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1 Rectangular reinforced NSC beam

S ) N,
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Figure 1.1: deformation and stress diagram when €.iensite < Ect-

1.1 Uncracked beam
The beam will remain uncracked as long as the tensile stress doesn’t exceed the tensile strength:

Ectensile < Ect-

With respect to the deformation and stress diagram of [Figure 1.1] the strain in the steel

reinforcement bars & and the concrete tensile strain £.tensite €an be expressed as:

Ectensile =

With above two equations and &, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
ZFH =0 _)thop = Ng + Nepor =

1 1
beECSC = ASESSS + Eb(h - x)Ecsctensile -

d—x h—x
besC—AE —e. += b(h—x)E & =

10



1 1

bezEc = AE,(d — x) + Eb(h - x)%E, -

1, 1., 1,

be E. = AgE,d — AgEgx + Ebh E.+ be E. — bhxE, —
1.2

AsEx + bhxE. = AGEd + Ebh E. -

AE.d + %bthC
X = TA.E, + bhE,

The corresponding bending moment capacity and curvature:

1 2 1 1 2
M = Ng (d - —x) + Nepor - =h = AgEgeg (d — —x) + —b(h — xX)E &ctensite * =h
3 3 3 2 3
& + &
=T

1.2 The cracking moment

The cracking moment M_,. is reached at a concrete tensile strain €.¢ensite = Ec¢ @and a curvature K.

The strain in the concrete &, and steel &g can be derived from [Figure 1.1].

e _fctm
ct —
E.
d—x
& = h Ect
X
& = A xgct

With the equations above and ¢.; as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
ZFH =0 _)thop = N5 + Nepor =

1 1

beECsC = AgE;e5 + Eb(h —x)E e =

11



x d—x
_beCh— = AE,—— ST ect+ b(h X)E. e —
1. 2 1 2
be E. = A;E;(d — x) +Eb(h—x) E.—
1, 1., 1,
be E. = AjE,d — AgEsx +§bh E, +be E. — bhxE, —>

1
(AsEs + DhEQ)x = AsEsd + = bh?E; —

AEd + %bthc
AJE, + bhE,

The cracking moment and the corresponding curvature:

1 2 1 1 2
M., = N (d - §x) + Nepor * 3h = AsEgeg (d - §x> + Eb(h —X)E € ‘3h
&+ &
KCT - d

1.3 Cracked beam

When the load is further increased, concrete cracking starts to occur and the steel reinforcing bars

will provide tensile capacity to restore equilibrium. &.onsi1e becomes zero.

Oc
A
|
| A r _________ :
/i /
7
/ i
| A7) O Fvass |
’ i
/!
/
/ H
/ i
/ !
/ :
-
0 €es {‘lcni &,

Figure 1.2: bi-linear stress-strain relation for NSC and HSC in compression (NEN-EN 1992-1-1).
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Figure 1.3: stress-strain diagram for reinforcing steel (NEN-EN 1992-1-1).

Figure 1.4: deformation and stress diagram for elastic material behavior (g, < &.3) and (es < ssy).

With respect to the deformation and stress diagram of [Figure 1.4] the strain in the reinforcement

bars can be expressed as:

With the equation above and ¢, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
zFH:O—)Nc=NS—>

1
beECsC = A E;e; —

Ec

1

EbXECEC = ASEST
1 2

be E. = AgE;(d —x) —

13



1
bezEc = AE.d — AEx —

1
bezEC + AgEsx — AgEgd = 0 >

—AE, + J (A;ES)? — 4 - %bEC . —AEd
bE,

X =
The corresponding bending moment capacity and curvature:

1 1
M = N (d - §x> = A E &g (d - §x)

&+ &

1.4 The yield moment (My < Mc,pl)

The concrete strength class and the amount of steel reinforcing bars determine whether concrete or
steel will reach the plastic phase first. The steel reinforcing bars will start to yield at a yield strain
&y = 2,17%o. Concrete starts to become plastic when €, = €.3. It is now assumed that the

reinforcement ratio is not too high and the steel yields first.

With the equation above and &;,, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
ZFH=O—>NC:NS—>

1

beECSC = A E;e, >

1 X
beEcmgsy = AsEsgsy -

14



1
bezEc =AE(d—x) -

1
bezEC + AgEsx — AgEgd = 0 >

—AE, + J (A;ES)? — 4 - %bEC . —AEd
bE,

X =

The yield moment can be expressed by:
1 1

My = Ns (d —§X> = Asfyd (d - §x)

The corresponding curvature:

g+ &y
Ky = —

After the yield moment is reached the moment capacity further increases until the concrete

compressive strain reaches €.3. The concrete compressive zone height x can be derived from

equilibrium of horizontal forces:

& > &gy
ZFH=O—>NC=NS—>
1

beECsC = A E;e5 >

1

beEcec = AsEse5y —

1
beECsC = Asfyd -

2Asfyd
X = ——
bE_ €,

15



The corresponding bending moment and curvature:

1
M = Asfyd (d _§x>

&+ &
K=———
d

1.5 The plastic moment (My < Mc’p,)

The plastic moment occurs when . = £.3. The concrete compressive zone height x can be derived

from equilibrium of horizontal forces:

& > &y
ZFH=O—>NC=NS—>
1

beECsC = A E;e5 >

1
beEcecg = AsEse5y —

1
befcd = Asfyd -

2Asfyd
X =—"
bfcd

The plastic moment can be expressed by:

1
My = Asfya (d - §x)

The corresponding curvature:

_ &c3 + Es
Kc,pl - d

16
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Figure 1.5: deformation and stress diagram when &, > ¢€.3.

When €. > €5 [Figure 1.5] is valid. The concrete compressive zone height x can be derived from

equilibrium of horizontal forces:

_ léegs

N _——xfd+x(1—gﬁ)fd=bxfd(1—€£’)
€ 2¢g 7¢ g 17° ¢ 2¢e,

ZFH=O—>NC=NS—>

bxf (1—13)=Af S
cd ZEC sJyd

x = Asfyd
b (1-52)

In order to determine the bending moment resistance the distance from the top fibre to the center

of gravity of the concrete compressive zone needs to be known:

(1) 30-5) b ((1-52) +523)

g = & & 2 & & & 3
_E3) 4 DXy
bx (1 sc)+ 2 &

1.6 The ultimate bending moment resistance

The ultimate bending moment resistance can be derived when ¢, = &.,3:
Mpq = Asfyd(d - .B)
The corresponding curvature:

_ Ecuz + &
Kra = a4

17



1.7 The plastic moment (Mc,p, < My)

The concrete strength class and the amount of steel reinforcing bars determine whether concrete or
steel will reach the plastic phase first. The steel reinforcing bars will start to yield at a yield strain
&y = 2,17%o. Concrete starts to become plastic from &, = 3. It is now assumed that the

reinforcement ratio is high and the concrete will reach the plastic phase first.

& = &3

With the equation above and .5 as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
ZFH:O—)NC:NS—>

1

beECSC = A E;e, >

1 d—x

beEc£c3 = AsE; Tgc?) -

1
bezEc =AE(d—x) -

1
bezEC + AgEsx — AgEgd = 0 >

—AE, + J (A;Eg)? — 4 - %bEC . —AEd
bE,

X =

18



The plastic moment can be expressed by:

1 1
M, = N (d - §x> = A Egeg (d - §x)
The corresponding curvature:

_ &c3 + Es
Kc,pl - d

1.8 The yield moment (Mc,pl < My)

After the plastic moment is reached the moment capacity further increases until the steel strain &

reaches &;,,.

& = &gy

When €, > g3 [Figure 1.5] is valid. The concrete compressive zone height x can be derived from

equilibrium of horizontal forces:

1&g

N =——xfd+x(1—gﬁ)fd=bxfd(1—£ﬁ)
€ 2 70¢ g ]7¢ ¢ 2¢,

ZFH=O—>NC=NS—>

Ec3
bxfca (1 - Z) = AsEses —
c

€c3
bxfcq — bxfcq ZL = AsEsesy -
&
2bxfcaec — bxfeq€cs = ZAsfydgc -
X X
2bxfcq Rl bxfeatcs = 24Asfya T ey
befcdgsy —b(d — x)fecatcz = ZAsfydgsy -

19



bfcd(zgsy + 803)36 = 2Asfyd£sy + bdfcq€c3

— 2Asfyd£sy + bdfcd€c3
bfcd(zgsy + 503)

In order to determine the bending moment resistance the distance from the top fibre to the center

of gravity of the concrete compressive zone needs to be known:

(1) 50— + B s 1) + 29

g = & & 2 & & & 3
_ &) bxes
bx (1 SC)+ 2 &

The yield moment can be expressed by:
My =Ny(d - p) = Asfyd(d -B)
The corresponding curvature:

£C+esy
Y Ta

When & < &y

The concrete compressive zone height x can be derived from equilibrium of horizontal forces:
ZFH=O—>NC:NS—>

bxf, (l—gﬁ):AEe -
cd ZSC stises

&3 d—x
bxfcq — bxfcq e = AgE; X & ™
c

d—x
2bxfcaec — bxfeq€cs = ZASESTSCZ -

2bx*feqec — bx*feqecs = 245Es(d — x)eé >
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bf,q(2e, — £.3)x% + 2A E;e2x — 2A4Ese2d = 0 >
cd c c3 stscc s

_ —2AsEsel + \/(ZAsEsgcz)Z —4-bfeq(2e. — £c3) - —2AEs€éd
becd(zgc - £c3)

X

The corresponding bending moment and curvature:
M = AsEgeg(d — B)

g+ &
K=—"—
d

When &5 > &y

The concrete compressive zone height x can be derived from equilibrium of horizontal forces:
EFH=O—>NC=NS—>

Ec3
bxfca (1 - Z) = AsEses —
c

€c3
bxfcq — bxfcq i = AsEsgsy -
c

2bxfcqec — bxfeq€cs = ZAsfydgc -
bfcd(zgc - 863)x = 2Asfydgc -

_ ZAsfydgc
bfcd (250 - 503)

X

The corresponding bending moment and curvature:

M = Asfyd(d -B)

&+ &
K=—
d
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1.9 Shear

The design shear resistance of the member without shear reinforcement [NEN-EN 1992-1-1: 6.2]:

3
Vmin = 0,035k2,/f

VRd,cmin = (vmin + klo-cp)bwd

kl = 0,15
Ngq

O-Cp = A < O,Zde
Cc

VRd,c = [CRd,ck3 100plfck + klacp]bwd

Cra,c = 0,18/y,

The design value of the shear force, which can be sustained by the yielding shear reinforcement

[NEN-EN 1992-1-1: 6.2]:

sw
VRd,S = _S nyWd cotd
z=d-p

fywd = 0:8fyk

1<cotf <25
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The design value of the maximum shear force, which can be sustained by the member, limited by

crushing of the compression struts [NEN-EN 1992-1-1: 6.2]:

v GewbutVifea
’ cotf +tanb
For non-prestressed structures: Aoy =1
For: f. < 60 N/mm?: v; =0,6
For: f.x =90 N/mm?: v, = 0,9 — L&

200

1.10 Crack width

Determine wy, 4, from [NEN-EN 1992-1-1: Table 7.1N]:

Wmax = Wk
k=08
k, =05
ks =34
k, = 0,425

For short term loading: k; = 0,6

For long term loading: k; = 0,4

fct,eff = feem(£)
The beam is in the cracked phase.

For a rectangular reinforced beam that is cracked, the concrete compressive zone height x remains

the same under increasing load until the yield moment is reached.
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—AE, + J (AEg)? — 4 - %bEC . —AEd
bE,

X =

With x the maximum allowable steel stress g can be determined:

. h—x
heors = mm{z,s(h - o,Sh}

Acerr = bhcesr

A
p , =
peff Ac,eff
kikyky¢
Srmax = k3¢ +———
Ppeff
Wy
Wy = Sr,max(gsm - gcm) > &m — &m = S
r,max
fct,eff
Os — ktp—(l + aepp,eff)
Esm — €cm = pelt -
Es
fct,eff

05 = Es(gsm - gcm) + k¢ (1 + aepp,eff)

Ppeff

With the maximum allowable steel stress g5 and [Figure 1.4] the maximum moment in SLS can be

calculated.
O-S
8 e —
S Es
& & X
— = - &, =€
x d-—x ¢ Sd-—x
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1
Mg, = AgE &g (d — §x)
1.11 Concrete compressive zone height
This paragraph is based on [NEN-EN 1992-1-1+C2/NB: 6.1].
For: fo < 50 N/mm?:

xu< 500
d ~ 500+ f

For: fz > 50 N/mm?:

Xu _ £oy + 108
d = e, 106+ 7f

fok
(VLS - Gpmoo) Ap + fydAs
A, + Ag

f=
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2 Rectangular doubly reinforced NSC beam

2.1 Uncracked beam

Figure 2.1: deformation and stress diagram when €¢onsite < Ect-

oz <fed

Nbd
_\ﬁ_) N;bol
bk <£~3¢\
&é gcl:m

The beam will remain uncracked as long as the concrete tensile strain €.¢ensize doesn’t exceed ;.

With respect to the deformation and stress diagram of [Figure 2.1] the strain in the top and bottom

steel reinforcement bars and the concrete tensile strain can be expressed as:

_ X — dtOp

Estop = X &
_ dbot - X

Eshot = x &
h—x

Ectensile = x Ec

With above three equations and &, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:

Z FH =0- thop + Nstop = Ngpot T Ncbot -

1 1
beEcgc + AstopEsgstop = AsbotEsgsbot + Eb(h - x)Ecgctensile -

1
beEcsc + AstopEs

Ay BT e
X €c = AspotLs x Ec 2 X)Ec¢

26
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1 1

bezEc + AstopEs(x - dtop) = AsbotEs(dbot —-x)+ Eb(h - x)ZEc -

1 2 1 2 1 2

be EC + AstopESx - AStOpESdtop = ASbOtESdbOt - ASbOtESx + Ebh EC + be EC - bthC g
1 2

AstopEsx + AsbotEsx + bthc = AstopEsdtop + AsbotEsdbot + Ebh Ec -
1 2

x(Es(Astop + Asbot) + bhEC) = Es(Astopdtop + Asbotdbot) + Ebh E. -

1
Es(Astopdeop + Asbotdpor) + 5bh?E,
X =
ES (Astop + Asbot) + bhEc

The corresponding bending moment capacity and curvature:

1 2 1
M = Ngpo¢ (dbot - §x> + Nepor §h + Nstop (§x - dtop) =

2

1 1 1
AspotEsEspot (dbot - §x) + Eb(h — X)E &ctensite * 3 h + AstopEsgstop <§x - dtop)

K = & t Espot
dbot

2.2 The cracking moment

The cracking moment M_,. is reached at a concrete tensile strain &.; and a curvature k. The strain in

the concrete and steel reinforcing bars can be derived using the strain diagram drawn in [Figure 2.1].

e, — fetm
ct —
E.
X - dtop
Estop = Th—x Ect
_ dpot — X
Eshot = h—x Ect
X
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With the previous equations and &.; as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
Z Fy=0- thop + Nstop = Nspot + Nepor =

1 1
EbXECEC + AstopEs‘Sstop = AspotEs€spor + Eb(h —x)Ecece —

dbot - X

h—

1 x X = diop
beEC msct + AStOpES T

1
&t = AspotEs Ect T Eb(h —x)E e —
1 1
bezEc + AstopEs(x - dtop) = AsbotEs(dbot —-x)+ Eb(h - x)ZEc -
1 2 1 2 1 2
be EC + AstopES.x - AStOpESdfOp = ASbOtESdbOt - ASbOtESx + Ebh EC + be EC - bthC g
1 2
AstopEsx + AsbotEsx + bthc = AstopEsdtop + AsbotEsdbot + Ebh Ec -

1
x(Es(Astop + Asbot) + bhEC) = Es(Astopdtop + Asbotdbot) + Ebthc -

1
Es(Astopdiop + Aspotdpor) + > bh?E,
X =
Es (Astop + Asbot) + bhEc

The cracking moment and the corresponding curvature:

1 2 1
M¢, = Ngpor (dbot - §X> + Nepor §h + Nstop <§x - dtop) =
1 1 2 1
AsbotEsgsbot (dbot - §x> + Eb(h - x)Ecgct : §h + AstopEsgstop (gx - dtop)
K = & + Esbot
i dbot
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2.3 Cracked beam

When the load is further increased, concrete cracking starts to occur and the steel reinforcing bars

will provide tensile capacity to restore equilibrium. &.onsi1e becomes zero.

Nsbop
Er_ < fgf?f_

E-sl:@f

——— ey

- | ¥

’ Ebol T Wbk

Figure 2.2: deformation and stress for elastic material behavior (g, < g.3) and (ss < ssy).

With respect to the deformation and stress diagram of [Figure 2.2] the next three equations are

valid:
_ dbot —X
Esbot = X &
_ X — dtOp
gstop - x &

ZFH=0_)NC+Nstop= sbot

With these three equations and ¢, as input, the concrete compressive zone height x can be found.
1
beEc‘Sc + AstopEs‘Sstop = AsbotEsgsbot -

—d¢p dpor — X
14 _ bot
& = AsbotEs X Ec ™

1 x
beECsC + AstopEs

1 2

be E.+ AstopEs(x - dtop) = AspotEs(dpor — x) =

1
bezEc + AstopEsx - AstopEsdtop = AsbotEsdbot - AsbotEsx -

1
bezEc + (Astop + Asbot)Esx - Es(Astopdtop + Asbotdbot) =0-
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2 1
_(Astop + Asbot)Es + \/((Astop + Asbot)Es) —4- jbEc : _Es (Astopdtop + Asbotdbot)

bE,

X =
The corresponding bending moment capacity and curvature:

1 1
M = Ngpo¢ (dbot - §x> + Nstop (gx - dtop) =

1 1
AsbotEsgsbot (dbot - §x) + AstopEssstop (gx - dtop)

K = & t Espot
dbot

2.4 The yield moment (Mybot < Mc,p,)

The concrete strength class and the amount of steel reinforcing bars determine whether concrete or
steel will reach the plastic phase first. The steel reinforcing bars will start to yield at a yield strain
&y = 2,17%o. Concrete starts to become plastic from &, = 3. It is now assumed that the

reinforcement ratio is not too high and the bottom steel reinforcement yields first.

Esbot = Esy
. _x—dwp‘E _x—dwp‘E
stop — sbhot — S
b dbot - X dbot - X Y
X X
& = Esbot = Esy
dbot - dbot - X

With the equations above and &g, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
ZFH = 0_)Nc+Nstop = Ngpot =

1
beEcsc + AstopEssstop = AsbotEsgsbot -

1 —d
—bxE top
dbot - X

2 c dbot—_x Esy + AstopEs

Esy = AsbotEsgsy -
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1

bezEc + AstopEs(x - dtop) = AspotEs(dpor — x) =

1 2

be Ec + AstopEsx - AstopEsdtop = AsbotEsdbot - AsbotEsx -

1
bezEc + (Astop + Asbot)Esx - Es(Astopdtop + Asbotdbot) =0-

2 1
_(Astop + Asbot)Es + \/((Astop + Asbot)Es) -4 ibEc : _Es (Astopdtop + Asbotdbot)

x= bE,

The yield moment can be expressed by:

1 1
Mybot = Ngpot (dbot - §x) + Nstop (gx - dtop) =

1 1
Asbotfyd (dbot - §x> + AstopEsgstop (gx - dtop)

The corresponding curvature:

g+ &y

K =
ybot l
bot

After the yield moment is reached the moment capacity further increases until the concrete
compressive strain reaches €.3. The concrete compressive zone height x can be derived from

equilibrium of horizontal forces:

Esbot > gsy

ZFHZO_)NC-l_NStOp: sbot

1
beEcgc + AstopEsgstop = AsbotEsgsbot -

1 X — dtOp
EbXECEC + AstopEsTgc = AsbotEsgsy -

1
bezECEC + AStOpES(x - dtop)gc = ASbOtfydx -
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1
bezEcgc + (AstopEssc - Asbotfyd)x - AstopEsgcdtop =0-

2 1
_(AstopEsgc - Asbotfyd) + \/(AstopEsgc - Asbotfyd) —4- 7bEc€c : _AstopEsgcdtop
bE_ g,

X =
The corresponding bending moment capacity and curvature:

1 1
M = Asbotfyd (dbot - §x> + AstopEsgstop (§x - dtop)

K = & T Espot
dbot

2.5 The plastic moment (Mybot < Mc,p,)

The plastic moment occurs when . = &.3. The concrete compressive zone height x can be derived

from equilibrium of horizontal forces:

Esbot > gsy

ZFHZO_)NC+Nstop= sbot ™

1
EbXECEC + AstopEs‘Sstop = AsbotEsgsbot -

—-d
top _
€3 = AsbotEsssy -

1 X
beECsC3 + AstopEs

1
bezfcd + AstopEs(x - dtop)gc3 = Asbotfydx -

1
bezfcd + (AstopEsch - Asbotfyd)x - AStOpESdt0p8C3 =0-

2 1
_(AstopEsgc3 - Asbotfyd) + J(AstopESECS - Asbotfyd) —4- ibfcd ' _AstopEsdtop€c3
bfcd

X =
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The plastic moment can be expressed by:

1 1
Mc,pl = Asbotfyd (dbot - §x) + AstopEsgstop <§x - dtop)
The corresponding curvature:

_ €c3 T Espot
Kept = dpor
o

e 1 ’f/~\_xi——"£.£3)(5"
a" te
Ec B
3 ‘. N,
X =3
te
» 2

Figure 2.3: deformation and stress diagram when &, > ¢€.3.

g

When &, > €3 [Figure 2.3] is valid. The concrete compressive zone height x can be derived from

equilibrium of horizontal forces:

_ 1ecs

N _——xfd+x(1—'i3)fd=bxfd(1—i3)
€ 2 70¢ g /¢ ¢ 2¢,

ZFHZO_)NC+Nst0p= sbot

€c3
bxfcq (1 - i) + AstopEsgstop = Asbotfyd -
c

€c3
bxfecq (1 - i) = Asbotfyd - AstopEsgc
c

X~ deop _

€c3
bxzfcd (1 - 22 ) = Asbotfydx - AstopEs‘Sc(x - dtop) -
c

€c3
bxzfcd (1 - 22 ) + (AstopEsgc - Asbotfyd)x - AstopEs‘Scdtop =0-
c
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2 &
_(AstopEsgc - Asbotfyd) + \/(AstopEsgc - Asbotfyd) —4- bfcd (1 - ZL;;) . _AstopEsgcdtop

2bfq (1- %’;)

X =

In order to determine the bending moment resistance the distance from the top fibre to the center

of gravity of the concrete compressive zone needs to be known:

(1 58)-5(1-58) + 58 (- ) + 89

g = & & 2 &g & & 3
_ &) bxées
bx (1 EC)+ 2 g

2.6 The ultimate bending moment resistance

The ultimate bending moment resistance can be derived when ¢, = &.,3:

Mpgq = Asbotfyd(dbot - B) + AstopEssstop(.B - dtop)
The corresponding curvature:

K _ Ecuz t Esbot
Rd —
dbot

2.7 The plastic moment (Mc,p, < Mybot)

The concrete strength class and the amount of steel reinforcing bars determine whether concrete or
steel will reach the plastic phase first. The steel reinforcing bars will start to yield at a yield strain
&y = 2,17%o. Concrete starts to become plastic from &, = 3. It is now assumed that the

reinforcement ratio is high and the concrete will reach the plastic phase first.

& = &c3
_dbot_x _dbot_x
Eshot = x c X &3
_x_dtop _x—dwp
gstop - x c x c3
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With the previous equations and &.3 as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
ZFH = O_)Nc+Nstop = Ngpot ™

1

EbXECEC + AstopEs‘Sstop = AsbotEsgsbot -

dot_x

- dto
14 _ b
€3 = AsbotEs x Ecz ™

1 X
beECsC3 + AstopEs

1 2

be E.+ AstopEs(x - dtop) = AspotEs(dpor — x) =

1 2

be Ec + AstopEsx - AstopEsdtop = AsbotEsdbot - AsbotEsx -

1
bezEc + (Astop + Asbot)Esx - Es(Astopdtop + Asbotdbot) =0-

2 1
_(Astop + Asbot)Es + \/((Astop + Asbot)Es) -4 ibEc : _Es (Astopdtop + Asbotdbot)

bE,

X =
The plastic moment can be expressed by:

1 1
Mc,pl = AsbotEs‘Ssbot (dbot - §x) + AstopEsgstop (gx - dtop)

The corresponding curvature:

_ €c3 T Espot
Kc,pl Bl dbot
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2.8 The yield moment (Mc’pl < Mybot)

After the plastic moment is reached the moment capacity further increases until the steel strain &g

reaches &;,,.

Esbot = Esy
_X—dtop _x_dtop
Estop = dbot —x Esbot = dbot —x Esy
X X
& = Eshot = Esy
dbot -X dbot - X

When €, > €. [Figure 2.3] is valid. The concrete compressive zone height x can be derived from

equilibrium of horizontal forces:

N =——xfd+x(1—'i3)fd=bxfd(1—i3)
€ 2 70¢ g ]7¢ ¢ 2¢,

ZFHZO_)NC+Nstop= sbot

€c3
bxfcd (1 - i) + AstopEsgstop = AsbotEsgsbot -

c

X — dtOp

€c3
beCd (1 - Z—EC) + AStOpE

s dpor — X Esy = AsbotEsgsy -

&c3 X = dtop
bxfcd - bxfcd + Astop fyd = Asbotfyd -
2¢&, dpot — X

2bx(dpot — X) feagc — bx(dpor — X) feaes + ZAstop(x - dtop)fydgc = 2Aspot (dpor — x)fydgc -

2bx(dbot - x)fcdgsy - b(dbot - x)zfcd€c3 + 2Astop (x - dtop)fydgsy =

2Asbot(dbot - x)fydgsy -

bedbotfcdgsy - bezfcdgsy - bdlzyotfcdSCB - bxzfcd£c3 + 2bdbotxfcd‘gc3 + ZAstoprydgsy

_2Astopdtopfydgsy = ZAsbotdbotfydssy - ZAsbotxfydgsy -
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_bfcd(zgsy + £C3)x2 +2 (bdbotfcd(‘ssy + 803) + fydgsy(Astop + Asbot)) X — bd%otfcd‘SCS

_nydgsy(Astopdtop + Asbotdbot) =0-

—b + Vb2 — 4ac
X =
2a

a= —bfcd(ZsSy + £C3)
b=2 (bdbotfcd (8sy + 863) + fydgsy(Astop + Asbot))

c= _bdgotfcdSCB - nydgsy(Astopdtop + Asbotdbot)

In order to determine the bending moment resistance the distance from the top fibre to the center

of gravity of the concrete compressive zone needs to be known:

be(1-58)-5(1-50) + 350 (r(1- )+ 58

g = & & 2 & & & 3
_ &) bxes
bx (1 sc)+ 2 &

The yield moment can be expressed by:
Mybot = Nsbot(dbot - ﬁ) + Nstop (ﬁ - dtop) = Asbotfyd(dbot - ﬁ) + AstopEsgstop (ﬁ - dtop)

The corresponding curvature:

& + &y

K =
ybot l
bot
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When &gp; < Egy:

_ dbot —X
Eshot = x &

X - dtop
Estop = x Ec

The concrete compressive zone height x can be derived from equilibrium of horizontal forces:
ZFH = O_)Nc+Nstop = Ngpot ™

€c3
bxfcd (1 - E) + AstopEsgstop = AsbotEsgsbot -

c

- dtop dbot - X

&c3 X
bxfcq — bxfcq g + AstopEs & = AspotEs X & ™
c

bechdgc - bxzfcd€c3 + 2AstopEs(x - dtop)gc2 = 2AspotEs(dpor — x)5c2 -
bezfcdgc - bxzfcd€c3 + ZAstopEsxgc2 - ZAStOpEsdtopgcz - 2AsbotEsdbotgc2 + 2‘LlsbotEsx‘gcz =0-

bfcd(zgc - £C3)x2 + ZESECZ‘ (Astop + Asbot)x - 2ES£CZ‘ (Astopdtop + Asbotdbot) =0-

—b + Vb2 — 4ac
X =
2a

a = bfea(2e; — &c3)

b = 2EseZ(Astop + Aspot)

¢ = —2E & (Astopdtop + Asbotdbot)

The corresponding bending moment and curvature:

M = Nsbot(dbot - ﬁ) + Nstop(lg - dtop) = AsbotEsgsbot(dbot - ,8) + AstopEsgstop(ﬁ - dtop)

_ & T Espot

dbot
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When &po; > £y

The concrete compressive zone height x can be derived from equilibrium of horizontal forces:
ZFH = 0_)Nc+Nstop = Ngpot =

€c3
bxfcd (1 - i) + AstopEsgstop = AsbotEsgsbot -

c

Ec3 X — dtop _
bxfcd - bxfcd z + AstopEs x & = AsbotEs‘Ssy -
c

bezfcdgc - bxzfcd‘ch + ZAstopEs(x - dtop)‘gc2 = 2Asbotfydx‘gc -

bfcd(zgc - ch)xZ + ch(AstopEsgc - Asbotfyd)x - ZAstfopEsdtfop‘gc2 =0~

—b + Vb2 — 4ac
X =
2a

a = bfea(2e; — &c3)

b= ch(AstopEsfc - Asbotfyd)

c= —2AstopEsdtop5c2

The corresponding bending moment and curvature:

M = Nsbot(dbot - .B) + Nstop(ﬂ - dtop) = Asbotfyd(dbot - .B) + AstopEsgstop(ﬂ - dtop)

K = & T Espot
dbot
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2.9 Shear

The design shear resistance of the member without shear reinforcement [NEN-EN 1992-1-1: 6.2]:

3
Vmin = 0,035k2,/f

VRd,cmin = (vmin + klo-cp)bwd

kl = 0,15
Ngq

O-Cp = A < O,Zde
Cc

VRd,c = [CRd,ck3 100plfck + klacp]bwd

Cra,c = 0,18/y,

The design value of the shear force, which can be sustained by the yielding shear reinforcement

[NEN-EN 1992-1-1: 6.2]:

sw
VRd,S = _S nyWd cotd
z=d-p

fywd = 0:8fyk

1<cotf <25
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The design value of the maximum shear force which can be sustained by the member, limited by

crushing of the compression struts [NEN-EN 1992-1-1: 6.2]:

v GewbutVifea
’ cotf +tanb
For non-prestressed structures: Aoy =1
For: f. < 60 N/mm?: v; =0,6
For: f.x =90 N/mm?: v, = 0,9 — L&

200

2.10 Crack width

This paragraph is based on [NEN-EN 1992-1-1: 7.3.4].

Determine wy, 4, from [NEN-EN 1992-1-1: Table 7.1N].

Wmax = Wk

k, =08
ky, =05
ks = 3,4
k, = 0,425

For short term loading: k; = 0,6

For long term loading: k; = 0,4

fct,eff = fctm(t)

The beam is in the cracked phase.
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For a rectangular doubly reinforced beam that is cracked, the concrete compressive zone height x

remains the same under increasing load until the yield moment is reached.

2 1
_(Astop + Asbot)Es + \/((Astop + Asbot)Es) -4 ibEc : _Es (Astopdtop + Asbotdbot)

bE,

X =

With x, the maximum allowable steel stress g, can be determined:
) h—x

h¢err = min {Z,S(h — d);T; O,Sh}

Ac,eff = bhc,eff

Ag
Ac,eff

Ppeff =

kikokad
Srmax = ksc +
Ppeff
Wy
Wi = Sr,max(gsm — &m) ™ Esm — Eem = S
r,max
fet,
o5 — ke <L (1+ aepperr)
e e = Poerf N
sm cm E,
fct,eff

05 = Es(gsm - Scm) + k¢ (1 + aepp,eff)

Pp.eff

With the maximum allowable steel stress g, and [Figure 2.2] the maximum moment in SLS can be

calculated.
O

£ =—

sbot Es
& Esbot Se =g x
= c — Sshot
X dbot - X dbot - X

Sstop Esbot X — dtop
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1
Netop = beECSC

Nstop = Astop Es Estop

Nspor = AspotEsEspot
1 1
qu = AsbotEsgsbot (dbot - §x> + AstopEsgstop (§x - dtop)

2.11 Concrete compressive zone height
This paragraph is based on [NEN-EN 1992-1-1+C2/NB: 6.1].

For: f.; < 50 N/mm?:

Xu _ 500
d ~ 500+ f

For: fu > 50 N/mm?:

Xu _ £qy 100
d " e, 106+ 7f

for
(L - O-pmoo> Ap + fydAs

Vs
A, + Ag

f:
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3 Rectangular doubly reinforced NSC beam + normal force

Mo
Celles Sbffi':-'

Esbp(fsj f"f-l‘nf

Asbok
vee ) — Esbok (Esy
b Ekavnts. £ Ek

Figure 3.1: deformation and stress diagram when €.¢ensite < Ect-

3.1 Uncracked beam

The beam will remain uncracked as long as the concrete tensile strain €.;ensize doesn’t exceed €.

With respect to the deformation and stress diagram of [Figure 3.1] the strain in the top and bottom

steel reinforcement bars and the concrete tensile strain can be expressed as:

_ X — dtOp

Estop = X &
_ dbot —X

Eshot = x &
h—x

Ectensile = x &

With above three equations and &, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:

Z Fy=0- thop + Nstop = Ngpot + Nepot + Ngg =

1 1

beEcgc + AstopEssstop = AsbotEsgsbot + Eb(h - x)Ecgctensile + NEd -

- dtop

1 x dpor — X 1 h—x
beECSC + AstopEsTsc = AsbotEsTsc + Eb(h — X)Echc + Ngg —
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1 1
bezEcgc + AstopEs(x - dtop)sc = AgpotEs(dpor — X)&c + Eb(h — x)?Ecec + xNgg —

1
bezEch + AstopEsxgc - AstopEsdtopgc =

1 1
AsporEsAporec — Aspor Esxes + EbthcsC + bezEcec — bhxE . + xNggq —
1 2
AstopEsxgc + AsbotEsxgc + bthcgc - xNEd = AstopEsdtopsc + ASbOtESdbOtSC + Ebh Ecgc -
1
x(gc(Es(Astop + Asbot) + Ecbh) - NEd) =& (Es(Astopdtop + Asbotdbot) + Ebthc> -

1
& (Es(Astopdtop + Asbotdbot) + 7 bthc)
X =
& (Es (Astop + Asbot) + Ecbh) - NEd

The corresponding bending moment capacity and curvature:

1 2 1 1 1
M = Ngpo¢ (dbot - §x> + Nepor §h + Nstop (§x - dtop) + Ngq (Eh - §x> =

2

1
3 h + AstopEsgstop <_x - dtop) +

1 1
AspotEsEspot (dbot - §x) + Eb(h — X)E &ctensite * 3

oo (b= 22)
Ed\5 3x

K = & T Espot
dbot

3.2 The cracking moment

The cracking moment M_,. is reached at a concrete tensile strain €.¢ensite = Ec¢ @and a curvature k..

The strain in the concrete and steel reinforcing bars can be derived using the strain diagram drawn in

[Figure 3.1].

€ — fctm
ct EC

s _ X — dtop s
stop h—x ct
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_ dbot - X
Esbot = h—x Ect

E = &
C h_x ct

With the previous equations and &.; as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:

Z Fy=0- thop + Nstop = Ngpot + Nepot + Ngg =

1 1

beEcsc + AstopEssstop = AspotEsEspor T Eb(h —x)E et + Ngg =

1 x X — diop dpot — X 1
S DxEe et + AstopEs = €t = AsporEs = —&ce ¥ 5b(h = x)Ecect + Nea >

1 1
bezEcgct + AstopEs(x - dtop)gct = AsbotEs(dbot - x)gct + Eb(h - x)zEcgct + (h - x)NEd -

1
bezEc‘Ect + AstopEsxgct - AstopEsdtopgct =

1 1
AsbotEsdbotgct - AsbotEsxsct + Ebthcsct + bezEcgct - bthcgct + hNEd - XNEd -

AstopEsxect + AsporEsxect + bhxEcecy + XNgg =

1
AstopEsdtopgct + AsbotEsdbotgct + Ebthcgct + hNEd -
1 2
x(gct(Es(Astop + Asbot) + bhEc) + NEd) = &ct (Es(Astopdtop + Asbotdbot) + Ebh EC) + hNEd -

1
Ect (Es (Astopdtop + Asbotdbot) + ibthc) + hNEd
gct(Es(Astop + Asbot) + bhEc) + NEd

X =
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The cracking moment and the corresponding curvature:

1 2 1 1 1
My = Ngpot (dbot - §x> + Nepor §h + Nstop (gx - dtop) + Ngq (Eh - §x) =
1 1 2 1 1 1
AspotEsEspot (dbot - _x) +5b(h—x)Ecee - sh+ AstopEsgstop (_x - dtop) + Ngq (_h - _x)
3 2 3 3 2 3
P & + Esbot
v dbot

3.3 Cracked beam

When the load is further increased, concrete cracking starts to occur and the steel reinforcing bars

will provide tensile capacity to restore equilibrium. &.tensize becomes zero.

Nstop
4 zu,‘?N—':
E-Si:o:f

———— %

y | ..._.; y 4

Esbal: Nibok

Figure 3.2: deformation and stress for elastic material behavior (¢, < &.3 and &; < &g,,).

With respect to the deformation and stress diagram of [Figure 3.2] the next three equations are

valid:
_ dbot —X
Eshot = X &
X - dtop
Estop = X Ec

ZFHZO_)Nc'i'NstOp: sbot T Nga

With these three equations and ¢, as input, the concrete compressive zone height x can be found.
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When g, < g.3:
1
beEcgc + AstopEsgstop = AsbotEsgsbot + NEd -

X —dyp dpor — X
D _ bot
& = AsbotEs x Ec + NEd -

1

beECsC + AstopEs
1 2

be Ecgc + AstopEs(x - dtop)gc = AsbotEs(dbot - x)gc + Nde -

1
bezEcgc + AstopEsxgc - AstopEsdtopEC = AsbotEsdbotgc - AsbotEsxsc + Nde -

1 2
be Ecgc + (Esgc(Astop + Asbot) - NEd)x - Esgc(Astopdtop + Asbotdbot) =0-

B —b + Vb2 — 4ac
= 2a
1
a= EbEcec

b= Esgc(Astop + Asbot) — Ngq

c= _Esgc(Astopdtop + Asbotdbot)

The corresponding bending moment capacity and curvature:

1 1 1 1
M = AsbotEsgsbot (dbot - §x) + AstopEssstop (gx - dtop) + NEd (Eh - §x)

K = & t Espot
dbot
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3.4 The plastic moment (Mc,p, < My)

Because of the presence of the normal force it is assumed that the plastic moment will occur

before the steel reinforcement bars start to yield.

