
 
 

Delft University of Technology

Licence
Dutch Copyright Act (Article 25fa)

Citation (APA)
Cui, J., Liu, L., Leus, G. J. T., & Wang, Y. (2026). Greedy Sensor Selection for Nonlinear Models with Performance
Guarantees. Signal Processing, Article 110553. https://doi.org/10.1016/j.sigpro.2026.110553

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
In case the licence states “Dutch Copyright Act (Article 25fa)”, this publication was made available Green Open
Access via the TU Delft Institutional Repository pursuant to Dutch Copyright Act (Article 25fa, the Taverne
amendment). This provision does not affect copyright ownership.
Unless copyright is transferred by contract or statute, it remains with the copyright holder.
Sharing and reuse
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without
the consent of the author(s) and/or copyright holder(s), unless the work is under an open content license such as
Creative Commons.
Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.

https://doi.org/10.1016/j.sigpro.2026.110553


Contents lists available at ScienceDirect

Signal Processing

journal homepage: www.elsevier.com/locate/sigpro

Greedy sensor selection for nonlinear models with performance guarantees 

Jiaming Cui a, Lingya Liu b, Geert Leus c, Yiyin Wang a,∗

a State Key Laboratory of Submarine Geoscience, School of Automation and Sensing, Shanghai Jiao Tong University, Shanghai, 200240, China
b College of Information Engineering, Shanghai Maritime University, Shanghai, 200241, China
c Faculty of Electrical Engineering, Mathematics, and Computer Science, Delft University of Technology, Delft, 2628 CD, The Netherlands

a r t i c l e  i n f o

Keywords:
Greedy sensor selection
Fisher information matrix
Nonlinear optimization
Submodularity

 a b s t r a c t

This paper focuses on developing a low-complexity greedy method to address the sensor selection problem with 
a generic nonlinear model. The optimal subset of sensors is chosen to satisfy specific performance constraints, 
which are functions of the Fisher information matrix (FIM) and depend on unknown parameters due to the non-
linear measurement model. Therefore, the sensor selection problem is a multi-constraint optimization problem, 
which is challenging to be addressed in a greedy way. In this paper, we design a performance metric, which is an 
average of truncated submodular functions, to ensure that all performance constraints are satisfied. An auxiliary 
term is introduced to the performance metric to make it well-defined. A greedy algorithm with optimality guar-
antees is proposed accordingly. In contrast to existing optimality guarantees, the proposed optimality guarantees 
are independent of the auxiliary term. Numerical results demonstrate the superiority of our proposed optimality 
guarantees and show that the proposed algorithm achieves similar performance to the convex methods in various 
scenarios with lower computational complexity.

1.  Introduction

In wireless sensor networks (WSNs), a large number of spatially dis-
tributed sensors are deployed to collect measurements and extract rel-
evant information [1,2]. To reduce the hardware cost and power con-
sumption, it is essential to select the smallest subset of sensors from the 
candidate set. The selected sensor subset should ensure that the network 
performance satisfies the required criteria. This sensor selection problem 
arises in many applications, such as target localization [3–5], Internet 
of Things (IoT) systems [2,6], antenna selection [7], sound field control 
[8], and environmental monitoring [9]. Although numerous heuristic 
and approximate algorithms have been proposed [10–13], finding effi-
cient solutions remains challenging even for moderate-sized WSNs.

1.1.  Related prior works

Sensor selection is an intricate combinatorial optimization problem. 
Under a generic nonlinear measurement model, it is formulated as fol-
lows [3]:
P0 ∶ min ||𝐰||0

s.t. 𝐽 (𝐰,𝜽) ≥ 𝛾,∀𝜽 ∈ 0,

𝐰 ∈ {0, 1}𝑀 ,

(1)

∗ Corresponding author.
 E-mail address: yiyinwang@sjtu.edu.cn (Y. Wang).

where 𝐰 = [𝑤1, 𝑤2,… , 𝑤𝑀 ]𝑇  is the binary selection vector. The entry 
𝑤𝑚 = 1 (or 0) indicates that the 𝑚th sensor is (or is not) selected. The un-
known vector 𝜽 ∈ ℝ𝑁  within the parameter space 0 collects the param-
eters of interest, where 𝑁 denotes its dimension. The function 𝐽 (𝐰,𝜽)
is the performance metric, and the constant 𝛾 is a predefined threshold. 
For any unbiased estimator of 𝜽, the error covariance matrix is lower 
bounded by the Cramér–Rao lower bound (CRLB), which depends on the 
Fisher information matrix (FIM). Therefore, a natural choice of 𝐽 (𝐰,𝜽)
is a scalar metric function based on the FIM [2,3].

For linear measurement models with independent additive noise, the 
performance metric 𝐽 (𝐰,𝜽) reduces to 𝐽 (𝐰) and is independent of 𝜽. 
Consequently, P0 becomes a combinatorial optimization problem with 
a single performance constraint, i.e., 𝐽 (𝐰) ≥ 𝛾. There are efficient con-
vex [14–16] and greedy approaches [17–21] to deal with it. In con-
trast, under nonlinear measurement models, the performance metric 
𝐽 (𝐰,𝜽) depends on 𝜽. The required performance should be satisfied for 
all 𝜽 ∈ 0, which yields an infinite number of constraints in P0. A com-
mon approach to address this issue is to discretize the parameter space 
of 𝜽 with a prescribed resolution [3,5,7]. Let  = {1, 2,… , 𝐷} denote 
the index set of the discretized points, where 𝐷 is the number of grid 
points. The constraints in P0 are reformulated to be satisfied for all 𝐷
discrete points in 0, i.e., 𝐽 (𝐰,𝜽𝑑 ) ≥ 𝛾,∀𝑑 ∈ . The resulting problem 
is a combinatorial optimization with multiple performance constraints. 
It is difficult and nonconvex in general. A widely used approach relaxes 
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\begin {equation}\begin {aligned} \textbf {P}_{0}:\quad &\text {min} & & {||\mathbf {w}||_0} \\ &\text {s.t.} & & {J}({\mathbf {w}},\boldsymbol {\theta }) \geq \gamma , \forall \boldsymbol {\theta } \in \mathcal {U}_0,\\ & & & \mathbf {w} \in \{0,1\}^M, \label {problem:1} \end {aligned}\end {equation}
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\begin {equation}\label {non-lin} y_m=h_m({\boldsymbol {\theta }},n_m),\ m =1,2,\ldots ,M,\end {equation}
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\begin {align}\label {eq:Fisher} {\bf {F}}(\boldsymbol {\theta }) = \sum _{m=1}^M {\bf {F}}_m(\boldsymbol {\theta }) = \sum _{m=1}^M \mathbb {E}\left \{ \left (\frac {\partial \ln {p({y_m};\boldsymbol {\theta })}}{\partial \boldsymbol {\theta }} \right )\left (\frac {\partial \ln {p({y_m};\boldsymbol {\theta })}}{\partial \boldsymbol {\theta }} \right )^T\right \}.\end {align}
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\begin {equation}\label {eq:Fisher_simp} \mathbf {F}_m(\boldsymbol {\theta })=\frac {1}{\sigma _m^2}\left (\frac {\partial h_m(\boldsymbol {\theta })}{\partial \boldsymbol {\theta }}\right )\left (\frac {\partial h_m(\boldsymbol {\theta })}{\partial \boldsymbol {\theta }}\right )^T,\end {equation}
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\begin {equation}{\bf {F}}(\mathcal {S}, \boldsymbol {\theta }) = \sum _{m\in \mathcal {S}} {\bf {F}}_m(\boldsymbol {\theta }). \label {Xeqn4-5}\end {equation}
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\begin {align}\label {eq:DD} {f}(\mathcal {S},\boldsymbol {\theta }) &= \ln \left ( { \det \left ( {\bf {F}}(\mathcal {S}, \boldsymbol {\theta }) + \varepsilon {\bf {I}} \right )} \right ) \geq \gamma ,\
\text {with}\ \gamma = 2N\ln \left ( {\sqrt {\xi }}/{{\bar {R}_e}} \right ),\end {align}
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\begin {equation}\label {eq: 99} {g}(\mathcal {S},\boldsymbol {\theta }_d, \gamma _d) = \min \left ( {f}(\mathcal {S},\boldsymbol {\theta }_d), \gamma _d\right ),\end {equation}


$\min (a,b)$
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\begin {equation}{f}(\mathcal {S},\boldsymbol {\theta }_d) \geq \gamma _d, \forall d\in \mathcal {D} \Leftrightarrow \frac {1}{D}\sum _{d=1}^{D}{{g}(\mathcal {S},\boldsymbol {\theta }_d, \gamma _d)} = \frac {1}{D}\sum _{d=1}^{D}{ \gamma _d } = \bar {\gamma }, \label {Xeqn6-8}\end {equation}


$\Leftrightarrow $


${f}(\mathcal {S}, \boldsymbol {\theta }_d) \geq \gamma _d, \forall d \in {\mathcal {D}}$


\begin {equation}\frac {1}{D}\sum _{d=1}^{D}{{g}(\mathcal {S},\boldsymbol {\theta }_d,\gamma _d)} = \bar {\gamma }.\label {cs:17}\end {equation}
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\begin {equation}\begin {aligned} \textbf {P}_{1}:\quad &\min \limits _{\mathcal {S}\subseteq \mathcal {M}} & & {|\mathcal {S}|} \\ &\text { s.t.} & & \frac {1}{D}\sum _{d=1}^{D}{{g}(\mathcal {S},\boldsymbol {\theta }_d, \gamma _d)} = \bar {\gamma }. \label {problem:8} \end {aligned}\end {equation}
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\begin {equation}\label {feasible_eq} \sum _{d=1}^{D}{{g}(\mathcal {M},\boldsymbol {\theta }_d,\gamma _d)} /D=\bar {\gamma }.\end {equation}
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\begin {equation}\varepsilon \ll \min _{m\in \mathcal {M}, d\in \mathcal {D}} \lambda _{\min }^{+}\left ( {\bf {F}}_m(\boldsymbol {\theta }_{d}) \right ), \label {eq:_condi17}\end {equation}
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${\bf {F}} ( \mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_d )$


${g}(\mathcal {S}^{(k)},\boldsymbol {\theta }_d,\gamma _d)$


$\varepsilon {\bf I}$


$\varepsilon {\bf I}$


$\delta _{j}\left (\mathcal {S}^{(k)}\right )$


$\beta _{k+1} = \delta _{s_{k+1}}\left (\mathcal {S}^{(k)}\right )$


$\delta ( \mathcal {M} , \mathcal {S}^{(k)} )$


$\varepsilon {\bf I}$


$\tilde {\alpha }$


$\varepsilon $


$N^\ast $


$N^\ast $


$N^\ast = K \neq 1$


${\bf {F}} \left ( \mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_d \right )$


$d \in \mathcal {D}$


$K$


$\varepsilon {\bf I}$


$N^\ast =K=1$


$\textbf {P}_1$


$1 \le N^\ast < K$


$K > 1$


$\tilde {\alpha } \leq \alpha $


$\bar {\alpha }$


$N^{\ast }/K_{\rm {opt}}$


$\varepsilon $


$\bar {\alpha }$


$\tilde {\alpha }$


$\alpha $


$\varepsilon $


$\varepsilon $


$f(\mathcal {S}, \boldsymbol {\theta })$


$d \in \mathcal {D}$


$f \left (\mathcal {S}^{(1)}, \boldsymbol {\theta }_{d}\right ) \leq \gamma _d$


$\lambda _i({\bf {A}})$


$i$


$\bf {A}$


$\boldsymbol {\lambda }\left ( {\bf {F}}(\mathcal {S}, \boldsymbol {\theta }_{d})\right ) = \left [\lambda _1\left ( {\bf {F}}(\mathcal {S}, \boldsymbol {\theta }_{d})\right ),\dots , \lambda _N\left ( {\bf {F}}(\mathcal {S}, \boldsymbol {\theta }_{d})\right )\right ]^T$


${\bf {F}}(\mathcal {S}, \boldsymbol {\theta }_d)$


$\tilde {\alpha }$


$\alpha > \bar {\alpha }$


$\varepsilon $


\begin {equation}{\varepsilon }^{\sum _{n=1}^D{\tilde {n}_d}} < \prod _{d=1}^D \left ( \prod _{n=1}^{\tilde {n}_d} \lambda _n \left ( \mathbf {F} \left (\mathcal {S}^{(1)}, \boldsymbol {\theta }_{d} \right )\right ) {\left (\frac {1}{\prod _{n=1}^{N} \left ( 1 + \kappa _{d,n} \right )}\right )^{e^{{N^{\ast }}/{K_{\rm {opt}}}}}} \right ), \label {neq:var}\end {equation}


$\tilde {n}_d$


${\bf {F}}\left (\mathcal {S}^{(1)}, \boldsymbol {\theta }_{d}\right )$


$\kappa _{d,n} = \lambda _n ( ( {\bf {F}} (\mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_{d}) )^{-1} {\bf {F}}_{s_{N^\ast +1}}( \boldsymbol {\theta }_{d})) \geq 0$


$\mathbf {F}_m(\boldsymbol {\theta })$


$d \in \mathcal {D}$


$m\in \mathcal {M}$


$\varepsilon $


$\varepsilon $


$\bar {\alpha }$


$\tilde {\alpha }$


$\alpha $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$f(\mathcal {S}, \boldsymbol {\theta })$


\begin {equation}\frac { \sum _{d\in \bar {\mathcal {D}}^{(1)} } \left ( f \left ( \mathcal {S}^{(1)},\boldsymbol {\theta }_d \right ) - f \left ( \emptyset ,\boldsymbol {\theta }_d \right ) \right ) + \sum _{d\in \mathcal {D} \backslash \bar {\mathcal {D}}^{(1)} } \left ( \gamma _d - f \left ( \emptyset ,\boldsymbol {\theta }_d \right ) \right ) } { \sum _{d\in \bar {\mathcal {D}}^{(1)} } \left ( f \left ( \mathcal {S}^{(N^{\ast }+1)},\boldsymbol {\theta }_v \right ) - f \left ( \mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_v \right ) \right ) } > e^{\frac {N^\ast }{K_{\mathrm {opt}}}}, \label {neq:355}\end {equation}


