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Abstract. The present paper focuses on a numerical approach based on the Riemann
problem to simulate liquid flows with phase changes. Thereby, the flow properties include
velocities from O(1) m/s to O(100) m/s and pressures from p =~ 0 bar to O(1000) bar.
The thermal and caloric behavior of liquid and vapor is described by suitable equations
of state that keep the considered governing equations hyperbolic in time. This enables us
to study single-phase as well as two-phase wave propagation phenomena, which can have
strong effects on the performance of dynamic systems, e.q. on high-speed hydrodynam-
ics in injection nozzles or in high pressure valves. Qur physical model is based on the
assumption that the two-phase regime can be described as a homogeneous mizture that re-
mains in thermodynamic and mechanical equilibrium. This model provides a macroscopic
description of the phase change and is independent of empirical parameters. Subsequent
to the description of the mathematical model and the numerical method, computations
are carried out to demonstrate the accuracy and applicability of the numerical scheme to
liquid flows for a large variety of industrial problems. Finally, the simulation results of
the time-dependent cavitating flow through a 3-D injection nozzle will be presented.

1 INTRODUCTION

Liquid flows at low or at least moderate Mach numbers are usually described as being
incompressible. This simplification is justified by the observation that the density change
along a particle path is almost zero as long as no phase change occurs. As a result, the con-
tinuity equation reduces to a kinematic constraint on the velocity field. Furthermore, the
pressure is no longer a thermodynamic state variable and thus one has to calculate it from
the known velocity field by a Poisson type equation. An important consequence of this
formulation is the loss of hyperbolicity of the time-dependent convective flow equations,
which means that the mathematical model does no longer describe wave motion with
finite propagation speeds. In the case of subsonic steady-state solutions this treatment
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gives satisfactory results. For unsteady flow patterns the elliptic pressure treatment can
lead to completely wrong predictions, for example when calculating the pressure raise in
a water hammer. Especially when dynamic systems such as high-speed valves or injection
systems are considered, the wave propagation and thus the compressibility has to be taken
into account. Most of the work done so far does consider only 1-D geometries’. Even if
there is no external force present that introduces pressure waves to the flow field, strong
compressibility effects can be observed when the liquid undergoes phase change. We will
exclusively focus on phase change phenomena caused by a local pressure drop below the
temperature-dependent saturation pressure - cavitation - , or if vapor is already present
and the pressure rises above its saturation value - condensation. Both effects can be a
consequence of acceleration or deceleration of the flow due to geometry properties as well
as due to rarefaction or shock waves. The description of microscopic details of the phase
change is beyond the scope of this investigation but there has been numerous research
on this subject?3. Instead we will follow the assumption that a given fluid volume can
be represented by either a pure phase or by a homogeneous saturated mixture*. In the
case of a mixture region we define macroscopic quantities. This can be achieved by the
assumption that the flow particles undergo unconstrained thermodynamic equilibrium.
Moreover, the equilibrium assumption enables us to define an equilibrium speed of sound
¢, which will be used to calculate the wave propagation in the two-phase mixture as well
as in single phase regions.

2 GOVERNING EQUATIONS

As we are mainly interested in the wave dynamics of convective high-speed hydrody-
namics, we base our mathematical model on the conservation laws of mass, momentum
and energy and neglect viscous effects. The saturated mixture quantities are then defined
as convex combinations of mass or volume fractions of the pure quantities. For liquid
states we use the index [ and for vapor states the index v is taken. Quantities without
index represent either vapor-liquid equilibrium properties in the two-phase region or pure
substance properties in single-phase regions. We further use the notations:

Vi .
a = volume fraction of vapor
Vi +V,
s 1)
= — mass fraction of vapor.
SN

Mass and volume fractions fulfill the relations

0<a<1l and 0<pu<l. (2)

The mixture density and the mixture internal energy can then be defined by
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p = ap, + (1—a)p 3)
pe = ape, + (1—a)pe = p{pe,+ (1 —pet.

By interpreting the mixture quantities (p, pv, pE) as densities with respect to the Lebesgue
measure we find formally the same set of equations as for single phase flows:

S o = (4)
O(pv) + div(pv@ v +pl) = 0
O(pE) + div(pHV) = 0.

