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 A B S T R A C T

We analyse a second-order boundary value problem arising from the motion of stratified ocean 
flows in Antarctica. Using a Lyapunov-type function and the monotonicity properties of the 
density function and of the oceanic vorticity, we prove results on the existence and uniqueness 
of solutions of the problem under consideration. Finally, we discuss possible extensions of the 
model that admit unique solutions for more general cases of density distribution.

1. Introduction

In oceanography, gyres are large-scale oceanic currents triggered by the wind stress and the combined forces of gravity and 
Coriolis due to Earth’s rotation. It is well-known that there are seven major gyres, located in North Atlantic, South Atlantic, Indian, 
North Pacific, South Pacific, Arctic and Antarctic regions respectively, each of them featuring some particular flow patterns (see 
the discussions in [1–4]). However, the need of addressing the climate change issues has shifted the focus to two of these regions 
– Arctic and Antarctic. Ocean circulation here, being on the one hand attached to the melting ice-caps and on the other hand being 
the main mean of water exchange between multiple ocean basins, plays an indisputable role in the complex and vulnerable climate 
system.

In the core of our study is the mathematical model derived by Constantin and Johnson in [3] that describes the general motion 
of ocean currents as an elliptic boundary value problem. It is formulated in terms of a stream function in the spherical coordinate 
system, and was extensively used for, among others, derivation of the ODE setting of the Arctic gyres circulation [5], in which 
the first author obtained a nonlinear second-order ODE, and after combining it with an infinite-interval boundary conditions, the 
existence and uniqueness of solutions for different profiles of the oceanic vorticity function have been proved. Note that the equation 
from [5] can also describe the motion of Antarctic gyres if it is coupled with Dirichlet or Neumann boundary conditions on finite 
intervals [6,7]. For recent results in these directions, we refer to [4,8–14] on Arctic gyres and [15–21] on Antarctic gyres.

Despite the importance of the aforementioned studies, they neglected a very crucial feature of the ocean water — its density 
variations due to changes in salinity, temperature and pressure. This resulted in a series of papers devoted to revision of the existing 
mathematical models of oceanic gyres, where the stratification effect was initially not encountered (see discussions in [22,23]). In 
this work, we build upon these recent results to study the existence and uniqueness of solutions of the mathematical model of the
stratified flow in Antarctica. Our paper is organised al follows. In Section 2 we present a PDE formulation of the mathematical model 
of the gyre circulation with its reduction to the ODE setting. In Section 3 we prove the results on the existence and uniqueness 
of solutions. Finally, in Section 4 we discuss possible extensions of the given model for incorporation of a broader class of density 
functions.
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2. Mathematical model of stratified ocean flows in Antarctica

In recent works [22,23], the following nonlinear elliptic equation was derived to describe the motion of stratified ocean gyres 

𝛥𝜓 = 𝐹 (𝜓) − 2𝜔
√

𝜌(𝜓) sin 𝜃 − 1
2
𝜔2𝜌′(𝜓) sin2 𝜃, (1)

where 𝜔 > 0 is the non-dimensional Coriolis parameter, the smooth function 𝐹  is the oceanic vorticity and 𝜌 is the density. By 
introducing a modified stereographic projection with the centre of projection being at the South Pole, equation 1 can be rewritten 
as the following semi-linear elliptic PDE 

𝛥𝜓 + 8𝜔

√

𝜌(𝜓)(1 − 𝑥2 − 𝑦2)
(

1 + 𝑥2 + 𝑦2
)3

+ 2𝜔2 𝜌′(𝜓)(1 − 𝑥2 − 𝑦2)2

(1 + 𝑥2 + 𝑦2)4
−

4𝐹 (𝜓)
(

1 + 𝑥2 + 𝑦2
)2

= 0, (2)

by regarding (𝑥, 𝑦) as the Cartesian coordinates in the complex plane. Finally, using the change of variables 𝑟 = 𝑒−𝑡 and 𝜓(𝑟) = 𝑢(𝑡), 
equation 2 can be transformed into the second-order ODE that reads 