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\textbf {P}_{1}$


$\textbf {P}_{\mathrm {avg}}$


$\varepsilon $


$\varepsilon $


$\textbf {P}_{1}$


$N^{\ast }$


${\bf F}(\mathcal {S}^{(k)},\boldsymbol {\theta }_d)$


$d\in \mathcal {D}$


$k$


$N^{\ast }=N$


$K$


$\bar {\alpha }$


$\alpha $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\textbf {P}_{\mathrm {avg}}$


$\textbf {P}_{\mathrm {avg}}$


$\textbf {P}_{1}$


$\sum _{d=1}^D f(\mathcal {S},\boldsymbol {\theta }_d) \ge \bar {\gamma }$


$\tilde {\alpha }$


$\textbf {P}_{\mathrm {avg}}$


$N^{\ast } = N$


$K$


$\bar {\alpha }$


$\alpha $


$\alpha $


$\bar {\alpha }$


$\textbf {P}_{\mathrm {avg}}$


$\mathcal {U}$


$\mathcal {U}$


$\mathcal {U}$


$\gamma _1 = \cdots = \gamma _D = \bar {\gamma }$


$\sum _{d=1}^D \pi _d f(\mathcal {S}, \boldsymbol {\theta }_d)/D$


$\pi _d = 1$


$\min _{d\in \mathcal {D}} f({\mathcal {S}},\boldsymbol {\theta }_d) \geq \bar {\gamma }$


$\ell _1$


$\ell _1$


$j^{\ast }_{d,k} = \arg \max _{j\in \mathcal {M}\backslash \mathcal {S}^{(k-1)}} \left \{ f \left ({\mathcal {S}}^{(k-1)}\cup \{j\},\boldsymbol {\theta }_d \right ) - f\left ({\mathcal {S}}^{(k-1)},\boldsymbol {\theta }_d\right ) \right \}$


$\min _{d\in \mathcal {D}} f({\mathcal {S}},\boldsymbol {\theta }_d) \geq \bar {\gamma }$


$\mathcal {U}$


$\mathcal {M}$


$M=|\mathcal {M}|=80$


$\boldsymbol {\theta }=\left [\theta _1,\theta _2\right ]^T$


$\mathbf {a}_m=\left [a_{m,1},a_{m,2}\right ]^T$


$m$


$\boldsymbol {\theta }$


$\mathcal {U}$


$2.5\,\text {m}$


$D=|\mathcal {U}|=81$


$20\,\text {m} \times 20\,\text {m}$


$d_m(\boldsymbol {\theta }) = \|\boldsymbol {\theta } - \mathbf {a}_m\|_2$


$m$


\begin {equation}y_m=d_m(\boldsymbol {\theta })+n_m, \ m=1,2, \ldots , M,\label {eq:model}\end {equation}


$n_m \sim \mathcal {N}(0, \sigma ^2_m)$


$\sigma ^2_m=\sigma ^2 d_m^2(\boldsymbol {\theta })$


$\sigma ^2$


$\mathbf {F}_m(\boldsymbol {\theta })$


\begin {equation}\mathbf {F}_m(\boldsymbol {\theta })= \frac {\left (\boldsymbol {\theta }-\mathbf {a}_m\right )\left (\boldsymbol {\theta }-\mathbf {a}_m\right )^{T}}{\sigma _m^{2} ||\boldsymbol {\theta }-\mathbf {a}_m ||_2^{2}}. \label {eq:42}\end {equation}


$\sigma _m^2$


$\boldsymbol {\theta }$


$\mathbf {F}_m(\boldsymbol {\theta })$


$\mathbf {F}_m(\boldsymbol {\theta }) \in \mathbb {R}^{N \times N}$


$1$


$\sigma ^2 = 2\times 10^{-3}$


$\varepsilon = 1\times 10^{-5}$


$P_e = 0.9$


$\bar {\gamma }$


$\bar {R}_e = 1.2\, \text {m}$


$\ell _1$


$\ell _1$


$\sum _{d\in \mathcal {D}} f({\mathcal {S}},\boldsymbol {\theta }_d)/D \geq \bar {\gamma }$


$\bar {R}_e$


$\boldsymbol {\theta }_d \in \mathcal {U}$


$\sum _{d\in \mathcal {D}} f({\mathcal {S}},\boldsymbol {\theta }_d)/D \geq \bar {\gamma }$


$\bar {\gamma }$


$K$


$\bar {R}_e$


$\bar {R}_e$


$\varepsilon {\bf I}$


$\mathcal {S}^{(K)}$


$\sum _{d=1}^{D}\ln \det ({\bf F}(\mathcal {S}^{(K)},\boldsymbol {\theta }_d))/D$


$K$


$K$


$K$


$\sqrt {\sum _{mc=1}^{Q}\sum _{d=1}^D{||\hat {\boldsymbol {\theta }}_d^{(mc)} - \boldsymbol {\theta }_d||^2_2}/QD}$


$\sqrt {\sum _{mc=1}^{Q} \max _{d\in \mathcal {D}} ||\hat {\boldsymbol {\theta }}_d^{(mc)}-\boldsymbol {\theta }_d||_2^2/Q}$


$Q$


$10000$


$10$


$1/(y^2_m \sigma ^2)$


$1/(y^2_m \sigma ^2)$


$1/\sigma ^2_m=1/(d^2_m \sigma ^2)$


$d_m$


$K$


$\ell _1$


$K \leq 24$


$j$


$f(\mathcal {S}^{(k-1)} \cup \{j\}, \boldsymbol {\theta }_d) - f(\mathcal {S}^{(k-1)}, \boldsymbol {\theta }_d)$


$\boldsymbol {\theta }_d$


$K$


$K$


$K = 15$


$K=25$


$D=81$


$D$


$\{25,81,289,1089,4225\}$


$\{5~\text {m},2.5~\text {m},1.25~\text {m},0.625~\text {m},0.3125~\text {m}\}$


$20~\text {m}\times 20~\text {m}$


$K$


$D$


$K$


$D$


$\bar {\gamma }$


$\bar {R}_e = 1.2~\text {m}$


$D$


$\ell _1$


$D$


$K$


$D$


$D$


$\mathcal {U}_0$


$\bar {\gamma }$


$\bar {R}_e = 3 \,\text {m}$


$100\,\text {m} \times 100\,\text {m}$


$10\,\text {m}$
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$32\,\text {m}$
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$D=125$


$8\,\text {m}$


$C(z)$


$z$


$C(z) = b + az$


$b$


$a$


${\mathbf {y}} = \left [{y}_1, {y}_2, \ldots , {y}_M\right ]^T$


${\mathbf {y}}=\mathbf {t}(\mathbf {x})+\mathbf {n}$


$\mathbf {t}(\mathbf {x}) = [t_1, t_2, \dots , t_M]^T$


$\mathbf {x}=[x_1, x_2, x_3]^T$


\begin {equation}t_m=-\frac {1}{a}\left (\log \frac {1+\sin \psi ^{\mathrm {G}}}{\cos \psi ^{\mathrm {G}}}-\log \frac {1+\sin \psi ^{\mathrm {A}}}{\cos \psi ^{\mathrm {A}}}\right ), \label {Xeqn25-33}\end {equation}


$\psi ^{\mathrm {G}}$


$\psi ^{\mathrm {A}}$


$\mathbf {n}$


$\mathbb {E}(\mathbf {n}\mathbf {n}^T) = \operatorname {diag}\left (\sigma _1^2, \sigma _2^2, \ldots , \sigma _M^2\right )$


$\sigma _m^2 = K_EA(l_m,\omega )$


$K_E = -30\,\text {dB}$


$A(l_m, \omega )=\left ({l_m}/{l_0}\right )^\zeta \left ( L(\omega ) \right )^{l_m-l_0}$


$l_m$


$l_0 = 1000\,\text {m}$


$\zeta = 2$


$L(\omega ) = 1\,\text {dB/km}$


$\varepsilon = 1~\times ~10^{-3}$


$P_e = 0.9$


$b=1480\,\text {m/s}$


$a=0.1\,\text {m/s}$


$\ell _1$


$K$


$\bar {R}_e$


$\bar {R}_e$


$\ell _1$


$\boldsymbol {\theta }_d$


$\mathcal {U}$


$\ell _1$


$\varepsilon $


$\varepsilon \mathbf {I}$


$\mathcal {M}$


$q:2^{\mathcal {M}}\rightarrow \mathbb {R}$


$\forall {\mathcal {A}}\subseteq \mathcal {B} \subseteq \mathcal {M}$


$j\in \mathcal {M}\backslash \mathcal {B}$


\begin {equation}q(\mathcal {A}\cup \{j\}) - q(\mathcal {A}) \geq q(\mathcal {B}\cup \{j\}) - q(\mathcal {B}). \label {Xeqn26-A.1}\end {equation}


$(1-1/e)$


$q: 2^{\mathcal {M}} \rightarrow \mathbb {R}$


$q(\emptyset )=0$


$\mathcal {M}$


$\mathcal {S}_{\rm {opt}}$


\begin {equation}\underset {\mathcal {S} \subseteq \mathcal {M}}{ \max } q(\mathcal {S}), \quad \text {s.t. } |\mathcal {S}|=K. \nonumber \end {equation}


$\mathcal {S}^{(K)}$


$\mathcal {M}$


$q(\mathcal {S})$


$\mathcal {S}^{(K)}$


$(1-1/e)$


\begin {equation}q\left (\mathcal {S}^{(K)}\right ) \geq \left (1-\frac {1}{e}\right ) q(\mathcal {S}_{\rm {opt}}), \label {eq:1e}\end {equation}


$e$


$\varepsilon $


$(1-1/e)$


$\varepsilon \mathbf {I}$


$(1-1/e)$


\begin {equation}f\left (\mathcal {S}^{(K)}, \mathbf {\theta }\right ) \geq \left (1-\frac {1}{e}\right ) f\left (\mathcal {S}_{\rm {opt}}, \mathbf {\theta }\right ) + \frac {1}{e} N \ln \varepsilon . \label {eq:1e2}\end {equation}


$(N\ln \varepsilon )/e$


$\varepsilon $


$(1 - 1/e)$


$\tilde {\alpha } \leq \alpha $


\begin {align}\! \max _{j\in \mathcal {M}\backslash \mathcal {S}^{(N^{\ast })},\,p\in \mathcal {K}\backslash \mathcal {N}^{\ast }} \!\! \left \{ \!\! \frac {\delta _j \! \left ( \mathcal {S}^{(N^{\ast })}\right )}{\delta _j \! \left (\mathcal {S}^{(p)}\right )} \!\! \right \} \! \! \leq \! \! \max _{j\in \mathcal {M},\,p\in \mathcal {K}} \!\! \left \{ \!\! \frac {\delta _j \! \left (\mathcal {S}^{(N^\ast )}\right )}{\delta _j \! \left (\mathcal {S}^{(p)}\right )} \!\! \right \} \! \! \leq \! \! \max _{j\in \mathcal {M},\,p\in \mathcal {K}} \!\! \left \{ \!\! \frac {\delta _j \! \left (\mathcal {S}^{(0)}\right )}{\delta _j (\mathcal {S}^{(p)})} \!\! \right \}.\end {align}


$\alpha - \tilde {\alpha }$


$\alpha - \tilde {\alpha } = \ln {\beta _1}/{\beta _{N^{\ast }+1}}$


$\beta _1 = \delta _{s_1}\left (\mathcal {S}^{(0)}\right )\geq \delta _{s_{N^{\ast }+1}}\left (\mathcal {S}^{(0)}\right )$


$\beta _k$


$\delta _{s_{N^{\ast }+1}}\left (\mathcal {S}^{(0)}\right )\geq \delta _{s_{N^{\ast }+1}}\left (\mathcal {S}^{(N^{\ast })}\right )= \beta _{N^{\ast }+1}.$


$\beta _1 \geq \beta _{N^\ast +1}$


$\alpha - \tilde {\alpha } = \ln ({\beta _1}/{\beta _{N^{\ast }+1}})\geq 0$


$\alpha - \tilde {\alpha }$


$\alpha - \tilde {\alpha } = \ln \left ( { \delta \left (\mathcal {M} , \emptyset \right ) }/ { \delta \left (\mathcal {M} , \mathcal {S}^{(N^{\ast })}\right )} \right ) \geq 0$


$g\left (\mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_d , \gamma _d\right )\geq g\left (\emptyset ,\boldsymbol {\theta }_d , \gamma _d\right )$


$\delta \left (\mathcal {M} , \emptyset \right )\geq \delta \left (\mathcal {M} , \mathcal {S}^{(N^{\ast })}\right )$


\begin {align}\alpha - \bar {\alpha }=\ln \frac {\beta _1}{\beta _{K}} - \left ( \ln \frac {\beta _{N^{\ast }+1}}{\beta _{K}} + \frac {N^{\ast }}{K_{\rm {opt}}} \right ) =\ln \frac {\beta _1}{\beta _{N^{\ast }+1}} - \frac {N^{\ast }}{K_{\rm {opt}}} > 0, \label {neq:58}\end {align}


$\varepsilon $


$\beta _{k}$


$\delta _j\left (\mathcal {S}^{(k-1)}\right )$


\begin {align}\label {beta1N} \frac {\beta _1}{\beta _{N^{\ast }+1}} \! = \! \frac { \delta _{s_1}\left (\mathcal {S}^{(0)}\right )}{ \delta _{s_{N^{\ast }+1}}\left (\mathcal {S}^{(N^{\ast })}\right )} \!= \! \frac { \sum _{d=1}^D \left ( {g} \left (\mathcal {S}^{(1)},\boldsymbol {\theta }_d,\gamma _d\right )- {g}\left (\mathcal {S}^{(0)},\boldsymbol {\theta }_d,\gamma _d\right )\right ) }{ \sum _{d=1}^D \left ( {g}\left (\mathcal {S}^{(N^{\ast }+1)},\boldsymbol {\theta }_d,\gamma _d\right )- {g}\left (\mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_d,\gamma _d\right )\right ) }.\end {align}


