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Elongated particles in dense systems often exhibit alignment due to volume exclusion

interactions, leading to packing configurations. Traditional models of collective dynamics
typically impose this alignment phenomenologically, neglecting the influence of volume
exclusion on particle positions. In this paper, we derive nematic alignment from an

anisotropic repulsive potential, focusing on a Gaussian-type potential and first-order

dynamics for the particles. By analyzing larger particle systems and performing a hydro-
dynamic limit, we study the effects of anisotropy on both particle density and direction.
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We find that while particle density evolves independently of direction, anisotropy slows

down nonlinear diffusion. The direction dynamics are affected by the particles’ position
and involve complex transport and diffusion processes, with different behaviors for oblate

and prolate particles. The key to obtaining these results lies in recent advancements in

Generalized Collision Invariants offered by Degond, Frouvelle and Liu (KRM 2022).

Keywords: Anisotropic Gaussian-type repulsive potential; nematic alignment; mean-field

limit; continuum equations; kinetic equations; Berne–Pechukas potential; prolate and

oblate particles.

AMS Subject Classification 2020: 35Q92, 82C22, 82D30, 82B40

1. Introduction

Volume exclusion interactions play a central role in many physical and biological

systems. In particular, they are fundamental in explaining emergent patterns like

swarming,32 and spontaneous alignment of anisotropic particles.22 The latter is

called nematic alignment. The term nematic indicates that the alignment takes

place in a given direction (not necessarily in a given orientation): if u1, u2 ∈ Rn
are such that |u1| = |u2| = 1, we say that the two vectors are nematically aligned if

u1 = ±u2. Nematic alignment is sometimes referred to as apolar alignment since it

is in contrast to polar alignment which requires u1 = u2. Some examples of nematic

alignment can be found in suspensions of rod-like particles in high-densities,3 and

biological systems like myxobacteria.18

1.1. Volume exclusion and nematic alignment

Various volume exclusion models have been proposed to investigate cell dynamics,

such as the vertex model1, 23, 25 and other packing systems.13 However, most agent-

based models consider the agents as point-particles and impose phenomenological

behavior that is assumed to be caused by volume exclusion interactions. Particu-

larly, in most of these mathematical models for collective dynamics, the particle

alignment is imposed via a force term without dealing with the contact interactions

directly, see, e.g. Refs. 17, 18 and 21.

Typical models for collective dynamics with nematic alignment take the fol-

lowing shape: agents move at a constant speed and try to align their direction of

motion with one of their neighbors up to some noise. Specifically, we consider N

agents who are identified by their positions Xi ∈ Rn, n ∈ {2, 3} and their directions

Ui ∈ Sn−1 on the (n − 1)-dimensional sphere. Then their dynamics are governed

by

dXi = v0Ui dt, (1.1a)

dUi =
1

N

N∑
j=1

K(|Xi −Xj |)∇UiVnem(Ui, Uj) dt+ PU⊥i ◦
√

2Du dBi,

(1.1b)

Vnem(Ui, Uj) := λ(Ui · Uj)2, (1.1c)
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where ∇Ui is the gradient on the sphere, Vnem(Ui, Uj) is the potential producing

nematic alignment, PU⊥i is the orthonormal projection onto the orthonormal space

to Ui ∈ Sn−1, and (Bi)i=1,...,N are independent Brownian motions for i = 1, . . . , N .

The stochastic differential equation (1.1b) must be understood in the Stratonovich

sense. This is indicated with the symbol ‘◦’ and it ensures that Ui remains on the

sphere for all times where the solution is defined. The constant v0 in (1.1a) is the

speed of the particles and Du > 0 in (1.1b) is the diffusion constant of the directions.

Moreover, the function K ≥ 0 is an interaction kernel measuring the influence of

the potential force depending on the distance between particles. The constant λ > 0

describes the strength of the alignment force, which is expressed as the gradient

flow dynamics of the potential Vnem = Vnem(Ui, Uj). One can easily check that,

indeed, the maximizer of this potential corresponds to Ui = ±Uj , i.e. when two

particles are nematically aligned. In this regard, we say that model (1.1a)–(1.1c)

imposes alignment for the particles. We refer the reader to, e.g. Refs. 15, 17–19, 24

and 26, for models that use this approach or a similar one.

In this work, we follow a different approach. We do not wish to impose alignment

directly, but to investigate how it might emerge naturally from volume exclusion

interactions. In particular, we study how volume exclusion interactions affect both

the directions and the positions of the particles.

However, deriving continuum equations from agent-based models that undergo

contact interactions is mathematically extremely challenging, see, e.g. Refs. 9

and 10. This is why up-to-date there is no rigorous coarse-graining for excluded vol-

ume dynamics starting from the first principles. Even in the widely-studied Boltz-

mann equation, the derivation from discrete dynamics (a particle system undergoing

elastic collisions) is still unknown for large times.6 For this reason, contact inter-

actions are often approximated by using soft interaction potentials, like repulsive

(a) Ellipse, d < `, n = 2 (b) Prolate, d < `, n = 3 (c) Oblate, d > `, n = 3

Fig. 1. Spheroids are obtained by rotating an ellipse, shown in (a), around one of its principal
axes. If the revolution is around the major axis, the spheroid is called prolate (b); if it is around

the minor axis, it is called oblate (c).
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potentials, that produce active forces when two agents get closer than a given dis-

tance.7, 11, 20

In this paper, we focus on a particular repulsive potential that is used for sim-

ulating the interactions of anisotropic particles: the Gaussian repulsive potential5

for elliptic (dimension n = 2) or spheroidal (dimension n = 3) particles, see Fig. 1.

For related works in the biophysics literature see, e.g. Refs. 3 and 4.

Our goal is to investigate for which shape of the Gaussian potential we obtain

an alignment force for the continuum equation, and what is the effect of this force

on the positions of the particles. The reason for the last point is that in classical

models for nematic alignment, the potential only modifies the direction of motion

of the agents, but not their positions. One can expect that, from interaction forces,

agents may push each other modifying their positions. The question of interest here

is what effect this pushing has on the positions of the particles.

1.2. A discrete model for anisotropic particles

In this paper, we study particles with either elliptic shape in the case of dimension

n = 2 or spheroidal shape for dimension n = 3 (see Fig. 1). In both cases, the

particles are identical and are identified by their center X ∈ Rn, the direction of one

of the axes specified by a unit vector U ∈ Sn−1, and the lengths of the major and

minor axes. In dimension n = 2, U denotes the direction of the major axis whose

length is ` ≥ 0 and the length of the minor axis is denoted by d ≥ 0. In dimension

n = 2, the main axis is the principal axis, i.e. the axis with longer length; whereas

in dimension n = 3, the main axis is the axis of rotation.

We define the constant χ to characterize the shape of ellipses and spheroids,

χ :=
`2 − d2

`2 + d2
, (1.2)

which measures the anisotropy of particles. In dimension n = 2, we have that

χ ∈ [0, 1]. In this case, χ = 0 and χ = 1 correspond to circular and rod-shaped

particles, respectively. In dimension n = 3, we have χ ∈ [−1, 1]. In this case, the

negative values of χ correspond to oblate particles (rotation around the minor axis),

and the positive values of χ correspond to prolate particles (rotation around the

major axis); see Fig. 1. In particular, χ = 0 corresponds to spheres; χ = −1 to

infinitely flat disks; and χ = 1 to infinitely thin rods.

We consider N identical particles identified by their centers Xi ∈ Rn and the

direction of their main axes Ui ∈ Sn−1 (note that this is not uniquely defined as

Ui and −Ui prescribe the same direction) for i = 1, . . . , N . Two particles (Xi, Ui),

(Xj , Uj) are said to be (nematically) aligned when Ui = ±Uj . For simplicity, here

we consider only inert particles, i.e. v0 = 0. However, this could be easily extended.

We assume that the repulsive potential Vb acts on the distance between the

centers of two particles Xj − Xi and the directions of their main axes Ui, Uj , i.e.

Vb(Ui, Uj , Xj−Xi). The model follows the steepest gradient descent of the potential
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Vb together with some noise both in the positions of the centers and in the directions

of the main axes and it is given by

dXi = −µ 1

N

N∑
j=1

∇XiVb(Ui, Uj , Xj −Xi) dt+
√

2Dx dBi, (1.3a)

dUi = −λ 1

N

N∑
j=1

∇UiVb(Ui, Uj , Xj −Xi) dt+ PU⊥i ◦
√

2Du dB̃i, (1.3b)

where ∇Ui and PU⊥i are the same as before, Bi, B̃i are independent Brownian

motions for i = 1, . . . , N ; and µ, λ,Dx, Du are positive constants. The potential Vb
corresponds to an anisotropic repulsive potential. In Ref. 8, the authors propose

a model to describe the motion of spheroidal particles that are suspended in an

incompressible fluid. Systems (1.3a)–(1.3b) can be seen as the overdamped regime

for these equations when there is no fluid.

In particular, note that the potential Vb acts also on the distance between

the centers of the particles. This effect does not appear in the classical nematic-

alignment model (1.1a)–(1.1c). Our goal is to investigate how this potential affects

the mean-nematic direction and the positions of the particles. To carry this out, we

derive a kinetic equation (see Sec. 1.3) for system (1.3a)–(1.3b) as a first step and

subsequently we obtain continuum equations from the kinetic equation (see Sec. 2).

Let us have a closer look at the interaction potential. We describe the binary

interactions between identical particles (ellipses for n = 2, or spheroids for n = 3, see

Figs. 1 and 2) via an anisotropic Gaussian-type potential Vb of the following form:

Vb(u1, u2, R) = (4π)−n/2b(u1, u2) exp
(
−RTΣ−1R

)
, (1.4)

where b(u1, u2) ≥ 0 is a scaling factor, R = x2−x1 is the vector between the centers

of two particles, and the over index ‘T’ denotes the vector transpose. The matrix

Σ is given by

Σ = γ1 + γ2,

Fig. 2. Two ellipses with their centers x1, x2, the distance between the centers R and their

principal axes u1, u2, respectively.
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where

γi = (`2 − d2)ui ⊗ ui + d2Id, i ∈ {1, 2}.

Our particular choice of the scaling factor b is given by

bWG(u1, u2) :=
(
1− χ2(u1 · u2)2

)1/2
= det (Σ)

1/2
. (1.5)

Using the scaling factor (1.5), the weighted Gaussian potential (1.4) takes the fol-

lowing form:

VbWG
(u1, u2, R) := (4π)−n/2det(Σ)1/2 exp

(
−RTΣ−1R

)
. (1.6)

We dedicate Sec. 3.1 to a detailed explanation of repulsive potentials and some

numerical simulations to show their effect on the dynamics of interacting particles.

This section also includes a more detailed motivation for our particular choice of

the scaling factor (1.5). Before we explain the kinetic equation arising from the

particle dynamics, we make the following remark.

Remark 1.1. In Ref. 5, Berne and Pechukas considered the potential Ū for a single

spheroid with its center x and direction of its main axis u:

Ū(x) := exp(−xT γ−1x),

where γ = (`2 − d2)u ⊗ u + d2Id. Using the potential Ū = Ū(x), they introduced

the anisotropic Gaussian-type potential (1.4) to describe the binary repulsive inter-

actions. The level sets where Ū is constant correspond to ellipsoids of revolution

about the axis u, i.e. spheroids concentric to the original (x, u)-spheroid, and they

remain so even if the potential Ū is multiplied by a factor that could potentially

depend on u. For this reason, introducing the scaling factor b = b(u1, u2) does not

change the intrinsic properties of the potential. On the other hand, this offers some

simplifications for mathematical analysis, see Sec. 3.1 for more details.

1.3. Kinetic equation and macroscopic quantities

In this section, we write the mean-field equation (or large-particle limit) of the

particle system (1.3a)–(1.3b). We consider a system of N ≥ 0 identical particles in

Rn for n ∈ {2, 3}, identified by the positions of their centers and the directions of

their main axes (Xi, Ui)i=1,...,N that follow the dynamics given by system (1.3a)–

(1.3b). As N →∞, the particle system is described by the probability distribution

function f = f(t, x, u) of particles at position x with the main axis in direction u

at time t. Obtaining the equation for f , at least formally, uses standard tools from

kinetic theory, which we will not detail here but refer the reader to, e.g. Ref. 29.

We start with defining an empirical measure fN of the particles given by

fN (t, x, u) =
1

N

N∑
i=1

δ(Xi(t),Ui(t))(x, u), (1.7)
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where δ(Xi(t),Ui(t))(x, u) is the Dirac delta distribution at (Xi(t), Ui(t)). The formal

mean-field limit of the kinetic equation for the empirical distribution under the

assumption that fN → f as N →∞ solves

∂tf − µ∇x · ((∇xVf ) f)− λ∇u · ((∇uVf ) f)−Dx∆xf −Du∆uf = 0, (1.8)

where

Vf (t, x1, u1) :=

∫
Sn−1

∫
Rn
Vb(u1, u2, x2 − x1)f(t, x2, u2) dx2 du2. (1.9)

Next, we define the macroscopic quantities associated to f = f(t, x, u), namely the

spatial (or mass) density of the particles ρf (t, x) and the mean-nematic direction

Ωf (t, x) at time t ≥ 0 at position x ∈ Rn. Our goal is to derive equations for ρf (t, x)

and Ωf (t, x) from f = f(t, x, u).

The mass density ρf (t, x) is defined by

ρf (t, x) :=

∫
Sn−1

f(t, x, u) du.

To define Ωf (t, x), we need to consider the following:

(ρfQf )(t, x) :=

∫
Sn−1

(
u⊗ u− 1

n
Id

)
f(t, x, u) du, (1.10)

where Qf (t, x) is a matrix associated to the distribution f = f(t, x, u) and it is

called Q-tensor in the literature of liquid crystals see, e.g. Refs. 2 and 30. Note that

Qf is a symmetric, trace-free matrix satisfying Qf ≥ − 1
n Id.

The principal eigenvector of Qf (t, x) gives the direction that corresponds to

the mean-nematic direction of the particles located at x ∈ Rn at time t ≥ 0 (see,

e.g. p. 15 of Ref. 16 for an explanation). We denote the principal eigenvector by

Ωf (t, x) ∈ Sn−1 as long as it is unique (up to a change of sign). We have, in

particular, that Ωf = Ωf (t, x) maximizes over Sn−1 the quantity (see p. 37 of

Ref. 16),

u 7→ u · (ρfQf )u =

∫
Sn−1

(
(u · ū)2 − 1

n

)
f(t, x, ū) dū.

