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Abstract Formation Tracking (FT) control is aimed at handling cooperative tasks in Multi-Agent 
Systems (MASs) to achieve desired performance. In these tasks, the leader’s input is generally non-
zero and unknown to all followers, i.e., its trajectory can be arbitrary and non-repetitive. In this 
paper, the additive property of linear systems is exploited to develop a unified framework for FT 
tasks of MASs, consisting of Adaptive Observer-based Control (AOC) and Iterative Learning Con-
trol (ILC). An AOC controller is employed to guarantee a fixed-shape formation between the leader 
and followers during the whole process, which reserves the initial condition for ILC. And ILC is

used to improve the FT performance of certain repetitive tasks (followers rotating around the lea-

der) over the trials. This gives rise to a fully distributed algorithm working for a directed commu-

nication graph containing a spanning tree without requiring any eigenvalue information from the

Laplacian matrix of the graph, which enables its application to MASs with a large number of

agents. Comparison is made via a numerical simulation to show that the proposed combined

AOC-ILC algorithm has less FT error than pure AOC (without ILC), which validates the feasibility

and efficacy of this algorithm.
© 2026 The Authors. Published by Elsevier Ltd on behalf of Chinese Society of Aeronautics and 

Astronautics. This is an open access article under the CC BY license (http://creativecommons.org/licenses/ 
by/4.0/). 

1. Introduction 

Research on cooperative distributed control of Multi-Agent 
Systems (MASs) has been carried out for more than two dec-
ades ranging from consensus, formation, containment, swarm-
ing, flocking and rendezvous, etc. In particular, formation
control with applications in target enclosing, cooperative local-

ization, load transportation by Unmanned Aerial Vehicles
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(UAVs), seabed exploration by autonomous marine vehicles 
and so on. The work1–5 has greatly captured the interest of 
researchers by some impressive work on consensus or synchro-

nization control.6,7 For a detailed overview of formation con-
trol, readers are referred to the research8,9 and the references 
therein.
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In general, there exist three types of formation scenarios: 
leaderless, virtual leader (a reference trajectory or an autono-
mous system without input), and real leader. Results associ-

ated to the former two scenarios, the solutions10–15 have 
certain application limitations due to the following two rea-
sons: (A) the followers have no idea where to go if the forma-
tion is leaderless; (B) the trajectory space of the followers is

restricted as the virtual leader’s trajectory is usually predefined
and cannot be changed on-line. In the last scenario, the leader
is real with a unicycle model,16 with a constant velocity,17 and 
general linear dynamics,18,19 and is able to move anywhere it 
can by changing its input signal to follow a target or to avoid 
obstacles in real time. To deal with the real leader’s non-zero 
input signal, inspired by sliding-mode control, a non-linear
sliding-mode surface function which is state-dependent is usu-
ally utilized to compensate the effect of the non-zero input.

Thus, a Formation Tracking (FT) error bound is generated.
To decrease this FT error bound in the real leader case, the 

authors propose a different point of view here: follower’s tra-
jectory. Although each follower’s formation trajectory is gen-
erally non-repetitive, it can be considered as the sum of a 
non-repetitive trajectory and a repetitive trajectory. For exam-
ple, a formation shape theory was proposed in which followers

are required to rotate around the leader in a repetitive manner,
i.e., relative to the leader, followers’ trajectories are repeti-
tive.20 Because of the additive property of linear systems (lin-
earity property), these two sub-trajectories (non-repetitive/ 
repetitive) can be tracked using two independent input signals. 
To improve the performance of repetitive tasks, the technique

of Iterative Learning Control (ILC) can be employed to itera-
tively update the input signal based on the learned past infor-
mation.21 Due to its learning mechanism, ILC can handle the 
repetitive aspects defined on time, space, or events. In this 
sense, it can be embedded into the formation control problem 
(where followers need to rotate around the real leader) to
improve the repetitive tracking performance, i.e., to further

reduce the FT error bound. Therefore, ILC is embedded in this
paper along with a formation controller to handle the target of
both repetitive and non-repetitive trajectory tracking.

The initial definition of ILC theory was given.22 Then, sev-
eral publications have contributed to the progress and applica-
tions of ILC in various areas, such as pick-and-place tasks,23–26 

wafer stages ,27 path plannin g,28–31 process contro l,32–34 and 
rehabilitation .35 A brief literature review about ILC and forma-
tion control is presented next. The research36 applied ILC to 
multi-agent formation for the first time. Subsequent work has 
further extended these results. However, ther e is no leader in
some certain cases,37 and the trajectories of the virtual leader 
are repetitive,38,39 e.g., static or circles, due to the repetitive 
design requirement of ILC. Meanwhile, the controllers devel-
oped in these works require the knowledge of the whole com-
munication graph (a piece of global information), so they are 
not fully distributed and might be hard to be applied to large-
scale MASs due to the dramatically time-consuming calcula tion
load. In addition, the iteration-varying formation shape mecha-
nism during ILC trials is investigated.40–42 

The link between formation control and ILC motivates 
to establish a unified framework using adaptive control 
and ILC. The design objective is to integrate Adaptive 
Observer-based Control (AOC) and ILC techniques to 
design a fully distributed AOC-ILC algorithm to realize 
FT control for general linear MASs with a non-repetitive

leader. This framework does not require any global informa-
tion and allows the real leader’s trajectory to be arbitrary
and non-repetitive, which extends the application area of

ILC technique. Firstly, partially based on previous work,12,20 

the AOC controller (that can realize FT independently, 
herein called pure AOC) is further extended to the real lea-
der case. Then, from the additive property of linear space in 
mathematics, instead of using AOC for FT directly, AOC is 
used to achieve the fixed-shape FT (shape translation perfor-
mance), which also reserves the initial state condition for 
ILC at the beginning of each trial (the identical initial con-
dition assumption for ILC is relieved). After that, the for-
mation geometric shape theory is generalized and the ILC

technique is adopted to fulfill the shape rotation perfor-
mance. The overall input for each follower is the sum of
its AOC and ILC controllers. There are mainly three contri-

butions in this paper as follows:

(1) A unified framework is developed using AOC and ILC 
based on the additive property of linear space, which 
contributes to a novel FT mechanism. The proposed 
AOC-ILC controller is fully distributed (not require
the communication graph information) and can decrease

the FT error given a real leader with a non-zero input.
(2) This framework extends the ILC task description to 

allow a non-repetitive trajectory for a real leader with 
partially repetitive follower trajectories, which is differ-
ent from a circle trajectory (repetitive) of the leader38 

or a static virtual leader/reference.39 

(3) During each ILC trial, compared to a fixed formation
shape (i.e., only shape translation)36–39 or an iteration-
varying formation shape,40–42 the shape in this paper 
can be time-varying, i.e., shape translation and rotation

are allowed simultaneously.

2. Preliminaries 

2.1. Notation and graph theory

Throughout this paper, the basic notations and symbols of lin-
ear spaces and graph theory are organized into Table 1 for the 
convenience of readers. In addition, based on the definitions of 
the symbols in the table, related graph theory preliminaries are
introduced below.