$\bar {\mathcal {D}}^{(k)}$


\begin {align}&\sum _{d=1}^D \left ( {g} \left (\mathcal {S}^{(1)},\boldsymbol {\theta }_d,\gamma _d\right )- {g}\left (\mathcal {S}^{(0)},\boldsymbol {\theta }_d,\gamma _d\right )\right ) \nonumber \\ &\quad = \sum _{d\in \bar {\mathcal {D}}^{(1)} } \left ( f \left ( \mathcal {S}^{(1)},\boldsymbol {\theta }_d \right ) - f \left ( \emptyset ,\boldsymbol {\theta }_d \right ) \right ) + \sum _{d\in \mathcal {D} \backslash \bar {\mathcal {D}}^{(1)} } \left ( \gamma _d - f \left ( \emptyset ,\boldsymbol {\theta }_d \right ) \right ). \label {eq:fenzi}\end {align}


$f\left (\mathcal {S}^{(k)},\boldsymbol {\theta }_d\right )$


$f \left ( \mathcal {S}^{(1)},\boldsymbol {\theta }_d \right ) \geq \gamma _d$


$f \left ( \mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_d \right )$


$f \left ( \mathcal {S}^{(N^{\ast }+1)},\boldsymbol {\theta }_d \right )$


$\gamma _d$


$g\left (\mathcal {S}^{(N^{\ast }+1)},\boldsymbol {\theta }_d, \gamma _d\right )- g\left (\mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_d, \gamma _d\right )=\gamma _d-\gamma _d=0$


$g\left (\mathcal {S}^{(N^{\ast }+1)},\boldsymbol {\theta }_d, \gamma _d\right )=\gamma _d$


$g\left (\mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_d, \gamma _d\right ) \neq \gamma _d$


${g}(\mathcal {S}^{(k)},\boldsymbol {\theta }_d, \gamma _d)$


$g\left (\mathcal {S}^{(N^{\ast }+1)},\boldsymbol {\theta }_d, \gamma _d\right )- g\left (\mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_d, \gamma _d\right ) = \gamma _d - f\left (\mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_d\right ) \leq f\left (\mathcal {S}^{(N^{\ast }+1)},\boldsymbol {\theta }_d\right )- f\left (\mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_d\right )$


\begin {equation}g\left (\mathcal {S}^{(N^{\ast }+1)},\boldsymbol {\theta }_d, \gamma _d\right )- g\left (\mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_d, \gamma _d\right ) \leq f\left (\mathcal {S}^{(N^{\ast }+1)},\boldsymbol {\theta }_d\right )- f\left (\mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_d\right ). \label {s_N}\end {equation}


\begin {align}\frac {\beta _1}{\beta _{N^{\ast }+1}} \! \geq \! \frac { \sum _{d\in \bar {\mathcal {D}}^{(1)} } \! \left ( f \left ( \mathcal {S}^{(1)},\boldsymbol {\theta }_d \right ) \! - \! f \left ( \emptyset ,\boldsymbol {\theta }_d \right ) \right ) \! + \! \sum _{d\in \mathcal {D} \backslash \bar {\mathcal {D}}^{(1)} } \left ( \gamma _d \! - \! f \left ( \emptyset ,\boldsymbol {\theta }_d \right ) \right ) } { \sum _{d\in \bar {\mathcal {D}}^{(1)} } \left ( f \left ( \mathcal {S}^{(N^{\ast }+1)},\boldsymbol {\theta }_v \right ) - f \left ( \mathcal {S}^{(N^{\ast })},\boldsymbol {\theta }_v \right ) \right ) }, \label {eq:72}\end {align}


$\ln ({\beta _1}/{\beta _{N^{\ast }+1}}) > {N^{\ast }}/{K_{\rm {opt}}}$


$\alpha > \bar {\alpha }$


$f\left (\mathcal {S}^{(1)}, \boldsymbol {\theta }_{d}\right ) \leq \gamma _d$


$\bar {\mathcal {D}}^{(1)} = \mathcal {D}$


${f}\left ( \emptyset , \boldsymbol {\theta }_d \right ) = N\ln \varepsilon $


$\varepsilon $


\begin {equation}{\varepsilon }^{D N} < \prod _{d=1}^D \left ( \det \left ( \mathbf {F}\left ( \mathcal {S}^{(1)}, \boldsymbol {\theta }_d \right ) + \varepsilon \mathbf {I} \right ) {\left ( \frac { \det \left ( {\bf {F}}\left (\mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_{d}\right ) + \varepsilon \mathbf {I} \right ) }{ \det \left ({\bf {F}}\left (\mathcal {S}^{(N^{\ast }+1)}, \boldsymbol {\theta }_{d}\right ) + \varepsilon \mathbf {I}\right ) } \right )^{e^{{N^{\ast }}/{K_{\rm {opt}}}}}} \right ), \label {neq:appD_1}\end {equation}


${\bf {F}}\left (\mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_{d}\right )$


\begin {align}& \det \left ( {\bf {F}}\left (\mathcal {S}^{(N^{\ast }+1)}, \boldsymbol {\theta }_{d}\right ) + \varepsilon \mathbf {I}\right ) \nonumber \\ &= \det \left ( {\bf {F}}\left (\mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_{d}\right ) + \varepsilon \mathbf {I} \right ) \det \left ( \mathbf {I} + \left ({\bf {F}}\left (\mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_{d}\right ) + \varepsilon \mathbf {I} \right )^{-1} {\bf {F}}_{s_{N^\ast +1}}\left ( \boldsymbol {\theta }_{d} \right ) \right ) \nonumber \\ &\leq \det \left ( {\bf {F}}\left (\mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_{d}\right ) + \varepsilon \mathbf {I} \right ) \det \left ( \mathbf {I} + \left ({\bf {F}}\left (\mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_{d}\right ) \right )^{-1}{\bf {F}}_{s_{N^\ast +1}}\left ( \boldsymbol {\theta }_{d} \right ) \right ) \nonumber \\ &= \det \left ( {\bf {F}}\left (\mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_{d}\right ) + \varepsilon \mathbf {I} \right ) \prod _{n=1}^{N} \left ( 1 + \kappa _{d,n} \right ) , \label {eq:dec_det}\end {align}


$\kappa _{d,n} = \lambda _n ( ( {\bf {F}} (\mathcal {S}^{(N^{\ast })}, \boldsymbol {\theta }_{d}) )^{-1} {\bf {F}}_{s_{N^\ast +1}}( \boldsymbol {\theta }_{d}))$


$\varepsilon $


\begin {equation}{\varepsilon }^{D N} < \prod _{d=1}^D \left ( \det \left ( \mathbf {F}\left ( \mathcal {S}^{(1)}, \boldsymbol {\theta }_d \right ) \right ) {\left ( \frac { 1 } { \prod _{n=1}^{N} \left ( 1 + \kappa _{d,n} \right ) } \right )^{e^{{N^{\ast }}/{K_{\rm {opt}}}}}} \right ). \label {neq:appD_2}\end {equation}


$\tilde {n}_d$


${\bf {F}}\left (\mathcal {S}^{(1)}, \boldsymbol {\theta }_{d}\right )$
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the nonconvex parts to obtain a convex program [3,5,7,22]. Specifically, 
by exploiting the additive property of the FIM and relaxing 𝐰 ∈ {0, 1}𝑀

to 𝐰 ∈ [0, 1]𝑀 , the sensor selection problem P0 is then approximated as 
a convex one. The relaxed solution is then rounded to produce a subopti-
mal Boolean selection. However, naive rounding can noticeably degrade 
performance. Accordingly, several refinement strategies have been pro-
posed to trade computational cost for improved performance [15,21].

On the other hand, greedy algorithms are well-suited to sensor selec-
tion problems due to their low computational complexity [17–19,21]. 
They have an optimality guarantee of (1 − 1∕𝑒) times the optimal per-
formance metric for solving submodular optimization problems [23], 
where 𝑒 is Euler’s number. For nonlinear measurement models, greedy 
algorithms must handle multiple performance constraints associated 
with all 𝐷 discrete points 𝜽𝑑 ∈ 0. Let  and 𝑓 ( ,𝜽𝑑 ) denote the se-
lected sensor set and the performance metric with respect to (w.r.t.) 
and 𝜽𝑑 , respectively. As greedy algorithms require a scalar metric to 
determine the next sensor, it is natural to replace multiple constraints 
with a weighted average of them. For example, the weighted average 
frame potential (FP) and the weighted average log volume of the confi-
dence ellipsoid (VCE) are employed in [24], which preserve submodu-
larity. However, this averaging approach cannot guarantee the worst-
case performance over all 𝑑 ∈ . Alternatively, the minimum value 
among all performance metrics in the domain 0 is employed in [5], 
i.e., min𝑑∈ 𝑓 ( ,𝜽𝑑 ) ≥ 𝛾. Although it ensures that all constraints are sat-
isfied, the corresponding greedy algorithm may result in arbitrarily poor 
performance [25]. Because the function min𝑑∈ 𝑓 ( ,𝜽𝑑 ) is neither sub-
modular nor convex, the greedy algorithm in [5] cannot provide an opti-
mality guarantee. The robust submodular maximization problem related 
to P0 is addressed in [25] and [26], where greedy algorithms are devel-
oped to maximize the minimum value of multiple submodular functions 
under various constraints (e.g., cardinality or matroid constraints). A 
truncated submodular function is employed by the algorithm in [25] 
with an adaptive threshold, which is obtained by a binary search under 
an approximation of the cardinality constraint. The correlation between 
submodular functions is leveraged in [26]. However, the performance 
of the greedy algorithm in [26] may degrade when the curvature and 
correlation ratio of the submodular functions are low.

Sensor placement for target localization is one representative appli-
cation scenario of the sensor selection problem P0. In this scenario, the 
finite candidate set for sensor selection can be obtained by discretizing 
the deployable region. This paper and the aforementioned related works 
primarily focus on the combinatorial formulation P0, which selects a 
subset of candidate locations from the finite set. In contrast, several 
sensor placement works [27–30] directly optimize continuous sensor 
positions. These works typically consider specific measurement modal-
ities with corresponding noise assumptions, and design the deployment 
for a known or nominal target state. Therefore, they are conceptually 
related but differ from the sensor selection problem P0 in terms of opti-
mization variables and modeling assumptions. Accordingly, this paper 
focuses on combinatorial sensor selection from a finite candidate set un-
der a generic nonlinear measurement model. We enforce a worst-case 
requirement over  , which differs from continuous placement designs 
that typically optimize deployments for a nominal target state.

1.2.  Contributions

This paper develops a greedy algorithm to address the sensor selec-
tion problem under nonlinear measurement models. The main contribu-
tions are summarized as follows:

1. A performance metric is introduced to simultaneously maintain sub-
modularity and ensure the performance constraints for all 𝜽𝑑 ∈ 0
with 𝑑 ∈  are satisfied.  This metric is defined as the average 
of truncated submodular functions, whose inputs are the prede-
fined threshold 𝛾 and the values of submodular functions. In this 
work, the submodular functions are chosen as ln det(𝐅( ,𝜽𝑑 ) + 𝜀𝐈), 

where 𝐅( ,𝜽𝑑 ) is the FIM associated with the selected sensor set 
 and the discrete point 𝜽𝑑 . The auxiliary term 𝜀𝐈 helps to make 
ln det(𝐅( ,𝜽𝑑 ) + 𝜀𝐈) well-defined.

2. As the performance metric is designed to be submodular, a greedy 
algorithm with optimality guarantees is proposed accordingly. Simu-
lation results show that it achieves similar performance as its convex 
counterpart [3] with significantly reduced computational complex-
ity.

3. The proposed sensor selection formulation belongs to the general 
class of submodular set covering problems [31]. However, the ex-
isting optimality guarantees on the number of selected sensors pro-
vided in [31] are overly conservative due to the auxiliary term 𝜀𝐈. 
To address this issue, novel 𝜀-independent upper bounds on the num-
ber of selected sensors are derived. These bounds are also applicable 
to other greedy algorithms [17,19,21,24], where similar auxiliary 
terms are introduced.
The remainder of this paper is organized as follows. Section 2 re-

views the sensor selection problem under a generic nonlinear measure-
ment model. It also introduces the concept of the average of truncated 
submodular functions to address multiple constraints while preserving 
submodularity. Section 3 presents a greedy algorithm designed to solve 
the sensor selection problem with nonlinear measurement models. In
Section 4, theoretical analyses and new optimality guarantees that 
are independent of the auxiliary parameter 𝜀 are provided. Section 5 
presents numerical results, and Section 6 concludes the paper.

Notations: Upper case calligraphic and boldface upper (lower) case 
letters, e.g.,  and 𝐀 (𝐚), denote sets and matrices (column vectors), 
respectively. An identity matrix with proper dimensions is represented 
by 𝐈. The operators (⋅)𝑇 , ‖ ⋅ ‖, det (⋅), tr(⋅), and rank(⋅) correspond to the 
transpose, norm, determinant, trace, and rank operations, respectively. 
The function | ⋅ | denotes the cardinality of a set. The expression 𝐀 ≻ 0
(𝐀 ⪰ 0) denotes that 𝐀 is a positive (semi)definite matrix.

2.  Problem analysis and statement

This section introduces the sensor selection problem with a generic 
nonlinear measurement model. The multi-constraint challenge is ad-
dressed by replacing the multiple inequality constraints in P0 with a 
single equality constraint. This equality enforces that the average of the 
truncated submodular metric functions equals a predefined threshold. 
The novel problem formulation helps to develop greedy algorithms with 
optimality guarantees, and ensures that all constraints are fulfilled ac-
cordingly.

2.1.  Nonlinear measurement model

We explore the same generic nonlinear measurement model as [3]:
𝑦𝑚 = ℎ𝑚(𝜽, 𝑛𝑚), 𝑚 = 1, 2,… ,𝑀, (2)

where the parameters of interest are collected in the vector 𝜽 ∈ ℝ𝑁  with 
𝑁 denoting the length of 𝜽. Moreover, the measurement 𝑦𝑚 from the 𝑚th 
sensor is the output of the generic nonlinear function ℎ𝑚(⋅), whose inputs 
are the unknown 𝜽 and the noise term 𝑛𝑚. Note that the noise 𝑛𝑚 may 
depend on 𝜽. Let us define 𝐲 = [𝑦1, 𝑦2,… , 𝑦𝑀 ]𝑇 ∈ ℝ𝑀  to encompass all 
measurements, and 𝑝(𝐲;𝜽) to represent the probability density function 
(pdf) of the measurements parameterized by 𝜽. The nonlinear model 
(2) fulfills the regularity condition [32] and satisfies the independent 
measurement assumption.