& = &c3
_dbot_x _dbot_x
Esbot = x & = x €c3
_X—dtop _X—dmp
gstop - x & = x &3

With the equations above and g3 as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:

ZFH = 0_)Nc+Nstop = Nspot + Nga =

1

beEcgc + AstopEsgstop = AsbotEsgsbot + NEd -

t

_dtop - A E dbo X
€c3 = AspotLs X

1 X
EbXECELG + AstopEs £zt NEd -

1 2

be EC£C3 + AstopEs(x - dtop)SCB = AsbotEs(dbot - x)SCB + Nde -

1 2

be Ec€c3 + AstopEsxgc3 - AstopEsdtopsc3 = ASbOtESdbOt€C3 - AsbotEsx€c3 + Nde -

1
bezEc‘ch + AStOpESx£C3 + AsbotEsx5c3 - AstopEsdtopgc3 - AsbotEsdbot5c3 - Nde =0-

1 2
be Ec€c3 + (ES€C3 (Astop + Asbot) - NEd)x - Essc3 (Astopdtop + Asbotdbot) =0-
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_—b +Vb?% — 4ac
N 2a

X

1
a= EbEcgc3
b= ES€C3(AStOp + Asbot) — Ngq

c=—Esec (Astopdtop + Asbotdbot)

The plastic moment can be expressed by:

1 1 1 1
Mc,pl = AsbotEsgsbot (dbot - §x) + AstopEsgstop (gx - dtop) + NEd (Eh - §x)
The corresponding curvature:

_ €c3 T Espot
Fept = dpot
o

3.5 The yield moment (Mc’pl < Mytop)

After the plastic moment is reached the moment capacity further increases until the steel strain &g

reaches &,,.

Cf )T
Ea B
fa N
* E
4

Figure 3.3: deformation and stress diagram when ¢, > &.3.

When ¢, > €3 [Figure 3.3] is valid. The concrete compressive zone height x can be derived from

equilibrium of horizontal forces:

When &g, reaches &, first:

Estop = Esy
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dbot —X _ dbot - X

Esbot = stop = sy
X = deop X = diop
X X
& = Estop = Esy
X = diop X = diop
1 Ec3 f + 1 €c3 f b f 1 Ec3
Ne=s—Xfeq+x — ) Jcd = 0XJcq -5
2 & & 2¢e,

ZFHZO_)NC+Nstop= sbot + Ngqg =

€c3
bxfcd (1 - E) + AstopEsgstop = AsbotEsgsbot + NEd -

c

dbot - X

€c3
bxfeq — bxfcq 2; + AstopEsgsy = AgpotEs Y —d
c top

Ssy + NEd 4

be(x - dtop)fcdgc - bx(x - dtop)fcd€c3 + Z(X - dtop)Astopfyd‘Sc =

2Asbot(dbot - x)fydgc + Z(X - dtop)NEdgc -

be(x - dtop)fcdgsy - b(x - dtop)zfchCS + Z(x - dtop)Astopfydgsy =

2Asbot(dbot - x)fydgsy + Z(X - dtop)NEdgsy -

bezfcdgsy - bedtopfcdgsy - bdtzopfcdgcﬁ - bxzfchCS + bedtopfcdSCS + ZxAstopfydgsy

_ZdtopAstopfydgsy = 2Asbotdbotfyd£sy - 2Asbotxfyd€sy + 2XNEd‘E‘sy - 2dtopNEdgsy -

bezfcdgsy - bxzfcd€c3 - bedtopfcdgsy + 2bthtopfcdsc3 + 2XAStopfydssy + 2Asbotxfyd55y

_ZxNEdgsy - bdgopfcd£c3 - ZdtopAstopfydgsy - 2Asbotdbotfyd55y + 2dtopNEdssy =0-

bfcd(zgsy - 863)x2 -2 (bdtopfcd (8sy - 563) - gsy(fyd(Astop + Asbot) - NEd)) X

_bd?opfchCS - nydgsy(dtopAstop + Asbotdbot) + ZdtopNEdgsy =0-
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_—b +Vb?% — 4ac
N 2a

X

a= bfcd(zgsy - 563)

b=-2 (bdtopfcd(gsy - 803) - gsy(fyd (Astop + Asbot) - NEd))

c= _bd?opfcd5c3 - nydgsy(dtopAstop + Asbotdbot) + 2dl:opNEdgsy

In order to determine the bending moment resistance the distance from the top fibre to the center

of gravity of the concrete compressive zone needs to be known:

& 2 &

bx(l—%)-%(1—@)+Q£ﬁx-(x(l—%3)+—

B =
_ &), bxegs
bx(l sc)+ZsC

The yield moment can be expressed by:

M

The corresponding curvature:

_ Ec t Espot

K =
ytop
dbot

When &g, reaches &g,,:

Esbot = Esy
Estop > Esy

X X
& = Eshot = Esy

dbot - X dbot - X
N. = 1 €c3 1 €c3 =b 1 €c3
C_E_xfcd-l'x - fcd_ xfcd -
& &

ZFHZO_)NC+Nstop= sbot + Ngqg =

1
yeop = AsvotEssvot (Apor = B) + Astopfya(B = deop) + Nia (Eh B ﬁ)



€c3
bxfcd (1 - i) + AstopEsgstop = AsbotEsgsbot + NEd -

c

€c3
bxfcd - bxfcdz_gc + AStOpESSSy = ASbOtESSSy + NEd b d

befcdgc - bxde£C3 + 2Astopfyd£c = 2Asbotfyd€c + ZNEdEC -

X

X
befcd db _ xgsy - bxfcd5c3 + 2Astopfyd d Esy =
ot

bot — X

X X
2A —————&¢y + 2Ngg——¢y =
sbotfyd dbot —x Sy Ed dbot —x sy

befcdgsy - b(dbot - x)fcd€c3 + 2Astopfyd€sy = 2Asbotfyd€sy + 2NEd‘E‘sy -
bfcd(zgsy + 803)36 = zfydgsy(Asbot - Astop) + bdbotfcd£c3 + 2NEdssy -

x = nydgsy(Asbot - Astop) + bdbotfcd£c3 + 2NEd‘gsy
bfcd(zgsy + 663)

The yield moment can be expressed by:

1
Mybot = Asbotfyd(dbot - .8) + Astopfyd(ﬁ - dtop) + NEd (Eh - B)

The corresponding curvature:

&+ Esy

K = ——
ybot

dbot

When &4, < &y

X - dtop
Estop - x Ec

_ dbot - X
Esbot = x &

ZFHZO_)NC+Nstop= sbot T Nga =
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€c3
bxfcd (1 - i) + AstopEsgstop = AsbotEsgsbot + NEd -

c

- dtO d X
14 bot
& = AspotEs X & + Ngg =

&c3 X
bxfcd - bxfcd z + AstopEs
c

bezfcdgc - bxzfcdSCB + ZAstopEs(x - dtop)‘gc2 = 2AsbotEs(dbot - x)gcz + 2XNEd“:c -

bezfcdgc - bxzfcdSCB + 2AstfopEsx‘€c2 - ZAstopEsdtopgg =

ZASbOKESdbOtgg - 2AsbotEsx‘gc2 + 2XNEd‘gc -

bfcd(zsc - 503)x2 + 2 (gc(Essc(Astop + Asbot) - NEd)) X — ZESSCZ (Astopdtop + Asbotdbot) =0-

—b ++Vb?% — 4ac
X =
2a

a=>bf.q(2e; — &3)
b=2 (gc(Esgc(Astop + ASbOt) - NEd))
c = _ZESSE(AStOpdtOD + AsbotdbOt)

The bending moment and corresponding curvature:

1
M = AsbotEsgsbot(dbot - ,3) + AstopEsgstop (ﬁ - dtop) + NEd (Eh - ﬁ)

K = & t Epot
dbot

When g4 < Esy < Estop’

Estop > Esy

dbot - X

Eshot = X &

ZFHZO_)Nc'i'NstOp: sbot T Nga =
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€c3
bxfcd (1 - i) + AstopEsgstop = AsbotEsgsbot + NEd -

c
€c3 _ dbot - X
bxfcd - bxfcd g + AstopEsgsy = AsbotEs TSC + NEd -
c
bezfcdgc - bxzfchCB + 2x‘élstopfyd‘gc = 2AsbotEs(dbot - x)gcz + 2XNEd‘SC -
bechdgc - bxzfcd€c3 + 2x“lstopfyd‘gc + ZAsbotEsxsc2 - ZXNEdSC - ZIélsbotEsdbot‘gc2 =0-

bfcd(zgc - ‘E‘c3)x2 + zgc(Astopfyd + AsbotEssc - NEd)x - 2AsbottEsdbotEC2 =0-

—b ++vVb2 — 4ac
X =
2a

a=>bf.q(2e; — &c3)
b= zgc(Astopfyd + AsporEsec — Ngq)
c= _ZAsbotEsdbot‘gc2

The bending moment and corresponding curvature:

1
M = AsbotEsgsbot(dbot - .3) + Astopfyd (B - dtop) + NEd (Eh - ,3)

K = & t Epot
dbot

When &5 > &y
gstop > Ssy

Eshot > gsy

ZFH = 0_)Nc+Nstop = Ngpot + Ngg —
€c3
bxfcd (1 - 2¢ ) + AstopEsgstop = AsbotEsgsbot + NEd -
c
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€c3
bxfcd - bxfcd ZLSC + AstopEsgsy = AsbotEsgsy + NEd -
befcdgc - bxdeECS + 2Astopfyd£c = 2Asbotfyd€c + ZNEdEC -
bfcd(zgc - €c3)x = ch ((Asbot - Astop)fyd + NEd) -

250 ((Asbot - Astop)fyd + NEd)
X =
bfcd(zsc - 503)

The bending moment and corresponding curvature:

1
M = Asbotfyd (dbot - ,8) + AstopEsgstop (B - dtop) + NEd (Eh - ﬁ)

K = & T Espot
dbot

3.6 The yield moment (Mc’pl < Mybot)

When &g, reaches &g, first:

Esbot = Esy
_x—dwp _x—dwp
Estop = db ;= xgsbot - db . = xgsy
) 0
X X
& = Eshot = Esy
dbot -X dbot - X
1 Ec3 €c3 Ec3
N, = E_xfcd +x (1 - _>fcd = bxfcq (1 - > )
& & &

ZFHZO_)Nc'i'Nstop: sbot + Ngqg =

€c3
bxfcd (1 - i) + AstopEsgstop = AsbotEsgsbot + NEd -
c

& 3 X — dt
bxfcd - bxfcd 2:; + AstopE -
c

sq — &y = AsbotEsgsy + Ngq —
bot X
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2bx(dpot — X) fea&c — bx(dpor — X) fea&es + 2Astop(x - dtop)fydgc =
2A5pot (dpor — x)fydgc + 2(dpot — X)Ngq&c =

2bx(dbot - x)fcdgsy - b(dbot - x)zfcd€c3 + 2Astop (x - dtop)fydgsy =
2A5pot (dpor — x)fydgsy + 2(dpot — X)NEdssy -

_bezfcdssy - befchCS + bedbotfcdssy + ZbdeotfchCB + 2Astopryd€sy + 2Asbotxfyd55y

+ZXNEd55y - bdlz)otfcdSCB - ZAstopdtopfydgsy - 2Asbotdbotfydgsy - 2dbothEd‘gsy =0-

_bfcd(zgsy + 503)x2 + 2 (bdbotfcd(gsy + €C3) + ((Astop + Asbot)fyd + NEd) Esy) X

_bdlz)otfcdgcﬁ -2 ((Astopdtop + Asbotdbot)fyd + dbotNEd) gsy =0-

—b ++Vb% — 4ac
x:
2a

a= —bfcd(Zssy + 863)
b=2 (bdbotfcd (gsy + £C3) + ((Astop + Asbot)fyd + NEd) gsy)
c= _bdlzyotfcdgc3 -2 ((Astopdtop + Asbotdbot)fyd + dbotNEd) Esy

The yield moment can be expressed by:

1
Mybot = Asbotfyd(dbot - .B) + AstopEsgstop(.B - dtop) + NEd (Eh - ﬁ)

The corresponding curvature:

g + &y

K =
ybot

dbot

When &g, reaches &g,:

Estop = Esy

Esbot > 5sy
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X X

& = stop =

—e — &y
X — dtop X — dtOp

ZFH=O_)NC+Nst0p= sbot T Nga =

€c3
bxfcd (1 - i) + AstopEsgstop = AsbotEs‘Ssbot + NEd -

c

€3
bxfcd - bxfcd g + AstopEsgsy = AsbotEsgsy + NEd -
c

2bxfcaec — bxfea€cs + 2Astopfyacc = 2Aspotfyacc + 2Nga&c =

2bxfoq€sy — b(x — dop) frates + 2Astopfyasy = 2Aspotfyatsy + 2Ngasy =
2bxfea€sy — bxfea€es + bdiopfeages + 2Astopfya€sy = 2Aspotfyacsy + 2Ngqésy —
bf.a(2esy — €c3)x = 2(Aspor — Astop) fya€sy — bdropfeates + 2Ngasy =

_ 2(Asbot - Astop)fydgsy - bdtopfcd€c3 + 2NEdgsy
bfcd (ngy - €C3)

X

The yield moment can be expressed by:

1
Mytop = Asbotfyd(dbot - ,8) + Astopfyd (ﬁ - dtop) + NEd (Eh - ﬁ)

The corresponding curvature:

Ec + Esbot

K =
ytop l
bot

When Estop < Esy < Espot:

X — dtop

Estop = x &

Esbot > 5sy
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ZFH=O_)NC+Nst0p= sbot T Nga =

€c3
bxfcd (1 - i) + AstopEsgstop = AsbotEs‘Ssbot + NEd -

c
Ec3 X = dtop
bxfeq — bxfcq g + AstopEs TEC = AsbotEsfsy + Nggq =
c
bezfcdgc - bxzfchCB + 2AstopEs(x - dtop)gcz = 2Asbotfydx£c + 2x‘chEd -

bechdgc - bxzfcd€c3 + 2AstopEsx£c2 - 2Asbotfydx£c - 2x‘chEd - 2AstopEsdtop€c2 =0-

bfcd(zgc - £C3)x2 + 2 (8C(AstopEsgc - Asbotfyd - NEd)) X — 2AstopEsdtop‘gc2 =0-

—b ++vVb2 — 4ac
X =
2a

a=>bf.q(2e; — &c3)
b=2 (gc(AstopEsgc - Asbotfyd - NEd))
c= _ZAStOpESdtOPECZ‘

The bending moment and corresponding curvature:

1
M = Asbotfyd (dbot - ,8) + AstopEsgstop (ﬁ - dtop) + NEd (Eh - ﬁ)

K = & T Espot
dbot
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3.7 The ultimate bending moment resistance

The ultimate bending moment resistance can be derived when ¢, = &.,3:

1
MRd = Asbotfyd(dbot - .B) + AstopEsgstop(.B - dtop) + NEd (Eh - ﬁ)
The corresponding curvature:

K _ Ecuz T Esbot
Rd —
dbot

3.8 The yield moment (Mybot < Mc,pl)

It is now assumed that normal force is not too high and the bottom steel reinforcement yields

before the concrete reaches the plastic phase.

Esbot = Esy
_x—dwp _x—dwp
Estop = db ;= xgsbot - db . = xgsy
) 0
X X
& = Esbot = Esy
dbot - X dbot - X

With the equations above and &g, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
ZFH = 0_)Nc+Nstop = Ngpot + Ngg =

1
beEcsc + AstopEssstop = AsbotEsgsbot + NEd -

- dtop

1
—bxE ey +HA E
x5y stop s dbot — x

X
c Esy = AsbotEsgsy + Nggq =
2 dbot -

1
bezEcgsy + Astop(x - dtop)fyd = Asbot(dbot - x)fyd + (dbot - x)NEd -

1
bezEcgsy + Astopryd + Asbotxfyd + xNEd - Astopdtopfyd - Asbotdbotfyd - dbotNEd =0-
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1
bezEcgsy + (fyd (Astop + Asbot) + NEd)x - (fyd(Astopdtop + Asbotdbot)) - dbotNEd =0-

_—b+ Vb2 — 4ac
x= 2a
1
a= EbEcesy

b= (fyd(Astop + Asbot) + NEd)

c=- (fyd(Astoz?dtop + Asbotdbot)) — dpotNgq

The yield moment can be expressed by:

1 1 1 1
Mybot = Asbotfyd (dbot - §x> + AstopEsgstop (§x - dtop) + NEd (Eh - §x)

The corresponding curvature:

& + Eshot

K =
ybot l
bot

When &po; > &y and &, < £3:

X — dtop

Estop = x &

ZFH = 0_)Nc+Nstop = Nspot + Nga =
1
beEcgc + AstopEsgstop = AsbotEsgsy + NEd -

- dtop
& = Asbotfyd + Ngq =

1 X
beECsC + AstopEs

1
bezEch + AstopEsgc(x - dtop) = Asbotfydx + Nggx -

1
bezEcgc + AstopEsgcx - AstopEsgcdtop - Asbotfydx - Nde =0-
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1
bezEcgc + (AstopEssc - Asbotfyd - NEd)x - AstopEsgcdtop =0-

_—b + Vb2 — 4ac
x= 2a
1
a= EbEcec

b= AstopEsgc - Asbotfyd — Ngq

c= _Astop Esee dtop

3.9 The plastic moment (My < Mc,p,)

The plastic moment occurs when . = &.3. The concrete compressive zone height x can be derived

from equilibrium of horizontal forces:

X — dtOp _ X — dtOp

& = E = &
stop X c X c3

Esbot > gsy

ZFH = 0_)Nc+Nstop = Nspot + Nga =

1

beEcgc + AstopEsgstop = AsbotEsgsbot + NEd -

- dtop

1 X
EbXECELG + AstopEs €3 = AsbotEs‘Ssy + Ngq =

1
bezfcd + AstopEs(x - dtop)gc3 = Asbotfydx + xNggq =

1
bezfcd + AStOpEngC3 - AstopEsdtop£c3 - Asbotfydx - xNEd =0-

1
bezfcd + (AstopEs€c3 - Asbotfyd - NEd)x - AstopEsdtopgc3 =0-
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_—b +Vb?% — 4ac
N 2a

X

1
a= Ebfcd

b= AstopEsgc3 - Asbotfyd — Ngq
c= _AstopEsdtopECS

The plastic moment can be expressed by:

1 1 1 1
Mc,pl = Asbotfyd (dbot - §x) + AstopEssstop <§x - dtop) + NEd (Eh - §x)

The corresponding curvature:

&3 T &
Kc,pl -

dbot

When &, > ¢.3 [Figure 3.3] is valid. The concrete compressive zone height x can be derived from

equilibrium of horizontal forces:

1ec3

N =——xfd+x(1—£ﬁ>fd=bxfd(1—€ﬁ)
€ 2e 70¢ g /7¢ ¢ 2¢,

ZFH = 0_)Nc+Nstop = Nspot + Nga =
€c3
bxfcd (1 - 2¢ ) + AstopEsgstop = AsbotEsssbot + NEd -
c

- dtop

&3 x
bxfcd - bxfcd g + AstopEs & = AsbotEsgsy + Nggq —
c

bezfcdgc - bxzfchCB + 2AstopEs(x - dtop)gcz = 2Asbotxfydgc + 2XNEdgC -
bechdgc - bxzfcd€c3 + 2AstopEsx£c2 - 2Asbotxfyd£c - ZXNEdSC - 2AstopEsdtop€c2 =0-

bfcd(zsc - 503)x2 + ch(AstopEsgc - Asbotfyd - NEd)x - ZAstopEsdtopgc2 =0-
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_—b +Vb?% — 4ac
N 2a

X

a=bfca(2e; — &c3)

b= ZSC(AstopEsfc — Aspotfya — NEd)
c= _ZAstopEsdtopgg

3.10 Shear

The design shear resistance of the member without shear reinforcement [NEN-EN 1992-1-1: 6.2]:

3
Vmin = 0,035k2,/f.k

200

=1+ |—<2
k=1+ |—/=<

VRd,cmin = (vmin + klo-cp)bwd

kl = 0,15
Ngq

O-Cp = A < O,Zde
Cc

VRd,c = [CRd,ck3 100plfck + klacp]bwd

Cra,c = 0,18/y,

The design value of the shear force, which can be sustained by the yielding shear reinforcement

[NEN-EN 1992-1-1: 6.2]:

sw
VRd,S = _S nyWd cotd

z=d-p
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fywd = 0:8fyk
1<cotf <25

The design value of the maximum shear force, which can be sustained by the member, limited by

crushing of the compression struts [NEN-EN 1992-1-1: 6.2]:

v _ AewbwzVvi fea

Rdmax = -4t 9 + tan 6

Oc
For: 0 < g < 0,25f,4: Ay = (1 +ﬁ)
For: 0,25fcq < 0¢p < 0,5fc4: Aoy = 1,25
For: 0,5f.q < 0cp < 1,0f,4: a :25(1_@)
D2 )ed cp = HVYJcd- cw , o

For: fo < 60 N/mm?: v, = 0,6
For: ., = 90 N/mm?: v, = 0,9 — L&

3.11 Crack width

This paragraph is based on [NEN-EN 1992-1-1: 7.3.4].

Determine wy, 4, from [NEN-EN 1992-1-1: Table 7.1N].

Wmax = Wk
k=08
k, =05
ks =34
k, = 0,425

For short term loading: k; = 0,6
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For long term loading: k; = 0,4

fct,eff = feem(0)

The beam is in the cracked phase.

When there is a normal force applied to a rectangular doubly reinforced beam, the concrete
compressive zone height x, in the cracked stage, does not remain the same under increasing load

until the yield moment is reached. It depends on the concrete strain at the top of the beam ¢...

_—b + Vb2 — 4ac
x= 2a
1
a= EbEcgc

b= Esgc(Astop + Asbot) — Ngq

c= _Esgc(Astopdtop + Asbotdbot)

Therefore it is not known for which x the crack width criterion is met. To find x and ¢, the GOALSEEK
function in Excel can be used. All terms in the crack width formula depend on x and thus indirectly on

&

Wi = Sr,max(gsm — &m)

kikykadp
Srmax = k3C + Poerr
p.e
fet,
5 — ke~ e (1 + “epp,eff)
_ Poeff
Em —€m = E
s

. h—x
heors = mm{z,s(h - o,Sh}

Ac,eff = bhc,eff
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As

ppreff = Aceff

0s = Es€gpor

dpot — X

Eshot = ¢ x

Wy is known as it is equal to Wy, 4, . With this GOALSEEK function Excel can vary &, until the input

value for wy, is found. With ¢, x is known and the maximum bending moment can be determined.
1
Netop = beECSC

Nstop = AstopEsgstop
Nspot = AspotEsEspot

1 1 1 1
qu =M = AspotEsEspor (dbot - §x> + AstopEsgstop (gx - dtop) + Ngq (Eh - §x>
3.12 Concrete compressive zone height
This paragraph is based on [NEN-EN 1992-1-1+C2/NB: 6.1].
For: . < 50 N/mm?:

. 500
LA
d ~ 500+ f

For: fu > 50 N/mm?:

Xu _ £qy 100
d " e, 106+ 7f

for
(yLs - Gpmoo) Ap + fydAs
A, + Ag

f:
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4 Rectangular prestressed NSC beam

A Lew 3 1
E ﬂ
X 3 — 8“1
N,

i

ANP

Figure 4.1: deformation and stress diagram when &, = €.,3.

4.1 The ultimate bending moment resistance

The ultimate bending moment can be found when &, = ¢.,3.

&p > Epy-

&p = Ay + &poo

Opmoo
Epoo = e
E
P
Ecuz Agy, Ecuz Ecus
= - Ag, = (dy —xy) = Aepy = —d,, — &cy3
Xy  dp— Xy Xy Xy

The concrete compressive zone height x,, can be derived from equilibrium of horizontal forces:
ZFH=O—>Ncu:ANp—>

&c3
bxyfea (1 e ) = Ap0p — Ppeo —
c
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Ecu3 _ O-pmoo__
e (1 £y ) P o, dp — €cuz + E, Epy <fpk ¢ ) p
XuJea \ L — = d \——foa | —A,0 -
we 286113 pip P Euk — Epy Vs P prpme
€c3

bxyfca (1 - ) (Suk - gpy) = Apfpd(guk - Spy)

25cu3

Ecus 0pmoo fpk
+Ap (i dp — Ecus + E. gpy) <_ = foa | = ApOpmen (Eur = £py) =
X P Vs

u

&c3

bxufcd (1 - 2¢

€ fok
) (Suk - Spy) = Apfpd(guk - Spy) + 4y ;_ujdp <YLS - fpd)

cu3

fok Opmoo [ fok foi
_Apgcu?»(yLs_fpd +4p IZZ yLs_fpd — Apépy yLs_fpd = ApOpmoo (Eur — £py) =

&c3

bxtfea (152

f;
) (Suk - gpy) = Apfpd(guk - Spy)xu + Apecuzdy <yLk - fpd>

N

fok Opmoo [ [k fok
_Apgcu3 <L - fpd Xy t+ Ap o 2= fpd Xy — Apgpy = - fpd Xu
1Z Ep \7 ¥s

N N

cu3

—ApOpmeo (Euk — Epy)Xu =

Ec3
—bfea (1 ~3 . )(fuk — &y ) X5
Ecus

+4, ((fpd - O_pmoo)(‘guk - gpy) - <Ecu3 - Jijﬂ + 5py> <@ - fpd)) Xy
D Vs

foe
A erusd, (yL

N

_fpd>=0_)
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_—b+ Vb? — 4ac
N 2a

Xy

&c3
a=—bf (1 - 2; )(Suk - gpy)
cu3

b=A, ((fpd - Upmw)(suk - gpy) - <£cu3 - Ui;ﬂ + gpy) (fp_k - fpd))
D Vs

fok
c= Apgcu3dp <L - fpd
Vs

In order to determine the bending moment resistance the distance from the top fibre to the center

of gravity of the concrete compressive zone needs to be known:

o (1-52) b 1= 8) 352 s - 2) 11520

_&3)y1lpEs
bxu( fc)+2b€cxu

B =

The ultimate bending moment:

Mgg = Ney(xy — B) + Proo(z — x,) + AN, (d, — xy,)

4.2 Shear

The design shear resistance of the member without shear reinforcement [NEN-EN 1992-1-1: 6.2]:

3
Vmin = 0,035k2,/f

200

k=1 —<2
+ q =

VRd,cmin = (vmin + klo_cp)bwd

k1 = 0,15
Phoo

Op = ’Aj‘ < 0,2feq
C
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VRd,c = [CRd,ck3\/ 100plfck + klacp]bwd

CRd,c = 0'18/Vc

The design value of the shear force, which can be sustained by the yielding shear reinforcement

[NEN-EN 1992-1-1: 6.2]:

A
Vras = %nywd (cot@ + cota)sina

z=d-

fywa = 0,8fyk

1<cotf <2,5

For vertical stirrups: &« = 90°.

The design value of the maximum shear force, which can be sustained by the member, limited by

crushing of the compression struts [NEN-EN 1992-1-1: 6.2]:

Vramax = bwz(cot8 + cota) sin? 0 ac,v; frq

For: 0 < oy < 0,25f.4: Aoy = (1 + %)
For: 0,25fcq < 0¢p < 0,5fc4: aew = 1,25

For: 0,5f.q < 0p < 1,0fq: Qo =25 (1 - ;—Z)
For: f.; < 60 N/mm?: v; =0,6

For: f.; =90 N/mm?: v; =09 — %
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4.3 Crack width

Requirement: the beam remains uncracked in the serviceability limit state.

Att = 0, no time-dependent losses are present, so the prestressing force will be at its maximum.
Because of the positioning of the tendons the beam will be slightly cambered and tensile stresses will
occur at the top of the beam. Bending moments cause compressive stresses at the top and tensile

stresses at the bottom of the beam.

t = 0 — check top fibre:

Pmo Pmo‘e M M Pmo Pmo'e

- < fetm ™ = - + — fetm ™
A Wiy Wiy ™ Wiy Ae Wyp T

PmO
M = _A_Wtop +Ppo-e _fcthtop

c

t = 0 — check bottom fibre:

Pmo Pmo‘e M M Pm0+Pm0'e

+ < ft - <
Ac Wbot Wbot cm Wbot Ac Wbot

Pno
A Wbot + PmO e+ fcthbot

c

M <

At t = oo, the prestressing force has been reduced by time-dependent losses, which means that the
compressive stresses working on the cross-section will be limited. Dead and live loads are present
and will cause tensile stresses at the bottom fibre in the span. The bending moment caused by these

loads should be limited:

t = oo — check top fibre:

Pro  Pnove M _ M Pow  Pro - €
A W W Sfem = p—2- W
c top top top c top

v
|
+
3
g
l

Proo
M = _A_Wtop + Ppo - € _fcthtop
c
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t = oo — check bottom fibre:

Phnow Pneo-e M M Phow Pno-e

-2 + < foem <=4 + fotm =
Ac Wbot Wbot cem Wbot Ac Wbot com

P
A Wbot + Pmoo e+ fcthbot

c

M<

4.4 The concrete compressive zone height

This paragraph is based on [NEN-EN 1992-1-1+C2/NB: 6.1].
For: . < 50 N/mm?:

Xu _ 500
d ~ 500+ f

For: fu > 50 N/mm?:

Xu _ £qy 100
d " e, 106+ 7f

for
_ (% - Up‘moo) Ap + fydAs

f=
A, + A
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5 Reinforced NSC box girder

/‘/u —
Mo —r

Ney
A

r bg Ibw L4 L[:w L Ew L4 bj Cd

Figure 5.1: deformation and stress diagram when €.¢ensite < €ct-

5.1 Uncracked beam

The beam will remain uncracked as long as €.¢ensite < Ect-

x>td.

With respect to the deformation and stress diagram of [Figure 5.1] the following relations are valid:

s _ & £ = dbot - X e
dpor —x x ° x ¢
&' e ,x
—=—-¢ =—¢
X X c c
EC" SC ., x"
xn = ; - SC = £C
Ectensile _S_c_)g _h_xg

h—x X ctensile X c
!
X =X— td

n

x"=h, —x'
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With the previous equations and &, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:

ZFH:O_)Nc1+Nc2:Ns+Nc3+Nc4_’
1 1 . 1 1 -
EbEcgcx - Z(be + bin)Ec‘Scx = AgEges + E (wa + bin)Ecgctensile(h —x) — EbinEcgc X =

1 li 1A 1 li !
EbEcgcx - becscx - EbinEcgcx = AsEsss + wacgctensileh - wacgctensilex

n_n

1
+ EbinEcgctensileh - EbinEcgctensilex - EbinEcgc X =

bE.x? — 2bfE.x'* — bipEcx'? = 2AsEsdpor — 2A5Esx + 2b,, Ech? — 4b, E hx + 2b,, E x*
+binECh2 — ZbinEChX + binEsz — binEcx"z d

bE.x? — 2b;Ex? + 4bsEotgx — 2bsEot3 = 2A,Egdyor — 2A5Esx + 2by,E,h? — 4b,, E hx
+2bWECx2 + binEChz - ZbinEChx + binEsz - binEch\%V + ZbinECth - ZbinEChWtd g

2(E.(2bstg + 2byh + binh — binhy,) + AsEg)x
= E.(2bst; + 2by,h* + biyyh* — biyhd, — 2binhyty) + 2A5Esdpe =

_ Ec(2bst§ + 2by,h® + binh? — binhl, — 2bihyty) + 2A5Esdyo;
Bl 2(E.(2bsty + 2by,h + biph — biyhy,) + AE;)

The corresponding bending moment capacity and curvature:

2 2 2 2
M = Ns(dbot - x) + Ncl '§x + NCZ '§x’ + Nc3 §(h _x) + Nc4 ’§x"
€C+€S
K=—7
dbot
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5.2 The cracking moment

The cracking moment M_,. is reached at a concrete tensile strain €.¢ensite = Ec¢ @and a curvature k..

The strain in the concrete and steel can be derived from [Figure 5.1].

e, = fetm
ct —
E.

s &t e = dbot - X
dpot —x h—x > h—x
& Ect e x e
x —x Cc h ct

!
gL ECt £ 4 X £
xl —x c h ct
n n
&Ec Ect " X
n —x <<-:C - h _ gCt
xX'=x—-ty

" !

x"=h, —x

With the equations above and ¢, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:

ZFH =0 Ngg +Neg =Ng + Nezg + Neyg =
1 1 12 12 1 1 n n
EbEcecx - E(be + bip)Ecelx’ = AsEges + 3 (2b,, + bjp)E ece(h — x) — Ebi"ECSC x" -

1 1 1 1
EbEcecx — bfE ecx’ — Ebl-nEcséx’ = AgEs;es + by Ececeh — by Ececex + ZbinEcscth - EbinEcgctx

n_n

1
- EbinEcsc x" -

bEx? — 2brE.x'? — binEcx'? = 2AsEsdpor — 2A5Egx + 2by, Ech? — 4b, E.hx + 2b,, E, x?
+binECh2 - ZbinEchx + binEch - binECx"Z d
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bEX? — 2brEex? + 4bsEtyx — 2bpEt2 = 2A,Egdyo; — 2A5Esx + 2by E.h? — 4by, E hx
+2bWECx2 + binEChZ — 2binEChx + binEsz — blnECh\%/ + 2binEChwx — ZbinEChwtd 4

2(E.(2bstg + 2byh + biyh — biyhy, ) + AGEs)x
= E.(2bst; + 2by,h* + byyh? — biyhd, — 2binhyty) + 2A5Esdpe =

E.(2bst + 2byh?* + binh? — binhd, — 2biyhyty) + 245Esdpor
X =
2(E.(2bsty + 2byh + binh — binhy,) + AgEs)

The cracking moment can be expressed by:

2 2 2 2
My = Ns(dbot —x)+ Ny - §x + N, '§x, + Nes - §(h —x)+ Ney 'gx"

The corresponding curvature:

Ec + Es
Ker =
dbot
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5.3 Cracked beam

When the load is further increased, concrete cracking starts to occur and the steel reinforcing bars

will provide tensile capacity to restore equilibrium. &.onsi1e becomes zero.

__)A,g

Figure 5.2: deformation and stress for elastic material behavior (e, < &.3 and &; < &g,,).

x > td'
When & < &y

With respect to the deformation and stress diagram of [Figure 5.2] the strain in the steel and

concrete can be expressed as:

s —€C—>€ _dbot_xs
dpor — X X s x ¢
€ _fe i X,

X x ¢ x ¢

With the equation above and ¢, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
ZFHzo_)Nc1+ch =NS_)

1 1 L,
FbEcecx — E(be + bin)E elx’ = AsEses >

!

1 1 x , dpot — X
EbEcecx - E(be + bin)Eczscx = AGE; Tsc -

bEcx? — (2by + bin)Ecx'* = 2A,E(dyoe — x) —
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bE.x? — 2bpE (x? — 2tgx + t3) — biyEc(x? — 2tgx + t3) = 2A5Esdpor — 245Esx >

bE.x? — 2bsE X% + 4bpE tyx — 2bpEct] — binEcx* 4 2binE tgx — binEct]
= 2A,Esdyoe — 2AgEsx —

bE.x? — 2bsE X% — binEcx? + 4bsE tgx + 2binE tgx + 2AsEgx — 2bsE t]
_binEcté — 245Egdpor = 0 -

E.(b — 2bs — byn)x? + 2(E tq(2bs + biy) + AsEs)x — Ect5(2bs + bip) — 245Esdpor = 0

—b ++vVb2 — 4ac
x:
2a

a = E.(b— 2b; — b;)
b = Z(ECtd(be + bin) + ASES)
c = _Ectczl(be + bin) - 2AsEsdbOt'

The corresponding bending moment capacity and curvature:

2 2
M = Ny(dpor — x) + Ngy -§x + N, -§x’
&+ &
K =
dbot

79



5.4 The yield moment

The concrete strength class and the amount of steel reinforcing bars determine whether concrete or
steel will reach the plastic phase first. The steel reinforcing bars will start to yield at a yield strain
&y = 2,17%o. Concrete starts to become plastic when &, = &.3. It is now assumed that the

reinforcement ratio is not too high and the steel yields first.

x>td.

With respect to the deformation and stress diagram of [Figure 5.2] the strain in the steel and

concrete can be expressed as:

Es Esy
& & x X
e o E & D& = &gy
X dbot_x dbot_x dbot_x
! ! !
Ee L& X e %
T c — s c = sy
X dbot - X dbot - X dbot - X

With the equations above and &g, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
zFH =0_)NCI+NCZ =NS_>

1 1 .,
EbEcecx - E(be + bin)ECsCx = AgE g5 —

! !

x
EsyX' — = binE. ————¢&5yx" = AsEsegy >

L g, —* b/E
sy fc Zln Cdbot_x

2 “dpor — x dpot — X
bEx? — 2brE.x'? — binEcx'? = 2A5Es(dpor — %) >

bE.x? — 2bpE (x* — 2t4x + t5) — binEc(x? — 2tyx + t3) = 24,Esdpor — 2A5Esx -
bE.x? — 2bpE x* + 4bsE tqx — 2bpE t; — binEcx* 4 2bimEctax — binEcts — 2A5Esdpor

+2A,Esx =0 -
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Ec(b —2bs — by )x? + 2(Ecty(2bs + biy) + AsEs)x — Ect3(2bs + bip) — 2A5Esdpor = 0 >

—b ++vVb2 — 4ac
X =
2a

a= Ec(b — be - bin)
b = Z(ECtd(be + bin) + ASES)
c = —Ecté(be + bin) - 2AsEsdb0t

The yield moment can be expressed by:

2 2,
1'§X+NC2-§JC

My = Ny(dpot — x) + N,

The corresponding curvature:

&+ Esy

K'y— d

After the yield moment is reached the moment capacity further increases until the concrete

compressive strain reaches &.3.
When &5 > &y, & &, < £3:
x > td'

With respect to the deformation and stress diagram of [Figure 5.2] the strain in the steel and

concrete can be expressed as:

& > Esy
B _Ee i Y,
xl x c c
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With the previous equations and &, as input, the concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
ZFH =O_)NC1+NC2 =NS_)

1 1 .,
5bEC£Cx - E(be + bin)ECscx = AgEse5 —

!