The matrix A aij RN N is called a non-singular 
M-matrix if aij 6 0 i–j. The elements in adjacency matrix 
A are defined such that aij 1  if  j i E, and aij 0 other-
wise and all nodes that can transmit information to node i 
directly are said to be in-neighbors of node i and belong to 
the set Ni. The elements in Laplacian matrix L are defined
as lii j–iaij and lij aij for all i–j. A directed path from

node i to node j is a sequence of edges linking i to j. A directed
graph (digraph) contains a directed spanning tree if there exists
a node from which there is a directed path to every other node.

move_t0005
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Table 1 Notation and symbol.

Symbol Definition 

Rn n-dimensional Euclidean space
m R n Set of all m n real matrices

0m n m n matrix with all entries being 0

1 Column vector with all entries being 1

Kronecker product 
Diagonal matrix with a1 a2 an on the

diagonal

diag a1 a2 an

A 0 A is symmetric and positive definite

kmin A Minimal eigenvalue of A
kmax A Maximal eigenvalue of A
x Infinity norm of vector x
x 2-norm of vector x
p 

L2 a b The space Rp valued Lebesgue square 
summab le sequences on a b

Ib 
a The set a a 1 b for any integer a 6 b

G V E Graph with vertex set V and edge set E

V 1 2 N Finite non-empty set of nodes
E V V Edge set of the graph

A aij RN N Adjacency matrix 
Ni i j i E i-th neighbor set of the graph

L lij RN N Laplacian matrix

2.2. System model

The system dynamics of N followers as well as the leader 
indexed by 0 are described using the state space form as

xi t Axi t Bui t 
yi t Cxi t i IN0

1

where xi t Rn , ui t Rp , and yi t Rq are respectively the 
state, input, and measured output of the i-th agent, and where 
A Rn n B Rn p and C Rq n are constant matrices. No
follower needs to know the leader’s input value.

The following assumptions are made in this paper to realize

the control design objective.

Assumption 1. A B is stabilizable. C A is detectable.

Assumption 2. u0 t 6 d where d 0 is a constant.

Assumption 3. The directed graph G contains a spanning tree 
where the leader acts as the root node.

Then, the Laplacian matrix of the digraph G can be parti-

tioned as L 0 01 N 
L2 L1

where L1 RN N L2 RN 1.

Under Assumption 3, all the eigenvalues of L1 have positive 
real parts. It is also easy to verify that L1 is a non-singular
M-matrix.43 

Denote hi t Rn as the relative vector from the leader to 
the follower i, i.e., the design target is to make 
hi t xi t x0 t . If the vector h t hT1 t hT2 t

hTN t
T

is piecewise continuously differentiable and time-

varying, the multi-agent shape is time-varying.11,12,20 Inspired 
by the work,11 the authors44,45 have proposed formation 
shapes that are complicated in mathematics and also, strict

constraints have to be satisfied in their first priority. For
instance, the research45 assumes that the matrices B Rn p 

and C Rq n in Eq. (1) satisfy rank B p and rank C q 

such that there exist a non-singular matrix B 
T 

B 
T T 

with 

B Rp n and B R n p n , and a matrix C Rn q satisfying

BB Ip, BB 0, CC Iq. Then, the feasibility condition of

the formation shape45 is 

lim 
t 

BAChi t B Ch i t 0 2

From a different point of view, the work20 proposed a dif-
ferent formation shape format as

hi t A BK1 hi t i IN1 3

with K1 Rp n being a constant matrix to be decided. One can
find out that compared to Eq. (2), the mathematical structure 
of Eq. (3) is simpler and easier to satisfy due to the freedom of
designing K1. The shape Eq. (3) is thus utilized in this paper to 
construct the formation shape for MASs. For a better FT

problem presentation flow, more detailed explanations of the
shape Eq. (3) are presented in Section 4.2.1. 

It is worth noting that all the above works involve either

leaderless formation control11 or leader–follower formation 
control with a virtual leader.20 The real leader–follower forma-
tion control is investigated,46 where the formation shape has a 
similar format as Eq. (2) and the FT error is bounded. In the 
next section, the FT problem will be formulated by the coop-
eration of AOC and ILC to further improve the FT perfor-
mance, i.e., to have a smaller bounded FT error.

3. Solutions to FT problems based on AOC

3.1. Formation tracking problem formulation

As shown in Fig. 1, the FT controller design consists of two 
processes aiming at further improving FT performance in the
real leader case.

Step 1. During the whole FT horizon, the followers are 
asked to follow a non-repetitive trajectory in the ground coor-
dinate system.

Step 2. In addition, during the ILC trials tk tk T , each 
follower is expected to follow a repetitive trajectory around
the leader in the leader coordinate system.

To be more specific, in Step 1, the non-repetitive trajectory 
can be, e.g., the shape translation from moment t1 to t2 as
shown in Fig. 2. In Step 2, a repetitive trajectory around the 
leader could be rotating around the leader, i.e., following a
closed-loop trajectory, e.g., a circle or an ellipse, as shown at
moment t2 in Fig. 2.

Note that k is the trial index as 0, 1, 2 and so on, tk is the 
start time of the k-th trial, and T is the ILC trial length (the

moment t0 differs from the moment t 0 s of the whole FT
process).

As a result, the FT controller design resides on three key 
points: AOC, ILC and task description hi t . Note that hi t
can be designed by different tasks.

In this specific task design framework, the formation shape 
format h i t can be split into two components as

hi t haoc i t hilc i t t 0 4

move_f0005
move_f0010


4 W. JIANG et al.

Fig. 1 An example of fully distributed controller algorithm construction: AOC and ILC workflow.

Fig. 2 Scenario of FT under ground coordinate and leader coordinate system.

where haoc i t is a constant value over the FT horizon, and 
Chaoc i t y0 t denotes the above mentioned non-repetitive 
trajectory in the ground coordinate system for follower i to

track. The component hilci t is a time-varying repetitive value

defined as

hilc i t hilc i t tk if t tk tk T

0 otherwise
5

where hilc i t is a predefined signal on 0 T . Therefore, Chilc i t 
at each trial tk tk T denotes the above mentioned repetitive 
trajectory in the leader coordinate system. Properly defining

hilci t gives rise to various rotation behaviors of the followers

around the leader to capture specific needs of the formation

tasks (please see Eq. (47) as an example of predefining 
hilc i t ). The relationship among y0 t , Chaoci t and Chilci t is

further described in Fig. 2 for a straightforward illustration. 
Physically, in multi-vehicle systems, by setting the output 
matrix C, Chi t can denote the desired relative position
between the leader and the follower i in which the state consists
of position, velocity, and acceleration.

