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Abstract

Schur multipliers are a concept from functional analysis that have various uses in mathematics. In this
thesis we provide an introduction of the aforementioned Schur multipliers and the associated Schatten
p-classes. We prove a number of results and introduce some concepts of functional analysis in order to
get to the central topic: a conjecture by Pisier regarding Schur multipliers. For p € {1,2,00} all Schur
bounded multipliers are completely bounded, and the completely bounded norm of a Schur multiplier is
in fact equal to its operator norm. On the other hand, for p & {1,2, 00} Pisier conjectures that there
exist bounded, but not completely bounded Schur multipliers.

Whereas the first part of the thesis is spent on studying the theoretical nature of the problem, in the
second part we perform a number of numerical computations yielding insight into the problem. For a
number of random finite-dimensional Schur multipliers and various p we approximated the operator norm
using the BFGS minimization algorithm. This resulted in us posing a new conjecture that the completely
bounded norm is equal to the norm for any Schur multiplier for any 1 < p < o0, i.e. we suggest Pisier’s
conjecture is false. Finally, we suggest further studies that can be done.
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Introduction

The classical spaces P and LP have widely been used in Fourier analysis and harmonic analysis. Given
a Hilbert space, using the linear operators on H we can construct a non-commutative analogue to the ¢?
spaces. We call these the Schatten p-classes, denoted by S, (H), which will play an important role in this
thesis. In the preliminaries chapter we introduce the necessary concepts from functional analysis, before
we define and study Schatten classes in Chapter 3.

Following this, we define the Schur multiplier, which is a linear map on a Schatten p-class that “mul-
tiplies” an element from S,(H), i.e. a linear map from H to H, by a matrix. These Schur multipliers
have applications in Fourier analysis for instance, and can be linked to Fourier multipliers, see [2], [4],
[7], and [10]. Schur multipliers can be used in Quantum Information Theory as well, see [12]. In Chapter
3 we look at finite-dimensional Schur multipliers, in addition to infinite-dimensional Schur multipliers,
and show that we can approximate infinite-dimensional Schur multipliers using finite-dimensional Schur
multipliers.

Next, we introduce the concept of complete boundedness for Schur multipliers, a property that is rel-
evant in the previously mentioned applications. Strongly related to the complete boundedness of Schur
multipliers is the following conjecture posed by Pisier in [10]:

Conjecture. Let 1 < p < oo and H be a Hilbert space. Pisier conjectures the following in [10]:

For 1 <p < oo and p # 2 there exists a Schur multiplier on S,(H) that is bounded but not completely
bounded.

In Chapter 4 we give a number of equalities and inequalities pertaining to the completely bounded norm
and Pisier’s conjecture, in the effort to simplify the problem. Moreover, we look at how unitary operators
are of use here.

Finally, in Chapter 5 we numerically compute the operator norm of various random Schur multipliers,
aided by theoretical results from the previous chapters. We utilize the BFGS minimization algorithm to
approximate the operator norm of (amplified) Schur multipliers, with the hope that these results give us
more insight. These insights will in turn hopefully allow us to strengthen (or weaken) the aforementioned
conjecture, or possibly pose a new conjecture.






Preliminaries

In order to study Schur multipliers and Schatten classes, we need to create the necessary foundation in
functional analysis, which is the purpose of this chapter. To facilitate this, the reader is assumed to
be familiar with the concepts of Hilbert spaces and dual spaces, orthonormal bases, and the underlying
notions of these. Throughout this thesis we will assume that any vector space is over C, unless explicitly
stated otherwise.

NOTATION

Below we list some notation commonly used within this thesis.
1. R(f) denotes the range of a function f.
2. My, wm(C) denotes the n x m matrices with complex entries. If n = m we write M, (C).
3. I, is the n x n identity matrix in M, (C).

4. For matrices we use capital letters, i.e. A € M, x,,(C). For the entry at position (7, j) we use lower
case letters, i.e. a; ;.

5. If A € Mpugxmi(C), we can partition A into k x k blocks. We indicate a block at position (4, 7)
(where 1 <i <n,1<j<m)with A, ;.

6. We denote the adjoint of a bounded linear operator or matrix with *, i.e. 7" and A*.

Definition 2.1. Let X,Y be normed vector spaces, and T : X — Y be a linear transformation. We say
that T is bounded if there exists some M > 0 such that for all z € X : || T(x)|| < K||z||. We denote the
space of all such functions by B(X,Y). If X =Y then we use B(X) instead.

Intuitively, this means that growth of ||T'(z)|| is bounded by the growth of ||z|. Furthermore, we shall
introduce the notation T'(z) = Tx.

Example. Let X be any normed vector space, and I : X — X be the identity. Then for any o € C the
linear transformation o : X — X is bounded, as for all x € X : ||(al)z| = |af||Iz] = |af||x]

Definition 2.2. Let X,Y be normed vector spaces, and T € B(X,Y). We define the operator norm of
T as follows:
ITllop = inf{M >0: forallze X :||T(x)|] < M|z|}

Should it be clear that we are taking the operator norm, we may choose to simply write ||T'|| to indicate
the operator norm of 7. Furthermore, as unitary operators are surjective isometries, one finds that the
operator norms is invariant under unitary operators, i.e. |[UT|| = ||TU|| = ||T||. Lastly, if Y is a Banach
space and we equip B(X,Y) with the operator norm, then B(X,Y) is a Banach space as well.

Remark 2.3. If X # 0, then ||T|| = sup,_ ”||7.;:Q\C|H = sup| <1 17|l = supj, = [|Tz]|.

11



12 2. PRELIMINARIES

Generally we will use this last equality if applicable. In the previous example, we have that ||af] = |«]
which is found easily using [|7'[| = supy, =1 [|7'z||. However, in the finite dimensional case, this supremum
is a maximum as well, which will be a result of following lemma.

Lemma 2.4. Let X be a finite-dimensional normed vector space. Then the unit sphere is compact.

Proof. We prove it for a normed vector space over R first. Let n = dim X. By identifying bases of X and
R™ respectively, we find X and R" to be isomorphic, where R™ is equipped with some norm. Consider
the unit sphere S in R™ under said norm. By definition S is bounded, and by the continuity of the norm
it follows that it is closed as well. However, as R™ is finite-dimensional, all norms are equivalent, and
thus the open and closed sets are equal for all norms. In particular, S is therefore closed and bounded
in R™ equipped with the standard Euclidian metric, and by the Heine-Borel Theorem we find that S is
compact. Consequently, we find that the unit sphere in X is compact as well.

Lastly, if X is a normed vector space over C, we can identify X with C* = R?", and conclude that
the unit sphere is compact similarly. O

The following theorem gives a useful relation between the continuity of linear operators and their bound-
edness:

Theorem 2.5. Let X,Y be normed vector spaces, and T : X — Y be a linear transformation. Then T
is (uniformly) continuous if and only if T is bounded.

Proof. If X = 0, the result is trivial, so we can assume this not to be the case. First, assume that T is
continuous. In particular, this means T is continuous in 0. Then, by definition, for every ¢ > 0 there
exists a § > 0 such that if ||z|| < & then ||Tz|| < e. Choose ¢ = 1, and set M = 2. Now let z € X
arbitrarily. In the case that z = 0, we have that Tz = 0 by linearity, and thus ||Tz|| = 0 < M||z||. Now
if z # 0, we can consider the element y = g7 Since lyll < 8, by continuity we have that || Ty|| < 1.
But using the linearity of T we find:

T

[Tyl <1 < T
M|

<1 & T <M.
Thus, we see that T' is bounded.

Conversely, assume that T' is bounded. If T' = 0 then the result is trivial, so assume T # 0. Let z € X

and € > 0, and set § = g7y, where IT|| > 0. Nowifforye X : ||z —y| <6 = 7> since T is bounded

and linear we obtain:

&
[Tz =Tyl = [|T(x —y)l| < [Tz -yl < HT”W =c.

That is, T is (uniformly) continuous. O

Theorem 2.6. Let X,Y are normed vector spaces, where X is finite-dimensional. Now suppose T : X —
Y is a linear transformation. Then T is continuous.

Proof. By Theorem 2.5 is suffices to show that 7" is bounded. Since on a finite-dimensional space all
norms are equivalent, we only need to show that it holds for a single norm. Let {by,...,b,} be a basis
for X. If we now write x = A\1b; + - -+ + Apb,, consider the norm given by

n

lzlly ="l

i=1

It is easily checked that this is well-defined, and indeed a norm. Now applying 7', using the linearity of
T and the triangle inequality, we find:

T (i: )\in) z”: AiTh;
i=1 i=1

If we now set M = maxi<;<n||T(b;)|1, we find that [|Tz|; < > |\i| - M = M|z]};. O

[Ty =

< INITb 3
1 1 =1
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Definition 2.7. Let X,Y be normed vector spaces, and T a linear operator. T is called a compact
operator if for any bounded subset V.C X the closure of the image, T[V], is compact.

During this thesis we will often look at compact operators because they have numerous useful properties
that will become apparent later. We shall denote the space of compact operators from X to Y by
K(X,Y) and similarly as for the bounded linear operators we write K (X) := K (X, X). One may note
that a compact operator is necessarily bounded (since the image of the unit sphere is bounded), and thus
K(X,Y) C B(X,Y). Moreover, Rynne [11] proves that K(X,Y) is in fact a closed subspace B(X,Y),
and that an operator is compact if and only if its adjoint is. Lastly, compositions of compact operators
are compact as well.

Example 2.8. Let T € B(X,Y) be such that T is of finite rank, and V C X be a bounded subset. Then
since T € B(X,Y), T[V] is bounded. Hence, T[V] is bounded and closed. Thus, by Bolzano- Weierstrass,
we find that T is a compact operator.

Now for matrices we have one last definition:

Definition 2.9. Let A € M,,(C) and consider A*A. As the latter is self-adjoint, by the Spectral Theorem
it can be written as A*A = UDU*, for U a unitary matriz and D a diagonal matriz with real elements.

We now define:
|A| == VA*A == UDY?U*, where (d"/?);; = \/d; .

We note that |A|? = UDU* = A* A, which justifies the notation v/ A*A. However, we should check if we
can indeed take the (non-complex) square root of the of the diagonal elements of D, i.e. the eigenvalues
of A*A. Let A be an eigenvalue of A*A and v an associated eigenvector. The following computation show
that A is indeed non-negative:

Mol = Qw,0) g = (A*Av,v) g = (Av, Av) g = || Avl|%, (2.1)
where it remains to divide by ||v||%.
Remark 2.10. |A| is self-adjoint, which follows directly from the definition |A| := UDY?U*.