𝑢′′(𝑡) =
𝐹 (𝑢(𝑡))
cosh2(𝑡)

−
2𝜔

√

𝜌(𝑢(𝑡)) sinh(𝑡)

cosh3(𝑡)
−
𝜔2𝜌′(𝑢(𝑡)) sinh2(𝑡)

2 cosh4(𝑡)
. (3)

The existence, uniqueness and stability of solutions of 3, complemented by the following the asymptotic conditions 
lim
𝑡→∞

{𝑢(𝑡)} = 𝜓0  and lim
𝑡→∞

{

𝑢′(𝑡) cosh(𝑡)
}

= 0, (4)

have been proved in [22], where the constant 𝜓0 is the value of the stream function 𝜓 at the North Pole, and conditions (4) express 
the fact that the flow is stagnant at the North Pole. Note that for constant density, equation 3 reduces to the following ODE

𝑢′′(𝑡) =
𝐹 (𝑢(𝑡))
cosh2(𝑡)

− 2𝜔
sinh(𝑡)
cosh3(𝑡)

,

which together with (4) is precisely the model derived in [5].
When substituting (4) by Dirichlet or Neumann boundary conditions on a finite interval, equation 3 is also applicable to modelling 

of the stratified Antarctic Circumpolar Current (ACC), which flows eastward through the southern regions of the Atlantic, Indian and 
Pacific oceans [2]. In this paper, we focus on the qualitative analysis of 3 under Dirichlet boundary constraints:

𝑢(0) = 0, 𝑢(1) = 0,

which means that we regard the gyre as a region delimited by a streamline (a level set of 𝜓). We point out that the analysis in 
studying the Arctic gyres cannot be used to study the ACC because there are some essential differences between infinite-interval 
and finite-interval BVPs.

3. Main results

The proof of our main result relies on the following Lemma, which is a direct consequence of the main result from [24].

Lemma 1. Let 𝑓 (𝑡, 𝑦) be continuous on [𝑎, 𝑏 + 𝜀) × R with 𝜖 > 0 and assume that all solutions of initial value problems for equation 
𝑦′′ + 𝑓 (𝑡, 𝑦) = 0 (5)

exist on [𝑎, 𝑏+𝜀). Suppose further that there do not exist two solutions on [𝑎, 𝑐] to any of the problems of equation 5 with 𝑦(𝑎) = 𝐴, 𝑦(𝑐) = 𝐶, 
where 𝐴 is fixed and 𝑐 ∈ (𝑏−𝜀, 𝑏+𝜀), 𝐶 ∈ R. Then there exists exactly one solution of equation 5 with boundary conditions 𝑦(𝑎) = 𝐴, 𝑦(𝑏) = 𝐵.

Let us rewrite our problem of modelling circulation of the stratified ACC in the following form 
{

𝑢′′(𝑡) = 𝑎(𝑡)𝐹 (𝑢(𝑡)) + 𝜔𝑏(𝑡)
√

𝜌(𝑢(𝑡)) + 𝜔2𝑐(𝑡)𝜌′(𝑢(𝑡)), 𝑡 ∈ (0, 1),
𝑢(0) = 𝑢(1) = 0,

(6)

where

𝑎(𝑡) = 1
cosh2(𝑡)

, 𝑏(𝑡) = −
2 sinh(𝑡)
cosh3(𝑡)

, 𝑐(𝑡) = −
sinh2(𝑡)
2 cosh4(𝑡)

.

From the physical perspective, we can assume that the oceanic vorticity 𝐹 (𝑢) is continuous, and that the density function 𝜌(𝑢) is 
non-negative, bounded and has a bounded derivative, meaning that there exist positive constants 𝑘, 𝑙 > 0 such that for all 𝑡 ∈ [0, 1], 

0 < 𝜌(𝑢) ≤ 𝑙, |𝜌′(𝑢)| ≤ 𝑘. (7)

