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Summary

Numerical modelling of high frequency waves is a complex and challenging area. Although
the underlying equation seems simple, —A¢ — k*¢ = f, the numerical challenges are not.
This time harmonic wave equation is known as the Helmholtz equation. The main challenge
to be studied is the pollution error, which is the difference between the actual and numerical
wavenumber. Due to this error, the solution of most numerical methods deteriorates rapidly
when increasing the wavenumber. So far, either problem specific solutions have been found
or solutions which require knowledge of the solution itself.

In this thesis a numerical method is developed to approach this challenge. A mimetic dis-
cretization of the Helmholtz equation using C'-continuous Hermite interpolating polynomials
is developed to model the Helmholtz equation in 2 dimensions. Mimetic theory is briefly
introduced after which the Hermite polynomials are defined and analysed for their interpolat-
ing properties. A least-squares variational problem is defined and discretized using 49 basis
function at its lowest order. The model is verified using a single sinusoidal wave after which
plane wave problems are solved and analysed for their wavenumber-dependence. A diffraction
and interference problem is set-up and compared to analytical solutions.

The proposed method shows no significant advantages over the use of C%-continuous Lagrange
polynomials in terms of effectiveness. Both methods show deterioration at the same wave
numbers and equal polynomial order. The Hermite polynomials require less unknowns to
reach the same accuracy. In short, a p-accurate solution is found using Hermite polynomials
at the cost of a p — 1 model using Lagrange polynomials. This benefit in efficiency does not
outweigh the additional effort and boundary information necessary to construct the problem.
However, the variety of coefficients offer an opportunity for further research to find relations
to the numerical wavenumber in the search of a wavenumber conserving discretization.
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Chapter 1

Introduction

The Helmholtz equation (1.1) is known as the static or time-harmonic wave equation. The
equation is fundamental to all wave-related problems such as propagation, reflection, diffrac-
tion and interference. These problems are found in many applications such as radar, sonar,
seismology, electromagnetics, noise scattering or inverse scattering problems. The latter can
be described as a problem where the scattering field and incidence wave(s) are given and it is
required to determine the shape of the object. A second application of the Helmholtz equa-
tion can be found in the field of quantum mechanics, where it is derived from the Schrodinger
equation [29]. In this case the solution represents the probability distribution of the spatial
location for a particle at a fixed energy.

Vo+k*p=—f (1.1)

At first sight, the Helmholtz equation does not seem like a complex equation. The equation
is linear and analytical solutions can easily be found for various problems. When moving to
more complicated domains and boundary conditions numerical computation of the solution
is required. Due to the highly oscillatory nature of the solutions, especially at high wave
numbers, stability and efficiency become a challenge. In order to model, for example, elec-
tromagnetic scatter from an airplane the scale differences range from the size of an aircraft
to a fraction of the wavelength of the electromagnetic waves. This problem has been stated
as one of the most challenging problems in scientific computation by Zienkiewicz [35]. The
main numerical challenge in high frequency Helmholtz problems is the so-called pollution or
aliasing error. Together with a truncation error and an interpolation error, these three com-
ponents make up the total error made. This pollution error is encountered as a difference in
the numerical (k,) and physical wavenumber (k). Babuska and Sauter state that this error
can be reduced, but is unavoidable in finite element methods (FEM) for problems involving
more then 1 dimension [3]. Numerical formulations of the Helmholtz problem usually lead
to an indefinite set of matrices. This indefiniteness requires that the mesh size stays below
a certain critical value to control the error. In case of the Helmholtz problem, this critical
mesh size, or number of points per wavelength, increases with the frequency and is known as
pollution [26].
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2 Introduction

As will be discussed in section 1.2 many methods have been applied to model the equation
as effectively and efficiently as possible. Among these methods are finite difference, finite
elements, spectral (element) methods, geometrical optics, Trefftz-based methods and more.
However, so far no method has matured enough to be widely applied. Therefore a new angle
is proposed by using the relatively novel method of mimetic discretization and the determi-
nation of explicit derivatives by using Hermite interpolating polynomials. In mimetic theory
the fundamental operators of divergence, gradient and curl are discretized exactly, hereby
‘mimicking’ their behaviour [6]. The generalized Stokes’ theorem relates the integrals of dif-
ferential forms to boundary values, thereby allowing an exact discretization of the operator
in an integral formulation [25]. Additional to an exact representation of the differential oper-
ators, mimetic discretization techniques have shown to posses high stability and convergence.
In addition to using mimetic theory, it is proposed to use Hermite interpolating polynomials
as basis functions [10]. This method is closely related to the field of compact finite difference
(CFD). In this field the explicit determination of derivative values has proven to increase the
order of the discretization, hereby approaching the exponential order of spectral methods. In
finite difference higher order schemes are achieved by increasing the number of neighbour-
ing point to determine derivatives. In CFD relations are established that mimic the global
dependence of derivative values, by only using the neighbouring cells, hence compact [21].
The goal of this thesis is to examine the effect of using the proposed methods in a finite
element formulation of the Helmholtz equation for high frequencies by developing a solver
and comparing the results for different example problems to literature.

1.1 Research questions

In the proposed research, the high frequency Helmholtz equation will be modelled using
mimetic discretization techniques with Hermite interpolating polynomials. From literature it
is expected that the increased stability and convergence rates of the underlying methods will
increase the ability to efficiently and effectively solve the problem.

The main aim of this research is to investigate the added value of the mimetic theory in
combination with explicit calculation of derivatives in solving the Helmholtz equation for
high frequencies. This aim will be achieved by answering the following research questions.
Answering these questions will results in overview of the achieved results as well as provide
an answer to which extent the goal is achieved. The research questions are stated as follows.

1. Does a numerical mimetic discretization using Hermite interpolating polynomials effi-
ciently and effectively model the Helmholtz equation for high frequencies?

(a) What are the error sources of the deviations encountered?

(b) Is the interpolation error for Hermite basis functions reduced with respect to La-
grange basis functions?

(c) Does the solver reduce pollution errors occurring at high frequencies with respect
to general Galerkin FEM?

(d) Is the computation time necessary to achieve results with low pollution errors
smaller compared to general Galerkin FEM?

Peter Klaas Christiaan Lok M.Sc. Thesis



1.2 Literature Review 3

(e) What are the limitations of the least-squares formulation of the Helmholtz problem
and how do they reflect in the results?

The performance of the underlying techniques to be used in this project have shown great
promises when applied to other equations and formulations. The stability and convergence
rates found in other researches ensure that this research is promising and feasible. Also, the
Helmoltz equation is a very fundamental and widely encountered equation as explained in
the introduction. Additional research in this field is therefore relevant and necessary.

1.2 Literature Review

1.2.1 Finite Element Methods

General (Galerkin) finite element methods use a weak integral formulation of the Helmholtz
problem to construct a system of equations solving the problem. The accuracy and conver-
gence is controlled by either reducing the element size, h, or increasing the polynomial order
of the basis functions, p. The relation between these parameters and the wave number, k,
has been investigated extensively by Melenk [22]. The research shows that the pollution error
reduces significantly with increasing order. Also, explicit bounds, depending on h, p and k
are determined to achieve quasi-optimality of the FEM schemes.

The finite element method is inextricably linked to pollution errors. Therefore many im-
provements have been proposed over the years besides increasing the order. A wide variety of
methods have been mentioned in recent overview papers [26] [34]. The most important and
relevant methods will be discussed. At first methods to optimize the finite element process
are widely used. These include using error estimates, more efficient integral evaluations and
improving the solution steps for the system of equations. These methods intend to improve
speed and thereby allowing for a finer grid at high frequencies, but do not tackle the source
of the problems.

Secondly a variety of methods have been developed to stabilize the solution process, this
is achieved by adapting the weak form of the problem. Examples are the quasi-stabilized
finite element method (QSFEM), Galerkin least-squares finite element method (GLSFEM)
and Galerkin gradient least-squares finite element method (GGLSFEM). As stated before,
the indefiniteness of the Helmholtz operator induces the main challenges at hand. Moiola and
Spence, however, state the following:

“whereas the standard variational formulations of the Helmholtz equation are
sign-indefinite, this sign-indefiniteness is not an inherent feature of the Helmholtz
equation, only of its standard formulations” [23].

Therefore, adapting the weak formulation of the Helmholtz problem can be used to solve the
challenges. Recent work by Demkowicz shows that such an alternative formulation results in

MSc. Thesis Peter Klaas Christiaan Lok



4 Introduction

a strong reduction of the pollution error [9]. Already in 1979 it was noted that the use of
least-squares formulation has a positive effect on the indefiniteness of the resulting operator
[13].

The following two classes of methods both require information about the solution beforehand.
In the first place multi-scale methods are used, which separate the solution into large and small
scales. The smaller scales are approximated using wave function based on a priori knowledge of
the solution. These methods show improved accuracy for high frequency problems. However,
increased complexity and decreased generality due to the required information of the solution
make that the methods are not widely used [12] [20].

The last group of methods are the generalised methods which use knowledge about the solution
to reduce the pollution error. These method adapt the basis functions and elements using
information about the homogeneous solution. The most well-known method is the partition-
of-unity finite element method (PUFEM) [2] [1]. Also Trefftz-based methods, which will be
discussed in section 1.2.3 can be considered to be part of this group [18].

1.2.2 Boundary Element Methods

The boundary element method (BEM) uses Green’s third identity to relate the computational
domain to the boundary using the Green’s function and thereby reducing the number of
dimensions of the model by 1. In case of the Helmholtz equation, this can be very beneficial
in treating unbounded domains. The resulting system of equations in BEM formulations is
much smaller compared to finite element methods, however the density of the matrices is much
higher and therefore more difficult to solve. In most problems the time gained due to the
reduction in dimensions, and therefore in variables, is compensated for by the time needed to
construct the problem [26]. Similar to FEM, BEM is unable to accurately solve frequencies
which are close to, or correspond to, eigenvalues of the Helmholtz operator. Additionally
BEM is also unable to solve the equation at frequencies corresponding to the eigenfunctions
of the homogeneous integral equation resulting in BEM formulations [4]. Recent attempts
have shown that the approximation error may be bound independently of the wave number
using BEM for certain specific geometries. Additionally a condition is posed to bound the
approximation error for general domains, which confirms the pollution effect [16].

1.2.3 Other methods

Trefftz based methods

Trefftz based methods construct the solution from basis functions which are solutions to the
homogeneous equation itself, so a priori knowledge of the solution is used to construct the
model. In this way the equation is satisfied with no residual error, however, the boundary
conditions are violated and therefore induce an error in the solution. The method minimizes
the residual of these boundary errors. As compared to general finite element methods, Trefftz
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based methods are faster, more accurate and able to model high frequencies. The downsides,
however, are that the method is more difficult to construct, contains fully populated matrices
and most important, is limited to moderately complex, convex, geometries [34] [26].

Spectral methods

Spectral methods use a trigonometric basis function which are non-zero over the entire do-
main, this results in a robust method with exponential convergence order. The method is
however very limited to simple domains. Due to te oscillating nature of the basis function,
Gibbs phenomenon plays a role at the boundaries. This results in diverging oscillations and
therefore reduced accuracy near the boundaries. Smoothness of the boundary and solution
are requirements for the spectral method, which makes its applications limited [15]. However,
the properties of convergence and accuracy have inspired the development of other methods
such as spectral elements and compact finite difference [21].

Geometrical Optics methods

Method based on geometrical optics (GO) are a more recent development. The basic principle
is to decompose the solution in a function for the amplitude, A(x, k), and a function for the
phase, ¢(z) [11] [27] and solve the resulting equations separately. Both functions show less
oscillations for high frequencies, thereby allowing for a much coarser grid. The method is
therefore very suitable for high frequency problems, however also limitations apply. The
method is unsuitable when the wavenumber is close to the variations in propagation speed.
Diffracted waves are also not accurately modelled by the method as well as caustics® [30].
GO methods are mainly accurate in high frequency problems and less accurate for lower
frequencies [28].

1.2.4 Mimetic Discretizations

The use of mimetic discretizations is relatively new. Therefore no work is present using the
mimetic approach to discretize the Helmholtz equation. Various publications, such as [14],
can be found claiming to do so, however in this case the 'good’ Helmholtz (—k? in equation
1.1 instead of +k?) equation has been discretized, which makes the problem sign-definite.
Gerritsma and Bochev discretized the 'good’ Helmholtz equation using a spectral mimetic
least-squares method [5]. The method showed good convergence, order p + 1, and exact
approximation of the fundamental relations. Similar convergence results as well as an exact
approximation of fundamental relations where obtained by Palha on the Poisson equation
[25].

'This occurs when light rays are refracted or reflected by curved objects and accumulate in an area.
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6 Introduction

1.2.5 Compact Finite Difference

Compact finite difference is closely related to the proposed methods since it adds additional
information of the derivative values to the discretization scheme. Therefore observations
and conclusions obtained by applying this method to the Helmholtz problem will provide
additional information to substantiate expectations. The method has been introduced by Lele
in 1992 [21] and since then used in a variety of applications. In 2013 Turkel [33] developed
a compact finite difference scheme of 6th order for the Helmholtz equation which shows low
pollution due to the high order of the scheme. Earlier Sutmann [31] developed a similar scheme
using Dirichlet boundary conditions. Where Turkel uses a variable wavenumber, Sutmann
uses a constant wavenumber. Sutmann shows that a fully compact finite difference scheme,
where only neighbouring points are used, is of the same order, but of higher accuracy than
a general 6th order finite difference scheme, which uses 2 x 3 = 6 neighbouring points. A
semi-compact scheme, using two neighbouring points, showed even better accuracy. Nabavi et
al [24] implemented a similar 6th order CFD scheme in combination with Neumann boundary
conditions and compared this to a fourth order finite element scheme. His results show that
the higher order CFD scheme was up to 100 faster. Additionally the work by Cordova [7]
needs to be mentioned which uses a mimetic compact finite difference scheme to discretize
the time dependent wave equation. Results show that this scheme is up to 4 times faster than
a normal finite difference scheme of the same order.

1.3 Thesis Outline

This thesis is structured as follows. After the introduction, the research questions are formu-
lated. Next, a literature review is presented of the numerical methods applied to solve the
Helmholtz equation as well as as overview of the theory to be applied in this thesis project.
Chapter 2 describes the theoretical basis of the proposed method by deriving the Helmholtz
equation from the wave equation, deriving the pollution error and describing the fundamental
properties of the equation. Next, the mimetic theory is briefly described after which the Her-
mite interpolating polynomials are introduced and analysed with respect to the interpolation
error followed by a brief introduction of the polynomials to mimetic theory.

Chapter 3 presents the derivation of the mimetic discretization of the Helmholtz equation
using the hermite polynomials. A natural two-equation model is derived from the theory of
acoustical disturbances. Next a least-squares problem is formulated and discretized. The
implementation of boundary conditions are discussed and relevant errors are defined. Finally
a finite element method is briefly discussed for comparison.

Chapter 4 reports on the results of the model by presenting a verification problem in the form
of a single sinusoidal wave. Next, plane wave experiments are discussed which report on the
pollution error followed by diffraction and interference model showcasing the applicability of
the model. Finally conclusions are summarized and recommendation are discussed.
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Chapter 2

Theoretical Framework

In this chapter the theoretical basis for the newly developed model will be discussed. First,
the basic derivation of the Helmholtz equation will be stated as well as the derivation of
the pollution error resulting in wavenumber dependent phenomena. Secondly the mimetic
theory will be stated consisting of differential geometry, algebraic topology and the applica-
tion of nodal and edge basis functions. Thirdly, the newly introduced Hermite interpolating
polynomials will be discussed and analysed for their convergence characteristics.

2.1 Helmholtz equation

In order to understand the basic properties of the Helmholtz equation the derivation as well as
the pollution error will be discussed, concluded by an overview of the fundamental properties
of the equation.

2.1.1 Derivation

The Helmholtz is mostly known as the time independent wave equation. Therefore the deriva-
tion starts by taking the wave equation stated as follows

2
%T;I) — 2AD = F(z,1) (2.1)

where ® = Re{P} + i IJm{P} is the wave amplitude (real part) and phase (imaginary part), ¢
is the wave speed and F' the external forcing. Assuming time harmonic behaviour for both ¢

MSc. Thesis Peter Klaas Christiaan Lok



8 Theoretical Framework

and F, substituting in equation (2.1) gives

®(z,t) = p(2)T(t) = p(z)e™" (2.2a)

F(5,t) = f@)T() = f(@)e (2.20)
2€zwt . .

¢(w)8at2 — PAH(T)e™t = f(z)e™? (2.2c)

where w is the wavenumber. Evaluating the differential and eliminating the time dependency

~w?p(z) — A¢(z) = f(2) (2.3)
rearranging the terms, dividing by ¢? and defining k = < provides the Helmholtz equation.

w 1

—A¢(T) — (;)%(!E) = 5/(@) (2.4)

(&

Ak =f (2.5)

where f = CLQ

2.1.2 Pollution Error

The pollution error is derived by applying a 2nd order discretization scheme to the 1 dimen-
sional homogeneous Helmholtz equation as an example as follows

Ad + (%)2 ¢ =0 (2.6)

Pi1 — QhQZz + ¢i1 n (g)Q 6 =0 (2.7)

where ¢; is the discrete value of ¢ at location x; and h is the distance between the points.
The exact solution of the homogeneous equation is ¢(z) = A exp’c ™ where 7 is the direction
of the wave (-1 or 1 in the 1 dimensional case, taking 7 = 1). Inserting the exact solution

into the discrete formulation using a different wave speed, ¢, and since x;11 = x; + h gives

Aexp' %t —2A exp' s + Aexp!ETi-1 2 =
exp ezs +Aexp + (%) Aeszgxi =0 (28)
iR —i%h
exp'c" —2+exp ¢ w2
h2 * (Z) =0 29
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2.1 Helmholtz equation 9

Rewriting the exponential terms using Euler’s formula as follows exp(iz)+exp(—iz) = 2 cos(z)

(2.10)

and applying a Taylor expansion, cos(z) = 1 — 22/2 + O(z*), to the cosine, resulting in the

approximation of the numerical wave speed as follows, where n = %

2((1 — (with)?/2 + O(with)*) — 1)

= + (wn)* =0 (2.11a)
—7? + O(w?h2n?) + (wn)? =0 (2.11Db)
—72 + O(W?h*n*) +n? =0 (2.11c)
72 =n? + O(w’h?) (2.11d)
¢ =c+ O(wh) (2.11e)

This results shows that the numerical wave speed is different then the actual wave speed,
with an error depending on the discretization scheme, wavenumber and grid size. The actual
error in the amplitude arising from this difference in wave speed is determined by

J exp™™® — exp™® | = |1 — exp™™7 || < Cwllis — nl| < Cu?h (2.12)

This result shows that the error in the solution depends more strongly on the wavenumber
then on the grid size. This can best be noticed by determining the best approximation error
on the prescribed discrete spaces. Since this error is solely defined by the discrete spaces
and therefore incorporates both the discretization error as well as the interpolation error, any
deviation is result of the difference between the actual and numerical wave speed.

2.1.3 Fundamental Properties

The Helmholtz equation is ill-posed for wavenumbers corresponding to eigenvalues of the
negative Laplacian, these are resonance modes. Either no solution exists in case of non-zero
forcing, or an infinite set of solution exists in case no forcing is applied. With additional damp-
ing the equation is always well-posed since waves are dissipated over long distance, however
this does not always reflect the natural conditions to be modelled. At higher frequencies, the
eigenvalues are denser and a given wavenumber is more likely to coincide with an eigenvalue.
To summarize, the following properties may be attributed to the Helmholtz equation.
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1. The resulting matrix is symmetric but indefinite since positive and negative eigenvalues
exists, as shown in section 3.2. Therefore the matrix is slow to be solved by iterative
solvers.

2. The problem is ill-conditioned when the wavenumber corresponds to an eigenvalue of
the negative laplacian.

3. The pollution error (O(h?w?)) requires large amount of grid points per wavelength to
ensure accurate results (10-20 for 2nd degree polynomials and average wavenumbers)

4. Unbounded domains require additional measures (absorbing boundaries, additional Per-
fectly Matching Layer (PML) or boundary integral representation) to prevent unwanted
reflections and resonance modes as discussed in section 3.4.

5. High frequency waves are poorly represented by higher order polynomials therefore other
types of trial and test functions are required.

2.2 Mimetic Theory

In this section, the mimetic theory is introduced, for a more extensive overview, the reader is
referred to the work by Kreeft [19]. Mimetic theory comprises of two main elements, which are
differential geometry and algebraic topology. These concepts describe the physical world just
as differential- and vector calculus do. Differential geometry associates variables to geometric
shapes by means of integration whereas differential- and vector calculus do not. In this way
a distinction is made between metric-free operations, such as differentiation and operations
that need metric, such as inner products.

2.2.1 Differential Geometry

Differential geometry is the continuous representation of physical variables in an equation
[32]. Variables in differential geometry are called forms, a k-form is an entity that needs to
be integrated on a k-dimensional region. So a O-form is associated with a point, 1-form with
a line and 2-form with a surface. These forms can either be inner-oriented or outer-oriented.
An outer-oriented 1-form is a variable passing through a line, such as a flux in 2D, while an
inner-oriented 1-form is aligned with a line, such as a velocity. The exterior derivative, d,
maps a k-form unto a (k + 1)-form as shown in the de Rham complex in (2.13). The vertical
relations represent the Hodge operation, which are a metric dependent mapping of a k-form
unto a n — k-form.

inner orientation: R — A©(Q) % AD(Q) SN AP (Q) 40

VX
T T * I x (2.13)
outer orientation: 0 <% AP (Q) <vi A (Q) ?d— AD@Q) R
. X
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2.2.2 Algebraic Topology

Algebraic topology is the discrete counterpart of differential geometry. Chains and co-chains
are the discrete representation of differential geometry. Fundamental is the cell complex which
consists of points, vertices and surfaces as shown in figure 2.1 and figure 2.2, these n-chains
correspond to the n-dimensional geometries in differential geometry. The values attached to
these chains are the co-chains and are the discrete counterpart of the forms.

When applying this theory to a divergence equation, which is outer-oriented, the metric-
free relation becomes clear. The divergence equation is integrated over the corresponding
geometry, in this case a surface, S. The divergence term is reduced to a 1 cochain and an
algebraic relation remains, relating a 1-cochain to a 2-cochain.

SV u=0 (2.14a)
/(¢+V-u) =0 (2.14b)
s

s +un+up —us —uw =0 (2.14c)
Ys +6(un, up, us, uw) =0 (2.14d)

where 1g is the 2-form integrated over the corresponding surface and uy g sw the 1-form
(flux) integrated over the northern, eastern, southern and western line. The d-operator in
(2.14d) is the coboundary operator which is a mapping of a k-chain unto a (k + 1)-chain
and is the discrete counterpart of the exterior derivative. Dividing the domain into cell
complexes allows to create incidence matrices relating the different cochains through their
exterior derivative. These incidence matrices are sparse and consist of -1, 0 and 1, representing
the metic free and discrete derivative of k-cochains unto (k + 1)-cochains.
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2.2.3 Reduction, Reconstruction and Basis functions

The reduction operator, R, maps a k-form unto a k-cochain. The reduction results in a
collection of values at the k-cells. The reduction of the inner 0-form, ¢, and 1-form v as well
as the outer 1-form, u, and 2-form, v, are shown in (2.15) for Lagrange polynomials.

RO(¢) = {¢i,j}£vz73/lj:0 (2.152)
R (v) = {{uij}io)” 1= _o» {vig oo 0,- N (2.15b)
R (w) = {{pi }ilo, == clagiet—od (2.15¢)
R2(W) = {ijhiot (2.15d)

The reconstruction operator, Z, introduces the basis functions and reconstruct a continuous
differential form from the discrete k-cochain values, this is shown in equation (2.16).

N M
n) =YY ¢i;hi(&)hi(n) (2.16a)

W N o
m) =Y uigei(©hi(n) + Y > vighi(€)e;(n) (2.16b)
i=1 j=0 i=0 j=1
N M N M
m =YY pihi(€)eim) + YD qijei(©)hy(n) (2.16¢)
i=0 j=1 i=1 j=0
N M
@) En) = D> wijei©)e;(n) (2.16d)
i=1 j=1

(2.16¢)

where h are the Lagrange basis functions as defined by (2.21) and e, the edge basis function
derived from the Lagrange functions as shown in (2.17) for i = 1...N.

s
=~ kz (2.17)

The reconstruction of a reduction (Z o R) equals the projection and is not exact, but an
approximation. The reduction of a reconstruction, however is exact.

2.2.4 Mimetic Discretization

Using the ingredients from differential geometry, algebraic topology and the reduction and
reconstruction, the term V¢ is discretized as follows. First the O-form ¢ is reduced to a
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collection of 0-cochains living on the vertices of the cell complex. Next, the gradient is
applied to the reconstructed term as follows.

N M
V(i) (1,6) =V (ZZQf)i,jhi(f)hj(n) (2.18a)

=0 j=0
N M N M
= (Z D (Di = Sim1)ei©hi(m) + DY (i — dig-1)hi(€)ej(n)
i=1 j=0 =0 j=1
’ ’ (2.18b)
e (M (ENT
_ [ 2(77)}6](9] [hi(n)gj(f)]T] E1 0[] (2.18¢)

where E g is the incidence matrix representing the discrete codifferential relating the 0-cocain
to the 1-cochain. (2.18¢) shows the matrix representation which is used to create the solvable
system of equations.

Similarly, the 1-form, u, can be written in matrix formation as shown in (2.19).

(2.19)

le4(€)h; ()] (hi(n)es (€))7
(2.20a)
i [([Ra©)es ()], lei (s ())F) 0 y
= lais)] [ 0 ([el(am(n)},[hxn)ej(g)]T)] Erolgis]
(2.20b)
_ _[pi,j]-TM~ Evoli ] (2.20c)
i) BrTHOM '

where Mj, is the mass matrix constituting of all metric dependent relations between the
outer-oriented 1-form u (hence the”) and the inner oriented 1-form V¢. The inner products
are restricted to the basis functions and determined using Gaussian quadrature since Gauss-
Lobatto-Legendre nodes are used. Using GLL nodes also reduces the influence of Runge’s
phenomenon on high order polynomials as compared to evenly spaced grid points.
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2.3 Hermite Interpolating Polynomials

2.3.1 Description

In order to mathematically describe the Hermite interpolating polynomials, it is necessary to
define the Lagrange basis functions as follows

T — Ty

0<m<k "I T
ms

where 0 < j < k and for which the following is true on the domain [—1 1]:

if i = j
hi(z;) = {(1) if;é; (2.22)

The polynomials of the 1st, 2nd and 3rd order are shown on the left in figure 2.3. Using the
Lagrange polynomials the Hermite polynomials are defined as follows

Hi(z) = (1 =2 hli(x)(x — ;) - h? (2.23)
Hiypir () = (2 — x;) - hi; (2.24)

where 0 < ¢ < k and the following applies.

Lo 0 i
Hw) =< "7 H@y={ """ (2.25)
0 ifi#y 0 ifi#y

0 ifi=j
0 ifi#j

1 ifi=j

0 ifisj (2:26)

Hiypy1(z;) = { e (7)) = {

So, Hermite polynomials of the first kind (kK = 1), consist of a total of 4 polynomials on a
single element which either have a value 1 at a boundary or a derivative of 1 at a boundary,
while the value and derivatives at the other boundaries are 0. The Hermite polynomials of
the 1st and 2nd kind are shown on the right hand side of figure 2.3.
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Figure 2.3: Top left: Lagrange Polynomials of the 1st order (black) and 2nd order (green).
Bottom left: lagrange Polynomials of the third order (yellow). Top right: Hermite Polynomials
of the 1st kind (3rd order, red). Bottom right: Hermite Polynomials of the 2nd kind (5th order,
blue).

2.3.2 Interpolating Properties

In order to test the interpolation properties of the proposed polynomials a 2-dimensional
smooth function is interpolated, defined by:

#(X,Y) = sin(wr X) sin(wrY’) (2.27)

where w is the wavenumber. The functions is interpolated using different polynomial orders for
increasing number of elements in both X- and Y-direction. Figure 2.4 shows the interpolation
error using Lagrange polynomials (nD = 0) and Hermite interpolating polynomials (nD = 1).
The results show the expected order of convergence of Ppo,ger + 1.
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@(X,Y)sin(wvnr*pi.*X).*sin(wvnrpi.*Y)

10°
10° .
S
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P=7|nD=0
P=1|nD=1
P=2|nD=1
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10—15 |
10° 10" 102

Number of elements

Figure 2.4: Interpolation error for a 2D sin function using nD derivatives and P number of internal
elements.

2.3.3 Hermite Interpolating Polynomials applied to mimetic theory

Applying the hermite polynomials to a mimetic discretization in two dimensions results in a
set of 49 basis functions making up the 3 main variables. O-forms are constructed from 16
basis functions, 1-forms from 12 basis function in every direction (32 in total) and 2-forms
from 9 basis functions. Figure 2.5 shows the 2-dimensional set of basis function necessary to
construct a solution at the lowest order of P = 1, equivalent to third order polynomials. The
reduction and reconstruction of variables using Hermite polynomials is shown in section 3.3.1
and 3.3.2 respectively.

An overview of the resulting mass matrices are shown in figure 2.6 and figure 2.7, whereas
the incidence matrices are shown in figure 2.8 and figure 2.9.
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E10

equations

unknowns

Figure 2.8: E10 incidence matrix using
Hermite polynomials of the first order and
16 elements.

2.4 Summary

E21
T

equations

unknowns

Figure 2.9: E21 incidence matrix using
Hermite polynomials of the first order and
16 elements.

In this chapter the pollution error has been derived and shown to be fundamental to the most
widely applicable discretization methods. The error depends on the mesh size, h, polynomial
order, p and wavenumber ,w as investigated by [22]. Hermite interpolating polynomials are
introduced and analysed with respect to convergence rates in 2 dimensions. In accordance
with Lagrange polynomials, Hermite polynomials show an interpolation error which reduces
by order O+1 as expected. This error is also expected when verifying the implementation

of the model presented in the following chapter.

When applying hermite polynomials to

mimetic theory in 2 dimensions, a set of 49 basis functions is constructed at its lowest order,
P = 1. In the following chapter the implementation of Hermite polynomials in a least-squares
formulation of the Helmholtz equation is presented.

Peter Klaas Christiaan Lok
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Chapter 3

Helmholtz discretization

The physical representation of variables is of paramount importance to mimetic theory. There-
fore the Helmholtz equation will be regarded as model for acoustic waves and will be derived
as such in section 3.1. The Helmholtz equation is deconstructed to a 4-variable, 5-equation
system of equations and minimized according to the LS principle in section 3.2. The Hermite-
derived test functions will then be applied to discretize the functional and define the system of
equations. The boundary treatment is discussed and errors are defined. Finally different in-
terpretation of the Helmholtz equation will be discussed in relation to the previous presented
model.

3.1 Derivation - Acoustical Disturbances

In order to physically understand the variables involved in the Helmholtz equation, the theory
of acoustical disturbances is applied [8]. This is achieved by linearizing the fluid flow equations
around a hydrostatic solution and assuming time-harmonic variations. The idea behind this
method is to first solve the flow equations to obtain the flow field. A small perturbation
determined by linearized equation results in the waves of interest. The Helmholtz equation
is obtained by linearizing the isentropic Euler equations as shown in (3.1a) and (3.1Db).

op B

%’T—i—(u-V)u—i—Vp:F (3.1b)
Ip 2

-r 1
9 c (3.1c)

where p is the density, u the velocity and p the pressure variable. F' represents the external
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20 Helmholtz discretization

forces and c the isentropic constant relating pressure and density. Assuming zero mean flow
and applying the equation of state (3.1c) results in the first order system of equations as
shown by (3.2). The pressure and velocity variables have been separated and linearization

has been applied to both variables independently, leading to the normalized variables, p = =

PO
and f = L A different way is to approach the product of density and velocity as momentum

and apply variational calculus to this variable. While the latter interpretation more closely
represents the nature of the equations, the former is chosen. Where the variables pressure,
density, velocity and flux can be represented by differential k-forms, momentum requires the
theory of vector- and covector-valued k-forms. The application of this theory in combination
with computational methods is relatively immature and too advanced for this thesis [19].

iwp + AV -u =0 (3.2a)
v-iwu+ Vp=f (3.2b)

L +1 Helmholtz equation
where v = .
7 -1 Reaction-Diffusion equation

Ap+’y<%>2pzv-f (3-3)

The introduction of mimetic theory leads to two different interpretations of (3.2), inner- and
outer-oriented, shown respectively in (3.4) and (3.5). Where velocity, v, and flux, u=1 as
well as volume- and point-associated pressure, (™ and ¢(?), are each others dual, related by
the Hodge star operator, x. (3.6) and (3.7) are the reconstructed single-variable, respectively
inner- and outer-oriented, Helmholtz equations.

iwd® + 2a*vH =0 (3.4a)

- iwv®) 4 de® = f1) (3.4b)

iwg™ + AduD =0 (3.5a)

v - iwu™ Y 4 @) = =) (3.5b)

d*do© + v (;) »© = q*fM (3.6)
x 1 (n w2 n n—

dd*y™ + ~ (E) p™ = q -1 (3.7)
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Combining both inner- and outer-oriented relations and rewriting the codifferentials using
their dual variables leads to a four field system of equations (3.8). A fifth relation is added
to ensure the solution to be curl-free (3.8e). In this setting, equations (3.8a) and (3.8b)
are the constitutive relations involving non-exact Hodge-star operators, whereas equations
(3.8¢), (3.8d) and (3.8e) are metric-free and exact relations. The external forcing is defined
as a vector and co-vector as derived from the conservation of momentum relation (3.1b). By
defining fM) = df©® and f 1 = xdf(© a point-wise specification of the forcing is allowed.

iwd® —  x du Y =0 (3.8a)
v -iwu™ ) — xdg©) = =1 = 4q £©) (3.8b)
~ - iwv® 4 de® = af© (3.8¢c)
iwp™ + AduM =0 (3.8d)
dv =0 (3.8¢)

The minus sign in (3.8a) and (3.8b) originate from the identity, d* = (—1)*(*+D+1 & dx.

3.2 Least-Squares problem definition

In choosing a solution method for the constructed system of equations, the indefiniteness of
the standard Helmholtz equation formulation has to be taken into account as will be shown
for the problem defined by (3.3), with ¥ = k. An indefinite problem formulation is especially
undesirable when solving large problems using iterative solvers as discussed by [12]. In order
for the problem to be definite, the variational form of the homogeneous equation must be
bound by an appropriate norm of the dependent variable, p. For indefinite problems, an
increase in accuracy of the variables representation will not necessarily result in a reduction
of the residual, which is undesirable. The variational sesquilinear form, L(a,b) : H; x Hy — C,
where H; and H, are respectively trial and test spaces, is defined as follows.

L(p, ¢) = (Ap, ¢) + 7k*(p, ¢)
= (Vp,¢) — (Vp, V) + vk (p, ¢) (3.9)
=—(Vp, Vo) + k2 (p, &) for homogeneous boundary conditions

—~

whereas the k-dependent H'-norm of the dependent variable p is defined as follows.

Pl )6 = IVDIZ2 + K2[IplI7 (3.10)
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For the problem to be definite, the variational form L(p, p) must be bound by the norm 3.10.

L(p,p) = IVpli2 — K*[IplZ: (3.11)

Due to the different signs, the variational form cannot be bound below by the norm and is
therefore indefinite. Furthermore, the eigenvalues of the variational form will be negative
when k2 > A1, where \; is the smallest eigenvalue of the Laplacian and the problem will be
ill-defined when k2 = \,,.

As discussed in chapter 1.2.1, multiple methods exists to transform the indefinite Helmholtz
equation into a (semi-)definite formulation. For this problem a least-squares discretization is
chosen since it provides the most natural way of reconstructing the ideal Rayleigh-Ritz setting
of an indefinite problem [17]. The definiteness of the least-squares problem will be discussed
further in section 3.2.2 after defining the least-squares problem in 3.2.1.

3.2.1 LS Functional

The least-squares functional and minimization principle associated with (3.8) are defined as
follows.

1
(6,05 7) = 3 (I3 (196 — e dw) [, + 1y - iem = g — £V + -
! |
Iy i+ do — df %, + 1 (iwe + cPdu) &, + lav]%, )
min  7((6,), (0w ) 313

(¢,v)EU,(3p,u)eV

where X, are the data spaces and U and V the solution spaces. The data spaces are L%(Q)
and the solution spaces are defined as U = H(Q) x H(curl,) and V = (L?(Q))" x H(div, ),
where 2 € C". As shown in chapter X, the mimetic discretization results in an exact repre-
sentation of the relations which do not include a Hodge-star operator (x). Therefore excluding
these relations from the functional will reduce the number of variables considerably and does
not impact the accuracy of the solution. The least-squares problem that will be solved is
therefore defined as follows.

1/.1
T(@oui f) = 5 (112 (w06 — = du) [+ 1y - i = xdo — FOV 3+ (3.14)
i J(6,u; f) (3.15)
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where U = H'(Q)) and V = H(div,§2). Subsequently, the exact relations can be solved for
the remaining variables, v and 1, by simple algebraic relations.

3.2.2 Norm-equivalence

The norm-equivalence of the functional defined in section 3.2.1, is determined as follows.

1, .
J(p,u;0) = ||= (iwp+ AV -u) [I§ + ||y - iwa + Vpl[ (3.16)
pelU,ueV c

where U = HY(Q) and V = H(div,2). When expanding the terms in (3.16), applying
integration by parts and taking into account the homogeneous boundary conditions, the
following result is obtained.

w2 .
T, w0) = () I3 + 19pI3 + 72wl + 2V - wld + (1+7) i [(w, Vp)y — (Vp, w))
peU,ueV (&
(3.17a)
w2 2 2 2 2 2 2 ~
T, w0) = (2) Il + IVpI3 + < [ulf + 7 - ullf = (1 +7) - 209m {(u, Vp)o}
pelUueV c
(3.17b)

The first four terms of the residual (3.17b) can be bound by the appropriate norms of p
and u, however, the last inner product cannot be bound by a norm on p or u and there-
fore the standard least-squares formulation of the Helmholtz equation is still indefinite. For
v = —1, the last term vanishes and norm-equivalence is achieved, which is the case for the
reaction-diffusion equation. When designing a least-squares method a trade-off must be made
between practicality and norm-equivalence. In order to achieve a norm-equivalent definition,
fractional norms or negative Sobolov norms are required [17]. Since this project focuses on
the discretization of the problem, practicality has been chosen over norm-equivalence.

3.2.3 Minimization of the LS functional

Minimization of the least-squares functional specified by (3.14), according to the principle
(3.15) is achieved by applying variational analysis as defined in (3.18).

DJ(¢ + €p,u + en)
Oe

(3.18)
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The step-by-step minimization is shown in appendix A. The resulting system of equations,
after applying integration by parts on the cross-variable terms (Vg?), u) and (@, V¢), is defined

as follows:

(3.19)

where Re{(a,b)} = (ar,b;) + (ai, b;), Im{(a,b)} = — (ar,b;) + (a;,b;) and (a,b) represents
the boundary product.

Expanding the system in terms of real and imaginary parts results in an continuous system
of 4 equations with 2 scalar and 2 vector unknowns. The next step is to discretize the
inner products according to the mimetic method and introduce the Hermite interpolating
polynomials as basis functions.

3.3 Discretization

The system as stated in (3.19) consists of inner products which will be discretized using the
theory stated in section 2.2. This section will state and discuss the general discretization;
the problem-specific characteristics will be discussed in alongside the results in the following
chapter.

3.3.1 Reduction, R

The continuous variables ¢, v, u and v are reduced as follows.

N,M
™0 = {1 ;}i20.1—0
oL N,M
01 ¢1,0 = {<T£>ij}i:07jzo
RYY(¢) = . {(ﬂ) : }N7M (3.20)
=\ gyt ). Ji=0,5=0
9191¢ N,M
¢1,1 = {(3513$§i,j}i:0’j:0
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( N,M,N,M
{020, u*0} = {”ijv“k,l}izl,j:o,kzo,lzl

10,10 ol N,M,N,M

1,1 {0 fu Ty = {<3§1> ij’ (8;1‘)k l}izo’jzo’kzo’lzl

RY(v) = 01,011 . Y (ot N.M.NM (3.21)
{'U , U } = { 6771 k l}

ant i=1,j=0,k=0,1=0

11,11 . ( 8181 ) ( 99y ) N,M,N,M
pbl b1l .= e
{v*, b=A ogtont ) ; i \ oglont k’l}Z—O,jf[),ka,lfO

N,M,N,M
(™0, ¢"0} = {pi, q’ﬂvl}i:O,jzl,kzl,l;Q
1,0 1,0 d'q N,M,N,M
" "¢} = {<551) <a§1) }i:(),jzl,k:O,lzo
B a) =0 o1 o1y 2 (2 ) (29) }N,M,W (3-22)
’ : 8771 i,j’ 87]1 k,l i=0,j=0,k=1,l=0

1,1 1,1\ . 9'o'p 8'9lq N,M,N,M
rq }'_{(aglanl i \ogian! kl}izo,j:O,k:O,l:O

w0,0 - {wld}z 1,5=
- P10 = {(?9511&) J}£V7(])\,4j:1
R (¢) = {(811/;) }N,M (3.23)

i=1,j=0

11 . Doty N
7/} _{< acTont | . }7, =0,5=0

where R™! is the reduction of the n-form to the 1-derivative of the n-chain. The inner-
oriented variables ¢ and v are discretized on a N x M grid, while the outer-oriented variables
u and ¢ are discretized on a N x M grid. Reducing a continuous variable results in an
approximation error. In this research, reduction up to the first derivative is applied to create

a C'-continuous solution. In short, the reduced values will be defined as d)??’d", where d,, and
d,, are the derivatives in the respective directions.