Theorem 2.11. (Spectral Theorem for compact operators) Let H be a separable Hilbert space and T be
a self-adjoint compact operator on H. Then the eigenvectors (e,)22; form an orthonormal basis, and we
can write:

T = i An (s €n)en,
n=1

where A\, are the (non-zero) eigenvalues and the eigenvalues are real. Moreover, A, — 0 as n — co.
Proof. See Conway [3]. O

Remark 2.12. For any compact operator T on a Hilbert space H we can define |T'| := VT*T analogously
to how we defined |A|. First, we consider T*T. As (T*T)* = T*T we find that it is self-adjoint, and
as a composition of compact operators it is a compact operator too. We can now diagonalize T*T by
Theorem 2.11, i.e. T*T = Y07 Ap(en, Yen. As equation (2.1) holds for T as well, we can define
VT*T =307 /Anlen, )en, and from this diagonalization we can see that |T| is self-adjoint. Lastly, we
claim that it is a compact operator as well. Indeed, for any bounded sequence (Tn)nen in H, using that
VAn = 0 when n — oo one checks that (|T|@y)nen has a convergent sequence, which in turns implies the

definition of a compact operator.
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We have one more important proposition to state, namely the polar decomposition of bounded linear
operators.

Proposition 2.13. (Polar decomposition) Let H be a separable Hilbert space and T € B(H). Then we
can decompose T as T = US, with U a linear isometry, and S a self-adjoint operator. Moreover, if H is
finite-dimensional, then H is unitary.

Proof. First of all, set S := |T|. We now construct U such that T = U|T|. If T is invertible, so will |T|
be, and in that case we can simply take U = T|T|~!, which proves sufficient. However, in general we

cannot assume that 7' is invertible, and instead we start with creating a map U : R(|T|) — R(T).

Let v € R(|T|). Then we can write v = |T|w for some w € H. Now define the well-defined linear
map: .

Uiv := Aw.
We validate that this map is isometric. Let v,v" € R(|T|) where v = |T|w, v’ = |T|w’. It suffices to show

that U1 preserves the inner product. Using the definition of U1 and that of the adjoint operator, and
that |T| is self-adjoint, we have:

(U, Uv') = (Aw, Aw') = (T*Aw,w’)
(APw,w) = (|Thw,|Tlw) = (7). (2.2)

Thus, we see that ﬁ; preserves the inner product and is thus an isometry. Furthermore, it follows that
dim R(|T]) = dim R(T).
The question now becomes, how can we extend U; to all of H? First of all, by continuity we can

extend U; to a map [7{ :R(|T]) — R(T). As R(T) is a closed linear subspace of H, we can now write
H = R(T)@R(T) ", where R(T) " is the orthogonal complement of R(T). Similarly, H = R(IT)&R(T])
We would now like to construct an linear isometry U : R(|T|)J_ — R(T)L. Since dim R(|T|) = dim R(T")
the same holds for the orthogonal complements. Let & = dim R(|T|)* = dim R(T)* (which is possibly
1 Ena——
infinite). Now let {b;}¥_, and {b' | be orthonormal bases for R(|T[)  and R(T)  respectively. If
we now identify the bases by Uj, i.e. Ugbl = b., by the orthonormality of the bases we have that U2
preserves the inner product. Subsequently, we define U : H — H. Any v € H we can uniquely write as
v = wy ® wsy, with wy € R(|T|) and wy € R(\T|)J_. We now define Uv := Ujw; @ Ujws, which is again
again preserves the inner product. Although U need not be surjective for infinite-dimensional H, should
H be finite-dimensional it follows from the rank-—nullity theorem that U is in fact surjective, and hence
unitary. Lastly, note that by definition of U] we have that T =US = U|T|. O




Schatten classes and Schur
multipliers

3.1. THE SCHATTEN p-NORM

In this section we define the so-called Schatten p-classes, a subspace of the compact linear operators on
a Hilbert space H, equipped with Schatten p-norm. However, before we can give this norm explicitly we
must define the singular values:

Definition 3.1. Let H, H' be Hilbert spaces, and T : H — H' a compact bounded linear operator. We
define the singular values of T for n € N as follows:

sn(T) :=inf{||T — S|| | S € K(H,H') and rank(S) < n}.

In the case that n = 1 then s1(T) = ||T|, and if n > rank(T) then s,(T) = 0. Furthermore, since
{I|T =S| | rank(S) <n} C {||T—S5] | rank(S) < n+1}, we have that s,(T) > s,4+1(T), i.e. (sn(T))32,
is a (non-negative) decreasing sequence. Before we define our Schatten-p-norm, we take a look at the

following lemma, which will proven useful later:

Lemma 3.2. Let H be a non-trivial finite-dimensional Hilbert space and let T : H — H be a (compact)
bounded linear operator. Then if we represent T by the matric A € M, (C) we have that the singular
values of T' coincide with the eigenvalues of |A|.

Proof. Let n = dim H. After choosing a basis we can represent 7" with a matrix A, which we from now
on shall identify with 7. By the polar decomposition we can decompose it as follows: A = U|A|, for
U some unitary matrix. With U a unitary matrix, it is easily validated that it does not change the
singular values, and so the singular values of A and |A| are equal. However, since |A| = VDV* for V
a unitary matrix the singular values of |A| are in turn equal to the (non-negative) diagonal elements of
D (the square roots of the eigenvalues of A*A). Lastly, the singular values of D are simply the diagonal
elements. O

We are now ready to define the Schatten classes.

Definition 3.3. Let p € [1,00] and H be a separable Hilbert space. For p < co we define the Schatten
class Sp(H) as follows:

Sp(H) :={T € K(H) | Y_ si(T)" < oc}.
k=1
Lastly, Seo(H) := K(H).
Remark 3.4. For any finite-dimensional H we have that S,(H) = K(H) = B(H), where the first

equality follow from the sum in the definition of S,(H) being finite, and the second equality follows from
Ezample 2.8.

15



16 3. SCHATTEN CLASSES AND SCHUR MULTIPLIERS

Remark 3.5. Whenever p < oo from the definition of S,(H) it follows that for T € Sy,(H) : s,(T) — 0
asn — oco. In fact, as Rynne [11] proves, this is true in general for any T € K(H), and thus for Se(H)
as well.

Definition 3.6. Let p € [1,00] and H be a separable Hilbert space. For T € S,(H) and p < oo we define
the Schatten p-norm as

%) l/p
1Tl := (Z Sk(T)p> :
k=1

Analogously to the £P norm, if p = oo then we define | Al = supsp(T) = s1(T) = ||T||, whereas the
k

second equality holds as (sx(T))72, is a decreasing sequence.

Remark 3.7. If we see it as the 7 norm of (s,(T))0L, € £P we see that for anyp’ > p: T € Sy (H)
and that | Ty < |Tl,.

Furthermore, any linear operator on S, (H) we call a Schatten class operator. We are interested in showing
that the above defined ||-||, is indeed a norm on S,(H) (simultaneously showing that S,(H) is a vector
space). If p = oo then ||-||, is simply the operator norm and we are done. In the case that 1 < p < oo,
whilst some properties of the norm are easily validated it takes a considerable amount of work to show
that it satisfies the triangle inequality. Before we do so, we take a look at another way of computing the
Schatten p-norm, and how ||-||2 is derived from an inner product for finite-dimensional H.

Proposition 3.8. Let H be a finite-dimensional Hilbert space, p € N be even and T € S,(H). If we
represent T' by the matriz A € M, (C) with respect to some basis, then || T||b = tr(|A[P). In particular, if

p is even then || T||h = tr((A* A)P/2) and we have a significantly easier way to compute ||T),.

Proof. As we have seen earlier, we can decompose |A| into UDU* with U unitary and D diagonal, whereas
the diagonal elements of D are the eigenvalues of |A.

By Lemma 3.2 we know these to be the singular values of A as well. We now define the p-th power of
|A| as |A|P := UDPU*, where DP in turn is simply the non-negative diagonal elements exponentiated to
the power p (where p may not be an integer). We note that since U*U = I, should p be a natural number
then this definition coincides with the natural exponentiation. Now, by this definition the eigenvalues of
|AP are the singular values of A to the power p, and thus:

tr(|AP) = tr(UDPU™*) = tr(DP) = Zsk(T)p = |75
k=1

Here we use that the trace is independent of the chosen basis. However, should p be an even number,
then (UD2U*)P/? = UDPU*, which yields tr((A*A)/?) = tr(UD?U)?/?) = tr(UDPU*) = ||T||5. O

Whenever H is finite-dimensional (say of dimension n), by Remark 3.4 we have that S,(H) = B(H). If
we now choose a basis for H, we can uniquely identify each element from B(H) with a matrix M, (C)
and vice versa. Subsequently, for a finite-dimensional H we can consider the Schatten p-norm as a norm
on the (complex) n x n matrices. Keeping this in mind we now look at ||| as a norm on M, (C). For
A € M,(C) by the previous proposition we have that ||A||3 = tr(A*A). In this case it is called the
Frobenius norm as well, and is induced by an inner product, namely the Frobenius inner product:

Definition 3.9. We define the Frobenius inner product (-,-)p : M, (C) x M, (C) — C as follows:
(A, B)p = tr(B*A),

where B* is the adjoint matriz, i.e. the conjugate transpose. Here we use the usual matriz multiplication.
We verify that it is an inner product:

Proof. Let A,B,C € M,(C) and a, 8 € C. Now:

(i) Fori=1,...,n we have that (A*A);; = >0 A7 ;A = >0 AjiAj =00 [Aji°. As asum
of non-negative real numbers, we find that (4, A)p = tr(A*A§ is real and non-negative as well.
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(ii) If A =0 then clearly (A, A)r = 0. Now if (4, A)r = 0, and since all diagonal elements of A*A are
positive, by (i) we must have that |4; j|*> = 0 for all 4, j, and thus for all 4,5 : 4;; =0 = A =0.

(iii) We have: (A + BB, C)r = tr(C*(aA + B)) = atr(C*A) + ptr(C*B) = a(A,C)r + B(B,C)r.

(iv) (A, B)g = tr(B*A) = tr(BTA) = tr((BTA)T) = tr(ATB) = tr(ATB) = (B, A)p since tr(AT) =
Tr(A) for any matrix. O

Thus, this proves that in the case p = 2 and finite-dimensional H that ||-||, is a norm. In particular, we
have that (M, (C), (-,-)r) is a Hilbert space, as any finite dimensional inner product space is complete,
see [11].

At last, we will now show for any 1 < p < oo that |-||, satisfies the triangle inequality on S,(H) for
any Hilbert space H. Within this proof we shall assume H is a separable infinite-dimensional
Hilbert space, as for a finite-dimensional H the intermediate results follow similarly (and usually eas-
ier). To achieve this we first set up the necessary definitions and lemmas. The following proofs are based
on [1] and [5].

Recall from the preliminaries that we can decompose self-adjoint compact operators as >~ Ay (€n, -)€n.
Elements from S,(H) we can decompose as well, but as they are not necessarily self-adjoint we instead
turn to the singular value decomposition, a somewhat similar decomposition.

Corollary 3.10. If T is a compact operator on H (not necessarily self-adjoint), then we can write it as

T= an en fn7

for (en)221, (fn)22, orthonormal sequences in H. We call this the singular value decomposition.

