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Elongated particles in dense systems often exhibit alignment due to volume exclusion
interactions, leading to packing configurations. Traditional models of collective dynamics
typically impose this alignment phenomenologically, neglecting the influence of volume
exclusion on particle positions. In this paper, we derive nematic alignment from an
anisotropic repulsive potential, focusing on a Gaussian-type potential and first-order
dynamics for the particles. By analyzing larger particle systems and performing a hydro-
dynamic limit, we study the effects of anisotropy on both particle density and direction.
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We find that while particle density evolves independently of direction, anisotropy slows
down nonlinear diffusion. The direction dynamics are affected by the particles’ position
and involve complex transport and diffusion processes, with different behaviors for oblate
and prolate particles. The key to obtaining these results lies in recent advancements in
Generalized Collision Invariants offered by Degond, Frouvelle and Liu (KRM 2022).

Keywords: Anisotropic Gaussian-type repulsive potential; nematic alignment; mean-field
limit; continuum equations; kinetic equations; Berne-Pechukas potential; prolate and
oblate particles.

AMS Subject Classification 2020: 35Q92, 82C22, 82D30, 82B40

1. Introduction

Volume exclusion interactions play a central role in many physical and biological
systems. In particular, they are fundamental in explaining emergent patterns like
swarming,*? and spontaneous alignment of anisotropic particles.?? The latter is
called nematic alignment. The term nematic indicates that the alignment takes
place in a given direction (not necessarily in a given orientation): if uy, us € R
are such that |ui| = Jug| = 1, we say that the two vectors are nematically aligned if
uy = fug. Nematic alignment is sometimes referred to as apolar alignment since it
is in contrast to polar alignment which requires u; = us. Some examples of nematic
alignment can be found in suspensions of rod-like particles in high-densities® and
biological systems like myxobacteria.'8

1.1. Volume exclusion and nematic alignment

Various volume exclusion models have been proposed to investigate cell dynamics,
such as the vertex model* 23 2% and other packing systems.*¥ However, most agent-
based models consider the agents as point-particles and impose phenomenological
behavior that is assumed to be caused by volume exclusion interactions. Particu-
larly, in most of these mathematical models for collective dynamics, the particle
alignment is imposed via a force term without dealing with the contact interactions
directly, see, e.g. Refs. [17] [18| and |21|
Typical models for collective dynamics with nematic alignment take the fol-
lowing shape: agents move at a constant speed and try to align their direction of
motion with one of their neighbors up to some noise. Specifically, we consider N
agents who are identified by their positions X; € R™, n € {2,3} and their directions
U; € S"! on the (n — 1)-dimensional sphere. Then their dynamics are governed
by
dXi = ’UoUi dt, (1.1&)

N
1
Ui = > K(IXi = X;)V,Vaem (Ui, Uj) dt + Py 0 /2D, dB;,

Jj=1

Vnem(Ui, Uj) = )\(UZ . Uj)2, (11(3)
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where Vy, is the gradient on the sphere, Viom (U, Uj) is the potential producing
nematic alignment, Py;1 is the orthonormal projection onto the orthonormal space
to U; € S*~ 1, and (Bi);:L,‘,,N are independent Brownian motions for i = 1,..., N.
The stochastic differential equation must be understood in the Stratonovich
sense. This is indicated with the symbol ‘o’ and it ensures that U; remains on the
sphere for all times where the solution is defined. The constant vy in is the
speed of the particles and D,, > 0in is the diffusion constant of the directions.
Moreover, the function K > 0 is an interaction kernel measuring the influence of
the potential force depending on the distance between particles. The constant A > 0
describes the strength of the alignment force, which is expressed as the gradient
flow dynamics of the potential Viem = Vaem(Ui,U;). One can easily check that,
indeed, the maximizer of this potential corresponds to U; = +Uj, i.e. when two
particles are mematically aligned. In this regard, we say that model f
imposes alignment for the particles. We refer the reader to, e.g. Refs.
and for models that use this approach or a similar one.

In this work, we follow a different approach. We do not wish to impose alignment
directly, but to investigate how it might emerge naturally from volume exclusion
interactions. In particular, we study how volume exclusion interactions affect both
the directions and the positions of the particles.

However, deriving continuum equations from agent-based models that undergo
contact interactions is mathematically extremely challenging, see, e.g. Refs. 9
and This is why up-to-date there is no rigorous coarse-graining for excluded vol-
ume dynamics starting from the first principles. Even in the widely-studied Boltz-
mann equation, the derivation from discrete dynamics (a particle system undergoing
elastic collisions) is still unknown for large times® For this reason, contact inter-
actions are often approximated by using soft interaction potentials, like repulsive

(a) Ellipse,d < £,n =2 (b) Prolate,d < ¢, n =3 (c) Oblate, d > ¢, n=3

Fig. 1. Spheroids are obtained by rotating an ellipse, shown in (a), around one of its principal
axes. If the revolution is around the major axis, the spheroid is called prolate (b); if it is around
the minor axis, it is called oblate (c).
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potentials, that produce active forces when two agents get closer than a given dis-
tance [ L1 [20

In this paper, we focus on a particular repulsive potential that is used for sim-
ulating the interactions of anisotropic particles: the Gaussian repulsive potential®
for elliptic (dimension n = 2) or spheroidal (dimension n = 3) particles, see Fig.
For related works in the biophysics literature see, e.g. Refs. 3| and /4.

Our goal is to investigate for which shape of the Gaussian potential we obtain
an alignment force for the continuum equation, and what is the effect of this force
on the positions of the particles. The reason for the last point is that in classical
models for nematic alignment, the potential only modifies the direction of motion
of the agents, but not their positions. One can expect that, from interaction forces,
agents may push each other modifying their positions. The question of interest here

is what effect this pushing has on the positions of the particles.

1.2. A discrete model for anisotropic particles

In this paper, we study particles with either elliptic shape in the case of dimension
n = 2 or spheroidal shape for dimension n = 3 (see Fig. . In both cases, the
particles are identical and are identified by their center X € R"”, the direction of one
of the axes specified by a unit vector U € S*~!, and the lengths of the major and
minor axes. In dimension n = 2, U denotes the direction of the major axis whose
length is £ > 0 and the length of the minor axis is denoted by d > 0. In dimension
n = 2, the main axis is the principal axis, i.e. the axis with longer length; whereas
in dimension n = 3, the main axis is the axis of rotation.

We define the constant x to characterize the shape of ellipses and spheroids,

0?2 —d?

X=mre (1.2)
which measures the anisotropy of particles. In dimension n = 2, we have that
X € [0,1]. In this case, x = 0 and x = 1 correspond to circular and rod-shaped
particles, respectively. In dimension n = 3, we have x € [—1,1]. In this case, the
negative values of x correspond to oblate particles (rotation around the minor axis),
and the positive values of y correspond to prolate particles (rotation around the
major axis); see Fig. [l} In particular, x = 0 corresponds to spheres; x = —1 to
infinitely flat disks; and x = 1 to infinitely thin rods.

We consider N identical particles identified by their centers X; € R™ and the
direction of their main axes U; € S"™! (note that this is not uniquely defined as
U; and —U; prescribe the same direction) for ¢ = 1,..., N. Two particles (X;, U;),
(X;,Uj) are said to be (nematically) aligned when U; = £U;. For simplicity, here
we consider only inert particles, i.e. vg = 0. However, this could be easily extended.

We assume that the repulsive potential V} acts on the distance between the
centers of two particles X; — X; and the directions of their main axes U;, Uj, i.e.
Vo(Us, Uj, X;—X;). The model follows the steepest gradient descent of the potential
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V}, together with some noise both in the positions of the centers and in the directions
of the main axes and it is given by

N
1
AXi = —p > VX V(Ui Uj, X; — X;) dt + /2D, dB;, (1.3a)
j=1
1 Y i
dU; = -\ > Vu V(Ui Uj, X; — X;) dt + Py 0 /2D, dB;, (1.3b)
j=1

where Vy, and Py are the same as before, B;, B; are independent Brownian
motions for i = 1,. ,N;and u, A\, Dy, D,, are positive constants. The potential V,
corresponds to an anisotropic repulsive potential. In Ref. |8, the authors propose
a model to describe the motion of spheroidal particles that are suspended in an
incompressible fluid. Systems 7 can be seen as the overdamped regime
for these equations when there is no fluid.

In particular, note that the potential V, acts also on the distance between
the centers of the particles. This effect does not appear in the classical nematic-
alignment model 7. Our goal is to investigate how this potential affects
the mean-nematic direction and the positions of the particles. To carry this out, we
derive a kinetic equation (see Sec. for system 7 as a first step and
subsequently we obtain continuum equations from the kinetic equation (see Sec. .

Let us have a closer look at the interaction potential. We describe the binary
interactions between identical particles (ellipses for n = 2, or spheroids for n = 3, see
Figs. |1} and |2|) via an anisotropic Gaussian-type potential V;, of the following form:

Vi (u1,ug, R) = (47) " 2b(uy, us) exp (-R"S7'R), (1.4)

where b(u1,us) > 0is a scaling factor, R = x5 — 1 is the vector between the centers
of two particles, and the over index ‘T’ denotes the vector transpose. The matrix
3 is given by

2:71+727

/>

Fig. 2. Two ellipses with their centers x1,x2, the distance between the centers R and their
principal axes u1,ug, respectively.
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where
i = (0% — du; @ ui +d?1d, e {1,2).

Our particular choice of the scaling factor b is given by

1/2

bwa (ur,uz) = (1 — x(uy - u2)?)"” = det (2)"/2. (1.5)

Using the scaling factor (1.5)), the weighted Gaussian potential (1.4]) takes the fol-

lowing form:
Viwe (U1, u2, R) := (47) 7"/ 2det(2)"? exp (-RTS'R) . (1.6)

We dedicate Sec. [3:I] to a detailed explanation of repulsive potentials and some
numerical simulations to show their effect on the dynamics of interacting particles.
This section also includes a more detailed motivation for our particular choice of
the scaling factor . Before we explain the kinetic equation arising from the
particle dynamics, we make the following remark.

Remark 1.1. In Ref.|5, Berne and Pechukas considered the potential U for a single
spheroid with its center x and direction of its main axis wu:

1

U(z) := exp(—zTy tx),

where v = (£2 — d*)u ® u + d?1d. Using the potential U = U(x), they introduced
the anisotropic Gaussian-type potential to describe the binary repulsive inter-
actions. The level sets where U is constant correspond to ellipsoids of revolution
about the axis u, i.e. spheroids concentric to the original (z,u)-spheroid, and they
remain so even if the potential U is multiplied by a factor that could potentially
depend on u. For this reason, introducing the scaling factor b = b(u1, us) does not
change the intrinsic properties of the potential. On the other hand, this offers some
simplifications for mathematical analysis, see Sec. for more details.

1.3. Kinetic equation and macroscopic quantities

In this section, we write the mean-field equation (or large-particle limit) of the
particle system 7. We consider a system of N > 0 identical particles in
R™ for n € {2, 3}, identified by the positions of their centers and the directions of
their main axes (X;,U;);=1,....n that follow the dynamics given by system (1.3a)—
. As N — o0, the particle system is described by the probability distribution
function f = f(t,x,u) of particles at position z with the main axis in direction u
at time ¢. Obtaining the equation for f, at least formally, uses standard tools from
kinetic theory, which we will not detail here but refer the reader to, e.g. Ref. [29.
We start with defining an empirical measure fV of the particles given by

N
1
SN () = N > Sxu .0, (@ w), (L.7)
=1
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where 0(x, (¢),u,(t)) (2, u) is the Dirac delta distribution at (X;(t), Us(t)). The formal
mean-field limit of the kinetic equation for the empirical distribution under the
assumption that fN — f as N — oo solves

where

Vf(t7x1,u1) = / ‘/b(ul,’LLQ,Qig —CEl)f(t,l‘g,UQ) CL’L‘Q d’LLQ. (19)

S’nfl Rn
Next, we define the macroscopic quantities associated to f = f(¢,z,u), namely the
spatial (or mass) density of the particles ps(¢,x) and the mean-nematic direction
Q¢ (t,z) at time t > 0 at position € R™. Our goal is to derive equations for ps(t, x)
and Q¢ (¢, z) from f = f(t,z,u).
The mass density p¢(t,z) is defined by

p(t,x) = f(t, z,u) du.
Snfl

To define Q¢(t, x), we need to consider the following:

(s Q) (t,) = /

<u®u— 1Id> ft,x,u) du, (1.10)
gn—1 n

where Q((t, ) is a matrix associated to the distribution f = f(¢,2,u) and it is
called @-tensor in the literature of liquid crystals see, e.g. Refs. 2|and |30. Note that
Q) is a symmetric, trace-free matrix satisfying Qy > f%Id.