1 1 x
EbEcecx - E(be + bm)EC;ecx’ = AsEsegy >
bE e.x? — 2bsEce.(x* — 2tqx + t5) — bipEce.(x? — 2tgx + t3) = 2A5fyqx -

bE e.x? — 2bpEce.x% — binEcecx? + 4beEcectyx + 2binEce tax — 2A5fyqx — 2bpEc€ t5

_binEcgctczi =0-

Ecgc(b — be - bin)xz + Z(Ecsctd(be + bin) - Asfyd)x - Ecgcté(be + bln) =0-

—b ++vVb2 — 4ac
X =
2a

a = ECSC(b - be - bin)
b = 2(E.ecty(2bs + bin) — Asfya)
c= —Ecsctﬁ(be + bip)

The corresponding bending moment capacity and curvature:

2 2
M = Ny(dpor — x) + Ngy -§x + N, -§x’

£C+£S
K=

dbot

When x = t4:

& > &y
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The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

D Fy =05 Ny = N -
1

EbEcecx = A E;e5 —

1
EbEcgctd = AsEse5y —

e = ZAsfyd
¢ bE.t,

When &5 > &y, & &, < £3:
x > td'

The concrete compressive zone height x can be derived from equilibrium of horizontal forces:
D Fy=0- Ny =Ny >

1

EbEcecx = AJE;e, —

1
EbEcecx = AsEsesy —

2Asfyd
X =———
bE_ €,

The corresponding bending moment capacity and curvature:

2
M = Ns(dpot — %) + N¢q '§x

&t &
K=—"7"
dbot
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5.5 The plastic moment

The plastic moment occurs when . = £.3. The concrete compressive zone height x can be derived

from equilibrium of horizontal forces:
D Fy=0- Ny =Ny >

1

EbEcscx = AGE;es -

1
EbEcsc3x = AsEse5 —

2Asfyd
X =————-
bfcd

The plastic moment can be expressed by:
1
My = Asfya (d - §x)

The corresponding curvature:

&3 + &
Kc,pl - d

e 7 4 _ 3 ) ' d
C ’P/_‘\..__ Xl E. B xt
Ea [~
fa M
X Ec
‘f o

Figure 5.3: deformation and stress diagram when g, > &.3.
When g, > g3 [Figure 5.3] is valid. The concrete compressive zone height x can be derived from

equilibrium of horizontal forces:

1egs

£c3 £
Ny = ES—foca +x (1 - ;) fea = bxfcq (1 - 2_€c)
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ZFHzo_)NC:l:NS_)

€c3
bxfcq (1 - Z_SC) = Asfyd -

x = Asf yd
bfea(1-52)

In order to determine the bending moment resistance the distance from the top fibre to the center

of gravity of the concrete compressive zone needs to be known:

be(1-58)-5(1-58) + 58 (1) + 89

g = & 2 & & & 3
- _ &) bxes
bx(l EC)+ 2 g

5.6 The ultimate bending moment resistance

The ultimate bending moment resistance can be derived when &, = &.,3:

Mgq = Asfyd(dbot -B)
The corresponding curvature:

K _ €cus + s
Rd —
dbot
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5.7 Shear

The design shear resistance of the member without shear reinforcement [NEN-EN 1992-1-1: 6.2]:

3
Vmin = 0,035k2,/f

200

=1+ |—<2
k=1+ |—<

VRd,cmin = (vmin + klo-cp)bwd

kl = 0,15
Ngq

O-Cp = A < O,Zde
Cc

VRd,c = [CRd,ck3 100plfck + klacp]bwd

Cra,c = 0,18/y,

— Asl
P b, d

< 0,02

The design value of the shear force, which can be sustained by the yielding shear reinforcement

[NEN-EN 1992-1-1: 6.2]:

VRas = %zfywd cotf
z=d-p

fywa = 0,8fyk
1<cotf <25

The design value of the maximum shear force, which can be sustained by the member, limited by

crushing of the compression struts [NEN-EN 1992-1-1: 6.2]:
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_ Aew bwzvlfcd

Veamax = cot® + tan 6

For non-prestressed structures: Aoy =1

For: f.; < 60 N/mm?: v; =06

For: f.x = 90 N/mm?: v, =09 - L

5.8 Crack width

This paragraph is based on [NEN-EN 1992-1-1: 7.3.4].

Determine wy, 4, from [NEN-EN 1992-1-1: Table 7.1N].

Wmax = Wk
k=08
k, =05
ks =34
k, = 0,425

For short term loading: k; = 0,6

For long term loading: k; = 0,4

fct,eff = feem(£)
The beam is in the cracked phase.
For a reinforced box girder that is cracked, the concrete compressive zone height x remains the same

under increasing load until the yield moment is reached.
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_—b +Vb?% — 4ac
N 2a

x

a = E.(b—2b; — b;)

b = 2(E.tq(2bs + bip) + ASEs)

¢ = —Ect§(2bs + bip) — 2A5Esdpor

With x the maximum allowable steel stress g can be determined:

h;x
3

heesy = min{2,5(h = d); =051}

Acerr = bheesr

A

p , =

peff Ac,eff

kikokad
Srmax = k3C +
Poeff
Wy
Wi = Sr,max(gsm - gcm) > &m —€&&m =
Srmax

fct eff
——(1+a
Poefr ( epp,eff)

Esm —&m = E -
s

Us_kt

f cteff
Ppeff

O5 = Es(Esm - Scm) + kit (1 + aepp,eff)

With the maximum allowable steel stress g5 and [Figure 5.2] the maximum moment in SLS can be

calculated.
O-S
8 e —
S Es
& & X
— = > &, =€
x d—x ¢ Fd-x
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l
—_— = —>gC:

1
N, = beECEC

1 ! !
N, = _E(be + b )Ecelx
Ng = AGE &

2 2
Mgy, = Ns(dpot — %) + N¢g -§x + N, -§x’

5.9 Concrete compressive zone height

This paragraph is based on [NEN-EN 1992-1-1+C2/NB: 6.1].
For: . < 50 N/mm?:

Xy 500

<
d ~500+f

For: fz > 50 N/mm?:

Xu _ £oy + 108
d = e, 106+ 7f

fo
(VLS - Upmoo) Ap + fydAs
A, + Ag

f=
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6 Prestressed NSC box girder

; ; ; Eews 13 chl
7 4 A
/L& [‘L xu-l’ 7&3 New

S S S R I _

E,w d? e_ Pm.a
& AN
0 00 060 0 o Lt& » Asf P.._..._;
f’ I’ /’ I’ l’ I’

Figure 6.1: deformation and stress diagram when ¢, = &3 and x,, < tg4.

6.1 The ultimate bending moment (x,, < t,;)

Xy < td'
Ep > &py.
The ultimate bending moment can be found when ¢, = ¢.,,5 [Figure 6.1].

&p = Agy + &

Opmoo
E
P

Ecuz Agy

£ £
- Ag, = ﬂ(dp - xu) - Ag, = ﬁdp — €cu3

xu x'LL
The concrete compressive zone height x;, can be derived from equilibrium of horizontal forces:
ZFH=O—>Ncu=ANp—>

Ec3
by fog (1 _ E) = A0y — P >
C

90



bxufcd (1 - “e3 )

2£cu3 Euk — gpy Vs

g, —& fok
A, (fpd"'u'(L_fpd))_Apapmoo N

Ecu3 _ Opmeo _ \
b f (1 Ec3 ) A /f +—xu dp Ecuz + Ep Epy (fpk f > A
X - = o — Ay0pme =
ued ZscuS P k pd Euk — Epy Vs pd ) prpm
Ecus _ O'pmoo_ _
Ec3 Xy dp Ecus + Ep Epy fpk
bxyfca (1_28 ) =Apfpd + 4, PR : __fpd — ApOpmeo =
cu3 uk vy S
€c3
bxyfea (1 3 ‘ ) (€ur — Spy) = Apfpd(guk - gpy)
Ecus

Eos Opmoo fox
+A4p ( JCCu dp = Ecuz + % - Spy> (YLS B fpd> — ApOpmes (Eur — Epy) =

u

&c3 Ecus fok
bxy fea (1 - 28;3) (Euk - gpy) = Apfpd(guk - Spy) + Ay ;Z dp <},LS - fpd)
fok Opmoo [ [k fok
—Apeeus <L_fpd +4p Iz;m L_fpd — Apépy L_fpd _ApameO(guk - gpy) -
Vs P Vs Vs

€c3 fok
beZLde (1 - 2; 3) (5uk - ‘Spy) = Apfpd(guk - EPY)xu + Ap£cu3dp <YL - fpd>
cu s

fok Opme [ fpk fok
_ApgcuS <VL_fpd xu+Ap pEm VL_fpd xu_ApEpy YL_fpd Xu
p N N

—ApOymoo (Euk — Epy)%u =

£
—bfea (1 - 2;3 ) (Suk - gpy)x5

cu3

+Ap ((fpd - O-pmoo)(euk - gpy) - <gcu3 - O-%ﬂ + gpy) <@ - fpd)) Xu
p

Vs

fok
+Apecu3dp (yL — fpd =0-
S
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_—b +Vb?% — 4ac
N 2a

Xy

&c3
a=—bf (1 - 2; )(Suk - gpy)
cu3

b=A, ((fpd - GmeO)(Suk - Spy) - <£cu3 - Uzﬂ + 5py> (fp_k - fpd))
P Vs

ok
c= Ap£cu3dp <L - fpd
Vs
The corresponding bending moment capacity and curvature:

Mgg = Ney(y = B) + Proo(z — x,) + AN, (d, — x,,)

_ €cu3
Kpa =
u
’ 4 ’ EC\L$ [Z, g Cl
/1 - ‘| L
/{:.,A [‘L X.u.I %q New ;
S R A B —> P
R,w d? E med
X ANp
¢ ¢ 0 ¢ 0 ¢ @ ’ts y Afgf —
l} I, l’ II II II

Figure 6.2: deformation and stress diagram when &, = €3 and x,, = t4.

6.2 The ultimate bending moment (x,, = t;)

Xy, = tg.

&p > Epy-

The ultimate bending moment can be found when &, = ¢.,,3 [Figure 6.2].
&p = Agy + oo
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&
pOO
EP
Ecus ASp Ecus Ecus
=——->5 A, = d,—x,) > Ae, =—-d,—¢
D D u D p cu3
Xy  dp—Xy Xy Xy

The corresponding amount of prestressing steel A, can be derived from equilibrium of horizontal

forces:
ZFH=O—>Ncu=ANp—>

Ec3
by fog (1 _ E) = Ay0) — P >
C

Ec3 - gpy fpk
bt (1= 2) = a4 22522 P
xufcd 2£cu3 fpd Euk — gpy Vs fpd Upm
Ecus Opmeo
Ec3 %dp ~ Ecus + E_p h gpy fpk
btyf. (1— >=A Fou + -<——f >—a - |-
ded zgcuB b pd Euk — Epy Vs pd pm

btdfcd (1 - 2?213)

A, =
p Ecus Opmoo
tdp —Ecuz +—f — — Epy f
foa + d p . (IPk _ foal — o
pd Euk — Epy Vs pd pme

6.3 The ultimate bending moment (x,, > t;)

’ Vs re 1 CCM.Q &
I L v X €e3 M:u.a ~ xc'
1 & News, €

J A N e —_
E.w d‘? K Pm.a
b AN
L- - - ’tx ‘, AC? ?__)
y’ o} A o

Figure 6.3: deformation and stress diagram when ¢, = g3 and x,, > t,4.
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Xy > td'

€p > Spy-

The ultimate bending moment can be found when ¢, = ¢.,3 [Figure 6.3].

&p = Agy + oo

— Ipmoo
Epoo = 3
14
!
Ecus Ec I} Ecus I} Ecus
= - & = (X — tg) = & = €cyz — ta
Xu Xy — td Xy Xy
s Agy €cus

Ecus
- Ag, = x—(dp —xu) - Ag, = . dp — €cuz
u

Xy dp - Xy

The concrete compressive zone height x;, can be derived from equilibrium of horizontal forces:

ZFH =O_)NCU,1+NCU,2 :ANp_)

£ 1
bxufcd (1 - f) - E(be + bin)ECSé(xu — td) = ApO'p —_ Pmoo -
c

£ 1 £
bxufcd (1 - 2;3 ) - E (be + bin)Ec (ScuB - ;_u3td> (xu - td)

u

u

2
da

2
da

cu3 u
&, —& fok
=4Ap <fpd + %' <L - fpd)) — ApOpme
uk Dy Vs
&c3 1 1 Ecus
bxyfoq(1— 5 -3 (2b¢ + bin)Ececusxy + (2bs + bin)Ececysty — Z(be + b )E.—t
€cus X
Agy + €500 — € fok
P () B
uk 175% Vs
Ec3 1 1 Ecus
bxyfoq(1— 5 -3 (2bs + bin)Ececusxy + (2bs + bin)EcEcysty — E(be + b )E.——t
€cus X
Eusy _ o 46 —¢
x, P Scud T Speo T Cpy  [(f
= Apfpa Ay Euk ~ Epy . <VLS - fpd) ~ Appme >
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£ 1
bfcd (1 - 2;3 ) (guk - gpy)xtzt - E (be + bin)Ecgcu?) (Suk - gpy)xﬁ
cu3

1
+(2bf + bin)Ececus(Eur — €py)taxy — > (be + bin)Ececus(eur — Epy)ta

fok
= Apfpd (Suk - Spy)xu + Apgcqup (L

_ for
Vs

fpd) - Ap(gcuB — & T gpy) < Y - fpd) Xy
s

—ApOpmeo (Euk = Epy)Xu =

g 1
<(bfcd (1 - 2;3 ) - E(be + bm)ECscu3) (eur — spy))xﬁ
cu3

+ (be + bin)EcgcuS (guk - Sp}’)td

—Ap ((fpd - Upmoo)(guk - gpy) — (ecus — Epoo T Spy) <fyLsk - fpd)) Xy

! fo
_E(be + bin)Ecgcu3(SUk - SPY)tczl — Apecuzdy (yL - fpd) -0-
s

—b +Vb?% — 4ac
Yu = 2a

£ 1
a= (bfcd (1 - 2;3 ) — E(be + bin)chcu_v,) (eur — €py)
cu3

b= (be + bin)EcgcuS (8uk - gpy)td
A fpk
= Ap | (foad = Tpmen) (eure = &py) = (ecus = &pen + £py) Ve fra
1 fok
c = _E(be + bin)Ececus(Eur — €py)td — ApEcuazdy <;—S — fpd>
The corresponding bending moment capacity and curvature:

2
MRd = Ncul(xu - ﬁ) + NcuZ ) §(xu - td) + Pmoo(z - xu) + ANp(dp - xu)

Ecus
xu

Kra =
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6.4 Shear

The design shear resistance of the member without shear reinforcement [NEN-EN 1992-1-1: 6.2]:

3
Vmin = 0,035k2,/f

200

=1+ |—<2
k=1+ |—<

VRd,cmin = (vmin + klo-cp)bwd

kl = 0,15
P

Ocp = Z < 0,2frq
Cc

VRd,c = [CRd,ck3 100plfck + klacp]bwd

Cra,c = 0,18/y,

— Asl
P b, d

< 0,02

The design value of the shear force, which can be sustained by the yielding shear reinforcement

[NEN-EN 1992-1-1: 6.2]:

A
VRas = %zfywd (cot@ + cota) sina

z=d-p

fywa = 0,8fyk

1<cotf <25

For vertical stirrups: a = 90°.

The design value of the maximum shear force, which can be sustained by the member, limited by

crushing of the compression struts [NEN-EN 1992-1-1: 6.2].
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Veramax = bwz(cot8 + cota) sin? 0 ag, v, fra

For: 0 < g¢p < 0,25f¢4: Fow = (1 +%)
For: 0,25f.q < 0¢p < 0,5f¢4: Tew = 1,25

For: 0,5f,q4 < 0cp < 1,0fcq: Tew = 2,5 (1 Bl %)
For: f; < 60 N/mm?: Vi =06

For: fo = 90 N/mm?: v =09- %

6.5 Crack width

Requirement: the box girder remains uncracked in the serviceability limit state.

At t = 0, no time-dependent losses are present, so the prestressing force will be at its maximum.
Because of the positioning of the tendons the box girder will be slightly cambered and tensile
stresses will occur at the top. Bending moments cause compressive stresses at the top and tensile

stresses at the bottom of the beam.
t = 0 — check top fibre:

Pmo Pmo‘e M M Pmo Pmo'e

< fetm 2 = - + — fetm =
Ac Wtop Wtop cm Wtop AC WtOP o

Pmo
M= - A Wtop + Py - e _fcthtop
c

t = 0 - check bottom fibre:

P P..-e M M P,, P,-e
- + < fctm - < i + e + fctm
Ac Wbot Wbot Wbot Ac Wbot
Pmo
- M< Wbot +Pm0 'e+fcthbot

[
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At t = oo, the prestressing force has been reduced by time-dependent losses, which means that the
compressive stresses working on the cross-section will be limited. Dead and live loads are present
and will cause tensile stresses at the bottom fibre in the span. The bending moment caused by these

loads should be limited:
t = oo — check top fibre:

Pro  Pnove M __ M Pre  Pro - €
A W W Sfem = p—2- W
c top top top c top

v
|
+
3
g
l

Pro
M = _A_Wtop + Pmoo € _fcthtop

c

t = o — check bottom fibre:

Phow Pnwo-e M M Prno Pnwo-e
-2 + < foem <=4 + f,
Ac Wbot Wbot cem Wbot Ac Wbot com

Pro
- M< Z—Wbot S +fcthbot

c

6.6 Concrete compressive zone height

This paragraph is based on [NEN-EN 1992-1-1+C2/NB: 6.1].
For: f. < 50 N/mm?:

. 500
LA
d ~ 500+ f

For: f.; > 50 N/mm?:

Xu _ Eqy + 108
d " ey 106+7f

for
(% - Upmoo) Ap + fydAs
A, + Ag

f:
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7 Rectangular unreinforced UHPC beam

o

Figure 7.1: deformation and stress diagram when &, < €ctmax-

7.1 When &, < €.tmax

With respect to the deformation and stress diagram of [Figure 7.1] the following relations are valid:

€& & SOX €o
—_— = & = — - & = —
d, X, 2 d,"t "4,

€o

D — ¢,

X1:D_dn

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:
Z FH = 0 g C - T1 s

1 1
EbECSOdn = EbEcgctmaxXl -

godpn = Ectmax(D — dy) —
&dn = €ctmaxD — €ctmaxdn =
dn(SO + gctmax) = &ctmaxD —

gctmaxD

n="———
80 + Sctmax
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The corresponding bending moment capacity and curvature:

2 2
M=C'§dn+T1'§X1

&, ok o

Figure 7.2: deformation and stress diagram when €, = €c¢max-

7.2 When &, = € pmax

With respect to the deformation and stress diagram of [Figure 7.2] the following relations are valid:

€0 _ Ectmax 5 € Ectmax Sd = €o (D—d,)—d, = €o D €o d
= T =5 I n= — Qn n = - n
dn Xl dn D - dn gctmax “':Ctmax gctmax
£o €9 £o €o €0 t Ectmax €o
Sd, d, = D—>dn(1+ - D d, - D -
Sctmax Sctmax gctmax Sctmax gctmax gctmax
€o

L= —
& T Ectmax

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:
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godpn = Ectmax(D — dy) —
&dn = €ctmaxD — €ctmaxdn =

& D D % p
= &ctmaxl — Ectmax -
€0 t Ectmax €0 t Ectmax

2 —

gOD - (50 + Sctmax)gctmaxD - gctmaxgoD -
2 — 2

SOD - gctmaxD -

€0 = Ectmax

>
M
(O
T
1) \I
=\
N

>
K-

|
J
T

‘ / Sekmmanc

Figure 7.3: deformation and stress diagram when €.¢nax < & < &p-

7.3 When Ectmax < €p < gt:P

With respect to the deformation and stress diagram of [Figure 7.3] the following relations are valid:

€o Ectmax Ectmax
== TS X, =,
dn Xy €o
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The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH=O_)C:T1+TZ—)

1 1
EbEcgodn = Ebo-ctmaxxl + boctmax X2 —

1 1 € £
SbEcgodn = 5 b0ctmax o dn + bocemax (D - (M + 1) dn) -
2 2 & &

1 1 gcztmax Ectmax

Egodn = E £ dn + €ctmax (D - £ dn — dn) -

1 1 gcztmax gcztmax

s&dy = s——dp + €ctmaxD — dn — Ectmaxdn =
2 2 & &

1 1 gcztmax

S&0dn + 5 ——dp + Ectmaxdn = EctmaxD —

2 2 g

1 1 Scztmax
2 2 &

+ gctmax> dn = €ctmaxD —

gctmaxD

dy
1 1¢?
750 + 7 ctgr:)lax + Ectmax

The corresponding bending moment capacity and curvature:

2 2 1
M:C‘gdn+T1‘§X1+T2<X1+§X2>
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Figure 7.4: Deformation and stress diagram when &, = & ,.

7.4 Wheng, = &,

With respect to the deformation and stress diagram of [Figure 7.4] the following relations are valid:

Ectmax _ S_O S X, = Ectmax d
Xl dn ! €o "
Etp &o

& &, &, Ectmax
— =X +X =—pdn - X, =—pdn—X1 =—pdn——dn
Xi+X, d, £ &0 & &

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=0—>C=T1+T2—>

1 1
EbECSOdn = Ebo-ctmaxXl + boctmax X2 =

1 1 Ectmax Etp Ectmax
EbEcgodn = Ebo-ctmax < dn + bOctmax (E dy — & dn) -

1 1

2 _ —
2 Ecgo - 2 Octmax€ctmax + Octmax€tp — Octmax€ctmax —

1 1

2
EECSO - _Eo-ctmaxgctmax + Uctmaxst,p -

—Octmax€ctmax + Zactmaxgt,p N

E.

& =
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—Octmax€ctmax T 2 Octmax€tp

& =

E.
A Eo C{__'_ 6;.
dn

ﬁ Ed;wsu.u. :' x' i i

e

X, -

Ei; ¥ i
l’ .Eb -~
f—
b

Figure 7.5: deformation and stress diagram when &;,, < &, < &,,.

7.5 Wheng;, <&, <&,

With respect to the deformation and stress diagram of [Figure 7.5] the following relations are valid:

SO gctmax gctmax
7= o X, = g,
d, X &

€o &t, &, t, €, Ectmax
—:—p—>X1+X2 :—pdn—>X2 =—pdn—X1 =—pdn——dn
d, X;i+X, & & &0 o

&
X3=D—(X1+X2)—dn=1)—%dn—dn
0

€o Ep €o &o
— = =—(MD-d,) =—D —
dn D _ dn - gb dn ( Tl) dn SO

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:
ZFH:O_)C:T1+T2+T3—)

Ep

—&
—'p)(3 -

& — Ep 1
X3 + Ebo-ctmax s —¢
tu tp

1 1
EbEcgodn = Ebo-ctmaxxl + bactmaxXZ + bo—ctmax <1 -
gt,u - St,p

€ — &t
—'pX3 -

1 1 1
EbEcgodn = Ebo-ctmaxxl + bactmaxXZ + bgctmaxXS - Ebo-ctmax
tu gt,p
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€ ~ Ep
Eceodn = OctmaxX1 + 20ctmaxX2 + 20ctmaxX3 — Octmax e . —¢ X3 =
tu tp

Ectmax Etp Ectmax €tp
Ecgodn = Octmax dn + 2O_ctmax dn - dn + 2a-ctmax D - dn - dn
€o €o €o €o

€ ~ &p Etp
—Octmax — D - dp —dpn | =
tu — €tp €o

Ectmax Ep — &

— 'p
Ecgodn = —Octmax dn + zo-ctmaxD - 2O-Ctmaxdn — Octmax D
SO tu gt:p
Ep ~ Etp Etp €p — Etp
+0ctmax — dn + Octmax _ dn -
tu— Etp €0 tu ~ Etp
ECES (St,u - St,p)dn = —O¢tmax€ctmax (St,u - gt,p)dn + 2O-Ctmaxso (St,u - St,p)D

_ZUctmaxSO (5t,u - St,p)dn — Oc¢tmax€o (Sb - gt,p)D + Uctmaxst,p (Eb - St,p)dn

+0—ctmax£0(£b - Et,p)dn -

2 2 _
Ecgo St:udn - ECSO gt.Pdn - _Uctmaxgctmaxgt,udn + Uctmaxgctmaxgt,pdn + Zactmaxgogt,uD
€o
_O-Ctmaxgogt'PD - ZGCfmaxgogt.udn + Uctmaxgogt,pdn — Octmax€o d_D —&|D
n
& D d 2 d &o D d
+0ctmax€tp 4. €0 ) An — Octmax€tpAn T Octmax€o 20 & ld, —
n n

2 2 2 2 2 2 2
Ecegerydy — Ecgg gt,pdn + Octmax€ctmax€eudn — Uctmaxsctmaxst,pdn + 20ctmax€o€tudn

2 2 292 2 2Nn2
+0ctmax£t,pdn + Octmax€o dn - Zo'ctmaxgogt,uan - 2O'ctfmax“:Oan + UctmaxSOD =0-

(Ecsg (Et,u - gt,p) + Octmax (Ectmax (Et,u - gt,p) + 250£t,u + St,g,p + 53)) drzl

_zactmaxSOD(Et,u + So)dn + O'Ctmaxé‘gDz =0-

B —b +Vb?% — 4ac
no 2a

a= Ecgg (St,u - gt,p) + Uctmax(gctmax (St,u - gt,p) + Zgost,u + gi,g,p + 55)
b= _Zo-ctmaxSOD(gt,u + 50)

— 2n2
C = Octmax€6D
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In order to determine the bending moment capacity the centre of gravity of part X5 needs to be

known:
Ep —E&tp 1 1 & — Etp 1
bactmax (1 T e —¢ X3 2X3 + ?bo-ctmax s —¢ X3 : §X3
y = tu tp t,u t,p N
- 1 & — Etp
bactmaxXS - fbo'ctmax € — ¢ X3
tu t,p

Ep — & 1 1 & —E&p 1
bo, 1—-———2P).2X2 4 Zbo, =P . —x2
y _ ctmax gt,u —_ gt,p 2 3 2 ctmax Et,u —_ gt,p 3 3 R

- 1 & —&p
bactmaxX3 (1 - 75 — ¢
tu tp

1 2 1 & —Etp yo 1 € " Etp o2
jbo-ctmaxx3 - 7b0-ctmax < — ¢ X3 + gbo-ctmax P X3
_ tu t,p t,u t,p N
Y bo X. (1 - 1& —éyp
ctmax3 2 gt,u — gt,p

1_1é&—&p),.
bactmax (2 - 3 €ty — 5t,p>X3

y = 1 Sb — Et e d
bocmans (1~ 375 = )
1 1& —&p
(7 B §€t,u - 8t,p> X3
Y= 1 & — Ep

1— 55—
2 8t,u - gt,p

The bending moment capacity and curvature can be expressed by:

2 2 1
M=C‘§dn+T1‘§X1+T2(X1 +EX2>+T3(X1 +X2+y)
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Figure 7.6: deformation and stress diagram when g, = &, ,,.

7.6 When g, = &,

With respect to the deformation and stress diagram of [Figure 7.6] the following relations are valid:

€o Ectmax Ectmax
—=""E X =12

dy Xy €o "

&o 8t,p 8t,p ‘St,p ‘St,p Ectmax
—=—" X+ X, =—2d, > X, =—2d, - X, =—2d, —-——d

dn X, +X, 1 2 £ n 2 £ n 1 £ n £ n

€o Etu Etu Etu Etu Etp
— = S X1+ X+ X5 =—dy > Xz =——d, — (X, + X;) =—d, ——=d
dn X1+X2+X3 1 2 3 € n 3 € n ( 1 2) € n € n

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=066=T1+T2+T3_)

1 1 1
EbEcgodn = Ebo-ctmaxxl + bactmaxXZ + Ebo-ctmaxXS -

EbEcgodn = Ebo-ctmax%(fxdn + bOctmax (g dn — c;;lax dn) + Ebo'ctmax (S_Ou dp — gdn)

1, 1 1 1

— 2 2
580 - Egctmax + gctmaxgt,p — Ectmax + Egctmaxgt,u - Egctmaxgt,p -

2 2
€0 = —&ctmax + Ectmax€tp + Ectmax€tu =
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— 2
& = \/_Sctmax + Sctmaxgt,p + Ectmax€tu

7.7 Shear

The ultimate shear capacity is given by:
Vu = VRb + Vf + VS

In case of reinforced concrete, the participation of the concrete will be:

In case of prestressed concrete, the participation of the concrete will be:

L, _ 1024
e v

fibz

The contribution of the fibres can be expressed by:

_ SeffO-(WOJ3)k

"= Ty anp,
Seff:bZ

1
z=d —gdn

The shear reinforcement:

Asw
Vs = S nywd cot By

The angle of the compression struts should be limited to 30° as opposed to 21,8° ,which NEN-EN
1992-1-1 prescribes.

The contribution of all three parts depend on either the effective depth d or the internal lever arm z,
which are not present for unreinforced concrete. Therefore, the shear capacity of unreinforced

concrete will be set to zero.
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7.8 Crack width

In case of a cross-section not containing any bonded tendons in the tensile zone, the design crack

width w,,,, at the extreme tensile fibre of the section may be taken as:

Winax = 1,5D (e, — 0,00016)

With respect to the deformation and stress diagram of [Figure 7.4] the following relations are valid:

€o €p €p

_—= = —d
d, D—d, °Tp—a,™
Ectmax €p Ectmax
= X = D—d
)(1 D _ dn - 1 gb ( Tl)

&
X2=D—X1—dn=D—%(D—dn)—dn
b

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:
zFH=O_)6=T1+T2_)

1 1
EbEcgodn = Ebo-ctmaxxl + boctmaxX2 =

1 &p 1 Ect Ect
EbEc D—d, d121 = Ebo-ctmax c;;lax (D - dn) + bOctmax (D - %bax(D - dn) - dn) -
€p Ect Ect
Ec D—d drzl = —Octmax e D+ Octmax e dn + 2O-ctmaxD - Zo-ctmaxdn -
n

Ecgl%d% = _UctmaxgctmaxD(D - dn) + Octmax€ctmax (D - dn)dn + zactmaxsz(D - dn)

_zactmaxgb(D - dn)dn -

272 2 2
Ecgb dTl + Uctmaxgctmaxdn - Zo_ctmaxgb dTL - Zactmaxgctmaden + 4actmax€den

2 2
+JctmaxgctmaxD - Zo-ctmaxng =0-

(Ecgl% + Uctmax(gctmax - Zgb)) d121 - 2O-ctmaxD(‘Ectmax - ng)dn + UctmaxDz(gctmax - ng) =0

-
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B —b + Vb2 — 4ac

dn 2a

— 2
a= Ecsb + Uctmax(sctmax - Zsb)
b = —20tmaxD(ctmax — 2€p)

— 2
c= O-ctmaxD (gctmax - Zgb)

The maximum moment in SLS:

2 2 1
qu = C'gdn'l_Tl '§X1 +T2 (Xl +§X2)
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8 Rectangular prestressed UHPC beam

L4 50 .C So
—
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Figure 8.1: deformation and stress diagram when &, < €ctmax-

8.1 When &p, < €.tmax

é‘p < Spy

With respect to the deformation and stress diagram of [Figure 8.1] the following relations are valid:

€ & €o €o €o

dn Xl - gb dn 1 - gb dn ( n) - Sb dn 80
& Aey, & &

i Aey = 2 (d, — dy) = —d,, —

dn dp — dn - A& dn( p n) dn p ~ €0

Xl == D - d?’l

&p = Agy + oo

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:
ZFH:0—>C:T1+ANp—>

1 1

EbEc‘gOdn = EbEcele + A0y, — B =

bE eyd, = bE ep Xy + 2A,E,Ag, >
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bE eyd, = bE epD — bE &, dy, + 2A,EpAey, —

& &
bE,&yd, = bE, d—ODZ — 2bE,&yD + bE gody, + 24,E, d—“dp — 24,E, g0 -
n

n

bE.D? + 24,E,d, = 2bE.Dd, + 2A,E,d, —

bE.D? + 24,E,d,
" 2bE.D + 24,E,

The corresponding bending moment capacity and curvature:

2 2
M=C-3dy+T-3X + Pne(z — dyy) + ANy (dp, — dy)

3
T,
LA Eo C &
«—t ;
uz' dl"\
dp P
______ — L-—\-A) "‘_) Pm.o
A y X, _5’1.’
@ P ” (g ] — N
sNp
/ [L P oo

Figure 8.2: deformation and stress diagram when €, = €.¢max-

8.2 When €, = €.4max

8p < Spy

With respect to the deformation and stress diagram of [Figure 8.2] the following relations are valid:

€ Ectmax  €o Ectmax €o €o €o
5 = -0 = ->d, = (D_dn)_’dnz D - dy
dTl Xl dTl D - dTl Sctmax sctmax gctmax
o &o o o & T Ectmax o
-d, + d, = D—>dn(1+ = D-d, = D -
Sctmax Sctmax gctmax Sctmax gctmax Sctmax
€o
p=—
& T Ectmax
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=-Ld, -
n

&p = Ay + &poo

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=0—>C=T1+ANP—>

%bEceodn = %bEcele + Apop — Bpe 2

bE eyd, = bE ep X, + 2A,EpAg, —

bE eyd, = bE e,D — bE e, dy, + 2A,EpAey, —>

bE.£0dy = bOgtmaxD — bOcemaxtn + 24,E, Z—idp — 24,Eeq >

£

& &+ €
bE, D = bOctmaxD — bOetmax —————D + 24,E, %dp — 24, Epe =

<g0 + Sctmax 80 + Sctmax

bE e5D? = bOcimax (€0 + Ectmax)D? — bOctmax€oD? + 24,Ep (g0 + Ectmax)*dyp

_ZApEpSO(EO + &ctmax)D —

bE.£§D? = b0 max€ctmaxD? + 24pEpefdy, + 4A,Epeoormaxdy + 24, Epelimaxdy — 24,EpegD

_2ApEp €o&ctmaxD =

— (bEcD? + 24,E,(D — d,,)) €2

+2 (ApEpecemax(2d, — D)) &

+&ctmax(DOctmaxD? + 24, EpEctmaxdy) = 0 >
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_—b+ Vb2 — 4ac
N 2a

€o
a = — (PE.D? + 24,E,(D — d;))

b = 2 (ApEyectmax(2d, — D))

c= sctmax(bo'ctmaxDz + 2ApEp£ctmaxdp)

LA Eo C 1 8o
—t
. dn
dp g
T———" - o — P
A At * __;E
Pu P » £ P —— ANP
CEmEL A x —
~ {L ~ z JELM” 41;—

Figure 8.3: deformation and stress diagram when Ag,, < €:pmax < &p-

8.3 When Ag, < €cpmax < €p

&p < &py
With respect to the deformation and stress diagram of [Figure 8.3] the following relations are valid:

SO gctmax gctmax
0 Cemax |,y = cmax g

d, X, g "

& Aey, & &

—= Agy =—(d, —d,) =—4d, —
dn dp — dn - A& dn( p n) dn p ~ %o
o €p

€o €o €o
2= ==X +X =—({D-d =2p-—
dn Xl +X2 _)gb dn( 1 2) _)gb dn( n) _)gb dn 80

&
X, +X,=D—d, > X,=D— C’;’”“"dn—dn
0

&p = Agy + &
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The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH=O—)C:T1+TZ+ANP—)
1 1
EbEC‘EOdn = Ebo-ctmaxxl + bactmaxXZ + Apo-p - Pm°° -

& &
bE eody = bOctmax “EL;an + 2b0ctmax (D _ max g — dn> + 24, E,Ae, -

€o
Ectmax €0
bE.god,, = —b0O tmax Tdn + 2b0¢tmaxD — 2b0ctmaxdn + 2A5E, d—dp — 24,E,60 —
n
bEcggd% = _bo-ctmaxgctmaxd% + Zbo-ctmaxgoan - Zbo-ctmaxgodrzl + 2ApEp€gdp - 2ApEp€§dn il

b (Eceg + 0cemax (Ectmax T 250)) dz — 2(bocrmaxD — ApEpo)€ody — 24,E, e8d, = 0 -

B —b + Vb2 — 4ac
no 2a

a=b (Ecgg + Jctmax(gctmax + 250))
b = —2(b0,tmaxD — ApEpeq)eg
¢ = —24,E,eéd,

The corresponding bending moment capacity and curvature:

2 2 1
M= C-§dn +T X+ T <X1 +5X2> + Pno(z — dy) + ANy (dp, — dy)
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Figure 8.4: deformation and stress diagram when Ag, = €.qmax-

8.4 When Ag, = &.pmax

Sp < gpy

With respect to the deformation and stress diagram of [Figure 8.4] the following relations are valid:

g A& & Ectmax & _ & €o
.o % a4 -d = ([l —d) o dy = dy - d,
n 1 n p — Qn Ectmax Ectmax Ectmax
£o o & £o €0 t Ectmax &
_)dTL+ dn= dp_)dn(l-l_ = dp—>dn = dp—)
Sctmax Sctmax Sctmax Sctmax Sctmax Sctmax
€o
n=—- 5 -
&o + Ectmax
€o €p €o &o €o
¥ = —Sg="—UW+X) =70 -d) o =""D—-¢
d, Xi+X, d, d, dy
Xl = dp - dn
XZ = D - dp

&p = Agy + oo

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFHZO_)C:T1+TZ+ANI)_>

1 1
EbECSOdn = Ebo-ctmaxXl + bo_ctmaxXZ + Apap - Pm°° -
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bE g9y = bOcemax(dy — dy) + 2b0cemax(D — dyy) + 2A,E,Ag, >
bECSOdn = _bactmaxdp - bactmaxdn + 2bo—ctmaxD + 2ApEp£ctmax -

&gl £g

bE dp = _bactmaxdp — boctmax

———————— dp + 2b0 tmaxD + ZApEpgctmax -
& T+ Ectmax

& T Ectmax

bEcggdp = _bactmax(go + gctmax)dp - bactmaxgodp + Zbo-ctmax(go + Sctmax)D

+2ApEp (50 + gctmax)gctmax -

bEcggdp = _Zbo'ctmaxgodp - bactmaxgctmaxdp + 2bo—ctmax“fOD + 2bo—ctmax‘c-'ctrmaxD

+245E €06 ctmax + 2ApEp€lrmax =

bEcggdp + z(bactmax(dp - D) - ApEpgctmax)go + (bactmax(dp - ZD) - 2ApEp£ctmax)€ctmax

=0-

—b +Vb?% — 4ac
0 = 2a
a = bE.d,

b = 2(b0ermax(dy — D) — ApEpecimax)

c= (bo-ctmax(dp - ZD) - ZApEpgctmax)gctmax

~

t=——tHs . Ao
E-d;mm _}(“ __) ‘T:

] ANf
-T— 1

Y g 7 S

Figure 8.5: deformation and stress diagram when Ag, > €pmax & &p < &rp-

8.5 When Ag, > &.pmax & &y < &

Sp < gpy
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With respect to the deformation and stress diagram of [Figure 8.5] the following relations are valid:

€o Ectmax Ectmax
— =TT X, =—"2d

dy X1 €o "

o Agy, o &

— = Ay =—(d, —d,) =—4d, —
dn @, =g (G dn) =g dy e
€o €p €o

— = =

€0 €o
4 Xi+X (X1+X2)—>£b:d—(D—dn)—>£b=d—D—€0

dn n n

&
X1+X2=D—dn—>xz=D—X1—dn=0—%dn—dn
0

&p = Agy + oo

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH:O_)C:T1+T2+ANP_)

1 1
EbEC‘EOdn = Ebo-ctmaxxl + bactmaxXZ + Apo-p - Pmoo -
bE eydy = bOctmaxX1 + 2b0ctmax X2 + 2ApEpAgy, -

& & E
BEeody = bOeemay 2 dy + 2b0cema (D - Smerg, - dn) +24,E, (—dO d, - so) 5
0 0 n

_ Ectmax €o
bE gyd, = —bactmaden + 2b0¢tmaxD — 2b0ctmaxdn + 2A5E, d—dp — 24,E,¢) =
n
bEcggd% = _bo-ctmaxgctmaxd% + ZbdctmaxSOan - Zbﬁctmaxé‘od% + 2ApEp€gdp - 2ApEp€§dn il

b (Ecgg + Uctmax (Sctmax + 280)) d‘%l
—2¢0(b0ctmaxD — ApEpo)dn

—2A,E,e8dy, =0 >
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_ —b ++Vb? — 4ac

n 2a

a=b (Ecgg + O-ctmax(gctmax + 280))
b= _ZEO(bGCtmaxD — ApEpeo)so
¢ = —24A,Eyg5d,,

The corresponding bending moment capacity and curvature:

2 2 1
M= C-gdn +T X+ T <X1 +§X2> + Ppoo(z — dp) + AN, (d, — dy)

8.6 When &y = Epy

With respect to the deformation and stress diagram of [Figure 8.5] the following relations are valid:

€o ctmax ctmax
.~ X X1 = dn
n 1 €o
f_ B f_fyThe 0 (d,—d,)-
n — p~ YUn
d, dp—d, dy dp—dy Epy — Epw
€o €o €o €o
d, = d, — d,—>d,+ d, = d, -
€py ~ Epoo €py ~ Epoo py ~ Epoo €py ~ Epoo
& &o €0 T &py — Epoo &o
dp| 1+ = dy, — dy = d, -
vy — Epoo vy — Epoo vy — Epoo vy — Enoo
py P Py p Py p py p
=)
n= dp

&+ &y — Epw

€o €p €o &o €o

—_—= =—(X,+X =—(D-d =—D—
d, X1+X2—>5b dn( 1+ X2) 2 & dn( n) = & d. €
X1=dp_dn

&
X1+X2=D—dn—>X2=D—X1—dn=D—“gL0‘”dn—dn

119



Ep = Epy Aep + &poo = Epy Asp =&y ~ &w

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

zFH=O—>C=T1+T2+ANp—>

1 1
EbEcgodn = Ebo-ctmaxxl + bactmaxXZ + Apap - Pmoo -

bEL‘gOdTL = bO'dmaxXl + ZbﬁctmaxXz + ZApEpAgp s

& &
bE,.eqd, = bopyay (“SLOW‘ dn) + 2bGtmas (D - C‘;’;’“" d, - dn> + 24, (£py — £p0) =

Ect
bE gody = —b0gmax %dn + 2b0ctmaxD — 2b0ctmaxdn + 24pEp(Epy — €poo) =

0
2
& & &

bE, : dp = _bo-ctmax S dp + 2bo—ctmaxD - ZbO_ctmax .