According to the linearity within system dynamics Eq. (1), 
the trajectory yi t obtained using the input signal ui t can be 
considered as the hybrid combination of two independent tra-
jectories Cxaoc 

i t and Cxilc 
i t obtained from the input signals 

uaoc i t and uilc i t generated by AOC and ILC respectively,

which satisfy ui t uaoci t uilci t . Denote the AOC-FT

error (fixed shape FT error) for each follower i i IN1 along

the whole task horizon as

eaoc i t Cxaoc 
i t y0 t Chaoc i t t 0 6

Also, denote the FT error as

ei t 
Cxilc 

i t Chilc i t eaoc i t t tk t k T

eaoci t otherwise
7

During the ILC initial condition resetting period, the repet-
itive component hilc i t is set to zero and thus, ILC does not 
need to work, i.e., uilci t 0 if t R tk tk T as shown in

Fig. 1. In this case, ei t equals eaoc i t directly as shown in

Eq. (7). One can see from Eq. (4) and Eq. (6) that the FT error 
e i t satisfies

ei t yi t y0 t Chi t t 0 8

In this paper, another different real leader–follower forma-
tion control mechanism is proposed by adopting AOC and 
ILC. The non-repetitive trajectory can be handled by AOC

along the task horizon. During the ILC initial condition reset-

ting periods tk T tk 1 shown in Fig. 1, AOC makes eaoc i t 
bounded such that the ILC initial state condition is within an 
acceptable range for ILC implementation. As a result, ILC can 
deal with the repetitive trajectory to further improve the repet-

itive FT performance at trials tk 1 tk 1 T . Note that the

shape rotation performance is realized differently from the
research.11,13,20 Based on the above control design, the FT 
problem can be formulated as follows.

Definition 1. FT Problem: Given system dynamics Eq. (1),  a  
digraph G, for any random initial conditions xi 0 , i IN 

0 and a

bounded leader state x0 t , design a fully distributed algorithm



to provide the input signals uaoc i t (based on AOC controller) 
and uilc i t (based on ILC controller) such that for each

follower i, i IN1 , the AOC-FT error eaoci t in Eq. (6) is 
bounded along the whole task horizon and that the FT error

ei t in Eq. (7) is smaller than the corresponding eaoc i t at trial 
number k: tk tk T in average, i.e.,

A unified framework for multi-agent formation 5

1 
T 

T 

0 
ei t

k s 2 
ds 6 

1 
T 

T 

0

eaoci tk s
2
ds 9

Definition 1 splits the task objective into two parts: (A) 
design the input signal uaoc i t using AOC to achieve the 
AOC-FT objective (time-invariant formation) such that 
eaoc i t is bounded along the task horizon; (B) design the input

signal uilci t using ILC to further improve the FT performance

(rotation around the leader) as shown in Eq. (9) at trials 
tk tk T . The controller designs of these two parts are dis-

cussed in the next two sections.

3.2. AOC for non-repetitive trajectory

In this subsection, t 0 , and thus, t is omitted in this 
section only for brevity of presentation, when there is no con-
fusion. The problem investigated in this section is stated as

below.

Problem 1. Given system Eq. (1) and a digraph G, when the 
leader’s state x0 t is bounded, design an AOC controller to
guarantee the boundedness of eaoci t in Eq. (6) for any initial 
conditions xi 0 , i IN0 .

3.2.1. AOC controller design
For an AOC controller, uaoc i is designed based on the forma-

tion shape format Eq. (3) which is time-varying. Since AOC 
is used in this paper for time-invariant formation control, K1

is computed as

A BK1 0 10

and thus, Eq. (3) changes to hi t 0, meaning the relative 
vector hi t from the leader to follower i is constant. Here, 
we set haoci t hi t when hi t 0, which also means

haoc i t 0 11

Also, a distributed adaptive observer vi Rn is the other 
key component of the AOC controller u aoci . Define the follow-

ing variables for designing uaoci of follower i

xi xaoc 
i haoc i x0 12

fi 
j Ni 

aij x
aoc 
i xaoc 

j haoc i haoc j 

ai0 x
aoc
i x0 haoci 13

vi 
j Ni 

aij vi vj a i0vi 14

wi vi fi i I N1 15

where fi and vi are synthesized signals with information from

neighbors. From Eq. (6) and Eq. (12), one can see that

Cxi eaoc i . Denote w wT 
1 w

T 
2 wT 

N 
T 
. It naturally follows 

that fi 
N
j 1lijxj vi

N
j 1lijvj and

w L1 In v x 16

The AOC controller to solve Problem 1 is proposed as

uaoc i K1h
aoc 
i K2vi 

vi A BK2 vi F ci xi C  vi Cfi Baz gi 
ci vi fi 

T 
C TC vi fi vi ci b1 i IN1

17

where vi 0 b1 P 1 are constants, a 0 F Rn q are to be 
decided, and ni wT 

i Pwi g i BTPwi with the matrix P 0

being a solution to the following Linear Matrix Inequality
(LMI)

PA AT P lP 2C TC 0 18

where l 1 is a constant to be decided. Note that the adaptive 
variable ci is the time-varying coupling weight associated with

follower i with ci 0 P b1. The non-linear function z is
defined as

z x 
x 
x if x ri 

x 
r i if x 6 ri

19

where ri 0 is the sliding-mode surface function parameter

inspired from the sliding-mode control.
From Eq. (16), since L1 is a non-singular M-matrix from

Assumption 3, v t will converge to x t as t if 
lim
t

. t 0. So vi in Eq. (17) is designed to estimate x i in
Eq. (12), and then is used to construct uaoci in Eq. (17). 

Remark 1. From Eq. (13) and Eq. (17), one can see clearly the 
control input requires both haoc i and haoc j . The proposed AOC 
approach is cooperative. From the term ai0 xaoci x0 haoci in

Eq. (13) one can verify that not all followers need to know the
leader’s information.

3.2.2. AOC controller stability analysis

The following theorem is presented to illustrate the bounded-
ness of xi, and then eaoc i based on eaoc i Cxi i IN 

1 . Denote 
e aoc eaoc1

T
eaoc2

T
eaocN

T T
.

Theorem 1. Suppose Assumptions 1, 2 and 3 hold. Problem 1 
is solved by the AOC controller Eq. (17) if A BK2 is Hurwitz, 
a P d F P 1CT with P satisfying LMI, Eq. (18) and l is 
designed as l l 2j1, with 0 j1 6 mini IN 

1 
vi 2 l 0 in

(A16). Then, ci is bounded and

aoce 6 / 20

where the upper bound / is given by

/ c IN C BK2 L 1 
1 

2N 

lkmin G kmin P 

c IN C IN B Nd 21

with G defined in Lemma Eq. (A1), N in Eq. (A10), and c in
Eq. (A21).
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Proof. See Appendix A. 
In Theorem 1, the condition a P d requires each follower 

to know the upper bound of the leader’s input signal in

Assumption 2. In order to relax this constraint, another obser-
ver di R can be designed to estimate d as follows:

di di 22 

di 
j Ni 

aij di dj ai 0 di d 23

where ai0 1 means follower i needs the information of d from 
the leader via the communication network, i.e., not all follow-
ers need the d information. Denote the corresponding estima-

tion error as di di d d d1 d2 dN
T
, based on

d t 0 as d is a constant, one can verify d L1 I d.
Since L1 is a positive definite matrix from Assumption 3, 

lim 
t 

d t 0 is obtained, i.e., lim 
t 

di t d. Then, one can sub-

stitute condition a P d as ai P di and further deduce the upper 

bound of di t is e t 2
N
i 1d

2

i 0 N based on the comparison

theorem of ordinary differential equations. Note that the

design of the asymptotic observer Eq. (22) is partially inspired 
from the work.47 The proof to deduce the boundedness of 
AOC-FT error eaoci utilizing Eq. (22) with ai P di is trivial 
and is omitted here.