The principal eigenvector of Q(t,x) gives the direction that corresponds to
the mean-nematic direction of the particles located at © € R™ at time ¢ > 0 (see,
e.g. p. 15 of Ref. |16 for an explanation). We denote the principal eigenvector by
Qs(t,z) € S"7! as long as it is unique (up to a change of sign). We have, in
particular, that Q; = Q¢(¢,2) maximizes over S"~! the quantity (see p. 37 of
Ref. [16]),

n

uu- (prQp)u = /Sn_1 ((u ~u)? — 1) f(t,z, a)da.

This can also be seen as a consequence of the Courant-Fisher theorem, or the
min-max theorem, see, e.g. Ref. 28l Indeed, note that if f = fV is the empirical
measure , the previous expression implies that €2y maximizes
| X
U Z(u U;)?,
j=1

which is analogous to maximizing

1 N
N Z Vnem(ua Uj)7
j=1

where Viem is the potential given in Eq. (L.1c|). Thus, Qf defined in this way is
indeed the mean-nematic direction.
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In this paper, we derive equations for the spatial density p = p¢(t, x) of particles
and their mean-nematic direction Q = Q¢(¢,x). Before delving into the details in
the following section, we end this introductory part with some comments on the
continuum equations. For the density p, we obtain an equation of the following
form:

Owp = DyDyp+ puVy - (K(p)pVap),

where K is a functional that depends on p. Note that the particle density does
not depend on the mean-nematic direction §2. However, the effect of the repulsive
potential is present through the functional K, which depends, particularly, on the
anisotropy parameter x? (defined in )

The equation for €2 is a combination of transport and diffusion, with a cross-
diffusion term in p. Intriguingly, the well-posedness of the equation imposes a con-
straint on the parameters. Particularly, we require that

Yo Pu (1.11)

However, this constraint is not required at the particle level. We discuss in detail
possible explanations for this constraint in Sec. Our main result is given in
Theorem and its interpretation is given in Sec.

Structure of the paper. In Sec. [2| we state our main result, Theorem after
some preliminary definitions and results. Theorem is followed by an extensive
interpretation section, Sec. where we comment on each component of our con-
tinuum equations. In Sec. we motivate our choice of the Gaussian-type repulsive
potential by comparing it with similar interaction potentials used in the lit-
erature. Section [3.2)is dedicated to numerical simulations of the stochastic particle
system 71.3b. Here, we conduct a detailed parameter study and a numerical
comparison of the effect of different repulsive potentials on the global alignment of
the particles. We dedicate Sec. 4] to the proof of Theorem Finally, the paper is
complemented with some concluding remarks and perspectives in Sec. [5] followed
by appendices.

2. Continuum Equations

In this section, we derive continuum equations, namely the equations for the mass
density pf(t,z) and the mean-nematic direction Q(¢,x) from the kinetic equa-
tion . We start with non-dimensionalizing the kinetic equation . To this
end, we introduce a scaling parameter 0 < ¢ < 1 and denote by f¢ the solution of
the scaled kinetic equation.

Non-dimensionalization. Introducing the units of space xy and time ty, we define
the dimensionless variables,

xr ~
{%:—7 t:—7 = fL‘n
T i feta
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and the dimensionless parameters,

t ~ ~ ~ Dt ~ { ~ d
fi=p—, A=tg\, Dy=toD,, Dy=—5° [(=—, d=—.
g zy Zo Lo

We remark that the anisotropy factor y and the potential V} are already dimen-
sionless. Thus, we have

X=x. %W=W, V=V
Using these dimensionless quantities, dropping the tildes for the sake of simplicity,

we obtain exactly the same equation as before, i.e. we end up with Eq. (1.8). But
now all the variables and parameters are without units.

Scaling. Considering a scaling parameter 0 < ¢ < 1, we introduce the primed
variables below,

(=¢l', d=ed, p=c "y, A= ")\ D,=¢9D, (2.1)

where a € (0,2] is a constant.
Note that the scaling in ¢ and d combined with the scaling of the potential by
e"Vi = Vy produces a localization in space of the potential V; (for details, see
Lemma 2.1)). The choice of a has an influence on the resulting macroscopic equation

(see Remark . Notice also that the diffusion constant D, stays of order 1. We
obtain the following rescaled kinetic equation (skipping the primes for simplicity):

0f° = Vs - (VaVE)[T) = Doldof* = — (AVu- (VuVE)ST) + Duldy 7).

1
=
Next, we further expand the potential V.

Lemma 2.1 (Expansion of the potential). Considering £ = el and d = ed’
we have the following expansion Vi of the scaled weighted Gaussian potential Vi

(defined by using (1.6])) :

1
Vit zi,ur) i= ;Vf(t,wlyul)

- /Sn_1 (1- X (us - U2)2) f(t,x1,u2) dus

2

+ T (1 —x?(uy - u2)2) S(ur, uz) : V2F(t, x1,u2) dug + O(e%)
Sn—l

= Wy(t,z1,u1) + 2 By(t,x1,u1) + O(?), (2.2)

where V2 is the Hessian, i.e. a n X n-matriz with components (VZ)” = 0z, 0u;, 7
denotes the double contraction, i.e. A: B := Zij AijBij, Wy and By are defined
as

Wy (t, 21, u1) := /s » (1= (u1 - u2)?) f(t, @1, up) dug, (2.3)

1

By(t,x1,u1) == Z/ (1= x*(u1 - u2)?) S(ur, uz) : V2f(t, 21, up) dus.  (2.4)
S§n—1
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Proof. The proof can be found in Appendix O

Nematic alignment potentials analogous to Wy appear in the literature of col-
lective dynamics, e.g. in a model for nematic alignment of fibers ¢ in a model for
body attitude coordination/t% and in a model of pure nematic alignment 12

Finally, using the expansion for the scaled weighted Gaussian potential V§ in
Lemma 2.1] we obtain

Of = Vo - (VaWie) f7) = Doy f© = €AV, - (VuBye) f7)

Du € min —a
= ZEO(f7) + O e, (25)

with a € (0,2] and where
A

C(f) ::E

Remark 2.1 (Motivation for the scaling factor a and scaling choices). The
scaled kinetic equation with @ = 2 can also be equivalently obtained by just scaling
space and time by 2’ = y/ex and ¢ = et, which corresponds to a diffusive scaling.
However, we also consider an alternative scaling (corresponding to a € (0,2)) where
the term By vanishes in the macroscopic limit. The term By is specific to the
Gaussian repulsive potential, and it acts as a correction to the primary nematic
alignment potential W;. As we will see, the term By is unique in the sense that
it gives different behavior for prolate and oblate particles (see term II3 in the
macroscopic limit ) The two scaling factors that we consider highlight the
differences in the dynamics with and without the term By.

The scaling for ¢ and d presented in makes the ellipsoid’s size vanish as
e — 0, while keeping the aspect ratio. This scaling choice can be interpreted as
doing a ‘zoom out’ in space. The scaling for A, D, makes the term acting on the
orientation u predominant, while keeping the ratio between the potential force and
the noise intensity AVy/D, invariant under rescaling. Finally the parameter p is
rescaled so that the total potential force acting on the positions of the particles uVy
is invariant under rescaling.

Our goal is to derive equations for the time evolution of the mass density py =
p¢(t, ) and the mean-nematic direction Qy = Q¢(t, x). For this reason, we rewrite
the kinetic equation in terms of the Q-tensor Q. First, using that (u - v)? =
u” (v ® v)u and that py =[5, fdu, we rewrite Wy in as follows:

2
Wi (t,1,u1) = —x’ui (prQp)ur — (fb - 1) py- (2.6)

With this new expression for Wy and using that V,py = 0, the kinetic equation (2.5)

becomes

X2

Of* 1V - (Val ™ (g Qo)) f) + ( - 1) V. (Vaps)f)

n

— A2V, - ((VuBy) f5) = DpAg f° = %C(ff) +O(emmEmah) - (2.7)
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where
O(f) = V- (Vuf AL (x%T(prf)u)) | (25)

In the following section, we give some preliminary definitions and concepts to
analyze the operator C' in detail.

2.1. Properties of the operator C

From Eq. , we can observe that, at least formally, if f¢ converges to some
function f° as e — 0, then it must hold that f° belongs to the kernel of the operator
C, i.e. C(fo) = 0. Fortunately, the equilibria for C have already been studied in
Ref. [14] and in this section we summarize the results presented there. Therefore,
this section mainly follows some results of Ref. [14] omitting their proofs.

In particular, we are interested in stable equilibria of the operator C' (for an
exact notion of stability see Ref.|14). The key result, containing the characterization
of the stable equilibria of C, is given in Lemma [2.3] which can be found at the end
of this section.

Remark 2.2. The operator C defined in (2.8) is equivalent to the one presented
in Eq. (39) in Ref. |14 for
2
XA
== 2.9
a2 (2:9)
Next, we introduce some preliminaries.
Definition 2.1 (Uniaxial tensor). Given 2 € S*"~!, the normalized, uniaxial,
trace-free tensor Ag in the direction of Q is defined by

Ag= Q@ Q- L1d. (2.10)
n

The tensor Aq is symmetric with principal eigenvalue ”T_l It is called uniax-
ial since it has only two eigenvalues and one of them is simple. The normalized
eigenvectors associated to the simple eigenvalue are +().

Next, we define the Gibbs distributions of uniaxial tensors.

Definition 2.2 (Gibbs distribution of an uniaxial tensor). Given 7 > 0 and
the tensor Ag, the Gibbs distribution G, 4, associated to nAq is defined as

1
Ghag(u) = Z—e’7(“'9)27 where Z, = /S B e gy, (2.11)

n
Finally, the order parameter associated to a Gibbs distribution is defined as

follows.

Definition 2.3 (Order parameter). The order parameter associated to G4, is
denoted by Sy = Sa2(n) and given by
n

n 1
Sa(n) = — 1QTQG"AQQ = /S 3 ((u Q)2 - n) Gpag du, (2.12)

n—1
where Qg, ,, 1s the Q-tensor associated to Gya,,.
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Remark 2.3. Using the change of variables (4.1), the order parameter Sa(n) can
be written as

So(n) = i /o (C082 60— i) gy (0) sin™ 26 do, (2.13)

n—1
where the function g, is given in .
Note that Sy(n) is actually independent of Q and it satisfies the following.
Lemma 2.2 (Proposition 2 in Ref. [14). It holds that

QGUAQ = SZ(n)AQ

Moreover, Sy : (0,00) — (0, 1) is non-decreasing with Sy — 0 asn — 0 and Sy — 1
as n — 0.

Next, we define the function 1 = n(p) implicitly through the following equation.

Proposition 2.1 (Implicit definition of n = 1n(p), Proposition 3 in Ref. 14]).
The equation
/A
ap
has at least a root n if and only if p € (p«,+0), px > 0. Moreover, has at
most two roots. Choosing the largest root, we can define a smooth, non-decreasing
function (p., +00) = (n*,+00), p — n(p), where n* = lim,_,,, n(p) > 0.

Sa(n) (2.14)

Finally, with all the definitions above, we can state the main result regarding
the equilibria of C.