This can also be seen as a consequence of the Courant-Fisher theorem, or the

min-max theorem, see, e.g. Ref. 28. Indeed, note that if f = fN is the empirical

measure (1.7), the previous expression implies that Ωf maximizes

u 7→ 1

N

N∑
j=1

(u · Uj)2,

which is analogous to maximizing

1

N

N∑
j=1

Vnem(u, Uj),

where Vnem is the potential given in Eq. (1.1c). Thus, Ωf defined in this way is

indeed the mean-nematic direction.
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In this paper, we derive equations for the spatial density ρ = ρf (t, x) of particles

and their mean-nematic direction Ω = Ωf (t, x). Before delving into the details in

the following section, we end this introductory part with some comments on the

continuum equations. For the density ρ, we obtain an equation of the following

form:

∂tρ = Dx∆xρ+ µ∇x · (K(ρ)ρ∇xρ) ,

where K is a functional that depends on ρ. Note that the particle density does

not depend on the mean-nematic direction Ω. However, the effect of the repulsive

potential is present through the functional K, which depends, particularly, on the

anisotropy parameter χ2 (defined in (1.2)).

The equation for Ω is a combination of transport and diffusion, with a cross-

diffusion term in ρ. Intriguingly, the well-posedness of the equation imposes a con-

straint on the parameters. Particularly, we require that

Dx

µ
>
Du

λ
. (1.11)

However, this constraint is not required at the particle level. We discuss in detail

possible explanations for this constraint in Sec. 2.3. Our main result is given in

Theorem 2.1 and its interpretation is given in Sec. 2.3.

Structure of the paper. In Sec. 2, we state our main result, Theorem 2.1, after

some preliminary definitions and results. Theorem 2.1 is followed by an extensive

interpretation section, Sec. 2.3, where we comment on each component of our con-

tinuum equations. In Sec. 3.1, we motivate our choice of the Gaussian-type repulsive

potential (1.6) by comparing it with similar interaction potentials used in the lit-

erature. Section 3.2 is dedicated to numerical simulations of the stochastic particle

system (1.3a)–(1.3b). Here, we conduct a detailed parameter study and a numerical

comparison of the effect of different repulsive potentials on the global alignment of

the particles. We dedicate Sec. 4 to the proof of Theorem 2.1. Finally, the paper is

complemented with some concluding remarks and perspectives in Sec. 5, followed

by appendices.

2. Continuum Equations

In this section, we derive continuum equations, namely the equations for the mass

density ρf (t, x) and the mean-nematic direction Ωf (t, x) from the kinetic equa-

tion (1.8). We start with non-dimensionalizing the kinetic equation (1.8). To this

end, we introduce a scaling parameter 0 < ε� 1 and denote by fε the solution of

the scaled kinetic equation.

Non-dimensionalization. Introducing the units of space x0 and time t0, we define

the dimensionless variables,

x̃ =
x

x0
, t̃ =

t

t0
, f̃ = fxn0
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and the dimensionless parameters,

µ̃ = µ
t0
x2

0

, λ̃ = t0λ, D̃u = t0Du, D̃x =
Dxt0
x2

0

, ˜̀=
`

x0
, d̃ =

d

x0
.

We remark that the anisotropy factor χ and the potential Vb are already dimen-

sionless. Thus, we have

χ̃ = χ, Ṽb = Vb, Ṽf = Vf .

Using these dimensionless quantities, dropping the tildes for the sake of simplicity,

we obtain exactly the same equation as before, i.e. we end up with Eq. (1.8). But

now all the variables and parameters are without units.

Scaling. Considering a scaling parameter 0 < ε � 1, we introduce the primed

variables below,

` = ε`′, d = εd′, µ = ε−nµ′, λ = ε−(n+a)λ′, Du = ε−aD′u, (2.1)

where a ∈ (0, 2] is a constant.

Note that the scaling in ` and d combined with the scaling of the potential by

εnV εf = Vf produces a localization in space of the potential Vf (for details, see

Lemma 2.1). The choice of a has an influence on the resulting macroscopic equation

(see Remark 2.1). Notice also that the diffusion constant Dx stays of order 1. We

obtain the following rescaled kinetic equation (skipping the primes for simplicity):

∂tf
ε − µ∇x · ((∇xV εfε)fε)−Dx∆xf

ε =
1

εa
(
λ∇u · ((∇uV εfε)fε) +Du∆uf

ε
)
.

Next, we further expand the potential Vf .

Lemma 2.1 (Expansion of the potential). Considering ` = ε`′ and d = εd′

we have the following expansion V εf of the scaled weighted Gaussian potential Vf
(defined by using (1.6)) :

V εf (t, x1, u1) :=
1

εn
Vf (t, x1, u1)

=

∫
Sn−1

(
1− χ2(u1 · u2)2

)
f(t, x1, u2) du2

+
ε2

4

∫
Sn−1

(
1− χ2(u1 · u2)2

)
Σ(u1, u2) : ∇2

xf(t, x1, u2) du2 +O(ε3)

= Wf (t, x1, u1) + ε2Bf (t, x1, u1) +O(ε3), (2.2)

where ∇2
x is the Hessian, i.e. a n× n-matrix with components (∇2

x)ij = ∂xi∂xj , ‘:’

denotes the double contraction, i.e. A : B :=
∑
i,j AijBij , Wf and Bf are defined

as

Wf (t, x1, u1) :=

∫
Sn−1

(
1− χ2(u1 · u2)2

)
f(t, x1, u2) du2, (2.3)

Bf (t, x1, u1) :=
1

4

∫
Sn−1

(
1− χ2(u1 · u2)2

)
Σ(u1, u2) : ∇2

xf(t, x1, u2) du2. (2.4)
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Proof. The proof can be found in Appendix A.1.

Nematic alignment potentials analogous to Wf appear in the literature of col-

lective dynamics, e.g. in a model for nematic alignment of fibers,12 in a model for

body attitude coordination,16 and in a model of pure nematic alignment.19

Finally, using the expansion for the scaled weighted Gaussian potential V εf in

Lemma 2.1 we obtain

∂tf
ε − µ∇x · ((∇xWfε)f

ε)−Dx∆xf
ε − ε2−aλ∇u · ((∇uBfε)fε)

=
Du

εa
C(fε) +O(εmin{2,3−a}), (2.5)

with a ∈ (0, 2] and where

C(f) :=
λ

Du
∇u · ((∇uWf )f) + ∆uf.

Remark 2.1 (Motivation for the scaling factor a and scaling choices). The

scaled kinetic equation with a = 2 can also be equivalently obtained by just scaling

space and time by x′ =
√
εx and t′ = εt, which corresponds to a diffusive scaling.

However, we also consider an alternative scaling (corresponding to a ∈ (0, 2)) where

the term Bf vanishes in the macroscopic limit. The term Bf is specific to the

Gaussian repulsive potential, and it acts as a correction to the primary nematic

alignment potential Wf . As we will see, the term Bf is unique in the sense that

it gives different behavior for prolate and oblate particles (see term Π3 in the

macroscopic limit (2.22)). The two scaling factors that we consider highlight the

differences in the dynamics with and without the term Bf .

The scaling for ` and d presented in (2.1) makes the ellipsoid’s size vanish as

ε → 0, while keeping the aspect ratio. This scaling choice can be interpreted as

doing a ‘zoom out’ in space. The scaling for λ, Du makes the term acting on the

orientation u predominant, while keeping the ratio between the potential force and

the noise intensity λVf/Du invariant under rescaling. Finally the parameter µ is

rescaled so that the total potential force acting on the positions of the particles µVf
is invariant under rescaling.

Our goal is to derive equations for the time evolution of the mass density ρf =

ρf (t, x) and the mean-nematic direction Ωf = Ωf (t, x). For this reason, we rewrite

the kinetic equation in terms of the Q-tensor Qf . First, using that (u · v)2 =

uT (v ⊗ v)u and that ρf =
∫
Sn−1 f du, we rewrite Wf in (2.3) as follows:

Wf (t, x1, u1) = −χ2uT1 (ρfQf )u1 −
(
χ2

n
− 1

)
ρf . (2.6)

With this new expression forWf and using that∇uρf = 0, the kinetic equation (2.5)

becomes

∂tf
ε + µχ2∇x · (∇x(uT (ρfεQfε)u )fε) + µ

(
χ2

n
− 1

)
∇x · ((∇xρfε)fε)

−λε2−a∇u · ((∇uBf )fε)−Dx∆xf
ε =

Du

εa
C(fε) +O(εmin{2,3−a}), (2.7)
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where

C(f) = ∇u ·
(
∇uf −

λ

Du
f∇u

(
χ2uT (ρfQf )u

))
. (2.8)

In the following section, we give some preliminary definitions and concepts to

analyze the operator C in detail.

2.1. Properties of the operator C

From Eq. (2.7), we can observe that, at least formally, if fε converges to some

function f0 as ε→ 0, then it must hold that f0 belongs to the kernel of the operator

C, i.e. C(f0) = 0. Fortunately, the equilibria for C have already been studied in

Ref. 14 and in this section we summarize the results presented there. Therefore,

this section mainly follows some results of Ref. 14 omitting their proofs.

In particular, we are interested in stable equilibria of the operator C (for an

exact notion of stability see Ref. 14). The key result, containing the characterization

of the stable equilibria of C, is given in Lemma 2.3, which can be found at the end

of this section.

Remark 2.2. The operator C defined in (2.8) is equivalent to the one presented

in Eq. (39) in Ref. 14 for

α :=
χ2λ

Du
. (2.9)

Next, we introduce some preliminaries.

Definition 2.1 (Uniaxial tensor). Given Ω ∈ Sn−1, the normalized, uniaxial,

trace-free tensor AΩ in the direction of Ω is defined by

AΩ = Ω⊗ Ω− 1

n
Id. (2.10)

The tensor AΩ is symmetric with principal eigenvalue n−1
n . It is called uniax-

ial since it has only two eigenvalues and one of them is simple. The normalized

eigenvectors associated to the simple eigenvalue are ±Ω.

Next, we define the Gibbs distributions of uniaxial tensors.

Definition 2.2 (Gibbs distribution of an uniaxial tensor). Given η > 0 and

the tensor AΩ, the Gibbs distribution GηAΩ
associated to ηAΩ is defined as

GηAΩ
(u) =

1

Zη
eη(u·Ω)2

, where Zη =

∫
Sn−1

eη(u·Ω)2

du. (2.11)

Finally, the order parameter associated to a Gibbs distribution is defined as

follows.

Definition 2.3 (Order parameter). The order parameter associated to GηAΩ is

denoted by S2 = S2(η) and given by

S2(η) :=
n

n− 1
ΩTQGηAΩ

Ω =
n

n− 1

∫
Sn−1

(
(u · Ω)2 − 1

n

)
GηAΩ

du, (2.12)

where QGηAΩ
is the Q-tensor associated to GηAΩ

.
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Remark 2.3. Using the change of variables (4.1), the order parameter S2(η) can

be written as

S2(η) =
n

n− 1

∫ π

0

(
cos2 θ − 1

n

)
gη(θ) sinn−2 θ dθ, (2.13)

where the function gη is given in (4.2).

Note that S2(η) is actually independent of Ω and it satisfies the following.

Lemma 2.2 (Proposition 2 in Ref. 14). It holds that

QGηAΩ
= S2(η)AΩ.

Moreover, S2 : (0,∞)→ (0, 1) is non-decreasing with S2 → 0 as η → 0 and S2 → 1

as η →∞.

Next, we define the function η = η(ρ) implicitly through the following equation.

Proposition 2.1 (Implicit definition of η = η(ρ), Proposition 3 in Ref. 14).

The equation

η

αρ
= S2(η) (2.14)

has at least a root η if and only if ρ ∈ (ρ∗,+∞), ρ∗ > 0. Moreover, (2.14) has at

most two roots. Choosing the largest root, we can define a smooth, non-decreasing

function (ρ∗,+∞)→ (η∗,+∞), ρ 7→ η(ρ), where η∗ = limρ→ρ∗ η(ρ) ≥ 0.

Finally, with all the definitions above, we can state the main result regarding

the equilibria of C.

Lemma 2.3 (Stable equilibria of C, Lemma 4.4 in Ref. 14). Let n ∈ {2, 3}.
For ρ∗ given in Proposition 2.1 the following holds:

(i) If ρ < ρ∗, then f = ρ (the uniform equilibrium) is the only stable equilibrium

of the operator C.

(ii) If ρ > ρ∗, then the only stable equilibria of the operator C are of the form

f = ρGη(ρ)AΩ
.

In particular, we have

Qf = S2(η(ρ))AΩ, (2.15)

where S2 and η = η(ρ) are defined in (2.12) and (2.14), respectively. Eq. (2.15)

is referred to as “consistency relation” and can be written, using (2.14), equiv-

alently as

αρQGη(ρ)AΩ
= η(ρ)AΩ. (2.16)

Remark 2.4. The operator C is analogous to the operator that appears for models

of nematic alignment where the nematic alignment is imposed, see, e.g. Ref. 19.

However, in Ref. 19 the potential is written in a so-called, ‘mean-field force’ form
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rather than a binary force. Here, we have the term

ϕ1(u) := uT ρfQfu =

∫
Sn−1

(
(u · ū)2 − 1

n

)
f(t, x, ū) dū,

while in Ref. 19 this operator is replaced by

ϕ2(u) := uTAΩfu = (u · Ωf )2 − 1

n
,

where Ωf corresponds to the mean-nematic direction (that is why it is called ‘mean-

field force’). We expect that both cases lead to nematic alignment. Already in

the case ϕ2 we see that u = ±Ωf is the maximizer. In the first case, we also

know that Ωf corresponds to the principal eigenvector of Qf , gives the mean-

nematic direction and maximizes ϕ1. However, it is not guaranteed that the

principal eigenvalue has only multiplicity 1. This adds an extra degree of dif-

ficulty to the analysis. Lemma 2.3 demonstrates that this leads to phase tran-

sitions in the macroscopic limit, with spatial regions of disordered dynamics,

i.e. the dynamics where a well-defined principal eigenvector does not exist, and

thus, particles do not align. This takes place in the regions of low density,

i.e. ρ < ρ∗.