The covariance of any unbiased estimate of 𝜽 based on 𝐲 is lower 
bounded by the inverse of the FIM, where the FIM is given by [3]: 

𝐅(𝜽) =
𝑀
∑

𝑚=1
𝐅𝑚(𝜽) =

𝑀
∑

𝑚=1
𝔼

{

(

𝜕 ln 𝑝(𝑦𝑚;𝜽)
𝜕𝜽

)(

𝜕 ln 𝑝(𝑦𝑚;𝜽)
𝜕𝜽

)𝑇
}

. (3)

The Fisher information exhibits the additive property for independent 
observations. The additive property helps to develop a submodular per-
formance metric. Note that the individual FIM 𝐅𝑚(𝜽) of size 𝑁 ×𝑁 is 
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related to the 𝑚th sensor. It may not be full rank. For example, when 
the noise 𝑛𝑚 is zero-mean additive white Gaussian noise (AWGN) with 
variance 𝜎2𝑚 independent of 𝜽, the individual FIM 𝐅𝑚(𝜽) in (3) simplifies 
to

𝐅𝑚(𝜽) =
1
𝜎2𝑚

(

𝜕ℎ𝑚(𝜽)
𝜕𝜽

)(

𝜕ℎ𝑚(𝜽)
𝜕𝜽

)𝑇
, (4)

which is of rank 1. As the individual FIM 𝐅𝑚(𝜽) may not be of full rank, it 
may introduce a rank-deficiency issue, which will be discussed in detail 
in the following subsection.

2.2.  Performance metric

Let  represent the set containing all 𝑀 sensors. By the additive 
property of the FIM, the FIM related to the selected subset  at the 
point 𝜽 ∈ 0 is given by
𝐅( ,𝜽) =

∑

𝑚∈
𝐅𝑚(𝜽). (5)

Since the individual FIMs 𝐅𝑚(𝜽) may not be full rank, the overall FIM 
𝐅( ,𝜽) can also be singular. This rank deficiency may render some FIM-
based performance metrics ill-defined, as discussed below. Three typical 
scalar forms of the FIM are widely used in the literature [2,3,7,21]:

• tr
(

(𝐅( ,𝜽) + 𝜀𝐈)−1
)

: the trace of the inverse of the FIM.
• ln det(𝐅( ,𝜽) + 𝜀𝐈): the logarithm of the determinant of the FIM.
• 𝜆min(𝐅( ,𝜽)): the minimum eigenvalue of the FIM.

These three criteria are commonly known as the A-, D-, and E-optimality 
criteria, respectively. The auxiliary term 𝜀𝐈 is introduced in the first two 
metrics for two main reasons. First, when  = ∅, we have 𝐅(∅,𝜽) = 𝟎. In 
this case, the inverse and ln det(⋅) operations are undefined. The term 𝜀𝐈
avoids this issue. Second, 𝐅( ,𝜽) may be singular even when  ≠ ∅. The 
term 𝜀𝐈 also helps mitigate the rank-deficiency issue. Thus, the inclu-
sion of 𝜀𝐈 is necessary to ensure that the first two scalar measures are 
well-defined. When 𝜀 is properly chosen, it does not change the optimal 
solution of the sensor selection problem [19]. However, it can influence 
the optimality guarantees of greedy algorithms. This effect is discussed 
in detail in Section 4.

Among the aforementioned three scalar forms, only the perfor-
mance metric ln det(𝐅( ,𝜽) + 𝜀𝐈) is a monotone submodular function 
w.r.t  [7,17,19]. Its submodularity and nondecreasing nature have 
been proved in [7, Theorem VI.2]. These properties enable the use 
of a greedy algorithm with a (1 − 1∕𝑒) optimality guarantee [23].
Appendix A provides the definition of submodularity and the (1 − 1∕𝑒)
optimality guarantee. The scalar function tr((𝐅( ,𝜽) + 𝜀𝐈)−1) w.r.t. 
in general is neither submodular nor supermodular [33]. The proof of 
Theorem 2 in [21] claims that tr((𝐅( ,𝜽) + 𝜀𝐈)−1) is a submodular func-
tion w.r.t. . However, it implicitly uses the incorrect lemma that if 
𝐀 ⪯ 𝐁 then 𝐀2 ⪯ 𝐁2 for positive semidefinite 𝐀 and 𝐁. Counterexamples 
can be found in [34]. Therefore, we focus on the submodular function 
ln det(𝐅( ,𝜽) + 𝜀𝐈). Accordingly, the performance constraint based on it 
is given by 

𝑓 ( ,𝜽) = ln (det (𝐅( ,𝜽) + 𝜀𝐈)) ≥ 𝛾, with 𝛾 = 2𝑁 ln
(

√

𝜉∕𝑅̄𝑒
)

, (6)

where 𝑅̄𝑒 is the geometric mean of the semi-axes of the confidence el-
lipsoid with an error probability 𝑃𝑒, and 𝜉 = 𝐹−1

2
𝑁

(

𝑃𝑒
)

, where 𝐹2
𝑁
(⋅) de-

notes the cumulative distribution function of a Chi-squared random vari-
able with 𝑁 degrees of freedom [3]. The values of 𝑅̄𝑒 and 𝑃𝑒 specify the 
predefined threshold 𝛾, and are assumed to be known.

As the performance metric depends on the unknown parameter 𝜽, 
we discretize the uncertainty region 0 with a prescribed resolution. 
This discretization yields 𝐷 points. These points are collected into the 
set  = {𝜽1,𝜽2,… ,𝜽𝐷} ⊂ 0. Its cardinality is | | = 𝐷. Moreover, dif-
ferent 𝜽𝑑 may correspond to different predefined thresholds 𝛾𝑑 . Conse-
quently, the performance constraint 𝑓 ( ,𝜽𝑑 ) ≥ 𝛾𝑑 must hold for all 𝑑 ∈

. This requirement leads to 𝐷 constraints in P0. However, greedy algo-
rithms optimize a single scalar objective at each selection step. There-
fore, nonlinear measurements motivate the development of a novel per-
formance metric. The metric should ensure that 𝑓 ( ,𝜽𝑑 ) ≥ 𝛾𝑑 holds for 
all 𝑑 ∈ . It should also preserve submodularity. To this end, we define 
a truncated metric function as
𝑔( ,𝜽𝑑 , 𝛾𝑑 ) = min

(

𝑓 ( ,𝜽𝑑 ), 𝛾𝑑
)

, (7)

where min(𝑎, 𝑏) returns the smaller of 𝑎 and 𝑏. For any fixed 𝛾𝑑 ,∀𝑑 ∈ , 
the following equivalence holds:

𝑓 ( ,𝜽𝑑 ) ≥ 𝛾𝑑 ,∀𝑑 ∈  ⇔
1
𝐷

𝐷
∑

𝑑=1
𝑔( ,𝜽𝑑 , 𝛾𝑑 ) =

1
𝐷

𝐷
∑

𝑑=1
𝛾𝑑 = 𝛾̄ , (8)

where ⇔ denotes equivalence. Hence, all inequality constraints 
𝑓 ( ,𝜽𝑑 ) ≥ 𝛾𝑑 ,∀𝑑 ∈  can be replaced by a single equality constraint:

1
𝐷

𝐷
∑

𝑑=1
𝑔( ,𝜽𝑑 , 𝛾𝑑 ) = 𝛾̄ . (9)

The truncation operation preserves both the monotonicity and submod-
ular properties of functions [35]. Thus, 𝑔( ,𝜽𝑑 , 𝛾𝑑 ) remains submodular 
and nondecreasing w.r.t. .  Furthermore, a positive linear combination 
of submodular functions is also submodular [23]. Therefore, the aver-
age of the truncated submodular functions in (9) remains nondecreasing 
and submodular for 𝛾𝑑 ≥ 0, ∀𝑑 ∈ .

2.3.  Problem statement

Consequently, the sensor selection problem using a single constraint 
to ensure the estimation performance for all 𝜽𝑑 ∈   can be formulated 
as:

P1 ∶ min
⊆

||

 s.t. 1
𝐷

𝐷
∑

𝑑=1
𝑔( ,𝜽𝑑 , 𝛾𝑑 ) = 𝛾̄ .

(10)

Note that the auxiliary term 𝜀𝐈 is introduced in the performance metric 
𝑔( ,𝜽𝑑 , 𝛾𝑑 ). When 𝜀 is properly designed, the resulting problem shares 
the same optimal solution as the case without this auxiliary term [19].

3.  Greedy sensor selection with worst performance guarantee

This section presents a greedy algorithm to solve P1 with low compu-
tational complexity and optimality guarantees. Prior to sensor selection, 
it is essential to verify the feasibility of P1. The following proposition 
provides the corresponding feasibility condition.
Proposition 1. The problem P1 is feasible if and only if the following equal-
ity condition holds:
𝐷
∑

𝑑=1
𝑔(,𝜽𝑑 , 𝛾𝑑 )∕𝐷 = 𝛾̄ . (11)

Proof.  We first demonstrate the sufficiency of the equality condition
(11). If this condition holds, a feasible solution that satisfies the per-
formance constraint always exists with  = . Next, we show the ne-
cessity of the equality condition (11). If problem P1 is feasible, there 
exists a subset  ⊆ such that ∑𝐷

𝑑=1 𝑔( ,𝜽𝑑 , 𝛾𝑑 )∕𝐷 = 𝛾̄. Because the 
performance metric is nondecreasing, the equality condition in (11) also 
holds. ∎

After P1 is verified to be feasible, sensors are selected one by one. Let 
 (𝑘) = {𝑠1, 𝑠2,… , 𝑠𝑘} denote the subset of sensors selected at the 𝑘th step 
(1 ≤ 𝑘 ≤𝑀), where  (0) = ∅. The performance improvement resulting 
from the addition of sensor 𝑗 ∈ ∖ (𝑘−1) to  (𝑘−1) is given by

𝛿𝑗
(

 (𝑘−1)) = 1
𝐷

𝐷
∑

𝑑=1

(

𝑔
(

 (𝑘−1) ∪ {𝑗},𝜽𝑑 , 𝛾𝑑
)

− 𝑔
(

 (𝑘−1),𝜽𝑑 , 𝛾𝑑
))

. (12)
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At the 𝑘th step, given  (𝑘−1), the next sensor is selected according to
𝑠𝑘 = argmax

𝑗∈∖(𝑘−1)
𝛿𝑗
(

 (𝑘−1)). (13)

The corresponding performance increment is defined as
𝛽𝑘 = 𝛿𝑠𝑘

(

 (𝑘−1)). (14)

The selection process can be delineated into two stages.
Stage i): At the 𝑘th step, no selection can satisfy the per-

formance constraint for any discrete point in the set  , i.e., 
𝑓
(

 (𝑘−1) ∪ {𝑗},𝜽𝑑
)

< 𝛾𝑑 ,∀𝑑 ∈  and ∀𝑗 ∈ ∖ (𝑘−1). In this case, we 
have 𝑔( (𝑘−1) ∪ {𝑗},𝜽𝑑 , 𝛾𝑑

)

= 𝑓
(

 (𝑘−1) ∪ {𝑗},𝜽𝑑
)

, and 𝑔( (𝑘−1),𝜽𝑑 , 𝛾𝑑
)

=
𝑓
(

 (𝑘−1),𝜽𝑑
)

. Thus, according to (13), the 𝑘th sensor is actually selected 
as 

𝑠𝑘 = argmax
𝑗∈∖(𝑘−1)

1
𝐷

𝐷
∑

𝑑=1

(

𝑓
(

 (𝑘−1) ∪ {𝑗},𝜽𝑑
)

− 𝑓
(

 (𝑘−1),𝜽𝑑
)

)

. (15)

Stage ii): At the 𝑘th step, at least one candidate sensor can satisfy 
the performance constraint for at least one discrete point in  , i.e., 
∃𝑗 ∈ ∖ (𝑘−1), 𝑑 ∈ , such that 𝑓( (𝑘−1) ∪ {𝑗},𝜽𝑑

)

≥ 𝛾𝑑 . Define the in-
dex subset ̄(𝑘) ⊂  to include the indices of discrete points whose esti-
mation accuracy with the current subset  (𝑘) does not yet meet the per-
formance constraint, i.e., 𝑓( (𝑘),𝜽𝑑

)

< 𝛾𝑑 ,∀𝑑 ∈ ̄(𝑘). When ||
|

̄(𝑘)|
|

|

= 𝐷, 
the algorithm corresponds to Stage i). Thus, we obtain 

∑

𝑑∈∖̄(𝑘−1)

(

𝑔
(

 (𝑘−1) ∪ {𝑗},𝜽𝑑 , 𝛾𝑑
)

− 𝑔
(

 (𝑘−1),𝜽𝑑 , 𝛾𝑑
))

= 0, (16)

where 𝑔( (𝑘−1),𝜽𝑑 , 𝛾𝑑
)

= 𝛾𝑑 for 𝑑 ∈ ∖̄(𝑘−1) based on the definition of 
̄(𝑘−1), and 𝑔( (𝑘−1) ∪ {𝑗},𝜽𝑑 , 𝛾𝑑

)

= 𝛾𝑑 for 𝑑 ∈ ∖̄(𝑘−1) due to the non-
decreasing property of 𝑓 ( ,𝜽𝑑 ). Therefore, the sensor selection problem 
at the 𝑘th step given by (13) can be expressed as

𝑠𝑘 = argmax
𝑗∈∖(𝑘−1)

1
𝐷

∑

𝑑∈̄(𝑘−1)

(

𝑔
(

 (𝑘−1) ∪ {𝑗},𝜽𝑑 , 𝛾𝑑
)

− 𝑔
(

 (𝑘−1),𝜽𝑑 , 𝛾𝑑
))

.

(17)

This formulation indicates that, in this case, the proposed algorithm 
only considers the discrete points whose performance constraints re-
main unsatisfied after (𝑘 − 1) selections. The selection continues until 
∑𝐷
𝑑=1 𝑔

(

 (𝐾),𝜽𝑑 , 𝛾𝑑
)

∕𝐷 = 𝛾̄, where 𝐾 denotes the total number of se-
lected sensors. The proposed greedy algorithm, referred to as Avg.-
Trunc., is summarized in Algorithm 1.