Proof. We start by considering the polar decomposition of T, i.e. T = U|T|. By Theorem 2.11 we can
write |T'| = 307 pn (-, €n)en, where (p1,)22; are the eigenvalues of |T'|, p, — 0 as n — oo and (e,)22;
are the associated eigenvectors, which form an orthonormal basis. Furthermore, we know that the eigen-

values of |T'| are the singular values of T', so we have that [T| = > | s,(T)(-, en>en.

Now for n € N define f,, := Ue,. As we know that U preserves the inner product, (f,)s>,; forms an
orthonormal sequence. We now define |T'|y := 2712[:1 Sn(T)(-,ende, and Ty = Uzgzl sn(T) (-, en)en =
EN_ Sn(T)(, en) frn. Lastly, we wish that Ty — T, i.e. limy oo ||T — Tw|| = 0. Indeed, we have:

n=1

IT — T = sup $,(T) — 0 as N — 0.
n>N

Lemma 3.11. Let T be a compact operator. Then for n € N:

n

> (Tgk, h)

k=1

= maXZ|<Tgk7 hk>|a

k=1

Z sk(T) = max

k=1

where we take the mazima over all orthonomal sequences (gi)i_, and (hg)p_, in H.

Proof. We start with considering the supremum, and taking the svd of T, i.e. T'= 3" | s,(T) (-, en) fn-
For the second sum we now take the orthonormal sequences (eg)7_; and (fx)7_, and fill in T to get:

n n n

> (Tnew, fr) = Z > si(M)esren) fi i) = > (e (D) fro fr) = D su(T).
k=1 j=1

k=1 7 k=1 k=1

If we now take the absolute value and the supremum over all orthonormal sequences as described, and
apply the triangle inequality on the sum we then obtain the following inequalities:

Z ) < sup Z Tk, hi)
k=1

k=1

< supZ\ Tgk,hk>| (3.1)
k=1
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We now wish to show that sup 375, [(T'gk, hi)| < 35— si(T) holds as well. Substituting the svd of T
in ZZ:1|<Tgk7 hi)| we obtain:

n oo

D T i)l =31 si(T) gz en) (fs )| < D s5(T) D |{gsen) (fies 1) (32)
k=1 k=1 j=1

k=1|j=1

We first look at Z?Zlng,ek)( fr,hj)|, which we note is non-negative. As the sums are (absolutely)
convergent this justifies the operations we perform. If we consider it the (standard) inner product of

(g1, €r)]s- -, [{gn,er)|) and (|{f, h1)|,- .-, |{fx, hn)|), and we can use the Cauchy-Schwarz inequality to
obtain:
1/2 1/2
n C.s. n
> lggsex)(frhy)| < Z\ 9j» k)| D 1wy < llellllfIl = 1.
j=1 j=1

Applying the same trick after switching the order of summation in .-, Z;l:l\(ek,gj)(hj, fx)| (as one
sum is finite), we then find

oD Ngier) k)l = DD lgiex)(fi, )l

k=1 j=1 j=1k=1
os /2, o 1/2
Sy (D ores) ) <z|<fj,hj>|2)
j=1 k=1
= legyllllh I —Zl =n.

j=1

For the sake of convenience we shall define ¢ := Z?Zlng, ek){fu, hj)|. So far we have thus shown that
that 0 < ¢ <1 and >, ¢ < n. We now write:

> si(T)ex = Z Z $;(T) = s (T))ek = Y (55(T) = s541(T) e,
k=1

k=1j=k j=1k=1
which we can do as s;(T) — 0 as j — oo. The second equality is a result of enumerating the sum
differently. Thus, we find that 3277 | s (T)cx = 3272, (s5(T) —s;41(T)) 37—, ck- But since ¢, > 0 we have

that Y7 _ e < 252, ¢ < n. Combined with the fact that ¢, < 1 we find that Y7 _ ¢, < Zgl:inl{j’"} 1.
Now since s,(T) — s;+1(T) > 0, once more enumerating the sum differently we find and using that
s;(T") — 0 as j — oo we obtain:

mm{j,n} n

> si(T)er < Z(Sj(T) = 8j41(T Z 1= ZZ 5i(T) = s541(T)) = > sk(T).

k=1 k=1 j=k k=1

Now taking the supremum over all orthonormal sequences, the above inequality combined with (3.1) and
(3.2) yields the desired inequality. Lastly, as taking (ex)}_; and (fx)}_; as the orthonormal sequences
gave us inequality (3.1), we proves that it is in fact a maximum. O

Lemma 3.12. For compact operators T and S and n € N the following holds:
n n n
DTSk +8) < sk(@)+ Y silS).
k=1 k=1 k=1

Proof. Using Lemma 3.11 and the triangle inequality for |-| we find:

> sk(T+S) = max Y [((T + S)g;, hy)| < max Y [(Tg;, h;)| +max Y _[(Sg;, ).
k=1

j=1 j=1 j=1

Once more using Lemma 3.11 on the last two terms yields the desired inequality. O
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Lemma 3.13. Let f : R — R be a convex increasing function, n € N and (a;)}_,, (b;)1, be two decreasing
sequences, and define the partials sums Ay = Zle a; and By = Zle bi. If for all k € {1,...,n} we
have that A < By, then the following inequality holds:

Zf(az‘) SZf(b

Proof. We wish to prove that >, (f(b;) — f(a;)) > 0. In the case that aj = by, for some k, the inequality
resulting from the sequences with aj and by removed is equivalent with the one we wish to prove. Thus,

without loss of generality we can assume that a; # b; for all i. But now we can define ¢; = fG0)—Flas)

bifai ?
and then we can write . .
> () - =Y cilbi — a).
i=1 i=1
As f is increasing, if b; > a; then f(b;) > f(a;) and thus ¢; > 0. Likewise, if b; < a; then ¢; > 0. We now
claim that (¢;)]-, is a decreasing sequence as well. Defining R(z,y) := %ﬁj(y) for x # y, we have that

f is convex if and only if R is increasing in both variables . Note that ¢; = R(a;,b;), and in the case that
@, Qiy1,b; and b;yq are all different we then find that ¢; = R(a;, b;) > R(ai+1,b:) > R(ait1,bit1) = ciy1.
In the case that two are equal, then it follows from a single step and the symmetry of R in its arguments.
Now using that a; = A; — A;_1 and b; = B; — B;_1, we obtain the following equality:

n n n

Z(f(bi)*f(ai)) = Zcibi*Ciaz:Z i(Bi — Bi—1) chA — A1)

=1 =1 =1 =1
n n
= Y ci(Bi—A) =Y ci(Biiy— Aiq) (3.3)
=1 i=1

However, since Ag = By = 0, we have that

n

n—1 n—1
Zci(Bifl - Aifl) = ZCiJrl(Bi - Ai) = Z Ci+1(Bi - Ai)~
i=0 i=1

i=1

Using this equality in (3.3) this yields:

S () — Fla)) = en(Bo — An) + (e — cunn) (B — A0

Since (¢;)P, is decreasing, we have that ¢; — ¢;11 > 0, and we have already seen that ¢; > 0 as well. But
by assumption we have that B; — A; > 0 for any 4, and thus we find that all terms are non-negative in
the last expression, and thus Y ., (f(b;) — f(a;)) > 0 as desired. O

We can now finally prove the triangle inequality for Schatten p-norm. Let T,S € S,(H). Firstly, we
apply lemma 3.12 to find that Y_)'_ | s, (T 4+ S) < > 1 _1(54(T)) + s,(S)). We now consider the function
z +— z'/P which we note is convex and increasing for any p > 1. Now applying lemma 3.13 with
ar = sk (T + S) and by, = s,(T') + sx(S) and the aforementioned x +— zP for any n € N we find:

n

D (kT +8)P <Y (su(T) + 5i(5))". (3-4)

k=1 k=1

Since z — 2/ is increasing, we can apply this to both sides and still maintain the inequality. After raising
it to the power %, the right sum is simply the usual p-norm for the vector z = (s1(T) +51(5), ..., s (T)+
s (9)) in C”, for which we know the triangle inequality to be true. That is, we find that

n 1/p n 1/p n 1/p n 1/p
(Z@M + S>>p> < (Zwm + skw))p) < (Z skmp) + (Z sk<5>p) . (35)
k=1 k=1

k=1 k=1

Mf we set a = (a1,...,an) and b= (b1,...,b,) then it is said that b weakly majorizes a.
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Lastly, by definition of S,(H) we know that Y ;_, sx(T)? < co and > ,_; sx(S)P < co. Letting n — oo
we find

o 1/p o 1/p o 1/p
1T+ Sllp = (Z(Sk(T + S))p> < (Z Sk(T)”> + (Z Sk(S)p> =Tllp + 15]p-
k=1

k=1 k=1

O
Thus, we have shown that ||-||, satisfies the triangle inequality, and thus S,(H) is in fact a normed space.
As is proven in [5], S,(H) is a Banach space as well. We will now define the Schur product for two
matrices, which is essentially the entrywise product. We first consider the finite-dimensional case.

Definition 3.14. Let A, B € M,,(C). We define the Schur product of A and B as an n X n matriz Ao B
where
Ao B = (aijbij);j=1

That is, Ao B is the entry-wise multiplication of A and B.

Due to the entry-wise nature of Schur multiplication, it is easy to see that it is associative, commutative,
and that it is distributive with regards to the usual addition of matrices. Furthermore, if J,, is the n
matrix filled entirely with ones, we note that for any matrix A € M, (C) : Ao J, = A. That is, J,
is identity element for Schur multiplication. Similarly, we can consider the Schur product for infinite

matrices, i.e. for A= (a;;){5-; and B = (b; ;)51 : Ao B = (a; ;b ;)75

Example. LetA—(2 4> andB—<_3 8)' Th@nAOB—(Q._g 4.8>_<—6 32)'

We now define a Schur multiplier:

Definition 3.15. Let H be a separable Hilbert space of dimension n (possibly infinite), and A = (ai ;)i ;1
an x n-matriz, and let 1 < p < oo. Now given a fized orthonormal basis and an element S,(H), we can
represent the element by a unique (possibly infinite) matriz, say B = (bi ;)7 ;—;. Subsequently, we can
consider Ao B as a map from H to H. Now let us define M : Sp,(H) — Sp(H) by M4(B) := Ao B,
or in other words Ma((b;;);'j—1) = (@i jbi ;)i j—1- Should M4 be well-defined, then we call M a Schur
multiplier.

If M4 is bounded, we can consider the operator norm, and to make clear that it is the operator norm
with respect to the Schatten p-norm, we shall denote it with ||Ma|,.

Should H be finite-dimensional, we know that S,(H) = B(H) = M,,(C) by Remark 3.4, and conse-
quently M4 is well defined for any A, and thus a Schur multiplier. Moreover, from Theorem 2.6 it follows
that M4 itself is a bounded map. One should be aware that if H is infinite-dimensional, M 4 will not be a
Schur multiplier for every A. However, should it be a Schur multiplier, then one can easily verify that the
entries of A must be bounded. Nevertheless, we claim that any Schur multiplier is bounded as a result
of the closed graph theorem. Before we show this, we must first define the graph of a linear operator:

Definition 3.16. Let X,Y be normed spaces and let T : X — Y be a linear map. We define the graph
of T as:
G(T) ={(z,Tz) |z € X}.