Theorem 1.  Assume that the inequalities 7 hold, and the continuous oceanic vorticity 𝐹 ∶ R → R satisfies the condition: 

lim
|𝑢|→∞∫

𝑢

0
[𝐹 (𝑢)] 𝑑𝑠 = ∞. (8)
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Suppose further that there exists a constant 𝐾 > 0 and a strictly increasing continuous function 𝑊 ∶ [0,∞) → [0,∞) with 𝑊 (0) = 0, 
𝑊 (𝜉) > 0, 𝜉 > 0, for which the conditions 

𝐾 + ∫

𝑢

0
𝐹 (𝑠)𝑑𝑠 ≥ 𝑊 −1(𝐹 2(𝑢)), 𝑢 ∈ R, (9)

and 

∫

∞

1

𝑑𝑢
𝑊 (𝑢)

= ∞ (10)

hold. Then for any given initial values 𝑢0, 𝑢′0, there is an 𝜀 > 0 such that the solution of the following initial-value problem 
{

𝑢′′(𝑡) = 𝑎(𝑡)𝐹 (𝑢(𝑡)) + 𝜔𝑏(𝑡)
√

𝜌(𝑢(𝑡)) + 𝜔2𝑐(𝑡)𝜌′(𝑢(𝑡)), 𝑡 ∈ (0, 1),
𝑢(0) = 𝑢0, 𝑢′(0) = 𝑢′0,

(11)

exists on 𝑡 ∈ [0, 1 + 𝜀) and does not blow up for any finite 𝑡.

Proof.  Let us first rewrite problem (11) as the following equivalent system 
⎧

⎪

⎨

⎪

⎩

𝑥′(𝑡) = 𝑦(𝑡),
𝑦′(𝑡) = 𝑎(𝑡)𝐹 (𝑥(𝑡)) + 𝜔𝑏(𝑡)

√

𝜌(𝑥(𝑡)) + 𝜔2𝑐(𝑡)𝜌′(𝑥(𝑡)),
𝑥(0) = 𝑢0, 𝑦(0) = 𝑢′0,

(12)

and construct a positive-defined Lyapunov-type function 𝑉 (𝑥, 𝑦) ∶ R2 → [0,∞) as

𝑉 (𝑥, 𝑦) = 𝑦2 + 2∫

𝑥

0

[

𝐹 (𝑠) +
√

𝜌(𝑠)
]

𝑑𝑠 + 2𝜌(𝑥) + 2𝐾.

Note that condition (8) ensures that 𝑉 (𝑥, 𝑦) → ∞ for |𝑥| + |𝑦| → ∞, whereas inequality 9 yields

𝐾 + ∫

𝑥

0
𝐹 (𝑠)𝑑𝑠 ≥ 0, 𝑥 ∈ R.

By direct computations, the derivative of the functional 𝑉 (𝑥, 𝑦) along the solution (𝑥, 𝑦) of the system (12) is given by 
𝑑𝑉
𝑑𝑡

=
[

2𝐹 (𝑥(𝑡)) + 2
√

𝜌(𝑥(𝑡)) + 2𝜌′(𝑥(𝑡))
]

𝑦(𝑡) + 2𝑦(𝑡)
[

𝑎(𝑡)𝐹 (𝑥(𝑡)) + 𝜔𝑏(𝑡)
√

𝜌(𝑥(𝑡)) + 𝜔2𝑐(𝑡)𝜌′(𝑥(𝑡))
]

. (13)

After setting

𝛾 ∶= max
𝑡∈[0,1]

{

1 + 𝑎(𝑡), 1 + 𝜔|𝑏(𝑡)|, 1 + 𝜔2
|𝑐(𝑡)|

}

> 1,

we can show that 𝑑𝑉𝑑𝑡  from (13) satisfies the following inequality
𝑑𝑉
𝑑𝑡

≤2
[

|𝐹 (𝑥(𝑡))| +
√

𝜌(𝑥(𝑡)) + |𝜌′(𝑥(𝑡))|
]

|𝑦(𝑡)| + 2(𝛾 − 1)
[

|𝐹 (𝑥(𝑡))| +
√

𝜌(𝑥(𝑡)) + |𝜌′(𝑥(𝑡))|
]

|𝑦(𝑡)|

=𝛾
[

2|𝐹 (𝑥(𝑡))| + 2
√

𝜌(𝑥(𝑡)) + 2|𝜌′(𝑥(𝑡))|
]

|𝑦(𝑡)|,

which under condition

𝐹 2(𝑥) ≤𝑊
(

𝐾 + ∫

𝑥

0
𝐹 (𝑠)𝑑𝑠

)