3.3.2 Reconstruction, /

The reduced coeflicients are recombined into continuous functions as follows.

I Z Z ZZ¢ (€S () (3.24)

de¢=0dy=0 =0 j=0

N M D d () d

w; 5 hit (§)ej(n)
D
>

b (3.25)
3" ufe M hE (€)dnd ()
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=0
N M D et NMDDddd (3.26)
33N S e s ©dnt () - 303" ST ST gl dnit (€)hS ()
1=0 7=0 d¢=0dy,= 1=0 j=0d¢=1dyp=
N M D N M
PW)&n) = DD vige€en) + 37 30D 0" eil€)dh ()
o i=1 i=1 dn:~1 z:~1 j=0 (327)
D N M 4o p D D N M dod 4 p
F YD D Wi dh S (©eitm) + Y0 Y YD s dhit (€)dhs (n)
de=11=0 j=1 de=1d,=1 i=0 i=0

The corresponding hermite basis function have been discussed in section 2.3. By applying
these reconstructed functions to the derived system (3.19), a discrete system of equations is
obtained, consisting of mass and incidence matrices. The extensive derivation is shown in
Appendix A.

3.4 Boundary Treatment

A Helmholtz domain is either bounded or unbounded. In the case of bounded domains, such as
the single wave function in section 4.1, the values at the boundary are known and substituted
into the discretized model, the boundaries are therefore enforced. When looking at free
wave entering or leaving the domain, a robin boundary condition, known as the Sommerfeld
radiation condition, is applied and defined as follows.

o6
o + iwp = iwg (3.28a)
iwa - N+ iwe = iwg (3.28b)
u-n+o=g (3.28¢)

where ¢ defines the wave entering the domain and the left hand side allows waves in the
domain normal to the boundary to leave without reflection. In this case, however, reflections
may occur since only waves in a single direction (normal to the boundary) are allowed to leave
the domain. Since The direction is known in the case of a plane wave, this is no source of
error. When looking at scattering problems, unwanted reflection may be observed at the open
boundaries. Alternatively the boundary may be rewritten as an integral relation to reflect the
infinite domain behind the boundary resulting in a additional system of equations. Another
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way to deal with an infinite domain is to create an absorbing layer which quickly dampens
the waves leaving the domain. However, both methods result in additional computational
models as well as resonance modes for certain wavenumbers [29]. In order to simplify the
model, the additional reflections are taken for granted when modelling scattering problems.
In contrast to enforced boundary conditions in bounded domains, natural boundary conditions
are applied to unbounded domains, in which case the prescribed (Robin) boundary condition
is substituted to the continuous model and consequently discretized and minimized as well.

3.5 Error definition

In order to establish the accuracy of the resulting model, the following errors will be deter-
mined. In the first place the L? error as defined by (3.29).

L2 = [|¢p — Gexllr2 + |V = Vezll2 + [0 — exl[ 2 + ¥ — Vx| L2 (3.29)

Since C''-continuous function are applied, also the H' error is determined as defined by (3.30)

H1 = [|¢ = Peallr2 + VO = Vdeallr2 + [V = Veallp2 + [V - v =V - vea | 12+

(3.30)
[u— ez + IV -u—V- el +[|¥ — Yezllr2 + [|VY) — Viber | 12

Due to time-limitations it is chosen not to determine and analyse this error, however it is
recommended for future research.

The Helmholtz equation is subject to frequency dependent errors, therefore the best approx-
imation error will be determined as well, both L? and H'. Since the best approximation is
determined by the interpolation accuracy, the solution is independent of frequency, this will
allow for an accurate assessment of the frequency dependent error development.

The best approximation error is determined by minimizing the following functional

J = ¢ — pexllr2 (3.31)

where ¢ is reduced and reconstructed according to section 3.3.1 and 3.3.2 and ¢, is reduced
using the same trial (basis) functions, but using test functions of higher order. Convergence
test showed a minimum order of 2-O(trial) was sufficient to determine the best approximation
error.
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3.6 Finite Element Model

For additional comparison of the results, two similar finite element problems are solved. In
the first place a 1-equation finite element model as defined by (3.32)

(#.20) +7k2 (6,06) = (3.V-£) =0 (3.32)

Secondly a two-equation finite element model is constructed defined by (3.33)

(81iw0) + (627 -u) =0 (3.33)
v -iw (@, u) + (1, Vo) — (a, f) =0 (3.33b)

3.7 Summary

In this chapter the two-equation Helmholtz equation is naturally derived by linearizing the
fluid flow equation around a hydrostatic solution and assuming time-harmonic variation. The
system of equations is expanded in a four field system by interpreting the two-equation model
as inner- and outer oriented. A least-squares minimization definition of the constitutive rela-
tions is chosen since it provides a natural way of dealing with indefinite problems. However,
it is shown that a definition with L2-norms is not norm-equivalent and therefore practicality
has been chosen over norm-equivalence. Since the variables are complex-valued, minimizing
the least-squares functional results in a system of 4 real valued equations. Both inner- and
outer-oriented variables are reduced on the same N x M grid and reconstructed using the
Hermite polynomials. The resulting inner products are defined in terms of mass- and inci-
dence matrices resulting in a full set of equations. The boundaries of unbounded domains are
modelled using natural boundary conditions in the form of the Sommerfeld radiation condi-
tion, which is a Robin boundary condition. The resulting reflections, in case the outgoing
wave direction is unknown, are taken for granted. The bounded domains are modelled using
enforced Neumann or Dirichlet boundary conditions. L2, H1 and best approximation errors
are defined where it is chosen not to use the H1-errors due to time-limitations. Finally, the
problem has been defined using 1- and 2-equation Finite Element formulation for comparison.
In the next chapter the code will be verified using a single sinusoidal wave on the reaction
diffusion equation (v = —1). The pollution error will be analysed by a plane wave experiment
and a diffraction and interference problem will be shown.
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Chapter 4

Numerical Experiments

In order to establish the performance of the proposed method, several experiments have been
conducted. In the first place a single, two dimensional, sinusoidal wave has been modelled to
verify the method and determine the convergence properties. Since the main purpose is to
verify the implementation of the polynomials as well as the construction of the various mass
and incidence matrices, a real valued problem has been chosen. Therefore a different four-
field derivation has been chosen to correspond to the domain in R?. Secondly a plane wave
is modelled to analyse the wavenumber-dependence of the errors according to the derivation
in C2. Thirdly a diffraction model has been set-up. The developed code for the single wave
in a square domain can be found in Appendix B.2 and the code used to model the diffraction
problem is attached in Appendix B.1. Additionally, the functions creating the mass matrices
and polynomial basis functions are attached in respectively Appendix B.3 and B.4.

4.1 Single sinusoidal wave

In order to verify the implementation of the hermite polynomials and analyse convergence
characteristics, the Helmholtz equation is solved using v = —1, which, in this case, corresponds
to the reaction-diffusion equation. The equation is decomposed in a four-field system starting
from (3.3).

2
Ad+ (%) b=V fr-D (4.1)
The external forcing, f, is obtained from the exact solution and implemented as 0-form,

therefore instead of using V - f=1 £(0) is used. This leads to the following mimetic four-
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field decomposition.

Vo+u=0 (4.2a)
WA 2
—V'“”(z) b= f (4.2b)
Vo+v=0 (4.2c)
—V-u+yv=0 (4.2d)
with
f(x,y) = (=2 + ~)k*sin(kz) sin(ky) (4.3)

where, k = (£). On the domain [0,1] x [0,1], where the exact solution, shown in figure 4.1,

is defined as

¢(z,y) = sin(kz) sin(ky) (4.4)

-
|

Figure 4.1: Exact solution using v = 1 and k = 27.

Both inner- and outer oriented variables are solved on the same grid, therefore N = N. The
system has been solved using second to fifth order (P = 2...5) Lagrange polynomials (nD = 0)
as well as first and second order (P = 1...2) Hermite polynomials (nD = 1), which correspond
to third and fifth order polynomials. The h-dependent L?-error is shown in figure 4.2 for the
various variables. The results show that the order of convergence equals O(RN*1) for ¢ and
O(RN) for the variables v, u and 1 as expected. This result is equivalent to the obtained
interpolation convergence rates from section 2.3. Where the constitutive relations (4.2a and
4.2b) are approximated, the fundamental relations (4.2c and 4.2d) are solved up to machine
precision as can be seen in graphs 1 and 2 of figure 4.2. The use of Hermite interpolating
polynomials does not show a clear distinction in convergence rates. However, when plotting
the error as function of the number of unknowns, as shown in figure 4.3, a small distinction can
be noticed. The number of unknowns required to solve the problem is less when applying the
C' continuous polynomials, therefore making the method more cost-efficient as compared to
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the use of Lagrange polynomials. However, two downsides arise as well. Firstly, constructing
the problem is more complex, in particularly constructing the various matrices. Secondly, the
amount of boundary information necessary to accurately calculate the solution is increased,
since information about the derivatives is needed as well.

4.2 Plane Wave Experiments

As shown in the previous section, the implementation of Hermite polynomials does not effect
the convergence rate of the solution. In this section the Helmholtz equation (y = 1) is solved
in C? using the derivation as defined in section 3.8. The solution will be analyzed for its
k-dependence instead of the earlier analyzed h-dependence. This will allow for a conclusion
about the pollution error as defined in section 2.1. Figure 4.4 shows the pollution of the
solution of a single wave due to the discrepancy between the physical and numerical wave
number. Since the wave is defined at the lower left and bottom edges, the phase error is
shown to increase in the direction of propagation.

4.2.1 'Wave propagation error

In order to investigate this propagation error the following problem is defined.

iwp — 2 xdu=0 (4.5a)
v iwu — xdg = 1) = 4d f©) (4.5b)
v -iwv +do =dfO (4.5¢)
iwt + c2du =0 (4.5d)

on ) = [0,1]? and

u-W-g=g (4.6)
on 02, with

f(.%’, y) — k2 (,}/ _ 1) expfik(mcos 0+y sin 0) (4‘73)

9(x,y) = ¢(x,y)(na(z,y) cos 6 4 ny(z,y) sinf — 1) (4.7b)

where ng(x,y) and ny(z,y) are the unit normal vector components in x and y direction. The
exact solution is defined by
¢($,y) — expfik(xCOSGersinO) (48)

The Robin boundary condition specified in (4.6) is defined as a natural boundary condition
and therefore included in the continuous model, discretized and approximated. The variables
are expanded as show in section 3.3.2 where the following applies.
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Figure 4.2: h-convergence for the inner-oriented (¢ and vvec) and outer-oriented (u ) variables
as well as h-convergence for the fundamental relations V¢ +u =0 (1) and =V -u+v¢ =0 (2).
Orders 2 to 5 for the Lagrange polynomials (nDeriv = 0) and orders 1 and 2 for the Hermite

polynomials (nDeriv = 0).
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—V-u+1 =0 (2). Orders 2 to 5 for the Lagrange polynomials (nDeriv = 0) and orders 1 and
2 for the Hermite polynomials (nDeriv = 0).
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Figure 4.4: The increasing phase error in the direction of wave propagation as defined by
ITm{¢p} — Im{pes }|, using k = 707, P =2, nD =0 and 0 = 45deg

¢"(&,m) e PVM (4.9)
vi(e,n) e PN-LM o pNM-L (4.10)
u (&, ) € PN -1 pN-LM (4.11)
Wh(e,n) € PN-LA-1 o pN-LM-L (4.12)

(4.13)

where N = M = N = M is the polynomial degree on the subgrid. The inner- and outer
variables are therefore defined on the same grid. The grid is divided into equal elements for
which the size h is defined by h = m, where Nwv is the number of elements per wave.

Figure 4.5 shows the relative error of the variables ¢ and u with respect to the best approxi-
mation using the same spaces for a plane wave at 45 degrees using 4 elements per wavelength.
As expected, the error increases with increasing wave number for all methods. The results
using Hermite polynomials (nD = 1) correspond to the result using Lagrange polynomials of
the same order (3th and 5th). Figure 4.6 shows the absolute error in ¢ and u respectively
as function of wavenumber. When comparing the two variables, the pollution error is more
prominent in ¢, although the absolute error is smaller for ¢. The latter observation can be
attributed to the higher polynomial order for ¢ (order P for ¢ with respect to order P — 1
for u).
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Figure 4.5: Relative error in ¢ and u as function of the wavenumber for 4 elements per wavelength
at an angele of 45 degrees.

That said, the number of unknowns required is considerably lower when using Hermite poly-
nomials as shown in (4.14) and table 4.1. Where the convergence rates, absolute error and
wavenumber dependent error for hermite polynomials of order P corresponds to Lagrange
polynomials of order 2P + 1, the number of unknown corresponds to Lagrange polynomials
of order 2P. Therefore, the use of Hermite polynomials is more cost-efficient with respect to
lagrange polynomials.

nD =0: Npodes + Nedges (4.14a)
nD=0: (PN+1)(PM+1)+ (PN +1)PM + (PM +1)PN (4.14D)
nD =0: 4 Nnodes + (2 Nedges + 4 Nnodes) (4.14c¢)
nD=1: 8-(PN+1)(PM+1)+2-((PN +1)PM + (PM +1)PN) (4.14d)

In order to investigate the convergence even further, figure 4.7 and 4.8 show the same results
using only 2 elements per wave. The solution deteriorates for the highest order polynomials at
k = 50, where quadratic Lagrange elements are unreliable for more then 1 wave in the domain.
It can be said that using Hermite polynomials the robustness of the solver with respect to the
wave number increases, higher wavenumbers may be calculated accurately using less variables
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Figure 4.6: Error in ¢ (left) and u (right) as function of wavenumber for 4 elements per wave-
length at an angle of 45 degrees.

Table 4.1: Number of unknowns for various methods using N = M = 20.
nodes | edges | unknowns
nD=0,P=2| 1681 3280 4961
nD=0,P=3| 3721 7320 11041
nD=0,P=4] 6561 12960 19521
nD=0,P=5 | 10201 | 20200 30401
nD=1P=1 441 840 5208
nD=2P=2] 1681 3280 20008

as compared to Lagrange polynomials of the same order. However, it does not exceed the
performance when using Lagrange polynomials of the same order.

4.2.2 Comparison between 1 and 2 equation FEM models

Figure 4.9 shows the relative error in ¢ with respect to the best approximation for the 1-
equation fem model as described by (3.32) and figure 4.10 shows the same error for the
2-equation fem model as described by (3.33). The results show the same deterioration with
respect to the wave number, although lower compared to the least-squares formulation. This
may be attributed to the lower condition number for the finite element formulation. Since
the least-squares variational formulation in its current form does not provide benefits over
the Galerkin finite element formulation, it is recommended to either alter the least-squares
formulation to a definite form or use the finite element formulation for future research.

4.3 Diffraction

The third and last problem is a characteristic diffraction problem in which a plane wave
passes an opening and is diffracted in all directions. The domain has been divided into 6
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Figure 4.7: Relative error in ¢ and u as function of the wavenumber for 2 elements per wavelength
at an angele of 45 degrees.

different blocks as shown in figure 4.11. The internal edges between the blocks are merged
and boundary conditions are applied. The boundary between blocks 1 and 2 and 5 and 6 are
set as walls with

o¢
@ _ . 4.15
on ’ (4.15)
where n is the unit normal vector pointing outwards (to the right for blocks 1 and 5 and to
the left for blocks 2 and 6). This condition ensures all waves are reflected at the wall. The

boundaries on the left side are set by the Robin boundary condition.

—gi + iwp = 1wg; (4.16)
where g is defined as an incoming plane wave in horizontal direction. The vertical boundaries
at the right side of the domain are to allow waves to leave the domain and to restrict reflections.
As discussed in section 3.4, the Robin boundary condition allowing waves to leave in a single
direction is chosen due to practicality since no additional system of equations is required to
model the infinite domain.

The top and bottom boundaries on the right hand side are modelled in two different ways.
In the first place a diffraction model is calculated in which the boundaries are set as an open
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Figure 4.8: Error in ¢ (left) and u (right) as function of wavenumber for 2 elements per wave-
length at an angle of 45 degrees.

boundary as with the vertical boundary on the right. Secondly an interference model is set-
up, for which the top and bottom boundaries are periodic, representing an infinite wall with
multiple slits from which diffracted waves interact in the domain.

Figure 4.12 shows the diffracted wave pattern for a wavenumber of 8 and a slit size of three
wavelengths. The solution is calculated using 4th order Lagrange polynomials. In order to
verify the solution, the minima (or dark fringes) are calculated. Minima are created when
waves from one half of the slit cancel out the waves from the other half of the slit. The angles
at which these minima occur are determined analytically by

wsinf = nA (4.17)

where w is the slit size, A the wavelength, n an integer and 6 the angle at which the minima
occurs corresponding to the integer. The minima are shown in the figure by the white lines
originating from the center of the slit. As can be seen, the analytical minima correspond well
with the model.

Since the incoming wave is modelled as a plane wave, an undisturbed plane wave is to be
expected on the left hand side of the domain. However, disturbances are visible which may
be due to reflections from the unbounded part of the domain as discussed earlier.

Figure 4.13 shows the interference pattern using wavenumber 8 and a slit size of three wave-
lengths, whereas figure 4.14 shows the interference pattern using a slit size of 1 wavelength.
Again reflected waves are visible in the domain due to the limited boundary condition at the
free boundaries. Figure 4.15 shows convergence of the solution when increasing the polyno-
mial order from 1 to 5. The solution is plotted at distance 1.5 behind the slit. The solution
has visually converged at polynomial order 3.
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Figure 4.9: Discretization error relative to best approximation as function of wave number for 4
elements per wavelength, theta 45 degrees using a 1-equation finite element method (3.32).

4.4 Summary

The results of the mimetic discretization of the Helmholtz equation with Hermite polynomials
have been presented. The model has been verified using a single sinusoidal wave and v = —1,
which reduced the Helmholtz equation to the sign-definite reaction-diffusion equation. The
errors in all variables correspond to the expected interpolation error as determined in section
2.3.2 and the fundamental relations have shown to be solved to machine precision, which
justifies, leaving these relations out of the least-squares functional. The use of Hermite poly-
nomials shows no advantage in terms of h-convergence order but is more efficient when related
to the number of unknowns. This can also be deduced from the plane wave experiments; ap-
plying Hermite polynomials leads to results of polynomial order P at the cost of P — 1. The
same is valid with respect to the pollution error, the polynomial order defines the pollution
effect, however the cost for higher polynomial order is lower when using Hermite polynomials.
When compared to 1- and 2-equation finite element methods, the finite element formulations
show a smaller pollution effect due to the lower condition number. The diffraction model has
been modelled using no derivatives. This was not achieved due to time limits. The mimetic
discretization using Lagrange polynomials, however shows diffraction patterns as expected.
Unwanted reflections occur in the domain due to the simplified Sommerfeld boundary con-
ditions at the unbounded domains. The dark fringes at which the waves are cancelled out
correspond well to the theoretical minima. Increasing the order of the model shows conver-
gence of the solution behind the slit which indicates a correct and accurate implementation
of the method.
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Figure 4.10: Discretization error in ¢ relative to best approximation vs.
elements per wavelength, theta 45 degrees using a 2-equation finite element method (3.33).
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Figure 4.11: Mesh blocks for polynomial order 4, 1 element per wave and wavenumber 4. The
boundary between blocks 1 and 2 and 5 and 6 are set to be walls, whereas the boundary between

block 3 and 4 represents the slit.
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)

Figure 4.12: Diffraction model for wavenumber 8, a slit size of three wavelengths, polynomial
order 4 and using no derivatives.

i) )}

Figure 4.13: Interference model for wavenumber 8, a slit size of three wavelengths, polynomial
order 4 and using no derivatives.
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Figure 4.14: Interference model for wavenumber 8, a slit size of one wavelengths, polynomial
order 4 and using no derivatives.
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Figure 4.15: Convergence of the solution for orders 1 to 5 at distance 1.5 behind the slit
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Chapter 5

Conclusions and Recommendations

5.1 Conclusions

In this project, a numerical mimetic discretization is applied to model the high frequency
Helmholtz equation in two dimensions using Hermite interpolating polynomials. The use of
these C'-continuous polynomials in a 2D mimetic discretization is a novel approach to tackle
one of the most challenging problems in scientific computation according to Zienkiewicz [35],
i.e. overcoming the pollution error to model high frequency waves in large and complex
domains. The main question is therefore to what extent this new approach efficiently and
effectively models high frequencies as described by the Helmholtz equation.

The error made constitutes of an discretization error, interpolation error and pollution er-
ror. The interpolation error using Hermite polynomials shows the same convergence rate and
slightly higher absolute error compared to Lagrange polynomials of the same order. Since the
pollution error causes the solution to deteriorate in the direction of wave propagation, this is
considered the most important. Applying Hermite interpolating polynomials does not solve
the pollution error problem. As discussed by Melenk and Sauter [22], the pollution error for
Galerkin methods depends on the mesh size, h polynomial order, p and wavelength, w. The
same conclusion holds for Hermite polynomials. With respect to Lagrange polynomials of or-
der p, Hermite polynomials of the same order show the same deterioration with respect to the
wave number. To that extent, the use of hermite polynomials does not model high frequency
problems more effectively as compared to Lagrange polynomials. However, the cost at which
this result is obtained is lower for Hermite polynomials. Applying Hermite polynomials leads
to results of polynomial order P at the cost of P—1 when compared to Lagrange polynomials.
Therefore the proposed method is more efficient as compared to Lagrange polynomials. This
is concluded by only regarding the size of the problem, i.e. number of unknowns. Taking
into account the additional time and effort needed for constructing the problem the increased
efficiency is negligible.
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44 Conclusions and Recommendations

5.2 Recommendations

Implementing Hermite interpolating polynomials in a 2-dimensional least-squares discretiza-
tion has been a first step to approach the challenges of the Helmholtz equation. The amount
of basis functions and coefficients requires an enormous amount of bookkeeping and perse-
verance, wherefore several aspects of this projects had to be set aside. Therefore recommen-
dations will follow which provide opportunities to get ahead on this problem.

e In the first place it is recommended to calculate and analyse the H1-error. Since the
polynomials used are C'-continuous this will provide more insight in the actual benefits
of the method with respect to CY-continuous polynomials.

e Secondly, but more importantly, it is recommended to analyse the coefficients in terms
of their physical interpretation. The key aspect of the mimetic theory is its relation to
the physical world. In that light, the physical interpretation of the coefficients sheds
light on the relation to the (numerical) wavenumber. A different formulation might
ideally result in a wavenumber conservative formulation.

e It is recommended to use a 2-dimensional finite element formulation of the problem. As
discussed in section 3.2.2, the standard least squares definition does not provide a norm-
equivalent formulation of the problem. Since the main focus of this approach is the use
of Hermite polynomials in combination with mimetic discretization, it is recommended
to use a more plain variational method as compared to least-squares. As discussed by
Babuska and Sauter [3], the pollution error is avoidable in 1 dimension by reformulating
the minimization problem, therefore it is recommended to hold on to the 2-dimensional
formulation.
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Appendix A

Discretization
~Ap+ ¢ = iwf (A.la)
Vé+v=0 (A.1b)
iwu=v=Vo¢+iwu=0 (A.1lc)
in-u+'yq§:iwf:>V~u—i%q§:f (A.1d)
¢+%¢+f =0 (A.le)
Vou+ty=0 (A.1f)

(A.1g)
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(A.2a)
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2J(9.vi f) = Vo +iwull} + | (V-u—ile—f) |3 (A.2b)
Z—J OzO,with¢:¢+eg5andu:u+eﬁ (A.2¢)
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u = u, + iui (A2e)
€ = € + 1€ (A2f)
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(vé Fiwi, Vé + iwu) n (w Fiwu, Vé + mﬁ) +

(V-ﬁ—z‘%as,v-u—z‘%qs—f)+(V~u—i%¢—f,v-ﬁ—z'%¢§) - (A.30)
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(V(]ﬁ, Vgg) + (Vo,iwa) + <z’wu, Vc;;) (twu, iwn) +
(V-ﬁ,V-u)+(V-ﬁ,—i%gb) (V-@&,—f)+ e
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$-space
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- (C2a)+ (1)
(v&, vas) + (w, vé)
V. Vi) ﬂ 1 —i [gj;] Vo, Vil H 1 -] @ﬁj (A.6a)
va, vl |t 3] |ve]+ e vel|; 7| RY] (A6D)
vér vé ; YIS + e var | e (A6
[V, V] g 2] [gm zzzm{(vé, w)} (A.6d)
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() - (0.3) = (055) - (.0
wffun) - (iown) - (50d) (5.9 u)

]
V'-uj +w o 6 [

>
\]

~ —~
>
N |
=3

_ —~

> >

Z ;
2 o ~ >
N—r — S— S— S—

=
\]

(A.7F)
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: —ﬂ [Z] +[6r ] B 1} [
; ﬂ [;’Z] + (¢ &) [_11 1] [
g} [6r i)

(A.7k)

(A.7])

(A.7m)

(A.Tn)

> 7
? 08)

=
(0]



53

(ol 9B S )
o1 (Gl 1 el i ) (109
26 a5 o ] (A100)
Yaoally o) (A10d)

Continuous System

%)2 (qgrv¢7“> + (ngr,VQbr) - % (Qgr,V . ui) —w (Vd;r,ui) = —% (qgr,fi) (A.11a)
(%)2 (qgi,cbi) + (V@,V@) +2 (qZ;i,V : ur> +w <V¢§i,ur) = % (@ijfr) (A.11b)

€ |

u-space

(iwa, Vo) 4+ (Vo,iwna) + (iwn, iwua) + (iwu, iwt) +
(V& Veu)+(Vou,Vea)+ (V-4 —z’%¢) + (—z‘%qﬁ,v i) = (A.122)

(iwt, Vo) 4+ (V¢,iwa) = iw (1, Vo) — (Vo,u)]

R ] 24 B [ )
o T R G )
iw (@, ] {201 _021] [gﬂ (A.13c)
wla, ] [_02 (2)] [gﬂ (A.13d)



etization
(A.14a)
(A.14b)
(A.14c)

Discr

w?[(8,u) + (u, @)

0 0 0 © © © < ~ ~ I~
— — — — — — — — — —
< < < < < < < < < <
~— ~— ~— ~— ~— ~— ~— ~— ~— ~—

(iwa, iwu) + (iwu, iw)
(V-a,V-u)+ (V-u,V- 1)
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Continuous System

w (y, Vi) +w? (@, u,) + (V- 0,, V- u,) + % (V-u,,¢:) = (V-1ur, fr) (A.18a)
—w (03, V) + w? (W, W) + (V- 0, V- ;) — % V-, ¢0r) = (V- fi) (A.18b)

Combined System

Continuous

(%)2 (9r:6r) + (V. V1) - % (6, V- ui) —w (V. w) = —g (6, ;) (A192)
(1) (d6) + (9690 + 2 (39 ) 40 (Vhim) = 7 (durs)  (A9D)
w (87, V1) + & (B, u,) + (V- 8, Vouy) £ 2 (VG d) = (Vi /) (A190)
o (1, Vor) + 0 () + (V- 8, V- w) = (V- 6,) = (V-6 fi) (A.19d)

(2) e {(8.0) + (v.50) }+am {7 (87 w) 4 (V60) } = om {7 (411)}

(A.20a)

_Jm {w(ﬁ,Vd)) n % (V- ﬁ,qs)} +9e {w? () + (V- @,V u)} = Re {(V- i, f)}
(A.20D)

(a,db) = (a,b) — (da,b)

() (6.0.) + (v6..96,) = (L ) (6.9 -w) ~w(brm m) =2 (. )
(A
(%)2 (@w@) + (W%Wﬁi) + (% —w) (@,V : uz-) +w <<5,~,u,» : n> - % (&,-,fT)
(A

,

w (B -1, 0) + 2 (8 w) + (V- 8, Vou) + (L =) (V- 8.60) = (V-8 f,

—w (T, - m, ¢;) + w? (W, w;) + (V- 0, V- wy) — (% —w) (V- ¢,) = (V-1 f;
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56 Discretization
S (GRCORCAT) S

{2 (5.9-1) (om0 (5.9-0)) - {2 (5.1))
{ u-n,¢) —w(V-u,¢)+ (V'fl,¢)}+ (A.22b)

Re {w? (1, u) + (V~ﬁ,V-u)}:9‘ie{(V'ﬁaf)}

u-nziwd)oré:—%u-n
e {u? [(0:0) = (9:0)] + (V0. 0) | + A2
o2 (5w) o (5.9 )} - om {2 (0.1)) |
Jm { (V- u¢>)—*(V U¢)} (A.23D)
-

(V-u,V-u)—(@-n,u-n)} =Re{(V-u,f)}

Discrete
Pr : [ Moo + EIOMHEN] [%MoiEii + wElToMﬁ} [wi] = —%Moo 1]
(A.24a)
Pi : { Moo +E{oMuiEno | [¢:] + [gMoiEii +wE{oM11] [u] = %Moo [fr]  (A.24D)
u, [anEm + E21M20:| i) + [w?Mi1 + EgMssEai] [u,] = B Mo [fr]  (A.24c)
)

u; [anElo + wEmMzo} (6] + [w*My1 + ESMgsEar] [u] = E5 ;M [fi]  (A.24d

Peter Klaas Christiaan Lok
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(a,db) = (a,b) — (da,b)

Or [(Z])QMOO + E{oMnEw] [pr] — [(% - W) Mz E31 + WM(%C] [ui] = _%MOO [fi]

(A.25a)

i : [(Z})Q Moo + ElToMnElo] ] + [(% - W) MzEa1 + wM(%C] [u,] = %Moo [£7]

(A.25b)
U : [WM%C + (% - ) Mzo} [6i] + [w’Mi1 + E5;Ma3E51] [u] = E5;My [f:]
(A.25c¢)
W — [wM’iBOC + (% - w) E%Mio} [6+] + [w?Mi1 + E3rMg3Es1] [wi] = E3;Ms [fi]
(A.25d)
Boundary Condition
dg . .
Thﬁrgo \7"| <8r - zw¢> = —iwg (A.26a)
0p B
o we = —iwg (A.26D)
Ve — zwgf) = —iwg (A.26¢)
g V.o + Vy¢ —iwd = —iwg (A.26d)
cos OV ¢ —|— sinfVy¢ —iwd = —iwg (A.26e)
(A.26f)
Problem specific discretizations
Demkowicz Problem A
gz iwg = —iwg or u-n+ ¢ = g on all boundaries.
%e{ il qg V }
I (R
I { (87 -u) +o(dun)—u 6V >} {;(
~am {w (@ n,6) ~w (V- a,0)+ L (T 8,6) )+ e
Re {w? (W, u) + (V- -0,V -u)} =Re (V- 1, )}
MSc. Thesis Peter Klaas Christiaan Lok



58 Discretization

Jm{% (&,V u)—w<<§,q§>—w<q§,v-u>}:3m{% é,f)—w<q3,g>} —
’Jm{w(u n,u n>+w(V-ﬁ,¢)—%(V ﬁ,¢)}+ A2sh)
Re {w? (@,u) + (V- -0, V-u)} =Re (V- @, f)} + Im{w (@ n,g)}

Demkowicz Problem A (Directional Derivative)

Vi —iwe = —iwg or Vpd- o+ Vi § —iwg = —iwg or u-n- - + ¢ = g on left and bottom
boundary.
Vo -n- - —iwp=0oru-n-_+¢=0on right and top boundary.

Vip=V¢ - r=V,¢ -1, +Vyp-r, = (A.29a)
(Vaod -ng +Vip-ty) 1o+ (Vo -ny + Vi - ty) -ry = (A.29b)
Vpp(n-r)+ Vip(t-r) (A.29¢)
V¢ —iwp = —iwg (A.30a)
Vap(n-r)+ Vi (t-r) —iwep = —iwg (A.30b)
u~n(n-r)+v-t%+¢:g (A.30¢)
-1 0 cos
Left: n = <0>,t— (1>,r— <sin9> and g =g
sin 0
—u-ncosf +v-t——+ ¢ =g, where v-t = +v, = —Eqg ¢ (A.31)
iw
0 1 cos 0
Bottom: n = (_1>, t = <O>’ r= (sin@) and g=g
) cosf
—u-nsinf+v-t—— 4+ ¢ =g, where v-t = +v, = —Ej9,¢ (A.32)
w
. 1 0 cos 6
Right: n = (0>, = (1>, r= (sin9> and g =0

sin 6

w

u-ncosf +v-t +¢ =0, where v-t = +v, = —Ejo ¢ (A.33)
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0 1 cos
Top: n = <1>,t— <0>, r= (sin@) and g =0

. cosf
u-nsinf+v-t

+¢ =0, where v-t =+4+v, = —Eq10,¢ (A.34)

1w
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Discretization

9%{(3)2 (4.9) + (v4, W)} * (A.352)
SHEYCRI FOE M| SN 1))

b
—Jm{(,u(ﬁ-n,(b)—w(V-ﬁ,qﬁ)—l—%(V-ﬁ,(b)}—l-

(A.35b)
Re {w? (Q,u) + (V- -0, V-u)} =Re (V- 1, f)}
e {u? (6.6) + (V6.V0) } +
3m{Z<¢V u)—w<q§ V'tiut)r'lr-.r>_w ) nqb> (¢ V- u)} (A.36a)

e 6) o)
m{o@munmon) +o(any i) 4 m7u¢w—W7u¢ﬁ+
}

%e{w (a,u)+(V-q,V-u)} =
Re{(V-u, )} +Im{w(ta n,g)
(A.36D)

wedu? (.0) + (V8.76) - (6w et ) L
269567
{5 (#1) 0 (425

Jm{w(ﬁ‘n,u-n(n-r»—i—w(v u, (j))—;(v a, ¢)}+
Re {(@-n,v-t(t-r)+w?(@u)+(V-q,V-u}= (A.37b)
Re{(V-u, )} +Im{w(a-n,g)}

(A.37a)
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Discrete System

[(%)2 Moo + ElTOMnEw} 0 0 — [2Mg3E57 + wE{M;1] O — I Moo [fi]
0 [(%)2 Moo + ]ElTOMnEw} [3MgaEa1 + wE{oM] 0 il _ E%TI\\{IM?(_) [{}]]
(M1, E1o + 2ELM3o]  [w?Mig + EL M3 Esq] 0 ‘;f A ]
— [WMhElO + %E%Mio] 0 0 [LUQMﬁ + E%MQQEQT} v 2177720 LJe
(A.38a)
[(2)" Moo + EL ;M By 0 0 — [(2 - ) MgEx; + oMEY| 141 [=2Moo [£]
0 [(%)2 Mo + ETDMHEIO} [(2 — w) Mg3Es1 + wMEC] 0 il _ IE%TI\\;\EEO [{}]]
u, 5150 [Jr
[WMEE" + (3 —w) ByyMao] Mg + Ej; M 0 w| B ]
— [wM + (3 — w) B3 Miy] 0 0 [w?Mi1 + EJ;MyyEar] ' 217720 L

(A.39a)
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Appendix B

Matlab Code

B.1 Diffraction.m

% Misc 1
other.M00 = MO0O; other.M02d = M02d; other.M11l = M11l; other.M11ld = M11d;
other.M1ldld = M1ldld; other.M2d2d = M2d2d; other.MO00_BC = MOO_BC; other.M01_BC
= MO1_BC; other.M11.BC = M11_.BC; other.E10 = E10; other.E2dld = E2d1ld;
other.E1d0d = E1d0d; other.E21 = E21;

o° o

% other.err = err;

clc;

clearvars —except other ConvCheck

close all 6
addpath ('../functions/Hermite")

addpath ('../functions")

o

% Define Parameters 11
ount=0;

% Methodological

for nDeriv = 0

P = 4x(1—nDeriv);

gam = —1; % HelmHoltz or Reaction—Diffusion 16
eqn = 0; % O:l1—eqgn fem, l:2—egn fem, 2:2—eqgn lsfem

O

A =2; % A: l:interference, 2:periodic left, 3:No periodic, 4:prescribe U left
for Nwv = 4 %2.7(1:7); % Number of elements per wave
wvnr = 8;
clearvars —except ConvCheck P nDeriv wvnr Nwv ERR count other eqn gam A 21

disp ([nDeriv P Nwv wvnr])
% Practical
diffr = 1; % Diffraction model or wave propagation model
plane_wave = 0; % Plane wave model else real sin()sin() model 26
integr_U = floor (A/4); % Interpolate U for specification normal velocity
L =1.5; % Distance from opening to analyze result
theta = Oxpi/4;
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64 Matlab Code

plotje = 1;

anim = 1;

saveFig = 0;

domain.x = [0 1+1xdiffr];

domain.y = [0 1];

xf = 0.25; % relative position slit

yf = 1xdiffr/wvnr/diff (domain.y); % relative size slit

plot_bl = 1:1:6; % Which blocks to plot

% num-i = 2% (P+1) * (nDeriv+l); % number of grid point on fine mesh
a = ceil (200/ (wvnrxNwv+diff (domain.x) «P+1));

num_i = 10;%axP+1; clear a;

k = wvnr*2xpi; % omega=2xpi is one wave on domain [0, 1]

domain.dx = diff (domain.x);

domain.dy = diff (domain.y);

domain.xs = [domain.x (1);domain.x (1)+domain.dx*xf;domain.x (2)];
domain.ys = [domain.y(l);domain.y (1)+domain.dy*(1—yf)/2;domain.y (2)—domain.dyx* (1—

yf)/2;domain.y (2)1;
N = round (Nwv*wvnr+domain.dx); % omegaxh=pi/2 4 elements per wavelength
H = domain.dx/N; % mesh size
M = round (domain.dy/H);
MESH.domain = domain; MESH.N = N; MESH.M = M; MESH.P = P; MESH.nDeriv = nDeriv;

%% Loop mesh blocks

esh = cell (6,1); MOO = mesh; M11 = mesh; M2d2d = mesh; MO02d = mesh; M11d = mesh;
M1d1id = mesh; M11x = mesh; Mlly = mesh; bc = mesh; n2 = mesh; nl = mesh;

Mididx = mesh; Mldldy = mesh; Mlldxy = mesh; Mlldyx = mesh;

MESH.X = []; MESH.Y = []; MESH.XY = []; MESH.XYt = []; MESH.edgesx = [];
MESH.edgesy = []; MESH.volumes = [];

for block_y = 1:3
for block_x = 1:2

%% Calculate block general data
block = block_x+2x (block_y—1);

=]

domain.x = [domain.xs (block_x) domain.xs (block_x+1)]; domain.X (block,:) =
domain.x;

domain.y = [domain.ys (block_y) domain.ys (block_y+1)]; domain.Y (block,:) =
domain.y;

dx (block) = diff (domain.X (block, :));

dy (block) = diff (domain.Y (block, :));

N = max (round (dx (block) /H),1);

M = max (round (dy (block) /H),1);

h=H/P;

mesh{block} = sizes (N,M,P);

mesh{block}.domain = domain;

mesh{block}.nDeriv = nDeriv;

nn_g = mesh{block}.nn_g; ne_g_h = mesh{block}.ne_g_h; ne_g_v = mesh{block
}.ne_g_v; ne_g = mesh{block}.ne_g; nv_g = mesh{block}.nv_g;

%% Create Mass Matrices

[MOO{block},M11{block}, M2d2d{block}, MO2d{block}, M11d{block}, Midid{block}]

= mass_matrices2D_v4_2 (P,N,M, nDeriv, domain); %

Miix{block} = M11{block}(1l: (ne_g_h+nDerivx (ne_g_h+nn_gx2)),1: (ne_g_h+
nDerivx (ne_g_h+nn_g«2)));

Mily{block} = Mi11{block}((ne_g_h+nDerivx (ne_g_h+nn_g«+2))+1l:end, (ne_g_h+
nDerivx (ne_g_h+nn_g«2))+1l:end);

Mildxy{block} = Mi11d{block}(l: (ne_g_h+nDerivx (ne_g_h+nn_gx2)),1l: (ne_g_v+
nDeriv* (ne_g_v+nn_gx2)));
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B.1 Diffraction.m 65

Mildyx{block} = Miid{block}((ne_g_h+nDerivx (ne_g_h+nn_gx2))+1l:end, (ne_g_v 76
+nDeriv* (ne_g_v+nn_gx2))+l:end);

Midldy{block} = Midid{block}(l: (ne_g_v+nDerivx (ne_g_v+nn_gx2)),1l: (ne_g_v+
nDerivx (ne_g_v+nn_gx2)));