Remark 2.5. Given the matrix Qf , suppose that Ωf ∈ Sn−1 is the principal

eigenvector (assumed to be unique up to a change in sign). Then, it holds that

AΩf also has a principal eigenvector Ωf . So, both Qf and AΩf give the same

mean-nematic direction. However, Qf 6= AΩf in general. In particular, the principal

eigenvalue of AΩf is always n−1
n , while for Qf the eigenvalues have n−1

n as an upper

bound (see Ref. 19). In particular (see Ref. 14), to measure the degree of nematic

alignment one considers the following order parameter γf :

γf =
n

n− 1
βf ∈ (0, 1], (2.17)

where βf is the largest eigenvalue of Qf . If f is uniformly distributed on the sphere

(particles are fully misaligned), then γf is close to 0. On the contrary, if f is close to
1
2 (δΩ + δ−Ω), i.e. particles are fully aligned and Qf = AΩf , then γf = 1. So the case

Qf = AΩf is an extreme case that corresponds to having all particles nematically

aligned in the direction Ωf .

In fact, the function S2 = S2(η) is the order parameter of GηAΩ .

Remark 2.6. As η → 0, GηAΩ
converges to the uniform probability distribution

on Sn−1 and S2 converges to 0. As η →∞, GηAΩ
converges to two Dirac delta dis-

tributions 1
2 (δΩ +δ−Ω) which accounts for fully aligned distribution in the direction

of Ω and thus also S2 converges to 1. Therefore, as η increases, S2 increases too

(see also Fig. A.1(b)), and GηAΩ
shows increasing order of alignment.

Now, we are ready to state our main result in the following section.
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2.2. The macroscopic limit

Assumption 2.1. We assume throughout that all the functions are as smooth as

needed so that all the limits exist and the convergences are as strong as needed.

Next, we introduce the following definition which we will use in the theorem

below.

Definition 2.4. Let A be a 5-tensor and B a 4-tensor in Rn, then we define the

following operation between tensors:

([A : B][2,3,4,5:1,2,3,4])p :=

n∑
j,k,l,m=1

ApjklmBjklm, p = 1, . . . , n.

The contraction with the subscript [2, 3 : 1, 2] is analogously defined.

We give our main result in the following theorem.

Theorem 2.1. Let n ∈ {2, 3}, a ∈ (0, 2], and fε = fε(t, x, u) be the solution to the

kinetic equation (2.7). Suppose that Assumption 2.1 holds and that fε(t, x, u) →
f0(t, x, u) as ε → 0. Consider (t, x) such that

∫
Sn−1 f

0du > ρ∗ (where ρ∗ is given

in Proposition 2.1). Then, in this domain, it holds that f0 = ρ(t, x)Gη(ρ)AΩ
with

ρ(t, x) =
∫
Sn−1 f

0du > ρ∗, where AΩ, Gη(ρ)AΩ
, η(ρ) are given in (2.10), (2.11)

and (2.14), respectively. Moreover, the mass density ρ(t, x) and the mean-nematic

direction of the particles Ω(t, x) satisfy the following system of equations

∂tρ = Dx∆xρ+ µ∇x · (K(η(ρ))ρ∇xρ) , (2.18a)

∂tΩ + µΠ2(ρ)(∇xρ · ∇x)Ω + µ (σ − ν)PΩ⊥∆xΩ = 1a=2λΠ3(Ω, ρ), (2.18b)

where

K(η(ρ)) := 1− χ2

n
− σn− 1

n
S2(η(ρ))η′(ρ) (2.19)

and

σ :=
Du

λ
, ν :=

Dx

µ
.

Moreover, Π2 is given by

Π2(ρ) =
σ − 2ν

ρ
+
χ2

n
− 1 + 2

η′(ρ)

η(ρ)
(σ − ν)

+ η′(ρ)

(
2 (σ − ν)

c3,2(ρ)

c1,2(ρ)
− d2,0(ρ) (σ − 2ν)− σ

n

)
,

where for k, p ∈ N ∪ {0}, ck,p = ck,p(ρ) and dk,p = dk,p(ρ) are given by

ck,p(ρ) :=

∫ π

0

cosk θgη(ρ)(θ)hη(ρ)(cos θ) sinn−2+p θ dθ, (2.20)

dk,p(ρ) :=

∫ π

0

cosk θgη(ρ)(θ) sinn−2+p θ dθ, (2.21)

where the function hη is defined in Proposition 4.1 and the function gη is given

in (4.2). It holds that
c3,2
c1,2
≥ 0 and d2,0 ≥ 0.
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In the case of a = 2, the right-hand side of (2.18b) does not vanish and Π3 is

given by

8c1,2(ρ)η(ρ)

(n− 1)
Π3(Ω, ρ)

= (`2 − d2)[(Hr
2 : (D2

xρ))][2,3:1,2] − 2χ2d2[Hr
2 : ∆x(ρH2)][2,3:1,2]

−χ2(`2 − d2)([Hr
4 : (D2

x ⊗ (ρH2))][2,3,4,5:1,2,3,4]

+ [Hr
2 ⊗D2

x : (ρH4)][2,3,4,5:1,2,3,4]), (2.22)

where in the case of dimension n = 2 we have that

H2 = d2,0(Ω⊗ Ω) + d0,2(Ω⊥ ⊗ Ω⊥), (2.23)

Hr
2 = d2,2Ω⊥ ⊗

(
(Ω⊥ ⊗ Ω) + (Ω⊗ Ω⊥)

)
, (2.24)

H4 = d4,0(Ω⊗ Ω⊗ Ω⊗ Ω) + d2,2S2Ω,2Ω⊥(Ω,Ω⊥)

+ d0,4(Ω⊥ ⊗ Ω⊥ ⊗ Ω⊥ ⊗ Ω⊥), (2.25)

Hr
4 = Ω⊥ ⊗

(
d4,2S3Ω,Ω⊥(Ω,Ω⊥) + d2,4SΩ,3Ω⊥(Ω,Ω⊥)

)
, (2.26)

with

S2Ω,2Ω⊥(Ω,Ω⊥) := (Ω⊗ Ω⊥ + Ω⊥ ⊗ Ω)⊗ (Ω⊗ Ω⊥ + Ω⊥ ⊗ Ω)

+ Ω⊗ Ω⊗ Ω⊥ ⊗ Ω⊥ + Ω⊥ ⊗ Ω⊥ ⊗ Ω⊗ Ω

and

S3Ω,Ω⊥(Ω,Ω⊥) := (Ω⊗ Ω)⊗ (Ω⊗ Ω⊥ + Ω⊥ ⊗ Ω)

+ (Ω⊗ Ω⊥ + Ω⊥ ⊗ Ω)⊗ (Ω⊗ Ω)

and SΩ,3Ω⊥ is defined analogously as S3Ω,Ω⊥ (by exchanging the values of Ω

and Ω⊥).

In dimension n ≥ 3, the values of H2, H
r
2 , H4, H

r
4 are more complex and are

given in Proposition 2.2 below.

Proposition 2.2 (Dimension n ≥ 3). For n ≥ 3 the functions H2, H
r
2 , H4, H

r
4

are given by

H2(η,Ω,Ω⊥) = d2,0(Ω⊗ Ω) +
d0,2

n− 1
PΩ⊥ , (2.27)

Hr
2 (η,Ω,Ω⊥) =

d2,2

n− 1
(PΩ⊥ ⊗ Ω + [PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:24) , (2.28)

H4(η,Ω,Ω⊥) = d4,0(Ω⊗ Ω⊗ Ω⊗ Ω) +
d0,4

(n− 1)(n+ 1)
Γ

+
d2,2

n− 1
[PΩ⊥ ⊗ Ω⊗ Ω + Ω⊗ PΩ⊥ ⊗ Ω + Ω⊗ Ω⊗ PΩ⊥
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+ [PΩ⊥ ⊗ Ω⊗ PΩ⊥ ⊗ Ω]:24 + [PΩ⊥ ⊗ Ω⊗ Ω⊗ PΩ⊥ ]:25

+ [Ω⊗ PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:35]

Hr
4 (η,Ω,Ω⊥) =

d2,4

(n− 1)(n+ 1)
T +

d4,2

n− 1
[PΩ⊥ ⊗ Ω⊗ Ω⊗ Ω

+ [PΩ⊥ ⊗ Ω⊗ PΩ⊥ ⊗ Ω⊗ Ω]:24

+ [PΩ⊥ ⊗ Ω⊗ Ω⊗ PΩ⊥ ⊗ Ω]:25 + [PΩ⊥ ⊗ Ω⊗ Ω⊗ Ω⊗ PΩ⊥ ]:26],

where Γ is symmetric order-4 tensor defined by

Γ = 3Sym(PΩ⊥ ⊗ PΩ⊥). (2.29)

In Cartesian coordinates Γ is given by

Γijkl = (PΩ⊥)ij(PΩ⊥)kl + (PΩ⊥)ik(PΩ⊥)jl + (PΩ⊥)il(PΩ⊥)jk.

Also, T is a 5-tensor with components

Tijklp = S̃ijklΩp + S̃ijkpΩl + S̃ijplΩk + S̃ipklΩj , (2.30)

where

S̃iiii = 3Γiiii, S̃iijj = Γiijj , S̃ijij = Γijij , S̃ijji = Γijji

for i, j ∈ {1, . . . , n} such that i 6= j, otherwise S̃ijkl is zero. Above we used the

notation

[PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:24

to denote a 3-tensor whose (i, j, k) component is given by

([PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:24)ijk =

n∑
p=1

(PΩ⊥)ipΩj(PΩ⊥)pk,

i.e. in this case we contract the full tensor PΩ⊥ ⊗Ω⊗ PΩ⊥ , which is a 5-tensor, by

summing over the second and the forth indices (that is why we have the sub-index

notation : 24). One defines the other contractions analogously.

The proof of the Proposition 2.2 is given in Sec. 4.4.2.

Moreover, from Theorem 2.1 we can deduce the following.

Corollary 2.1 (Isotropic regime). Let n ∈ {2, 3} and a ∈ (0, 2]. Suppose that

fε → ρ as ε→ 0, then it holds that

∂tρ−Dx∆xρ+ µ

(
χ2

n
− 1

)
∇x · (ρ∇xρ) = 0. (2.31)

Proof. The proof of the corollary directly follows the steps of the proof of Theo-

rem 2.1 to obtain the equation for ρ.

The proof of Theorem 2.1 is postponed to Sec. 4. Next, we comment on Theo-

rem 2.1, particularly on Eqs. (2.18a) and (2.18b).
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2.3. Comments on the continuum equations

In this section, we discuss the macroscopic equations for the mass density and the

mean-nematic direction (2.18a) and (2.18b), respectively.

2.3.1. The equation for the mass density

Equation (2.18a) is a diffusion-type equation in divergence form and hence the

total mass
∫
Rn ρdx is preserved over time. The equation is formed by the sum of a

linear diffusion and a non-linear diffusion term. The purely diffusive term with the

diffusion constant Dx arises from the Brownian motion at the particle level. The

second term on the right-hand side resembles a porous medium equation, but with

a diffusion coefficient K that depends also on the density ρ. Numerical experiments

indicate that K(η(ρ)), as given in Eq. (2.19), is non-negative, see Remark 2.7.

Effect of particle anisotropy. Interestingly, the equation for the mass density

is independent of the mean-nematic direction Ω. However, the anisotropy of the

particles modifies Eq. (2.18a). To understand the effect of particle anisotropy, char-

acterized by χ and defined in (1.2), we first consider spherical particles. For spherical

particles, χ = 0, and the potential Vb becomes isotropic, i.e.

Vb(x2 − x1) = (4π)−n/2 exp

(
−|x2 − x1|2

2d2

)
.

In this case, particles’ positions and directions are completely decoupled in the

discrete system (1.3) since ∇uVb = 0 and ∇xVb is independent of u. Moreover,

one straightforwardly obtains the following equation for ρ (by directly integrating

equation (2.5) and noting that Wf = ρ in this case):

∂tρ = Dx∆xρ+ µ∇x · (ρ∇xρ) for χ = 0,

which is the porous medium equation with linear diffusion. Note that it corresponds

to Eq. (2.31), where we assumed that fε → ρ as ε → 0. Therefore, the difference

between the isotropic and the anisotropic cases is encapsulated in the non-linear

diffusion coefficient K(η) 6= 1.

Now, note that

K(η) ≤ 1− χ2

n
,

since S2(η) ∈ (0, 1) and η is non-decreasing (see also Fig. A.1).

Remark 2.7 (Non-negativity of the diffusion coefficient K). Even though,

we do not have an analytical guarantee that K is non-negative, numerical simula-

tions suggest that K actually has a lower bound 1− χ2 ≥ 0. Figure 3(a) shows the

evolution of K as η ≥ 0 varies for different values of χ. The dashed lines in match-

ing colors represent the numerical lower bound for K and the dotted lines display

the upper bound 1 − χ2

n for K. Moreover, in Fig. 3(b), the gray area shows the

range of K values with respect to χ when other parameters, i.e. σ, also vary. Here,
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(a) Evolution of K(η) with respect to η (b) Range of K(η) with respect to χ

Fig. 3. (a) Time evolution of the diffusion coefficient K(η) with respect to η with different χ
values. The dotted lines and the dashed lines correspond to 1 − χ2/n (upper bound for K) and

1−χ2 (lower bound for K), respectively, for the matching color χ values. (b) The range of K(η) for

χ ∈ (0, 1) and σ ∈ [2−8, 28]. The dotted and the dashed lines show the upper and the (numerical)
lower bound for K, respectively.

we can numerically further confirm that the lower bound for observed K values is

1 − χ2, denoted by the blue dashed line. Note also that, in dimension n = 3, χ

can take negative values, i.e. χ ∈ [−1, 1]. However, this does not change the value

of K since only χ2 is involved in the computation of K. That is why we only dis-

play χ ∈ [0, 1] in Fig. 3(b) and naturally it would be symmetric for χ ∈ [−1, 0].

Moreover, our numerical experiments include how K changes with respect to ρ for

various χ ∈ (0, 1) values, see Fig. A.1(c), where, again, K remains non-negative.

