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Abstract

Microfluidic devices offer unique opportunities to directly observe multiphase flow in
porous media. However, as a representation of flow in geological pore networks, conven-
tional microfluidics face several challenges. One is whether steady simultaneous two-phase
flow through a two-dimensional network is possible without fluctuating occupancy of the
pore constrictions. Flow without fluctuations can occur only if the flow paths of the two
phases can cross on the 2D network; this requires that wetting phase can form a bridge
across the gap between grains at a pore constriction while non-wetting phase flows through
the constriction. We consider the conditions under which this is possible as a function of
the local capillary pressure and the geometry of the constriction. Using the Surface Evolver
software, we determine conditions for stable interfaces in constricted geometries, the range
of capillary pressures at which bridging can occur, and those where the wetting phase
would re-invade the constriction to block the flow of the non-wetting phase (“snap-off”). If
a constriction is long and either straight or uniformly curved, snap-off occurs at the same
capillary pressure as bridging. For constrictions of concave shape, which we represent as
constrictions between cylindrical grains, however, we find a range of capillary pressures at
which bridging is stable; the range is greater the narrower the diameter of the cylinders (i.e.
the more strongly concave the throat) relative to the width of the constriction. For smaller-
diameter pillars, the phenomenon of “Roof” snap-off as non-wetting phase invades a down-
stream pore body, is predicted not to occur.

Keywords Porous media - Interfaces - Capillary pressure - Snap-off

1 Introduction

Microfluidic devices, or micromodels (Haghighi et al. 1994), are useful for the study
of flow in subsurface (geological) porous media (Cha et al. 2020; Chen and Wilkinson
1985; Cui and Babadagli 2017; Gunda et al. 2011; Gutiérrez et al. 2008; Haghighi et al.
1994; Jahanbakhsh et al. 2020; Joekar-Niasar and Hassanizadeh 2012; Karadimitriou
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et al. 2013; Karadimitriou and Hassanizadeh 2012; Kennedy and Lennox 1997; Kovs-
cek et al. 2007; Marchand et al. 2017; Roman et al. 2016; Tang et al. 2019; Zhao et al.
2016). They have the distinct advantage that one can see the flow dynamics directly,
allowing observation of interfacial interactions, mass-transfer processes, phase behav-
iour, and wetting transitions, for example. Such insights are likely to be of use in
understanding the dynamics of fluids in a range of subsurface applications such as oil
recovery (Chen and Wilkinson 1985; Cui and Babadagli 2017; Haghighi et al. 1994;
Marchand et al. 2017), aquifer remediation (Joekar-Niasar and Hassanizadeh 2012;
Karadimitriou and Hassanizadeh 2012; Kennedy and Lennox 1997), and carbon capture
and storage (Kazemifar et al. 2016; Morais et al. 2020).

A microfluidic porous medium typically has a geometry consisting of channels of
uniform depth bounded by vertical walls. Viewed from above, as in the examples in
Fig. 1, the network can have nearly any (2D) shape desired. We call solid barriers to
flow (defined by vertical walls) “grains”, and consider two-phase flow consisting of
a non-wetting phase (NWP) and a wetting phase (WP). Wetting phase occupies some
pores and non-wetting phase others. In those pores that it occupies, NWP occupies the
interior of the channels, while WP occupies the corners where grains meet near the top
and bottom surfaces (Fig. 2a). WP also coats the solid walls with a film of molecular
dimensions (Ransohoff and Radke 1989b). In a complex network of channels, there will
be narrower and wider regions: we call the narrow regions “pore throats” and the wider
regions “pore bodies”. Multiple pore throats may connect to one pore body in a net-
work. For simplicity, we assume here nearly perfect wetting of the solid by WP.

Fig. 1 Examples of microfluidic networks representing an idealized porous medium. a Highly ordered
(reprinted from Jeong and Corapcioglu (2003), with permission from Elsevier). b Disordered artificial net-
work [reprinted from Jeong and Corapcioglu (2003), with permission from Elsevier]. ¢ Example of network
with concave pore throats between cylindrical grains [reprinted from Perez et al. (2022), with permission
from Elsevier]. d Network based on a cross section of rock [reprinted from Kovscek et al. (2007), with per-
mission from Elsevier], with one region magnified to illustrate three different channel shapes: straight chan-
nel (centre), curved channel (left) and a throat between approximately cylindrical grains (right)
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(a) (b)

Fig.2 Phase distributions in a microfluidic network. a An example of part of a network in which WP (blue)
surrounds the bases and tops of cylindrical grains between parallel plates, while non-wetting phase can flow
throughout the interior. WP has bridged the gap between some of the grains, but there is no path for WP to
flow from left to right. The film of WP coating the plates and the cylinder walls is not shown, for clarity. b
Example of invasion percolation on a network of coordination number four, after Holstvoogd (2020). Black
is NWP, grey squares represent grains (which could have any shape), white is WP. Periodic boundary con-
ditions apply to top and bottom, and left and right edges. Capillary pressure is sufficient for NWP to enter
roughly 50% of pore throats. This is just past the point where NWP can flow from both top to bottom and
left to right (possible flow paths are marked with thin green lines). Note there is no path for WP flow from
either top to bottom or left to right without crossing the NWP path (i.e. bridging)

Despite the relative simplicity of a 2D microfluidic network, there are many similari-
ties to 3D pore networks in geological formations. These include non-uniform channels/
pores, and in particular the presence of pore throats, where capillary forces are significant.
Moreover, it is possible to control and adjust the wettability, e.g. by treating surfaces/coat-
ing walls with specific minerals (Jahanbakhsh et al. 2020), and to capture a wide range of
possible pore geometries. It is also possible to get multiple 3D layers of pores using 3D
printing; we do not discuss such networks further here.