How to use the asymptotic observer (22) practically in real-
ity One approach could be that each agent selects a large value 
of ai at the beginning, and then, decreases its value gradually

but keeps ai P di.

Since lim 
t 

di t d for the asymptotic observer Eq. (22),  if  
one needs to finalize the value of ai quickly, i.e., in finite time, 
a finite-time observer di t is needed for each agent. Thus, a
finite-time observer is constructed as follows:

di 
1 

N 
j 0 j–iaij 

k di j 
signdi 

N 

j 1 j–i

aijdj 24

where di is defined in Eq. (23) and k 0 j 0 1 are constant 
parameters related to the settling time T . The proof of

lim
t T

di t d can be found.46 By using this finite-time observer, 
each agent can gradually obtain an appropriate value of ai 
when t P T. By the use of the observer di, the proposed
AOC controller Eq. (17) is fully distributed.

4. Performance improvement based on ILC

4.1. ILC for repetitive trajectories

In this subsection, to further improve the AOC-FT perfor-
mance at trials tk tk T , k 0 1 n as shown in Fig. 1, 
the technique of ILC is used to improve the repetitive FT per-
formance (shape rotation and translation) based on the AOC-
FT performance (shape translation). An ILC paradigm is first
introduced, and an ILC law is proposed to compute the input

signal during ILC trials. Moreover, the FT error in Eq. (7) is 

proved to reduce monotonically along the trial to a certain 
accuracy level, and a discussion is made to achieve the objec-
tive in Definition 1. To distinguish from the time 
t 0 , s is used in this section to denote the time within
the interval 0 T for each ILC trial.

4.1.1. An ILC paradigm
Unlike the mechanism of AOC, ILC employs the information 
of the current trial to compute the input signal of the next trial. 
By learning from the past information of repetitive tasks, ILC 
is capable of improving its tracking performance and outper-
forming other non-ILC formation approaches in terms of
tracking accuracy. Therefore, for the ILC design, the corre-

sponding input, output and error signals are linked to the sig-

nals uilc ki , yilc ki , eaoc ki and eki defined as

uilc k 
i s uilc i tk s 
yilc k 
i s Cxilc 

i tk s 
eaoc k 
i s eaoc i tk s

eki s ei t
k s s 0 T

25

for each follower i at trial number k. In addition, a reference 
signal ri in the leader coordinate system is defined as

ri s Chilc i s s 0 T 26

The above signals belong to the input and output Hilbert 
spaces Lp 

2 0 T and Lq
2 0 T , i.e.

uilc k 
i Lp 

2 0 T yilc k 
i eaoc k 

i e ki ri Lq
2 0 T 27

and these spaces are defined with inner products and associ-
ated induced norms as

u v R 
T 
0 u

T s Rv s ds u R u u R 

y z Q
T

0
yT s Qz s ds y Q y y Q

where R Rp p and Q Rq q are positive definite matrices
(not necessarily symmetric).

From the definitions of the component hilci in Eq. (5) and 
the FT error in Eq. (7) at trial tk tk T , the above signals sat-
isfy the following equation

ek 
i yilc k 

i ri e aoc ki 28

Note that the relationship between uilc k 
i and yilc k 

i at trial 
number k can be represented in an abstract operator form as 
yilc k 
i Guilc k 

i , where the convolution operator 
G Lp 

2 0 T Lq
2 0 T maps uilc ki in the input space to yilc ki in

the output space. According to the state space form Eq. (1), 
this mapping has the following form as

Guilc k 
i s 

s 

0 
CeA s s Bu ilc ki s ds 29

Following above notations, the ILC design objective is 
described as: iteratively update the input signal using an ILC
law

uilc k 1 
i F uilc k 

i eki G 30

from the initial value uilc 0 
i , such that the desired objective

Eq. (9) at trial tk tk T is satisfied after a sufficient number

of trials.
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4.1.2. A norm optimal ILC law

To design an appropriate ILC law Eq. (30), the norm optimal 
ILC framework48 is considered to employ the following cost
function

ek 1 
i 

2 
Q uilc k 1 

i uilc ki

2

R 31

into our ILC design, which involves two parts: the FT error 
and the ILC input difference between adjacent trials (trial 
number k and k 1). By optimizing this cost function, we 
can make the best effort to reduce the FT error while preserv-
ing a minimum change of the ILC input signal for robustness

concerns. The exact values of the matrices R and Q are deter-
mined based on the weightings of the error reduction as well as
robustness. Therefore, using Eq. (28), Eq. (29) and Eq. (31),  a  
modified norm optimal problem for follower i , i IN1 is formu-

lated as

minu e 2 
Q u uilc k 

i 
2 
R e y ri eaoc k 1

i y Gu

32

where the variable u denotes any feasible choice for uilc k 1
i .

Solving Eq. (32) yields an ILC law in form of Eq. (30) as 
follows: 

uilc k 1 
i uilc k 

i G I GG
1
eki 33

where I denotes the identity operator and G is the adjoint
operator of G defined by inner product

u G y R Gu y Q 34

According to the link Eq. (25), the input signal uilc i t along 
the task horizon associates with the computed input signal 
uilc k 
i s on each trial. Therefore, the value of uilc i t at the next 
trial should be assigned as

uilci tk 1 s uilc k 1
i s s 0 T 35

once uilc k 1
i is computed by the ILC law Eq. (33), whose con-

vergence performance is stated in the following theorem. 

Theorem 2. If the current trial FT error eki satisfies

ek 
i Dk 

i with Dk 
i 

eaoc k 1 
i eaoc ki

1 q
i IN1 36

where q I GG 1 
, then the ILC law Eq. (33) mono-

tonically reduces the FT error, i.e.,

ek 1 
i ek 

i 37

Proof. See Appendix B. 
Theorem 2 states that even though the ILC initial condition 

coming from the AOC-FT error eaoc ki is non-zero, ILC law Eq.

(33) still reduces the FT error eki .

convergence point of the error reduction and the upper bound
of the FT error.