—————— - -
& + E€py ~ Epoo & + Epy ~ Epw

+24,Eyp (gpy - gpw) -

2 —
bECSO dp - _bo-ctmaxgctmaxdp + Zbactmax(go + Epy — gpw)D - 2bo_ctmax‘godp

+24,Ey (50 + &y — Spw)(gpy - SPOO) -

bEcggdp = _bo-ctmaxgctmaxdp + 2bo—ctmax“:OD + 2bo_ctmax(gpy - SpOO)D - Zbactmaxgodp

+2ApEp30(5py - gpoo) + ZApEp(gpy - EPOO)Z -

—bE £5d,
+2 (bOetmax(D = dy) + ApEp(£py — £900) ) €0

—bactmax(sctmaxdp — Z(Sm, — spoo)D) + 2ApEp(spy — spoo)z =0-
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_—b+ Vb2 — 4ac
B 2a

€o
a = —bE.d,

b = =2(boctmax(dy — D) — Apfpa + Pno)

c=- (b%tmax(dp —2D) = 2(Apfpa - Pmoo)) (epy = &poo)

8.7 When Ag, > &.pmax & &y < &
Ep > Epy
With respect to the deformation and stress diagram of [Figure 8.5] the following relations are valid:

€o Ectmax Ectmax
— =TT X, =—"2d

dy X1 €o "

o Agy, o &

— A = —_— — — — J—
&y~ dy—dy M =g, ) =g
€o €p

& EN &
= =2, +x =2(-d ="p-
d, X1+X2—>5b dn( 1+ X2) 2 & dn( n) = & d. €

&
X, +X,=D—-d,>X,=D—-X,—d, =D — “g’”“"dn—dn
0

&p = Agy + oo

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH:O_)C:T1+T2+ANP_)

1 1
EbEC‘EOdn = Ebo-ctmaxxl + bactmaxXZ + APO-P - Pm°° -

Ectmax (D _ gctmax d

bE.eod,;, = bOctmax Tdn + 2b0 tmax g - dn> + 24,0, — 24p0pme =
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SC tmax

d + 2bo—ctmax _Zbactmaxdn

— &y (for
+24, (f,,d + T <— — fpd>> — 24,00 —

- gpy Vs

bE;eydy = —bOctmax ——

5ctmax (

bEcgo(guk - gpy)dn = _bactmax uk gpy)dn + Zbactmax(guk - gpy)D

fok fok
_Zbactmax(guk - gpy)dn + ZApfpd(guk Epy) + 2458y < ;: ~ foa | = 24pEpy ;,] ~ fpa
S S

—24pE) (5uk - Spy)gpw -

&
—max (Euk - SPY)dn + Zbo'ctmax(guk - gpy)D

bECSO(Suk - gp)’)dn = _bactmax
for f k
_Zbo-ctmax(guk - gpy)dn + ZApfpd(Suk gpy) + ZA d < 2= — fpd 2= fpd
fok for
+24p€p0 <L ~ fpa | — 24pepy ;,] — fpa | = 24 Ep (euk — &py)epeo =
s
bEcgg (guk - Epy)d% = _bo-ctmaxgctmax(suk - gpy)d% + 2b0—ctmax£0 (guk - Epy)an

fok
—2bactmaxeo(suk - epy)d,zl + 2Apfpd£0(suk epy)d +24,¢ < P — fpa | d

f; f; f
_ZAPE(%(VLk_fpd dy + 24p€0€pe Lk foa | n — 24p&0epy = = fpa )d

N

—24,E &0 (euk — €py)Epoodn =

—b (Ecgg + Jctmax(gctmax + 250)) (guk - Epy)d%
+2¢0 | bocemax(€uk — €py)D

Ap ((fpd - Upmoo)(guk - gpy) — (&0 — Epoo T gpy) <]% - fpd)) dn

N
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_ —b ++Vb? — 4ac

n 2a

a=-b (Ecgg + Uctmax(gctmax + 250)) (Euk - gpy)

b = 2¢ bactmax(guk - epy)D

+4p ((fpd - Upmm)(guk - gpy) — (&0 — €poo T gpy) <];z:_k - fpd))

N

for
¢ =2Ape6 <% — fpa | dp

The corresponding bending moment capacity and curvature:

2 2 1
M= C-§dn +T X+ T <X1 +§X2> + Pno(z — dy) + ANy (dp, — dy)

8.8 Wheng, =g,

&p > Epy

With respect to the deformation and stress diagram of [Figure 8.5] the following relations are valid:

£ £ £
_0 — ctmax N X1 — ctmax dn
dn X1 €o
& Agy, & &
— = > A, =—(d,—d,)=—d, — ¢
dn dp—dn 7 dn( p~ dn) dy P °
£ £ £ £ £ £ £
2= d,=—(D—dy) > dy=—D——>dy > dy+——dy =—D -
d d n n n n n n
n D - n Etp Etp Etp €tp Etp

£ £ Erp T & & £
dn<1+—°>=—0D—>dn<“’—°>=—°D—>dn=—°D

€tp Etp Etp Etp Ep T &0
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&
X1+x2=D—dn—>xz=D—X1—dn=0—%dn—dn
0

& = Agy + &poo

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

zFH=O—>C=T1+T2+ANp—>

1 1
EbEcgodn = Ebo-ctmaxxl + bactmaxXZ + Apap - Pmoo -

& &
bE.£ody, = bOesmax %dn + 2b0ctmax (D - C’:’“‘x d, — dn) + 24,0, — 24,0pm0 >
0 0

SC tmax

dn + 2b0ctmaxD — 2b0ctmaxdn

&y — &
+24, (fpd + g‘;f”y <fp—" - fpd>> — 24, E 0 —
u

Epy Vs

bE;eydy = —bOctmax —

gctmax (

bEC‘EO(‘Suk - gm’)dn = —b0ctmax Euk — ‘SPJ/)dn + 2bo—ctmax(‘guk - 8py)D

fok fok
—2b0cemax(Euk — €py)dn + 24, fpa(eur — €5y) + 24,8, <;’ — fpa | — 24,€,, ; — fpa
S S

—24,Ey (€ur — Epy)gpoo -

gctmax (

bEcgo(suk - gpy)dn = _bactmax Suk — Spy)dn + 2bo—ctmax(‘guk - 5py)D

fok fok
—ZbO'Ctmax(Suk - Epy)dn + ZApfpd(Euk Spy) + 2A d d <)Z/7 — fpd — ZAPS L — fpd

N

fok fok
+24p€pc <L — fpa | = 24pepy ;: ~ fpa |~ ZApEp(guk - gpy)gpoo -
S

EC tmax

%—_{_% (suk — sm,)D + 2b0 tmax (suk — epy)D

. (Suk - Spy)D = —b0ctmax

€o Ept & (fok
~2bermax ;o (e = €vy)D+2Apfpd(euk—epy)+2Ap”T<p fpd>
tp

fok fok fok
—245¢0 <YL — fpa |+ 24pEpe L — fpa | = 24pepy ;,) ~ fpa | — ZApEp(guk - gpy)gpoo -
S

N
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bEcgg (5uk - Spy)DZ = _bo_ctmaxgctmax(guk - Spy)DZ + 2b0ctmax(5t,p + 50)(8uk - 5py)D2

N

2 (fok
—2b0cemax€o(Eur — Epy)D? + 24y fpa(€rp + €0) (Euk — py)D + 24, (e + ) <YL - fpd> d,
fok fok
—24A so(etp + 80) (L — fpd D + ZAI,(EMJ + so)spoo L — fpd
S
24 J ”" 24
- p(gt,p + go)gpy —fpa | D — pEp(gt.p + 50)(€uk - gpy)gpooD -
bEcgg (5uk - Spy)DZ = _bo_ctmaxgctmax(guk - Spy)DZ + 2b0ctmax£tp(€uk - 5py)D2
fok

+24, fra€ep(Eur — Epy)D + 24, fraco(eux — €py)D + 24,62, ( 2 —foa)d

fok f k fok
+4A,808L ( — foa | dp + 24,83 (== foa | dp — 24,0800 | == — fpa | D

Vs Vs
—24,¢ <?jk fpd> D+ 2Ap€&t pEpoo <% - fpd> D+ 2Ap€0p0 <@ fpd>

S

N

fok f K
—2A stpspy< P — fpa | D — 2Ap€0€py ol — fpa | D ZAI,Epet,p(suk —spy)epooD

—2ApEpso(£uk - spy)epooD -

_ <bEC(guk —£,,)D? — 24 <f”" fpd>( D)) £2

+24, ((fpd ~ Opmoo) (Euk = €py)D + (05 (2dp — D) + (gpes — £y )D) <fp_k - fpd)) €o

_(Ectmax - zgt,p)bactmax (8uk - ‘Spy)DZ + 2Ap€t,p (guk - gpy)D(fpd - O-meO)

fi
+ 24,8 (e pdp + (epwo — €py)D) (L" — fpd> =0
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_—b+ Vb2 — 4ac
B 2a

&o

a=-— (bEc(suk — &yy)D? — 24, (f”—" fpd> (d, - D))

Vs

b =24, ((fpd - meoo)(guk - Spy)D + (St.p(de —D) + (gpoo - Epy)D) <% - fpd>>

c= _(gctmax - zgt,p)bactmax(guk - gpy)Dz + ZApgt,p (guk - gpy)D(fpd - Gpmm)

fi
+ 2Ap£t_p(st'pdp + (epoo — spy)D) <Lk - fpd>

Vs
ey o ¢ So
L
11‘ dn’\
d?
—_,——— — e I—.\-lo E'LEMM/ Yl ___}T_J‘Pm«o
£k X 4
A f T
o € L b X, éamm\cﬁ—-ymp
JL £L

Figure 8.6: deformation and stress diagram when &, , < &, < &;,,.

8.9 Wheng,, <&, <&y,

Sp > gpy

With respect to the deformation and stress diagram of [Figure 8.6] the following relations are valid:

80 sctmax gctmax
= Ly, = S,
dn Xl &o
€o &, &t, t, e, Ectmax
-_— = P —)X1-|-X2:—pdn—)Xzz—pdn—Xlz—pdn— dn
d, X;i+X, & & &0 o
o Ag, o &
— = > Aey =—(dy, —dy) =—d, — ¢
p P n p 0
d, d,—dy dn d,
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€o Ep €o &o
dn D _ dn - gb dn ( dn) dn SO

&
X1+X2+X3=D—dn—>X3=D—(X1+X2)—dn:D—%dn—dn
0

&p = Agy + oo
The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:
ZFHZO_)C:T1+T2+T3+ANP_)

€ ~ Etp x
3

& — Ep 1
X3+ Ebo-ctmax s —¢
tu t,p

1 1
SbE ggdn = 5b0ctmaxX1 + b0ctmaxXa + DOctmax (1 - —
2 2 Eu ~ Ep

+Apap — P ™

Ectmax gt,p Ectmax gt,p
bECSOdn = bactmax dn + 2bo—ctmax (_ dn - dn) + 2bo—ctmax (D - _dn - dn
€o €o €o €o

Ep —Erp Etp
~bOetmax ———(D = —2d, — dy,, ) + 24,0, — 24,00 =
tu ‘St,p &o

Ectmax & —Etp
bEC‘EOdn = _bo-ctmax < dn + 2bo—ctmaxD - 2bo—ctmaxdn - bactmax D
0

€ —Etp Eup Ep ~ Ep & — &y (fok
+b0ctmax —Ldy + bOctmax ———dp + 24, | fra + —2 | == fra
Et,u - gt,p &o gt,u - gt,p Euk — gpy

—2ApEp€p0 =

Ectmax
bEC‘EO(‘Suk - gp)’)dn = _bactmax (8uk - ‘SPJ/)dn + 2bo—ctrrwlx(‘guk - 8py)D
€ ~ Etp
_Zbo_ctmax(‘suk - 81’3’)dn — b0ctmax (Euk - gpy)D
Etu — Et,p
€p ~ Etp Etp & ~ Etp
+bactmax - _ . o (Euk - Spy)dn + bactmax - _ . (5uk - Spy)dn + 2Apfpd (Euk - Spy)
tu — €tp €o €tu ~ Etp

S

for fok
t24p8) <YL — fpa | = 24pEpy ;) ~ fpa |~ ZApEpgpoo(guk - gpy) -
S
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&

bEcgo (Suk - gpy)dn = _bactmax o (Euk - gpy)dn + 2bo—ctmax (Suk - gpy)D
& — &

gb—w (2ur — &py)D

_Zbo-ctmax(guk - gpy)dn - bactmax —
tu — €tp

Ep

Ep —E&tp Etp ~ Etp
+b0ctmax R (Euk - EPY)dn + bOctmax P— (8uk - ‘SPJ/)dn + ZApfpd (Euk - gpy)
tu t,p t,u tp
o (fox fok fok fok
+24, —<L - f,,d> dy, — 245, <L - fpd> + 24,850 <L - fpd> — 24,8,y <L ~ foa
dn \ Vs ¥s ¥s Vs

_ZApEp‘Spw(guk - gpy) -

5ctmax (

bEcgo(gt,u - gt,p)(guk - gpy)dn = _bactmax Etu — gt,p)(guk - gpy)dn

+2b0—ctmax(£t,u - gt,p)(‘guk - gpy)D - Zbo-ctmax(gt,u - gt,p)(guk - gpy)dn

Etp
_bactmaxgb (Suk - Spy)D + bactmaxgt,p (Suk - Spy)D + bo_ctmaxgb < (Suk - gpy)dn
0

82

tp
_bactmax < (Suk - gpy)dn + bactmaxgb (Suk - gpy)dn - bactmaxgt,p (guk - Epy)dn
0

for

£
+2Apfpd(5t,u - Et.p)(fuk - Spy) + 24y dO (St,u - gt,p) ( ” - fpd) dp
n S

fok for
_ZAng(gt,u - gt,p) <YLS - fpd + ZApgpoo(Et,u - Et,p) = fpd

Vs
fpk

—2Apepy (St.u - St,p) <_

” - fpd) - ZApEpngO(St,u - gt.p)(guk - gpy) -
S

gctmax (

bEcgo(st,u - gt,p)(guk - Epy)dn = _bactmax Etu — St,p)(suk - gpy)dn

+2bactmax (St,u - gt,p)(guk - gpy)D - 2bo—ctmax (St,u - gt,p)(guk - gpy)dn

€o
_bactmax d_ (Euk - Spy)DZ + bactmaxgo (guk - Spy)D + Zbactmaxgt,p (Suk - gpy)D
n

2
&t
D
_Zbo-ctmaxgt,p (Suk - gp)’)dn — bOctmax e (Suk - gp}’)dn + b0ctmax€o (Suk - gpy)D
0

for

€
_bactmaxSO(Suk - gpy)dn + 2Apfpd(5t.u - St.p)(suk - gpy) + 24, do (gt.u - gt.p) < v - fpd) dp
n S

o for
_2Ap£0(et,u — €t,p) <L — fpa | + 2Apspoo(gt‘u — gt'p) Ipk _ foa
¥s Ve
fok

Ve fpd) - ZApEpgpw(Et.u - St.p)(suk - gpy) -
S

—24p8py (St.u - gt,p) (

128



bEced(ecn — tp)(Eu — Epy)dE = —bOcimax€cemax (Eeu — €6p) (Eur — €py)da

+2b0 rmax€o(eu — et,p)(euk - spy)an — 2b0;tmaxo(Ecu — et,p)(suk - sm,)d%

b0 tmaxed (Eur — spy)D2 + bo tmaxed (Eur — spy)an + 2b0cemax€o€ep (eur — spy)an
—2b0ctmax€oep (eur — epy)d% — bOctmax€ty (eur — spy)d% + b0ctmaxeé (eur — €py)Ddn

_bactmaxgg (Suk - Epy)d% + ZApfpdgo (St,u - gt,p)(guk - Epy)dn
f;
+24,e8 (00 — €0p) < — fpd> dy — 24,e8 (ery — &p) <Lk — fpd> d,

Vs
fok fok
+2Ap€05p00(3t,u - gt,p) (;,] ~ fpa |dn — ZApgogpy(‘St,u - gt,p) ;,] — fpa | dn
S S

fok
Ys

—24,Epe0€p00 (€0 — Etp) (Eur — €py)dn =

—b (Ecgg (St,u - Et,p) + Octmax ((Sctmax + 250)(€t,u - Et,p) + (Et,p + 50)2)> (Euk - gp}’)drzl

+2‘SO (bactmax(go + ‘St,u)(guk - gpy)D

+ A4, (St,u - St,p) ((fpd - Upmoo)(suk - 5py)
_ (80 — &poo + Epy) <};I:_Sk - fpd))) dy

fok
—g (bactmax(suk — &py)D? — 24, (g0 — €0p) <Vls —fpa)dy | =0-
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_ —b ++Vb? — 4ac

n 2a

a=—b <Ec£g (St,u - St,p) + Octmax ((Sctmax + 250)(€t,u - St,p) + (St,p + 50)2)> (Euk - 5py)
b = 2¢o | bocemax (€0 + €cu) (Eur — €py)D

N

+ Ap(gt.u - gt,p) ((fpd - Upmw)(guk - gpy) — (&0 — €poo T gpy) <% - fpd))

fok
c=—gl <bactmax(euk — epy)D2 — 24, (00 — et_p) (yL — fpa | dyp
S

In order to determine the bending moment capacity the centre of gravity of part X5 needs to be

known:

€p — Ep 1 1 & — Etp 1
bactmax 1- — X3 : 7X3 + ?bo-ctmax — X3 : §X3
y = Etu ~ Eep Stu ~ Etp
- 1 & — Etp
bactmaxXS - fbo'ctmax P — ¢ 3
tu tp
1 & — &tp 1 € — Etp
sbo 1-——"L)X2+Zbo ——F x2
B 2 PYctmax Etu — Etp 3+ 6 Y Yctmax Etu — Etp 3
- 1 Ep — Etp
bo—ctmaxX3 - 7b0-ctmax P — ¢ X3
tu tp
1 2 1 Ep — St,p 2
2 bactmaxX3 -3 bactmax _ X3
y = Etu — Etp
- 1 € — E&tp
bo—ctmaxX3 - fbo-ctmax P X3
tu tp
bo 1 18 "&p)y
y= ctmax \ 9 3 gt,u — gt,p 3
- 1 & —&p
bactmax (1 - 78 — ¢ X3
tu tp
1 1é& —ép
27T 3. _— o X3
2 3&y—Ep
Y= 1é&—&p

1—
2 5t,u - St’p
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The bending moment capacity and corresponding curvature:

2 2 1
M=C-3dy+ Ty 35X +T, (Xl +—X2> + T3(X; + X2 +¥) + Proo(z — dyy) + AN, (dp, — dy)

2
T4,
y o &
—
d v dn
4
————— - '_‘\_'0 EC&MM ';if __)T"_—%Pm’b
A E.Lr 2 __),.E'
Nt L 4% X, Skwon \i—"?_} aNp

rd £L

Figure 8.7: deformation and stress diagram when g, = &, ,,.

8.10 When g, = &,

&p > Epy

With respect to the deformation and stress diagram of [Figure 8.7] the following relations are valid:

& & &
0 — ctmax N X1 — ctmax dn
dn Xy €o
&o 8tp t,p t,p ‘Stp Ectmax
=t X +X,=2Ld, > X, =—Ld, - X, =—2d, - d
dn X1+X2 1 2 £ n 2 0 n 1 £ n £ n
o Ag, o &0
— = - A, =—(d,—d,)=—d,—¢
dp dp—d P dn( p~ ) dy P °
& & & & & & &
L g, =2 D-dy) »dy=—D——2d, > dy+—d,=—D -
dn D — dn Etu Etu Etu Etu Etu
& & Sy T E & &
dn<1+—°>=—°D—>dn<“‘—°>=—0D—>dn=—°
St,u gt,u et,u St,u et,u + &

&
X1+X2+X3=D—dn—>X3=D—(X1+X2)—dn=0—%dn—dn
0
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& = Agy + oo

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH =0->C=T,+T, + T3 + AN, >
1 1 1
EbEcgodn = Ebo-ctmaxxl + bactmaxXZ + Ebo_ctmaxXS + Apap - Pmoo -

Ectmax t,p Ectmax &t ctp
DE ey = bocmax 2 dy + 2b0cimar (2 dy = T d ) + bogmas (D — Ly - dy)
€o €o €o o

+2A,0, — 24,0pme ™

SC tmax

&t
ctp
bEcgodn = _bo-ctmax d + bactmax € dn + bactmaxD - bactmaxdn

— &y [ for
+24, (f,,d + T <— — fpd>> — 24,0 —

- gpy Vs

gctmax (

Ep
bE g, (‘Suk - gp)’)dn = —b0ctmax Euk — ‘SPJ/)dn + bOctmax e (guk - gp)’)dn
0

for
+b0—ctmax(£uk - Spy)D - bUctmax(guk - gp)’)dn + ZApfpd(Suk gpy) + 24,¢, (;: - fpd

N

fpk
—2Apepy ( Ve — fpa | = ZApEpngO(Suk - Spy) -

gctmax (

€t

— P

bECso(suk spy)dn = —bO tmax Euk — spy)dn + b0 tmax - (euk - spy)dn
0

&o (fox
+bactmax(£uk - Spy)D - bo_ctmax(guk - Epy)dn + ZApfpd(suk gpy) + ZA d ( - fpd)

fox fox fok
—24,& (% — foa | + 24p&p0 % — fpa | — 24,8y )’/’ — foa | = 24 Epepos (Eur — £py) =
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£

Ect
bEc %—4‘80 (guk - epy)D = _bactmax ﬁ( uk — gpy)D + bactmax T (Suk gpy)D
€o
+b6ctmax (guk - gpy)D - bo—ctmax - o (‘Suk - gpy)D + 2Apfpd (‘Suk - gpy)
E&ut o
Eeu Tt €0 [ for fok fok fok
+24, = —— ( L —fpd>d —24,¢ 0( 22— foa | + 240800 L—fpd 24,85y | 2= — foa
D Vs Vs 12
—24pEpepos (eur — &py) =
bEcgg(guk - gpy)Dz = _bo-ctmaxgctmax(guk - gpy)Dz + bo—ctmaxgt,p(‘suk - gpy)DZ

+b0—ctmax(£t,u + 80)(€uk - gpy)DZ - bactmaxgo(guk - gpy)DZ + 2Apfpd(8t,u + 80)(‘Suk - 8py)D

f; f;
+2Ap(st,u + eo) < pk fpd> —2A 80(5tu + eo) ( pk fpd>
fpk fpk
+24, (&0 + €0)€poo — fya | D — 24, (&0 + €0)Epy — fpa | D
—ZAPEp (st,u + 80)€poo(8uk — epy)D -

2 2 2 2
bEc‘EO (8uk - gpy)D - _bo-ctmaxgctmax(guk - gpy)D + bo—ctmaxgt,p(‘suk - gpy)D

+b0 tmaxEeu(Eur — spy)D2 + 2Apfpdstu(suk - spy)D + 24, fpaco (eur — spy)D

+24,¢ tu(’;‘:‘ fpd>d +44 eostu<];z;k fpd>d +24p¢ <f”" fpd>

S

fok 5 (fox fok
—2Ap8080, (L — fpa | D — 24,¢ YL — foa | D + 24,8080 L — fpa | D

N

for ok f k
+2Ap£0£poo< L4 — fpa | D — 2Ap€tuEpy L—fpd — 24,808y ol — fpa | D

—24,E e 18000 (Eur — €py)D — 24, E €00 (e — €5y )D —

_ <bEC(euk — £,,)D? — 24 <f Pl fpd> (dy — )) €2

+24, ((fpd - Gpmoo)(guk - gpy)D + (Et.u(de ~ D)+ (51900 gpy)D) (fp_k - fpd)) €o

_bactmax(guk - Spy)Dz(gctmax - St,p - Et,u) + 24 (fpd - Gpmm)gt,u(guk - Spy)D

f;
+ 24,800 (e0udp + (Epoo — spy)D)< pk _ fpd> =0-
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_—b+ Vb2 — 4ac
B 2a

&o

a=-— (bEc(suk — &yy)D? — 24, (f”—" fpd> (d, - D))

Vs

b =24, ((fpd - meoo)(guk - Epy)D + (gt.u(de — D)+ (Spoo - Epy)D) <% - fpd>>

c= _bactmax(guk - gpy)Dz(gctmax ~&p gt,u) + ZAp (fpd - Gpmw)gt,u(guk - gpy)D

f;
+ 2Ap£t_u(£t'udp + (epoo — epy)D) <Lk — fpd>

Vs
vt €o C So
1
b dn
d?
-, ——— o - I—.\O gd_'w.w/ Yl ___)T—J'Pm«o
. Yo 1
¢ P » déf x:i Sk waex o _ AHP

j Eb T
/ fl:

Figure 8.8: deformation and stress diagram when &, > & ,,.

8.11 When g, > &,

€p > gpy

With respect to the deformation and stress diagram of [Figure 8.8] the following relations are valid:

80 sctmax gctmax
= Ly, = S,
dn Xl &o
€o &, &t, t, e, Ectmax
-_— = P —)X1-|-X2:—pdn—)Xzz—pdn—Xlz—pdn— dn
d, X;i+X, & & &0 o
o Ag, o &
— = > Aey =—(dy, —dy) =—d, — ¢
p P n p 0
d, d,—dy dn d,
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€o Etu Etu Etu Etu gtp
T X 4 Xyt Xy =, o Xy =, — (X + X,) =2 d, — 24
d, Xi+X,+X; 1 2 3T g 3T g X 2) g g "

&p = Agy + oo

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFHZO_)C:T1+T2+T3+AN})_)

1 1 1
EbECSOdn = Ebo-ctmaxXl + bactmaxXZ + Ebo'ctmaxX3 + Apap - Pmoo -

Ectmax gt,p Ectmax St,u gt,p
bEcgodn = bactmax dn + 2bo—ctmax dn - dn + bactmax dn - dn
€o €o €o €o €o

+24,0, — 24,0pme

SC tmax

st,p Etu
bEc‘EOdn = _bo'ctmax dn + bactmax < dn + bactmax < dn
0 0

€p — Epy (fok
+24, (fpd 2P <— — foa ) |~ 24,Epep00 =

uk — Epy Vs

5ctmax (

£t

_ D

bE g (Suk - gpy)dn = —b0ctmax Suk — gpy)dn + bOctmax S_ (Suk - gpy)dn
0

£ fi
+b0ecma St_ou (eu = epy)dn + 24p foa(Eur = py) + 245 (&p — £py) (YLR - fpd>
S
—24,Epepos (ur — Epy) =

5ctmax (

€t

— 'p

bEcgo(guk - gpy)dn - _bactmax Suk — gpy)dn + bactmax < (Suk - gpy)dn
0

&t, €o fok fok
+bactmax—u (euk — spy)dn + 2Apfpd(€uk - epy) +24,—d (L - fpd> — 24,¢ <VL - fpd>

p p
€o dn Vs s

fok fok
+24p€pc0 (;,) — fpa | = 24pepy ; — fpa | — ZApEpgpm(Suk - Spy) -
S S
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bE.&g (Euk - ‘Sm’)drzl = —b0ctmaxEctmax (Suk - gpy)drzl + bOctmax€tp (Suk - Sp)/)drzl
fpk
+b0—ctmax£t,u(£uk - Epy)drzl + ZApfpdSO(Suk - gpy)dn + ZApggdp <_ — fpd

s
—24,¢3 (’;‘f—" - fpd> dp + 245 E0Ep <f”—" Jo
N

— d, — 2A,808,, | — — d
Vs fpd> n pco0 py<ys fpd) n

—ZAI,Epsoepm(euk - sm,)dn -

—b (chg + Octmax (Sctmax - gt,p - St,u)) (Suk - gpy)drzl
fpk
+24p¢0 | (fpa = apmoo)(guk —&py) — (g0 — Epoo T gpy) Ve foa | |dn
s

+24,¢3d, <j;‘/’—" - fpd> —0-
S

B —b +Vb?% — 4ac

n 2a

a=-b (Ecgg + O'ctmax(‘Sctmax —E&tp — gt,u)) (Suk — gpy)
= fpk
b = 2Apeo | (fpa = Opmen) (€uk = Epy) = (80 = &poo + £py) e fpa
s

ok
¢ = 24,¢5d, <VL — fpa
S

The corresponding bending moment capacity and curvature:

2 2 1 1
M=Cgdy+T; 32X +T, (X1 +§X2> + T, (Xl + X, +§X3) + Puoo(z — dy) + AN,y (dy, — dy)
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8.12 When g, = g4

With respect to the deformation and stress diagram of [Figure 8.8] the following relations are valid:

80 sctmax gctmax
= Smax, y, o Semerg,
dn Xl &o

&o Etp

&, &, &, Ectmax
=—"——->X,+X, =—pdn - X, =—pdn—X1 =—pdn——dn
d, X{+X, £ & & &

& Ae & Sud — Epo &
—:—p—)—:—pﬁdn:—(dp—dn)—)
dy dp—dn, dn d,—d, Eud — Epoo
€o o 0 €0
d, = d, — d, - d, + d, = dy >
€ud ~ €poo €ud ~ €poo €ud ~ €peo €ud ~ €poo

€o Etu Etu Etu Etu gtp
T X 4 Xyt Xy =, o Xy =, — (X + X,) =2 d, — 24
d, Xi+X,+X; 1 2 3T g 3T g X 2) g " g "

&p = Agy + Epop 2 Eyg = Ay + Ep 2 Ag)y = E4g — Epoo

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFHZO_)C:T1+T2+T3+AN})_)

1 1 1
EbECSOdn = Ebo-ctmaxXl + bactmaxXZ + Ebo'ctmaxX3 + Apap - Pmoo -

Ectmax gt,p Ectmax St,u gt,p
bEcgodn = bactmax dn + 2bo—ctmax dn - dn + bactmax dn - dn
€o €o €o €o €o

+24,0, — 24,0pme

SC tmax

st,p Etu
bEc‘EOdn = _bo'ctmax dn + bactmax < dn + bactmax < dn
0 0

£, — € fok
+24, (fpd + 2. <L - fpd>> — 24,Ep€pe =

Euk gpy Vs
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gctmax (

Ep
bE g, (‘Suk - gm’)dn = —b0ctmax Euk — ‘SPJ/)dn + bOctmax e (guk - gm’)dn
0

€ fr
+b0ctmax ;_: (€ur — Spy)dn + ZApfpd(guk - gpy) + ZAP(SP - Spy) (YLR - fpd)
S

_ZApEp‘Spw(guk - gpy) -

2
80 gctmax

bE, ____“cmax
&+ Eud — Epoo

c (Suk - gpy)dp = _bactmax (Suk - gpy)dp
€ + €ua — Epoo
Stu

&+ Eua — Epoo

€t,p

+b0ctmax (Suk - epy)dp + bactmax (Euk - gpy)dp
o+ Eya — Epoo

for

Ve fpd) - ZApEpgpw(guk - Spy) -
S

+24p fpa (guk - Spy) + 24, (gud - gpy) <

2 —
bE &g (8uk - gpy)dp - _bo-ctmaxgctmax(‘suk - gpy)dp + bo—ctmaxgt,p(‘suk - gpy)dp

+b0—ctmax£t,u(£uk - gpy)dp + ZApfpd (50 + &ya — gpoo)(guk - gpy)
f;
+24, (g0 + €ua — Epoo ) (Eua — &py) (—;’k — fpd> — 24,Ep€p0(€0 + €ua — Epoo ) (Euk — Epy) =
s

2 —
bE &g (guk - gpy)dp - _bo-ctmaxgctmax(guk - gpy)dp + bactmaxgt,p(guk - gpy)dp

+b0—ctmax‘€t,u(5uk - gpy)dp + ZApfpdSO (guk - epy) + ZApfpd(gud - Spoo)(guk - gpy)

+2AP€0(5ud - gpy) (?,)_k - fpd) + 24, (eua = Spoo)(fud - gpy) <];€_k - fpd>

—24pEp€pento (8uk - gpy) - ZApEpgpoo(gud - gpoo)(fuk - gpy) I

—bE, (e — £py)dpel
fpk
+24, (fpd - Upmw)(guk - gpy) + (gud - Spy) y_ ~ fpa | | €0
S

_bactmax (Euk - Spy)dp (Sctmax - gt,p - St,u)

2y = o) = ) + e = ) (2= o) G = ) =0 -
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_—b+ Vb2 — 4ac
B 2a

&o

a= —bEC(euk - spy)dp
— fpk
b =24, ((fpd - Jprrm)(‘guk - Spy) + (Eud - Spy) (V_s - fpd))

c= _bo-ctmax(guk - gpy)dp(gctmax - Et,p - gt,u)

+ 24, ((fpd - meoo)(guk - Spy) + (eua — gpy) (j;i)_k - fpd)) (ua — gpoo)

8.13 When &€y = Eya & €0 = Ecmax

With respect to the deformation and stress diagram of [Figure 8.8] the following relations are valid:

€o Ectmax Ectmax
0 emar L, x, = Sy,
dn Xy €o
€o &, &t, &, &, Ectmax
2= x4 X, =2, 5 X, =2, — X, = L2, - g
d, Xi+X, £ &0 o &
& Ae & €ud — &poo &
i o= o dy = (dp —dy) -
dy dy—dn dn d,—d, Eud — &
€o €o 0 €o
d, = d, - d, > dy, + d, = d, -
€ud ~ €poo €ud ~ €poo €ud ~ €poo €ud ~ €poo

pOO
€o
n_so+£ud—€pm P
€o Etu Etu Etu Etu Etp
—==—— s X+ X+ X =—d, > X, =——d, - (X, + X, =——d, ——=d

&p = Agy + Epoo = Eyg = Ay + €y 2 Al = E4g — Epoo

The amount of prestressing steel A,, can be derived from equilibrium of horizontal forces:

ZFHZO_)C:T1+T2+T3+AN})_)
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1 1 1
EbEcgodn = Ebo-ctmaxxl + bactmaxXZ + Ebo-ctmaxXS + Apap - Pmoo -

Ectmax Etp Ectmax Etu Etp
bEcgodn = bactmax dn + 2bo—ctmax dn - dn + bo_ctmax dn - dn
€o €o €o €o €o

+2A,0, — 24,0pme0 ™

SC tmax

& £

— D tu

bEcgodn - _bo-ctmax dn + bactmax < dn + bactmax < dn
0 0

&, — € for
+24, (f,,d +-L2 P, <L — fpd>> — 24,Eppe0 >

Euk — €py Vs

2
Ecmax Ectmax gt,
bE, dp = —boctmax dp + boctmax 5 dp
Ecmax t €ua — Epoo Ecmax T Eua — Epoo cmax T €ua — Epoo
Etu Eud — &py [ fok
+b0ctmax Te o — dp + 24p\ fpat ———= "\~ Jfoa | | ~ 24pEpEpe =
Ecmax €ud gpoo Euk gpy Vs

2
Eud — € fok bdp (Ecgcmax + Octmax (Sctmax “E&p St,u))
Ap <2<fpd +u. <L_fpd> _meoo>> =

Euk — Epy Vs Ecmax T Eua — Epoo
ﬁ
2
bdp (Ecgcmax + Octmax (Ectmax - 8t,p - ‘St,u))
Ecmax T Eud — Epoo
A, =

Eud ~ Epy ‘fvy.(fp_k

Z(f 2
Pe T ek — Epy

, - £ |

A A d“ I—“ ax o [(!i :
v ( f..m:: d) [cun.x C —~ 0135'5:

d ¢ "
F. L]
e — — — n_..\' 0 Eck waor Y, ___)1,. — Pma
A Ekp X __).-é'
P > Aé? X d{;mrﬂt =
J’ £L