Nonetheless, care is needed in extrapolating directly from flow in microfluidics to flow
in other porous media. In particular, although the network itself is two-dimensional (2D),
the channels are of course 3D.

Percolation theory states that in a truly 2D network, simultaneous, steady two-phase
flow is not possible: if flow is to occur then each phase must take turns occupying pore
bodies and/or throats (Fisher 1961; see also Sahimi 1994). An example is shown in Fig. 2b:
the non-wetting phase (NWP, black) has a path across the network, but not the wetting
phase (WP, shown in white). For WP to flow across a 2D network, it must displace NWP
from at least one location to make its own path. This then prevents the flow of NWP; for it
to flow, it must re-take that location.

Simultaneous quasi-static two-phase flow is possible in 3D geological networks, with-
out fluctuating occupancy of the pore throats; this is an essential aspect of flow in those
networks (King and Masihi 2019; Roman et al. 2016; Sahimi 1994; Heiba et al. 1992;
Selyakov and Kadet 1996). This reflects the interconnected, interpenetrating flow net-
works of wetting and non-wetting phases (Valvatne and Blunt 2004). Recent research using
micro-CT imaging shows fluctuating pore occupancy at moderate capillary number, but not
at low capillary number (Gao et al. 2020; Zhang et al. 2021).

In a microfluidic network, however, it is possible for the wetting phase to cross a throat
at top and bottom and connect wetting phase residing in corners around two grains. We call
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this a “bridge” (illustrated below): it means that the flow paths of WP and NWP can cross
in a microfluidic device.

Our focus here is on the possibility of quasi-static two-phase flow. Two-phase flow is
established by injecting both WP and NWP at a fixed ratio into a network occupied by one
phase. Reaching the phase distribution for steady two-phase flow involves drainage and
imbibition processes, as follows. If a 3D geological pore network is initially fully satu-
rated with WP, quasi-static two-phase flow is established upon sufficient drainage by NWP.
Nonzero relative permeability applies to both phases after this drainage process (Blunt
2017; Lake et al. 2014; @ren et al. 1998; Peters 2012; Sahimi 1994; Shikhov and Arns
2015; Valvatne and Blunt 2004; Wu et al. 2017; Zhang et al. 2021). If a microfluidic net-
work is initially full of WP then initially NWP cannot flow across the network; its satura-
tion (the volume fraction in the pore space) and capillary pressure p, therefore rise until
NWP can form a continuous path through the network, as illustrated in Fig. 2b. During
drainage of wide pore bodies through narrow pore throats, WP may re-invade and block
the throat: this is “Roof snap-off” (Cha et al. 2020; Ransohoft et al. 1987; Ransohoff and
Radke 1989b; Roman et al. 2017; Roof 1970; Mohanty et al. 1987). As drainage continues,
in the absence of surfactant to stabilize WP films (Joekar-Niasar and Hassanizadeh 2012;
Roof 1970), NWP would then re-invade the throat and re-establish connection with NWP
in the downstream pore body.

At the point where NWP has established a flow path across the network, the local capil-
lary pressure is too high for bridging, and the WP has no path for flow through the network.
WP therefore accumulates, and the average capillary pressure falls, until either bridging
occurs at enough throats that WP can flow at the injected fractional flow, or WP fully occu-
pies pore throats, blocking them to the flow of NWP. If this occurs, there is fluctuating
occupancy of pore throats, as WP and NWP, each in turn, establishes its path across the
network. In this article, we determine the conditions under which bridging of the wetting
phase is possible.

The imposition of simultaneous two-phase flow in a 2D network initially saturated by
one phase is discussed by Hashemi et al. (1998, 1999a, 1999b). In a 2D network, it results
in fluctuating pore occupancy; here we investigate whether the formation of bridges in a
microfluidic network might avoid this result. The process of drainage followed by imbibi-
tion is not needed to establish simultaneous two-phase flow in 3D pore networks (King and
Masihi 2019; Sahimi 1994; Heiba et al. 1992; Selyakov and Kadet 1996). Rather, in quasi-
static drainage NWP can establish a flow path without completely blocking the flow of WP.
A pressure gradient is of course necessary to drive flow in each phase; in the quasi-static
limit, this pressure gradient can be arbitrarily small. In the tortuous paths of each phase
through the network (Fig. 2b), the pressure gradient for each phase is not uniform along
the network, nor is it necessarily the same in each phase at each location. This implies that
capillary pressure is not uniform in the network. In our analysis below, we do not assume
uniform capillary pressure in the network, but ask whether any local capillary pressure can
stabilize a bridge across a pore throat of given geometry.

Most studies of two-phase flow in microfluidic devices involve injection of one phase
to achieve residual saturation of the other phase (Kazemifar et al. 2016; Roman et al.
2016; Jahanbakhsh et al. 2020; Morais et al. 2020). Roman et al. (2016) report that
“flow is highly oscillatory” in their experiments and that “the dynamics are accom-
panied with abrupt changes of velocity magnitude and flow direction”. Marafini et al.
(2020) report differences between single-phase flow in microfluidics and 3D pore net-
works based on numerical studies. Gutiérrez et al. (2008) conducted experiments with
simultaneous injection of two phases, and observed flow of discontinuous non-wetting
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phase at all flow rates, and relative permeability curves that depend on capillary num-
ber. Kovscek et al. (2007) co-injected gas and surfactant solution and observed continu-
ously fluctuating pore-throat occupancy and ascribed it to Roof snap-off. Our goal is to
determine whether quasi-static two-phase flow without such fluctuations is possible in
common microfluidic networks, as it is in 3D pore networks.

