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Incremental Backstepping Sliding Mode Fault-Tolerant
Flight Control

Xuerui Wang*, Erik-Jan van Kampen'
Delft University of Technology, Delft, Zuid-Holland, 2629HS, The Netherlands

Fault-tolerant flight control has the potential of improving the aircraft survivability in real
life. This paper proposes an Incremental Backstepping Sliding Mode Control IBSMC) frame-
work for multi-input/output nonlinear strict-feedback systems considering model uncertainties,
sudden faults, and external disturbances. This approach is a hybridization of the Sliding Mode
Control (SMC) and a reformulated Incremental Backstepping (IBS). By virtue of the benefits
contributed by both SMC and IBS, theoretical analyses prove IBSMC has less model depen-
dency and enhanced robustness as compared to backstepping and backstepping hybridized
with SMC (BSMC). When applied to an aircraft fault-tolerant control problem, numerical
simulations demonstrate IBSMC can passively tolerate a wider range of model uncertainties,
sudden actuator faults, and sudden structural damages as compared to backstepping and
BSMC, using smooth control inputs with lower gains.

I. Introduction

SAFETY improvement is a timeless topic in the aerospace community. Over the past few decades, aircraft loss of

control (LOC) has remained one of the key factors of fatal aircraft accidents [, [2]. LOC is defined to include
significant departure from the controlled operational flight envelop, which may be caused by inappropriate crew
responses, aircraft impairments, icing, etc. [3]]. To prevent loss of control, redundancies and fault tolerant features are
strongly recommended in [3]. Fault-Tolerant Flight Control (FTFC), which is able to automatically maintain the stability
and achieve acceptable level of performance in the presence of faults and disturbances with the remaining usable control
effectors, is a promising approach to enhance aircraft survivability.

Backstepping is a nonlinear control method, which can globally stabilize strict-feedback systems though a recursive
process [4, 5. Due to its model-based nature, standard backstepping is sensitive to model mismatches. Adaptive
Backstepping (ABS) integrated with parameter adaptive laws, such as Immersion and Invariance ABS [6]], tuning
functions ABS [7], can improve the system robustness to parametric uncertainties. However, the uncertainties need to
be parameterized using pre-defined model structures, and the unknown parameters are normally required to be constant
or slowly time-varying [8H10]. Moreover, when the system has high order, calculations of the virtual control in ABS
can become complicate. Tuning the gains in the parameter update law can also be tedious. These issues constrain the
applicability of ABS to FTFC problems, since the aerodynamic model structure is difficult to design, especially when
structural damages occur. Furthermore, not all the uncertainties and disturbances can be parameterized and meet the
slowly time-varying requirement at the same time. The high computational load of ABS is also unfavorable for FTFC
systems.

Sliding Mode Control (SMC) [4} 5] is a type of variable structure control method featured by its robustness and
easy implementation. External disturbances, parametric and nonparametric uncertainties are all incorporated into a
lumped uncertainty term by SMC. Only the upper bound of this lumped uncertainty term is needed by conventional
first-order SMC methods [[L1], while the upper bounds of the uncertainty derivatives are required by higher-order SMC
methods [12} [13]]. These requirements on knowledge of the bounds can further be removed by various Adaptive Sliding
Mode Control (ASMC) methods [10, [14].

There have been continuous efforts in combining backstepping techniques with SMC to preserve the merits of both
methods [8, [10, [14-17]]. A second-order SMC is combined with ABS for feedback linearizable single-input/output
(SISO) nonlinear systems that can be transformed into the parametric-pure feedback form and the parametric-strict

feedback form in [8]], where an SMC virtual control is included at the last step of the ABS design to improve robustness.
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When the system can only be transformed to the semi-parametric strict feedback form, the SMC virtual control terms
are needed in each recursive step to compensate for nonparametric uncertainties [15]. Dynamical ABS and SMC are
hybridized in [16]] for a class of SISO non-triangular nonlinear systems with unmatched parameterized uncertainties.
In [[17], integral backstepping is combined with conventional first-order SMC for a quadrotor trajectory control problem.
In order to remove the pre-knowledge of the uncertainty bound, backstepping is hybridized with an ASMC method for a
spacecraft attitude control problem in [10]. Adaptive fast terminal SMC with nonlinear sliding surface is incorporated
into the backstepping framework for controlling the ducted fan engine of a thrust-vectored aircraft in [14]]. In spite of
the various SMC designs, the main idea of the combination is consistent in the above methods, that for the recursive
steps encounter uncertainties, SMC virtual controls are incorporated into the baseline backstepping virtual control
designs. Regarding the baseline backstepping methods, ABS is less suitable for FTFC as discussed before, while the
(integral) backstepping has strong model dependency. A method that could reduce the model dependency of the baseline
backstepping methods without adding extra computational load nor impairing robustness is desired.

Incremental Backstepping (IBS) is a sensor-based nonlinear control method, which can preserve the benefits of
conventional backstepping control, while requiring less model knowledge. IBS was first proposed in [9]], which was
inspired by the Incremental Nonlinear Dynamic Inversion (INDI) method [[L8]. The only model information required
by IBS is the control effectiveness matrix. To further improve the robustness of IBS to uncertainties in the control
effectiveness matrix, on-line parameter update laws are incorporated into IBS in [9]], while the tuning and compensation
methods are introduced in [19]. Aircraft actuator jamming faults are passively tolerated by IBS in [20} 21]. Flight
tests of a fixed-wing UAV under the control of command filtering IBS verified the robustness of this method to model
uncertainties and disturbances [22]. Although IBS is a promising candidate for FTFC, its previous derivations based on
the time-scale separation principle are not mathematically rigorous. The existing stability and robustness analyses for
IBS also have limitations. These issues will be elaborated in subsection [IIBl

The main contribution of this paper is the proposal of Incremental Backstepping Sliding Mode Control (IBSMC)
framework for multi-input/output nonlinear strict-feedback systems under the perturbations of model uncertainties,
on-board sudden faults, and external disturbances. First, the IBS method in the literature is reformulated for more general
systems without using the time-scale separation principle. The IBSMC framework is then derived by incorporating the
SMC virtual control into the IBS virtual control designs. As compared to SMC designs hybridized with backstepping
(referred to as BSMC in this paper), theoretical analyses show IBSMC has not only less model dependency, but also
enhanced robustness. This robustness enhancement is further verified numerically by an aircraft fault-tolerant control
problem in the presence of model uncertainties, on-board sudden actuator faults and structural damages.

This paper is structured as follows: The derivations for backstepping, IBS, BSMC, IBSMC, and the analytical
comparisons among them are presented in Sec. [[I| These methods are then applied to a fault-tolerant flight control
problem in Sec. [[TI] The robust performance of these methods are numerically compared in Sec.[[V] Main conclusions
are drawn in Sec. [Vl

II. Incremental Backstepping Sliding Mode Control

Consider a multi-input/output nonlinear uncertain system formulated by:

X1 = fi(x1)+Gi(x)x
X2 = [folxnx2)+ Ga(xy, x2)x3
Xn = [o(xnx2,..0%0 k() + Gu(x1, X2, ... Xp, k())u +d
y = xi (D

where x = [x],x2, .., x]]" is the state vector, with x; € R™, i = 1,2,..,n. u € R™, y € R"™ are the system input,
output vectors. f; € R™, i = 1,2,...n—1is a set of smooth vector fields. G; € R"™™, i = 1,2, ...,n—1is a set of smooth
function mappings. The columns of each G; are smooth vector fields. Assume G;, i = 1,2,...,n — 1 are nonsingular.
fi Gi, i =1,2,...n— 1 are known dynamics. d € R™ represents external disturbance vector. f, € R™, G, € R"™"

are perturbed by uncertainties and on-board faults, which are modeled as:

Fn=Fn+(fr=FOK@) + @0 +np(x.0), Gp =G+ (Gp—Gp(t) + ¥, +15(x.1) )

In the above equation, «(7) € R is designed as a step input to model the sudden fault at 7 = 7y during flight.
Specifically, t < tr, k = 0 indicates the fault-free case, and t > t7, k = 1 denotes post-fault condition. f, and G, are
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the nominal models used for controller design, while f ; and Gy denoting the post-fault dynamics. f f ¢ as well as
the columns of G,,, G '+ are smooth vector fields. ®,,6 and W¥,,6 represent parametric uncertainties, where the parameter
vector § € RP is not necessarily constant nor slow time-varying. ®,,(x), ¥, (x) € R"*P, whose columns are known
smooth vector fields. 17, 1 € R™ are smooth vector fields denoting nonparametric uncertainties. Assume G (x, K) is
nonsingular. It will be shown in Sec. [[T|that a class of aerospace system dynamics can be described by Eq. (I)). More
general cases where f;, G;, i = 1,2,...,n — 1, also contain uncertainties will be elaborated in a follow-up paper.

A. Backstepping Sliding Mode Control

In this subsection, the Backstepping Sliding Mode Control (BSMC) will be derived for an output tracking problem.
Denote the reference vector as ¥, = [Vr,, Yrys -+ Vr,, | - Assume the derivatives of y,, (¢), i = 1,2, ...,m, up to yﬁ?)(t) are
continuous bounded functions, BSMC can be designed recursively as:
Step 1:

Define the error variable as z; = x; — y,., recall Eq. (II[) then:

21=f1+Gix2-y, 3)

This subsystem can be stabilized with respect to the candidate Lyapunov function Vi(z;) = %lezl if x5 equals its
desired value x5 4, which is designed as:

¥24=$1(x1) = Gy (-f1 - Kizi +3,) 4)
where K is a positive definite diagonal gain matrix. If x, = x5 4, substituting Eq. (4) into Eq. (3) leads to:
Vi(z1) = -2z  Kiz1 <0 (35)

Stepk(2<k<n-1)
Define the tracking error of xj as:

Zk = Xk — Xk,d (6)
where X g = ¢4_1(x1, ..., Xr—1) is the desired value for x; designed in Step k-1. By using Eq. , the dynamics of zj is
given by:

2 = fi+ GrXps — Gy (X1, X11) (7

Design the desired value for x| as:

Xirtd = P (X1, s Xi) = G (= f i — Kizi + iy — Gi_ Zk—1) 3

When X4 = Xg11,4, by substituting Eq. (8 into Eq. (7), the time derivative of the candidate Lyapunov function
Vi(z1, .. 2k) = 3 25 27 z; is derived as:

k-1 k
Vie=-— Z 2/ Kizi + 25 Gr1zk + 2) (—Kizi — Gy _ 2-1) = — Z 72/ Kiz; <0 )]

i=1 i=1

Step n:
Different from the above steps, model uncertainties, faults, and disturbances appear in the last step. Define the
tracking error of x,, as:

Zn =Xp—Xnd (10)
Recall Eq. (I), the dynamics of z,, is given as:
Zn=fp+Gu+d-¢, (11)
Consider the candidate Lyapunov function as:
I 7
W=§;Qm (12)
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The standard backstepping control input is design as:

Ups = 6;1(_in -Kuz, + ¢n71 - G:_lzn—l) £ GZI(VC _jn) (13)

in which the nominal models f, and G,, are used. v, denotes the continuous virtual control input. Substituting Eq.
into Eq. (I2) yields:

2V Kizi + 2 &ps (14)

Va== > 2 Kizi + 2 (f = Fu # (GuGy' =D = F) +d) = -
i=1 1

n

13

where I € R"™ js an identity matrix. &,z in the above equation indicates the uncertain vector that remains in the
closed-loop system. If &; is bounded, then z;, i = 1,2,...,n, can be proved to be ultimately bounded by class K
functions of &, [4}23].

In order to improve the robustness of backstepping control, earlier research suggests combining Sliding Mode
Control (SMC) with backstepping [8, 10, [14-17]. The main idea of this combination is to use a SMC virtual control
input to compensate for the uncertain term &;;. Normally, the BSMC is designed in the form of:

Upbsme = G;I(Vc + Vs _jn) (15)

where v is the SMC virtual control input, which can be designed using any SMC technique. Design the sliding surface as
o =z, = 0, then the classical design is vy = —Ksign(o) = —[Kj,1sign(o), Ky 2sign(oz), ..., Ks,msign(am)]T, K >
0,i=12..m. Assume |[I — Gn(_;;l | < b < 1, and &, is bounded, then by using Eq. , the time derivative of
Vi =% XL, z7'z; using this BSMC is calculated by:

Vi

n n m
—_1 . _
2V Kiz; + 25 (&bs — G,G,, Ksign(o)) < — Z 2Kz + Z(|O'i||8bs,i| + bK i|loy| — Ky ilol)

i=1 i=1 i=1

IA

N N i + 1€bs,i
- Z 2 Kz - Z,Oilﬂ'il, VK > %, Vpi >0 (16)
i=1 i=1 -

According to Barbalat’s Lemma [5], this BSMC design ensures z;, i = 1,2,...,n and o7, i = 1,2,...,m are
asymptotically stable. Nonetheless, sign function is discontinuous, which leads to the chattering problem in practice.
The boundary-layer method, which approximates the sign function by a saturation function, is a widely used approach to
alleviate the chattering effect [4}[11]. Inside the boundary-layer, the control law becomes linear, so only asymptotic
convergence is attained [4].

A Finite Reaching Time Continuous (FRTC) SMC method was proposed in [24} 25]], which not only achieves finite
time convergence to the sliding surface, but also has enhanced robustness to noise and disturbances as compared to the
boundary-layer method [24]. This method will be elaborated in Sec. [[I[C|

B. Reformulation and Robustness Analysis for Incremental Backstepping

In order to improve the robustness of backstepping, the Incremental Backstepping (IBS) control was proposed
in [26], and has been used for solving many flight control problems [9, [19H22] 26]. However, the existing derivations
and robustness analyses of IBS have some limitations:

The core step of the existing IBS derivations is the model simplification based on the time-scale separation principle,
which claims that the controls can change significantly faster than the states [9,[19H22| 26]. Based on this principle or
assumption, when the sampling frequency is high, the state variation related nonlinear terms and higher-order terms are
omitted from the Taylor series expansion of the nonlinear plant, which results in the simplified incremental dynamics
used for controller design. This plant simplification is not mathematically rigorous since the states of an open-loop
unstable plant may change faster that the controls. Furthermore, although the higher-order terms and state variation
related terms are not used by the IBS control, they still exist in the closed-loop dynamics and remain influencing the
closed-loop system stability and performance. These issues have been overlooked in the literature.

The existing robustness analyses of IBS also need improvements. It is straightforward concluded in [19], that
systems under IBS control are robust to the uncertainties in system dynamics f, (x), because the model of f,(x)
is not used in IBS designs. This statement is deficient since the influences of f, (x) still remain in the closed-loop
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system, although its model is not used by the controller. Moreover, Ref. [19] concludes if ideal actuators are used, the
inner-loop system dynamics under IBS control is a single integrator, even when the control effectiveness matrix contains
uncertainties. This conclusion is also defective because it is proved by using linear transfer functions derived from block
diagrams, where the inappropriate condition X, = X, o is used. Last but not least, in [[19], the stability and robustness of
the closed-loop system under IBS control considering actuator dynamics are analyzed by formulating the closed-loop
system into a state-space form, and testing the frozen-time eigenvalues of the time-varying system matrix. However, it
has been proved in [27]] that for the stability of Linear Time Varying (LTV) systems, the stability criterion based on the
negative definiteness of the frozen-time eigenvalues is neither sufficient nor necessary.

Although the robustness of IBS to sudden actuator jamming faults has been numerically tested in [21], there is a
lack of explicit theoretical analyses for the influences of sudden (discontinuous in time) faults on IBS. In addition, IBS
in the literature is only derived for systems whose relative degree equal to two.

In view of these limitations of the existing IBS derivations, before the proposal of Incremental Backstepping Sliding
Mode Control (IBSMC), the IBS control will be reformulated for more general systems (Eq. (I))) without using the
time-scale separation principle. The stability of the closed-loop system will be analyzed using Lyapunov’s method.

Taking the first-order Taylor series expansion for the dynamics of x,, around the previous sampled condition (denoted
by the subscript 0) as:

P OLf ,(x, &) + Gu(x, K)u] A+ Of n(x, &) + Gu(x, K)u] Ax + OLf (%, &) + Gp(x, K)u] Ax
’ ou 0 ox 0 o« 0
+Ad + O(Ax?) 2 %,.0 + G,(x0, ko)Au + Ad + 8(x, k, At) (17)

where Ax = x — xo, Au = u — u, respectively denote the variations of states and control inputs in one incremental
time step Ar. Ad = d — d denotes the variations of the external disturbances d in Af, while Ak = k — kg denotes the

changes of the fault indicator k. The remainder term O(Ax?) is only a function of Ax?, since according to Egs. ,
ddn _ . Qin _ g Okn
out - Y ] Okt
simplification).
The derivations of IBS for Step k, 1 < k < n— 1 are the same as those of backstepping. The differences exist in Step
n, in which the incremental dynamic equation will be used for the IBS controller design. The Step n for IBS is derived as:

Step n: Define the tracking error of x,, as:

= ( for all i > 2. Referring to Eq. 1| as the incremental dynamic equation (without any

Zn =Xn — Xnd (18)

Using Eq. (I7), the dynamics of z,, is given as:
Zn = X0+ Gn(x0, ko)Au + Ad + §(x, k, At) — §,,_, (19)
Design the IBS control increment as:
Attiny = G, (=n0 = Knzu + $,1 = Gh_yza1) 2 G, (ve = 0) (20)

where the measurement/estimation of x,, ¢ instead of the nominal model fn (Eq. Ij is used by the controller. The
total control command vector for actuators is u;ps = Uips,0 + Aljps.
Considering the same candidate Lyapunov function as Eq. (I2)), and substituting Eq. (20) into Eq. (I2) yields:

n
Vo= = 2 Kizi + 25 (8(x, k, ) + (Gu Gy, = D)(ve = n0) + Ad) = = " 2T Kizi + 2] 81 @1)
i 1

n

i=1 i

In view of Eq. (21), the closed-loop system is perturbed by &5, in which 8(x, , Ar) contains the influences of
sudden faults, state variation Ax related terms and higher-order terms. The term caused by control effectiveness matrix
mismatches presents in €;55 even without considering actuator dynamics. The characteristics of &5 will be further
analyzed in subsection [[[E]

C. Proposal of Incremental Backstepping Sliding Mode Control

As shown in Sec. [[lB] the closed-loop system under IBS control is perturbed by &;5; when considering faults,
uncertainties and disturbances. The influences of g;;,; were also observed in the real-world flight tests of a fixed-wing
UAV [22]. 6(x, k, Ar) and Ad are difficult to be parametrized, so it is less appropriate to use ABS for compensation. In
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order to further improve the robustness of IBS, IBSMC will be proposed in this subsection. The control increment of
IBSMC is designed in the form of:

Alipsme = G;;I(Vc +Vs — xn,O) (22)
where v is the continuous IBS virtual control, which is identical to the v in Eq. @ The SMC virtual control v
can be designed using any SMC technique. In this subsection, the FRTC SMC method [24! 25] will be adopted. This
method is essentially the same with the Terminal Sliding Mode (TSM) reaching law used in [28]], which enforces finite
time convergence to the sliding surface.

Design the sliding surface as o = z,, = 0, and design v, as:

vs = —Ksig(o) = —[K;,1|o [ sign(o), Ks,2|02 [ sign(o), ..., Ky mlom"msign(o)), i=1,2,...m (23)

where K ; > 0, y; € (0, 1). It is noteworthy that |07 | sign(o) is a continuous function of ¢; without any approximation.
Assume || — G,,G;I || <b < 1, and &3 is bounded, then by using Eq. || the time derivative of V,, = § Y7 z7'z;
using IBSMC is calculated by:

n

Vi

n m
_7] . - . .
2 Kz + 28 (&ips — G, G,, Ksig(a)?) < — ZZiTKiZi + Z(|0'i||€ibs,i| + bK i|o [ = K il )
i=1 i=1 i=1

n m 1

T pi + |&ibs,il |7

- E z; Kiz; — E piloil,  VYloil = (+ , Yoi>0 24)
-1 o i o l (1 - b)K,,i '

IA

1
Eq. proves the Domain of Attraction (DOA) [4] of o equals (%) " whose size can be made arbitrarily

Pitleis.il
(1-b)
Eq. (24) also proves z is uniformly ultimately bounded [4} [23].

small when K ; > , and if y; is arbitrarily small. Define z = [le, le, - zg]T, since V,, = %||z||§, and o = z,,

D. Other Sliding Surface Designs
The sliding variable o is not necessarily equal to z,, it can also be a linear or nonlinear function of z;, for example:

0'=z,,+Cn_1z,,_1 +Cn_2zn_2+...+C1zl (25)

Design the candidate Lyapunov function as:
1S 1
i E : T, 1. T
V_2i:1zizl+20'0' (26)

Both BSMC and IBSMC methods can be used to stabilize V. Reviewing Sec. [[JA] and [[T[C] it can be seen that
the control input derivations for Step k, 1 < k < n — 1 are the same as in the standard backstepping design, and the
closed-loop system dynamics are given as:

21 = [1+Gix2a-y,+Giz2=-Kiz1 +Giz2
2 = fi+Gixina— i +Gizie1 = —Kizi —G]_1zi21 + Gizjwy, 2<i<n—1 27
Using Egs. [27), the dynamics of the sliding variable are derived as:

n-1

0=C(-Kz1 +Gz2) + Z Ci(—Kizi - G zi1 + Gizin1) + 2n (28)
i=2
The derivative of the candidate Lyapunov function (Eq. (26)) is derived using Eqs. (25] 27] 28] [I) as:
n-1
vV = - ZITKiZi + Zg_lGn—lZn +o'o

i=1
n-1
T T T
= - Z Z; Kz, - zn_lGn_l(Cn_lzn_l + ...+ ClZl) + zn_]Gn_lo'
i=1

n—1

+0T[C1(-K1z1 + G122) + Z Ci(-Kizi =Gl zie1 + Gizin) + (f, + Guu +d — §,,_)] (29
i=2
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An SMC virtual control term v is needed to compensator for the uncertainties, faults and disturbances present in
2. Design the control input of BSMC as:

n—1
__1 - .
Upsme = G, (~fn+®,1 —G._ 2,01 - C1(-K 21 + G122) - Z Ci(-Kizi - G zi-1 + Gizi) — Koo +vy)
=
A ~—1 ’ 7
£ G, (vi+vs—Ff,) (30)

where K . is a positive definite gain matrix.

Analogous to the previous control designs, v can be designed using any SMC technique. As an example,
following the classical way as v, = —Ksign(o), where K is a positive definite diagonal gain matrix. Denote
g, =fu—fu+ (G,G,' —I)(v’. - f,) +d. Assume ||I - G, G, || <b <1, and &, is bounded, then substituting
Eq. (30) into Eq. (29) results in:

14

n-1

n—1
.
—ZziTKiz,- — 2L G (Cpo1Zpi + ... + C121) + O'T(BLS -K.o -G,G, Kgsign(o))
i=1

K, 0 0 21
0 K, 0 22
< -zl 2l 2]
G,-1Ci G,_1Cy ... Gu1Cro +Ky g Zn-1
m
—0 Koo+ ) (loillep, ;| + bK,iloil - Ky iloi)
i=1
m ’
pit+ |8b; |
< M2z o zp 00,2, g 1T = 0 Keo = ) piloil, VKsy 2 — 5 Vpi >0 (D)

i=1
V < 0if Q is a positive definite matrix, which can be achieved by properly choosing C; and K;. If the positive
definiteness of Q is achieved, then according to Barbalat’s Lemma [3], z;, i = 1,2,...,n — 1, and o asymptotically
converge to zero.
By contrast, design the IBSMC input as:

n-1

__1 . .
Atipsme = G, (=Xno+@, 1 — G 241 — C1(-K 121 + G122) — Z Ci(—Kizi — Gl zi1 + Giziv1) — Koo +vy)
im2

G, (v, + vy — %n0) (32)

1>

Design vy = —K sign(o), in which K is a positive definite diagonal matrix. Assume ||I — G, G;l | <b<1,and
&), = 0(x, Kk At) + (G,,(_;;l —I)(v. — X,,0) + Ad is bounded, then the time derivative of Eq. under the control of
Eq. (32) is derived as:

m ’
. pit |8'b |
V<-lel. 2] zp 10l 2oz T = 0 Keo = ) pileil, VK2 =25 Vpi> 0 (33)
i=1 -

Using Barbalat’s Lemma [5]], z;, i = 1,2, ...,n — 1, and o are asymptotically stable if Q is positive definite, which
can be achieved by properly designing C; and K ;.

E. Comparisons between BSMC and IBSMC

In this subsection, the BSMC designed in Sec. [[[A] and the IBSMC designed in Sec. [[[C|] will be compared
analytically. The main focus of the comparisons are on the control structure, thus the conclusions draw in this subsection
are not constrained by the specific SMC virtual control design. In other words, the sliding variable can be any function
of z;, and v in Eqs. (T3] [22) can be designed using any SMC technique, as long as the same SMC method is consistently
used by BSMC and IBSMC for fair comparisons.
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The first difference between BSMC and IBSMC can be revealed by Eqs. , where the nominal model f,, is
used by BSMC, while the measurements or estimations of X, o and ug are needed by IBSMC. Consequently, IBSMC
has less model dependency than BSMC, but is more sensitive to sensing issues (e.g., sensor noise, delays, etc.).

In Eqs. (15] [22), the SMC virtual control v, is used to compensate for &5 and ;5. Using Eqs. (T3] [T4} [2), &5 can
be written as:

Ebs = fn=Fn+ (GG, —D(ve—f,)+d
fn_jn +(Gn_(_;n)ubs +d

(@0 + ne+ (W0 +nglups +d] + [(ff - fn) +(Gy - Gn)ubs]’((t) (34)

For the IBSMC method, using Eq. (2)), the 8(x, «, At) in Eq. can be further derived as:

o(x, k, At) = 6p(x, At) + 6 q4(x, At)ko + 6, (x)Ak (35)
where
of, +®,0 G,+V,.0 ibs
Sp(r. A1) = [fn+ +1n,+ (G + +1G)Uibs] Ax + O(Ax?)
ox 0
ofr-f Gs - Gy)uips
S A = [(fr=Sn) +a( f Mibs]
- x - 0
0u(x) = [(fy=Sn)+(Gr—Gpluipsllo (36)

Therefore, using Eqgs. (20} the uncertain vector &;5 in Eq. (21)) can be rewritten as:

8(x, 6, A1) + (Gu G, = D)(ve — in0) + Ad
o(x,k,At) + (G, — G,,)Aul-b‘Y + Ad
(65 + (W00 + nc)Aups + Ad] + [8ako + (Gr — G)Auipsk(t)] + 6, Ak (37)

Eibs

Since x;, i = 1,2, ..., n are continuous functions of 7, lima; ¢ ||Ax|| = 0. Assume that all order partial derivatives of
S (x, k) and G, (x, ) with respect to x are bounded, recall Eq. (36)), the perturbation terms satisfy:

lim [|65(x,Ar)|| =0, lim [|64(x, A0 =0, Vx; €R™, i=12...n (38)
At—0 At—0

Eq. (38) indicates that the norm of these perturbation terms become negligible for sufficiently high sampling
frequency [23]]. Eq. also indicates that V5, > 0, A7 > 0, s.t. VAt € (0,Af], Vx; € R™, i =1,2,..,n, ||6p(x, At)|| <
0s, ||0a(x, At)|| < 8. In other words, there exists a At that ensures the boundedness of both &5 (x, At) and 6 4(x, A?).
Also, their bounds can be further reduced by increasing the sampling frequency. Inspired by the analysis for the
boundedness of the residual error under incremental nonlinear dynamic inversion control in [29], the following theorem
is proposed for the boundedness of &;p:

Theorem 1 If ||l — Gn(_;;l | < b < 1forallt, and if §,(x) is bounded when tr <t <ty + At for sufficiently high
sampling frequency, €;ps given by Eq. is ultimately bounded.

Proof: Using Egs. (I7}, 20| B7), the closed-loop system dynamics under IBS control are:
En = En0 + GG, (Ve = Kn0) + Ad + 8(x, K, A1) = Ve + £ (39)

This equation is valid at every time step, thus for the previous time step, X, 0 = V¢, + &ips,- Recall Eq. (37), &1
can then be derived as:

(GnG,' = D)(ve = Ve, — 8ipsy) + 6(x, &, At) + Ad
(I = GuG,N8ips, — (I = GuG, Ve —ve,) + 6 + Ad
Egips, —EAv. + 0 + Ad (40)

Eibs

13
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which can be written in a recursive way as:
&ips(k) = E(k)gips(k — 1) — E(k)Av(k) + 6(k) + Ad(k) (4D
In view of Eq. (20), v. is a continuous function of time, thus

AltlE}O ”VC - vCo“ = 07 in eR™ (42)

Therefore, for a sufficiently high sampling frequency, Ay, is bounded. Since «(¢) is a step function to indicate a
sudden fault at t = t¢, Ak is a single square pulse with magnitude of one and width of Az. As a result, §,(x)A« in
Eq. is bounded if &, (x) is bounded when #; < r < 17 + At. Furthermore, using Eqs. (35] 38), if 6,(x)A« is bounded,
then there exists a Ar which ensures the boundedness of d(x, , At). In additi% disturbance increment Ad in real-world
is normally bounded. Denote the bounds for Ay, 8, and Ad as A_v,:, 8, and Ad respectively, then Eq. satisfies:

k k-1
lews(OIl < ) llems )] + Z(B)k_”1 lAV () + Z(l_?)k_’ l0(7) + Ad(DIl + 10(7) + Ad()]|
= j=1
_ . k _ ] . k-1 _ ) .
< (B ll8ims Ol + Ave D (B} + (5 + Ad) Y (BY + (6 + Ad)
j=1 J=1
_ b b o 1_pk
= (B lleins O + Ave———— + (6 + Ad)—— 43)
1-b 1-b
Since b < 1, Eq. (43) satisfies: o
Aveb+6+Ad
leins|l < Qreb 0+ Ad —+ , ask — oo (44)
1-b
ECB+¢§+E

In conclusion, g5 is bounded for all k, and is ultimately bounded by =5 ]
For the majority of SMC designs, the boundedness of uncertainties is a precondition. Theorem [I] proves that a

diagonally dominate structure of G,,G;l, bounded 6,.(x) when ty <t < f; + At, and a sufficiently high sampling
frequency ensure the boundedness of &;,5. However, as a function of both x and u,,, and being independent of
At, the boundedness of g, is undetermined in the same conditions. Even for some moderate fault and disturbance
circumstances, where both &;,5 and g;, are bounded, it will be shown subsequently that €;55 has smaller bound, which
can be further diminished by increasing the sampling frequency.

Denote the fault instant as t = f¢, the values of &, and &;;¢ will be analyzed in three cases:

1) Pre-faults < tp: k(t) =0, k(t — At) = ko = 0, Ak = 0.

2) Faultinstant fp <t <ty + At: k(t) = 1, k(t = A1) = ko = 0, Ak = 1.

3) Post-faultr >t + At: k(t) = 1, k(t — At) = ko = 1, Ak = 0.

Recall Egs. , whent <1, eps = ®,0+0p+(¥,0 +n5)ups +d, while &5 = 85+ (V00 +16)Auips +Ad.
®,,0 and 7, are the parametric and nonparametric uncertain terms of f,. For aerospace systems, |®,.0 + 7 f|| is
normally large because it contains the inertia and aerodynamic uncertainties. By contrast, as a function of At, ||6||
can become negligible as formulated by Eq. . If |lups|| # 0 and ||W¥,0 + 55| # 0, there exists a Az that ensures
1¥,0 + nellllAuips]l < [|'¥n8 + pgllllupsll. In addition, most external disturbances in real-world are continuous
functions of time, thus limp,—,q ||Ad|| = 0. Equivalently, when d # 0, 3Az,s.t. ||Ad|| < ||d||. The influences of
discontinuous d (such as a bird strike or a sudden collision) can be analyzed in the same way as that of «(¢). In summary,
when ¢ < t, in the presence of perturbations, if [|u|| # 0, then there exists a Af that ensures &;5, has smaller bound.

During the short time interval ; < ¢ < t¢+At, according to Egs. , an additional term (f ¢ ~f.)+(G f—Gn)ubS
is added to &, while (G5 — G,)Au;ps + 6, is added to ;5. These two additional terms have comparable bounds.

For the post-fault condition, £, is still augmented by (f ¢ —j_”n)+ (Gy- G,)ups, while 6 ;+(G = G)Aupg is added to
&ips. This reveals a feature of IBSMC, that the term 6. (x)A« is only non-zero during a short time interval tp < ¢ < tg+At.
After t = t + At, the main influences of fault have already been included by the measurements/estimations at the previous
time step. Although (G — G,)Aup still remains after the fault, analogous to the analyses for the pre-fault condition, if
llupsll # 0, there exists a Az that ensures |G — GollllAuips|l < Gy - G |l|lups||. Furthermore, Wfr— f,,ll evaluates
the dynamic variations caused by faults, which is non-ignorable in faulty conditions. By contrast, ||| can become
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negligible for a sufficient small Az (Eq. (38)). Therefore, after a fault occurs, if [|u|| # 0, then there exists a Ar that
ensures &;,5 has smaller bound.

In summary, the conditions in Theoremﬂ] ensure a bounded g;5,, while the boundedness of g is undetermined in
the same conditions. For the fault and disturbance circumstances where both &;,; and g;5 are bounded, if the sampling
frequency is sufficient high, ||&;p|| is smaller than ||&j|| before and after a fault occurs, and can be further reduced by
increasing the sampling frequency. This smaller ||€;5,| can fundamentally release the control effort of SMC, since
for most SMC designs, the required SMC gains are monotonically increasing functions of the uncertainty bounds. As
a consequence, inheriting the robustness of both IBS and SMC, IBSMC is able to attain better robust performance
using not only less model information, but also reduced SMC gains as compared to BSMC. These conclusions will
be numerically validated in Sec. A reasonable choice of the sampling frequency depends on the specific system
characteristics and hardware constraints [23]]. It has been proved by flight tests that 50~100 Hz is suitable for airplane
flight control [22}30].

I11. Fault-Tolerant Flight Control System Design
In this section, the control methods derived for generic nonlinear uncertain systems (Eq. (I)) in Sec.[[I) will be
applied to fault-tolerant flight control problems.

A. Aircraft Dynamics
The six degrees of freedom nonlinear equations of motion for rigid aircraft expressed in the body-fixed frame are
given by:

v

_1 5
' _ [ ml 0 l [ -m&oV + F 45)
w

0o J -oJow+M

where V = [u,v,w]! and w = [p, q,r]" represent the translation and rotational velocities of the body-fixed frame
relative to the inertial frame. m is the total mass. J represents the inertia matrix. () denotes the skew symmetric
matrix of the corresponding vector. F' and M are the total force and moment vectors, which incorporate gravitational,
aerodynamic, and thrust forces and moments.

A typical aerodynamic model for a fixed-wing aircraft is give in the form of:

C/(B,r,p, M) G, (@, B, M) 0 G, (@B M) || 6a

M, = qg.Sdiag([b,¢,b]) Cula,g, M) |+ 0 Cins, (a, M) 0 Oe
C.(B,r,p, M) Cns, (@, 8, M) 0 Cns, (@, B, M) Oy

Fu = qoS[Ci(a.B.q.0e: M), Cy(a.B.p.r0a,6r. M), Cia.B.q. 00, M)|" (46)

where «, 8 represent the angle of attack and the sideslip angle. M is the Mach number. V is the airspeed. The dynamic
pressure is given by g = 0.50,V? (pq is the air density). S, b, ