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Summary

This thesis presents a micromechanical modelling framework to predict the in-plane shear stress–strain
response of unidirectional (UD) composite plies from constituent-level properties. The approach is
based on a representative volume element (RVE) formulation in which the fiber–matrix system is ide-
alised as a Timoshenko beam on an elastic foundation, allowing the reduction of the three-dimensional
problem to a tractable one-dimensional formulation.

A deterministic analytical model is first developed to describe the elastic response of the RVE. Closed-
form expressions for the effective shear stiffness and shear modulus are obtained and analysed as
a function of fiber volume fraction. The formulation provides insight into the roles of fiber and matrix
contributions, as well as the influence of modelling assumotions such as isotropy and shear correction
factors. Supporting finite element analyses are used to examine the implications of these assumptions.

The formulation is subsequently extended to incorporate constituent failure mechanisms, including fiber
fracture and matrix cracking. Local stress redistributions following fiber failure are captured through a
superposition approach, enabling the construction of piecewise load–displacement responses at the
RVE level. Different stiffness degradation mechanisms based on interfacial and radial cracking are
considered and their influence on the mechanical response is evaluated.

To bridge the gap between micromechanical predictions and ply-level behaviour, a statistical homogeni-
sation procedure is introduced. Variability in fiber volume fraction is represented using a probabilistic
description, and the resulting distribution of local stiffnesses is homogenised to obtain an effective ply
shear modulus. The final ply response is constructed by combining the contributions of intact and dam-
aged regions through a homogenisation principle based on strain compatibility and a failure fraction,
linking local degradation to the global stress–strain response.

The methodology is further extended to account for nonlinear matrix behaviour through an implicit con-
stitutive relation, allowing the prediction of nonlinear shear response. The combined framework enables
the construction of full stress–strain curves, incorporating both material nonlinearity and progressive
damage.

Model predictions are compared with available experimental data and existing analytical approaches,
and are used to assess the influence of modelling assumptions and constituent behaviour on the pre-
dicted response.

Overall, the thesis establishes a framework that links constituent properties, microstructural variability,
and damage mechanisms to the macroscopic shear response of UD composite plies.
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1
Introduction

This chapter introduces the context and motivation for this thesis work and defines the problem ad-
dressed. The research objective and corresponding questions are formulated, followed by a clarifiac-
tion of the scope and underlying assumptions. Finally, an overview of the thesis outline is provided to
guide the reader through the subsequent chapters.

1.1. Engineering context
Fiber-reinforced composite materials have become indispensable in modern engineering applications
due to their high specific stiffness and strength, as well as their tailorability to specific loading conditions.
In particular, unidirectional (UD) composite plies form the fundamental building blocks of laminated
structures used in aerospace, automotive, and energy sectors [1], [2].

Despite their widespread use, predicting the mechanical response of composite materials remains
challenging due to their inherently heterogeneous microstructure [3]. The macroscopic behaviour of a
ply emerges from the interaction between its fiber and matrix constituents across multiple length scales.

The designing composite plies and their application in structural design, require the selection of the
length scale which is relevant for the problem at hand and determines the analysis type. Whereas fiber
diameters are in the order of a few micrometers, complete composite structures, such as wind turbine
blades, quickly span several tens of meters.

If one is to design a composite laminate, i.e. a stacked and bonded collection of plies, it is common to
seek the effective stiffness properties of the heterogeneous ply that emerge from the fiber and matrix
properties and attribute those to an equivalent homogeneous ply. In this manner, the laminate designer
no longer has to consider individual fiber and matrix properties in their initial analyses. Using the
same principle, the laminate itself, being a collection of plies with possibly different effective stiffness
properties, can be attributed effective stiffness properties of its own. In such a way, it can be treated as
a homogeneous structural part in further design without the consideration of the smaller length scales
at first. The process of finding such equivalent homogeneous properties of a heterogeneous ensemble
is commonly referred to as homogenization [3], [4].

However, for detailed analyses that require the consideration of failure and damage of laminated struc-
tures, the different length scales at which a laminate can be designed also come with different types of
damages at each length scale. Typical damages in laminates ranging from smallest to largest are: fiber
surface flaws, failure of fiber-matrix interface, fiber and matrix cracks, through-thickness failures such
as holes and cracks and inter-ply failures such as delaminations [5]. In the ideal case, a damage model
can track damage at the lowest scale, e.g. a matrix crack, as it evolves, such that its effect on a larger
length scale, e.g. a single ply, can be accounted for. Consequently, a model that bridges many length
scales can quickly become computationally expensive. To prevent this, equivalent aggregate flaws
such as notches are commonly used to model the effect on macroscopic structures such as laminates,
at the expense of capturing damage evolution at lower scales [5].

1
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In light of an increased emphasis on sustainability, accurate fatigue-life predictions for laminate struc-
tures are required. Based on earlier work by Kassapoglou [6] on fatigue life prediction for metals,
accurate stress-strain curves for the individual ply loadings within a laminate are required to extend
this method to composites. While such stress-strain curves can be experimentally obtained, the large
amount of ply types associated with different fiber and matrix systems, combined with variations in
manufacturing and loading conditions, results in a purely experimental approach being impractical.
This motivates the development of a physics based modelling framework capable of predicting the
ply-level response from constituent properties, thereby reducing the experimental effort while retaining
predictive capability.

In this work, in-plane shear loading of a UD ply is considered, which is known to produce a nonlinear
response dominated by matrix behaviour and progressive damage mechanisms. Failure is modelled
at the level of the fiber and matrix, and through a homogenization procedure, the corresponding macro-
scopic ply response is obtained. In this manner, the evolution of local damage is systematically trans-
lated into an effective constitutive response at the ply level. A similar underlying concept has been
demonstrated for tensile loading of unidirectional plies by Socci and Kassapoglou [7], although the
present work extends this idea to shear-dominated behaviour and associated failure mechanisms.

1.2. Problem statement
The central challenge addressed in this work is the prediction of the mechanical response of a com-
posite unidirectional ply from its microscopic properties. More specifically, the goal is to construct an
accurate stress-strain curve for a unidirectional ply subjected to in-plane shear loading, based on a
bottom-up modelling approach, starting with the interaction between an individual fiber and its sur-
rounding matrix.

Such a stress-strain relation is a key input for fatigue life prediction methods, in which the energy
dissipated per loading cycle is related to the area enclosed by the stress-strain curve [6]. Existing
work has demonstrated this approach for longitudinal tensile loading, while extensions to other loading
cases remain incomplete or unpublished [8]. In particular, while various micromechanical approaches
exist, accurately capturing the shear response of a ply within analytical, low-computational frameworks
remains challenging.

1.3. Research objective and questions
The primary objective of this thesis is to determine whether themacroscopic in-plane shear behaviour of
a composite ply, as shown in Figure 1.1, can be predicted from a micromechanical perspective, taking
into account constituent properties, local failure, and damage evolution.

This objective leads to the following main research question:

Can the stress-strain response of a unidirectional composite ply under in-plane shear load-
ing be predicted from constituent-level properties using a micromechanical modelling frame-
work?

To support this, several sub-questions are addressed:

• How can representative volume elements (RVEs) be formulated to capture the shear response
of fiber-matrix systems?

• How do local failure mechanisms, such as fiber failure and matrix cracking, influence the global
stress-strain behaviour?

• How can the contributions of intact and damaged material regions be combined into a consistent
homogenised response?

1.4. Scope and assumptions
This thesis focuses exclusively on the prediction of the stress-strain response of unidirectional compos-
ite plies under in-plane shear loading. Although the broader objective includes fatigue life prediction,
practical limitations have restricted the scope of this thesis to the construction of the stress-strain re-
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sponse itself. The focus is therefore placed on capturing the underlying mechanisms governing shear
behaviour, rather than on subsequent fatigue analysis.

Rather than collecting all modelling assumptions in a single location, assumptions are introduced and
justified throughout the thesis where they are most relevant. These include assumptions related to
material behaviour, failure criteria, and homogenisation procedures.

1.5. Thesis outline
The structure of this thesis is as follows: Chapter 2 introduces relevant literature and the micromechani-
cal background required to relate constituent behaviour to macroscopic properties. Chapter 3 presents
the material systems and input data used for model construction and validation.

Chapter 4 develops the formulation of a fiber-matrix RVE and provides initial predictions of ply stiffness.
Chapter 5 examines the RVE behaviour in more detail and presents comparative finite-element analy-
ses. Chapter 6 introduces variability in fiber volume fraction to statistically refine the initial predictions
of chapter 4. Chapter 7 considers the failure of fiber and matrix constituents and its effect on RVE
stiffness.

These developments culminate in chapter 8, where macroscopic ply stress-strain curves are con-
structed. Finally, chapter 9 presents the conclusions and recommendations for future work.

Figure 1.1: In-plane shear stress-strain curves for considered materials



2
Micromechanical Background and

Literature Review

This chapter introduces the micromechanical background and modelling concepts relevant for describ-
ing the in-plane shear behaviour of unidirectional composite plies. Starting from the definition of com-
posite microstructures and the concept of homogenisation, the role of representative volume elements
in linking constituent behaviour to effective ply properties is described. Reduced-order micromechani-
cal modelling approaches, including beam-based representations of fibers and elastic foundation mod-
els for the matrix, are then introduced to capture fiber–matrix interaction. Finally, the nonlinear in-plane
shear response is discussed, highlighting the roles of matrix-dominated deformation, inelasticity, and
damage, as well as existing modelling approaches and their limitations. This forms the basis for the
development of the analytical framework presented in the subsequent chapters.

2.1. Motivation and Existing Frameworks
In recent work by Kassapoglou [6], a fatigue life prediction framework was developed based on the
concept of dissipation of energy per unit volume during cyclic loading. The central idea of this energy
dissipation is that fatigue failure occurs when the total energy dissipated over repeated loading cycles
reaches the available energy to failure of the material, which corresponds to the area under the full
stress-strain curve. This concept has been used in several earlier works and all of them conclude
that the dissipated energy during cycling only occurs in the presence of plastic strains [6]. Whereas
these works still relied on experimental results and simulations, Kassapoglou [6] provides a closed-
form expression for the dissipated energy based on phenomenological properties of the loading and
unloading of metallic specimens, showing very good agreement with test results.

An important implication of this formuation is that accurate fatigue predictions rely heavily on the quality
of the underlying stress-strain curves used. In particular, small deviations from linear elastic behaviour
have a significant influence on the predicted fatigue life. This highlights the necessity of physically
accurate and high-resolution stress-strain characterisation when applying such energy-based fatigue
models, while also showing that inherent scatter in experimentally obtained stress-strain data can re-
produce the inherent scatter observed in fatigue lives [6].

In a first attempt at extending this framework to composites, Wojtuszewski et al. [9] accurately predicted
the fatigue life of a thermoplastic bathtub fitting by first determining the critical stress to be in-plane
compression by a detailed finite-element analysis, and then using the framework of Kassapoglou [6],
which was derived for uni-axial loading.

The onset for the present work was the idea to extend the framework of Kassapoglou [6] to predict
the fatigue life of composite laminates, by applying the principle of energy dissipation in the presence
of plastic strains to each individual ply for their individual loading situation based on their stacking
orientation, be it axial tension/compression, transverse tension/compression or, in case of the present

4
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work, in-plane shear.

To obtain this in-plane shear stress-strain curve, a similar consistent approach to Kassapoglou [6] is
sought, where only a few material constants from published stress-strain data, such as initial Young’s
modulus, yield strain and stress, are needed for accurate predictions, eliminating the need for fitting
experimental fatigue data. Extending such a parsimonious approach to composites should result in a
model that ideally only requires the basic material properties of its constituents, related to their stiff-
nesses and strengths.

While the approach is well established for metals, extending it to composite plies requires the consider-
ation of the underlying micromechanical damage mechanisms that govern stiffness degradation. In this
context, the work by Socci and Kassapoglou [7] provides a physically grounded analytical description
of stiffness degradation in a unidirectional ply under uni-axial tension due to damage. Starting from the
elastic response of the fiber and matrix, the model captures the stress redistribution induced by fiber
fracture through shear transfer mechanisms, described by a shear-lag-type formulation. A key outcome
is the introduction of an effective recovery length deff , representing the distance over which the fiber
stress recovers to its far-field value after breakage, a common aspect of shear-lag-type formulations
[1], [10], [11], [12].

The elevated shear stresses in the surrounding matrix then drive the initiation and growth of matrix
damage, which are either fiber-matrix interfacial cracks or inter-fiber radial cracks. Conceptually, this
approach has been succesfully used by Esrail and Kassapoglou [13] to predict delamination sizes of
laminates after low speed impact and by Huo et al. [14] to predict delamination sizes of laminates under
static indentation. Subsequently, the energetically favourable crack configuration is determined based
on an additional energy criterion.

The progressive accumulation of fiber cracks that cause the matrix cracking is statistically incorporated
by treating the tensile fiber failure strain as a random variable, allowing the fraction of failed fibers to be
expressed through a cumulative distribution function. This approach provides a continuous measure of
damage at the fiber-matrix level and directly links the microscale variability to the macroscopic stress-
strain response.

2.2. Micromechanics of Unidirectional Plies
To introduce the discipline of micromechanics a brief recap of what a composite material is, is in place:
A composite material consists of two or more distinct constituents that remain macroscopically separa-
ble, typically a reinforcing phase embedded in a continuous matrix and is therefore heterogeneous. In
contrast, metal alloys are for all practical purposes macroscopically homogeneous, as their constituents
can no longer by distuingished by the naked eye [15]. The most important aspect of composite materi-
als, and the reason for their existence, is that the resulting engineering material exhibits the best of its
constituent properties, or even properties that neither constituent possesses, such that the character-
istics required for a given design task can be achieved [4], [15].

In UD composite plies, aligned fibers act as the reinforcing constituent and are dispersed within a
polymer matrix [2]. A key characteristic of the composite ply is the volume fractions of its constituents,
defined as

vf =
Vf
Vply

, (2.1)

vm =
Vm
Vply

, (2.2)

where Vf , Vm, and Vply denote the fiber, matrix, and total ply volumes, respectively, and vf and vm are
the corresponding volume fractions. By definition, assuming no voids,

vf + vm = 1. (2.3)

These fractions, together with the mechanical properties of the constituents, govern the resulting ef-
fective mechanical properties of the ply [16]. The study of how these effective properties arise from
interactions at the microscopic scale is referred to as micromechanics [1], [15].
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The determination of effective properties for a heterogeneous microstructure such as a UD ply is com-
monly referred to as homogenisation, and enables the representation of the material as an equivalent
homogeneous medium with averaged properties. The study of composite material behaviour under
this assumption is referred to asmacromechanics [1], [15]. As briefly explained in chapter 1, extending
the principle of homogenisation to laminates, the determination of effective properties for a stack of
plies with arbitrary orientations is referred to as Classical Laminated Plate Theory (CLPT). This theory
will not be covered or used in the remainder of this work, and the reader is referred to [17].

Experimentally, the effective properties of a UD ply can be measured from simple tests on specimens
of adequate size. When using theoretical models, homogenization requires the existence of a repre-
sentative volume element (RVE), defined as a material volume that is statistically representative of the
whole UD ply and contains a sufficient number of fibers. Because of the heterogeneous nature of the
UD ply, different physical phenomena occur at different length scales. At the smallest length scale
relevant in the present work, the microstructure is governed by the size of the constituents, e.g. fiber
diamater, while at the structural level, the response of the UD ply varies over length scales much larger
than those of inhomogeneities such as the fibers [3].

The validity of the RVE concept relies on the separation of these length scales, commonly denoted by
ℓ1 and ℓ3 and the introduction of a mesoscale ℓ2, such that ℓ1 ≪ ℓ2 ≪ ℓ3 [18]. By averaging strain
and stress fields over a domain of characteristic size ℓ2, a smooth macroscopic field is obtained that
satisfies the governing elasticity equations in an average sense, thereby justifying the use of an RVE
with dimensions ∝ ℓ2 for relating the constituents behaviour to effective properties of the UD ply [4],
[18], [19].

An important consideration in defining an RVE and its size, is the spatial arrangement of fibers within
the matrix. In idealised settings, fibers are often assumed to be periodically arranged, allowing a single
unit cell with appropriate boundary conditions to serve as an RVE [1], [15], [20]. Common periodic
arrangments and their RVEs are shown in Figure 2.1.

Figure 2.1: Periodic fiber arrangments and their RVEs [20] Figure 2.2: SEM photograph showing irregular fiber
arrangment [21]

In practice, real composite microstructures exhibit a certain degree of randomness in fiber positions
due to manufacturing variability, such as fiber misalignment, resin flow, and defects [22], [23], [24], [25],
as shown in Figure 2.2, which may require larger domains to achieve statistical representativeness
[4], [21], [26], [27]. As a result, the choice of RVE is not unique and depends on the assumed level
of microstructural idealisation, ranging from periodic unit cells to statistically representative random
realizations. Several works already considering randomizing fiber arrays to reflect physical reality by
generating RVEs for finite-element analyses using statistics derived from image processing [21], [28],
[29], [30], [31].

The appropriate size and defintion for an RVE is thus subject to ongoing discussions in the literature, but
in the absence of a specific definition, the RVE is essentially a convenient theoretical concept that en-
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ables the transition from the heterogeneous microstructure to an equivalent homogeneous description
[3], [32], [33].

The transition from the heterogeneous microstructure to an equivalent homogeneous description re-
quires a consistent definition of macroscopic stress and strain measures. Within the framework of
homogenisation, these macroscopic quantities are obtained as volume averages of the corresponding
local fields over the RVE [3], [4], [19].

Let the RVE occupy a volume V , which has a local stress field σ(x) that varies due to the presence of
different constituents. The homogenised, or macroscopic, stress is then defined as the volume average
[3]

σ̄ =
1

V

∫
V

σ(x) dV. (2.4)

By subdividing theRVE into subdomains corresponding to the individual constituent phases r = 1, 2, ...n,
each occupying a volume Vr with volume fraction vr = Vr/V , the overall stress can be expressed as a
weighted sum of the phase stresses. This yields

σ̄ =
∑
r

vr σ̄r (2.5)

and shows that the macroscopic stress follows directly from the contributions of the individual con-
stituents weighted by their volume fractions [3]. In case of the ideal UD ply, r = 2, corresponding to
the fiber and matrix constituents with their respective volume fractions defined by Equation 2.1. Con-
siderations of impurities or voids would result in r > 2.

An analogous relation holds for the strain field. These averaging relations provide the fundamental
link between the microscale fields within the RVE and the effective properties used in a homogenised
description of the material. The averaging relation of Equation 2.5 is formulated in terms of subdomains
within the RVE, typically corresponding to the individual material constituents. More generally, however,
it applies to any partition of a material domain into regions with distinct local responses [3].

This averaging procedure forms the basis for classical homogenisation approaches, including the
Voigt [34] and Reuss [35] mixture rules, proved to be upper and lower bounds for estimating effec-
tive stifnessess by Hill [36]. More refined bounds are provided by Hashin and Shtrikman [3], [37], [38].

Popular approximate methods for estimations of effective properties within these bounds are the Mori-
Tanaka [39] scheme, self-consistent methods and the differential scheme [3]. In engineering practice,
semi-emperical relations such as Halpin-Tsai [40], Tsai-Hahn [17] and Chamis [41] are often used for
their simplicity and ease of application. However, many of these approaches, in assuming uniform
or idealised microstructures, struggle with predicting matrix-dominated ply moduli consistently, such
as G12 and E2 [1], [16], [31], [42]. In addition, these approaches primarily predict the initial effective
properties of the UD ply, and do not directly capture mechanisms responsible for stiffness degradation
and nonlinearity.

2.2.1. Beam-Based Micromechanical Modelling of Fiber-Matrix Interaction
To resolve local stress distribution mechanisms due to damage, reduced-order micromechanical mod-
els are introduced. Whereas the full theory of elasticity can describe the complete stress field of solid
bodies, only few closed-form analytical solutions exist. Practical problems are therefore commonly ad-
dressed by introducing a priori assumptions regarding either the stress, strain, or displacement field.
Beam theory represents one such reduction, in which the three-dimensional problem is reduced to
determining the centreline deflection w(x). Other quantities of interest, such as internal forces and
bending moments, follow from this solution and its derivatives dnw

dxn [43], [44].

For bending problems induced by lateral loads, the Euler-Bernoulli beam theory is typically applied
when the beam is slender, i.e. when its length-to-depth ratio is sufficiently large. In that case, bending
strain energy dominates and shear deformation may be neglected [43]. It is therefore common in
analytical micromechanical modelling of continuous fiber-reinforced composites to model the fibers as
structural elements such as beams [7], [45], [46], [47].
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Classical Euler-Bernoulli beam theory assumes that transverse shear deformation is negligible, which
is appropriate for slender beams dominated by bending. However, for micromechanical problems in-
volving in-plane shear of UD plies, the primary quantity of interest is the effective shear response of the
fiber-matrix system. In this case, neglecting transverse shear deformation would be inconsistent with
the underlying physics.

Timoshenko beam theory To account for these effects, shear-deformable beam theories such as
Timoshenko beam theory are employed. In contrast to Euler-Bernoulli theory, it accounts for transverse
shear deformation through an additional kinematic variable, introducing an independent rotation of the
cross-section and allowing for non-zero transverse shear strains. While Timoshenko theory is often
motivated for short or deep beams, it is also well suited for problems where shear compliance plays a
significant role, irrespective of geometric slenderness.

As an illustrative example, the deflection of a simply supported beam of length L and depth h under
uniform load q0 according to both theories reads [43]:

wEuler-Bernoulli(x) =
q0L

4

24EI

{( x
L

)4
− 3

2

( x
L

)2
+

5

16

}
, (2.6)

wTimoshenko(x) =
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The additional term in the Timoshenko solution reflects the contribution of transverse shear deformation,
governed by the shear modulus G and shear correction factor n.

Shear correction factor The shear correction factor was introduced by Timoshenko [48] in the early
development of what is now known as Timoshenko beam theory. In contrast to the classical Euler-
Bernoulli beam formulation, Timoshenko theory accounts for transverse shear deformation, allowing it
to describe the behaviour of moderately thick beams more accurately. However, the theory assumes
that the transverse shear strain is constant through the cross-section, whereas the true shear stress dis-
tribution obtained from elasticity is generally non-uniform. To reconcile this discrepancy, Timoshenko
introduced a shear correction factor that ensures equivalence between the shear strain energy pre-
dicted by the beam theory and the exact strain energy obtained from the actual stress distribution Dym
and Shames [43] and Timoshenko [48].

Determining an appropriate value for the shear correction factor has since been the subject of exten-
sive analytical and numerical investigation. Early derivations relied on energy-equivalence arguments
based on assumed shear stress distributions. For example, the classical value of k = 5/6 for rectangu-
lar cross-sections follows from matching the strain energy of a parabolic shear stress distribution to the
uniform shear strain assumed in the beam theory. Later refinements tried to account more rigorously
for the effects of the Poisson’s ratio and the geometry of the cross-section. In particular, Cowper [49] de-
rived expressions for the shear correction factor using three-dimensional elasticity solutions, resulting
in values that depend explicitly on Poisson’s ratio and the shape of the cross-section. Subsequent work
by Hutchinson [50] revisited the derivation and clarified the relationship between different definitions of
the factor used in literature.

Despite these developments, the shear correction factor cannot be regarded as a uniquely defined
material or geometric constant. Its value depends on the theoretical framework used to derive it, the
assumed shear stress distribution, and the specific definition adopted for the shear stiffness in the beam
model. Different derivations based on energy equivalence, stress matching, or variational principles
may therefore lead to different numerical values even for the same cross-section [43], [51]. Further-
more, when the concept is extended to layered, anisotropic, or heterogeneous structures, such as thick
laminated sandwich beams [52], [53], the shear stress distribution becomes strongly influenced by the
material architecture. In such cases the effective shear correction factor may deviate substantially from
classical values and can even exceed unity, reflecting the fact that the simplified beam kinematics do
not fully capture the underlying three-dimensional stress state.
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Elastic Foundations Applications of beam-on-foundation models to micromechanical problems in-
volving fiber-matrix interaction have primarily been found in the context of fiber buckling [45], [47], [54],
[55]. In such formulations, the surrounding matrix is represented as a continuous support, commonly
known as an elastic foundation, that restrains the deformation of the fiber, thereby influencing its sta-
bility behaviour.

Winkler [56] first developed the elastic-foundation beammodel in 1867 as away to represent the support
provided by the soil beneath railway tracks and similar civil engineering structures. The soil support
was modeled as a series of independent springs that react proportionally to the local beam deflections.
As these springs act independently, the effect of the soil continuity is lost, and thus several so-called
two-parameter models have been proposed to alleviate this, including the Pasternak, Vlasov, Filonenko-
Borodich and Reissner foundations. These formulations introduce an additional parameter next to the
independent Winkler springs, based on shear layer interactions, continuum soil derivations, membrane
interactions or foundation bending stiffness, to better reflect the underlying physics [25], [57], [58], [59].

With these enhanced formulations, elastic foundation models have found a wide range of applications
beyond civil engineering, including the design of composite sandwich panels in aerospace engineering
[60], the evaluation of contact pressures in knee replacements in biomechanical engineering [61], and
the design and analysis of micro-electronics [54].

2.3. Nonlinear In-Plane Shear Response and Modelling Approaches
In contrast to the predominantly linear elastic behaviour observed in axial loading of UD plies, the in-
plane shear response is typically nonlinear from relatively small strain levels onwards [17], [62], [63].
The initial response of the ply, characterised by its shear modulus G12, is governed by the matrix-
dominated deformation. Since the shear stiffness of the matrix is typically much lower than that of
the fibers, the overall response is controlled by the more compliant constituent [1], [16]. From a ho-
mogenisation perspective, so-called mixture rules which reflect the dominant role of the matrix in shear
deformation, such as the Reuss estimate, provide first approximations for G12 [35].

Beyond the initial ply response, experimental observations consistently show a gradual reduction in
shear modulusG12 prior to ultimate failure, rather than an abrupt loss of load-carrying capacity, resulting
in the nonlinear shear stress-strain curves for the ply [64], [65].

2.3.1. Origin of nonlinearity: damage vs inelasticity
A commonly adopted interpretation attributes the nonlinear shear response of UD plies to the progres-
sive accumulation of microdamage within the matrix and at the fiber-matrix interface. In this view,
mechanisms such as plasticity, fiber-matrix debonding, matrix cracking, lead to a gradual degradation
of stiffness as loading progresses [12], [66].

The initiation and growth of such damage are driven by local stress concentrations due to the heteroge-
neous microstructure, and are influenced by imperfections such as fiber breaks [1], [12], porosity [67],
fiber waviness [1], [24], and resin-rich or resin-starved regions introduced during manufacturing [23],
[68], [69], [70].

As fiber breaks provide a discrete type of failure due to their brittle nature [2], they provide a convenient
starting point to analyse subsequent failure of the matrix in its vicinity due to load re-distributions. Such
analyses are commonly referred to as shear lag problems [1], [10], [11], [12], [17]. Fiber strength,
which drives fiber breaks, exhibits larger scatter than fiber moduli, because the former depends more
on fiber defects [17]. This variability thus governs the onset of fiber fracture and subsequent stress
redistributions in the matrix.

However, an alternative interpretation suggests that at least part of the observed nonlinearity originates
from an inherent inelastic response of thematrix constituent itself, rather than from progressive damage.
In this context, the matrix may show nonlinear elastic, viscoelastic, or viscoplastic behaviour. Conse-
quently, the homogenised composite material can be considered to be inelastic of itself, and its mod-
elling does not necessarily need explicit damage mechanims [62], [71], [72]. An important distinction
is that, in contrast with nonlinearities due to irreversible damage, nonlinearities due e.g. viscoelasticity
may be largely reversible.
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In practice, both mechanisms are likely to contribute to the overall response. At low strains, reduction
in ply stiffness may be largely due to matrix inelasticity, while microdamages increasingly dominate at
higher strains. However, experimentally distinguishing between these contributions remains challeng-
ing [73].

2.3.2. Modelling Approaches
Existing methodologies to predict the damage mechanics and subsequent response of composite ma-
terials, not restricted to the nonlinear shear response of UD plies, can broadly be categorised into three
approaches: phenomenological, micromechanical and statistical [74]. Phenomenological models in-
troduce damage variables or internal state parameters that are calibrated to experimental stress-strain
data and are broadly referred to as macro-damage mechanics (MADM) or continuum damage mechan-
ics (CDM) and may or not may explicitly model matrix nonlinearities [12], [65], [75], [76]. While these
approaches can provide accurate fits, their predictive capability is inherently limited by the availability
and quality of experimental data, and they often lack a direct link to the underlying physical mecha-
nisms.