Consider a long, straight pore throat with a uniform rectangular cross section, in
which WP lines the corners of the throat (as in Fig. 3b). (By “long” we mean that the
interface shape in the middle of the channel depends only on the channel cross sec-
tion, unaffected by the shape of the pore bodies on either side.) The interfaces between
the phases are cylindrical and make contact when (in the case of perfect wetting) their
diameter is equal to the width of the channel. That is, bridging across the throat can
occur if the throat is at least as tall as it is wide. As the two interfaces then approach
each other in the centre of the throat, there is no change in interface curvature (see
Sect. 3.1). The value of the capillary pressure p, at which bridging occurs is, therefore,
the same as that for WP to swell and block the whole throat (Rossen 2008). This is what
we call “snap-off”, as illustrated in Fig. 4. Snap-off has been studied extensively in vari-
ous geometries, especially in the context of foam generation (Cha et al. 2020; Kovscek
et al. 2007; Ransohoff et al. 1987; Ransohoff and Radke 1989a, b; Roof 1970; Rossen
2008; Wu et al. 2017). In other words, once bridging occurs in a long straight rectangu-
lar pore throat, any slight reduction in the capillary pressure in the surrounding medium
would cause snap-off in the throat; any slight increase in capillary pressure would cause
the bridge to disconnect.

If, instead, the pore throat is not straight, but passes between curved walls (either
with the same or opposite curvature) then the curvature of the grain walls affects the
conditions for both bridging and snap-off. In this study, we examine conditions (specifi-
cally, the range in capillary pressure) for which bridging is possible without snap-off,
as a function of throat geometry. We then discuss the implications for the feasibility of
two-phase flow without fluctuating pore occupancy in microfluidic devices: that is, the
extent to which microfluidic devices are able to represent this aspect of multiphase flow
in geological porous formations under capillary-dominated conditions.

(a) (b)

Fig.3 a The interface separating NWP from WP moves from left to right along a straight rectangular chan-
nel after overcoming the capillary entry pressure. b After the front has left the channel, it leaves behind four
narrow regions of WP. The wetting films on the walls are not shown. The channel is twice as high as it is
wide and the contact angle is 2°
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Fig.4 Roof snap-off in a Flow direction
constricted rectangular channel,
reprinted from Cha et al. (2020)
with permission

Before it can penetrate a pore throat, NWP must first overcome the capillary entry pres-
sure p¢. Lenormand et al. (1983) predict (in the case of perfect wetting) that the capillary
entry pressure in a rectangular channel of cross-sectional width W and height H is

p2=;'<—+—>, (1)

where y is the interfacial tension. Including the dependence of capillary entry pressure on
contact angle 8 (Lago and Araujo 2001) gives, in our notation, the exact result

pi= y(% + %) c059<1 + \/1 - % [4cos€(cos€ —sin@) — 7r<1 - 4?0 )])
(@)
NWP then moves downstream, displacing WP (the process of drainage; Chen and Wilkin-
son 1985; Paterson 1984), with the interface at the leading edge advancing steadily along
the channel; see Fig. 3a. In the corners behind this moving front, regions of WP remain.
The volume of these regions is determined by the curvature of the interface, which itself
depends on the aspect ratio of the channel, as well as the contact angle.

Once the front has fully penetrated the channel, just the thin regions of WP in the cor-
ners remain; see Fig. 3b. Subsequent drainage or imbibition then causes these regions to
shrink or enlarge, respectively. In a long straight channel, all four WP regions in the cor-
ners have identical cross section and are uniform along the channel. Ma et al. (1996) relate
the capillary pressure of these regions to the shape of the channel and the contact angle 6:

45°+0)

2y b4
= — 2 0 0+45°)—=(1-
Pe \/A_S \/\/_ cosfcos (0 + ) 5 ( 900 3)

where A is the cross-sectional area of each region.

If imbibition occurs after the front has left the network, the corner channels swell, and
if they become large enough they touch: if this occurs at the bottom or top of the channel,
we refer to it as horizontal bridging. If it occurs on the sides of the channel we refer to it as
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vertical merging. Vertical merging does not enable WP flow across the throat, since it only
connects WP attached to the same grain.

We use the Surface Evolver software (Brakke 1992) (see Sect. 2) to predict the shape
of the interfaces in various geometries by minimizing the surface energy of the interface
between the two fluids to give an accurate determination of the capillary pressure p, (the
pressure difference across the interface, calculated by the program). By making small
changes in the NWP volume and repeating the minimization, we predict the quasi-static
variation of capillary pressure during imbibition or drainage. As well as neglecting viscous
losses, we assume that the effects of gravity are negligible on the scale of the channels.

We establish a benchmark for our simulations in a straight rectangular channel, deter-
mining the effect of the choice of channel aspect ratio and the contact angle at which the
interfaces meet the walls of the channel (Sect. 3.1). We then modify this channel to allow
both side walls of the grains to have curvature: either in the same direction, giving a curved
rectangular “duct” (Sect. 3.2), or in opposite directions, giving a flow between cylindrical
grains (Sect. 3.3) into a large pore body downstream. We use this geometry to also repre-
sent the larger class of throats of concave shape, as viewed from above.

The channel height H is uniform in most microfluidic devices. We normalize lengths
by H/2 and normalize capillary pressures by the capillary entry pressure of a Hele-Shaw
cell, i.e. a gap between two smooth, parallel plates: p., = p./(2y/H). In the following, we
mostly consider the case W = H/2, for which Eq. (1) predicts pép = 3. For a surface ten-
sion of y = 3 x 1072N/m and a channel height H = 25um, the corresponding dimensional
capillary pressure is p, = 7200 Pa.