Remark 2. The condition for reducing the Formation Track-
ing (FT) error ek 

i depends on comparing it with the difference 
in Adaptive Observer-based Control (AOC) FT errors from 
consecutive trials, eaoc k 1 

i eaoc k 
i . Specifically, if the current 

error norm ek 
i exceeds a threshold Dk

i , which is determined

by eaoc k 1
i eaoc ki and the parameter q, the next trial’s error

norm ek 1
i will be reduced. Here, Dk

i represents both the

Remark 3. The FT error is not guaranteed to converge to zero, 
since the AOC-FT error varies over the trials. From Eq. (36), 
the ILC law Eq. (33) is capable of reducing the error to a cer-
tain level of accuracy. Therefore, the appropriate matrices R 
and Q can be chosen to change the value of q to provide 
desired convergence rates and to adjust the upper bound Dk

i

of the FT error. A suggested choice range for the values of

R and Q based on the authors’ implementation experience is

0 01 
G 2 6 QR 1 6 100

G
2

38

4.1.3. Discussion on achieving the objective

From the objective Eq. (9) in Definition 1, according to
Theorem 1, eaoc k 

i must be bounded above as

N 

i 1 
eaoc k 
i 

2 6 /2T 39

From Theorem 2, the ILC law Eq. (33) can reduce the FT 
error norm to a value smaller than D ik. To achieve the desired

objective Eq. (9) in Definition 1, a comparison between D ik 
and eaoc k 

i should be made. Intuitively, from the construc-

tion of Dk
i in Eq. (36), the AOC-FT errors eaoc k 

i and eaoc k 1 
i 

between adjacent trials should not change dramatically, and

1 1 q should not be too large.
Before solving the FT problem in Definition 1, the follow-

ing lemma is needed. 

Lemma 1. For any a R b R c R and 0 c 1, if and 
only if the condition 

sign a sign b
b

1 c
6 a 6 b

1 c
40

is satisfied, then,

a b

c
6 a 41

Proof. See Appendix C 

Theorem 3. Based on Theorems 1, 2 and Lemma 1, if the 
system Eq. (1) is output controllable, the FT error converges 
within the upper bound Dk 

i at trial number k 1 and the AOC-

FT errors between adjacent trials satisfy

sign eaoc i j tk s sign eaoc i j tk 1 s 
eaoc 
i j tk s 
2 q 6 eaoci j tk 1 s 6 eaoc

i j
tk s

q

42

where s 0 T , q is defined in Theorem 2 and eaoc i j t denotes 
the j-th element of the vector eaoci t , then, the FT problem in

Definition 1 is solved. 
Proof. See Appendix D. 
Theorem 3 requires the sign of the AOC-FT errors to be the 

same between adjacent trials. For a known value of eaoc ki at the
current trial, from Eq. (42), one can see that the reduction of q 
to zero increases the allowed range of e aoc k 1

i at the next trial.
By increasing this allowed range, the condition Eq. (42)



i i

i

1 i 6

i

i i

i

becomes more easily satisfied and hence the FT problem in
Definition 1 can be solved. Since the value of q is affected by 
the choice of Q and R, we can tune their values in the suggested

range Eq. (38) to improve the ILC performance. Moreover, the 
value of eaoc k 

i j s also influences the allowed range of eaoc k 1 
i ,

which can be changed by tuning the parameter l in the AOC
controller design based on the upper bound condition Eq.
(21) in Theorem 1. 
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4.2. Links between AOC and ILC

Algorithm 1. AOC-ILC Algorithm 

Input: System Dynamics A, B and C, initial ILC input uilc 0 
i , 

formation shape components haoc i t and haoc i t , ILC trial time T,

initial condition resetting time tk 1 tk T and FT accuracy e

based on task requirement.

Output: AOC input uaoc and ILC input uilc k

1. Initialization set k 0.

2. During 0 t0 , apply the AOC controller Eq. (17). 
3. During ILC trial 0: t0 t0 T , apply the AOC controller (17) 
and the initial ILC input uilc 0 to the system plant.

4. Record the FT error e0i .
5. while not N e k e do

6. During tk T tk 1 , apply the AOC controller (17) to obtain 
uaoc i , and use the ILC controller Eq. (33) to update the ILC input 
uilc k 1 for the following trial.

7. During ILC trial k 1: tk 1 tk 1 T , apply the AOC

controller Eq. (17) to obtain uaoc i and add ILC input u ilc k 1
i to the

system plant.

8. Record the FT error e k 1
i .

9. k k 1

10. end while .
11. return AOC input uaoc and ILC input uilc k.

According to the workflow in Fig. 1, the above two sections 
present an AOC-ILC algorithm (Algorithm 1) to achieve the 
translation and rotation of the formation shape. In addition 
to the link between AOC and ILC discussed in Theorems 2 
and 3 in the previous section, there exists one more link related 
to the AOC formation shape design and the ILC repetitive tra-
jectory setting. For better presenting this link between AOC

and ILC, we first show the result of pure AOC (i.e., without
ILC) to achieve FT. The AOC controller in Eq. (17) is used 
to achieve time-invariant FT with controller parameter K1 cal-
culated in Eq. (10) for the initial condition setting of ILC. In 
fact, without ILC, AOC controller Eq. (17) can also achieve 
the translation and rotation of the formation shape with K1

calculated in Eq. (3) independently, herein we call the con-
troller Eq. (17) with Eq. (3) pure AOC. 

4.2.1. Pure AOC

For pure AOC, with the formation shape Eq. (3): 
hi t A BK1 hi t , there are two key components: K1

and hi t .

(1). For K1: Actually the application of K1 provides more 
flexibility for h1 t . The Time-Varying Formation
(TVF) shape will become the constant shape if
A BK1 0 as Eq. (10) in this paper. K1 is also dispens-
able for MASs, e.g., by choosing K1 0, hi t will be 
only related to each follower’s system matrix A, i.e., 
hi t Ahi t , which is a stringent condition when
designing hi t . Above all, K1 has the function of
expanding the feasible TVF shape set described by Eq.

(3). 
(2). For hi t : It is not arbitrary or random to choose the 

desired TVF shape hi t since it must be compatible with

each agent’s dynamics according to Eq. (3). Any forma-
tion shape characterized by hi t satisfying Eq. (3) can be 
achieved by the AOC controller Eq. (17) proposed in 
this paper. Since agent dynamics A B is unchangeable, 
designing K1 gives us a freedom to design any TVF
shape characterized by h t satisfying Eq. (3). 

As one can see there are two variables in Eq. (3): K1 and 
hi t , our design thought is that when the mathematical format 
hi t is designed to represent the TVF shape first, then, K1 can

be correspondingly calculated. From our previous work,20 

there is one kind of TVF shapes that can be achieved in this 
paper. When we design the concrete time-varying shapes, we

ask the vectors hi t to satisfy

N 

i 1 
hi t 0 43

With the condition Eq. (43) satisfied, based on Eq. (12),  it  
means that the pure AOC objective is then to make the sum-

mation of xi t converge to Nx0 t and this implies that the 
location of the leader is inside the formation shape formed 
by the followers. Here, follower number N should be known
in advance, which could be regarded reasonable as when we

design a desired formation shape, we usually know how many
agents we have, i.e., N agents.