Algorithm 1: Avg.-Trunc. algorithm. 
Input: 𝐇 = {ℎ𝑚(𝜽𝑑 , 𝑛𝑚)}𝑀𝑚=1,

𝐷
𝑑=1, 𝜀,  = {𝜽1,𝜽2,… ,𝜽𝐷}, 

{𝛾𝑑}𝐷𝑑=1;
Output:  (𝐾) and 𝐾;

1 Obtain the FIMs 𝐅𝑚(𝜽𝑑 ) by (3), 𝑚 = 1, 2,… ,𝑀, 𝑑 = 1, 2,… , 𝐷;
2 Initialize:  (0) = ∅, 𝑘 = 0;
3 if ∑𝐷

𝑑=1 𝑔(,𝜽𝑑 , 𝛾𝑑 )∕𝐷 ≠ 𝛾̄ then
4 The problem has no solution.
5 else
6 while ∑𝐷

𝑑=1 𝑔(
(𝑘),𝜽𝑑 , 𝛾𝑑 )∕𝐷 ≠ 𝛾̄ do

7 𝑘 = 𝑘 + 1;
8 𝑠𝑘 = argmax𝑗∈∖(𝑘−1){𝛿𝑗 ( (𝑘−1))};
9  (𝑘) =  (𝑘−1) ∪ {𝑠𝑘};
10 end 
11 Set 𝐾 = 𝑘.
12 end 

Note that the parameter 𝜀 should be sufficiently small to ensure that 
it does not significantly affect the sensor selection. Therefore, based on 
the first sensor selection, 𝜀 should at least fulfill the following condition
𝜀 ≪ min

𝑚∈,𝑑∈
𝜆+min

(

𝐅𝑚(𝜽𝑑 )
)

, (18)

where 𝜆+min
(

𝐅𝑚(𝜽𝑑 )
) denotes the minimum non-zero eigenvalue of 

𝐅𝑚(𝜽𝑑 ).
The computational complexity of the proposed Avg.-Trunc. algo-

rithm is 𝑂(𝑀𝑁3 ∑𝐾−1
𝑘=0 |̄(𝑘)

|). This is because the aggregated marginal 
gain is evaluated only over the currently unsatisfied discretized points. 
In the worst case, |̄(𝑘)

| = 𝐷 for all 𝑘. Then, the above complexity re-
duces to 𝑂(𝐷𝐾𝑀𝑁3), which is of the same order as the greedy algo-
rithm in [24]. However, by definition, |̄(𝑘)

| often decreases with 𝑘. 
This yields a lower effective complexity in practice. Under the assump-
tion that 𝑀 ≫ 𝑁 , the proposed Avg.-Trunc. algorithm has substantial 
computational advantages compared to the convex approximation al-
gorithm based on the 𝓁1-norm in [3]. The latter exhibits a complexity 
of 𝑂(𝐷𝑀3) per iteration when employing the projected Newton’s al-
gorithm. In addition, the robust submodular maximization algorithm 
in [26] incurs a complexity of 𝑂(𝐷𝐾𝑀2𝑁3). This complexity is higher 
than that of the proposed method. In general, greedy algorithms ex-
hibit a trade-off between performance and computational cost. Group 
selection techniques can further improve empirical performance at the 
price of higher per-iteration cost [21].  For large-scale deployments, 
advanced techniques can be incorporated into the proposed algorithm 
to further reduce the complexity. Examples include subsampling-based 
randomized greedy [36], streaming frameworks [37], and parallelizable 
greedy schemes [38]. They can be incorporated as enhancements that 
mainly reduce the runtime of candidate evaluation and selection, with-
out changing the proposed performance metric. For example, subsam-
pling reduces the per-iteration search from 𝑀 candidates to 𝑀𝑠 ≪𝑀
candidates, where 𝑀𝑠 is the subsample size. This leads to an effective 
cost 𝑂(𝑀𝑠𝑁3 ∑𝐾−1

𝑘=0 |̄(𝑘)
|). These techniques are complementary to the 

proposed greedy algorithm.

4.  Theoretical performance analysis

In this section, we analyze the optimality guarantees of the proposed
Avg.-Trunc. algorithm. We start with the optimality guarantees on the 
number of selected sensors proposed in [31]. We show that the intro-
duction of the auxiliary term 𝜀𝐈 leads to the excessive looseness of the 
optimality guarantees in [31] for greedy algorithms. To address this, we 
propose novel optimality guarantees that are independent of the auxil-
iary number 𝜀. The proposed guarantees can also be extended to other 
greedy algorithms employing similar auxiliary terms, such as those in 
[17,19,21,24].

4.1.  State-of-the-art optimality guarantees

Problem P1 falls within the class of general submodular set covering 
problems, whose optimality guarantees have been thoroughly analyzed 
in [31]. Thus, the results presented therein can be applied to our pro-
posed algorithm. Note that  (𝐾) is the solution obtained by the proposed 
algorithm and 𝐾 = | (𝐾)

|. Let opt represent the optimal solution of P1
with 𝐾opt = |opt |. Theorem 1 in [31] is restated below.

Theorem 1. If the greedy algorithm is applied to P1, the solution 𝐾 always 
satisfies [31]:

1) 𝐾 ≤ 𝐾opt

(

1 + ln

(

max
𝑗∈, 𝑝∈

{

𝛿𝑗 ( (0))

𝛿𝑗 ( (𝑝))

}))

, (19)

2) 𝐾 ≤ 𝐾opt

(

1 + ln
(

𝛽1
𝛽𝐾

))

, (20)

3) 𝐾 ≤ 𝐾opt

(

1 + ln
(

𝛿(, (0))
𝛿(, (𝐾−1))

))

, (21)

where  = {1,… , 𝐾}, and the performance difference be-
tween the full set  and a subset  is defined as 𝛿(,) =
∑𝐷
𝑑=1

(

𝑔(,𝜽𝑑 , 𝛾𝑑 ) − 𝑔( ,𝜽𝑑 , 𝛾𝑑 )
)

∕𝐷. Let 𝛼𝐾opt denote the upper 
bound given by Theorem 1, where 𝛼 ≥ 1 denotes the right hand side 
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(r.h.s.) term of (19)–(21) excluding 𝐾opt . Accordingly, (19)–(21) can be 
summarized as:
𝐾 ≤ 𝛼𝐾opt . (22)

Theorem 1 provides upper bounds on the number of sensors selected 
by the proposed algorithm. These bounds follow from the diminishing 
returns property of submodular functions. A detailed derivation can be 
found in [31]. However, the optimality guarantees in Theorem 1 be-
come excessively loose due to the introduction of the auxiliary term 
𝜀𝐈. This issue is not unique to the proposed algorithm. It also appears 
in existing studies such as [17,19,21,24], where similar auxiliary terms 
are introduced to ensure that the performance metrics are well-defined. 
Although these works are accompanied by the (1 − 1∕𝑒) optimality guar-
antee, which is reviewed as Theorem 3 in Appendix A. Both Theorem 1 
and the (1 − 1∕𝑒) optimality guarantee are derived from the diminishing 
returns property of submodular functions, and both are too loose in the 
presence of auxiliary terms. For example, the term 𝜀𝐈 causes the param-
eter 𝛽1 in (20) to become excessively large. This leads to a significant 
increase in the upper bound (20). A similar impact is imposed on the 
other bounds in Theorem 1 as well.

4.2.  Optimality guarantees independent of 𝜀

In this subsection, we establish novel optimality guarantees that are 
independent of the auxiliary number 𝜀, thereby addressing the afore-
mentioned issue. Moreover, there always exists a range of 𝜀 for which 
the proposed guarantees are tighter than those established in Theorem 1. 
We first introduce the following definition.

Definition 1.  Let 𝑁∗ denote the first step of the greedy algorithm at 
which the FIM 𝐅( (𝑁∗),𝜽𝑑

) attains full rank for every 𝜽𝑑 ∈  , i.e.,
𝑁∗ = min

{

𝑘| rank
(

𝐅
(

 (𝑘),𝜽𝑑
))

= 𝑁,∀𝑑 ∈ 
}

. (23)

Note that the greedy algorithm adds sensors sequentially. At the 
𝑘th selection, the rank of 𝐅( (𝑘),𝜽𝑑 ),∀𝑑 ∈  is checked. The parameter 
𝑁∗ is determined accordingly. Based on the definition of 𝑁∗, we have 
rank(𝐅( (𝑁∗),𝜽𝑑 )) = 𝑁 for all 𝑑 ∈ , while there exists at least one 𝑑 ∈ 
such that rank(𝐅( (𝑁∗−1),𝜽𝑑 )) < 𝑁 . Recall from Section 2.1 that the indi-
vidual FIM 𝐅𝑚(𝜽𝑑 ) may not be full rank. Furthermore, the individual FIM 
may have different ranks due to heterogeneous sensor measurements. If 
𝐅( (1),𝜽𝑑 ) is full rank for every 𝑑 ∈ , then 𝑁∗ = 1; otherwise, 𝑁∗ > 1. 
For instance, we have rank(𝐅𝑚(𝜽𝑑 )) = 1 for all 𝑚 ∈  and 𝑑 ∈ , when 
the measurement noise in (2) is AWGN with the variance independent 
of 𝜽. Therefore, it follows that 𝑁∗ > 1 as long as 𝑁 > 1. Moreover, the 
estimation performance constraint 𝑓 ( (𝐾),𝜽𝑑 ) ≥ 𝛾𝑑 ,∀𝑑 ∈  can only be 
satisfied when 𝐅( (𝐾),𝜽𝑑 ) is full rank for all 𝑑 ∈ . As a result, we have 
1 ≤ 𝑁∗ ≤ 𝐾.

In order to derive tighter bounds, we propose to divide the selection 
process into two parts based on 𝑁∗, namely, the first 𝑁∗ steps and the 
remaining 𝐾 −𝑁∗ ones. The iterations of the greedy algorithm to solve 
P1 are divided into two segments.

1) 1 ≤ 𝑘 ≤ 𝑁∗: The first segment corresponds to one of the following 
two cases: i) the FIM 𝐅( (1),𝜽𝑑 ) has full rank for all 𝑑 ∈ , yielding 𝑁∗ =
1; or ii) there exists at least one 𝑑 ∈  such that the FIM 𝐅( (𝑘−1),𝜽𝑑 ) is 
singular, leading to 𝑁∗ > 1. At the 𝑁∗th iteration, the selected sensor 
set is  (𝑁∗).

2) 𝑁∗ < 𝑘 ≤ 𝐾: Following the first segment of iterations, the second 
segment actually solves the following problem:
P2 ∶ min

⊆∖(𝑁∗)
||

s.t. 1
𝐷

𝐷
∑

𝑑=1
𝑔( ∪  (𝑁∗),𝜽𝑑 , 𝛾𝑑 ) = 𝛾̄ .

(24)

Let 2 denote the output of the proposed algorithm applied to P2, and 
𝐾2 = |2|. Note that  (𝑁∗) ∪ 2 =  (𝐾) and 𝐾 = 𝑁∗ +𝐾2. According to 

Theorem 1, we have
𝐾2 ≤ 𝛼̃𝐾opt,2, (25)

where 𝐾opt,2 represents the number of selected sensors corresponding to 
the optimal solution opt,2 of P2. The parameter ̃𝛼 > 1 can be determined 
using any of the following expressions:

1) 𝛼̃ = 1 + ln

(

max
𝑗∈∖(𝑁∗) , 𝑝∈∖ ∗

{

𝛿𝑗 ( (𝑁∗))

𝛿𝑗 ( (𝑝))

})

, (26)

2) 𝛼̃ = 1 + ln
(

𝛽𝑁∗+1
𝛽𝐾

)

, (27)

3) 𝛼̃ = 1 + ln
(

𝛿(, (𝑁∗))
𝛿(, (𝐾−1))

)

, (28)

where  ∗ = {1,… , 𝑁∗}. We propose the following optimality guaran-
tees.

Theorem 2. If the greedy algorithm is applied to P1, the number of selected 
sensors 𝐾 satisfies
𝐾 ≤ 𝛼̄𝐾opt , (29)

where 𝛼̄ = 𝛼̃ +𝑁∗∕𝐾opt , and 𝛼̃ can be chosen from (26)–(28).
Proof.  We first prove 𝐾opt,2 ≤ 𝐾opt using the method of contradiction. 
Suppose 𝐾opt,2 > 𝐾opt , then there exists a better solution opt∖ (𝑁∗)

for P2. This contradicts the optimality of opt,2, thereby proving that 
𝐾opt,2 ≤ 𝐾opt . Adding 𝑁∗ to both sides of (25) yields 𝐾2 +𝑁∗ = 𝐾 ≤
𝛼̃𝐾opt,2 +𝑁∗. Using 𝐾opt,2 ≤ 𝐾opt , we obtain 𝐾 ≤ 𝛼̃𝐾opt +𝑁∗. To be con-
sistent with (22), define 𝛼̄ = 𝛼̃ +𝑁∗∕𝐾opt , leading to (29). ∎

Remark 1.  (Independence of the proposed optimality guarantees in
Theorem 2 from 𝜀): The proposed optimality guarantees are composed 
of two parts, i.e., 𝛼̃ and 𝑁∗∕𝐾opt . As shown in (23), 𝑁∗ corresponding 
to the case 𝑘 < 𝑁∗ does not depend on 𝜀, and thus the term 𝑁∗∕𝐾opt
is independent of 𝜀. When 𝑘 ≥ 𝑁∗ and 𝜀 satisfies (18), the performance 
metric in (6) can be simplified as 𝑓 ( (𝑘),𝜽) ≈ ln

(

det
(

𝐅( (𝑘),𝜽)
))

, since 
the FIM 𝐅( (𝑁∗),𝜽𝑑 ) is already full rank. Under these conditions, the 
performance metric 𝑔( (𝑘),𝜽𝑑 , 𝛾𝑑 ) is effectively independent of the aux-
iliary term 𝜀𝐈. Consequently, the influence of 𝜀𝐈 on 𝛿𝑗

(

 (𝑘)) in (26), 
𝛽𝑘+1 = 𝛿𝑠𝑘+1

(

 (𝑘)) in (27), and 𝛿(, (𝑘)) in (28) is negligible. Therefore, 
the impact of the auxiliary term 𝜀𝐈 on 𝛼̃ can also be regarded as negli-
gible. In summary, the proposed optimality guarantees are independent 
of the auxiliary number 𝜀.