The trends in capillary (entry) pressure with varying H, W and 6 for straight ducts are
captured well by Egs. (2) and (3), and so here we concentrate on the variation with changes
in wall curvature.

2 Simulation Method

The Surface Evolver program minimizes surface energy by moving the interface between
WP and NWP, subject to a fixed solid geometry and fixed phase volumes. In this case, the
surface energy is the surface area of the interfaces multiplied by their surface tensions.
Each interface is tessellated into many small triangles to allow it to curve; we generally
use four levels of refinement (i.e. recursive splitting of one triangle into four smaller trian-
gles) to provide an acceptable level of accuracy without simulations taking more than a few
hours to explore all relevant parameter values.

The software explicitly accounts for the surface energies of each phase against solid
walls and also against each other; by adjusting the solid/fluid phase surface energies, we
can in effect fix the contact angle. The difference in interfacial tension between where
NWP and WP touch the solid walls, y,,, sets the contact angle, 6 = cos‘l(yw /7). In the
absence of gravity, the value of the interfacial tension is not important to interface shape,
only the ratioy /7,

The case of perfect wetting—a contact angle of 0°—is numerically slow to converge, so
we mostly employ a small contact angle of a few degrees which ensures that simulations
converge quickly and accurately. We show below that the prediction of capillary pressure
with a contact angle of 2° is almost indistinguishable from perfect wetting.

At the entrance and exit of the channel, represented as vertical planes, we set the contact
angle to 90°. This in effect gives a plane of symmetry to the fluid interface at the entrance
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and exit of the channel. This does lead to an unphysical artefact for small NWP volumes
at the entrance: NWP forms a hemisphere of small radius until its volume is large enough
that it touches the solid walls of the channel. This in turn implies a large capillary pressure
before NWP fully penetrates the throat. Therefore, in the results below, we show only cal-
culations after NWP volume is large enough to press against the solid walls at the entrance.

Surface Evolver then allows us to calculate the capillary pressure, the spatial distribu-
tion of fluid phases, and the stability of the interfaces. We fix the volumes of WP and NWP
and incrementally reduce WP volume to simulate quasi-static penetration of the channel by
NWP or increase WP volume to simulate re-imbibition. Symmetry can be used to speed
up the calculations: for example, it is only necessary to simulate one quarter of the straight
channel, since all four corners are equivalent.

To determine the stability of the interface, we examine the eigenvalues of the Hessian
matrix of the energy (Brakke 1996): a change in the sign of the smallest eigenvalue to a
negative value signals instability. The software includes tools that allow us to determine
the corresponding eigenmode, which indicates the nature of the instability.

In a straight channel with a rectangular cross section (Fig. 3) there are side walls at
X =+t W, with the bottom at z = 0 and the top at z = H, the entrance at y = 0 and exit at
y = L. A channel length of L = 2H is sulfficient for a steadily propagating interface to form
during drainage. The side walls are replaced by parts of a cylinder of radius R, + %W to
generate a curved rectangular duct. Finally, cylindrical grains with radius R are placed at
X = i(%W + R>, y = 0 between a flat base to the channel at z = 0 and a flat top at z = H.

As noted above, establishment of paths for simultaneous, quasi-static two-phase flow in
a microfluidic network requires first drainage and then imbibition. We first simulate drain-
age of the throat, and then imbibition, as follows. Consider for example a meniscus of WP
around the bases of two nearby cylindrical grains (see Fig. 2a) with NWP everywhere else
in the throat and filling the pore bodies on either side. At first WP occupies only the corners
around the grains, but as we increase WP volume these menisci spread outwards and the
capillary pressure falls. In Sect. 3.3, we determine the point at which the two WP regions
connect, bridging the throat, and record the corresponding capillary pressure pi”. As its
volume is increased further, WP rises up the sides of the grains and the throat is slowly
filled with WP from above and below. When WP reaches half-way up the grains, it meets
the menisci coming down from above. At this point, there is an instability (negative eigen-
value) associated with an eigenmode indicating contraction of the interface towards the
centre of the channel. We identify this as snap-off and this value of the capillary pressure
py" as that for snap-off. We can take the Surface Evolver calculations no further beyond this
change in the topology of the interfaces.

3 Results

3.1 Straight Channel

Figure 5a shows the capillary entry pressure in a straight rectangular channel with aspect
ratio H = 2W as a function of contact angle. As noted above, a contact angle of less than 5°
gives a good approximation to the result for perfect wetting. This is just below the predic-
tion of Eq. (1) for the capillary entry pressure.
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Fig.5 Capillary pressure in straight rectangular channels. a Capillary entry pressure for different contact
angles in a channel with H = 2W. The value of the capillary entry pressure for different contact angles
is almost indistinguishable for 6 less than about 5°, justifying our use of a small finite contact angle of 2°
(highlighted with a circle) in the following. The steady advance of the interface through the channel occurs
with capillary pressure slightly less than the prediction of Eq. (1), p¢, = 3, and our data is in agreement
with Eq. (2). b Capillary entry pressure as a function of channel width with fixed channel height and con-
tact angle 2°. The capillary entry pressure is slightly over-estimated by Eq. (1), while the capillary pressure
at which bridging (and consequent snap-off) occurs is lower than p¢. The capillary entry pressure is great-
est for a tall, narrow channel. ¢ Capillary pressure as a function of the total area of WP that remains in the
cross section of a channel with H = 2W after the interface has fully penetrated the channel. The contact
angle of 6 = 2° leads to a slight undershoot in p_, in contrast to the case of perfect wetting. Representative
interface shapes are shown in the cross section before, at and after bridging, and at snap-off

Figure 5b shows that increasing the width W of the channel (while keeping its height
H fixed) reduces the capillary entry pressure, as predicted by Eq. (1). The deviation in the
simulated value of the capillary entry pressure from the prediction of Eq. (1) (Lenormand
et al. 1983) increases slightly as the channel gets narrower. Bridging occurs in the straight
channel when the pair of upper or lower regions of WP (cf. Fig. 3b) meet in the middle of
the channel. At this point, the capillary pressure has fallen from the capillary entry pres-
sure; its value also decreases with an increase in channel width, because the volume of WP
required for bridging is greater. Moreover, in a straight channel, the capillary pressure for
bridging, plc’", is equivalent to the value for snap-off, p", since as soon as NWP no longer
touches all four walls of the channel a Rayleigh—Plateau instability occurs and NWP breaks
up.