Here, v € R® and I = §;;. The total enthalpy H is given by:
p v, p

H=FE+=-=e+— +=. (5)
p 2 p

Furthermore, constitutive relations for the remaining quantities are needed. At this point
we assume relations for pressure and internal energy to be given in the form

p=p(p,e) and T =T(p,e). (6)

By writing the system (1) in quasi-linear form and calculating the eigenvalues in unit
direction @ one obtains®:

o (7)
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where ¢? is defined by

2_Op| _Op| , P Op

T 0|, op|, T p2oe (®)

o
The Euler system (4) is hyperbolic if and only if 0 < ¢ < co. Then the quantity c is
called equilibrium speed of sound®.

3 EQUATIONS OF STATE (EOS) FOR LIQUID, VAPOR AND SATU-
RATED MIXTURE

In this section we give an example for the constitutive relations (6), which are suit-
able to describe the properties of water and water vapor for thermodynamic subcritical

3
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conditions occurring in a large range of practical applications. Note that the general nu-
merical method is not restricted to this special choice and hence, the use of problem-suited
relations is possible.

3.1 EOS for liquid water

One often used relation for the properties of liquid water is the Tamman EOS or
sometimes called Stiffened equation of state’. This EOS is well-designed for very high
pressures and its evaluation is extremely fast. Unfortunately, for the considered pressure
regime from nearly 0 bar up to 1000 bar the Tamman EOS is not suitable. Another well
known relation is given by Tait’s law:

ﬂ_(p>N_ 9)

pref+B B pref

This equation is often used to describe isentropic variations and a thermally consistent
description for the corresponding internal energy could be of the form:

€ = Cvl (T - Tref) + € (10)

In EOS (9) and (10) the reference values (-),f, the "bulk coefficient” B, the ”adiabatic
exponent” N and the specific heat at constant specific volume C,, are assumed to be con-
stants. The accuracy of the pressure law (9) can be increased by the use of temperature-
dependent saturation values instead of constants*. We then obtain the modified Tait law:

p+B o N
psat(T) + B <pl,sat(T)) ' (11)

Equation (11) can be interpreted as a set of self similar curves starting from saturation
values and then following Tait’s law. Again, B and N are assumed to be constant. Un-
fortunately, the modified Tait equation together with formulation (10) does not fulfill
Maxwell’s relations. Nevertheless it gives an useful description not only for water but for
a large range of materials®®. It should be further pointed out that the resulting errors by
checking the compatibility relations are relative small and hence, we suggest that the mod-
ified Tait law (11) together with (10) can be an appropriate set of constitutive relations
for liquid flows. As the saturation properties are typically given by high-order non-linear
functions (e.g. Oldenburg polynomials'® for water and water vapor), the evaluation pro-
cedure is further simplified by approximating the saturation functions by problem specific
lower order relations.

The speed of sound ¢ for liquids is then found by applying (8) on (10) and (11). The
obtained values do in general agree well with the measurement datal!, but relative errors
up to three percent are possible.

All calculations in section 5 are performed with the same reference values, which can be
found in the appendix.

ref”
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3.2 EOS for water vapor

In comparison to liquids, the thermodynamics of ordinary gases at moderate conditions
can be modeled in a more compact way. The simplest but still appropriate formulation
is given by the ideal gas law:

p = pRT
(12)

€y = C’UU(T—Tref)—l—el —|—Lvmf.

ref
For the sound speed ¢, in pure vapor the well known relation ¢ = vxkRT is applied.
Again, the used constants are given in the appendix.

3.3 EOS for saturated two phase mixture

The assumption of thermodynamic equilibrium enables us to define mixture states by
the following conditions:

p = apy,(T)+ (1 —a)p, (T)
pe = apu(T)es(T) + (1 — a)pi,., (T)ex(T) (13)
p = psat(T)'

The temperature-dependent saturation densities of water and vapor can again be approx-
imated by exponential functions (appendix). Note that by solving the first equation for
the volume fraction « and applying the result to the second equation we find:

p - plsat (T)
pvsat (T) - plsat (T)

This is a single nonlinear equation for the unknown temperature 7', which can be solved
via appropriate numerical methods. In our case we have found a contradictive formula-
tion, and by applying Banach’s theorem we obtained a simple fixpoint scheme which has
proven to be at least 3 to 4 times faster then our previously used Newton method. If the
temperature is found, the first equation gives the volume fraction in a self-consistent way
and the calculation of the saturation pressure is easily done.