Figure 8.9: deformation and stress diagram when &y > €.max-
8.14 When &y > €.max
With respect to the deformation and stress diagram of [Figure 8.9] the following relations are valid:
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€o &t gt.p gt,p gt,p Ectmax
Rt X Xy =—Ld, > X, =2d, — X, =—Lq, - M,
d, X,+X, Pro2 ™ ey ™ 2T g M T g g "
o Ae o &
= - Ae —(d d —d £
d, dp—d 4 dn( 4 n) d. P 0
€o Etu Etu Etu Etu gtp
e M X 4 X, X =2, 5 Xy =, — (X, + X,) =2, -2y
dn Xl +X2 +X3 1 2 3 SO n 3 SO n ( 1 2) 50 n 50 n

&p = Agy + &

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

1 ¢ € e
C = —bﬂdn . 0,85fc’ + dn (1 — ﬂ) . 0’85fc, — 0;85fc’ (1 _ Cmax) bdn
2 & €o 2¢
zFH=O_)C=T1+T2+T3+ANp—>
’ Ecmax _ 1 1
0’85fc 1- 280 bdn - Ebo-ctmaxXl + bactmaxXZ + Ebo'ctmaxX3 + APGP - Pmoo -

& & &£
2-0,85£/bdy — 0,85f "M b, = hoypmay S dy + 2b0zmax (% dy — = dn)
€o 0 0 0

&, &,
+bO tmax ( s: d, — g_opd") + 24,0, — 2450pme —

& & &
2- 0'85fc’bd -0 85f, Cemax bdn = —bO'ctmax Ctgmax dn + bactmax %dn + bactmax %dn
€o 0 0 0

&y — &
+24, (fpd + pk —b. <f1"_" - fpd>> — 24,E, 80 >
u

Epy Vs

’ Ect
2 0:85fcb(£uk - gpy)d -0 85fc cn:)ax ( Euk — gp)’)dn = _bo-ctmax%(fx (Euk - gm’)dn

Etp €tu
+b0 tmax g (Euk - ‘SPJ/)dn + bOctmax ; (5uk - ‘SPJ/)dn + ZApfpd(guk - gpy)

fr
+2Ap(€p - gpy) (YL: - fpd) - ZApEpgpw(Suk - gpy) -
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&
2 0,85fc’b(€uk - gpy)d -0 85fc crr;ax ( Euk — gpy)dn = _bo'ctmathgLOax (Suk - gpy)dn

Etp Etu
+b0ctmax g_ (Euk - SPY)dn + bOctmax B (Euk - Sm/)dn + ZApfpd(guk - gpy)
0

+2Ap d, d (?:Sk fp ) 24,¢ <];Lsk - fpd> + 24,8p0 <fp_k - fpd) Apepy <];z:sk fpd)

_ZApEpgpw(guk - gpy) -

2. 0:85fc,b50(5uk - gp)’)drzl - 0'85fc,b5cmax(5uk - gm’)drzl = _bactmaxgctmax(guk - SPJ’)drzl

+b0—ctmax£t,p (Suk - EPY)drzl + bactmaxgt,u(guk - gm’)drzl + 2Apfpd50 (Suk - SPY)dn

+24,65d <];’/”‘ - fpd> — 24,8 <};‘f—" - fpd> A + 24,80E00 <f”—" fpd>
S

N

f;
—24 eoepy< pk fpd> — 24,Epe0€p00 (Eur — Epy)dn =
b (0r85fc’(5cmax - 250) - Uctmax(gctmax - Et,p - gt,u)) (Suk - gp}’)drzl
fpk
+24p¢0 (fpd - Jprrm)(‘guk - Spy) — (&0 - €poo T 5py) Ve foa | |dn
s

+24,63d, <];’/’—" — fpd> =0-
N

_ —b ++Vb? — 4ac
no 2a

=b (0’85]? (€cmax — 2€0) = Tctmax (8Ctmax —&tp gt,u)) (8uk - 8py)
= fpk
b =24y | (fra = Tpmen) (eur — €py) = (€0 = &poo + Epy) e fpa
S

¢ = 2A,¢5d,, <fp—k—fpd>

In order to determine the bending moment resistance the distance from the top fibre to the center

of gravity of the concrete compressive zone needs to be known:
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bd,, (1 - femax) . G (1 _ Femax) 4 ggcg)ax dy - (dn (1 - Femax) 4 fomax %)

_ ngaX bdn Scmax
bdy, (1 & ) t &

The corresponding bending moment capacity and curvature:

2 1 1
M= C(dn_ﬁ) +T1 '§X1 +T2 (X1 +§X2) +T3 (Xl +X2 +§X3>+Pmoo(z_dn)

+AN,(d, — dy)

8.15 When g, = £,4 & &) > €cmax

With respect to the deformation and stress diagram of [Figure 8.9] the following relations are valid:

€o Ectmax Ectmax
-5 = - X = dn
dn Xy €o
&o 8t, 8t, ‘St, ‘St, Ectmax
=== —>X1+Xz=_pdn—’X2=_pdn_X1=_pdn_ dn
d, Xi+X; £ o o &
& Ae & €ud — &poo &
—=—p—>—=—p—>dn=—(dp—dn)—>
d, d,—d, d, d,—d, Eud — Epoo
€o €o 0 €o
d, = d, — d, = dy + d, = d, -
€ud ~ €poo €ud po €ud ~ €poo €ud ~ €poo

€o
n_so+£ud—€pm P
€o Etu Etu Etu Etu Etp
—==—— s X+ X+ X =—d, > X, =——d,— (X, +X,) =——d, ——=d

&p = Agy + Epoo = Eyg = Ay + Epow 2 Al = E4g — Epoo
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The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:
_ 1 Eemax ' Eemax r_ ' Eemax
C==-b——d,-085f. ' +d,|1———)-085f.,'=085f."|1 ————) bd,
2 o o 2¢g

ZFHZO_)C:T1+T2+T3+ANP_)

’ Eemax 1 1
0,85f, (1 — 260 bd, = Ebo-ctmaxXl + bOctmaxXz + EbactmaxX3 + Apoy — P =

€ £
2.0,85£ bdy, — 0,85f <" bd = baimax 2 d + 2bGoimar ( P g, — —camax dn)

Etu Etp
+bOctmax - —d, — g—dn + 24,0, — 24p0pme
0 0

& & &
2 0'85fc’bd -0 85]” Cemax bdn = —bo'ctmax Ctgmax dn + bactmax %dn + bactmax %dn
€o 0 0 0

&

& — fok
+24, | fpa + T2 <L - fpd> — 24,E, 800 =
Euk gpy Vs

€o Eemax Ectmax
2-085f/pb—d,—085f/b—————d, = —bo —d
fe €+ €ud — Epoo | fe €+ €ud — Epoo | Clmax e 4 e,q — Epoo T

gt,p Etu Sud — gpy fpk
+bo, ————d, + bo ——d, + 24 +—" |-
ctmax €0 + €yq — Epoo p ctmax o + Eyq — Epoo p p <fpd & . — fpd

—2ApEp€p0 =

2. 0f85fc,b€0dp - 0v85fc,b£cmaxdp = _chtmaxgctmaxdp + bactmaxgt,pdp + bactmaxgt,udp

E,q — &
+24, fpd + ud vy, (fp—k — fpd> (so + &uad — spoo) — ZAPEpspoo(so + &ya — gpoo) -
Euk — Epy Vs

for

v fpd>> g0 + 24,Epep0y = 0,85f; becmaxdy
N

8
2-0,85f¢beody, — 24, | fpa + S EE—— <
Euk — Spy

_bo'ctmax Ectmax dp + bactmax Etp dp + bactmaxgt,u dp

€ fok
+2Ap fpd + —u — —p — fpd (sud — spoo) — 2ApEpspoo(eud - spoo) -
Euk ~ Epy

144



, Eud — € fok ,
2 (0,85 f/bd, - A, <f,,d it (L - fpd) - opmoo>> g9 = 0,85f/becmaxdy

uk — Epy

€ud — Epy fpk
_bactmaxdp (Sctmax - gt,p - gt,u) + ZAp <fpd + _ :

Euk Epy Vs

- fpd> - meOO) (Sud - gp°°) -

g = —
Ty

_ !
a = 0'85fc bgcmaxdp - bactmaxdp (Sctmax - gt,p - Et,u)

fud — € fok
+ 2Ap (fpd + -, (L - fpd) - Upmoo) (gud - ‘Spoo)

Euk — Epy Vs

uk — Epy Vs

, Eyg — € for
y=2 <O,85fc bd, — A, (fpd + gu—py' <L - fpd) - Upmoo>>

8.16 Shear

The ultimate shear capacity is given by:
Vu = VRb + Vf + VS

In case of prestressed concrete, the participation of the concrete will be:

The contribution of the fibres can be expressed by:

SeffO'(WO,B)k
Ve = ———7—

Yoy tan By,
Seff = bZ
1
zZ = dp - §dn

The shear reinforcement:

Agy
Vs = Tzfywd cot By
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The angle of the compression struts should be limited to 30° as opposed to 21,8° ,which NEN-EN
1992-1-1 prescribes.

8.17 Crack width

Requirement: the beam remains uncracked in the serviceability state.

At t = 0, no time-dependent losses are present, so the prestressing force will be at its maximum.
Because of the positioning of the tendons the beam will be slightly cambered and tensile stresses will
occur at the top of the beam. Bending moments cause compressive stresses at the top and tensile

stresses at the bottom of the beam.
t = 0 — check top fibre:

Pmo Pmo‘e_ M Sfc’t_) M Z_Pm0+Pm0'e_ Ct—)
AC Wtop Wtop Wtop AC Wtop

Pmo ,
MZ_A Wtop+Pm0'e_fctWtop
c

t = 0 - check bottom fibre:

P, Poo-e M M P Poo-e
_ mo _ mo + Sfc’t N < mo + mo +fclt
Ac Wbot Wbot Wbot Ac Wbot
PmO 12
- M< A Wbot+Pm0'e+fcthot

c

At t = oo, the prestressing force has been reduced by time-dependent losses, which means that the
compressive stresses working on the cross-section will be limited. Dead and live loads are present
and will cause tensile stresses at the bottom fibre in the span. The bending moment caused by these

loads should be limited:
t = oo — check top fibre:

Pnow P * M M Pnewo Proo:
=+ = ‘- < f&e - >-—= 4+ ‘- ct ™
Ac Wtop Wtop Wtop Ac Wtop

Pro ,
M= - A Wtop+Pm00'e_fctWtop
c
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t = oo — check bottom fibre:

Pnow Ppw e M M P Pneo-e
— Tt — < fl o — < =+ T — 1+
Ac Wbot Wbot Wbot Ac Wbot

P ,
A Wbot + Pmoo e+ fcthot

c

- M<
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9 Unreinforced UHPC box girder
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Figure 9.1: deformation and stress diagram when €, < €.tmax-

9.1 When &}, < €.tmax

d, > tg.

A

With respect to the deformation and stress diagram of [Figure 9.1] the following relations are valid:

€ <o €0,

=0 _ =94

dn dnl_)go dn n

g & o

L _b - X

dn X1_>£b dn !

& & & £
d_nzh—dn_)gb=d_n(h_dn)_>£b=ah_£0
dn,:dn_td

Xlzh_dn_tf

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFHZO_)61+C2=T1+T2
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1 1 L1 1 ,
EbEceodn - E(2bf + bin )E ehdy, = E(2bw + bi)Ecep(Xy + t7) — EbinECebX1 -
begd, — 2bpegdy, — binggdy = 2by,ep Xy + 2bypts + binepXy + binepty — binep Xy —

begd, — 2bpegdy, + 2bpegty — bingody + bingoty = 2by,eph — 2by,epdy, + bineph — biyepd,

—binslljh + binglljdn + binslljtf d

b & € ., & .,
gdpn — 2bgegdy, + 4bpegty — bed—td — bingody + 2bip oty — bind_td = 2b,,—h* — 4b,,&xh
n n n
€o € 5
+2bw<‘50dn + 2bln_tfh - Zbingotf - bin_tf s
dn dn

4bptady, + 2bintedy, + 4byhdy + 2bitedy, = 2byh? + 2biteh — byt + 2bpti + byt =
2((2bs + bin)ta + binty + 2byh) dy = 2b, k% + bynts(2h — ty) + (2by + by )2 >

_ 2by,h* + byt (2h — tp) + (2by + by )t3
2((2by + byn)ta + binty + 2b,h)

The corresponding bending moment capacity and curvature:

2 2 2 2
M=Cl-§dn+62-§dn+T1-§(X1+tf)+T2-§X1
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9.2 When &, = € tmax

d, > tg.

With respect to the deformation and stress diagram of [Figure 9.1] the following relations are valid:

Ectmax _ €0 €o €o €o €o €o
———=——-d, = (h—d,) —»d, = h — d,—>d,+ d, = h
h’ - dn dTL Sctmax gctmax gctmax gctmax gctmax
o o €0 t Ectmax £o &o
—>dn(1+ )= h—>dn( = h-d,=——nh
gctmax Sctmax Sctmax Sctmax 80 + Sctmax

!
€o €o ;€
4, a, f =g

n n n

!
€p €o ' &o
=& =X
Xy dy P dyt
dn, - dn - td

X1=h_dn_tf

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFHZO_)C1+C2:T1+TZ

1 1 o1 1 ,
EbECSOdn - E(be + bin)Ecgodn = E(wa + bin)actmax(Xl + tf) - EbinEcngl -

bEcgodn - beECg(,)d;l - binEcg(,)d;‘L = waactmaxXl + 2bwactmaxtf + binactmaxxl + binactmaxtf

_binEcgtlel -

bE gyd, — 2bsEceody + 2brEcegty — binEcggdy + binEcegty = 2byOctmaxh — 2byOctmaxdn

+bin0-ctmaxh - binactmaxdn - binEcgllyh + binEcgl,)dn + binEcgl,)tf -
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&
bE eody, — 2b;E eqdy + 4brEceoty — 2beCd—°t§ + 2b;,E e4ty — me t2 = 2Dy, 0pemaxh
n

d

_waactmaxdn + binactmaxh - bingctmaxdn bm c d hz + meE goh + meE d h

—2binEceoty — me d -

g2 LY
bE,—————h — 2bE, 0

€0 t Ectmax
h+ 4b:E.eoty — 2b E, —————=t2 + 2b;, E ot 4
€o + Ectmax €o + Ectmax Jre Jre e

h

€0 t Ectmax €0
binE h td = waactmaxh - waactmax + h + binactmaxh
0 Ectmax
€0 €0 t Ectmax
_bino-ctmax + h — binEc h
0 Ectmax

& T Ectmax

hz + ZbinECSOh + ZbinEC A

trh

€0 t Ectmax .2

_ZbinECSOtf - binEC A f

bE efh? — 2bpEce5h* + 4brE £0(g0 + Ecemax)tah — 2brEc(€o + €ctmax)?ts
+2binEc£0(50 + gctmax)tdh - binEc(EO + Sctmax) td = waactmax(go + Sctmax)hz
_wao-ctmax‘goh2 + binactmax (50 + Sctmax)hz - bino'ctmwc‘;-‘oh2 - binEc (50 + gctmax)zhz
+2binEc€O(50 + Ectmax)hz + 2binEc(SO + 5ctmax)2tfh - 2binECEO(SO + 5ctmax)tfh

—binE (g + 5cttmax)2‘f)g -

bE.efh? — 2bpE e5h* + 4brE e§tah + 4brE €0 ctmaxtah — 2beEce5ty — 4brE €06 tmaxty
_beEcgctmaxtd + 2binEc“:O tdh + ZbinEcgogctmaxtdh - binEcgo td - ZbinEc‘gOgctmaxté
_binEcgcztmaxté - waO-ctmaxgctmaxh2 - bino-ctmaxgctmaxh blnE €o hz + me ‘Sctmaxh2
_ZbinEcgogctmaxtfh - 2binEc‘gcztmaxtfh + binEc“:(%t]g + 2binEc‘gO‘gctmaxtf + binEcgctmaxt]g =0-
Ec ((b = 2by = byn)h? + (2by + byn) (2h — ta)tq + bint? ) €

+2Ecsctmax ((be + bln)(h - td)td - bintf(h - tf)) =0

—&ctmax (Ecgctmax ((be + bin)té - bin(h - tf)z) + (wa + bin)actmaxhz) =0-
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_—bt Vb2 — 4ac
B 2a

€o
a = E, ((b — 2by — bin)h? + (2b; + byy) (2h — ta)ty + bnt?)
b = 2Ececeman ((2bf + bin) (h = todta — binty (R — t7))

C = —&ctmax (Ecgctmax ((be + bin)tczl - bin(h - tf)z) + (wa + bin)o-ctmaxhz)

152



AN
~
[
LY
hY
o
3
[
5.
e\
Y
&
O I
\T(I
A

e
2 " X, A
/!; Ed;mL X ] j 1
,f(! pa EL xj 6&:%&— 1;

Figure 9.2: deformation and stress diagram when &, < €ctmax < &p-

9.3 When ¢, < €ctmax < €

d, > tg.

With respect to the deformation and stress diagram of [Figure 9.2] the following relations are valid:

! !
—=—95g =—d
dn dnl 0 dn n
€ &’ £

0 b p 0
—=—95c —X
dn = X; 7 T dy !

€o Ectmax Ectmax Ectmax Ectmax
— =072 Xt X, = dp = X, = dy—X,=——d,—h+d, +t
dn Xl + Xz 1 2 € n 2 € n 1 € n n f

€0 €p €0 o
d—n=h_dn—>sb=d—n(h—dn)—>£b=ah—£0

dn’ = dn_td

Xlzh_dn_tf

&
X2+X3=tf_)X3=tf_X2=h_C;L(jmcdn_dn

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFHZO_)C.1+C2=T1+T2+T3
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1 !
bE 80 (be + bm)E god' = (wa + bin)actmax(Xl + XZ) - EbinEcgbxl

+(2bw + bin)o-ctmaxXS -

bEcgod beE god me Sod, =2b UctmaxXl + 2bwactmaxX2 + b; nUctmaxX1 + b; nUctmaxXZ
_binEcngI + 4bwactmaxX3 + ZbinactmaxX3 -

E
bE eody — 2bE eydy + 2brE ety — binEcehdn + binEcebta = —2by 0 tmax C;L;xdn

gctmax d

—b inOctmax

o n - binECSI,)h + binEcgl,)dn + binEcgl,)tf + 4‘bwo-ctmaxh - 4‘bwo-ctmaxdn

+2binactmaxh - 2l’)ino'ctmaxdn -

bEC‘EOdn - beECSOdn + 4beC€0td - be d td + 2blnE gotd blnE d

& &
= —2by, G ctmax “g’;‘“’“ dy — binOetmax “g’;“” d, — b E, —d  hZ 4 2b,,E.£5h + 2me d tih
n

_ZbinEcgotf me tf + 4'bwo-ctmaxh 4'bwo-ctmaxd + meo-ctmaxh meo-ctmaxdn -

d

bE.e5d3 — 2bsE elda + 4bpE e5tqd, — 2bEce5t; + 2binEceitady — binEcelt]

= _wao'ctmaxsctmaxd% - binactmaxsctmaxd me €o hz + meE €o hd + meE €o tfh
_ZbinEcggtfdn - binEcggtjg + 4'bwo'ctmaxsohdn - 4'bwo-ctmaxsoerl + 2bino-cttmaxgohdn
_Zbino'ctmaxgod% -

((b = 2bp)Eced + (2by, + bin) (Ectman + 260)0ctmax ) 42

+2¢q (Eco ((2by + bin)ta = bin(h — tr)) = @by + bin)Octmaxh) dn

—E, &} ((be + by )t2 — by (h — tf)2> —0-
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_—bt Vb2 — 4ac
N 2a

dn
a= ((b - be)Ecgg + (wa + bin)(gctmax + ZSO)UCtmax)
b = 2¢q (Eceo ((2bf + bin)ta = bin(h = tf)) = (2byy + bin)Octmaxh)

¢ =—E.e? ((be + by )t2 — by (h — tf)z)

The corresponding bending moment capacity and curvature:

2 2 2 2 1
M=Cl'§dn+62'§d;l+T1'§(Xl +X2)+T2'§X1+T3(X1 +X2 +EX3)
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9.4 When €, = €.pmax

d, > tg.

With respect to the deformation and stress diagram of [Figure 9.2] the following relations are valid:

A
& & & & &
Xl dn h — dn - tf dn Ectmax
& & & & & &
dp=——h——"—dy———t; > dy+——dy=——h———1t; >
Ectmax Ectmax Ectmax Ectmax Ectmax Ectmax
& & &+ € &
dn (1 + 0 ) — 0 (h _ tf) N dn( 0 ctmax) — 0 (h _ tf) N
Ectmax Ectmax Ectmax Ectmax
€o
=—2  (h—t
" €o + Ectmax ( f)
&g € £
0 0 ! 0 li
=—>¢& =—d
d, d, ° d, "
€p €o 0 €o
=— & = h—d,) =—h—¢
h _ dn dn b dn ( TL) dn 0
dn, =dp,—tg

X1=h_dn_tf

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

Z:FHzo_)Cl-l_CZ:Tl-I_TZ

1 1 1
EbEcgodn - E(be + bin)Ecg(’)d% = E(wa)o-ctmaxxl + (wa + bin)o-ctmaxtf -
bECEOdn - beECE(,)d;l - binEcg(,Jd;l = waactmaxxl + 4bwo_ctmaxtf + Zbino-ctmaxtf -

bE gydy — 2bsEceody + 2brEcegty — binEcegdy + binEcegty = 2byOctmaxh — 2byOctmaxdn

+2bw0ctmaxtf + Zbinactmaxtf -
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& &
bE,gody — 2bsE eqdy + 4brEcegty — 2brE,—t2 — binEceqdy + 2bimEceoty — binEe —

)
d, d,

= waactmaxh - waactmaxdn + waactmaxtf + Zbinactmaxtf -

b, — 0 (h—t;) — 2bsE £ (= t;) + 4byE ety — 2byE, > * fotmax 2
- - - - - Eolg — R
¢ & T+ Ectmax ! fre & T Ectmax ! fre fre h — tf
2

€0 €o + Ectmax

_binEc (h - tf) + 2binEc“:Otd - binEc h— tczl = waactmaxh
€o + Ectmax tf
€o

_waactmax (h - tf) + wagctmaxtf + 2bino-ctrmaxtf -

€0 t Ectmax

2 2
bE e (h —t;)" — 2bpE el (h — t;)” + 4bsEc£0(&0 + €cemax) (R — tr)tq — 2brEc (€0 + Ectmax)*ts
2
_binEcgg (h - tf) + 2binEcso(‘E'O + sctmax)(h - tf)td - binEc(SO + Sctmax)zt(%

2
= waactmax(go + Sctmax)(h - tf)h - waactmaxgo (h - tf)

+2by Octmax (€0 + sctmax)(h - tf)tf + 2binOctmax (€0 + Ectmax)(h - tf)tf -

2 2
bE.e§(h—t;)” — 2bsEce5(h —tf)” + 4bsEce5(h — tr )ty + 4brE eo&ctmax(h — tr )ty
2
—2bpE e5t5 — 4brE €0€ctmaxts — 2brEc€2maxts — binEced(h — t7)" + 2byEced(h — tr)tq

+2binEcgo€ctmax (h — tp)ta — binEcedts — 2binEcgoectmaxti — binEclimaxta

= 2byyGcemaxgo(h — tr)h + 2by, OcemaxEotmax (B — tr )l = 2byyOemaxto(h — t7)°
+2b,,0tmax€o (h - tf)tf + 2by, O ctmaxEctmax (h - tf)tf + 260 ctmax€o (h - tf)tf
+2bin0ctmax5ctmax(h - tf)tf -

e (b = 2by = b) (h = t7)" + (2B + bin) ((h = 1) 2t = €3) )

+2 (Ecectmax(be +biy) ((h — b )tq — tﬁ)

— utmar (bw (=) (= (A = t;)) + (b, + byn) (h ~ tf)tf)) &

—ecemaz (2B + bin) EcEetmaxtd + 20cemax (b (h = tr)h + (by + bin)(h = tr)tr)) = 0 >
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_—bt Vb2 — 4ac
- 2a

a = Ec((b = 2by = bin) (h = ) + (2B + bin) (0 = )220 = £3))

b=2 (Ecgctmax(be + bin) ((h — b )tg — tﬁ)

— Geemas (bw(h = tr) (R = (= t)) + (b, + i) (R — tf)tf))

¢ = —ecemax ((2bf + bin) Ecetmaxtd + 20cemax(bw (h = tr)h + (by + bin)(h = t)tr) )
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Figure 9.3: deformation and stress diagram when &.ymax < €'

!

9.5 When &€.1max < €p

d, > tg.

With respect to the deformation and stress diagram of [Figure 9.3] the following relations are valid:

—_— = r __ _d A

dn dnl - 80 dn n

8_0 — gctmax X — gctmax d

dn X1 ! €o "

€o ey’ €o

—-—= p=—X +X
1, X +x, =g KatX)
& __¢ . = h—-d, .

d, h—d, ° d, °

dn’ = dn —taq

&
X1+X2=h—dn—tf—>X2=h—dn—tf—X1=h_dn_tf_ ctsmaxdn
0

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFHZO_)C1+C2=T1+T2+T3
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bE 80 (be + bm)E god' = (wa)actmaxxl + 2bw0ctmaxX2 + (wa + bin)actmaxtf -

bECSOdn - beEcg(l)d;l - binEcg(le;l = waactmaxxl + 4‘bwo-ctfmaxXZ + 4‘bwo-ctmaxtf

+2bin Octmax tf -

SC tmax
d
n

bE gyd, — 2bsEcegdy + 2brE ety — binEcggdy + binEcegty = —2by,Octmax

+4bwactmaxh - 4bwactmaxdn + 2bino-cttmaxtf -

— bipEqe0d,, + 2biEpeoty — me 92

bE; eydy — 2bsE €ody + 4brE ety — 2brE, a,

d

EC tmax

- _waactmax dn + 4'bwo-ctmaxh - 4'bwo-ctmaxdn + 2bino-ctmaxtf -

0

bE.e5d3 — 2bsE eldp + 4bpE e5tqd, — 2brE €5ty — biyEce5da + 2binE edtydy — binEce5t5

= _waactmaxsctmaxdn + 4'bwo'ctmaxgohdn - 4'bwo-ctmaxgodn + 2bino-ctmaxgotfdn -

((b - be - bin)Ecgg + 2bwo-ctmax(‘Ectmax + 250)) d121

+2¢q ((2by + bin)Eceota — (2bwh + binty)Ocemax ) dn — (2by + byn)Ece3ts = 0 -

—b + Vb2 — 4ac
dn = 2a

a= (b - be - bin)Ecgg + 2bwo-ctmax(‘gctmax + 250)
b = 2eq ((2bf + bin)Ecgota — (2bwh + binty)Ocemax)
Cc = —(be + bin)ECE(%té

The corresponding bending moment capacity and curvature:

2 1 1
“X, + T, <X1 + §X2> +T; <X1 +X, + —tf)

2 2
M=Cl'§dn+62'§d;l+T1'3 2
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9.6 Wheng, = ¢,

d, > tg.

With respect to the deformation and stress diagram of [Figure 9.3] the following relations are valid:

£ £ £ £
Tt 50 g =B hmd) s dy =t h— <2 d, s dy -2 d, =2 h > d,, <1+—°>
h— dn n Etp Etp Etp Etp Etp Etp

£ & t &€ & &
=—Oh—>dn<u>=—°h—>dn:—°h

Etp Etp Etp & * E&tp
&' & , & g
_—— —_——
d, d, 0T g,
Ectmax €o Ectmax

=— S X, = d
Xy dn ! €o "
&' £
X+ X
X +X, d, &p (X1 + X3)
dn, - dn — g
£
Xy +Xo=h—dy—tr>Xo=h—dy—tr—X; =h—d, —tr — C;’"“"dn
0

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal
forces:
ZFHZO_)Cl-l_CZ :T1+T2+T3

bE 50 (be + bm)E god' (wa)actmaxXl + waactmaxXZ + (wa + bin)actmaxtf -

bE gydy, — 2bsEceqdy — binEcegdy = 2by,0ctmaxX1 + 4Dy Octmax X2 + 4by Octmaxty

+2binactmax tf -

&
’ ctmax
d d - 2bwo-ctmax dn

bECEOd beE Eod’ + beE d &

d 20 d@lty — binEeodly + binE.e

Ectmax
+4bwactmax (h - dn - tf - Tdn) + 4'bwo-ctmaxtf + Zbinactmaxtf -
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& &
bE,gody — 2bsE eqdy + 4brEcegty — 2brE,—t2 — binEceqdy + 2bimEceoty — binEe —

)
d, d,

EC tmax

= _waactmax g—dn + 4'bwo-ctmaxh - 4'bwo-ctmaxdn + 2bino-ctmax tf -
0

€3 &6 €t &p 5 8
bEC—h — beEC—h + 4beC€0td - beEC—td - binEC
&o + gt,p €o + St,p h €o + gt'p

€o + ‘St,p 2 Ectmax €o
+2binEc50td - binEc 3 tg = _wao-ctmax h + 4‘bw0-ctmaxh - 4‘bwo'ctmax
g0 + &t p €t &p

+2binactmax tf -

bE.e§h? — 2bsE e5h? + 4brEq0(g0 + €p)tah — 2brE(go + et,p)zté — bipE.e2h?
2
+2binEc€O(€0 + St,p)tdh - binEc(EO + St,p) tﬁ = _wao-ctmaxSctmaxh2

+4bwactmax(€0 + gt,p)hz - 4‘bwo-ctmax“;—‘oh2 + Zbino-ctmax(go + gt,p)tfh -

bE efh? — 2bpE e5h* + 4brE eftah + 4brEcgos ptah — 2bpEcets — 4brE goep pt ]
—2bpE et pts — binEcebh* + 2biEceftah + 2biEceger ytah — binEce§ty — 2binE g0 pts
_binEcgtz,pté + 2bwo-ctmax‘E'ctmaxh2 - 4bw0ctmax£t,ph2 - Zbino-ctmaxgotfh - 2bino-ctmaxst,ptfh

=0-

Ec(bh? = (2b; + bin) (h — t)?)eZ + 2 (Eceepta (2br (h — ta) + bin(h = t2)) = binGcemaxtsh) €0

—Ece2,t5(2bs + bin) + 20ctmaxh(bwh(€cemax — 2€tp) — bin€rpts) =0 >

—b +Vb?% — 4ac
€= 2a

a = E.(bh? — (2bs + bin)(h — t4)?)
b =2 (Ecgt,ptd (be(h - td) + bin(h - td)) - binactmaxtfh) €o

¢ = —Ecefpti(2bs + bin) + 20cemaxh(bwh(€ctmax — 2€cp) — bin€epty)
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Figure 9.4: deformation and stress diagram when g, < &, < &,

9.7 Whenegy, <&, <g

d, > tg.

With respect to the deformation and stress diagram of [Figure 9.4] the following relations are valid:

€& %o ;€ , .,

L= =—2d,

d, d, d,

80 sctmax X ctmax d

d - X 1= n
n 1 &o

£ &’ o

- &

4 X+ X
d, X, +X, P dn(1 2)

€o Etp Etp
=—2 X+ X, +X;=—2d, ~
dy  Xo+X,+X; THTTETT3T g0

& & &
X3:%dn—(X1+X2)=%dn—(h—dn—tf)=%dn—h+dn+tf
0 0 0

o € h—d,
-_— = d =

d, h—d, =g, %
dn, - dn - td

&
X1+X2=h_dn_tf—)X2=h—dn—tf—X1=h_dn_tf_ Ctgmaxdn
0

€p €p
X3+X4=tf_)X4,:tf_X3:tf_ g_odn_h+dn+tf =h_dn_§dn
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The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH=O_)C1+C2=T1+T2+T3+T4

1 1 |
EbEC‘EOdn - E (be + bin)Ec‘EOdn = E (wa)actmaxxl + waactmaxXZ

€p — &,
+(2bw + bin)o-ctmaxXS + (wa + bin)actmax (1 - d >X4
Etu — gt,p

€p — &t
—px4_,

1
+= (wa + bin)o-ctmax
2 tu Et,p

1 A 1 !
EbEcgodn - becg(,)dn - EbinEcg(’)dn = bwactmaxxl + waactmaxXZ + 2bw0-ctmaxX3

+b X+ + 2b X, — b MX +b X—lb MX
inOctmax43 wOctmaxA4 wOctmax 4 inOctmax? 4 inOctmax 4
tu — €tp 2 tu — Etp

€o €o
bE gydy — 2bpEcody, + 4brE oty — 2beCd—t§ — binE.gody + 2binE ety — binE, d—t§
n n
Ectmax & — gt,p
= —2by,0ctmax dy + 2bino-ctrmaxtf + 4by Octmaxh — 4bywOctmaxdn — 2bywOctmax — ¢ h
] tu tp
Sb - gt, Sb - gt, St, Sb - gt,
+2bw0'ctmax — P dn + wao'ctmax — £ dn - bino'ctmax — P h
Etu gt,p tu gt,p &o tu gt,p
€ ~ Ep & ~&tp Ep
+bino-ctmax dn + binactmax dn -
tu Et,p tu St,p €o

bE e§(ery — €rp)da — 2bpEced (e — €rp)da + 4brE el (e — €p)tadn — 2brE €8 (e, — €0p)t3
—binE €5 (Stu - gt,p)d% + 2binE €5 (Stu - St,p)tddn — binEc€§ (Stu - St,p)té

= —2by 0ctmaxEctmax (Etu - ft,p)dwzq + 2bin0ctmax€o (Etu - ft,p)tfdn

+4b,,0ctmax€o (‘Stu - gt,p)hdn — 4by, 0ctmax€o (Etu - ft,p)drzz — 2by 0ctmax€o (gb - gt,p)hdn

+2by, 0ctmax€o (‘Sb - gt,p)d% + 2by,Octmax (5b - gt,p)gt,pdrzl — binOctmax€o (5b - 5t,p)hdn

2 2
+binactmax50(€b - St,p)dn + bino-ctmax(gb - St,p)gt,pdn -
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bE e§(ery — €rp)d3 — 2bpE 8 (e — €rp)dE + 4brE 8 (e — €p)tadn — 2brE &8 (ery — €0p)t3
_binEcgg(gtu - Et,p)drzl + ZbinEc‘Sg (Stu - gt,p)tddn - binEcgg (Stu - gt,p)tczl
+2bwactmax€ctmax (gtu - gt,p)drzl - 2bina-ctmax‘go (Etu - gt,p)tfdn

_4bw0ctmax50 (Stu - gt,p)hdn + 4‘bwo-ctmaxgo (Stu - Et,p)drzl + wao'ctmax‘;-‘gh2

—2byOctmax€4 hdy — 2byOcemax€o€tphdn — 2by Octmax€Ghdn + 2by Ocrmax€5da

+2by Octmax€o€epda — 2bwOctmax€o€tphdn + 2byOcemax€o€epdn + 2by Octmaxetpdn
+bino-ctmaxggh2 - bino-ctmaxgghdn - binactmaxgogt,phdn - bino-ctmaxgghdn + bino'ctmaxggdrzl

2 2 2 2
+binactmax50£t,pdn - bino-ctmaxgogt,phdn + bingctmaxgost,pdn + bino-ctmaxgt,pdn =0-

(6 = 2b; = b )Eeef (e — 20)

+ (wa(ftu - gt,p)(gctmax + 2¢9) + (2by, + bin)(EO + gt,p)z) Uctmax) d121

+ <so (Z(be + bin)Eceo(ery — €6p)ta

- (Z(bintf + 2byh)(eeu — £ep) + 22Dy, + bin) (&0 + st,p)h)) actmax)> dy

_(be + bin)Ecgg(gtu - St,p)té + (wa + bin)o'ctmaxgghz =0-

—b ++Vb?% —4ac
dn = 2a

a=(b—2bf — biy)Ece(eru — €tp)

+ (wa(gtu - gt,p)(gctmax + 2¢&9) + (2by, + bin)(fo + gt,p)z) Octmax

b=¢g (Z(be + bin)Eceo(etu — £6p)ta

- (Z(bintf + 2byh) (eeu — £ep) + 22Dy, + bin) (&0 + st,p)h)) Octmax)

c= _(be + bin)Ecgg(gtu - ‘St,p)té + (wa + bin)o-ctmax‘sghz
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In order to determine the bending moment capacity the centre of gravity of part X, needs to be

known:

€p — &, 1 1 Ep — &, 1
(wa + bin)o_ctmax (1 - ﬁ) X4 . 7X4 + 7(2bw + bin)actmax ﬁxz} . §X4

y= €, — € 1 &, — €
b t, b t
(wa + bin)actmax (1 - #) X4 + 2 (wa + bin)actmax #le
tu t,p tu tp
1 Ep — &, 1 Ep — &,
7 (wa + bin)o_ctmax (1 - ﬁ) XZ + g (wa + bin)actmax ﬁ){f
y = &, — ¢ 16, —¢ ’ -
b t, b t,
(1 - Sy — gtz; jgtu — gtz;) (wa + bin)actmaxX4
1 Ep — &, 1é&p — &,
(7(1 - Sy — 8:;) + ggtu _ 8:;) (wa + bin)o-ctmaxXZ
= 2 d b
1 & — &,
(1 - 7ﬁ) (wa + bin)actmaxX4
1 1& —é&p
(7 B §€tu - gt,p) X4
Y= 1& —&p

1—=
thu - gt,p

The corresponding bending moment capacity and curvature:

2 2 2 1 1
M=Cl-§dn+cz-§d;l+T1-§X1+T2(X1+§X2)+T3(X1+X2+§X3)

+T4_(X1 + XZ +X3 + y)
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Figure 9.5: deformation and stress diagram when g, = Etp-

9.8 When g, = &),

d, > tg.

With respect to the deformation and stress diagram of [Figure 9.5] the following relations are valid:

€o €o ;€ ,
— =& =-d
d,) d, ° d, "
Ectmax —S_O—)X — gctmaxd
Xl dn ! &o "
Etp &o tp tp Etp Ectmax
— =—0o X+ X, =—d, > X, =—d,— X, =—d, — d
X1 + XZ dn 1 2 & n 2 & n 1 & n & n
& & h—-d,
=578 = €o
h—d, d, d,
Etp €o 0 €o €o 0 0
—->d, = h—-d,—t/)»d,=—h——d,——tr—>d,+—d
h_dn_tf dn n ( n f) n gtp gtp n gtp f n tp n
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The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=O_)C1+C2=T1+T2+T3

bE 50 (be + bln)E god' (wa)actmaxxl + waactmaxXZ
&p — € ~ Etp
+(2bw + bin)actmax 1- tf +5 (Zb + bln)actmax tf -
tu gtp Etu — Etp

bEC‘EOdn - beECE(,)d;l - binEcg(l)d;l = waactmaxxl + 4'bwo-ctmaxXZ + 4bwactmaxtf

—8" 2b; b bty
tf + lnactmaxtf — DinOctmax

—2by Octmax — _
Etp tu — €tp

tf_>

E
bE eody — 2bE edy + 2brEcehty — binEcehdn + binEcebta = —2by, 0 tmax “gLf‘dn

&t & —
g4
+4bw0ctmax < dn + 4’bwo'ctmaxtf - waactmax —c tf + 2blno'ctmaxtf
0 tp
€ ~ Etp
_binactmax tf -
Etu — gt,p

&
bE,eqdy — 2bpEogqdy + 4bpEcegty — 2brE, —t3 — binEo£ody + 2binEcegty — binE, —

d, ¢ d
Ectmax Etp & — &tp
- _waactmax dn + 4'bwo-ctmax dn + 4'bwo-ctrmaxtf - 2bw0ctmax tf
0 &o tu — Etp
€ ~ Ep
+2bin0ctmaxtf - binactmax tf -
u " €tp

€
bE &o(ery — €1 )dn — 2brEceo(ery — €0p)dn + 4brEceo (€ — €p)ta — 2brE, —do (eeu — €p)ta
n

&
_binEcgo (5tu - St,p)dn + 2binEcso(stu - gt,p)td - binEc dO (gtu - St,p)té
n

gctmax (

Etp
= _waactmax u - Et,p)dn + 4'bwo-ctmax < (Stu - Et,p)dn + 4bwactmax(€tu - 5t,p)tf
0

h—d,

" Un
_waactmax d Sotf + wao-ctmaxgt,ptf + Zbino-ctmax(gtu - gt,p)tf - binactmax d fotf
n n

+binactmax Et,p tf -
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&
bE &o(ery — €1 )dn — 2brEceo(ery — €0p)dn + 4brEceo (€ — €0p)ta — beECd—o(etu — &p)ts
n
&
_binEcgo (5tu - St,p)dn + 2binEcso(stu - gt,p)td - binEcd_O (5tu - St,p)té
n

Ectmax
=-2 bw Octmax (

gt,p
tu — Et,p)dn + 4'bwo-ctmax < (Stu - Et,p)dn + 4bwactmax(€tu - 5t,p)tf
0
€o
_waactmax d_htf + waactmaxgotf + waactmaxgt,p tf + 2bino-ctmax (Etu - gt,p)tf
n

0
_bino-ctmaxd_htf + bino-ctmaxgotf + bino-ctmaxgt,ptf -
n

2 2

&b £
(etu st,p)(h — tf) — beEcﬁ (etu — st,p)(h — tf) + 4bec50(5tu — st,p)td

bE,

£0+£

2

+ & £
2bf c h—tp (Stu gtp)td blTLE ﬁ (Stu - St,p)(h - tf) + ZbinECSO (Etu - gt,p)td
P

+ e €
—b;,E,. h—tp (ftu gt,p)té = —2by0ctmax goc_tl_%a: (etu - St,p)(h - tf)
g

& T &,

+4bWGCtmax (gtu gt'p)(h - tf) + 4bwactmax(5tu - gt,p)tf 2by0ctmax h— fp htf

+£

+ &
€o t,p
+2bwactmax£0tf + waactmaxst,ptf + 2bino-ctmax (Stu - St,p)tf lnactmax ﬁhtf

+bino-ctmax80tf + bino-ctmaxgt,ptf -

bE.ed (e — £0p)(h — t;)" — 2bpE 2 (e — £0pp) (R — tf)"

+4beEego (g0 + £0p) (et — £0p) (R — tr)ta — 2brE(g0 + £6p)” (Eu — £6p) 3
—binEced (e — £0p) (R — tr)” + 2binEceo(g0 + £6)(Etu — £6p) (R — tr)tg
—binEe(g0 + €0p) (Etu = £6)t2 = —2byy Octmaxermax (Eeu — £6) (= t7)°

+4by, Ocemaxtep (Eeu — €ep) (B = tr)" + 4byyGcrmax (€0 + cp) (Eew — £6) (B — t5) s
—2by, Octmas (€0 + E6p) hts + 2byyOcemaxtol(€0 + £0p) (h — tr)ty

+2by, Octmax (€0 + €0p)€cp(h — tr)tr + 2binOcemax(€0 + €6p) (€0u — €cp) (h — t7 )y
—binOeemax (€0 + E6p) htr + binOeemaxgo(€0 + ) (B — tr ) s

+bino-ctmax(80 + gt,p)gt,p (h - tf)tf -
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bEed(ery — £0p)(h = tr)" — 2bpE 62 (e — £0pp) (R — tr)" + 4brEce? (e — ) (h — tr)ta
+4brE g0 p(€cu — €6p)(h — b7 )tq — 2brE €d (ry — €0p)td — 4brEc€oer €0y — €0p)tG
—2byEee2y (s0 — £0p)t2 — binEec?(en — £6p) (A = t7)" + 2binEced (eru — £0) (h — tr)tq
+2biEceoer (€ — st,p)(h - tf)td — binE.ed (e — st’p)tﬁ — 2biE o€ (E0u — stlp)tﬁ
—binEcefy (e — et_p)tfi + 2by, 0ctmaxEctmax(Etu — erp)(h— tf)z

~4b,y Oetmaxtep (e = €0p) (R = )" = 4byOctmax€o (e — €) (R = t7)17

—4byy OctmaxErp (€ — €p) (h — tr )ty + 2by Ocemax €&t + 4byOctmax o phty

+2by, Octmax€iphts — 2byOcemax€s (h — tr )ty — 4byOcrmax€otep(h — tr )ty

—2by Octmax€tp(h — t)tr — 2binOcemax€o(eu — €cp) (h — tf )ty

—2binOctmax€rp (€ — €cp)(h — tr)tr + binOctmax€s Mty + 2binOctmax€o€e phty
+binOctmax€iphty — binOctmax€s (h — tr)tr — 2binOcemax€otep(h — &7 )tr

_bino-ctmaxgtz,p(h - tf)tf =0-

<Ec(etu i) (6 = 28 = bin) (1 = )" + 21y + bin) 20— 1) - )t

+ Ocemaxtf (2by, + bl-n)) gl
+2 (Betep (e — 2) (20 + i) ((h = 1) = ta) ta
- Uctmax(wa + bin) (gtu(h - tf)tf - St,phtf)) €0

—(2bs + bin)Ecet,(eeu — €1p)ts
+ Octmax (wa (Sctmax - zst,p)(stu - gt,p)(h - tf)z

— (2by, + bin) (260 — £0p)eep (A — t)ts + (2byy + bin)eZphty) = 0
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_—bt Vb2 — 4ac
B 2a

&o

@ = Ec(e — eep) (b = 25 = bin) (h = ) + (27 + bin) (20 = t7) = )t

+ o-ctmaxtjg (wa + bin)

b=2 (Ecgt,,,(gtu — &) (27 + b)) ((h— &) — ta) ta

— Octmax(2by, + bin) (gtu(h - tf)tf - Sfrphtf))

¢ = —(2bf + by )Ecetp(ery — €0p)ta
+ Octmax (wa (Sctmax - zst,p)(stu - gt,p)(h - tf)z

— by, + bin) (260 — £0p)ep (A — tr)ty + 2y, + by)eZphty)
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Figure 9.6: Deformation and stress diagram when ¢, , < &p-

9.9 Wheng,, <g,

d, > tg.

With respect to the deformation and stress diagram of figure 4 the following relations are valid:

€o €o ;€ , .,
4, a, f =g
n n n
Ectmax 80 gctmax
e 2y, = Mg,
Xl dn &o
gt, €o gt. gt. gt. Ectmax
P =——>X1+X2=—pdn—>X2=—pdn—X1=—pdn——dn
X,+X, d, & & &0 o
!
€p €o €o

|

l

M
o~

50 80 50
:d_n(X1+X2+X3) :a(h_dn_tf) :d_nh_go—d—ntf

& &
=2 =2(h—dy)=-2h—
h_dn dn _)gb dn( n) dn 60
dy' =dn—tg
X4_:tf

&
X1+X2+X3:h_dn_tf_)x3:h_dn_tf_(X1+X2):h—dn—tf_%dn
0

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH=0%CI+CZ=T1+T2+T3+T4
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bE 50 (be + bm)E god' = (wa)actmaxxl + wao'ctmaxXZ

€ — €

+2bw0ctmax <1 - m) X3 +3 (wa)actmax ﬁ‘x
Ep — St, 1 &p — 8,
+(2bw + bin)o-ctmax <1 - —p> X4 + E (wa + bin)actmax —bX4 -
Etu — gt,p Etu — gt,p

bEC‘EOdn - beECE(,)d;l - binEcg(l)d;l = waactmaxxl + 4'bwo-ctmaxXZ + 4bwactmaxX3

!
—2b gb—“’X + 4b X, — 4b MX +2b X
wOctmax _ 3 wOctmax wOctmax _ 4 inOctmaxA4
Etu ~ Etp tu ~ Etp
! !
Ep ~ Ep ) & — &
_Zbinactmax Xy +2b wOctmax — X4+ binactmax — X4 =
Etu — Etp Etu — Etp Etu — Etp

bE gyd, — 2bsEceody + 2brE ety — binEcggdy + binEceoty = 2by,Octmax X1 + 4Dy Octmax X2

b 2b " x4 4p b bt
+4by, 0ctmaxX3 — wactmax—X3 + 4Dy OctmaxXa — 4bwOctmax fxz}
€tu ~ Eep Etp
! !
€p ~ Ep € — &p € — &p
+2binactmaxX4 - Zbino-ctmax Xy + wao-ctmax — Xy + binactmax — X4 =
tu — Etp tu — €tp tu — Etp

bE eydy — 2bsE €ody + 4brE ety — 2brE, — b Ece0dy + 2biEcepty — me

d d
!
Ectmax & —Etp
= _waactmax dn + 4bwactmaxh - 4bw6ctmaxdn - waactmax h
Etu — Etp
! !
Ep — Etp &p — € ~ Eep Etp
+2bw0ctmax d + waactmax tf +2b wOctmax d
8 - gtp gtp 8 - gtp 80
Ep — €p — € — &
_4bwactmax tf + Zblnactmax - Zbinactmax —tf +2b wOctmax —tf
€tu — Etp Etu — Etp Etu — Eep
Ep — Sb
+bin0-ctmax — tf -
u " Ep
2 2 2
bECEO (gtu - St'p)d% - beECSO (Etu - St'p)d% + 4.'be€€0 (Etu - St’p)tddn
2 2 2 2 2
_beEcgo (8tu - ‘St,p)td — binEcgg (Etu - 8t,p)dn + 2binEcs (Etu - gt,p)tddn
2 2 _ 2
_binECSO (Stu - gt,p)td - _wao-ctmaxgctmax (Stu - St,p)dn + 4’bwo-ctmax‘go (Etu - gt,p)hdn

_4bw0ctmax50 (Stu - gt,p)drzl - wao-ctmaxgo (51,7 - gt,p)hdn + waactmaxgo (81’1 - St,p)drzl
+2bw0ctmax50 (SI,) - gt,p)tfdn + waactmax(gb &t p)gtp 4‘bwo-ctfmaxgo (Sb Et,p)tfdn
+2bin0ctmax50 (Etu - gt,p)tfdn - Zbino-ctmaxgo(gb - gt,p)tfdn + wao-ctmaxgo(gb - Elg)tfdn

+bin0-ctmax50(€b - glly)tfdn -
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bE e§(ery — €rp)d3 — 2bpE 8 (€0 — €rp)d3 + 4brE 5 (g0 — €p)tadn

_beEcgg (8tu - ‘St,p)té - binEc‘Sg (Etu - 8t,p)d721 + 2binEcgg (Etu - gt,p)tddn

_binEcgg (Stu - gt,p)tczl = —2by0ctmax€ctmax (Stu - St,p)drzl + 4by, 0ctmax€o (Etu - gt,p)hdn
—4byy Octmax o (Stu - gt,p)drzl - wao-ctmaxgogllyhdn + wao-ctmaxgogt,phdn + wao-ctmaxgogl,;drzl
_waactmaxgogt,pdrzl + waactmaxgogt,p tfdn + wao-ctmaxgégt,pdrzl - wao-ctmax‘stz,pd%
—2byOctmax€o€p tfdn + 2binOctmax€o (Etu - gt,p)tfdn — binOctmax€o€p tfdn

!
+2binactmax€0£t,ptfdn - bino-ctmaxgogb tfdn -

bE e%(epy, — €rpp)d2 — 2bsE 8 (e — €0 )da + 4bpE el (0 — &p)tadn

—2bpEcef (ery — e0p)ts — binEced (eeu — €6p)da + 2binEced (u — €ep)tadn

—biEc€f (‘Stu - gt,p)tczl + waactmaxgctmax(gtu - gt,p)drzl — 4by,0ctmax€o (8tu - gt,p)hdn
+4by, 0 ctmax€o(Eru — et,p)d% + 2Dy Octmax €6 h? — 2byy Ocmax€5hdn — 2Dy Octmax€oe phdn
—2by Octmax €6 hdy + 2Dy Ocemax €3 da + 2by Ocemax€§trdn + 4by Octmax€o€e pdn

—2by Octmax€o€eptrdn — 2byOctmax€o€ephdn + 2by Octmax€o€eptrdn + 2byOctmax i pda
_waactmaxggtfdn - Zbino-ctmaxgo(gtu - gt,p)tfdn + Zbinactmaxgghtf - 2binC’ctmaxggtfdn

_Zbino-ctmaxgogt,ptfdn - bino-ctfmax“:gt}g =0-

2
<(b - be - bin)Ecgg (Etu - gt,p) + wao-ctmax ((Ectmax + 250)(£tu - gt,p) + (50 + gt,p) >> drzl
+2¢ ((be + bin)ECSO(Stu - et,p)td — ((wah + bintf)(stu + 50)) actmax> d,

- ((be + bin)Ec(Eeu — £0p)t2 — (2byh? + byt (2h — t7)) actmax) e2=0

B —b ++Vb?% —4ac

d
n 2a

a= (b - be - bin)Ecgg (Etu - gt,p) + waactmax ((Ectmax + 230)(8tu - gt,p) + (80 + gt,p)2>
b = 2¢, ((be + bin)Ecso(stu — et,p)td — ((wah + bintf)(stu + 80)) actmax>

cC = — ((be + bin)EC(Etu - St,p)té - (wahz + bintf(Zh - tf)) Gctmax) Sg
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In order to determine the bending moment capacity the centres of gravity of part X5 and X, need to

be known:
gb gt 1 gb gt 1
waactmax <1 - #) X3 2X3 +5 (wa)actmax #XS : §X3
y= & & 8 & . -
t, t,
waactmax (1 - gbfgp> X3 +5 (Zb )O-Ctmaxgb_—gtz; 3
& — & 1 ey — &,
bwactmax (1 - ﬁ) ng + §bw6ctmax ﬁx’g
y = ! !
(2 2 Etu — €tp + Etu — & p) buOctmaxXs
Ep — Etp 1& —ép
((1 < 5tp> + 3em — €1y by OctmaxX3
y = -
&p — &
(2 22=22) buoemans
2 & — Etp
(1 C BEy — stp>X3
y =
2 € —Etp
Etu — Etp
& ~ Ep 1 & — & 1
(wa + bin)actmax 1- ﬁ X4 2X4 +5 (Zb + bln)o-ctmax mxz} : §X4
Z= Ep — Ep — Sb -
(wa + bin)actmax 1- ﬁ X4 +5 (Zb + bln)o-ctmax mxtl
1 & — &p 2, 1 & — €
Z(wa + bin)actmax 1- m X4 + E(wa + bin)actmax mxtt

z= R

_ Ty 1 &— )
<1 Stu — Eep + 2 Stu — Eep (Zb + bln)GCtmaxX4

1 _ Ep — gt,p 1 Ep — ) )
(2 <1 tu — ‘St,p) + 6 Stu — gtp (Zb + bln)JCtmaxX4
- -

_ & "ép 1 &~ )
<1 €tu ~ Etp * 2&, —&p (2by, + bin)OctmaxXa

1 1& —é& 1 & —¢
(7_7 — - tg b_-b x,
& —&p 1 & —g,

Eu ~ Etp  2E&u T Erp

zZ =

1-—
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The corresponding bending moment capacity and curvature:

2 2 2 1
M=Cl-gdn+cz-§d;l+T1-§X1+T2(X1+§X2)+T3(X1+X2+y)+T4(X1+X2+X3+z)
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Figure 9.7: Deformation and stress diagram when ¢, , < ey &dy = tg.

9.10 When &,,, < g, &d,, = t4

With respect to the deformation and stress diagram of [Figure 9.7] the following relations are valid:

Ectmax _ €o S X, = gctmaxd
=— 1=

X1 dy €o "

Etp €o Etp €tp €tp Ectmax
— =X+ X, =—d, > X, =—d,,— X, =—d,, — d
X1 + XZ dn 1 2 & n 2 & n 1 & n & n

!
€p €o €0 €o €o
———=—>o&g =—WX+X,+X3)=—h—¢gy ——t
X, +X,+X; d, P dn( 1+ X+ Xs) d, o g,

I R P Yo
h_dn_dn_)gb_dn(h dn) dnh <‘:0

&
X; 4+ Xo+ Xz =h—dy—t; > Xz =h—dy—t; — (X; + Xp) = h—d, — t; ——2d,

X4=tf

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=0%CI=T1+T2+T3+T4
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&, — €

1 1 t,
EbEcgodn = E(wa)actmaxxl + 2by 0ctmaxX2 + 2bywOctmax (1 - %) X3
Etu — Eep

1 € — Etp
+= (wa)actmax —X3 + (wa + bin)actmax
2 gtu - St'p
1 &p — &
+= (wa + bin)actmax —bX4 -
2 Etu — Etp

€ ~ Etp
— | X,
Etu — Et,p

!
& ~E&p
bEC‘EOdn = waactmaxxl + 4bwactmaxX2 + 4'bwo-ctmaxX3 - waactmax —c X3
tu t.p
b b b e b b b~ Cup
+4by, 0ctmaxX4 — 4bwOctmax — X4+ 2bin0ctmaxXa — 2bin0ctmax — X4
Etu — Etp tu — €tp
& — € &p — &
b b b b
+2bwactmax X4 + bino-ctmax X4 -
tu gt,p tu Et,p
€ & — €
_ ctmax b tp
bE goty = —2byOctmax tq + 4by0ctmaxh — 4byOctmaxta — 2bwOctmax — h
0 tu — €tp
& — € & — € & — Etp €
b t,p b t,p b tp “tp
+2bw0ctmax _ tg + waactmax _ tf + waactmax _ ta
Etu gt,p Etu gt,p u gt,p €o
!
Sb — gt,p gb — St,p Ep — Sb
_4bwactmax _ tf + Zbinactmaxtf - Zbinactmax _ tf + waactmax _
€tu — Etp Etu — Etp tu — €tp
!
€p ~ &p
+bin0-ctmax — tf -
tu — €tp
2 —
bEc‘EO (8tu - gt,p)td - _waactmaxgctmax (Etu - gt,p)td + 4bwactmax€0 (Etu - gt,p)h

! !
_4bwactmax80 (Etu - gt,p)td - 2bwo-ctmax‘go (Eb - gt,p)h + waactmaxgo (gb - gt,p)td

+2bwactmax€0 (Siw - gt,p)tf + 2bw0ctmax (51’7 - St,p)gt,p tg — 4'bwo-ctrmaxgo (Eb - St,p)tf

+2binactmax80 (gtu - gt,p)tf - Zbinactmaxgo (8b - 81:,p)tf + waactmaxgo(gb - glly)tf

+bin0ctmax€o(€p — glly)tf -

2 —
bECSO (Stu - gt,p)td - _wao-ctmaxgctmax (Etu - gt,p)td + 4‘bwo-ctmax“:o (Stu - gt,p)h

! !
_4bw0ctmax50 (Stu - gt,p)td - wao-ctmaxgogbh + wao-ctmaxgogt,ph + waactmaxgogbtd

! 2
_waactmaxsogt,ptd + wagctmaxgost,ptf + waactmaxsbst,ptd - 2bwactmax€t,ptd

_wao-ctmaxgogbtf + Zbino-ctmaxgo(gtu - gt,p)tf - binactmaxgogbtf + Zbino-ctmaxgogt,ptf

A
_bino-ctmaxgosb tf -
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2 —
bEc‘EO (8tu - gt,p)td - _waactmaxgctmax (Etu - gt,p)td + 4bwactmax€0 (Etu - gt,p)h
2
4b 2b 0 p2 4 21 2h + 2b h
- wactmaxgo(gtu - gt,p)td - wOctmax d_ + wOctmax€0 + wo-ctmaxgogt,p
n

2 2

0 2 €0
+2bwactmax d_ htd - 2bw0ctmax£0 td - waactmax d_ tf td - 4'bwo-ctmax50‘91,“,19 td
n n

€o €o 2
+2bwactmax€0€t,p tf + wao-ctmax d_gt,phtd - waactmax d_‘st,p tftd - waactmaxgt,ptd
n n

2
&
2 0 2
+2bw0ctmax50 tf + 2bino-ctmax‘;-‘o (Etu - gt,p)tf - 2bino'ctmax d htf + 2bino-ctmax‘go tf
n

2
& 5
+2bin0ctmax50£t,ptf + binactmax d_tf -
n

_bEcgg (8tu - ‘St,p)té - 2bwo-ctmax‘gctmax(gtu - gt,p)té + 4bwo-ctmax€0(€tu - gt,p)htd
—4by,0ctmax€o(Eru — et,p)tﬁ — 2Dy Octmax€6h? + 2byy Ocmax€5hta + 2bywOcemaxEoephty
+2bw0-ctmax5§ htd - wao-ctmaxggtczl - wao-ctmaxgg tftd - 4‘bwo'ctmaxgo‘;-‘t,ptczi

+2by Octmax€o€eptrta + 2bwOctmax€o€ephta — 2bywOctmax€o€e ptrta — 2byOctmax€ipta
+2bw0-ctmax£g tftd + Zbino-ctmaxgo (Stu - Et,p)tftd - 2bino-ctmax‘g(%htf + Zbino'ctmaxgg tftd

242 _
+2bin0ctmax£0€t,ptftd + binactmaxgo tf =0-

- (bEc(Stu - gt,p)tczl + (wa(h - td)z + bintf(z(h - td) - tf)) Gctmax) gg

+2(2bw(h - td) + bintf)o-ctmaxtdgtugo - wao-ctmaxtczl(ectmax(gtu - St,p) + Si.g,p) =0-

—b +Vb?% —4ac
0 = 2a

a=— (bEc(gtu — St,p)té + (wa(h — td)z + bintf(z(h - td) - tf)) O'Ctmax)
b= Z(wa(h —tg) + bintf)o'ctmaxtdgtu

c= _wao-ctmaxté (ectmax(gtu - Et,p) + Etz,p)
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Figure 9.8: deformation and stress diagram when &, < £, & &y < &y

9.11 when g,,, < &, & &, < &,

d, < tg.
With respect to the deformation and stress diagram of [Figure 9.8] the following relations are valid:

!
€o €o ;€0 €o
X5 dn dn

gctmax — S_O - X — gctmax d

Xl dn ! €o "

Etp €o tp Etp Etp Ectmax
— =X, + X, =—d X, =—d, — X, =—d, ——d
X, +X, d, L 2T g M 2T g T, ™ g "

&y’ €o ' €o €o €o
=—og=—UWX+X,+X3))=—h—5,——t
X, +X,+Xs d, P dn( 1+ X+ Xs) d, 0 g,

Ep €o €o
h—d, B d,

&
X1+X2+X3=h_dn_tf_)x3=h_dn_tf_(X1+X2)=h—dn—tf_%dn
0

X4_:tf

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFHZO_)C1:T1+T2+T3+T4+T5
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1 1 €p ~ Etp
EbEcgodn = E(wa)actmaxxl + 2by 0ctmaxX2 + 2bywOctmax | 1 — - _ o X3
Etu — Eep
1 ep — &, &y — &,
+_(2bw)actmax %XS + (wa + bin)actmax (1 - fp X4
2 Etu — Etp Etu — Etp
&p — & 1

1 —
+§(2bw + bin)actmax 5 X4 + _(be + bin)Ecg(,)XS -
Etu — Etp 2

!

& ~ Ep
bEC‘EOdn = waactmaxxl + 4bwactmaxX2 + 4'bwo-ctmaxX3 - waactmax e —& X3
tu t,p
b b b e b b Ak ]
+4by, 0ctmaxX4 — 4bwOctmax — X4+ 2bin0ctmaxXa — 2bin0ctmax — X4
Etu St'p Etu gt,p
_ ! _ !
+2b 275 X, +b T 4 2b EoelXs + by EchXs -
wOctmax 4 inOctmax 4 f c€ols intc€olds
tu gt,p tu Et,p
€ & — €
_ ctmax b t.p
bE gydy = —2by,Octmax dy + 4byOctmaxh — 4bywOctmaxdn — 2bwOctmax — h
0 tu — Etp
&, — & &, — & & — &ty €
b t,p b t,p b tp “t,p
+2bw0ctmax — dn + wao'ctmax — tf + wao'ctmax — dn
Etu gt,p Etu gt,p Etu gt,p €o
!
&p — gt,p Ep — St,p Ep — &p
_4bwactmax _ tf + Zbinactmaxtf - Zbinactmax _ tf + waactmax _ tf
€tu — Etp Etu — Etp Etu — Eep
_ !
+b 0 T 4 2b E,ebty — 2brEvehdy + binEohta — binEcehdy —
inOctmax — f f c€ola f c€0ln infc€ola infc€oln
Stu — Etp
Ectmax
bEcgo (Stu - gt,p)dn = _waactmax (Etu - gt,p)dn + 4bwactmax (Etu - gt,p)h

_4bw0ctmax (Etu - St,p)dn - waactmax (El,) - St,p)h + wao'ctmax(glly - gt,p)dn
Etp
+2bw0ctmax (El,) - St,p)tf + wao'ctmax(glly - Et,p) g_dn - 4’bwo'ctmax(“:b - Et,p)tf
0

+2binactmax(8tu - 81:,p)tf - 2bino-ctmax(‘sb - 8t,p)tf + waactmax(gb - 81,))tf
+bino-ctmax(8b - ‘Sl,))tf + beEcg(’)(gtu - gt,p)td - beEc‘S(,)(gtu - gt,p)dn + binEcg(l) (gtu - gt,p)td

_binEcg(lJ (Stu - St,p)dn -
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Ectmax (Etu _ gt,p)dn + 4b,0ctmax (Etu - St,p)h

bEcgo(gtu - gt,p)dn = —2by0ctmax

_4bw0ctmax (Etu - St,p)dn - waactmax (El,) - St,p)h + wao'ctmax(glly - gt,p)dn
Et,p

+2bwactmax (Elln - gt,p)tf + wao-ctmax(glla - Et,p) gdn - 4‘bwo-ctmax(‘gb - Et,p)tf

+2binactmax(8tu - 81:,p)tf - 2bino-ctmax(‘sb - 8t,p)tf + waactmax(gb - 81,))tf

] €o
+binactmax(5b - Sb)tf + beEcd_(stu - 5t,p)t§ - 4beC£0 (Stu - St,p)td
n

&
+2bec‘€O(5tu - Et,p)dn + binEc dO (Etu - gt,p)tczi - ZbinEcgo(gtu - gt,p)td
n

+binEc£0 (5tu - St,p)dn d

Ectmax
bECSO (Stu - gt,p)dn = _waactmax < (Etu - St,p)dn + 4‘bwo-ctmax (Etu - gt,p)h
0
! !
_4bw0ctmax (Etu - St,p)dn - wao-ctmaxgbh + wao-ctmaxgt,ph + wao-ctmaxgbdn
2
Etp

&t

r LD

_wao-ctmaxgt,pdn + wao-ctmaxgt,ptf + waactmaxgb < dn - waactmax < dn
0 0

_waactmaxsb tf + 2bino-ctmax (5tu - St,p)tf - binactmaxgb tf + 2binactmax€t,p tf

€o
_bino-ctmaxgllatf + beEcd_ (5tu - St,p)té - 4'beCEO(‘EL“u - St,p)td
n

£
+2bec€o(5tu — st‘p)dn + b, E. —do (stu — et,p)tﬁ — Zbincho(Stu — st'p)td
n

+binEc£0 (5tu - St,p)dn d

gctmax (

bEc‘EO (Etu - 8t,p)dn = _waactmax Etu — ‘St,p)dn + 4bwactmax (gtu - gt,p)h

€o
_4bwactmax (Etu - gt,p)dn - waactmax d_hz + 4‘bwo-ctmax“;—‘Oh + 4‘bwo-ctmaxgt,ph
n

2
€t
P
_wao-ctmaxgodn - 4bwactmax5t,pdn - wao-ctmax < dn + Zbinactmax(gtu - Et,p)tf
0

802

€o
_Zbinactmax d_htf + 2binactmax80tf + 2bino-ctmaxgt,ptf + binactmax d_ tf
n n

£
+2bsE, —do (eu — et,p)tﬁ — 4bsE g (eeu — st,p)td + beEceo(etu - st‘p)dn
n

&
+binECd_O(£tu - St,p)tc% - ZbinECSO(Etu - gt,p)td + binEc‘EO(stu - gt,p)dn -
n
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_bEcgg (8tu - ‘St,p)drzl - waactmaxgctmax (gtu - gt,p)drzl + 4bwactmax€0 (Etu - 8t,p)hdn
—4b,,0ctmax€o(Eru — et,p)d% — 2byOctmax €0 h? + 4byy Ocemax €5 hdn + 4byOctmax€oe phdn
_wao-ctmax‘sg d121 - 4bwo-ctmax50€t,pd121 - waactmaxgtz,pdrzl + 2bino-ctmax‘go (Etu - gt,p)tfdn
_Zbino-ctmaxgghtf + Zbino-ctmaxgg tfdn + Zbino-ctmaxgogt,ptfdn + binactmaxgg tfz

+2bsE 5 (eeu — st,p)té — 4beE. 5 (eu — st,p)tddn + 2bsE €6 (e — st‘p)d%

+binEcgg (Etu - gt,p)tczi - ZbinEcgg (gtu - gt,p)tddn + binEcgg (gtu - gt,p)d% =0-

~ (0 - 2b; = bin) e (et — 22)

+ waactmax (8ctmax(8tu - 8t,p) + 280 (8tu - gt,p) + (80 + gt,p)z)) d121
+2¢ (O’Ctmax ((wah + bintf)(stu + 80)) — (be + bin)cho (stu — st'p)td) d,

—Octmax&e (wah2 + bints(2h — tf)) + (be + bip)Ece8(ry — &0p)t5 =0 >

—b +Vb?% — 4ac
dn = 2a

a=—(b—2bs — bin)E€8(ery — &)

+ 2bwo-ctmax (5ctmax(stu - Et,p) + 250 (5tu - St,p) + (50 + Et,p)z)
b = 220 (Gcomax (2bwh + binty) (£ + £0)) = (2bf + bin) Ecéo(eeu — £6p)ta )
¢ = —Octmax€s (wah2 + bintr(2h — tf)) + (2bs + bin)Ec€8 (e — €0p)t3

In order to determine the bending moment capacity the centres of gravity of part X5 and X, need to

be known:

Ep — &, 1 1 ey — &, 1
waactmax <1 - £ >X3 ) §X3 + 7(2bw)o-ctmax £ —¢ L X3 : §X3
t,p tu t,p

T d

!
& — €& 1 £ £
b tp b tp
waactmax (1 - £ — € >X3 + j(wa)o-ctmax & —c X3
tu t,p tu t,p

183



! !
£y — & 1 &b ~ Ep
b.. o 1_—,p X2+—b g, o - XZ
wYctmax €t — Etp 3 3 “wY%ctmax Eu — Ep 3
y = 7 7 e d
&, — & &, — &
b tp b tp
(2 -2 & —¢ + P )bwgctmaxXS
tu tp tu tp

)

! !
1_5b " Eep +15b_5t,p beo X2
Eru — gt,p 3 Ety — Et,p wYctmax“*3
y= 7 -

&, — &

b tp

(2 - . —c )bwactmaxX3
tu tp

2 & —E&tp
1-52 Py
< 3£tu—et,p> 3

y = 7
o_fp " Eup
Etu — Etp
Ep — &, 1 1 &, — & 1
(wa + bin)actmax (1 - fp) X4 ' §X4 + 2 (wa + bin)actmax %Xt} : §X4
;= Etu — Etp Stu — Etp R
&p — & 1 &p — &
(wa + bin)actmax (1 - ﬁ) X4 + 2 (wa + bin)o-ctmax Stj_—gfp 4
1 Ep — &, 1 & — &
2 (wa + bin)actmax (1 - ﬁ) Xf + 6 (wa + bin)actmax Et:j_—gfpxz
7 = d 7 : -
&~ Ep 1gb—sb> '
(1- 2252 4 3 22220 ) @by + bin)Oema X
&y — € — &
(1(1 — b t,p) + l £ ~ % ) (wa + bin)o-ctmaxXZ
g = 2 €tu — Etp 6 &y — €tp N
_Ep—&p 1 &g )
(1 Sy — gt,p 2 Sy — gt,p (wa + bin)o_ctmaxXAL
1 18b_€t,p 1€b_gllj)
55 +z X
L= (2 26 —Ep  6&m —Ep) Tt

& —Ep 1 &g

1-—
Etu — St,p 2 Etu — Et,p

The corresponding bending moment capacity and curvature:

2 2 1 2
M=Cl-§dn+T1-§X1+T2(X1+§X2)+T3(X1+X2+y)+T4(X1+X2+X3+z)+T5-§X5
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Figure 9.9: deformation and stress diagram when g, = &;,,.

9.12 When g, = &,

d, < tg.
With respect to the deformation and stress diagram of [Figure 9.9] the following relations are valid:

€ € €
= X = _do (tg —dy) = _do ta — &
n n

Ectmax __ €0 S X, = Ectmax d
v e 1 -~  UYn

Xl dn €o
gt,p &o gt,p gt,p gt,p Ectmax
=—o X +X,=—d, > X, =—d,—X; =—d, — d
X, +X, d, Pro2 ™ ey ™ 2T g M T g g "
&y’ €o ' €o €o €o €o
— 0 =—— & =_(X1+X2+X3)=_h_d -t =_h_80__t
X, +X+X;s d, P? d, dn( n=tr) d, d, ’
£ £ £ £ £ £ £
=20 sdy=—"(h—dy)=—~h——"d, > dy+—d, =—h -
h — dn dn Etu Etu Etu Etu Etu
& & & t+ & & &
dn<1+—°>:—0h—>dn<—0 t'“):—"h—»dn:—" h
Etu Etu Etu Etu & T &ty
dn, = dn —tq
X4_ - tf

&
X1+X2+X3=h_dn_tf_)x3=h_dn_tf_(X1+X2)=h—dn—tf_%dn
0
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The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=O_)C1:T1+T2+T3+T4+T5

bE 50 (wa)actmaxxl + 2b UctmaxXZ +5 (wa)actmax(X3 + X4)
1 Ep — Etp
+Ebin0-ctmax 1 —_—— X4_ + (be + bLn)E £0X5
Ctu — Etp

bECSOdn = waactmaxXl + 4’bwo'ctmaxXZ + wao-ctmax(XB + X4)

€ —

Etp
+bino-ctmaxX4 - bino-ctmax E—X4 + beE SOXS + me €0X5
tu — €tp
_ Ectmax €tp
bEcgodn - _waactmax g—dn + 2bwo-ctmax g_dn + 2bw0ctmaxh - waactmaxdn
0 0
A
Ep — Etp
+bino-ctmaxtf - binactmax — tf + beEcg(’)td - beEcg(,)dn + binEc‘S(,)td - binEcg(’Jdn -
tu
_ Ectmax €tp
bEcgodn - _waactmax g—dn + 2bwo-ctmax g_dn + 2bw0ctmaxh - waactmaxdn
0 0
A
&p — gt,p
+bin0-ctmaxtf - binactmax —tf + be 4be 80td + beE 80d + blnE
Stu - gt,p d d
—2b;pE oty + binEc0dy, =
Ectmax
bEcgo(stu - Et,p)dn = _wagctmaxg— (Stu - St,p)dn
0
St,p
+2bwactmax g (Etu - gt,p)dn + waactmax (Etu - gt,p)h - waactmax(gtu - Et,p)dn
&
+binactmax(€tu - 5t,p)tf - no-ctmax d htf + b; ngctmaxgotf + b; inOctmax d tf + b; ngctmaxgtptf

g
+2bsE, —do (eru — st,p)tfi — 4brEqo(ery, — st,p)td + becho(ftu - et_p)dn
n

&
+binECd_O(£tu - St,p)tc% - ZbinECSO(Etu - gt,p)td + binEc‘EO(stu - gt,p)dn -
n
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& h
bEcgo(stu - Et,p) h = _waactmaxsctmax(gtu - St,p)

g+ &y g t &ty

+2bwactmax£t,p (gtu - Et,p) + waactmax (Stu - gt,p)h

&o + Et,u
&o &t &ty
_waactmax (Stu - St,p) h + binUctmax(gtu - St,p)tf - binactmax f
g+ &ty h
& + St,u + gt,u

€o
+bin0-ctmax80tf + bino-ctmax h t)g + bino-ctmaxgt,ptf + beEc h (Etu - gt,p)tczi

& &t &y
—4beCso(sm — st,p)td + beEcso(stu — Et’p)—h + binEC—(sm - st,p)té
g+ &ty h
€o
_ZbinEc‘EO(‘Stu - gt,p)td + binEc‘SO(‘Stu - gt,p) h -
&t &t
bEcgg(gtu - gt,p)hz = _waactmaxgctmax(gtu - ‘St,p)h2

+2by, Octmax€tp (eeu — st'p)h2 + 2by,0ctmax (€0 + €tu) (e — et,p)hz

—2by, Octmax€o(&ru — €6p)P? + binOctmax (€0 + €cu) (Eru — €6p )Rt — binGetmax (€0 + st,u)zhtf
+b;1n,0ctmax€o (so + Et’u)htf + DinOctmax (so + st,u)ztfz + DinOctmax (so + st,u)st,phtf
+2brE(go + et’u)z(etu — &p)ta — 4brE.£0(e0 + €01,) (ru — €cp)hty + 2brEced (e, — 1 )P

+binEc(50 + gt,u)z(gtu - gt,p)tczl - 2binEc‘E‘O (80 + gt,u)(gtu - et,p)htd + binEcgg (Etu - gt,p)hz -

—bEcsg (8tu - gt,p)hz - waactmaxgctmax(gtu - gt,p)hz + waactmaxgt,p(gtu - gt,p)hz
+2bw(7ctmax3t,u(5tu - gt,p)hz + binOctmax€o (8tu - gt,p)htf + binOctmax€eu (8tu - gt,p)htf
—binOctmax€o€tuhty = binOctmaxtuhty + binOcetmax€s tjg + 2binactmcucgo‘?t,u15;g + bino-ctmax‘stz,utjg
+binOctmax€oéephts + binactmaxet,ust,phtf + 2beC£§ (stu — st,p)tﬁ + 4becsost,u(sm — et,p)tﬁ
+2beE et (eeu — st'p)té — 4bsE &6 (eeu — st,p)htd - 4beC£0£t'u(stu - st,p)htd

+2bsE 5 (eeu — st,p)hz + binEed (e — st,p)té + 2binEceoer (e — st,p)té

+binEc5t2,u(€tu - gt,p)tgi — 2binE €6 (Etu - gt,p)htd - ZbinEcgogt,u(gtu - gt,p)htd

+binEced (e, — €rp)h? =0 -
_(Ec(gtu - gt,p)(bhz - (be + bin)(h - td)z) - bino-ctmaxtfz)gg
+ (ZbinO'Ctmaxst,utjg + Z(be + bin)(td - h)tdEcst,u(gtu - St,p)) €o

_Jctmax(wa(gtu - St,p)hz(gctmax - Et,p - gt,u) - bingi,g,ut}g) + (be + bin)Echg,u(gtu - gt.p)té

=0-
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b+ Vb2 — 4ac
B 2a

€o
a= _(Ec(gtu - gt,p)(bhz - (be + bin)(h - td)z) - bino-ctmaxt]g)
b= 2bino-ctmaxst,utjg + 2(2bf + bin)(td - h)tdEcst,u(gtu - St,p)

c= _Uctmax(wa(gtu - St,p)hz (Sctmax - St,p - gt,u) - bingtz,ut]g)

+(2bf + bin)Ecetu(eru — st,p)té
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9.13 Crack width

In case of a cross-section not containing any bonded tendons in the tensile zone, the design crack

width w,,,, at the extreme tensile fibre of the section may be taken as:

Winax = 1,5D (e, — 0,00016)

With respect to the deformation and stress diagram of [Figure 9.3] the following relations are valid:

So__& 6 = €p d

d, h—-d, ° h—-d, "

80, — €p Sl = €p d.'

d,) h—d, ° h—d, "

Ectmax €p Ectmax
X1 h _ dn - 1 8b ( Tl)
Eb, gb , gb

X +X, h-da, T p—gq K1 tX)

&
X1+X2=h—dn—tf—>xz=h—dn—tf—X1=h—dn—tf—%(h—dn)
b

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH=0%CI+CZ=T1+T2+T3

1 1 o1
EbEcgodn - E(be + bin)Ecg(’)dn = E(wa)actmaxxl + waactmaxxz + (wa + bin)actmaxtf -

bEC‘EOdn - beECE(,)d;l - binEcg(l)d;l = waactmaxxl + 4'bwo-ctmaxXZ + 4bwactmaxtf

+2binactmax tf -

E
bE eody — 2bE eydy + 2brE ety — binEceidn + binEcehta = —2by 0 tmax CZ"“" (h—dy)
b

+4bwactmaxh - 4‘bwo-ctmaxdn + 2bino-ctmaxtf -
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€p €p €p
dz + 4bf cH_ d —tyd, — beEcmtgi — binEcmdrzl

bE dZ — 2b.F, —2
Ch d I2¢h—d,

+2by B, —2—t,d, — b;

&
h d mEc h d 2 _wao-ctmax Ctngax (h’ - dTL) + 4bw0ctmaxh

_4bwactmaxdn + Zbino-ctmaxtf -

bE ehdy — 2bsE e} dA + 4beEceptqdy — 2bpE efty — binEcebdy
+2binEc€I§tddn - binEcgl%tc% = _wao-ctmaxgctmax(h - dn)z + 4bwactmax£bh(h - dn)
—4by, 0ctmaxep(h — dp)dpn + 2bin0ctmaxen tr (h—d,) -

bE.sjd3 — 2bsE efdn + 4bpEcehtqd, — 2beEcepty — biyEcepda + 2biE eftady — binEcepts

2 2 2
+2bw0-ctmax€ctmaxh - 4bw0-ctmax€ctmaxhd + ZbWUctmaxgctmaxd - 4b Gctmaxsbh

+8bwactmax8bhd —4b Uctmaxgbd 2blna-ctmax‘gbhtf + 2blno-ctmax‘gbtfd =0-
(Ecgg (b - be - bin) + wao-ctmax(gctmax - Zgb)) drzl

+2 (Ecggtd(be + bin) - Gctmax(wah(Sctmax - ng) - bingbtf)) dn

_Ecggté (be + bin) + 2Jcirmax(bwhz(Sctmax - Zgb) - bingbhtf) =0-

—b +Vb?% — 4ac
dn = 2a

a= Ecgg (b - be - bin) + 2bwactmax(€ctmax - 251))
b =2 (Ecgg td(be + bin) - O-Ctmax(wah(‘Sctmax - Z‘Sb) - bingbtf))
- _Ecggtczi(be + bin) + 2O'ctmax(bwhz (gctmax - Zgb) - bingbhtf)

The maximum moment in SLS:

2 1 1
X + T, (X1 + EXZ) + T, (X1 + X, + E1:f)

2 2
qu =C1-§dn+C2'§d;l+T1'3
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10 Prestressed UHPC box girder
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Figure 10.1: deformation and stress diagram when &, < €.tmax-

10.1 When &, < €.tmax

d, > tg.

G

Tt

With respect to the deformation and stress diagram of [Figure 10.1] the following relations are valid:

Z_i_dijd _)Agp:;_i(dp_d")_)Asp:;_idp_so
cgi_i_hibdn Sb—é—i(h—dn)—’flz:%h—fo
d, =d, —tg

X1=h_dn_tf

&p = Agy + &

The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFHZO_)C1+C2:T1+T2+ANI)
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1
bE &od (2bf + bin )E ehdy, = (wa + bi)Ecep(Xy + t7) — EbinECe;,X1 + Ap0p — P

bchodn - beECS(I)d;l - binECS(l)d;l = ZbWECbel + ZbWECSbtf + binEC‘ngI + binEC‘gbtf
—binEcep Xy + 2A,EpAe, —

bE gyd, — 2bsEceody, + 2brEcegty — binEcggdy + binEcegty = 2by Eceph — 2by, Ecg,d,
+binEc€bh - binECgbdn - binECgI,Jh + binECS;,dn + binchzlgtf + 2ApEpA$p d

& &
bE eody, — 2bE edy + 4brEceoty — 2beCd—°t§ 4 2by ooty — by Eo -2 d ZbWECd—OhZ
n n

—4b,E.oh + 2b, E €0d,, + me O pz— 2binE eoh + binEce9dy, — binE,

2 L0 p2 4 2bi,Ece0h

dn

+2binEc == trh — 2b Eoeoty — b‘"ECd t? + 24,E, —d, — 2A,Epes —

d d

-

4beE tgdy — 2bgEctg + 2byEctydy, — binEcts = 2byE h* — 4by,E hd, + bynE h?* — 2b, Echd,,

~binEch? + 2bpEchdy, + 2bi Ectrh — 2binEotydy — binEct? + 2A,E,dy — 24,Epdy, —

4beE tqdy + 2biEctady + 4by, Echdy, + 2binE tedy + 2A,E,dy = 2by, Ech? + 2biyEcteh
~binEctf + 2bpE t; + by Ecti + 2A,E,dy —

2(Ec ((2by + bin)ta + 2byh + binty ) + ApEy ) dyy

= Ec(2byh? + biyts(2h — t¢) + (2bs + bin)t5) + 2A,Epd, —

_ Ec(2byh* + bipts(2h — tp) + (2bf + by )tG) + 24, E,d,,
" 2 (Ec ((2bf + bin)ta + 2byh + binty ) + ApEy )

The corresponding bending moment capacity and curvature:

2 2 2 2
M=c -§dn+62 -§d;l+T1 -§(X1 +tr)+ Ty -§X1+Pmoo(e—dn)+ANp(dp —dy)
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Figure 10.2: deformation and stress diagram when &, = &.tmax-

10.2 When &, = €.tmax

d, > tg.

With respect to the deformation and stress diagram of [Figure 10.2] the following relations are valid:

&o Agy, &o &
— = - As —(d —d)—»As —d, — ¢

p p n p D 0
dp, dp—dy dy dy
€o Ectmax €o €o €o €o €o
—=—-d, = (h—d,) —»d, = h— d,—~>d,+ d, = h
dTl h‘ - dTl gctmax gctmax gctmax gctmax gctmax

o &o & T+ Ectmax o &o
—>dn(1+ )= h—>dn( - hod,=—2
gctmax gctmax gctmax gctmax 80 + gctmax

dn, - dn - td
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The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=O_)C1+C2=T1+T2+ANP

1
bE Eodp (be + by )Ecehdy, = (2bw + bin)Octmax (X1 + tr) — EbinEcs,',X1 + Ap0, — Proo

-

bEC‘EOdn - beECE(,)d;l - binEcg(l)d;l = waactmaxxl + wao-ctmaxtf + binactmaxXl + binactmaxtf
—binEcep Xy + 2ApEpAe, —

bE eyd, — 2bsEceody + 2brEcegty — binEcggdy + binEcegty = 2byOctmaxh — 2byOctmaxdn
+bino-ctmaxh - binactmaxdn - binEcgl,)h + binEcgll)dn + binEcgll)tf + ZApEpAgp -
bEC‘EOdTL - beECSOdn + 4beC€0td - be

td + 2bipEceoty — binEc —t5 = 2by,0ctmaxh

d d
_waactmaxdn + binactmaxh - binactmaxd me d_hz + meE foh + ZbLnE d h
n
—2biEcoty — by E, -2 i 12+ 24,E, d 2 d, — 24,E,& —
bE &% h = 2byE, - & h+ &by E, oty — 2byE, 0T 50tmax 2 L o) p o
¢ & T+ Ectmax 4 o T Ectmax rcfota = Shrhe h ¢ infreota
& + &t &
_binEc % té = waactmaxh - waactmax h + bino-ctmaxh
Ectmax
€o €0 t Ectmax 2 £ t+ Ectmax
—bin0ctmax —————h — binEc ————h* + 2bjyEceoh + 2bi E, ————trh
&0 T Ectmax h h

& t € &t €
~2binE g0t — binEe %tﬁ + 2ApEp%dp — 24,E, 0 -
bE.e5fh? — 2bpE e5h* + 4brE £0(g0 + Ectmax)tah — 2brEc (€ + €ctmax)?ts
+2binEc€0(€0 + gctmax)tdh - binEC(EO + gctmax) td = waactmax(go + gctmax)hz
_wao-ctmaxsoh2 + binactmax (50 + Sctmax)hz - bino'ctmaxgoh2 - binEc (50 + Sctmax)zhz
+2binEc‘€0(gO + gctmax)hz + 2binEc(‘gO + gctmax)ztfh - ZbinEch(SO + gctmax)tfh

_binEc(SO + gctmax)ztfg + ZApEp(SO + gctmax)zdp - 2ApEp50(€0 + gctmax)h —
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bE.efh? — 2bpE e5h?* + 4brE e§tah + 4brE €0 ctmaxtah — 2beEcefty — 4brEc€o€ctmaxty
—2bpEc€limaxts + 2bimEceftah + 2y Eceoecemaxtah — binEcebts — 2bimEceo€cemaxts

~binEc&limaxtd — 2bwOcemaxEctmaxh® = binOctmaxEctmaxh?® — binEcegh? + binEceZimaxh®
—2binEc€oEcimaxtph — 2binEcelimaxteh + binEcegtf + 2binEceoecemaxtf + binEc€limaxtf

—24pE,e8dy — 4A,Epoectmaxdy — 2ApEp€imaxdy + 2ApEpeth + 24, Ep€0€ctmaxh = 0 =
(EC ((b = 2by = by )h? + (2by + byn)(2h — ta)ty + bint}) = 24,E,(d,, — h)) £2
+2ecoma (Ee ((2by + bin)(h = t)ta = buntp (R = 7)) = A,y (2, — ) ) 6

2
—Ectmax (Ecgctmax ((be + bin)tgi - bin(h - tf) ) + (wa + bin)o-ctmaxh2 + 2ApEpgctmaxdp)

=0-

—b +Vb?% —4ac
0 = 2a

a = E, (b — 2by — bin)h? + (2by + byy) (2h — to)ty + bint? ) — 24, Ey(dy — h)
b = 2€.rmax (Ec ((2b5 + bin) (h = ta)ta = binte(h — tr) ) = AyEp(2d,, — h))

2
C = —&ctmax (Ecsctmax ((be + bin)t(g - bin(h - tf) ) + (wa + bin)o-ctmaxh2

+ 24 Epecemandy)
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Figure 10.3: deformation and stress diagram when &, < €.imax < &p-

10.3 When &}, < €.tmax < b

d, > tg.

; — Pme

___)T!.

3

AN

ANy
—):r—l‘

With respect to the deformation and stress diagram of [Figure 10.3] the following relations are valid:

;_fz:%_)xl + X, = szaxdn > X, =£C:Zax
Z_i: dijpdn - Ag, :;_i(dp —dy) - Mg, :;_idp_so
;_::hibdnﬁgbzs_i(h_d")_’fb=;—ih—€o

dy' = dn —tg

X1=h_dn_tf

&
X2+X3=tf_)X3=tf_X2 _)X3=h_ Ct;:axdn_dn

&p = Agy + oo
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The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH =O_)C1+C2 =T1+T2+T3+ANp
! 1 !
bE 50 (be + bln)E god (wa + bin)actmax(Xl + XZ) - EbinEcngl
+(2bW + bin)OctmaxX3 + Ap0p — Proeo =

bEcgodn - beECg(,)d;l - binEcg(,)d;‘L = waactmaxXl + 2bwactmaxX2 + binactmaxxl + binactmaxXZ
—binEcep Xy + 4by0ctmaxX3 + 2binOctmaxXs + 2A,EpAgy, >

1 I ! 1 Ectmax
bEL‘gOdn — beECSOdn + beEC‘SOtd - binEc‘EOdn + binEC‘SOtd = _wao-ctmax _E dn
0

‘Sctmax d

n - binEcsiwh + binEcgl,)dn + binEcgl,)tf + 4'bwo-ctmaxh - 4'bwo-ctmaxdn

- bin Octmax
0

+2bin0ctmaxh — 2binOctmaxdn + 24, EpAg, —

bEC‘EOdn - beECSOdn + 4beC€0td - be td + 2blnE gotd blnE

d d

SC tmax

= binetmax =g dn = binfe d—h2 4 2by Epgoh + 2B, -2 d teh
n

Ectmax
= —2by,0ctmax dy

_ZbinEcgotf me tf +4bwactmaxh 4'bwo-ctmaxd + meo-ctmaxh meo-ctmaxdn

d

+24,E, d —d, — 24,Epg,

bE e5dy — 2bsE el da + 4brEce5tqdy — 2brE efts + 2binEceftydy — binEce5td

= _waactmax‘sctmaxdrzl - binactmaxgctmaxd blnE €o hz + 2blnE €o hd + meE &o tfh
_ZbinEcggtfdn - binEcgg t)? + 4bwactmax80hdn - 4bwactmax80d121 + Zbinactmaxgohdn
—2binOctmax€odn + 24pEpe5d, — 2A,Epeld, —

((b - be)Ecgg + actmax(wa + bin)(gctmax + 250)) d121

+2¢q (Eco ((2by + bin)ta — bin(h — tr)) = @by + bin)Ocemaxh + ApEpeo ) dy

—Sg (Ec ((be + bin)té - bin(h — tf)2> + 2ApEpdp) =0-
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_—bt Vb2 — 4ac
N 2a

dn
a= (b - be)Eng + 0ctmax(2by + bin) (Ectmax + 280)

b = 2eq (Eceq ((2bf + bin)ta — bin(h = tf)) = (2byy + bin) Octmaxh + ApEpéo)
¢ =—& (E ((be + byp)t3 — by (h — tf)z) + 2A,Epd,)

The corresponding bending moment capacity and curvature:

2 2 2 2 1
M=Cl'§dn+62'§d;l+T1'§(Xl +X2)+T2'§X1+T3(X1 +X2 +5X3)+Pmoo(e_dn)

+AN,(d, — dy)
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Figure 10.4: deformation and stress diagram when &, = €.rmax-

10.4 When &, = €.4max

d, > tg.

With respect to the deformation and stress diagram of [Figure 10.4] the following relations are valid:

€& %o ;€ , .,
— = - & =—d
dn dnl 0 dn n
& & & € N
ctmax
—_—— s —=—— 5 d. = h—d, —t-) =
dn Xl dn h — dn - tf " Ectmax ( " f)
£ £ £ £ £ £
dp=——h——"—dy———t; > dy+——dy=——h———1t; >
Sctmax Ectmax Sctmax Sctmax Sctmax Sctmax
£ £ g+ € £
dn(1+ 0 >= 0 (h—tf)—>dn<0 ctmax)= 0 (h—tf)—>
8ctmax Sctmax Sctmax ‘Sctmax
€o
=—(h-t
" &o + Ectmax ( f)

o Ag, o £
— =—— S A, =—I(d.—d - As, =—d, — ¢
dn dp _ dn P dn( p n) p dn p 0
€o €p €o €o
- = g =—(h—-d,) > =-—h—c¢
dn h _ dn b dn ( n) b dn 0
dn, =d, —tg
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The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=O_)C1+C2=T1+T2+ANP

bE Eodp (be + by )Ece4dn = (2by, + bin)Octmaxts + 5 (ZbW)E epX1 + Apoy — Ppos =
bECSOdn — beECS(’)d;q - binECE(,)d‘;L = 4bw0ctmaxtf + Zbino-ctmaxtf + ZbWECEIIJXl + 2ApEpA€p il

bE god, — 2bsEceody + 2brE ety — binEcggdy + binEcegty = 4byOctmaxts + 2binOctmaxts
+2byEceph — 2by, Ecepdy — 2by Ecepty + 2A,EpAgy —

&
bE eody, — 2bE eqdy + 4brEceoty — 2beCd—°t§ by Eogody, + 2biE oty — bigEe -2 d
n

= 2by Octmaxty + 2binactmaxtf + 2by,0ctmaxh — 2byOctmaxdn + 24, Ep d d — 24,E,60 »

b, — 0 (h—t;) — 2bsE o (= t;) + 4byE ety — 2bE, > * fotmax 2
. \—tp)— - c€ola — —7 _, t
¢ & T+ Ectmax ! f o T Ectmax ! 4 fre h — tf
2
€0 €o + Ectmax
_binEc (h - tf) + 2binEc“:Otd - binEc h— tczl = waactmaxtf + 2bino-ctmaxtf
€o + Ectmax tf
& + £
+2b, Ocemaxh — ZbWactmax—(h —t;) + 24, E, wd,o — 24,E, &0 -
+ Ectmax h — tf

bE.e¢(h — tf)2 — 2beE.e5(h — tf)2 + 4brEc£0(g0 + Ectmax) (b — tr)ta — 2bpEc (g0 + Ectmax)?ts
—binEc€f (h - tf)z + 2binE g0(go + gctmax)(h - tf)td — binEc (€0 + €ctmax)*ts

= 2by,0ctmax (&0 + Sctmax)(h - tf)tf + 2binOctmax (€0 + gctmax)(h = tf)tf

+2byy Gctmax (€0 + Ectmax) (B = tr )b = 2byOemaxgo(h — tr)” + 24,E, (0 + ctmax)?dy

—2A,E,&0(go + Ectmax)(h — tf) -
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bE.e¢(h — tf)2 — 2beE e5(h — tf)2 + 4brEce§(h — tr)tg + 4brEceoecrmax(h — tr)ty

—2bpE €5t — 4brE €0€ctmaxts — 2bpEce2maxts — binEced (h — tf)2 + 2biEce5(h— tr)tg
+2binEceocemax(h — tr)ta — binEcedts — 2binEceoctmaxts — binEcemaxta

—2b,, 0 tmax€o (h — tf)tf — 2Dy, 0 ctmax Ectmax (h — tf)tf — 2bin0ctmax€o (h — tf)tf
_Zbinactmaxfctmax(h - tf)tf — 2by,0¢ctmax€o (h - tf)h - waactmaxgctmax(h - tf)h
+2by,0ctmax€o(h — tf)z — 24,E,e8d, — 4A,Ep o otmaxdy — 2ApEpelimaxdy + 24, Epel (R — tf)

+24,E,e0€ctmax(h — tr) =0 -
<EC ((6 = 287 = Bin) (1 = )"+ (205 + Bin) (200 = 17) = t0)ta) + 24,y (1 1y - d,,)> 2

+2 <actmax (((2bf + bin)ta = (2by + bin)ty) (R — t7) — (2by + bin)tg)

+ ApEpecemax(h — tr — 2dp)> £

~Getmaxeemax (25 + bin)t3 + (2byy + 2by) (h = tr)tr + 2by, (h = tr)h) = 24 EpeZimaxdyy = 0

-

—b +Vb?% —4ac
0 = 2a

a = Ec((b = 2by = bin) (h = )" + (2B + bin) (20 = 1) = ta)ta) = 24,5, (¢ = (R — 1))

b =2 (Uctmax (((be + bin)td — (2by, + bin)tf) (h - tf) - (be + bin)tczi)

+ ApEpecemax(h — tr — 2dp)>

¢ = —Ocemaxeemax ((2by + bin)t3 + (2byy + 2by) (h — tp)ty + 2by, (h = tr)h) — 24, EyeZimaxdy
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Figure 10.5: deformation and stress diagram when &, > €c¢max & &5 < &p-

10.5 When &}, > &cpmax & & < &y

d, > tg.

With respect to the deformation and stress diagram of [Figure 10.5] the following relations are valid:

8c;riax _ ;_:)1 X, = gctgr;lax d,

Xlsi,X2=;—i eb’—;(:l(X1+X2)ﬁeb’—s—i(h—dn—tf)
cgl_i:dpAgpdn_)Agp_do (dp—dn)%Asp—;—idp—so
cgi_i:hibdn Sb——i(h dn)—’EbZ—ih—fo

d, =d, —tg

&
X1+X2=h—dn_tf—>X2=h—dn—tf—X1=h_dn_tf_ Ctgmaxdn
0

&p = Ay + &poo
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The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH=O_)C1+C2=T1+T2+T3+ANP

bE 50 (be + bln)E god' (wa)actmaxxl + waactmaxXZ + (wa + bin)actmaxtf

Apap — P ™

bEcgodn - beECg(,)d;l - binEcg(,)d;‘L = waactmaxXl + 4'bwo-ctmaxXZ + 4'bwo-ctmaxtf
+2binactmaxtf + 24,E, g, —

Ectmax
d d d, nla = waactmaden

+4‘bwo-ctmaxh - 4bw0-ctmaxdn + zbino-ctmaxtf + ZApEpAgp il

bE,eqdy — 2bE oy + 2bpE—2 diyty — bynEoeody, + by Ee—

&
bE,eody — 2bsE edy, + 4bE gty — 2beCd—°t§ — binE €9y + 2binE €9ty — binE, — d
n

EC tmax

€o
= _waactmax d + 4b Uctmaxh 4‘bwo'ctmaxd + 2b; no'ctmaxtf + ZA d

Z p
—24,E,¢0 -

bE.e§d3 — 2bsE e§dn + 4bpEceitqdy, — 2beE €5ty — binEcefda + 2biE eftady — binEce5ts

= _wao-ctmaxgctmaxdrzl + 4‘bwo'ctmax‘;-‘ohdn - 4’bwo'ctmax‘;-‘odrzl + 2bino-ctfmaxgotfdn + 2ApEpggdp
—2A,E,e8dy, >

((b - be - bin)Ecgg + wao-ctmax(gctmax + 280)) del

+2¢0 ((2by + bin)Ecota — Ocemax(2bwh + binty) + AyEyeq ) dn

— ((2by + bin)Ect] + 24, Epdy ) €3 = 0
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_—bt Vb2 — 4ac
N 2a

%
a=(b- 2b; — bin)Ec€? + 2by, 0ctmax (Ectmax + 2€0)

b = 2¢q ((2b + bin)Eceota = Octmax (2buwh + binty) + ApEyeo)
¢ = = ((2by + bin)Ect} + 24, E,d,, )

The corresponding bending moment capacity and curvature:

2 2 2 1 1
M = Cl'gdn'l'CZ '§d-;l+T1'§X1+T2 <X1 +EX2>+T3 <X1 +X2 +Etf)+Pmoo(e_dn)

+AN,(d, — dy)

204



A A & I
’I-.A [‘Ld ;{, G — ;
—_ L 1 d? n dn‘I © G — Pme

T

S
t
™
R, &
A wn wn
x X
P
||l|||\

‘r
¢ ¢ 0 o & O 9o t _9 - ANP
< b ooa I M
’ b

Figure 10.6: deformation and stress diagram when &, = & ,.

10.6 When g, = &;,,

d, > tg.

With respect to the deformation and stress diagram of [Figure 10.6] the following relations are valid:

S _& L, _fy,,
dn dnl 0 dn n
Ectmax SO gctmax
=— X, = d
Xl n_) ! €o "
&' £ £ £
= "=—X+X '=—(h—-d,—t
X1+X2 dn Ep dn( 1 2)_>8b dn( n f)
o Agy, 0 £
d_n:dp_d —Ag =~ (dp_dn)_’Agpzd_ndp_fo
€o €p Etp €o €0 €0 €o €o €o
== = sdy=2(h—dy) v dy=—h——2d, > dy+—dy=—>h
d, h—d, h—d, d, °n et,p( n) = dn ey eyt M e T e,
£ £ & t ¢ £ &
—>dn(1+—°)=—°h—>dn<—0 t'p>=—0h—>dn=—° h
€p €tp €tp Etp &t é&p
d,’ =d, —tg
€
X1+X2:h_dn_tf"X2zh—dn—tf—)ﬁ:h—dn—ff_%dn
0

&p = Agy + oo
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The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=O_)C1+C2=T1+T2+T3+ANP

bE 50 (be + bln)E god' (wa)actmaxxl + waactmaxXZ + (wa + bin)actmaxtf

+Apap — P ™

bEcgodn - beEcg(’)d% - binEcg(,)d;L = waactmaxxl + 4bw0-ctmaxX2 + 4bwactmaxtf
+2bin0ctmaxtf + ZAPEPAEp 4

! ! 1] Ectmax
bE eydy — 2bsE €ody + 2bfE, 2a nta — binEc€ody, + me 2d nta = 2byOctmax ——— dn

‘d, d,

gctmax 80
+4by G (h —dy—ty — —dn) + 4y Oeomarty + 2binGotmaxts + 24,E, (d— d, - so) 5

€o n

bECEOdn - beECgOdn + 4beC€0td beE - binECSOdn + ZbinECSOtd blTLE

d d
_ Ectmax
- _waactmax d +4b Uctmaxh 4bw0ctmaxd +2bm0'ctmaxtf +2A E d d
—24,E,¢0 -
2 2 2
&§ &5 &t ép 5 €0
bE.———h — 2b;E,.———h + 4bsE_eyt; — 2bsE,————t5 — b;,,E
Cgo+gt,p fCEO""St,p fr=ceotd frc h d in C‘SO+£t,p
& T Ep Ect &
+2binEc€Otd - binEc T 5 = _wao-ctmax cner h+ 4'bwo-ctrmaxh - 4'bwo-ctmax - .
80 + gt,p 0 + gt,p

& t ¢
+2binactmaxtf + 24,E, 2 _te h Lp dp — 24,E,¢) =

bE eih? — 2bE.e3h? + 4bsEc£0(go + €p)tah — 2bEc(go + et,p)ztd binE e2h?
2
+2binEc‘€O(50 + gt,p)tdh - binEc(SO + St,p) tczi = _2bwO'ctmax‘;-‘ctmaxh2

2
+4by,0ctmax (€0 + em,)h2 — 4byy0ctmax€oh® + 2bin0ctmax (€0 + st,p)tfh + 24,E, (e + st,p) d,
—ZApEp80(80 + st‘p)h -
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bE.efh? — 2bpE e5h?* + 4brE e§tah + 4brEcgo; ptah — 2bpE ety — 4brE £op pt ]

—2bsE elytd — binEceth? + 2biEceftgh + 2bin Ecoe ptah — binEce§td — 2biEc€€ pts
_binEcth,ptczi + wao-ctmax“:ctfmaxh2 - 4‘bwO'ctrnax‘;-‘t,z:whz - Zbino-ctmaxgotfh - Zbino-ctmaxgt,ptfh
—2A,Eped, — 4ALEpeoerpdy — 2ApEpefpdy, + 2A,Epebh + 2A,Epee, ,h = 0 -

(EC ((b = 2by = by )h? + (2by + byn) 2k — t)tq) + 24, Ep (h — d,,)) e2

+2 (Ecet,ptd(be + bin)(h — tg) — binOctmaxtrh + ApEperp(h — 2dp)) &0

—E e2,t5(2bs + biy) + 20ctmaxh(bwh(€cemax — 2€6p) — bin€epty) — 24,Epelpdy, =0 >

—b ++Vb?% —4ac
0 = 2a

a = E, ((b = 2by — byn)h? + (2by + biy) (2h = ta)ta) + 24,E,(h — d,y)
b =2 (Eceqpta(2by + bin)(h = ta) = binGotmaxtrh + ApEyeep(h — 2d,))

¢ = —E.efpt5(2bs + bin) + 20ctmaxh(bwh(€ctmax — 2€cp) — bin€epty) — 24, Epelyd,
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Figure 10.7: deformation and stress diagram when ¢, < &5, < &,.

10.7 When g}, < &, < &

d, > tg.
With respect to the deformation and stress diagram of [Figure 10.7] the following relations are valid:

— = N d.’
dn dnl 0 dn n
gctmax _S_O_) — gctmaxd
X1 dy ! €o "
&' £ . & . &
==& =—Wx+X) > =—(h-d,—t
X +X, d, dy dn( nt)
o Etp Etp ) Etp
— =P X+ X+ X =—Ldy, > Xy =—Ld,— (X, + X)) =—Ld, —h+d, +t

& Agp & &
d, dp—dn_) €p dn(p n)_’ €p a, &
fo €p €0 £
d—nzh_dn—)(‘-:b=d—n(h—dn)—)gb=ah_£0
d, =d, —t;

&,
X1+X2=h_dn_tf_)X2=h_dn_tf_X1:h—dn—tf_ Ctgrzaxdn

&
X4=h—(X1+X2+X3)—dn=h—%dn—dn
0
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& = Agy + oo
The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH=0_)CI+C2=T1+T2+T3+T4+ANP

bE 50 - _(be + bm)E god' (wa)actmaxxl + wao'ctmaxXZ + (wa + bin)actmaxX3 +
&p — gt,p
+(2bw + bin)actmaxX4 - E(wa + bin)actmax —¢ X4 + Apap - Pmoo -
tu tp

bEcgodn - beECg(,)d;l - binEcg(,)d;‘L = waactmaxXl + 4'bwo-ctmaxXZ + 4'bwo-ctmaxX3

€ — & D
+2bin0ctmaxX3 + 4‘bwo-ctmaxX4 + 2bino-ctmaxXz} - waactmax — ¢ X4
tu tp
Ep — gt,p
_binactmax _X4 + 2ApEpA£p -
gt,u - gt,p
’ ’ ' Ectmax
bE,eody — 2bsE edy, + 2bsE, d 2 dlty — binEcgodly + binE, d 2 dty = —2byOemar —22E d,,
€o
Ep — St,p
+4by, Octmaxh — 4by Octmaxdn + Zbinactmaxtf — 2byOctmax —c h
u t,p
Ep — gt,p gt,p Ep — gtp &p — gt,p
+2bwactmax - . dn + 2bwo-ctmax - . d binactmax ——h
u — €p €o tu — Etp tu — Etp
€ — Etp €t €p — &,
+binOctmax ———2-—L 4.+ by Ocrmax ———2-d,, + 24, EpAe, -
8 - gtp 80 8 - gt,p

&
bE,eody — 2bsE eqdy + 4bsEcegty — 2brE,—t3 — binEcegdy + 2binEcgoty — by, 2

dy d
Ectmax & — gt,p
= —2byOctmax ——— dn + 4bwOctmaxh — 4bywOctmaxdn + meo-ctmaxtf 2by,Octmax P h
tu tp
Ep —&tp € ctp Ep — Etp € — &tp
+2by Octmax dy + 2byOctmax — dyn = binOctmax — h
Etu —Etp €0 Etu — Etp tu — €tp
€p —&tp &t & — &t
+b;n0ctmax —p P dp + binOctmax b tte dn + 24,E, d — 2A,Epgy »
“&p o Etu — Etp Pdy
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€
bE eo(ery — €0p)dn — 2brE eo(€ry — €6p)dn + 4brEceo(€ry — €rp)ta — 2bfE, d—o (etu — €0p)ts
n

&
_binEcgo (5t,u - St,p)dn + 2binECSO (St,u - St,p)td - binEc dO (St,u - gt,p)té
n

Sctmax (

= _waactmax Etu — gt,p)dn + 4‘bwo-ctmax (Et,u - St,p)h - 4bwo-ctmax (St,u - gt,p)dn

€o
+2binactmax(gt,u - gt,p)tf - 2bwo-ctmax d_hz + 4‘bwo-ctmaxgoh + 4bwactmax£t,ph
n

2

&t £

P 0,2

_4bwactmax£t,pdn - 2bwo-ctmax < dn - waactmaxgodn - bino-ctmax d_h + Zbino-ctmaxgoh
0 n

2
€t
P
+2bin0ctmax5t,ph - Zbino-ctmaxgt,pdn - binactmax < dn - bino-ctmaxgodn
0

€
+24,E, d—o (een — €rp)dp — 24, Epeo(Ey — €1pp) =
n

bE ed(ery — €0p)da — 2bpE el (e, — €0p)da + 4bpE el (ery — €6p)tadn

_beEcgg (8t,u - gt,p)tcg - binEcgg (gt,u - ‘St,p)drzl + ZbinEc‘Sg (Et,u - 8t,p)tddn

_binEcgg (St,u - gt,p)tczi = _waactmaxgctmax(gt,u - gt,p)drzl + 4bw0-ctmax50 (St,u - gt,p)hdn
_4bw0ctmax50 (St,u - St,p)drzl + 2bino-ctmax‘;-‘o (Et,u - Et,p)tfdn - wao-ctmax“:gh2
+4‘bw0-ctmax£g hdn + 4bw0-ctmax505t,phdn - 4bw0-ctmax€05t,pd121 - wao'ctmaxgi,g,pdrzl
_wao-ctmax‘sg d121 - bino-ctmaxggh2 + 2bino-ctmaxg(%hdn + Zbinactmaxgogt,phdn
_Zbinactmaxgogt,pdrzl - bino-ctmaxgtz,pd% - binactmaxggdrzl + ZApEp‘Sg (Et,u - ‘St,p)dp

—24,E, 8 (ery — €0p)dn —

((b — 2bs — bin)Ec€8 (€00 — €rp)
+ Uctmax(wasctmax (gt,u - Et,p) + 4byeoery + (2by, + bin)(gtz,p + 53)

+ 2bin£0£t,p)) d?

+2¢ ((be + bin)cho(St,u - st,p)td
— Octmax (bin(st,u - st,p)tf + 2b,, (so + et,u)h + bin(so + st,p)h)

+ ApEpeg (et_u - et_p)) d,

- ((be + bin)Ec (et — st,p)té — (2by + bin)Octmaxh® + 24,E, (e — st'p)dp) g=0-

B —b + Vb2 — 4ac

dn 2a
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a=(b—2bs —biy)Ecel(ery — )
+ Uctmax(wagctmax(gt,u - Et,p) + 4’bwgogt,u + (2by, + bin)(gtz,p + gg)

+ 2bin€0£t,p)

b = 2¢, ((be + bin)ECSO(St,u — ft,p)td
- actmax(bin(et’u — st,p)tf + 2b,, (50 + et_u)h + bm(so + st,p)h)

+ A Ep € (st,u - st,p))

¢ = — ((2by + bin)Ec(2u — £6)t3 — @by + bin)Ocemazh® + 2A4p By (80 — £0p)dy ) €3

In order to determine the bending moment capacity the centre of gravity of part X, is required:

& — € &p—¢&
(2by, + bin)Octmax (1 - u) Xy 1X4 + 1 (2by, + bin)Octmax b “tp X, - 1)(4
y= ftu — ftp 2 2 tu — Etp 3
= &p — gt, 1 g, — € ,
(@b + bn)tma (1= £ =2 )Xo + 5 2 + i) o=
2 (2by + bin)Octmax (1 B #) XZ + 6 (2by, + bin)Octmax Ety — Stp XZ
y = tu t,p tu tp .
— & —Ep l Ep — Etp )
(1 Eu— Etp  2&m — Etp (2by, + bin)OctmaxXs
1/ & —&p 1 & —&p ,
<2 (1 Etu — &p) + 6&py, — Stp) (2by + bin)OctmaxXi
y= — ’ 5
(R LT P "
2&n — &p w in)Octmax?4
1 _18& —é&p
_ (2 3 gtu - St,p) X4
Y= 1& —&p

1 [ . ]
20 — Etp

The bending moment capacity and curvature:

2 2 2 1 1
M=Cl'gdn'l'Cz'§d;l+T1'§X1+T2<X1 +§X2>+T3(X1 +X2 +§X3)

+T4 (X1 + Xp + X3 +¥) + Proo(e — dy) + AN, (dp — dy,)
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Figure 10.8: deformation and stress diagram when &, = Ep-

10.8 When g}, = &;,,

d, > tg.