Equation (3) gives the value of p, for any WP volume in a rectangular channel before
bridging (since the aspect ratio is irrelevant before the WP regions meet). Figure 5c con-
firms that our simulations agree with the prediction of Eq. (3). Further, the area of the WP
regions in the corners is entirely determined by the shape of the front separating NWP and
WP that moves along the channel at the capillary entry pressure, as illustrated in Fig. 3.
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3.2 Curved Rectangular Duct

If the channel is a uniformly curved duct with planar top and bottom, as shown in
Fig. 6a and Movie 1 in the Supplementary Material, the capillary pressure of an inter-
face moving along the duct is indistinguishable from its value in a straight channel. That
is, the radius of curvature R, of the centreline of the duct (which must be greater than
W/2) does not influence p, at least for the values of R, > 2W considered here.

However, the areas of the triangular regions that remain in the corners of the duct
after the interface has passed are different on the inner and outer curved walls; their
capillary pressure is the same, but the curvature of the walls forces them to adopt dif-
ferent shapes. Figure 6b shows that the cross-sectional area of these regions can deviate
significantly from the straight-channel case (in which the inner and outer WP regions
are identical), with a greater deviation on the inner wall. However, they slowly converge
towards the same value as the radius of curvature R, increases.

If, after the interface has passed through, WP re-imbibes into the channel, then two
of the four triangular regions may meet. There are two cases to consider. First, if the
height H is greater than the width W, as is the case in our “standard” channel here, then
bridging first occurs at the top and/or bottom of the duct. However, at the same capil-
lary pressure WP flows in and the interfaces then merge on the outer wall, as shown in
Fig. 7. Second, if the width W is at least as great as the height H (a shallow, wide chan-
nel), the order in which the transitions occur is reversed: the interfaces first merge on
the outer wall, furthest from the centre of curvature, and then bridge across the top and/
or bottom of the duct.

Figure 7 appears to show that there is a narrow range of capillary pressure in which
a bridge is stable, from p., ~ 1.9 to 2.0. However, this is an artefact of using a finite
contact angle in the calculations, as illustrated schematically in Fig. 7b. If we use a con-
tact angle of 5° instead of 2°, the region extends down to p., ~ 1.83, but it vanishes in
the limit of zero contact angle. More fundamentally, the overshoot in capillary pressure
in Fig. 7 indicates instability to snap-off in the throat for nonzero contact angle. If the
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Fig.6 a Penetration of NWP into a curved rectangular duct with H = 2W and R, = 8W, i.e. with curved

curv
. . 1
walls having radius of curvature (R + -

v £ 3W ) The interface separating the two fluids meets the walls at a
contact angle of 2°. b Cross-sectional area fractions of the WP regions in the corners of a curved rectangu-
lar duct, normalized by the value for a straight channel of the same width and height. The inset shows that
the capillary entry pressure is independent of the radius of curvature of the duct, at least for R, > 2W.
The contact angle is 2°
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Fig.7 Imbibition into a curved rectangular duct with H = 2W and radius of curvature R, = SW. a The
capillary pressure decreases until the first bridge is formed: if the channel height is greater than its width
this occurs first on the top (as shown) or bottom surfaces. The interface then remains in contact with three
walls and the capillary pressure does not change until the merging transition on the outer wall. Also shown
is the sequence of interface shapes in a vertical cross section through the duct, with points at which the
interface meets the duct surfaces highlighted with dots. The contact angle is 2°, which gives rise to a slight
undershoot in p, in contrast to the case of perfect wetting. b Interface shapes in a vertical cross section
through the upper half of the duct immediately before and after bridging. Images are labelled with the con-
tact angle 6, measured in degrees, and the fraction of the cross section occupied by WP. The top two rows
show the interface immediately before bridging for contact angles up to 30°. The bottom row shows the
shape of the (unstable) interface immediately after bridging for contact angles between 10° and 30°. This
explains why nonzero contact angles lead to an undershoot in p_: the radius of curvature at the point where
the two WP regions meet is greater just before the two regions bridge than it is after

capillary pressure of the network were low enough for bridging in the given throat, WP
would flow into that throat spontaneously from the surrounding network to fill it at the
higher capillary pressure.

With H = 2W, bridging across the top or bottom of the duct occurs at the same area
fraction of WP in the cross section of 0.12, and the same capillary pressure (p.p = 2)
for values of the radius of curvature R, between 2W and 8W (data not shown). That
is, although the wetting phase is re-distributed between the triangular regions on the
outer and inner sides of the duct as its curvature changes, and therefore the position at
which they meet is different, the critical total volume of WP and the capillary pressure
at which the regions meet does not change.

Following bridging, there is an almost semicircular interface (in cross section) mov-
ing vertically within the duct (Fig. 7a). The capillary pressure increases very slightly
with increasing volume of WP in this regime. Such a situation is unstable, as in the
arguments of Roof (1970) concerning the largest inscribed circle, and WP floods into
the duct and blocks the flow of NWP. Thus, the merging transition on the outer wall is
never observed without snap-off, and the capillary pressure for snap-off is the same as
the capillary pressure for bridging: p?" = p*".