The calculation of the mixture speed of sound ¢ can be simplified by the commonly used
formula®? given by Wallis'?. This leads to the relation:

pe = {WWGMﬂU—%Aﬂq@@+mm@muw (14)

1 1—
_ o) n ! (15)

o
Pt pusatC: Plsat G

Evaluating this expression for saturation values, a very strong dependence on the vapor
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fraction a can be observed. The quantitative behavior for T' = 293 K is demonstrated in
Fig. 1 (left). Note that the sonic speed decreases from O(1000) m/s to O(1) m/s. Even

saturation curve
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Figure 1: Speed of sound ¢ for a two phase mixture in logarithmic scale (left) and combined EOS at
T=293 K and TAPWS data!?® (right)

for very tiny mass and volume fractions an enormous reduction of the speed of sound
is observable. This fact was experimentally used to generate hypersonic flow fields at
relative low convective speeds'?.

3.4 Combined EOS for liquid flows with phase change

Connecting the above defined equations of state leads to a complete description of the
properties of liquid and vapor. It should be pointed out that more accurate equations
are known'®. The advantages of the procedure given above are its applicability to fluids
other then water and its high numerical efficiency. A comparison of the combined EOS
with TAPWS measurement data!® at a temperature T' = 293 K is given in Fig. 1 (right).

4 NUMERICAL METHOD

The formulation of the governing equations as conservative hyperbolic system moti-
vates the use of specially adapted solution strategies, such as the Godunov approach®®.
Although the Riemann problem is completely understood for 1-D ideal gas flows, the
extension to multidimensions and arbitrary equations of state is still somehow empirical.
Nevertheless, most of the results obtained by Godunov-type schemes are convincing and
especially the sharp wave capturing ability is up to now not reached by other methods.
A general Riemann problem description with special remark on ideal gases is given by
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Toro'”. The Riemann problem for water and the interesting case of Riemann problems for
water/gas interfaces are solved for special equations of state”!®. General remarks on real
material flows can be found in the literature'®. In the last few years, the density-based
solution procedures for the Cauchy problem of fluid dynamics have reached enormous
interest and successful and sophisticated numerical codes have been developed?®. While
being well-designed for time-dependent wave propagation phenomena, it was found out?!
that the calculation of steady-state flows at sufficiently low Mach numbers cannot be done
without modifying the density-based schemes. The introduction of asymptotic expansions
in natural powers of the Mach number show that the numerical problems arising for M
sufficiently small are due to wrong calculations in the pressure field?2. To solve these
drawbacks, a modification of the numerical dissipation was found to be successful®?. The
next subsections are therefore organized as follows: First, an approximate solution of the
Riemann problem is given and the influences of the fluid properties on the accuracy of a
numerical simulation are briefly discussed. As a main result, the calculation of the pres-
sure flux may need some modifications to ensure accurate steady state solutions. Taking
these modifications into account, a hybrid solution approach is given in subsection 4.2.

4.1 Accuracy of well-known Riemann solvers

Before we give a brief description of the numerical difficulties to solve compressible
liquid flows we introduce further quantities and notations. Therefore a schematic sketch
of the Riemann problem and the arising quantities is given in Fig. 2. The quantities on the

(027U*7p*) /I (PEaU*aP*)

(prL,ur,prL) , (PR, UR,DR)

Figure 2: Schematic 1-D Riemann problem

very left (”L”) and on the very right sides (" R”) are the known integral averages from the
last timestep. To calculate the fluxes over the cell faces, the star conditions (pj, pj, u*, p*)
are required. By assuming that the two outer states are close to some averages, a local
linearisation around that averages could be performed and an approximate solution is
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obtainable by applying Rankine-Hugoniot conditions across each wave:

ur, +u — + pclur —u
u o= L R+pL __pR = PL pR+P(L R)
2 2pc 2 2 (16)
) plup — u*) . p(u” — ug)
P = prt—— Pr = PRE————