Midildx{block} = Midid{block} ((ne_g_v+nDeriv« (ne_g_v+nn_g*2))+1l:end, (
ne_g_v+nDerivx (ne_g_v+nn_gx2))+l:end);

%% Element spacing
% Main elements 81
mesh{block}.xN = linspace (domain.x (1), domain.x (2),N+1);

mesh{block}.yN linspace (domain.y (1), domain.y (2),M+1);

% Normal and fine local GLL nodes

mesh{block}.xGLL = ((GLLnodes (P)+1)/2) /N« (domain.x (2)—domain.x(1)); mesh{
block}.XGLL = 0;
mesh{block}.foLL = ((GLLnodes (num_i—1)+1)/2)/Nx (domain.x (2)—domain.x (1)) 86

; mesh{block}.XfGLL = 0;
% Normal and fine global GLL nodes

for iN=1:N
mesh{block}.XGLL = [mesh{block}.XGLL (l:end—1) mesh{block}.xGLL+mesh{
block}.xN (iN) ];
mesh{block}.XfGLL = [mesh{block}.XfGLL(l:end—1) mesh{block}.xfGLL+
mesh{block}.xN (iN) ];
end 91
mesh{block}.yGLL = ((GLLnodes (P)+1)/2)/M*(domain.y (2)—domain.y (1)); mesh{
block}.YGLL = 0;
mesh{block}.yfGLL = ((GLLnodes (num_i—1)+1)/2)/M* (domain.y (2)—domain.y (1))
; mesh{block}.YfGLL = 0;
for jM=1:M
mesh{block}.YGLL = [mesh{block}.YGLL (l:end—1) mesh{block}.yGLL+mesh{
block}.yN (jM)];
mesh{block}.YfGLL = [mesh{block}.YfGLL(l:end—1) mesh{block}.yfGLL+ 96
mesh{block}.yN (jM)1;
end
% Grid nodes
[mesh{block}.XGrid, mesh{block}.YGrid] = meshgrid (mesh{block}.XGLL, mesh{
blOCk}.YGLL);
[mesh{block}.XfGrid, mesh{block}.YfGrid] = meshgrid (mesh{block}.X£fGLL,
mesh{block}.Y£fGLL);
mesh{block}.X = mesh{block}.XGrid'; mesh{block}.X = mesh{block}.X(:); 101

mesh{block}.Y = mesh{block}.YGrid'; mesh{block}.Y = mesh{block}.Y(:);
mesh{block}.Xf = mesh{block}.XfGrid'; mesh{block}.Xf = mesh{block}.Xf (:);
mesh{block}.Yf = mesh{block}.YfGrid'; mesh{block}.Yf mesh{block}.Yf (:);
mesh{block}.XY [mesh{block}.X mesh{block}.Y];

106
%% Assemble mesh data
nodes = (l:nn_g)'; nodel = nodes; node2 = nodes;
nodel ((1:MxP+1) (NxP+1)) = [];
node2 ( (0:MxP) x (NxP+1)+1) = [];
mesh{block}.edgesx = [nodel node2 (mesh{block}.X(nodel)+mesh{block}.X( 111
node2))/2 mesh{block}.Y (nodel)];
node3 = (l:(nn_g—(NxP+1)))'; node4 = ((NxP+2):nn_g)"';
mesh{block}.edgesy = [node3 node4 mesh{block}.X(node3) (mesh{block}.Y(
node3) +mesh{block}.Y (noded))/2];
clearvars —regexp node[1234s]
edgesy = (l:ne_g_v)'; edge3 = edgesy; edge4 = edgesy;
edgel = (l:(ne_g_h—N«P))'; edge2 = ((N«P+1):ne_g_h)"'; 116
edge3 ((1:MxP) « (NxP+1)) = [];
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66 Matlab Code

edged ((0: (MxP—1))« (NxP+1)+1) = [];
mesh{block}.volumes = [edgel edge2 edge3 edge4 mesh{block}.edgesx (edgel
,3) mesh{block}.edgesy (edge3,4)];
clearvars —regexp edge[1234{sy}]
MESH.XY = [MESH.XY; mesh{block}.XY];
MESH.X = [MESH.X; mesh{block}.X];
MESH.Y = [MESH.Y; mesh{block}.Y];
if block>1
mesh{block}.nn_g_cs = mesh{block—1}.nn_g_cs+nn_g;
mesh{block}.ne_g_cs = mesh{block—1}.ne_g_cs+ne_g;
mesh{block}.ne_g_h_cs = mesh{block—1}.ne_g_h_cs+ne_g_h;
mesh{block}.ne_g_v_cs = mesh{block—1}.ne_g_v_cs+ne_g_v;
mesh{block}.nv_g_cs = mesh{block—1}.nv_g_cs+nv_g;
MESH.edgesx = [MESH.edgesx; [mesh{block}.edgesx(:,1:2)+mesh{block—1}
.nn_g_cs mesh{block}.edgesx (:,3:4)]1];
MESH.edgesy = [MESH.edgesy; [mesh{block}.edgesy(:,1:2)+mesh{block—1}
.nn_g_cs mesh{block}.edgesy (:,3:4)1];
MESH.volumes = [MESH.volumes; [mesh{block}.volumes(:,1:2)+mesh{block
—1}.ne_g_h_cs mesh{block}.volumes (:,3:4)+mesh{block—1}.ne_g_v_cs
mesh{block}.volumes (:,5:6)11;

else
mesh{block}.nn_g_cs = nn_g;
mesh{block}.ne_g_cs = ne_g;
mesh{block}.ne_g_h_cs = ne_g_h;
mesh{block}.ne_g_v_cs = ne_g_v;
mesh{block}.nv_g_cs = nv_g;
MESH.edgesx = [MESH.edgesx; mesh{block}.edgesx];
MESH.edgesy = [MESH.edgesy; mesh{block}.edgesyl;
MESH.volumes = [MESH.volumes; mesh{block}.volumes];
end

% Boundaries per block
Initialize
bc{block} = boundaries (mesh{block});

o
5
o
S

o

% Create coordinates matrix used to remove duplicates
if block==2
tmp = mesh{block}.XY;

tmp ( (bc{block}.1l_n & “bec{block}.t_n),1) = tmp((bc{block}.1l_n & “bc{
block}.t_n),1)+h/10;
% tmp (bc{block}.1l.n,1) = tmp(bc{block}.1l.n,1)+h/10;

MESH.XYt = [MESH.XYt; tmp]; clear tmp;
elseif block==
tmp = mesh{block}.XY;

tmp ( (bc{block}.1_n & “bc{block}.b_n),1) = tmp((bc{block}.l_n & “bc{
block}.b_n),1)+h/10;
% tmp (bc{block}.1.n,1) = tmp(bc{block}.1l.n,1)+h/10;
MESH.XYt = [MESH.XYt; tmp]; clear tmp;
else
MESH.XYt = [MESH.XYt; mesh{block}.XY];
end

o

% Block unit normal function
ni{block} = @(x,y) —(x==min (domain.x))+ (x==max (domain.x));
n2{block} = @(x,y) —(y==min (domain.y))+ (y==max (domain.y));
end
end
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prec = —floor (log (h))+5;
clearvars —regexp tmp[01]1[01][xy]l$ "nlen] [ {Deriv}]=x
disp ('Mesh blocks done')

%% Remove duplicates
% Create indices

if diffr

[7,1ian,icn] = unique (round (MESH.XYt, prec), 'rows', 'stable');
else

[7,ian,icn] = unique (round (MESH.XY, prec), 'rows', 'stable');
end

MESH.XYt = MESH.XYt (ian,:); S%round(MESH.XYt (ian, :),prec);
MESH.XY = MESH.XY (ian, :); S%round(MESH.XY (ian, :),prec);
MESH.X = MESH.X (ian, :); %round(MESH.X (ian),prec);

MESH.Y = MESH.Y (ian, :); %round(MESH.Y (ian),prec);
MESH.XYold = MESH.XY;

MESH.edgesx (:,1:2) = icn(MESH.edgesx(:,1:2));

MESH.edgesx (:,3) = (MESH.XY (MESH.edgesx(:,1),1)+MESH.XY (MESH.edgesx (:,2),1))/2;

MESH.edgesx (:,4) = (MESH.XY (MESH.edgesx(:,1),2)+MESH.XY (MESH.edgesx (:,2),2))/2;

MESH.edgesy (:,1:2) = icn(MESH.edgesy (:,1:2));

MESH.edgesy (:,3) = (MESH.XY (MESH.edgesy (:,1),1)+MESH.XY (MESH.edgesy (:,2),1))/2;

MESH.edgesy (:,4) = (MESH.XY (MESH.edgesy (:,1),2)+MESH.XY (MESH.edgesy (:,2),2))/2;

[7,iaex,icex] = unique (round (MESH.edgesx, prec), 'rows',6 'stable');

MESH.edgesx = MESH.edgesx (iaex,:); % MESH.edgesx(:,3:4) = round(MESH.edgesx
(:,3:4),prec);

[7,iaey,icey] = unique (round (MESH.edgesy, prec), 'rows', 'stable');

MESH.edgesy = MESH.edgesy (iaey,:); % MESH.edgesy(:,3:4) = round(MESH.edgesy

(:,3:4),prec);
MESH.volumes (:,1:4) [icex (MESH.volumes (:,1:2)) icey (MESH.volumes (:,3:4))];
MESH.volumes (:,5:6) = round (MESH.volumes (:,5:6),prec);
MESH.nn_g = max (icn);

MESH.ne_g = max (icex)+max (icey);
MESH.ne_g_h = max (icex);
MESH.ne_g_v = max (icey);
MESH.nv_g = mesh{6}.nv_g_cs;

MESH.nvar.n = MESH.nn_gx (nDeriv+l) "2;

MESH.nvar.e_h = MESH.ne_g_h+nDerivx (MESH.nn_g*2+MESH.ne_g_h);
MESH.nvar.e_v = MESH.ne_g_v+nDerivx (MESH.nn_gx2+MESH.ne_g_v);
MESH.nvar.e = MESH.ne_g+nDerivx (MESH.nn_gx4+MESH.ne_g);
MESH.nvar.v = MESH.nv_g+nDerivx (MESH.nn_g+MESH.ne_g);

%% Reorder mesh points
[

MESH.XYt, ind_n] = sortrows (MESH.XYt, 2);
ind_n = [ind_n zeros (MESH.nn_g,1)];
for i=1:MESH.nn_g
ind_n(i,2) = find(ind_n(:,1)==1i);
end
icn = ind_n (icn,2);

MESH.XY = MESH.XY (ind_n(:,1),:);
MESH.X = MESH.X (ind_n(:,1),:);

MESH.Y = MESH.Y(ind_n(:,1),:);
MESH.XYold = MESH.XYold (ind_n(:,1),:);

MESH.edgesx (:,1:2) = [ind_n (MESH.edgesx(:,1),2) ind_n (MESH.edgesx(:,2),2)];
MESH.edgesy (:,1:2) = [ind_n (MESH.edgesy (:,1),2) ind_n (MESH.edgesy (:,2),2)];
[MESH.edgesx,ind_ex] = sortrows (MESH.edgesx, 4);

ind_ex = [ind_ex zeros (MESH.ne_g_h,1)];

for i=1:MESH.ne_g_h
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ind_ex (i, 2) = find (ind_ex (:,1)==1i);
end
icex = ind_ex (icex,2);
[MESH.edgesy,ind_ey] = sortrows (MESH.edgesy, 4);
ind_ey = [ind_ey zeros (MESH.ne_g_v,1)];
for i=1:MESH.ne_g_v
ind_ey (i,2) = find(ind_ey (:,1)==1i);
end
icey = ind_ey (icey,2);
MESH.volumes (:,1:4) = [ind_ex (MESH.volumes (:,1),2) ind_ex (MESH.volumes(:,2),2)
ind_ey (MESH.volumes (:,3),2) ind_ey (MESH.volumes(:,4),2)];
[MESH.volumes, ind_v] = sortrows (MESH.volumes, 6);
ind_v = [ind_v zeros (MESH.nv_g,1)];
for i=1:MESH.nv_g
ind_v(i,2) = find(ind_v(:,1)==1);
end
icv = ind_v (:,2);

for block=1:6
mesh{block}.icn = icn((mesh{block}.nn_g_cs—mesh{block}.nn_g+1) :mesh{block}
.nn_g_cs);
mesh{block}.icex = icex ((mesh{block}.ne_g_h_cs—mesh{block}.ne_g_h+1) :mesh{
block}.ne_g_h_cs);
mesh{block}.icey = icey((mesh{block}.ne_g_v_cs—mesh{block}.ne_g_v+1) :mesh{
block}.ne_g_v_cs);
end

o

3 Plot mesh points

o
)

data = MESH.XYt;

text (MESH.edgesy (:,3) ,MESH.edgesy (:,4),c);
> clear data;

% figure(); scatter(data(:,1),data(:,2),'."); hold on;

% ¢ = cellstr(num2str((l:size(data,1))"));

% text(data(:,1)+(((data(:,1)—0.501)>0)%2—1.75)%0.02,data(:,2)+0.01,c);
% ¢ = cellstr(num2str((l:size(MESH.edgesx,1))"));

% text (MESH.edgesx(:,3),MESH.edgesx(:,4),cC);

% ¢ = cellstr (num2str((l:size(MESH.edgesy,1))"));

disp ('Duplicates and Reorder done')

Create Incidence Matrices
x1 = sparse(l1:MESH.ne_g_h,MESH.edgesx(:,1),—1,MESH.ne_g_h,MESH.nn_g)+...
sparse (1:MESH.ne_g_h,MESH.edgesx (:,2),1,MESH.ne_g_h,MESH.nn_g) ;

E10yl = sparse(l1:MESH.ne_g_v,MESH.edgesy(:,1),—1,MESH.ne_g_v,MESH.nn_g)+...
sparse (1:MESH.ne_g_v,MESH.edgesy (:,2),1,MESH.ne_g_v,MESH.nn_g) ;

E21x1 = sparse (1:MESH.nv_g,MESH.volumes(:,1),—1,MESH.nv_g,MESH.ne_g_h)+...
sparse (1:MESH.nv_g, MESH.volumes (:,2),1,MESH.nv_g, MESH.ne_g_h);

E21y1 = sparse (1:MESH.nv_g,MESH.volumes (:,3),1,MESH.nv_g,MESH.ne_g_v)+...
sparse (1:MESH.nv_g, MESH.volumes (:,4),—1,MESH.nv_g,MESH.ne_g_v);

if nDeriv

E10x = blkdiag (E10x1, sparse (1:MESH.nn_g,1:MESH.nn_g,1),E10x1, sparse (1:
MESH.nn_g,1:MESH.nn_g,1));

E10y = blkdiag(E10y1l,E10y1l, sparse (1:MESH.nn_g,1:MESH.nn_g, 1), sparse (1:
MESH.nn_g,1:MESH.nn_g,1));

E21x = blkdiag (E21x1,E10yl, sparse (1:MESH.ne_g_h,1:MESH.ne_g_h, 1), sparse (1l:
MESH.nn_g,1:MESH.nn_g,1));

E21y = blkdiag (E21yl,—sparse (1:MESH.ne_g_v,1:MESH.ne_g_v,1),—E10x1,—sparse (1:
MESH.nn_g,1:MESH.nn_g,1));

E1dOdx = blkdiag (E10y1,E10yl, sparse (1:MESH.nn_g,1:MESH.nn_g, 1), sparse(1l:

E10
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B.1 Diffraction.m 69

MESH.nn_g,1:MESH.nn_g,1)); % sparse((MESH.nn_g+MESH.ne_g.v)«*2,MESH.nn_g
*4,0); %

E1dOdy = blkdiag(—E10x1, sparse (1:MESH.nn_g,1:MESH.nn_g,—1),—E10x1, sparse (1:
MESH.nn_g,1:MESH.nn_g,—1)); % sparse((MESH.nn_g+MESH.ne_g_h)*2,MESH.nn_g
«*4,0); %

E2d1dx = blkdiag(—E21y1l, sparse(1:MESH.ne_g_v,1:MESH.ne_g_v,1),E10x1, sparse (1:
MESH.nn_g,1:MESH.nn_g,1)); % E2ly;Iey;—E10x;In

E2d1dy = blkdiag (E21x1,E10yl, sparse(1:MESH.ne_g_h,1:MESH.ne_g_h, 1), sparse(1l:
MESH.nn_g,1:MESH.nn_g,1)); % E21x;E10y;Iex;In

else

E10x = E10x1; 276

E10y = E10y1;

E21x = E21x1;

E21y = E21y1;

E1d0dx = E10y1;

E1dOdy = —E10x1; 281

E2d1dx = —E21y1;

E2d1dy = E21x1;

end
E10 = [E10x;E10y]; E1d0d = [E1d0dx;E1d0dy];
E21 = [E21x E21y]; E2dild = [E2d1ldx E2didy]; 286

$ E21+E10

% E2d1d*E1d0d

clearvars —regexp E[12][01][\wx] E[12]d[01]1d[\w~]

E10x = E10(1:MESH.nvar.e_h, :);

E10y = E10(MESH.nvar.e_h+l:end, :); 291
disp ('Incidence matrices done')

%% Block to domain Mass Matrices

MOO = blkdiag (MOO{1:6});

Mi1x = blkdiag (M11x{1:6}); 296
Mi1ly = blkdiag (M11y{1:6});

M2d2d = blkdiag (M2d2d{1:6});

M02d = blkdiag (M02d{1:6});

Mildxy = blkdiag (Mildxy{1:6});
M1ldyx = blkdiag (M11ldyx{1:6}); 301
Mididx = blkdiag(MldldX{l:6});
Midildy = blkdiag(Mldldy{l:6});
icnl = cell(6,1); icexl = icnl; iceyl = icnl; icvl = icni;
for block=1:6 306
if block>1
icni{block} = icn (mesh{block—1}.nn_g_cs+l:mesh{block}.nn_g_cs);
icex1{block} = icex (mesh{block—1}.ne_g_h_cs+l:mesh{block}.ne_g_h_cs);
icey1{block} = icey (mesh{block—1}.ne_g_v_cs+1l:mesh{block}.ne_g_v_cs);
icvi{block} = icv (mesh{block—1}.nv_g_cs+l:mesh{block}.nv_g_cs); 311
if nDeriv
ic00 = [ic00; icni{block}; icni{block}+MESH.nn_g; icnl{block}+
MESH.nn_g*2; icnl{block}+MESH.nn_gx3];
icllx = [icllx; icexl{block}; icni{block}+MESH.ne_g_h; icexl{block}+
MESH.nn_g+MESH.ne_g_h; icni{block}+MESH.nn_g+MESH.ne_g_hx*2];
iclly = [iclly; iceyl{block}; iceyl{block}+MESH.ne_g_v; icni{block}+
MESH.ne_g_v*2; icnl{block}+MESH.nn_g+MESH.ne_g_vx2];
ic22 = [ic22; icvi{block}; iceyl{block}+MESH.nv_g; icexl{block}+ 316
MESH.nv_g+MESH.ne_g_v; icnl{block}+MESH.nv_g+MESH.ne_g];
end
else
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icni{block} = icn(l:mesh{block}.nn_g_cs);

icex1{block} = icex(l:mesh{block}.ne_g_h_cs);

iceyl{block} = icey(l:mesh{block}.ne_g_v_cs); 321
icvi{block} = icv(l:mesh{block}.nv_g_cs);

if nDeriv

ic00 = [icni{block}; icnl{block}+MESH.nn_g; icni{block}+MESH.nn_g«2;
icni{block}+MESH.nn_g~*31;
icllx = [icex1{block}; icnl{block}+MESH.ne_g_h; icexl{block}+
MESH.nn_g+MESH.ne_g_h; icni{block}+MESH.nn_g+MESH.ne_g_h*2];
iclly = [iceyl{block}; iceyl{block}+MESH.ne_g_v; icnl{block}+ 326
MESH.ne_g_v*2; icnl{block}+MESH.nn_g+MESH.ne_g_vx2];
ic22 = [icvi{block}; iceyl{block}+MESH.nv_g; icexl{block}+MESH.nv_g+
MESH.ne_g_v; icnl{block}+MESH.nv_g+MESH.ne_g];
end
end
end
if "nDeriv 331
ic00 = icn;
icllx = icex;
iclly = icey;
ic22 = icv;
end 336
[a,b,c] = find (MOO); MOO = sparse (ic00(a),ic00(b),c);
[a,b,c] = find (M1l1x); Mllx = sparse(icllx(a),icllx(b),c);
[a,b,c] = find (M1lly); Mlly = sparse(iclly(a),iclly(b),c);
M11 = blkdiag (M11x, Mily);
[a,b,c] = find (M2d2d); M2d2d = sparse (ic22(a),ic22(b),c); 341
[a,b,c] = find (MO2d); M02d = sparse (ic00(a),ic22(b),c);
[a,b,c] = find (M1l1ldxy); Mlldxy = sparse(icllx(a),iclly(b),c);
[a,b,c] = find (M1lldyx); Mlldyx = sparse(iclly(a),iclix(b),c);
M11d = blkdiag (M1ldxy,Mlldyx);
[a,b,c] = find (M1d1ldx); Mildldx = sparse(icllx(a),iclix(b),c); 346
[a,b,c] = find (M1ld1ldy); Mildildy = sparse(iclly(a),iclly(b),c);
Midld = blkdiag (M1dildy,Midldx);

clearvars a b ¢ blockx
disp ('Block to domain done')

351
%% Find boundary indices
for i=1:6
BC.bc_r_n{i} = false (MESH.nn_g,1); BC.bc_r_n{i} (icn1{i}) = bc{i}.r_n;
BC.bc_1_n{i} = false (MESH.nn_g,1); BC.bc_1_n{i}(icn1{i}) = bc{i}.1l_n;
BC.bc_t_n{i} = false (MESH.nn_g,1); BC.bc_t_n{i}(icni1{i}) = bc{i}.t_n; 356
BC.bc_b_n{i} = false (MESH.nn_g,1); BC.bc_b_n{i} (icn1{i}) = bc{i}.b_n;
BC.bc_r_e{i} = false (MESH.ne_g_v,1); BC.bc_r_e{i}(iceyl{i}) = bc{i}.r_e;
BC.bc_l_e{i} = false(MESH.ne_g_v,1); BC.bc_l_e{i}(icey1{i}) = bc{i}.1l_e;
BC.bc_t_e{i} = false (MESH.ne_g_h,1); BC.bc_t_e{i}(icex1{i}) = bc{i}.t_e;
BC.bc_b_e{i} = false (MESH.ne_g_h,1); BC.bc_b_e{i}(icex1{i}) = bc{i}.b_e; 361
end
BC.1_n = (BC.bc_1_n{l} | BC.bc_1_n{3} | BC.bc_1_n{5}); BC.l_e = (BC.bc_l_e{1l}
BC.bc_1_e{3} | BC.bc_1_e{5})
BC.r_n = (BC.bc_r_n{2} | BC.bc_r_n{4} | BC.bc_r_n{6}); BC.r_e = (BC.bc_r_e{2}
BC.bc_r_e{4} | BC.bc_r_e{6})
BC.t_n = (BC.bc_t_n{5} | BC.bc_t_n{6}); BC.t_e = (BC.bc_t_e{5} | BC.bc_t_e{6})
BC.b_n = (BC.bc_b_n{l} | BC.bc_b_n{2}); BC.b_e = (BC.bc_b_e{l} | BC.bc_b_e{2}); 366

BC.tl_n = BC.bc_t_n{5}; BC.tl_e = BC.bc_t_e{5}; BC.tr_n = BC.bc_t_n{6}; BC.tr_e
BC.bc_t_e{6};
BC.bl_n = BC.bc_b_n{l}; BC.bl_e = BC.bc_b_e{l}; BC.br_n = BC.bc_b_n{2}; BC.br_e
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% BC.tr.n ((MESH.XYt (:, 1)>domain.xs (2) & abs (MESH.Y—domain.ys (4))<10"—prec)
)

% BC.tr.e = ((MESH.edgesx(:,3)>domain.xs(2) & abs(MESH.edgesx(:,4)—domain.ys
(4) )<10"—prec));

% BC.fl tln = (abs(MESH.XYt (:,1l)—domain.xs(2))<10"—prec & (domain.ys(3)—
MESH.Y)<10"—prec);

% BC.fl tl_e = (abs(MESH.edgesy(:,3)—domain.xs (2))<10"—prec & (domain.ys(3)—
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BC.bc_b_e{2};

fl_tl_n = BC.bc_r_n{5}; BC.fl_tl_e = BC.bc_r_e{5};
fl_tr_n = BC.bc_1_n{6}; BC.fl_tr_e = BC.bc_1l_e{6};
fl_ml_n = BC.bc_r_n{3}; BC.fl_ml_e = BC.bc_r_e{3};
fl_mr_n = BC.bc_1_n{4}; BC.fl_mr_e = BC.bc_1l_e{4};
f1_bl_n = BC.bc_r_n{l}; BC.fl_bl_e = BC.bc_r_e{l};
.fl_br_n = BC.bc_1_n{2}; BC.fl_br_e = BC.bc_l_e{2};
f1_1_n = (BC.f1_tl_n | BC.f1l_bl_n); BC.fl_r_n = (BC.fl_tr_n | BC.fl_br_m);
fl n = (BC.fl_tl_n | BC.fl_tr_n | BC.fl_bl_n | BC.fl_br_n);
.fl1_1_e = (BC.fl_tl_e | BC.fl_bl_e); BC.fl_r_e = (BC.fl_tr_e | BC.fl_br_e);
fl_e = (BC.fl_tl_e | BC.fl_tr_e | BC.fl_bl_e | BC.fl_br_e);
BC.1lln = (abs(MESH.X—domain.xs (1l))<10"—prec & (MESH.Y—domain.ys (2))<1l0"—prec);
BC.ll_e = (abs(MESH.edgesy(:,3)—domain.xs(1l))<10"—prec & (MESH.edgesy (:,4)—
domain.ys (2))<10"—prec);
BC.1l2.n = (abs(MESH.X—domain.xs (1l))<10"—prec & (MESH.Y—domain.ys (3))<l0"—prec &
(domain.ys (2)—MESH.Y)<10"—prec);
BC.1l2_e = (abs(MESH.edgesy(:,3)—domain.xs(1l))<10"—prec & (MESH.edgesy(:,4)—
domain.ys (3))<10"—prec & (domain.ys (2)—MESH.edgesy(:,4))<10"—prec);
BC.13.n = (abs(MESH.X—domain.xs (1))<10"—prec & (domain.ys(3)—MESH.Y)<10 —prec);
BC.13_.e = (abs(MESH.edgesy(:,3)—domain.xs(1l))<10"—prec & (domain.ys(3)—

MESH.edgesy (:,4))<10"—prec);
BC.1l.n = abs(MESH.X—domain.xs (1))<10"—prec;
BC.l e = abs(MESH.edgesy (:,3)—domain.xs (1))<10"—prec;
BC.rlon = (abs(MESH.X—domain.xs (3))<10"—prec & (MESH.Y—domain.ys (2))<1l0"—prec);

BC.rl_e = (abs(MESH.edgesy(:,3)—domain.xs (3))<10"—prec & (MESH.edgesy (:,4)—
domain.ys (2))<10"—prec);

BC.r2.n = (abs(MESH.X—domain.xs (3))<10"—prec & (MESH.Y—domain.ys (3))<l0"—prec &

(domain.ys (2)—MESH.Y)<10"—prec);

BC.r2_e = (abs(MESH.edgesy(:,3)—domain.xs(3))<10"—prec & (MESH.edgesy(:,4)—
domain.ys (3))<10"—prec & (domain.ys (2)—MESH.edgesy(:,4))<10"—prec);

BC.r3.n = (abs(MESH.X—domain.xs (3))<10"—prec & (domain.ys(3)—MESH.Y)<10 —prec);

BC.r3_.e = (abs(MESH.edgesy(:,3)—domain.xs(3))<10"—prec & (domain.ys(3)—

MESH.edgesy (:,4))<10"—prec);
BC.r_.n = abs(MESH.X—domain.xs (3))<10"—prec;
BC.r_e = abs (MESH.edgesy (:,3)—domain.xs (3))<10"—prec;
BC.b.n = abs (MESH.Y—domain.ys (1))<10"—prec;
BC.b_e = abs(MESH.edgesx(:,4)—domain.ys(1l))<10"—prec;
BC.t.n = abs (MESH.Y—domain.ys (4))<10"—prec;
BC.t_e = abs(MESH.edgesx (:,4)—domain.ys (4))<10"—prec;

if diffr

BC.bln = ((MESH.XYt (:,1l)<=domain.xs(2) & MESH.Y==domain.ys(1l)));

BC.bl_e = ((MESH.edgesx(:,3)<=domain.xs(2) & MESH.edgesx(:,4)==domain.ys (1)
)) i

BC.br.n = ((MESH.XYt (:,1l)>domain.xs(2) & MESH.Y==domain.ys(1l)));

BC.br_e = ((MESH.edgesx(:,3)>domain.xs(2) & MESH.edgesx(:,4)==domain.ys (1))
)

BC.tln = (((MESH.XYt(:,1l)—domain.xs (2))<10"—prec & abs (MESH.Y—domain.ys (4)
)<10"—prec));

BC.tle = (((MESH.edgesx(:,3)—domain.xs(2))<10"—prec & abs (MESH.edgesx(:,4)

—domain.ys (4))<10"—prec));
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MESH.edgesy (:,4))<10"—prec);

% BC.fl_tr.n = (MESH.XYt (:,1l)>domain.xs(2)+h/20 & MESH.XYt (:,1l)<domain.xs (2)+
h/5 & (domain.ys (3)—MESH.Y)<10"—prec);

% BC.fl.br.n = (MESH.XYt (:,1)>domain.xs(2)+h/20 & MESH.XYt (:,1l)<domain.xs (2)+
h/5 & (MESH.Y—domain.ys (2))<10"—prec);

% BC.fl tr.e = (MESH.edgesy (:,3)>domain.xs (2)+h/25 & MESH.edgesy (:,3)<
domain.xs (2)+h/5 & MESH.edgesy (:,4)>=domain.ys(3));

% BC.fl bl.n = (abs(MESH.XYt (:,1)—domain.xs(2))<10"—prec & (MESH.Y—domain.ys
(2))<10"—prec);

% BC.fl bl e = (abs(MESH.edgesy(:,3)—domain.xs (2))<10"—prec & (MESH.edgesy
(:,4)—domain.ys (2))<10"—prec);

% BC.fl br.e = (MESH.edgesy (:,3)>domain.xs (2)+h/25 & MESH.edgesy (:,3)<
domain.xs (2)+h/5 & MESH.edgesy (:,4)<=domain.ys(2));

% BC.flmln = (MESH.XYt(:,1)==domain.xs(2) & MESH.Y<=domain.ys(3) & MESH.Y>=
domain.ys(2));

% BC.fl.ml_e = (MESH.edgesy(:,3)==domain.xs(2) & MESH.edgesy(:,4)<=domain.ys
(3) & MESH.edgesy (:,4)>=domain.ys(2));

% BC.fl.mr.n = (MESH.XYt (:,1)>domain.xs(2)+h/20 & MESH.XYt (:,l)<domain.xs (2)+
h/5 & (MESH.Y—domain.ys(3))<10"—prec & (domain.ys (2)—MESH.Y)<10"—prec);

% BC.flmr_e = (MESH.edgesy (:,3)>domain.xs (2)+h/25 & MESH.edgesy (:,3)<

domain.xs (2)+h/5 & MESH.edgesy (:,4)<=domain.ys(3) & MESH.edgesy(:,4)>=
domain.ys(2));

% BC.fl.ln = (BC.fl.tln | BC.flbln); BC.fl.rn = (BC.fl_trn | BC.fl br.on
)i
% BC.fln = (BC.fltln | BC.fl trn | BC.fl1bln | BC.flbr.n);
% BC.flle = (BC.fltle | BC.flble); BC.flre = (BC.fl tr.e | BC.fl br.e
)i
BC.fle = (BC.fltle | BC.fl.tr.e | BC.flble | BC.flbr.e);

o° oP

end

o

% Create boundary Mass matrices
N1 = cell(6,1); N2=N1; tmply=N1; tmplx=N1l; tmp2y=N1; tmp2x=N1;
for block=1:6
[m00_BC.r{block}, m11_BC.r{block}, m01_BC.r{block}] =
mass_matrices_2D_v4_2_BCtest (mesh{block}, 0,1, MESH);
[m00_BC.1{block}, m11_BC.1{block}, m01_BC.1l{block}] =
mass_matrices_2D_v4_2_BCtest(mesh{block},O,—l,MESH);
[mO0_BC.b{block}, m11_BC.b{block}, m01_BC.b{block}] =
mass_matrices_2D_v4_2_BCtest(mesh{block},—l,O,MESH);
[mO0_BC.t{block}, m11_BC.t{block}, m01_BC.t{block}] =
mass_matrices_2D_v4_2_BCtest (mesh{block}, 1,0, MESH);
end
MOO_BC.1 = matplus (m0O0_BC.1,[1 3 5]); M11_BC.1
MO1_BC.1 = matplus (m01_BC.1,[1 3 5]);
MOO_BC.r = matplus (mOO_BC.r,[2 4 6]); M11_BC.r = matplus (m11_BC.r,[2 4 6]);
MO1_BC.r = matplus (mO1_BC.r,[2 4 6]);
if diffr
MOO_BC.tl = mOO_BC.t{5}; M11_BC.tl = m11_BC.t{5}; MO1_BC.tl = m01_BC.t{5};
MOO_BC.tr = m00_BC.t{6}; M11_BC.tr = m11_BC.t{6}; MO1_BC.tr = mO01_BC.t{6};
MOO_BC.bl = m00_BC.b{1}; M11_BC.bl = m11_BC.b{1l}; MO1_BC.bl = m01_BC.b{l};
MOO_BC.br = m00_BC.b{2}; M11_BC.br = m11_BC.b{2}; MO1_BC.br = m01_BC.b{2};
MOO_BC.t = MOO_BC.t1+MOO_BC.tr; M11_BC.t M11_BC.t1+M11_BC.tr; MO1_BC.t =
MO1_BC.t1+MO1_BC.tr;
MOO_BC.b = MOO_BC.bl+MOO_BC.br; M11_BC.b = M11_BC.bl+M11_BC.br; MO1_BC.b =
MO1_BC.bl+MO1_BC.br;
MOO_BC.f1l_ml = mO00_BC.r{3}; M11_BC.fl_ml
m01_BC.r{3};

matplus (m11_BC.1, [1 3 5]);

m11_BC.r{3}; MO1_BC.fl_ml =
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MOO_BC.fl_mr = m00_BC.1{4}; M11_BC.fl_mr = m11_BC.1{4}; MO1_BC.fl_mr =
m01_BC.1{4};

MOO_BC.f1_1 = matplus (m0O_BC.r, [1 5] M11_BC.f1_1 = matplus(ml11_BC.r, [1 5]);

)
MO1_BC.f1_1 = matplus (mO1_BC.r,[1 5]);
MOO_BC.fl_r = matplus (m0OO_BC.1,[2 6]); M11_BC.fl_r = matplus(ml1_BC.1l,([2 6]);
MO1_BC.fl_r = matplus (m0O1_BC.1,[2 6]);

MOO_BC.fl1 = MOO_BC.f1_1+MOO_BC.fl_r; M11_BC.fl = M11_BC.f1_1+M11_BC.fl_r;
MO1_BC.fl = MO1_BC.f1_1+MO1_BC.fl_r;
else
MOO_BC.t = matplus (mOO_BC.t,[5 6]); M11_BC.t
MO1_BC.t = matplus (mO1_BC.t, [5 6]);
]
[

matplus (m11_BC.t, [5 6]);

MOO_BC.b = matplus (mOO_BC.b,[1 2]); M11_BC.b = matplus (m11_BC.b,[1 2]);
MO1_BC.b = matplus (m01_BC.b, [1 2]);
end
%% Normals
if diffr
nl = @(x,y) —(abs(x—domain.xs (1))<10"—prec) + (abs(x—domain.xs (2))<10"—prec)
— (x>domain.xs (2)+h/20 & x<domain.xs (2)+h/5) + (abs (x—domain.xs (3))<10"—
prec);
nl_1 = @(x,y) —(abs(x—domain.xs (1))<10"—prec) — (abs(x—domain.xs (2))<10"—prec
) + (abs(x—domain.xs (3))<10"—prec);
else
nl = @(x,y) —(abs(x—domain.xs (1))<10"—prec)+ (abs (x—domain.xs (3))<10"—prec);
end
n2 = Q(x,y) —(abs(y—domain.ys (1))<10"—prec)+ (abs(y—domain.ys (4))<10"—prec);
nx.be = sparse (MESH.nvar.e_v,1,0); ny.be = sparse(—BC.b_e);
nx.te = sparse (MESH.nvar.e_v,1,0); ny.te = sparse(+BC.t_e);
nx.le = sparse(—BC.l_e); ny.le = sparse(MESH.nvar.e_h,1,0);
nx.re = sparse (+BC.r_e); ny.re = sparse(MESH.nvar.e_h,1,0);
nx.bn = sparse (MESH.nvar.n,1,0); ny.bn = sparse(—BC.b_n);
nx.tn = sparse (MESH.nvar.n,1,0); ny.tn = sparse (+BC.t_n);
nx.ln = sparse(—BC.1l_n); ny.ln = sparse (MESH.nvar.n,1,0);
nx.rn = sparse (+BC.r_n); ny.rn = sparse (MESH.nvar.n,1,0);
if diffr
nx.ble = sparse (MESH.nvar.e_v,1,0); ny.ble = sparse(—BC.bl_e);
nx.bre = sparse (MESH.nvar.e_v,1,0); ny.bre = sparse(—BC.br_e);
nx.tle = sparse (MESH.nvar.e_v,1,0); ny.tle = sparse(+BC.tl_e);
nx.tre = sparse (MESH.nvar.e_v,1,0); ny.tre = sparse (+BC.tr_e);
nx.bln = sparse (MESH.nvar.n,1,0); ny.bln = sparse(—BC.bl_n);
nx.brn = sparse (MESH.nvar.n,1,0); ny.brn = sparse(—BC.br_n);
nx.tln = sparse (MESH.nvar.n,1,0); ny.tln = sparse(+BC.tl_mn);
nx.trn = sparse (MESH.nvar.n,1,0); ny.trn = sparse (+BC.tr_n);
nx.fl_ble = sparse(+BC.fl_bl_e); ny.fl_ble = sparse (MESH.nvar.e_h,1,0);
nx.fl_mle = sparse(+BC.fl_ml_e); ny.fl_mle = sparse (MESH.nvar.e_h,1,0);
nx.fl_tle = sparse(+BC.fl_tl_e); ny.fl_tle = sparse (MESH.nvar.e_h,1,0);
nx.fl_bre = sparse(—BC.fl_br_e); ny.fl_bre = sparse (MESH.nvar.e_h,1,0);
nx.fl_mre = sparse(—BC.fl_mr_e); ny.fl_mre = sparse (MESH.nvar.e_h,1,0);
nx.fl_tre = sparse(—BC.fl_tr_e); ny.fl_tre = sparse (MESH.nvar.e_h,1,0);
nx.fl_bln = sparse(+BC.fl_bl_n); ny.fl_bln = sparse (MESH.nvar.n,1,0);
nx.fl_mln = sparse(+BC.fl_ml_n); ny.fl_mln = sparse (MESH.nvar.n,1,0);
nx.fl_tln = sparse(+BC.fl_tl_n); ny.fl_tln = sparse (MESH.nvar.n,1,0);
nx.fl_brn = sparse(—BC.fl_br_n); ny.fl_brn = sparse (MESH.nvar.n,1,0);
nx.fl_mrn = sparse(— B fl_mr_n); ny.fl_mrn = sparse (MESH.nvar.n,1,0);
nx.fl_trn = sparse(— fl_tr_n); ny.fl_trn = sparse(MESH.nvar.n,1,0);
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nx.fl_le = nx.fl_ble+nx.fl_tle; nx.fl_1n = nx.fl_bln+nx.fl_tln;
nx.fl_re = nx.fl_bre+nx.fl_tre; nx.fl_rn = nx.fl_brn+nx.fl_trn;
if nDeriv 496

tmp.nx_le =
tmp.nx_re =
tmp.ny_te =
tmp.ny_be =
tmp.nx_1ln =
tmp.nx_rn =

nx.le;nx.le;nx.1ln;nx.1n]
nx.re;nx.re;nx.rn;nx.rnj
ny.te;ny.tn;ny.te;ny.tn]
ny.be;ny.bn;ny.be;ny.bnj;
nx.ln;nx.ln;nx.ln;nx.1ln]; 501
nX.rn;nxX.rn;nx.rn;nx.rn]j
]
]

tmp.ny_tn = [ny.tn;ny.tn;ny.tn;ny.tn];
tmp.ny_bn = [ny.bn;ny.bn;ny.bn;ny.bn];
tmp.nx_fl_le = [nx.fl_le;nx.fl_le;nx.fl_1ln;nx.fl_1n];
tmp.nx_fl_1n = [nx.fl_1n;nx.fl_1n;nx.fl_1n;nx.fl1_1n]; 506
tmp.nx_fl_re = [nx.fl_re;nx.fl_re;nx.fl_rn;nx.fl_rn];
tmp.nx_fl_rn = [nx.fl_rn;nx.fl_rn;nx.fl_rn;nx.fl_rn];
tmp.ny_ble = [ny.ble;ny.bln;ny.ble;ny.bln];
tmp.ny_bln = [ny.bln;ny.bln;ny.bln;ny.bln];
tmp.ny_bre = [ny.bre;ny.brn;ny.bre;ny.brn]; 511
tmp.ny_brn = [ny.brn;ny.brn;ny.brn;ny.brn];
tmp.ny_tle = [ny.tle;ny.tln;ny.tle;ny.tln];
tmp.ny_tln = [ny.tln;ny.tln;ny.tln;ny.tln];
tmp.ny_tre = [ny.tre;ny.trn;ny.tre;ny.trn];
tmp.ny_trn = [ny.trn;ny.trn;ny.trn;ny.trn]; 516
nx.le = tmp.nx_le; nx.re = tmp.nx_re;
ny.te = tmp.ny_te; ny.be = tmp.ny_be;
nx.ln = tmp.nx_1ln; nx.rn = tmp.nx_rn;
ny.tn = tmp.ny_tn; ny.bn = tmp.ny_bn; 521
nx.fl_le = tmp.nx_fl_le; nx.fl_1ln = tmp.nx_£f1l_1n;
nx.fl_re = tmp.nx_fl_re; nx.fl_rn = tmp.nx_fl_rn;
ny.ble = tmp.ny_ble; ny.bln = tmp.ny_bln;
ny.bre = tmp.ny_bre; ny.brn = tmp.ny_brn;
ny.tle = tmp.ny_tle; ny.tln = tmp.ny_tln; 526
ny.tre = tmp.ny_tre; ny.trn = tmp.ny_trn; clear tmp;
end
end
disp ('Boundaries done')
531