Remark 2.  (Applicability of the proposed optimality guarantees in
Theorem 2 w.r.t. 𝑁∗):

Note that a larger 𝑁∗ indicates a larger number of iterations of the 
first segment, and the improvement of the proposed bound w.r.t. the 
ones in Theorem 1 becomes less. In the worst case where 𝑁∗ = 𝐾 ≠ 1, 
the FIM 𝐅( (𝑁∗),𝜽𝑑

) is full rank for all 𝑑 ∈  at the 𝐾th step, which is 
also the last step. Thus, the second part does not exist. The influence of 
the auxiliary term 𝜀𝐈 is distributed across every step of the greedy algo-
rithm, rendering the process inseparable. In the aforementioned worst 
case, the proposed optimality guarantees in Theorem 2 become inap-
plicable, and the bounds in Theorem 1 remain valid. Conversely, when 
𝑁∗ = 𝐾 = 1, the constraints in (10) are satisfied at the first step, and the 
proposed Avg.-Trunc. algorithm provides the optimal solution to P1. 
There is no need for optimality guarantees. Hence, the proposed opti-
mality guarantees are designed for cases where 1 ≤ 𝑁∗ < 𝐾 and 𝐾 > 1, 
which commonly occur in practice.

To further compare the optimality bounds proposed in Theorem 2 
with the ones in Theorem 1, we first present the following corollary.

Corollary 1.  For the upper bounds presented in Theorems 1 and 2, the 
inequality 𝛼̃ ≤ 𝛼 holds. 
Proof.  See Appendix B. ∎
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Note that 𝛼̄ contains an additive term 𝑁∗∕𝐾opt . We next show that 
there always exists a range of 𝜀 such that the 𝛼̄ associated with 𝛼̃ in
(27) is smaller than 𝛼 in (20). The existence of such a range of 𝜀, which 
ensures that the other bounds in Theorem 2 are tighter than those in 
Theorem 1, can be established similarly. Moreover, the range of 𝜀 de-
pends on the specific form of the performance metric 𝑓 ( ,𝜽). We take 
the metric in (6) as an illustrative example. For simplicity, we have the 
following assumption:

AS1 For all 𝑑 ∈ , 𝑓( (1),𝜽𝑑
)

≤ 𝛾𝑑 , which means that selecting a 
single sensor cannot satisfy any performance constraint.

Let 𝜆𝑖(𝐀) denote the 𝑖th eigenvalue of the matrix 𝐀, and 𝝀
(

𝐅( ,𝜽𝑑 )
)

=
[

𝜆1
(

𝐅( ,𝜽𝑑 )
)

,… , 𝜆𝑁
(

𝐅( ,𝜽𝑑 )
)]𝑇  denotes the eigenvalue vector of the 

FIM 𝐅( ,𝜽𝑑 ), arranged in descending order. The following proposition 
is then established.
Proposition 2. Using the performance metric in (6), the upper bound of 
Theorem 2 obtained with 𝛼̃ in (27) is tighter than the upper bound in (20) 
of Theorem 1, i.e., 𝛼 > 𝛼̄, if the auxiliary number 𝜀 satisfies

𝜀
∑𝐷
𝑛=1 𝑛̃𝑑 <

𝐷
∏

𝑑=1

⎛

⎜

⎜

⎜

⎝

𝑛̃𝑑
∏

𝑛=1
𝜆𝑛
(

𝐅
(

 (1),𝜽𝑑
))

(

1
∏𝑁

𝑛=1
(

1 + 𝜅𝑑,𝑛
)

)𝑒𝑁
∗∕𝐾opt ⎞

⎟

⎟

⎟

⎠

, (30)

where 𝑛̃𝑑 denotes the rank of 𝐅
(

 (1),𝜽𝑑
)

, and 𝜅𝑑,𝑛 =
𝜆𝑛((𝐅( (𝑁∗),𝜽𝑑 ))−1𝐅𝑠𝑁∗+1

(𝜽𝑑 )) ≥ 0, since each individual FIM 𝐅𝑚(𝜽)
for all 𝑑 ∈  and 𝑚 ∈  is positive semidefinite. 
Proof.  See Appendix C. ∎

It follows from (30) that a sufficiently small 𝜀 always exists to satisfy 
the condition. The condition in (30) offers a range of 𝜀 that ensures 𝛼̄, 
with 𝛼̃ in (27), is less than 𝛼 in (20). Hence, Proposition 2 establishes 
the theoretical existence of the range of 𝜀, whereas the exact numerical 
range of 𝜀 is not of primary concern as it has no impact on our proposed 
bound. In practice, it is sufficient to choose 𝜀 such that the condition
(18) is satisfied [17,19,21,24]. The performance guarantees provided 
by Theorems 1 and 2 can be computed individually, and the tighter one 
can be adopted. Further reducing 𝜀 does not change the upper bounds 
in Theorem 2, but only loosens the upper bounds in Theorem 1.

Moreover, the optimality guarantees proposed in Theorem 2 are 
general enough and can also be applied to other greedy algorithms 
[17,19,21,24] by considering their respective performance metrics, 
where similar auxiliary terms are introduced. The existence of a range 
of 𝜀 can be proven by replacing 𝑓 ( ,𝜽) in (C.6) in Appendix C with 
the considered nondecreasing submodular performance metric, which 
introduces auxiliary terms. To illustrate the generality of our proposed 
optimality guarantees, we apply them to the algorithm proposed in [24] 
as an example in the following subsection. In summary, compared to the 
upper bounds in Theorem 1 that depend on the auxiliary number 𝜀,
Theorem 2 provides novel upper bounds that are independent of 𝜀. 
Moreover, Proposition 2 proves the existence of a range of 𝜀, within 
which the proposed optimality guarantees are tighter than those in
Theorem 1.

4.3.  Optimality guarantee simulations

In this subsection, we evaluate the optimality guarantees provided 
by Theorems 1 and 2, as depicted in Figs. 1 and 2. We consider a 
sensor placement problem for localization with a terrestrial WSN. The 
scenario and simulation parameters are identical to those described in
Section 5.1. To assess the effect of 𝜀 on the optimality guarantees, we 
vary the value of the auxiliary number 𝜀 while ensuring that (18) holds. 
The benchmark is a straight line with a constant value of 1.

Fig. 1 illustrates the optimality guarantees provided by Theorems 1 
and 2 for the proposed algorithm. The simulation results indicate that 
the bound (20) and its counterpart (27) are tightest for Theorems 1 
and 2 w.r.t. P1, respectively. Therefore, Fig. 1 only compares these tight-
est bounds.  In the simulations, we determine 𝑁∗ by checking whether 

Fig. 1. The optimality bounds provided by Theorems 1 and 2 for the Avg.-
Trunc. algorithm to solve P1.

Fig. 2. The optimality bounds provided by Theorems 1 and 2 for the greedy 
algorithm in [24] to solve Pavg.

𝐅( (𝑘),𝜽𝑑 ) is full rank for all 𝑑 ∈  after the 𝑘th selection. We observe 
that 𝑁∗ = 𝑁 for all tested values of 𝐾. It can be seen that the opti-
mality guarantee provided by Theorem 2 (𝛼̄ denoted by solid lines) is 
much tighter than the one in Theorem 1 (𝛼 denoted by dashed lines). 
Note that the performance guarantee provided by Theorem 1 improves 
as the auxiliary number 𝜀 increases. However, it remains considerably 
weaker than the guarantee proposed in Theorem 2. Moreover, the pro-
posed novel optimality guarantee on the number of selected sensors is 
independent of the auxiliary number 𝜀, as long as the condition (18) is 
satisfied. Increasing 𝜀 affects the sensor selection process and leads to a 
degraded algorithm performance.

Fig. 2 illustrates the application of Theorems 1 and 2 to the greedy 
algorithm [24] for solving the sensor placement problem Pavg. The prob-
lem Pavg is obtained from P1 by replacing its performance constraint with 
∑𝐷
𝑑=1 𝑓 ( ,𝜽𝑑 ) ≥ 𝛾̄. As the simulation results show that the bound (21) 

and its counterpart using 𝛼̃ in (28) are tightest for Theorems 1 and 2 
w.r.t. Pavg, respectively, Fig. 2 illustrates only these tightest bounds. In 
this scenario, we observe that 𝑁∗ = 𝑁 for all tested values of 𝐾. The 
proposed optimality guarantee in Theorem 2 (𝛼̄ denoted by solid lines) 
also has a significant improvement compared to that in Theorem 1 (𝛼 de-
noted by dashed lines). Note that 𝛼 and 𝛼̄ in Fig. 2 are generally smaller 
than those in Fig. 1. However, the greedy algorithm in [24] for Pavg
cannot guarantee the performance constraints for all grid points.

5.  Applications: Sensor selection for localization

Target localization is a fundamental task in WSNs. Sensor placement 
is critical to localization system design. Unfavorable sensor-target ge-
ometries can severely degrade accuracy and may cause ambiguity or 
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Table 1 
Summary of the sensor selection algorithms in the simulation. 
 Algorithm  Performance constraint  Select the sensor in the 𝑘th step  Complexity
 Avg.-Trunc. ∑𝐷

𝑑=1 𝑔( ,𝜽𝑑 , 𝛾𝑑 )∕𝐷 = 𝛾̄ 𝑠𝑘=argmax𝑗∈∖ (𝑘−1)
∑𝐷
𝑑=1 𝑔

(

 (𝑘−1) ∪ {𝑗},𝜽𝑑 , 𝛾𝑑
)

𝑂
(

∑𝐾−1
𝑘=0

|

|

̄(𝑘)
|

|

𝑀𝑁3
)

 (proposed)
 Avg. [24] ∑𝐷

𝑑=1 𝑓
(

 ,𝜽𝑑
)

∕𝐷 ≥ 𝛾̄ 𝑠𝑘=argmax𝑗∈∖ (𝑘−1)
∑𝐷
𝑑=1 𝑓

(

 (𝑘−1) ∪ {𝑗},𝜽𝑑
)

𝑂(𝐷𝐾𝑀𝑁3) (modified)
 Min. [5] min𝑑∈ 𝑓

(

 ,𝜽𝑑
)

≥ 𝛾̄ 𝑠𝑘=argmax𝑗∈∖ (𝑘−1) min𝑑∈ 𝑓
(

 (𝑘−1) ∪ {𝑗},𝜽𝑑
)

𝑂(𝐷𝐾𝑀𝑁3)

 Robust [26]
min𝑑∈ 𝑓

(

 ,𝜽𝑑
)

≥ 𝛾̄ 𝑠𝑘=argmax𝑗∈∖ (𝑘−1) min𝑑∈
𝑓 ( (𝑘−1)∪{𝑗},𝜽𝑑 )−𝑓 ( (𝑘−1) ,𝜽𝑑 )
𝑓 ( (𝑘−1)∪{𝑗∗𝑑,𝑘},𝜽𝑑 )−𝑓 ( (𝑘−1) ,𝜽𝑑 )

𝑂(𝐷𝐾𝑀2𝑁3) (modified)
 Convex-𝓁1 [3]  Performance constraint: ln det

(

∑𝑀
𝑚=1 𝑤𝑚𝐅𝑚

(

𝜽𝑑
)

)

≥ 𝛾𝑑 ,∀𝑑 ∈ , and 𝑤 ∈ [0, 1]𝑀 𝑂(𝐷𝑀3)

even loss of observability. When the deployable region of sensors is dis-
cretized into a set of candidate positions, the sensor placement problem 
reduces to selecting the most informative subset of sensor positions. This 
formulation is mathematically equivalent to a sensor selection problem. 
In this section, we compare the proposed algorithm with several greedy 
and convex algorithms under two typical nonlinear measurement mod-
els for sensor placement. The selected sensor subset is optimized to guar-
antee the localization performance within the surveillance area  . As 
long as the target moves within  , the selected sensors can maintain 
the prescribed localization performance along its trajectory. This is be-
cause a target trajectory can be viewed as a sequence of target locations 
within  . Moreover, the sensor availability or the sensing conditions 
may vary over time. In such cases, the proposed sensor selection can be 
re-executed with the updated candidate set or model parameters. More 
detailed extensions for dynamic scenarios are left for future work.

Table 1 summarizes the algorithms involved in the simulations. For 
a fair comparison, the parameters are set as 𝛾1 = ⋯ = 𝛾𝐷 = 𝛾̄. The eval-
uated algorithms are described as follows:

• Avg.-Trunc. (proposed): the proposed algorithm in Algorithm 1.
• Avg. (modified): the greedy algorithm [24] that optimizes the aver-
age of the weighted performance metrics ∑𝐷

𝑑=1 𝜋𝑑𝑓 ( ,𝜽𝑑 )∕𝐷. Here, 
we set the weights 𝜋𝑑 = 1. To facilitate a fair comparison with the 
proposed Avg.-Trunc. algorithm, we modify the termination condi-
tion of the greedy algorithm [24] to min𝑑∈ 𝑓 ( ,𝜽𝑑 ) ≥ 𝛾̄.

• Convex-𝓁1: the convex approximation algorithm based on the 𝓁1-
norm with the randomized rounding technique [3].

• Min.: the greedy algorithm [5] that optimizes the minimum perfor-
mance metrics.

• Robust (modified): the robust submodular maximization algorithm 
[26] that leverages correlation between the submodular functions, 
where 𝑗∗𝑑,𝑘 = argmax𝑗∈∖(𝑘−1)

{

𝑓
(

 (𝑘−1) ∪ {𝑗},𝜽𝑑
)

− 𝑓
(

 (𝑘−1),𝜽𝑑
)}

is employed in Table 1. We modify the termination condition of the 
algorithm in [26] to min𝑑∈ 𝑓 ( ,𝜽𝑑 ) ≥ 𝛾̄ for fair comparisons.