≤𝑊
(

𝑦2 + 2∫

𝑥

0

[

𝐹 (𝑠) +
√

𝜌(𝑠)
]

𝑑𝑠 + 2𝜌(𝑥) + 2𝐾
)

= 𝑊 (𝑉 (𝑥, 𝑦))

leads to
𝑑𝑉
𝑑𝑡

≤𝛾
[

𝐹 2(𝑥) + 𝑦2 + 𝜌(𝑥) + 𝑦2 + 𝜌′(𝑥)2 + 𝑦2
]

≤𝛾
[

1 + 3𝑦2 + 𝐹 2(𝑥) + 𝜌(𝑥) + 𝜌′2(𝑥)
]

≤𝛾
[

1 + 3
(

𝑦2 + 2∫

𝑥

0
(𝐹 (𝑠) +

√

𝜌(𝑠))𝑑𝑠 + 2𝜌(𝑥) + 2𝐾
)

+ 𝐹 2(𝑥) + 𝑘2
]

=𝛾
[

3𝑉 (𝑥, 𝑦) +𝑊 (𝑉 (𝑥, 𝑦)) + 𝑘2
]

. (14)

Let us now assume that 𝑧(𝑡) is the maximal solution of the differential equation 

𝑧′(𝑡) = 𝛾
(

3𝑧(𝑡) +𝑊 (𝑧(𝑡)) + 𝑘2
)

, (15)

with the initial condition 𝑧(0) = 𝑉 (𝑥(0), 𝑦(0)). By the classical comparison principle [25], we know that 

0 ≤ 𝑉 (𝑥(𝑡), 𝑦(𝑡)) ≤ 𝑧(𝑡), 𝑡 ∈ [0, 𝑇 ), (16)
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where 𝑇  is the maximal value such that 𝑧(𝑡) does not blow up on [0, 𝑇 ). On the other hand, it follows from [26] that condition (10), 
applied to (14), can ensure that

∫

∞

1

𝑑𝜉
3𝜉 +𝑊 (𝜉) + 𝑘2

= ∞,

which guarantees that all solutions of Eq.  (15) are global. Hence all solutions of (11) are also global due to the obtained double 
inequality 16. □

Next we prove that the following boundary value problem 
{

𝑢′′(𝑡) = 𝑎(𝑡)𝐹 (𝑢(𝑡)) + 𝜔𝑏(𝑡)
√

𝜌(𝑢(𝑡)) + 𝜔2𝑐(𝑡)𝜌′(𝑢(𝑡)),
𝑢(0) = 𝑢0, 𝑢(𝜏) = 𝑢𝜏 ,

(17)

cannot have two distinct solutions, where 𝜏 ∈ (1 − 𝜀, 1 + 𝜀) and 𝑢𝜏 ∈ R, with 𝜀 being the same value as in Theorem  1.

Theorem 2.  Assume that all conditions in Theorem  1 are satisfied. Suppose further that the function 𝐹  is non-decreasing, the density 
function 𝜌 and its derivative 𝜌′ are non-increasing. Then the solution of problem (17) is unique.