%% Exact solution and boundary function
Fun.PHI = @(x,y) exp(lixkx(x*cos (theta)+y*sin(theta)));
Fun.PHIpx = @(x,y) lixkxcos(theta)x*Fun.PHI(x,y);
Fun.PHIpy = @(x,y) li*kxsin(theta)xFun.PHI (x,y);
Fun.PHIpxy = @(x,y) —k"2xcos (theta)xsin (theta) «Fun.PHI (x,y); 536
if "plane_wave && “diffr
Fun.PHI = @ (x,y) sin(kxx).*sin (kxy);

Fun.PHIpx = @(x,y) kxcos (kxx).xsin(kxy);
Fun.PHIpy = @(x,y) kxsin (kxx).xcos (kx*y);
Fun.PHIpxy = @(x,y) k"2+cos (k*x).xcos (k+y); 541

end

Fun.Ux = @(x,y) —Fun.PHI(x,y)*cos(theta);

Fun.Uxpx = @(x,y) —Fun.PHIpx(x,y) *cos (theta);

Fun.Uxpy = @(x,y) —Fun.PHIpy(x,y) *cos (theta);

Fun.Uxpxy = @(x,y) —Fun.PHIpxy (x,y)*cos (theta); 546
Fun.Uy = @(x,y) —Fun.PHI (x,y)*sin(theta);

Fun.Uypx = @(x,y) —Fun.PHIpx(x,y)*sin(theta);
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Fun.Uypy = @(x,y) —Fun.PHIpy(x,y)*sin(theta);
Fun.Uypxy = @(x,y) —Fun.PHIpxy (x,y)*sin(theta);

g = 0(x,y) ( lixk .% (Fun.PHI(x,y)) .* ( cos(theta).*nl(x,y)+sin(theta).»n2(x,y)
- 1))
gx = 0(x,y) ( lixk .x (Fun.PHI(x,y)) .* ( cos(theta).xnl(x,y) — 1 ) );
gy = @(x,y) ( lixk .x (Fun.PHI(x,y)) .* ( sin(theta).*n2(x,y) — 1 ) );
gt = @(x,y,xt,yt) ( lixk . (Fun.PHI(x,y)) .* ( cos(theta).*nl(xt,yt)+sin(theta).
*n2(x,y) — 1) );
gxt = @(x,y,xt,yt) ( lixk .x (Fun.PHI(x,y)) .x ( cos(theta).xnl(xt,yt) — 1 ) );
if nDeriv
5 g
gpx = Q@(x,y) ( lixk .» (Fun.PHIpx(x,y)) .* ( cos(theta).xnl(x,y)+sin(theta).x*
n2(x,y) — 1) );
gpy = @(x,y) ( lixk .x (Fun.PHIpy(x,y)) .* ( cos(theta).xnl(x,y)+sin(theta).~*
n2(x,y) — 1) );
gpxy = @(x,y) ( lixk .x (Fun.PHIpxy(x,y)) .* ( cos(theta).xnl(x,y)+sin(theta)
+n2(x,y) — 1) ),
% gx
gxpx = @(x,y) ( lixk . (Fun.PHIpx(x,y)) .* ( cos(theta).xnl(x,y) — 1) );
gxpy = @(x,y) ( lixk . (Fun.PHIpy(x,y)) .x* ( cos(theta).xnl(x,y) — 1) );
gxpxy = @(x,y) ( li*k .x (Fun.PHIpxy(x,y)) .» ( cos(theta).xnl(x,y) — 1) );
% gt
gpxt = @(x,y,xt,yt) ( lixk .x (Fun.PHIpx(x,y)) .* ( cos(theta).*nl(xt,yt)+sin
(theta) .*n2(x,y) — 1 ) );
gpyt = @(x,y,xt,yt) ( lixk .x (Fun.PHIpy(x,y)) .* ( cos(theta).*nl(xt,yt)+sin
(theta) .»n2(x,y) — 1 ) );
gpxyt = @(x,y,xt,yt) ( lixk .x (Fun.PHIpxy(x,y)) .* ( cos(theta).xnl(xt,yt)+
sin (theta) .*n2 (x,y) — 1 ) );
% gxt
gxpxt = Q@(x,y,xt,yt) ( lixk .x (Fun.PHIpx(x,y)) .» ( cos(theta).*nl(xt,yt) —
1) )
gxpyt = @(x,y,xt,yt) ( lixk .x (Fun.PHIpy(x,y)) .*» ( cos(theta).*nl(xt,yt) —
1) )
gxpxyt = @(x,y,xt,yt) ( lixk .x (Fun.PHIpxy(x,y)) .* ( cos(theta).=xnl (xt,yt)
- 1))
5 gy
gypx = @(x,y) ( lixk . (Fun.PHIpx(x,y)) .x* ( sin(theta).xn2(x,y) — 1) );
gypy = @(x,y) ( lixk .* (Fun.PHIpy(x,y)) .* ( sin(theta).xn2(x,y) — 1) );
gypxy = @(x,y) ( lixk .x (Fun.PHIpxy(x,y)) .x ( sin(theta).xn2(x,y) — 1 ) );

end

o

°

% Assemble

g = @(x,y) [g(x,y);gpx(x,y);gPy(X,¥);gPxy(x,¥)];

gx = Q@(x,y) [gx(x,y);gxpx(X,y);gxpy (x,y);gxpxy(x,y)];

gy = Q@(x,y) [gy(x,¥);8ypx(x,y);gypy (X,¥);8ypPxy (x,¥)1;

gt = @(x,y,xt,yt) [gt(x,y,xt,yt),;gpxt(x,y,xt,yt);gpyt (x,y,xt,yt);gpxyt (x,y,xt
Pyt 15

gxt = Q(x,y,xt,yt) [gxt(x,y,xt,yt);gxpxt(x,y,xt,yt);gxpyt (x,y,xt,yt);gxpxyt (x

IR ITRAZRE

% External forcing

Fun.F = @(x,y) 0.xx.xy;
Fun.Fpx = Fun.F;

Fun.Fpy = Fun.F;
Fun.Fpxy = Fun.F;

if "plane_wave && “diffr

Fun.F = Q@(x,y) (2+gam)+k~2/(lixk)«Fun.PHI (x,y);
Fun.Fpx = @(x,y) (2+gam)~*k~2/(1lixk)~Fun.PHIpx (x,y);

MSc. Thesis Peter Klaas Christiaan Lok

551

556

561

566

571

576

581

586

591



76 Matlab Code

Fun.Fpy = @(x,y) (2+gam)~+k"2/(1lixk)~Fun.PHIpy (x,y);

Fun.Fpxy = Q@(x,y) (2+gam)+k~2/(1lixk)«Fun.PHIpxy (x,¥);
elseif plane_wave && ~diffr

Fun.F = @(x,y) (l+gam)+k"2/(lixk)«Fun.PHI(x,y);

Fun.Fpx = Q(x,y) (l+gam)xk"2/(lixk)«Fun.PHIpx (x,y);
Fun.Fpy = @(x,y) (l+gam)*k"2/(1lixk)~Fun.PHIpy (x,y);
Fun.Fpxy = @(x,y) (l+gam)+*k"2/(lixk)~Fun.PHIpxy(x,y);

end
f = @(x,y) Fun.F(x,y);
if nDeriv>0
fpx = @(x,y) Fun.Fpx(x,y);
fpy = @(x,y) Fun.Fpy(x,y);
fpxy = @(x,y) Fun.Fpxy(x,y);
f =0(x,y) [f(x,y);fpx(x,y);fpy(x,y);fpxy(x,¥)1;
end
disp ('Exact and external forcing done')

%% Integrate U
if integr_U
ux_i = cell(6,1); uy_i = ux_i; uxpx_i = ux_i; uxpy_i = ux_i; uxpxy_i = ux_ij;
uypx_i = ux_i; uypy_i = ux_i; uypxy_i = ux_i;

for block=1:1:6
ux_i{block, 1} = interpolate2D_1form_y_v2 (Fun.Ux,mesh{block}, mesh{block}.P
+1,1);
uy_i{block, 1}
+1,1);
if nDeriv
uxpx_i{block,1} = interpolate2D_1form_y_v2 (Fun.Uxpx,mesh{block}, mesh{
block}.P+1,1);
uxpy_i{block, 1} = Fun.Ux (mesh{block}.XGrid, mesh{block}.YGrid);
uxpxy_i{block,1} = Fun.Uxpx (mesh{block}.XGrid, mesh{block}.YGrid);
uypx_i{block, 1} = Fun.Uy (mesh{block}.XGrid, mesh{block}.YGrid);
uypy_i{block,1} = interpolate2D_iform_x_v2 (Fun.Uypy,mesh{block}, mesh{
block}.P+1,1);
uypxy_i{block, 1} = Fun.Uypy (mesh{block}.XGrid, mesh{block}.YGrid);

interpolate2D_1form_x_v2 (Fun.Uy, mesh{block}, mesh{block}.P

end
end
Ux_l = [ux_i{1}(:,1);ux_i{3}(:, 1) ;ux_i{5}(:,1)1;
Uy_b = tramspose ([uy_i{1}(1,:) uy_i{2}(1,:)1);
if diffr

Uy_tl = transpose (uy_i{5}(1,:));

Uy_tll = zeros (MESH.nvar.e,l); Uy_tl1(BC.tl_e+MESH.ne_g_v,1) = Uy_tl;
Uy_bl = transpose (uy_i{1}(1,:));
Uy_bll = zeros (MESH.nvar.e,1l); Uy_bll (BC.bl_e+MESH.ne_g_v,1l) = Uy_bl;
end
Ux_11 = zeros (MESH.nvar.e,1l);

Uy_bl = zeros (MESH.nvar.e,1l);
if nDeriv
Ux_1l = [Ux_l;uxpx_i{1}(:,1);uxpx_i{3}(:,1);uxpx_i{5}(:,1);uxpy_i{1}(l:end
—1,1);uxpy_i{3}(l:end—1,1) ;uxpy_i{5}(:,1) ;uxpxy_i{1}(l:end—1,1);
uxpxy_i{3}(l:end—1,1);uxpxy_i{5}(:,1)1;
Uy_b = [Uy_b;transp ([uypx_i{1}(1,1l:end—1) uypx_i{2}(1,:) uypy_i{1}(1,:)
uypy_i{2} (1, :) uypxy_i{1}(1,1l:end—1) uypxy_i{2}(1,:)1)1;
Ux_11([BC.1_e;BC.1_e+MESH.ne_g_v;BC.1_n+MESH.ne_g_v*2;BC.1_n+MESH.ne_g_v

*2+MESH.nn_gl,1) = Ux_1;
Uy_bl1 ([BC.b_e;BC.b_n+MESH.ne_g_h;BC.b_e+MESH.ne_g_h+MESH.nn_g;BC.b_n+
MESH.ne_g_h*2+MESH.nn_g]+MESH.nvar.e_v,1) = Uy_b;
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else
Ux_11(BC.1l_e,1) = Ux_1; 641
Uy_bl (BC.b_e+MESH.nvar.e_v,1) = Uy_b;
end
end
display ('Integrate U done')
646
% Check symmetry
sym.M = [check_sym(M00,MESH.XYt) ;
check_sym (M11x,MESH.edgesx (:,3:4
Mlly,MESH.edgesy (:,3:4
Mldldx,MESH.edgesx (:,3:
Mldldy,MESH.edgesy (:,3:
M2d2d,MESH.volumes (:,5:
(: 3
(:

)
)

’

check_sym ;
check_sym )); 651
check_sym )) i
)
)

check_sym

)i
)i
4
4
6))i
4

check_sym (M11ldxy,MESH.edgesx ,MESH.edgesy (:,3:4));
check_sym(Mlldyx,MESH.edgesy 3:4) ,MESH.edgesx (:,3:4));
check,sym(M02d,MESH.XYt,MESH.volumes(:,5:6))}; 656
sym.E = [check_.sym(E10x,MESH.edgesx (:,3:4),MESH.XYt) ;
check_sym (E10y,MESH.edgesy (:,3:4),MESH.XYt) ;
check_sym(E1dOd(1:MESH.nvar.e_v, :),MESH.edgesy (:,3:4) ,MESH.XYt) ;
(E1dOd (1+MESH.nvar.e_v:end, :),MESH.edgesx (:,3:4) ,MESH.XYt) ;
check_sym (E2d1d(:, 1:MESH.nvar.e_v) ,MESH.volumes (:,5:6),MESH.edgesy (:,3:4)); 661
check_sym (E2d1d(:,1+MESH.nvar.e_v:end),MESH.volumes (:,5:6),MESH.edgesx
(:,3:4));
check_sym(E21(:,1:MESH.nvar.e_h),MESH.volumes (:,5:6),MESH.edgesx (:,3:4));
check_sym(E21(:,1+MESH.nvar.e_h:end),MESH.volumes (:,5:6) ,MESH.edgesy (:,3:4)
)13
names = {'l' 'r' '"flml'" '"flmr'" '"f£1.1"'" '"fl r' 'fl'};

’

check_sym

° o° o0 o° A o d° o A A O° A° o° o° o o

o° o

% for i = 1:numel (names) 666
% sym.MBC(i,:) = [check.sym(MOO0.-BC. (names{i}),MESH.XYt);
B check_sym (MO1_BC. (names{i}) (:,1:MESH.nvar.e.v),MESH.XYt, MESH.edgesy
(:,3:4));
% check.sym (M01_BC. (names{i}) (:, 1+MESH.nvar.e_v:end) ,MESH.XYt, MESH.edgesx
(:,3:4));

o\

check_sym (M11_BC. (names{i}) (1:MESH.nvar.e.v,1:MESH.nvar.e_v),
MESH.edgesy (:,3:4));

% check_sym (M11_BC. (names{i}) (1+MESH.nvar.e_v:end, 1+MESH.nvar.e_v:end), 671
MESH.edgesx (:,3:4));1";
end
sym.MBC = [sym.MBC;

[check_sym (MOO_BC.t+MOO_BC.b,MESH.XYt) ;

check_sym (MO1_BC.t (:,1:MESH.nvar.e_v)+M01_BC.b(:,1:MESH.nvar.e_v),MESH.XYt,
MESH.edgesy (:,3:4));

check_sym (M01_BC.t (:,1+MESH.nvar.e_v:end)+M01 BC.b (:,1+MESH.nvar.e_v:end), 676
MESH.XYt,MESH.edgesx (:,3:4));

check_sym(M11 BC.t (1:MESH.nvar.e_v,l1:MESH.nvar.e_v)+M11 _BC.b (1
MESH.nvar.e_v,l1:MESH.nvar.e_v),MESH.edgesy (:,3:4));

check_sym (M11_BC.t (1+MESH.nvar.e_v:end, 1+MESH.nvar.e_v:end)+M11_BC.b (1+
MESH.nvar.e_v:end, 1+MESH.nvar.e_v:end),MESH.edgesx (:,3:4));1"'1;

o° o° o° o

oe o

oe

%% Construct Solution

if diffr % Diffraction model or square domain plane wave 681
switch eqn
case 0
switch A
case 1 % Interference
MOO_BC.sum = MOO_BC.1+MOO_BC.r+MOO_BC.f1; 686
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% l—ean
lhs = —gam*xk"2+xMO0 — E10'xM11xE10 + 1ixkxMOO_BC.sum;
rhs = MOOxf (MESH.X,MESH.Y) — (MOO_BC.1+MOO_BC.f1_1) xgx (MESH.X
,MESH.Y) ;
691
% Periodic top bottom
lhs(:,BC.t_n) = 1lhs(:,BC.t_n)+1lhs(:,BC.b_n);
lhs(:,BC.b_n) = []; lhs(BC.b_n,:) = []; rhs(BC.b_n,:) = [];
SOL = 1lhs\rhs; 696
phi = zeros (MESH.nvar.n,1l); tmp = true (MESH.nvar.n,1l); tmp (
BC.b_n) = false; phi(tmp,1) = SOL; clear tmp;
phi(BC.b_n,1) = phi(BC.t_n,1);
case 2 % Periodic left
MOO_BC.sum = MOO_BC.1+MOO_BC.r+MOO_BC.tr+MOO_BC.br+MOO_BC.f1l;
701
% l—egn
lhs = —gam*xk"2xMO0 — E10'%xM11xE10 + 1ixkxMOO_BC.sum;
rhs = MOO«f (MESH.X,MESH.Y) — (MOO_BC.1+MOO_BC.f1_1)xgx (MESH.X
,MESH.Y) ;
% Periodic top bottom 706
lhs(:,BC.t1l_n) = 1lhs(:,BC.tl_n)+1lhs(:,BC.bl_n);
lhs (:,BC.bl_n) = []; lhs(BC.bl_n,:) = []; rhs(BC.bl_n,:) =
[1;
SOL = 1lhs\rhs;
phi = zeros (MESH.nvar.n,1l); tmp = true (MESH.nvar.n,1l); tmp ( 711
BC.bl_n) = false; phi(tmp,1l) = SOL; clear tmp;
phi (BC.bl_n,1) = phi(BC.tl_n,1);
case 3 % No periodic
MOO_BC.sum = MOO_BC.1+MOO_BC.r+MOO_BC.t+MOO_BC.b+MOO_BC.f1l_1;
% l—eaqn 716
lhs = —gam*xk"2xMO0 — E10'xM11xE10 + 1ixkxMOO_BC.sum;
rhs = MOO~xf (MESH.X,MESH.Y) — (MOO_BC.1+MOO_BC.f1_1)xgx (MESH.X
,MESH.Y) — (MOO_BC.bl+MOO_BC.tl)xgy (MESH.X,MESH.Y) ;
phi = 1lhs\rhs;
case 4 % Prescribe U 721
end
case 1
switch A
case 1 % Interference
MOO_BC.sum = MOO_BC.1+MOO_BC.r+MOO_BC.f1l; 726
% 2—eqn
lhsl = [ —gamxk " 2xMO0+1ixk*MOO_BC.sum 1ixk+«E10'xM11d ];
lhs2 = [ M11d'*E10 1ixk*Mi1did ];
rhsl = MOOxf (MESH.X,MESH.Y) — (MOO_BC.1+MOO_BC.f1_1) xgx(
MESH.X,MESH.Y);
rhs2 = zeros (MESH.nvar.e,1); 731
lhs = [lhs1l;1hs2];
rhs = [rhsl;rhs2];
% Periodic top bottom
if nDeriv 736
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T = [BC.t_n;BC.t_n;BC.t_n;BC.t_n;false (MESH.nvar.e_v,1);
BC.t_e;BC.t_n;BC.t_e;BC.t_n];
B = [BC.b_n;BC.b_n;BC.b_n;BC.b_n;false (MESH.nvar.e_v,1);
BC.b_e;BC.b_n;BC.b_e;BC.b_n];
else
Tn = [BC.t_n;false (MESH.nvar.e,1)];
Te = [false (MESH.nvar.n+MESH.nvar.e_v,1);BC.t_e];

[
[

Bn = [BC.b_n;false (MESH.nvar.e,1)];
[

Be = [false (MESH.nvar.n+MESH.nvar.e_v,1);BC.b_e];
end
lhs(:,Tn) = lhs(:,Tn)+(lhs(:,Bn));
lhs(:,Te) = lhs(:,Te)+conj(lhs(:,Be));
out = false (MESH.nvar.n+MESH.nvar.e,1l);%[false (MESH.nvar.n, 1)

; BC.fl_r_e;
lhs (:, (Bn|Be|out)) =
out),:) = [];

false (MESH.nvar.e_h,1)];

[1; lhs((Bn|Be|out),:) = []; rhs((Bn|Be|

SOL = 1lhs\rhs;

sol = zeros (MESH.nvar.n+MESH.nvar.e,1);

sol (" (Bn|Be|out)) = SOL;

sol (Bn) = (sol(Tm));

sol (Be) = conj(sol (Te));

SOL=so0l; clear B T sol

phi = SOL (1:MESH.nvar.n); v = —E10xphi; vx = v (1l:
MESH.nvar.e_h); vy = v(MESH.nvar.e_h+l:end);

ux = SOL (MESH.nvar.n+1: (MESH.nvar.n+MESH.nvar.e_v));
uy = SOL ((MESH.nvar.n+MESH.nvar.e_v+1l) :end);
psi = E2d1dx[ux;uy];
case 2 % Periodic left
MOO_BC.sum = MOO_BC.1+MOO_BC.r+MOO_BC.tr+MOO_BC.br+MOO_BC.f1;
% 2—edqn
lhsl = [ —gam*xk"2xMO0+1ixk*MOO_BC.sum 1lixk+«E10'xM11d ];
% lhsl = [ —gam*xk"2xM00—1ixk+*MO0O_BC.sum —1i*kxM02d+E2dld—1ixk

*((MO1_BC.1+MO1 BC.r+M01_BC.f1l_1).* (ones (MESH.nvar.n, 1)+ ([nx.le'+nx.re'+

nx.fl le'

o°

zeros (1,MESH.nvar.e_h)])) +
,1)*([zeros (1,MESH.nvar.e_v)

(MO1_BC.t+MO01_BC.Db) .* (ones (MESH.nvar.n
ny.tle'+ny.ble'+ny.tre'+ny.bre']))) I;

lhsl = [ —gam*xk"2xM00—1ixk*MO0O_BC.sum —1i*xkxM02d+E2dld—1i*k

*((MO1_BC.1+MO1_BC.r+MO1_BC.f1_1).* (ones (MESH.nvar.n,1l)*([nx.le'+nx.re'+

nx.fl_le'

,1)*([zeros (1,MESH.nvar.e_v)

o\

MESH.X,MESH.Y)

oe

MESH.X,MESH.Y) ;

MSc. Thesis

zeros (1,MESH.nvar.e.h)])) +

(MO1_BC.t+MO01_BC.Db) .* (ones (MESH.nvar.n
ny.tle'+ny.ble'+ny.tre'+ny.bre']))) 1;
M11d'+E10 1ixk+M1idild ];

(MOO_BC.1+MOO_BC.£f1_1) »gx (

lhs2 = [
rhsl = MOO«f (MESH.X,MESH.Y) —
MESH.X, MESH.Y) ;
rhsl = MOO«f (MESH.X,MESH.Y) + (MOO_BC.1+MOO_BC.f1_1)*gx (
(MOO_BC.b1+MO0_BC.t1l) gy (MESH.X,MESH.Y) ;

rhsl = MOO+f (MESH.X,MESH.Y) + (MOO_BC.1+MOO_BC.fl_1)xgx(
rhs2 = zeros (MESH.nvar.e,1);
lhs = [lhs1l;1hs2];
rhs = [rhsl;rhs2];

% Periodic top bottom
if nDeriv

TL = [BC.t1l_n;BC.tl1_n;BC.t1l_n;BC.tl_n;false (MESH.nvar.e_v
,1);BC.t1l_e;BC.tl_n;BC.tl_e;BC.tl_n];
BL = [BC.bl_n;BC.bl_n;BC.bl_n;BC.bl_n;false (MESH.nvar.e_v

,1);BC.bl_e;BC.bl_n;BC.bl_e;BC.bl_n];
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oe

o

else
TL [BC.tl_n; false (MESH.nvar.e_v,1);BC.tl_e];
BL = [BC.bl_n;false (MESH.nvar.e_v,1);BC.bl_e];
TLn = [BC.tl_n;false (MESH.nvar.e,1)];
BLn = [BC.bl_n;false (MESH.nvar.e,1)];
TLe [false (MESH.nvar.n+MESH.nvar.e_v,1);BC.tl_e];
BLe [false (MESH.nvar.n+MESH.nvar.e_v,1);BC.bl_e];
end
TL = false (MESH.nvar.n+MESH.nvar.e, 1) ;
BL = false (MESH.nvar.n+MESH.nvar.e,1);

lhs(:, TLn) = 1lhs(:,TLn)+1lhs (:,BLn);
lhs (:,TLe) = 1lhs(:,TLe)+conj (lhs(:,BLe));
lhs(:,TL) = lhs(:,TL)+1lhs(:,BL);

out = false (MESH.nvar.n+MESH.nvar.e,1l);%[false (MESH.nvar.n, 1)
; BC.fl_r_e; false(MESH.nvar.e_h,1)];
out = false (MESH.nvar.n+MESH.nvar.e,1);

lhs (:,BLn|BLe|out) = []; lhs(BLn|BLe|out,:) = []; rhs(BLn|BLe
|out, :) = [1;

SOL = 1lhs\rhs;

sol = zeros (MESH.nvar.n+MESH.nvar.e,1);

sol (" (BLn|BLe|out)) = SOL;

sol (BLn) = sol (TLn);

sol (BLe) = conj (sol (TLe));

SO0L=so0l; clear BL TL sol

phi = SOL (1:MESH.nvar.n); v = —E10xphi; vx = v (1l:

MESH.nvar.e_h); vy = v(MESH.nvar.e_h+l:end);
ux = SOL (MESH.nvar.n+1: (MESH.nvar.n+MESH.nvar.e_v));
uy SOL ( (MESH.nvar.n+MESH.nvar.e_v+1) :end) ;
psi = E2d1dx[ux;uy];

°

case 3 % No periodic

Peter Klaas Christiaan Lok

MOO_BC.sum = MOO_BC.1+MOO_BC.r+MOO_BC.t+MOO_BC.b+MOO_BC.f1l;

% 2—eqn

rx.e = cos (atan ((MESH.edgesy (:,4)—mean (domain.ys)) ./ (
MESH.edgesy (:,3)—domain.xs (2)))) .*sign (MESH.edgesy (:,3)—
domain.xs (2));

ry.e = sin(atan ((MESH.edgesx (:,4)—mean (domain.ys)) ./ (
MESH.edgesx (:,3)—domain.xs (2)))) .xsign (MESH.edgesx (:, 3)—
domain.xs (2));

rx.n cos (atan ( (MESH.Y—mean (domain.ys)) ./ (MESH.X—domain.xs
(2)))) .+xsign (MESH.X—domain.xs (2));

ry.n = sin(atan((MESH.Y-—mean (domain.ys)) ./ (MESH.X—domain.xs
(2)))) .xsign (MESH.X—domain.xs (2));

bx = {'1','r',"f1.1'}; by = {'t1','tr','bl",'br','t", 'b'};

for i=1:numel (bx)

Ny

([bx{i}, 'e']) = rx.e; rx. ([bx{i},'e']) ("BC. ([bx{i}, ' e
")) = 0;
(Ibx{i}, 'n'1) = rx.n; rx. ([bx{i}, 'n']) ("BC. ([bx{i}, '-n
1)) = 0;
([bx{i}, 'e']) = zeros(size(ry.e)); ry. ([bx{i}, 'n']) =
zeros (size (ry.n));
end
for i=1:numel (by)
([by{i}, 'e']) = ry.e; ry.([by{i}, 'e']) ("BC. ([by{i}, e
'])) = 0;
([by{i}," = ry.n; ry.([by{i}, 'n']) ("BC. ([by{i}, '-n
1)) = 0;
M.Sc. Thesis
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o

o° o

o

oe

rx. ([by{i}, 'e']) = zeros(size(rx.e)); rx. ([by{i}, 'n']) =
zeros (size (rx.n));
end
lhsl = [ —gam*xk"2xM00—1ixk+*MO0O_BC.sum —1i*xkxM02d+E2dld—1i*k
*((MO1_BC.1+MO1_BC.r+MO01_BC.f1_1).* (ones (MESH.nvar.n,1l)*([nx.le'+nx.re'+
nx.fl_le' zeros(size(ry.re'))])) + (MO1_-BC.t+MO1_BC.Db).x (ones (MESH.nvar.n,1)
* ([zeros(size (nx.tle'+nx.ble'+rx.tre'+rx.bre')) ny.tle'+ny.ble'+ny.tre'+ny.bre
1)) 1;
lhs2 = [ M11d'«E10 1lixk+M1dld ];
rhsl MOOxf (MESH.X,MESH.Y) + (MOO_BC.1+MOO_BC.f1l_1)*gx(
MESH.X,MESH.Y) + (MOO_BC.bl+MOO_BC.tl)x*gy (MESH.X,MESH.Y) ;
rhs2 = zeros (MESH.nvar.e,1l);
lhsl = [ —gam*xk"2xMO0+1ixkx*MOO_BC.sum 1ixk+«E10'xM11d ];
lhs2 = [ M11d'xE10 1ixk«M1did ];
rhsl = MOOxf (MESH.X,MESH.Y) — (MOO_BC.1+MOO_BC.f1_1) xgx(
MESH.X,MESH.Y) — (MOO_BC.bl+MOO_BC.tl) gy (MESH.X,MESH.Y);
rhs2 = zeros (MESH.nvar.e,1);

lhs [lhs1;1hs2];
rhs [rhsl;rhs2];
out = false (MESH.nvar.n+MESH.nvar.e,1l);%[false (MESH.nvar.n, 1)
; BC.fl_ r_e; false(MESH.nvar.e_h,1)];
lhs (out,:) = []; lhs(:,out) = []; rhs(out,:) = [];
SOL = 1lhs\rhs;
sol = zeros (MESH.nvar.n+MESH.nvar.e,1l); sol(“out) = SOL; SOL
= sol; clear sol;
phi = SOL (1:MESH.nvar.n); v = —E10xphi; vx = v (1l:
MESH.nvar.e_h); vy = v(MESH.nvar.e_h+l:end);
ux = SOL (MESH.nvar.n+1: (MESH.nvar.n+MESH.nvar.e_v));
uy = SOL ((MESH.nvar.n+MESH.nvar.e_v+1l) :end);
psi = E2d1ldx[ux;uy];
case 4 % Prescribe U
end
case 2
switch A
case 1 % Interference
bx_w = {'fl.r'}; by_w = {}; bx_g = {'1','£f1.1'}; by_g
bx_iog = {'1','f1.1','r'}; by_iog = {};
bper = {'t','b'}; bU = {};
case 2 % Periodic left
bx_w = {'flr'}; by_w = {}; bx_g = {'1','£1.1'}; by_g = {};
bx_iog = {'1','f1.1",'r'}; by_iog = {'br','tr'};
bper = {'tl','bl'}; bU = {};
case 3 % No periodic
bxw = {"fl.r'}; by-w = {}; bxg = {'1"','£f1.1'}; by.g = {'
bl','tl'}; bx.iog = {'1','f1.1','r'}; by-iog = {'b',"'t'};
bx_w = {'f1.1',"f1.r'}; by_w = {}; bx_g = {'1'}; by_g =
,'tl'}; bx_iog = {'1','r'}; by_iog = {'b','t'};
bper = {}; bU = {};
case 4 % Prescribe U
bx_g = {'f1.1'}; by_g = {'bl','t1l"'}; bx_iog = {'f1.1",'r'};
by_iog = {'b','t'};
bper = {}; bU = {'1'};

{4

|
-
o
=

end

%% Set Boundaries
MOO_BC.iogx = sparse (MESH.nvar.n,MESH.nvar.n,0); MO1_BC.iogx = sparse
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(MESH.nvar.n,MESH.nvar.e,0); M11_BC.iogx = sparse (MESH.nvar.e,
MESH.nvar.e,0);

MOO_BC.iogy = sparse (MESH.nvar.n,MESH.nvar.n,0); MO1_BC.iogy = sparse
(MESH.nvar.n,MESH.nvar.e,0); M11_BC.iogy = sparse (MESH.nvar.e,
MESH.nvar.e, 0);

MOO_BC.gx = MOO_BC.iogx; MO1_BC.gx = MO1_BC.iogx; M11_BC.gx =
M11_BC.iogx; MOO_BC.gy = MOO_BC.iogy; MO1_BC.gy = MO1_BC.iogy;
M11_BC.gy = M11_BC.iogy;

MOO_BC.wx = MOO_BC.iogx; MO1_BC.wx = MO1_BC.iogx; M11_BC.wx =
M11_BC.iogx; MOO_BC.wy = MOO_BC.iogy; MO1_BC.wy = MO1_BC.iogy;
M11_BC.gy = M11_BC.iogy;

nx.ioge = sparse (MESH.nvar.e_v,1,0); nx.iogn = sparse (MESH.nvar.n
,1,0); ny.ioge = sparse (MESH.nvar.e_h,1,0); ny.iogn = sparse(
MESH.nvar.n,1,0);

nx.ge = nx.ioge; nx.gn = nx.iogn; ny.ge = ny.ioge; ny.gn = ny.iogn;

nx.we = nx.ioge; nx.wn = nx.iogn; ny.we = ny.ioge; ny.wn = ny.iogn;

for i=l:numel (bx_iog)
MOO_BC.iogx = MOO_BC.iogx+MOO_BC. (bx_iog{i}); MO1_BC.iogx =
MO1_BC.iogx+MO1_BC. (bx_iog{i}); M11_BC.iogx = M11_BC.iogx+
M11_BC. (bx_iog{i});
nx.ioge = nx.ioge + nx. ([bx_iog{i}, 'e']); nx.iogn = nx.iogn + nx.
([bx_iog{i}, 'n'1);
end
nx.iogn (abs (nx.iogn)>1) = nx.iogn (abs(nx.iogn)>1)./abs (nx.iogn (abs (
nx.iogn)>1));
for i=l:numel (by_iog)
MOO_BC.iogy = MOO_BC.iogy+MOO_BC. (by_iog{i}); MO1_BC.iogy =
MO1_BC.iogy+MO1_BC. (by_iog{i}); M11_BC.iogy = M11_BC.iogy+
M11_BC. (by_iog{i});
ny.ioge = ny.ioge + ny. ([by_iog{i}, 'e']); ny.iogn = ny.iogn + ny.
([by_iog{i}, 'n'1);
end
for i=1l:numel (bx_g)
MOO_BC.gx = MOO_BC.gx+MOO_BC. (bx_g{i}); MO1_BC.gx = MO1_BC.gx+
MO1_BC. (bx_g{i}); M11_BC.gx = M11_BC.gx+M11_BC. (bx_g{i});

nx.ge = nx.ge + nx. ([bx_g{i}, 'e']); nx.gn = nx.gn + nx. ([bx_g{i},
'n'l);
end
nx.gn (abs (nx.gn)>1) = nx.gn(abs(nx.gn)>1)./abs (nx.gn (abs (nx.gn)>1));

for i=1l:numel (by_g)
MOO_BC.gy = MOO_BC.gy+MOO_BC. (by_g{i}); MO1_BC.gy = MO1_BC.gy+
MO1_BC. (by_g{i}); M11_BC.gy = M11_BC.gy+M11_BC. (by_g{i});
ny.ge = ny.ge + ny. ([by_g{i}, 'e']); ny.gn = ny.gn + ny. ([by_g{i},
'n'l);
end
for i=1l:numel (bx_w)
MOO_BC.wx = MOO_BC.wx+MOO_BC. (bx_w{i}); MO1_BC.wx = MO1_BC.wx+
MO1_BC. (bx_w{i}); M11_BC.wx = M11_BC.wx+M11_BC. (bx_w{i});

nx.we = nx.we + nx. ([bx_w{i},'e']); nx.wn = nx.wn + nx. ([bx_w{i},
'n'l);
end
nx.wn (abs (nx.wn)>1) = nx.wn (abs (nx.wn)>1)./abs (nx.wn (abs (nx.wn)>1));

for i=1:numel (by_w)
MOO_BC.wy = MOO_BC.wy+MOO_BC. (by_w{i}); MO1_BC.wy = MO1_BC.wy+
MOl_BC.(by_w{i}); M11_BC.wy = Mll_BC.Wy+M11_BC.(by_w{i});
ny.we = ny.we + ny. ([by_w{i}, 'e']); ny.wn = ny.wn + ny. ([by_w{i},
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oe
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end

%% LHS
Re_phi_phi = k"2«M00 + E10'xM11xE10 + k"2% (MOO_BC.iogx+MOO_BC.iogy);
Re_phi_u = k"2« ( MO1_BC.iogx.x* (ones (MESH.nvar.n,1l)*[nx.ioge' zeros (1,
MESH.nvar.e_h)]) +
MO1_BC.iogy.* (ones (MESH.nvar.n, 1) x[zeros (1, MESH.nvar.e_v) ny.ioge
1) )i
Im_phi_phi = sparse (MESH.nvar.n,MESH.nvar.n,O0);
Im_phi_u = k* (E10'xMlld+gamxM02dxE2d1d);
Re_u_u = k"2xM1did + E2d1d'=xM2d2d+E2d1d +
k"2x (([nx.ioge; zeros (MESH.nvar.e_h, 1) ]*[nx.ioge' zeros (1,
MESH.nvar.e_h)]) .xM11_BC.iogx +
([zeros (MESH.nvar.e_v,1l);ny.ioge]x[zeros (1,MESH.nvar.e_v) ny.ioge
']) .xM11_BC.iogy);
Re_u_phi = k"2x( MO1_BC.iogx'.x([nx.ioge;zeros (MESH.nvar.e_h,1)]xones
(1,MESH.nvar.n)) + ..
MO1_BC.iogy'.x([zeros (MESH.nvar.e_v,1);ny.ioge]*ones (1,

MESH.nvar.n)) );
Im_u_u = sparse (MESH.nvar.e,MESH.nvar.e,0);
Im_u_phi = —kx (M11d'*xE10+gamxE2d1d'*M02d"'); $S—kxgamx ( MOL_BC.wx"'.x ([
nx.we; zeros (MESH.nvar.e_h,1) ]xones (1,MESH.nvar.n)) + MOl BC.wy'.