Assuming that K ≥ 0, the particle anisotropy contributes to a slowdown in the

non-linear diffusion. In dimension n = 3, when the particles are rods (χ = 1) or flat

disks (χ = −1) we have that K(η) ≤ 2/3; thus, the original speed of diffusion µ is

reduced to at least two-thirds of the anisotropic case. One may hypothesize that

this effect is due to anisotropic particles being able to pack and occupy less volume

when aligned, so they produce less diffusion. Indeed, our numerical investigations

regarding the effect of particle anisotropy on the global alignment also confirm that

particles with higher anisotropy reach total global alignment faster. We observe

that the particles which are closer to perfect circle in shape (χ ≈ 0) and low in

density do not reach alignment by the end of the simulation time, whereas particles

which are more elongated ellipses (χ ≈ 1) with higher densities align globally in a

shorter time frame, see, e.g. Fig. 7. We refer to Sec. 3.2.3 for a detailed discussion.

2.3.2. The equation for the mean-nematic direction

First, we remark that the equation for the mean-nematic direction Ω, Eq. (2.18b),

is non-conservative. It can be verified that |Ω|(t) remains constant over time, as all

the terms lie within the space spanned by Ω⊥. Consequently, Ω stays on the sphere

at all times.
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The term Π2 corresponds to transport of Ω in the direction ∇xρ. However, the

sign of Π2(ρ) is not immediately clear, or it is uncertain if it changes sign during

the dynamics. Notably, Π2 would vanish if µ = 0, indicating that this term arises

from the repulsive potential acting on particle positions.

The last term on the left-hand side of (2.18b) corresponds to diffusion in the

direction Ω. The projection term PΩ⊥ ensures that Ω remains on the sphere. One can

check that when particles are spherical, there is no equation for Ω, which is expected

since the direction Ω does not influence the dynamics in this case. If µ = 0, the

diffusion constant reduces to Dx, meaning that, in this case, the diffusion originates

only from the Brownian motion of the positions of the particles. Intriguingly, the

constant µσ introduces an anti-diffusion effect.

The case a ∈ (0, 2). When a ∈ (0, 2), the right-hand side of (2.18b) vanishes. In

this case, the dynamics for ρ and Ω are identical for prolate and oblate particles

with the same values of χ2. Consequently, at the macroscopic level, the equations

do not differentiate between these two types of particles.

2.3.3. The case a = 2

When a = 2, the term Π3, given by Eq. (2.22), does not vanish. This term gives the

effect of the repulsive potential on the directionality of the particles. Specifically,

from Lemma 2.1, the potential V εf expands as

V εf = Wf + ε2Bf +O(ε3),

where Wf is a nematic-alignment force, and the term Bf — which generates Π3 —

arises from the specific form of the repulsive potential Vb considered. The term Π3

involves either second-order differential operators or products of first-order differ-

ential operators.

Interpreting Π3 is not straightforward, but it is clearly distinct from the other

terms in Eq. (2.18b). Notably, Π3 is the only term where the distinction between

oblate (` < d) and prolate (` > d) particles matter. Specifically, oblate and prolate

particles exhibit opposite signs for the first and last two terms of Π3. If the diffusion

constants are positive for prolate particles, they will be negative for oblate particles,

and vice versa. As a result, the qualitative behavior of oblate and prolate particles

will differ significantly.

Note that the second term in Π3 is solely influenced by the length d. If d = 0

(i.e. if the particles are rod-shaped), this term disappears.

To simplify the interpretation of Π3, in the next two paragraphs we focus only

on dimension n = 2.

Anisotropic equilibrium (d2,0 6= d0,2). One can expand the contractions in

Π3 further considering expressions (2.23)–(2.26). For example, for the second term
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in (2.22) we have that

[Hr
2 : (∆x(ρH2))][2,3:1,2] = 2d2,2d2,0Ω⊥

(
ρ(Ω⊥ ·∆xΩ) + 2Ω⊥ · [(∇xρ · ∇x)Ω]

)
+ 2d2,2d0,2Ω⊥

(
ρ(Ω ·∆xΩ⊥) + 2Ω · [(∇xρ · ∇x)Ω⊥]

)
.

For these equations, it is critical that d2,0 6= d0,2, since, if they were the same, then

H2 would be equal to the identity and this would imply that

[Hr
2 : (∆ρId)][2,3:1,2] = 0,

since (Ω ⊗ Ω⊥) : Id = Ω · Ω⊥ = 0. Moreover, if d2,0 = d0,2, then the third term

of (2.22) would become:

[Hr
4 : D2

x ⊗ ρId][2,3,4,5:1,2,3,4] = d2,0(d2,4 + d4,2)Ω⊥[(Ω⊗ Ω⊥ + Ω⊥ ⊗ Ω) : (D2
xρ)].

Therefore, the fact that d2,0 6= d0,2 creates an anisotropy that produces deriva-

tives in Ω and Ω⊥. If Gη(ρ)AΩ
was the uniform distribution (i.e. if ` = d), then

we would have that d2,0 = d0,2. Thus, this effect is linked to the anisotropy of the

particles.

Cross-diffusion term. The term of Π3 containing the second derivatives of ρ is

b(ρ)ρΩ⊥[(Ω⊗ Ω⊥ + Ω⊥ ⊗ Ω) : D2
xρ],

where

b(ρ) :=
n− 1

8η(ρ)c1,2
(`2 − d2)

(
d2,2 − χ2(d4,2d2,0 + d2,4d0,2)− 2χ2d2

2,2

)
.

This term makes system (2.18a)–(2.18b) of a cross-diffusion type. In dimension n =

3, it is clear that if the diffusion coefficient b(ρ) is positive for prolate particles then

it is negative for oblate particles (and vice versa). This will particularly complicate

the study of the well-posedness of the equations, which we leave for future work.

2.4. Parameter regime for the validity of the continuum equations

It remains an open question to determine for which parameter regime the macro-

scopic equations (2.18a)–(2.18b) are well-posed. In particular, the consistency rela-

tion (2.15) imposes a major constraint on the dynamics. Particularly, when ρ < ρ∗,

the macroscopic equations lose their validity. In this section, we illustrate this effect

with a couple of examples.

Diffusion term in Ω. For the well-posedness of the equations, we require the

diffusion constant in Ω, given by µ(ν−σ), (see the left-hand side of (2.18b)), to be

positive. This is equivalent to the condition:

µ

Dx
<

λ

Du
.

This condition establishes a balance between the noise intensities Dx, Du and the

intensity of the alignment interactions µ, λ. If µ = λ, then we must have Du < Dx
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(i.e. the noise intensity in the directions must be smaller than in the positions).

If Dx = Du, then µ < λ must hold (i.e. the intensity of the potential must be

stronger for the directions than for the positions). Additionally, for well-posedness,

it is required that Dx > 0. These parameter constraints suggest that there are

certain aspects of the microscopic dynamics that the macroscopic equations fail to

capture. Moreover, in Sec. 3.2, we present some numerical tests on this condition at

the microscopic level, simulating the stochastic particle system (1.3). The results

indicate that when the continuum equations are ill-posed, i.e. when σ ≥ ν, the

particles do not reach any type of alignment. This can be observed particularly in

Figs. 4 and 5. For further details, we refer the reader to Sec. 3.2.

The critical case ν = σ. Let us consider the critical case where ν = σ. In this

case the diffusive term in Ω vanishes. We explore this scenario in more detail.

Note that we can rewrite the kinetic equation (2.7) (for a ∈ (0, 2)) as

∂tf
ε −Dx∇x ·

(
∇xfε −

χ2µ

Dx
fε∇x

(
uT (ρfQf )u

))
+µ

(
χ2

n
− 1

)
∇x · ((∇xρfε)fε)

=
Du

ε
C(fε) +O(ε2), (2.32)

where we recall,

C(f) = ∇u ·
(
∇uf −

χ2λ

Du
f∇u

(
uT (ρfQf )u

))
.

Note that the second term in (2.32) has the same shape as the operator C except

that the derivatives are in x and the parameter values differ.

If ν = σ, i.e. Dx
µ = Du

λ , the second term in (2.32) can be rewritten as

−Dx∇x ·
(
GαρfQf∇x

(
fε

GαρfQf

))
, with α =

χ2

σ
. (2.33)

By Lemma 2.3, when fε → ρGη(ρ)AΩ
, we have that GαρfQf → Gη(ρ)AΩ

and in the

limit (2.33) becomes

−Dx∇x ·
(
Gη(ρ)AΩ

∇xρ)
)
.

Integrating (2.32), and using the fact that
∫
Gη(ρ)AΩ

du = 1, we obtain Eq. (2.31),

which is the equation obtained in the isotropic regime corresponding to fε → ρ as

ε → 0. A possible explanation for this is that when µ = σ the density ρ declines

rapidly below the critical density ρ∗ due to the diffusive processes involved.

In conclusion, we emphasize two main takeaways on the validity of the contin-

uum equations. First, the macroscopic limit does not hold for arbitrary parameter

values. Second, the macroscopic equation ceases to be valid when ρ < ρ∗ (at the

points where Eq. (2.31) holds and we enter the isotropic regime). However, we have
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no prior information on the specific points in space or the times at which this may

occur.

We finish with a remark concerning the validity of the continuum equations for

higher dimensions.

Remark 2.8 (Higher dimensions). The macroscopic limit presented in this

paper only holds for n ∈ {2, 3} since in Lemma 2.3 we only obtain stable equilibria

for these dimensions. Existence of stable equilibria for n ≥ 4 is an open problem.

However, if Lemma 2.3 holds for n ≥ 4, we could conjecture that Theorem 2.1

would also hold for n ≥ 4.

3. Repulsive Potentials and Particle Simulations

In this section, we comment on the different Gaussian-type repulsive potentials,

motivate our choice (1.6) and present numerical simulations for particles following

the dynamics (1.3a)–(1.3b).

3.1. Gaussian-type anisotropic repulsive potentials

Earlier, we described the binary interactions between identical particles via an

anisotropic potential Vb given by Eq. (1.4). We comment on two particular choices

of the scaling factor b ≥ 0 in (1.4).

The Berne–Pechukas potential. One of the first soft anisotropic potentials that

appeared in the literature is that of a soft repulsive potential between two spheroids

using the Gaussian potential. It was first introduced by Berne and Pechukas in

Ref. 5. In Ref. 5, the scaling factor b(u1, u2) is given by

bBP(u1, u2) := (1− χ2(u1 · u2)2)−1/2 = det(Σ)−1/2, (3.1)

where χ is defined by (1.2). This is a very natural choice for the scaling factor b, as

it guarantees that Vb is a multivariate Gaussian distribution in the variable R with

a covariance matrix given by Σ/2.

The non-scaled Gaussian potential. Berne and Pechukas in Ref. 5 con-

sidered a scaling factor b such that the potential (1.4) is normalized, i.e.∫
Rd VbBP(u1, u2, R) dR = 1. However, one could choose to work directly with the

potential without normalization, i.e. consider the scaling factor

bNR(u1, u2) := (4π)n/2. (3.2)

Note that both, the potential VbBP
and the potential without normalization VbNR

,

have the same level sets in space (up to scaling). The level sets in directions, how-

ever, are different and this has important consequences.

3.1.1. Motivation for the interaction potential

We focus on the non-scaled Gaussian potential for two reasons. First, the Berne–

Pechukas potential does not produce nematic alignment at first order, see below
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item (ii). Second, we want to avoid the modification in the directions introduced by

the scaling. However, considering a system interacting via this potential is mathe-

matically challenging to study, and, therefore, we consider a modified version of the

non-scaled Gaussian potential, retaining the similar properties, this was explained

in Remark 1.1. Instead of (3.2), we work with (1.6), as introduced earlier. This sim-

plification resembles to the simplification done when considering the Maier–Saupe

potential bMS(u, u′) := (u ·u′)2 instead of the Onsager potential bO(u, u′) := |u ·u′|,
see, Ref. 31. Both potentials have the same minimizer, but bMS is easier to study

mathematically.

Moreover, using (1.6), we then observe that the leading term of the expan-

sion (2.2) is given by

Wf (t, x1, u1) :=

∫
Sn−1

(
1− χ2(u1 · u2)2

)
f(t, x1, u2) du2.

The function inside the integrand ϕ(u1, u2) :=
(
1− χ2(u1 · u2)2

)
resembles that of

the Maier–Saupe potential31 and motivates our choice for the rescaling factor b. In

particular,

(i) if we consider b ≡ 1 (i.e. without scaling of the potential), we obtain

W̃f (t, x1, u1) :=

∫
Sn−1

(
1− χ2(u1 · u2)2

)1/2
f(t, x1, u2) du2,

with ϕ̃(u1, u2) :=
(
1− χ2(u1 · u2)2

)1/2
. Even though the potential with ϕ and

the potential with ϕ̃ have the same minimizers in terms of u1, u2, Wf is more

straightforward to analyze since we can rewrite it as

Wf (t, x1, u1) = uT1

(∫
Sn−1

(Id− χ2(u2 ⊗ u2))f(t, x1, u2) du2

)
u1,

i.e. we can decouple the variables u1 and u2 and recast Wf in terms of Qf (see

Eqs. (1.10) and (2.6)). As previously mentioned, a similar simplification is done

when, instead of considering the Onsager potential bO(u1, u2) = |u1 · u2|, one

considers the Maier–Saupe potential bMS(u1, u2) = (u1 · u2)2, see Ref. 31 for

more details.

(ii) if we consider the Berne–Pechukas scaling bBP in (3.1), then the corresponding

potential takes the following form:

WBP
f (t, x1) =

∫
Sn−1

f(t, x1, u2) du2 = ρ(t, x1). (3.3)

Since the total integral of VbBP is one, we do not obtain a nematic alignment

potential at the leading order.

In Sec. 3.2.4, we provide a numerical comparison of stochastic particle systems inter-

acting via these different potentials. Indeed, we observe that particles interacting

via the Berne–Pechukas potential do not align, see Fig. 9.
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3.2. Numerical simulations

This section is dedicated to the numerical simulations of the stochastic particle

system (1.3), particularly to compare the particle-level dynamics at longer times

with our analytical predictions on the macroscopic dynamics.