Note that the linearisation replaces the waves in the genuinely non-linear fields by jump
discontinuities independently of the specific wave types. The barred variables p, ¢ could be
specified as arithmetic means of left and right-sided values. Although more sophisticated
approximations for the star conditions are known!”, the general properties of the result-
ing fluxes are quite similar to the one given above. Especially the behavior of the second
equation should be briefly discussed: Therefore, we consider an inviscid steady water flow
through a one-dimensional duct at a (nearly) constant temperature of 320 Kelvin and a
constant total pressure of 1.125 bar. The velocity is assumed to accelerate from 5m/s at
position 1 to 15 m/s at position x,. For these conditions, the steady density and sonic
speed distributions will be to best approximation constants, say p = 1000 kg/m?® and
¢ = 1540 m/s. The static pressure drop can then be calculated from the Bernoulli equa-
tion and one obtains: p(z1) = 1 bar and p(z3) = 0 bar. Note that the static pressure and
the velocity both vary in the order of their ”farfield values” at position x;. Although the
Mach number M of this problem is strictly smaller then 0.01, we are not allowed use the
asymptotic techniques developed for low Mach number flows, because the leading-order
variations do not permit the introduction of M-expansions??. In the context of a finite
volume approach all quantities are given by integral averages. Assume the discretization
leads to the following left- and right-sided values:

ur, =5 m/s, ugp =5.13 m/s,
pr = 1 bar, pr = 0.993 bar, (17)
pr = 1000 kg/m?,  pr=pr—c (e 1).

Evaluating the expressions in (16) does then give the conditions

u* ~5.056 m/s, p*=~0 bar. (18)

On the one hand both values can be verified to be quite accurate solutions of the Riemann
problem for the given left and right sides. On the other hand the obtained pressure value
indicates the difficulty to calculate the numerical flux for a smooth water flow. The
calculated interface pressure p* is extremely sensitive even to small ”discrete jumps” in
the velocity field. An explanation for this behavior could be obtained by the following
observation: For nearly constant density and sonic speed the numerical approximation of
the pressure py, g at the cell interface is given by the p* relation in (16):

PL

(up — ug) :PL-H?R_A Cw

1
2Ax 2 ey (19)

PL,r =

8
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One can identify the product pc as a scaling factor on the mesh dependent dissipation term
Azu'(€). As a consequence, the use of the quantities arising from the Riemann problem
to calculate the fluxes over the cell faces (as commonly done in the approximate Godunov
approach) results in a scheme with a truncation error of O(pc- Ax). A comparison of air
and water at standard conditions leads to:

(pC)air = O(10%)  and  (pC)water = O(10°) (20)

From equation (20) it can be concluded that the calculation of a steady water flow may
require a much finer grid than a comparable air flow. Unfortunately, this is a consequence
of the discretization and not part of flow physics, as the velocity jumps are - for the
suggested smooth flow - not physically present. Keeping this in mind we can determine
possible ways to obtain accurate solutions for steady and unsteady liquid flow problems:
Fine grids, high-order reconstructions and/or a modification of the pressure flux calcula-
tion. The first two suggestions are in general limited in their efficiency and do not seem
to be sufficient to obtain accurate steady-state results on typical 2-D and 3-D grids. This
will be demonstrated in section 5.3 for a 2-D single-phase calculation.