5.1.  Terrestrial WSNs

We consider a WSN deployed in a two-dimensional plane as shown 
in Fig. 3. A target is located in the target region  , and we can only 
place sensors on grid points in the set , where 𝑀 = || = 80. The 
absolute positions of the grid points are known. Hence, the sensors un-
der consideration are often referred to as anchor nodes. Let 𝜽 =

[

𝜃1, 𝜃2
]𝑇

and 𝐚𝑚 =
[

𝑎𝑚,1, 𝑎𝑚,2
]𝑇  denote the coordinates of the target and the 𝑚th 

anchor node, respectively, where 𝜽 is unknown but lies within  . To 
avoid infinitely many constraints, the surveillance area is uniformly dis-
cretized with a resolution of 2.5m along both horizontal and vertical 
directions, resulting in 𝐷 = | | = 81 grid points within a 20m × 20m
area. This setup is representative of typical target localization scenarios 
and has also been adopted in [3,5,24]. Simulations are conducted un-
der the distance measurement model. Let 𝑑𝑚(𝜽) = ‖𝜽 − 𝐚𝑚‖2 denote the 
Euclidean distance between the target and the 𝑚th anchor. The range 

Fig. 3. Sensor selection for target localization. .

Fig. 4. Minimum and average VCE of the sensor selection performances. .

measurements follow a nonlinear observation model expressed as
𝑦𝑚 = 𝑑𝑚(𝜽) + 𝑛𝑚, 𝑚 = 1, 2,… ,𝑀, (31)

where 𝑛𝑚 ∼  (0, 𝜎2𝑚) is AWGN with 𝜎2𝑚 = 𝜎2𝑑2𝑚(𝜽), and 𝜎2 denotes the 
nominal noise variance. The local FIM 𝐅𝑚(𝜽) is given by

𝐅𝑚(𝜽) =
(

𝜽 − 𝐚𝑚
)(

𝜽 − 𝐚𝑚
)𝑇

𝜎2𝑚||𝜽 − 𝐚𝑚||22
. (32)

The dependence of 𝜎2𝑚 on 𝜽 is neglected in the derivation of 𝐅𝑚(𝜽) be-
cause its variation is insignificant. Each local FIM 𝐅𝑚(𝜽) ∈ ℝ𝑁×𝑁  has 
rank 1. Unless otherwise specified, the simulations use 𝜎2 = 2 × 10−3, 
𝜀 = 1 × 10−5, and 𝑃𝑒 = 0.9.

Fig. 3 also shows the sensor positions selected by the different algo-
rithms under a specific threshold setting. The threshold 𝛾̄ is computed 
using 𝑅̄𝑒 = 1.2m. The sensor positions selected by the modified Avg.
algorithm [24] are concentrated on the upper and right sides of the 
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Fig. 5. The number of selected sensors 𝐾 for different values of 𝑅̄𝑒.

Fig. 6. Comparison of the RMSE using 𝐾 sensors selected by different algo-
rithms. .

candidate region, close to the target area. In contrast, the sensor posi-
tions selected by the Convex-𝓁1 algorithm [3] and the proposed Avg.-
Trunc. algorithm are more evenly distributed. Furthermore, the pro-
posed Avg.-Trunc. algorithm achieves the same localization accuracy 
with only 10 sensors, fewer than those required by the modified Avg.
algorithm (12 sensors) and the Convex-𝓁1 algorithm (11 sensors).

As the determinant constraint is adopted, Fig. 4 displays the VCE 
performance of sensors selected by the proposed Avg.-Trunc. algo-
rithm and the Avg. algorithm [24] under the termination condition 
∑

𝑑∈ 𝑓 ( ,𝜽𝑑 )∕𝐷 ≥ 𝛾̄ for various 𝑅̄𝑒. The Avg. VCE (or Min. VCE) in-
dicates the average (or minimum) logarithm of the determinant of the 
FIM over different target positions. As shown in Fig. 4, the Avg.-Trunc.
algorithm ensures the measurement performance (the Min. VCE) for all 
𝜽𝑑 ∈  . In contrast, the Avg. algorithm [24] with the termination con-
dition of ∑𝑑∈ 𝑓 ( ,𝜽𝑑 )∕𝐷 ≥ 𝛾̄ fails to provide such assurance, as its Min. 
VCE is lower than the threshold 𝛾̄.

Fig. 5 compares the number of sensors selected by different algo-
rithms to achieve the same localization accuracy. The proposed Avg.-
Trunc. algorithm selects the fewest sensors across different values of 
𝑅̄𝑒. The modified Robust algorithm [26] and the modified Avg. algo-
rithm [24] require more sensors than all other algorithms. The poor 
performance of the modified Robust algorithm [26] is because the in-
troduction of 𝜀𝐈 significantly reduces the curvature of the performance 
metric functions, and leads to a looser lower bound of the correlation 
ratio of the submodular metric functions. Thus, the modified Robust
algorithm [26] is not suitable for the sensor selection problem in this 
scenario.

Figs. 3–5 show the outputs of our proposed Avg.-Trunc. algorithm, 
i.e.,  (𝐾), ∑𝐷

𝑑=1 ln det(𝐅(
(𝐾),𝜽𝑑 ))∕𝐷, and 𝐾, respectively. The perfor-

mance benefits of the proposed algorithm are evidenced by them. Fur-

Fig. 7. CDF curves of the RMSE using the 𝐾 sensors.

thermore, the impact of the selected sensors on the root mean square er-
ror (RMSE) of target localization is evaluated, as the localization RMSE 
is also of interest. Fig. 6 provides a localization performance comparison 
of the average RMSE (Avg. RMSE) and maximum RMSE (Max. RMSE) 
using the selected 𝐾 sensors. Due to the poor performance of the mod-
ified Robust algorithm [26], it is excluded from Fig. 6. The Avg. RMSE 
is computed as 

√

∑𝑄
𝑚𝑐=1

∑𝐷
𝑑=1 ||𝜽̂

(𝑚𝑐)
𝑑 − 𝜽𝑑 ||22∕𝑄𝐷, and the Max. RMSE 

is defined as 
√

∑𝑄
𝑚𝑐=1 max𝑑∈ ||𝜽̂(𝑚𝑐)𝑑 − 𝜽𝑑 ||22∕𝑄. The total number 𝑄 of 

Monte-Carlo (MC) runs is 10000. We employ a weighted least squares 
estimator for localization and solve it iteratively using Gauss-Newton’s 
method with 10 iterations [32]. The weight matrix is diagonal, and its di-
agonal elements are given by 1∕(𝑦2𝑚𝜎2) corresponding to different sensor 
positions. The weight 1∕(𝑦2𝑚𝜎2) is an approximation of 1∕𝜎2𝑚 = 1∕(𝑑2𝑚𝜎

2)
due to the unknown value of 𝑑𝑚. As the noise variance increases, the 
accuracy of the localization result diminishes.

As shown in Fig. 6, the proposed Avg.-Trunc. algorithm achieves 
the minimum Max. RMSE for most values of 𝐾, and significantly im-
proves the worst-case localization accuracy in the surveillance area. 
The Convex-𝓁1 algorithm [3], which satisfies the performance con-
straint by optimizing the worst VCE, is in the second place in terms of 
Max. RMSE. However, it has substantially higher computational com-
plexity compared to the proposed Avg.-Trunc. algorithm. Although 
the modified Min. algorithm [5] also optimizes the worst VCE, its 
Max. RMSE exceeds that of the modified Avg. algorithm [24] when 
𝐾 ≤ 24. Moreover, the modified Min. algorithm [5] lacks an optimal-
ity guarantee, and its performance can be arbitrarily poor in scenar-
ios where the increment of the performance metric of a given sensor 
𝑗, i.e., 𝑓 ( (𝑘−1) ∪ {𝑗},𝜽𝑑 ) − 𝑓 ( (𝑘−1),𝜽𝑑 ), varies significantly across dif-
ferent values of 𝜽𝑑 . This observation is consistent with the results in 
[25, Table 1]. In terms of the Avg. RMSE, the proposed Avg.-Trunc.
algorithm achieves comparable performance to the modified Avg. al-
gorithm [24], and consistently outperforms all the other competitors. It 
indicates that the proposed Avg.-Trunc. algorithm can reduce the Max. 
RMSE without significantly increasing the Avg. RMSE.

To show more details about the localization RMSE, Fig. 7 illustrates 
the cumulative distribution function (CDF) curves of the localization 
RMSE obtained with the 𝐾 selected sensors, where 𝐾 = 15 and 𝐾 = 25, 
respectively.  Although the modified Avg. algorithm [24] and the mod-
ified Robust algorithm [26] achieve a smaller minimum RMSE in some 
MC realizations, their RMSE distributions shown in Fig. 7 exhibit heav-
ier right tails. Thus, they have a larger Max. RMSE. By contrast, the 
proposed Avg.-Trunc. algorithm achieves the smallest Max. RMSE in 
Fig. 7. These results indicate that the proposed algorithm is optimal in 
terms of the worst-case localization error (Max. RMSE) among the com-
pared algorithms. It also aligns with the proposed metric. Moreover, 
the proposed Avg.-Trunc. algorithm attains a smaller variance of the 
RMSE than the modified Avg. algorithm [24] and the modified Robust
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Fig. 8. The number of selected sensors 𝐾 for different values of 𝐷.

Fig. 9. Sensor selection for target localization. The threshold 𝛾̄ is computed 
using 𝑅̄𝑒 = 3m. .

algorithm [26]. Accordingly, the localization accuracy using the sensors 
selected by the proposed Avg.-Trunc. algorithm is more reliable. 

In the above simulations, the surveillance area is uniformly dis-
cretized into 𝐷 = 81 grid points. We next evaluate the sensitivity of the 
algorithms to the resolution of the discretization. The total number of 
grid points 𝐷 is chosen from the set {25, 81, 289, 1089, 4225}, which corre-
sponds to the set of grid spacings {5 m, 2.5 m, 1.25 m, 0.625 m, 0.3125 m}
over the 20m × 20m region. Since our objective is to minimize the num-
ber of selected sensors, Fig. 8 illustrates the number of selected sensors 𝐾
versus 𝐷. The threshold 𝛾̄ is computed using 𝑅̄𝑒 = 1.2 m. All algorithms 
except the modified Avg. algorithm [24] exhibit weak sensitivity to 𝐷 in 
this setup. The small fluctuations of Convex-𝓁1 [3] are mainly due to the 
randomized rounding used to obtain a binary selection. For the modi-
fied Avg. algorithm [24], changing 𝐷 is equivalent to changing the rela-
tive weights of different locations in the aggregated performance metric. 
Consequently, the resulting 𝐾 is more sensitive to the discretization res-
olution. Moreover, the proposed Avg.-Trunc. consistently selects the 
smallest number of sensors across all tested values of 𝐷. In practice, the 
choice of 𝐷 introduces a trade-off between the coverage of 0 and the 
computational cost.

5.2.  Underwater WSNs

In this subsection, we consider a more intricate three-dimensional 
underwater positioning scenario. As illustrated in Fig. 9, sensors are 
deployed over a seabed area of 100m × 100m with a grid resolu-
tion of 10m, resulting in 𝑀 = 121 potential sensor locations. The tar-
get is located within a cubic region of side length 32m, centered at 
[50m, 50m, 50m]𝑇 . The target space is discretized into 𝐷 = 125 grid 
points with a resolution of 8m. The sound speed profile (SSP) 𝐶(𝑧)
depends solely on the depth 𝑧 [39] and is expressed as 𝐶(𝑧) = 𝑏 + 𝑎𝑧, 
where 𝑏 denotes the sound speed at the surface and 𝑎 is an environment-

Fig. 10. The number of selected sensors 𝐾 for different values of 𝑅̄𝑒.

dependent constant. The underwater wireless sensor network (UWSN) 
estimates the target position using time-of-flight (ToF) measurements. 
Let 𝐲 =

[

𝑦1, 𝑦2,… , 𝑦𝑀
]𝑇  represent the ToF measurements between the 

target node and the sensor nodes, given by 𝐲 = 𝐭(𝐱) + 𝐧, where 𝐭(𝐱) =
[𝑡1, 𝑡2,… , 𝑡𝑀 ]𝑇  represents the true ToFs w.r.t. the target location 𝐱 =
[𝑥1, 𝑥2, 𝑥3]𝑇 , calculated as [39]:

𝑡𝑚 = −1
𝑎

(

log
1 + sin𝜓G

cos𝜓G
− log

1 + sin𝜓A

cos𝜓A

)

, (33)

with 𝜓G and 𝜓A denoting the angles of underwater acoustic ra-
diation at the target and sensor node locations, respectively. The 
additive noise 𝐧 follows a Gaussian distribution with 𝔼(𝐧𝐧𝑇 ) =
diag

(

𝜎21 , 𝜎
2
2 ,… , 𝜎2𝑀

)

, where 𝜎2𝑚 = 𝐾𝐸𝐴(𝑙𝑚, 𝜔) [39] with 𝐾𝐸 = −30dB, 
and 𝐴(𝑙𝑚, 𝜔) =

(

𝑙𝑚∕𝑙0
)𝜁 (𝐿(𝜔))𝑙𝑚−𝑙0  represents the overall path loss [40], 

with 𝑙𝑚 being the propagation distance referenced to 𝑙0 = 1000m. The 
path loss exponent is 𝜁 = 2, and the absorption coefficient 𝐿(𝜔) =
1dB/km is obtained using an empirical formula [40]. The specific ex-
pression of the FIM is shown in [39, eq. (30)]. The simulation parame-
ters are set as 𝜀 = 1 × 10−3, 𝑃𝑒 = 0.9, 𝑏 = 1480m/s, 𝑎 = 0.1m/s. Fig. 9 
reveals that compared to the modified Avg. algorithm [24], the sensors 
selected by the Avg.-Trunc. algorithm or Convex-𝓁1 algorithm [3] are 
closer to the boundary of the seabed area. Moreover, they select the 
same number of sensors to achieve the same localization accuracy.

Fig. 10 compares the number of sensors selected by the different al-
gorithms under various 𝑅̄𝑒. The modified Robust algorithm [26] always 
chooses the greatest number of sensors. The number of sensors selected 
by the proposed Avg.-Trunc. algorithm is always no greater than the 
ones chosen by the modified Avg. [24] and the Min. [5] algorithms, 
but also no less than the one picked by the Convex-𝓁1 algorithm [3]. 
Therefore, the proposed Avg.-Trunc. algorithm achieves a good bal-
ance between performance and computational cost.