With respect to the deformation and stress diagram of [Figure 10.8] the following relations are valid:

€o €o €o

= = dy
dp’ dn dn
Ectmax &o Ectmax

=5 4A = dn
X1 dy €o
&, €o €o €o &o &o &o
L =—o5d,=—(h—dy,—t;) >dy=—h——d,——t; > d, +—d,

h—dy,—tr dy Etp €tp €tp Etp Etp

+
=€—Oh—itf—>dn<1+£—0>=i(h—tf)—>dn<w>=‘:—o(h—tf)—>

Etp Etp Etp Etp Etp tp
€o
= h—t

"o te ( f)
80 Agp 0 80
d—n=dp_dn—>A£p—d (dp—dn)%Aspzdndp &

Ep €o €o €o
h_dn=d—n—>sb =d—n(h—dn)—>sb =ah—so
dn’ = dn —tg
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& = Agy + oo

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=O_)C.1+CZ=T1+T2+T3+ANP

bE 80 (be + bm)E god' = (wa)actmaxxl + 2bw0ctmaxX2 + (wa + bin)actmaxtf
€ —
_E(wa + bin)o-ctmax g—tf +4 pOp — Pm°° -
tu — Etp

bEcgodn - beECg(,)d;l - binEcg(,)d;‘L = waactmaxXl + 4'bwo-ctmaxXZ + 4'bwo-ctmaxtf

Ep — Etp Ep — Etp
+2binactmaxtf - waactmax tf - binactmax tf + ZA E A‘Ep
& u - St,p S - Stp

&
bE eody, — 2b;E eqd) + 2bE, ‘L 20 41ty — by Epeody + by, — 7 2dht, = 2bwactmax%dn
0
Ep — St,p Ep — St,p
+4bwactmaxh - 4'bwo-ctmaxdn + Zbinactmaxtf - waactmax — tf - binactmax — tf
Etu — Etp €tu " Etp

+2ApEpA£p -

bEC‘EOdn - beECSOdn + 4beC€0td be blnE Sod + ZblnE EOtd blnE

d d
Ectmax
= _wao'ctmax d + 4b Uctmaxh 4bw0ctmaxd + meo'ctmaxtf
€ — E&tp € — E&tp
—2byy Octmax ———2-t; — binactmaxftf +24 E,, i Cd, — 24,E,g0 -
Etu ~ Ep &t €p

&
bE &o(&n — €rp)dn — 2brEcg(ery — €1 )dn + 4brE o (€0 — €0p)ta — 2brE, d—o (etu — €tp)ts
n
&
_binEcgo (gt,u - Et,p)dn + 2binEC‘SO (Et,u - St,p)td - binEc d_O (St,u - gt,p)tgi
n

&
ctmax ( Y= Et,p)dn + 4bw0ctmax (5t,u — St'p)h - 4bW0'ctmax (Et,u - Et,p)dn

= -2 bw Octmax

€0
+2binactmax(€t,u - gt,p)tf - wao-ctmax d_htf + wao-ctmaxgotf + wao-ctmaxgt,ptf
n

€0 €0
_binactmax d_htf + bino-ctmaxgotf + bino-ctmaxgt,ptf + ZApEp d_ (St,u - St,p)dp
n n

—ZAPEpso(et_u — st’p) -
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&8 g2
bE, —— (stu erp)(h —t;) — 2bsE, i +05t,p (et — €rp)(h—t7) + 4brE g0 (€0 — €1p)ta
+ St D 2 Sg
—2brE, h (stu st,p)td — bjpE, —g s (Et,u — et,p)(h — tf) + 2binEC£0(st,u — st,p)td

+ & €
mech—;p(gtu &t p)td =—2b O-ctmaxﬂ(gt.u - gt.p)(h - tf)

+&p
&
+4bwactmax (St,u - St,p)h - 4'bwo-ctmax T (Stu St,p)(h - tf) + 2bino-ctmax (St,u - Et,p)tf
& T & Etp ot Etp
2b O-Ctmaxﬁhtf + wao-ctmaxgotf + waactmaxgtptf blnactmaxh—fh f

& T Ep
+bin0-ctmax80tf + bino-ctmaxgt,ptf + 2ApEp h — tf (‘St,u - ‘St,p)dp - ZAPEpEO(‘St,u - ‘St,p) -

DEced (eeu — £0p) (h = ty)” — 2brEced (eca — £0p) (R — t7)

+4byEogo (g0 + £0p) (Eeu — £6p) (h = tr)ta — 2brEc(g0 + £6p)” (6 — 2 )t
—binEced (e — €cp) (R — tf)z + 2binEceo (g0 + e6p) (tu — €6p) (R — tr)ta
—binEe(g0 + €0p) (Een — E6)t2 = —2byyOctmarermax (e — ) (B = tr)”
+4by, Ocemar (€0 + €6 (Een — £6) (A = tr)h — &by, Ocemax€o (e — €p) (R — )
+2binOcemar (€0 + €6) (Een — E6) (h = t)tr — 2byOgemax (80 + £cp) ity

+2by, Octmax€o(€o0 + €6p) (R = t)tr + 2byOcrmax (0 + €cp) € p(h — tf )ty
—binOcemax (€0 + E6p) s + binOcemaxgo(€o + ) (B — tr )7

+binOcemar (€0 + Eep)eep (B — tr)tr + 24 Ey (€0 + £6p)” (60 — £ ) dy

—ZApEpSO (50 + et_p)(et_u — et_p)(h — tf) -
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bEed(eru — ) (h — tr)" — 2brEee2(ery — £0p) (R — t7)°

+4bpE el (ery — €6p)(h — t)tq + 4brE o€ p(Eu — €0p)(h — tf)ta

—2bpE el (ery — €6p)t3 — 4brEceoerp(ery — €6p)ts — 2brEcel, (ery — €0p)t
—binEced(eu — &cp)(h = tf)z + 2binEced (eu — e0p) (h = tf)ta

+2binEceoep (e — €0p)(h — tr)ta — binEced (eu — €0p)ta — 2binEceoerp(ry — €6 )t
—binEcet, ey — €p)td = —2bwOctmaxEctmax(Eeu — €6p) (R — tf)2

+4b,,0 tmax€o (st,u - st,p)(h - tf)h + 4by,OctmaxEep (et,u - et,p)(h — tf)h

—4b,, 0 tmax€o (st,u - st,p)(h - tf)z + 260 ctmax€o (et,u - st,p)(h - tf)tf
+2binOctmax€ep(Eu — €cp) (N — tr)tr — 2Dy Ocemax 8 Mty — 4byOcrmax€ote phty

—2by Octmax€phts + 2by0ctmax€s (h — tr)ty + 2Dy Octmax€otep(h — tr )ty

+2by Octmax€o€tp (A — tr)tr + 2byOcemax€tp(h — tr )ty — binOctmax €8 Mty — 2binOctmax€ote phty
—binOctmax€tphty + binOctmax€s(h — tr)tr + binOctmax€o€ep(h — tr)ts

+binOctmax€otp (h— tf)tf + binOctmaxEtp (h— tf)tf + 24,Eped (e — st,p)dp
+4A,Epeoerp(ey — €rp)dp + 2ApEpely (60 — €1p)dp — 2ApEpel (ry — €6) (R — tr)

—2ApE €08ty (et,u — st,p)(h — tf) -

<Ec(gw i) (6 = 28 = bin) (k= )" + (21 + bin) 20— ) — 20)ta)

+ Octmax (2by, + bin)tf + 2A,E, (Et’u — st,p)(h —tf — dp)> gl

+ (Ecgt,p (et — £0) (25 + bin) (R = 1) — t4) 2t
— Geeman ((2Q2by + budecaty) (h — tp) — 2(2by, + bin)e,phty)

+ ZApEpstlp (et,u — et_p)(h -ty — 2dp)> &

—(2bs + bin)Ecefp(etn — €6p)ta
+ Octmax ((2(€t,u - gt,p)(bwgctmax(h - tf) - wagt,ph - bingt,p tf)

— (2by, + bin)eZpty) (h — tr) + (2by, + bin)eZyhty ) — 24, Epely(ee — £0)

=0-
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_—bt Vb2 — 4ac
B 2a

&o

@ = Ec(een = 2ep) (b = 27 = bin) (= )7 + (2B + bin) (2(h = 1) — ta)ta

+ Uctmax(wa + bin)tjg + ZApEp (St,u - gt,p)(h — - dP)

b = Eceop(eeu — ) (2br + bin) (R = t7) — ta) 2t4
— Gceman ((2Q2by + bu)ecuty) (h — tp) = 2(2by, + bin)e, phty )

+ 24, Eperp(eryy — €6p) (R — tr — 2d)y)

¢ = —(2bf + by )Ecely (0 — )83
+ Octmax ((Z(St,u - gt,p)(bwgctmax(h - tf) - wagt,ph - bingt,ptf)

— (2by, + bin)eZpty) (h — tp) + (2by, + bin)edyhty ) — 24, Epely (2eu — £6p)dy
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Figure 10.9: deformation and stress diagram when ¢, ,, < &p & €y > &p.

10.9 When &,,, < &}, & &, > &,

d, > tg.

With respect to the deformation and stress diagram of [Figure 10.9] the following relations are valid:

47T a0 T
%=;—:—>X1+Xz=t—fdn—>X2=2—;pdn_xl=€;_fdn_£c:zaxdn
)Q+§(—l;r&;:c€l_i_>g”’=;_:(X1+X2+X3)=;_ih—fo—;—itf
2—:=%%Aep=;—:(dp—dn)—>Asp=§—:dp—go

d, =d,—tg

&
Xy + Xy +Xs=h—dy—t; > X3 =h—dy —t; — Xy + X;) = h—dy — t; ——2d,

&p = Agy + oo
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The concrete compressive zone height d,, can be derived from equilibrium of horizontal forces:

ZFH=O_)C1+C2=T1+T2+T3+T4+ANp

bE 50 (be + bln)E god' (wa)actmaxxl + waactmaxXZ + wao-ctmaxX3

1 Ep — Etp & — Etp
_E(wa)o-ctmax X3 + (wa + bin)o-ctmax 1- tf
Etu — Et,p Etu — gt,p

li

1 b
+E(2bw + bin) Octmax ty + Apo-p — Pno
tu gt,p

Ep —

bEC‘EOdn - beECE(,)d;l - binEcg(l)d;l = waactmaxxl + 4'bwo-ctmaxXZ + 4bwactmaxX3

!
€ ~Etp Ep —
—2by Octmax ﬁ)% +4b Gctmax — 4by Octmax 7 tf + 2bin0ctmax tf
t.,p t,p
& — Ep — & Ep — &
—2binOctmax —tf + 2by,Octmax — tr + binOctmax — tr + ZApEpAgp -
Etu — Etp Etu — Etp Etu — Etp

’ €0 ' Ectmax
bEceody — 2bEceody + 2byEe = dpty = binEeeody + by B~ . 2 dlty = —2byOemar T d,
n 0
& — Etp Ep — Etp
+4by, 0ctmaxh — 4bwOctmaxdn — 2bywOctmax fh + wao-ctmax — dy
&~ Etp Etp
li
& — &p — €p Etp & —
+2bwactmax €ru gtp tf +2b wOctmax oy — Stp € d 4bwo-ctmax €t Etp tf + 2blno-ctmaxtf
&p — Ep ~ & & — & €0
_Zbinactmax -g Stp tf + Zb Uctmax gtu _ gt'p tf + binactmax gtu — gt’p tf + ZApEp adp
—24,E,¢0 -
bchodn — beECSOdTl + 4beC80td be d - binECSOdn + ZbinECSOtd me d
Ectmax gl’J - Et,p
= —2byOctmax dp + 4by0ctmaxh — 4bywOctmaxdn — 2bywOctmax Th
tu tp
& — & — & — &ty €
b tp b b tp “tp
+2b,,0, ——d, + 2b,0, —t + 2b,,0, ——d
wYctmax o — Etp ctmax o — Etp f ctmax € — Etp €0 n
4b D% 4 ob, 2b %y 4y op, &6,
—*OwOctmax T _ . Oct — 4binOctmax T Octmax _ _ .
w cmaxs gtp f in cmax in Cmaxg Stp f cmaxgu_gt'p f
/
Ep —
+bino-ctmax _tf + 2A Ep d ZADEZJSO -
&ty — d,
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€
bE &o(ery — €1 )dn — 2brEceo(ery — €0p)dn + 4brEceo (€ — €0p)ta — beECd—o(etu — &p)ts
n

&
_binEcgo (5tu - St,p)dn + 2binEcso(stu - gt,p)td - binEc dO (gtu - St,p)té
n

Sctmax (

= _waactmax Etu — gt,p)dn + 4bwo-ctmax (Stu - gt,p)h - 4’bwo-ctmax (Stu - St,p)dn

_wao-ctmaxsiwh + waactmaxst,ph + wao-ctmaxsiwdn - 2bwactmax€t,pdn + wao'ctmaxgl,) tf

& £

P tp

_wao-ctmaxgt,ptf + waactmax < gbdn - waactmax < St,pdn - 4‘bwo-ctmax‘gbtf
0 0

+4bwactmax€t,p tf + 2bino-ctmax (5tu - St,p)tf - 2bino-ctmaxgb tf + 2bino-ctmaxgt,ptf
+2bwactmax€btf - 2bwo-ctmax‘gllytf + binactmaxgbtf - binactmaxgt,th

&
+24pEp = (60w = £0p)dp = 24pEp(e0u = £1p)0 =
n

€
bE & (ep, — st,p)dn — 2bsE g (eeu — st,p)dn + 4bec£0(stu - st,p)td — 2bsE, _do (eu — st'p)té
n

&
_binEcgo (gtu - gt,p)dn + ZbinECSO(gtu - gt,p)td - binEcd_O (gtu - gt,p)tczi
n

gctmax (

= _waactmax Etu — Et,p)dn + 4'bwo-ctmax (Stu - 5t,p)h - 4'bwo-ctmax (5tu - St,p)dn

€o
_waactmax d_h2 + 4‘bwo-ctfma;»c“:Oh + 4’bwO'ctmax‘;-‘t,ph - waactmaxgodn - 4‘bwo-ctmaxgt,pdn
n

Etp
_4bwactmax8t,p tf - waactmax < gt,pdn + 4bwactmax8t,ptf + Zbino-ctmax(‘stu - 8t,p)tf
0

0 o 5
_Zbinactmax d_ htf + Zbinactmaxgo tf + Zbinactmaxgt,p tf + binactmax d_ tf
n n

£
+2A,E, d—o (etu - st,p)dp — 2A,E, (etu - st,p)so -
n

bE e%(er, — &rpp)d2 — 2brE e (ery — €cp)da + 4brEced (e — €1p)tadn — 2brEc€8 (e — €6 )t
_binEcgg (Stu - gt,p)drzl + ZbinEcgg (Etu - St,p)tddn - binEcgg (Etu - St,p)tg

= _wao-ctmaxgctmax (Etu - gt,p)drzl + 4‘bwo-ctmax‘go (Stu - gt,p)hdn - 4bwactmax€0 (Stu - Et,p)drzl
—2byOctmax€6h? + 4by Octmax€5hdn + 4Dy Octmax€o€e phdn — 2byOctmax €5 da

—4by, Octmax€o€epdn — 4bwOctmax€o€tptrdn — 2byOctmax€tpdn + 4byOctmax€o€e ptrdn
+2bin0ctmax50 (Etu - gt,p)tfdn - Zbino-ctmaxgghtf + Zbino-ctmaxggtfdn + Zbinactmaxgogt,ptfdn

+binOctmax€0 tf + 2ApEped (ry — €1pp)dp — 2ApEped (e — €1)dn =
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((b - be - bin)ECé'g (Stu - gt.P)

+ 2bwactmax (5ctmax (Stu - Et,p) + 2¢ (gtu - st,p) + (80 + gtjp)z)) drzl
2 ((be + bin)Ec‘SO(EfU - gt,p)td - Uctmax(wah + bintf)(go + &) + APEP'SO(EW - gt'p)) d

- ((be + bin) Ec(Eeu = 6p)t3 — Oceman (2bwh? + bunts (2h = t7) ) + 24, Ep (e — et,p)d,,) €2

=0-

—b + Vb2 — 4ac

2a

d, =

a=(b—2bs —biy)E el (ery, — &)
+ waactmax (gctmax(gtu - gt,p) + 2‘90 (Stu - St,p) + (80 + gt,p)z)

b=2 ((be + bin)Eceo(&ry — et,p)td — Octmax(2bwh + bintf)(so + &) + ApEpso(stu - st,p))

- ((be + bin)Ee(Eeu = £6p)t3 — Oceman (2bwh? + bunts (20 — t7))

+ 24,E, (ery — et,p)dp> &8

In order to determine the bending moment capacity the centre of gravity of part X5 is required:

!
Sb - gt,p 1 gb Stp 1
2bw0ctmax <1 R X3 §X3 +5 (wa)actmax Sy — € X3 . §X3
tu t,p tp
y= N
& & S — &
b tp b tp
waactmax (1 T e —¢ ) +5 (wa)actmax Sy — € X3
tu t,p t,p
& — € 1 & — €
b tp 2 b tp 2
b,,o 1-———1X = b,,0 —X
wYctmax € — Etp 3+ 3 PwYctmax Eru — Etp 3
y =

g — & — ¢
b b t,p
waactmax (1 - Sy — 5tp>X3 +b wOctmax Sy — Et,p 3

li A
15" Eep +15b_5t,p boo X2
Stu — gt'p 3 Stu — gt'p wYctmax*3
ﬁ

y = 7 7
&, — & &, — &
b tp b tp
(2 (1 - P ) + & —¢ )bwactmaxX3
tu t,p tu tp
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Etu — Etp

In order to determine the bending moment capacity the centre of gravity of part X, is required:

&p — & 1 &p — & 1
(2by, + bin)0ctmax (1 ﬁ) b 2 trty (Zb + bin)Octmax Etu ; ; tf . §tf

z= ’ -
gp — & — €
(wa + bin)o-ctmax (1 —g s ) tr+5 (Zb + bm)O'ctmax oy — gf,p tr
1 &p — & — & 2
E(wa + bin)o-ctmax 1-— —8 — ¢ tf + = (Zb + bln)O'ctmax Ety — gt,p tf
zZ = b -
&p — gt & — €
(wa + bin)o-ctmax (1 - —g — Stp ) tr+5 (Zb + bm)O'ctmax Ery — gf,p_ tr

1(, _ & =&p\, 1 &~ ) 2
(2 (1 Sty — St,p) + = 6 Eru — &, (Zb + bln)o-ctmax f
zZ = il

_ & "Ep) 1 & —
<<1 Etu — €t,p> t32 Epy — stp> (2by, + bin)Octmaxty

Gozie,1acd),
L - 2 28y —&p  6&y — Ep f_)
[~ Ep 1 & — &

Etu — gt,p 2 Etu — gt,p

The bending moment capacity and curvature:

2 2 2 1
M:Cl’gdn'l'CZ'§d;1+T1‘§X1+T2<X1 +§X2)+T3(X1 +X2+y)+T4(X1+X2 +X3 +Z)

+Ppoo(e — dp) + AN, (d, — dy)
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Figure 10.10: deformation and stress diagram when g, = &,,,.

10.10 When ¢, = ¢,,, (d,, > t4)

With respect to the deformation and stress diagram of [Figure 10.10] the following relations are

valid:
&' € £

0 0 0
= e = —2dy
d,” dy dn

X, _dn - g "

& Etp Etp Ectmax
0 x4 x, =Py X, =P x, =g Ztmax g
X, +X, d, L 2T g 2T g T, ™ g "

D 0 =X 4 Xyt Xy) = 2h— gy — -2t
X, +X, +Xs d, P gt 72T g, 0 g,/
£ Ae £ £ £
—0=—p—>dn=—0(dp—dn)= 0 d, - 4 5
dn dyp—dy €py ~ Epoo €py ~ Epoo €py ~ Epoo

£ g € €

dn+—°dn=—0dp—>dn(1+ 2 >= *—d, >

Epy ~ Epoo €py ~ Epoo €py ~ Epoo €py ~ Epoo

€o €o
= dp -d, = —dp
— &poo Epy — Epoo & + &y — Epoo

B _f L, _f g0
h_dn_dnng_dn(h dn)_’gb dnh 80
dn,:dn—td
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&
X1+X2+X3:h_dn_tf_)X3:h_dn_tf_(Xl-l_XZ):h_dn—tf—%dn
0

&p = Epy ™ Aep + &po = Epy 2 Asp = &y ~ &

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFHZO_)C1+C2:T1+T2+T3+T4+ANp

bE 50 (be + bm)E god' (wa)actmaxXl + waactmaxXZ + wao-ctmaxXB

1 & — Etp & — Etp
_E(wa)o-ctmax X3 + (wa + bin)o-ctmax 1- tf
Etu — Et,p Etu — gt,p

1 Ep — &
+§(2bw + bin)Octmax tr + AIJGD — Prno =
tu p

bECSOdn - beEcg(l)d;l - binEcg(le;l = waactmaxxl + 4‘bwo-ctfmaxXZ + 4‘bwo-ctmaxX3

!
gb—th + 4b —4b

3 wactmax wOctmax

tu " €p 5t D

& —

_waactmax tf + thnactmaxtf

& — & & — &
tf + 2b wOctmax tf + binactmax tf + ZApEpAgp d
Etp Stu — Eep Etu — €tp

€ —
_Zbinactmax
&t

&
’ ctmax
d d td - waactmax dn
€o

&
bE eod, — 2b;E god), + beECd—Od;ltd binEogod!y + by Ey—
n

!
&p ~ &,
—ph + waactmax
Etu — Etp —&p

gb &t )
+4bwactmaxh - 4bwactmaxdn - waactmax —d

!
g — Ep — Etp € Ep & —
—tf + 2by,0ctmax ———— ——dn — 4Dy Octmax —8 tr + 2binOcemaxty

+2by Octmax _
Etp Eu — Etp €0 Etp

I !

Ep — Ep — &p
P t: + 2byyOctmax : Lt + binOctmax b+ 245 (epy — €po)
Etp tu = Ep tu ~ €p

€ —
—2b inOctmax
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€o

&
bE,gody — 2bsE eqdy, + 4bE gty — 2beCd—°t§ — binEceodn + 2binEceota = binEe 5]
n n
!
Ectmax Ep — &tp
= _waactmax —dn + 4'bwo-ctmaxh - 4'bwo-ctmaxdn - wao-ctmax —h
€o tu — €tp
! ! !
gb - gt,p gb - gt,p gb - gt,p 8t,p
+2bw0ctmax dn + waactmax tf + waactmax _dn
tu — Etp tu — Etp tu — Etp €o
€ — Etp & — Etp & — &p
_4bwactmax - tf + Zbinactmaxtf - Zbinactmax - tf + waactmax - tf
Etu — gt,p Etu — St,p Etu — Et,p
& — &
+binactmax—tf + ZAPEp(sm, — spoo) -
Etu — 8t,p

€
bE.g(ep, — et,p)dn — 2bpEqo(ery, — st,p)dn + 4beC£0(stu - et_p)td — 2bsE, —do (0 — Etp)ta
n

&
_binEcgo (5tu - St,p)dn + 2binEcso(stu - gt,p)td - binEcd_O (5tu - St,p)té
n

gctmax (

= _waactmax Etu — 8t,p)dn + 4'bwo-ctmax (Etu - gt,p)h - 4bwactmax (8tu - ‘St,p)dn

_wao-ctmaxsiwh + waactmaxst,ph + wao-ctmaxsiwdn - 2bwactmax€t,pdn + wao'ctmaxgl,) tf

& £

P tp

_wao-ctmaxgt,ptf + waactmax < gbdn - waactmax < St,pdn - 4‘bwo-ctmax‘gbtf
0 0

+4bwactmax€t,p tf + 2bino-ctmax (5tu - St,p)tf - 2bino-ctmaxgb tf + 2bino-ctmaxgt,ptf
+2bwactmax€btf - 2bwo-ctmax‘gllytf + binactmaxgbtf - bino-ctmaxgllntf

+24,Eyp (epy - Spoo)(gtu - gt,p) -

£
bEcso(stu — et,p)dn - 2beC£0 (etu - st,p)dn + 4bec€o(€tu — et,p)td - beECd—O(sm - st,p)té
n

&
_binECEO (8tu - ‘St,p)dn + 2binEc‘SO(‘Stu - gt,p)td - binEcd_o (8tu - ‘St,p)té
n

Sctmax (

= _waactmax Etu — gt,p)dn + 4bw0-ctmax (Stu - gt,p)h - 4‘bwo-ctmax (gtu - gt,p)dn

€o
_waactmax d—hZ + 4'bwo-ctmax‘goh + 4'bwo-ctmaxgt,ph - wao-ctmaxgodn - 4'bwo-ctmaxgt,pdn
n

Etp
_4bwactmax€t,p tf - waactmax < gt,pdn + 4'bwo-cttmaxgt,ptf + 2bino-ctmax (Stu - 5t,p)tf
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Figure 10.11: deformation and stress diagram when d,, = t;.

10.11 Whend,, = t, (¢, < £,,)

With respect to the deformation and stress diagram of [Figure 10.11] the following relations are

valid:
Ectmax €o S X gctmaxd
= — 1=
X1 dn €o "
Etp €o t

&, &, &, Ectmax
— =X+ X, =—pdn—>X2 =—pdn—X1=—pdn——dn
£ & & £

€p €o €0 €o &o
—— =— g =—WX+X,+X3)=—h—g ——t
X, +X,+Xs d, P 4, T gl 0 g,
& Agy, o &
d—n=dp_dn—>A£p P (dp—dn)ﬁAsp adp—so

Ep €o 0

&p = Agy + oo

The compressive stress at the top of the beam g, can be derived from equilibrium of horizontal

forces:

ZFH=O_)C1:T1+T2+T3+T4+ANp
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Figure 10.12: deformation and stress diagram when d,, = t; & &, = &,,.

10.12 Whend, = t; & &, = &,

With respect to the deformation and stress diagram of [Figure 10.12] the following relations are

valid:
ec;r(nax _ Z_o DX, = Ectmax a,

1 n &
%:;_i_)xl-FXZ=t_(')pdn_)xz:%dn_xl=2—:dn—&zzaxdn
X1+Z’+x3 =2—:—>s£, =Z_:(X1+X2+X3)=Z_:h_€0_§_:tf
;_::dpAfpdn—)so =%dn—>eo =Hdn
e e R N

&
Xy +Xo+ Xz =h—dy—t; > Xz =h—dy—t; — (X; +Xp) = h—d, — t; ——2d,

&p = Epy ™ Aep + &po = Epy Asp = &y ~ &

The amount of prestressing steel 4, can be derived from equilibrium of horizontal forces:

ZFH=O—>61=T1+T2+T3+T4+ANp
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Figure 10.13: deformation and stress diagram when d,, = t;.

10.13 Whend,, = t, (&, > €,,)

With respect to the deformation and stress diagram of [Figure 10.13] the following relations are

valid:
Ectmax €o S X gctmaxd
= — 1=
X1 dn €o "
Etp €o t

&, &, &, Ectmax
— =X+ X, =—pdn—>X2 =—pdn—X1=—pdn——dn
£ & & £

€p €o €0 €o &o
—— =— g =—WX+X,+X3)=—h—g ——t
X, +X,+Xs d, P 4, T gl 0 g,
& Agy, o &
d—n=dp_dn—>A£p P (dp—dn)ﬁAsp adp—so

Ep €o 0

&p = Agy + oo

The compressive stress at the top of the beam g, can be derived from equilibrium of horizontal

forces:

ZFH=O_)C1:T1+T2+T3+T4+ANp
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—2byOctmax d_n (guk - ‘Spy)hz + 4by, Octmax€o (guk - ‘Spy)h + 4bwo-ctmax8t,p (‘Suk - gpy)h

2
&t
D
_waactmaxso (Suk - gpy)dn - 4bwactmax€t,p (Suk - Spy)dn - waactmax < (Suk - Spy)dn
0

&
+2bin0ctmax(£tu - St,p)(‘guk - gpy)tf - 2bino'ctmax d_O (Suk - Epy)tfh
n

€o
+2binactmax€0 (Euk - gpy)tf + Zbinactmaxgt,p (Suk - gpy)tf + binactmax d_ (Suk - gpy)t,g
n

€ f;
+2Apfpd(5tu - gt,p)(fuk - Epy) + 24, d_odp (5tu - gt,p) (YLR - fpd)
n S

for For
_2Ap€o (ftu - Et,p) <VL5 - fpd + ZAp&‘poo (Stu — gt,p) yLS _ fpd

fpk

—2Apépy (Stu - Et,p) <y_ -
S

fpd> — 2Peo (e0u — ) (Buk — €py) =

bEced(eru — €cp) (Eur — Epy)td = —2bwOcemax€cemax(Eu — €6p) (Eur — Epy)ta

+4by, 6 ctmax€o(€ru — €p) (Euk — Epy)ta — 4byOctmax€o(€ru — €cp) (Eur — €py)ta

= 2byOctmax€d (euk = Epy)? + 4bwOcemaxd (eur — Epy)hta + 4bwOcrmax€oep(Euk — Epy)hta
= 2Dy Octmax€l (Eur — Epy)td — 4bwOcemax€olep(Eur — Epy)td — 2bwOcemaxeiy (Euk — &py)ta
+2binOetmaxo (gw — gt’p)(guk — spy)tftd — 2binOctmaxEe (Euk - Epy)tfh

+2bin0ctmaxgg (Suk - gpy)tftd + Zbinactmaxsogt,p (guk - gpy)tftd + bino-ctmaxgg (Suk - ‘Epy)t}g
fpk
+24, fpago(ery — €0p) (Eur — Epy)ta + 24,68dy, (€0 — &) (y_ — fpa
s
fi Pk fpk
—24,5 (ery — st,p) (y_ — fpa | ta + 24,€0€p00 (eu — et,p) ™
s s

fok
—2Ap&0Epy (Stu - St.p) < ;,)
S

- fpd> ta

- fpd) tg — 2Pmoogo(gtu - gt,p)(suk - Epy)td -
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- (bEC(Etu - gt,p)(guk - ‘Spy)té + Uctmax(guk - 8py)(2bw(h - td)z + bin(z(h - td) - tf)tf)

— 24, (Stu - Et,p) <fp_k - fpd> (dp - td)) &

Vs

+ (2 (wa (h—tg) + bintf)o'ctmaxgtu (guk - ‘SPJ/)td

+ <2Ap <fpd(€uk - Spy) + (gpoo — &y ) (l;l:_sk - fpd)) - 2Pmoo(‘guk - 5py)> (Etu

- St,p)td> 80

_waactmax (8uk - ‘SPJ/)t(% (Ectmax (8tu - ‘St,p) + gtz.p) =0-

—b +Vb?% — 4ac
€ = 2a

a-— (bEc(gtu - gt,p)(guk - Spy)tc% + O-Ctmax(suk - gpy)(wa(h - td)z + bin(z(h - td) - tf)tf)

2y e 25) (B ) - td))

Vs

b= Z(wa(h - td) + bintf)o-ctmaxgtu(‘suk - gp}’)td
fpk
+| 24 fpd(guk - Spy) + (gpoo — &y ) y_ ~fpa )|~ 2Pm°0(€uk - Spy) (Etu
S

- ‘St,p)td

c= _wao'ctmax(suk - gpy)té(gctmax(gtu - gt,p) + gt,g,p)
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Figure 10.14: deformation and stress diagram when d,, = t5 & &, = &4,

10.14 Whend,, = t; & €, = &, (&, > €,,)

With respect to the deformation and stress diagram of [Figure 10.14] the following relations are

valid:
Ectmax _ €o S X, = Ectmax d
= — 1=
Xq dn g
Etp €o tp

€ Etp Etp Ectmax
TP 20 X 4 X, =2d, > X, = —2d, — X, =24, - d
X, +X, d, 1 2T g 2T g T, ™ g "

r_ %o o o
__>€b :d_n(Xl‘l'XZ +X3):ah_€0_d_tf

n

=)
dn

—(d, —dp) - Aep =—d,, — &

&p = Agy + &

The amount of prestressing steel 4, can be derived from equilibrium of horizontal forces:

ZFH=0%CI=T1+T2+T3+T4+AN[J
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bE 50 (wa)actmaxxl +2b wOctmaxX2 + 5 (wa)o'ctmax(X3 + tf)
+ 1 b 1 gl,’ tr+ A P

— . — — ﬁ

2 inOctmax € gt » f pOp ~ fmoo

bEcgodn = waactmaxxl + 4'bwo'ctmaxXZ + 2bwactmaxX3 + waactmaxtf + binactmaxtf

—b inOctmax

bE_.gyd,

+bino-ctmax tf - binactmax

bECSO (Stu

&t
D
+2bW O-Ctmax

€o

€ — Etp € — &py [ Jpk
mtf + 24, (fpd t o\ " fea ) | T 2ApTpme >

tu Euk Epy Vs

Ectmax gt.p
- _waactmax < dn + 2bwo-ctmax < dn + 2bw0ctmaxh - waactmaxdn
0

0

ep — — &py fpk
tf + 24, fpa + 24, f . (— — fpa | — 24p0pme
tu Euk Spy Vs
Ect
- gt,p)(guk - EPY)dn = —2by,0ctmax e ( u gt,p)(guk - EPY)dn

(Etu - St’p)(Suk - gpy)dn + wao-ctmax(gtu - gt.p)(euk - gpy)h

_waactmax (Stu - St,p)(suk - 5py)dn + binactmax(gtu - St,p)(suk - Epy)tf

_bino-ctmax(‘sl,) - 8t,p)(€uk - gpy)tf + 2Apfpd(8tu - gt,p)(‘guk - gpy)

f;
+2Ap(€p - Spy)(stu - Et,p) < - fpd) - ZApameO(Etu - St.p)(‘guk - gpy) -

bEc‘EO (Etu

+ 2 bW Gctmax

- 8t,p)(€uk - EPY)dn = _waactmax

€
M( u 8t,p)(€uk - gpy)dn

&
St_f (gtu - gt,p)(‘suk - 81’3’)dn + wao'ctmax(‘stu - 815,1?)(811" - gpy)h

_waactmax (Etu — & p)(guk - gpy)dn + binactmax(gtu — & p)(guk - gpy)tf

—b; inOctmax 7 d (Suk gpy)htf + b; inOctmax€o (Euk Spy)tf + b; nactmax d (Euk ‘gpy)t]g

+bin0-ctmax8t,p (‘Suk - gpy)tf + ZApfpd (Etu - gt,p)(guk - gpy)

€ fok fok
+2Ap d_O (Etu - 8t,p) < P fpd> - 2Ap80(£tu - gt,p) (VL - fpd)
n s

fok fox
+24pEpeo(Ecu = Ep) (yls ~ foa | = 24,8 (e0u — €1p) L ~ o

—2450pme (8tu - gt,p)(guk - gpy) -
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h—d,

8
bEc h— d (5tu St,p)(suk - gpy)drzl = _wagctmaxgctmax(gtu - St,p)(guk - Spy) .
U

+2bwactmax£t,p (gtu - Et,p)(‘guk - gpy) = + waactmax(gtu - Et,p)(‘guk - gpy)h

—2byOctmax (Etu - St,p)(‘guk - gm’)dn + binactmax(gtu - St,p)(‘guk - fpy)tf

&t Etu
—binOctmax ﬁ (Euk gp)’)htf + binOctmax h—d, n(euk - SPJ’)tf

Et
+bm0-ctmax h— 121 (Suk - gpy)tjg + binactmaxgt,p(guk - gpy)tf + 2Apfpd(5tu - gt,p)(guk -

& fox fok
+2Aph d G gtlp) <__fpd> Aph d dy(geu — ‘St,p) (Z_fpd>

+2Ap€poo(5tu - gt,p) (fpk fpd) ZApgpy(gtu - St,p) (fpk fpd)

—2450pme (8tu - gt,p)(guk - gpy) -

bE ety (eru — &tp)(Cur — €py)tE = —2byOcemaxEctmax (Eeu — €cp) (Euk — Epy ) (h — £4)?
+2by, Octmax€tp (eeu — st'p)(euk - epy)(h —tg)?

+2b,,0ctmax€tu (stu — st'p)(suk — epy)h(h —tg)

—2by, O ctmax€tu (etu — st’p)(suk — spy)td (h—ty)

+binOctmax€eu(Etu = €6p) (Euk = Epy)tr (A = ta) = binOctmaxetu(eur — Epy )ity
+binOctmax€iu(uk — Epy)tats + binOcemax€iu(Eur — epy)tf

+bin0-ctmaxgtu€t,p (Suk - gpy)(h - td)tf + 2Apfpd€tu (gtu - gt,p)(guk - gpy)(h - td)
fox fox
+2Ap€t2,u(£tu - St,p) ( - ~ fpa |d ZApgtz,u(gtu - St,p) yL ~ fra | ta
s

fpk

+2Ap5poo€tu(5tu - St,p) (fpk fpd) (h td) - 2Ap€py€tu(5tu - St,p) ( fpd) (h )

_2Ap0pmw£tu(gtu - Et,p)(‘guk - gpy)(h - td) -
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DE,e2u (e — 0p) (Eur — £py )2
+ Oceman (Eur
= £y) (2bw (2w — £ep) ((Ectmax — £ep) (B = ta) + £ (ta — ) (= tg)
- binsﬁut})

= zgtu(‘gtu

~ Ep) <<(fpd — Tpmeo) (Euk — €py) + (Epen — £py) (1% - fpd)) (h—tq)

o) ()>

Vs

a = bEcgtz,u(‘Stu - gt,p)(‘guk - EPY)tczi
+ Uctmax(guk

— &py) (wa(‘gtu - gt,p) ((Ectmax - gt,p)(h —tg) +ep,(tg — h)) (h—tq)

- bingtz'ut]g)
— fpk
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242



A 4 & A
L& d ' C'
& T n ‘1 €o C
S S S A E d dn X, * ‘}:—)Pm.o
. g Eckwax. ix 1
€] 2 2
! X Slovanx. T
o ¢ 0 0 0 O o | ! A
rd 3 pa ELP P
’ b

Figure 10.15: deformation and stress diagram when &, = &;,,.

10.15 When &, = &, (d, > t; & &, > &,,)

With respect to the deformation and stress diagram of [Figure 10.15] the following relations are

valid:
&' & -
— =& =—d
d,) d, ° " d, "
gctmax =S—O—)X — Sctmaxd
X1 dy ! €o "
Etp €o Etp Etp Etp Ectmax
=—-X+X,=—d, > X, =—d,— X, =—d, ————d
X, +X, d, L 2T g 2T g T, ™ g "
&y’ €o ' €o €o €o
Y L =X X+ X)) = —Sh—gy——>t
X, +X,+X; d, P dn( 1+ Xz + X3) d, 0 g,/
o Agy, o &
—=—>Agy=—(d, —d,) 0 Ag, =—d, — ¢
dp, dp—dy P dn(p ") Pd,’? 0
£ £ £ £ £ £ £
=2 sdy =2 (h—dy) =—h——d, > dy+—dy =—~h -
h — dn dn Etu Etu Etu Etu Etu
£ £ & + € £ £
do([1+—>)=—"hod,(—2)=—"h>dy=—"—h
Etu Etu Etu tu & T &ty
dn,:dn_td
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& = Agy + oo

The compressive stress at the top of the beam &, can be derived from equilibrium of horizontal

forces:

ZFH=0_)CI+CZ=T1+T2+T3+T4+ANP

1
bE 50 (be + bm)E god' = (wa)actmaxxl + 2bw0ctmaxX2 + E(wa)o-ctmax(x3 + tf)
1 gb - 8tp
+Ebino-ctmax 1-— P tr + Apop — Ppoo =

bEcgodn - beECE(,)d;l - binEcg(,)d;‘L = waactmaxXl + 4'bwo-ctmaxXZ + waactmaxX3

!
€~ &tp &~ Epy (fok
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—2Ppe ™

&
’ ctmax
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bEC‘EOdTL - beECSOd;l + be d <
0
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!
gb - gt,p

Etp
+2bwactmax < dn + waactmaxh - waactmaxdn + binactmaxtf - binactmax tf
0

tu — gt,p

& — €
+24, fpq + 24, T—2. (f”—" - fpd> — 2P —
Euk — Epy Vs

bEC‘EOdn - beECSOdn + 4beC€0td be - binECEOdn + ZbinECEOtd blnE

d d
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€ — Etp &~ Epy  (fok
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bEcso(stu — et,p)(euk — sm,)dn — beEcso(stu — et,p)(suk — sm,)dn
£
+4beCso(sm — st,p)(euk - spy)td — beEC d—o (stu — st,p)(suk - epy)té
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£
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