4.2 Hybrid solver based on the Riemann problem and flux splitting

In order to study the behavior of well known flux functions we have applied the schemes
of ROE, HLL and HLLC, as well as the Rusanov scheme and two simple linearized schemes
on steady and unsteady water flow problems!”. All schemes failed to give accurate steady-
state solutions for typical 2-D and 3-D nozzle flows, but they performed excellent or at
least satisfactory on shock tube problems. As supposed in the previous section, the
steady-state solutions indicated a strongly dissipative behavior. Contrary to the men-
tioned flux functions, the AUSM+ scheme?®® performed quite well for ¢+ — oco. For shock
tube calculations the scheme produced acceptable results but the mass flow was not as
accurate as the one predicted by the ROE or HLLC fluxes. Comparing the pressure flux
calculation in the AUSM type methods?*? with those methods that are directly related
to the Riemann problem, one can figure out that the AUSM pressure splitting contains a
significantly lower diffusion term. For the nozzle flow problem stated above the interface
pressure calculated by the AUSM scheme is about 0.9 bar, which seems more reasonable
than the result given in equation (18). We therefore tried to combine the AUSM flux with
the HLLC flux to obtain a scheme?® that is able to handle problems containing nearly
steady regions as well as time dependent wave phenomena. Therefore, we follow the gen-
eral philosophy of the AUSM type methods and divide the conservative Euler fluxes F'(Q)
into a ”convective component” and a ”pressure part”. This leads to the formula:
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pu 1 0
pult +p U P
F(Q) = puv = (pU) ’ v + 0 =m:- Fcom) + Fpres (21>
puw w 0
pul H 0

The mass flux m := (pu) is a common scalar for the convective flux. Instead of approx-
imating r via polynomials (as done in the original AUSM methods) we use the HLLC
mass flux'”. For the schematic sketch given in Fig. 2 the mass flux reads then:

= (pju) (22)

The convective vector F,.,, is build up by pure left side states for positive mass flow and
otherwise by right side values. This is again a common part of AUSM. To determine the
pressure flux F),.s we apply the AUSM pressure splitting without additional modifications.
The resulting interface pressure py, g can be written as:

pr.r = Pi(ur/cL) - pr + P (ur/cr) - pr (23)

A very detailed description of the AUSM scheme including the full presentation of the
polynomials PZ for the pressure splitting can be found in the literature®*.

4.3 Higher-order spatial reconstructions

The finite volume framework leads to a method of lines type approach where the spatial
discretization can be selected independent of the time marching scheme. Although the
straight forward extension of the TVD theory to multi-dimensions has proven to be not
successful in a rigorous mathematical sense?’, the so called MUSCL-type reconstructions
have been successfully used for many years. We apply the reconstruction procedures in
a coordinate-wise manner on the variables p, u, v, w, e and select the type of limiting de-
pending on the flow properties. For cavitating flows a positivity preserving reconstruction
is needed for the density, such as the MinMod limiter?”. The velocity field is recovered by
a WENO-3 reconstruction®® and for the internal energy we apply the VanLeer limiter®.

4.4 Temporal integration

As the resolution of pressure waves requires a very small time step we use explicit time
marching schemes only. We have tested a second order TVD-Runge-Kutta method? as
well as a non-TVD four stage second order low storage RK scheme®. Both worked stable
and accurate for all our numerical examples. It follows from the theory? that the CFL
number for the TVD-RK has to be taken very small (< 0.3) to keep the scheme in the
TVD region. The four stage RK allows a C'F'L =~ 1.5 and although it does not ensure
TVD we did not observe overshoots for the simulations done jet.

10
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5 NUMERICAL EXAMPLES

In the following section we validate the numerical scheme for 1-D and 2-D test cases
and apply it then to a 3-D geometry. If possible, the obtained solutions will be compared
with analytical results.

5.1 1-D single phase time-dependent test case

In order to verify the stability and the wave capturing ability of our method we start
with a well-known Joukovski-Shock or water hammer problem, which is actually an ordi-
nary moving normal shock. Thereby, a stationary water flow through a pipe with constant
area and the constant conditions p = p(Poo, Teo), U = Use > 0, p = P and T = Ty, is
considered. At time t = t. the outflow boundary is entirely closed and a pressure rise at
the wall instantaneously occurs. This (weak) shock wave then travels in opposite direction
to the flow. Again, the pressure jump can be approximated by solving the generalized
Riemann invariant across the wave

dp+ pcdu =0 across & =u—c. (24)

By evaluating the product pc at the foot of the characteristic one obtains:

Using the experimental data from!! we find for water at conditions T = 319.0 K and
Poo = 0.9 bar the corresponding density po, = 989.86 kg/m? and the corresponding sonic
speed co, = 1537.16 m/s. Taking u., = 1.0 m/s and evaluating (25) for these conditions
gives

p* = 16.12 bar. (26)

We now perform a numerical simulation by using p.., Ts and u. as stated above. The
corresponding density and sonic speed follow thereby from the equation of state. First we
find

Poocos = 989.84 kg/m® and  cocos = 1544.14 m/s. (27)

The relative errors in density and sonic speed are Ap/ps = 2-107° and Ac/co = 4-1073.
The calculated pressure after the shock gives pf, . = 16.20 bar. Taking the analytical
estimate (26) as reference we find the relative error Ap*/p* =5-1073.

Remark 1: Calculating the Joukovski-Shock by integrating characteristic compatibility
relations across the shock (equations 24, 25) results in an underestimation of the pressure
jump. It is possible that the numerical result, which predicts a shock Mach number of

Mg =~ 1.0008, is closer to the true solution then the analytical estimate.

Remark 2: Contrary to steady subsonic flow patterns, the water hammer can not be

11



Steffen J. Schmidt, Ismail H. Sezal and Giinter H. Schnerr

calculated with an incompressible formulation. The divergence-free condition in incom-
pressible formulations does not permit the formation of the necessary pressure wave and
instead of the true time-dependent behavior the velocity in the whole pipe will be set to
zero after the first time step. From a physical point of view, this could be interpreted as an
infinitely fast signal speed, which is a general model error of incompressible formulations.

5.2 1-D two phase time-dependent test case

In this subsection we use the combined EOS and decrease the density below the satu-
ration density of pure liquid by enforcing two symmetric expansion waves. The domain
is given by a 1-D constant area tube with length 1 m. At time ¢ = 0 s the whole tube
is filled with water at a temperature 7" = 303.15 K and a pressure p = 0.9 bar. The
velocity field is assumed to jump at z = 0.5 m from u;, = —10 m/s to ug = 10 m/s.
These conditions enforce the phase change to occur. In Fig. 3 the resulting flow features
at time t = 1.5-10~% s are shown. The domain was divided into 300 equally spaced cells
and the time integration was performed with the LS-RK 4 at CFL = 1.5.

i
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Figure 3: Flow quantities at time ¢t = 1.5 - 10™* s for the 1-D symmetric rarefaction problem.
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5.3 2-D Single Phase Steady-states

We now compare our solution strategy with the well-known HLLC approach™!?. There-
fore, we define a 2-D geometry typical for injection nozzles and search for the enforced
single phase steady-state solution. This means that we do not allow the liquid to undergo
a phase change by using the pure liquid EOS even if the density falls below its saturation
value. The same simulation was performed with higher pressure fields, but the qualitative
behavior was not affected. The geometry and the boundary conditions are given in Fig.
4. The spatial discretizations are the first order schemes (without any reconstruction)

fine mesh (189 x 49 grid points)

05 p,= 81.1 bar =

| T=293.15K

E 0 ;flow direction

= >
-0.5

coarse mesh (196 x 25 grid points )

25 2 1.5 1 0.5 0 0.5
X [mm]

=4

Figure 4: 2-D plane nozzle geometry, fine grid (top half), coarse grid (bottom half) and boundary
definitions

and the quadratic interpolation of cell averages without limiters. The later one corre-
sponds to a third order accurate formulation on equally spaced one dimensional grids®.
For the time-marching the four stage RK scheme is applied and all solutions converged
at least seven orders in magnitude measured in the common Lo-Norm of the conserved
quantities. The boundary conditions are subsonic inlet, subsonic outlet and adiabatic
inviscid walls. At the inlet we fix total pressure, static temperature and the direction of
the velocity. At the outlet, the static pressure is specified and all remaining quantities are
taken from inside. All boundaries are defined by ghost cells and hence, the treatment of a
boundary cell is equivalent to the treatment of the interior domain. The grids for the full
symmetric nozzle consist of 96 x 25 points (coarse grid) and 189 x 49 points (fine grid),