Lemma 2.3 (Stable equilibria of C, Lemma 4.4 in Ref. |14). Let n € {2,3}.
For p, given in Proposition the following holds:
(i) If p < p«, then f = p (the uniform equilibrium) is the only stable equilibrium
of the operator C.
(ii) If p > p«, then the only stable equilibria of the operator C' are of the form
f=pGnip)aq-

In particular, we have
Qr = S2(n(p))Aq, (2.15)
where So and n = n(p) are defined in (2.12) and (2.14)), respectively. Eq. (2.15))

is referred to as “consistency relation” and can be written, using (2.14)), equiv-
alently as

OéPQGW)AQ =n(p)Aq. (2.16)

Remark 2.4. The operator C' is analogous to the operator that appears for models
of nematic alignment where the nematic alignment is imposed, see, e.g. Ref. [19.
However, in Ref. |19 the potential is written in a so-called, ‘mean-field force’ form
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rather than a binary force. Here, we have the term

1
o) =@ [ (wap - 1) o0 du,
sn-
while in Ref. [19| this operator is replaced by
1
pa(u) == uTAqu = (u- Qf)2 o

where ¢ corresponds to the mean-nematic direction (that is why it is called ‘mean-
field force’). We expect that both cases lead to nematic alignment. Already in
the case ¢y we see that u = £{); is the maximizer. In the first case, we also
know that €f corresponds to the principal eigenvector of @, gives the mean-
nematic direction and maximizes ;. However, it is not guaranteed that the
principal eigenvalue has only multiplicity 1. This adds an extra degree of dif-
ficulty to the analysis. Lemma [2.3] demonstrates that this leads to phase tran-
sitions in the macroscopic limit, with spatial regions of disordered dynamics,
i.e. the dynamics where a well-defined principal eigenvector does not exist, and
thus, particles do not align. This takes place in the regions of low density,
ie. p < ps.

Remark 2.5. Given the matrix Qy, suppose that Q; € S"! is the principal
eigenvector (assumed to be unique up to a change in sign). Then, it holds that
Agq, also has a principal eigenvector €2¢. So, both Q; and Agq, give the same
mean-nematic direction. However, Qy # Agq;, in general. In particular, the principal
eigenvalue of Aq, is always ”T’l, while for ()5 the eigenvalues have "7—:1 as an upper
bound (see Ref. [19)). In particular (see Ref. [14)), to measure the degree of nematic

alignment one considers the following order parameter 7y:
n
= ——03r € (0,1], 2.17
v = ——1Pr € (0,1] (2.17)

where 3¢ is the largest eigenvalue of Q¢. If f is uniformly distributed on the sphere
(particles are fully misaligned), then 7 is close to 0. On the contrary, if f is close to
%(59 +0_gq), i.e. particles are fully aligned and Qy = Agq,, then vy = 1. So the case
Qy = Aq, is an extreme case that corresponds to having all particles nematically
aligned in the direction {2;.

In fact, the function Sy = S2(n) is the order parameter of G, 4.

Remark 2.6. As n — 0, G4, converges to the uniform probability distribution
on S~ and Sy converges to 0. As n — 00, Gy, converges to two Dirac delta dis-
tributions 1 (8 +6_q) which accounts for fully aligned distribution in the direction
of © and thus also Sy converges to 1. Therefore, as 7 increases, S2 increases too
(see also Fig. b)), and G4, shows increasing order of alignment.

Now, we are ready to state our main result in the following section.
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2.2. The macroscopic limit

Assumption 2.1. We assume throughout that all the functions are as smooth as
needed so that all the limits exist and the convergences are as strong as needed.

Next, we introduce the following definition which we will use in the theorem
below.

Definition 2.4. Let A be a 5-tensor and B a 4-tensor in R", then we define the
following operation between tensors:

([A: Bli2,3,4,5:1,2,3.4))p = Z ApjkimBikim, p=1,...,n.

7,k,l,m=1
The contraction with the subscript [2,3 : 1,2] is analogously defined.

We give our main result in the following theorem.

Theorem 2.1. Letn € {2,3}, a € (0,2], and f° = f°(t,z,u) be the solution to the
kinetic equation . Suppose that Assumption holds and that f°(t,x,u) —
fOt,x,u) as e = 0. Consider (t,x) such that [y, f'du > p. (where p, is given
wn Proposition . Then, in this domain, it holds that f° = p(t, )Gy (p)a, with

p(t,x) = [ouor fOdu > p., where Ag,Gupyaq,n(p) are given in (2.10), (2.11)
and (2.14)), respectively. Moreover, the mass density p(t,z) and the mean-nematic
direction of the particles QU(t, x) satisfy the following system of equations

Oip = DplDyp+ pVa - (K(n(p))pVap) (2.18a)
8tQ + uHQ(p)(pr . Vx)Q + 1% (O' - I/) PQL AxQ = ]1a=2)\H3(Q, p)7 (218b)

where

2 n—1
K(n(p)) =1~ " = 0=——=Sa(n(p))n(p) (2.19)
and
D, y D,
0= =—
A 1
Moreover, 15 is given by
o2 X ' (p)
s (p) = +——-14+2 o—v
W)= o) Y
c3,2(p) U)
+n 2(c —v)—= —d o—-2v)——|,
70) (200 -0 228~ daglo) (0 - 2) -
where for k,p € NU{0}, cpp = cip(p) and dip, = dip(p) are given by
Chp(p) = / cos® 0, (0) by (cos 0) sin™~>TP 9 do, (2.20)
0
dip(p) == / cos® 0g, () (0) sin" 21 0 do, (2.21)
0

where the function h, is defined in Proposition and the function g, s given
in (4.2)). It holds that z?—z >0 and dazo > 0.
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In the case of a = 2, the right-hand side of (2.18b)) does not vanish and Il3 is
given by

= (¢ —d*)[(Hj : (Dip))][2,3:172] — 2x*d*[H} : Az(pH2)l[2,3:1,2)
—x2(0? = d*)([H] : (D? © (pH2))]2,3.4,5:1,2,3,4]

+[H; @ D : (pH4)[2,3,4,5:1,2,3.4]); (2.22)
where in the case of dimension n = 2 we have that

Hy = dao(Q® Q) + do2(QF @ QF), (2.23)

Hj = ds Q' @ (@12 Q) + (22 Q1)) (2.24)

Hy=dyo(Q® Q@ QR Q) + da2S0 201 (2, Q)

+doa(Qt 20t @0t @ 0t), (2.25)

Hj = QF @ (di2S30.01 (2, Q) + daaSq 30+ (2,01)) (2.26)

with
S50.201 (2,05 = (220" + 022 Qe QT+ QT2 Q)
+020 M 20+ 0t 200

and

S30.01(2,05) = QR Qe+ 0t 2 Q)
+( Q2T+t 02 Qe Q)

and Sq 3oL is defined analogously as Ssq v (by exchanging the wvalues of
and Q1).

In dimension n > 3, the values of Ho, Hy, Hy, H} are more complex and are
giwen in Proposition [2.2] below.

Proposition 2.2 (Dimension n > 3). For n > 3 the functions Hy, HY, Hy, H}
are given by

d
Hy(n, 2,Q0%) = dao(Q® Q) + ﬁpﬂiv (2.27)
d
Hj(n,Q,0%) = ﬁ (Por ® Q4 [Por © Q® Poiliaa), (2.28)
do,a

Hi(n, Q0N =dso(Q202Q2 Q) + ——2——
4(n ) 10(2R2RQ® )+(n—1)(n+1)

da.2

+n71

[Prr @02@024+QR@ P @Q+Q2RQ® Py
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+[Por @ Q® Por @ Q.os + [Por ® Q@ Q® Pyilios

+[Q® Py @ Q® Pqu1).3s5)
dy 4

(n—1)(n+1)

+[PQL®Q®PQL ®Q®Q}:24

Hj(n,Q,0Q%) =

d
+n4_’21[PQL®Q®Q®Q

+[Par 022021 Py @ Qa5+ [Por @22 Q® Q@ Pgil.ag),
where I is symmetric order-4 tensor defined by
I' = 3Sym(Pqr ® Po1). (2.29)
In Cartesian coordinates I' is given by
Lijr = (Pox)ij(Pat )i + (Pav)ik(Pot)ji + (Pox )a(Pox ) jk-
Also, T is a 5-tensor with components
Tiinip = Sije1Qp + SijrpSh + Sijpi Q% + SipriQj, (2.30)

where

Siiii = 3T4iiir  Siijs = Tiigjr  Sijig = Dijiss Sijji = Digga
fori,j € {1,...,n} such that i # j, otherwise S’ij;d is zero. Above we used the
notation

[Por @ Q® Pgil.o4

to denote a 3-tensor whose (i, j, k) component is given by
n
([Por @ Q® Po1]i2a)ijr = Z(PQL)inj(PQi )pks
p=1
i.e. in this case we contract the full tensor Po1 ® Q ® Pq1, which is a 5-tensor, by
summing over the second and the forth indices (that is why we have the sub-index
notation : 24). One defines the other contractions analogously.

The proof of the Proposition is given in Sec.
Moreover, from Theorem we can deduce the following.

Corollary 2.1 (Isotropic regime). Let n € {2,3} and a € (0,2]. Suppose that
fe— pase — 0, then it holds that

2

Proof. The proof of the corollary directly follows the steps of the proof of Theo-
rem [2.1] to obtain the equation for p. O

The proof of Theorem [2.1]is postponed to Sec. [l Next, we comment on Theo-
rem [2.1] particularly on Egs. (2.18a]) and (2.18).
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2.3. Comments on the continuum equations

In this section, we discuss the macroscopic equations for the mass density and the

mean-nematic direction (2.18a)) and ([2.18b)), respectively.

2.3.1. The equation for the mass density

Equation is a diffusion-type equation in divergence form and hence the
total mass fRn pdz is preserved over time. The equation is formed by the sum of a
linear diffusion and a non-linear diffusion term. The purely diffusive term with the
diffusion constant D, arises from the Brownian motion at the particle level. The
second term on the right-hand side resembles a porous medium equation, but with
a diffusion coefficient K that depends also on the density p. Numerical experiments
indicate that K(n(p)), as given in Eq. (2.19), is non-negative, see Remark

Effect of particle anisotropy. Interestingly, the equation for the mass density
is independent of the mean-nematic direction 2. However, the anisotropy of the
particles modifies Eq. . To understand the effect of particle anisotropy, char-
acterized by x and defined in , we first consider spherical particles. For spherical
particles, x = 0, and the potential V; becomes isotropic, i.e.

T — x1)?
V(o — x1) = (47) 7% exp <|22dQl> .

In this case, particles’ positions and directions are completely decoupled in the
discrete system since V,V, = 0 and V.V, is independent of u. Moreover,
one straightforwardly obtains the following equation for p (by directly integrating
equation and noting that Wy = p in this case):

Op = DyDyp+ pVy - (pVap) for x =0,

which is the porous medium equation with linear diffusion. Note that it corresponds
to Eq. , where we assumed that f¢ — p as ¢ — 0. Therefore, the difference
between the isotropic and the anisotropic cases is encapsulated in the non-linear
diffusion coefficient K (n) # 1.

Now, note that

2
K <1-2

n

since Sz(n) € (0,1) and » is non-decreasing (see also Fig. |A.1)).

Remark 2.7 (Non-negativity of the diffusion coefficient K). Even though,
we do not have an analytical guarantee that K is non-negative, numerical simula-
tions suggest that K actually has a lower bound 1 — x2? > 0. Figure a) shows the
evolution of K as n > 0 varies for different values of x. The dashed lines in match-
ing colors represent the numerical lower bound for K and the dotted lines display
the upper bound 1 — X?Z for K. Moreover, in Fig. b), the gray area shows the
range of K values with respect to x when other parameters, i.e. o, also vary. Here,



Math. Models Methods Appl. Sci. 2025.35:2129-2179. Downloaded from www.worldscientific.com
by DELFT UNIVERSITY OF TECHNOLOGY on 10/14/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

2146 S. Merino-Aceituno et al.

ST T—
-
N
h ~
\\
<05 I
~
~
~
~
N
.
.
A
A
A
A
0.0, N
0.0 0.5 1.0
0.0 X
0 10 20 30 40
n Observed K values == 1—y’ 1-x*/n
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Fig. 3. (a) Time evolution of the diffusion coefficient K(n) with respect to n with different x
values. The dotted lines and the dashed lines correspond to 1 — x2/n (upper bound for K) and
1—x2 (lower bound for K), respectively, for the matching color x values. (b) The range of K (n) for
x € (0,1) and o € [278,28]. The dotted and the dashed lines show the upper and the (numerical)
lower bound for K, respectively.

we can numerically further confirm that the lower bound for observed K values is
1 — x?, denoted by the blue dashed line. Note also that, in dimension n = 3, y
can take negative values, i.e. x € [—1, 1]. However, this does not change the value
of K since only 2 is involved in the computation of K. That is why we only dis-
play x € [0,1] in Fig. (b) and naturally it would be symmetric for x € [—1,0].
Moreover, our numerical experiments include how K changes with respect to p for
various x € (0, 1) values, see Fig. [A.1|(c), where, again, K remains non-negative.