We start with the study of how the central assumption for well-posedness (1.11)

at the macroscopic level affects the particle dynamics. Subsequently, we investigate

the impact of the anisotropy of the particles (measured by χ defined in (1.2)) and

the particle density on the particle interaction dynamics. We finish the numerical

simulations section with a comparison between the different types of interaction

potentials mentioned in Sec. 3.1.

The source code for the particle simulations is provided at

https://github.com/cwytrzens/anisotropic_particles.

3.2.1. Numerical implementation

We simulate the discrete particle dynamics in dimension n = 2, governed by

the stochastic differential equations (1.3a) and (1.3b) on a periodic domain. The

simulations use an explicit Runge–Kutta Milstein method of strong order 1 with

adaptive time stepping. This numerical method is part of the Julia package

StochasticDiffEq.jl, see Ref. 27. Since we want to study a wide range of model

parameters, it is crucial to use an adaptive time-stepping method, as the stiffness

of the system strongly depends on the model parameters and differs across the

parameter range that we investigate. We use default tolerance parameters reltol

= 10−2 and abstol = 10−2. Moreover, in order to allow faster numerical evalua-

tions of the interaction forces, we truncate the potential Vb as defined in Eq. (1.4)

for R = |Xj −Xi| ≥ 8 max(`, d).

For the particle simulations, we consider a square domain of size [0, Lx]× [0, Ly]

with Lx = Ly = 100 and fix the number of particles at N = 105. The initial

positions Xi and directions ui of the particles are taken uniform and random for i =

1, . . . , N . Moreover, we set tend = 1.5×105, the time at which the simulations stop.

We perform an extensive parameter study for each remaining parameter pair,

namely, the diffusion constants in space Dx and direction Du; the strength factors

of the repulsive force, µ and λ; the anisotropy parameter χ, and the particle density

ρ̄ which we define as

ρ̄ :=
π`dN

LxLy
(3.4)

and it represents the ratio of the total volume of all particles to the domain size.

The parameters χ and ρ̄ determine d and ` uniquely (by solving (1.2) and (3.4) for

d and `).

3.2.2. Parameter study

For the parameter study, we focus on capturing the regime of parameter values

at which the global alignment is reached versus those at which the particles fail
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Table 1. Default model parameters for the simulations of the

particle system.

Parameter Value

χ 0.9

ρ 1
Dx 2−4

Du 2−11

λ 28

µ 213

N 105

Lx, Ly 100
tend 1.5× 105

to align globally. As the dynamics depend on many parameters and the balance

between them, capturing all interesting parameter combinations is very challenging;

thus, out of the scope of this numerical study. To measure alignment, we compute

the order parameter γf which is given in (2.17). If not stated otherwise, all the

simulations use the default parameters given in Table 1.

To capture the transition to alignment, we typically vary one or two parameters

while keeping the others fixed. This approach allows for a direct comparison between

our numerical results and the theoretical prediction that the condition σ < ν is

necessary for well-posedness of the continuum equations, see (1.11). Recalling that

σ = Du
λ and ν = Dx

µ , we study the trajectories of the order parameter γf by varying

Du relative to Dx, and λ relative to µ, while keeping the remaining parameters

constant.

Another primary feature of our particle system is the global alignment induced

by the anisotropy of the particles. To investigate this feature, we conduct a parame-

ter study of χ versus ρ̄. Specifically, we study the impact of the anisotropy parameter

χ on global alignment by defining the parameters ` and d implicitly in terms of χ

and ρ̄.

For each parameter pair (Dx, Du), (λ, µ), and (χ, ρ̄), we present three plots:

(a) The expected trajectories of the mean global alignment γf , obtained by varying

one parameter while keeping the others constant.

(b) A similar plot for the second parameter of the pair.

(c) A heatmap of the mean order parameter γf at the final simulation time tend,

obtained by varying both parameters simultaneously. The heatmap highlights

the transition to alignment with the transition front (σ = ν) marked by a red

line.

For each parameter combination, we collect 8 simulation samples to estimate

the trajectory of the mean global alignment, where the matching color bands show

the standard deviation.
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3.2.3. Simulation results

In this section, we present the results of our numerical experiments.

We start with the study of our first parameter pair, diffusion constants Dx and

Du, presented in Fig. 4. Figure 4(a) displays the trajectories of the order parameter

γf over time for different values of Dx = 2−k for k = 2, . . . , 7 and Du fixed at 0.

Hence, there is no noise present in the particle directions u. We observe that the

smaller the value of Dx, the slower the emergence of the global alignment. We fix

Dx = 2−4 as the default value and look at various Du values in Fig. 4(b).

We observe an opposite effect for Du. In Fig. 4(b), varying Du shows that less

angular noise leads to quicker alignment and too large noise might prevent reaching

alignment all-together.

Finally, in Fig. 4(c), we display the order parameter γf at the final simulation

time tend as a heatmap of varying Dx versus Du. Here, we observe the parameter

(a) Du = 0 and Dx varies (b) Dx = 2−4 and Du varies

(c) Heatmap γf : Dx vs. Du

Fig. 4. (Color online) Parameter study for (Dx, Du). Trajectories of the order parameter γf are

plotted for fixed Du = 0 and varying Dx in Fig. 4(a); for fixed Dx = 2−4 and varying Du in
Fig. 4(b). Figure 4(c) displays a heatmap of γf at time tend = 1.5 × 105 while both Du and Dx
vary simultaneously. The red line depicts where ν = σ.
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range leading to alignment and a transition along level sets of Dx versus Du. At the

particle level, the heatmap can be interpreted as follows. Increasing the positional

noise facilitates interactions among a greater variety of particles, as neighboring

particles change quickly, which contributes to reaching global alignment. On the

contrary, increasing the directional noise drives the system away from global align-

ment, which is, in particular, critical if particles only interact with their nearest

neighbors. Consequently, we observe a lack of alignment in the top left corner of

the heatmap, where positional noise is low and directional noise is high.

Note that the red line displays where ν = Dx
µ = Du

λ = σ. This indicates the

interface at which the macroscopic equation (2.18b) for the mean-nematic direction

Ωf becomes ill-posed, see the discussion on well-posedness in Sec. 2.4. Crucially,

the right-hand side of this red line is the parameter regime (σ < ν) where the

(a) µ = 213 and λ varies (b) λ = 28 and µ varies

(c) Heatmap of γf : λ vs. µ

Fig. 5. (Color online) Parameter study for (λ, µ). Trajectories of the order parameter γf are plot-

ted for fixed µ = 213 and varying λ in Fig. 5(a); for λ = 28 and varying µ in Fig. 6(a). Figure 5(c)
displays the heatmap of γf at time tend = 1.5× 105 while both λ and µ vary simultaneously. The

red line depicts where ν = σ.
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macroscopic equations remain well-posed, and it is exactly in this parameter regime

that we observe the onset of particle alignment.

In Fig. 5, we investigate how the forces acting on positions Xi and directions ui
affect the alignment of particles. The strength factors of these forces are determined

by the positive constants µ and λ in front of the interaction terms in Eqs. (1.3a)

and (1.3b).

Figure 5(a) shows the trajectories of the order parameter γf over time for fixed

µ = 213 and varying values of λ from 25 to 210. We observe that for λ ≤ 26, the

system is in total chaos, with γf close to 0, indicating that the force acting on the

particles’ directions is not strong enough to drive the system toward alignment.

Additionally, we deduce that as λ increases, γf appears to increase accordingly.

Next, we fix λ = 28 and vary µ from 0 to 216 to study how the strength of

the potential Vb affects the alignment through the force acting on the particles’

(a) ρ̄ = 1 and χ varies (b) χ = 0.9 and ρ̄ varies

(c) Heatmap of γf : χ vs. ρ̄

Fig. 6. Parameter study for (χ, ρ̄). Trajectories of the order parameter γf are plotted for fixed

ρ̄ = 1 and varying χ in Fig. 6(a); for fixed χ = 0.9 and varying ρ̄ in Fig. 6(b). Figure 6 displays
the heatmap of γf at time tend = 1.5× 105 while both χ and ρ̄ vary simultaneously.
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positions. In Fig. 5(b), we observe that µ must be sufficiently large to have a

significant impact on the particle dynamics. As µ increases, the particles lose their

alignment, see, e.g. when µ = 216, γf is very close to 0.

Lastly, we present a heatmap of the order parameter γf in Fig. 5(c), similar to

Fig. 4(c), but for λ versus µ. Similarly, the red line displays the interface of the

analytical well-posedness condition ν = σ, see Eq. (1.11). Again, we observe that

global alignment only occurs inside the parameter range where the macroscopic

equations are well-posed (σ < ν), located on the right-hand side of the red line.

As for our last parameter pair, in Fig. 6 we study the effects of the anisotropy

χ and the density of particles ρ̄ on the global alignment. In Fig. 6(a), we present a

plot of the trajectories of γf when ρ̄ = 1 and the anisotropy parameter χ is varying

from 0.6 to 1. We can clearly deduce that a certain degree of anisotropy is required

for particles to reach global alignment.

In Fig. 6(b), we fix χ = 0.9 and vary ρ̄ from 0.5 to 2 (recall that ρ̄ is computed

using (3.4)) and plot the trajectories of γf . We observe that the particle density

must also be sufficiently high for particles to align, otherwise, if the particles are

too far apart, the repulsive potential is not strong enough to induce alignment. Fig-

ure 6(c) presents a heatmap illustrating the effect of both χ and ρ̄ on the transition

toward a higher-order alignment. Here, we also observe a clear linear progression,

moving from a chaotic state, where γf is close to 0, to a well-ordered system, char-

acterized by global alignment with γf ≈ 1.

Moreover, to further investigate the effect of the shape of the particles on the

global alignment of the system, we present in Fig. 7 another heatmap of γf with

the same dataset as in Fig. 6(c). However, in Fig. 7 we compare the effect of varying

Fig. 7. (Color online) Heatmap of γf : χ versus ρ̄. The dashed red lines display the anisotropy

parameter χ for the corresponding lengths of the major and minor axes of the ellipses, ` and d,
respectively. Ellipses with corresponding χ are pictured in gray. The dashed blue lines are the
constant density curves ρ̄ corresponding to ` and d, computed using (3.4).
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the lengths of the major and the minor axes of the ellipses, i.e. ` and d, on global

alignment rather than with respect to χ and ρ̄. Note that depending on ` and d,

both χ and ρ̄ vary across the heatmap accordingly. The red dashed lines display

the constant χ curves, and similarly the blue dashed lines represent the constant ρ̄

curves. This figure also confirms that the larger the particle anisotropy, the easier

global alignment is achieved.

We remark that these numerical findings are in total agreement with our ana-

lytical conclusions. More precisely, at the macroscopic level, this behavior is also

evident since the repulsive potential Vb ultimately gives rise to the nematic align-

ment potential with the factor 1 − χ2(u · u2)2 in Eq. (2.3). Consequently, when

particles are circular (χ = 0), no alignment is observed at the macroscopic level.

Also the effect of the potential is less for smaller values of χ.

We end this section with several snapshots of a particle simulation. In Fig. 8, we

start with a completely random state on the upper left figure and run the simulation

using the default parameters in Table 1. Above each snapshot, we display the time

at which the snapshot was captured with together with the value of the order

parameter γf of the system at that time. The colors represent the nematic direction

of the particles.

The particles start to align over time and hence, the also the order parameter

γf increases in time. Finally, the bottom right snapshot in Fig. 8 shows that the

Fig. 8. Snapshots of a particle simulation at different times using the default parameters given
in Table 1. Different colors represent the different nematic directions of the particles. For the
corresponding movie and movies for other cases see link https://doi.org/10.6084/m9.figshare.

27117136.v1.
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system reaches a globally aligned state with γf = 0.92, displayed in uniform colors,

at the final simulation time tend.

3.2.4. Numerical comparison of the potentials

Another prediction we draw from our mathematical analysis in Sec. 3.1 is the lack of

alignment in the case of the Berne–Pechukas potential (3.3). To test this hypothesis

numerically, we consider an interpolation between the weighted Gaussian potential

and the Berne–Pechukas potential,

Vξ(u1, u2, R) := (4π)−n/2 det(Σ)
1
2−ξ exp(−RTΣ−1R),

where ξ ∈ [0, 1] and recalling that det(Σ) = 1−χ2(u1·u2)2. Note that Vξ corresponds

to

• the weighted Gaussian potential, given by VbWG
(1.6), when ξ = 0,

• the non-scaled Gaussian potential VbNR
, obtained by using the scaling factor (3.2),

when ξ = 1
2 ,

• the Berne–Pechuckas potential VbBP
, obtained by using the scaling factor (3.3),

when ξ = 1.

We remark that with increasing ξ, the scale of the potential might change, since

we have

Vξ
VbWG

=
(1− χ2(u1 · u2)2)

1
2−ξ

(1− χ2(u1 · u2)2)
1
2

≤ 1

(1− χ2)ξ
.

In Sec. 3.2.3, we observed (see Fig. 5) that increasing λ increases the order

parameter γf ; thus, has a positive effect on the global alignment. Therefore, we

consider the scaling λ = ((1− χ2)2ξ)λ′ so that increasing ξ increases λ′ and speeds

up the alignment. Note that here we chose the exponent 2ξ instead of just ξ to

promote even stronger alignment for larger ξ values. For the simulations we use the

default parameters listed in Table 1.

Figure 9 displays the trajectories of the order parameter γf for different values of

ξ. We clearly observe a sharp transition from higher ordered states to a disordered

state (where γf is nearly 0) as we increase ξ = 0 (the weighted Gaussian potential)

to ξ = 1 (the Berne–Pechukas potential). Moreover, we also obtain global alignment

for ξ = 1
2 (the non-scaled Gaussian potential). Thus, our numerical study of the

potentials strongly supports our analytical predictions in Sec. 3.1.

Summary of the numerical studies. In this section, we conducted compre-

hensive numerical parameter studies on various parameter pairs: (Dx, Du), (λ, µ),

and (χ, ρ̄). We also compared different interaction potentials by simulating the

stochastic particle system (1.3). Given the complex dynamics governed by (1.3), it

is numerically very challenging to determine all the interesting parameter regimes.

Hence, we focused on the transitional ranges where global alignment breaks down.