Then, to design hi t satisfying Eq. (3) and Eq. (43), the 
agent dynamics A B are required. One kind of real dynamics
is that for unicycle vehicles, as both the kinematic model49 and 
dynamic model50 can be linearized to the following second-
order dynamics in state-space as

A 
02 2 I2 

02 2 02 2 
B 

0 2 2

I2
n 4 44

Choose C I2 02 2 , then, A B C is stabilizable and 
detectable. As a consequence, the TVF shape 
hi t hi1 t hi2 t hin t

T
Rn is proposed as

hi1 h sin xt i 1 2p N h cos xt i 1 2p N 
hi2 2h sin xt i 1 2p N 
hi3 hx sin xt i 1 2p N hx cos xt i 1 2p N

hi4 2hx cos xt i 1 2p N i IN1

45

where h R denotes the formation shape amplitude and 
x R denotes the shape rotation frequency. One can verify
that Eq. (45) satisfies Eq. (3) and Eq. (43).



Remark 4. There could be other concrete mathematical 
formats of hi t different from Eq. (43) and Eq. (45) satisfying 
Eq. (3). Finding these is a topic for future work.
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4.2.2. A OC-ILC

The control task specifications are as follows: the ILC trial 
duration is T, the AOC time between two consecutive ILC tri-
als is tk 1 t k T , the pure AOC formation shape hi t of

the followers in the leader coordinate system is proposed in
Eq. (45). It follows from Eq. (4) that hi t can be split into 
haoc i t and hilci t defined by

haoc i1 t h sin i 1 2p N h cos i 1 2p N 
haoc i2 t 2h sin i 1 2p N 
h aoci3 t 0

haoci4 t 0 i IN1 t 0

46

and 

hilc i1 s h sin xs i 1 2p N h cos xs i 1 2p N 
hilc i2 s 2h sin xs i 1 2p N 2h sin i 1 2p N 
hilc i3 s hx sin xs i 1 2p N hx cos xs i 1 2p N

hilci4 s 2hx cos xs i 1 2p N i IN1 s 0 T

47

Here, the ILC trial duration T is designed as

T 2p x 48

where x is from the pure AOC formation shape format Eq.
(45). It is worth noting that Eq. (48) is the link between 
AOC formation shape design and ILC repetitive trajectory
setting.

One can see for each follower i, the constant component 
haoci t R4 in Eq. (46) is the time-invariant (fixed) FT require-
ment along the task time horizon. The desired non-repetitive 
trajectory in the ground coordinate system is Chaoci t y0 t .

The fully distributed AOC controller Eq. (17) is utilized to fol-
low this desired trajectory (fixed shape translation perfor-
mance). On the other hand, the time-varying component

hilci t R4 defined by Eq. (5) and Eq. (47) is the repetitive 
tracking requirement vector during ILC trials. As can be seen

from the gray curve in Fig. 2, Chilc i t represents the repetitive 
rotation trajectory, e.g., circular or ellipse, etc. There are dif-
ferent mathematical formats of closed curves.

During ILC trials for t tk tk T , the proposed fully
distributed AOC and ILC algorithm (controllers Eq. (17) 
and Eq. (33) together) in this paper will achieve the repetitive 
rotation performance in the leader coordinate system. Outside 
of ILC trials, the proposed algorithm only achieves the shape
translation performance for ILC initial condition resetting

purpose (see Fig. 1). To sum up, AOC makes the FT error 
bounded to be inside the initial error requirement of ILC; at
the same time, ILC can improve the FT error during the repet-

itive trials.

Remark 5. Compared to pure AOC, AOC-ILC can give rise to 
a smaller bounded FT error during ILC trials by employing
ILC with tuning matrices such as Q. AOC-ILC also presents

an FT scenario of translation, translation-rotation, transla-

tion, translation-rotation, etc., which is different from a pure
AOC scenario, which is always translation-rotation.

5. Numerical simulation

The performance of Algorithm 1 is verified in this section using 
a numerical simulation related to the scenario of unicycle for-
mation. The comparison is also made with respect to the pure 
AOC algorithm (the term ‘‘algorithm’’ will be omitted when
there is no confusion) to illustrate the advantage of combined

AOC-ILC in terms of repetitive tracking error reduction.

5.1. Control task specifications

Choose MAS dynamics as h 10 m x 0 1 p , thus T 30 s
from Eq. (48), the AOC time between two consecutive ILC tri-
als is tk 1 tk T 15 s, the non-zero input of the leader is 
u0 t e t 1 2 sin 0 5t T 

, t 0 . In this section, we
set follower number N 6 to demonstrate six vehicles forming
a hexagon rotating around the real leader (shape rotation per-
formance). For AOC controller Eq. (17), the parameters are 
set as b1 1 ri 0 005 and v i 0 1 i IN1 . Then, from Eq.

(A16), we choose j1 0 02 l 2 to get l 2 02. The matrix
P can be calculated by LMI Eq. (18) accordingly. 

5.2. Simulation results

ek 
i 

2 T 

0 
ei t

k s 2 
ds T i I61

A total number of 30 repetitive trial is conducted using 
AOC-ILC with the initial ILC input uilc 0 

i 0, and the weight-
ing matrices are taken as R I and Q 0 01I based on Eq.

(38). The mean square FT errors of AOC-ILC and pure 
AOC at each repetitive trial are plotted in Fig. 3 for each fol-
lower. Since the initial ILC input is taken as zero, the FT per-
formance of AOC-ILC is not as good as that of pure AOC for 
the first few trials. Nevertheless, the mean square FT error of
AOC-ILC declines along the trials, while the pure AOC error
stays around a constant level for all trials. From Fig. 3, the 
AOC-ILC is able to improve the FT accuracy by around 10
times compared to pure AOC, which is an appealing property.

The AOC-FT error is shown in Fig. 4 where eaoc 3 t is plot-
ted as an example, and the values of the adaptive parameters

ci t i I61 are demonstrated in Fig. 5 where these parameters 
are kept bounded along the task time horizon. Theorem 1 is 
thus verified. One can also see that after the initial time (ap-
proximately 2 s), the sign of both eaoc 3 1 t and eaoc 3 2 t is always

negative, and q is calculated as q 0 0015. Therefore, it is easy

to verify that the condition Eq. (42) in Theorem 3 is satisfied, 
and hence the FT problem in Definition 1 is guaranteed to be
feasible.

To further demonstrate the comparison between the two 
methods, the square FT errors of the two algorithms along
the time line for Agent 3 are taken as an example and plotted

in Fig. 6 for a straightforward view. From this figure, the FT 
errors of AOC-ILC during the repetitive trials are much smal-
ler than those of pure AOC after 3 trials. Meanwhile, during

the interval tk T tk 1 , the FT errors of both methods are

move_f0015
move_f0020
move_f0025
move_f0030
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Fig. 3 Mean square formation tracking error comparison of all followers during repetitive trials.