Assuming that K > 0, the particle anisotropy contributes to a slowdown in the
non-linear diffusion. In dimension n = 3, when the particles are rods (y = 1) or flat
disks (x = —1) we have that K (n) < 2/3; thus, the original speed of diffusion p is
reduced to at least two-thirds of the anisotropic case. One may hypothesize that
this effect is due to anisotropic particles being able to pack and occupy less volume
when aligned, so they produce less diffusion. Indeed, our numerical investigations
regarding the effect of particle anisotropy on the global alignment also confirm that
particles with higher anisotropy reach total global alignment faster. We observe
that the particles which are closer to perfect circle in shape (x &~ 0) and low in
density do not reach alignment by the end of the simulation time, whereas particles
which are more elongated ellipses (x & 1) with higher densities align globally in a
shorter time frame, see, e.g. Fig. [7] We refer to Sec. for a detailed discussion.

2.3.2. The equation for the mean-nematic direction

First, we remark that the equation for the mean-nematic direction €2, Eq. ,
is non-conservative. It can be verified that |2|(¢) remains constant over time, as all
the terms lie within the space spanned by Q+. Consequently, € stays on the sphere
at all times.
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The term Il corresponds to transport of §2 in the direction V,p. However, the
sign of II3(p) is not immediately clear, or it is uncertain if it changes sign during
the dynamics. Notably, IIs would vanish if 4 = 0, indicating that this term arises
from the repulsive potential acting on particle positions.

The last term on the left-hand side of corresponds to diffusion in the
direction 2. The projection term Pn1 ensures that {2 remains on the sphere. One can
check that when particles are spherical, there is no equation for 2, which is expected
since the direction ) does not influence the dynamics in this case. If u = 0, the
diffusion constant reduces to D,, meaning that, in this case, the diffusion originates
only from the Brownian motion of the positions of the particles. Intriguingly, the
constant po introduces an anti-diffusion effect.

The case a € (0,2). When a € (0,2), the right-hand side of vanishes. In
this case, the dynamics for p and 2 are identical for prolate and oblate particles
with the same values of x2?. Consequently, at the macroscopic level, the equations
do not differentiate between these two types of particles.

2.3.3. The case a =2

When a = 2, the term II3, given by Eq. (2.22]), does not vanish. This term gives the
effect of the repulsive potential on the directionality of the particles. Specifically,
from Lemma the potential Vi expands as

Vi =Wys+e*By + O(e°),

where W; is a nematic-alignment force, and the term B; — which generates I3 —
arises from the specific form of the repulsive potential V} considered. The term II3
involves either second-order differential operators or products of first-order differ-
ential operators.

Interpreting II3 is not straightforward, but it is clearly distinct from the other
terms in Eq. . Notably, II3 is the only term where the distinction between
oblate (¢ < d) and prolate (£ > d) particles matter. Specifically, oblate and prolate
particles exhibit opposite signs for the first and last two terms of II3. If the diffusion
constants are positive for prolate particles, they will be negative for oblate particles,
and vice versa. As a result, the qualitative behavior of oblate and prolate particles
will differ significantly.

Note that the second term in II3 is solely influenced by the length d. If d = 0
(i.e. if the particles are rod-shaped), this term disappears.

To simplify the interpretation of I3, in the next two paragraphs we focus only
on dimension n = 2.

Anisotropic equilibrium (dz,0 # do,2). One can expand the contractions in
I3 further considering expressions (2.23)—(2.26)). For example, for the second term
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in we have that
[H3 : (Az(pH2))]2,3:1,2) = 2dz,zdz,oQL (P(QL A0 + 20+ - [(Vap- Va:)ﬂ])
+2d3,5d0 22" (p(Q - A Q1) + 20 - [(Vap - V,)QH]) .

For these equations, it is critical that ds o # do 2, since, if they were the same, then
H, would be equal to the identity and this would imply that

[HQT : (ApId)][Q,g:LQ] = 0,
since (2 ® Q1) : Id = Q- Q+ = 0. Moreover, if dag = dp 2, then the third term
of (2.22)) would become:
[HY : D2 ® pld]j2,3.45:1,2,3.4) = do,o(doa + da2) QT [(Q@ QT+ QT Q) : (D2p)].

Therefore, the fact that ds g # do 2 creates an anisotropy that produces deriva-
tives in Q and Q. If G4, was the uniform distribution (i.e. if £ = d), then
we would have that da o = dp,2. Thus, this effect is linked to the anisotropy of the
particles.

Cross-diffusion term. The term of II3 containing the second derivatives of p is
b(p)pH (2@ QT + 0t @ Q) : Dy,

where
n—1

b(p) == $10)cs

This term makes system ([2.18a])—(2.18b]) of a cross-diffusion type. In dimension n =
3, it is clear that if the diffusion coefficient b(p) is positive for prolate particles then

it is negative for oblate particles (and vice versa). This will particularly complicate

(€2 — d2) (d272 — X2(d472d270 + d274d072) — 2X2d§72) .

the study of the well-posedness of the equations, which we leave for future work.

2.4. Parameter regime for the validity of the continuum equations

It remains an open question to determine for which parameter regime the macro-
scopic equations ([2.18a])-([2.18b) are well-posed. In particular, the consistency rela-
tion imposes a major constraint on the dynamics. Particularly, when p < p,,
the macroscopic equations lose their validity. In this section, we illustrate this effect
with a couple of examples.

Diffusion term in 2. For the well-posedness of the equations, we require the
diffusion constant in 2, given by u(v — o), (see the left-hand side of ([2.18b)), to be
positive. This is equivalent to the condition:

A
A
D, D,
This condition establishes a balance between the noise intensities D, D, and the

intensity of the alignment interactions w, A. If 4 = A, then we must have D,, < D,



Math. Models Methods Appl. Sci. 2025.35:2129-2179. Downloaded from www.worldscientific.com
by DELFT UNIVERSITY OF TECHNOLOGY on 10/14/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Macroscopic effects of an anisotropic Gaussian-type repulsive potential 2149

(i.e. the noise intensity in the directions must be smaller than in the positions).
If D, = Dy, then p < X\ must hold (i.e. the intensity of the potential must be
stronger for the directions than for the positions). Additionally, for well-posedness,
it is required that D, > 0. These parameter constraints suggest that there are
certain aspects of the microscopic dynamics that the macroscopic equations fail to
capture. Moreover, in Sec. we present some numerical tests on this condition at
the microscopic level, simulating the stochastic particle system . The results
indicate that when the continuum equations are ill-posed, i.e. when o > v, the
particles do not reach any type of alignment. This can be observed particularly in
Figs. @ and [f] For further details, we refer the reader to Sec. [3.2]

The critical case v = o. Let us consider the critical case where v = o. In this
case the diffusive term in 2 vanishes. We explore this scenario in more detail.
Note that we can rewrite the kinetic equation (2.7) (for a € (0,2)) as

X2
8, f¢ — DV, - (fos - D—ffvw (uT(Pfo)U)>
X2
T (n - 1) Vo (Vaps) )
_ %C( )+ 0(2), (2:32)

where we recall,
X2>\ T
O(f) =Vy- (vuf D fVay (u (prf)u)> .

Note that the second term in (2.32)) has the same shape as the operator C except
that the derivatives are in x and the parameter values differ.
Ifv=o,ie. % = [;“7 the second term in (2.32)) can be rewritten as

fe .
-D,V, - (Ga Q;Va ( ,  with a =
P f Gaprf

X
p
By Lemma [2.3] when f¢ — pG, ,)a,, we have that Ga,,q, — Gy(p)a, and in the

limit (2.33]) becomes

(2.33)

—vam ' (GU(P)AQpr)) )

Integrating (2.32)), and using the fact that [ Go(p)Aq du = 1, we obtain Eq. (2.31)),
which is the equation obtained in the isotropic regime corresponding to f¢ — p as

e — 0. A possible explanation for this is that when p = o the density p declines
rapidly below the critical density p. due to the diffusive processes involved.

In conclusion, we emphasize two main takeaways on the validity of the contin-
uum equations. First, the macroscopic limit does not hold for arbitrary parameter
values. Second, the macroscopic equation ceases to be valid when p < p, (at the
points where Eq. holds and we enter the isotropic regime). However, we have
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no prior information on the specific points in space or the times at which this may
occur.

We finish with a remark concerning the validity of the continuum equations for
higher dimensions.

Remark 2.8 (Higher dimensions). The macroscopic limit presented in this
paper only holds for n € {2, 3} since in Lemma we only obtain stable equilibria
for these dimensions. Existence of stable equilibria for n > 4 is an open problem.
However, if Lemma [2.3] holds for n > 4, we could conjecture that Theorem [2-1]
would also hold for n > 4.

3. Repulsive Potentials and Particle Simulations

In this section, we comment on the different Gaussian-type repulsive potentials,
motivate our choice (1.6 and present numerical simulations for particles following

the dynamics (|1.3a))—(1.3b]).

3.1. Gaussian-type anisotropic repulsive potentials

Earlier, we described the binary interactions between identical particles via an
anisotropic potential V;, given by Eq. (1.4). We comment on two particular choices
of the scaling factor b > 0 in (1.4).

The Berne—Pechukas potential. One of the first soft anisotropic potentials that
appeared in the literature is that of a soft repulsive potential between two spheroids
using the Gaussian potential. It was first introduced by Berne and Pechukas in
Ref. |5l In Ref. 5, the scaling factor b(u, us) is given by

bap (ur, ug) = (1 — 2 (uy - up)?) ™2 = det(¥) "2, (3.1)

where y is defined by (1.2)). This is a very natural choice for the scaling factor b, as
it guarantees that V}, is a multivariate Gaussian distribution in the variable R with
a covariance matrix given by %/2.

The non-scaled Gaussian potential. Berne and Pechukas in Ref. |5 con-
sidered a scaling factor b such that the potential (|1.4) is normalized, i.e.
Jga Vogp (u1,u2, R) dR = 1. However, one could choose to work directly with the
potential without normalization, i.e. consider the scaling factor

bNR(ul, Ug) = (471')"/2. (32)

Note that both, the potential V4., and the potential without normalization V4.,
have the same level sets in space (up to scaling). The level sets in directions, how-
ever, are different and this has important consequences.

3.1.1. Motivation for the interaction potential

We focus on the non-scaled Gaussian potential for two reasons. First, the Berne—
Pechukas potential does not produce nematic alignment at first order, see below
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item (ii). Second, we want to avoid the modification in the directions introduced by
the scaling. However, considering a system interacting via this potential is mathe-
matically challenging to study, and, therefore, we consider a modified version of the
non-scaled Gaussian potential, retaining the similar properties, this was explained
in Remark Instead of , we work with , as introduced earlier. This sim-
plification resembles to the simplification done when considering the Maier—Saupe
potential bys(u, v') := (u-u')? instead of the Onsager potential bo (u,u’) := |u- 1’|,
see, Ref. [31. Both potentials have the same minimizer, but byg is easier to study
mathematically.