In the case of a duct with square cross section (H = W), the situation is slightly
different. The merging transition on the outer wall occurs at a capillary pressure that
depends on the radius of curvature: it occurs at higher capillary pressures, and hence
lower volumes of WP, in tightly-curved wide ducts. After merging, the capillary pres-
sure increases slightly, as in Fig. 7a, and so snap-off occurs and WP floods into the duct.
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3.3 Throat Between Cylindrical Grains

Thus in both the straight and curved rectangular channels with aspect ratio H = 2W, the
capillary pressure at which bridging occurs is the same as the capillary pressure for snap-
off. We now consider a situation in which the curvature of the side walls has a different
sign on each side, and show that in this case there is a range of capillary pressure for which
bridging without snap-off is stable.

3.3.1 WP Surrounding the Base of Two Grains

As described above, we gradually increase the volume of WP around and in the throat
between two cylinders of radius R situated between parallel horizontal plates; one half (by
symmetry) of the geometry is shown in Fig. 8a. We fix the height H and vary the radius R
of the grains and the throat width W between them and determine the different capillary
pressures for bridging and snap-off.

3.5 T T
Before bridging
3l After bridging - --- |
)
3
< 25} B
@
5
2 2r H
4
s NS
1.5 RS H
§ S
FEEREE D RS E b
[$] RsHjz ===
05 - B
ol I 1 1 1 1 |
0 1 2 3 4 5 6
WP Volume, 4V/RH?
(a) (b)
2 T T T T
Y Horizontal Bridging,pwbr
\ \ sn
Snap-off, - -
s 2 1s| . nap-off, pep'
7 5
g 2
z o 1F
= a
£ >
S k<
3
g osf
ol ‘ ‘ ‘ ‘ ‘ ‘ ‘ ol : : : : : ]
03 03 04 045 05 03 035 04 045 05 0 05 1 1.5 2 25 3
WP width/throat width, w/W WP height/grain height, h/H Throat width, 2W/H

(c) (d)

Fig.8 Bridging and snap-off in a throat between cylindrical grains. a Oblique view of WP around one of
the two grains, with R = H/2, between the formation of the horizontal bridge and snap-off. b Capillary
pressure as a function of WP volume (normalized by RH? /4), for cylinders of radius R = H/2, H and 5H/2,
with throat width W = H /2. The circular symbol indicates bridging and the square symbol indicates snap-
off here and in (c) and (d) for the case R = H/2. The images are views through the centre of the throat, with
the grains to either side, for R = H/2. ¢ Capillary pressure during imbibition for different grain radii. When
w/W reaches 0.5 the WP bridges across the channel. When A/H reaches 0.5 the two regions of WP touching
the top and bottom surfaces merge and snap-off occurs. d The capillary pressures at which bridging and
snap-off occur for various throat widths for grains with radius R = 1,2 or 5. Vertical merging occurs before
bridging for values of throat width greater than the point at which the two curves meet for each value of the

grain radius. The contact angle is 2°
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It is instructive to first consider the shape of the interface surrounding an isolated pair of
cylindrical grains and its capillary pressure. Figure 8 shows images of the interface and the
capillary pressure and Movie 2 in the Supplementary Material shows a sequence of inter-
face shapes as WP volume increases.

The regions of WP in the corners at the base and top of each grain extend some distance
w across the throat and some height £ up the sides of the grains. We use Surface Evolver
to calculate the capillary pressure and the values of w and & as the WP volume V varies
for different throat widths W, as shown in Fig. 8c, d. The capillary pressure decreases as
the WP volume increases and w and % increase. When w reaches W/2 the WP bridges the
throat; we denote the capillary pressure at which this happens by p’c”. Figure 8b shows that
the volume of WP at which bridging occurs increases linearly with grain radius R, but that
pi” increases only slightly with R.

Figure 8c indicates that the capillary pressure decreases further as WP volume increases
in the throat. There is a range of p, for which a bridge is stable without snap-off, corre-
sponding to the difference in capillary pressure between the right-hand edges of the two
panels in Fig. 8c for each value of R. The upper and lower WP regions in the throat meet,
half-way up the grains, when their height is 2 = %H , at which point we denote the critical
capillary pressure by p?": the right-most values in Fig. 8c. Note that at the point where the
bridging between upper and lower WP regions occurs the cross section of the interface
appears nearly circular (Fig. 8b, right-most cross section); the gradient of p.(V) is very
shallow here (Fig. 8c, right-hand panel). This indicates that the WP has almost reached
the critical point for snap-off, beyond which it floods back into the throat (Ransohoff et al.
1987). Our calculations and assessment of the eigenmodes given by Surface Evolver sug-
gest that this instability occurs immediately as these two regions meet, and that the inter-
face changes topology.

At small throat widths, there is a significant difference between the capillary pressure
for bridging and the capillary pressure for snap-off, since bridging can happen at small
WP volume but the WP volume must increase significantly before vertical merging occurs.
As the throat widens (increasing W, Fig. 8d), more WP must accumulate before bridging
occurs. Consequently, the capillary pressure for bridging decreases with increasing throat
width.

At large-enough throat widths, above about W = 3H /2 in the case R = H/2, merging
between the top and bottom regions of WP on the grains occurs before horizontal bridging
across the throat. This gives rise to a capillary bridge connecting the top and bottom inter-
faces, but does not permit two-phase flow in the network.