Micromechanical, physics-based approaches aim to explicitly resolve the micromechanical behaviour
of the fiber-matrix system. These often include detailed finite element models of representative volume
elements, which capture local stress concentrations and damage evolution mechanisms, and easily
allow for modellingmatrix nonlinearities with appropriate constitutive laws [29], [30], [77]. Although such
models provide valuable insight into the governing mechanisms, they are computationally expensive
and therefore not well suited for integration into efficient engineering design frameworks.

While micromechanical models do consider underlying physical mechanisms, they often employ sim-
plifying assumptions regarding the geometry of defects to keep problems tractible and those may not
always be supported by observations [74]. In addition, the effect of defect interactions is typically ne-
glected or it undermines the definition of the RVE used. At initial loading, damage are dispersed and of
a size in the order of the constituents, justifying the use of an RVE as if no such damage was present.
But with increasing loading, damages grow and cluster, e.g. microcracks coalesce into a macro-crack,
and may exceed the RVE size. Percolation theory can be used to study the evolution of the disordered
material state to a state dominated by a single cluster of damages that eventually leads to final failure
[74], [78]. Modelling the disordered material state is commonly done by assuming distributions of initial
defects or strengths, which drives the shape of the stress-strain curve [74].

For fiber strength, the Weibull distribution is commonly used due to their brittle fracture [17], [78], [79].
Based on this, fiber bundle models describe the progressive failure of a collection of fibers under load,
accounting for load redistribitions following individual fiber breaks [79], [80]. Extension of these con-
cepts to continuous fiber composites have been developed using shear-lag formulations to reasonable
predict tensile ply failure by a RoM of longitudinal strength [17].

Although theWeibull distribution often fits experimental strength data well, its applicability to composites
can suffer from physical inconsistencies. First, it assumes abrupt, catastrophic failure from a critical
defect, whereas composites may fail gradually due to progressive fibre failure, load redistribution, and
matrix cracking [81]. Macroscopically, such abrupt behaviour may be a reasonable approximation for
fibre-dominated tensile loading, but is less appropriate for matrix-dominated loading, such as transverse
tension and in-plane shear. Second, the associated size effect [17] is not always consistently observed
[81]. Both of these observations suggest that failure is not purely governed by weakest-link statistics.

2.4. Summary and outlook
• Extending parsimonious modelling approaches from metals to composite plies requires consider-
ation of micromechanical damage mechanisms governing stiffness degradation, with the work of
Socci and Kassapoglou [8] providing a primary reference for uniaxial loading;

• Micromechanics provides the framework to relate constituent properties (fiber and matrix) and
their volume fractions to effective ply properties through their interaction at the microscale;

• Homogenisation enables the replacement of a heterogeneous microstructure by an equivalent
homogeneous medium, forming the basis for further analysis at scales larger than the microscale;
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• The RVE is a central concept for homogenisation, justified by separation of length scales and sta-
tistical representativeness, but its definition and size are not unique and depend on the assumed
microstructural idealisation (e.g. periodic vs. random fiber arrangements) and the presence and
size of damages;

• Reduced-ordermodels, such as beam-on-foundationmodels, can provide a physically interpretable
way to capture fiber-matrix interaction and stress redistribution mechanisms at the microscale;

• The in-plane shear response of UD plies is inherently nonlinear and matrix-dominated, even at
small strain levels;

• The in-plane shear response of UD plies is inherently nonlinear and dominated by the matrix, with
stiffness degradation occurring progressively rather than through abrupt failure;

• Origins of progressive stiffness degradation under shear are ambiguous and motivate combining
the mechanisms of matrix nonlinearity and damage such as fiber-matrix debonding and matrix
cracking;

• Existing modelling approaches face a trade-off between phenomenological models, which are ef-
ficient but rely on experimental calibration, and physics-based models, which are more predictive
but computationally expensive;

• This motivates the development of an analytical, micromechanics-based framework that captures
the essential physics of fiber-matrix interaction and progressive degradation, while remaining
sufficiently efficient for engineering applications.



3
Material Systems and Input Data

This chapter introduces the materials systems and corresponding input data used throughout modelling
and analysis. The main objective is to define a consistent set of data containing both constituent and
ply properties. Relevant stiffness properties are required for the construction of the RVE of chapter 4,
the finite-element analyses of chapter 5 and the statistically informed homogenisation of chapter 6.
Relevant strength properties are required for the consituent failure analyses of chapter 7 and the final
homogenisation towards macroscopic ply behaviour of chapter 8.

Material systems are selected based on the availability of experimentally obtained in-plane shear stress-
strain data, which serve as the reference for model validation. Additionally, properties for both con-
stituents, i.e. fibers and matrix, are required to formulate the micromechanical approach. Since no sin-
gle source provides a complete dataset for all relevant properties, data from mulitple literature sources
is combined.

This combination of datasets introduces inherent inconsistencies, as material properties may be de-
rived from different test methods, specimen conditions, or even slightly different material variants. The
implications of these assumptions are addressed explicitly in the following sections, and should be
considered when interpreting the predictive capability of the model.

3.1. Considered material systems
To evaluate and validate the proposed modelling framework, UD material systems for which both the
majority of constituent properties as the in-plane shear stress strain curve are available were sought
after. Kaddour et al. [64] presents four such materials in the context of the third World-Wide Failure
Exercise (WWFE-III):

• IM7/8552 (carbon/epoxy)
• G40-800 (carbon/epoxy)
• AS4/3501-6 (carbon/epoxy)
• E-glass/LY556 (glass/epoxy)

However, the data for these materials does not include any fiber shear strengths. In their work on deter-
mining moisture and thermal expansion coefficients of UD materials, Cairns and Adams [82] included
material properties for the following constituents:

• Hercules AS graphite fiber
• Owens-Corning S2 glass fiber
• Hercules 3501-6 epoxy

Based on constituent similarities, the data sets from Kaddour et al. [64] and Cairns and Adams [82]
are combined, as to have a full set of material data for each UD material, covering both stiffness and
strength. While no stress-strain curves for the Hercules AS/3501-6 and Owens-Corning/3501-6 are

12
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available, their properties are used to assess parts of the methodology where useful. With regards to
fiber failure statistics, the standard deviation σϵ of tensile failure strain for the fibers is taken from Socci
and Kassapoglou [8], which allows for a probabilistic description of fiber failure, required for the final
homogenisation procedure. All relevant material data is summarized in Table 3.1-Table 3.3. Footnotes
highlight assumptions made which are elaborated upon in section 3.2.

Table 3.1: Relevant UD properties.

IM7/8552 G40-800/5260 AS4/3501-6 Glass/LY556
[64] [64] [64] [64]

In-plane shear modulus G12 [GPa] 5.6 6.94 6.6 5.83
In-plane shear strength S12 [MPa] 90 91 79 73
Strain energy release rate Mode II GII [J/m2] 800 900 650 1500

Table 3.2: Relevant fiber properties.

IM7 G40-800 AS4 Hercules AS4 Glass O-C Glass
[64] [64] [64] [82] [64] [82]

Ef [GPa] 276 290 231 220 74 86.2
Gf [GPa] 27 27 155 34.55 30.8 35.3
νf [-] 0.2 0.2 0.2 0.2 0.2 0.22
df [µm] 4.56 8 7 72 11 114

Xt [GPa] 5.18 5.18 3.5 3.1 2.15 4.825
Xc [GPa] 3.2 3.2 3 2.66 1.45 3.25
S [GPa] 0.1721 0.1721 0.1721 0.172 2.413 2.41
σϵ [-] [7] 0.00293 0.00316 0.00237 - 0.00617 -

1 Taken from Hercules AS4/3501-6 [82]; both are carbon fiber.
2 Assumed equal to AS4 fiber diameter.
3 Taken from O-C Glass/3501-6 [82]; both are glass fiber.
4 Assumed equal to Glass fiber diameter.
5 Despite AS4 and Hercules AS technically referring to the same material, a vastly different Gf is reported.
6 Datasheet manufacturer reports 5.2µm [83].

Table 3.3: Relevant matrix properties.

8552 5260 3501-6 LY556
[64] [64] [64] [64]

Em [GPa] 4.08 3.45 4.2 3.35
Gm [GPa] 1.478 1.28 1.567 1.24
νm [-] 0.38 0.34 0.35 0.35
Xt [GPa] 99e-3 70e-3 69e-3 80e-3
Xc [GPa] 130e-3 130e-3 250e-3 120e-3
S [GPa] 57e-3 50e-3 57e-3 54e-3

3 From tensile/shear test data.
4 Estimated proportionally to matrix Xt based on AS4/3501-6.
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3.2. Data Consistency and Assumptions
As the material used in this work is assembled from multiple literature sources, several underlying
assumptions are made to obtain a complete and usable dataset. These assumptions are summarised
below.

• Combination of material datasets: Ply-level shear properties and stress–strain curves are pri-
marily taken from Kaddour et al. [64], while missing constituent-level parameters, such as fiber
shear strength, are supplemented using data from Cairns and Adams [82]. Where direct con-
stituent data is unavailable, properties from closely related materials are adopted, e.g. the fiber
shear strengths of Cairns and Adams [82] are used to complete the data of Kaddour et al. [84],
while fiber diameter data of Kaddour et al. [84] is used to complete the data of Cairns and Adams
[82], as shown in Table 3.2. This approach assumes that the selected materials are sufficiently
similar in composition and processing for their properties to be combined.

• Matrix property discrepancies: Additional notes on the 3501-6 matrix properties are made in
Table 3.4, as Cairns and Adams [82] reported matrix properties from both tensile and shear tests,
but showing differences with the data reported by Kaddour et al. [64]. As no stress-strain curves
are available for Hercules AS/3501-6 and Owens-Corning/3501-6, the data from Kaddour et al.
[64] for 3501-6 is used, as reflected in Table 3.3.

• Fiber failure statistics: In chapter 8, fiber failure is modelled as a stochastic process by intro-
ducing a distribution in failure strain. The standard deviation is taken from [7], while the mean
value follows directly from the ratio of fiber strength to shear modulus. The fiber shear modulus
itself is treated as deterministic.

• Deterministic vs stochastic inputs: All stiffness parameters are treated as deterministic, while
variability is introduced only through the fiber failure criterion. This neglects any potential variabil-
ity in matrix properties.

The above assumptions are made to construct a complete material description, but they also introduce
uncertainty in the predicted response. Their influence on the model results will be revisited in later
chapters.

Table 3.4: Additional note on 3501-6 epoxy matrix.

3501-6 3501-6 Comments
Kaddour et al. [64] Cairns and Adams [82]

Em [GPa] 4.2 4.27/5.793
Compared to Cairns and Adams [82],
Kaddour et al. [64] seems to report
from tensile data.

Gm [GPa] 1.567 1.59/2.143
Compared to Cairns and Adams [82],
Kaddour et al. [64] seems to report
from tensile data.

Xt [GPa] 69e-3 82.7e-3/170e-33 Cairns and Adams [82] tensile test
provides higher estimate.

Xc [GPa] 250e-3 299e-3/616e-34
Cairns and Adams [82] tensile test
provides higher estimate.; Proportional
estimate for shear testing seems unlikely
to be valid.

S [GPa] 57e-3 41.4e-3/84.8e-33 Higher estimate used by Kaddour et al. [64];
no stress–strain curves available.

3 From tensile/shear test data.
4 Estimated proportionally to matrix Xt based on AS4/3501-6.



4
Deterministic Micromechanical

Formulation

This chapter develops a deterministic micromechanical description of a fiber-matrix RVE subject to in-
plane shear. An analytical solution of the governing boundary-value problem (BVP) is derived based
on idealising the fiber-matrix RVE as a Timoshenko beam on an elastic foundation. From the obtained
displacement and strain fields, an effective RVE shear stiffness is defined and subsequently used to
predict the initial shear modulus of a unidirectional ply composed of identical RVEs. The resulting
stiffness prediction provides the analytical baseline for further evaluation.

4.1. Representative Volume Element
As introduced in chapter 2 within the framework of multi-scale homogenisation, to descend from the
homogenised description of a UD ply towards the micro-scale at which the governing fiber–matrix in-
teraction mechanisms are resolved, it is appropriate to select a single fiber of circular diameter df
surrounded by a portion of matrix as RVE under the assumption that the fibers are arranged in a pe-
riodic hexagonal pattern, as shown in Figure 4.1. As a consequence, the fiber volume fraction vf is
assumed constant throughout the ply. The portion of matrix surrounding the fiber is a function of vf
and is shaped hexagonally due to the assumed arrangement of the fibers. The center-to-center fiber
spacing s in this hexagonal array is [7]:

s = df

√√
3π

6vf
. (4.1)

4.1.1. Geometric idealisation
To facilitate further derivations, the hexagonally shaped matrix portion is approximated by a hollow
circular annulus with inner radius equal to the fiber radius, i.e. df/2, and an equivalent outer radius Req
chosen such that the cross-sectional area of the hexagon is preserved, i.e. ARV E = Ahex.

A regular hexagon may be described by its inner and outer radii, corresponding to the inscribed and
circumscribed circles, respectively. These are related by

Rin =

√
3

2
Rout. (4.2)

The area of the hexagon can then be written as

Ahex =
3
√
3

2
R2
out. (4.3)

15
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Setting s = 2Rin as shown in Figure 4.2, and using Equation 4.1-4.3, the equivalent radius becomes

Req =
df

√
vf

2vf
. (4.4)

The corresponding fiber and matrix cross-sectional areas are

Af =
πd2f
4
, (4.5)

Am = πR2
eq −Af =

πd2f
4

(
1

vf
− 1

)
. (4.6)

Using Equation 4.5 and 4.6, the total RVE area can be expressed in terms of the fiber diameter df and
fiber volume fraction vf as

ARV E = Af +Am =
πd2f
4vf

, (4.7)

which is identical to the result obtained directly from the definition of the fiber volume fraction vf =
Af/ARV E .

Figure 4.1: Hexagonal fiber array containing 7 fibers of
diameter df , separated by a distance of s. The hexagonal
matrix portion around a single fiber is approximated by

circular portion of radius Req .

Figure 4.2: Close up of neighbouring fibers separated by a
distance of s. The radii of the inscribed and circumscribed
circles of the hexagonal matrix portion are Rin and Rout.

4.1.2. Matrix continuum idealisation
The matrix surrounding the fiber is initially treated as a homogeneous, linear elastic continuum undergo-
ing small deformations. Under in-plane shear loading of the composite ply, the primary mechanical role
of the matrix at the micromechanical scale is to mediate shear transfer between neighbouring fibers [1],
[2], [10]. Consequently, the full three-dimensional stress distribution within the matrix is of secondary
importance compared with the resultant shear interaction between fiber and matrix. This observation
allows replacing the full continuum description of the matrix by an equivalent distributed elastic founda-
tion introduced in subsequent sections.
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4.1.3. Fiber continuum idealisation
The fiber is likewise modelled as a linear elastic but not necessarily isotropic continuum subject to small
strains. Because transverse shear effects are non-negligible at the micromechanical length scale con-
sidered, a shear-deformable beam representation is used to capture the essential kinematics of the
fiber response. When the RVE is then loaded in in-plane shear, the fiber experiences axial deformation
directly linked to the cross-sectional rotation, which itself consists of a bending and a shear deforma-
tion. This motivates the adoption of a Timoshenko beam description in the reduced-order formulation
developed in the following section.

4.2. Mechanical Abstraction as Timoshenko Beam on Elastic Foun-
dation

To obtain an effective shear stiffness of the RVE, the geometrically idealised RVE from section 4.1 is
further reduced by modelling the continuum fiber-matrix assembly as a beam on an elastic foundation,
schematically shown in Figure 4.3.

Figure 4.3: Fiber-matrix RVE of length L to Timoshenko beam on elastic foundation with corresponding coordinate system

In light of the discussion on Timoshenko vs Euler-Bernoulli beam theory of subsection 2.2.1, Timo-
shenko beam theory is adapted here as to retain the shear deformations that it considers.

Therefore, the following displacement field is assumed [43]:
u1(x, y, z) = −z ψ(x),
u2(x, y, z) = 0,

u3(x, y, z) = w(x),

(4.8)

where ui denote the displacement components in the x, y, and z directions, respectively. The coordi-
nate x is aligned with the beam axis, z is taken positive downward, and y completes a right-handed
coordinate system as shown in Figure 4.3. The transverse deflection of the beam centreline is given
by w(x).

In contrast to Euler-Bernoulli theory, the rotation of the cross-section ψ(x) is treated as an independent
kinematic variable. The axial displacement u1 therefore depends on this cross-sectional rotation rather
than directly on the slope of the deflection curve.

The rotation ψ(x) can be decomposed into the geometric slope of the centreline and an additional shear
contribution as shown in Figure 4.4,

ψ(x) =
dw

dx
− β(x), (4.9)

where dw
dx represents the inclination of the deflected centreline and β(x) denotes the shear angle. The

difference between these two quantities gives rise to a non-zero transverse shear strain, which is re-
tained in Timoshenko beam theory and is central to the present formulation.
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Figure 4.4: Coordinates deflected Timoshenko beam.

4.2.1. Beam representation of the fiber
To model the continuum fiber as a beam instead, the fiber geometry and material properties are trans-
lated into the beam bending stiffness

Db = EfIf , (4.10)

where Ef is the fiber Young’s modulus and If the second moment of area, corresponding to that of a
beam with circular cross-section. The beam shear stiffness

Cs = nfGfAf , (4.11)

contains the fiber shear modulus Gf , its crossectional area Af and nf the appropriate shear correction
factor for a circular cross-section taken from Cowper [49] such that

nf =
6(1 + νf )

7 + 6νf
(4.12)

where νf is the fiber Poisson’s ratio. Note how Equation 4.11 does assume isotropy, due to a lack of a
closed-form expression for anistropic beams.

4.2.2. Elastic foundation representation of the matrix
With the fiber modeled as a beam, the surrounding matrix will be modeled as a so-called elastic foun-
dation as introduced in subsection 2.2.1. Xia [44] formulated a generalized Timoshenko beam on an
elastic foundation by modeling the foundation with three parameters: Kw as the Winkler spring stiff-
ness, Ts as the shear stiffness of the shear layer, and Ri as the rotation stiffness of the rotation springs,
as shown in Figure 4.5. The general form of these foundation parameters are as follows:

Kw = bkn, (4.13)
Ts = bkτ , (4.14)
Ri = bτy2x, (4.15)

where b is conventionally the width of the beam, kn[N/m3] and kτ [N/m] are the foundation moduli and
yx is the distance between the beams neutral axis and its top, thus equaling df/2. The foundation
moduli commonly involve the moduli of the foundation material, in this case Em and Gm, and a param-
eter related to its thickness [59], [85]. The parameter τ is supposed to represent the interfacial shear
strength, which will be assumed to be equal to that of the matrix i.e. Sm.



4.2. Mechanical Abstraction as Timoshenko Beam on Elastic Foundation 19

Figure 4.5: Timoshenko beam supported by generalized elastic foundation [44]

Translating the matrix into a three-parameter elastic foundation requires further idealisation of its ge-
ometry and material properties into those of the spring types considered. First, to preserve the correct
supported length in this reduced model, b is taken to be equal to the fiber circumference πdf , as illus-
trated in Figure 4.6, which is equivalent to doubling the amount of springs as to support the fiber from
both above and below. The equivalent thickness of the elastic foundation is obtained from the equiv-
alent matrix outer radius Req introduced in subsection 4.1.1. Accordingly, the foundation thickness is
taken equal to that of the matrix circular annulus, i.e.

tm,eq = Req −
df
2

=
df
2

(√
vf

vf
− 1

)
. (4.16)

Comparing to literature, Equation 4.16 is near identical to the one used by Pimenta et al. [46] in their
work on micromechanical kink-band formation:

tm,Pimenta =
df
2

(
π

2
√
3vf

− 1

)
≈ df

2

(
0.952

√
vf

vf
− 1

)
(4.17)

Figure 4.6: The fiber beam is supported by the matrix foundation over a length of b = πdf . Simplified springs are shown.

To consistently incorporate tm,eq into the expressions for Kw, Ts, and Ri, a dimensional analysis of the
total energy in Equation 4.21 is used. Since the unit of energy is N ·m and the integration is carried
out over the beam length (unitm), the integrand in Equation 4.21 must have units of N . Evaluating the
terms involving Kw, Ts, and Ri in terms of their dimensions gives
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[Kw] =
N

[w2/2]
=

N

m2
, (4.18a)

[Ts] =
N[

1
2

(
dw
dx

)2] = N, (4.18b)

[Ri] =
N

[ψ2/2]
= N. (4.18c)

To satisfy Equation 4.18, the expressions in Equation 4.13-4.15 are combined with tm,eq such that

Kw =
bEm
tm,eq

, (4.19a)

Ts = bGmtm,eq, (4.19b)

Ri =
bψ2Sm
tm,eq

. (4.19c)

Introducing b = πdf into Equation 4.19a-4.19c, the elastic foundation parameters can be expressed in
terms of tm,eq or, using Equation 4.16, directly in terms of vf :

Kw =
πdfEm
tm,eq

= 2πEm

(√
vf + vf

1− vf

)
,

Ts = πdfGmtm,eq =
Af
2
Gm

(√
vf

vf
− 1

)
,

Ri =
πd3f
4tm,eq

Sm =
Af
2
Sm

(√
vf + vf

1− vf

)
.

(4.20)

Note that Kw is independent of the fiber geometry, whereas Ts and Ri scale with the fiber cross-
sectional area. Using these equivalent stiffness parameters for both fiber and matrix, the governing
differential equation of the coupled fiber-matrix response can be introduced.

4.3. Mathematical formulation of the fiber-matrix RVE
This section derives the analytical solution of the governing BVP describing the coupled fiber-matrix
response. The solution procedure begins with the introduction of an appropriate ansatz, followed by
determination of characteristic spatial parameters and integration constants. The resulting displace-
ment, rotation, internal force fields are then obtained in closed form, providing the basis for subsequent
stiffness evaluation.

4.3.1. Governing differential equation
Having introduced the fiber as a beam and thematrix as an elastic foundation, each with their respective
stiffnesses in the set up as shown in Figure 4.5, the total energy of the beam-foundation assembly
equals [44]:

Π =

∫ [
Db

2

(
dψ

dx

)2

+
Cs
2

(
dw

dx
− ψ

)2

+
Kww

2

2
+
Ts
2

(
dw

dx

)2

+
Riψ

2

2
− qw −mψ

]
dx (4.21)

wherem and q are the distributed momentm and load q as shown in Figure 4.5. Applying the variational
principle to Equation 4.21 and setting the distributed moment and load to zero, yields the homogeneous
ODE to be [44]:

d4w

dx4
− KwDb +RiCs + TsCs +RiTs

Db(Cs + Ts)

d2w

dx2
+
Kw(Ri + Cs)

Db(Cs + Ts)
w = 0 (4.22)
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4.3.2. General solution of the governing equation
The solution of Equation 4.22 depends on the sign of the so-called characteristic parameter

∆ = Γ2 − 4Φ =

(
KwDb +RiCs + TsCs +RiTs

Db(Cs + Ts)

)2

− 4Kw(Cs +Ri)

Db(Cs + Ts)
, (4.23)

which in this case is a function of the fiber-matrix material system and theRVE idealisation. Two different
ansätze for Equation 4.22 were proposed consisting of exponential and trigonometric or hyperbolic
terms [44]:

For ∆ < 0, the lateral displacement takes the form of

w(x) = (Aeαx + Ce−αx) cosβx+ (Beαx +De−αx) sin βx (4.24)

with the unknown coefficients A,B,C and D. The spatial wave numbers α and β, which dictate the
exponential growth/decay and oscillatory behavior of the solution, respectively:

α =

√√
Φ

2
+

Γ

4
(4.25)

β =

√√
Φ

2
− Γ

4
(4.26)

And for ∆ > 0 it takes the form of

w(x) = (Aeαx + Ce−αx) cosh βx+ (Beαx +De−αx) sinh βx (4.27)

with

α =

√√
Φ

2
+

Γ

4
(4.28)

β =

√
−
√
Φ

2
+

Γ

4
(4.29)

For practical reasons, the case for ∆ = 0 is omitted, as numerically speaking, Equation 4.23 will never
be exactly 0 and thus either (4.24) or (4.27) will always apply.

Introducing the following shorthand combinations of stiffness terms:

U =
C2
s −KwDb

Cs(Ri + Cs)
, (4.30a)

V =
Db(Cs + Ts)

Cs(Ri + Cs)
, (4.30b)

I =
KwDb +RiCs + TsCs +RiTs

Ri + Cs
, (4.30c)

J =
Db(Cs + Ts)

Ri + Cs
, (4.30d)

H =
KwDb

Cs
, (4.30e)

G =
Db(Cs + Ts)

Cs
. (4.30f)

The rotation ψ(x), internal shear load Q(x) and internal momentM(x) are then as follows [44]:

ψ(x) = U
dw

dx
+ V

d3w

dx3
, (4.31)

Q(x) = I
dw

dx
− J

d3w

dx3
, (4.32)

M(x) = Hw −G
d2w

dx2
. (4.33)
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Due to the exponential-trigonometric/hyperbolic nature of Equation 4.24 and 4.27, and differentiation
being a linear operator, physical quantities derived from the ODE solutions, which include ψ(x), Q(x),
M(x), tensorial axial strain ϵ11(x) and tensorial shear strain ϵ13(x), have the same functional form:[
(c

(−)
1,f A+ c

(−)
2,f B)eαx + (c

(−)
3,f C + c

(−)
4,f D)e−αx

]
cosβx+

[
(c

(−)
5,f A+ c

(−)
6,f B)eαx + (c

(−)
7,f C + c

(−)
8,f D)e−αx

]
sinβx

(4.34)
or[
(c

(+)
1,f A+ c

(+)
2,f B)eαx + (c

(+)
3,f C + c

(+)
4,f D)e−αx

]
coshβx+

[
(c

(+)
5,f A+ c

(+)
6,f B)eαx + (c

(+)
7,f C + c

(+)
8,f D)e−αx

]
sinhβx

(4.35)

where the subscript f(x) denotes the field quantity of interest,

f(x) ∈ {ϕ(x), Q(x), M(x), ε11(x), ε13(x)},

and the constants c(±)
i,f are determined by the sign of Equation 4.23 and by what quantity they express.

Details of the derivations and tabulated results can be found in Appendix A.

4.3.3. Boundary conditions of the RVE
Since the fiber will be represented by a beam and the matrix by an elastic foundation supporting the
beam, the fiber will be loaded directly, while the matrix will react indirectly by developing distributed
shear and normal stresses to oppose the fiber deformation. The total applied shear force QRV E on
the RVE is thus distributed over the fiber and the matrix depending on their respective load fractions,
dictated by their shear stiffness G and cross-sectional area A. Under the assumption of uniform shear
strain, the respective load fractions are:

fi =
niGiAi

nfGfAf + nmGmAm
i = f,m (4.36)

such that the fiber and matrix load are:

Qf = ffQRV E (4.37)
Qm = fmQRV E = (1− ff )QRV E (4.38)

Plotting Equation 4.36 for the material data reported in chapter 3, as shown in Figure 4.7, it can be seen
that the majority of the load is being carried by the fibers. At vf = 0.6, Qf is at least 97.7% of QRV E for
all materials, except for the AS4 fibers, with Qf carrying about 95.8% of QRV E due to its comparably
low Gf , as mentioned in chapter 3.

Figure 4.7: Fiber load fractions
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Xia [44] proposed a calculation method based on a transfer-matrix formulation, in which the deflections
and internal forces at successive discretized points along the beam are obtained from the inertia, damp-
ing, and stiffness properties between adjacent points. However, the practical implementation of this
method is insufficiently documented and the accompanying appendix is suspected to contain errors.
Attempts to reproduce the results resulted in solutions exhibiting exponential growth. Therefore, the
governing ODE was re-solved for the particular case of applied shear loads and moments at the beam
ends.

Assuming a state of simple shear in the fiber-matrix RVE at its ends (x = 0, x = L), the following
boundary conditions, visualized in Figure 4.8, are applicable for a load-dependent formulation:

Q0 = Q(x = 0) = Qf ;

QL = Q(x = L) = Qf ;

M0 =M(x = 0) = 0;

ML =M(x = L) = 0

(4.39)

Figure 4.8: Fiber-matrix RVE with applied loadings at its ends.

4.3.4. Statement of the boundary-value problem
Combining subsection 4.3.1- 4.3.3 the boundary value problem can be formally stated. The deforma-
tion of the fiber within the representative volume element is governed by the fourth-order differential
equation given in Equation 4.22. Together with the boundary conditions defined in Equation 4.39, this
forms the BVP for the displacement field w(x) over the interval x ∈ [0, L].

The objective is therefore to determine the constants A, B, C, and D in the general solutions given by
Equation 4.24 and Equation 4.27 such that the boundary conditions are satisfied.

4.4. Solution of the boundary-value problem
Following the formal statement of the BVP in subsection 4.3.4, this section presents the systems of
equations needed to determine A,B,C andD and investigates the resulting displacement and internal
force fields.

4.4.1. Determination unknown coefficients
Using boundary conditions of Equation 4.39, the following systems of equations can be formulated for
both general solutions:

For ∆ < 0:

c
(−)
1,QA+ c

(−)
2,QB + c

(−)
3,QC + c

(−)
4,QD = Qf (4.40)

(
c
(−)
1,Q cosβL+ c

(−)
5,Q sinβL

)
eαLA+

(
c
(−)
2,Q cosβL+ c

(−)
6,Q sinβL

)
eαLB

+
(
c
(−)
3,Q cosβL+ c

(−)
7,Q sinβL

)
e−αLC +

(
c
(−)
4,Q cosβL+ c

(−)
8,Q sinβL

)
e−αLD = Qf

(4.41)
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c
(−)
1,MA+ c

(−)
2,MB + c

(−)
3,MC + c

(−)
4,MD = 0 (4.42)

(
c
(−)
1,M cosβL+ c

(−)
5,M sinβL

)
eαLA+

(
c
(−)
2,M cosβL+ c

(−)
6,M sinβL

)
eαLB

+
(
c
(−)
3,M cosβL+ c

(−)
7,M sinβL

)
e−αLC +

(
c
(−)
4,M cosβL+ c

(−)
8,M sinβL

)
e−αLD = 0

(4.43)

For ∆ > 0:

c
(+)
1,QA+ c

(+)
2,QB + c

(+)
3,QC + c

(+)
4,QD = Qf (4.44)

(
c
(+)
1,Q coshβL+ c

(+)
5,Q sinhβL

)
eαLA+

(
c
(+)
2,Q coshβL+ c

(+)
6,Q sinhβL

)
eαLB

+
(
c
(+)
3,Q coshβL+ c

(+)
7,Q sinhβL

)
e−αLC +

(
c
(+)
4,Q coshβL+ c

(+)
8,Q sinhβL

)
e−αLD = Qf

(4.45)

c
(+)
1,MA+ c

(+)
2,MB + c

(+)
3,MC + c

(+)
4,MD = 0 (4.46)

(
c
(+)
1,M coshβL+ c

(+)
5,M sinhβL

)
eαLA+

(
c
(+)
2,M coshβL+ c

(+)
6,M sinhβL

)
eαLB

+
(
c
(+)
3,M coshβL+ c

(+)
7,M sinhβL

)
e−αLC +

(
c
(+)
4,M coshβL+ c

(+)
8,M sinhβL

)
e−αLD = 0

(4.47)

The linear systems of equations formed by Equation 4.40-4.43 and Equation 4.44-4.47 can be written
in matrix form, such that by matrix inversion the solution for the unknown coefficients equals:


A
B
C
D

 = M(±)−1


Qf
Qf
0
0

 , (4.48)

with M(±) being the material system matrix containing the constants c(±)
i,Q and c(±)

i,M , the fiber length L
and the spatial wave numbers α and β.

4.4.2. Resulting displacement and internal force fields
Combining the displacement ansatz of Equation 4.24 or Equation 4.27, depending on the sign of ∆,
with the numerical solutions for the coefficients A, B, C, and D obtained in subsection 4.4.1, yields the
response of the RVE for the material systems introduced in chapter 3. For an RVE length of L = 100µm,
the resulting fields are shown in Figure 4.9. Since the fiber diameters are at most 11µm, an RVE of
100µm can still be treated as a beam.

For this RVE length, the displacement w and rotation ψ are primarily concentrated at the RVE ends, in
response to the imposed loading, and gradually return to their pre-loading values on the interior of the
RVE. The imposed boundary conditions of Equation 4.39 are satisfied, with Q0/L = Qf = −0.1mN
and M0/L = 0nNm. Differences between material systems manifest mainly through variations in the
magnitude and extent of internal loadings, reflecting the relative stiffnesses between the fiber as a
beam and the matrix as elastic foundation.
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Figure 4.9: Resulting displacment field w, cross-sectional rotation ψ, internal force Q and internal momentM for an applied
force of Q = 0.1 and an RVE length of L = 100µm

Two key trends may be identified. First, the displacement induced by the applied shear load decays
away from the boundaries, indicating that the deformation is localised near the loading points. Second,
the development of a non-zero internal bending moment, which increases from the boundary, reaches a
maximum, and subsequently diminishes, implies that axial strains arise through bending effects, despite
the nominally shear-dominated boundary conditions.

For shorter RVE lengths, the displacement and internal shear force no longer decay to zero within
the domain. This observation motivates a reduction of the RVE length such that the displacement
field approaches a linear variation and the internal shear force becomes nearly constant and equal
to the applied shear load, thereby approximating a state of pure shear and reducing any bending. In
the limiting case, taking L → 0 corresponds to evaluating the governing fields locally at x = 0. This
procedure is shown schematically in Figure 4.10, and numerically in Figure 4.11 for an RVE length of
L = 0.1µm. The resulting displacement field is linear, the internal shear force constant and the internal
moment linear, since dM

dx ∝ Q, but of negligible magnitude (10−14).

Figure 4.10: In the limit of decreasing the RVE length to zero, the RVE will be purely in shear.
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Figure 4.11: Resulting displacment field w, cross-sectional rotation ψ, internal force Q and internal momentM for an applied
force of Q = 0.1 and an RVE length of L = 0.1µm.

4.5. Evaluation of the strain field
The analytical solution derived in subsection 4.3.4 provides the displacement and rotation fields of the
fiber within the RVE. From these kinematic fields, the corresponding strain measures can be obtained
through the small-strain relations of continuum mechanics.

4.5.1. Tensorial strain components along the RVE
Applying the small-strain kinematic relations [86]

εij =
1
2

(
∂ui
∂xj

+
∂uj
∂xi

)
, (4.49)

to the displacement field introduced in Equation 4.8 yields the tensorial strain components governing
the deformation of the fiber. In particular, the axial strain component

ε11 = −z dψ
dx
, (4.50)

and the tensorial shear strain component

ε13 =
1

2

(
dw

dx
− ψ

)
, (4.51)

follow directly from the spatial gradients of the displacement field.

The engineering shear strain is subsequently defined as

γ13 = 2ε13. (4.52)

An example distribution of these strain measures along the RVE length is shown in Figure 4.12, illustrat-
ing the localisation of shear-induced deformation near the boundaries and the corresponding evolution
of axial strain associated with bending. Note how ε13 reaches a maximum and ε11 a minimum at x = 0,
consistent with the applied boundary conditions.
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Figure 4.12: Distribution of tensorial shear strain and axial strain along the RVE.

4.5.2. Shear strain at the RVE boundary
Having established the general form of the strain components, attention is now restricted to the shear
strain at the RVE boundary, which directly links the applied shear load to the resulting deformation. The
relevant deformation measure for the present problem is the engineering shear strain in the fiber–matrix
system, γ13 = 2ε13.

Evaluating this quantity using the displacement field of Equation 4.8 yields the shear strain at x = 0 as

γ13 = 2ε13 =
dw

dx

∣∣∣∣
x=0

− ψ(0). (4.53)

Substituting the constitutive relation for the rotation field ψ(x) (Equation 4.31) and collecting common
terms yields

γ13 = (1− U)
dw

dx

∣∣∣∣
x=0

− V
d3w

dx3

∣∣∣∣
x=0

. (4.54)

Substituting in the derivatives of the displacement field w(x) from Appendix A into Equation 4.54 and
collecting common terms yields

γ13 = (A− C) e+ (B +D) d. (4.55)
where the parameters e and d depend on the characteristic parameter∆ and thus differentiate between
the two anzätze:

e =

{
α(1− U)− (α3 − 3αβ2)V, if ∆ < 0,

α(1− U)− (α3 + 3αβ2)V, if ∆ > 0,
d =

{
β(1− U)− (−β3 + 3α2β)V, if ∆ < 0,

β(1− U)− (β3 + 3α2β)V, if ∆ > 0.
(4.56)

It is noted that the kinematic description of the present beam formulation naturally results in the shear
strain component γ13 rather than γ12, since this follows directly from the standard beam coordinate
system. As a result, the corresponding constitutive relation would formally involve the shear modulus
G13. However, for a UD ply, the material is commonly assumed to be transversely isotropic about
the fiber direction [3]. This implies that the two directions in the transverse cross-sectional plane are
materially equivalent, such that

G12 = G13. (4.57)
Since the beam axis of the present RVE is aligned with the fiber direction, this transverse isotropy
applies directly to the current formulation. Therefore, although the beam kinematics naturally produce
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γ13, this quantity may be associated consistently with the shear response described by G12. Hence, for
notational consistency in the remainder of this work, γ13 will be written as γ12, such that:

γ12 = (A− C) e+ (B +D) d (4.58)

This relation now expresses the shear strain at the RVE boundary directly in terms of the constants of
the analytical solution.

4.5.3. Dependence on applied shear load
A slight rewrite of Equation 4.48 will allow for a reformulation of Equation 4.55:

A
B
C
D

 = M(±)−1


Qf
Qf
0
0

 = QfM
(±)−1


1
1
0
0

 = Qf


A/Qf
B/Qf
C/Qf
D/Qf

 = Qf


A′

B′

C ′

D′

 (4.59)

And thus with A,B,C andD being linearly dependent on Qf through Equation 4.59, Equation 4.58 can
be written as:

γ12 = Qf [(A
′ − C ′)e+ (B′ +D′)d] (4.60)

4.5.4. Effective RVE shear stiffness
Equation 4.60 shows that the shear strain scales linearly with the applied shear load Qf . Comparing
to the standard mechanics-of-materials relation for Timoshenko shear deformation [43]:

γ =
Q

nGA
=
Q

K
(4.61)

shows that Equation 4.60 plays an analogous role, with its bracketed term as an effective compliance
such that the RVE shear stiffness KRV E is equal to:

KRV E =
1

(A′ − C ′)e+ (B′ +D′)d
(4.62)

4.6. Reduced analytical formulation
Although Equation 4.62 provides an expression for the shear strain in terms of the constants A, B,
C, and D, it relies on the full solution of the 4 × 4 boundary-value system. Numerical evaluation of
this system reveals a structural simplification that allows a more compact analytical formulation to be
obtained. This observation is examined below and subsequently used to derive a reduced analytical
solution for the RVE response.

4.6.1. Numerical observation and physical interpretation
Inspection of the numerical solution of Equation 4.61 shows that the constants A and B are negligibly
small for all material systems considered. This behaviour can be understood by examining the general
solution expressions (Equations 4.26 and 4.29), where both constants are associated with terms pro-
portional to eαx. Such terms would lead to an unbounded growth of the displacement field when moving
away from the points of load application, which is not physically admissible for the present fiber-matrix
configuration.

Consequently, the physically relevant solution is dominated by the exponentially decaying components,
and it is therefore reasonable to set

A = B = 0,

a priori. This observation enables a reduction of the original BVP and motivates the search for a
simplified analytical formulation.
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4.6.2. Reduced boundary-value problem and closed-form solution
By imposing A = B = 0, the original 4×4 system of Equation 4.50 reduces to the following 2×2 system
governing the remaining constants C and D:

[
c
(±)
3,Q c

(±)
4,Q

c
(±)
3,M c

(±)
4,M

] [
C
D

]
=

[
Qf
0

]
. (4.63)

The reduced system allows for a closed-form solution, yielding

C = Qf
c
(±)
4,M

c
(±)
3,Qc

(±)
4,M − c

(±)
4,Qc

(±)
3,M

, (4.64)

D = Qf
−c(±)

3,M

c
(±)
3,Qc

(±)
4,M − c

(±)
4,Qc

(±)
3,M

. (4.65)

These expressions provide analytical values for the remaining solution constants and form the basis
for deriving an explicit expression for the effective shear stiffness of the RVE.

4.7. Analytical expression for RVE shear stiffness
As Equation 4.55 is still valid, combining it with the condition that A = B = 0 and Equation 4.64 and
Equation 4.65 gives:

γ12 = Qf
−c(±)

4,Me− c
(±)
3,Md

c
(±)
3,Qc

(±)
4,M − c

(±)
4,Qc

(±)
3,M

, (4.66)

such that:

KRV E =

c
(±)
3,Q − c

(±)
4,Q

(
c
(±)
3,M

c
(±)
4,M

)
−e− d

(
c
(±)
3,M

c
(±)
4,M

) . (4.67)

Substiting in Equation 4.56, and defining the following shorthand notations,

R =

(
c
(±)
3,M

c
(±)
4,M

)
=

{
H/G−(α2−β2)

2αβ , if ∆ < 0,
H/G−(α2+β2)

2αβ , if ∆ > 0,
(4.68)

ϕ =

{
−α3 + 3αβ2, if ∆ < 0,

−α3 − 3αβ2, if ∆ > 0,
ψ =

{
−β3 + 3α2β, if ∆ < 0,

β3 + 3α2β, if ∆ > 0.
(4.69)

Equation 4.67 can be generalized into:

KRV E =

I

(
α+ βR

ϕ− ψR

)
+ J

(1− U)

(
α+ βR

ϕ− ψR

)
+ V

, (4.70)

with the appropriate selection of α, β, ϕ, ψ and R based on the sign of ∆.
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4.8. Initial ply stiffness prediction
Following the definition of the shear stiffness [43]:

K = nGA (4.71)

with shear correction factor n, cross-sectional area A and shear modulus G, the RVE shear modulus
would follow as:

GRV E =
KRV E

nRV EARV E
(4.72)

However, the shear correction factor of the RVE, nRV E proved to be problematic to define.

In light of the general considerations outlined in subsection 2.2.1, the determination of an effective
shear correction factor for the present RVE configuration would require a detailed resolution of the
three-dimensional stress field and its relation to the assumed beam kinematics. Such an analysis is
beyond the scope of the current formulation and would introduce an unnecessary level of complexity
at this stage. For simplicity, the shear correction factor is therefore taken as

nRV E = 1. (4.73)

The implications of this assumption will be assessed in chapter 5.

Using Equation 4.72, an initial ply stiffness can be evaluated. Considering an undamaged ply consisit-
ing solely of fibers and matrix that correspond to the current RVE arrangement its linear behaviour is
shown in Figure 4.13a-Figure 4.13d.
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(a) AS4/3501-6 (b) G40-800/5260

(c) IM7/8552 (d) Glass/LY556

Figure 4.13: Idealized ply behaviour versus experimental data obtained from Kaddour et al. [84]

For all material systems considered, Equation 4.72 consistenly overpredicts G12 of the ply. A relative
comparison is shown in Table 4.1. Overprediction ranges from +30% to nearly +200% for AS4/3501-6
and Glass/LY556 respectively. Considering the shear moduli of the respective constituents, i.e. Gm
and Gf , in comparison to G12 it appears reasonable to suggest that the fiber is contributing too much
to the RVE shear stiffness and thus too much to the inital ply modulus.

Table 4.1: Comparison of experimental data with modeled results for selected UD systems. Data from Kaddour et al. [64]

Experimental Timoshenko Fiber
Material System G12 [GPa] G12 [GPa] Error [%]
AS4/3501-6 6.60 8.62 +30.7
G40-800/5260 6.94 14.9 +115
IM7/8552 5.60 15.0 +168
Glass/LY556 5.83 17.2 +195

Average - - +127.2
Std. dev. - - 64.3
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4.9. Summary and outlook
The main findings of this chapter can be summarised as follows:

• An analytical solution describing the coupled shear response of the fiber-matrix RVE was ob-
tained.

• The derived formulation enables direct extraction of an effective RVE shear stiffness and corre-
sponding ply-level shear modulus.

• The deterministic prediction significantly overestimates the expected initial ply shear modulus,
indicating an excessive stiffness contribution of the fiber.

While the deterministic formulation establishes a rigorous analytical baseline, the discrepancy in pre-
dicted stiffness remains unsolved. To investigate the origin of this inconsistency, the following chapter
performs systematic analytical comparisons and finite-element studies across fiber volume fractions
and RVE geometries.



5
Analytical Comparison and Numerical

Evidence

This chapter evaluates the deterministic stiffness prediction through comparison with analytical bounds
and FEA RVE simulations. The behaviour of the analytical model is examined for the full fiber volume
fraction range and constrasted with Voigt- and Reuss-type responses. FEA analyses are then used to
investigate the influence of RVE geometry at fixed fiber volume fraction, providing numerical evidence
for variability in effective stiffness. At the same time, the finite element analysis serves as an alternative
model which provides insight into the interaction between matrix and fibers.

5.1. Analytical behaviour of deterministic RVE stiffness
Before interpreting the overprediction of G12 by GRV E , as identified in section 4.8, the behaviour of
the underlying KRV E is examined. This allows assessment of whether the reduction of the three-
dimensional fiber-matrix interaction problem to a one-dimensional beam-on-elastic-foundation model
preserves the essential stiffness characteristics.

5.1.1. Limit behaviour of the deterministic stiffness
In the limit of vf → 0, the properties of the matrix should be obtained, such that by definition of the
shear stiffness

lim
vf→0

KRV E(vf ) = (nGA)m. (5.1)

However to obtain vf → 0, it is not that the fiber dissappears, but that the matrix area Am becomes
unbounded as illustrated in Figure 5.1. Consequently Equation 5.1 becomes unbounded and does not
provide any meaningful insight. Instead, the limit of

lim
vf→0

KRV E(vf )

ARV E(vf )
= nmGm, (5.2)

should remain bounded, as Gm is a material property and the shear correction factor nm depends on
shape, not size of the matrix annulus.

The limit of vanishing fiber volume fraction provides insight into the physical consistency of the determin-
istic stiffness formulation. In this regime, the RVE is dominated by matrix deformation, and the effective
shear modulus would be expected to recover the matrix shear modulus Gm, taking into account the
shear correction factor nm. However, due to the abstraction of the surrounding matrix as an elastic
foundation of infinite radial extent, the deterministic formulation does not reproduce this limit exactly,
such that

33
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lim
vf→0

KRV E(vf )

ARV E(vf )
≈ Gm. (5.3)

This deviation highlights a fundamental modelling consequence of reducing the three-dimensional ma-
trix domain to a one-dimensional foundation representation. The consequence of Equation 5.3 can be
observed in Figure 5.9-5.14.

Conversely, the limit of vf → 1 corresponds to an RVE consisting solely of the fiber. In this case, as
the fiber geometry is included exactly, the deterministic stiffness asymptotically approaches the shear
stiffness of the fiber beam:

lim
vf→1

KRVE(vf ) = Cs. (5.4)

Attempts were made to provide analytical solutions for Equation 5.3 and Equation 5.4, which proved to
be rather complicated due to nested dependencies on vf and branching behaviour due to the sign of
∆.

Figure 5.1: ARV E as a function of vf

5.1.2. Comparison with concentric-cylinder analytical solutions
Steinboeck et al. [87] derived a general analytical expression for the shear stiffness of cylindrical beams
composed of radially inhomogeneous materials. A particular case of this formulation corresponds to
a circular cross-section consisting of two concentric layers. Applying this result to the present RVE
yields:

KSteinboeck,num = 3ARVEEm(1 + ν)
( Ef
Em

(1 + vf ) + 1− vf

)(( Ef
Em

− 1
)
v2f + 1

)2
(5.5)

KSteinboeck,denom =

((
Ef
Em

)2

v3f (1 + vf ) +
Ef
Em

(
1 + 2v2f − v3f − 2v4f

)
+ (1− v2f )

2

)
(7 + 14ν + 8ν2)

(5.6)

+ 4

(
1− Ef

Em

)
vf (1− vf )

2(5 + 10ν + 4ν2)

KSteinboeck =
KSteinboeck,num

KSteinboeck,denom
(5.7)
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Here, ν denotes the Poisson’s ratio. In the original formulation, ν was assumed radially constant, as
the expression was derived for metallic beams. Therefore, ν will be interpreted as either νf or νm, as
shown in Figure 5.2-5.7. A comparison between KRV E (Equation 4.70) and KSteinboeck (Equation 5.7)
can now be made.

Qualitatively, both expressions exhibit similar behaviour. For low vf , a vertical asymptote is observed,
as both depend on ARVE, which tends to infinity as vf → 0. Conversely, for high vf , both expressions
approach a plateau, reflecting the increasing dominance of the fiber contribution. KRV E also does not
have a minimum at approximately vf = 0.1 but monotonically decreases towards vf = 1.

Quantitatively, KRV E predicts a far lower shear stiffness for the carbon materials, as shown in Fig-
ure 5.2-5.5, while the glass materials provide a close approximation from vf = 0.4 onwards. To investi-
gate this difference, the limiting behaviour of the shear stiffness KSteinboeck is examined, as was done
for KRV E in subsection 5.1.1. Although Equation 5.7 considers a constant Poisson’s ratio ν while the
RVE defined in chapter 4 does not, in the limit of the RVE only containing a fiber. i.e. vf → 1, ν → νf .

The limit of Equation 5.7 for an RVE containing only the fiber, i.e. vf → 1, equals

lim
vf→1

KSteinboeck =
3AfEf (1 + ν)

7 + 14ν + 8ν2
. (5.8)

Recognizing that
(7 + 14ν + 8ν2) ≈ (7 + 15ν + 8ν2) = (1 + ν)(7 + 8ν), (5.9)

Equation 5.8 can be simplified to
lim
vf→1

KSteinboeck ≈ 3AfEf
7 + 8ν

. (5.10)

Employing the assumption of material isotropy, this can be further rewritten as

lim
vf→1

KSteinboeck ≈ 6GfAf (1 + ν)

7 + 8ν
, (5.11)

which is very close to the fiber shear stiffness

Cs =
6GfAf (1 + νf )

7 + 6νf
, (5.12)

defined by Equation 4.11 in chapter 4 and corresponds to the limit of vf → 1 for KRV E , as shown by
Equation 5.4. Referring to Equation 5.10 as KS,vf→1 and to Equation 5.11 as KS,iso, a comparison is
made in Table 5.1, with ν = νf . Errors with respect to Cs from Equation 5.12 are computed for both
KS,vf→1 and KS,iso, showing that KS,iso closely recovers Cs for all materials (average −4.69%, std.
dev. 0.17%), whereas KS,vf→1 only recovers Cs closely for the glass materials.

This highlights a similarity betweenKSteinboeck andKRV E , namely that both formulations are based on
isotropic constitutive assumptions. While KRV E adopts isotropy a priori for both fiber and matrix and
therefore recovers Cs in the limit, KSteinboeck considers a radially inhomogeneous beam composed of
isotropic layers. In the limiting case of a single-layer cylinder, the radial inhomogeneity disappears and
the formulation likewise reduces to that of a homogeneous isotropic beam.

As both models assume isotropy of the fiber material, the Steinboeck model recovers Cs closely for
the glass fibers, whether isotropy is enforced (Equation 5.11) or not (Equation 5.10), since the relation
between Ef , Gf , and νf is approximately isotropic for glass fibers. For carbon fibers, however, the
strong material anisotropy breaks this relation, and the Steinboeck limit only recovers Cs when isotropy
is artificially enforced, as was done for KRV E . This indicates that the agreement observed for glass
is not coincidental, but shows compatibility between the model assumptions and material symmetry,
whereas the discrepancy for carbon highlights that both formulations inherently rely on material isotropy
and therefore cannot fully capture anisotropic shear response.

Overall, the KRV E model shows close agreement with KSteinboeck for vf ≥ 0.4 for glass fibers, pri-
marily because the assumption of isotropy is reasonably valid. The remaining discrepancies are likely
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attributable to differences in Poisson’s ratio between fiber and matrix, which are assumed to be equal
in the Steinboeck formulation. For carbon fibers, however, the limit KRV E → Cs, which inherently
assumes fiber isotropy, only matches the Steinboeck result when isotropy is explicitly enforced. This
demonstrates that both models are unable to capture the anisotropic shear behaviour of carbon fibers
due to their built-in assumption of isotropy. Therefore, the applicability of both formulations is limited to
material systems for which an isotropic representation of the shear response is sufficiently accurate.

Consequently, KSteinboeck does not provide an alternative model that would improve upon the initial
stiffness predictions for carbonmaterials for vf = 0.6 of section 4.8. In fact, the observed overestimation
would be even larger, as KSteinboeck >> KRV E . For the glass system, no substantial difference at
vf = 0.6 is expected as KSteinboeck ≈ KRV E .

Table 5.1: Comparison of fiber shear stiffness predicted by KSteinboeck with prediction assuming material isotropy.

Material system KS,vf→1 [mN] KS,iso [mN] Cs [mN] Error KS,vf→1 [%] Error KS,iso [%]

AS4/3501-6 3101 483.3 506.9 511.8 -4.66
IM7/8552 1531 360.0 377.0 306.1 -4.51
G40-800/5260 5085 1136 1191.7 326.7 -4.67
Hercules AS/3501-6 2953 1112 1165.8 153.3 -4.62
Glass/LY556 2453 2450 2570 -4.55 -4.67
Owens-Corning Glass/3501-6 2805 2803 2951 -4.95 -5.01

Average – – – 214.7 -4.69
Std. dev. – – – 186.6 0.17

Figure 5.2: Shear stiffness comparison for AS4/3501-6 Figure 5.3: Shear stiffness comparison for IM7/8552
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Figure 5.4: Shear stiffness comparison for G40-800/5260 Figure 5.5: Shear stiffness comparison for Hercules
AS/3501-6

Figure 5.6: Shear stiffness comparison for Glass/LY556 Figure 5.7: Shear stiffness comparison for Owens-Cornig
Glass/3501-6
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5.2. Deterministic RVE shear modulus and relation to classical bounds
To shed light on the consistent over-estimation of GRV E observed in section 4.8 for selected material
systems with vf = 0.6, the resulting GRV E , as defined by Equation 4.72, is evaluated over the full
range vf ∈ [0, 1], as shown in Figure 5.9-5.14. It can be clearly seen that GRV E behaves similarly to
a rule-of-mixtures (RoM) model, which is commonly used to predict composite moduli based on the
elastic properties of the constituent phases and their relative volume fractions within the composite.

5.2.1. Relation to Voigt-Reuss bounds
Hill [36] showed, using variational energy principles for heterogeneous linear elastic media, that as-
suming uniform strain and uniform stress fields yields rigorous upper and lower bounds on the effective
elastic moduli, known respectively as the Voigt and Reuss bounds. Consequently, any physically ad-
missible micromechanical model must predict effective properties that lie between these two limits [1],
[36].

The Voigt and Reuss bounds originate from early averaging schemes for polycrystalline materials, pro-
posed by Voigt [34] under a uniform strain assumption and by Reuss [35] under a uniform stress as-
sumption. Applied to a two-phase UD composite ply to estimate G12, one obtains

G12,Voigt = vfGf + vmGm, (5.13)

G12,Reuss =

(
vf
Gf

+
vm
Gm

)−1

, (5.14)

where vm = 1−vf denotes the matrix volume fraction. Results for Equation 5.13 and 5.14 are shown in
Figure 5.9-5.14. First approximations of G12 for UD plies are commonly made by using Equation 5.14,
due to the experimentally observed nonlinear transition between matrix and fiber shear modulus [16].

Any RoM to estimate G12, which includes GRV E , is therefore expected to behave non-linearly in a
Reuss-like manner, rather than linearly in a Voigt-like manner. However, inspection of Figure 5.9-5.14
shows that GRV E behaves quite linear and closer to the Voigt bound than the Reuss bound.

At low fiber volume fractions, it produces either slight under- or overpredictions compared to Voigt while
consistently underpredicting the response at high vf . In fact, since ARV E → Af and KRV E → Cs as
vf → 1, as shown by Equation 4.7 and 5.4, GRV E underpredicts the fiber shear modulus according to

GRV E(vf = 1)

Gf
= nf , (5.15)

which is a direct consequence of assuming the shear correction factor nRV E = 1 for all vf ∈ [0, 1] in
section 4.8.

Therefore, under the assumption that nRV E = 1, GRV E derived from a 1-D Timoshenko fiber beam on
a matrix elastic foundation suggests that the fiber and matrix interaction is closer to a state of uniform
strain (Voigt), rather than uniform stress (Reuss).

Correcting the Voigt-like behaviour of GRV E closer to the desired Reuss-like behaviour could be con-
sidered as simple as weakening the assumption on the shear correction factor nRV E . Intermediately
re-defining the shear correction factor to be

nRV E =
(GRV E)nRV E=1

G12,Reuss
, (5.16)

such that KRV E

nRV EARV E
= GRV E = G12,Reuss, the resulting shear correction factor is shown in Figure 5.8.

The immediate observation is that for practically any vf a shear correction factor exceeding unity would
be required, with the exception of vf → 1, as explained by Equation 5.15.



5.2. Deterministic RVE shear modulus and relation to classical bounds 39

Recalling the discussion on the origin and definitions of the shear correction factor as covered in sub-
section 2.2.1, it is decided that using Equation 5.16 to formulate a shear correction factor of the present
RVE is not allowed for the reasons that

1. The rather simplified approach to obtain nRV E in this manner is inconsistent with other, estab-
lished methods;

2. No other examples of shear correction factors greatly exceeding unity, even > 6 in the case of
Glass/LY556, are found in literature;

3. For a given vf , which locks the RVE geometry for any material considered, this hypothetical shear
correction factor shows rather large discrepancies across the materials under consideration.

Figure 5.8: Hypothetical nRV E to correct the behaviour of GRV E

The existence of a shear correction factor ≤ 1 for the present RVE is not denied, but it does not form
the solution to correcting GRV E to behave closer to a non-linear, Reuss-like behaviour. However, it
is admitted that the formulation of GRV E from the 1-D Timoshenko fiber beam on a matrix elastic
foundation would benefit from a shear correction factor nRV E = f(vf ,material), as to stay consistent
with the definition of shear stiffness K = nGA.
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Figure 5.9: Shear modulus comparison for AS4/3501-6 Figure 5.10: Shear modulus comparison for IM7/8552

Figure 5.11: Shear modulus comparison for G40-800/5260 Figure 5.12: Shear modulus comparison for Hercules
AS/3501-6



5.3. FEA evaluation of deterministic stiffness predictions 41

Figure 5.13: Shear modulus comparison for Glass/LY556 Figure 5.14: Shear modulus comparison for Owens-Cornig
Glass/3501-6

5.3. FEA evaluation of deterministic stiffness predictions
To complement the analytical assessment of the deterministic formulation, FEA simulations are per-
formed on representative fiber–matrix RVEs. These simulations serve both to verify the stiffness ex-
traction methodology and to investigate the influence of geometric configuration on the predicted shear
response.

5.3.1. Validation of shear stiffness extraction methodology
A FEA RVE model was developed to verify the numerical procedure used to extract shear stiffness and
effective shear modulus. The RVE geometry corresponds to a cylindrical fiber–matrix configuration
representative of the AS4/3501-6 material system. For convenience, all geometric dimensions were
modelled in millimetres while preserving the correct relative length scales.

The fiber diameter was taken as
df = 7 mm,

with an equivalent matrix thickness of

tm,eq = 1.018 mm,

resulting in an overall RVE diameter of

dRV E = 9.037 mm.

This corresponds to a fiber volume fraction of approximately

Af
ARV E

= vf = 0.6.

The RVE length was chosen equal to its diameter, producing a short-beam configuration consistent with
the assumptions underlying Timoshenko beam theory. The final geometry can be seen in Figure 5.15
and 5.16.

The domain was discretised using three-dimensional SOLID186 elements [88] with a uniform element
size of 0.25 mm, resulting in approximately cubic elements. A conformal mesh across the fiber– matrix
interface was enforced through a shared topology approach, which is equivalent to assuming a perfectly
bonded interface.
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Prior to introducing distinct fiber and matrix material properties, the full geometry was modelled as a ho-
mogeneous isotropic solid using structural steel properties, summarized in Table 5.2. This verification
step allows direct comparison between the finite- element response and classical beam theory pre-
dictions, thereby isolating the numerical stiffness extraction procedure from microstructural modelling
effects.

Table 5.2: Material properties of structural steel [89]

Property Value

Density ρ 7850 kg/m3

Young’s modulus E 200 GPa
Poisson’s ratio ν 0.30
Bulk modulus K 166.67 GPa
Shear modulus G 76.92 GPa

5.3.1.1. Boundary conditions and loading
The RVE was fully clamped at one end by constraining all degrees of freedom. At the opposite end, a
prescribed transverse displacement of

δ = 0.1 mm

was applied in the positive y-direction. This loading configuration induces a nominal shear deformation
of the short cylindrical beam.

Figure 5.15: RVE clamped end
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Figure 5.16: RVE displaced end

5.3.1.2. Strain field characteristics and Saint-Venant considerations
The resulting shear strain field exhibited pronounced extrema near the loaded and clamped ends, as
labelled in Figure 5.17. These localised effects arise from the application of displacement boundary con-
ditions and do not represent the uniform deformation state of interest. Consistent with Saint-Venant’s
principle, strain evaluation was therefore performed at the mid-length cross-section of the RVE, suffi-
ciently far from both boundaries, as illustrated in Figure 5.18.

Figure 5.17: Strain field of deformed RVE
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Figure 5.18: Strain field at RVE midplane

At the midplane, the shear strain distribution varied from near-zero values at the top and bottom edge
of the cross-section to maximum values at its center. This spatial variation is consistent with classical
beam theory, where the actual shear stress distribution is non-uniform and typically exhibits parabolic
behaviour [43]. As Timoshenko beam theory assumes an uniform shear strain distribution over the
cross-section, there should be at least two locations at which strain predictions under this assumption
match with the parabolic prediction. This is schematically shown in Figure 5.19. The strain prediction
by the FEA that should approximately match the constant Timoshenko strain was determined to be
7902µstrain, as shown labeled in Figure 5.18.

5.3.1.3. Comparison with Timoshenko beam theory
To relate the FEA strain field to a global stiffness measure, Timoshenko beam theory was adopted. In
this framework, an average shear strain is defined assuming a constant shear distribution across the
cross-section, such that

γ =
Q

(nGA)RV E
, (5.17)

where Q is the transverse shear force, n is the shear correction factor, G the material shear modulus,
and A the cross-sectional area.

From the steel verification model, the reaction force extracted at the clamped end was

Q = 3.45× 104 N,

with a Cowper shear correction factor of [49]

nRV E = 0.886.

Using the material shear modulus of structural steel (Table 5.2) and the RVE cross-sectional area

ARV E = 64.14 mm2,

the corresponding average shear strain predicted by Timoshenko theory is

γ ≈ 7.894× 10−3,
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Figure 5.19: Constant shear strain by Timoshenko theory vs parabolic shear strain elasticity

Figure 5.20: Reaction force–average shear strain relation for the steel cylindrical RVE

which agrees excellently with the mid-section strain obtained from the finite- element simulation (−0.1%
rel. diff.).

This agreement confirms that the average-strain assumption of Timoshenko beam theory provides an
adequate representation of the global shear response of the FEA model.

5.3.1.4. Extraction of shear stiffness and modulus
To further verify the numerical stiffness extraction methodology, the loading of δ = 0.1mm was applied
in multiple steps and the corresponding reaction forces and mid-section average shear strains were
recorded. The shear stiffness K was obtained from the slope of the resulting Q–γ relation shown in
Figure 5.20, and the effective shear modulus was subsequently computed as

G =
K

nA
. (5.18)

The shear modulus retrieved from this back-calculation equaled G = 81.1GPa, which deviates by 5.4%
from the reference material value in Table 5.2. Despite the absence of a mesh convergence study, this
level of agreement was deemed sufficient to validate the numerical methodology. The FEA model is
therefore considered capable of extracting shear and effective shear modulus with acceptable accuracy
and the same methodology is subsequently applied to multi-material fiber–matrix RVEs.
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5.3.2. Effective stiffness of concentric cylindrical fiber-matrix RVEs
Following verification of the method to extract effective shear stiffness and modulus, the concentric
cylinder RVE was re-analysed as a two-phase fiber–matrix system. The simulations aim to evaluate the
predicted shear stiffness over a range of fiber volume fractions and to assess the physical admissability
of the resulting homogenised shear modulus.

The matrix was modelled as isotropic, with Young’s modulus and Poisson’s ratio taken from manufac-
turer data, as reported in chapter 3.

The fiber was assumed to exhibit isotropic elastic behaviour, which by definition has two independent
elastic constants [3], such that

G =
E

2(1 + ν)
, (5.19)

However, while the fiber is assumed to be isotropic in the present analytical work, in reality the Young’s
modulus, shear modulus, and Poisson’s ratio are all independent and known from material data. Since
selecting either two elastic constants and calculate the other, differs from data , the material was instead
implemented as orthotropic with identical properties in all principal directions:

Ex = Ey = Ez, νxy = νyz = νxz, Gxy = Gyz = Gxz. (5.20)

This modelling assumption is noted as requiring further evaluation. In analogy with the analytical model,
the shear correction factor was assumed to equal unity,

nRV E = 1, (5.21)

such that the extracted effective shear modulus follows from the relation

GRV E =
KRV E

ARV E
(5.22)

As with the analytical model, the fiber geometry is kept constant, so that the matrix annulus is increased
in size to obtain the required fiber volume fraction vf . As Am becomes unbounded for vf → 0, as
pointed out in section 5.1, a lower limit of vf = 0.2 is adopted to keep the simulation at a reasonable
size. To further limit computational time, the analyses were restricted to,

vf = [0.2, 0.4, 0.6, 0.8, 0.9].

The shear stiffness of each cylindrical RVE was obtained from the slope of the reaction force–average
shear strain relation, shown in Figure 5.21, using the methodology established in subsection 5.3.1 with
meshing following themesh convergence study documented in Appendix B. The following observations
can be made: First, an increase in shear stiffness is observed with decreasing fiber volume fraction.
Although this appears counterintuitive, it follows from geometric scaling. Since

KRVE ∝ ARVE, ARVE ∝ 1

vf
,

a low-fiber-volume RVE possesses a larger cross-sectional area and therefore exhibits a higher global
shear stiffness despite having a lower effective shear modulus GRV E . This trend was also observed in
section 5.1, with the analytical KRV E becoming unbounded for vf → 0.
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Figure 5.21: Q− γ for various vf for cylindrical fiber-matrix RVE.

Furthemore, low-fiber-volume RVEs experience a lower maximum average shear strain for an equal
imposed end displacement. This behaviour can be interpreted from an energy perspective. For a
displacement-controlled cantilever beam, the FEA solution minimizes the total strain energy

U =
1

2
Qδ, (5.23)

by adjusting the reaction force Q. Since [43]

δ = Q

(
L3

3EI
+
L

K

)
RV E

, (5.24)

the total energy may be written as

U =
1

2
Q

(
L3

3EI
+
L

K

)
RV E

. (5.25)

Thus, although the bending contribution remains small for short beam lengths, an increase in shear
stiffness shifts a fraction of the deformation energy into bending. Consequently, a smaller portion of
the total deformation is accommodated through shear, resulting in reduced average shear strains for
the same imposed displacement.

The effective shear modulus extracted from the cylindrical RVE is now compared with the classical
Voigt-Reuss bounds and the analytical solution as was done in subsection 5.2.1.

While an initial coarse mesh (0.18mm, based on rough estimates) produces a Voigt-like response, the
converged solutions, for which mesh convergeny studies are included in Appendix B, are exceeding
the upper Voigt bound. Following Hill’s reasoning [1], [36], the cylindrical RVE, under the current mod-
elling assumptions, does not produce a physically admissible model for extraction of an effective shear
modulus GRV E .
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Figure 5.22: Comparison of FEA cylindrical RVE, FEA hexagonal RVE, analytical RVE and classical bounds.

5.3.3. Effective stiffness of hexagonal fiber-matrix RVEs
To investigate the effect of assumed microstructural geometry, the FEA procedure for the cylindrical
RVE was repeated with an RVE representing a hexagonal fiber packing. This provides a more realistic
approximaton of the local fiber arrangment and allows for comparing the effect of the geometry for a
given fiber volume fraction. Example geometries are shown in Figure 5.23-5.24.

Figure 5.23: Half hexagonal model vf = 0.6 Figure 5.24: Half hexagonal model vf = 0.9

To reduce the element count, only half of the RVE is modelled. Since this yields half the reaction force
compared to the full configuration, the shear response of the complete hexagonal model is obtained
by appropriate scaling. Verification of this approach, performed on the cylindrical model, is included in
Appendix B.
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Compared to the cylindrical model, the hexagonal model shows a clearly different trend in the extracted
effective shear modulus GRV E , as illustrated in Figure 5.22. Compared to the full cylindrical model,
the hexagonal model remainls largely in between the Voigt and Reuss bounds, with the exception of
vf = 0.9, where it approaches the cylindrical result, due to the diminishing contribution of the matrix.

5.3.4. Influence of modelling assumptions
Two modelling assumptions used in the FEA analyses require further consideration: the representation
of the fiber material as orthotropic with identical principal properties, and the assumption of a unit shear
correction factor for the RVE.

For an isotropic elastic solid, only two independent elastic constants exist, typically taken as Young’s
modulus E and Poisson’s ratio ν, with the shear modulus following from

G =
E

2(1 + ν)
. (5.26)

However, for high-modulus fibers, material data are often reported in terms of E, ν, and G, which
do not exactly satisfy the isotropic constraint. In the present FEA analyses, these three constants
are therefore retained by adopting an orthotropic material definition with identical properties in each
principal direction. This preserves the measured values while relaxing the strict isotropy constraint.

As a consequence, the local stress–strain response may differ slightly from that of an ideal isotropic
material, which can influence the predicted load transfer behaviour within the fiber–matrix system, par-
ticularly in shear-dominated deformation states where the relative magnitudes of E and G govern the
partitioning of bending and shear energy. The resulting effective stiffness should therefore be inter-
preted as conditional on this constitutive representation rather than as a uniquely defined material
property.

Similarly, the assumption nRVE = 1 implies that the average shear strain extracted from the FEA model
corresponds directly to the effective shear modulus definition adopted in the analytical formulation. In
reality, the shear correction factor depends on the cross-sectional stress distribution and therefore
on both geometry and material heterogeneity [51], [90]. Neglecting this effect introduces an additional
source of modelling uncertainty. A further remark on the shear correction factor relates to the difference
between the cylindrical and hexagonal model. For a fixed fiber volume fraction and fixed fiber geometry,
both RVEs correspond to the same homogenised cross-sectional area. Differences in the extracted
global shear stiffness may therefore be interpreted as reflecting differences in the effective distribution
of shear deformation associated with each geometric idealisation.

If the true effective shear modulus is also assumed to depend only on fiber volume fraction and not on
the specific RVE geometry, as is commonly the case for RoM, then the observed difference in stiffness
may be interpreted through the corresponding shear correction factors. Under this assumption, the
ratio of the shear correction factors equals that of the ratio of extracted stiffnesses,

nhex
ncyl

=
Khex

Kcyl
. (5.27)

This expression is not used as a correction to either predictions, but serves as a possible interpretation
for the differences between the cylindrical and hexagonal model which is likely due to geometry-induced
differences in the non-uniform shear stress field and the associated shear correction needed. Recalling
the intermediate re-definition of the shear correction factor from subsection 5.2.1,

nRV E =
(GRV E)nRV E=1

G12,Reuss
,

this shear correction factor interpreted as the correction from GRV E towards G12,Reuss can also be
computed for the FEAmodels, shown in Figure 5.25. The analythetical hypothetical nRV E for AS4/3501-
6 from subsection 5.2.1 is included. Again, all hypothetical nRV E greatly exceed unity and are therefore
rejected on the same grounds as listed in subsection 5.2.1. The FEA results being nested around the
analytical result for AS4/3501-6, provides confidence that FEA results for the other material results
would overestimate the hypothetical nRV E to the same extent as the analytical results of Figure 5.8.
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Again, the existence of a consistent nRV E is not denied, but it is not expected to correct the FEA GRV E
adequately to Reuss-like behaviour.

Figure 5.25: Hypothetical nRV E to correct the FEA GRV E

Taken together, these assumptions indicate that the FEA estimates should not be interpreted as quan-
titatively exact predictions of the homogenised shear modulus. Instead, their value is more in revealing
trends and sensitivities associated with geometric idealisations.

5.4. Summary and outlook
The main findings of this chapter can be summarised as follows:

• The deterministic analytical model exhibits a Voigt-like stiffness behaviour across the fiber volume
fraction range, while a Reuss-like stiffness behaviour is sought for;

• FEA analyses show similar qualitatively trends and demonstrate that the extraction of effective
shear stiffness does not only depend on the constituent properties and RVE area but also on the
local geometry;

• In particular, the FEA of the concentric cylinder showed similar behaviour as the analytical model
but does exceed classical bounds under the present modelling assumptions, while the hexagonal
model does not;

• The majority of the FEA results are to be used qualitatively rather than quantitivaly, due to con-
straint of not knowing the exact shear correction factor for heterogeneous beams.

Because the deterministic formulation fails to reproduce the experimentally determined initial shear
stiffness and does not behave like common RoMs, a modification of the governing constituent mod-
uli is required. Rather than introducing empirical adjustments to correct predictions to observed ply
behaviour, the following chapter develops a statistically informed homogenisation framework to derive
effective modulus correction factors inspired by the observed effects of micromechanical geometry of
the RVEs.



6
Statistical Homogenisation of Initial

Shear Stiffness

This chapter develops a statistical informed homogenisation framework to reconcile the deterministic mi-
cromechanical stiffness prediction with experimentally observed ply behaviour. Variability in local fiber
volume fraction and RVE geometry is represented through a probabilistic description, while local shear
stiffness is evaluated using concentric-cylinder-type relations. The resulting stochastic homogenisation
is employed to identify effective correction factors for the constituent moduli governing the deterministic
formulation, in analogy with established Tsai-Hahn modulus corrections [17]. These corrected moduli
provide a consistent description of the initial ply shear stiffness and establish the basis for subsequent
modelling of stiffness degradation.

6.1. Background and motivation
The deterministic micromechanical formulation developed in chapter 4 provides an analytical estimate
of the RVE shear stiffness and modulus. However, comparison with experimental ply-level shear data
indicates that this formulation systematically overestestimates the effective stiffness. In particular, the
contribution of the fiber shear modulus is found to be exessively dominant when compared to classical
mixture relations.

A straightforward remedy would be to introduce correction factors in KRV E that transform GRV E into
the Reuss RoM. However, such an approach would undermine the work that went into expressing the
fiber-matrix RVE as a Timoshenko beam on elastic foundation. Moreover, even though the Reuss RoM
is a common first estimate for G12 [16], it is observed to underpredict experimentally measured G12 in
many material systems as shown in Table 6.1. This underestimation of matrix-dominated ply moduli,
such as G12 and E2, has been reported by others [1], [16], [31].

Table 6.1: Comparison of G12 data vs G12 estimated by Voigt RoM

Material Gdata12 [GPa] GReuss12 [GPa] rel. diff.[%]
AS4/3501-6 6.6 3.93 -40.4
IM7/8552 5.6 3.41 -39.1
G40-800/5260 6.94 2.99 -57.0
Glass/LY556 5.83 2.92 -49.9

This indicates that the discrepancy cannot be resolved by simply selecting between classical RoMs.
Instead, a physically motivated homogenisation framework is required that captures the underlying
micromechanical mechanisms governing shear stiffness.

51
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In this context, the Tsai-Hahn RoM offers an improved deterministic description by incorporating geo-
metric features of the local fiber arrangement. Nevertheless, such models, including the current GRV E
model so far (see assumptions chapter 4), still assume a uniform microstructure with fiber being ar-
ranged in either square or hexagonal grids and therefore neglect variability in local fiber volume fraction
and RVE geometry, as introduced in chapter 2. Since real composite plies exhibit spatial fluctuations
in fiber packing, these effects must be accounted for to obtain consistent description of initial shear
stiffness.

The objective of this chapter is therefore to extend the deterministic micromechanical formulation into
statistically informed homogenisation framework capable of reproducing experimentally observed stiff-
nesses more closely.

6.2. Deterministic geometric corrections
The discrepancies identified in section 6.1 indicate that classical mixture bounds are insufficient to
describe the effective in-plane shear stiffness of unidirectional plies. While such bounds provide useful
limiting estimates, they do not account for the geometric constraints imposed by the local fiber–matrix
arrangement. Deterministic micromechanical models that incorporate idealised representations of this
geometry therefore offer a more physically informed description of stress transfer mechanisms. Among
these, the formulation of Tsai and Hahn introduces in-situ corrections to constituent moduli based on
simplifiedmicrostructural considerations, providing an intermediate level of modelling between classical
mixture rules and fully resolved micromechanical analyses.

6.2.1. Tsai-Hahn in-situ corrected moduli
Improved deterministic estimates can be obtained by considering the local fiber–matrix geometry. While
the Reuss model assumes a plate-like arrangement of the constituent phases, Tsai and Hahn [17]
adopted a concentric-cylinder representation, in which each fiber is fully surrounded by the matrix. A
schematic comparison of these idealisations is shown in Figure 6.1.

Figure 6.1: Plate arrangment vs concentric cylinder arrangement of fiber and matrix

On this basis, Tsai and Hahn introduced in-situ corrected moduli for the fiber and matrix phases through
a semi-empirical formulation. These corrections account for the constraint imposed by the matrix on
each individual fiber, in contrast to Reuss-type RVE, which idealises the composite as two plates of
equal thickness representing the fiber and matrix phases. The resulting corrected shear moduli are
expressed as

G∗
f = (vf + ηsvm)Gf , (6.1)

G∗
m =

(
vf
ηs

+ vm

)
Gm. (6.2)

with the stress partioning parameter ηs defined as

ηs =
τ̄matrix
τ̄fiber

0 < ηs ≤ 1. (6.3)
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A semi-emperical approach showed ηs to be nearly independent of vf and closely approximated by [17]

ηs =
1

2

(
1 +

Gm
Gf

)
. (6.4)

The corrected moduli G∗
f and G∗

m are then to be used in the Reuss RoM, Equation 5.14, such that:

GTsai−Hahn12 =

(
vf
G∗
f

+
vm
G∗
m

)−1

(6.5)

Table 6.2 shows that both Reuss and Tsai-Hahn mixture relations systematically underestimate the in-
plane shear modulus, while the Tsai formulation consistently reduces the modelling error relative to the
Reuss rule of mixtures, yielding improvements in predictive accuracy ranging from approximately 23%
to 69% depending on the material system.

Table 6.2: Comparison of experimental G12 with Voigt and Tsai-Hahn estimates

Material Gdata
12 [GPa] GReuss

12 [GPa] rel. diff. [%] GT-H
12 [GPa] rel. diff. [%] improvement [%]

AS4/3501-6 6.60 3.93 -40.4 4.54 -31.2 22.8
IM7/8552 5.60 3.41 -39.1 4.92 -12.1 69.1
G40-800/5260 6.94 2.99 -57.0 4.35 -37.3 34.6
Glass/LY556 5.83 2.92 -49.9 4.32 -26.0 47.9

6.3. Microstructural variability in unidirectional plies
As introduced in chapter 2, real composite microstructures exhibit spatial variability in fiber arrangement
which influence local stiffnesses. The following section introduces the origins of such variability and
methods to describe it.

6.3.1. Origin of variability in fiber volume fraction
In practical composite manufacturing processes, fiber packing is inherently non-uniform. Local varia-
tions in fiber volume fraction arise from several sources, including:

• resin flow [23], [68], [69];
• fiber bundle geometry and clustering [22], [91];
• fiber waviness [1], [24];
• manufacturing defects such as voids and resin-rich zones [67].

These variations manifest visually as deviations from the idealised hexagonal fiber packing, as illus-
trated in Figure 6.2. Consequently, spatial fluctuations occur in the local fiber volume fraction, which
may lead to local over- or underestimation of the nominal ply volume fraction typically reported by mate-
rial suppliers. Such local variations in fiber content directly translate into corresponding local variations
in stiffness.



6.3. Microstructural variability in unidirectional plies 54

Figure 6.2: SEM image of a CFRP [21]

6.3.2. Probabilistic descriptions of local fiber packing
Analytical homogenisation models typically assume uniformmicrostructure and therefore neglect statis-
tical variability. Several studies have proposed probabilistic approaches to represent local fiber volume
fraction distributions [4], [19], [26], [29]

Sanei and Fertig [27] evaluated several probability distributions against experimentally measured data
on fiber volume fraction. The four best-performing distributions, in decreasing order of goodness of
fit, were the Weibull, Generalized Extreme Value, Extreme Value, and Beta distributions. However,
with the exception of the Beta distribution, these distributions possess unbounded support extending
to infinity, which is not physically consistent with the finite packing limits of fiber-reinforced composites.

For this reason, the Beta distribution is adopted in the present work. It provides a bounded represen-
tation of local fiber–volume–fraction variability that remains consistent with the geometric constraints
imposed by fiber packing.

To model the variability in fiber volume fraction, a scaled Beta distribution is adopted over the physically
admissible interval

0 ≤ vf ≤ vf,max, vf,max =
π

2
√
3
. (6.6)

where vf,max corresponds to the maximum packing density of circles in a hexagonal arrangement. Let
the random variable Vf denote the fiber volume fraction. It is assumed that

Vf ∼ Beta(αβ , ββ ; 0, vf,max), (6.7)

that is, a Beta distribution scaled from the unit interval to [0, vf,max] controlled by shape parameters αβ
and ββ . Its mean is prescribed as

µ = E[Vf ] = vf,ply. (6.8)

To estimate the standard deviation of this scaled beta distribution on [0, vf,max], it is postulated that there
exists an auxiliary normal distribution with unknown mean µN but with an equal standard deviation σ,
as shown in Figure 6.3. This normal distribution is characterised by the following percentiles:

X1 = µN − k99σ, (6.9)
X99 = µN + k99σ. (6.10)

where k99 is the one-sided tolerance limit factor for normal distributions [92]. Eliminating µN by sub-
tracting Equation 6.9 from Equation 6.10 yields an estimate for the standard deviation:

σ =
X99 −X1

2k99
, (6.11)

To close the problem, it is assumed that the minimum and maximum of the scaled beta distribution
can be identified with X1 and X99, respectively. Under this assumption, the selected percentile pair
uniquely determines σ with:

σ =
vf,max
2k99

, (6.12)
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with k99 = 2.326 [92].

Figure 6.3: Example of a normal distribution postulated to have the same standard deviation as the required beta distribution.

Using the mean and variance relations of the scaled Beta distribution, the corresponding shape param-
eters are written as

αβ =
vf,ply
vf,max

[
2k99 vf,ply
v2f,max

(
1− vf,ply

vf,max

)
− 1

]
, (6.13)

ββ = αβ

(
vf,max

vf,ply
− 1

)
. (6.14)

The shape of the Beta distribution is thus governed by Equation 6.13 and Equation 6.14, which control
both the skewness and concentration of probability mass within the bounded interval. When αβ = ββ >
1, the distribution is symmetric and unimodal, with increasing values leading to stronger concentration
around the mean. If αβ > ββ , the distribution is left-skewed, indicating a higher probability of larger
fiber volume fractions, whereas αβ < ββ produces right-skewness and emphasises lower values. For
αβ , ββ < 1, the distribution becomes U-shaped, concentrating probability near the bounds, while values
close to unity yield an approximately uniform distribution [93]. Accordingly, the choice of αβ and ββ
enables flexible representation of physically plausible variability patterns in local fiber packing.

6.4. Statistical homogenisation of ply shear modulus
Including variability in the fiber volume fraction as per section 6.3 requires a local evalution of stiffness.
The following sections describe the means to do so by discretizing the ply and evaluating the stiffness,
taking into account local geometry, and then obtain a ply shear modulus through strain compatibility.

6.4.1. Element-based ply representation
The ply is idealised as an assembly of small elements, each characterised by a local fiber volume
fraction. Within each element, the microstructure is represented by an equivalent concentric-cylinder
geometry, as shown in Figure 6.4, preserving its fiber volume fraction. The local shear modulus of each
element is then evaluated by using the Tsai-Hahn RoM (Equation 6.24).
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Figure 6.4: Subdivision of the ply cross-section in elements. Each element is then matched to a concentric-cylinder model with
equal fiber volume fraction.

6.4.2. Homogenisation via strain compatibility
Selecting an arbitrary row randomly positioned in the ply thickness as shown in Figure 6.4, the shear
modulusGi of each row element i is defined by Equation 6.24. All elements are assumed to experience
the same shear strain:

γ =
τi
Gi

=
Qi
AiGi

, (6.15)

where Qi is the force carried by the ith cell and Ai is the corresponding element area, assumed to be
identical for all cells.

From shear-strain compatibility, the force in each element is therefore

Qi =
AiGi∑
j AjGj

Q, (6.16)

where Q denotes the total force applied to the row of N elements. Substituting this expression into the
definition of γ yields

γ =
Q∑

j AjGj
. (6.17)

This strain must also equal the strain of the entire row, i.e.

γ =
Q

Grow

∑
j Aj

. (6.18)

Equating both expressions gives
Q∑

j AjGj
=

Q

Grow

∑
j Aj

. (6.19)

Cancelling Q and using the assumption Ai = A = const., so that
∑
j Aj = NA, leads to

Grow =
A
∑
j Gj∑
j Aj

=
A
∑
j Gj

NA
=

1

N

∑
j

Gj . (6.20)

Hence, the shear modulus of a row is obtained as the arithmetic mean of the shear moduli of its con-
stituent elements. If the row characterised by Equation 6.20 is assumed to be statistically independent
of its position through the ply thickness, the ply may be regarded as a stacking of rows with identical
stiffness. Consequently,

G12,ply = Grow (6.21)

6.5. Generalised mixture laws
Classical mixture relations such as the Voigt and Reuss models may be interpreted as limiting cases of
a generalised power-mean formulation. This viewpoint enables interpolation between different mixture
behaviours through a continuous parameter that governs the relative dominance of the constituent
moduli. This approach has only been reported in a limited number of studies [94], [95].



6.5. Generalised mixture laws 57

6.5.1. Power-mean formulation
Considering Equation 5.14 and Equation 5.13, the in-plane shear modulus G12 may be expressed as
a weighted power mean of the constituent shear moduli,

G12 =Mp(Gf , Gm; vf ) =

G
vf
f G vm

m , p = 0,(
vfG

p
f + vmG

p
m

)1/p
, p ̸= 0, |p|< 1.

(6.22)

where vm = 1−vf and p is the continuous parameter that allows for interpolation between the classical
bounds, as this formulation recovers the classical bounds as special cases,

G12 =

{
G12,Voigt, p = 1,

G12,Reuss, p = −1.
(6.23)

Accordingly, the Voigt and Reuss bounds correspond to the weighted harmonic and weighted arithmetic
means of the constituent moduli, respectively.

6.5.2. Tsai-Hahn as power-mean
It can be shown numerically that other RoM, such as the one proposed by Tsai and Hahn with corrected
constituent moduli as explained in subsection 6.2.1, can be expressed in terms of an effective power-
mean representation with uncorrected moduli and p as a function of fiber volume fraction vf . In case of
the Tsai-Hahn RoM, p(vf ) was found to be a near linear function, as shown in Figure 6.5. In fact, with
the exception of AS4/3501-6, all the other materials tend to collapse to a single p(vf ).

Figure 6.5: The parameter p as a function of vf to represent the Tsai-Hahn RoM as a power-mean

Linear regression results presented in Table 6.3 indicate that the power-mean exponent p required
to reproduce Tsai’s shear modulus relation exhibits a remarkably weak dependence on the specific
material system considered. Across the six investigated fiber–matrix combinations, the fitted slopes
and intercepts cluster tightly around the mean values

p(vf ) ≈ m̄ vf + b̄ = (−0.303± 0.014) vf − (0.356± 0.023),
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where the quoted uncertainties represent the standard deviation across materials. This limited scatter
suggests that, to first order, the variation of the effective in-plane shear modulus predicted by Tsa-
Hahn’s formulation may be interpreted as arising from a nearly universal interpolation between con-
stituent moduli, governed primarily by the fiber volume fraction rather than the absolute magnitude of
the fiber–matrix stiffness contrast. As4/3501-6 as an outlier is suspected to be so due to its low Gf , as
mentioned in chapter 3. And thus the Tsai-Hahn RoM with corrected moduli can be approximated by
the following power mean with uncorrected moduli:

GTsai−Hahn12 =

(
vf
G∗
f

+
vm
G∗
m

)−1

≈ (vfG
−0.303vf−0.356
f + vmG

−0.303vf−0.356
m )

1
−0.303vf−0.356 (6.24)

Physically, this observation implies that the Tsai-Hahn relation behaves analogously to a generalised
power-mean mixture law with an exponent that varies approximately linearly with vf , while remain-
ing largely insensitive to the specific composite system. The residual deviations observed between
material systems are therefore attributable to higher-order nonlinear effects embedded in the original
semi-empirical formulation. Consequently, the power-mean representation provides a compact surro-
gate model that captures the dominant structure of Tsai-Hahn’s shear modulus prediction while offering
a more transparent parametric interpretation of mixture behaviour.

Table 6.3: Linear fit parameters of p(vf ) ≈ mvf + b obtained by matching the power-mean shear modulus to the Tsai-Hahn
RoM.

Material system Slope m Intercept b R2[%]

O-C Glass / 3501-6 −0.310003 −0.368051 99.3
Hercules AS / 3501-6 −0.309302 −0.366695 99.4
G40-800 / 5260 −0.308419 −0.364999 99.4
Glass / LY556 −0.313247 −0.374468 99.3
AS4 / 3501-6 −0.273224 −0.306405 99.8
IM7 / 8552 −0.303580 −0.355979 99.5

Mean −0.302963 −0.356100 -
Std. deviation 0.014016 0.023403 -

6.6. Calibration of a statistically informed power–mean law
Sections 6.3–6.5 established the three key ingredients required to construct a statistically informed
mixture description of the ply shear modulus:

• the bounded probabilistic representation of local fiber volume fraction variability (section 6.3),
• the element-based homogenisation result linking ply stiffness to the mean stiffness of its con-
stituents while considering geometric corrections (section 6.4),

• and the interpretation of mixture relations as a generalised power–mean interpolation between
constituent moduli (section 6.5).

The present section combines these results into a compact deterministic representation that reproduces
the statistically homogenised ply response. The resulting exponent function p(vf ), obtained from the
3-step process described below, provides a quantitative measure of the deviation from classical mix-
ture bounds induced by spatial variability in fiber packing. Its determination does not really on any
experimental data beyond the shear moduli of the ply constituents.

6.6.1. Statistically averaged reference stiffness
For a prescribed nominal fiber volume fraction vf , the local microstructure is modelled through the
random variable Vf introduced in section 6.3. The corresponding statistically averaged shear modulus
based on a beta-distributed fiber volume fraction is defined as

Gstat
12 (vf ) = E

[
GTsai−Hahn

12 (Vf )
]
, (6.25)
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where E[·] denotes the expectation operator with respect to the probability distribution of the random
variable Vf and GTsai−Hahn

12 is the deterministic concentric-cylinder estimate used at the element level.

This expectation corresponds directly to the ply-level homogenisation result derived in Section 6.4.

6.6.2. Identification of an effective mixture exponent
The statistically averaged modulus Gstat

12 (vf ) is now represented using the power–mean mixture for-
mulation introduced in section 6.5. For each nominal fiber volume fraction, an effective exponent p is
determined by enforcing

p(vf ) = argmin
p

[
Gstat

12 (vf )−G
(p)
12 (vf )

]2
, (6.26)

where G(p)
12 denotes the power–mean prediction.

This procedure yields a discrete mapping between fiber volume fraction and the mixture exponent
implied by statistically varying local fiber packing.

6.6.3. Continuous representation of the exponent function
To obtain a smooth constitutive description, the calibrated exponent values are approximated by a
polynomial relation,

p(vf ) ≈ c2v
2
f + c1vf + c0, (6.27)

whose coefficients are determined through least–squares regression.

In constructing this fit, only exponent values associated with statistically admissible fiber-volume–fraction
distributions are used. Specifically, the corresponding Beta–distribution shape parameters introduced
in section 6.3 are required to satisfy

αβ > 1, ββ > 1, (6.28)

ensuring that the local fiber volume fraction distribution remains unimodal within the physically admis-
sible interval. This restriction excludes cases in which the probability density becomes U–shaped or
strongly boundary–dominated, which would be inconsistent with the assumedmicrostructural variability
of typical unidirectional plies.

Substitution of Equation 6.27 into the power–mean formulation of Section 6.5 yields a deterministic
approximation of the statistically homogenised ply shear modulus.

6.7. Results for considered material systems
The calibration procedure described in section 6.6 was applied to the material systems introduced in
chapter 3. For each system, the statistically homogenised modulus Gstat

12 (vf ) was evaluated and used
to determine the corresponding exponent function p(vf ).

6.7.1. Calibrated exponent functions
An example of the discrete exponent values obtained from Equation 6.26 are shown in Figure 6.6 for
IM7/8552. The admissable values of p correspond to the range of fiber volume fraction that resulted in
αβ , ββ > 1 to ensure a unimodal Beta distribution. The fitted polynomial coefficients according to Equa-
tion 6.27 for the considered material systems, as shown in Figure 6.6 for IM7/8552, are summarised in
Figure 6.7 and Table 6.4.
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Figure 6.6: Calibrated power–mean exponents as a function of fiber volume fraction for IM7/8552.

Figure 6.7: The parameter p as a function of vf to deterministically represent the statistically informed shear modulus G12

Table 6.4: Polynomial fit coefficients for p(vf ) across materials

Material c2 c1 c0 R2 [%]

O-C Glass/3501-6 0.757431 -0.974705 -0.062156 99.5
Hercules AS/3501-6 0.759330 -0.976267 -0.059027 99.5
G40-800/5260 0.761651 -0.978168 -0.057159 99.5
Glass/LY556 0.748022 -0.966900 -0.072826 99.6
AS4/3501-6 0.815734 -1.017293 -0.030415 99.2
IM7/8552 0.773143 -0.987430 -0.042678 99.5
Mean 0.769218 -0.983461 -0.044055 -
Std 0.022070 0.016284 0.034464 -
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The limited scatter observed across material systems indicates that the influence of statistical mi-
crostructural variability on mixture behaviour is governed primarily by the fiber volume fraction, rather
than by the absolute stiffness contrast between constituents. A similarly weak material dependence
was already identified for the representation of the Tsai-Hahn relation as a generalised power-mean
(see section 6.5). Consequently, the statistically averaged modulus Gstat

12 of any material considered
in Table 6.4 may be approximated with sufficient accuracy by adopting the following polynomial repre-
sentation for the power-mean exponent,

p̄(vf ) ≈ (0.7692± 0.022) v2f + (−0.9835± 0.016) vf + (−0.044055± 0.034464), (6.29)

which provides a smooth deterministic surrogate for the statistically calibrated exponent.

6.7.2. Comparison with classical mixture relations
The effective shear modulus predicted using the calibrated power–mean is compared against the de-
terministic Tsai–Hahn RoM in Figure 6.8a-6.8d. Included is the Gp̄(vf )12 RoM based on Equation 6.29
with bands of ±σp. The improvement achieved by incorporating statistical variability in fiber volume
fraction is quantified in Table 6.5.
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(a) AS4/3501-6 (b) G40-800/5260

(c) IM7/8552 (d) Glass/LY556

Figure 6.8: Idealized ply behaviour versus experimental data obtained from Kaddour et al. [84]

Table 6.5: Comparison of experimental G12 with Tsai-Hahn and power-mean estimates

Material Gdata
12 [GPa] GTsai-Hahn

12 [GPa] rel. diff. [%] G
p(vf )
12 [GPa] rel. diff. [%] improvement[%]

AS4/3501-6 6.60 4.54 -31.2 5.08 -23.1 26.0
IM7/8552 5.60 4.92 -12.1 5.83 +4.13 64.5
G40-800/5260 6.94 4.35 -37.3 5.23 -24.7 33.8
Glass/LY556 5.83 4.32 -26.0 5.25 -10.0 61.5

The results demonstrate that accounting for spatial variability in fiber packing leads to a systematic
reduction in modelling error, thereby providing a physically motivated extension of deterministic mixture
relations. A similar trend was found by Yuanchen Huang et al. [31].

From amodelling perspective, the proposed approach therefore provides a compact extension classical
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mixture relations, retaining their analytical simplicity while incorporating the essential physics associ-
ated with microstructural randomness. This makes the resulting formulation particularly suitable for
integration into multi-scale constitutive frameworks and engineering design tools.

6.7.3. Validation using materials with multiple vf
The new RoM is tested for a glass filament-epoxy resin system, as reported by Öchsner [16]. Obtaining
the new RoM for any different material system is done by following the 3-step procedure of section 6.6.
Its constituent properties can be found in Table 6.7. The comparison presented in Table 6.6 and Fig-
ure 6.9 demonstrates that the proposed power-mean formulation provides a consistently improved
prediction of the measured shear modulus relative to the Tsai-Hahn relation. Whereas the Tsai-Hahn
curve systematically underestimates the experimental values across the investigated range of fiber
volume fractions, the statistically calibrated power-mean relation yields predictions that more closely
follow both the curvature and magnitude of the measured trend.

A key observation is that the experimental data points are effectively nested around the deterministic
prediction Gp(vf )12 , with some of the measurements falling within the uncertainty band associated with
the statistical variation of the exponent. This supports the interpretation that deviations from the classic
RoMs are not randommodelling artefacts, but rather arise from spatial variability in fiber packing and the
resulting non-uniform stress. Local clustering and varitions in matrix constraint alter the load-sharing
between the fibers and matrix, such that the apparent shear stiffness is higher compared to predictions
based on uniform stress assumptions, such as Reuss.

The improvement with respect to the Tsai-Hahn formulation is most pronounced at intermediate fiber
volume fractions, where the curvature of the effective mixture response is governed by the competition
between matrix-dominated shear transfer and fiber-dominated stiffness contributions. In this regime,
deterministic mixture laws tend to underpredict the stiffness due to their implicit assumption of homo-
geneous phase interaction. By incorporating statistical variability in the local fiber volume fraction, the
present model effectively modifies the mixture curvature, thereby providing a more realistic represen-
tation of the underlying micromechanical response.

Overall, the results confirm that the proposed statistical homogenisation approach gives a compact yet
effective extension of classical mixture relations, retaining their analytical simplicity while incorporating
the essential physics associated with microstructural randomness.

Table 6.6: Measured shear modulus and power-mean prediction

vf Gdata
12 [GPa] [16] Gp12 [GPa] rel. diff. [%]

0.595 6.52 5.26 -19.2
0.595 7.11 5.26 -26.0
0.672 8.60 6.78 -21.1
0.698 8.41 7.43 -11.7
0.723 8.86 8.17 -7.79
0.729 10.3 8.36 -18.8
0.730 7.41 8.39 +13.2
0.734 8.58 8.53 -0.58

Table 6.7: Fiber and matrix properties of the glass filament-epoxy resin system [16], expressed in GPa. The shear modulus is
obtained from the isotropic relation G = E/[2(1 + ν)].

Property Fiber Matrix

E [GPa] 73.084 3.447
ν [-] 0.22 0.35
G [GPa] 29.953 1.277
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Figure 6.9: Statistically calibrated power-mean and Tsai-Hahn vs data for a glass filament-epoxy system. Data from [16]

6.8. RVE stiffness correction
The statistically calibrated power–mean relation derived in section 6.6 provides an effective ply-level
shear modulus that accounts for spatial variability in fiber packing. However, the deterministic RVE
formulation developed in chapter 4 predicts an effective shear stiffness that remains systematically
higher than this statistically inferred behaviour, as was shown in chapter 5.

To ensure consistency between the micromechanical RVE model and the statistically homogenised ply
response, a correction of the constituent shear moduli entering the RVE formulation is introduced.

6.8.1. Consistency condition
Let the deterministic RVE model provide an effective shear stiffnessKRVE as covered by Equation 4.70
under the assumption that nRV E = 1 (Equation 4.73) and corresponding modulus

GRVE(Gf , Gm, vf ) =
KRVE(Gf , Gm, vf )

ARVE
. (6.30)
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Consistency with the statistically homogenised ply behaviour is enforced by requiring

GRVE(G
∗
f , G

∗
m, vf ) = Gstat

12 (vf ), (6.31)

where Gstat
12 (vf ) is the calibrated power–mean mixture relation derived in section 6.7.

6.8.2. Correction of constituent moduli
Following the idea of Tsai–Hahn in-situ modulus corrections, the effective stiffness response of the
deterministic RVE model is adjusted through multiplicative modification of the constituent shear moduli.

In the most general form, a scalar correction factor may be applied to both phases,

G∗
f = cGf , G∗

m = cGm, (6.32)

thereby preserving the relative stiffness contrast while modifying the overall stiffness predicted by the
RVE formulation.

However, since the deterministic RVE idealisation primarily overpredicts stiffness, and thus an overly
strong contribution of the fiber is present, an alternative correction strategy is to modify only the fiber
shear modulus,

G∗
f = cf Gf , G∗

m = Gm. (6.33)

This approach attributes the discrepancy between deterministic RVE predictions and statistically ho-
mogenised ply behaviour predominantly to the idealised representation of the fiber response, while
retaining the matrix properties.

Substitution into Equation 6.31 yields a scalar nonlinear equation for the correction factor c at each fiber
volume fraction. The correction factor are then determined numerically by solving

GRVE(cGf , cGm, vf )−Gstat
12 (vf ) = 0, (6.34)

or
GRVE(cf Gf , Gm, vf )−Gstat

12 (vf ) = 0, (6.35)

which defines a one–dimensional root-finding problem. The resulting corrected constituent moduli en-
sure that the deterministic RVE formulation reproduces the statistically inferred ply stiffness while re-
taining the analytical structure of the micromechanical model. Results for both correction strategies
are shown in Figure 6.10 and 6.11 over the full fiber volume fraction range and Table 6.8 contains the
corrections to match at vf = 0.6 specifically. Note how correction factors for both constituents are
consistenly very close to the fiber correction and slighty larger.

Table 6.8: Comparison of correction strategies required to reconcile deterministic RVE predictions with statistically calibrated
ply shear modulus.

Material system cf (fiber only) c (fiber & matrix)

AS4/3501-6 0.561 0.594
IM7/8552 0.367 0.393
G40-800/5260 0.330 0.354
Glass/LY556 0.287 0.312

Average 0.386 0.413
Std. dev. 0.121 0.122
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Figure 6.10: Corrections cf for Gf Figure 6.11: Corrections c for Gf and Gm

6.9. Summary and outlook
The main findings of this chapter can be summarised as follows:

• Classical mixture relations were shown to underpredict the initial in-plane shear stiffness of unidi-
rectional plies, indicating the need for an enhanced homogenisation approach.

• Spatial variability in local fiber volume fraction was introduced using a bounded probabilistic de-
scription based on a scaled Beta distribution, representing physically admissible variations in fiber
packing.

• Statistical homogenisation of locally evaluated shear stiffnesses led to an effective ply response
that can be accurately represented by a power-meanmixture lawwith a volume-fraction-dependent
exponent.

• The calibrated exponent function was found to exhibit only weakmaterial dependence, suggesting
that the dominant driver of the effective mixture behaviour is the fiber volume fraction rather than
constituent stiffness contrast.

• The statistically informed ply response was translated into consistency conditions for the deter-
ministic RVE formulation through multiplicative corrections of the constituent shear moduli.

• Both uniform constituent scaling and fiber-only correction strategies were shown to restore agree-
ment between the deterministic RVE stiffness and the statistically homogenised ply response.

The present framework provides a consistent description of the initial, undamaged shear stiffness of the
ply. In the following chapter, this corrected initial stiffness serves as the reference state for investigating
micromechanical failure mechanisms and the associated progressive degradation of RVE stiffness.



7
Constituent Failure and Local

Stiffness Degradation

With the statistically corrected initial shear stiffness established in preceding chapter, the remaining
challenge is to describe the onset of stiffness degradation during shear loading. This chapter therefore
investigates the micromechanical failure mechanisms of the fiber-matrix RVE subjected to increasing
shear deformation. Failure criteria for the fiber and matrix phases are evaluated using the strain fields
obtained from the analytical formulation with corrected moduli as per chapter 6, and stress redistribution
following fiber fracture is approximated to identify radial and interfacial cracking processes in the matrix.
Based on thesemechanisms, the distinct degraded stiffness states are defined at the RVE level, forming
the mechanical foundation for modelling progressive stiffness reduction at the ply scale.

7.1. Pre-failure kinematic state of the RVE
Prior to the onset of local failure, the RVE is subjected to a uniform engineering shear strain γ12,0 as
established in chapter 4,

γ12,0 =
Qf

KRV E
= Qf

 (1− U)

(
α+ βR

ϕ− ψR

)
+ V

I

(
α+ βR

ϕ− ψR

)
+ J

 , (7.1)

with the appropriate selection of α, β, ϕ, ψ and R based on the sign of the characteristic parameter
∆ (Equation 4.23). Under the assumption of small deformations, this engineering shear strain corre-
sponds to the centerline displacement field,

w0(x) = γ12,0x, (7.2)

illustrated in Figure 7.1. For convenience, a different coordinate system is employed, with the lateral
displacement w positive upward. A conceptual view of the cylindrical RVE as idealized in chapter 4
is sketched around the fiber displacement. This is the reference state for all post-failure solutions.
Development of the RVE displacement and strain field evolution upon failure will focus on the first
quadrant of the coordinate system, with the third quadrant being symmetric with respect to the origin.

67
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Figure 7.1: Pre-failure fiber axis displacement due to uniform shear strain γ12,0.

7.2. Constituent failure criteria
This section defines the onset of failure for the constituents and relates it to the far-field loading of
the RVE. A strain-based criterion is used, based on assumed strain compatibility at the fiber-matrix
interface, and expressed in terms of the strength-to-stiffness ratio of each constituent.

Using the load fractions of fiber and matrix, this criterion is reformulated in terms of failure loads and
stresses at the RVE level. Resulting expressions are then evaluated for the considered material sys-
tems, highlighting whether failure is governed by the fiber or the matrix.

7.2.1. Formulation failure criterion
As the fiber is modelled as a Timoshenko beam, the uniform shear strain γ12,0 of its centreline is constant
over the fiber cross-section. Consequently, the outer surface of the fiber experiences the same shear
strain. At this surface, the fiber–matrix interface is located. Under the assumption of perfect bonding,
the shear strain in the fiber is therefore equal to the shear strain in the matrix at the interface.

The onset of shear failure in either constituent is described by the condition

Giγ12
Si

= 1, i = f,m, (7.3)

where Gi and Si denote the shear modulus and shear strength of the respective phase. Equation (7.3)
follows from the linear elastic relation τi = Giγ12 and expresses failure as the point at which the shear
stress in the constituent reaches its strength.

For the fiber, which is treated as linear elastic and brittle [2], this criterion provides a suitable repre-
sentation of shear failure. For the matrix, which may behave inelastic, Equation (7.3) is interpreted
as defining the onset of irreversible damage, consistent with an elastic-ideally plastic material model,
illustrated in Figure 7.2.
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Figure 7.2: Conceptual ideal elastic-plastic matrix model corresponding to failure criterion of Equation 7.3.

Recalling that the applied shear load carried by the fiber is given by

Qf = KRVEγ12,0, (7.4)

and using the definition of the fiber load fraction from Chapter 4, Qf = ffQRVE, Equation (7.3) can be
rearranged to obtain the far-field RVE load corresponding to the local failure of constituent i,

QRVE,failure,i =
1

ff

(
S

G

)
i

KRVE i = f,m. (7.5)

The corresponding nominal shear stress at the RVE level is

τRVE,failure,i =
QRVE,failure,i

nRVEARVE
=

1

ARVEff

(
S

G

)
i

KRVE =
GRV E
ff

(
S

G

)
i

i = f,m, (7.6)

where the assumption of nRV E = 1 is used, as in previous chapters.

At the instant of failure, the local shear stress in the failing constituent satisfies either

τf = Sf , (7.7)

or
τm = Sm, (7.8)

such that Equation 7.5 or 7.6 relates the far-field RVE loading to the constituent-level strength condition.

7.2.2. Results for the considered material systems
Results from Equation 7.5 and Equation 7.6 depend strongly on the strength-to-stiffness ratio (S/G)i
of the constituents. The shear strength, shear modulus, and corresponding ratios are summarised in
Table 7.1 for the fibers and in Table 7.2 for the matrix. As the fiber shear modulus Gf is corrected in
subsection 6.8.2 toG∗

f to match experimental ply stiffness, this correction is consistently carried through
the remainder of the framework and is therefore included here.

From Equation 7.6, noting that (S/G)i is dimensionless, it effectively represents a shear failure strain,
consistent with Equation 7.3, and is reported as such. For the fiber, which is assumed linear elastic,
this provides a reasonable estimate of the ultimate shear strain, not directly reported in Kaddour et al.
[64]. For the matrix, (S/G)m corresponds to the yield strain γm,y shown in Figure 7.2 and therefore
(S/G)m < γm,u as seen in Table 7.2.

Comparing (S/G)f and (S/G)m across the materials shows that failure loads and stresses from Equa-
tion 7.5 and Equation 7.6 are governed by fiber failure for the carbon systems, i.e. (S/G)f < (S/G)m,
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and by matrix failure for the glass systems, i.e. (S/G)m < (S/G)f . Applying the corrected fiber shear
modulus G∗

f increases the fiber ultimate shear strain, but does not alter these trends.

Table 7.1: Fiber shear strength, shear modulus, corrected modulus, and strength-to-stiffness ratios, adapted from [64], [82] as
per chapter 3.

Material system Sf [MPa] Gf [GPa] G∗
f [GPa] Sf/Gf [%] Sf/G

∗
f [%]

Hercules AS 172.0 34.5 - 0.499 -
AS4 172.0 15.0 8.42 1.15 2.05
IM7 172.0 27.0 9.91 0.637 1.74
G40-800 172.0 27.0 8.91 0.637 1.93
OC Glass 2410 35.3 - 6.83 -
Glass/LY556 2410 30.8 8.84 7.82 27.3

Table 7.2: Matrix shear strength, shear modulus, strength-to-stiffness ratios and ultimate shear strain, [64], as per chapter 3.

Material system Sm [MPa] Gm [GPa] Sm/Gm [%] γm,u [%]

Hercules AS 57 1.567 3.64 4.0
AS4 57 1.567 3.64 4.0
IM7 57 1.478 3.86 5.1
G40-800 50 1.280 3.91 5.0
OC Glass 57 1.567 3.64 4.0
Glass/LY556 54 1.240 4.36 6.0

The resulting failure loads and stresses for the material systems with uncorrected fiber shear moduli
are shown in the bar charts of Figure 7.3-7.4. Several observations can be made:

For the failure loads, QRV E,failure,i:

• Despite a large difference in Gf , both AS4 and Hercules AS exhibit comparable failure loads,
reflecting their overall similarity;

• Carbon systems show failure loads approximately one order of magnitude lower than glass sys-
tems, consistent with the failure strains defined in Table 7.1 and 7.2;

• The relatively low fiber failure load of IM7/8552 is associated with its small fiber diameter.

For the failure stresses, τRV E,failure,i:

• Carbon fiber failure stresses cluster around 98.84 MPa, with a standard deviation of 2.58 MPa;
• Glass failure stresses are remarkably high, particularly when considered at the ply level.
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Figure 7.3: QRV E,failure,i for considered material systems, uncorrected.

The reason for including the uncorrected material systems in this failure analysis is that it was initially
performed prior to establishing the correction strategy. It was observed that the carbon failure stresses
τRV E,failure,f are closely clustered and lie in the vicinity of the ply in-plane shear strength S12,ply.

A comparison is made with methods by Huang [96][97], based on the Bridging model (Br) and its
extension accounting for stress concentrations (Br-Kt). Results and associated errors are summarised
in Table 7.3.

The main observation is that the Br model performs best, while the Br-Kt model does not provide an
improvement and is outperformed by τRV E,failure,f . It should be noted that Sf is taken equal for all
carbon materials due to limited data availability. Introducing a statistical spread in Sf is expected to
improve the relative error of τRV E,failure,f , yielding both under- and overestimates.

Recalling the discussion in chapter 6, where different RoMs reflect different fiber-matrix interaction
mechanisms ranging from uniform strain to uniform stress, the uncorrected GRV E corresponds to a
response closer to uniform strain. In contrast, more accurate representations of the ply initial shear
modulus G12 tend towards a uniform stress assumption, which motivated the corrected GRV E .

Since Equation 7.6, when evaluated with the uncorrected GRV E , appears to approximate S12,ply, it may
be indicative that the effective fiber-matrix interaction evolves during loading. In this view, different
forms of GRV E , whether corrected or uncorrected, could be associated with different stages of the
loading process, such as initial deformation versus conditions approaching failure.

Table 7.3: Comparison of experimental and modeled results for selected UD systems.

Material System S12,ply [MPa] [64] τRV E,failure,f error [%] Br error [%] Br-Kt error [%]

AS4/3501-6 79 103.26 +30.7 90.19 +14.17 127.18 +61.1
G40-800/5260 91 96.97 +6.56 83.02 -8.78 123.21 +35.4
IM7/8552 90 97.88 +8.76 94.03 +4.48 138.58 +54.0
Hercules AS/3501-6 791 97.23 +23.1 94.80 +20.0 140.97 +78.5
Average - 98.84 17.3 - 11.9 - 57.3
Std. dev. - 2.58 9.7 - 5.9 - 15.5
1 Assumed equal to that of AS4/3501-6.
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Figure 7.4: τRV E,failure,i for considered material systems, uncorrected.

It should also be emphasised that the strength parameters Si are inherently more uncertain than the
elastic moduli. Shear strength measurements are sensitive to the specific test configuration and the
extent to which the experimental loading state corresponds to the idealised conditions assumed in the
present micromechanical model.

The resulting failure loads and stresses for the material systems with corrected fiber shear moduli Gf ,
as per chapter 6, are shown in the bar charts of Figure 7.5-7.6. Several observations can be made:

For the failure loads, QRV E,failure,i:

• Fiber failure loads are only slightly increased w.r.t. the uncorrected case. Apparently, from Equa-
tion 7.5, KRV E(G

∗
f )/G

∗
f ≈ KRV E(Gf )/Gf ;

• Matrix failure loads show substiantial decrease as they are affected only through the decrease of
KRV E(G

∗
f ) w.r.t. KRV E(Gf ).

For the failure stresses, τRV E,failure,i, the same trends apply as for the failure loads.
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Figure 7.5: QRV E,failure,i for considered material systems, corrected.

Figure 7.6: τRV E,failure,i for considered material systems, corrected.

In the subsequent general analysis, it is assumed that the fiber has failed and is fully cracked, even
though the present results indicate that for the glass systems the matrix would constitute the critical
phase and at comparatively high stress levels. This simplifying assumption is introduced to enable a
consistent treatment of the post-failure behaviour across all material systems.

The rationale for this choice is as follows. First, the fiber shear strength Sf is interpreted as amean value
of a normally distributed strength. Consequently, under the iso-strain assumption, where the fibers carry
the dominant share of the applied load, individual fibers are expected to fracture progressively during
ply loading. In this statistical framework, a subset of fibers will fail at relatively low global strain levels,
leading to the early formation of discrete fiber cracks. This idea will be expanded upon in chapter 8.

The present analysis therefore focuses on the mechanics associated with fiber cracking as the govern-
ing local damage mechanism. The implications of this assumption, and its suitability for carbon versus
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glass systems, will be revisited in the discussion of the subsequent material-specific results.

7.3. Load re-distribution due to fiber crack
As introduced in subsection 7.2.2, the mechanism of initial damage considered in the present analysis
will be that of a discrete fiber crack.

In analogy with tensile failure, fiber fracture is associated with the presence of local flaws distributed
along the fiber length [98]. Under shear loading, failure would in general occur along an inclined fracture
plane. However, for the purposes of the present one-dimensional micromechanical model, the crack is
idealised as a straight transverse discontinuity normal to the fiber axis, as illustrated in Figure 7.7.

Figure 7.7: Considering the small angle approximation, the 45◦ angled crack will be approximated by a 90◦ angled crack.

Prior to fiber fracture, the RVE is subjected to a constant engineering shear strain γ12,0, defined by
Equation 7.1. The corresponding displacement field is given by Equation 7.2. Under the assumption
of perfect bonding and equal strain in both constituents, the applied shear load is partitioned between
the fiber and the matrix according to the load fractions introduced in chapter 4. Along the RVE x−axis
this partitioning can be expressed as

QRVE = Qf +Qm. (7.9)

Equation 7.9 is schematically shown in Figure 7.8. Note that this relation reflects the constitutive load
sharing between the fiber and matrix rather than a local force equilibrium involving a moment arm.

Figure 7.8: Total applied shear force QRV E is carried by the fiber and matrix in proportion to their relative stifnesses.

7.3.1. Redistribution of load at the crack location
Now, it is assumed that the principle of load partitioning between fiber andmatrix remains upon cracking
of the fiber. Once a fiber crack forms, the fiber’s cross-section turns into a stress-free surface at that
location. Cracking can occur at any random location along the fiber, which is tied to statistics of fiber
strength. Here it is assumed that a crack appears at x = 0, in the coordinate system of Figure 7.1.
Consequently, the fiber can no longer sustain shear load at this location, such that

Qf (x = 0) = 0. (7.10)
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Let Qf,0 and Qm,0 denote the pre-crack load contributions of the fiber and matrix, respectively. The
redistribution of load along the fiber axis may then be expressed as

Qf (x) = Qf,0 −∆Qf (x), (7.11)

Qm(x) = Qm,0 +∆Qf (x), (7.12)

such that the total applied load remains unchanged,

QRVE = Qf (x) +Qm(x). (7.13)

At the crack location this implies

Qf,0 −∆Qf (0) = 0, Qm,0 +∆Qf (0) = QRVE. (7.14)

The released fiber load ∆Qf (x) is therefore transferred to the surrounding matrix and subsequently
redistributed along the fiber axis.

7.3.2. Qualitative deformation mechanism
To provide physical insight into the redistribution process, consider the internal side view shown in
Figure 7.9 of the RVE subjected to the far-field shear strain γ12,0. Prior to fiber fracture, the applied
shear load is shared between the fiber and the matrix.

Following fiber fracture, the load previously carried by the fiber at the crack location must be transferred
to the surrounding matrix. Since the matrix is more compliant than the combined fiber–matrix system,
this local increase in load results in an additional deformation in the vicinity of the crack. Through
interfacial coupling, this increased matrix deformation imposes a transverse displacement on the fiber.

Figure 7.9: Qualitative description of change in deformation due to appearance fiber crack.

A qualitative interpretation of this behaviour may be obtained by considering the RVE as a shear-loaded
segment held at its ends. Upon formation of the fiber crack, the sudden loss of fiber load-carrying
capacity at the crack plane leads to a local increase in matrix deformation, causing a small but finite
shift in the end displacement required to maintain equilibrium with the externally applied load. This shift
reflects the increased compliance of the locally degraded fiber–matrix system. A schematic view of the
RVE upon the fiber cracking is shown in Figure 7.9.

The resulting deformation field may therefore be interpreted as the superposition of the pre-crack uni-
form far-field shear deformation and a local perturbation induced by the imposed displacement at the
crack location.
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7.3.3. Post-fracture fiber displacement
Prior to fracture, the deformation is described by the uniform far-field shear displacement w0 given by
Equation 7.2. Following fracture, the local deformation field is represented by

w(x) = w0(x)− wf + wcorr(x), (7.15)

where wf is the small, finite shift of the end displacement, described in subsection 7.3.2, and wcorr(x)
denotes the correction displacement induced by the loss of fiber load-carrying capacity at the crack,
connecting the crack displacement with the far-field displacement.

The correction displacement field is obtained by re-solving the Timoshenko beam formulation intro-
duced in chapter 4, with boundary conditions reflecting the presence of the crack.

The boundary conditions at the crack plane are taken as

• wcorr(0) = wf ,
• M(0) = 0,

where wf denotes the fiber-tip displacement associated with the increased deformation of the sur-
rounding matrix, as discussed in subsection 7.3.2. Following the reduced boundary-value procedure
described in subsection 4.6.2, the remaining constants C and D are obtained from[

1 0

c
(±)
3,M c

(±)
4,M

] [
C
D

]
=

[
wf
0

]
. (7.16)

From the first row, it follows directly that
C = wf , (7.17)

and accordingly

D = −

(
c
(±)
3,M

c
(±)
4,M

)
wf = −R(±)wf , (7.18)

where c(±)
3,M and c(±)

4,M can be found in Appendix A or the shorthand R from Equation 4.68 is used.

The correction displacement field therefore takes the form

wcorr(x) = wf

(
cos(βx)−

(
c
(−)
3,M

c
(−)
4,M

)
sin(βx)

)
e−αx = wf

(
cos(βx)−R(−) sin(βx)

)
e−αx, (7.19)

or

wcorr(x) = wf

(
cosh(βx)−

(
c
(+)
3,M

c
(+)
4,M

)
sinh(βx)

)
e−αx = wf

(
cosh(βx)−R(+) sinh(βx)

)
e−αx, (7.20)

where the presence of the term e−αx will ensure that for increasing distance from the crack

w(x) → w0(x) + wf as x→ ∞. (7.21)

and at the crack, i.e. x = 0
w(x) = 0. (7.22)

Since wcorr(0) corresponds to the pure-shear solution derived in chapter 4, combination of Equa-
tion 7.17 with the analytical expression for C obtained previously (Equation 4.64) yields

wf =
Qf

(−α− βR)I + (−ϕ+ ψR)J
, (7.23)
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and thus the displacement field of Equation 7.15 can be expressed as a function of the far field applied
load Qf or QRV E . An example of w(x) and its components are shown in Figure 7.10 for QRV E = 1mN .
For the material systems considered, w(x) fields are compared in Figure 7.11.

Figure 7.10: Example post-fracture displacement field w(x) and its components for QRV E = 1mN .

Figure 7.11: Post-fracture displacement field w(x) for QRV E = 1mN for the considered material systems.

7.3.4. Recovery of far-field load
Based on the solutions for C and D from Equation 7.17 and 7.18, and using the shorthand R±, the
released fiber load ∆Qf then follows from Equation 4.34 or Equation 4.35,

∆Qf = wf

((
c
(−)
3,Q − c

(−)
4,QR

(−)
)
cosβx+

(
c
(−)
7,Q − c

(−)
8,QR

(−)
)
sinβx

)
e−αx (7.24)

or
∆Qf = wf

((
c
(+)
3,Q − c

(+)
4,QR

(+)
)
coshβx+

(
c
(+)
7,Q − c

(+)
8,QR

(+)
)
sinhβx

)
e−αx, (7.25)

where c(±)
3,Q, c

(±)
4,Q, c

(±)
7,Q and c(±)

8,Q can be found in Appendix A. The form of Equation 7.24 and 7.25 ensures
that at increasing distance from the crack the load, given by Equation 7.11 gradually recovers towards
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the far-field value,
Qf (x) → Qf,0, (7.26)

while at the crack, the fiber is unable to sustain any load:

Qf (x = 0) = 0, (7.27)

At the same time, the matrix is overloaded according to Equation 7.12, such that at the crack

Qm(x = 0) = QRV E , (7.28)

and gradually recovers towards its far field value,

Qm(x) → Qm,0, (7.29)

The load re-distribution results for the corrected material systems are shown in Figure 7.12-7.17. Al-
though the results are similar accross the materials, one important feature is noticed: with the excep-
tion of AS4/3501-6, all material systems have a recovering Qf (x) that locally overshoots the far-field
applied QRV E load, with the glass-systems being most pronounced. Technically that means where
Qf (x) > QRV E another fiber crack would occur, causing a cascading failure. This would be the case
for constant fiber shear strength Sf along the fiber length. However, as mentioned before, interpreting
Sf as statistically distributed around a mean value among different fibers, it is also reasonable to as-
sume that the local shear strength along a fiber varies as a function of distributed flaws. For now, the
assumption will be made that no significant flaw is within close range of the flaw that caused the initial
fiber crack. Another reason for doing so, is that such an overshoot of the recovering load is essen-
tially a function of the effectiveness of the elastic foundation in representing the matrix for the loading
considered. So far, no measure of that effectiveness can be quantified.

Figure 7.12: Load re-distribution between fiber and matrix upon fiber crack for AS4/3501-6, QRV E = 1mN .
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Figure 7.13: Load re-distribution between fiber and matrix upon fiber crack for IM7/8852, QRV E = 1mN .

Figure 7.14: Load re-distribution between fiber and matrix upon fiber crack for G40-800/5260, QRV E = 1mN .

Figure 7.15: Load re-distribution between fiber and matrix upon fiber crack for Glass/LY556, QRV E = 1mN .
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Figure 7.16: Load re-distribution between fiber and matrix upon fiber crack for Hercules AS/3501-6, QRV E = 1mN .

Figure 7.17: Load re-distribution between fiber and matrix upon fiber crack for O-C Glass/3501-6, QRV E = 1mN .

7.3.5. Interface shear stress distribution
Having established the overloading of the matrix by Equation 7.12, the corresponding shear stress over
the cross-section will be used to approximate the shear stress at the fiber-matrix interface as

τ0(x) =
Qm(x)

nmAm
, (7.30)

where nm denotes the matrix shear correction factor and Am the effective matrix shear area, such that
τ0(x) is a scaled Qm(x) field as shown in Figure 7.12-7.17, retaining the same shape.

Subsituting either expressions forQm(x) based on the sign of∆ into Equation 7.30, the interface shear
stress field is either

τ
(−)
0 (x) =

QRV E
nmAm

[
fm +

ffe
−αx

(−α− βR)I + (−ϕ+ ψR)J

((
c
(−)
3,Q − c

(−)
4,QR

(−)
)
cosβx+

(
c
(−)
7,Q − c

(−)
8,QR

(−)
)
sinβx

)]
,

(7.31)
or

τ
(+)
0 (x) =

QRV E
nmAm

[
fm +

ffe
−αx

(−α− βR)I + (−ϕ+ ψR)J

((
c
(+)
3,Q − c

(+)
4,QR

(+)
)
coshβx+

(
c
(+)
7,Q − c

(+)
8,QR

(+)
)
sinhβx

)]
.

(7.32)
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The spatial variation of τ0(x) governs the initiation of matrix cracking mechanisms and forms the starting
point for the radial stress field analysis presented in the following section. As τ0(x) also evolves towards
a far field value, the redistribution of shear load following fiber fracture may be characterised by an
effective length scale deff , defined as the axial distance over which the excess matrix stress becomes
negligible according to a prescribed criterion,

τ0(x = deff) = τthreshold, (7.33)

where τthreshold is defined as a near far-field matrix stress. In the present work,

τthreshold = 0.99 τfarfield. (7.34)

Due to the nature of Equation 7.31 and 7.32, no closed form solution exists for deff and is therefore
numerically solved for.

The effective length deff thus represents the spatial extent over which the local perturbation induced by
fiber fracture influences the deformation of the RVE, as is conceptually demonstrated in Figure 7.9.

7.4. Matrix cracking due to fiber crack
Following the formation of a fiber crack, the local loss of load-carrying capacity in the fiber must be
compensated by an increased load transfer to the surrounding matrix. As established in Section 7.3,
this redistribution results in an elevated shear stress at the fiber–matrix interface. The resulting stress
field in the matrix governs the initiation and evolution of matrix cracking mechanisms.

7.4.1. Matrix stress field induced by fiber crack
Having determined the redistribution of shear load following fiber fracture, the matrix shear stress field
is now evaluated. At the fiber–matrix interface, the matrix experiences an increased shear stress τ0(x),
which varies along the fiber axis as the load carried by the fiber gradually recovers to its farfield value.

To determine the radial distribution of this stress, an intermediate cylindrical coordinate system (r, θ, x)
is introduced, aligned with the fiber axis. Under the assumptions that

• the shear stress field is axisymmetric, i.e. ∂(·)/∂θ = 0,
• axial normal stresses in the matrix are negligible for r > rf due to Ef ≫ Em, where rf denotes
the fiber radius, i.e. rf = df/2.

the axial equilibrium equation in cylindrical coordinates [86]

∂τrx
∂r

+
1

r

∂τθx
∂θ

+
∂σx
∂x

+
τrx
r

= 0, (7.35)

reduces to
∂τrx
∂r

+
τrx
r

= 0. (7.36)

This first-order ordinary differential equation can be solved by separation of variables, yielding

τrx(r) =
C0

r
, (7.37)

where C0 is determined from the boundary condition at the fiber–matrix interface.

Let τ0(x) denote the shear stress at the interface,

τ0(x) = τ(x, rf ). (7.38)

Substituting r = rf into Equation 7.37 gives

τ0(x) =
C0

rf
, (7.39)
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so that C0 = τ0(x) rf . The shear stress in the surrounding matrix then becomes

τ(x, r) = τ0(x)
rf
r
. (7.40)

An example shear stress field in the matrix is shown in Figure 7.18, highlighting both the axial decay
along the fiber and the radial decay outwards.

Figure 7.18: Shear stress field τ(x, r)
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Figure 7.19: Detailed view of shear stress field τ(x, r) exceeding the matrix strength Sm

7.4.2. Radial extent of the overloaded matrix region
Matrix failure is assumed to occur when the magnitude of the shear stress exceeds the matrix shear
strength Sm,

|τ(x, r)| > Sm. (7.41)

For a given axial position x, the radial extent of the region in which the matrix strength is exceeded is
therefore obtained from

|τ0(x)|
rf
r

= Sm, (7.42)

leading to

rover(x) = rf
|τ0(x)|
Sm

. (7.43)

The overloaded matrix region thus occupies the annular domain

r ∈ [ rf , rover(x) ]. (7.44)

An example of the shear stress field exceeding the matrix strength is shown in Figure 7.19 by highlight-
ing rover(x) ], where the fiber geometry is added for additional clarity.
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7.4.3. Excess strain energy in the matrix
The shear strain energy density in the matrix is given by

u(x, r) =
τ(x, r)2

2Gm
. (7.45)

To quantify only the energy stored beyond the matrix shear strength, an excess energy density is
introduced as

uexcess(x, r) =


τ(x, r)2 − S2

m

2Gm
, |τ(x, r)| > Sm,

0, |τ(x, r)| ≤ Sm.

(7.46)

Using
τ(x, r) = τ0(x)

rf
r
, (7.47)

the radial boundary of the overloaded region follows from

|τ(x, rover)| = Sm, (7.48)

such that
rover(x) =

|τ0(x)| rf
Sm

. (7.49)

The excess strain energy stored in the overloaded matrix region on one side of the broken fiber is then

Eexcess =

∫ xS

0

∫ rover(x)

rf

uexcess(x, r) 2πr dr dx. (7.50)

where xS is such that |τ0(xS)| = Sm. As with deff , no closed form solution exist for xS and is therefore
numerically solved for.

Substituting the stress field gives

Eexcess =
π

Gm

∫ xS

0

∫ rover(x)

rf

(
τ0(x)

2r2f
r

− S2
mr

)
dr dx. (7.51)

Carrying out the radial integration yields

Eexcess =
π

Gm

∫ xS

0

[
τ0(x)

2r2f ln

(
rover(x)

rf

)
− S2

m

2

(
rover(x)

2 − r2f
)]
dx. (7.52)

Using rover(x) = |τ0(x)|rf/Sm, this becomes

Eexcess =
πr2f
Gm

∫ xS

0

[
τ0(x)

2 ln

(
|τ0(x)|
Sm

)
− 1

2

(
τ0(x)

2 − S2
m

)]
dx, |τ0(x)| > Sm. (7.53)

Introducing the threshold condition explicitly, the final expression may be written as

Eexcess =
πr2f
Gm

∫ xS

0


τ0(x)

2 ln

(
|τ0(x)|
Sm

)
− 1

2

(
τ0(x)

2 − S2
m

)
, |τ0(x)| > Sm,

0, |τ0(x)| ≤ Sm.

dx. (7.54)

Once more due to the nature of Equation 7.31 and 7.32, no closed form solution exists for Eexcess either,
due to presence of the logarithmic term.
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7.4.4. Matrix cracking mechanisms
The excess strain energy generated in the overloaded matrix region provides a driving force for the
initiation and growth of matrix cracks and is used to determine crack sizes. This method has been
succesfully applied by Socci and Kassapoglou [7] to the case of UD plies under tensile loading. Two
primary cracking modes are considered [7]:

• interfacial cracking, characterised by debonding along the fiber–matrix interface over a length
Lint, schematically shown in Figure 7.20

• radial cracking, characterised by matrix fracture propagating outward from the fiber surface over
a length Lrad, schematically shown in Figure 7.21.

Figure 7.20: Interfacial matrix crack geometry Figure 7.21: Radial matrix crack geometry

Denoting by Γint and Γrad the fracture energy per unit area of interfacial and radial crack respectively,
the energy to create one of these crack types is set equal to the excess energy in the matrix due to the
fiber crack:

Eexcess =

πdfLint Γint,

π

4

[
(df + 2Lrad)

2 − d2f

]
Γrad.

(7.55)

where the geometry involved is illustrated in detail in Figure 7.22.

Figure 7.22: Crack lengths Lint and Lrad corresponding to an interfacial and radial crack respectively.

Solving Equation 7.55 for Lint and Lrad and setting Γint = Γrad = GII , which is the Mode II strain
energy release rate for the considered UD systems, the crack lengths are

Lint =
Eexcess

πdfGII,m
, (7.56)

and

Lrad =
1

2

(√
4Eexcess

πGII,m
+ d2f − df

)
. (7.57)
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7.5. Effective RVE concept
Previous sections have covered how a fiber crack introduces a perturbation to the otherwise uniform
shear deformation field. While the far field loading remains unchanged, the redistribution of load from
the fractured fiber to the surrounding matrix results in an increased local compliance in the vicinity of the
crack. This local compliance modifies the displacement field over a finite axial extent, quantified by deff ,
beyond which the deformation returns the uniform far field state. A conceptual view of displacement
fields as shown in Figure 7.11, is presented in Figure 7.23.

Figure 7.23: General displacement of fiber axis due to fiber break.

To account for this behaviour within a homogenised framework, the concept of an effective RVE is
introduced. This effective RVE represents the portion of the microstructure over which the post-fracture
perturbation significantly influences the deformation field. In the most general case, this effective RVE
spans the distance ∆x starting from the fiber crack, as shown in Figure 7.23.

As before, let the far-field shear strain prior to fracture be denoted by γ12,0 and thus ∆x = deff . Over
the effective length deff , the corresponding uniform far-field displacement is

w0 = γ12,0 deff , (7.58)

as constructed in Figure 7.23. Denoting the additional displacement at the crack location by wtip, as
shown in Figure 7.23, the average shear strain over the effective RVE may be approximated as

γeff ≈ ∆w

∆x
=
w0 + wtip

deff
= γ12,0 +

wtip

deff
. (7.59)

where wtip = wf from Equation 7.23. This relation shows that fiber fracture leads to an increase in the
local average strain relative to the far-field value, causing the local increase in compliance.
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This local increase in compliance is now referred to as a local decrease in stiffness instead. Subse-
quently, the degradation of the effective stiffnes of the RVE is represented by a modified displacement-
load relations by averaging the post-damage deformation over the effective length deff .

First, for an RVE which does not contain a fiber crack and is henceforth referred to as an unbroken RVE,
let the externally applied shear load be denoted by QRV E as before, such that the displacement-load
relation is

QRV E,unbroken =
KRV E

ff

w0

deff
, (7.60)

whereKRVE is the stiffness of the intact RVE derived previously. Following damage initiation, additional
local displacements modify this relation, resulting in degraded stiffness states which are characterised
below.

As discussed in subsection 7.3.2 and implemented in 7.3.3, the far field displacement of the RVE
undergoes a small but finite shift. Thus, as illustrated in Figure 7.23,

w0,broken = w0 + wtip = w0 + wf (7.61)

Substituting in Equation 7.60 and 7.23 into Equation 7.61 and denoting byQRV E,broken the far field load
that locally caused a fiber crack:

w0,broken = ff

(
QRV E,broken

KRVE
deff +

QRV E,broken
(−α− βR)I + (−ϕ+ ψR)J

)
, (7.62)

so that
QRV E,broken =

1

ff

w0,broken

deff
KRVE

+
1

(−α− βR)I + (−ϕ+ ψR)J

. (7.63)

Since
1

deff
KRVE

>
1

deff
KRVE

+
1

(−α− βR)I + (−ϕ+ ψR)J

, (7.64)

it follows that, for a given w0 = w0,broken,

QRV E,unbroken > QRV E,broken. (7.65)

Thus, for the same applied displacement, the unbroken fiber carries more load, consistent with the
expected stiffness reduction after fiber fracture.

7.6. Effective RVE for the interfacial crack
From a kinematic perspective, the presence of an interfacial crack may be interpreted as an extension
of the post-fracture bending-type deformation of the fiber derived in section 7.3, as shown in Figure 7.24
so that the average shear strain over the effective RVE may be approximated as

γeff,int ≈
∆w

∆x
=
w0 + wtip

∆x
= γ12,0

(
1

1 + Lint/deff

)
+

wtip

deff + Lint
. (7.66)

where,
wtip = wf + wint. (7.67)

Equation 7.61 can now be adjusted to account for the interfacial crack such that

w0,broken,int = w0 + wtip = w0 + wf + wint (7.68)

Here it is assumed that the addtional displacement due to presence of the interfacial crack can be
approximated by a one-dimensional beam solution for the matrix portion of length Lint that carries the
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total load QRV E since the fiber is traction free for the distance of Lint starting from the fiber crack.
Therefore [43]

wint = QRV E

(
L3
int

3EmIm
+

Lint
nmGmAm

)
. (7.69)

Substituting in Equation 7.60, 7.23 and 7.69 into Equation 7.68 and denoting by QRV E,broken,int the far
field load that locally caused a fiber crack and subsequent interfacial matrix crack:

w0,broken,int = QRV E,broken,int

(
ff

KRVE
deff +

ff
(−α− βR)I + (−ϕ+ ψR)J

+
L3
int

3EmIm
+

Lint
nmGmAm

)
,

(7.70)

Hence,
QRV E,broken,int =

w0,broken,int(
ff

KRVE
deff +

ff
(−α−βR)I+(−ϕ+ψR)J +

L3
int

3EmIm
+ Lint

nmGmAm

) (7.71)

The denominator therefore increases further, implying that less load is carried by the broken fiber when
interfacial cracking is included.

Note that
Lint = Lint(QRV E), (7.72)

so the response is no longer strictly linear.

Figure 7.24: Displacement due to fiber break and interfacial crack. Debonded length is shown in red.
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7.7. Effective RVE for the radial crack
Unlike interfacial cracks, radial cracks introduce an opening displacement within the matrix, resulting
in an additional local compliance that is not directly associated with fiber bending. This mechanism
may therefore be represented by a crack-opening displacement term, denoted here by δII , as shown
in Figure 7.25.

The corresponding effective shear strain over the effective RVE becomes

γeff,rad ≈ ∆w

∆x
=
w0 + wtip

∆x
= γ12,0 +

wtip

deff
. (7.73)

where
wtip = wf + δII (7.74)

Figure 7.25: Displacement due to fiber break and radial crack

In analogy with Socci and Kassapoglou [7], δII is interpreted as themode II crack opening displacement
assocatied with transversely shearing a hollow, thick-walled cylinder as shown in Figure 7.26. Socci
and Kassapoglou [7] used an analytical solution from Nied and Erdogan [99] of the form

δI,Nied = k0

(
1− νm
Gm

)(
s− df

2

)
σ0 (7.75)

where σ0 is the far-field applied normal stress, s the center-to-center fiber distance of Equation 4.1 and
k0 is a tabulated constant depending on the geometry and the numerical solution process involved. A
graphical comparison is made in Figure 7.26.
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Figure 7.26: Mode I vs Mode II on thick-walled cylinders.

The complexity of the solution derived by Nied and Erdogan [99] motivated the use of an approximation
instead, based on 2D solutions from Paris [100]:

δI,Paris =
4Lr
E

V1(Lr/s)σ0 (7.76)

δII,Paris =
4Lr
E

V1(Lr/s)τ0 (7.77)

where

V1

(
Lr
s

)
=

1(
πLr

2s

) {0.454 sin(πLr
2s

)
− 0.065

[
sin

(
πLr
2s

)]3
− 0.007

[
sin

(
πLr
2s

)]5
+ cosh−1

[
sec

(
πLr
2s

)]}
(7.78)

The associated geometries of these 2D solutions are shown in Figure 7.27 and 7.28.

Figure 7.27: Geometry corresponding to 2D mode I crack
opening

Figure 7.28: Geometry corresponding to 2D mode II crack
opening

Now, to approximate the crack opening displacement δII as shown in Figure 7.26, it is assumed that

δI,Nied
δII,Nied

≈ δI,Paris
δII,Paris

, (7.79)

such that the following approximation can be constructed:

δII,Nied ≈ k0

(
1− νm
Gm

)(
s− df

2

)
τ0 (7.80)
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where
τ0 =

QRV E
nmAm

(7.81)

The value k0 is a function of fiber geometry, fiber spacing and radial crack size:

k0 = f(Lrad(QRV E), s, df ), (7.82)

and the values reported by Nied and Erdogan [99] are shown in Table 7.4.

For values of Lrad/s and df/2s that do not coincide with the tabulated entries in Table 7.4, the cor-
responding value of k0 is obtained by linear interpolation between the nearest available data points.
Interpolation is performed independently in both directions, effectively resulting in a bilinear interpola-
tion over the tabulated grid.

When either Lrad/s or df/2s falls outside the range covered by the table, the value is clipped to the
nearest available bound. That is, values below the minimum tabulated range are set to the minimum
entry, and values above the maximum range are set to the maximum entry. This ensures that no
extrapolation beyond the provided data is introduced.

Table 7.4: Tabulated values of k0 as a function of Lrad/s and df/2s

Lrad

s \df2s 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.1 0.128 0.212 0.244 0.261 0.272 0.281 0.287 0.292 0.297 0.302 0.310
0.2 0.258 0.373 0.441 0.488 0.524 0.555 0.582 0.608 0.635 0.666 0.732
0.3 0.390 0.526 0.626 0.707 0.776 0.841 0.906 0.973 1.050 1.150 1.410
0.4 0.531 0.686 0.817 0.935 1.046 1.158 1.277 1.412 1.580 1.821 2.614
0.5 0.689 0.864 1.029 1.189 1.351 1.523 1.718 1.954 2.267 2.765 4.950
0.6 0.877 1.077 1.283 1.493 1.716 1.966 2.261 2.636 3.166 4.091 9.965

Equation 7.61 can now be adjusted to account for the radial crack such that

w0,broken,rad = w0 + wtip = w0 + wf + δII (7.83)

Substituting in Equation 7.60, 7.23 and 7.80 into Equation 7.83 and denoting by QRV E,broken,rad the far
field load that locally caused a fiber crack and subsequent radial matrix crack:

w0,broken,rad = QRV E,broken,rad

(
ff

KRVE
deff +

ff
(−α− βR)I + (−ϕ+ ψR)J

+
k0

nmAm

(
1− νm
Gm

)(
s− df

2

))
,

(7.84)
Hence,

QRV E,broken,rad =
w0,broken,rad(

ff
KRVE

deff +
ff

(−α−βR)I+(−ϕ+ψR)J + k0
nmAm

(
1−νm
Gm

)(
s− df

2

)) (7.85)

Again, the denominator increases further w.r.t to RVE containing just the fiber crack, implying that less
load is carried by the broken fiber when radial cracking is included.

Similar to the interfacial cracking, the response is also no longer strictly linear as

k0 = f(QRVE). (7.86)

7.8. Results for considered material systems
In the previous sections, constitutive w-QRV E relations were derived for the different states of the RVE,
namely:
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• the pristine (unbroken) RVE,
• the RVE containing a broken fiber,
• the RVE containing a broken fiber with either an interfacial crack or a radial crack.

Each of these states is associated with a distinct stiffness, reflecting the evolving load transfer mecha-
nisms between fiber and matrix. In order to obtain a physically meaningful response for a given material
system, these individual relations must be combined into a single load path that captures the sequence
of damage events. Displacement control is assumed.

7.8.1. Construction of the RVE load path
The RVE response is constructed in a piecewise manner, based on two characteristic events:

1. Fiber failure: as mentioned in section 7.3, the mechanism of initial damage considered is a dis-
crete fiber crack, transitioning the RVE from the pristine to a degraded state,

2. Matrix failure: an upper bound beyond which the RVE can no longer sustain load is defined,
based on the far field matrix stress.

Step 1: Pristine response For small applied displacements, the RVE follows the linear relation de-
rived for the unbroken configuration, given by Equation 7.60, which, as long as the fiber did not break,
is valid whether constant Q or constant w is assumed.

Step 2: Fiber failure and stiffness transition Fiber failure occurs at the critical loadQRVE,failure,f , i.e.
the far-field RVE load causing the local failure of the fiber given by Equation 7.5, determined from the
fiber strength Sf . At this point, the load path transitions from the pristine relation to the response of a
broken-fiber RVE, given by Equation 7.63. This transition comes with a reduction in stiffness, reflecting
the loss of load-carrying capacity of the RVE.

Depending on the damage mechanism considered, the post-failure response follows either:

• the broken-fiber relation given by Equation 7.63 (in case of nomatrix cracking, i.e. Lint(QRVE,failure,f) =
0 or Lrad(QRVE,failure,f) = 0), or

• the broken-fiber relation with additional deformation due to interfacial or radial cracking, given by
either Equation 7.71 or Equation 7.85.

Step 3: Matrix failure cutoff As the applied displacement increases further, the increased matrix
shear stress τ0(x) given by Equation 7.31 or 7.32 obtains a far field stress that equals the matrix shear
strength Sm, such that the length xS over which the matrix has failed, starting from the fiber crack, runs
over the full length of the fiber, resulting in catastrophic failure.

In the present formulation, this is implemented as a cutoff at this ultimate load:

QRVE ≤ QRVE,matrix,ult =
1

fm
(nmAmSm) (7.87)

Once QRVE,matrix,ult is reached, a vertical drop in the load is introduced in the w-Q response, repre-
senting complete loss of load-carrying capacity of the RVE.

It is recognized here that a different failure cutoff for the radially cracked RVE could also be defined,
such that Lrad ≥ tm,eq, and consider its effect on neighbouring RVEs, but is currenlty not implemented.

7.8.2. Resulting piecewise response
Combining the above steps, the RVE load path is defined by three regimes, regardless of matrix crack
type:
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For interfacial matrix cracking:

QRVE,int(w) =



Equation 7.60 QRVE < QRVE,failure,f ,{
Equation 7.63, if Lint = 0,

Equation 7.71, if Lint > 0,
QRVE,failure,f ≤ QRVE ≤ QRVE,matrix,ult,

0, QRVE > QRVE,matrix,ult,

(7.88)

and for radial matrix cracking:

QRVE,rad(w) =



Equation 7.60 QRVE < QRVE,failure,f ,Equation 7.63, if Lrad = 0,

Equation 7.85, if Lrad > 0,
QRVE,failure,f ≤ QRVE ≤ QRVE,matrix,ult,

0, QRVE > QRVE,matrix,ult.

(7.89)

This construction results in a characteristic response consisting of:

• an initial linear regime,
• a stiffness reduction at fiber failure,
• a continued, lower-stiffness loading phase governed by crack evolution,
• a final abrupt drop at matrix failure.

An example is shown in Figure 7.29 including both crack types.

7.8.3. Crack preference
Once the fiber cracks, the RVE has two loadpath options to follow, either the one associated with
interfacial cracks or the one associated with radial cracks. To determine its preference, the minimization
of the energy [7]

U =

∫ w

0

QRVE(w
′) dw′, (7.90)

is considered. Once w > wQRVE,failure,f
, an interfacial crack is preferred whenever

Q(w′)RVE,broken,int < Q(w′)RVE,broken,rad, (7.91)

and a radial crack is preferred when

Q(w′)RVE,broken,rad < Q(w′)RVE,broken,int. (7.92)
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Figure 7.29: Piecewise RVE loadpath due to discrete fiber crack and matrix cracking for AS4/3501-6.

Regions of preferred cracking mechanisms are shown in Figure 7.29. In this case, in the current frame-
work, the radial crack is initially preferred upon the breaking of the fiber, with a switch to interfacial
cracks halfway between QRVE,failure,f and QRVE,matrix,ult, and a final switch when the RVE load path
for radial cracking is cut off by QRVE,matrix,ult, as Q(w′)RVE,broken,rad = 0 < Q(w′)RVE,broken,int.

As this energy-based crack-switching mechanism is a function of the accuracy of the cracking models,
with the radial cracking containing more approximations, results compared to just following either the
interfacial crack or radial crack path is to be evaluated. A compound RVE load path based on crack
preference is shown separately in Figure 7.30.
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Figure 7.30: Piecewise compound RVE loadpath based on crack preference for AS4/3501-6.

7.8.4. Application to material systems
The above procedure of subsection 7.8.2 is applied to each considered material system and shown
in Figure 7.31-Figure 7.35. AS4/3501-6 has already been considered in Figure 7.29. The same dis-
tinction between carbon and glass material systems as discussed in subsection 7.2.2 is apparent, and
thus the current framework does not work for the glass-based material systems, since QRVE,failure,f >
QRVE,failure,m and thus technically QRVE,matrix,ult is undefined. Another observation is that upon fiber
failure, matrix cracking occurs immediately, as seen by the vertical drop in load settling on the nonlinear
QRVE,broken,int(w) or QRVE,broken,rad(w) relation.

An important note is that all RVE loadpaths shown still assume the mean fiber shear strength Sf , as
discussed in subsection 7.2.2 and reported in chapter 3. Variations of Sf will be covered in chapter 8.
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Figure 7.31: Piecewise RVE loadpath due to discrete fiber
crack and matrix cracking for IM7/8552.

Figure 7.32: Piecewise RVE loadpath due to discrete fiber
crack and matrix cracking for G40-800/5260.

Figure 7.33: Piecewise RVE loadpath due to discrete fiber
crack and matrix cracking for Glass/LY556.

Figure 7.34: Piecewise RVE loadpath due to discrete fiber
crack and matrix cracking for O-C Glass/3501-6
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Figure 7.35: Piecewise RVE loadpath due to discrete fiber crack and matrix cracking for Hercules/3501-6

7.9. Summary and outlook
The principal findings of this chapter are:

• Constituent failure is governed by the relative strength-to-stiffness ratios of fiber and matrix, lead-
ing to fiber-dominated failure in carbon systems and matrix-dominated failure in glass systems;

• Fiber fracture causes a local redistribution of load to the surrounding matrix, resulting in elevated
interfacial shear stresses that can trigger secondary matrix cracking mechanisms;

• Two distinct matrix cracking modes are identified, i.e interfacial debonding and radial cracking,
each introducing additional compliance through different physical mechanisms;

• These damagemechanisms can be consistently incorporated into the analytical framework through
the concept of an effective RVE, enabling the definition of discrete degraded stiffness states based
on local displacement contributions;

• By combining the individual constitutive responses of pristine, fiber-broken, and matrix-cracked
RVEs, a piecewise load-displacement relation is constructed, capturing the sequence of damage
events from initial loading to final failure;

• The resulting RVE load path exhibits three characteristic regimes: an initial linear response, a
stiffness reduction upon fiber failure, and a final abrupt loss of load-carrying capacity at matrix
failure, with intermediate behaviour governed by crack evolution and crack-type preference.

Together, these results establish the micromechanical degradation mechanism required to extend the
corrected initial stiffness formulation toward prediction of stiffness evolution during loading.

While the present chapter defines the local failure mechanisms and associated degraded stiffness
states, the macroscopic ply response depends on how these damaged RVEs accumulate statistically
during loading but also how the matrix behaves. The following chapter therefore introduces a proba-
bilistic description of progressive failure and includes the nonlinear effects of the matrix to develop a
homogenised formulation for the evolving shear stiffness and nonlinear stress-strain behaviour of the
ply.



8
Statistical Evolution of Damage and

Ply Stiffness

This chapter formulates a statistical model describing the progressive degradation of unidirectional ply
stiffness during shear loading. Fiber strength variability is represented probabilisitically, enabling pre-
diction of the evolving fractions of the intact and degraded representative volume elements. The global
ply shear modulus is obtained through a generalised weighted homogenisation of the corresponding
stiffness states. leading to a prediction of the nonlinear shear stress-strain response. Predictions
are immediately validated against experimental data and their performance is assessed. Methods for
model calibration are discussed.

8.1. Objective and Scope
The purpose of this chapter is to extend the deterministic effective RVE response covered in chapter 7
to ply-level behaviour such that a macroscopic stress-strain response of a UD ply for in-plane shear
can be constructed. The key idea is that the ply consists of a statistical ensemble of RVEs. Within this
ensemble, RVEs exist in different states which include pristine RVEs with fiber and matrix undamaged,
and RVES that are degraded due to a fiber crack and subsequent matrix interfacial or radial cracking.

The ply response during loading is obtained as a weighted combination of RVE responses, where the
weights are governed by statistical fiber failure. The central expression for this homogenisation concept
is

τply(w) = f(w) τRVE,broken(w) + (1− f(w)) τRVE,pristine(w) (8.1)

where w is the RVE displacement, f denotes the fraction of degraded RVEs as a function of w, and
τRVE is associated with either the pristine or degraded, as a function of w. In this form, the ply response
is constructed as a weighted average of RVE responses, consistent with the general volume averaging
framework introduced in section 2.2, here interpreted over an ensemble of RVEs rather than within a
single RVE with separate constituents.

As a consequence, τRVE,pristine(w) and τRVE,broken(w) must provide upper and lower bounds to the ply
response τply(w) or else it cannot be the average response of its constituents.

Obtaining τRVE follows from:

τRVE(w) =
QRVE(w)

ARVE
(8.2)

wherre ARVE is obtained from Equation 4.7 and the differentQRVE(w) relations available to obtain RVE
shear stresses, such as Equation 8.2, were derived in chapter 7, corresponding to the following RVE
states:

• Pristine/unbroken linear response given by Equation 7.60;

98
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• Containing a broken fiber and interfacial matrix cracking, resulting in a nonlinear response given
by Equation 7.88;

• Containing a broken fiber and radial matrix cracking, resulting in a nonlinear response given by
Equation 7.89.

• Compound expression from energy-based crack-switching mechanism as per subsection 7.8.3.

Two contributions to nonlinearity of the ply response are considered. First, the damage-induced nonlin-
earity covered by chapter 7 and second, the matrix material nonlinearity, introduced in section 8.2 and
detailed out in section 8.3.

8.2. Model Assumptions
The construction of the ply-level response from RVE behaviour relies on the following modelling as-
sumptions:

• Uniform displacement All RVEs are assumed to experience the same applied displacement

wRVE = wapplied, (8.3)

which allows for the direct comparison of RVE loadpaths at equal w. This can be interpreted as
a uniform strain assumption (Voigt), as the macroscopic far-field strain is defined as:

γ12 =
wRVE

deff
, (8.4)

where deff is a constant value for a given abstraction of the fiber-matrix RVE as a Timoshenko
beam on an elastic foundation and therefore independent of the damage present. The effect of
damage comes from the different load-carrying capability of the RVE due to presence of fiber and
matrix cracking.

• No load redistribution Upon breaking of a fiber within an RVE, it is assumed that no significant
load redistribution occurs. The reasoning is as follows: Consider a bundle of 7 intact fibers in a
hexagonal packing. Let this bundle be represented by a collection of 7 pristine RVEs to which a
total far-field load of

Qapplied = 7QRVE (8.5)

is applied. Upon breaking of the central fiber, a local re-distribution occurs such that

QRVE,broken = 0; (8.6)

QRVE,pristine =
7

6
Qapplied; (8.7)

Qapplied = QRVE,broken + 6QRVE,pristine = 7QRVE. (8.8)

Consequently, the surrounding fibers experience a stress concentration factor of only 7/6 = 1.17.
A similar conclusion was reached by Qian et al. [101], who numerically showed that the stress
concentration factor in irregular fiber packings never exceeds 1.13 in the case of axial tension.

• Statistical independence of RVEs Related to the assumption of no load redistribution, it is as-
sumed that statistical properties of a single fiber governing its failure are not influenced by neigh-
bouring RVEs. Spatial interactions and clustering effects are therefore neglected to keep the
problem tractable.

• Fiber strength variability governs damage initiation Following Socci and Kassapoglou [7],
the fiber shear failure strain is treated as a random variable; while the matrix properties are not
treated statistically. Experimentally obtained standard deviations for tensile fiber failure strains
will be assumed to equally represent shear fiber failure. It is based on these random values that
fraction f of failed fibers will be determined, as detailed out in section 8.4.

• Single representative degraded RVE state Although a piecewise RVE load path containing
three distinct regimes, as discussed in subsection 7.8.1, applies to individual RVEs containing
either interfacial or radial matrix cracks, a further simplification is made for the evaluation of Equa-
tion 8.1.
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Since fiber failure is assumed to be statistically governed by a shear failure strain γf , related to
the fiber shear strength Sf = Gfγf , the displacement w at which fiber failure occurs (i.e. the first
vertical load drop in chapter 7) shifts to higher or lower values, corresponding to higher or lower
values of the macroscopic strain in Equation 8.4 that triggers fiber failure.

Additionally, it is assumed that the matrix crack size within an RVE is independent of the macro-
scopic strain at which the fiber fails. Consequently, RVEs associated with medium to high fiber
strength are assumed to instantaneously obtain the matrix crack size corresponding to RVEs
with lower fiber strength, where cracks have already grown progressively during loading up to
the displacement that triggered failure of medium to high strength fibers. This avoids the need of
tracking individual fibers and keeps the problem tractable.

Therefore, the simplification that can be introduced is the direct usage of Equation 7.71 or Equa-
tion 7.85 to sample RVE loads for a given displacement, compared to the piecewise loadpaths
constructed for individual RVEs.

• Matrix behaviour So far the matrix has been treated as a being a linear constituent, while its
shear modulus actually reduces under loading, hence behaves nonlinearly. Because of the lack
of accurate shear stress-strain curves for the matrix itself, the effect on the RVE response is
investigated by approximating the matrix with a Ramsberg-Osgood relation, as detailed out in
section 8.3.

8.3. Matrix Nonlinearity
The matrix nonlinearity in this model is described using the Ramberg–Osgood relation [102], [103],
which accounts for the material’s softening as it approaches failure under shear loading. The shear
stress–strain relationship for the matrix is given by [103]:

γ =
τ

Gm,0
+K

(
τ

Gm,0

)n
(8.9)

where τ is the shear stress, γ is the shear strain, and Gm,0 is the initial matrix shear modulus. The first
term represents the linear elastic response, and the second term introduces the nonlinear softening
behaviour.

The parameters K and n define the nonlinear material response and are derived based on two critical
points: the initial nonlinear behavior and the failure point. The initial nonlinear strain, denoted as γ0,
and the corresponding shear stress τ0 are related by:

τ0 = 0.99 ·Gm,0 · γ0 (8.10)

whereas γ0 is a small strain value, chosen as 0.001 in this case, whereas 0.002 would be typically
chosen for metals [92]. The stress τ0 is assumed to obtain 99% of the linear stress, as to keep Equa-
tion 8.13 well defined. At the failure point, the material reaches the shear failure strain γm,u, and the
corresponding shear stress equals the shear strength Sm. The parameters K and n are solved for by
using Equation 8.9 and these stress-strain points:

At the initial point (γ0, τ0), Equation 8.9 is:

γ0 =
τ0
Gm,0

+K

(
τ0
Gm,0

)n
. (8.11)

And at the failure point (γm,u, Sm), Equation 8.9 becomes:

γm,u =
Sm
Gm,0

+K

(
Sm
Gm,0

)n
(8.12)

Solving for n:

n =

ln

(
γ0− τ0

Gm,0

γu− τu
Gm,0

)
ln
(
τ0
τu

) (8.13)
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Figure 8.1: Matrix stress-strain relation and evoluation of initial shear modulus Gm,0 based on Ramberg-Osgood

And once n is known, K is given by:

K =
γu − τu

Gm,0(
τu
Gm,0

)n (8.14)

To obtain the matrix shear modulusGm as a function of strain, Equation 8.9 is differentiated with respect
to γ:

Gm(γ) =
dτ

dγ
=

Gm,0

1 +Kn
(
τ(γ)
Gm,0

)n−1 (8.15)

where τ(γ) is obtained by numerically by solving the implicit Equation 8.9.

Equation 8.15 now gives the effective shear modulus of the matrix at the given strain, reflecting the
progressive softening of the matrix as the strain increases. Results for Equation 8.9 and Equation 8.15
for the considered matrix systems are shown in Figure 8.1. Comparison indicates that 3501-6 shows
the least amount of nonlinearity, and thus the smallest reduction in shear modulus Gm, whereas LY556
shows the strongest nonlinearity, resulting in the largest reduction in Gm.

8.4. Statistical Description of Fiber Failure
Fiber failure is defined in terms of a failure strain,

γf =
Sf
Gf

, (8.16)

consistent with the criterion introduced in section 7.2 and where Gf corresponds to the corrected fiber
shear modulus as determined in chapter 6. To introduce variability, the fiber shear modulus Gf is
assumed deterministic, while the failure strain is treated as a random variable following Socci and
Kassapoglou [7],

γf ∼ N (µγ , σ
2
γ), (8.17)

with
µ =

Sf
Gf

, σγ = σϵ, (8.18)

where Sf and the experimentally obtained standard deviation for tensile fiber failure strain σϵ are re-
ported in chapter 3.
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Using Sf = Gfγf , the fiber strength can be written as a scaled normal distribution,

Sf ∼ N
(
Gfµ, G

2
fσ

2
γ

)
= N

(
Sf , (Gfσϵ)

2
)
, (8.19)

such that variability in fiber strength leads to a gradual failure of RVEs accross the ply. The fraction of
failed RVEs at a given applied displacement is defined as

f(w) = P (γf ≤ γ(w)) , (8.20)

with the applied strain given by
γ(w) =

w

deff
. (8.21)

With this formulation, f(w) increases monotonically with applied displacement, governing the transition
from pristine to progressively degraded behaviour.

8.5. Construction of the Ply Stress-Strain Response
Combining the homogenisation expression of Equation 8.1 with the model assumptions of section 8.2
and the statistical description of fiber failure of section 8.4, the following procedure to construct the ply
stress-strain response is obtained:

1. Starting from w = 0, the applied displacement is incrementally increased;
2. For each w:

• Compute f by using Equation 8.20;
• Compute pristine RVE shear stress τRVE,pristine by sampling Equation 7.60, accounting for an
evolving matrix modulus Gm by Equation 8.15, for the given displacement w and substitute
into Equation 8.2;

• Compute broken RVE shear stress τRVE,broken by sampling from either

– Equation 7.71 for a ply response dominated by interfacial cracking;
– Equation 7.85 for a ply response dominated by radial cracking;
– Equation 7.71 or Equation 7.85 following the energy-based crack-switching mechanism
of subsection 7.8.3,

accounting for an evolving matrix modulus Gm by Equation 8.15, for the given displacement
w and substitute into Equation 8.2;

3. Combine f , τRVE,pristine and τRVE,broken into Equation 8.1.
4. Repeat until f = 1.

8.6. Initial Results and Model Behaviour
Comparisons between the ply stress-strain data provided by Kaddour et al. [64] and the model results
from the procedure as laid out in section 8.5 are shown in Figure 8.2-8.5. Next to the stress-strain
result, the failure fraction f and the evolving shear moduli G12 of the RVEs versus that of the ply are
included. The following observations can be made:

• The accuracy of τRVE,pristine serving as an upper bound as explained in section 8.1, depends on
the accuracy of the statistically informed GRV E of chapter 6. Whereas τRVE,pristine provides an
excellent upper bound for τply of IM7/8552, it underestimates τply for the remaining materials at
low failure fractions f , as evident from Table 6.5, where Gp(vf )12 predicts relative errors in inital
modulus ranging from +4.13% for IM7/8552 to −24.7% for G40-800/5260.

• The nonlinearity introduced by the matrix by using a Ramberg-Osgood approximation, best ob-
served in G12,pristineRVE, is rather small, which is a logical result from the benign nonlinearities
seen in Figure 8.1.
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• Regarding the failure fraction f ; due to a rather low standard deviation σϵ, τply for the carbon ma-
terials follows τRVE,pristine closely with a sudden switch to τRVE,broken,int or τRVE,broken,rad around
the mean failure strain Sf/Gf . For Glass/LY556, the high mean failure strain results in a practi-
cally zero failure fraction, such that τply = τRVE,pristine. The failure fraction f → 1 does also not
matchup with the stress τply that defines the ply rupture strength.

• The lower bound of τply to be provided by either τRVE,broken,int or τRVE,broken,rad or a combination
of both, only succeeds at being a lower bound for low strains and mainly so by τRVE,broken,rad.

• The rather low bound provided by τRVE,broken,rad is due to its initial slope G12 not matching up
closely with that of τply or τRVE,broken,int, which is a consequence of the clipping of the bounds
of k0 to approximate δII based on Nied’s solution, which overestimates δII at low load values,
thereby overestimating the added compliance due to the crack.

• Overall, both τRVE,broken,int and τRVE,broken,rad express very little nonlinearity within the strain
range upto f = 1, such that τply does not have the nonlinearity required to match up with the
experimental data τply, data by Kaddour et al. [64].

• The ply response τply,crack preference does not show any crack switching, as explained in subsec-
tion 7.8.3, as the associated displacement w is not within the strain range up to f = 1.

Overall, the initial predictions of the current framework are quantitatively poor, but qualitatively it con-
tains the right building blocks. Currently the main issues with those building blocks are the degraded
RVEs behaving weakly nonlinear within the strain range and the assumed statistics not being repre-
sentative for the failing RVEs within the strain range. The next sections try to address both issues.

Figure 8.2: In-plane shear stress-strain prediction for AS4/3501-6.
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Figure 8.3: In-plane shear stress-strain prediction for IM7/8552.

Figure 8.4: In-plane shear stress-strain prediction for G40-800/5260.
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Figure 8.5: In-plane shear stress-strain prediction for Glass/LY556.

8.7. Addressing the Main Model Shortcomings
As identified in previous section 8.6, the current framework has two main shortcomings, i.e. a weakly
nonlinear response of the RVEs that are supposed to make up the ply, and the failure statistics not
being representative for the gradual progression from pristine to degraded behaviour of the ply.

8.7.1. Increasing the Nonlinearity of the Degraded RVE Response
Nonlinearities in the RVE response are attributed to either the growth of damage in the form of interfacial
or radial cracks or the softening of the matrix. Both effects are rather benign in comparison with the
observed nonlinearity of the ply from experimental data.

8.7.1.1. Influence of Crack-Growth as a Function of Matrix Idealisation
The size of either interfacial or radial cracks, Lint and Lrad, is governed by the amount of excess matrix
strain energy by Equation 7.55. The amount of excess matrix strain energy is in turn governed by the
RVE response, as a Timoshenko beam on elastic foundation, to the appearance of the fiber crack. This
response can in turn be categorized based on deff , which expresses the distance over which the effect
of the fiber crack is present, as covered in subsection 7.3.5. For low values of deff , the RVE responds
in a stiff manner, with a quick return to the far-field state of the RVE, while high values of deff indicate
a very gradual recovery of the far-field.

This stiffness of the RVE response expressed in terms of deff is a function of the idealization of the
matrix into an elastic foundation as covered in subsection 4.2.2. Within this elastic foundation, the
matrix Young’s modulus Em is identified as the material property that resists the lateral motion of the
fiber beam through the elastic foundation the most. The effect on τ0(x) by Equation 7.31 or 7.32 from
varying the magnitude of Em is shown in Figure 8.6. With respect to the matrix shear strength Sm, a
decreasing magnitude of Em allows for more excess strain energy for crack growth through a slower
recovery of the far field. Note how this reduction in Em also alleviates the issue of cascading fiber
failure mentioned in subsection 7.3.4, due to decreased overshoot of the shear stress τ0(x).
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Figure 8.6: Effect of varying Em on τ0(x)

The effect of reducing Em on the recovery of the far field as expressed by deff is shown in Figure 8.7,
with an increase for low Em values. Such an increased value of deff not only provides more energy for
crack growth, but alters the effective RVE as defined in section 7.5. Consequently, for each applied
displacement w, both the corresponding RVE load QRVE and stress τRVE are associated with a smaller
strain γ12, as per Equation 8.21.

The effect of an extreme case of only including 0.1% of Em in the formulation of the elastic foundation
on the upper and lower bounds of τply to be provided by τRVE,pristine and τRVE,broken,int or τRVE,broken,rad

respectively are shown in Figure 8.8-8.11. The maximum applied strain is still associated with f = 1,
with the same statistics as in section 8.6.

Figure 8.7: deff as a function of reduction of Em. Discontinuities are due to numerics.
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Figure 8.8: Upper and lower stress bounds to AS4/3501-6 for a reduction of Em to 0.1%.

Figure 8.9: Upper and lower stress bounds to IM7/8552 for a reduction of Em to 0.1%.

Across all material systems, τRVE,broken,int now seems to provide proper lower bounds to τply for the
entire strain range, while τRVE,broken,rad does so only for lower strains and remains fairly stiff at higher
strains. Qualitatively, the evolution of G12 for the interfacially cracked RVE matches the G12 evolution
of the ply best, with an initial plateau followed by a smooth, monotonuous decrease. Any observed
irregularities in the results are due to numerical issues, most pronounced for Glass/LY556 in Figure 8.11.
The remaining issue here is that the extent to which Em is to be reduced remains unknown. Studying
the effect of reducing Em on the initial ply stiffness predictions of chapter 4 and the correction strategy
of chapter 6 shows that, although smaller in magnitude, a non-zero correction factor is still needed, as
shown in Table 8.1.
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Table 8.1: Comparison of correction to the fiber shear modulus Gf as a function of Em

Material system cf (fiber only, 100%Em) cf (fiber only, 0.1%Em)

AS4/3501-6 0.561 0.367
IM7/8552 0.367 0.250
G40-800/5260 0.330 0.230
Glass/LY556 0.287 0.173

Average 0.386 0.255
Std. dev. 0.121 0.071

Figure 8.10: Upper and lower stress bounds to G40-800/5260 for a reduction of Em to 0.1%.

Figure 8.11: Upper and lower stress bounds to Glass/LY556 for a reduction of Em to 0.1%.
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8.7.1.2. Influence of Matrix Nonlinearity
As shown in both Figure 8.1 and Figure 8.2-8.5, the effect of including the nonlinear Ramberg-Osgood
approximation for the matrix constitutive law barely increases the nonlinearity of the RVE responses.
In an attempt to validate the approximation made, a comparison is made with data from literature for
the 8552 matrix system. Cheng et al. [104] reported shear stress-strain data for various strain rates. In
case of high strain rates epoxy polymers tend to behave more linearly, brittle and with a higher shear
modulus compared to low strain rates [104], [105]. In reporting the data for the WWFE-III, Kaddour
et al. [64] did not make any mention of strain rates in relation to the matrix properties, such as the
initial shear modulus Gm,0. Therefore, it is reasonable to assume those properties reflect a quasi-
static, i.e. at very low strain rates, loading of the matrix and the plies. However, when comparing
the Ramberg-Osgood approximation with the experimental data in Figure 8.12, it can be seen that the
Ramberg-Osgood approximation, based on data from Kaddour et al. [64], does not match up with the
quasi-static (1.3e−4 s−1) response, but rather with the high strain rate (700 s−1) response. Additionally,
simply using the quasi-static response leads to another inconsistency, as its low initial modulus cannot
replicate the ply initial modulusG12 as reported by Kaddour et al. [64]. This data inconsistency remains
unresolved.

Figure 8.12: Comparison of a Ramberg-Osgood approximation for the 8552 matrix with experimental data [104]

8.7.2. Parameters Governing Failure Fraction Evolution
The fraction f of failed RVEs acts as a weighting factor in the homogenization used to obtain τply via
Equation 8.1, with 1− f representing the fraction of intact RVEs. Due to a lack of statistical data on the
shear strength and shear failure strain of individual fibers, approximate statistics were derived based
on combining shear strength data with existing data related to tensile failure strains of individual fibers.
This approach, as detailed out in section 8.4, resulted in

• an approximate µ =
Sf

Gf
, with Sf from Cairns and Adams [82] and Gf based on Kaddour et al.

[64] but corrected as per chapter 6;
• an approximate σγ based on tensile failure strain standard deviations reported by Socci and Kas-
sapoglou [7].

As identified in section 8.6, the low assumed σγ resulst in a rather abrupt switch from τRVE,pristine to
either τRVE,broken,int or τRVE,broke,rad instead of a gradual transition. Qualitatively, a larger σγ resulting
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in a wider spread of RVEs failing throughout loading would facilitate such a gradual transition. Quanti-
tatively, the required increase in σγ remains unknown.

Since f and 1− f serve as weights in Equation 8.1, the ply data from Kaddour et al. [64] can be used
to determine ffit(γ12) such that the prediction matches the test results. Under the assumption that the
reduction of Em to 1% of its value, as shown in subsubsection 8.7.1.1, is representative for the RVE,
a constructed ffit(γ12) can be compared to the assumed failure fraction f distribution of section 8.4.
Since only a proper upper bound was provided by τRVE,pristine for IM7/8552, this material is used as an
example.

Let
τply,data = ffit(γ12) τRVE,broken +

(
1− ffit(γ12)

)
τRVE,pristine, (8.22)

such that solving for ffit(γ12) gives

ffit(γ12) =
τply,data − τRVE,pristine

τRVE,broken − τRVE,pristine
. (8.23)

The result for ffit(γ12) by fitting IM7/8552 data is shown in Figure 8.13. It can be observed that

• Initially, it is implied that the ply already contains about 28% broken RVEs and then the amount
of RVEs reduces to 22%, after which it monotonically increases. Although it is not unlikely for
the ply to contain broken RVEs before loading due to manufacturing defects, 28% is an unlikely
high amount. This, together with the apparent reduction in broken RVEs, is a function of the
initial interactions between τply,data, τRVE,pristine and τRVE,broken and thus subject to any previous
assumptions made to obtain these stress-stain relations;

• The maximum value of ffit(γ12) corresponding to the ply ultimate stress does not go above 0.9,
as τply,data and τRVE,broken do not coincide. Technically this implies that at the ply ultimate stress,
only 90% of the RVEs failed via fiber failure and subsequent matrix cracking. For the remaining
10%, these RVEs either failed due to other mechanisms, or despite having declared the ply to be
failed, a remainder of 10% of the RVEs are still intact;

• Fitting a scaled normal cumulative distribution function (CDF), included in Figure 8.13,

ffit,N (γ12) = AN · Φ
(
γ12 − µfit

σγ,fit

)
(8.24)

results in AN = 0.91, µfit = 0.010, and σγ,fit = 0.0094. Compared to µ = 0.025 and σγ = 0.00293
as per section 8.4, this fit corresponds to a lower mean shear failure strain and a larger standard
deviation, resulting in a more gradual failure progression.

• Fitting a scaled Weibull cumulative distribution function (CDF), included in Figure 8.13,

ffit,W(γ12) = AW ·

[
1− exp

(
−
(
γ12 − γ0

λ

)k)]
, γ12 ≥ γ0 (8.25)

results in AW = 0.99, k = 0.982, and λ = 0.0157. The location parameter γ0 was set to zero, as
initial fits resulted in non-physical values (γ0 < 0).

The fitted shape parameter k ≈ 1 implies that the Weibull distribution reduces to an exponential
distribution, corresponding to a constant hazard rate <empty citation> This suggests that the
failure rate of the remaining intact RVEs is independent of the applied strain level. Its low value
also suggest high scatter and thus gradual accumulation of damage, as k >> 1would correspond
to all RVEs breaking at once.

The scale parameter λ defines the strain at which approximately 63% of the asymptotic failure
fraction is reached when γ12 = λ, marking the point at which the homogenisation of Equation 8.1
starts to strongly deviate from the pristine RVE response.
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• Using Equation 8.24 and 8.25 under the current assumptions to obtain τply by subsituting into
Equation 8.1 results in the stress-strain curves shown in Figure 8.13. Despite low RMSE for both
CDF fits, as shown in Table 8.2, the Weibull distribution does not provide a better representation
of the RVE failure evolution.

Table 8.2: RMSE of stress prediction using different failure fraction models.

Model RMSEτply [MPa]

Normal CDF 1.07
Weibull CDF 3.08

As the above observations rely on the assumption that the RVE defined by Em being reduced to 0.1%
of its value is representative, they remain qualitative rather than quantitative.

Figure 8.13: Comparison of assumed failure fraction f by Equation 8.20 to numerical fits based on ply data for IM7/8552

8.8. Conclusions
The following conclusions can be made for the developed methodology and its evaluation:

• The macroscopic shear response can be interpreted as the weighted sum of intact and degraded
RVE states, provided that they form clear upper and lower bounds respectively. Upper stress-
strain bounds depend on the accuracy of the statistically informed Gp(vf )12 predictions of chapter 6.
Lower stress-strain bounds are a function of the matrix cracking mechanisms of chapter 7;

• The initial RVE formulation relying on the complete idealisation of the matrix into an elastic founda-
tion, as per chapter 4, provides insufficient excess strain energy to facilitate crack growth, resulting
in a weakly nonlinear RVE response in comparison with the experimentally observed nonlineari-
ties of the ply.

• Softening of the elastic foundation by reducing the matrix Young’s modulus Em to only 0.1% of
its value, practically removing the Winkler springs of chapter 4, alleviates the issue mentioned
above, increasing the nonlinearities observed;

• Studying the effect of reducing Em showed that the initial ply stiffness predictions of chapter 4
still require a non-zero correction to the fiber shear modulus Gf , thereby showing that simply
reducing Em does not resolve issues related to both G12 estimation and crack-growth;



8.8. Conclusions 112

• The inclusion of the matrix material nonlinearity based on Ramberg-Osgood approximations did
not increase the nonlinear response of the RVEs adequately. Additionally, in an attempt to validate
the Ramberg-Osgood approximation, inconsistencies between published data on shear stress-
strain curves and initial shear modulus were found;

• The procedure of relating assumed fiber failure fractions f , based on limited fiber shear strength
data and tensile fiber failure strain statistics, to the failure of RVEs, such that the ply response
involves the fiber failure fraction f as weights in the homogenization of the RVE responses, results
in the initial ply response to be dominated by the intact RVES for low to medium strains, with a
rather abrupt transition to broken RVEs for high strains. Based on fitting to ply data, obtaining a
more gradual transition requires a fiber failure strain distribution with a higher standard deviations
is required. This was confirmed by fitting a scaled normal CDF to a failure fraction f derived from
fitting ply stress strain data. Fitting aWeibull CDF suggests a failure rate of remaining intact RVEs
to be independent of applied strain level;

• Since both the nonlinear response of the RVEs and the assumed fiber failure statistics are insuf-
ficient to reproduce the ply response, attempts are made to address these issues, as mentioned
above. However, the problem is underdetermined, as multiple combinations of Em and f can
reproduce the same macroscopic response:

– Independent calibration of Em would allow the corresponding failure fraction distribution f
to be identified.

– Independent determination of f would allow the required calibration of Em to be identified.

Overall, the developed methodology captures the qualitative mechanisms governing the macroscopic
shear response through a combination of intact and degraded RVE states. However, the results demon-
strate that neither the current representation of RVE nonlinear response nor the assumed fiber failure
statistics are sufficient to quantitatively reproduce the observed ply behaviour. In particular, modifica-
tions to the matrix idealisation and failure modelling can improve specific aspects of the response, but
do not resolve all issues simultanously. This indicates that the model is currently underdetermined,
as different combinations of matrix stiffness Em and failure fraction distribution f can lead to similar
macroscopic responses. Consequently, independent characterisation of either the matrix behaviour or
the failure statistics is required to resolve this and calibrate the model.



9
Conclusions and Recommendations

This chapter restates the purpose of the present work and summarises its main content. The principal
conclusions are subsequently presented, followed by recommendations for future improvements.

9.1. Summary
This work set out to develop a physics based and computationally efficient framework to predict the in-
plane shear behaviour of unidirectional (UD) composite plies based onmicromechanical considerations.
The main contributions can be summarised as follows:

• Developed an analytical micromechanical model for the in-plane shear behaviour of UD plies
based on a fiber-matrix representative volume element (RVE);

• Formulated the RVE by idealising the fiber as a Timoshenko beam on an elastic foundation rep-
resenting the surrounding matrix, assuming hexagonal fiber packing;

• Solved the governing equations of the Timoshenko beam on an elastic foundation for an applied
shear load both numerically and analytically;

• Derived analytical expressions for the effective RVE shear stiffness KRVE and corresponding
shear modulus GRVE, and made comparisons against established formulations;

• Performed finite element analyses (FEA) on cylindrical and hexagonal RVEs to validate the ana-
lytical formulation and assess geometric effects;

• Introduced a statistical homogenisation framework accounting for variability in fiber volume frac-
tion using a scaled beta distribution, and established a power-mean formulation for the ply shear
modulus G12;

• Implemented stiffness corrections for the constituents to reconcile deterministic RVE predictions
with the statistical homogenisation framework;

• Extended the deterministic RVE formulation to include constituent failure by formulating criteria
relating far-field applied loads to local fiber and matrix failure;

• Modelled discrete fiber fracture as the primary damage mechanism and derived closed-form ex-
pressions for the resulting load redistribution between fiber and matrix over an effective length
deff by superposing a local correction field onto the pre-failure deformation;

• Derived the interfacial shear stress field and extended it to a full matrix stress field, enabling
assessment of matrix failure in both axial and radial directions;

• Employed an excess strain energy formulation to quantify the energy available for matrix cracking
and used this to derive crack lengths for interfacial and radial matrix cracking;

• Formulated stiffness degradation mechanisms associated with interfacial and radial cracking;
• Introduced the concept of an effective RVE, in which local damage is homogenised over a finite
length deff , allowing representation of multiple degraded RVE states;

113
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• Constructed a piecewise RVE load path under displacement control, capturing the transition be-
tween pristine, degraded, and failure regimes;

• Extended the RVE formulation to the ply level by modelling the ply as a statistical ensemble
of RVEs and defining a homogenisation framework in which the macroscopic shear stress is
expressed as a weighted combination of pristine and degraded RVE responses;

• Introduced a statistical description of fiber failure by modelling the failure strain as a normally
distributed variable and defining a failure fraction as its cumulative probability, used as a weighting
factor in the homogenisation;

• Introducedmatrixmaterial nonlinearity in the homogenisation process through aRamberg-Osgood
formulation, allowing the matrix shear modulus to evolve with strain;

• Generated ply-level shear stress-strain predictions for multiple material systems using the devel-
oped methodology and compared these against available experimental data.

9.2. Conclusions
• The deterministic Timoshenko beam on elastic foundation formulation provides an analytical base-
line for the fiber-matrix RVE, but significantly overpredicts the initial ply shear modulus;

• The deterministic analytical RVE exhibits a Voigt-like stiffness behaviour across the fiber volume
fraction range, whereas a more Reuss-like behaviour is sought;

• Classical mixture relations underpredict the initial in-plane shear stiffness of unidirectional plies,
while the deterministic RVE overpredicts;

• Finite-element analyses confirm that the effective shear stiffness depends not only on constituent
properties and RVE area, but also on the local RVE geometry. However, their value remains qual-
itative, as the exact shear correction factor for the heterogeneous RVE for different geometries
remains unknown;

• Statistical homogenisation of locally evaluated stiffnesses leads to an effective ply response that
can be represented accurately by a power-mean mixture law with a volume-fraction-dependent
exponent;

• The calibrated power-mean exponent shows only weak material dependence, showing that the
dominant driver of the effective mixture behaviour is the fiber volume fraction rather than the
constituent stiffness contrast;

• Constituent failure is governed by the relative strength-to-stiffness ratios of fiber and matrix, lead-
ing to fiber-dominated failure in carbon systems and matrix-dominated failure in glass systems;

• The effectivenes of the pristine RVE to provide an upper bound to the macrscopic ply stress is a
function of the effectiveness of the calibrated power-mean mixture law in predicting the initial ply
stiffness;

• The original elastic-foundation idealisation of the matrix provides insufficient excess strain energy
to drive substantial crack growth, resulting in an RVE response that is too weakly nonlinear com-
pared with the experimentally observed ply response, thereby not providing a lower bound to the
macrscopic ply stress;

• Softening the elastic foundation by strongly reducing the matrix Young’s modulus, which is equiv-
alent to removing the Winkler springs, increases the nonlinearity of the degraded RVE response,
but does not remove the need for non-zero constituent stiffness corrections and therefore does
not simultaneously resolve both the initial-stiffness and crack-growth problems;

• The Ramberg-Osgood representation of matrix nonlinearity does not increase the nonlinear re-
sponse of the RVEs sufficiently, and available published matrix data show inconsistencies be-
tween shear stress-strain curves and initial shear modulus;

• The assumed fiber-failure statistics lead to a ply response dominated by intact RVEs at low to
medium strains followed by a rather abrupt transition to broken RVEs, indicating that a broader
failure-strain distribution would be required for a more gradual transition;
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• The full framework reproduces the qualitative mechanisms governing the ply-level shear stress-
strain response, but the model remains underdetermined, since different combinations of matrix
stiffness idealisation and failure-fraction evolution can reproduce similar macroscopic responses;

• Independent characterisation of matrix behaviour and failure statistics is therefore required to
calibrate the framework.

Based on these conclusions, the research questions of chapter 1 can be reflected upon:

• The stress-strain response of a UD ply under in-plane shear can be constructed from constituent-
level properties using a micromechanical framework, provided that appropriate homogenisation
and calibration steps are introduced. The resulting framework captures the governing deformation
and failure mechanisms, but does not result in a unique prediction without additional input on
matrix behaviour and failure statistics;

• The formulation of the RVE as a Timoshenko beam on an elastic foundation provides a tractable
and physically interpretable representation of the fiber-matrix system, capable of capturing shear
deformation and load transfer, although its predictive accuracy is limited by the idealisation of the
matrix and unknown parameters such as the shear correction factor;

• Local failure mechanisms, in particular fiber fracture and subsequent matrix cracking, are shown
to govern the evolution of the global response through load redistribution over a finite character-
istic length, and can be incorporated consistently within the analytical framework, but the quanti-
tative impact is also limited by the idealisation of the matrix;

• The homogenisation of intact and damaged material regions through a statistical ensemble of
RVEs provides a consistent means of linking local degradation to macroscopic response, but the
resulting predictions depend strongly on the assumed distribution of failure strains and therefore
require improved statistical characterisation.

9.3. Recommendations
The following recommendations concern improvements that can be implemented within the current
modelling framework without requiring fundamental changes to its structure, but are not necessarily
straightforward to obtain. The focus is limitations that have been identified and where refinement or
removal of approximations is expected to directly improve the model:

• Including a solution for the shear correction factor of heterogeneous beams;
• Including a solution for the crack-openening displacement of a thick-walled cylinder under trans-
verse shear, such that

– a better comparison between interfacial and radial matrix cracking can be made and;
– a phenomenological comparison against test specimens can be made.

• Including more experimental data on shear failure of fibers to improve:

– Failure determination of the constituents;
– Homogenisation of the macroscopic ply response;

• Improving the statistical description of fiber failure to better capture the gradual evolution of the
failure fraction;

• Including improved experimental data on the shear behaviour of the matrix to improve modelling
of its nonlinear response.

In addition to the immediate improvements outlined above, several other directions can be identified
that extend beyond the current scope of this work. These topics aim to further develop the physical
fidelity of the framework or explore alternative modelling approaches:

• Considering the anisotropy of fibers, in relation to stiffness and strength;
• Considering the inclusion of an interphase, reflecting the in-situ properties of the matrix, which
are subject to material processing;
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• Investigating interactions between neighbouring RVEs, including load redistribution and clustering
effects;

• Including rate-dependent matrix behaviour to extend the methodology to in-plane shear loading
of plies at non-zero strain rates.
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A
Algebraic Derivations

Using the general solutions of subsection 4.3.2 to the governing differential equation of subsection 4.3.1,
which are here repeated for clarity:

w(x) =

(Aeαx + Ce−αx) cosβx+ (Beαx +De−αx) sin βx, ∆ < 0,

(Aeαx + Ce−αx) cosh βx+ (Beαx +De−αx) sinh βx, ∆ > 0.
(A.1)

d4w

dx4
− KwDb +RiCs + TsCs +RiTs

Db(Cs + Ts)

d2w

dx2
+
Kw(Ri + Cs)

Db(Cs + Ts)
w = 0 (A.2)

f(x) =
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(A.3)

where f(x) denotes the field quantity of interest,

f(x) ∈ {w(x), ϕ(x), Q(x), M(x), |ε11(x)|, γ13(x)}.

The coefficients c(±)
i,f depend on the selected field variable and on the sign of the characteristic param-

eter ∆. The index i = 1, . . . , 8 denotes the coefficient number, the subscript f indicates the associated
field variable, and the superscripts (±) correspond to the cases ∆ < 0 and ∆ > 0, respectively. All
coefficients are documented in Table A.1-A.6.

i c
(−)
i,w c

(−)
i,wx

c
(−)
i,wxx

c
(−)
i,wxxx

c
(−)
i,wxxxx

1 1 α α2 − β2 α3 − 3αβ2 α4 + β4 − 6α2β2

2 0 β 2αβ −β3 + 3α2β 4α3β − 4αβ3

3 1 −α α2 − β2 −α3 + 3αβ2 α4 + β4 − 6α2β2

4 0 −β −2αβ −β3 + 3α2β 4αβ3 − 4α3β
5 0 β α2 − β2 β3 − 3α2β 4αβ3 − 4α3β
6 1 α −2αβ α3 − 3αβ2 α4 + β4 − 6α2β2

7 0 −β α2 − β2 β3 − 3α2β 4α3β − 4αβ3

8 1 −α 2αβ −α3 + 3αβ2 α4 + β4 − 6α2β2

Table A.1: Coefficient sets associated with the displacement field and its deritivatives for ∆ < 0.
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i c
(−)
i,ϕ c

(−)
i,Q c

(−)
i,M

1 αU + (α3 − 3αβ2)V αI − (α3 − 3αβ2)J H −G(α2 − β2)
2 βU + (−β3 + 3α2β)V βI − (−β3 + 3α2β)J −2αβG
3 −αU + (−α3 + 3αβ2)V −αI − (−α3 + 3αβ2)J H −G(α2 − β2)
4 −βU + (−β3 + 3α2β)V βI − (−β3 + 3α2β)J 2αβG
5 βU + (β3 − 3α2β)V −βI − (β3 − 3α2β)J 2αβG
6 αU + (α3 − 3αβ2)V αI − (α3 − 3αβ2)J H −G(α2 − β2)
7 −βU + (β3 − 3α2β)V −βI − (β3 − 3α2β)J −2αβG
8 −αU + (−α3 + 3αβ2)V −αI − (−α3 + 3αβ2)J H −G(α2 − β2)

Table A.2: Coefficient sets associated with rotation, shear force and bending moment for ∆ < 0.

i 2
df

· c(−)
i,|ε11| c

(−)
i,γ13

1 (α2 − β2)U + (α4 + β4 − 6α2β2)V α(1− U)− (α3 − 3αβ2)V
2 2αβU + (α3β − αβ3 + 3α3β − 3αβ3)V β(1− U)− (−β3 + 3α2β)V
3 (α2 − β2)U + (α4 + β4 − 6α2β2)V −α(1− U) + (α3 − 3αβ2)V
4 −2αβU + (αβ3 − α3β + 3αβ3 − 3α3β)V β(1− U)− (−β3 + 3α2β)V
5 −2αβU + (αβ3 − α3β + 3αβ3 − 3α3β)V −β(1− U) + (−β3 + 3α2β)V
6 (α2 − β2)U + (α4 + β4 − 6α2β2)V α(1− U)− (α3 − 3αβ2)V
7 2αβU + (α3β − αβ3 + 3α3β − 3αβ3)V −β(1− U) + (−β3 + 3α2β)V
8 (α2 − β2)U + (α4 + β4 − 6α2β2)V −α(1− U) + (α3 − 3αβ2)V

Table A.3: Coefficient sets associated with strain quantities for ∆ < 0.

i c
(+)
i,w c

(+)
i,wx

c
(+)
i,wxx

c
(+)
i,wxxx

c
(+)
i,wxxxx

1 1 α α2 + β2 α3 + 3αβ2 α4 + β4 + 6α2β2

2 0 β 2αβ β3 + 3α2β 4α3β + 4αβ3

3 1 −α α2 + β2 −α3 − 3αβ2 α4 + β4 + 6α2β2

4 0 β −2αβ β3 + 3α2β −4αβ3 − 4α3β
5 0 β α2 + β2 β3 + 3α2β 4αβ3 + 4α3β
6 1 α 2αβ α3 + 3αβ2 α4 + β4 + 6α2β2

7 0 β α2 + β2 β3 + 3α2β −4α3β − 4αβ3

8 1 −α −2αβ −α3 − 3αβ2 α4 + β4 + 6α2β2

Table A.4: Coefficient sets associated with the displacement field and its deritivatives for ∆ > 0.

i c
(+)
i,ϕ c

(+)
i,Q c

(+)
i,M

1 αU + (α3 + 3αβ2)V αI − (α3 + 3αβ2)J H −G(α2 + β2)
2 βU + (β3 + 3α2β)V βI − (β3 + 3α2β)J −2αβG
3 −αU + (−α3 − 3αβ2)V −αI − (−α3 − 3αβ2)J H −G(α2 + β2)
4 βU + (β3 + 3α2β)V βI − (β3 + 3α2β)J 2αβG
5 βU + (β3 + 3α2β)V βI − (β3 + 3α2β)J −2αβG
6 αU + (α3 + 3αβ2)V αI − (α3 + 3αβ2)J H −G(α2 + β2)
7 βU + (β3 + 3α2β)V βI − (β3 + 3α2β)J 2αβG
8 −αU + (−α3 − 3αβ2)V −αI − (−α3 − 3αβ2)J H −G(α2 + β2)

Table A.5: Coefficient sets associated with rotation, shear force and bending moment for ∆ > 0.
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i 2
df

· c(+)
i,ε11

c
(+)
i,γ13

1 (α2 + β2)U + (α4 + β4 + 6α2β2)V α(1− U)− (α3 + 3αβ2)V
2 2αβU + (4αβ3 + 4α3β)V β(1− U)− (β3 + 3α2β)V
3 (α2 + β2)U + (α4 + β4 + 6α2β2)V −α(1− U)− (−α3 − 3αβ2)V
4 −2αβU − (4αβ3 + 4α3β)V β(1− U)− (β3 + 3α2β)V
5 2αβU + (4αβ3 + 4α3β)V β(1− U)− (β3 + 3α2β)V
6 (α2 + β2)U + (α4 + β4 + 6α2β2)V α(1− U)− (α3 + 3αβ2)V
7 −2αβU − (4αβ3 + 4α3β)V β(1− U)− (β3 + 3α2β)V
8 (α2 + β2)U + (α4 + β4 + 6α2β2)V −α(1− U)− (−α3 − 3αβ2)V

Table A.6: Coefficient sets associated with strain quantities for ∆ > 0.



B
FEA Mesh Convergence and Approach

Verifications

B.1. Mesh Convergence
Amesh convergence study was performed to assess the sensitivity of the predicted RVE shear modulus
GRVE to the discretisation. Two RVE geometries were considered, both under the same loading. Two
baseline mesh sizes were initially evaluated, namely h = 0.5 mm and h = 0.2 mm. For each vf , the
relative difference in the computed shear modulus was defined as

ϵG =
GRVE(h)−GRVE(href)

GRVE(href)
, (B.1)

where href = 0.5 mm is taken as the reference mesh.

To account for the changing geometry with vf , the mesh density was expressed in terms of the ratio be-
tween a characteristic RVE dimension, taken as the fiber center-to-center spacing s from Equation 4.1,
and the mesh size h:

η =
s

h
. (B.2)

The convergence behaviour was analysed by relating ϵG to η across the considered range of vf . Based
on this analysis, a tolerance of |ϵG| ≤ 2% was selected as the convergence criterion. The minimum
value of η satisfying this criterion was then identified and used to determine the required mesh size as
a function of vf :

hreq(vf ) =
s(vf )

ηmin
. (B.3)

This allows for scaling the mesh size with the evolving geometry, ensuring consistent accuracy across
all fiber volume fractions. Result of the above procedure for the cylindrical half model and hexagonal
half model are shown in Table B.1. The resulting values for GRV E from 2% convergence criteria are
shown in Figure B.2-B.1.

Table B.1: Mesh convergence results for cylindrical and hexagonal half models.

(a) Cylindrical half model

vf ϵG(0.5 → 0.2) [%] η = s/h [-] hreq [mm]

0.2 -0.64% 74.53 0.250
0.4 -3.09% 52.70 0.176
0.6 -5.63% 43.03 0.144
0.8 -4.21% 37.27 0.125
0.9 -11.1% 35.13 0.118

(b) Hexagonal half model

vf ϵG(0.5 → 0.2) [%] η = s/h [-] hreq [mm]

0.2 0.67% 74.53 0.346
0.4 -1.15% 52.70 0.245
0.6 -1.92% 43.03 0.200
0.8 -3.10% 37.27 0.173
0.9 -9.49% 35.13 0.163
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Figure B.1: Hexagonal model GRV E as a function of mesh size, 2% convergence criteria included

Figure B.2: Cylindrical half model GRV E as a function of mesh size, 2% convergence criteria included

B.2. Verification of Half Model Approach
To verify the use of the cylindrical half model, a comparison of GRV E for both the full and half model
was made for the converged mesh sizes as reported in Table B.1(a). With a maximum difference of
6.54%, the half model was judged to represent the full model accurately enough.

Table B.2: Comparison of converged RVE stiffness for full and half models, including relative differences in GRVE.

Full RVE Half RVE Difference
vf KRVE [N] GRVE [MPa] KRVE [N] GRVE [MPa] ∆G [%]

0.2 8.31× 105 4.32× 103 8.50× 105 4.44× 103 +2.78
0.4 7.67× 105 7.98× 103 7.80× 105 8.15× 103 +2.13
0.6 6.89× 105 1.07× 104 7.27× 105 1.14× 104 +6.54
0.8 6.24× 105 1.30× 104 6.56× 105 1.37× 104 +5.38
0.9 6.01× 105 1.41× 104 6.19× 105 1.46× 104 +3.55
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