Moreover, using , we then observe that the leading term of the expan-

sion (2.2)) is given by
We(t,w1,u1) := / (1= xP(ur - u2)?) f(t, 21, uz) dus.
§n—1

The function inside the integrand ¢(u1, us2) := (1 — x*(uq - u2)?) resembles that of
the Maier-Saupe potential>l
particular,

and motivates our choice for the rescaling factor b. In

(i) if we consider b =1 (i.e. without scaling of the potential), we obtain

We(t, x1,u1) := / (1= x*(w 'u2)2)1/2 f(t,x1,uz) dus,
Sn—l

with @(uy,uz) == (1 — x*(uq - uQ)Q)l/Q. Even though the potential with ¢ and
the potential with ¢ have the same minimizers in terms of uq,ua, Wy is more
straightforward to analyze since we can rewrite it as

Wf(t? xl,U1) = U,,{ (/ (Id - XQ(uQ by UQ))f(t, Z1, u2) dU2> Uy,
S§n—1

i.e. we can decouple the variables u; and ug and recast Wy in terms of Q5 (see
Eqgs. and ) As previously mentioned, a similar simplification is done
when, instead of considering the Onsager potential bo(u1,u2) = |uy - uz|, one
considers the Maier-Saupe potential byig (w1, us) = (u - u2)?, see Ref. 31| for
more details.

(ii) if we consider the Berne—Pechukas scaling bgp in , then the corresponding
potential takes the following form:

W}BP(t,xl) = ft, 1, uz) dug = p(t, x1). (3.3)
Sn—1
Since the total integral of Vi, is one, we do not obtain a nematic alignment
potential at the leading order.

In Sec. we provide a numerical comparison of stochastic particle systems inter-
acting via these different potentials. Indeed, we observe that particles interacting
via the Berne-Pechukas potential do not align, see Fig. [0}
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3.2. Numerical simulations

This section is dedicated to the numerical simulations of the stochastic particle
system , particularly to compare the particle-level dynamics at longer times
with our analytical predictions on the macroscopic dynamics.

We start with the study of how the central assumption for well-posedness ((1.11])
at the macroscopic level affects the particle dynamics. Subsequently, we investigate
the impact of the anisotropy of the particles (measured by x defined in ) and
the particle density on the particle interaction dynamics. We finish the numerical
simulations section with a comparison between the different types of interaction
potentials mentioned in Sec.

The source code for the particle simulations is provided at

https://github.com/cwytrzens/anisotropic_particles.

3.2.1. Numerical implementation

We simulate the discrete particle dynamics in dimension n = 2, governed by
the stochastic differential equations and on a periodic domain. The
simulations use an explicit Runge-Kutta Milstein method of strong order 1 with
adaptive time stepping. This numerical method is part of the Julia package
StochasticDiffEq. j1, see Ref. 27, Since we want to study a wide range of model
parameters, it is crucial to use an adaptive time-stepping method, as the stiffness
of the system strongly depends on the model parameters and differs across the
parameter range that we investigate. We use default tolerance parameters reltol
= 1072 and abstol = 10~2. Moreover, in order to allow faster numerical evalua-
tions of the interaction forces, we truncate the potential Vj, as defined in Eq.
for R = |X; — X;| > 8max(¥,d).

For the particle simulations, we consider a square domain of size [0, L] x [0, L,]
with L, = L, = 100 and fix the number of particles at N = 10°. The initial
positions X; and directions u; of the particles are taken uniform and random for i =
1,...,N. Moreover, we set tonqg = 1.5 x 10°, the time at which the simulations stop.

We perform an extensive parameter study for each remaining parameter pair,
namely, the diffusion constants in space D, and direction D,; the strength factors
of the repulsive force, i and \; the anisotropy parameter y, and the particle density
p which we define as

b= ng (3.4)
and it represents the ratio of the total volume of all particles to the domain size.
The parameters x and p determine d and ¢ uniquely (by solving and for
d and ?).

3.2.2. Parameter study

For the parameter study, we focus on capturing the regime of parameter values
at which the global alignment is reached versus those at which the particles fail


https://github.com/cwytrzens/anisotropic_particles
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Table 1. Default model parameters for the simulations of the
particle system.

Parameter Value
X 0.9

P 1

D, 2—4
D, 2— 11

A 28

m 213

N 10°
Ly, Ly 100
tond 1.5 x 10°

to align globally. As the dynamics depend on many parameters and the balance
between them, capturing all interesting parameter combinations is very challenging;
thus, out of the scope of this numerical study. To measure alignment, we compute
the order parameter ~; which is given in . If not stated otherwise, all the
simulations use the default parameters given in Table

To capture the transition to alignment, we typically vary one or two parameters
while keeping the others fixed. This approach allows for a direct comparison between
our numerical results and the theoretical prediction that the condition o < v is
necessary for well-posedness of the continuum equations, see . Recalling that
o= % and v = %, we study the trajectories of the order parameter ¢ by varying
D, relative to D,, and A relative to p, while keeping the remaining parameters
constant.

Another primary feature of our particle system is the global alignment induced
by the anisotropy of the particles. To investigate this feature, we conduct a parame-
ter study of x versus p. Specifically, we study the impact of the anisotropy parameter
x on global alignment by defining the parameters ¢ and d implicitly in terms of x
and p.

For each parameter pair (D,, D,), (A, 1), and (x, p), we present three plots:

(a) The expected trajectories of the mean global alignment ¢, obtained by varying
one parameter while keeping the others constant.

(b) A similar plot for the second parameter of the pair.

(c) A heatmap of the mean order parameter v at the final simulation time fenq,
obtained by varying both parameters simultaneously. The heatmap highlights
the transition to alignment with the transition front (¢ = v) marked by a red
line.

For each parameter combination, we collect 8 simulation samples to estimate
the trajectory of the mean global alignment, where the matching color bands show
the standard deviation.
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3.2.3. Simulation results

In this section, we present the results of our numerical experiments.

We start with the study of our first parameter pair, diffusion constants D, and
D, presented in Fig. Figure displays the trajectories of the order parameter
¢ over time for different values of D, = 2% for k = 2,...,7 and D, fixed at 0.
Hence, there is no noise present in the particle directions u. We observe that the
smaller the value of D,, the slower the emergence of the global alignment. We fix
D, = 27* as the default value and look at various D, values in Fig.

We observe an opposite effect for D,,. In Fig. varying D, shows that less
angular noise leads to quicker alignment and too large noise might prevent reaching
alignment all-together.

Finally, in Fig. we display the order parameter vy at the final simulation
time tenq as a heatmap of varying D, versus D,,. Here, we observe the parameter

1.0 1.0
208 208
@ ©
g g
€ 0.6 € 0.6
< <
o o}
504 504
E E
L0.2 202
=7 =

0.0 & 0.0

0 5000 10000 15000
t (time) t (time)
(a) Dy =0 and D, varies (b) Dy =274 and D,, varies

27° 1.0
2—1[}
2—11
=) 0.5 &
2712
2—13
271 0.0

277 276 275 9=1 973 972 9-1
D

T
(c) Heatmap 7ys: Dy vs. Dy

Fig. 4. (Color online) Parameter study for (Dg, Dy ). Trajectories of the order parameter -5 are
plotted for fixed D, = 0 and varying D; in Fig. @ for fixed Dy = 2~* and varying D, in
Fig. Figure displays a heatmap of vy at time teng = 1.5 X 10° while both D,, and D,
vary simultaneously. The red line depicts where v = o.
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range leading to alignment and a transition along level sets of D, versus D,,. At the
particle level, the heatmap can be interpreted as follows. Increasing the positional
noise facilitates interactions among a greater variety of particles, as neighboring
particles change quickly, which contributes to reaching global alignment. On the
contrary, increasing the directional noise drives the system away from global align-
ment, which is, in particular, critical if particles only interact with their nearest
neighbors. Consequently, we observe a lack of alignment in the top left corner of
the heatmap, where positional noise is low and directional noise is high.

Note that the red line displays where v = 2= = DT = ¢. This indicates the
interface at which the macroscopic equation ([2.18b) for the mean-nematic direction
Q becomes ill-posed, see the discussion on well-posedness in Sec. @ Crucially,
the right-hand side of this red line is the parameter regime (o < v) where the

L0 10 p
~ —
é 0.8 Zo0s8
. g
£06 £ 0.6
a, : g
5 04| [ o 5
c Y 0 : 504
= [57 =z
=0.2|f 2% 202
< 0.0 e mn T T T T e 250 < 00!
0 5000 10000 15000 "0 5000 10000 15000 2"
t (time) t (time)
(a) u = 2'3 and X varies (b) A = 28 and p varies
1.0
0.5 &
210 0.0
2-5 2()' 27 28 29 210
A

(c) Heatmap of y¢: A vs. p

Fig. 5. (Color online) Parameter study for (A, u). Trajectories of the order parameter v¢ are plot-
ted for fixed p = 213 and varying A in Fig. for A = 28 and varying p in Fig. Figure
displays the heatmap of vy at time teng = 1.5 X 10° while both A and g vary simultaneously. The
red line depicts where v = o.
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macroscopic equations remain well-posed, and it is exactly in this parameter regime
that we observe the onset of particle alignment.

In Fig. [5] we investigate how the forces acting on positions X; and directions u;
affect the alignment of particles. The strength factors of these forces are determined
by the positive constants p and A in front of the interaction terms in Eqs. (|1.3a))
and .

Figure [5(a)| shows the trajectories of the order parameter ¢ over time for fixed
i = 2'3 and varying values of A from 2° to 2'°. We observe that for A < 25, the
system is in total chaos, with v close to 0, indicating that the force acting on the
particles’ directions is not strong enough to drive the system toward alignment.
Additionally, we deduce that as A increases, vy appears to increase accordingly.

Next, we fix A\ = 2% and vary p from 0 to 2! to study how the strength of
the potential V;, affects the alignment through the force acting on the particles’

1.0 1.0
= =
£ 0.8 £ 0.8
[ 5]
= =
£ 0.6 £ 0.6
< o]
o} o7
5 04 504
& E
=0.2 =02
# . ?‘? -
0.0 ——————————— 0.0 =
0 5000 10000 15000 0 5000 10000 15000
t (time) t (time)
(a) p =1 and x varies (b) x = 0.9 and p varies
2.00 1.0
1.75
1.50
1.25
Q. 0.5 &
1.00
0.75
0.50
0.25 0.0
0.4 0.6 0.8
X

(c) Heatmap of vy¢: x vs. p

Fig. 6. Parameter study for (x, p). Trajectories of the order parameter vy are plotted for fixed

p =1 and varying x in Fig. for fixed x = 0.9 and varying p in Fig. Figure@ displays
the heatmap of v; at time topq = 1.5 X 10° while both x and p vary simultaneously.
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positions. In Fig. we observe that p must be sufficiently large to have a
significant impact on the particle dynamics. As u increases, the particles lose their
alignment, see, e.g. when u = 216, vf is very close to 0.

Lastly, we present a heatmap of the order parameter v, in Fig. similar to
Fig. but for A versus p. Similarly, the red line displays the interface of the
analytical well-posedness condition v = o, see Eq. . Again, we observe that
global alignment only occurs inside the parameter range where the macroscopic
equations are well-posed (o < v), located on the right-hand side of the red line.

As for our last parameter pair, in Fig. [l we study the effects of the anisotropy
x and the density of particles p on the global alignment. In Fig. we present a
plot of the trajectories of v when p = 1 and the anisotropy parameter x is varying
from 0.6 to 1. We can clearly deduce that a certain degree of anisotropy is required
for particles to reach global alignment.

In Fig. we fix x = 0.9 and vary p from 0.5 to 2 (recall that p is computed
using ) and plot the trajectories of v;. We observe that the particle density
must also be sufficiently high for particles to align, otherwise, if the particles are
too far apart, the repulsive potential is not strong enough to induce alignment. Fig-
ure [6(c)| presents a heatmap illustrating the effect of both x and p on the transition
toward a higher-order alignment. Here, we also observe a clear linear progression,
moving from a chaotic state, where v is close to 0, to a well-ordered system, char-
acterized by global alignment with v, ~ 1.