3.3.2 Asymmetric Case

Up until now we have considered a situation in which WP around both grains is at the same
capillary pressure. However, when NWP first crosses the pore network, as illustrated in
Fig. 2b, the connections between regions of WP are broken. As WP accumulates, the capil-
lary pressure falls, but only in the interconnected network of WP-filled pores connecting
back to the point of injection. Therefore, when these critical bridges form, giving a WP
connection across the network, one grain is connected to the reservoir of WP at low capil-
lary pressure while the other grain is not. The bridge has to form with WP initially accu-
mulating on one side only.

What happens after the bridge forms? Clearly, the dynamics of bridge formation are
complex in the short term, but the final result is that both sides are now at the lower value
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of capillary pressure associated with the flowing network of WP. So the question is: what
is p, on the wet grain at the point when the bridge forms? Is it low enough that, once this
value of p, is established on both sides, there would be snap-oft?

To investigate this issue, we again use a throat width of W = H/2, cylindrical grains
of radius R = H/2, and assume that the WP meniscus surrounding the dry pillar has cap-
illary pressure close to the capillary entry pressure, p.n =~ 3. From the left-hand side of
Fig. 8c, we see that WP extends a distance slightly less than w/W = 0.3 from the base of
the grain in this case. Bridging will therefore occur if the WP around the wet grain extends
to a distance of w/W = 0.7 from that grain. The capillary pressure around the wet grain
at bridging is the value of pi” for a throat width W = 1.4H /2, which Fig. 8d indicates is
Pep =~ 1.0. This is greater than the capillary pressure for snap-off (Fig. 8b), p., = 0.8, and
hence bridging will not lead to snap-off in this case.

For snap-off to occur immediately following bridging in this asymmetric case, the extent
of the WP meniscus around the dry grain must be smaller than hypothesized, and the WP
at higher capillary pressure. The capillary pressure can be greater on the dry grain than the
capillary entry pressure for that throat. As NWP invades a pore network filled with WP, as
shown in Fig. 2b, capillary pressure rises throughout the network according to the capillary
entry pressure of the latest throat to be invaded. As noted above, that process stops when
NWP forms a continuous path across the network and WP continuity across the network
is broken. Thus, the capillary pressure on the dry grain is at the capillary entry pressure
of the last throat to be invaded by NWP, not that of the given throat. Figure 8d indicates
that the capillary pressure for snap-off with W = H/2 (again with R = H/2) is equal to
the capillary pressure for bridging at a throat width of W =~ 1.7H /2. So only when the WP
meniscus around the dry grain extends no more than 15% of the way across the throat, with
a capillary pressure of p., ~ 5, far in excess of the capillary entry pressure for that throat,
is snap-off without bridging possible.

For larger grain radii, the curves of capillary pressure against throat width are less steep
(Fig. 8d), the difference between p’g’ and p" smaller (Fig. 8c), and so this transition to
snap-off in the asymmetric case becomes more likely and flow without fluctuating pore
occupancy less likely. For example, with R = H the value of pf’ drops from its value for
bridging at W = H/2 (pfl') ~ 1.7) to below the value for snap-off at W = H/2 (p¥], ~ 1.2)
when W = 1.4H /2, suggesting that snap-off would immediately follow bridging driven
from one side.

For larger throat widths, it is more likely that vertical merging would occur before
bridging between the grains, something which our calculations do not currently resolve.

3.3.3 Roof Snap-Off: Penetration of NWP Into a WP-Filled Pore Body

Snap-off triggered by NWP invasion of the downstream pore body is called “Roof” snap-
off (Ransohoff et al. 1987; Roof 1970; Rossen 2003). We turn now to the invasion of NWP
into a WP-filled pore body downstream of the throat, i.e. during initial drainage of the
pore network. We fix the throat width to be W = H /2. NWP penetrates the pore body with
a roughly hemispherical front (Fig. 9a and Movie 3 in the Supplementary Material) and
leaves behind narrow regions of WP in the corners of the channel where the grains meet
the upper and lower surfaces.

Figure 9b shows the capillary pressure across the interface as it moves through
the throat for four different values of the grain radius R (at fixed W). The maximum
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Fig.9 NWP penetration of the pore throat between grains into a downstream pore body. a The interface
moves from left to right through the gap between two cylindrical grains, leaving WP around the base and
top of each grain. Grain radius is R = H/2 in this case. b Capillary pressure as a function of the position
of the tip of the WP interface, defined relative to the centre of the throat. The maximum capillary pressure
occurs just after the leading tip of the interface has passed the centre of the throat. It increases slightly
with an increase in radius of the grains. Also shown is the predicted capillary pressure in a straight chan-
nel, slightly below the prediction of p¢, = 3 from Eq. (1). We do not find snap-off in the case R = W, as
discussed in the text. ¢ A summary of the different critical capillary pressures, plotted as a function of the
inverse of the grain size so that the values for the straight channel are shown on the left. Throat width is

W = H /2 and the contact angle is 2°

capillary pressure p¢ is greatest for the widest grains and, for sufficiently large R, p¢
approaches the value for a straight channel. This maximum occurs just after the front
(measured as the leading position on the interface along the axis through the throat) has
passed between the grains. Thus, the curvature of the grains affects the curvature of the
interface and the value of p¢.

After the front has passed through the throat between the grains, the capillary pressure
decreases as the NWP spreads out into the pore space beyond. The narrow regions of WP
in the corners of the channel shrink and swell as the capillary pressure increases and then
decreases as the interface invades the pore throat and then the downstream pore body (see
Movie 3 in the Supplementary Material).

We can estimate the horizontal extent of the interface downstream, beyond the grains, as
follows. Far downstream of the grains the interface has a nearly semicircular vertical cross
section, spanning the gap between the flat upper and lower surfaces (see Fig. 9a). If we also
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approximate its horizontal cross section as a circle of diameter D, then the capillary pres-
sure here is p,., = (1 + %), similar to Eq.( 1).