In the above simulations, we compare the proposed algorithm with 
several greedy and convex baselines under two typical nonlinear mea-
surement models. In practical applications, such as WSN/IoT deploy-
ments, the proposed method can be applied to select a small set of sens-
ing locations from a feasible candidate pool. This pool accounts for site 
constraints such as power supply, accessibility, and communication cov-
erage. The performance metric can be instantiated using a measurement 
model for a specific application (e.g., TDOA/FDOA/RSS/AoA). Nomi-
nal model parameters and noise statistics can be obtained from calibra-
tion or historical measurements. Potential model mismatches can be ac-
commodated by adopting conservative uncertainty and noise modeling, 
e.g., using inflated noise levels or enlarged uncertainty regions. These 
treatments integrate naturally into the proposed greedy sensor selection 
framework and help maintain reliable performance over the region of 
interest under imperfect modeling.
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6.  Conclusions

The sensor selection problem with a general nonlinear model can 
be formulated as an optimization problem with multiple constraints. In 
this work, we introduce a performance metric defined as the average 
of truncated submodular functions to consolidate multiple inequality 
constraints into a single equality constraint. This formulation not only 
ensures satisfactory performance for each 𝜽𝑑 within the domain   but 
also preserves the submodular optimality. The proposed Avg.-Trunc.
algorithm achieves comparable performance to the Convex-𝓁1 method 
[3], while substantially reducing computational complexity, making it 
well-suited for large-scale sensor selection problems. Furthermore, we 
present a performance analysis of the proposed greedy algorithm and 
establish new optimality guarantees that are independent of the auxil-
iary parameter 𝜀, thereby addressing the limitations introduced by the 
small auxiliary term 𝜀𝐈. The proposed guarantees can also be extended 
to other sensor selection problems with different performance metrics.
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Appendix A.  Background on Submodularity

Definition 1 (Submodular function): Let  be a finite set. A set func-
tion 𝑞 ∶ 2 → ℝ is said to be submodular iff ∀ ⊆  ⊆ and 𝑗 ∈ ∖,

𝑞( ∪ {𝑗}) − 𝑞() ≥ 𝑞( ∪ {𝑗}) − 𝑞(). (A.1)

Theorem 3  (The (1 − 1∕𝑒) optimality guarantee). Let 𝑞 ∶ 2 → ℝ be a 
nondecreasing submodular function with 𝑞(∅) = 0 on a finite set . Let opt
be the optimal solution of the following combinatorial optimization problem:
max
⊆

𝑞(), s.t. || = 𝐾.

Let  (𝐾) be the subset chosen from  by the greedy method. Due to the sub-
modularity of 𝑞(), the solution  (𝐾) has the (1 − 1∕𝑒) optimality guarantee 
[23] as follows

𝑞
(

 (𝐾)) ≥
(

1 − 1
𝑒

)

𝑞(opt ), (A.2)

where 𝑒 is Euler’s number. 
Proof.  See [23]. ∎
Remark 3.  (Impact of 𝜀 on the (1 − 1∕𝑒) optimality guarantee): If the 
performance metric in (6), which introduces the auxiliary term 𝜀𝐈, is 
used, substituting it into the (1 − 1∕𝑒) optimality guarantee in (A.2) 
yields

𝑓
(

 (𝐾), 𝛉
)

≥
(

1 − 1
𝑒

)

𝑓
(

opt , 𝛉
)

+ 1
𝑒
𝑁 ln 𝜀. (A.3)

The additional term (𝑁 ln 𝜀)∕𝑒 in (A.3), resulting from the small number 
𝜀, makes the (1 − 1∕𝑒) optimality guarantee overly loose.

Appendix B.  Proof of Corollary 1

We provide the following proof based on the specific form of each 
bound.

1. For the bounds in (19) and (26), the proof of 𝛼̃ ≤ 𝛼 is trivial. Accord-
ing to the diminishing returns property of submodular functions, we 
obtain 

max
𝑗∈∖ (𝑁∗ ) , 𝑝∈∖ ∗

{

𝛿𝑗
(

 (𝑁∗))

𝛿𝑗
(

 (𝑝)
)

}

≤ max
𝑗∈, 𝑝∈

{

𝛿𝑗
(

 (𝑁∗))

𝛿𝑗
(

 (𝑝)
)

}

≤ max
𝑗∈, 𝑝∈

{

𝛿𝑗
(

 (0))

𝛿𝑗 ( (𝑝))

}

.

(B.1)

2. Taking the specific expressions of the bounds in (20) and (27) into 
𝛼 − 𝛼̃, we obtain that 𝛼 − 𝛼̃ = ln 𝛽1∕𝛽𝑁∗+1. First of all, we have 𝛽1 =
𝛿𝑠1

(

 (0)) ≥ 𝛿𝑠𝑁∗+1

(

 (0)) based on the definition of 𝛽𝑘 in (14). Accord-
ing to the diminishing returns property of submodular functions, we 
further obtain 𝛿𝑠𝑁∗+1

(

 (0)) ≥ 𝛿𝑠𝑁∗+1

(

 (𝑁∗)) = 𝛽𝑁∗+1. As a result, we 
arrive at 𝛽1 ≥ 𝛽𝑁∗+1 and 𝛼 − 𝛼̃ = ln(𝛽1∕𝛽𝑁∗+1) ≥ 0.

3. Taking the specific expressions of the bounds in (21) and (28) 
into 𝛼 − 𝛼̃ , we obtain that 𝛼 − 𝛼̃ = ln

(

𝛿
(

, ∅
)

∕𝛿
(

, (𝑁∗))) ≥ 0. 
Because the performance metric is a nondecreasing set function, 
𝑔
(

 (𝑁∗),𝜽𝑑 , 𝛾𝑑
)

≥ 𝑔
(

∅,𝜽𝑑 , 𝛾𝑑
)

. As a result, 𝛿(, ∅
)

≥ 𝛿
(

, (𝑁∗)).

This completes the proof of Corollary 1.

Appendix C.  Proof of Proposition 2

Taking (20), (27) and (29) into account, we need to prove that 

𝛼 − 𝛼̄ = ln
𝛽1
𝛽𝐾

−
(

ln
𝛽𝑁∗+1
𝛽𝐾

+ 𝑁∗

𝐾opt

)

= ln
𝛽1

𝛽𝑁∗+1
− 𝑁∗

𝐾opt
> 0, (C.1)

if the auxiliary number 𝜀 satisfies (30). Substituting the definitions of 𝛽𝑘
in (14) and 𝛿𝑗

(

 (𝑘−1)) in (12) into (C.1) yields 

𝛽1
𝛽𝑁∗+1

=
𝛿𝑠1

(

 (0))

𝛿𝑠𝑁∗+1

(

 (𝑁∗)
) =

∑𝐷
𝑑=1

(

𝑔
(

 (1),𝜽𝑑 , 𝛾𝑑
)

− 𝑔
(

 (0),𝜽𝑑 , 𝛾𝑑
))

∑𝐷
𝑑=1

(

𝑔
(

 (𝑁∗+1),𝜽𝑑 , 𝛾𝑑
)

− 𝑔
(

 (𝑁∗),𝜽𝑑 , 𝛾𝑑
))
.

(C.2)

According to the definition of ̄(𝑘), we derive the numerator of (C.2) as
𝐷
∑

𝑑=1

(

𝑔
(

 (1),𝜽𝑑 , 𝛾𝑑
)

− 𝑔
(

 (0),𝜽𝑑 , 𝛾𝑑
))

=
∑

𝑑∈̄(1)

(

𝑓
(

 (1),𝜽𝑑
)

− 𝑓
(

∅,𝜽𝑑
))

+
∑

𝑑∈∖̄(1)

(

𝛾𝑑 − 𝑓
(

∅,𝜽𝑑
))

. (C.3)

Recall that 𝑓( (𝑘),𝜽𝑑
) is nondecreasing If 𝑓( (1),𝜽𝑑

)

≥ 𝛾𝑑 , then 
both 𝑓( (𝑁∗),𝜽𝑑

) and 𝑓( (𝑁∗+1),𝜽𝑑
) are greater than or equal to 

𝛾𝑑 . In this case, 𝑔
(

 (𝑁∗+1),𝜽𝑑 , 𝛾𝑑
)

− 𝑔
(

 (𝑁∗),𝜽𝑑 , 𝛾𝑑
)

= 𝛾𝑑 − 𝛾𝑑 = 0. 
Moreover, if 𝑔

(

 (𝑁∗+1),𝜽𝑑 , 𝛾𝑑
)

= 𝛾𝑑 and 𝑔
(

 (𝑁∗),𝜽𝑑 , 𝛾𝑑
)

≠ 𝛾𝑑 , 
then, according to the definition of 𝑔( (𝑘),𝜽𝑑 , 𝛾𝑑 ) in (7), we 
have 𝑔

(

 (𝑁∗+1),𝜽𝑑 , 𝛾𝑑
)

− 𝑔
(

 (𝑁∗),𝜽𝑑 , 𝛾𝑑
)

= 𝛾𝑑 − 𝑓
(

 (𝑁∗),𝜽𝑑
)

≤
𝑓
(

 (𝑁∗+1),𝜽𝑑
)

− 𝑓
(

 (𝑁∗),𝜽𝑑
)

. Consequently, we obtain

𝑔
(

 (𝑁∗+1),𝜽𝑑 , 𝛾𝑑
)

− 𝑔
(

 (𝑁∗),𝜽𝑑 , 𝛾𝑑
)

≤ 𝑓
(

 (𝑁∗+1),𝜽𝑑
)

− 𝑓
(

 (𝑁∗),𝜽𝑑
)

.

(C.4)

Using (C.3) and (C.4), we arrive at 
𝛽1

𝛽𝑁∗+1
≥
∑

𝑑∈̄(1)
(

𝑓
(

 (1),𝜽𝑑
)

−𝑓
(

∅,𝜽𝑑
))

+
∑

𝑑∈∖̄(1)
(

𝛾𝑑−𝑓
(

∅,𝜽𝑑
))

∑

𝑑∈̄(1)
(

𝑓
(

 (𝑁∗+1),𝜽𝑣
)

− 𝑓
(

 (𝑁∗),𝜽𝑣
)) ,

(C.5)

and if
∑

𝑑∈̄(1)
(

𝑓
(

 (1),𝜽𝑑
)

− 𝑓
(

∅,𝜽𝑑
))

+
∑

𝑑∈∖̄(1)
(

𝛾𝑑 − 𝑓
(

∅,𝜽𝑑
))

∑

𝑑∈̄(1)
(

𝑓
(

 (𝑁∗+1),𝜽𝑣
)

− 𝑓
(

 (𝑁∗),𝜽𝑣
)) > 𝑒

𝑁∗
𝐾opt ,

(C.6)
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then ln(𝛽1∕𝛽𝑁∗+1) > 𝑁∗∕𝐾opt , which implies 𝛼 > 𝛼̄.
Since we assume that 𝑓( (1),𝜽𝑑

)

≤ 𝛾𝑑 , it follows that ̄(1) = . By 
substituting the performance metric into (6) and 𝑓(∅,𝜽𝑑

)

= 𝑁 ln 𝜀 in
(C.6), the condition on 𝜀 can be further derived and as

𝜀𝐷𝑁 <
𝐷
∏

𝑑=1

⎛

⎜

⎜

⎜

⎝

det
(

𝐅
(

 (1),𝜽𝑑
)

+ 𝜀𝐈
)

(

det
(

𝐅
(

 (𝑁∗),𝜽𝑑
)

+ 𝜀𝐈
)

det
(

𝐅
(

 (𝑁∗+1),𝜽𝑑
)

+ 𝜀𝐈
)

)𝑒𝑁
∗∕𝐾opt ⎞

⎟

⎟

⎟

⎠

,

(C.7)

Since the FIM 𝐅( (𝑁∗),𝜽𝑑
) is full rank, we can decompose

det
(

𝐅
(

 (𝑁∗+1),𝜽𝑑
)

+ 𝜀𝐈
)

= det
(

𝐅
(

 (𝑁∗),𝜽𝑑
)

+ 𝜀𝐈
)

det
(

𝐈 +
(

𝐅
(

 (𝑁∗),𝜽𝑑
)

+ 𝜀𝐈
)−1

𝐅𝑠𝑁∗+1

(

𝜽𝑑
)

)

≤ det
(

𝐅
(

 (𝑁∗),𝜽𝑑
)

+ 𝜀𝐈
)

det
(

𝐈 +
(

𝐅
(

 (𝑁∗),𝜽𝑑
))−1

𝐅𝑠𝑁∗+1

(

𝜽𝑑
)

)

= det
(

𝐅
(

 (𝑁∗),𝜽𝑑
)

+ 𝜀𝐈
)

𝑁
∏

𝑛=1

(

1 + 𝜅𝑑,𝑛
)

, (C.8)

where 𝜅𝑑,𝑛 = 𝜆𝑛((𝐅( (𝑁∗),𝜽𝑑 ))−1𝐅𝑠𝑁∗+1
(𝜽𝑑 )). Therefore, the condition on 

𝜀 in (C.7) is fulfilled if

𝜀𝐷𝑁 <
𝐷
∏

𝑑=1

⎛

⎜

⎜

⎜

⎝

det
(

𝐅
(

 (1),𝜽𝑑
))

(

1
∏𝑁

𝑛=1
(

1 + 𝜅𝑑,𝑛
)

)𝑒𝑁
∗∕𝐾opt ⎞

⎟

⎟

⎟

⎠

. (C.9)

Let 𝑛̃𝑑 denotes the rank of the FIM 𝐅( (1),𝜽𝑑
)

, we have 

det
(

𝐅
(

 (1),𝜽𝑑
))

=

( 𝑛̃𝑑
∏

𝑛=1
𝜆𝑛
(

𝐅
(

 (1),𝜽𝑑
))

)

𝜀𝑁−𝑛̃𝑑 . (C.10)

Substituting (C.10) into (C.9), we then can obtain (30).

Supplementary material

Supplementary material associated with this article can be found in 
the online version at 10.1016/j.sigpro.2026.110553. 
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