Moreover, to further investigate the effect of the shape of the particles on the
global alignment of the system, we present in Fig. El another heatmap of v, with
the same dataset as in Fig. However, in Fig. mwe compare the effect of varying

v at t=15000.0

0.8 1.0
0.6
=
e
<
= ~
g 0.4 0.5 &
£
3
0.2
0.0 0.0

I (major axis)

Fig. 7. (Color online) Heatmap of vy: x versus p. The dashed red lines display the anisotropy
parameter x for the corresponding lengths of the major and minor axes of the ellipses, ¢ and d,
respectively. Ellipses with corresponding x are pictured in gray. The dashed blue lines are the
constant density curves p corresponding to ¢ and d, computed using .
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the lengths of the major and the minor axes of the ellipses, i.e. £ and d, on global
alignment rather than with respect to xy and p. Note that depending on ¢ and d,
both x and p vary across the heatmap accordingly. The red dashed lines display
the constant y curves, and similarly the blue dashed lines represent the constant p
curves. This figure also confirms that the larger the particle anisotropy, the easier
global alignment is achieved.

We remark that these numerical findings are in total agreement with our ana-
lytical conclusions. More precisely, at the macroscopic level, this behavior is also
evident since the repulsive potential V; ultimately gives rise to the nematic align-
ment potential with the factor 1 — x*(u - u)? in Eq. (2.3). Consequently, when
particles are circular (y = 0), no alignment is observed at the macroscopic level.
Also the effect of the potential is less for smaller values of .

We end this section with several snapshots of a particle simulation. In Fig. [§] we
start with a completely random state on the upper left figure and run the simulation
using the default parameters in Table[I}] Above each snapshot, we display the time
at which the snapshot was captured with together with the value of the order
parameter 7y of the system at that time. The colors represent the nematic direction
of the particles.

The particles start to align over time and hence, the also the order parameter
vy increases in time. Finally, the bottom right snapshot in Fig. |8 shows that the

t=0, 7=0.01 t=250, 7,=0.004 t= 1500, v,=0.039

100 100 100

0 £l 100

0 £l 100 0 50 100 0 50 100

Fig. 8. Snapshots of a particle simulation at different times using the default parameters given
in Table [I] Different colors represent the different nematic directions of the particles. For the
corresponding movie and movies for other cases see link https://doi.org/10.6084/m9.figshare.
27117136.v1.
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system reaches a globally aligned state with vy = 0.92, displayed in uniform colors,
at the final simulation time tq,q.

3.2.4. Numerical comparison of the potentials

Another prediction we draw from our mathematical analysis in Sec. [3.1]is the lack of
alignment in the case of the Berne—Pechukas potential . To test this hypothesis
numerically, we consider an interpolation between the weighted Gaussian potential
and the Berne—Pechukas potential,

Ve(uy,uz, R) := (47) /2 det(2)? ¢ exp(—RTS ' R),

where ¢ € [0, 1] and recalling that det(X) = 1—x?(u;-u2)?. Note that V¢ corresponds
to

o the weighted Gaussian potential, given by Vi, , when £ =0,

e the non-scaled Gaussian potential Vj,, , obtained by using the scaling factor (3.2),
when & = %,

e the Berne-Pechuckas potential Vj,,., obtained by using the scaling factor (3.3)),
when & = 1.

We remark that with increasing &, the scale of the potential might change, since
we have

Ve (1 —x*(u 'Uz)z)%_f < 1

Viwo (1= w)?)t — (=2

In Sec. we observed (see Fig. that increasing X\ increases the order
parameter 7y; thus, has a positive effect on the global alignment. Therefore, we
consider the scaling A = ((1 — x?)%¢))\ so that increasing ¢ increases A’ and speeds
up the alignment. Note that here we chose the exponent 2§ instead of just £ to
promote even stronger alignment for larger & values. For the simulations we use the
default parameters listed in Table

Figure@displays the trajectories of the order parameter vy for different values of
&. We clearly observe a sharp transition from higher ordered states to a disordered
state (where ¢ is nearly 0) as we increase £ = 0 (the weighted Gaussian potential)
to £ = 1 (the Berne—Pechukas potential). Moreover, we also obtain global alignment
for & = % (the non-scaled Gaussian potential). Thus, our numerical study of the
potentials strongly supports our analytical predictions in Sec.

Summary of the numerical studies. In this section, we conducted compre-
hensive numerical parameter studies on various parameter pairs: (D, Dy,), (A, 1),
and (x,p). We also compared different interaction potentials by simulating the
stochastic particle system . Given the complex dynamics governed by , it
is numerically very challenging to determine all the interesting parameter regimes.
Hence, we focused on the transitional ranges where global alignment breaks down.
While the observed trends can be intuitively explained at the particle level, they
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Fig. 9. Trajectories of the order parameter vy are plotted for varying £ and the remaining param-
eters are fixed at their default values given in Table For£=0,¢= % and £ = 1, V¢ corresponds
to the weighted Gaussian potential Vp,, , the non-scaled Gaussian potential V3. and the Berne-
Pechuckas potential Vj, ., , respectively.

are closely linked to our analytical results in the following ways:

e Global alignment fails to emerge for parameters where the macroscopic equa-
tion for the mean-nematic alignment (2 is ill-posed, as characterized by the well-
posedness condition . This effect is evident in Figs. and

e Particle shape and density significantly influence the phase transition toward
global alignment. As predicted by the macroscopic equations, spherical particles
and low densities result in slower rates of alignment or a complete lack thereof.

e Our numerical tests confirm that the Berne—Pechukas potential does not lead to
global alignment at the particle level, which aligns with the macroscopic perspec-
tive presented in Sec.

4. Proof of Theorem [2.1]

This section is dedicated to the proof of our main result, Theorem First we
give some preliminary tools that will be used later in the proof.

4.1. Preliminaries
Change of variables. In the sequel, we apply repeatedly the following change of
variables u — (6,v) where u € S*~1\ {£Q} and (6,v) € (0,7) x S*~2 defined by

u=(u-Q)Q+ Pqi(u) = cosfQ + sin fv,
(4.1)
du = sin" 2?6 df dv,
where S"~? is identified as S*~! N Q+. For simplicity, we assume that the measure
du is such that the total mass of the sphere is 1, i.e. fS"-l du = 1. In the course
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of the proof, we will also apply this change of variables to the Gibbs distribution
G(p)Aq as stated in (2.11). Hence, we define
e7(p) cos® 0

gy(0) = ——=——, where Z, = / en(p) cos® ¢’ de’, (4.2)
0

Zn

as the transformed Gibbs distribution. Indeed, note that the value of the normaliz-
ing factor Z, does not depend on £, but it depends on n = n(p). For more details
on this change of variables see Ref. |19

Derivatives and integrals. Since we will use various derivatives of G, ,)a,, We
collect them below in the following Lemma.

Lemma 4.1. Let G, a, be the Gibbs distribution defined in (2.11). Then the
following holds,

% =1'(p)(9p) ((u-Q)* = da,0(p)) + 2n(p)(u - Q) (u - ),
n(p)Aq
w =17 (p)(Vap) ((u- Q) = da0(p)) + 2n(p)(u - Q) (u- V,Q),
n(p)Aa
2
% =91 ((u-Q)?* = dao(p)) + O (4d(u- Q) (u-9Q) — ddao(p))
n(p)Aa

+2n(u - 09)* + 2n(u - Q)(u - Q) + (On((u- Q)* = d20(p))

+2n(u - Q)(u-99))?,
(4.3)

where O denotes the partial derivative with respect to time or with respect to one
of the spatial components, i.e. O = O, or 0 = Oy, 9 =1,...,n; V,Q is a matrix
such that (V;Q)i; = 0., and thus (u-V,Q); = u - 0., and (0%9Q)); = 0%Q;.

Proof. The proof follows directly from straightforward computations. O

Lemma 4.2. Let h,, be any odd function, w € R", and k € NUO. Then the following
holds for ap(u) := hy(u- Q) Poru:

/S (e D* Gpan¥(u) du =0, (4.4)
C

| ) 20 G an ) du = A2 P (1.5
2c

0 906, 0) du = (o) =200, (46)

/S (u-w)(u- Q)k OGy(pyaq ¥ (u) du
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1
T forw L €, (4.7

=1'(p)(0p)(cr+2,2 — d2,0ck,2)
/ (u- Q)% (u - w)? Goipao¥(u) du=0 forw L Q, (4.8)
Sn—l

/Sn71 aQGn(p)AQ’Lb(U) du

4 2c
= —— (2 +n(p)esz — dzoc1,2)) InOQ + ﬁn(P)P9L32Q7 (4.9)

where the partial derivatives are with respect to time or space, i.e. 0 = O, Oy, with
x; being the ith component of x and the coefficients ci p, dip are given in (2.20)
and (2.21). Moreover, it also holds that

drp=0 fork odd and cz,=0 fork even.
Proof. The proof of this lemma can be found in Appendix O

Finally, note that
0N 1LQ
for 0 = 0, 0,, (since Q- 9Q = 9|2|?/2 = 0). Therefore, it holds that
P00 = 09. (4.10)
Next, we consider the following integrals with respect to v € S*~2.

Lemma 4.3 (Lemma 4.1 in Ref. [19). Letn > 2 and v € S"~2. Then, we have

/ @@ 4y =0, VkeN, (4.11)
Sn72

1
/Sn721)®7)d1) = HPQJ_, (412)

1

mr, (4.13)

/ 1RURVRudy =
Sn72

where T is given in (2.29).

The proof of Lemma can be found in Lemma 4.1 of Ref. [19. Thus, we skip
it here.
Now, with these preliminary results, we first present the limit of f¢ as e — 0.

4.2. Limit for f¢

Lemma 4.4 (Limit of f© and py-Qs<). Let f¢ be the solution of Eq. (2.5). Under
Assumption 2.1} we have that

fe(t z,u) = p(t, 2)Ghpyag(t,z) ase—0
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for any (t,x) such that p(t,x) > p., for p. as given in Proposition 2.1 Moreover,
in this same regime of (t,x), it also holds that

pfsQfs — @AQ as e — 0, (414)

where « is given in (2.9), n = n(p) is given in (2.14), and Aq is given in (2.10).

Proof. By Assumption f¢ converges to some function f9 as & — 0. At the
same time, from Eq. we have that C(f¢) = O(e”) with a € (0,2] and thus,
taking the limit, C'(f°) = 0 as ¢ — 0. Therefore, the limit f must belong to the
kernel of the operator C, which was characterized in Lemma [2.3] Therefore, we
conclude that fO = p(t,2)Gy(p)a, (¢, ) for any (¢,2) such that p(t,z) > p. and
for some Q € S"~!. Finally, the limit is a direct consequence of in
Lemma 2.3 O

4.3. Derivation of Eq. (2.18al)

Integrating the kinetic equation (2.7)) with respect to w, and using Lemma in
the limit € — 0, we obtain

2
dip+ -, - <p /SM (Va (u- (n(p)An)u) Gy(p)as) d“)

n

2
u (X - 1) V- (0V2p) = Daldpp =0, (4.15)

Note that, above, we used the facts that the term in By vanishes and
Jsn—1 C(f%)du = 0 for all € > 0, both thanks to the divergence theorem.
Next, we compute the integral in the second term of (4.15),

- Vi (n(p)u - Aqu) Gy a, du

= [ Ve (o [ = 2] ) Guan

1
= Van(p) ((u -Q)? — n) G(p)aq du

Snfl
+/S —1 2n(p)(u- Q) (u - va)Gn(p)An du

n

—25,01) V().

where in the last equality we used the fact that the second integral is zero. This
can be computed similarly as for the integral in Eq. for k =1 and w = 9N
with 92 L Q (remembering that the matrix V) is such that component-wise it
corresponds to (V; Q)5 = 0z,€2;).

Finally, substituting this last expression into and using that V,n(p) =
7' (p)Vzp, we can combine the terms and obtain Eq. for the mass density p.
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4.4. Derivation of Eq. (2.18b))

Classically, to obtain macroscopic equations from kinetic equations, one needs to
find functions ¢ = ¢ (u) that are collision invariant for the operator C, i.e. functions
1 such that, for all f, the following holds:

C(f)¢(u) du = 0.