13
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both with finer treatment of the region where the small corner like radius R = 28 um
will produce large gradients. For presentation purposes we show one half of the nozzle
for each solver. The top half of each nozzle picture shows the result obtained with HLLC
and the bottom shows the result of the Hybrid scheme. To verify the obtained solutions

03| 03f
02| /pm‘"v e = +31.8 bar 02 /pmm. we = +30.2 bar
[ HLLC - Solver [ HLLC - Solver
0.1 first order 0.1 first order v ~
€ x [mm] T I x [mm]
E o4 ¢ v ' E o ¢ } ' +
> [04 0.2 02 04 >[04 0.2 02 0.4
01 Hybrid - Solver 0.1 Hybrid - Solver
first order N first order
02 i vyorg = - 555 bar 02 ona = - 709 bar
03 03
0.3 :— 0.3 :_
02 in,huic = - 75.8 bar 02 /pmm. nuc = - 81.4 bar
[ HLLC - Solver [ HLLC - Solver
0.1  third order 0.1  third order
€ [ x [mm] € [ x [mm]
E o t + + E o t + +
>~ o4 0.2 02 0.4 >~ |04 0.2 0.2 0.4
01 Hybrid - Solver 0.1 Hybrid - Solver
third order third order
0.2 in,ybrig = - 94.2 bar 0z ybrig = - 94.7 bar
03 03

Figure 5: Comparison of HLLC (upper half) and Hybrid scheme (lower half) on the coarse grid (left)
and on the fine grid (right) for the 2-D plane geometry.

we calculate the velocity at the outlet by using the given boundary conditions together
with the area relation by evaluating the incompressible steady Bernoulli equation. For
the given conditions we find an exit velocity of Uezit Bernouwns = 105 m/s. The first order
HLLC scheme produces a steady-state result with an exit velocity of less then 50 m/s on
the coarse grid and 64 m/s on the fine grid. This confirms the failure of the first order
HLLC scheme on both grids. The pressure field as well as the velocity field (not shown)
indicate a massively dissipating behavior of the HLLC solver for these flow conditions. For
the third order simulations we find the same insufficiency, but the obtained solutions are
more reasonable. The Hybrid scheme reproduced the analytical results very satisfactory
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for all test cases. The gain in accuracy by using finer grids or higher order reconstructions
is still noticeable, but a comparison of the isobars clearly shows that the main flow field is
well predicted even for the first order solution on the coarse grid. We therefore conclude
that our Hybrid formulation is a significant improvement.

5.4 3-D cavitating injection nozzles

To get more insight into the flow features in high-speed injection nozzles we have
simulated a typical 3-D axisymmetric configuration with representative conditions (config
1). Additionally, we have modified the standard geometry by closing the axial inlet and
adding four nearly tangential inlets in order to study swirl effects (config 2). This inlet
configuration is then comparable to a mixing chamber. Both geometries are shown in Fig.
6. The nozzle dimensions are the same as for the previously presented 2-D single phase
simulations (Fig. 4), but we added an outflow domain to study the wave dynamics outside
the nozzle as well. Thereby, the whole domain is assumed to be initially filled with water
at rest and pressure and temperature are assumed to be p = 23 bar and T' = 293.15 K.
The conditions at the outflow boundaries are calculated by assuming that the farfield can

non-reflecting outflow p,, = 80 bar non-reflecting outflow

-

T,=20C

x [mm] o X [mm]

Figure 6: 3-D nozzle geometry with outflow and boundary definitions for nozzle configuration 1 (left)
and configuration 2 (right)