* ([zeros (MESH.nvar.e_v,1l);ny.we]xones (1,MESH.nvar.n)) );

lhsl = [Re_phi_phi —Im_phi_phi Re_phi_u —Im_phi_u];

lhs2 = [Im_phi_phi Re_phi_phi Im_phi_u Re_phi_u];

1hs3 = [Re_u_phi —Im_u_phi Re_u_u —Im_u_u];

lhs4 = [Im_u_phi Re_u_phi Im_u_u Re_u_u];

lhs = [lhs1;1hs2;1hs3;1hs4]; clearvars —regexp lhs[?] Re_* Im_x
%% RHS

Re_phi_rhs = —gamxMOOxf (MESH.X,MESH.Y) ;

Im_phi_rhs = kx( MOO_BC.gx*gxt (MESH.X,MESH.Y,MESH.XYt (:,1),MESH.XYt
(:,2))+MO0_BC.gy*gy (MESH.X,MESH.Y) );
Re_u_rhs = sparse (MESH.nvar.e,1l);
Im_u_rhs = 1/k+xE2d1d'«M02d"'+f (MESH.X,MESH.Y) + .
kx( MO1_BC.gx'.*([nx.ge;zeros (MESH.nvar.e_h,1)]xones (1,
MESH.nvar.n) ) »gxt (MESH.X,MESH.Y, MESH.XYt (:,1),MESH.XYt (:,2)) +

MO1_BC.gy'.* ([zeros (MESH.nvar.e_v,1);ny.gel*ones (1, MESH.nvar.n)) x
gy (MESH.X, MESH.Y) );

rhsl = real (Re_phi_rhs) — imag (Im_phi_rhs);

rhs2 = real (Re_phi_rhs) + real (Im_phi_rhs);

rhs3 = real (Re_u_rhs) — imag(Im_u_rhs);

rhs4 = imag(Re_u_rhs) + real(Im_u_rhs);

rhs = [rhsl;rhs2;rhs3;rhs4]; clearvars —regexp rhs[?] Re_x Im_~*

%% Prescribed U
if isempty (bU)
indU = false (MESH.nvar.n*x2+MESH.nvar.e=*2,1);
else
if nDeriv
indU = [false(MESH.nvar.n=2,1);BC. ([bper{1l},'_e"']1);BC. ([

bper{l}, '-n'1);BC. ([bper{l}, '-e']1);BC. ([bper{l}, '-n']);false (MESH.nvar.e_v,1);
BC. ([bper{l},'_e']);BC. ([bper{l}, '-n'1);BC. ([bper{l}, '_e']);BC. ([bper{l}, ' -n

else
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S indU = [false(MESH.nvar.nx2,1);BC. ([bU{1l},'_e']); false(
MESH.nvar.e h,1);BC. ([bU{1l}, '_e']);false(MESH.nvar.e.h,1)];

% end

% end

$ % (bu{1})

% ind.U = [BC. ([bU{l}, '-e'1);] 941

% ind_tblr = [BC.bl_e;BC.tl_e]+MESH.nvar.n*2+MESH.nvar.e_v;
ind_tbli = ind_tblr+MESH.nvar.e;

% ind.out = [ind_lr;ind_li;ind_tblr;ind_tbli];

% ind_.out_v = [real (Ux_1l);imag(Ux_1);real (Uy_-bl);real (Uy_-tl);imag
(Uy-bl);imag (Uy-t1)1;

% rhs = rhs—lhs(:, ind_out)+ind_out_v;

% SOL (ind_out) = ind_out_v; 946

%% Periodicity | Walls
PWx = false (MESH.nvar.n+«2+MESH.nvar.ex2,1);
for i=1:numel (bx_w)
if nDeriv 951
PWx = ( PWx | [false(MESH.nvar.nx2,1);BC. ([bx_w{i}, '-e']);
false (MESH.ne_g_v,1);false (MESH.nn_g=*2,1);false(
MESH.nvar.e_h,1);BC. ([bx_w{i}, '-e']);false (MESH.ne_g_v,1);

false (MESH.nn_gx2,1);false (MESH.nvar.e_h,1)] );
else
PWx = ( PWx | [false (MESH.nvar.n=*2,1);BC. ([bx_w{i},'-e']);
false (MESH.nvar.e_h,1);BC. ([bx_w{i}, '-e']); false(
MESH.nvar.e_h,1)] );
end
end 956

PWy = false (MESH.nvar.n*2+MESH.nvar.ex2,1);
for i=1:numel (by_w)
if nDeriv

PWy = ( PWy | [false (MESH.nvar.n+2,1); false (MESH.nvar.e_v,1);
BC. ([by_w{i}, '-e']);false (MESH.nvar.e_h—MESH.ne_g_h,1);
false (MESH.nvar.e_v,1);BC. ([by_w{i}, '-e']); false(
MESH.nvar.e_h—MESH.ne_g_h,1)] );

else 961

PWy = ( PWy | [false (MESH.nvar.n=*2,1);false (MESH.nvar.e_v,1);
BC. ([by_w{i}, '_e']);false (MESH.nvar.e_v,1);BC. ([by_w{i},"'
'l )i

end

end

P1 = false (MESH.nvar.n*2+MESH.nvar.e*2,1); P2 = P1;

for i=1:size (bper,1) 966
if nDeriv

P1 = ( P1 | [repmat (BC. ([bper{i,1},'-n'1),4,1);repmat (BC. ([
bper{i,1},'-n'1),4,1);false (MESH.nvar.e_v,1);BC. ([bper{i
,1},"_e'1);BC. ([bper{i, 1}, "' n'1);BC. ([bper{i, 1}, ' e']1);BC.
([bper{i, 1}, '-n']);false (MESH.nvar.e_v,1);BC. ([bper{i, 1},

e']);BC. ([bper{i, 1}, ' -n'1);BC. ([bper{i,1},'_-e']);BC. ([
bper{i, 1}, "' n'1)1 );

P2 = ( P2 | [repmat (BC. ([bper{i,2},'-n'1),4,1);repmat (BC. ([
bper{i,2},'-n'1),4,1);false (MESH.nvar.e_v,1);BC. ([bper{i
,2},"_e"1);BC. ([bper{i,2},' n'1);BC. ([bper{i,2},'_e']);BC.
([bper{i, 2}, '-n']);false (MESH.nvar.e_v,1);BC. ([bper{i, 2},
_e']);BC. ([bper{i, 2}, ' -n'1);BC. ([bper{i,2},'_e']);BC. ([
bper{i,2}, "' n'1)] );

else
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end

P1 = ( P1 | [BC.([bper{i,1},'-n'1);BC. ([bper{i, 1}, ' -n'1);
false (MESH.nvar.e_v,1);BC. ([bper{i, 1}, "' e']);false (
MESH.nvar.e_v,1);BC. ([bper{i, 1}, '-e'1)] );

P2 = ( P2 | [BC. ([bper{i,2},'-n'1);BC. ([bper{i,2}, "' -n'1);
false (MESH.nvar.e_v,1);BC. ([bper{i, 2}, "' e']);false
MESH.nvar.e_v,1);BC. ([bper{i,2},'-e'1)] );

end
end
lhs(:,P1) = lhs(:,P1)+1lhs(:,P2);
out = (P2 | PWx | PWy);
lhs(:,out) = []; 1lhs(out,:) = []; rhs(out,:) = [];

%% Calculate Solution

SOL = 1lhs\rhs;

sol = zeros (MESH.nvar.n*2+MESH.nvar.ex2,1);

sol ("out) = SOL; sol(P2) = sol(P1); SOL=sol; clear P1 P2 PWx PWy sol
out

%% Collect Results

phi = complex (SOL (1:MESH.nvar.n), SOL (MESH.nvar.n+1:MESH.nvar.n«*2));

ux = complex (SOL (MESH.nvar.nx2+1: (MESH.nvar.n*2+MESH.nvar.e_v)), SOL ((
MESH.nvar.n*2+MESH.nvar.e+1) : (MESH.nvar.n+x2+MESH.nvar.e+
MESH.nvar.e_v)));

uy = complex (SOL ((MESH.nvar.n+2+MESH.nvar.e_v+1) : (MESH.nvar.nx2+
MESH.nvar.e)), SOL ( (MESH.nvar.n+2+MESH.nvar.e+MESH.nvar.e_v+1) :end)
)

v = —E10%phi; vx = v(1:MESH.nvar.e_h); vy = v (MESH.nvar.e_h+l:end);

psi = E2dld«*[ux;uy];

clearvars —regexp lhs[?] rhs[?] Re_x Im_x
else % no diffraction, no interference, no absorbing wall, open domain plane wave
if plane_wave

if

MSc. Thesis

[

“integr_U % Model Problem A Demkowicz

o

% Construct 1lhs
Re_phi_phi = (E10'xM11+xE10 + k"2.xMOO0 — (...
+MO1_BC.r (:,1:MESH.nvar.e_v)* (—E10y) »sin (theta) / (cos (theta)) ...
+MO1_BC.t (:,MESH.nvar.e_v+l:end)* (—E10x) xcos (theta)/ (sin (theta)))
)
% +M01_ BC.1(:,1:MESH.nvar.e_v)*(—E10y) *sin(theta)
/ (—cos (theta)) ...

oe

+M01_BC.b (:,MESH.nvar.e_v+l:end)* (—E10x) *
cos (theta)/(—sin(theta)) ...
Re_phi_u = sparse (MESH.nvar.n, MESH.nvar.e,0);
Im_phi_phi = —k* (...
+MOO_BC.1...
+MOO_BC.b...
+MOO_BC.r/ (cos (theta)) ...
+MO0_BC.t/ (sin (theta)) );

+MOO_BC.1/(—cos (theta)) ...

+MO0_BC.b/ (—sin(theta)) ...
Im_phi_u = (gam/k—k)+M02d+~E2d1d;
Re_u_u = (E2d1d'xM2d2d*E2d1d+k"2xM1d1d);
Re_u_phi = +M11_BC.r(:,1:MESH.nvar.e_v)* (—E10y) *sin (theta) ...

+M11_BC.t (:,MESH.nvar.e_v+l:end)* (—E10x) rcos (theta) ;

% —M11 BC.1(:,1:MESH.nvar.e_v)*(—E10y)*sin (theta)

o° oo
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else

o

—M11 BC.b(:,MESH.nvar.e_v+l:end)* (—E10x) %
cos (theta) ...
Im_u_u = kx (...

+M11_BC.1l.x([nx.le;ny.le]l*[nx.le' ny.le'])...%x(—cos(theta))...
+M11_BC.b.* ([nx.be;ny.be]x[nx.be' ny.be'])...%x(—sin(theta)) ...
+M11_BC.r.x ([nx.re;ny.rel*[nx.re' ny.re'])xcos (theta)...

+M11_BC.t.xblkdiag (nx.texnx.te', (+ny.te)* (+ny.te) ') rsin (theta) );
Im_u_phi = (k—gam/k)+E2d1d'+M02d4"';

lhsl = [Re_phi_phi —Im_phi_phi Re_phi_u —Im_phi_u]; % HH: 1 HelmHoltz
0 Reaction—Diffusion

lhs2 = [Im_phi_phi Re_phi_phi Im_phi_u Re_phi_u];

1hs3 = [Re_u_phi —Im_u_phi Re_u_u —Im_u_u];

lhs4 = [Im_u_phi Re_u_phi Im_u_u Re_u_u];

lhs = [lhs1;1hs2;1hs3;1hs4]; clearvars —regexp lhs[?] Re_x Im_x
% Construct rhs
Im_phi_rhs = gam/kxMOOxffp — kx(
+MO0_BC.b » gy (MESH.X,MESH.Y)...%
+MOO_BC.1 % gx (MESH.X,MESH.Y) );%
Re_u_rhs = E2d1d'«M02d'xffp;
Im_u_rhs = k*(
MO1_BC.b' % gy (MESH.X,MESH.Y) .x [nx.be;ny.be]
+MO1_BC.1' * gx(MESH.X,MESH.Y) .x[nx.le;ny.le] );
rhsi —imag (Im_phi_rhs);
rhs2 real (Im_phi_rhs);
rhs3 = real (Re_u_rhs)—imag (Im_u_rhs);
rhs4 = imag(Re_u_rhs)+real (Im_u_rhs);
rhs = [rhsl;rhs2;rhs3;rhs4]; clearvars —regexp rhs[?] Re_x Im_~*

% Walls

ind_walls = [];

ind_out = ind_walls;

lhs(:,ind_out) = []; lhs(ind_out,:) = []; rhs(ind_out,:) = []; clear
tmp;

display ('Constructing Solution Done')

% Calculate Solution

sol = 1lhs\rhs;

display ('Solution Done')

SOL = zeros ((MESH.nvar.n+MESH.nvar.e)=*2,1);

tmp = false ((MESH.nvar.n+MESH.nvar.e)x2,1); tmp(ind_out) = true;
SOL ("tmp, 1) =so0l;
sol=S0L;

% Model Problem B Demkowicz

% Construct lhs [real (phi) |imag (phi) |real (u) |imag (u)]

display ('Start Constructing Solution')

lhsl = [(E10'%xM11xE10+k"2.xM00O) kx (MOO_BC.t+MOO_BC.r) sparse (
MESH.nvar.n,MESH.nvar.e, 0) —(kx—M02d+E2d1d+gam/k+~M02d«E2d1d)]; =
HH: 1 HelmHoltz O Reaction—Diffusion

lhs2 = [—k* (MOO_BC.t+MOO_BC.r) (E10'xM11+xE10+k"2.xM00) (k*—M02d*E2d1d
+gam/k+«M02d+E2d1d) sparse (MESH.nvar.n,MESH.nvar.e,0)];

lhs3 = [sparse (MESH.nvar.e,MESH.nvar.n,0) (kx(MO1_BC.1'+MO1_BC.b'—
E2d1d'+M02d ') +gam/k+xE2d1d"'«M02d ') (E2d1d'xM2d2d+~E2d1d+k"2+«M1d1d) —
k+x (M11_BC.t+M11_BC.r)];

lhs4 = [— (k% (MO1_BC.1'+MO1_BC.b'—E2d1d'xM02d"')+gam/kxE2d1d'«M02d4")
sparse (MESH.nvar.e,MESH.nvar.n, 0) kx(M11_BC.t+M11_BC.r) (E2d1d'~
M2d2d«E2d1d+k~2+M1d1d) ];

lhs = [lhs1;1hs2;1hs3;1hs4];

o\
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% Construct rhs

rhsl = —gam/k+«MOOximag (ffp) + kx( MOO_BC.tximag(gy (MESH.X,MESH.Y)) +
MOO_BC.r+imag (gx (MESH.X,MESH.Y)) ) + kx( (MO1_BC.1+MO1_BC.b) ximag (
Ux_11+4Uy_b1l) );

rhs2 = gam/kxMOOxreal (ffp) — k«( MOO_BC.txreal (gy (MESH.X,MESH.Y)) +
MOO_BC.rxreal (gx (MESH.X,MESH.Y)) ) — kx( (MO1_BC.1+MO1_BC.b) xreal (
Ux_11+4Uy_b1l) );

rhs3 = E2d1d'xM02d'xreal (ffp) — k+( MO1_BC.t'«imag(gy (MESH.X,MESH.Y))

+ MO1_BC.r'ximag (gx (MESH.X,MESH.Y)) );
rhs4 = E2d1d'xM02d'ximag (ffp) + kx( MO1_BC.t'xreal (gy (MESH.X,MESH.Y))
+ MO1_BC.r'x*real (gx (MESH.X,MESH.Y)) );

rhs = [rhsl;rhs2;rhs3;rhs4];

% Walls

ind_walls = [];%[1ind_1;ind.b];

ind_out = ind_walls;

lhs (:,ind_out) = []; 1lhs(ind_out,:) = []; rhs(ind_out, :)

display ('Constructing Solution Done')

% Calculate Solution

sol = 1lhs\rhs;

display ('Solution Done')

SOL = zeros ((MESH.nvar.n+MESH.nvar.e)=*2,1);

tmp = false ((MESH.nvar.n+MESH.nvar.e)x2,1); tmp(ind_out) = true;

SOL ("tmp, 1) =so0l;

sol=8S0L; clear tmp;

Il
—
~

in()sin() model

o

% Construct lhs [real (phi) |imag(phi) |real (u) |imag(u)]
display ('Start Constructing Solution')

lhsl = [(E10'+«M11+xE10+omega”2.+M00) (—omegaxM02d+E2dld+gam/omega+M02d
*E2d1d)]; % HH: 1 HelmHoltz 0 Reaction—-Diffusion
lhs2 = [(gam/omegaxE2d1d'xM02d'—omegaxE2d1d'+M02d"') (E2d1d'xM2d2d~

E2dld+omega”2+M1d1d) ];
lhs = [1lhs1;1hs2];
% Construct rhs
rhsl = gam/omega*MO0O~xreal (ffp);
rhs2 = E2d1d'xM02d'=xreal (ffp);

rhs = [rhsl;rhs2];

% Walls

ind_walls = [BC.1l_n;BC.r_n;BC.t_n;BC.b_n];

ind_out = ind_walls;

lhs (:,ind_out) = []; lhs(ind_out,:) = []; rhs(ind_out,:) = []; clear
tmp;

display ('Constructing Solution Done')

% Calculate Solution

sol = 1lhs\rhs;

display ('Solution Done')

SOL = zeros ((MESH.nvar.n+MESH.nvar.e),1);

tmp = false ((MESH.nvar.n+MESH.nvar.e),1l); tmp(ind_out) = true;

SOL ("tmp, 1)=so0l; sol=SO0L;

SOL = zeros ((MESH.nvar.n+MESH.nvar.e)=*2,1);

tmp = false ((MESH.nvar.n+MESH.nvar.e)«2,1); tmp([(l:MESH.nvar.n) '+

MESH.nvar.n; (1:MESH.nvar.e) '+MESH.nvar.n+2+MESH.nvar.e]) = true;
SOL ("tmp, 1)=so0l;
sol=S0L;

else % Complex

MSc. Thesis

o

% Construct lhs [real (phi) |imag(phi) |real (u) |imag (u)]
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display ('Start Constructing Solution')

lhsl =

[ (E10'*M11+xE10+k"2.%M0O)
sparse (MESH.nvar.n,MESH.nvar.e, 0)

sparse (MESH.nvar.n, MESH.nvar.n, 0)
(k—gam/k) *M0O2d+E2d1d]; % HH: 1

HelmHoltz 0 Reaction—Diffusion

lhs2 =

[sparse (MESH.nvar.n, MESH.nvar.n,0)

(E10'xM11xE10+k"2.xM00) —(k

—gam/k) «M02d«E2d1d sparse (MESH.nvar.n,MESH.nvar.e,0)];
lhs3 = [sparse (MESH.nvar.e,MESH.nvar.n,0) —(k—gam/k)*E2d1d'xM02d"' (
E2d1d'xM2d2d+«E2d1d+k"2xM1d1ld) sparse (MESH.nvar.e,MESH.nvar.e,0)];
lhs4 = [ (k—gam/k)«E2d1d'+M02d' sparse (MESH.nvar.e, MESH.nvar.n,0)
sparse (MESH.nvar.e,MESH.nvar.e, 0) (E2d1d'xM2d2dxE2d1d+k~2xM1d1d)];
lhs = [lhs1l;1hs2;1hs3;1hs4];

% Construct rhs
rhsl = —gam/k+M0O~«imag (ffp);

rhs2 =
rhs3
rhs4
rhs = [
% Walls
tmp_n =
if nDer

ind

rhs

rhs

rhs

rhs

gam/k+«MOO+real (ffp);
E2d1d '«M02d '*real (ffp);
E2d1d '+M02d'*ximag (ffp);
rhsl;rhs2;rhs3;rhs4];

[BC.1_n;BC.r_n;BC.t_n;BC.b_n];

iv
_wallsn =

[[tmp_n; tmp_n+MESH.nn_g; tmp_n+MESH.nn_g~*2; tmp_n+

MESH.nn_g«*3]; [tmp_n; tmp_n+MESH.nn_g; tmp_n+MESH.nn_g~*2; tmp_n+

MESH.nn_g«*3]+MESH.nvar
= rhs—1lhs (:, tmp_n+MESH
MESH.Y (tmp_n)) ) ;
= rhs—1hs (:, tmp_n+MESH
MESH.Y (tmp_n)));
= rhs—1lhs (:, tmp_n+MESH
MESH.Y (tmp_n)));
= rhs—1lhs (:, tmp_n+MESH

.n];

.nn_g) *xreal (Fun.PHIpx (MESH.X (tmp_n),
.nn_g+*2)*real (Fun.PHIpy (MESH.X (tmp_n),
.nn_g+*3)*real (Fun.PHIpxy (MESH.X (tmp_n),

.nn_g+MESH.nvar.n) »rimag (Fun.PHIpx (

MESH.X (tmp_n) ,MESH.Y (tmp_n)) ) ;

Peter Klaas Christiaan Lok

rhs = rhs—lhs (:, tmp_n+MESH.nn_gx2+MESH.nvar.n) ximag (Fun.PHIpy (
MESH.X (tmp_n) ,MESH.Y (tmp_n)) ) ;

rhs = rhs—1lhs(:, tmp_n+MESH.nn_g+3+MESH.nvar.n) ximag (Fun.PHIpxy (
MESH.X (tmp_n),MESH.Y (tmp_n)) ) ;

else
ind_wallsn = [tmp_n;tmp_n+MESH.nvar.n];
end
ind_out = ind_wallsn;
lhs (:,ind_out) = []; lhs(ind_out,:) = []; rhs(ind_out,:) = [];

display ('Constructing Solution Done')
% Calculate Solution
sol = 1lhs\rhs;
display ('Solution Done')
SOL = zeros ((MESH.nvar.n+MESH.nvar.e)=*2,1);
tmp = false ((MESH.nvar.n+MESH.nvar.e)x2,1);
SOL ("tmp, 1) =so0l;
if nDeriv
SOL (tmp_n+MESH.nn_g, 1)
tmp_n)));
SOL (tmp_n+MESH.nn_g+MESH.nvar.n, 1)
,MESH.Y (tmp_n)));
SOL (tmp_n+MESH.nn_g=*2, 1)
tmp_n)));
SOL (tmp_n+MESH.nn_gx2+MESH.nvar.n, 1) = imag (Fun.PHIpy (MESH.X (
tmp_n),MESH.Y (tmp_n)));
SOL (tmp_n+MESH.nn_g«3,1) = real (Fun.PHIpxy (MESH.X (tmp_n),MESH.Y (

tmp (ind_out) = true;

= real (Fun.PHIpx (MESH.X (tmp_n), MESH.Y (

= imag (Fun.PHIpx (MESH.X (tmp_n)

real (Fun.PHIpy (MESH.X (tmp_n), MESH.Y (
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tmp_n)));
SOL (tmp_n+MESH.nn_gx3+MESH.nvar.n,1) = imag (Fun.PHIpxy (MESH.X (
tmp_n),MESH.Y (tmp_n)) ) ;
end
sol=S0L;
end
end
end
% base set

Construct lhs [real (phi)|imag (phi) |real (u) |imag (u)]
display ('Start Constructing Solution')

o0 o° oo o

lhsl = [(E10'«M11xE10+omega”2.xM00) sparse (MESH.nvar.n,MESH.nvar.n,0) sparse (
MESH.nvar.n,MESH.nvar.e,0) —(omega*E10'*M1lld+gam/omegaM02d+xE2d1d)]; % HH: 1
HelmHoltz 0 Reaction—Diffusion
% lhs2 = [sparse(MESH.nvar.n,MESH.nvar.n,0) (EL10'«M11xEl0+omega”2.xM00) (omegax
E10'xMlld+gam/omega*M02d+E2d1ld) sparse (MESH.nvar.n,MESH.nvar.e,0)];
% lhs3 = [sparse(MESH.nvar.e,MESH.nvar.n,0) (omegaxM11ld'xElO0+gam/omegaxE2d1ld’«
M02d') (E2d1d'xM2d2dxE2dld+omega”2xM1dld) sparse (MESH.nvar.e,MESH.nvar.e,0)];
% lhs4 = [—(omegaxM11d'+«El10+gam/omegaxE2dld'+M02d') sparse (MESH.nvar.e,
MESH.nvar.n,0) sparse (MESH.nvar.e,MESH.nvar.e,0) (E2dld'xM2d2d+E2dld+omega”2«*
M1ldid) 1;
lhs = [lhsl;1hs2;1hs3;1hs4];
% Construct rhs
rhsl = —gam/omegaxM00*imag (ffp) ;
rhs2 = gam/omegaxM00xreal (ffp);

rhs3 = E2d1d'xM02d'xreal (ffp);

rhs4 = E2d1d'xM02d'+imag (ffp);

rhs = [rhsl;rhs2;rhs3;rhs4];

% Walls

ind.walls = [];

ind_out = ind_walls;

lhs(:,ind-out) = []; lhs(ind-out,:) = []; rhs(ind-out,:) = []; clear tmp;

display ('Constructing Solution Done')
% Calculate Solution

sol = lhs\rhs;

display ('Solution Done')

SOL = zeros((MESH.nvar.n+MESH.nvar.e)*2,1);

o0 o0 0 O 0 O O A A A O A O A O O o o° oP

tmp = false((MESH.nvar.n+MESH.nvar.e)*2,1); tmp(ind.out) = true;
SOL ("tmp, 1)=so0l;
sol=S0L;

%% Divide solution in blocks
phil = cell(6,1); uxl=phil; uyl=uxl; vxl=uxl; vyl=uxl,; psil=uxl;
for block=1:6
if mnDeriv
phil{block} = phi( [icnl{block};icnl{block}+MESH.nn_g;icni{block}+
MESH.nn_g*2;icnl{block}+MESH.nn_g«3] );
if eqn>0
uxl{block} = ux( [iceyl{block};icnl{block}+MESH.ne_g_v;iceyl{block}+
MESH.nn_g+MESH.ne_g_v; icnl1{block}+MESH.nn_g+MESH.ne_g_v*2] );
uyl{block} = uy( [icex1{block};icex1{block}+MESH.ne_g_h;icni{block}+
MESH.ne_g_hx2;icnl{block}+MESH.nn_g+MESH.ne_g_hx2] );
vxl{block} = vx( [icexl{block};icex1{block}+MESH.ne_g_h;icnil{block}+
MESH.ne_g_h«2;icnl{block}+MESH.nn_g+MESH.ne_g_hx2] );
vyl{block} = vy( [iceyl{block};icnl{block}+MESH.ne_g_v;iceyl{block}+
MESH.nn_g+MESH.ne_g_v; icnl{block}+MESH.nn_g+MESH.ne_g_v*2] );
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}

= psi( [icvl{block};iceyl{block}+MESH.nv_g;icex1{block}+

MESH.nv_g+MESH.ne_g_v;icnl{block}+MESH.nv_g+MESH.ne_g]

phil{block} = phi( icnl{block} );

psil{block
end
else
if eqn>0
uxl{block} =
uyl{block}
vxl{block}
vyl{block}
end
end
if block>1

o° o

o\

oo

uyl{block} =

o

o\

vyl{block} =
psil{block}

phil{block}
uxl{block}
uyl{block}
vxl{block}
vyl{block} =

o o0 o0 o o o° o o o

end

end

uxl{block} = ux

vxl{block} = vx

([
=]
< M

Il
<
<

uy (icex ((mesh{block—1}.ne_g_-h_cs+1:

( iceyl{block} );
( icex1{block} );
= vx( icexi{block} );
( iceyil{block} );
s

phil{block} = phi( icn( mesh{block—1}.nn_g.cs+1:

(icey ((mesh{block—1}.ne_g_v_cs+1l:

(icex ((mesh{block—1}.ne_g_-h_cs+1l:

mesh{block}.
mesh{block}.
mesh{block}.

mesh{block}.

vy (icey ( (mesh{block—1}.ne_g_v_cs+1l:mesh{block}.

)i

nn_-g-cs )

ne_g.v._cs)

ne_g-h_cs)

ne_g-h_cs)

ne_g.v._cs)

psi((mesh{block—1}.nv_g_cs+l:mesh{block}.nv_g_cs)"');

phi( icn( l:mesh{block}.nn_g

uy (icex
X (icex
vy (icey

%% Plot initial solution

if plotje && eqn>0
ux_1 = []; uy_b =
figure(); for tmp
for block=plot_bl

[

] .

(
(
(

(
(
(

= ux(icey ((1l:

1:
1:
1:

mesh{block}.
mesh{block}.
mesh{block}.
mesh{block}.

psil{block} = psi((l:mesh{block}.nv._g)"');

1:4, hil(tmp) = subplot (2,2, tmp);

hold on; end

z1 = vec2mat (phil{block} (l:mesh{block}.nn_g),mesh{block}.N«P+1);
xe_v = vec2mat (mesh{block}.edgesy (:,3),mesh{block}.NxP+1);

ye_v = vec2mat (mesh{block}.edgesy (:,4),mesh{block}.NxP+1);
z2 = vec2mat (uxl{block}(l:mesh{block}.ne_g_v),mesh{block}.NxP+1);
if sum(block==[1 3 5])

ux_1 = [ux_1;z2(:,1)];

end

xe_h = vec2mat (mesh{block}.edgesx (:,3),mesh{block}.N«P);

ye_h = vec2mat (mesh{block}.edgesx(:,4),mesh{block}.NxP);

z3 = vec2mat (uyl{block}(l:mesh{block}.ne_g_h),mesh{block}.N«P);

if sum(block==[1 2])
uy_b = [uy_b;z3(1,:)"'];

end

subplot (h1(1)); surf (mesh{block}.XGrid,mesh{block}.YGrid, real (z1),"
LineStyle', 'none'); view(0,90); title('\phi {Re}'); %zlim([—1 11);
subplot (h1(2)); surf (mesh{block}.XGrid, mesh{block}.YGrid, real (Fun.PHI (
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mesh{block}.XGrid, mesh{block}.YGrid)), 'LineStyle', 'none'); view (0, 90);

title ('\phi_{Im}")
subplot (h1(3)); surf (mesh{block}.XGrid,mesh{block}.YGrid, imag(z1),"'

; %zlim([—1 17);

LineStyle', 'none'); view(0,90); title('\phi_{Re}'); %zlim([—1 1]);
subplot (h1(4)); surf (mesh{block}.XGrid,mesh{block}.YGrid, imag (Fun.PHI (
mesh{block}.XGrid, mesh{block}.YGrid)), 'LineStyle', 'none'); view(0,90);

title ('\phi_{Im}")

if mesh{block}.M»P>1
subplot (h1(1));
(0,90); title('u_{x,Re}")
subplot (h1l(2));
(0,90); title('u-{x,Im}")
subplot (h1(3));
(0,90); title('u_{y,Re}")
subplot (hl(4));
(0,90); title('u_{y,Im}")
end

oe oo

oe o o

o\

; %zlim([—1 11]);

surf (xe_v,ye_v,real (z2), 'LineStyle', "none');

surf (xe_v,ye_v,imag(z2), 'LineStyle', "none');

surf (xe_h,ye_h,real (z3), 'LineStyle', "none');

surf (xe_h,ye_h,imag(z3), 'LineStyle', "none');

clear xe_h xe_v ye_h ye_v zl z2 z3

end
end

%% Interpolate Fields

phi_i = cell(6,1); ux_i = phi_i; uy_i = ux_i; vx_i = ux_i; vy_i = ux_ij;

ux_ij;
for block=1:6

tmp0 = interpolate2D_Oform_v1 (mesh{block},num_i);

if nDeriv

view

view

view

view

psi_i =

phi_tmp = [vec2mat (phil{block}(l:end/4),mesh{block}.N«P+1) vec2mat (phil{
block} (end/4+1:end/2),mesh{block}.NxP+1);
vec2mat (phil{block} (end/2+1:end/4+3),mesh{block}.NxP+1) vec2mat (phil{
block} (end/4*3+1:end), mesh{block}.NxP+1)];

else

phi_tmp = vec2mat (phil{block}, mesh{block}.NxP+1);

end

phi_i{block}.i = tmpO.h_eta_i'+phi_tmp*tmpO.h_xi_ij;

if eqn>0

tmpl = interpolate2D_iform_v1l (mesh{block},num_i);

if nDeriv

ux_tmp00 = vec2mat (uxl{block}(l:mesh{block}.ne_g_v),mesh{block}.NxP

+1);

ux_tmpl0 = vec2mat (uxl{block} (mesh{block}.ne_g_v+1l:mesh{block}.ne_g_v
x2) ,mesh{block}.NxP+1);
ux_tmp01l = vec2mat (uxl{block} (mesh{block}.ne_g_v*2+1l:mesh{block}
.ne_g_v*2+mesh{block}.nn_g),mesh{block}.NxP+1) ;
ux_tmpll = vec2mat (uxl{block} (mesh{block}.ne_g_vx2+mesh{block}.nn_g+1
:end) ,mesh{block}.N*P+1);

ux_tmp = [ux_tmpO00
ux_i{block}.i00 =

ux_i{block}.i10 =
)i

ux_i{block}.i01 =

ux_i{block}.i1l =

ux_i{block}.i = ([tmpl.e_eta_i;tmpO.hp_etal_i]'xux_tmpxtmpO.h_xi_i);

else

ux_tmp10; ux_tmpO1l ux_tmpll];

(tmpO.hp_etal_i'*ux_tmpOlxtmpO.h_xiO_1i);
(tmpO.hp_etal_i'+ux_tmpllxtmpO.hp_xil_i);

ux_tmp = vec2mat (uxl{block}, mesh{block}.NxP+1);
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ux_i{block}.i00 = tmpl.w_eta'x (tmpl.e_eta_f_i'sux_tmpxtmpO.h_xi_i); %
ux_i{block}.i = (tmpl.e_eta_i'*ux_tmp*tmpO.h_xi_i);
uy_tmp = vec2mat (uyl{block}, mesh{block}.N=*P);
uy_i{block}.i00 = (tmpO.h_eta_i'*uy_tmpxtmpl.e_xi_f_i)xtmpl.w_xi; %
uy_i{block}.i = (tmpO.h_eta_i'*uy_tmp*tmpl.e_xi_i);
vx_tmp = vec2mat (vxl1{block}, mesh{block}.N«P);
vx_i{block}.i00 = (tmpO.h_eta_i'xvx_tmpxtmpl.e_xi_f_i)xtmpl.w_xi; %
vx_i{block}.i = (tmpO.h_eta_i'+vx_tmpxtmpl.e_xi_i);
vy_tmp = vec2mat (vyl{block}, mesh{block}.NxP+1);
vy_i{block}.i00 = tmpl.w_eta'* (tmpl.e_eta_f_i'svy_tmpxtmpO.h_xi_i); %
vy_i{block}.i = (tmpl.e_eta_i'+vy_tmpxtmpO.h_xi_i);
psi_tmp = vec2mat (psil{block}, mesh{block}.N*P);
psi_i{block}.i00 = tmpl.w_eta'x (tmpl.e_eta_f_i'xpsi_tmpxtmpl.e_xi_f_i
)*xtmpl.w_xi; %
psi_i{block}.i = (tmpl.e_eta_i'*psi_tmp*tmpl.e_xi_i);
end
end

end

clear *tmpx

disp ('Interpolation Done')

%% Single line at distance x
if diffr
[",ind] = min (abs (mesh{2}.XfGLL—(L+dx (1))));
err = mesh{2}.XfGLL (ind)— (L+dx (1));
display (err);
Y = 0; PHI = 0O;
for block = 2:2:6
Y = [Y(l:end—1); mesh{block}.YfGLL'];
[

o\

PHI = [PHI(l:end—1); phi_i{block}.i(:,ind)];
end
W = domain.dy*yf; % size slit
x = L; % distance from slit
a =1; % amplitude incoming wave
lambda = 1/wvnr; % wavelength

z = Y—domain.dy/2;
PHI_ex = a.*W.xsinc (pi.*W.xx./lambda./z);

if plotje
figure(); plot (Y,sqrt (real (PHI). 2+imag(PHI)."2), 'b—',Y,sqrt (real (PHI_ex)
."2+imag (PHI_ex) ."2), 'w—"', 'LineWidth',2); grid on;
xlabel ('y'); ylabel ('||[\phi||");
title ([ 'Wave magnitude at distance, L=',num2str(L),' from opening'l]);
end
ConvCheck{P}.Y = Y;
ConvCheck{P}.PHI = PHI;
% check symmetry
tmp = max (real (PHI—-flipud (PHI))) /max (real (PHI));
fprintf ('Maximum relative symmetricity error: %.2e%%',tmp)
end

%% Plot Interpolated Results

if plotje

figure(); hold on;

for block=plot_bl

S surf (mesh{block}.X£fGrid, mesh{block}.Y£fGrid, sqrt (real (phi_-i{block}.1i). 2+
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imag (phi_i{block}.i)."2), 'LineStyle', 'none'); clear x y z

surf (mesh{block}.XfGrid, mesh{block}.YfGrid, real (phi_i{block}.i), 'LineStyle’,"
none'); clear x y z

hold on;

for i=1:(diff (domain.ys ([l 4]))*yfxwvnr)
sintheta (i, 1) = i/wvnr/diff (domain.ys (2:3));
a = sqrt (diff (domain.xs (2:3)) "2/ (1/sintheta (i) "2-1));

% plot3 (domain.xs (2:3) "', [mean (domain.ys (2:3)) mean (domain.ys(2:3))+al, [5
5],'w"); plot3(domain.xs (2:3)"', [mean (domain.ys (2:3)) mean (domain.ys(2:3))—a
1,05 5],'w");

end
plot3 ([domain.xs (2) domain.xs (2)],domain.ys(1:2)',[1 1], '-k', 'LineWidth',1);
plot3 ([domain.xs (2) domain.xs (2)],domain.ys(3:4)',[1 1], '-k', 'LineWidth',1);
xlim (domain.xs ([1 3])); ylim(domain.ys ([1 4]));

end

colormap jet

phi_it = []; dif = [];
for block=1:6
dif = [dif;real (mat2vec (phi_i{block}.i)—Fun.PHI (mesh{block}.Xf,mesh{block}.Yf

)) 1
phi_it = [phi_it;mat2vec (real (phi_i{block}.i))];

end

err = norm(dif)/norm(phi_it); display (err)

count = count+1;

ERR (count, :) = [MESH.nvar.e*2+MESH.nvar.n*2 P nDeriv err wvanr Nwv];

%% Animation
if anim
scrsz = get (groot, 'ScreenSize');
figure ('Position', scrsz)
m = 10;
axis tight
ax = gca;
% ax.DataAspectRatio = [max(domain.xs) max(domain.ys) 11];
view (10, 80);
axis off
for j = 1l:mx5
for block=plot_bl
uu = real((phi_i{block}.i)*exp(—j*Z*pi/m*sqrt(—l)));
surf (mesh{block}.XfGrid, mesh{block}.YfGrid, uu, 'LineStyle', 'none'); hold
on;
end
for block=plot_bl
uu = real (exp(—J*2xpi/mxsgrt(—1))*conj (Fun.PHI (mesh{block}.XfGrid, mesh{
block}.Y£Grid)));
surf (mesh{block}.xXfGrid, mesh{block}.YfGrid, uu, 'LineStyle', 'none'); hold

o o

oe

on;

oe

end
colormap jet
hold off;
caxis([—2 21);
axis tight
ax = gca;

o

o

ax.DataAspectRatio = [max(domain.xs) max (domain.ys) 1];
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view (10,80);
axis off
pause (0.1);
end
end

end % P
end % nDeriv
%% Plot Errors
if count>4

figure () ;

loglog (ERR(l:end/2,6),ERR(1:end/2,4),ERR (end/2+1:end, 6),ERR (end/2+1:end, 4));

(
(
legend ('HH=0"', "HH=1");
grid on

end

v
’

disp ( (MESH.nvar.e+MESH.nvar.n) %2)
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B.2 Hermite_solver2D_square.m

clearvars —except other
close all
clc

addpath ('../functions/Hermite")
addpath ('../functions')

indA = 1;
saveFig = 0;
HH = 1;
A = 0; % directional derivative?
for nDeriv = 1%[0 1]
plane_wave = 1;
indB = 1;
for P = 1%[1 2 3/2 5/2]%(1+ " nDeriv)%$transp (nonzeros (unique ([ (2:4)* nDeriv
(1:2)*nDeriv]))) ;% (1) *(1l+ " nDeriv) ;
if nDeriv==1 && P==3/2, break; end
indC = 1;

for wvnr = 10%[1:4 6:2:20]1%2.7(0:3);
clearvars —except indA saveFig HH A nDeriv plane_wave indB P indC
wvnr errs errsBAE errs_phi errs_phiBAE errs_ux errs_uxBAE errs_uy
errs_uyBAE errs_u nVars Ps wvnrs Nwvs nDerivs HHs

Nwv = 4;
domain.x = [0 1];
domain.y = [0 1];

N = wvnrxNwv;

M = wvnr*Nwv;
omega = (Wvnr)*2%pi;
theta = 1xpi/4;
gam = (HH—"HH); %« (omega) "2;
num_i = 4% (P+1) « (nDeriv+1);
% num_i = ceil ((100x2.7(0:0))/ (wvnr*Nwv*diff (domain.x)*P+1))* (P+1);
num_d = 2% (P+1) x (nDeriv+1);

display ([HH nDeriv P wvnr Nwv])
% Plot basis functions
HermitePoly ((0:0.01:1)* (diff (domain.x) /N),P,nDeriv,N*2/diff (

domain.x),1);

o\

%% Mass Matrices
[

MOO,M11,M2d2d, M02d,M11d, M1d1d] = mass_matrices2D_v4_2 (P,N,M, nDeriv,
domain) ;

mesh = sizes (N,M,P); mesh.N = N; mesh.M = M; mesh.P = P; mesh.nDeriv
= nDeriv; mesh.domain = domain;

[MOO_BC.b,M11_BC.b,MO1_BC.b] = mass_matrices_2D_v4_2_BCtest (mesh
,—1,0);

[MOO_BC.t,M11_BC.t,MO1_BC.t] = mass_matrices_2D_v4_2_BCtest (mesh,1,0)
14

[MOO_BC.1,M11_BC.1,M01_BC.1l] = mass_matrices_2D_v4_2_BCtest (mesh
+0,—1);

[MOO_BC.r,M11_BC.r,MO1_BC.r] = mass_matrices_2D_v4_2_BCtest (mesh,0,1)

’

%% Element spacing
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% Main elements

mesh.xN = linspace (domain.x (1), domain.x(2),N+1);

mesh.yN = linspace (domain.y (1), domain.y(2),M+1);

% Normal and fine local GLL nodes

mesh.xGLL = ((GLLnodes (P)+1)/2)/N* (domain.x (2)—domain.x (1));

mesh.XGLL = 0;

mesh.xfGLL = ((GLLnodes (num_i—1)+1)/2)/N* (domain.x (2)—domain.x (1));
mesh.XfGLL = 0;
mesh.xdGLL = ((GLLnodes (num_d—1)+1)/2)/Nx(domain.x (2)—domain.x (1)) ;

mesh.XdGLL = 0;
% Normal and fine global GLL nodes

for iN=1:N
mesh.XGLL = [mesh.XGLL (1:end—1) mesh.xGLL+mesh.xN (iN) ];
mesh.XfGLL = [mesh.XfGLL (1:end—1) mesh.xfGLL+mesh.xN (iN) ];
mesh.XdGLL = [mesh.XdGLL (l1:end—1) mesh.xdGLL+mesh.xN (iN) ];
end

mesh.yGLL = ((GLLnodes (P)+1)/2)/Mx (domain.y (2)—domain.y(1));
mesh.YGLL = 0;

mesh.yfGLL = ((GLLnodes (num_i—1)+1)/2)/M* (domain.y (2)—domain.y(1));
mesh.YfGLL = O;

mesh.ydGLL = ((GLLnodes (num_d—1)+1)/2)/Mx (domain.y (2)—domain.y (1));
mesh.YdGLL = 0;

for jM=1:M
mesh.YGLL = [mesh.YGLL (l:end—1) mesh.yGLL+mesh.yN (jM)];
mesh.YfGLL = [mesh.YfGLL (1:end—1) mesh.yfGLL+mesh.yN (jM)];
mesh.YdGLL = [mesh.YdGLL (1:end—1) mesh.ydGLL+mesh.yN (jM)];

end

% Grid nodes

[mesh.XGrid, mesh.YGrid] = meshgrid (mesh.XGLL,mesh.YGLL);

mesh.X = mesh.XGrid'; mesh.X mesh.X (:);

mesh.Y = mesh.YGrid'; mesh.Y = mesh.Y (:);

[mesh.XfGrid, mesh.YfGrid] meshgrid (mesh.XfGLL, mesh.YfGLL) ;
mesh.Xf = mesh.XfGrid'; mesh.Xf = mesh.Xf (:);

mesh.Yf = mesh.YfGrid'; mesh.Yf = mesh.Yf (:);

[mesh.XdGrid, mesh.YdGrid] = meshgrid (mesh.XdGLL,mesh.YdGLL);
mesh.Xd = mesh.XdGrid'; mesh.Xd = mesh.Xd (:);

mesh.Yd = mesh.YdGrid'; mesh.Yd = mesh.Yd (:);

mesh.XY = [mesh.X mesh.Y];

nodes = (l:mesh.nn_g)'; nodel = nodes; node2 = nodes;

nodel ((1:MxP+1) = (NxP+1)) = [];

node2 ( (0:M*P) » (NxP+1)+1) = [];

mesh.edgesx = [nodel node2 (mesh.X(nodel)+mesh.X(node2))/2 mesh.Y(
nodel) ];

node3 = (l: (mesh.nn_g— (NxP+1)))'; node4 = ((N«P+2):mesh.nn_g)"';

mesh.edgesy = [node3 node4 mesh.X(node3) (mesh.Y(node3)+mesh.Y (node4)
)/21;

clearvars —regexp node[1234s]

edgesy = (l:mesh.ne_g_v)'; edge3 = edgesy; edge4 = edgesy;

edgel = (1: (mesh.ne_g_h—N«xP))'; edge2 = ((NxP+1l):mesh.ne_g_h)"';

edge3 ((1:MxP) x (NxP+1)) = [];

edged ((0: (MxP—1)) x (NxP+1)+1) = [];

mesh.volumes = [edgel edge2 edge3 edge4 mesh.edgesx (edgel, 3)

mesh.edgesy (edge3,4)];
clearvars —regexp edge[1234{sy}]
mesh.nvar.n = mesh.nn_gx (nDeriv+l) "2;
mesh.nvar.e_h = mesh.ne_g_h+nDerivx (mesh.nn_gx2+mesh.ne_g_h);
mesh.nvar.e_v = mesh.ne_g_v+nDerivx* (mesh.nn_g*2+mesh.ne_g_v);

Peter Klaas Christiaan Lok M.Sc. Thesis



B.2 Hermite_solver2D _square.m

97

mesh.nvar.e = mesh.ne_g+nDeriv* (mesh.nn_gx*4+mesh.ne_g);
mesh.nvar.v = mesh.nv_g+nDeriv* (mesh.nn_g+mesh.ne_g);

% Create Incidence Matrices
E10x1 = sparse(l:mesh.ne_g_h,mesh.edgesx(:,1),—1,mesh.ne_g_h,
mesh.nn_g)+. ..

sparse (1l:mesh.ne_g_h,mesh.edgesx (:,2),1,mesh.ne_g_h,mesh.nn_g);
E10yl = sparse(l:mesh.ne_g_v,mesh.edgesy(:,1),—1,mesh.ne_g_v,
mesh.nn_g)+. ..

sparse (l:mesh.ne_g_v,mesh.edgesy (:,2),1,mesh.ne_g_v,mesh.nn_g);

E21x1 = sparse(l:mesh.nv_g,mesh.volumes(:,1),—1,mesh.nv_g,mesh.ne_g_h
Y+
sparse (l:mesh.nv_g,mesh.volumes (:,2),1,mesh.nv_g,mesh.ne_g_h);
E21yl = sparse(l:mesh.nv_g,mesh.volumes(:,3),1,mesh.nv_g,mesh.ne_g_v)
+...

sparse (l:mesh.nv_g,mesh.volumes (:,4),—1,mesh.nv_g,mesh.ne_g_v);

if nDeriv

E10x = blkdiag(E10x1, sparse(l:mesh.nn_g,l:mesh.nn_g,1),E10x1,
sparse (l:mesh.nn_g,l:mesh.nn_g,1));

E10y = blkdiag(E10y1,E10yl, sparse(l:mesh.nn_g,l:mesh.nn_g,1),
sparse (l:mesh.nn_g,l:mesh.nn_g,1));

E21x = blkdiag (E21x1,E10yl, sparse(l:mesh.ne_g_h,l:mesh.ne_g_h,1),
sparse (l:mesh.nn_g,l:mesh.nn_g,1));

E21y = blkdiag (E21yl,—sparse(l:mesh.ne_g_v,l:mesh.ne_g_v,1),—
E10x1,—sparse (l:mesh.nn_g,l:mesh.nn_g,1));

E1dOdx = blkdiag (E10y1,E10yl, sparse(l:mesh.nn_g,l:mesh.nn_g, 1),
sparse (l:mesh.nn_g,l:mesh.nn_g,1)); % sparse((mesh.nn_g+
mesh.ne_g.v)*2,mesh.nn_gx4,0); %

E1dOdy = blkdiag(—E10x1, sparse(l:mesh.nn_g,l:mesh.nn_g,—1),—E10x1
,sparse(l:mesh.nn_g,l:mesh.nn_g,—1)); % sparse((mesh.nn_g+
mesh.ne_g_h)*2,mesh.nn_gx4,0); %

E2d1dx = blkdiag(—E21yl, sparse(l:mesh.ne_g_v,l:mesh.ne_g_v,1),
E10x1, sparse (l:mesh.nn_g,l:mesh.nn_g,1)); % E2ly;Iley;—E10x;In

E2d1dy = blkdiag (E21x1,E10y1, sparse (l:mesh.ne_g_h,l:mesh.ne_g_h
,;1),sparse(l:mesh.nn_g,l:mesh.nn_g,1)); % E21x;E10y;Iex;In

else

E10x = E10x1;

E10y = E10y1;

E21x = E21x1;

E21y = E21y1;

E1d0dx = E10y1;

E1dOdy = —E10x1;

E2d1dx = —E21y1;

E2d1dy = E21x1;

end

E10 = [E10x;E10y]; E1d0d [E1d0dx; E1d0dy];

E21 = [E21x E21y]; E2d1d = [E2dldx E2didy];

$ E21xE10

% E2d1ldxE1d0d

clearvars —regexp E[12][01][\wx] E[12]1d[01]1d[\w~]
E10x = E10(l:mesh.nvar.e_h, :);

E10y = E10 (mesh.nvar.e_h+l:end, :);

%% BC
bc = boundaries (mesh);
nl_1 = @(x,y) —(x==min(domain.x)); nl_r = @(x,y) (x==max (domain.x));

nl = @(x,y) nl_1l(x,y)+nl_r(x,y);
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n2_t = @(x,y) (y==max(domain.y)); n2_b = @(x,y) —(y==min (domain.y));
n2 = @(x,y) n2_t(x,y)+n2_b(x,y);

[hx, hpx, ex] = HermitePoly ((GLLnodes (P)+1) /2% (diff (domain.x)/N),P,
nDeriv,N+x2/diff (domain.x),0);

[hy, hpy, ey] = HermitePoly ((GLLnodes (P)+1)/2% (diff (domain.y)/M),P,

nDeriv,Mx2/diff (domain.y),0);

= repmat (ey(:,1)',MxP+1,1);

t_1

t_r = repmat (ey(:,end)',MxP+1,1);

t_b = repmat (ex(:,1),1,NxP+1);

t_t = repmat (ex(:,end),1l,N%xP+1);

if nDeriv
tmp.Xev = [mesh.edgesy (:,3);mesh.edgesy(:,3);mesh.X;mesh.X];
tmp.Yev = [mesh.edgesy (:,4);mesh.edgesy(:,4);mesh.Y;mesh.Y];
tmp.Xeh = [mesh.edgesx (:,3);mesh.X;mesh.edgesx(:,3);mesh.X];
tmp.Yeh = [mesh.edgesx(:,4);mesh.Y;mesh.edgesx(:,4);mesh.Y];
mesh.Xev = [tmp.Xev;tmp.Xeh+0.1243];
mesh.Yev = [tmp.Yev;tmp.Yeh+0.1243];
mesh.Xeh = [tmp.Xev+0.1243; tmp.Xeh];
mesh.Yeh = [tmp.Yev+0.1243;tmp.Yeh]; clear tmp;

else
mesh.Xev = [mesh.edgesy(:,3);mesh.edgesx(:,3)]; mesh.Xeh =

mesh.Xev;

mesh.Yev = [mesh.edgesy(:,4);mesh.edgesx(:,4)]; mesh.Yeh =

mesh.Yev;
end
%% Exact Solution and External forcing
Fun.PHI = @(x,y) exp(lixomegax* (x*cos(theta)+yxsin(theta)));
Fun.PHIpx = @(x,y) liromegaxcos (theta)xFun.PHI(x,y);
Fun.PHIpy = @(x,y) li*omegaxsin(theta)~Fun.PHI(x,y);
Fun.PHIpxy = @(x,y) —omega 2xcos (theta)*sin (theta)~Fun.PHI (x,y);
Fun.Ux = @(x,y) —Fun.PHI (x,y)*cos (theta);
Fun.Uxpx @(x,y) —Fun.PHIpx(x,y)*cos (theta);
Fun.Uxpy @(x,y) —Fun.PHIpy(x,y)*cos (theta);
Fun.Uxpxy = @(x,y) —Fun.PHIpxy (x,y)*cos (theta);
Fun.Uy = @(x,y) —Fun.PHI (x,y)*sin(theta);
Fun.Uypx = @(x,y) —Fun.PHIpx(x,y)*sin(theta);
Fun.Uypy @(x,y) —Fun.PHIpy(x,y)*sin(theta);
Fun.Uypxy = @(x,y) —Fun.PHIpxy (x,y)*sin(theta);
Fun.Vx = @(x,y) —Fun.PHIpx (x,y);
Fun.Vy = @(x,y) —Fun.PHIpy(x,Vy);
Fun.PSI = @(x,y) —Fun.Uxpx (x,y)—Fun.Uypy (x,y);
if "plane_wave

Fun.PHI = @(x,y) sin(omegaxx).*sin (omegax*y);

Fun.PHIpx = Q@ (x,y) omegaxcos (omegaxx).*sin (omegax*y);
Fun.PHIpy = Q(x,y) omegaxsin(omegaxX).*cos (omegaxy);
Fun.PHIpxy = @(x,y) omega 2xcos (omegaxXx).xcos (omegaxy);
Fun.Ux = @(x,y) li*cos (omegax*x).x*sin (omegax*y);

Fun.Uxpx = @(x,y) —lixomegaxsin(omegaxx) .xsin (omegax*y);
Fun.Uxpy = @(x,y) lixomegaxcos (omegax*Xx).*cos (omegaxy);
Fun.Uxpxy = Q@(x,y) —lixomega 2xsin (omegax*x) .*cos (omegax*y);
Fun.Uy = @(x,y) lixsin(omegax*x).*cos (omegax*y);

Fun.Uypx = @(x,y) lixomegaxcos (omegax*X).*Ccos (omegaxy);
Fun.Uypy = @(x,y) —lixomegaxsin (omegaxx).xsin (omegaxy);
Fun.Uypxy = @(x,y) —lixomega”2xcos (omegax*X).xsin (omegax*y);

end
g = @(x,y) —Fun.PHI (x,y).*(nl(x,y)*cos(theta)+n2(x,y)*sin(theta)-1);
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gx = Q@(x,y) —Fun.PHI (x,y).*(nl(x,y)*cos (theta)—1);
gy = @(x,y) —Fun.PHI (x,y).*(n2(x,y)*sin(theta)—1);
if nDeriv

[}

s g

gpx = @(x,y) —Fun.PHIpx(x,y).*(nl(x,y)*cos(theta)+n2(x,y)*sin(

theta)—1);

gpy = Q(x,y) —Fun.PHIpy(x,y).*(nl(x,y)*cos (theta)+n2(x,y)*sin(

theta)—1);

gpxy = @(x,y) —Fun.PHIpxy(x,y).x(nl(x,y)~*cos (theta)+n2(x,y)*sin (

theta)—1);
% gx

gxpx = @(x,y) —Fun.PHIpx(x,y).*(nl(x,y)*cos(theta)—1);
gxpy = @(x,y) —Fun.PHIpy(x,y).*(nl(x,y)*cos(theta)—1);
gxpxy = @(x,y) —Fun.PHIpxy (x,y).*(nl(x,y)*cos(theta)-—1);

[}

s gy

gypx = @(x,y) —Fun.PHIpx(x,y).*(n2(x,y)*sin(theta)—1);
gypy = @(x,y) —Fun.PHIpy(x,y).*(n2(x,y)*sin(theta)—1);
gypxy = @Q(x,y) —Fun.PHIpxy (x,y).*(n2(x,y)+*sin(theta)-1);

°

% Assemble

g = @(x,y) [g(x,y);gpx(xX,y);8Py (X,¥);gPXy(X,¥)1;
gx = @(x,y) [gx(X,y);gxpx(X,y);gXpy (X,y);gxpxy(x,¥y)]1;
gy = @(x,y) [gy(x,y);gypx(X,¥);gypy (X,¥);gypxy(x,y)1;

end

if "plane_wave

Fun.F = @(x,y) (2+omega”2+gam)/(lixomega)+Fun.PHI (x,y);
Fun.Fpx = @(x,y) (2+omega”2+gam)/ (lixomega)«Fun.PHIpx (x,y);
Fun.Fpy = @(x,y) (2xomega”2+gam)/(lixomega)~Fun.PHIpy (x,y);
Fun.Fpxy = @(x,y) (2xomega”2+gam)/(lixomega)*Fun.PHIpxy (x,y);

elseif plane_wave

Fun.F = Q(x,y) omega”2x(l—gam)/ (lixomega)«Fun.PHI (x,y);

Fun.Fpx = Q@ (x,y) omega“Z*(lfgam)/(li*omega)*Fun.PHIpx(x,y);
Fun.Fpy = @(x,y) omega”2x(l—gam)/ (lixomega) «Fun.PHIpy (x,y);
Fun.Fpxy = @(x,y) omega 2+ (l—gam)/(lixomega) «Fun.PHIpxy (x,y);

end

f = Fun.F (mesh.X, mesh.Y);

if nDeriv>0
fpx Fun.Fpx (mesh.X, mesh.Y);
fpy Fun.Fpy (mesh.X,mesh.Y);
fpxy = Fun.Fpxy (mesh.X,mesh.Y);
ffp = [f;fpx;fpy;fpxyl;

else
ffp=£f;

end

°

% Normals

nx_be = sparse (mesh.nvar.e_v,1,0);

nx_te = sparse (mesh.nvar.e_v,1,0);

ny_le = sparse (mesh.nvar.e_h,1,0);

ny_re = sparse (mesh.nvar.e_h,1,0);

nx_bn = sparse (mesh.nvar.n,1,0);

nx_tn = sparse (mesh.nvar.n,1,0);

ny_ln = sparse (mesh.nvar.n,1,0);

ny_rn = sparse (mesh.nvar.n,1,0);

nx_le = sparse(nl_1(mesh.edgesy(:,3),mesh.edgesy(:,
nx_re = sparse (nl_r (mesh.edgesy(:,3),mesh.edgesy(:,
ny_te = sparse (n2_t (mesh.edgesx (:,3),mesh.edgesx(:,

MSc. Thesis

4)))
4))) i
4)))

’

Peter Klaas Christiaan Lok

187

192

197

202

207

212

217

222

227

232

237



100 Matlab Code

ny_be = sparse (n2_b (mesh.edgesx (:,3),mesh.edgesx(:,4)));
nx_1ln = sparse(nl_1(mesh.X,mesh.Y));
nx_rn = sparse (nl_r (mesh.X,mesh.Y));
ny_tn = sparse (n2_t (mesh.X,mesh.Y));
ny_bn = sparse (n2_b (mesh.X,mesh.Y));

if nDeriv
tmp.nx_le =
tmp.nx_re =

nx_le;nx_le;nx_1ln;nx_1n];

nx_re;nx_re;nx_rn;nx_rn];

[ ]

[ ]
tmp.ny_te = [ny_te;ny_tn;ny_te;ny_tn];
tmp.ny_be = [ny_be;ny_bn;ny_be;ny_bn];
tmp.nx_1n = [nx_1ln;nx_ln;nx_1n;nx_1n];
tmp.nx_rn = [nX_rn;nx_rn;nx_rn;nx_rnj;
tmp.ny_tn = [ny_tn;ny_tn;ny_tn;ny_tn];
tmp.ny_bn = [ny_bn;ny_bn;ny_bn;ny_bn];
nx_le = tmp.nx_le; nx_re = tmp.nx_re;
ny_te = tmp.ny_te; ny_be = tmp.ny_be;
nx_ln = tmp.nx_ln; nx_rn = tmp.nx_rn;
ny_tn = tmp.ny_tn; ny_bn = tmp.ny_bn; clear tmp;

end

%% System
if plane_wave

if A
Re_phi_phi = (E10'xM11xE10 + omega”2.xMOO — (...
+MO1_BC.r (:,l:mesh.nvar.e_v)«(—E10y) »sin (theta) / (cos (
theta)) ...
+MO1_BC.t (:,mesh.nvar.e_v+l:end)*(—E10x) xcos (theta) / (sin (
theta))) );
Re_phi_u = sparse (mesh.nvar.n,mesh.nvar.e,0);
Im_phi_phi = —omegax (...
+MOO_BC.1...
+MOO_BC.Db...
+MOO_BC.r/ (cos (theta)) ...
+MOO_BC.t/ (sin (theta)) );
Im_phi_u = (gam/omegafomega)*M02d*E2d1d;

Re_u_u = (E2d1d'xM2d2d+~E2dld+omega”2+«M1d1d) ;

Re_u_phi +M11_BC.r (:,l:mesh.nvar.e_v)* (—E10y) »sin (theta) ...
+M11_BC.t (:,mesh.nvar.e_v+l:end)* (—E10x) xcos (theta);
Im_u_u = omegax* (...
+M11_BC.1l.x([nx_le;ny_le]lx[nx_le' ny_le'])...%*(—cos(
theta)) ...
+M11_BC.b.x ([nx_be;ny_be]x[nx_be' ny_be'])...%x(—sin(
theta)) ...
+M11_BC.r.* ([nx_re;ny_re]*[nx_re' ny_re'])x*cos (theta)...
+M11_BC.t.xblkdiag (nx_texnx_te', (+tny_te) x (+ny_te) ') xsin (
theta) );
Im_u_phi = (omega—gam/omega)«E2d1d"'+M02d"';
else
Re_phi_phi = (E10'xM11xE10 + omega”2.xMO0O);
Re_phi_u = sparse (mesh.nvar.n,mesh.nvar.e,0);
Im_phi_phi = —omegaxgam~* (...

(MOO_BC.1 + MOO_BC.r)...
+ (MOO_BC.b + MOO_BC.t) );

Im_phi_u = —omegax (l+gam) *M02d~E2d1d;

Re_u_u = (E2d1d'xM2d2d+«E2dld+omega”2+xM1d1d) ;
Re_u_phi = sparse (mesh.nvar.e,mesh.nvar.n,0);
Im_u_u = omegaxgamx (...
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M11_BC.l.x([nx_le;ny_lelx[nx_le' ny_le']) ..
+M11_BC.r.x ([nx_re;ny_re]*[nx_re' ny_re']).
+M11_BC.b.x ([nx_be;ny_be]x[nx_be' ny_be']).
+M11_BC.t.x ([nx_te;ny_te]lx[nx_te' ny_te']));
Im_u_phi = omegax* (l+gam)+xE2d1d'+M02d"'; 297
end
lhsl = [Re_phi_phi —Im_phi_phi Re_phi_u —Im_phi_u]; % HH: 1
HelmHoltz 0 Reaction—-Diffusion
1lhs2 = [Im_phi_phi Re_phi_phi Im_phi_u Re_phi_u];
1lhs3 = [Re_u_phi —Im_u_phi Re_u_u —Im_u_ul];

lhs4 = [Im_u_phi Re_u_phi Im_u_u Re_u_u]; 302
lhs = [1lhs1;1hs2;1hs3;1hs4]; clearvars —regexp 1lhs[?] Re_x Im_x
% Construct rhs
if A
Im_phi_rhs = gam/omegaxMOO«ffp — omegax (
+MOO_BC.b * gy (mesh.X,mesh.Y)...%/(—sin(theta))... 307
+MO0_BC.1 % gx(mesh.X,mesh.Y) );%/(—cos(theta)) );
Re_u_rhs = E2d1d'xM02d'xffp;
Im_u_rhs = omegax (
MO1_BC.b' x gy (mesh.X,mesh.Y) .x [nx_be;ny_be] .
+MO01_BC.1' * gx(mesh.X,mesh.Y) .x[nx_le;ny_le] ); 312
else

Im_phi_rhs = gam/omegaxMOOxffp — omegaxgamx (

(MOO_BC.b+MO0O_BC.t) * gy (mesh.X,mesh.Y) +

(MOO_BC.1+MOO_BC.r) * gx(mesh.X,mesh.Y) );
Re_u_rhs = E2d1d'xM02d'«ffp; 317
Im_u_rhs = omegaxgamx (

( MO1_BC.b' x gy(mesh.X,mesh.Y) .x [nx_be;ny_be]...

+MO01_BC.t' » gy (mesh.X,mesh.Y) .x [nx_te;ny_te] ) ...

+( MO1_BC.1' % gx(mesh.X,mesh.Y) .x [nx_le;ny_le]...

+MO1_BC.r'  gx(mesh.X,mesh.Y) .x [nx_re;ny_re] ) ); 322
end
rhsl = —imag (Im_phi_rhs);
rhs2 = real (Im_phi_rhs);
rhs3 = real (Re_u_rhs)—imag (Im_u_rhs);
rhs4 = imag (Re_u_rhs)+real (Im_u_rhs); 327
rhs = [rhsl;rhs2;rhs3;rhs4]; clearvars —regexp rhs[?] Re_x Im_~
% Walls
ind_walls = [];
ind_out = ind_walls;
lhs (:,ind_out) = []; lhs(ind_out,:) = []; rhs(ind_out,:) = []; 332

clear tmp;

% Calculate Solution
sol = 1lhs\rhs;

SOL = zeros (size (lhs,2),1);

tmp = false(size(lhs,2),1); tmp(ind_out) = true; 337

SOL ("tmp, 1)=so0l;

sol=S0L;

else

% Construct lhs [real (phi) |imag (phi) |real (u) |imag (u)]

lhsl = [(E10'xM11xE10+omega”2.xM00) sparse (mesh.nvar.n, 342
mesh.nvar.n,0) sparse (mesh.nvar.n,mesh.nvar.e,0) (omega—gam/
omega) xM02dxE2d1d]; % HH: 1 HelmHoltz 0O Reaction—-Diffusion

lhs2 = [sparse (mesh.nvar.n,mesh.nvar.n,0) (E10'xM11xE10+omega”2.x*

MO0O) — (omega—gam/omega)«M02d+«E2d1d sparse (mesh.nvar.n,
mesh.nvar.e,0)];
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lhs3 = [sparse (mesh.nvar.e,mesh.nvar.n,(0) —(omega—gam/omega)
E2d1d '«M02d' (E2d1d'=xM2d2dxE2dld+omega”2xM1d1ld) sparse (
mesh.nvar.e, mesh.nvar.e,0)];

lhs4 = [ (omega—gam/omega) xE2d1d'xM02d' sparse (mesh.nvar.e,
mesh.nvar.n,0) sparse (mesh.nvar.e,mesh.nvar.e,0) (E2d1d'xM2d2d
xE2d1d+omega”2xM1d1d) ];

lhs = [lhsl;1hs2;1hs3;1hs4];

% Construct rhs

rhsl = —gam/omegaxMO0O0«imag (ffp) ;

rhs2 = gam/omegaxMOOx*real (ffp);

rhs3 = E2d1d'xM02d'=xreal (ffp);
rhs4 = E2d1d'xM02d'~ximag (ffp);
rhs = [rhsl;rhs2;rhs3;rhs4];

% Walls

tmp_n = find((bc.l_n+bc.r_n+bc.t_n+bc.b_n)>0);
if nDeriv
ind_wallsn = [[tmp_n;tmp_n+mesh.nn_g;tmp_n+mesh.nn_g~*2;tmp_n+
mesh.nn_gx3]; [tmp_n; tmp_n+mesh.nn_g; tmp_n+mesh.nn_g~*2;
tmp_n+mesh.nn_g+3]+mesh.nn_g];
rhs = rhs—lhs(:, tmp_n+mesh.nn_g) *real (Fun.PHIpx (mesh.X (tmp_n)
,mesh.Y (tmp_n)));
rhs = rhs—1lhs (:,tmp_n+mesh.nn_gx2) xreal (Fun.PHIpy (mesh.X (
tmp_n),mesh.Y (tmp_n)));
rhs = rhs—1lhs (:,tmp_n+mesh.nn_g=*3) xreal (Fun.PHIpxy (mesh.X(
tmp_n),mesh.Y (tmp_n)));
rhs = rhs—1lhs(:, tmp_n+mesh.nn_g+mesh.nn_g) ximag (Fun.PHIpx (
mesh.X (tmp_n),mesh.Y (tmp_n)));
rhs = rhs—lhs(:, tmp_n+mesh.nn_gx2+mesh.nn_g) *imag (Fun.PHIpy (
mesh.X (tmp_n),mesh.Y (tmp_n)));
rhs = rhs—1lhs (:, tmp_n+mesh.nn_gx*3+mesh.nn_g) ximag (Fun.PHIpxy (
mesh.X (tmp_n),mesh.Y (tmp_n)));

else
ind_wallsn = [tmp_n;tmp_n+mesh.nvar.n];
end
ind_out = ind_wallsn;
lhs (:,ind_out) = []; 1lhs(ind_out,:) = []; rhs(ind_out,:) = [];

display ('Constructing Solution Done')
% Calculate Solution

sol = 1lhs\rhs;

display ('Solution Done')

SOL = zeros ((mesh.nvar.n+mesh.nvar.e)*2,1);

tmp = false((mesh.nvar.n+mesh.nvar.e)*2,1); tmp(ind_out) = true;
SOL ("tmp, 1)=so0l;

if nDeriv

SOL (tmp_n+mesh.nn_g,1) = real (Fun.PHIpx (mesh.X (tmp_n), mesh.Y(
tmp_n)));

SOL (tmp_n+mesh.nn_g+mesh.nvar.n,1l) = imag (Fun.PHIpx (mesh.X(
tmp_n),mesh.Y (tmp_n)));

SOL (tmp_n+mesh.nn_g+2,1) = real (Fun.PHIpy (mesh.X (tmp_n),
mesh.Y (tmp_n)));

SOL (tmp_n+mesh.nn_g*2+mesh.nvar.n,1l) = imag (Fun.PHIpy (mesh.X(
tmp_n),mesh.Y (tmp_n)));

SOL (tmp_n+mesh.nn_g=*3,1) = real (Fun.PHIpxy (mesh.X (tmp_n),
mesh.Y (tmp_n)));

SOL (tmp_n+mesh.nn_g+3+mesh.nvar.n,1l) = imag (Fun.PHIpxy (mesh.X

(tmp_n),mesh.Y (tmp_n)));
end
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ux_i;

Thesis

sol=80L;

end

% Distribute solution over variables

SOL = [complex (sol(l:mesh.nvar.n),sol (mesh.nvar.n+l:mesh.nvar.nx2));
complex (sol ((2«mesh.nvar.n+l): (2+mesh.nvar.n+mesh.nvar.e)),sol ( (2%
mesh.nvar.n+mesh.nvar.e+1) : (2xmesh.nvar.n+2+mesh.nvar.e)))];

% Collect Results

phi = (SOL(l:mesh.nvar.n)); S%phi_im = imag(SOL(l:nn_g= (nDeriv+l)"2));

u = (SOL (mesh.nvar.n+l:end)); ux = u(l: (mesh.ne_g_v+nDerivx (

mesh.ne_g_v+mesh.nn_gx2))); uy = u((mesh.ne_g_v+nDerivx (
mesh.ne_g_v+mesh.nn_gx2)+1) :end) ;
vx = —E10xxphi; vy = —E10yxphi; v = [vx;vy]; psi = —E2dildxu;
clearvars sol SOL lhs rhs tmp

%% BAE

[MOO_BAE, M1d1d_BAE] = mass_matrices2D_BAE_v3(P,N,M,num_d—-1,N,M,
nDeriv, domain) ;

lhsl = blkdiag (MOO, MOO) ;

lhs2 = blkdiag (M1dild, Midid);

rhsl = [MOO_BAExreal (Fun.PHI (mesh.Xd, mesh.Yd));
MOO_BAEximag (Fun.PHI (mesh.Xd,mesh.Yd)) ];
rhs2 = [M1dld_BAExreal ([Fun.Ux (mesh.Xd,mesh.Yd); Fun.Uy (mesh.Xd,

mesh.Yd)]);
M1did_BAEximag ([Fun.Ux (mesh.Xd, mesh.Yd); Fun.Uy (mesh.Xd,
mesh.Yd)])1;
soll = lhsi\rhsi;
sol2 = lhs2\rhs2;
phiBAE = complex (soll (l:end/2),soll (end/2+1:end));

uxBAE = complex (sol2(l:mesh.nvar.e_v),sol2((mesh.nvar.e+1) : (
mesh.nvar.e+mesh.nvar.e_v)));
uyBAE = complex (sol2((mesh.nvar.e_v+l) :mesh.nvar.e), sol2((mesh.nvar.e

+mesh.nvar.e_v+1l) :end));

%% Interpolate

ux_i = cell(6,1); uy-i = ux_i; vx_.i = ux_i; vy_.1i = ux_i; psi.i =
tmp0 = interpolate2D_Oform_v1 (mesh,num_i);
if nDeriv
phi_tmp = [vec2mat (phi(l:end/4),NxP+1) vec2mat (phi(end/4+1:end/2)
,N*P+1);
vec2mat (phi (end/2+1:end/4+3),N«P+1) vec2mat (phi (end/4+3+1:end
), N«P+1)1;
phiBAE_tmp = [vec2mat (phiBAE (l:end/4),N+«P+1) vec2mat (phiBAE (end

/4+1:end/2),N«P+1);
vec2mat (phiBAE (end/2+1:end/4x3) ,N+xP+1) vec2mat (phiBAE (end
/4%3+1:end),NxP+1)];
else
phi_tmp = vec2mat (phi, NxP+1);
phiBAE_tmp = vec2mat (phiBAE,NxP+1);
end
phi_i = tmpO.h_eta_i'xphi_tmpxtmpO.h_xi_i; clear phi_tmp;
phiBAE_i = tmpO.h_eta_i'xphiBAE_tmpxtmpO.h_xi_i; clear phiBAE_tmp;

tmpl = interpolate2D_1form_v1 (mesh,num_i);
if nDeriv

ux_tmp00 vec2mat (ux (l:mesh.ne_g_v),NxP+1);
ux_tmpl0 = vec2mat (ux (mesh.ne_g_v+l:mesh.ne_g_v=*2),NxP+1);
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ux_tmpOl = vec2mat (ux (mesh.ne_g_v=*2+l:mesh.ne_g_vx2+mesh.nn_g), Nx
P+1) ;
ux_tmpll = vec2mat (ux (mesh.ne_g_vx+2+mesh.nn_g+l:end),N+P+1); 427

ux_tmp = [ux_tmpO00 ux_tmpl0; ux_tmpOl ux_tmpll];
ux_1.i00 = tmpl.w_eta'x (tmpl.e_eta_f_i'xux_tmpOOxtmpO.h_xiO_1i);
ux_1i.i10 = tmpl.w_eta'x (tmpl.e_eta_f_i'xux_tmplOxtmpO.hp_xil_i);

ux_i.i01 = (tmpO.hp_etal_i'xux_tmpOlxtmpO.h_xiO_i);
ux_i.i11 = (tmpO.hp_etal_i'xux_tmpllxtmpO.hp_xil_i); 432
ux_i.i = ([tmpl.e_eta_i;tmpO.hp_etal_i]'xux_tmprtmpO.h_xi_i);

uy_tmp00 = vec2mat (uy(l:mesh.ne_g_h),NxP);

uy_tmp10 vec2mat (uy (mesh.ne_g_h+1: (mesh.ne_g_h+mesh.nn_g)),NxP
+1);

uy_tmpOl = vec2mat (uy ((mesh.ne_g_h+mesh.nn_g)+1: (mesh.ne_g_hx2+
mesh.nn_g)),N«xP) ;

uy_tmpll = vec2mat (uy((mesh.ne_g_h+2+mesh.nn_g)+1l:end), N«P+1); 437
uy_tmp = [uy_tmp00 uy_tmpl0; uy_tmpOl uy_tmpll];
uy_i.i = (tmpO.h_xi_i'*uy_tmp*[tmpl.e_eta_i;tmpO.hp_etal_i]);

uxBAE_tmp0O0 = vec2mat (uxBAE (1:mesh.ne_g_v),N«xP+1);
uxBAE_tmpl0 = vec2mat (uxBAE (mesh.ne_g_v+l:mesh.ne_g_vx2),NxP+1);
uxBAE_tmpOl = vec2mat (uxBAE (mesh.ne_g_v+*2+1l:mesh.ne_g_v*2+ 442
mesh.nn_g),NxP+1) ;
uxBAE_tmpll = vec2mat (uxBAE (mesh.ne_g_vx2+mesh.nn_g+1l:end), NxP+1)
uxBAE_tmp = [uxBAE_tmpOO uxBAE_tmp10; uxBAE_tmpOl1 uxBAE_tmpll];
uxBAE_i.i00 = tmpl.w_eta'x (tmpl.e_eta_f_i'xuxBAE_tmpOOx
tmpO0.h_xi0_1i);
uxBAE_i.i10 = tmpl.w_eta'x (tmpl.e_eta_f_i'xuxBAE_tmplOx
tmpO.hp_xil_i);

uxBAE_i.i01 = (tmpO.hp_etal_i'*uxBAE_tmpOlxtmp0O.h_xiO_i); 447
uxBAE_i.ill1l = (tmpO.hp_etal_i'xuxBAE_tmpllxtmpO.hp_xil_i);
uxBAE_i.i = ([tmpl.e_eta_i;tmpO.hp_etal_i]'+uxBAE_tmpxtmpO.h_xi_i

)i

uyBAE_tmp0OO0 = vec2mat (uyBAE (1:mesh.ne_g_h),NxP);

uyBAE_tmpl10 = vec2mat (uyBAE (mesh.ne_g_h+1: (mesh.ne_g_h+mesh.nn_g)
), NxP+1);

uyBAE_tmpO1 = vec2mat (uyBAE ( (mesh.ne_g_h+mesh.nn_g)+1: ( 452
mesh.ne_g_hx2+mesh.nn_g)),N«P) ;

uyBAE_tmpll = vec2mat (uyBAE ((mesh.ne_g_hx*2+mesh.nn_g)+1l:end), NxP

+1);
uyBAE_tmp = [uyBAE_tmpOO uyBAE_tmp10; uyBAE_tmpOl1 uyBAE_tmpil1l];
uyBAE_i.i = (tmpO.h_xi_i'xuyBAE_tmpx[tmpl.e_eta_i;tmpO.hp_etal_i
1)
% vx_tmp00 = vec2mat (vx(l:mesh.ne_g_h),NxP);
% vx_tmpl0 = vec2mat (vx (mesh.ne_g_h+1l: (mesh.ne_g_.h+mesh.nn_g)), N« 457
P+1);
% vx_-tmp0l = vecZ2mat (vx((mesh.ne_g_h+mesh.nn_g)+1: (mesh.ne_g_-hx2+
mesh.nn_g)),N+P) ;
% vx_-tmpll = vecZmat (vx((mesh.ne_g_-h*2+mesh.nn_g)+1l:end),N*xP+1);
% vx_tmp = [vx_tmp00 vx_tmplO; vx_tmpOl vx_tmpll];
% vx_i.1i = (tmpO0.h_xi_i'svx_tmpx[tmpl.e_eta_i;tmpO0.hp_etal_i]);
% vy-tmp00 = vec2mat (vy(l:mesh.ne_g_v),N«P+1); 462
% vy-tmpl0 = vec2mat (vy (mesh.ne_g_.v+l:mesh.ne_g.vx2),N«P+1);
% vy_tmp0l = vec2mat (vy (mesh.ne_g.v*2+l:mesh.ne_g.v+2+mesh.nn_g),

N+xP+1) ;
vy_tmpll = vec2mat (vy (mesh.ne_g_v+2+mesh.nn_g+l:end),NxP+1);
vy_tmp = [vy_-tmp00 vy_tmplO; vy_tmpO0l vy_tmpll];
([tmpl.e_eta_i;tmpO0.hp_etal_i]'*«vy_tmp*xtmp0.h_xi_i); 467

o° o0 oP

vy-i.i
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o° oo

P+1);

o

psi_tmp00
psi_tmplO

psi-tmpO1l

mesh.nv_g)),N*P) ;

o oo oe

psi_tmpll
psi-tmp =
psi_i.i =

;tmpO0.hp_etal_i]);

o0 o® o° o0 o0 o° oo o

else
ux_tmp =
ux_i.i00 =
ux_i.i =
uy_tmp =
uy_i.i00 =
uy_i.i =
uxBAE_tmp =
uxBAE_i.i00

;0%

uxBAE_i.i =
uyBAE_tmp =
uyBAE_i.i00

5

uyBAE_i.i =
vX_tmp =
vx_1.100
vx_-i.i =
vy_-tmp =
vy_-1.100
vy-i.i =
psi_-tmp =
psi_i.100

*tmpl.w_xi; %

oe

MSc. Thesis

psi-i.i =
end

= vec2Zmat (psi(l:mesh.nv_g),N«P);
= vec2mat (psi(mesh.nv_g+l: (mesh.ne_g_v+tmesh.nv_g)),Nx

= vec2mat (psi((mesh.ne_g_.vtmesh.nv_g)+1l: (mesh.ne_g+
= vec2mat (psi((mesh.ne_g+mesh.nv_g)+l:end), N*«P+1);

[psi-tmp00 psi_tmpl0; psi-tmpO0l psi_tmpll];
([tmpl.e_eta_i;tmp0.hp_etal_i] "*psi_tmp*[tmpl.e_eta_i

vec2mat (ux, NxP+1) ;

tmpl.w_eta'x (tmpl.e_eta_f_i'xux_tmpxtmpO.h_xi_i); %
(tmpl.e_eta_i'*ux_tmp*xtmpO.h_xi_i);

vec2mat (uy, N«P) ;
(tmpO.h_eta_i'xuy_tmpxtmpl.e_xi_f_i)*tmpl.w_xi; %
(tmpO.h_eta_i'*uy_tmp*xtmpl.e_xi_i);

vec2mat (uxBAE, N+xP+1) ;
= tmpl.w_eta'x (tmpl.e_eta_f_i'xuxBAE_tmpxtmpO.h_xi_i)

(tmpl.e_eta_i'+uxBAE_tmpxtmpO.h_xi_i);
vec2mat (uyBAE, N«P) ;
= (tmpO.h_eta_i'+uyBAE_tmpxtmpl.e_xi_f_i)x*tmpl.w_xi;

(tmpO.h_eta_i'*xuyBAE_tmpxtmpl.e_xi_i);

vec2mat (vx, N*P) ;

(tmpO.h_eta_i'svx_tmprxtmpl.e_xi_f i)xtmpl.w_xi; %

(tmpO.h_eta_i'svx_tmpxtmpl.e_xi_i);
vec2mat (vy, NxP+1) ;

o

tmpl.w_eta'x(tmpl.e_eta_f i'svy_tmpxtmpO.h_xi_i); %

(tmpl.e_eta_i'svy_tmpxtmpO.h_xi_i);
vec2mat (psi, N*P);

= tmpl.weta'x(tmpl.e_eta_f_i'xpsi tmpxtmpl.e_xi_f_ 1)

(tmpl.e_eta_i'*psi_tmpxtmpl.e_xi_i);

clearvars tmpO tmpl ux_tmpx uy_tmpx vx_tmpx vy_tmps psi_tmp~

%% Plot mesh points

if 1
data = mesh.XY;
figure(); scatter(data(:,1),data(:,2),"'."); hold on;
c = cellstr (num2str ((l:size(data,1))"'));
text (data(:,1)+(((data(:,1)—0.501)>0)%2—1.75)+%0.02,data(:,2)+0.01
;1 C)i
c = cellstr (num2str ((l:size (mesh.edgesx,1))"'));
text (mesh.edgesx (:,3),mesh.edgesx (:,4),c);
c = cellstr (num2str ((l:size (mesh.edgesy,1))"'));
text (mesh.edgesy (:,3),mesh.edgesy (:,4),c);
clear data;
end

%% Plot Matrix

if 1
mat = M11d;
figure; spy (mat);

end
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end

lot initial solution

ux_1 = []; uy_b = [];

figure(); for tmp = 1:4, h(tmp) = subplot(2,2,tmp); hold on; end

z1 = vec?2mat (phi(l:mesh.nn_g), N«xP+1);

xe_v = vec2mat (mesh.edgesy (:,3),NxP+1);

ye_v = vec2mat (mesh.edgesy (:,4),N«xP+1);

z2 = vec2mat (ux(l:mesh.ne_g_v),NxP+1);

xe_h = vec2mat (mesh.edgesx (:,3),NxP);

ye_h = vec2mat (mesh.edgesx(:,4),NxP);

z3 = vec2mat (uy(l:mesh.ne_g_h),N«xP);

subplot (h(1)); surf (mesh.XGrid,mesh.YGrid, real(zl)); view (0, 90);
title('\phi,{Re}'); $zlim([—1 11]);

subplot (h(2)); surf (mesh.XGrid,mesh.YGrid, real (Fun.PHI (mesh.XGrid
,mesh.YGrid))); view(0,90); title('\phi_{Im}'); %zlim([—1 1]);

subplot (h(3)); surf (mesh.XGrid,mesh.YGrid, imag(z1)); view (0, 90);
title ('\phi_{Re}'); %zlim([—1 11);

subplot (h(4)); surf (mesh.XGrid,mesh.YGrid, imag (Fun.PHI (mesh.XGrid
,mesh.YGrid))); view(0,90); title('\phi_{Im}'); %zlim([—1 1]);

clear xe_h xe_v ye_h ye_v zl z2 z3

%% Plot interpolatd solution

-

h

1

figure; surf (mesh.XfGrid,mesh.YfGrid, real (phi_i), 'LineStyle’,’
none'); view(0,90); clear x y z; colormap jet

figure; for tmp = 1:6, h(tmp) = subplot (2,3,tmp); hold on;
colormap jet; end

subplot (h(1)); surf (mesh.XfGrid,mesh.YfGrid, real (phi_i),"'
LineStyle', 'none'); title('\phi_{Re}'); view(15,65); zlim([—1
11); grid on;

subplot (h(2)); surf (mesh.XfGrid,mesh.YfGrid, real (Fun.PHI (
mesh.XfGrid, mesh.YfGrid)), 'LineStyle', "none'); title('\phi,{Re
} exact'); view(15,65); zlim([—1 1]); grid on;

subplot (h(3)); surf (mesh.XfGrid,mesh.YfGrid, real (phi_i)—real (
Fun.PHI (mesh.XfGrid, mesh.YfGrid)), 'LineStyle', "none'); title ('
\phi_{Re} difference'); view(15,65); grid on;

subplot (h(4)); surf (mesh.XfGrid,mesh.YfGrid, imag (phi_i),"'
LineStyle', 'none'); title('\phi_{Im}'); view(15,65); zlim([—1
11); grid on;

subplot (h(5)); surf (mesh.XfGrid, mesh.YfGrid, imag (Fun.PHI (
mesh.XfGrid, mesh.YfGrid)), 'LineStyle’', 'none'); title('\phi_{Im
} exact'"); view(1l5,65); zlim([—-1 1]); grid on;

subplot (h(6)); surf (mesh.XfGrid,mesh.YfGrid, imag (phi_i)—imag(
Fun.PHI (mesh.XfGrid, mesh.YfGrid)), 'LineStyle', "none'); title ('
\phi_{Im} difference'); view(15,65); grid on;

clear h

figure;

subplot (2,3,1); surf (mesh.XfGrid,mesh.YfGrid, real (ux_i.i),"'
LineStyle', 'none'); title('Ux'); view(0,90); clear x y z;
colormap jet

subplot (2,3,2); surf (mesh.XfGrid,mesh.YfGrid, real (Fun.Ux (
mesh.XfGrid, mesh.YfGrid)), 'LineStyle', 'none'); title('Ux_{ex}"'
); view(0,90); clear x y z; colormap jet

subplot (2,3,3); surf (mesh.XfGrid,mesh.YfGrid, real (uxBAE_i.i),"'
LineStyle', 'none'); title('Ux_{BAE}'); view(0,90); clear x y z
; colormap jet
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o oo oe

err_vx) ;

o oo oe

err_vy);

e o° oP

MSc. Thesis

end

%% E
phi_
phiB
phi_
err_

subplot (2,3,4); surf (mesh.XfGrid,mesh.YfGrid, real (uy_i.i), "'
LineStyle', 'none'); title('Uy'"); view(0,90); clear x

colormap jet

y zi

subplot (2,3,5); surf (mesh.XfGrid,mesh.YfGrid, real (Fun.Uy (
mesh.XfGrid, mesh.YfGrid)), 'LineStyle', 'none'); title ('Uy_{ex}"'
); view (0,90); clear x y z; colormap jet

subplot (2,3, 6); surf (mesh.XfGrid,mesh.YfGrid, real (uyBAE_i.i),"'
LineStyle', 'none'); title('Uy,{BAE}'); view (0,90); clear x y z

; colormap jet

rror

v = (mat2vec (phi_i));

AE_v = (mat2vec (phiBAE_i));

ex_v = (Fun.PHI (mesh.Xf,mesh.Yf));

phi = norm(phi_v—phi_ex_v)/norm(phi_ex_v); disp('Phi: ")
err_phi)

phiBAE = norm (phiBAE_v—phi_ex_v) /norm (phi_ex_v);

err_

ux_v
uxBA
ux_e
err_

; disp (err_phiBAE)

= (mat2vec (ux_i.i));
E_v = (mat2vec (uxBAE_i.i));
x_v = (Fun.Ux (mesh.Xf,mesh.Yf));

; disp(

disp ('PhiBAE: ")

ux = norm (ux_v—ux_ex_v)/norm(ux_ex_v); disp('Ux: '); disp (err_ux)

4

err_

uxBAE = norm (uxBAE_v—ux_ex_v) /norm(ux_ex_v);

disp (err_uxBAE);

uy_v
uyBA
uy_e
err_

= (mat2vec (uy_i.i));
E_v = (mat2vec (uyBAE_i.i));
x_v = (Fun.Uy (mesh.Xf,mesh.Yf));

disp ('UxBAE: ");

uy = norm (uy_v—uy_ex_v)/norm(uy_ex_v); disp('Uy: '); disp (err_uy)

’

err_

uyBAE = norm(uyBAE_v—uy_ex_v)/norm(uy_ex_v);

disp (err_uyBAE);

al =
bl =
cl =
dl =
err
errB
59
59

(phi_v—phi_ex_v); a2 = (phiBAE_v—phi_ex_v);

(ux_v—ux_ex_v); b2 = (uxBAE_v—ux_ex_vV);
(uy_v—uy_ex_v); c2 = (uyBAE_v-—uy_ex_v);
[bl;cl]; d2 = [b2;c2];

= sqrt((al'xal)+(bl'xbl)+(cl'xcl));

AE = sqgrt((a2'xa2)+(b2'xb2)+(c2'xc2));

rt (abcl/abc2)

rt ((al'*al)/ (a2'*xa2))

sqrt (((bl'+bl)+(cl'xcl))/ ((b2"+xb2)+(c2'*xc2)))

vx_v = real (mat2vec(vx_i.i));
vx_ex_v = real (Fun.Vx (mesh.Xf,mesh.Yf));

err_vx = norm(vx_v—vx_ex_vV)/norm(vx_ex_v);

vy_-v = real (mat2vec(vy_-i.1i));
vy-ex_v = real (Fun.Vy (mesh.Xf,mesh.Yf));
err_ vy = norm(vy_v—vy_ex_v)/norm(vy_ex_v);

ps

iv = real (mat2vec(psi_i.i));

psi_ex_v = real (Fun.PSI (mesh.Xf,mesh.Yf));
err_psi = norm(psi_.v—psi_ex_v)/norm(psi_ex_v); %$disp('Psi:

Sdisp ('Vx: ');

Sdisp('Vy: ");

disp ('UyBAE: '");

disp(

disp(

")

disp

Peter Klaas Christiaan Lok

552

557

562

567

572

577

582

587

592



108 Matlab Code
(err_psi);
errs (indC, indB, indA) = err;
errsBAE (indC, indB, indA) = errBAE;
errs_phi (indC, indB, indA) = err_phi;
errs_phiBAE (indC, indB, indA) = err_phiBAE;
errs_ux (indC, indB, indA) = err_ux;
errs_uxBAE (indC, indB, indA) = err_uxBAE;
errs_uy (indC, indB, indA) = err_uy;
errs_uyBAE (indC, indB, indA) = err_uyBAE;
errs_u(indC, indB, indA) = sqrt (err_ux"2+err_uy 2);
% errs_vx (indC, indB, indA) = err_vx;
% errs_vy (indC, indB,indA) = err_vy;
% errs_v (indC, indB, indA) = sqrt(err_vx 2+err_vy 2);
% errs_psi(indC, indB,indA) = err_psi;
nVars (indC, indB, indA) = (mesh.nvar.n+mesh.nvar.e)«*2; Ps(indC, indB,
indA) = P; wvnrs (indC, indB, indA) = omega;
Nwvs (indC, indB, indA) = Nwv; nDerivs (indC, indB, indA) = nDeriv; HHs (
indC, indB, indA) = HH;
disp('Ratio: '); disp(err_phi/err_phiBAE)
indC=indC+1;
end
indB=indB+1;
end
indA = indA+1;
end

if
figu

re;

%% Error plot
((indA—1) % (indB—1) * (indC—-1)>2 && 1)

if ndims (errs_phi)==

else

for

i=1:(indA-1)

subplot (2,2,1); loglog(wvnrs(:,:,i),errs_phi(:,:,1),"'—x"); title('\
phi'"); hold on; grid omn; ylabel('L"2 DE'");

subplot (2,2,2); loglog(wvnrs(:,:,i),errs_ux(:,:,i),'—=x"); title('ux'
); hold on; grid on;

subplot (2,2,3); semilogx (wvnrs(:,:,i),errs(:,:,1i)./errsBAE(:,:,1i), " '—
x"); title('Ratio'); hold on; grid on; ylim ([0 15]); ylabel('DE/
BAE'); xlabel ('\omega');

subplot (2,2,4); semilogx (wvnrs(:,:,1i),errs_phi(:,:,1i)./errs_phiBAE
(:,:,1),"'—x"); title('Ratio_\phi'); hold on; grid on; ylim([O
151); xlabel ('\omega');

for nP = 1:4
subplot (2, 2, nP) ;

x1im (10." [floor (1loglO (min (min (min (wvnrs))))) ceil (loglO (max (max (
max (wvnrs)))))]);
end
end
hold off;
subplot (2, 2, ; loglog (wvnrs, errs_phi); title('\phi'); hold on; grid on;

2,1)
subplot (2,2,2); loglog(wvnrs,errs_ux); title('ux'); hold on; grid on;
3)

subplot (2, 2,

; semilogx (wvnrs, errs./errsBAE); title('Ratio'); hold on;
grid minor; ylim ([0 15]); =xlim([5 2500]);

subplot (2,2,4); semilogx (wvnrs, errs_phi./errs_phiBAE); title('Ratio_\phi'
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); hold on; grid on;

end
% legend(strread (num2str (l:size(Ps,3)*size(Ps,2)),"'%$s"));
% legend('P=2 | nD=0','P=4 | nD=0','P=1 | nD=1','P=2 | nD=1"', 'Location’,’ 642

NorthWest ') ;
legend ('P=2 | nD=0','P=4 | nD=0','P=3 | nD=0','P=5 | nD=0','P=1 | nD=1','P=2 | nD
=1"', '"Location', "NorthWest ") ;
array2table ([1l: (size(Ps,2))* (size(Ps,3));HHs (1, :);nDerivs(1,:);Ps(1l,:);nVars
(1,:)],'RowNames',{'#','HH','nDeriv','P','nVars'})
end
if saveFig
name = ['Plotjes/errors_ Nwv',num2str (Nwv), '_theta', num2str (rad2deg (theta)),'- 647
',datestr (now, 'yyyymmdd_HHMM") ];
savefig ([name, '.fig']);
print ([name, '.png'], '—dpng');
end
% save (['Data/data_',datestr (now, 'ddmmyy HHMMSS'), '.mat'], 'mesh', 'phi*"', 'ux','v
*','psix', 'errx', 'wvnrs', 'indA', 'indB', 'indC', 'Ps"', 'HHs', 'nDerivs', 'nVars');

652
%% tmp
if 1
figure;
for i=1: (indA-1)
semilogx (wvnrs (:,:,i),errs(:,:,1)./errsBAE(:,:,1),'—x"); title('Ratio'); 657
hold on; grid on; ylim ([0 15]); ylabel ('DE/BAE'"); xlabel('\omega'); x1lim
([5 200]); grid minor
% semilogx (wvnrs(:,:,1i),errs_phi(:,:,1)./errs_phiBAE(:,:,1),'——x"); hold on;
grid on; ylim([0 15]); ylabel ('DE/BAE'); xlabel('\omega'); x1lim ([5 200]); grid
minor
% loglog(wvnrs(:,:,1),errsphi(:,:,1i),'—x"); title('\phi'); hold on; grid on
; ylabel ('DE'); xlim([5 2007]);
% loglog(wvnrs(:,:,1i),errs.ux(:,:,1i),'——x"); title('ux'); hold on; grid on;
ylabel ('DE'); xlim([5 200]);
legend ('P=2 | nD=0','P=4 | nD=0','P=3 | nD=0','P=5 | nD=0','P=1 | nD=1"','P=2
| nD=1"', 'Location', 'NorthWest');
end 662
hold off;
if 0
name = ['Plotjes/Nieuw/errors DEBAE_Nwv',num2str (Nwv), ' theta',num2str (
rad2deg (theta)), '_',datestr (now, 'yyyymmdd_HHMM'") ];
% name = ['Plotjes/Nieuw/errors DEBAEphi Nwv', num2str (Nwv),'_theta', num2str (
rad2deg (theta)), '-',datestr (now, 'yyyymmdd_HHMM"'") ] ;
% name = ['Plotjes/Nieuw/errors_DEphi Nwv', num2str (Nwv), '_theta', num2str ( 667
rad2deg (theta)), '_',datestr (now, 'yyyymmdd_HHMM") ] ;
% name = ['Plotjes/Nieuw/errors_DEux Nwv', num2str (Nwv),'_theta',num2str (
rad2deg (theta)), '_',datestr (now, 'yyyymmdd_HHMM") ] ;
savefig ([name, '.fig']);
print ([name, '.png'], '—dpng');
end
end 672
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B.3 mass matrices2D v4 2.m

function [MOO,M11,M22,M02_H,M11_H,M1d1d] = mass_matrices2D_v4_2 (P,N,M,nDeriv,
domain) %
Add storage of matrices

oe

o°
o\
o\°
o\
\o
o\°
o\
o
o\
o\
o\
\o
o
o\©
\
\
\o
\o
\o
\
\
\
\
\
\
o\
o\°
o\
\o
\o
\o
o°
o\
o\°
o\
\o
o
o\©
o\°
o\
\o
o
\o

mass-matrices_v4.m
N: Number of elements in horizontal direction in primal grid; using GLLnodes

Polynomial order in primal grid is N & M

o° o° o° o° oo o° oP

close all;
clearvars —except other

clc
N = 16; M=16; P=2; nDeriv=0;
domain.x = [0 1];
domain.y = [0 1];
else

if mnargin<5
domain.x = [—1 1];
domain.y = [-1 1];
if nargin<4
nDeriv=0;
if nargin<3
if nargin<2

N=1;
end
M=N;
end
end
end
end
clrvrs = 0;
% location = 'D:\Stack\Documents\Studie\TU Delft\Master\Thesis\solvers)
Hermite_solver_2D\mat\mass.matrices\"';
% filename = ['matrices_P',num2str(P),'_N',num2str(N),'_-M',num2str (M), '_-nDeriv'

num2str (nDeriv), '.mat'];
if exist ([location, filename], 'file")
load([location, filename]) ;

e o° oP

else

Pf = 2% (P+1);
dPf = 2/Pf;

%% Nodes and weights

xN = linspace (domain.x (1), domain.x (2),N+1);
yN = linspace (domain.y (1), domain.y (2),M+1);
% Primal Grid
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B.3 mass_matrices2D_v4_2.m 111
% [int_nodes_xi,w_xi] = GLLnodes (P);
% Fine — for higher order integration
[int_nodes_xi_f,w_xi_f] = GLLnodes (Pf);
int_nodes_xi_f = (int_nodes_xi_f+1)* (domain.x (2)—domain.x (1)) /2;
[int_nodes_eta_f,w_eta_f] = GLLnodes (Pf);
int_nodes_eta_f = (int_nodes_eta_f+1)« (domain.y (2)—domain.y (1)) /2;
dx = diff (domain.x)/N;
dy = diff (domain.y) /M;
scale = dxxdy/4;
%% Nodal and edge basis functions
(h_xi_f,hp_xi_f,e_xi_f] = HermitePoly (int_nodes_xi_£f/N,P,nDeriv,N+2/ (domain.x
(2)—domain.x (1)),0);
[h_eta_f,hp_eta_f,e_eta_f] = HermitePoly (int_nodes_eta_f/M,P,nDeriv, M»2/ (
domain.y (2)—domain.y (1)), 0);
% [hxi f,exi f,hp.xi_f] = MimeticpolyVal (int_nodes_xi_f,P,1);
% [h.eta_-f,e_eta_-f,hp.eta_-f] = MimeticpolyVal (int_nodes_eta_-f,P,1);
%% Number of nodes, edges and volumes
nn = (P+1)« (P+1); % Number of nodes in an element
ne = Px (P+1)x2; % Number of edges in an element
nv = PxP; % Number of volumes in an element
nn_g = (NxP+1)* (MxP+1); % Number of nodes globally
ne_g_h = NxPx (MxP+1); % Number of horizontal edges globally
ne_g_v = MxPx (NxP+1); % Number of vertical edges globally
ne_g = ne_g_h+ne_g_v; % Number of edges globally
nv_g = (NxP) % (M%xP); % Number of volumes globally
%% Mass matrix MOO
hOhO_hOhO = zeros (nn);
if nDeriv==1,
hOhO_h1hO = hOhO_hOhO; hOhO_hOh1=hOhO_hOhO; hOhO_h1h1=hO0h0_hOhO;
h1hO_hOhO = zeros (nn); h1hO_h1hO=hOhO_hOhO; h1hO_hOh1=hO0h0_hOhO;
h1hO_h1h1=hOhO_hOhO;
hOh1_hOhO = zeros (nn); hOh1_h1hO0=hOhO_hOhO; hOhl1_hOh1=hOhO_hOhO;
hOh1_h1h1=hOhO_hOhO;
hih1_hOhO = zeros(nn); hihl1_h1hO=hOhO_hOhO; hihl_hOh1=hO0h0_hOhO;
hih1_h1h1=hOhO_hOhO;
end
for i=1:P+1
for j=1:P+1
localnode_i = i+ (j—1)x(P+1);
for k=1:P+1
for 1=1:P+1
localnode_k = k+ (1—1)=* (P+1);
hOhO_hOhO (localnode_i, localnode_k) = hOhO_hOhO (localnode_i,
localnode_k) + w_xi_fx*((h_eta_f(j,:)"'xh_xi_£(i,:)).x(
h_eta_f(1,:)'+xh_xi_£f(k,:)))*rw_eta_=f';
if nDeriv==1
hOhO_h1hO (localnode_i, localnode_k) = hOhO_h1hO (
localnode_i, localnode_k) + w_xi_fx((h_eta_£f(j,:)"'x
h_xi_f(i,:)).x(h_eta_f(1,:)"'sh_xi_£f (k+(P+1),:)))~*
w_eta_f';
hOhO_hOhl (localnode_i, localnode_k) = hOhO_hOh1 (
localnode_i, localnode_k) + w_xi_f« ((h_eta_f (j,:) "'~
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h_xi_f(i,:)).~(h_eta_f (1+(P+1),:) "'sh_xi_£f(k,:)))~*
w_eta_f';

hOhO_h1lh1l (localnode_i, localnode_k) = hOhO_hih1 (
localnode_i, localnode_k) + w_xi_fx((h_eta_f(j,:)"'~*
h_xi_f(i,:)).*~(h_eta_f (1+(P+1),:)"sh_xi_f (k+(P+1),:)))
+w_eta_£f';

h1hO_h1hO (localnode_i, localnode_k) = h1hO_h1hO (
localnode_i, localnode_k) + w_xi_fx((h_eta_f(j,:)"'~*
h_xi_f (i+(P+1),:)) .x(h_eta_f(1,:) "«h_xi_f (k+(P+1),:)))
«w_eta_f';

h1hO_hOh1l (localnode_i, localnode_k) = h1hO_hOhl1 (
localnode_i, localnode_k) + w_xi_f«x ((h_eta_f (j,:) "'~
h_xi_f (i+(P+1),:)).*(h_eta_f (1+(P+1),:)'sh_xi_£f(k,:)))
+w_eta_£f';

h1hO_h1lh1l (localnode_i, localnode_k) = h1hO_h1lh1 (
localnode_i, localnode_k) + w_xi_f«* ((h_eta_f (j,:) "'~
h_xi_f (i+(P+1),:)).*(h_eta_f (1+(P+1),:)'sh_xi_£f (k+ (P
+1),:)))*~w_eta_£f';

hOh1_hOh1l (localnode_i, localnode_k) = hOh1_hOhl (
localnode_i, localnode_k) + w_xi_fx((h_eta_f (j+(P+1),:)
'sh_xi_f(i,:)).*x(h_eta_f (1+(P+1),:)"'*sh_xi_£f(k,:)))~*
w_eta_f';

hOh1_hilh1l (localnode_i, localnode_k) = hOhl1_hilh1 (
localnode_i, localnode_k) + w_xi_fx((h_eta_f (j+(P+1),:)
"sh_xi_f(i,:)).+~(h_eta_f (1+(P+1),:) " "'xh_xi_f (k+(P+1),:)
))*w_eta_£f';

hih1_hilh1l (localnode_i, localnode_k) = hih1_hih1 (
localnode_i, localnode_k) + w_xi_fx((h_eta_f (j+(P+1),:)
"sh_xi_f (i+(P+1),:)) .* (h_eta_f (1+(P+1),:)"'«h_xi_£f (k+ (P
+1),:)))~w_eta_£f';

end
end
end
end
end
if nDeriv==1,
MOO_1 = [hOhO_hOhO hOhO_h1h0 hOhO_hOhl hOhO_hihi;

hOhO_h1hO0' h1hO_h1h0O h1hO_hOhl h1hO_h1hil;
hOhO_hOh1' h1hO_hOh1' hOhi_hOhl hOhi_hihi;
hOhO_hlh1' hi1hO_hih1l' hOhl_hih1l' hlh1l_hilhl]xscale;

else

MOO_1=hOhO_hOhO=xscale;

end

if clrvrs, clearvars —except clrvrs P N M nDeriv dual MOO_l nn ne nv nn_g

ne_g nv_g w_xi_f

w_eta_f h_xi_f hp_xi_f e_xi_f h_eta_f hp_eta_f e_eta_f

scale m00 ml11l m22 m02d mlild; end

%% M11
% horizontal edges

eh0O_eh0 = zeros (ne/2);

if nDeriv==1,
ehO_ehl1=ehO_ehO;

ehl_ehO=eh0O_ehO; ehl_ehl=ehO_ehO;

eh0_dh1h0 = zeros(ne/2,nn); ehO_dhlhl=eh0O_dh1hO; ehl_dh1hO=ehO0_dh1hO;
ehl_dhlhl1=eh0_dh1hO;
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end
for j=1:P+1
for i=1:P
edge_i = i + (j—1)«P;
% horizontal edges
for 1=1:P+1
for k=1:P
edge_k = k + (1-1)«P;
ehO_ehO (edge_i, edge_k) = ehO_ehO (edge_i, edge_k) + w_xi_fx* ((
h_eta_f(j,:)'xe_xi_f(i,:)).x(h_eta_f(1,:)"'xe_xi_f(k,:)))x*
w_eta_£f';
if nDeriv==1
ehO_ehl (edge_i, edge_k) = ehO_ehl (edge_i, edge_k) + w_xi_f
*((h_eta_f(j,:)'xe_xi_f(i,:)).x(h_eta_£f (1+(P+1),:) "«
e_xi_f(k,:)))*w_eta_=f"';
ehl_ehO (edge_i, edge_k) = ehl_ehO (edge_i, edge_k) + w_xi_£f
*((h_eta_f (j+(P+1),:) '"xe_xi_£(i,:)).*x(h_eta_f(1,:) "'«
e_xi_f(k,:)))~w_eta_=f"';
ehl_ehl (edge_i, edge_k) = ehl_ehl (edge_i, edge_k) + w_xi_£f
*((h_eta_f (j+(P+1),:) '"xe_xi_£(i,:)).x(h_eta_f (1+(P+1)
, 1) "xe_xi_f(k,:)))~w_eta_=f"';
end
end
end
if nDeriv==1
% nodes
for 1=1:P+1
for k=1:P+1
node_k = k + (1-1)«* (P+1);
ehO_dh1hO (edge_i,node_k) = ehO_dh1hO (edge_i, node_k) +
w_xi_fx((h_eta_f(j,:)"'xe_xi_£f(i,:)).*(h_eta_f(1,:)"'*
hp_xi_f (k+(P+1),:)))*w_eta_f"';
ehO_dh1lhl (edge_i,node_k) = ehO_dhlhl (edge_i, node_k) +
w_xi_fx((h_eta_f(j,:)"'xe_xi_£f(i,:)).*(h_eta_f (1+(P+1)
;) "xhp_xi_f (k+(P+1),:)))rw_eta_f';
ehl1_dh1hO (edge_i,node_k) = ehl1_dh1hO (edge_i, node_k) +
w_xi_fx((h_eta_f (j+(P+1),:)'xe_xi_f(i,:)).x(h_eta_f (1
;) "xhp_xi_f (k+(P+1),:)))rw_eta_f';
ehl_dhilhl (edge_i,node_k) = ehl_dhlhl (edge_i, node_k) +
w_xi_fx((h_eta_f (j+(P+1),:)'xe_xi_f(i,:)).r(h_eta_f (1
+(P+1),:) '"xhp_xi_£f (k+(P+1),:)))~w_eta_£f';
end
end
end
end
end
if nDeriv==
% nodes

dh1hO_eh0O = zeros (nn,ne/2); dhl1hO_ehl1=dh1hO_ehO; dhilhl_ehO=dh1h0_ehO;
dhihl_eh1=dh1h0_ehO;
dh1h0_dh1hO = zeros(nn); dh1hO_dhlh1=dh1h0_dh1h0; dhilhl1_dh1hO=dh1h0_dh1hO
; dhih1l_dhih1=dh1h0_dh1hO;
for j=1:P+1
for i=1:P+1
node_i = i + (j—1)*(P+1);

% horizontal edges
for 1=1:P+1
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for

end
end

[

% nodes

for 1=1:

for

end
end
end
end
end

[}

% vertical edges

k=1:P
edge_k = k + (1-1)«P;
dh1hO_ehO (node_i, edge_k) = dh1hO_ehO (node_i, edge_k) +

w_xi_fx ((h_eta_f (j,:)"'~hp_xi_£f (i+(P+1),:)) . (h_eta_f (1

;) "'xe_xi_f(k,:)))*w_eta_f';
dh1hO_ehl (node_i, edge_k) = dh1lhO_ehl (node_i, edge_k) +

w_xi_fx((h_eta_f(j,:)"'*hp_xi_£f (i+(P+1),:)) . (h_eta_f (1

+(P+1),:)"xe_xi_f(k,:)))~w_eta_£f"';

dhlh1_ehO (node_i, edge_k) = dhlhl_ehO (node_i, edge_k) +
w_xi_fx ((h_eta_f (j+(P+1),:) "'~shp_xi_£f (i+(P+1), :)) .x(
h_eta_f(1,:)'xe_xi_f(k,:)))*w_eta_£f"';

dhlh1l_ehl (node_i, edge_k) = dhlhl_ehl (node_i, edge_k) +
w_xi_fx ((h_eta_f (j+(P+1),:) "'~shp_xi_£f (i+(P+1),:)) .x(
h_eta_f (1+(P+1),:) 've_xi_£f(k,:)))rw_eta_£f"';

P+1

k=1:P+1

node_k = k + (1—-1)* (P+1);

dh1h0_dh1hO (node_i, node_k) = dh1h0_dh1hO (node_i, node_k)

w_xi_fx((h_eta_f(j,:)"'~hp_xi_£f (i+(P+1),:)) .*(h_eta_£f (

1,:)"«hp_xi_£f (k+(P+1),:)))*w_eta_£f"';
dh1hO_dhihl (node_i, node_k) = dh1hO_dhih1l (node_i, node_k)

w_xi_fx((h_eta_f(j,:)"'~hp_xi_£f (i+(P+1),:)) .*(h_eta_£f (

1+(P+1),:) "xhp_xi_f (k+(P+1),:)))*w_eta_£f';
dhih1_dh1hO (node_i, node_k) = dhlh1_dh1hO (node_i, node_k)
w_xi_fx((h_eta_f (j+(P+1),:) "shp_xi_£f (i+(P+1),:)) . (
h_eta_f(1,:)'~hp_xi_£f (k+(P+1),:)))*w_eta_£f"';
dhih1_dhihl (node_i, node_k) = dhilhl_dhih1l (node_i, node_k)
w_xi_fx((h_eta_f (j+(P+1),:) "shp_xi_£f (i+(P+1),:)) . (
h_eta_f (1+(P+1),:) 'shp_xi_£f (k+(P+1),:)))~w_eta_f';

hOe_hOe = zeros(ne/2);

if nDeriv==

hOe_hle = hOe_hOe; hle_hOe=h0Oe_hOe; hle_hle=hOe_hOe;
hOe_hOdhl = zeros(ne/2,nn); hOe_hldhi1=hOe_hOdhil; hile_hOdhi=hOe_hOdhi;
hie_hildhi1=h0Oe_hOdhi;

end
for j=1:P
for i=1:P+1

edge_i = i + (j—1)x(P+1);

o

for 1=1:P
for k=1

% vertical edges

:P+1

edge_k = k + (1-1)=* (P+1);
hOe_hOe (edge_i, edge_k) = hOe_hOe (edge_i, edge_k) + w_xi_£~* ((
e_eta_f(j,:)'*h_xi_f(i,:)).x(e_eta_f(1,:)"'*h_xi_f(k,:)))~*

w_eta_£f';

if nDeriv==

Peter Klaas Christiaan Lok

hOe_hle (edge_i, edge_k) = hOe_hle (edge_i, edge_k) + w_xi_f
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end
end
end
if nDeriv==

[}

% nodes

for 1=1:

for

end
end
end
end
end
if nDeriv==

)

% nodes

*((e_eta_f(j,:)'*h_xi_f(i,:)).x(e_eta_f(1l,:)"'~h_xi_f(k
+(P+1),:)))~w_eta_£f"';

hle_hOe (edge_i, edge_k) = hle_hOe (edge_i, edge_k) + w_xi_f
x((e_eta_f(j,:)"'~h_xi_f (i+(P+1),:)) .x(e_eta_f(1,:)"~*
h_xi_f(k,:)))*w_eta_£f"';

hle_hle (edge_i,edge_k) = hle_hle (edge_i, edge_k) + w_xi_f
x((e_eta_f(j,:)"'~h_xi_f (i+(P+1),:)) .x(e_eta_f(1,:)"~*
h_xi_f(k+(P+1),:)))*w_eta_£f';

208

P+1 213

k=1:P+1

node_k = k + (1—1)=*(P+1);

hOe_hOdhl (edge_i,node_k) = hOe_hOdhl (edge_i,node_k) +
w_xi_fx((e_eta_f(j,:)"'~h_xi_£(i,:)) . (hp_eta_f (1+ (P+1)
;i) 'xh_xi_f(k,:)))rw_eta_£f"';

hOe_hildhl (edge_i,node_k) = hOe_hldhl (edge_i,node_k) +
w_xi_fx((e_eta_f(j,:)"'*h_xi_£(i,:)) . (hp_eta_f (1+ (P+1)
, ) "«h_xi_f£(k+(P+1),:)))~w_eta_£f';

hle_hOdhl (edge_i,node_k) = hle_hOdhl (edge_i,node_k) + 218
w_xi_fx((e_eta_f(j,:)"'~h_xi_£(i+(P+1),:)).x(hp_eta_f (1
+(P+1),:)"xh_xi_f(k,:)))*~w_eta_£f';

hle_hildhl (edge_i,node_k) = hle_hldhl (edge_i,node_k) +
w_xi_fx((e_eta_f(j,:)"~h_xi_£(i+(P+1),:)).x(hp_eta_f (1
+(P+1),:) "*h_xi_f (k+(P+1),:)))*w_eta_f"';

223

hOdh1_hOe = zeros (nn,ne/2); hOdhl_hle=h0Odhl1_hOe; hildh1l_hOe=h0dh1_hOe;
hidh1_hle=h0dh1_hOe;

hOdh1_hOdhl = zeros (nn); hOdhl_h1dh1=h0Odh1_hOdhl; hildh1_hOdh1=hOdh1_hOdhl 228
; hidhl_h1dh1=h0dh1_hOdhi;

for j=1:P+1
for i=1:P+1
node_i

=1+ (j—1)~(P+1);

% vertical edges
for 1=1:P 233
for k=1:P+1

MSc. Thesis

edge_k = k + (1-1)=(P+1);

hOdh1_hOe (node_i, edge_k) = hOdhl_hOe (node_i, edge_k) +
w_xi_fx ((hp_eta_f (j+(P+1),:)"'xh_xi_£(i,:)) . (e_eta_f (1
;) 'xh_xi_f(k,:)))rw_eta_£f"';

hOdhl_hle (node_i, edge_k) = hOdhl_hle (node_i, edge_k) +
w_xi_fx ((hp_eta_f (j+(P+1),:) " 'xh_xi_£f(i,:)) . (e_eta_f (1
;) 'xh_xi_£f (k+(P+1),:)))~w_eta_£f';

hidh1_hOe (node_i, edge_k) = hldhl_hOe (node_i, edge_k) + 238
w_xi_fx ((hp_eta_f (j+(P+1),:)"*h_xi_f (i+ (P+1),:)) .*(
e_eta_f(1,:)"xh_xi_f(k,:)))rw_eta_£f"';

hidhl_hle (node_i, edge_k) = hldhl_hle (node_i, edge_k) +
w_xi_fx ((hp_eta_£f (j+(P+1),:) " "*h_xi_£f (i+(P+1), :)) .x(

Peter Klaas Christiaan Lok
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e_eta_f(1,:)'«xh_xi_£f (k+(P+1),:)))~w_eta_£f"';
end
end
% nodes
for 1=1:P+1
for k=1:P+1
node_k = k + (1—1)* (P+1);
hOdh1_hOdh1l (node_i, node_k) = hOdh1_hOdhl (node_i, node_k) +
w_xi_fx ((hp_eta_f (j+(P+1),:)"'xh_xi_£f(i,:)).* (hp_eta_f
(1+(P+1),:)"*h_xi_f(k,:)))*w_eta_£f"';
hOdh1_h1dh1l (node_i,node_k) = hOdhl1_h1ldhl (node_i, node_k) +
w_xi_fx ((hp_eta_f (j+(P+1),:)"'xh_xi_£f(i,:)).* (hp_eta_f
(1+(P+1),:) "«*h_xi_£f(k+(P+1),:)))rw_eta_£f';
hidh1_hOdh1l (node_i,node_k) = hildh1_hOdhl (node_i, node_k) +
w_xi_fx ((hp_eta_£f (j+(P+1),:)'*h_xi_£f (i+(P+1),:)) .*(
hp_eta_f (1+(P+1),:)"sh_xi_£f(k,:)))~w_eta_f"';
hidh1_h1dh1l (node_i,node_k) = hldh1_h1ldhl (node_i, node_k) +
w_xi_fx ((hp_eta_f (j+(P+1),:) " '*h_xi_f (i+(P+1),:)) . (
hp_eta_f (1+(P+1),:) "sh_xi_£f (k+(P+1),:))) w_eta_f';
end
end
end
end
end

if nDeriv==1,
M11x = [ehO_ehO ehO_dh1hO ehO_ehl ehO_dhilhi;
dh1h0_ehO dh1h0_dh1h0 dh1hO_ehl dh1hO_dhilhi;
ehl_ehO ehl1_dh1ihO ehl_ehl ehl_dhihi;
dhihl_ehO dhihi1_dhi1h0 dhihil_ehl dhilh1l_dhlhl]xscale;
Mi1ly = [hOe_hOe hOe_hle hOe_hOdhl hOe_hildhi;
hle_hOe hle_hle hle_hOdhl hle_hidhil;
hOdh1_hOe hOdhl_hle hOdhi1_hOdhl hOdhil_hidhi;
hidh1l_hOe hidhil_hle hidh1_hOdhl hidhl_hidhl]«scale;
Midid_1 = blkdiag (Mily, M11x);
M11_1 = blkdiag (M1ix, Mily);
else
Mi1dild_1=blkdiag (hOe_hOe, ehO_ehO) xscale;
M11_l=blkdiag (ehO_eh0O,hOe_hOe) xscale;
end
if clrvrs, clearvars —except clrvrs P N M nDeriv dual nn ne nv nn_g ne_g nv_g
w_xi_f w_eta_f h_xi_f hp_xi_f e_xi_f h_eta_f hp_eta_f e_eta_f scale MOO_1
M11_1 mOO mi1l m22 m02d milild; end

%% M22
% volume
ee_ee = zeros (nv); ee_dhle = zeros (nv,ne/2); ee_edhl=ee_dhle; ee_dhlidhl =
zeros (nv,nn) ;
for j=1:P
for i=1:P
vol_i = 1i + (j—1)=*P;
% volume
for 1=1:P
for k=1:P
vol_k = k + (1—1)«P;
ee_ee(vol_i,vol_k) = ee_ee(vol_i,vol_k) + w_xi_fx((e_eta_f (]
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,i) '*xe_xi_f(i,:)) .~(e_eta_f(1l,:) " 've_xi_£f(k,:)))rw_eta_£f"';

end
end
if nDeriv==

% vertical edge
for 1=1:P

for k=1:P+1

edge_k = k + (1-1)«(P+1);

ee_dhle (vol_i, edge_k) = ee_dhle(vol_i,edge_k) + w_xi_=£x ((
e_eta_f(j,:)"'ve_xi_£f(i,:)) .~ (e_eta_f(1,:) " '~hp_xi_f (k+(
P+1),:)))*~w_eta_£f"';

end
end
% horizontal edge
for 1=1:P+1
for k=1:P
edge_k = k + (1-1)«P;
ee_edhl (vol_i, edge_k) = ee_edhl (vol_i,edge_k) + w_xi_=£x ((
e_eta_f(j,:)'xe_xi_f(i,:)) . (hp_eta_f (1+(P+1),:)"'~*
e_xi_£f(k,:)))*w_eta_£f"';
end
end
% node
for 1=1:P+1
for k=1:P+1
node_k = k + (1—1)* (P+1);
ee_dhildhl (vol_i,node_k) = ee_dhldhl (vol_i, node_k) +
w_xi_fx((e_eta_f(j,:)'xe_xi_f(i,:)).x(hp_eta_£f (1+(P+1)
;) "xhp_xi_f (k+(P+1),:)))rw_eta_f';
end
end
end
end
end
if nDeriv==
% vertical edge
dhle_ee = zeros(ne/2,nv); dhle_dhle = zeros(ne/2); dhle_edhl=dhle_dhle;
dhle_dhildhl = zeros(ne/2,nn);
for j=1:P
for i=1:P+1
edge_i = i + (j—1)=(P+1);
% volume

for 1=1:P
for k=1:P
vol_k = k + (1-1)=«P;
dhle_ee (edge_i,vol_k) = dhle_ee(edge_i,vol_k) + w_xi_£* ((
e_eta_f (j,:)"'~hp_xi_£f (i+(P+1),:)) .x(e_eta_f(1,:)"'~*
e_xi_£f(k,:)))rw_eta_£f"';
end
end

% vertical edge
for 1=1:P
for k=1:P+1
edge_k = k + (1-1)x(P+1);

dhle_dhle (edge_i, edge_k) = dhle_dhle (edge_i, edge_k) +
w_xi_fx((e_eta_f(j,:)"~hp_xi_£f (i+(P+1),:)) . (e_eta_f (1
,2) "xhp_xi_f (k+(P+1),:)))rw_eta_f';