S§n—1

The collision invariants correspond to conserved quantities. Typically, the number
of macroscopic equations we obtain is the same as the number of collision invariants.
For example, in our case, if ¢ is a constant, then 9 is a collision invariant, which
is related to the conservation of mass. Therefore, to obtain an equation of the
mean-nematic direction €2, we would like to find its associated collision invariant(s).
However, () does not have any associated conserved quantity, i.e. one can check that
the only collision invariants for our operator C, given in (2.8)), are the constants ™

To overcome this difficulty, the concept of Generalized Collision Invariant (GCI)
was introduced in Ref. [21] for a model of collective dynamics where the momentum
is not preserved. This idea, then, has been applied to other models of collective
dynamics, see, e.g. Refs. [16| and [19. Moreover, the GCI for the operator C' was
already computed in Ref. 14| Next, we state the main result regarding the GCI that

we will be using in the sequel. The original sourcel® contains a full proof of it.

Proposition 4.1 (Generalized Collision Invariant defined in Ref. [14 and
Proposition 9 in Ref. [14). Let f : S"1 — R be twice continuously differentiable
such that Q¢ # 0 and Qg is the Q-tensor. Since Qf is a symmelric matriz, all its
eigenvalues are real. Suppose that the largest eigenvalue of Q¢ is unique and denote
Qy as the associated normalized eigenvector (which is unique up to sign). Then it
holds that

- C(f)¥y,0,du=0, fory, o = hnf(U'Qf)PQfLU,

where hy, is the unique solution of

aet o d wir o dh
—(1—r?)"= e (2nr2+n—1)hn+5 {(1—7“2) z e dr]

=r(l-— 1“2)”7716”’“2,
in the functional space

H= {h:(l,l)ﬁR‘/l (1r2)%1|h(r)|2dr<oo,/1l(1r2)"¥1

-1
x |W(r))? dr < oo}.

Moreover, h, is an odd function with h,(r) <0 forr > 0.
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A characterization of the GCI is given by the following definition and can be
found in Ref. 14l

Definition 4.1. Let (n,A) € (0,00) x U°. Then, we define the function
Pya: S"1 — R™ as the unique solution (in H'(S"™') = {k € H(S"!)| x
Jsn—1 k(u) du = 0}) of the following equation:

Vau- (GnA(U)vuwnA) = (u . QA)PQ[L\’UJGWA(U) Yu € Snil,

where U9 is the set of symmetric trace-free n x n-matrices whose principal eigenvalue
is equal to 2= and is simple.
n

Thanks to the GCI for the collision operator C' we can now derive an equation
for the mean-nematic direction 2. Therefore, we multiply the kinetic equation given
in by ¥nq, and integrate with respect to u. Then, the term in C vanishes by
the previous proposition. Therefore, we state the following result:

Proposition 4.2. Under the assumptions of Theorem [2.1} it holds that
s fu(pGn(p)AQ)¢(u) du=0 forp(u)= hn(p)(u - Q) P, (4.16)

where 1 = n(p) is given by (2.14), hy = hy(,))(u - Q) is defined in Proposition
and Fy(f) is defined as

X2

Fulf) = 0 f + 1x°Va - (Vo (u" prQpu) f) + <n - 1) Ve ((Vapyr)f)
~ MooV - (VuBf)f) — Dol f.

Proof. The proof is a direct consequence of Assumption[2.1} Lemma[d.4 and Propo-
sition E11 |

4.4.1. Limit of the terms not involving By

Now, we have all the ingredients to derive the macroscopic equation for € in a
straightforward way. We apply Lemma [4.4] in the limit as ¢ — 0 and rewrite

Eq. (4.16) as
2
I +pols + p (fl —1) I3 — M-Iy — D, I5 =0, (417)

where

B [ 0 (Gan) ) du,

Iy

Vo - (Ve (u-n(p) Aqu) pGy(p)ag) ¥ (u) du,

n—1

/
/s Va - ((VIP) pGn(P)Asz) Y (u) du,

n—1

I3
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L= [V (Y (Butyinng) #Gaan) () du

15 = A o A:p (pG”](P)Aﬂ> 'g[}(u) du.

Note that while writing I we used (2.16]). In this section, we will focus only on the
terms Iy, Is, I3 and I5 since the term I, appears exclusively if we choose a = 2. We
will compute I in the following section.

Lemma 4.5. The following equalities hold:

2
I = n(p)es.e 992,
n—1

2 / 1
I — n(p)ci2 2n(p)p+1+pn,(p) 292 L0 VN (v.p va00
n—1 n(p) 12 N ’

2
+ Mcf’? pPos ALQ,

2 c
I3 = % p(Vep - V)8,

2
I5 = 7n(p)61’2 pPQJ_AmQ
n—1

2 1
+ m 2 <P77/ < —+ 03772 — d2’0)> + 1> (pr : vm)Q
n—1 n(p)  cie

Proof. We start with computing I,

= /S -1 at(pGn(P)AQ)"/)(U) du

= 8tp/S _1G77(P)Asz¢(u)du+p/g ) ath(p)AQ’l,b(u) du.

The first integral above on the last part of the equality is of the form (4.4) for k = 0,
so it is zero. The second integral is of the form (4.6]) for £ = 0 and so I; becomes

2

Next, we compute I,

Iy V- (Vz (u-n(p)Aqu) pG’r](p)Ag) P(u)du

S§n—1

= Jo Ay (u-n(p)Aqu) pG (o) A (u) du

+/S B Vo (u-n(p)Aqu) - Vap Gpipyan®(u) du
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Proceeding further, we compute each I3, i € {1,2,3} separately. Using (2.10)), we
have

w oo =n(o) (w27 = 7).

n

The Laplacian of this expression reads
1
At n(p) ) = B,09) (- 02 = 1) +4%.00) - (u- (- 9,5
+20(p) (u - Vo Q) + 21(p) (u - Q) (u - Az ).
Subsequently, using this, we obtain

I} = [ B (wn(p)Aau) pCoyp aat(u) du

= pAyun(p) /Sn_l ((u -Q)? - i) Gr(pyaq¥(u) du
+ 47/ (p ZaT P (/S (e Q)(u 05, DGy a0 % () du)

#2000 [ (0 VPG00 d

+ 2n(p)p/gn71 (- Q)(u - Ae)Gip) aa ¥ (u) du

We further simplify each integral above. The first and the third integrals are equal
to zero as they are of the forms for k =2 and k£ = 0 and for k = 2,
respectively. The second and the forth integrals are of the form with £ =1
(and recall ) Combining these we obtain

C1,2 C1,2
I; = 4U/(P)Pm(vx0 V) + ZU(P)Pn = 1PQLAzQ-

Next, for I3 we have

I3 =V.p- [ Ve (e n(p)Aau) Grgpaqt(u) du

|vxp| < > Gn(p)Agw(u) du

+2n(p) zj: Qi (/

n—1

(u-0.,0) G ()An'tb(u)du).
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Noticing that the first integral above is of the form (4.4]) with £k =2 and k£ = 0 and
the second integral is of the form (4.5 with ¥ = 1 and recalling (4.10)), we conclude

C
2= 20(p) 1_’21 (Vap - Vi) Q.

Similarly, we obtain (here we additionally use (4.3)) for V.G, (,)a,,)

IZ=p - Vo (u-n(p)Aqu) - VoG aq ¥ (u) du

. 1
— o3 0n [ (w07 = 1) Gl
i=1

#2000 [ (09 (0 V. V1 Gi00) )

The first integral above is of the form (4.6) for k¥ = 2 and k¥ = 0 (for the terms
(u-Q)? and 1/n), respectively; and the second integral is of the form ([4.7)) for k = 1,
therefore, we have that

2c39 —c12/n —dapci 2
n—1

13 = 20m(0)1 () ( ) (Vop V)0

Combining these we compute I3 analogously to obtain

c
Iy = /S . Vi - ((Vzp) PGn(p)AQ) Y(u)du = 2p7](p)n 1_’21 (Vaep - Vi)

Finally, for I we have

I5 = /S » AI (pGT](P)AQ) ’lﬂ(u) du

~8up [ Catpaatb@du+23 000 [ 0., Gopantiu)

Sn

j=1
+p/§ . Aan(p)AQ’l/)(u) du.

The first integral above is of the form (4.4) for & = 0, so it is zero; the second
integral is of the form (4.6) for k£ = 0; for the third integral we use (4.9) and that
on =n'(p)d(p). Hence, we conclude

261’2

4
[1(P)PPor Aafd + m(pn’[cm +n(es2 — dzoc1,2)] +n(p)er2)

Is =

n —

X (Vzp - V)

This completes the proof. DO
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4.4.2. Limit of the term with By

In this section, we compute the remaining integral I, in Eq. (4.17]), which includes
the term By¢. First, we prove the following lemma.

Lemma 4.6. Let By be given by (2.4) with f = pG,(,)a,- Then the following holds

V- (VuBoa pGrag) hy(u-Q)Porudu

gn—1 n(p)Aq

=p - BPGT/(P)AQ (u) (u-Q)Poru Gyha, du.

Proof. Applying integration by parts twice, we rewrite the integral as

- V- (VuBoG,,yag PGnag ) hn(u - Q) Porudu

== [ VBt Gana) Vsl Pl du

=p B,: Vi (GpagVulhy(u-Q)Pgru]) du.

Snfl
We conclude the result since the GCI ¢ = h,(u - ) PqLu satisfies
Vi - (GnAgvuﬁj) = (U : Q) PQL’U,GUAQ
by Definition 4.1 -

n(p)An

Now, we go back to Eq. (4.17) to rewrite I using Lemma

Iy=p - ByGopap, (W) (u - Q) PoruGla, du. (4.18)

vmag = [Bl 4 [Bleven, as stated in Eq. (2.4), by expanding
Y(u,un) = (02 — d*)(u @ u) + (02 — d?)(ug ® up) + 2d*1d

First, we recast B g

and the factor (1 — x2(u - ug)?). Hence, we obtain

02— d?)

8= C2 D (e D2y

S =) [ ) (0 0 2 D2)(pGypan () dus

- Xz(fz —d?) /Snﬂ(u ~u2)? ((u2 @ u2) « D3)(pGoy(p)aq (u2)) dus

2
—X?dQ/S 71(u'u2)2Aw(PGn(p)AQ(U2))dU2
and
2

(02 — d?) 5 d
[B]eVen = T - ((ug ® u2) : DI) (pGn(p)Ag (’u,g)) dus + ?Azp.
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Now, using the change of variables (4.1)) in (4.18)), we have that

I, = p/S B U/o B,y ag, (w(0)) cosfsinb g, (6) sin?=2 0 d dw.

Note that the terms in [Bleven are independent of u, so they have zero contribution
to I4 (since they give an integrand odd in v). Now, we rewrite I using [B] and the
tensor product:

(42 - dz) r 2 X2 2 2 r 2
T[(Hz : Dx)][2,3:172]P - Pz(é —d )[H4 : (Dm Y (PHQ)][273,475:1,2,374]

2
X \
- 01(82 — d*)[H} @ D2 : (pHy))[2,3,4,5:1,2,3,4]

14:p

2
X r
- p?dQ[HQ :Ar(pH2)12,3:1,2)
where in the second term above, the sth component of the contraction is defined as
([HZ (D ® (PH2)][2,3,4,5:1,2,3,4])3 = Z (Hl)sijkpaxiamj (p(H2)kp)
i,5,k,p
and analogously for the other contractions; and where

H2 = H2(777979L) = / (U®U)G77AQ dua
gn—1

Hy = HS(n,2,Q%) = / P ® (u® u)(u- Q)Gpaq du,
Sn—l

H4:H4(17,Q7QL):/ (u®u®u®u)Gyhag du,
Sn—1

HZzHZ(n,Q,QJ‘):/ Poru®@ (u®@u®u®u)(u- Q)Gya, du.
S§n—1

We can now rewrite these terms in such a way that they only depend on €, Q-+
and 7.

Lemma 4.7 (Dimension n = 2). In case of only n = 2, we have that
Hy, HY, Hy, H] correspond to expressions (2.23)—(2.26)), respectively.

The proof of this lemma is based on the change of variables forn =2, i.e.
u = cos 0 +sin #Q, and the same type of argument as in the proof of Lemma
Thus, we skip it here.

We conclude this section by computing the values of Ho, Hj, Hy, Hj in dimen-
sion n > 3:

Proof of Proposition For this proof, we consider the decomposition of u €
S"=1 into

u=uj+uy, uj:=PFPou=(u-Q)Q, uL:=Pyu
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and the change of variables given in (4.1)) where we have that
(u-Q) =cosé, Pqiu = sin Q.

Then, the proof of this lemma closely the proof of Lemma 4.1 in Ref. |19l There,
the authors prove that,

Aigi= | o Q)us)i(ur); du
- ([ s @ an) oy @9
where ¢ = ¢(u - Q) is a given function. The authors also consider
Sijk = - G(u- Q) (ur)i(ur)j(ur)r(ur) du
and we additionally define
Cs = ! H(u- Q)1 — (u-2)?)? du.

(n=1)(n+1) Jgn
Note that the only non-zero terms correspond to

Siiii = 3Csliiii,  Siigj = Csliijj,  Sijij = Cslijiz,  Sijji = Cslizja,
where I is given in (2.29) and i,5 € {1,...,n} such that ¢ # j. With this we are

ready to carry out the proof.
The equality for Hy in (2.27)) is obtained by proceeding similarly as in the proof

of Lemma and using (4.12)).
Next, we look at HJ to prove (2.28). We have that

H) = / UL ® (ur ®up)(u-Q)Gy(paq du
sn-1

+/ ur @ (u) @ ur)(u- Q)Gy(p)ag du
S§n—1

:;%iRpQ+R;
with dg o given in Eq. .
In the first equality above, the integrands that are odd in u vanish (analogously
to what happens when performing the change of variables (4.1)): the terms that are
odd in v vanish). In the second equality, for the first integral we used and

for the second integral we define

()i = [ ()it (sl )G du

= /(UL)i(uL)k(U Q)G (p)aq du

d
= QA = Q;~ i21 (Pot)ik,

where in the definition of A we used ¢(u- Q) = (u- Q)G a,-
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Now consider
n

([Por @ Q® Porlaa) i = Y (Par)ip® (Por )pk = (Pos )ik,
p=1
where the second equality is a straightforward computation. Therefore, we conclude
that
da 2
n—1
We proceed by focusing on Hy and expanding it:

Rg: [PQL ®Q®PQL]:24.

Hy = / (’UJL®UL ®UL®UL)GW(P)AQ du
gn—1
(ur @uy @uy @ uy)Gy(p)ag du

(u) @ uy @ ur @ur)Gyp)ag du

n—1

() @ ur @ur @uy)Gy(pag du

(ur @u) @u @uL)Gyhpa, du

(u) ®urL @y @ uL)Gpp)ag du

/
/
/
+/S (s @ uy © uy © u))Ggpag du
/
/
/

(u) @ ) @ uy @ uy)Gp)ag du

Sn—l
=: D1+ Da+ D3 +---+ Dg,

where all the terms odd in u; vanished. Considering the change of variables (4.1J),
we deduce from (4.13)) that
1
Dy =dyy———T.
P — (1)

From (4.12)), (4.19) and proceeding as before, we have that

d d d
D, = 2.2 Py ©0®Q, Ds= 2,2 2,2

n—1 n—1 n—1

Furthermore, proceeding as in the computation for R} we obtain

Q0@ Py, Dy= Q@ Py ®@Q.

d d
Ds = %[PQL ®N® Por ® D24, De= ni21 [Por @ Q@ Q® Pgi].as,
da 2

D7 = E[Q(@PQJ- ®Q® Pou1].as.
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By applying the change of variables (4.1) to the last term we directly have that
Dg=dspQl@Q® Q0.

Finally, we split H} into

HZ = D9 + D107
with
Dy= | (ur®(uL@us®uL©u)(u Q) Gypaq du
e
+/ ) (ur ® (ur @ui @up@uy)(u-Q)) Gyepag du
—_
+/ (@ (ur @uy @ ur @uy)(u-Q)) Gya, du
§n-
—|—/ 1 (ur @ (v @ui @ut @ui)(u-Q)) Gypag du
S
and
Dy = . (s ® (uL @ u) @ wy @ wy)(u- Q) Gy(pya, du
Sn-

+/ (’lu ® (u) @uL uy @ uy)(u- Q)) Gh(p)a, du
Sn—l

+/ (@ () @uy @ ur @ uy)(u- Q) Gy a, du
-

* / (ur @ (g @ uy @ uy @ur)(u-Q)) Gy aq du,
Sn—l

where the terms odd in w, vanished. Proceeding as in the computation of Rj we
have that

dyo
n—1
+ [P @020 02® Po1 ® Qs + [Par Q2228 Q® Poi].06)-

Dy =

(Pr @0220030+[Por @ Q® Por @ Q® Q.04

To compute Dy, we consider the second component in the first integral as an exam-
ple. This integral is a 5-tensor. We apply u = (u-Q)Q and look at the components
i? j7 k? l’ m

(/ uy @ (uy @uy @Q@uy)(u-Q)>Gypag du)
Sn—l

ijklm
= / (ur)i(us)j(u)e(ur)m (- Q)>Gyp)an du = QSijem,
gnfl

where in the definition of Sjjk, we have ¢(u - Q) = (u - Q)2Gy () a,, Which in this
case means that C's = ds 4. Putting all the terms of Dy together and by considering
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all the combinations of indices we have that

DQ = d2’4 )
(n—1n+1)
with T" given in (2.30]). This completes the proof. D

5. Conclusions and Open Questions

In this paper, we have explored the effects of an anisotropic repulsive poten-
tial on inert particles. We derived both kinetic and macroscopic equa-
tions 7 and discussed potential interpretations of the latter. The
equation for the particle density p is independent of the particles’ mean-nematic
direction 2. However, the anisotropy of the particles slows down the non-linear
diffusion of the particle density p. In contrast, the equation for €2 is more com-
plex and challenging to interpret. It consists of transport and diffusion terms,
resulting from the effect of the repulsive potential on the particles’ position.
Additionally, the repulsive potential acting on the particles’ direction creates
a complex, diffusive-type operator with different signs for oblate and prolate
particles.

Many models for collective dynamics impose an alignment force directly on par-
ticle directions. Our main goal in this paper was to observe the nematic alignment
and the spatial effects of the anisotropic Gaussian-type repulsive potential on the
particle dynamics without imposing the alignment directly.

However, when we derived this effect directly from an anisotropic repulsive
potential, we observed intriguing phenomena. For instance, we can understand how
particle anisotropy influences the evolution of particle density, how particle positions
affect their directions, and what the impact of the specific interaction potential
considered on the directions is (through the term By).

A numerical study was carried out to test some of the analytical results obtained,
namely: (i) the global alignment breaks down in the regime where the macroscopic
equation becomes ill-posed, as characterized by the well-posedness condition ;
(ii) particles close to be spherical or low particle densities result in slower rates
of alignment or a complete lack thereof; (iii) lastly, we also confirmed numerically
that the Berne-Pechukas potential does not lead to global alignment at the particle
level.

The well-posedness of the continuum equations will be the object of future stud-
ies, along with the consideration of other types of anisotropic repulsive potentials,
such as generalizations of the Lennard-Jones potential. Apart from this, there are
three outstanding open problems left out in this work, namely, the well-posedness
of the kinetic equation, showing that Assumption holds, and obtaining an
explicit lower bound for the operator K . Another interesting aspect for future
research is the study of compactly supported potentials, which may better represent
contact interactions.
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Appendix A.
A.1. Proof of Lemma

Proof. Considering the scaling £ = ef’ and d = ed’ and a change of variable

z = 2= 50 €"dz = dwy, we obtain

Vf(tamlaul) = / 1/ ‘/bw(; (U]_,’U/g, 2 ;Jh) fg(t,xz,UQ>d$2 d’U/Q
sn— n

= 5”/ / Vowe (U1,ug, 2) f(t, 21 + €2, us) dz dus.
Snfl n
Now, we perform a Taylor expansion of f¢(t,-, us) at x; to obtain

fs(tvxl +EZ,’LL2)
1
= fo(t,x1,u2) + ez - Vo fo(t,x1,u2) + 562ZTVif€(t,x1,uQ) -2+ 0(e?).

Since, we consider the weighted Gaussian potential Vi, as defined in Eq. (1.6)),
we use [p, 2Viye (U1, U2, 2) dz = 0, and thus for the potential Vi (¢, z1,u1), we have
that

Vi(t,x1,u1) = 8n/

§n—1

(/” Viowe (U1, us2, 2) dz) Fe(t, xq, ug) dus

n+2

2
+O(e™"3).

Note that with the scaling factor we have for the potential Vi,

3

+ / VbWG(ul,ug,z)zTV§f€(t,x1,uQ) - zdzdugy
Sn—l Rn

VbWG (ulv Uz, Z) dz = b%VG(ulv u?)v
Rn

1
/ (2 ® 2) Ve (U1, ug, 2) dz = 5[)%\/@[(“1,@62)2.
Using (A.1)), we obtain

Vi(t,z1,u1) = 6”/ ) (1= x*(u1 - u2)?) f(t, 21, u2) dus
e

En+2

+ / ) (1= X*(u1 - u2)?) S(ur, ug) : V2 f(t, 1, uz) dus
e
+O(e" ).
Then,
1
er(t,xl,ul) = g—an(t,xl,ul) =Wye(t,z1,u1) + €2Bf(t,$1,ul) + (’)(53),

where Wy and By are Egs. (2.3) and (2.4) in the lemma. O
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A.2. Proof of Lemma [4.2

Proof. We will consider the change of variables given in (4.1) throughout the
following proof and thus we can recast

¥ (u) = hy(cosf)sinb o,

Gn(p)AQ (u) = gn(o)a

where g¢,,(6) is given in (4.2)).
To begin with, doing the change of variables (4.1), the integral (4.4)) corresponds

/ (U . Q)k G’n(p)AQ@b(u) du = Ck 1 </ v dU> .
Sn—1 Sn—2

The integral in v is zero since the integrand is odd. Moreover, the function ¢y, is

defined in (2.20).
Proceeding similarly, we consider (4.12)) and transform (4.5]) into

[ ) 0 G i) du =i |

Now, the integral is computed analogously, since we know the value of
0G ) (p) A, from Lemma and using that Pn1 090 = 99.

Integral is also computed analogously using relation .

Moreover, considering we recast integral as

/Sn—l (u- Q)Qk (u- w)2 GU(P)AQ¢(u) du

=2( - w)eakt1,1 (/ VRV dv) w
S'n.72

and since w L ) the integral vanishes.
Finally, the integral (4.9) is computed in the same way as above using the
corresponding expression for 82Gn(p) Ag Provided in Lemma O

to

v® U dv) w = k2 Poiw.
n—1

n—2

40 S,

—x = 085
Y =09
Y = 095
Y = 0.99

3.0x107° 6.0x107° 9.0x107° 0 10 20 30 40 0.00000 0.00005 0.00010
P n P

(a) n(p) with respect to p.  (b) S2(n) with respect to 7, (c¢) K(n) with respect to p.

Fig. A.1. (a) Plots of n(p) with respect to p, for different x values corresponding to different
colors. Note that 7 is non-decreasing with respect to p. (b) A plot of S2(n) versus 7. (¢) Evolution
of the diffusion coefficient K with respect to the particle density p. Different colors correspond to
different x values.
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A.3. Numerical approximation of K(n) and additional figures

In the following, we outline the method we use to approximate the diffusion param-
eter K (n) in Figs. [8|and[A.T|(c). One can approximate S»(n) via applying numerical
quadrature such as the adaptive Gauss-Kronrod quadrature to (2.13)), we refer to
this approximation as Sy. Next, the function 7(p) can be interpolated by computing
Sy (n;) at equidistant points n; = C(%Xz)] for 1 < j < m where m is the number of
interpolation points and C' > 0 is a large enough constant. Using these points, one

can define 77 as the Akima interpolation of (a Snfn 7 nj). The regularization effect of
2(n;

the Akima interpolation is useful to counter numerical instabilities for small values
of 1 close to the unknown n*. Finally, to approximate K, we evaluate

X2 n—14 _ ~/

K(p)=1-"-—0 Sa(ii(p))iT (p),

where the derivative 7 is the derivative of the Akima interpolant.
We finish the appendices with some additional figures from our numerical exper-
iments.
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