The interface must have the same capillary pressure everywhere, so we compare this
expression for the capillary pressure to the critical value p" for snap -off in the throat when
h = H/2. We extrapolate the data shown in Fig. 8c for p¥*(h = EH) to more values of R
and then estimate the minimum pore body diameter at which Roof snap-oft can occur in
the pore throat:

D=2/ [y —2/H). 4)

This is shown in Fig. 10a, where it is compared with results for the width of the interface
from simulations, such as the one shown in Fig. 9a, that have been allowed to run until the
capillary pressure decreases to p2" and WP fills the throat: i.e. Roof snap-off.

For gently constricted pores with circular cross section along the flow axis, the criterion
for Roof snap-off is that the diameter of the pore body be at least twice the diameter of the
throat (Ransohoff et al. 1987). In this case, with W = H /2, that suggests D = H. In micro-
fluidic devices of uniform depth, pore bodies must be wider than this to trigger Roof snap-
off. Strongly convex throats, reflected here in small R, stabilize bridging against snap-off
during subsequent imbibition, but may not allow Roof snap-off during initial drainage of
the network. The value of D that we predict here is close to the simulated values shown by
the black squares in Fig. 10a; it is a small multiple of the throat width for grains with large
radius, but rises rapidly for smaller grains, and diverges somewhere between R = H/2 and
R = H. We see that D — oo for p?}) — 1, which Fig. 8d indicates is indeed the case for
R/H between 0.5 and 1. In all cases, it is much larger than the criterion for pore bodies and
throats of circular cross section.

Hence for sufficiently tightly-curved grains (highly convex pore throats), Roof snap-off
does not occur during NWP invasion of the pore throat for any size pore body downstream,
no matter how wide (viewed from above). The minimum possible grain radius R,, for
which Roof snap-off is possible also depends on the throat width. By calculating the cylin-
der radius at which, for a given throat width W, the capillary pressure for snap-off is equal
to 2y /H, we can determine R,;,(W), as shown in Fig. 10b. If the throat is narrow, then
Roof snap-off can occur in a sufficiently wide pore body; the minimum grain radius that
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Fig. 10 Implications for Roof snap-off. a The diameter of the interface that is created in the pore body
downstream when snap-off occurs in the throat: comparison of Eq. (4), using capillary pressure values from
Fig. 8, with direct simulation, as in Fig. 9a. throat width is W = H/2. b The minimum grain radius for Roof
snap-off in a throat of given width. Roof snap-off does not occur in the region below the curve because the
capillary pressure for snap-off, even for an infinitely wide pore body, is below 2y/H
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can support snap-off increases rapidly as a function of throat width. Cha et al. (2020) pre-
sent a similar analysis and results for one throat geometry, in terms of a minimum depth of
the throat rather than maximum pore body diameter.

4 Conclusions: Implications for Two-Phase Flow in Microfluidics

Our findings can be summarized as follows. Bridging is not possible without snap-off
in relatively long straight or curved ducts. Of the examples shown in Fig. 1, (a) features
constrictions between pore bodies that are straight, rectangular ducts. Some throats
in (b) are nearly straight, while others approximate grains of very large radius. Those
in (d) include curved rectangular ducts, straight channels, and some tightly concave
throats. Based on these geometries, we conclude that it is unlikely that two-phase flow
is possible in the networks shown in Fig. 1, or similar networks, without fluctuating
occupancy of locations in the pore space. Gutiérrez et al. (2008) report displacement of
ganglia at all flow rates when steady two-phase injection is imposed in their microflu-
idic apparatus.

In three-dimensional geological pore networks, quasi-static two-phase flow without
fluctuating pore occupancy can occur at arbitrarily small pressure gradients (King and
Masihi 2019; Sahimi 1994). At higher pressure gradients, quantified through the dimen-
sionless capillary number, flow with fluctuating pore occupancies and displacement of
trapped, isolated NWP is possible (Blunt 2017; Lake et al. 2014; Tang et al. 2019).
The flow regime above this transition in capillary number differs significantly from that
below it (Lake et al., 2014). This suggests that imposing two-phase flow in most cur-
rent microfluidic devices must necessarily drive the flow into the high-capillary-number
regime, with relative permeabilities that depend on capillary number (Gutiérrez et al.
2008; Karadimitriou and Hassanizadeh 2012).

Bridging and steady two-phase flow are possible in networks featuring concave pore
throats, represented here by throats between cylindrical grains of narrow radius. In that
geometry, as shown in Fig. 8, there is a range of capillary pressure at which bridging is
stable without snap-off. For very tightly concave throats, however, Roof snap-off may
not be possible, no matter how wide the downstream pore body (Fig. 10). In all cases,
the width of a pore body in comparison with the width of a throat, as viewed from
above, that would give Roof snap-off is much greater than that for pores and throats of
circular cross section (Roof 1970). This suggests that studies of Roof snap-off in micro-
fluidic networks are problematic as a model for 3D pore networks (Kovscek et al. 2007;
Rossen 2008).

As illustrated in Fig. 2b, under conditions where both phases might flow, the flow
path for each phase is extremely inefficient. That suggests that the relative permeability
of each phase (King and Masihi 2019; Lake et al. 2014; Sahimi 1994) is very low. One
implication is that even in conditions where steady two-phase flow is possible, the pres-
sure gradient required to sustain the imposed flow rate could push the capillary number
above the point where pore occupancy fluctuates. It also could lead to situations where
local pressure differences across individual pore throats of one phase blocking the other
could be large. This is the subject of ongoing research that will be reported separately.

Supplementary Information The online version contains supplementary material available at https://doi.
0rg/10.1007/s11242-023-01905-9.
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