We note that G is a linear subspace of X xY. Moreover, we can equip X xY with the norm ||(z,y)|| xxy =
llzl|x + |||y, which then forms a Banach space. We are now ready to state the closed graph theorem:

Theorem 3.17. (Closed graph theorem) Let X,Y be Banach spaces, and let T : X —'Y be a linear map.
Then T is continuous if and only if G(T') is closed.

Proof. See Rynne [11]. O

Thus, to show that a linear operator between normed spaces is bounded, by 2.5 and the closed graph
theorem it suffices to show that its graph is closed. Recall that in a metric space a set is closed if it
contains the limit of convergent sequences within the set.
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Proposition 3.18. Let H be a separable Hilbert space and M4 a Schur multiplier on S,(H). Then Ma
is bounded.

Proof. By the closed graph theorem it suffices to show that G(M,) is closed in S,(H) x S,(H).

Let (B, Ma(By)) be a convergent sequence in G(M ) with limit (B,y). That is to say, lim, || B —
B,|lp = 0 and lim,,_,o||Ma(By) — yllp, = 0. We need to show that y = Ma(B), i.e. (B,y) € G(Ma).
Since the entries of M4 are bounded, and convergence in the Schatten p-norm implies convergence in
the operator norm, for any basis element e; we find that ||(Ma(B))(e;) — (Ma(By))(e)|| = [(Ma(B —
By))(ei)]] = 0 as n — oo. Although this in itself would not directly be enough to imply convergence
in S, in general, as we have assumed that M4(B,,) converges to something, namely y, it follows that y
must be equal to M4 (B). O

3.2. APPROXIMATING A SCHUR MULTIPLIER

Given a Schur multiplier as in the previous section, we are interested in its norm. As we will see in Chapter
5, whenever the underlying Hilbert space H is finite-dimensional, we can numerically approximate | M4||p.
In this section we will show that we can approximate ||M4|, whenever H is infinite-dimensional with
finite dimensional Schur multipliers, obtained using finite rank projections.

Throughout this section we shall assume H to be a separable infinite-dimensional Hilbert space, and
(e;)$2, to be a fixed orthonormal basis of H. Any elements from S,(H) we represent as a matrix with
respect to the aforementioned orthonormal basis.

Definition 3.19. Forl € N we define p; : H — H as the projection on Span{es,...,e;}.

As (e;)$2, is an orthonormal basis, we have that for every z € H : || —p;z|| — 0 as | — oo, see [11]. Note
that we can also write x — pjz = (I — p;)x, where I is the identity operator. Moreover, as p; € B(H) as a
finite rank linear map it follows that I — p; € B(H) A similar limit can be found for compact operators,
but before doing so we consider the following lemma for arbitrary finite rank projections. As before, by
Theorem 2.6 any finite rank projection is necessarily bounded, i.e. an element of B(H).

Lemma 3.20. Let ¢ € B(H) be a finite rank projection. Then
llg — api|l = llg(T — p)|| = 0 as I — oo.

Proof. We first consider the finite-dimensional subspace ¢H := {qx | « € H}. Since the case ¢ = 0 is
trivial, we will assume ¢ # 0. We first prove it for a projection ¢ of rank 1. Thus, we can take b € ¢H such
that ¢ is the projection on H, and ||b]| = 1. First of all we use our orthonormal basis (e;)°; and write
b=">3:2,(bei)e;, where 1 = [|b]|> = Y72, |(b, e;)|>. Subsequently we have that (I —p))b = o, (b,e;)e;,
and we see that

o0
li I- 2= 1 N2 =
lgrololl( )b lggoi;yb, e)|” =0,

and thus lim;_,«|[(I — p;)b|]| = 0. Now let 2 € H be such that ||z| = 1, and write = Y .2 (z,e;)e;.
Furthermore, we have that gz = (x,b)b. Combining the two previous statements and using the Cauchy-
Schwarz inequality we find:

o0 2 o0 o0
la(I =)l = KT —p)ab)=| S (@, es)es,b) C§'<Z|<x,ei>2)<Z|<6vzvb>2>
I+1=1 i=l+1 i=l+1

IN

17 = p)bll* = [I(7 = po)b*.
Since ||( — pi)b|| = 0 as | = oo independent of z, we find that

lg(I = po)ll = sup llg(I = po)|| = 0 as I — oo.
A
lzll=1
Lastly, should the rank of ¢ be larger than 1, we can take an orthonormal basis {by,...,b,} for ¢H and

write ¢ = Z?zl (+,b;)b;. Then, taking the norm and applying the triangle inequality and using the above
result we arrive at the same conclusion. O
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We are now ready to prove a similar statement, but for compact operators.

Proposition 3.21. Let T € K(H) be a compact operator. Then
T —piTpi]| = 0 as 1 — oc.

Proof. First we prove it for self-adjoint 7. By Theorem 2.11 we can write T = Y .2 A\i(, fi) fi, where
A; = 0 as i — oo. Now let F' C N be finite and define

Tp =Y N fi)fie
i€k

We note that ||T'—Tr| = sup;en p|Ail — 0 as ' — N. We will now prove that |7 — T'p|| — 0 as [ — oo.

Let ¢ > 0. By the above we can choose a finite subset F C N such that ||T — Tr| < e. Now de-
fine the finite rank projection ¢p as the projection on Span{e; | i € F} (and so Trqr = Tr). By Lemma
3.20 we can take [ sufficiently large such that ||¢gr — qrpi|| < ﬁ Now using that Trqr = Tr and the
triangle inequality we obtain:

|T — Tp] T —Tp +Tp — Trp + Trpr — T

T —Tr|l + |TFr — Trpill + | Trpi — Toi|

T —Tr| + | Trar — Trarpl| + | Tr — T||||p1|
|T = Te| + | Trllllgr — grpill + |1 TF — Tl - 1

et+e+4e=3e.

VAN VAN VAN VAN

Since the inequality holds for I’ > [ as well, we find that ||T'— Tp;|| — 0 as | — oo. Lastly, once again
using the triangle inequality we find:

T — pi T IT —Tpi+ T — piToul| < | T — Tl + [|Tpe — T |

= | T =Tpl| + T = Tpellllpell = 21T — Tpil,

and so we find that p;Tp; — T in the operator norm.

For general (not necessarily self-adjoint) compact operators on T', we can write T' = (T +T*)+ 4 (T —T™).
Since T is compact it follows that 2 (7'+7*) is compact, and we note that (7 +7) is also self-adjoint.
As for the second part, here we instead have (3(T = T*))* = —4(T — T*). However, if we define
S = 5(T —T%), we see that S* = S, i.e. S is self-adjoint as well as compact. Consequently, if we
have proven the proposition for self-adjoint compact operators, by the triangle inequality it follows for

non-self-adjoint operators as well. O

Thus, we see that we can approximate compact operators in the operator norm using finite rank compact
operators, namely p;Tp;. If we consider T as an infinite matrix (indexed by N x N), we can view this as
the upper left [ x [ submatrix. However, for our purposes we wish to have convergence in the Schatten
norm, which we shall prove below. To this end, we first consider the following lemma:

Lemma 3.22. For alln € N and T € K(H) we have that s, (piTp;) < sn(T).

Proof. Let | € N be fixed. Now for any n > [, since p;T'p; is at most of rank I, by definition of the singular
values s, (p/Tp;) = 0. Now, if n <1, then we have:

inf{[|[pTp — S|| [ dim R(S) < n}
inf{[lpTpr — piSpil| | dim R(S) < n}
inf{|pllIT - Slllpll | dimR(S) < n}
inf{||T — S|| | dimR(S) < n}

$n(T).

sn(piT'pr)

IA

To see why the second inequality holds, consider the singular value decomposition of p;Tp;. O
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Proposition 3.23. Let p > 1 and T € S,(H), then |T — p/Tpflp, — 0 as I — 0.

Proof. For clarity we define T; := p;Tp;, which is still compact. First of all, by Lemma 3.23, we find that
T, € Sp(H) and ||Ti|l, < ||T||p- Now if p = oo, then ||T'—T;||, = |7 — Ti|| and we are done. Thus, assume
p < o0.

We start by approximating T using finite rank elements from S, (H). Consider the singular value decom-

position of T, i.e. T =307 s,(T) (-, fn)gn, for (fn)ooq, (9n)32, orthonormal sequences in H, of which
we emphasise neither are necessarlly equal to the fixed ()2 ;. Now, for N € N, define:

SN_ZS’I’L n

As a finite sum, clearly Sy is an element of S, (H) for every N. However, as T—Sy = >0 1 s$n(T) (-, fn)gn
and Y7, s, (T)P < oo, we find that ||T'— Sy|[, — 0 as N — oo.

Now let ¢ > 0, and take N sufficiently large such that ||T'— Sy|, < e. By the triangle inequality
we obtain:

T -Till, = |T—S~n+Sy—piSnoi+piSvpe —piToillp
< T =Snlp + IS8 = piSnpillp + Ipi(Sn — T)pillp
< T —=Snlp+ 1Sy —piSnpillp + 1T — Swllp

< 2+ ||Sv — piSnpillp-

Here ||pi(Sny — T)pill, < IT — Sw|lp by Lemma 3.22. We now turn our attention towards Sy — piSnpi.
We note that Sy — p;Snyp; has at most rank 2N, i.e. for n > 2N : s, (Sy — piSnpr) = 0. Consequently:

oo 2N
Il (Sy = pSnpo)pills = su(Sn = pSnp)” = sn(Sn — piSnp)?
n=1 n=1

Furthermore, by Proposition 3.21 we can take [ large enough such that [|Sy — piSnpil| < 5377 (as well
as for I’ > ). However, as so(Sy —piSnpi) = ISy —piSnpill, and so(Sny — piSnypr) is the largest singular
value, we find:

Ip1(Sn — peSnp)pully, an Sy = miSnpi)? <Z

That is, ||Snv—piSnpillp < €, and combined with the earlier found inequality we then find that | T'—T;|, <
3e. As this holds for larger [ as well, we thus find that lim;_, oo ||T — 11|, = limy oo |7 — piTpill, = 0. O

Thus, any element T' from S,(H), with H infinite-dimensional, we can approximate using the finite-rank
operators p;T'p;, where we let [ — co. Using this, we can now prove the following proposition:

Proposition 3.24. Let My be a Schur multiplier on S,(H), and define A, = (am)ﬁ’jzl, i.e. the left

upper I x I submatriz of A. Considering M, as a Schur multiplier on Sy(piH), we have:
[Mallp = sup||Ma, |-
leN

Proof. Let us define M : S,(H) — S,(H) by M(T) := Ma(p/Tp)). Then |Ma,|, = | M|, and
||M1(41) llp < [[Mallp, where the latter inequality can be obtained using the definition of the operator norm
and Lemma 3.22. Thus, | Ma, ||, < |[[Mallp. It remains to show that lim;_,oo [|[Ma, ||, = [|Mallp-

Recall that [Mall, = supjp,<1[[Ma(T)|p- Now let ¢ > 0 arbitrarily and take 7' # 0 be such that
|IMa(T)||p > ||Mallp —e. As M4 and the norm are continuous, and T; — T by Proposition 3.23, we find:

. . ! .
Jim ([ My, (7)), = lim 1M (D)l = lim | Ma(T)p = IMa(T)]p 2 [Mall, — <,
—00 =00 l—o00
where we used that MX)(TZ) = M(T;) as projections are idempotent. Since this holds for all € > 0, we
conclude that lim;_,o0 || Ma, ||, = [|Mallp- O

We emphasize that for [ € N My, is a finite-dimensional Schur multiplier on S, (piH) = M;(C).
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3.3. AMPLIFYING SCHUR MULTIPLIERS AND PISIER’S CONJECTURE

In this section we will introduce Pisier’s conjecture. We first consider the following definition:

Definition 3.25. Let m € N and A € M,,(C). Now define the map ®™ : M, (C) = M,,,(C) by

AV = A
(@ (A))ig = A4

That is, each entry gets replaced by an m x m block consisting of that element. We say that ®™)(A) is

the matriz A amplified m times. For shorthand we will also denote ®(™ (A) with A™) and the entries
(m)
J

with a; ;°. Equivalently it is defined for infinite matrices.