Fig. 4 Agent 3 AOC-FT error eaoc i t along the task time horizon

to verify condition Eq. (42) in Theorem 3. ci tFig. 5 Values of in AOC-ILC along the task time horizon.



at a similar level. This jump phenomenon is due to the imple-
mentation of ILC during the repetitive trials, which can grad-
ually reduce the repetitive FT error.
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Fig. 6 Square formation tracking error comparison of Agent 3

along task time horizon.

Fig. 7 Reference trajectory tracking of Agent 3 using AOC-ILC.

In addition, the reference trajectory tracking of Agent 3 in 
the leader coordinate system using AOC-ILC and pure AOC
are respectively shown in Fig. 7 and Fig. 8. Specifically, 
Fig. 7 directly explains how AOC-ILC improves the repetitive 
FT performance along the trials. Though the initial positions 
are not the same as that of the reference trajectory due to

the bounded AOC-FT error, AOC-ILC still makes Agent 3
track the reference trajectory well. However, as can be seen
from Fig. 8, the AOC-FT error of pure AOC does not improve

for all trials.
The above comparison results confirm that the proposed 

AOC-ILC has nice properties and can improve the FT perfor-
mance during the repetitive trials comparing to pure AOC.

6. Conclusions and future work

In this paper, links between formation control and ILC with a 
non-repetitive real leader (non-zero input, non-repetitive tra-
jectory) are leveraged to construct a unified framework using
adaptive control and ILC. In detail, an adaptive observer-

based controller is proposed to help establish an ILC con-
troller eliminating the identical initial condition requirement. 
The formation tracking error during ILC trials is further 
reduced by the above combined algorithm. During ILC trials, 
the formation shape not only translates but also rotates, and a
real leader exists with a non-repetitive trajectory, which are the

improvements compared to existing ILC formation works,
where the leader’s trajectory has to be repetitive (e.g., circles)
or multi-agent formation shape has to be fixed (only shape

translation).

Fig. 8 Reference trajectory tracking of Agent 3 using pure AOC

algorithm.

Future work will focus on discovering more formation
shape mathematical formats satisfying Eq. (3) and Eq. (43) 
in this paper. Moreover, a rigorous robustness analysis will 
be conducted to check the performance of the proposed com-
bined algorithm in the presence of model uncertainty. Mean-
while, the algorithm may be extended to handle a similar

problem in non-repetitive time-varying systems.51,52 An exper-
imental multi-vehicle formation test platform is also under 
construction to validate the algorithm’s practical efficacy.
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Appendix A. 

Proof of Theorem 1. The following lemmas are needed for the
Lyapunov function derivative calculation in the proof of
Theorem 1. 

Lemma A1.
43 (Theorem 4.25). For the non-singular M-matrix 

L1, there exists a matrix G, diag g 1 
0 such that 

GL1 LT 
1 G 0, where g g1 g2 gN

T
L 1

1 1N.

Lemma A2. 53 (Young’s Inequality). If the real numbers 
a b p q satisfy a P 0 b P 0 p 0 and q 0 such that
1 p 1 q 1, then, ab 6 ap p bq q.

Lemma A3. 54 For a system x f x t where f is locally 
Lipschitz in x and piecewise continuous in t, suppose that there 
exists a continuously differentiable function V x t P 0 
satisfying 

K1 x 6 V x t 6 K2 x 
V x t 6 K3 x N

where N 0 is a constant, K1 K2 are class K functions,
and K3 is a class K function. Then, the solution x t of

x f x t is uniformly ultimately bounded.

Lemma A4. 55 If a real function V t satisfies 
V t 6 aV t b, where a b are positive constants, then

V t 6 V 0 
b 
a

e at b

a

Denote c diag c1 c2 cN n diag n1 n 2 nN .

So based on Eq. (15), Eq. (16) and Eq. (17), the dynamics of 
w and ci are

w IN A L1 c n FC w L1 B az g 1N u0 

ci wT 
i C

T C wi vi ci b1 i IN1

A1

Firstly, let 

V1 
1 
2 

N 

i 1 

1 
gi 

2ci n i ni ci b 2
A2

where gi i IN 
1 are constructed as in Lemma A1 and b 0  is  a  

constant to be decided later. From ci t P 0 ci 0 P b1 P 1,
we have ci t P 1 t P 0. Note further that ni wT

i Pwi P 0,

so V1 is positive definite. Then,

V1 
N 

i 1 

1 
gi 

ci ni ni 1 
gi 
nici 1 

gi 
ci b ci 

wT G c n PA AT P G c n bI CT C 

c n GL1 LT 
1 G c n PFC w X1 

N 
i 1 

1 
gi 

ci b vi ci b1 
N
i 1

1
gi
nivi ci b1

6 wT G c n PA ATP G c n bI CTC

k0 c n
2

CTC w X1 X2

A3

where 

X1 2wT G c n L1 PB az g 1N u0 A4

X2 

N 

i 1 

1 
gi 

ci b vi ci b1 A5

and G 0 are defined in Lemma A1. The inequality comes 

from GL1 LT 
1 G P k0IN k0 0 and 

N 

i 1 
niv i ci b1 gi P

0 based on ci P b1 from (17). By using Lemma A2, we get

wT G c n CT C w 6 wT k0 

2 
c n

2 G
2

2k0
CTC w

Substituting the above inequality into Eq. (A3) yields 

V1 6 wT G c n PA AT P 
k0 
2 c n 

2 
G 
2 

2k0 
bG CT C w X1 X2

6 wT G c n H w X1 X2

A6

where 

H PA AT P 2C TC A7

One can see H lP 0 from LMI Eq. (18). Given the law 
that a b P 2 ab a b R , for arriving at the second
inequality in Eq. (A6), we have chosen

b P 
5 
2k0 

maxi IN 
1

1

gi
A8

Secondly, for the component X1 inside V1, the non-linear
function z in Eq. (19) is used to deal with the leader’s 
bounded input u0 t . Following the similar calculation steps
of Eqs. (34)–(39), we have

V1 6 1 
2 
wT G c n H w 

N 

i 1 

vi
4gi

ci b 2 N A9

where 

N b b1 
2 

2 
N 
i 1 

vi 
gi 

N 
i 1 

ri 
gi 
ai0d 2N 1 a 

2b1 ri 
4
vi

2kmax P

kmin H
ai0d 2N 1 a

A10

Based on H 0 in Eq. (A7) and 
N 

i 1 
vi ci b 2 

4gi P 0,

we get

V1 6 1 
2 
wT G c n H w N A11

Define the continuous function K3 w wT G c n 
H w. Because G c n 0 and H 0, it is easy to verify K3

is a class K function. Considering N 0, from Eq. (A11) and 
Lemma A3, it is easy to conclude that w t , which is the solu-

tion of the nonautonomous system w f w t in Eq. (A1),  is  
uniformly ultimately bounded, i.e., w is bounded.