Proof.  Suppose that there exist two solutions 𝑢1, 𝑢2 of problem (17) with 𝑢1(𝑡) ≢ 𝑢2(𝑡).  Let 𝑡∗ ∈ (0, 𝜏) be such that 𝑢1(𝑡∗) ≠ 𝑢2(𝑡∗). 
Without loss of generality, we assume that 𝑢1(𝑡∗) > 𝑢2(𝑡∗). Let us now introduce a difference 𝑢 = 𝑢1 − 𝑢2. Then by continuity and in 
view of the fact that 𝑢(0) = 𝑢(𝜏) = 0, there must be a non-empty interval (𝑎, 𝑏) ⊂ (0, 𝜏) with 𝑡∗ ∈ (𝑎, 𝑏) such that 𝑢(𝑡) > 0 for 𝑡 ∈ (𝑎, 𝑏)
and 𝑢(𝑎) = 𝑢(𝑏) = 0. We know that 𝑢(𝑡) satisfies the differential equation

𝑢′′(𝑡) = 𝑎(𝑡)[𝐹 (𝑢1) − 𝐹 (𝑢2)] + 𝜔𝑏(𝑡)[
√

𝜌(𝑢1) −
√

𝜌(𝑢2)] + 𝜔2𝑐(𝑡)[𝜌′(𝑢1) − 𝜌′(𝑢2)].

By using integration by parts, we obtain the inequality

0 ≥−∫

𝑏

𝑎
[𝑢′(𝑡)]2𝑑𝑡 = ∫

𝑏

𝑎
𝑢′′(𝑡)𝑢(𝑡)𝑑𝑡

=∫

𝑏

𝑎
𝑎(𝑡)[𝐹 (𝑢1) − 𝐹 (𝑢2)]𝑢(𝑡)𝑑𝑡 + 𝜔∫

𝑏

𝑎
𝑏(𝑡)[

√

𝜌(𝑢1) −
√

𝜌(𝑢2)]𝑢(𝑡)𝑑𝑡 + 𝜔2
∫

𝑏

𝑎
𝑐(𝑡)[𝜌′(𝑢1) − 𝜌′(𝑢2)]𝑢(𝑡)𝑑𝑡.

By using the monotonicity of the functions 𝐹 , 𝜌, 𝜌′ and the fact 𝑢(𝑡) > 0 for 𝑡 ∈ (𝑎, 𝑏), it is easy to see that 

∫

𝑏

𝑎
𝑎(𝑡)[𝐹 (𝑢1) − 𝐹 (𝑢2)]𝑢(𝑡)𝑑𝑡 + 𝜔∫

𝑏

𝑎
𝑏(𝑡)[

√

𝜌(𝑢1) −
√

𝜌(𝑢2)]𝑢(𝑡)𝑑𝑡 + 𝜔2
∫

𝑏

𝑎
𝑐(𝑡)[𝜌′(𝑢1) − 𝜌′(𝑢2)]𝑢(𝑡)𝑑𝑡 > 0, (18)

which is a contradiction. Thus there is no such point 𝑡∗ ∈ (0, 𝜏), for which 𝑢1(𝑡∗) ≠ 𝑢2(𝑡∗). Therefore the solution is unique. □

By a direct application of 3, we have proved the following result for the problem (6) based on Theorem  1 and Theorem  2.

Theorem 3.  Assume that all conditions in Theorems  1 and 2 are satisfied. Then the problem (6) admits a unique solution.

Remark 1.  There are large classes of the vorticity function 𝐹  and the density function 𝜌 such that all conditions hold. For example, 
we can take the vorticity function as the linear form 𝐹 (𝑢) = 𝛼𝑢 or 𝐹 (𝑢) = 𝑢 ln(1+|𝑢|), and the density function as the form 𝜌(𝑢) = 𝜌0−𝛽𝑢2

or 𝜌(𝑢) = 𝜌0(1 − 𝛽𝑢), where 𝜌0, 𝛼, 𝛽 are some positive number.

4. Discussions

In this paper we extended the existing study of the ACC circulation to the stratified flow setting. Even though the ODE formulation 
of the physical problem is restrictive in the sense that it does not consider the most general cases of the oceanic vorticity function 
and of the density distribution, its analysis gives valuable insights into the ocean circulation in the region. To prove the existence 
and uniqueness of solutions to the BVP under consideration, we made restrictive, but still physically relevant, assumptions on the 
density function requiring it to be non-increasing. In the follow-up works we would like to extend this setting to admit discontinuous 
stratification. This regime can arise, for example, from fresh water influx due to the ice melting, and would fit very well into the 
shallow-water formulation of the ACC flow.
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