Example 3.26. Let m =2 and A = (; le> Then

1
d(M(A) = le

N DN = =
NN ==
=~ s =

4

We use this to “amplify” a Schur multiplier, i.e. given a Schur multiplier M4 we can consider M 4(m)
for m € N. However, what is the underlying (separable) Hilbert space in this case? If dim H = n < oo,
we know that H = C", and if dim H = oo, then H = ¢? [11], and so without loss of generality we can
assume H to be of the latter forms. Consequently, when considering M 4(m) the underlying Hilbert space
is respectively (C")™ = C™™ and ¢?. To see that M 4(m) is actually a Schur multiplier as well, by the
triangle inequality we have that || M 4(m)|| < m?||M4||. We now consider the following definition:

Definition 3.27. Let p > 1 and let M4 be a bounded Schur multiplier on Sy(H). If sup,,cn||Maem || <
00, then we define the completely bounded norm? of My as

[Malley := sup || M acm |-
meN

At last, we now state the conjecture:
Conjecture 3.28. Let 1 < p < oo and H be a Hilbert space. We now consider the following statement:
All Schur multipliers on S,(H) are completely bounded.

Pisier [10] conjectures that the above statement is false for 1 < p < oo and p # 2, i.e. there exists a
Schur multiplier on S,(H) that is not completely bounded.

On the other hand, as Pisier proves, for p = 1,2 and oo the statement actually holds. Moreover, the
completely bounded norm in this case is equal to the norm for any Schur multiplier. We will take a short
look at p = 2.

Theorem 3.29. For p =2, and M a Schur bounded multiplier, we have that Pisier’s statement holds,
and |[Malleo = [|Mall2 = supla; ;|-

Proof. We first consider the finite-dimensional Schur multiplier M4, as in Proposition 3.24. Now ||-||2 is
induced by the Frobenius inner product and the matrices e; ; with a 1 at position (¢, j) and 0 elsewhere
form an orthonormal basis. Consequently, for an element of S, (H) represented by the matrix B we have:

n n n
IBIE = > llbijeiil> = > [oilPllecil> = D Ibiy

ij=1 ij=1 ij=1

2, (3.6)

Now set ay := sup;<; j<|ali ;. Clearly, for any m € N we still have that a; = suplginglm|a§?)|. However,
for any matrix B € M,,,,(C), by definition of the Schur product we obtain:

(3.6) ~— . (1 - (3.6)
||MA§m)(B)H§ = Z|a§,?)bi,j|2§ 20412|bi,j| =" af|Bll5-

1,j=1 7,j=1

2 Although not Pisier’s original definition of the completely bounded norm, he shows that this definition is equivalent.
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o < «;. However, since

there exists an entry agfnj), such that o; = \ag,";),h we find that || M ,om (e j)|l2 = |al(.,77;.),| -1 =oyller jll2,
, , ¢ ;

and thus [[M ;e |2 > ;. That is, [|[M om|l2 = oy for all m € N. Lastly, combining Proposition 3.24
1 1

Taking the square root, we find that || M, (B)l2 < a;||B|3, and thus [|M )
1 1

with the fact that oy < sup, ;|a; ;| for any m € N we obtain:

HMA(m)

9 = sup |a; ;|.
i,j€

o = sup||M ,(m)
leNH Ay






Inequalities for [[M ;. p.

In this chapter we will give some (in)equalities and reductions regarding the conjecture for 1 < p < oco.
Throughout this chapter we will assume we work with finite-dimensional Hilbert spaces H, and can thus
assume H = C" for some n € N and S,(H) = B(H) = M,(C). However, as we can approximate M4
and its amplifications using finite-dimensional Schur multipliers, the (in)equalities found will still hold
for infinite-dimensional H (but maxima turn into suprema). Furthermore, A will be an arbitrary matrix
in M,,(C), unless explicitly stated otherwise.

Recall from the previous chapter that ||M4om|lp, = o := max; j|a; ;| for any m if p = 2. However,

for a non-trivial p, such as p = 4, this need not be the case. Firstly, observe that ||M 4om ||, > @, which
(m)

follows easily from considering B = e;s ;s where a = |a;, b

we give the following example for p =4 and n = 2:

|. To show this can also be a strict inequality,

1 4 1
2
that || B||} = 112 and ||[M4(B)||j = 114:=. That is, we find that ||M4[ls > 1, whereas 1 is the maximal

element of A in modulus.

Example 4.1. Let A = <1 1) and B = (_3 1) Using Proposition 3.8 one can calculate easily

The above example shows that p = 4 is indeed a non-trivial case. So far we have that the maximal
absolute entry of A is a lower bound for || M 4m)||. However, we can give a stronger lower bound for
|M 4¢m) ||, for which we consider the following proposition:

Proposition 4.2. For any m € N and 1 < p < 0o we have that ||Malp < || M g0m)

p-

Proof. Recall that || Mall, = supj g, =1 [|Ma(B)|p, and recall from 2.4 that in this case the unit sphere
is compact, and thus we can take B € M, (C) such that ||Ma(B)||, = ||Mall,. We shall now construct a
B’ € My, (C) from B.

We partition B’ into m x m index by Bj ;, where 1 < i,j < n. Consider an entry b; ; of B and the
associated m x m block B ; in B’. Now set the entry at (1,1) of B; ; to b; j, and the rest 0. For example,
for m = 2 and B as below we would have:

(1 2 ;.
-3 3). -

Claim: [|B[|, =1 and [[Ma(B)llp = M e (B)|lp = [|Ma(B)]|p-
To show the first part, we once more turn to Proposition 3.8. Looking at the m x m block of (B’)*B’
at position (7, j), we have that this is equal to 22:1(3/)21@312,3'- But since all of the blocks are diagonal

S W o
O O O O
O = O N
o O OO

matrices with only one non-zero entry at (1,1), we see that the result is a block with Y )_, by ;by ; at
position (1,1), and 0 elsewhere. However, these are also equal to the entries of B*B at position (4, 7). To

27



28 4. INEQUALITIES FOR || M gm) |-

illustrate this with the prior example, we would have:

—_

0

(4.1)

B*B = (150 g) and (B')*B’' =

oS O OO
O OO Ot
o O OO

0
5
0

If we diagonalize B’ for instance, then we would find that for any B € M,,(C), the non-zero singular values
of B and B’ are in fact equal. Consequently, ||B’|[) = [|B|[5 = 1. Furthermore, if we were to construct
a matrix in My, (C) from M 4(B) similarly as to how we constructed B’ from B, one observes that this
matrix is equal to M 4 (B’). By the previous equality we then find that | M 4m) (B')|| = ||Ma(B)]|, and
thus [|Mallp < [[Macmlp- O

Corollary 4.3. For arbitrary m, m’ € N such that m < m’ we can similarly embed a (unit) B € M, (C)
into B’ € My ((C)) and repeat the previous proof to find || M 4o ||, < || M gcnn || as well.

Thus, we find that |[M |, can only increase with respect to m. Next we look at how we can use
unitary transformations to reduce the problem of finding ||[M ||, for m > 2. Recall that a matrix
U € M,(C) is unitary if and only if U*U = UU* = I. This brings us to the following lemma:

Lemma 4.4. Let B,U € M,(C), where U is a unitary matriz. Then ||UB||, = ||BU||, = || Bllp-

Proof. This is easily verified using the singular values. First of all, we have:

spn(UB) = imf{||[UB—-S||S e K(H) and rank(S) < n}
= inf{|[UB-US| |S € K(H) and rank(S) < n}
= inf{||UB -=9)||| S € K(H) and rank(S) < n}
= inf{||B—- S| | S € K(H) and rank(S) < n}
= s.(B), (4.2)
where we use that U is unitary and {S € K(H,H’) | andrank(S) < n} = {US € K(H,H') |

and rank(S) < n} as a result of U being bijective. Consequently, we find that |UBJ, = || Bl|,. That
|BU||, = ||B||p holds as well follows similarly. O

Remark 4.5. Since U* is a unitary matrix, the same holds for U*.

However, the same will not be true in general when we consider ||M ) (UB)|). Instead, there is an
extra requirement for U:

Lemma 4.6. Let m € N and B,U € My,,,,(C), where B # 0. If we partition U into m x m blocks, and
the diagonal blocks of U are unitary, then we have

1Macn UB)lp _ [Macn (BU)lp _ [Macw (B)llp
IUBp I1BU |, 1Bl

Proof. Note that U is unitary, and thus from lemma 4.4 it directly follows that the denominators are
equal, and thus it only remains to show that || M 4em (UB)|lp = |M gt (BU)|lp = [|Maem (B)]]p. Claim:
we have that M 4m)(UB) = UM 4om) (B). We first partition all nm x nm matrices into m x m blocks,
and look at M 4(m) (UB) = A" o (UB). We write U and B as

Ul BLl . Bl n
U, Bni ... Bun

)

where the U; are unitary. Subsequently, for the product UB we have:

U1B1’1 UlBl,n
vB=| i
UnBrn1 ... UnBnn

s
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We look at A(™) in more detail. By definition of A the blocks are filled entirely with an entry of A.
That is, we have:

A A ai ai
Alm) — : ) : , where AZ(.Z.L) = Do =a; jJm.
Anﬁ) o ASZ;L) Qi .. Q4j

It is important to note the distinction that a; ; is a scalar here, whereas AE?) is in fact an m x m block.
Recall that J,, is the m x m matrix filled entirely with ones. We now look at the Schur product of A(™)
and UB. Since this now comes down to taking the Schur product of the blocks at the same position, we
finally obtain:

A o (U1 B1) ... AT o (U1By)
Al™ o (UB) = : : (4.3)
AT o (U.Bu) ... AT o (UyBu)
Ui(a11B11) ... Ui(ainBiy)
- : : =U(A™ o B). (4.4)
Un(an1Bni1) ... Up(annBnn)

Here AET;) o (U;Bi ;) = a; jJm o (U;B; ;) = a; ;(U;B; j) = Ui (A; jB; ;), as a;; is a scalar and .J,, was the
identity element under Schur multiplication. Thus, we have found that A" o (UB) = U(A™ o B) =
UM g¢m)(B). As M ym)(B) is simply another matrix, by Lemma 4.4 we have that ||[M e (UB)|, =

UM gy (B)lp = |Macm) (B)|lp- For || M em (BU)|, the result follows analogously. O
Remark 4.7. In particular, if B is such that |M o |, = W, i.e. a maximum, then we can

multiply it with unitary matrices as above and still maintain a maximum.
We now combine Lemma 4.6 and Proposition 2.13 to prove the following theorem:

Theorem 4.8. Let m € N and B € M,,,(C). Then we can transform B into B’ € M, (C) such that

M B M B’ . - , )
I AI(\?I( e _ | AI(TBL)'I(\ )Hp, and if we partition B’ into m x m blocks, then in each row and column at
p p

least one block will be a diagonal matrix with real entries.