be represented here by a liquid at rest (Fig. 6) with constant ambient pressure p = 23 bar.
According to these assumptions we derived characteristic boundary conditions that allow
waves to pass through the boundary with minimum reflective behavior (non-reflecting
boundary conditions). The walls are again defined as inviscid adiabatic and impermeable
surfaces. The pressure for the ghost cells at the inlet plane was set to p = 80 bar. The
spatial reconstruction uses MinMod on density, WENO-3 on the velocities and VanLeer
on internal energy. For the time integration the LS-RK 4 with CFL = 1.3 was used. To
reduce calculation time, a 90 degree section of each full geometry was simulated. The
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additionally resulting boundaries are treated with periodic conditions. Inside the nozzle
we used a grid comparable to the coarse grid in Fig. 4. The total number of finite volumes
for both geometries is 6-10* volumes per section and hence parameter studies are possible.
For single-phase flows the grid was verified to be fine enough by comparing the numerical
solutions with the Bernoulli theory. Nevertheless, we observed that a finer grid can lead
to an increase in the resolved two-phase flow structures. The obtained flow fields for both
configurations were found to be unconditionally time-dependent although the remaining
variations are noticeably weaker then those during the buildup of the main flow fields. In
Fig. 7 the iso-surfaces of constant vapor volume fraction « for configuration 1 are shown.
The instantaneous picture gives an impression of the mean cavity length and the structure
of the mixture region. Furthermore one can see two small cloudy structures that have
been separated and convected into the outflow domain. The collapse of such structures
can cause pressure waves of high amplitude with Ap = O(100) bar. The second geometry

0 05 1
04

Figure 7: Iso-surfaces of the vapor volume fraction « at one instant in time for configuration 1

produces a more steady flow field because the inlet modification leads to the formation of
a vortex structure. Only at the end of the cavitation core one can observe the separation
of small cloudy structures. This breakup is periodic with a frequency f = 60 kHz and
a series of planar cuts through the nozzle center is shown in Fig. 8. The flow inside
the nozzle is nearly stationary and hence the use of a scheme that ensures accurate 3-D
steady-state calculations is necessary for applications of this type?®. To give an overall
impression of the velocity field we generated stream traces starting from the inlets and
ending at the outflow exit (Fig. 9). One can observe the acceleration in the convergent
nozzle part and the rotational symmetric vapor core is visible (blue core).
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t=T+T/4

t=T+3/4T

Figure 8: Vapor fraction « in configuration 2 for one period T'=1/f = 1.7-107° s.

vapor region o=5 %

w fooed

80
70
. 60
outflow begins at x=1 mm 50
40
30
20
10

p,, =80 bar

Figure 9: Stream traces at t = T + T'/2 colored with the static pressure for configuration 2
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6 CONCLUSIONS

- A general framework for solving the time dependent compressible Euler equations
including the energy conservation law has been developed.

- An applicable set of constitutive relations for water and water vapor is given and
their advantages as well as their disadvantages are described.

- It has been shown that accurate calculations of steady-state liquid flows require very
fine grids and high-order reconstructions if common Riemann solvers are used.

- A Hybrid solver has been developed that overcomes the drawback of the previously
stated approaches.

- The scheme was then shown to be able to handle two phase flow including the crucial
phase change.

- Finally the cavitating flow fields through two different high-speed injection nozzles
were presented.

- The present scheme should be extended to handle an additional gas component. This
is especially important because it offers the possibility to simulate the outflow into a
gaseous domain rather than a liquid one.

7 APPENDIX

For the simulations presented in section 6 the following set of constants and functions
was used:

B [ Co RI/UhgK)] | Trey (K] | er,, T/ (kgE)] | N |
13.3-10°% | 4.18 | 273.15 | 0.617 [ 7.15 |

Table 1: Constants for the liquid water EOS

| B [kJ/(kgE)] | Co, [T/ (kgE)] [ Trey [K] | €1,y BT/ (kgE)] | Lo, [RJ/(RgK)] | |
| 04615 | 1.4108 | 27315 | 0.617 \ 2375.3 | 1.327 |

Table 2: Constants for the water vapor EOS

The saturation conditions psut(T), prsat(T) and p, sat(T) are taken from'®. If the tem-
perature T is known to remain close to some reference value 7T, one can obtain approx-
imations to the above cited functions which are more efficient to handle. The following
example gives approximate conditions for a reference temperature 7, = 293.15 K:

0:=T—T, (28)
Peat(T) = exp(7.7585 + 0.0619166 - § — 0.0002 - 62)
prsa(T) = exp(6.90591 — 0.00021 - & — 0.000006 - 6% + 4.4 - 1075 - 63) (29)

posat(T) = exp(—4.05567 + 0.0585739 - § — 0.000195 - 62)
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