MSc. Thesis Peter Klaas Christiaan Lok
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end
end
% horizontal edge
for 1=1:P+1
for k=1:P
edge_k = k + (1-1)«P;
dhle_edhl (edge_i, edge_k) = dhle_edhl (edge_i, edge_k) +
w_xi_fx((e_eta_f(j,:)"'«hp_xi_£f (i+(P+1),:)) . (hp_eta_f (
1+(P+1),:) "xe_xi_£f(k,:)))~w_eta_=f"';
end
end
% node
for 1=1:P+1
for k=1:P+1
node_k = k + (1—1)«*(P+1);
dhle_dh1dhl (edge_i,node_k) = dhle_dhildhl (edge_i,node_k) +
w_xi_fx((e_eta_f(j,:)'*hp_xi_£f (i+(P+1),:)) . (hp_eta_f
(1+(P+1),:) "shp_xi_f (k+ (P+1),:))) xw_eta_£f"';
end
end

end
end

)

% horizontal edge

edhl_ee = zeros(ne/2,nv); edhl_dhle = zeros(ne/2); edhl_edhl = zeros (ne
/2); edhl1_dhildhl = zeros (ne/2,nn);
for j=1:P+1
for i=1:P
edge_i = i + (j—1)«P;
% volume
for 1=1:P
for k=1:P
vol_k = k + (1—1)«P;
edhl_ee (edge_i, vol_k) = edhl_ee(edge_i,vol_k) + w_xi_=£x ((
hp_eta_f (j+(P+1),:) "xe_xi_£f(i,:)).*(e_eta_f(1,:) "'«
e_xi_f(k,:)))* w_eta_=f';
end
end
% vertical edge
for 1=1:P
for k=1:P+1
edge_k = k + (1-1)«(P+1);
edhl_dhle (edge_i, edge_k) = edhl_dhle (edge_i, edge_k) +
w_xi_fx ((hp_eta_f (j+(P+1),:) " 'xe_xi_£f(i,:)).*(e_eta_f (1
;) "~hp_xi_£f (k+(P+1),:)))*w_eta_£f';
end
end
% horizontal edge
for 1=1:P+1
for k=1:P
edge_k = k + (1-1)«P;
edhl_edhl (edge_i, edge_k) = edhl_edhl (edge_i, edge_k) +
w_xi_fx ((hp_eta_f (j+(P+1),:) " 'xe_xi_£f(i,:)).* (hp_eta_f (
1+ (P+1),:)"xe_xi_£f(k,:)))*~w_eta_=f"';
end
end
% node
for 1=1:P+1
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for k=1:P+1
node_k = k + (1—-1)* (P+1);
edhl_dhildhl (edge_i,node_k) = edhl_dhidhl

(edge_i,node_k) +

w_xi_fx ((hp_eta_f (j+(P+1),:) " 've_xi_£f(i,:)).* (hp_eta_f
(1+(P+1),:) "shp_xi_£f (k+(P+1),:)))*w_eta_f"';
end
end
end
end
% nodes

dhidhl_ee = zeros (nn,nv); dhidhl_dhle = zeros (nn,ne/2); dhildhl_edhl =

zeros (nn,ne/2); dhidhl_dhldhl = zeros (nn);
for j=1:P+1
for i=1:P+1
node_i = i + (j—1)*(P+1);

<)

% volume

for 1=1:P
for k=1:P
vol_k = k + (1-1)«P;
dhildhl_ee (node_i,vol_k) = dhldhl_ee (node_i,vol_k) +
w_xi_£fx ((hp_eta_f (j+(P+1),:) "*hp_xi_f (i+(P+1),:)) .*(
e_eta_f(1,:)"xe_xi_£f(k,:)))rw_eta_£f"';
end
end
% vertical edge
for 1=1:P

for k=1:P+1
edge_k = k + (1-1)x(P+1);
dhidh1l_dhle (node_i, edge_k) = dhidhil_dhle

(node_i, edge_k) +

w_xi_fx ((hp_eta_f (j+(P+1),:) "*hp_xi_£f (i+(P+1),:)) .x(
e_eta_f(1l,:) " '«hp_xi_f (k+(P+1),:)))rw_eta_f';

end
end
% horizontal edge
for 1=1:P+1
for k=1:P
edge_k = k + (1-1)«P;
dh1dhl_edhl (node_i, edge_k) = dhildhl_edhl

(node_i, edge_k) +

w_xi_fx ((hp_eta_f (j+(P+1),:) "*hp_xi_£f (i+(P+1),:)) .x(
hp_eta_f (1+(P+1),:) "xe_xi_£f(k,:)))~w_eta_£f"';

end
end
% node
for 1=1:P+1
for k=1:P+1
node_k = k + (1—1)* (P+1);

) '+hp_xi_f (i+ (P

dhl1dh1l1_dh1ldhl (node_i,node_k) = dhidhl_dhidh1l (node_i,
node_k) + w_xi_f«x ((hp_eta_f (j+(P+1),:
+1),:)).*(hp_eta_f (1+(P+1),:) '«shp_xi_£f (k+(P+1),:)))*
w_eta_f';
end
end
end
end
end
if nDeriv==1,
MSc. Thesis
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M22_1 = [ee_ee ee_dhle ee_edhl ee_dhidhi;
dhle_ee dhle_dhle dhle_edhl dhle_dhidhi;
edhl_ee edhl_dhle edhl_edhl edhl_dhidhi;
dhidhl_ee dhildhil_dhle dhidhl_edhl dhidhil_dhidhl]*scale;
else
M22_l=ee_eexscale;
end
if clrvrs, clearvars —except clrvrs P N M nDeriv dual nn ne nv nn_g ne_g nv_g
w_xi_f w_eta_f h_xi_f hp_xi_f e_xi_f h_eta_f hp_eta_f e_eta_f scale MOO_1
M11_1 M22_1 mOO mil1 m22 m02d mi1id; end

%% Hodge matrix — MO02
% node—vol/edge/node
hOhO_ee = zeros (nn,nv);
if nDeriv==
h1hO_ee=hO0hO_ee; hOhl_ee=h0hO_ee; hihl_ee=h0OhO_ee;
hOhO_dhle = zeros (nn,ne/2); hl1hO_dhle=hOhO_dhle; hOhl_dhle=hOhO_dhle;
hihl_dhle=hOhO_dhle;
hOhO_edhl = zeros (nn,ne/2); hi1hO_edh1=hOhO_edhl; hOhl1_edh1=hO0hO_edhl;
hihl_edh1=hOhO_edhl;
hOhO_dhidhl = zeros(nn); hl1h0O_dhi1dh1=h0hO_dhidh1l; hOhl1_dh1dh1=hO0h0O_dhidhl
; hih1l_dh1dh1=h0OhO_dhidh1;
end
for j=1:P+1
for i=1:P+1
node_i = i + (j—1)* (P+1);
% volumes

for 1=1:P
for k=1:P
vol_k = k + (1-1)«P;
hOhO_ee (node_i,vol_k) = hOhO_ee (node_i,vol_k) + w_xi_£f=* ((

h_eta_f(j,:)"'~h_xi_f(i,:)).x(e_eta_f(1l,:)"'xe_xi_f(k,:)))x*
w_eta_£f';

if nDeriv==1

hl1hO_ee (node_i,vol_k) = hlhO_ee (node_i,vol_k) + w_xi_f=* ((
h_eta_f(j,:)"'xh_xi_£f (i+(P+1),:)) .~ (e_eta_f(1,:)"'~*
e_xi_f(k,:)))*w_eta_f"';

hOhl_ee (node_i,vol_k) = hOhl_ee (node_i,vol_k) + w_xi_f=* ((
h_eta_f (j+(P+1),:)'*h_xi_f(i,:)) .~ (e_eta_f(1,:)"'~*
e_xi_f(k,:)))*w_eta_f"';

hlhl_ee (node_i,vol_k) = hlhl_ee (node_i,vol_k) + w_xi_f=* ((

h_eta_f (j+(P+1),:)'*h_xi_f (i+(P+1),:)) .x(e_eta_£f (1,:)
'xe_xi_f(k,:)))*~w_eta_f"';
end
end
end
if nDeriv==
% vertical edges
for 1=1:P
for k=1:P+1
edge_k = k + (1-1)«(P+1);

hOhO_dhle (node_i, edge_k) = hOhO_dhle (node_i, edge_k) +
w_xi_fx((h_eta_f(j,:)"'*h_xi_£(i,:)).*(e_eta_f(1l,:)"'*
hp_xi_f (k+(P+1),:))) xw_eta_£f"';

hl1hO_dhle (node_i, edge_k) = hlhO_dhle (node_i, edge_k) +
w_xi_fx((h_eta_f(j,:)"*h_xi_£ (i+(P+1),:)) .x(e_eta_f (1
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;) "xhp_xi_f (k+(P+1),:)))~w_eta_f"';

hOhl_dhle (node_i, edge_k) = hOhl_dhle (node_i, edge_k) +
w_xi_fx ((h_eta_f (j+(P+1),:)'xh_xi_f(i,:)).x(e_eta_f (1
;) "xhp_xi_f (k+(P+1),:)))~w_eta_f';

hih1l_dhle (node_i, edge_k) = hlhl_dhle (node_i, edge_k) +
w_xi_fx ((h_eta_f (j+(P+1),:)"'sh_xi_f (i+(P+1),:)) .= (
e_eta_f(l,:) " '«hp_xi_f (k+(P+1),:)))rw_eta_f';

end
end
% horizontal edges
for 1=1:P+1

for k=1:P
edge_k = k + (1-1)xP;
hOhO_edhl (node_i, edge_k) = hOhO_edhl (node_i, edge_k) +
w_xi_fx((h_eta_f(j,:)"'~h_xi_£(i,:)) . (hp_eta_f (1+ (P+1)
;) 'xe_xi_f(k,:)))rw_eta_£f"';
h1hO_edhl (node_i, edge_k) = hlhO_edhl (node_i, edge_k) +
w_xi_fx ((h_eta_f(j,:)"'~h_xi_£ (i+(P+1),:)).x(hp_eta_f (1
+(P+1),:)"xe_xi_f(k,:))) w_eta_£f"';
hOhl_edhl (node_i, edge_k) = hOhl_edhl (node_i, edge_k) +
w_xi_fx ((h_eta_f (j+(P+1),:)'xh_xi_f(i,:)) .~ (hp_eta_f (1
+(P+1),:)"xe_xi_f(k,:))) w_eta_£f"';
hih1l_edhl (node_i, edge_k) = hlhl_edhl (node_i, edge_k) +
w_xi_fx ((h_eta_f (j+(P+1),:)"'sh_xi_f (i+(P+1),:)) .= (
hp_eta_f (1+(P+1),:) "xe_xi_£f (k,:)))~w_eta_£f"';
end
end
% nodes

for 1=1:P+1
for k=1:P+1

node_k = k + (1—1)=*(P+1);

hOhO_dh1dhil (node_i, node_k) = hOhO_dhildhl (node_i, node_k) +
w_xi_fx((h_eta_f(j,:)"'~*h_xi_£f(i,:)) .~ (hp_eta_f (1+ (P
+1),:) "xhp_xi_£f (k+(P+1),:)))xw_eta_f';

h1h0_dh1dhil (node_i, node_k) = h1l1hO_dhildhl (node_i, node_k) +
w_xi_fx((h_eta_f (j,:)"'~h_xi_£f (i+(P+1),:)).x(hp_eta_=f(

1+(P+1),:) "'«hp_xi_£ (k+(P+1),:)))~w_eta_£f';
hOhl_dh1dhil (node_i,node_k) = hOhl_dhildhl (node_i, node_k) +
w_xi_fx((h_eta_f (j+(P+1),:)'xh_xi_f(i,:)).»(hp_eta_=f(
1+(P+1),:) "'«hp_xi_£ (k+(P+1),:)))~w_eta_£f';
hih1l_dhidhil (node_i,node_k) = hihl_dhidhl (node_i, node_k) +
w_xi_fx((h_eta_f (j+(P+1),:) "'xh_xi_f (i+(P+1),:)) .*(
hp_eta_f (1+(P+1),:) "shp_xi_f (k+(P+1),:)))~w_eta_£f"';

end
end
end
end
end

if nDeriv==1,

MO2_H_1 = [hOhO_ee hOhO_dhle hOhO_edhl hOhO_dhidhi;
hihO_ee h1hO_dhle h1hO_edhl h1hO_dhi1dhi;
hOhl_ee hOhl_dhle hOhl_edhl hOhl_dhildhi;
hilhl_ee hihl_dhle hihl_edhl hilhl_dhildhl]xscale;

else

MO2_H_1=hOhO_eexscale;

end
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if clrvrs, clearvars —except clrvrs P N M nDeriv dual nn ne nv nn_g ne_g nv_g 498
w_xi_f w_eta_f h_xi_f hp_xi_f e_xi_f h_eta_f hp_eta_f e_eta_f scale MOO_1
M11_1 M22_1 MO2_H_1 mO0O0 mi1l m22 m02d mlld; end

% Hodge matrix — Ml11

horizontal edge

eh0O_hOe = zeros (ne/2); 503

if nDeriv==

ehO_hle=eh0O_hOe; ehl_hOe=ehO_hOe; ehl_hle=ehO_hOe;

eh0_hOdhl = zeros(ne/2,nn); ehO_hldhl=ehO_hOdhi; ehl_hOdh1=eh0O_hOdhi;
ehl_hidh1=eh0_hOdh1;

o
)
o
°

end
for j=1:P+1 508
for i=1:P
edge_i = i + (j—1)xP;
% vertical edge
for 1=1:P
for k=1:P+1 513
edge_k = k + (1-1)=*(P+1);
ehO_hOe (edge_i, edge_k) = ehO_hOe (edge_i, edge_k) + w_xi_fx* ((
h_eta_f(j,:)'xe_xi_f(i,:)).x(e_eta_f(1,:)"'sh_xi_f(k,:)))x*
w_eta_f';
if nDeriv==
ehO_hle (edge_i, edge_k) = ehO_hle (edge_i, edge_k) + w_xi_£f
*((h_eta_f(j,:)'xe_xi_f(i,:)).x(e_eta_f(1l,:)"'xh_xi_f(k
+(P+1),:)))~w_eta_£f"';
ehl_hOe (edge_i, edge_k) = ehl_hOe (edge_i,edge_k) + w_xi_f 518
*((h_eta_f (j+(P+1),:)'xe_xi_f(i,:)).*(e_eta_f(1l,:)"'*
h_xi_f(k,:)))*w_eta_f"';
ehl_hle (edge_i, edge_k) = ehl_hle (edge_i, edge_k) + w_xi_f
*((h_eta_f (j+(P+1),:)'xe_xi_f(i,:)).*(e_eta_f(1l,:)"'*
h_xi_f (k+(P+1),:)))*w_eta_f"';
end
end
end
if nDeriv== 523
% node
for 1=1:P+1
for k=1:P+1
node_k = k + (1-1)*(P+1);
eh0_hOdhl (edge_i,node_k) = ehO_hOdhl (edge_i, node_k) + 528
w_xi_fx((h_eta_f(j,:)"'xe_xi_£f(i,:)) . (hp_eta_£f (1+(P+1)
;) "'~h_xi_f(k,:)))*~w_eta_f';
ehO_h1dh1l (edge_i,node_k) = ehO_hldhl (edge_i, node_k) +
w_xi_fx((h_eta_f(j,:)"'xe_xi_£f(i,:)) . (hp_eta_f (1+(P+1)
;) "'~h_xi_f£f (k+(P+1),:)))*w_eta_£f';
eh1_hOdh1l (edge_i,node_k) = ehl1_hOdhl (edge_i,node_k) +
w_xi_fx((h_eta_f (j+(P+1),:)'~xe_xi_f(i,:)).»(hp_eta_f (1
+(P+1),:)"xh_xi_£f(k,:)))*w_eta_£f"';
eh1_h1ldh1l (edge_i,node_k) = ehl_hildhl (edge_i, node_k) +
w_xi_fx((h_eta_f (j+(P+1),:)'xe_xi_f(i,:)).x(hp_eta_f (1
+(P+1),:) "*h_xi_f (k+(P+1),:)))*w_eta_f"';
end
end 533
end
end
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end
% nodes
if nDeriv==1 538
dh1hO_hOe = zeros (nn,ne/2); dhl1hO_hle=dh1h0_hOe; dhilhl1_hOe=dh1h0_hOe;
dhihl1_hle=dh1h0_hOe;
dh1hO0_hOdhl = zeros(nn); dhl1hO_hil1dh1=dh1h0_hOdhl; dhih1_hOdhl=
dh1h0_hOdh1l; dhih1_hi1dh1=dh1h0_hOdhi1;
for j=1:P+1
for i=1:P+1
node_i = i + (j—1)*(P+1); 543
% vertical edge
for 1=1:P
for k=1:P+1
edge_k = k + (1-1)«(P+1);
dh1hO_hOe (node_i, edge_k) = dh1hO_hOe (node_i, edge_k) + 548
w_xi_fx((h_eta_f(j,:)"'~hp_xi_£f (i+(P+1),:)) .*(e_eta_f (1
;o) 'xh_xi_f(k,:)))rw_eta_£f"';
dh1hO_hle (node_i, edge_k) = dh1lhO_hle (node_i, edge_k) +
w_xi_fx((h_eta_f (j,:)"'~hp_xi_£f (i+(P+1),:)) .*(e_eta_£f (1
, ) '«h_xi_£f(k+(P+1),:)))~w_eta_£f';
dhlh1_hOe (node_i, edge_k) = dhlhl_hOe (node_i, edge_k) +
w_xi_fx ((h_eta_f (j+(P+1),:) "'~xhp_xi_£f (i+(P+1),:)) .x(
e_eta_f(1l,:)'"xh_xi_f(k,:)))*w_eta_£f"';
dhlh1l_hle (node_i, edge_k) = dhlhl_hle (node_i, edge_k) +
w_xi_fx ((h_eta_f (j+(P+1),:) "'~shp_xi_£f (i+(P+1), :)) .x(
e_eta_f(l,:)'"xh_xi_f (k+(P+1),:)))~w_eta_£f';
end
end 553
% node
for 1=1:P+1
for k=1:P+1
node_k = k + (1-1)* (P+1);
dh1hO_hOdhl (node_i,node_k) = dh1h0_hOdh1l (node_i, node_k) + 558
w_xi_fx((h_eta_f(j,:)'~hp_xi_£f (i+(P+1),:)).* (hp_eta_£f
(1+(P+1),:)"sh_xi_£f(k,:)))*rw_eta_£f';
dh1hO_hidhl (node_i,node_k) = dh1hO_h1ldhl (node_i,node_k) +
w_xi_fx((h_eta_f (j,:)'~hp_xi_£f (i+(P+1),:)) . (hp_eta_f
(1+(P+1),:)"sh_xi_f (k+(P+1),:)))*w_eta_=f"';
dhih1_hOdhl (node_i, node_k) = dhlh1_hOdhl (node_i,node_k) +
w_xi_fx((h_eta_f (j+(P+1),:) "shp_xi_£f (i+(P+1),:)) . (
hp_eta_£f (1+(P+1),:)'xh_xi_£f(k,:)))*w_eta_£f"';
dhih1_hidhl (node_i,node_k) = dhlhl_h1dhl (node_i,node_k) +
w_xi_fx((h_eta_f (j+(P+1),:) "shp_xi_£f (i+(P+1),:)) .x(
hp_eta_£f (1+(P+1),:) '*h_xi_f (k+(P+1),:)))~w_eta_£f';
end
end 563
end
end
end

if nDeriv==1, 568
M1i1x_H = [ehO_hOe ehO_hle ehO_hOdhl ehO_hildhi;
dh1hO_hOe dh1hO_hle dh1hO_hOdhl dh1hO_hidhi;
ehl1_hOe ehl_hle ehl1_hOdhl ehl1_hidhli;
dhih1_hOe dhihl_hile dhih1_hOdhl dhihil_hidh1l]xscale;
M11_H_1 = blkdiag (M11x_H,M11x_H'); 573
else
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M11_H_l=blkdiag (ehO_hOe, ehO_hOe') xscale;

end

if clrvrs, clearvars —except clrvrs P N M nDeriv dual nn ne nv nn_g ne_g nv_g
w_xi_f w_eta_f h_xi_f hp_xi_f e_xi_f h_eta_f hp_eta_f e_eta_f scale MOO_1
M11_1 M22_1 MO2_H_1 M11_H_1 mOO0 ml1l m22 mO02d milld; end

%% Construct Global
if nDeriv==

M22 = sparse(zeros(nn_g+nv_g+ne_g)); MI1l = sparse(zeros (2x (nn_g*2+
ne_g))); MO0 = sparse(zeros(nn_gx4)); MO2_H = sparse(zeros(nn_gx4,nn_g+nv_g+
ne_g)); M11_H = sparse(zeros (2 (nn_g*2+ne_g)));

M22 = sparse((nn_g+nv_g+ne_g), (nn_g+nv_g+ne_g),0); M1l = sparse ((2x(
nn_g+2+ne_qg)), (2« (nn_gx2+ne_g)),0); MO0 = sparse((nn_gx4), (nn_gx4),0); MO2_H =
sparse (nn_g*4,nn_g+nv_g+tne_g,0); M11_H = sparse( (2% (nn_gx2+ne_g)), (2x (nn_g*2+
ne_g)),0);
else

M22 = sparse(zeros(nv_g)); M1l = sparse(zeros(ne_g)); MO0 = sparse

zeros (nn_g)); MO02_H = sparse(zeros(nn_g,nv_g)); M11_H = sparse(zeros(ne_qg));

M22 = sparse(nv.g,nv.g,0); M1l = sparse(ne_g,ne_g,0); MO0 = sparse(nn.g
,nn_g,0); MO2_H = sparse(nn-g,nv-g,0); M11_H = sparse(ne_g,ne_g,0);
end

if N+M>1
[tmpi, tmpj, tmp_v] = find (MOO_1l); temp_v00 = zeros (numel (MOO_1),1);
temp_vO0O (tmpi+ (tmpj—1)+*max (tmpi),1l) = tmp_v; clear tmp_v tmpi tmpj
[tmpi, tmpj, tmp_v] = find (M11_1(l:end/2,1l:end/2)); temp_vlill = zeros (numel
(M11_.1)/4,1); temp_v11ll (tmpi+ (tmpj—1)+max (tmpi),1l) = tmp_v; clear

tmp_v tmpi tmpj
[tmpi, tmpj, tmp_v] = find (M11_1 (end/2+1l:end,end/2+1:end)); temp_vil =

zeros (numel (M11_1)/4,1); temp_vil (tmpi+ (tmpj—1)+max (tmpi),1l) = tmp_v;
clear tmp_v tmpi tmpj

temp_v1l = [temp_vlll;temp_v1l]; clear temp_viil

[tmpi, tmpj, tmp_v] = find (M1dld_1(l:end/2,1:end/2)); temp_vlidildl = zeros
numel (M1d1d_1)/4,1); temp_v1idldl (tmpi+ (tmpj—1)~*max (tmpi),1l) = tmp_v;

clear tmp_v tmpi tmpj

[tmpi, tmpj, tmp_v] = find (M1d1d_1 (end/2+1l:end,end/2+1:end)); temp_vidild =
zeros (numel (M1d1d_1)/4,1); temp_vldld (tmpi+ (tmpj—1)+max (tmpi),1l) =
tmp_v; clear tmp_v tmpi tmpj

temp_vidld = [temp_vldildl;temp_vildild]; clear temp_vididl

[tmpi, tmpj, tmp_v] = find (M22_1); temp_v22 = zeros (numel (M22_1),1);
temp_v22 (tmpi+ (tmpj—1)+*max (tmpi),1l) = tmp_v; clear tmp_v tmpi tmpj

[tmpi, tmpj, tmp_v] = find (M11_H_1(l:end/2,1:end/2)); temp_vlilhl = zeros(
numel (M11_H_1)/4,1); temp_v1ilhl (tmpi+ (tmpj—1)+max (tmpi),1l) = tmp_v;
clear tmp_v tmpi tmpj

[tmpi, tmpj, tmp_v] = find (M11_H_1 (end/2+1l:end,end/2+1l:end)); temp_vlilh =
zeros (numel (M11_H_1)/4,1); temp_vlilh (tmpi+ (tmpj—1)+max (tmpi),1l) =
tmp_v; clear tmp_v tmpi tmpj

temp_v1llh = [temp_v1ilhl;temp_v1ilh]; clear temp_viihil
[tmpi, tmpj, tmp_v] = find (MO2_H_1); temp_vO02h = zeros (numel (MO2_H_1),1);
temp_vO02h (tmpi+ (tmpj—1)*max (tmpi), 1) = tmp_v; clear tmp_v tmpi tmpj

i_MOO=zeros (N«Mx ( (nDeriv+1l) "2xnn) "2,1); j_M00=1i_M0O; v_MO0=1_MOO; count00 =
1;

i_Mll=zeros (2xN+Mx (ne/2+nDerivx (2+xnn+ne/2))"2,1); j_M11=i_M11;v_Mil=i_M11;
countll = 1;

i_Midild=zeros (2«N+«Mx* (ne/2+nDerivx (2«nn+ne/2)) "2,1); j_M1dld=i_M1d1id;
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v_M1d1d=i_M1d1d; countldld = 1;

i_M22=zeros (N+«Mx (nv+nDeriv«* (ne+nn)) "2, 1); j_M22=i_M22; v_M22=i_M22; count22

= 1;

i_MO2h=zeros (NxMx* ( (nDeriv+1l) "2+nn) * (nv+nDeriv«* (ne+nn)),1); j_MO2h=i_MO2h;

v_MO2h=i_MO2h; countO2h = 1;

i_Milh=zeros (2+xNxMx (ne/2+nDeriv« (2+xnn+ne/2))"2,1); j_M11lh=i_M11h; v_M11lh=

i_M11h; countlih = 1;

for iN=1:N
for iM=1:M
[lg_n,1g_e,lg_v] = local_globalvé6 (P,N,M,iN, iM,0);

MSc. Thesis

if nDeriv==

)

% [nodes; nodes; nodes; nodes]

ind_g_00 = [lg_n(:,2);1lg_n(:,2)+nn_g;lg_n(:,2)+2+nn_g;lg_n
(:,2)+3*nn_g];

ind_1_00 = [1lg_n(:,1);1lg_n(:,1)+nn;1g n(:,1)+2%nn;1lg_n(:,1)
+3%nn];

)

% [horizontal_edges; nodes; horizontal_edges; nodes;
vertical_edges; vertical_edges; nodes; nodes;

ind_g_11p = [lg_e(l:end/2,2); 1lg_n(:,2)+ne_g_h;

lg_e(l:end/2,2)+ne_g_h+nn_g; lg_n(:,2)+2+xne_g_h+nn_g;

lg_e (end/2+1l:end,2)+ne_g_h+2xnn_g; lg_e (end/2+1l:end,2)+

ne_g+2*nn_g;
lg_n(:,2)+2+xne_g+2+xnn_g; 1lg_n(:,2)+2+«ne_g+3*nn_g];
ind_1_11p = [lg_e(l:end/2,1); lg_n(:,1)+ne/2;
lg_e(l:end/2,1)+ne/2+nn; lg_n(:,1)+ne+nn;

lg_e(end/2+1l:end, 1) +ne/2+2+nn; 1lg_e (end/2+1l:end,1l)+ne+2%

nn;
lg_n(:,1)+2xne+2+nn; 1lg_n(:,1)+2xne+3*nn];

% [vertical_edges; vertical_edges; nodes; nodes;
horizontal_edges; nodes; horizontal_edges; nodes;]

ind_g_11d = [lg_e(end/2+1l:end,2)—ne_g_h; 1lg_e(end/2+1l:end,2)—

ne_g_h+ne_g_v;
lg_n(:,2)+2xne_g_v; 1lg_n(:,2)+2%ne_g_v+nn_g;

lg_e(l:end/2,2)+2+ne_g_v+2+nn_g; lg_n(:,2)+ne_g+ne_g_v+2x

nn_g;

lg_e(l:end/2,2)+ne_g+ne_g_v+3+nn_g; lg_n(:,2)+2+ne_g+3«
nn_gl;

ind_1_11d = [lg_e (end/2+1l:end,1l)—ne/2; lg_e (end/2+1l:end,1);

lg_n(:,1)+ne; 1lg_n(:,1)+ne+nn;
lg_e(l:end/2,1)+ne+2xnn; lg_n(:,1)+3%ne/2+2+nn;
lg_e(l:end/2,1)+3%ne/2+3%nn; lg_n(:,1l)+2+ne+3%nn];

ind_g_11 = ind_g_11p;

ind_1_11 = ind_1_11p;

ind_g_1d1d = ind_g_11d;

ind_1_1d1d = ind_1_114;

% [volumes; vertical_edges; horizontal_edges; nodes]

ind_g_22 = [1lg_v(:,2);1lg_e(end/2+1l:end,2)—ne_g_h+nv_g;lg_e (1

:end/2,2)+nv_g+ne_g_v;1lg _n(:,2)+nv_g+ne_g]l;

ind_1_22 = [1g_v(:,1);1lg_e(end/2+1l:end,1)—ne/2+nv;1lg_e(l:end

/2,1)+nv+ne/2;1lg_n(:,1)+nv+ne];
else

ind_g_00 = 1lg_n(:,2);

ind_1_00 = 1lg_n(:,1);

ind_g_11p = 1lg_e(:,2);

ind_1_11p = 1lg_e(:,1);

ind_g_11d = [lg_e(end/2+1l:end,2)—ne_g_h;lg_e(l:end/2,2)+
ne_g_vl];
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ind_1_11d = [lg_e(end/2+1l:end,1l)—ne/2;1g_e(l:end/2,1)+ne/2];
ind_g_11 = ind_g_11p;

ind_1_11 = ind_1_11p;

ind_g_1d1d = ind_g_11d;

ind_1_1d1d = ind_1_114;

ind_g_22 = 1lg_v(:,2);

ind_1_22 = 1g_v(:,1);

end

(tmpj, tmpi] = meshgrid(ind_g_00,ind_g_00); tmpi = tmpi(:); tmpj
= tmpj (:);

ind = (count00:count0O+length (temp_v00)—1); count00 = max (ind)+1;

i_MOO (ind, 1) = tmpi; j_MOO(ind,1l) = tmpj; v_MOO (ind,1) = temp_vO0O

; clear tmpi tmpj ind

[tmpjl, tmpil] = meshgrid(ind_g_11(l:end/2),ind_g_11(l:end/2));
tmpil = tmpil(:); tmpjl = tmpjl(:);

[tmpj, tmpi] = meshgrid(ind_g_ll(end/2+l:end),ind_g_11(end/2+1
rend)); tmpi = tmpi(:); tmpj = tmpj(:);

tmpi = [tmpil;tmpi]; tmpj = [tmpjl;tmpj]; clear tmpil tmpjl

ind = (countll:countll+length(temp_v11l)—-1); countll = max(ind)+1;

i_M11(ind, 1) = tmpi; j_M11(ind,1) = tmpj; v_M11l(ind,1) = temp_vil
; clear tmpi tmpj ind

[tmpjl, tmpil] = meshgrid(ind_g_1d1d(l:end/2),ind_g_1d1ld (l:end/2)
); tmpil = tmpil(:); tmpjl = tmpjl(:);

[tmpj, tmpi] = meshgrid(ind_g_1d1d (end/2+1:end), ind_g_1d1d (end
/2+1l:end)); tmpi = tmpi(:); tmpj = tmpj(:);

tmpi = [tmpil;tmpi]; tmpj = [tmpjl;tmpjl; clear tmpil tmpjl

ind = (countldld:countldld+length (temp_vldld)—1); countldld = max
(ind) +1;

i_Midild (ind,1) = tmpi; j_Mildid(ind,1l) = tmpj; v_Mldild(ind, 1) =
temp_vldld; clear tmpi tmpj ind

[tmpj, tmpi] = meshgrid(ind_g_22,ind_g_22); tmpi = tmpi(:); tmpj
= tmpj (:);

ind = (count22:count22+length (temp_v22)—1); count22 = max (ind)+1;

i_M22(ind, 1) = tmpi; j_M22(ind,1l) = tmpj; v_M22(ind,1l) = temp_v22

; clear tmpi tmpj ind

[tmpj, tmpi] = meshgrid(ind_g_22,ind_g_00); tmpi = tmpi(:); tmpj
= tmpj(:);

ind = (countO2h:countO2h+length (temp_v02h)—1); count02h = max (ind
)+1;

i_MO2h (ind, 1) = tmpi; j_MO2h (ind,1l) = tmpj; v_MO2h (ind,1l) =

temp_vO02h; clear tmpi tmpj ind

[tmpjl, tmpil] = meshgrid(ind_g_11d(l:end/2),ind_g_11p(l:end/2));
tmpil = tmpil(:); tmpjl = tmpjl(:);

[tmpj, tmpi] = meshgrid(ind_g_11d(end/2+1:end),ind_g_11p (end/2+1
tend)); tmpi = tmpi(:); tmpj = tmpj(:);

tmpi = [tmpil;tmpi]; tmpj = [tmpjl;tmpjl; clear tmpil tmpjl

ind = (countllh:countllh+length (temp_v1lh)—1); countllh = max (ind
) +1;

i_M1ih(ind, 1) = tmpi; j_M11lh(ind,1) = tmpj; v_Mlilh(ind, 1) =
temp_v1llh; clear tmpi tmpj ind

MO0 (ind_-g-00, ind_-g_-00) = M0O(ind-g-00,ind_-g-00) + MOO_1(
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ind_1.00, i

o\

ind-1.11,1

o

ind.1.22,1

o

ind_1.00, i

o\

MI11_H_1 (in

nd_1_00);

M11(ind_g.11,ind._g.11) = M11(ind.g_11,ind_g.11) + M11_1(

nd_1_11);

M22 (ind_g-22,ind_g-22) = M22(ind_g-22,ind_g-22) + M22_1(

nd_1.22);

MO2_H (ind_.g_00,ind-g-22) = MO2_H(ind_g_00,ind_-g_22) + MO2_H_1 (

nd.1.22);

M11_H(ind-g-11lp,ind_g-11d) = M11_H(ind_g-11lp,ind_g_-11d) +

d-1-11p,ind_-1.11d);

end

end

MOO =
M1l =
Midid
M22 =

MO2_H =

M11_H
else
MOO =
M1l =
Mi1did
M22 =
MO2_H
M11_H
end
MOO (abs (
M11 (abs (
M22 (abs (

o° o o o° oP

oe

~

o\

end

MSc. Thesis

MO2_H (abs (MO2_H)<10"—8
M11_H (abs (M11_H)<10"—8

sparse (i_MO0O, j_MOO, v_MOO) ;

sparse (i_M11, j_M11,v_M11);

= sparse (i_M1d1ld, j_Midid, v_M1id1id);
sparse (i_M22, j_M22,v_M22);

sparse (i_MO2h, j_MO2h, v_MO2h) ;

= sparse (i_M11h, j_M11ih,v_M11h);

MOO_1;
M11_1;
= M1did_1;
M22_1;
= MO2_H_1;
= M11_H_1;

M00)<10°—8) =
M11)<10"—8)
M22)<10°-8)

’

’

0
O!
0
)
)

save ([location, filename], 'MOO', 'M11', "M11_H', 'M1d1d', 'M22"', '"MO2_H','P','N
'M', 'nDeriv', 'domain');
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B.4 HermitePoly.m

HermitePoly (xf,P,nDeriv, N, plotje, k)

hPI e] =

(h,

function

Script to calculate the Hermite Polynomials for N elements on the interval

[—1 1]
interpolated at location xf using nDeriv derivatives

polynomials per derivative.

(P+1)

and

(0 or 1)

o
°

o
°

Testscript

o
)

o
°

11

clc;

’

close all

clearvars;

o
°

1;

nDeriv

linspace(0,1,1000);

xf =

o
S

16

1;

plotije

if nargin<é

’

k=1
if nargin<5

21

=0;
if nargin<4

plotje

’

N=1

if nargin<3

26

=1;

nDeriv

if nargin<2

P=1;

end

end

31

end

end
end

if size (xf,1)>size (xf,2)

36

xf=xf"';

end

o
°

linspace(—1,1,N+1);

o
°

% [—1 Gnodes (N—1) 11];

ns = GLLnodes (P);

if size (ns,1l)<size (ns,2)

’

ns=ns'

41

end

if nDeriv>1

:l,-

method

else

46

=2;

method

end

size (x£f,2)

nx

(nDeriv+1) * (P+1);

npol =

51

’

zeros (npol, nx)

h =

’

zeros (npol, nx)

hp

M.Sc. Thesis
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o

e = zeros (npol—(nDeriv+1l),nx);

e = zeros (P, nx);
if method==1
A=zeros (npol);
A(1:P+1,npol) = 1;
for i=2:npol
al = ns. " (i—1);
if nDeriv>0
a2 = (i—1)+*ns.” (i—2);
if nDeriv>1
if i==
a3 =
else
a3 =
end
else

zeros (size (ns));

(i—2)* (i—1)*ns.” (i—3);

end
else
a2 =
a3 =
end
A(:,npol—i+l) =
end
B = diag(ones (npol,1));
C = A\B;
D=zeros (size (C));

[al;a2;a3];

for i=l:npol

h = h+C(npol—i+l,:) "xxf.” (i-1);
if i>1

hp = hp+(i—1).xC(npol—i+l,:) 'xxf.  (i—-2);
end

end

elseif method==2
[Lf, ", Lpf] = MimeticpolyVal ((xf—xf (1))xN-1,P,1);
xf(1))*N—1,12),P,k); %

[7,7,Lp] = MimeticpolyVal (ns,P,k);
nsl = GLLnodes (P);

nsl = (nsl-ns1 (1)) /N+xf (1);

Lpf = Lpf«N;

Lp = LpxN;

if nDeriv>0
for i=1:P+1

o

°

MimeticpolyVal (round ( (xf—

h(i,:) = (1-2xLp(i,i) .x(xf-ms1(i))).xLEf(i,:)."2;
h(i+P+1,:) = (xf-nsl1(i)).+xLf(i,:)."2;
hp(i,:) = (1—2«Lp(i,i).*(xf-mns1(i))).~(2.xLf(i,:).xLpf(i,:)) + LEf(i
;1) . " 2.x(=2xLp (i, 1)) ;

hp (i+P+1,:) = (xf-nsl1(i)).x(2.xLf(i,:) .«Lpf(i,:)) + Lf(i,:)."2;

end

else
h=Lf;
hp=Lpf;

end
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for i=1:P
e(i,:)=—sum(hp(1l:i,:),1);
if nDeriv>0 111
e (i+P, :)=h (P+1+i, :)—h (P+2+1i, :);
end

116

kleur ='brgmckybrgmckybrgmckybrgmckybrgmckybrgmckybrgmckybrgmckybrgmcky';
scrsz = get( groot, 'Screensize' );
figure ('Position', [scrsz(3)/10 scrsz(4)/10 scrsz(3)*0.8 scrsz(4)x0.751) 121
subplot (2,2,1)
hold on
for i=1:npol
if i>P+1
str{i} = ['h"1_',num2str (i—1—(P+1))1; 126
else
str{i}

['"h"0_'", num2str (i—1)];
end
plot (xf,h (i, :),kleur (i));
end 131
xlim ([xf (1) xf(end)]);
hold off
grid
xlabel ("\xi')
ylabel ("h_i (\xi)") 136
legend (str, 'Location', 'EastOutside'); clear str;
subplot (2,2, 2)
hold on
for i=l:npol
if i>P+1 141
str{i} = ['hp 1.',num2str (i—1—(P+1))];
else
str{i} = ['hp 0.',num2str (i—1)];
end
plot (xf,hp (i, :),kleur(i)); 146
end
x1lim ([xf (1) xf(end)]);
hold off
grid
xlabel ('\xi'") 151
ylabel ('hp_i (\xi) ")
legend (str, 'Location', 'EastOutside'); clear str;
subplot (2,2, 3)
hold on
for i=l:size (e, 1) 156
plot (xf,e (i, :),kleur (i));
end
xlim ([xf (1) xf(end)]);
hold off
grid 161
xlabel ('\xi')
ylabel ('e_i (\xi)"')
if nDeriv>0
subplot (2,2, 4)
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% plot (xf, [sum(hp (end/2+1:end, :),1);sum(h(P+2:end, :),1)1);
plot (xf, [sum (hp(l:end/2,:),1);sum (hp (end/2+1l:end, :),1);sum(h(1:P+1,:),1); sum(

h(P+2:end, :),1)]);
plot (xf, [sum(hp(l:end/2,:),1);sum(h(1:P+1,:),1)1);
xlim ([xf (1) xf(end)]);
grid
xlabel ('\xi')
ylabel ('sum h_i (\xi)')

o

end
end
if 0
figure;
for i=1:7
for j=1:7
subplot (7,7, j+(i—1)*7);
surf (x,y, tmp (i, :) "xtmp (j, :), 'EdgeColor', 'none');
set (gca, 'xticklabel', [])
set (gca, 'yticklabel', [])
set (gca, 'zticklabel', [])
end
end
end
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