Proof. Throughout this proof we shall assume all nm x nm matrices to be partitioned into m x m blocks.
Now consider a block B; ; of B at position (i, j). Using the polar decomposition we can write B; ; = U;S;,
for U; a unitary m x m matrix, and 5; a self-adjoint m x m matrix. Now set

I,
L,
where I, is the identity m x m block and U} is the i-th diagonal block. Now set B’ := UB. By Lemma
4.6 we have that UMy (BNl _ HMA("”),(B e Furthermore, we have:
181 1B'T»
Bl,l Bl,n B171 BL"
B'=|UBiy ... UBij ... UBin|=|U/Bix ... S; ... UBi,

B,1 ... ... Bun B,i ... ... Bun

s
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That is, B . has now become a self-adjoint m x m matrix. Note that since we multiply the entire i-th
row with U *, the other blocks there change as well. We consider B’ and this block. By the spectral
theorem we can decompose B; ; into U ;D; (U, ;)*, for U] ; a unitary m x m matrix and D; ; a diagonal
m X m matrix. Similar as in (4 5) we construct U ie. where U] ; is the i-th diagonal element. Lastly

we set B” = U'B’(U’)*. Then by Lemma 4.6 twice we see that HMA|<‘7§>”(B)HP = I‘MA‘%),,(‘TB I

out multiplication we find that B i ; 1s now a diagonal block. Since we change the other blocks in row ¢
and column j we can’t do this for all blocks simultaneously, but doing it for exactly one block in each
column and row (e.g. the diagonal blocks), we can guarantee that in the resulting matrix B” in each row
and column at least one block is a diagonal matrix. O

, by writing

Remark 4.9. In particular, when looking for a B € M,,,,,(C) such that W

assume without loss of generality that the blocks on the diagonal of B are diagonal matrices themselves.

= ||M40m||p, we can

Lastly, we give a proposition that gives a relation between ||[M4(B)||, and ||M 4m) (B)||, for particular
matrices B.

Proposition 4.10. Let m € N and let B € M,,,,(C) with B # 0 have the property that every block is a
multiple of I, i.e. Bij = i jly for Bi; € C. If we define C:= (B, ;)i ;=1 € Mn(C), then

1Macm (B)llp _ IMa(C)llp
1Bl 1C1l»

Proof. The reasoning is similar to that used in the proof of Proposition 4.2. If we now consider B*B,
we have that (B*B); ; = > r_, Ch.iCk,jIm, i-e. each block at position (4,7) of B*B is the identity matrix
multiplied by the entry of C*C' at position (7, 7). Consequently, we find that the singular values of B are
those of C, but now repeated m times. For 1 < p < oo:

IBIl; = si(B)=mY_sp(C)=Clp.
k=1 k=1

Thus, ||B||, = m'/?||C|,. For p = oo we simply find || B||, = ||C||,. Similarly, for 1 < p < oo one finds
that || My (B)|, = mYP||Ma(C)|p, and ||M 4o (B)|l, = ||[Ma(C)|, if p = oo. Lastly, substitution

these equalities in ”MW we find the desired result. O
We note that if we can find B € M,,,,,(C) in the above form such that |M o |, = [|Maem (B)|lp, then

by the prior proposition and Proposition 4.2 it would follow that || Mall, = [|M s |lp- If we are able to
do this for all m, this would mean that ||Mal[, = [[Mal|e, and thus disprove Pisier’s conjecture.




Computational results

5.1. APPROXIMATING THE OPERATOR NORM

In this chapter we will look at the method for numerically approximating the operator norm of a finite
dimensional Schur multiplier, given a matrix A € M, (C). Recall that in this case for Schur multiplier

Ma we have || M|, = maxpxo %. Thus, we have arrived at an optimization problem, where we
P

wish to maximize the quotient ”M‘&% in the domain M, (C) = cr’.
p

A first concern is however, how do we calculate s,,(B) for an arbitrary matrix B in order to calculate
|Bll,? As we have seen in Chapter 3 as well, the singular values coincide with the square roots of the
eigenvalues of B*B. Thus, one possibility is computing the eigenvalues of B*B, for which many algo-
rithms such as the QR algorithm [8] exist. However, this is generally computationally expensive. If we
instead only consider even p, then by Proposition 3.8 we have an easy way of computing ||B||,, namely
|B|l, = (tr((B*B)P/?))'/?, where computing tr((B*B)P/?) requires only elementary matrix operations,
and taking the p-th root is a fast operation as well. Thus, we will only consider even p, i.e. p =2k € N,
and we will mostly focus on p = 4 during the computations.

5.1.1. A FUNCTION TO MAXIMIZE

Next we have to choose a method to maximize % on M, (C) for even p. Note that maximizing
P

Ma(B . . . .. Ma(B)|IY
% is equivalent with maximizing %
» P

save on computing the p-th root until the end. For a given A € M,,(C) and m € N, for B € M,,,,,(C) we
now define:

, as x — xP is increasing, and we choose the latter to

CIMABE  tr(Ma(B) Ma(B)P2)
Taem B) = Em= = = (B

We now make a couple of observations. First of all, we know that f,m) is bounded, since f4m) > 0 and
fao (B) < |M4om]| < 0o, where || M gem || < 0o as any Schur multiplier is bounded.

Secondly, we have that tr((M4(B)*Ma(B))?/? and tr((B*B)P/?) are polynomials with respect to the
entries of B. Since polynomials are smooth, and we know that ||Bl|, # 0 for B # 0, outside of a
neighborhood of 0, we have that f4(m) is smooth, and the denominator is non-zero.

5.1.2. METHODS FOR MAXIMIZATION

We now choose a method for maximizing f4m). If we exclude a small neighborhood of 0 from our domain,
the gradient of f exists as f is then smooth. A common method for maximizing a differentiable function is
the iterative method gradient ascent, where given some initial vector B we move into the direction of the
gradient and obtain a higher value for f,m). However, since higher derivatives of f,m) exist as well, we
may also employ more advanced algorithms, such as the Broyden—Fletcher—Goldfarb—Shanno algorithm
[8] (BFGS). The BFGS algorithm is a minimization algorithm that minimizes a (possibly) non-linear
function f on an unconstrained real domain, which performs well if f is at least twice differentiable. As
f takes complex arguments, we split each entry into its real and imaginary part, i.e. z = x + iy, which
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32 5. COMPUTATIONAL RESULTS

doubles the amount of variables. As it is a minimization algorithm, we shall instead apply it to —f (m).
Similar to gradient descent, the BFGS algorithm requires an initial guess, and hopefully converges to a
local minimum. In order to obtain a global minimum, we make a number of initial random guesses and
apply the BFGS algorithm to obtain a local minimum. Lastly, we take the minimum of all the local
minima produced.

5.1.3. IMPLEMENTATION

We now construct the pseudocode for the implementation. Here we assume A € M, (C), and p is even.
Furthermore, we assume that we have an implementation of the BFGS algorithm. The pseudocode will
now be as follows:

Algorithm 1 Operator norm approximation

1: procedure NORM(B) > p-th power of the norm
2 Bstar «+ conjugate(transpose(B))
3 C < Bstar - B
4 return trace(C?/?)
5:
6: procedure SCHURPRODUCT(B)
7 C + zeros(n,n) > n X n matrix filled with zeros
8 fori,j=1,...,ndo
9 Ci,j — Ai,j . Bi,j
10: return C
11:
12: procedure {(B)
13: a < norm(schurproduct(B))
14: b < norm(B)
15: return a/b
16:
17: procedure OPERATORNORM > Approximate the operator norm
18: result < 0 > n X n matrix filled with zeros
19: fori=1,...,n%2 do
20: B < random(n,n) > Random complex n X n matrix
21: temp = —BFGS(—1, B)
22: if temp > result then
23: result < temp
24: return result(*/?)

as well for m € N. To that extent, A" is easily constructed as follows:

We wish to approximate || M 4(m)

Constructing A(™)

1: procedure AMPLIFY(m)

2 Apew = zeros(nm, nm)

3 fori,j=1,...,nm do

4: (Anew)i,j — A\_i/’mj,l_j/nLJ
5 n<n-m

6 A+ Apew

After amplifying A we can approximate the norm of the Schur multiplier with Algorithm 1 as well. How-
ever, as this increases the number of variables we can expect to need more iterations to reach similar
results as in the case of smaller matrices. Hence, in algorithm 1 we perform the BFGS algortihm n?
times, as this scales with the number of variables.

To actually implement the program, we turn to the programming language Python 3. To work more
easily with matrices we use the package NumPy [9], and from the package SciPy [6] we employ the use
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of the BFGS algorithm. A full implementation in Python 3.6.3 can be found in the appendix.

However, up until now, we have not used the reductions we made in Chapter 4 when approximating
| M 4cm)|lp, and in particular Theorem 4.8. By Remark 4.9, we can at the least assume that the maximum
is assumed in a matrix where the diagonal blocks (with the size of these blocks depending on the amplifi-
cation) are diagonal blocks. Thus, instead of taking M, (C) as the domain, we can instead only consider
the matrices in the aforementioned form. That is, if we again consider the matrix entries are variables
themselves, we need not consider those outside of the diagonal in the diagonal blocks (since these are
zero). This lowers the amount of variables by nm? — nm = nm(m — 1), which presumably increases the
accuracy of the approximation, whereas the new variable count is thus n?m? —nm(m —1). To implement
this, we could for instance let f4m) take a vector in cr*m*—nm(m=1) and transform it into a matrix of
the previously mentioned form. As the pseudocode for this transformation would not be insightful we
have chosen to omit it.