Thirdly, the dynamics of xi in Eq. (12) can be calculated 
based on Eq. (1), Eq. (11) and uaoc i in (17) as 

x Ax  Bu BK v , which can be reformulate asi i 0 2 i 

xi A xi ui i IN1 A12



A unified framework for multi-agent formation 13

where A A BK2 is Hurwitz and ui BK2 v i xi Bu0.
Based on Assumption 2, u0 is bounded. As L1 is non-
singular, there exists v x L 1

1 I . from Eq. (16). Based 
on U W U W if U Rn n W Rm m, we have

v x L 1 
1 w A13

which means vi xi is also bounded.56 Therefore, ui is the 
bounded input in Eq. (A12). Based on the Input to State Sta-
bility (ISS) theory,57 the linear system with 0-globally asymp-

totic stability (0-GAS) automatically satisfies the Bounded-
Input Bounded-State (BIBS) property, i.e., xi is bounded.

Fourthly, we come to calculate the upper bound of AOC-

FT error eaoc i . Considering ni wT
i Pwi P 0 in Eq. (17), from 

Eq. (A2) we obtain 

j1V1 6 j1 

N 

i 1 

ci ni 
gi 

wT 
i Pwi 

N 

i 1

j1

2gi
ci b 2

A14

where j1 0 is a constant to be designed later. Combining
Eq. (A9) and Eq. (A14) gives 

V1 6 1 
2 w

T G c n H w 
N 

i 1 

vi 
4gi 

ci b 2 N 

j1V1 j1 
N 

i 1 

ci ni 
gi 

wT 
i Pwi 

N 

i 1 

j1 
2gi 

ci b 2

j1V1
1
2
wT G c n H 2j1P w

N

i 1

vi 2j1
4gi

ci b 2 N

A15

Select 

0 j1 6 mini IN 
1 

vi 
2 

l l 2j1 l 0 A16

such that based on LMI (18), we get

H 2j1P l 2j1 P l P 0 A17

Then, we obtain

V1 6 j1V1 N A18

In light of Lemma A4, we could deduce that V1 exponen-
tially converges to the residual set P V1 V1 N j1 with

a convergence rate faster than e j1t 2. From Eq. (A2) and 
based on ci t P b1 P 1, we have 
V1 P mini IN 

1 
kmin P w 2 

gi 
N 
i 1 ci b 2

2gi . Since . is

uniformly ultimately bounded and b in Eq. (A8) is a constant, 
we can conclude that ci i I N1 are uniformly ultimately

bounded. Furthermore, from Eq. (A17) there is 
kmin H 2j1P l kmin P , and thus from Eq. (A15) that if 
w 2 

2N l kmin G kmin P , then V 1 6 j1V1. Therefore,

w satisfies

w 6 2N 

l kmin G k min P
A19

Finally, since dynamics xi in Eq. (A12) is ISS, 
x IN A BK2 x u is also ISS with

u IN BK2 v x IN B 1N u0 . Based on the
work,57 we get 

x 6 c u A20

where 

c 
0 

es  IN A BK 2 ds A21

As u0 6 d from Assumption 2, based on u 6 u we

have

u 6 IN BK2 v x IN B 1N u0 

6 BK 2 v x IN B Nd

A22

From Eqs. (A13), (A19), (A20), (A22) and Cxi eaoc i ,  we  
obtain the upper bound of eaoc as in Eq. (21). In this way,
Problem 1 is solved. 

Appendix B. Proof of Theorem 2 

It follows from Eq. (28) and Eq. (32) that 

ek 1 
i G uilc k 

i G I GG 1 
ek 
i ri eaoc k 1 

i 

I GG 1 
ek 
i eaoc k 1 

i Guilc k 
i ri eki

I GG
1
eki eaoc k 1

i eaoc ki i IN1

B1

Based on Eq. (B1), there exists the inequality

ek 1 
i 6 I GG 1 

ek 
i eaoc k 1 

i eaoc k 
i 

q ek 
i eaoc k 1

i eaoc ki

6 q eki ei

B2

If the condition Eq. (36) holds, one has

q ek 
i ei ek 

i B3

which together with the inequality Eq. (B2) gives rise to the 
monotonic error reduction performance Eq. (37). 

Appendix C. Proof of Lemma 1 

Sufficient condition. If the condition Eq. (40) is satisfied, it fol-
lows that

b 
1 c 

6 a 6 
b

1 c
C1

and the inequality Eq. (41) becomes 

a 6 b 
1 c

C2

for a P b, a P 0 and b P 0. It is clear that this inequality
holds in this case. We can also obtain

b 
1 c 

6 a C3

for a b, a P 0 and b P 0, and the inequality Eq. (41) holds. 
By symmetry, the inequality Eq. (41) holds when a and b are 
both negative or zero as well. In this sense, the sufficiency of

the condition Eq. (40) is proved. 
Necessary condition. If the inequality Eq. (41) holds, it fol-

lows that

1 c a 6 b C4

for a P b, a P 0 and b P 0, which gives rise to
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b 6 a 6 
b 

1 c
C5

We can also obtain
b 

1 c 
6 a b C6

for a b, a P 0 and b P 0. By symmetry, we have

b 
1 c 

6 a 6 b

1 c
C7

for a and b are both negative. Therefore, the above inequalities
at specific cases yield the condition Eq. (40), which proves its
necessity.

Appendix D. Proof of Theorem 3 

According to the work,58 since the system Eq. (1) is output 
controllable, the eigenvalues of the self-adjoint operator GG 
are all positive according to the definitions of the convolution
operator G and its adjoint operator G in Eq. (29) and Eq. (34). 
It follows that

y GG y G y 2 P k2 y
2

D1

where k2 is the smallest eigenvalue of GG and it is positive as 
well. Adding y y at both sides of the above inequality yields

y I GG y y I GG y P 1 k2 y
2

D2

Therefore, I GG P 1 k 2, and

q I GG 1 6 1 
1 k2

1 D3

Given the condition Eq. (42) is satisfied and 0 q 1,
according to Lemma 1, we have

eaoc i j tk 1 s eaoc i j tk s 

1 q
6 eaoci j tk 1 s D4

In addition, based on the 2-norm of a signal,59 D ik in The-
orem 2 can be computed as

D ik 
1 

1 q 

T 

0 

q 

j 1 
eaoc i j tk 1 s eaoci j tk s 2

ds D5

which gives rise to the inequality

D ik 6 T 
0 

q 
j 1 e

aoc 
i j tk 1 s 2 

d s

T

0
eaoci tk 1 s 2

ds
D6

Recall in Theorem 2 that D ik is the upper bound of the FT 
error, i.e. ek 1

i 6 D ik.

Similar to Eq. (D5), ek 1 
i is computed as

ek 1 
i 

T 

0 
ei tk 1 s 2

ds D7

Therefore, from Eq. (D6) and Eq. (D7), the desired objec-
tive Eq. (9) in Definition 1 can be achieved at trial number
k 1.
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