetry conditions) we could expect
that, by using a forward-modeling technique for the calculation of electron density, the error introduced
by assuming a straight line propagation would be the same as the one obtained for the spherical sym-
metric case (less than 1%).
It is now possible to answer the research questions from chapter 1:

• In the context of the study of the atmospheric effect based on residual frequency shift, how large
is the difference between straight-line approximation and the ”real” frequency shift?
The atmospheric effect (i.e. the frequency shift that is measured in any Doppler measurement
as a consequence of the passage of the radio signal through a medium) simulated for Mars
is in the order of units of Hz; in the simulation that featured the most extreme conditions for
Mars ionosphere, the maximum value of this effect almost reached +2 Hz. For that simulation,
the difference between the two approaches never exceeded 0.07 Hz; during large part of the
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occultation event (∼ 88% of the total time) the difference between the two approaches never
exceeded±0.02Hz. This discrepancy leads to an error of 0.25% in the estimate of the ionospheric
peak, and to an error of 0.50% in the estimate of bottom tropospheric pressure. For lower electron
densities, the difference decreases further: when introducing spherical asymmetry, at χ = 60°
almost never exceeds 0.03 Hz (being bounded within ±0.01 Hz for ∼ 85% of the total occultation
event); for occultations over the terminator line, the difference is even lower, not exceeding 0.004
Hz.

• How significant is this difference when compared to the measurement noise?
Available data to estimate the measurement noise during a radio-occultation measurement come
from a single occultation event between MEX and TGO spacecraft, which we consider to be rep-
resentative for the average communication link performance: any general conclusion therefore
only regards the MEX-TGO link. While the largest error introduced by the straight-line approx-
imation was of ≈ 0.07 Hz (in the worst-case scenario of sub-solar point occultation, perihelion
and high solar activity), the measurement noise was estimated to be ≈ 0.09 Hz. Therefore, the
error introduced by the straight-line approximation has been found to always be smaller than the
measurement noise.

• What are the main differences in the atmospheric effect estimation based on two-satellites occul-
tation events for Mars and Earth?
Earth has a thicker and denser atmosphere when compared to Mars: the pressure at the surface
is higher by a factor >100, while the ionospheric peak is at least 10 times more dense in terms of
free electron content; moreover, these regions occupy a larger space, given the relative dimen-
sions (and the scale heights) of the two planets. Consequently, the atmospheric effect has a larger
magnitude, almost reaching 20 Hz for the ionospheric effect. However, despite the differences in
magnitude, the straight-line approach proved to be applicable for the study of Earth ionosphere as
well, returning an error in the estimate of the peak electron density comparable to the Mars case
(∼ 0.28%); on the other hand, this approximation fails when trying to transform the tropospheric
effect into a refractivity profile. This is a first estimation based on spherical symmetry assumption,
which particularly on Earth is quite unrealistic (due to a stratified, complex ionosphere that inter-
acts with the magnetosphere, generating local, non radially-symmetrical phenomena such as the
equatorial electron jets).

The present work could be further expanded by elaborating a comprehensive description of the forward
propagation (the technique mentioned in section 1.2 as complementary to the straight line approxima-
tion). Some key features of the algorithm shown in fig. 1.6 that need a proper definition include:

• The type of model that can be built, and the number of independent parameters it can contain. It
has been shown in section 3.2 that the relatively small number of observations puts a limit to the
complexity of the model one might decide to use. One solution, following the example of Howe,
Runciman, and Secan 1998, might be reducing the number of parameters by approximating the
electron density and the atmospheric pressure-over-temperature ratio functions as a finite sum of
spherical harmonics in the horizontal direction and of empirical orthogonal functions in the vertical
direction. In any case, the limited amount of frequency measurements during an occultation event
must be taken into account when designing the atmospheric model

• The iterative method used to estimate the atmospheric parameters. This is where optimization
theory must be used, as the are facing a multi-variable, non-linear optimization problem

• Solvability of the problem. Depending on the model adopted, there might be a manifold of so-
lutions that approximate with the same degree of confidence the observed data: this must be
established before proceeding with the calculations

• Validation of the forward propagation method. A profitable test bed for the development of such
method would be the Earth ionosphere. It has been proved that the straight line approach doesn’t
introduce a large error, and the amount of data available is vast and covers an extended period
of time, including periodic variations such as seasons and solar activity cycles; IRI database
would probably be the best benchmark to test the validity of ionospheric modeling with forward
propagation.
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In conclusion, the first tool (the straight-line approximation) of this new method for atmospheric param-
eter estimation (for which there is no mention in the literature dedicated to planetary radio-occultation
measurements) has been proven to be valid and usable in different context. If the method as a whole
works, radio occultation measurements might be used to detect horizontal variations in atmospheric
parameters; realistically, the field of investigation would probably be restricted to ionospheric variables,
as the lower neutral layers, due to geometry constraints, are usually sampled for a much shorter time.
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