5.1.4. TIME COMPLEXITY

We take a quick look at the time complexity when computing | M 4 ||, for A € M, (C) and m € N.
Firstly, we look at the time complexity of evaluating f4(m)(B), for some B € M,,,(C). Whereas taking
the Schur product is O((nm)?), multiplying the matrices takes O((nm)?) time. Thus, we find that in
total computing f4m) (B) takes O((nm)?) time. Secondly, when minimizing a function of k variables the
BFGS algorithm has a time complexity of O(k?). In both the initial and reduced amount of variables case
this is equal to O((nm)?). This does not take into account the time complexity of the function evaluation,
but as an iterative algorithm with a maximum amount of iterations this adds O((nm)?) by the previous
calculation. Thus, we find that executing the BFGS algorithm a single time altogether takes O((nm)3)
time as well. Lastly, since we perform the BFGS algorithm (nm)? times, we find that the total time
complexity of the algorithm is O((nm)3). Thus, it would be infeasible to employ this implementation for
large m or m, whereas the most time is spent on computing fm) (B).

5.2. RESULTS

In this section we present and interpret the results produced by the implementation from the previous
section.

5.2.1. A FIXED MATRIX

We begin with the same 2 x 2 matrix from Example 4.1, i.e.

1 1
A:(l ;)'

In the example we have already seen that the norm will at least be (1%‘225) AN 1.0045, which the imple-
mentation will presumably confirm as well. Although we approximate the operator norm using complex
matrices, on top of this we can also try to approximate it with real matrices. Whereas the operator norm
can only be equal or less when we restrict the domain to real matrices, should it be equal in both cases
then the approximation using real matrices might be better due to there being half the variables. We
then of course take the largest value of both approximations. As A is a real matrix we speculate that

facm assumes its maximum for a real matrix.

In the table below the results of running the algorithm can be seen for m = 1...4. In Proposition
4.2 and the subsequent remark we saw that || M 4(m)||s4 can only increase with respect to m, and to that
end we consider the difference |Mm)|la — ||[Mal|s as well. Furthermore, since the amount of variables
is smallest for m = 1, we can expect this approximation to be the best. Lastly, the total run time was
approximately 4 minutes®, whereas the majority of the time is spent on the calculations for larger m.

1These computations were performed on a Intel Core i7-7700 @ 3.60GHz
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Table 5.1: Results for the default algorithm. Run time: 4 minutes.

m | [Maomlla | 1M a4 - [|Malla
1 | 1.01311512 0

2 | 1.01311512 —1.9984 - 10~ 1°

3 | 1.01311512 —7.3053 10714
4 | 1.01311512 —2.1116 - 10718
5 | 1.01311512 —1.3327-10712

The first and foremost observation is that ||[M4em |la seems to be equal for m = 1...5. Whilst it is
important to remember that we have only approximated the operator norms (from below), with reasonable
certainty we can say the first nine digits are correct. Furthermore, as we will investigate later, it might
also only be the case for this particular matrix A.

From the second column we see that our approximations for the norms are in fact decreasing. As Remark
4.3 gives us that the operator norm cannot decrease, we can deduce that this is the results of numerical
errors or a (slightly) worse approximation. Here the latter is easily attributed due to working with more
variables, and the former due to the amount operations increasing. Lastly, although not presented in the
table, f4(m) achieves its maximum for real matrices, as well as for complex matrices.

We now do the same using the algorithm with the reduced variable count as discussed in Subsection
5.1.3, i.e. we only look at matrices where the m timesm diagonal blocks are diagonal matrices, reducing
the variable count and hopefully improving the algorithm. The results can be seen in the tables below.

Table 5.2: Results for the algorithm with the reduction in variables. Run time: 4 minutes.

m | ([Maomlla | IMaomlla - |1Malla
1 | 1.01311512 0

2 | 1.01311512 —6.6613 10716

3 | 1.01311512 —7.3275-1071°
4 | 1.01311512 —7.9936 - 1014
5 | 1.01311512 —2.8422 .10 14

Although the approximations seem to be identical with those of table 5.1, the second column reveals this
not to be the case. On the other hand, as both algorithms are identical for m = 1 and only 4 variables
are involved, it is no surprise that the approximations for | M4||4 are identical. However, in the second
column we see that the difference with ||M4l|4 grows less as m increases. If we are once more willing to
accept for now that the operator norm does not change, then we see that the small errors grow slower
than in the previous case, which too can be attributed to the amount of variables present. As the run
times are similar, we prefer this algorithm over the first one.

Seeing the previous results, one may wonder if this is due to A being a self-adjoint matrix. To this

end, we consider the following (arbitrarily chosen) non-self-adjoint matrix:

2
A=1-2 1 3
0 2 -2
This in turns yields the following results:

Table 5.3: Results for the algorithm with the reduction in variables. Run time: 20 minutes.

m | [Maeolla | [Maemlla - [[Malla
1 | 3.04915498 0

2 | 3.04915498 | —8.0028 - 10!

3 | 3.04915498 | —1.5293-101°
4 | 3.04915498 | —2.8443 10710
5 | 3.04915498 | —4.8709 1010
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Here too we see that the approximations are equal in the first 9 digits, and worsen as we increase m.
That is, for this non-self-adjoint matrix we see that ||M 4(m)|l4 does not grow either with m. However,
compared to the results of Table 5.2 the errors are worse, which we can attribute to working with larger
matrices. Lastly, one may also note that the run time is 5 times as large, which is in line with what we
found in Subsection 5.1.4.

5.2.2. RANDOM MATRICES

To gain some more insight as to whether ||[M4m ||4 does not grow when m increases, we repeat the
above procedure for a number of random complex matrices of varying sizes. As mentioned earlier, the
algorithm scales poorly in terms of n and m, and therefore we will only consider some smaller n and
m. For each n = 2,...,4 we take N random complex matrices A and for each of these we approximate
|M 4m) |4 for some m. In the table below we list the averages of || M 4(m) |4 for these matrices and if for
any particular matrices ||M a4 is larger ||M 4o |la for any m > m/, ie. it increases. As for some
combinations of n and m the run times become unreasonable, we skip these.

Table 5.4: Average of || M ,(m) |4 for random complex matrices. Run time: 3 hours.

| N | | Malla M4 |la | M 4 |4
50 | 1.080694501430 1.080694501430 1.080694501423
50 | 1.148449704359  1.148449704313 -
10 | 0.255923647109 0.255923647073 -

=W N B

In particular, we have that || M 4(m)||4 does not grow when m grows for any ||My]| that we used, and
instead stay constant (up to a small numerical error). This strengthens our suspicions that for for any
Schur multiplier and p = 4 the operator norm does not grow when we amplify the Schur multiplier.
Lastly, we can do the same for other even p a well, for instance p = 6 and p = 8. The results can be seen
below:

Table 5.5: Average of || M 4(m)|l6 and ||M 4(m)||s for random complex matrices. Run time: 2 hours.
n | N | [[Mall [Malle  [Mawlls | [1Mals [Ma s [[Maells
2 | 20 | 1.04849944 1.04849944 1.04849944 | 1.05123843 1.05123843 1.05123843
3| 20 | 1.13260095 1.13260095 - 1.13673182 1.13673049 -
4] 5 | 1.28387169 1.28387169 - 1.29026375  1.29026375 -

For no combination of Schur multiplier and p did the norm increase when amplified.

5.2.3. COMPUTATIONS FOR ARBITRARY p

Before we chose to approximate ||[Ma4||4 for even p € N, as the elementary matrix operations involved
allowed somewhat reasonable run times. However, as mentioned in the beginning of the chapter, algo-
rithms exist that can directly approximate the singular values of a matrix. Moreover, NumPy contains an
implementation of such an algorithm. Although the time complexity involved for computing the singular
values is the same as for matrix multiplication, namely O(n3) (for square matrices), the computational
cost is generally higher and therefore we can expect the run times to be larger.

Now, for B € M,(C) we can compute ||B||, by definition for any 1 < p < co. As done earlier in this

chapter, we can use the BFGS algorithm in an attempt to approximate || M 4(m) ||, where we now instead

Ma(B)|P
define f,m) (B) 1= %

tiable outside of zero for all p, which in turn could lead to a worse performance of the BFGS algorithm.
Nevertheless, we performed a small series of computations with the same matrices used in tables 5.2 and
5.3. The results can be seen in Table 5.6 and 5.7 respectively.

. One problem that might arise is that f,m) might not be twice differen-



36 5. COMPUTATIONAL RESULTS

Table 5.6: Results for the algorithm where the singular values where calculated. Run time: 20 minutes.

m | |Maomlls | [Maomllss | [Maomllas | I1Maom s
1.00555816 | 1.00941559 | 1.01653545 | 1.01965451
1.00555816 | 1.00941559 | 1.01653545 | 1.01965451
1.00555816 | 1.00941559 | 1.01653545 | 1.01965451
1.00555816 | 1.00941559 | 1.01653545 | 1.01965450

= W N

Table 5.7: Results for the algorithm where the singular values where calculated. Run time: 40 minutes.

3.5 ‘ | M gm) ||a.5 ‘ | M acm |5
1 | 3.00876850 | 3.02718405 | 3.07097511 | 3.09124261
2 | 3.00876849 | 3.02718405 | 3.07097511 | 3.09124260
3 | 3.00876849 | 3.02718405 | 3.07097511 | 3.09124260

m‘ HMA("")H3 ‘ ||MA(m)

To our surprise, here too we see that ||M 4om) ||, does not seem to grow as m grows. In fact, much like
before, the approximations only worsen. What we do see, is that ||[M 4o ||, grows with respect to p.
Furthermore, the run times are significantly longer as well, as was to be expected.

Similar to what we did in Subsection 5.2.2, we can also perform the above computations for a number of
random matrices. However, due to the added computational cost, we are more restricted in terms of the
sizes of matrices we work with. The results can be seen in Table 5.8.

Table 5.8: Average of || M 4 (m)||p for random complex matrices with various p. Run time: 2.5 hours.

n | N | [[Mals [Ma s [Mawlls | [Mallss  [1Maellzs  [[Maolas |
2 1 10 | 1.02609799 1.02609799 1.02609799 | 1.02748576 1.02748576 1.02748576
3| 10 | 1.15783284 1.15783284 - 1.15800175 1.15800175 -

Table 5.8 continued

| IMallas IMa@llas  [[Masllas | |Malls Mo lls 1M |l5
1.03092012 1.03092012 1.03092012 | 1.03260235 1.03260235 1.03260235
1.15856526 1.15856526 - 1.15990010 1.15982128 -

Once more, for not a single Schur multiplier we have that | M 4(m) ||, increases in m.

5.3. NEW CONJECTURE AND FURTHER STUDIES

We look back to the results of the previous section. In none of the cases has the norm of a Schur multiplier
increased when amplified for small m, and instead stayed constant. Based on these results, extending n
and m to all natural numbers, we pose the following conjecture:

Conjecture 5.1. Given a Schur multiplier the Schatten p-norm for 1 < p < oo does not change when it
is amplified, i.e. ||Mall, = [|Mal|cp-

That is to say, we conjecture that Pisier’s conjecture does not hold. We emphasize that Conjecture 5.1 is
more strongly supported for even p, as we have performed more computations for this case, and in partic-
ular p = 4. Although the results are only for finite-dimensional Schur multipliers, this directly extends to
infinite-dimensional Schur multipliers as well. By Proposition 3.24 we can approximate ||M 4om) ||, using
finite-dimensional Schur multipliers, and if the latter do not depend on m, neither will the limit.

Firstly, to strengthen the conjecture, more computations like those in Section 5.2 should be performed,
preferably with larger matrices and amplifications. To achieve the latter in a reasonable amount of time
improvements to the algorithm might need to be made (or ran on a more powerful computer).

Secondly, to prove this conjecture it would suffice to find a map which sends a maximum of f,m) to
a maximum of f4, as from this and Proposition 4.2 it would follow that the norms are actually equal.
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In fact, it would suffice to find a map which sends a maximum of B of f,m) to a matrix B’ where the
m X m blocks are all multiples of I,,, as we have seen in Proposition 4.10. Experimentally, using the
reduced variable count algorithm (i.e. we have a maximum of f4(m) in B with B having diagonal blocks
on the diagonal), and assuming the diagonal blocks are multiplies of the identity matrix, we have always
found a maximum in this form. Moreover, the remaining blocks of B we found to be either Hermitian
or anti-Hermitian, i.e. one could diagonalize such a block using unitary matrices. Now suppose such an
m X m block is diagonalized using U (an m x m matrix as well). If we then conjugate B with the matrix

U
U/: ‘.
U

we would retain the maximum and gain one block in diagonal form. More so, the blocks that were already
a multiple of the identity matrix remain so as well. Should this new diagonal block also be a multiple
of the identity matrix, and should another non-diagonal (anti-) Hermitian block be found, the procedure
can be repeated, until hopefully B is in the desired form. However, the writer’s attempts in proving
the existence of matrices on which f4m) attains a maximum and meet the aforementioned conditions
have not proven successful. Explicit derivatives can in theory be calculated, but these would form large
expressions.



Conclusion

In this thesis we have looked at a subspace of the compact operators on a separable Hilbert space,
namely the Schatten classes S,(H), which consists of compact operators of which the singular values are
p-summable. On a Schatten class we can define a Schur multiplier which sends bounded linear maps from
Sp(H) to Sp(H), which "multiplies" elements from S,(H) with with a matrix A. The latter is achieved
by considering the linear maps as matrices with respect to a basis. An important result is that we can
approximate Schatten class operators using projections on the first n elements of an orthonormal basis,
not only in the operator norm, but in the Schatten p-norm as well.

Following this, we introduced the concept of amplifying Schur multipliers by a natural number m. Fur-
thermore, should the norm of the amplified Schur multiplier be bounded for all m, then the Schur
multiplier was said to be completely bounded.

Subsequently, we were able to state a conjecture posed by Pisier [10], in which he conjectures that for
p & {1,2,00} there exist bounded Schur multipliers that are not completely bounded, i.e. there exists
Schur multipliers of which the norm grows when amplified.

From here on we proved some relations and reductions between a Schur multiplier an its amplified equiv-
alent for 1 < p < oo, which focused around unitary matrices. Here for instance we found that the
operator norm can only increase when a Schur multiplier is amplified. Moreover, for finite-dimensional
Schur multipliers we can always find the maximum in a matrix a number of diagonal blocks, i.e. fewer
non-zero entries.

These results we were in turn able to use in numerically approximating both fixed and random Schur
multipliers using the Broyden—Fletcher—Goldfarb—Shanno algorithm. The majority of the computations
were performed for p = 4,6, and 8, and we performed a smaller number of computations for several non-
odd p. Although the problematic scaling of the run-time prevented us from amplifying Schur multipliers
by larger numbers, surprisingly, the computations showed that for the random Schur multipliers we had
taken, the operator norm did not increase, and instead stayed equal. Based on these results we posed a
new conjecture that for even p bounded Schur multipliers are completely bounded as well, and moreover,
the completely bounded norm is equal to the operator norm. That is, we conjecture that for these p
Pisier’s conjecture does not hold. Lastly, we discussed a possible way to prove the aforementioned new
conjecture.
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A.1. PYTHON CODE

1 import numpy as np

2 import scipy.optimize

3 from datetime import datetime
+ from math import sqrt

7 class schur () :

8 """A class for finite dimensional Schur Multipliers """

9

10 def __init__ (self , A, p=2, complex_valued=False):

11 """Initialises a Schur Multiplier using A, where the p—norm is used.
12 If complex_ valued = True then the operator norm is approached using

13 complex matrices, and otherwise only real matrices."""

\ self .A_ orig = A
15 self . A=A

16 self .n_orig = A.shape[0]

17 self.n = A.shape [0]

18 self .p =p

19 self . k =0

20 self .reduc_insert = []

21 self.init_basis ()

22 self .amp(1)

23 self.cvals = complex_ valued

24

25 def amp(self , m):

26 """ Amplifies the matrix by a factor m. Resets the matrix with m = 1 and
27 initializes self.basis vectors."""

28 self A = np.repeat(self.A_orig, m, axis=0)

29 self .A = np.repeat(self.A, m, axis=1)

30 self . n =m % self.n_orig

31 self.initibasis()

32

33 self . reduc_insert =

34 self .k = self .nxx2 — self.n*%2//self.n_orig + self.n
35 curr_idx = self .k — 1

36 for block row in range(self.n orig — 1, —1, —1):

37 curr_l =m — 1

38 for row in range(m — 1, -1, —1):

39 self.reduc_insert.extend ([curr_idx + 1] * (m—1-curr_ 1))
10 self .reduc_insert.extend ([curr_idx] * curr_1)
11 curr_1 —= 1

42 curr_idx —= (self.n — (m — 1))

43 curr_idx —— m

14 self.reduc_insert.reverse ()

45

16 def p_norm_power(self , B):

47 "Calulates the p—th power Schatten p—norm for even integer p."
18 if type(self.p) != int:

40
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def

def

def

def

def

def

svs = np.linalg.svd(B) [1]

if self.p = float("inf"):
return svs.max()

else:
svs = svsx*xself.p

return svs.sum/()
B_adj = B.conjugate () .transpose ()
temp = B_adj.dot(B)

res = temp

for i in range(l, self.p//2):
res = res.dot (temp)

tr = res.trace()

return abs(tr)

p_norm(self , B):

"Calculates the Schatten—p-—norm.

if self.p = float("inf"):
return self.p_norm_power(B)

return self.p_ norm_power(B)**(1/self.p)

"

init_ basis(self):
"Creates the standard basis for M n(C)"

self.basis vectors = {}
n = self.n
for i in range(n):
self . basis_vectors[i] = {}

for j in range(n):
E_ij = np.zeros((n, n), dtype=np.complex128)
E_ij[i, j] =1
self . basis_vectors[i][j] = E_ij

gradient (self , B, delta=0.001):
"Returns the (numerically calculated) gradient of schur.fun in B."
grad = np.zeros ((self.n, self.n))
for i in range(self.n):
for j in range(self.n):
Bl = B — deltaxself.basis vectors[i][]]
B2 = B + deltaxself.basis_vectors[i][]]
Bli = B — ljxdeltaxself.basis_vectors[i][]
B2i = B + ljxdeltaxself.basis_vectors[i][]
grad[i][j] = (self.fun(B2) — self.fun(B1))
grad[i][]j] += (self.fun(B2i) — self.fun(B1
return grad

J
J
/(2xdelta)
i))/(2«delta)
fun(self , B):

"Calculates ||AB||/||B||, i.e. a lower bound for the operator norm.
return self.p norm power(self .AxB)/self.p norm_ power(B)

"

f negative(self, B):
"Returns —f and reshapes the argument if necessary.’
if len(B.shape) = 1 and self.cvals:
x1 = B[:len(B)//2]
x2 = B[len(B)//2:]
B = x1.reshape(self.A.shape) + 1j*x2.reshape(self.A.shape)
elif len(B.shape) =— 1:
B = B.reshape(self.A.shape)
return —self.fun(B)

operator_norm(self):

""" Approximates the operator norm of the Schur multiplier (from below).

Using the BFGS method from scipy. Returns the norm and the associated
element . """
norm = 0.0
for i in range(self .n*%2):

if self.cvals:

B = np.random.rand (2*xself .nx*2)
else:
B = np.random.rand(self.n%%2)
t = scipy.optimize.minimize(self.f_negative, B, tol=10*xx—15,
method="BFGS")
val = —t.fun
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if

if val > norm:
norm = val
out = t.x
if self.cvals:
x1 = out [:len (out) //2]
x2 = out[len (out) //2:]
out = x1.reshape(self.A.shape) + 1j*xx2.reshape(self.A.shape)
else:
out = np.reshape(out, self.A.shape)
return norm#x*(1/self.p), out/self.p norm(out)

def f_ reduc(self, x):
if self.cvals:
x1 = x[:len(x)//2]
x2 = x[len(x)//2:]
B = np.insert(xl, self.reduc_insert, 0) \
+ 1lj*np.insert (x2, self.reduc_insert, 0)
else :
B = np.insert(x, self.reduc_insert, 0)
B = B.reshape(self.A.shape)
return self.fun(B)

def f neg reduc(self, B):
return —self.f reduc(B)

def operator norm_reduced(self):
""" Approximates the operator norm of the Schur multiplier (from below).
Using the BFGS method from scipy using some digonal blocks."""
norm = 0.0
for i in range(self.k):
if self.cvals:
B = np.random.rand (2*self . k)

else:
B = np.random.rand(self .k)
t = scipy.optimize.minimize(self.f neg reduc, B, tol=10%x—15,
method="BFGS")
val = —t.fun
if val > norm:
norm = val
out = t.x
if self.cvals:
x1 = np.insert (out[:len (out)

/2], self.reduc_insert, 0)
2

, self.reduc_insert, 0)

/
x2 = np.insert (out[len (out) //2:]
e) + 1j*x2.reshape(self.A.shape)

out = x1.reshape(self.A.shape)
ejlislel:

out = np.insert (out, self.reduc_insert, 0)
out = np.reshape(out, self.A.shape)
return norm#x*(1/self.p), out/self.p_norm(out)

def str__ (self):

Teturn str(self.A)

" "

__name — " main__":
np.warnings . filterwarnings (’ignore )
start = datetime.now|()

A= [[1, 1],

[1, 1.0/2] ]

A = np.array (A, dtype=np.float64) #operator norm: 1.0131151203640094
A mult = schur (A, p=4, complex valued=False)
for k in range(1l, 4):
A mult.amp (k)
A_norm, out = A_mult.operator_norm_reduced ()
print ("Matrix amplfied by {}, norm: {}".format(k, A_norm))
print ("Elapsed time:", datetime.now() — start)
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