While the observed trends can be intuitively explained at the particle level, they
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Fig. 9. Trajectories of the order parameter γf are plotted for varying ξ and the remaining param-

eters are fixed at their default values given in Table 1. For ξ = 0, ξ = 1
2

and ξ = 1, Vξ corresponds
to the weighted Gaussian potential VbWG

, the non-scaled Gaussian potential VbNR
and the Berne–

Pechuckas potential VbBP
, respectively.

are closely linked to our analytical results in the following ways:

• Global alignment fails to emerge for parameters where the macroscopic equa-

tion for the mean-nematic alignment Ω is ill-posed, as characterized by the well-

posedness condition (1.11). This effect is evident in Figs. 4(c) and 5(c).

• Particle shape and density significantly influence the phase transition toward

global alignment. As predicted by the macroscopic equations, spherical particles

and low densities result in slower rates of alignment or a complete lack thereof.

• Our numerical tests confirm that the Berne–Pechukas potential does not lead to

global alignment at the particle level, which aligns with the macroscopic perspec-

tive presented in Sec. 3.1.

4. Proof of Theorem 2.1

This section is dedicated to the proof of our main result, Theorem 2.1. First we

give some preliminary tools that will be used later in the proof.

4.1. Preliminaries

Change of variables. In the sequel, we apply repeatedly the following change of

variables u 7→ (θ, v) where u ∈ Sn−1 \ {±Ω} and (θ, v) ∈ (0, π)× Sn−2 defined by

u = (u · Ω)Ω + PΩ⊥(u) = cos θΩ + sin θv,

du = sinn−2 θ dθ dv,
(4.1)

where Sn−2 is identified as Sn−1 ∩Ω⊥. For simplicity, we assume that the measure

du is such that the total mass of the sphere is 1, i.e.
∫
Sn−1 du = 1. In the course
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of the proof, we will also apply this change of variables to the Gibbs distribution

Gη(ρ)AΩ
as stated in (2.11). Hence, we define

gη(θ) :=
eη(ρ) cos2 θ

Zη
, where Zη =

∫ π

0

eη(ρ) cos2 θ′ dθ′, (4.2)

as the transformed Gibbs distribution. Indeed, note that the value of the normaliz-

ing factor Zη does not depend on Ω, but it depends on η = η(ρ). For more details

on this change of variables see Ref. 19.

Derivatives and integrals. Since we will use various derivatives of Gη(ρ)AΩ
, we

collect them below in the following Lemma.

Lemma 4.1. Let Gη(ρ)AΩ
be the Gibbs distribution defined in (2.11). Then the

following holds,

∂Gη(ρ)AΩ

Gη(ρ)AΩ

= η′(ρ)(∂ρ)
(
(u · Ω)2 − d2,0(ρ)

)
+ 2η(ρ)(u · Ω)(u · ∂Ω),

∇xGη(ρ)AΩ

Gη(ρ)AΩ

= η′(ρ)(∇xρ)
(
(u · Ω)2 − d2,0(ρ)

)
+ 2η(ρ)(u · Ω)(u · ∇xΩ),

∂2Gη(ρ)AΩ

Gη(ρ)AΩ

= ∂2η
(
(u · Ω)2 − d2,0(ρ)

)
+ ∂η (4(u · Ω)(u · ∂Ω)− ∂d2,0(ρ))

+ 2η(u · ∂Ω)2 + 2η(u · Ω)(u · ∂2Ω) + (∂η((u · Ω)2 − d2,0(ρ))

+ 2η(u · Ω)(u · ∂Ω))2,

(4.3)

where ∂ denotes the partial derivative with respect to time or with respect to one

of the spatial components, i.e. ∂ = ∂t, or ∂ = ∂xi , i = 1, . . . , n; ∇xΩ is a matrix

such that (∇xΩ)ij = ∂xjΩi and thus (u · ∇xΩ)i = u · ∂xiΩ and (∂2Ω)i = ∂2Ωi.

Proof. The proof follows directly from straightforward computations.

Lemma 4.2. Let hη be any odd function, w ∈ Rn, and k ∈ N∪0. Then the following

holds for ψ(u) := hη(u · Ω)PΩ⊥u :∫
Sn−1

(u · Ω)kGη(ρ)AΩ
ψ(u) du = 0, (4.4)∫

Sn−1

(u · w)(u · Ω)kGη(ρ)AΩ
ψ(u) du =

ck,2
n− 1

PΩ⊥w, (4.5)∫
Sn−1

(u · Ω)k ∂Gη(ρ)AΩ
ψ(u) du = η(ρ)

2ck+1,2

n− 1
∂Ω, (4.6)∫

Sn−1

(u · w)(u · Ω)k ∂Gη(ρ)AΩ
ψ(u) du
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= η′(ρ)(∂ρ)(ck+2,2 − d2,0ck,2)
1

n− 1
w for w ⊥ Ω, (4.7)∫

Sn−1

(u · Ω)2k(u · w)2Gη(ρ)AΩ
ψ(u) du = 0 for w ⊥ Ω, (4.8)∫

Sn−1

∂2Gη(ρ)AΩ
ψ(u) du

=
4

n− 1
(c1,2 + η(ρ)(c3,2 − d2,0c1,2)) ∂η∂Ω +

2c1,2
n− 1

η(ρ)PΩ⊥∂
2Ω, (4.9)

where the partial derivatives are with respect to time or space, i.e. ∂ = ∂t, ∂xi with

xi being the ith component of x and the coefficients ck,p, dk,p are given in (2.20)

and (2.21). Moreover, it also holds that

dk,p = 0 for k odd and ck,p = 0 for k even.

Proof. The proof of this lemma can be found in Appendix A.2.

Finally, note that

∂Ω ⊥ Ω

for ∂ = ∂t, ∂xi (since Ω · ∂Ω = ∂|Ω|2/2 = 0). Therefore, it holds that

PΩ⊥∂Ω = ∂Ω. (4.10)

Next, we consider the following integrals with respect to v ∈ Sn−2.

Lemma 4.3 (Lemma 4.1 in Ref. 19). Let n ≥ 2 and v ∈ Sn−2. Then, we have∫
Sn−2

v⊗(2k+1) dv = 0, ∀k ∈ N, (4.11)∫
Sn−2

v ⊗ v dv =
1

n− 1
PΩ⊥ , (4.12)∫

Sn−2

v ⊗ v ⊗ v ⊗ v dv =
1

(n− 1)(n+ 1)
Γ, (4.13)

where Γ is given in (2.29).

The proof of Lemma 4.3 can be found in Lemma 4.1 of Ref. 19. Thus, we skip

it here.

Now, with these preliminary results, we first present the limit of fε as ε→ 0.

4.2. Limit for fε

Lemma 4.4 (Limit of fε and ρfεQfε). Let fε be the solution of Eq. (2.5). Under

Assumption 2.1, we have that

fε(t, x, u)→ ρ(t, x)Gη(ρ)AΩ
(t, x) as ε→ 0
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for any (t, x) such that ρ(t, x) > ρ∗, for ρ∗ as given in Proposition 2.1. Moreover,

in this same regime of (t, x), it also holds that

ρfεQfε →
η(ρ)

α
AΩ as ε→ 0, (4.14)

where α is given in (2.9), η = η(ρ) is given in (2.14), and AΩ is given in (2.10).

Proof. By Assumption 2.1, fε converges to some function f0 as ε → 0. At the

same time, from Eq. (2.7) we have that C(fε) = O(εa) with a ∈ (0, 2] and thus,

taking the limit, C(f0) = 0 as ε → 0. Therefore, the limit f0 must belong to the

kernel of the operator C, which was characterized in Lemma 2.3. Therefore, we

conclude that f0 = ρ(t, x)Gη(ρ)AΩ
(t, x) for any (t, x) such that ρ(t, x) > ρ∗ and

for some Ω ∈ Sn−1. Finally, the limit (4.14) is a direct consequence of (2.16) in

Lemma 2.3.

4.3. Derivation of Eq. (2.18a)

Integrating the kinetic equation (2.7) with respect to u, and using Lemma 4.4 in

the limit ε→ 0, we obtain

∂tρ+
µχ2

α
∇x ·

(
ρ

∫
Sn−1

(
∇x (u · (η(ρ)AΩ)u)Gη(ρ)AΩ

)
du

)
+µ

(
χ2

n
− 1

)
∇x · (ρ∇xρ)−Dx∆xρ = 0. (4.15)

Note that, above, we used the facts that the term in Bf vanishes and∫
Sn−1 C(fε)du = 0 for all ε > 0, both thanks to the divergence theorem.

Next, we compute the integral in the second term of (4.15),∫
Sn−1

∇x (η(ρ)u ·AΩu)Gη(ρ)AΩ
du

=

∫
Sn−1

∇x
(
η(ρ)

[
(u · Ω)2 − 1

n

])
Gη(ρ)AΩ

du

=

∫
Sn−1

∇xη(ρ)

(
(u · Ω)2 − 1

n

)
Gη(ρ)AΩ

du

+

∫
Sn−1

2η(ρ)(u · Ω)(u · ∇xΩ)Gη(ρ)AΩ
du

=
n− 1

n
S2(η)∇xη(ρ),

where in the last equality we used the fact that the second integral is zero. This

can be computed similarly as for the integral in Eq. (4.5) for k = 1 and w = ∂Ω

with ∂Ω ⊥ Ω (remembering that the matrix ∇xΩ is such that component-wise it

corresponds to (∇xΩ)ij = ∂xjΩi).

Finally, substituting this last expression into (4.15) and using that ∇xη(ρ) =

η′(ρ)∇xρ, we can combine the terms and obtain Eq. (2.18a) for the mass density ρ.
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4.4. Derivation of Eq. (2.18b)

Classically, to obtain macroscopic equations from kinetic equations, one needs to

find functions ψ = ψ(u) that are collision invariant for the operator C, i.e. functions

ψ such that, for all f , the following holds:∫
Sn−1

C(f)ψ(u) du = 0.

The collision invariants correspond to conserved quantities. Typically, the number

of macroscopic equations we obtain is the same as the number of collision invariants.

For example, in our case, if ψ is a constant, then ψ is a collision invariant, which

is related to the conservation of mass. Therefore, to obtain an equation of the

mean-nematic direction Ω, we would like to find its associated collision invariant(s).

However, Ω does not have any associated conserved quantity, i.e. one can check that

the only collision invariants for our operator C, given in (2.8), are the constants.14

To overcome this difficulty, the concept of Generalized Collision Invariant (GCI)

was introduced in Ref. 21 for a model of collective dynamics where the momentum

is not preserved. This idea, then, has been applied to other models of collective

dynamics, see, e.g. Refs. 16 and 19. Moreover, the GCI for the operator C was

already computed in Ref. 14. Next, we state the main result regarding the GCI that

we will be using in the sequel. The original source14 contains a full proof of it.

Proposition 4.1 (Generalized Collision Invariant defined in Ref. 14 and

Proposition 9 in Ref. 14). Let f : Sn−1 → R be twice continuously differentiable

such that Qf 6= 0 and Qf is the Q-tensor. Since Qf is a symmetric matrix, all its

eigenvalues are real. Suppose that the largest eigenvalue of Qf is unique and denote

Ωf as the associated normalized eigenvector (which is unique up to sign). Then it

holds that ∫
Sn−1

C(f)ψηf ,Ωf du = 0, for ψηf ,Ωf := hηf (u · Ωf )PΩ⊥f
u,

where hη is the unique solution of

−(1− r2)
n−1

2 eηr
2

(2η r2 + n− 1)hη +
d

dr

[
(1− r2)

n+1
2 eηr

2 dh

dr

]
= r(1− r2)

n−1
2 eηr

2

,

in the functional space

H =

{
h : (−1, 1)→ R

∣∣∣∣ ∫ 1

−1

(1− r2)
n−1

2 |h(r)|2 dr <∞,
∫ 1

−1

(1− r2)
n+1

2

× |h′(r)|2 dr <∞
}
.

Moreover, hη is an odd function with hη(r) ≤ 0 for r ≥ 0.
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A characterization of the GCI is given by the following definition and can be

found in Ref. 14.

Definition 4.1. Let (η,Λ) ∈ (0,∞) × U0
n. Then, we define the function

ψηΛ : Sn−1 → Rn as the unique solution (in H1(Sn−1) = {k ∈ H(Sn−1)| ×∫
Sn−1 k(u) du = 0}) of the following equation:

∇u · (GηΛ(u)∇uψηΛ) = (u · ΩΛ)PΩ⊥Λ
uGηΛ(u) ∀u ∈ Sn−1,

where U0
n is the set of symmetric trace-free n×n-matrices whose principal eigenvalue

is equal to n−1
n and is simple.

Thanks to the GCI for the collision operator C we can now derive an equation

for the mean-nematic direction Ω. Therefore, we multiply the kinetic equation given

in (2.5) by ψηΩf and integrate with respect to u. Then, the term in C vanishes by

the previous proposition. Therefore, we state the following result:

Proposition 4.2. Under the assumptions of Theorem 2.1, it holds that∫
Sn−1

Fu(ρGη(ρ)AΩ
)ψ(u) du = 0 for ψ(u) = hη(ρ)(u · Ω)PΩ⊥u, (4.16)

where η = η(ρ) is given by (2.14), hη = hη(ρ))(u · Ω) is defined in Proposition 4.1

and Fu(f) is defined as

Fu(f) = ∂tf + µχ2∇x · (∇x(uT ρfQfu)f) + µ

(
χ2

n
− 1

)
∇x · ((∇xρf )f)

−λ1a=2∇u · ((∇uBf )f)−Dx∆xf.

Proof. The proof is a direct consequence of Assumption 2.1, Lemma 4.4 and Propo-

sition 4.1.

4.4.1. Limit of the terms not involving Bf

Now, we have all the ingredients to derive the macroscopic equation for Ω in a

straightforward way. We apply Lemma 4.4 in the limit as ε → 0 and rewrite

Eq. (4.16) as

I1 + µσI2 + µ

(
χ2

n
− 1

)
I3 − λ1a=2I4 −DxI5 = 0, (4.17)

where

I1 =

∫
Sn−1

∂t
(
ρGη(ρ)AΩ

)
ψ(u) du,

I2 =

∫
Sn−1

∇x ·
(
∇x (u · η(ρ)AΩu) ρGη(ρ)AΩ

)
ψ(u) du,

I3 =

∫
Sn−1

∇x ·
(
(∇xρ) ρGη(ρ)AΩ

)
ψ(u) du,
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I4 =

∫
Sn−1

∇u ·
(
∇u
(
BρGη(ρ)AΩ

)
ρGη(ρ)AΩ

)
ψ(u) du,

I5 =

∫
Sn−1

∆x

(
ρGη(ρ)AΩ

)
ψ(u) du.

Note that while writing I2 we used (2.16). In this section, we will focus only on the

terms I1, I2, I3 and I5 since the term I4 appears exclusively if we choose a = 2. We

will compute I4 in the following section.

Lemma 4.5. The following equalities hold:

I1 =
2η(ρ)c1,2
n− 1

ρ ∂tΩ,

I2 =
2η(ρ)c1,2
n− 1

(
2
η′(ρ)

η(ρ)
ρ+ 1 + ρη′(ρ)

(
2
c3,2
c1,2
− 1

n
− d2,0

))
(∇xρ · ∇x)Ω

+
2η(ρ)c1,2
n− 1

ρPΩ⊥∆xΩ,

I3 =
2η(ρ)c1,2
n− 1

ρ(∇xρ · ∇x)Ω,

I5 =
2η(ρ)c1,2
n− 1

ρPΩ⊥∆xΩ

+
2η(ρ)c1,2
n− 1

2

(
ρη′
(

1

η(ρ)
+
c3,2
c1,2
− d2,0)

)
+ 1

)
(∇xρ · ∇x)Ω.

Proof. We start with computing I1,

I1 =

∫
Sn−1

∂t(ρGη(ρ)AΩ
)ψ(u) du

= ∂tρ

∫
Sn−1

Gη(ρ)AΩ
ψ(u) du+ ρ

∫
Sn−1

∂tGη(ρ)AΩ
ψ(u) du.

The first integral above on the last part of the equality is of the form (4.4) for k = 0,

so it is zero. The second integral is of the form (4.6) for k = 0 and so I1 becomes

I1 =
2η(ρ)c1,2(ρ)

n− 1
ρ ∂tΩ.

Next, we compute I2,

I2 =

∫
Sn−1

∇x ·
(
∇x (u · η(ρ)AΩu) ρGη(ρ)AΩ

)
ψ(u) du

=

∫
Sn−1

∆x (u · η(ρ)AΩu) ρGη(ρ)AΩ
ψ(u) du

+

∫
Sn−1

∇x (u · η(ρ)AΩu) · ∇xρ Gη(ρ)AΩ
ψ(u) du
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+ ρ

∫
Sn−1

∇x (u · η(ρ)AΩu) · ∇xGη(ρ)AΩ
ψ(u) du =: I1

2 + I2
2 + I3

2 .

Proceeding further, we compute each Ii2, i ∈ {1, 2, 3} separately. Using (2.10), we

have

u · η(ρ)AΩu = η(ρ)

(
(u · Ω)2 − 1

n

)
.

The Laplacian of this expression reads

∆x(u · η(ρ)AΩu) = ∆xη(ρ)

(
(u · Ω)2 − 1

n

)
+ 4∇xη(ρ) · (u · Ω)(u · ∇xΩ)

+ 2η(ρ)(u · ∇xΩ)2 + 2η(ρ)(u · Ω)(u ·∆xΩ).

Subsequently, using this, we obtain

I1
2 =

∫
Sn−1

∆x (u · η(ρ)AΩu) ρGη(ρ)AΩ
ψ(u) du

= ρ∆xη(ρ)

∫
Sn−1

(
(u · Ω)2 − 1

n

)
Gη(ρ)AΩ

ψ(u) du

+ 4η′(ρ)ρ

n∑
i=1

∂xiρ

(∫
Sn−1

(u · Ω)(u · ∂xiΩ)Gη(ρ)AΩ
ψ(u) du

)

+ 2η(ρ)ρ

∫
Sn−1

(u · ∇xΩ)2Gη(ρ)AΩ
ψ(u) du

+ 2η(ρ)ρ

∫
Sn−1

(u · Ω)(u ·∆xΩ)Gη(ρ)AΩ
ψ(u) du.

We further simplify each integral above. The first and the third integrals are equal

to zero as they are of the forms (4.4) for k = 2 and k = 0 and (4.8) for k = 2,

respectively. The second and the forth integrals are of the form (4.5) with k = 1

(and recall (4.10)). Combining these we obtain

I1
2 = 4η′(ρ)ρ

c1,2
n− 1

(∇xρ · ∇x)Ω + 2η(ρ)ρ
c1,2
n− 1

PΩ⊥∆xΩ.

Next, for I2
2 we have

I2
2 = ∇xρ ·

∫
Sn−1

∇x (u · η(ρ)AΩu) Gη(ρ)AΩ
ψ(u) du

= |∇xρ|2η′(ρ)

∫
Sn−1

(
(u · Ω)2 − 1

n

)
Gη(ρ)AΩ

ψ(u) du

+ 2η(ρ)

n∑
i=1

∂xiρ

(∫
Sn−1

(u · Ω)(u · ∂xiΩ) Gη(ρ)AΩ
ψ(u) du

)
.
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Noticing that the first integral above is of the form (4.4) with k = 2 and k = 0 and

the second integral is of the form (4.5) with k = 1 and recalling (4.10), we conclude

I2
2 = 2η(ρ)

c1,2
n− 1

(∇xρ · ∇x) Ω.

Similarly, we obtain (here we additionally use (4.3) for ∇xGη(ρ)AΩ
)

I3
2 = ρ

∫
Sn−1

∇x (u · η(ρ)AΩu) · ∇xGη(ρ)AΩ
ψ(u) du

= ρη′(ρ)

n∑
i=1

∂xiρ

∫
Sn−1

(
(u · Ω)2 − 1

n

)
∂xiGη(ρ)AΩ

ψ(u) du

+ 2η(ρ)ρ

∫
Sn−1

(u · Ω)
(
(u · ∇xΩ) · ∇xGη(ρ)AΩ

)
ψ(u) du.

The first integral above is of the form (4.6) for k = 2 and k = 0 (for the terms

(u ·Ω)2 and 1/n), respectively; and the second integral is of the form (4.7) for k = 1,

therefore, we have that

I3
2 = 2ρη(ρ)η′(ρ)

(
2c3,2 − c1,2/n− d2,0c1,2

n− 1

)
(∇xρ · ∇x) Ω.

Combining these we compute I3 analogously to obtain

I3 =

∫
Sn−1

∇x ·
(
(∇xρ) ρGη(ρ)AΩ

)
ψ(u) du = 2ρη(ρ)

c1,2
n− 1

(∇xρ · ∇x)Ω.

Finally, for I5 we have

I5 =

∫
Sn−1

∆x

(
ρGη(ρ)AΩ

)
ψ(u) du

= ∆xρ

∫
Sn−1

Gη(ρ)AΩ
ψ(u) du+ 2

n∑
j=1

∂xdρ

∫
Sn−1

∂xdGη(ρ)AΩ
ψ(u) du

+ ρ

∫
Sn−1

∆xGη(ρ)AΩ
ψ(u) du.

The first integral above is of the form (4.4) for k = 0, so it is zero; the second

integral is of the form (4.6) for k = 0; for the third integral we use (4.9) and that

∂η = η′(ρ)∂(ρ). Hence, we conclude

I5 =
2c1,2
n− 1

η(ρ)ρPΩ⊥∆xΩ +
4

n− 1
(ρη′[c1,2 + η(c3,2 − d2,0c1,2)] + η(ρ)c1,2)

× (∇xρ · ∇x)Ω.

This completes the proof.
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4.4.2. Limit of the term with Bf

In this section, we compute the remaining integral I4 in Eq. (4.17), which includes

the term Bf . First, we prove the following lemma.

Lemma 4.6. Let Bf be given by (2.4) with f = ρGη(ρ)AΩ
. Then the following holds∫

Sn−1

∇u · (∇uBρGη(ρ)AΩ
ρGηAΩ) hη(u · Ω)PΩ⊥udu

= ρ

∫
Sn−1

BρGη(ρ)AΩ
(u) (u · Ω)PΩ⊥u GηAΩ

du.

Proof. Applying integration by parts twice, we rewrite the integral as∫
Sn−1

∇u · (∇uBρGη(ρ)AΩ
ρGηAΩ

)hη(u · Ω)PΩ⊥udu

= −
∫
Sn−1

(∇uBρGη(ρ)AΩ
ρGηAΩ

) · ∇u [hη(u · Ω)PΩ⊥u] du

= ρ

∫
Sn−1

BρGη(ρ)AΩ
∇u · (GηAΩ∇u[hη(u · Ω)PΩ⊥u]) du.

We conclude the result since the GCI ψ = hη(u · Ω)PΩ⊥u satisfies

∇u · (GηAΩ
∇uψ) = (u · Ω) PΩ⊥uGηAΩ

by Definition 4.1.

Now, we go back to Eq. (4.17) to rewrite I4 using Lemma 4.6,

I4 = ρ

∫
Sn−1

BρGη(ρ)AΩ
(u)(u · Ω)PΩ⊥uGηAΩ

du. (4.18)

First, we recast BρGη(ρ)AΩ
= [B] + [B]even, as stated in Eq. (2.4), by expanding

Σ(u, u2) = (`2 − d2)(u⊗ u) + (`2 − d2)(u2 ⊗ u2) + 2d2Id

and the factor (1− χ2(u · u2)2). Hence, we obtain

[B] :=
(`2 − d2)

4
((u⊗ u) : D2

x)ρ

− χ2

4
(`2 − d2)

∫
Sn−1

(u · u2)2((u⊗ u) : D2
x)(ρGη(ρ)AΩ

(u2)) du2

− χ2

4
(`2 − d2)

∫
Sn−1

(u · u2)2 ((u2 ⊗ u2) : D2
x)(ρGη(ρ)AΩ

(u2)) du2

− χ2

2
d2

∫
Sn−1

(u · u2)2∆x(ρGη(ρ)AΩ
(u2)) du2

and

[B]even :=
(`2 − d2)

4

∫
Sn−1

(
(u2 ⊗ u2) : D2

x

)
(ρGη(ρ)AΩ

(u2)) du2 +
d2

2
∆xρ.
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Now, using the change of variables (4.1) in (4.18), we have that

I4 = ρ

∫
Sn−2

v

∫ π

0

BρGη(ρ)AΩ
(u(θ)) cos θ sin θ gη(θ) sind−2 θ dθ dv.

Note that the terms in [B]even are independent of u, so they have zero contribution

to I4 (since they give an integrand odd in v). Now, we rewrite I4 using [B] and the

tensor product:

I4 = ρ
(`2 − d2)

4
[(Hr

2 : D2
x)][2,3:1,2]ρ− ρ

χ2

4
(`2 − d2)[Hr

4 : (D2
x ⊗ (ρH2)][2,3,4,5:1,2,3,4]

− ρχ
2

4
(`2 − d2)[Hr

2 ⊗D2
x : (ρH4)][2,3,4,5:1,2,3,4]

− ρχ
2

2
d2[Hr

2 : ∆x(ρH2)][2,3:1,2],

where in the second term above, the sth component of the contraction is defined as(
[Hr

4 : (Dx ⊗ (ρH2)][2,3,4,5:1,2,3,4]

)
s

=
∑
i,j,k,p

(Hr
4 )sijkp∂xi∂xj (ρ(H2)kp)

and analogously for the other contractions; and where

H2 = H2(η,Ω,Ω⊥) =

∫
Sn−1

(u⊗ u)GηAΩ du,

Hr
2 = Hr

2 (η,Ω,Ω⊥) =

∫
Sn−1

PΩ⊥u⊗ (u⊗ u)(u · Ω)GηAΩ
du,

H4 = H4(η,Ω,Ω⊥) =

∫
Sn−1

(u⊗ u⊗ u⊗ u)GηAΩ
du,

Hr
4 = Hr

4 (η,Ω,Ω⊥) =

∫
Sn−1

PΩ⊥u⊗ (u⊗ u⊗ u⊗ u)(u · Ω)GηAΩ du.

We can now rewrite these terms in such a way that they only depend on Ω, Ω⊥

and η.

Lemma 4.7 (Dimension n = 2). In case of only n = 2, we have that

H2, H
r
2 , H4, H

r
4 correspond to expressions (2.23)–(2.26), respectively.

The proof of this lemma is based on the change of variables (4.1) for n = 2, i.e.

u = cos θΩ+sin θΩ⊥, and the same type of argument as in the proof of Lemma 4.2.

Thus, we skip it here.

We conclude this section by computing the values of H2, H
r
2 , H4, H

r
4 in dimen-

sion n ≥ 3:

Proof of Proposition 2.2. For this proof, we consider the decomposition of u ∈
Sn−1 into

u = u‖ + u⊥, u‖ := PΩu = (u · Ω)Ω, u⊥ := PΩ⊥u
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and the change of variables given in (4.1) where we have that

(u · Ω) = cos θ, PΩ⊥u = sin θv.

Then, the proof of this lemma closely the proof of Lemma 4.1 in Ref. 19. There,

the authors prove that,

Aij :=

∫
Sn−1

φ(u · Ω)(u⊥)i(u⊥)j du

=
1

n− 1

(∫
Sn−1

φ(u · Ω)(1− (u · Ω)2) du

)
(PΩ⊥)ij , (4.19)

where φ = φ(u · Ω) is a given function. The authors also consider

Sijkl :=

∫
Sn−1

φ(u · Ω)(u⊥)i(u⊥)j(u⊥)k(u⊥)l du

and we additionally define

CS :=
1

(n− 1)(n+ 1)

∫
Sn−1

φ(u · Ω)(1− (u · Ω)2)2 du.

Note that the only non-zero terms correspond to

Siiii = 3CSΓiiii, Siijj = CSΓiijj , Sijij = CSΓijij , Sijji = CSΓijji,

where Γ is given in (2.29) and i, j ∈ {1, . . . , n} such that i 6= j. With this we are

ready to carry out the proof.

The equality for H2 in (2.27) is obtained by proceeding similarly as in the proof

of Lemma 4.2 and using (4.12).

Next, we look at Hr
2 to prove (2.28). We have that

Hr
2 =

∫
Sn−1

u⊥ ⊗ (u⊥ ⊗ u‖)(u · Ω)Gη(ρ)AΩ
du

+

∫
Sn−1

u⊥ ⊗ (u‖ ⊗ u⊥)(u · Ω)Gη(ρ)AΩ
du

=
d2,2

n− 1
PΩ⊥Ω +Rr2,

with d2,2 given in Eq. (2.21).

In the first equality above, the integrands that are odd in u⊥ vanish (analogously

to what happens when performing the change of variables (4.1): the terms that are

odd in v vanish). In the second equality, for the first integral we used (4.12) and

for the second integral we define

(Rr2)ijk =

∫
Sn−1

(u⊥)i(u‖)j(u⊥)k(u · Ω)Gη(ρ)AΩ
du

= Ωj

∫
(u⊥)i(u⊥)k(u · Ω)2Gη(ρ)AΩ

du

= ΩjAik = Ωj
d2,2

n− 1
(PΩ⊥)ik,

where in the definition of A we used φ(u · Ω) = (u · Ω)2Gη(ρ)AΩ
.
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Now consider

([PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:24)ijk =

n∑
p=1

(PΩ⊥)ipΩj(PΩ⊥)pk = Ωj(PΩ⊥)ik,

where the second equality is a straightforward computation. Therefore, we conclude

that

Rr2 =
d2,2

n− 1
[PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:24.

We proceed by focusing on H4 and expanding it:

H4 =

∫
Sn−1

(u⊥ ⊗ u⊥ ⊗ u⊥ ⊗ u⊥)Gη(ρ)AΩ
du

+

∫
Sn−1

(u⊥ ⊗ u⊥ ⊗ u‖ ⊗ u‖)Gη(ρ)AΩ
du

+

∫
Sn−1

(u‖ ⊗ u‖ ⊗ u⊥ ⊗ u⊥)Gη(ρ)AΩ
du

+

∫
Sn−1

(u‖ ⊗ u⊥ ⊗ u⊥ ⊗ u‖)Gη(ρ)AΩ
du

+

∫
Sn−1

(u⊥ ⊗ u‖ ⊗ u⊥ ⊗ u‖)Gη(ρ)AΩ
du

+

∫
Sn−1

(u⊥ ⊗ u‖ ⊗ u‖ ⊗ u⊥)Gη(ρ)AΩ
du

+

∫
Sn−1

(u‖ ⊗ u⊥ ⊗ u‖ ⊗ u⊥)Gη(ρ)AΩ
du

+

∫
Sn−1

(u‖ ⊗ u‖ ⊗ u‖ ⊗ u‖)Gη(ρ)AΩ
du

=: D1 +D2 +D3 + · · ·+D8,

where all the terms odd in u⊥ vanished. Considering the change of variables (4.1),

we deduce from (4.13) that

D1 = d0,4
1

(n− 1)(n+ 1)
Γ.

From (4.12), (4.19) and proceeding as before, we have that

D2 =
d2,2

n− 1
PΩ⊥ ⊗ Ω⊗ Ω, D3 =

d2,2

n− 1
Ω⊗ Ω⊗ PΩ⊥ , D4 =

d2,2

n− 1
Ω⊗ PΩ⊥ ⊗ Ω.

Furthermore, proceeding as in the computation for Rr2 we obtain

D5 =
d2,2

n− 1
[PΩ⊥ ⊗ Ω⊗ PΩ⊥ ⊗ Ω]:24, D6 =

d2,2

n− 1
[PΩ⊥ ⊗ Ω⊗ Ω⊗ PΩ⊥ ]:25,

D7 =
d2,2

n− 1
[Ω⊗ PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:35.
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By applying the change of variables (4.1) to the last term we directly have that

D8 = d4,0 Ω⊗ Ω⊗ Ω⊗ Ω.

Finally, we split Hr
4 into

Hr
4 = D9 +D10,

with

D9 =

∫
Sn−1

(
u⊥ ⊗ (u⊥ ⊗ u⊥ ⊗ u⊥ ⊗ u‖)(u · Ω)

)
Gη(ρ)AΩ

du

+

∫
Sn−1

(
u⊥ ⊗ (u⊥ ⊗ u⊥ ⊗ u‖ ⊗ u⊥)(u · Ω)

)
Gη(ρ)AΩ

du

+

∫
Sn−1

(
u⊥ ⊗ (u⊥ ⊗ u‖ ⊗ u⊥ ⊗ u⊥)(u · Ω)

)
Gη(ρ)AΩ

du

+

∫
Sn−1

(
u⊥ ⊗ (u‖ ⊗ u⊥ ⊗ u⊥ ⊗ u⊥)(u · Ω)

)
Gη(ρ)AΩ

du

and

D10 =

∫
Sn−1

(
u⊥ ⊗ (u⊥ ⊗ u‖ ⊗ u‖ ⊗ u‖)(u · Ω)

)
Gη(ρ)AΩ

du

+

∫
Sn−1

(
u⊥ ⊗ (u‖ ⊗ u⊥ ⊗ u‖ ⊗ u‖)(u · Ω)

)
Gη(ρ)AΩ

du

+

∫
Sn−1

(
u⊥ ⊗ (u‖ ⊗ u‖ ⊗ u⊥ ⊗ u‖)(u · Ω)

)
Gη(ρ)AΩ

du

+

∫
Sn−1

(
u⊥ ⊗ (u‖ ⊗ u‖ ⊗ u‖ ⊗ u⊥)(u · Ω)

)
Gη(ρ)AΩ

du,

where the terms odd in u⊥ vanished. Proceeding as in the computation of Rr2 we

have that

D10 =
d4,2

n− 1
(PΩ⊥ ⊗ Ω⊗ Ω⊗ Ω + [PΩ⊥ ⊗ Ω⊗ PΩ⊥ ⊗ Ω⊗ Ω]:24

+ [PΩ⊥ ⊗ Ω⊗ Ω⊗ PΩ⊥ ⊗ Ω]:25 + [PΩ⊥ ⊗ Ω⊗ Ω⊗ Ω⊗ PΩ⊥ ]:26).

To compute D9, we consider the second component in the first integral as an exam-

ple. This integral is a 5-tensor. We apply u‖ = (u ·Ω)Ω and look at the components

i, j, k, l,m(∫
Sn−1

u⊥ ⊗ (u⊥ ⊗ u⊥ ⊗ Ω⊗ u⊥)(u · Ω)2Gη(ρ)AΩ
du

)
ijklm

=

∫
Sn−1

(u⊥)i(u⊥)j(u⊥)kΩl(u⊥)m(u · Ω)2Gη(ρ)AΩ
du = ΩlSijkm,

where in the definition of Sijkm we have φ(u · Ω) = (u · Ω)2Gη(ρ)AΩ
, which in this

case means that CS = d2,4. Putting all the terms of D9 together and by considering
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all the combinations of indices we have that

D9 =
d2,4

(n− 1)(n+ 1)
T,

with T given in (2.30). This completes the proof.

5. Conclusions and Open Questions

In this paper, we have explored the effects of an anisotropic repulsive poten-

tial on inert particles. We derived both kinetic (2.5) and macroscopic equa-

tions (2.18a)–(2.18b) and discussed potential interpretations of the latter. The

equation for the particle density ρ is independent of the particles’ mean-nematic

direction Ω. However, the anisotropy of the particles slows down the non-linear

diffusion of the particle density ρ. In contrast, the equation for Ω is more com-

plex and challenging to interpret. It consists of transport and diffusion terms,

resulting from the effect of the repulsive potential on the particles’ position.

Additionally, the repulsive potential acting on the particles’ direction creates

a complex, diffusive-type operator with different signs for oblate and prolate

particles.

Many models for collective dynamics impose an alignment force directly on par-

ticle directions. Our main goal in this paper was to observe the nematic alignment

and the spatial effects of the anisotropic Gaussian-type repulsive potential on the

particle dynamics without imposing the alignment directly.

However, when we derived this effect directly from an anisotropic repulsive

potential, we observed intriguing phenomena. For instance, we can understand how

particle anisotropy influences the evolution of particle density, how particle positions

affect their directions, and what the impact of the specific interaction potential

considered on the directions is (through the term Bf ).

A numerical study was carried out to test some of the analytical results obtained,

namely: (i) the global alignment breaks down in the regime where the macroscopic

equation becomes ill-posed, as characterized by the well-posedness condition (1.11);

(ii) particles close to be spherical or low particle densities result in slower rates

of alignment or a complete lack thereof; (iii) lastly, we also confirmed numerically

that the Berne–Pechukas potential does not lead to global alignment at the particle

level.

The well-posedness of the continuum equations will be the object of future stud-

ies, along with the consideration of other types of anisotropic repulsive potentials,

such as generalizations of the Lennard-Jones potential. Apart from this, there are

three outstanding open problems left out in this work, namely, the well-posedness

of the kinetic equation, showing that Assumption 2.1 holds, and obtaining an

explicit lower bound for the operator K (2.19). Another interesting aspect for future

research is the study of compactly supported potentials, which may better represent

contact interactions.
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Appendix A.

A.1. Proof of Lemma 2.1

Proof. Considering the scaling ` = ε`′ and d = εd′ and a change of variable

z = x2−x1

ε , so εn dz = dx2, we obtain

Vf (t, x1, u1) =

∫
Sn−1

∫
Rn
VbWG

(
u1, u2,

x2 − x1

ε

)
fε(t, x2, u2) dx2 du2

= εn
∫
Sn−1

∫
Rn
VbWG

(u1, u2, z) f
ε(t, x1 + εz, u2) dz du2.

Now, we perform a Taylor expansion of fε(t, ·, u2) at x1 to obtain

fε(t, x1 + εz, u2)

= fε(t, x1, u2) + εz · ∇xfε(t, x1, u2) +
1

2
ε2zT∇2

xf
ε(t, x1, u2) · z +O(ε3).

Since, we consider the weighted Gaussian potential VbWG , as defined in Eq. (1.6),

we use
∫
Rn zVbWG

(u1, u2, z) dz = 0, and thus for the potential Vf (t, x1, u1), we have

that

Vf (t, x1, u1) = εn
∫
Sn−1

(∫
Rn
VbWG (u1, u2, z) dz

)
fε(t, x1, u2) du2

+
εn+2

2

∫
Sn−1

∫
Rn
VbWG

(u1, u2, z)z
T∇2

xf
ε(t, x1, u2) · z dz du2

+O(εn+3).

Note that with the scaling factor (1.5) we have for the potential VbWG ,∫
Rn
VbWG

(u1, u2, z) dz = b2WG(u1, u2),∫
Rn

(z ⊗ z)VbWG
(u1, u2, z) dz =

1

2
b2WG(u1, u2)Σ.

(A.1)

Using (A.1), we obtain

Vf (t, x1, u1) = εn
∫
Sn−1

(
1− χ2(u1 · u2)2

)
f(t, x1, u2) du2

+
εn+2

4

∫
Sn−1

(
1− χ2(u1 · u2)2

)
Σ(u1, u2) : ∇2

xf(t, x1, u2) du2

+O(εn+3).

Then,

V εf (t, x1, u1) =
1

εn
Vf (t, x1, u1) = Wf (t, x1, u1) + ε2Bf (t, x1, u1) +O(ε3),

where Wf and Bf are Eqs. (2.3) and (2.4) in the lemma.
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A.2. Proof of Lemma 4.2

Proof. We will consider the change of variables given in (4.1) throughout the

following proof and thus we can recast

ψ(u) = hη(cos θ) sin θ v,

Gη(ρ)AΩ
(u) = gη(θ),

where gη(θ) is given in (4.2).

To begin with, doing the change of variables (4.1), the integral (4.4) corresponds

to ∫
Sn−1

(u · Ω)kGη(ρ)AΩ
ψ(u) du = ck,1

(∫
Sn−2

v dv

)
.

The integral in v is zero since the integrand is odd. Moreover, the function ck,p is

defined in (2.20).

Proceeding similarly, we consider (4.12) and transform (4.5) into∫
Sn−1

(u · w)(u · Ω)kGη(ρ)AΩ
ψ(u) du = ck,2

(∫
Sn−2

v ⊗ v dv

)
w =

ck,2
n− 1

PΩ⊥w.

Now, the integral (4.6) is computed analogously, since we know the value of

∂Gη(ρ)AΩ
from Lemma 4.1 and using that PΩ⊥∂Ω = ∂Ω.

Integral (4.7) is also computed analogously using relation (4.11).

Moreover, considering (4.11) we recast integral (4.8) as∫
Sn−1

(u · Ω)2k(u · w)2Gη(ρ)AΩ
ψ(u) du

= 2(Ω · w)c2k+1,1

(∫
Sn−2

v ⊗ v dv

)
w

and since w ⊥ Ω the integral vanishes.

Finally, the integral (4.9) is computed in the same way as above using the

corresponding expression for ∂2Gη(ρ)AΩ
provided in Lemma 4.1.

Fig. A.1. (a) Plots of η(ρ) with respect to ρ, for different χ values corresponding to different

colors. Note that η is non-decreasing with respect to ρ. (b) A plot of S2(η) versus η. (c) Evolution
of the diffusion coefficient K with respect to the particle density ρ. Different colors correspond to

different χ values.
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A.3. Numerical approximation of K(η) and additional figures

In the following, we outline the method we use to approximate the diffusion param-

eter K(η) in Figs. 3 and A.1(c). One can approximate S2(η) via applying numerical

quadrature such as the adaptive Gauss–Kronrod quadrature to (2.13), we refer to

this approximation as S̃2. Next, the function η(ρ) can be interpolated by computing

S̃2(ηj) at equidistant points ηj = C(1−χ2)j
m for 1 ≤ j ≤ m where m is the number of

interpolation points and C > 0 is a large enough constant. Using these points, one

can define η̃ as the Akima interpolation of
(

ηj
αS̃2(ηj)

, ηj

)
. The regularization effect of

the Akima interpolation is useful to counter numerical instabilities for small values

of η close to the unknown η∗. Finally, to approximate K, we evaluate

K̃(ρ) := 1− χ2

n
− σn− 1

n
S̃2(η̃(ρ))η̃′(ρ),

where the derivative η̃′ is the derivative of the Akima interpolant.

We finish the appendices with some additional figures from our numerical exper-

iments.
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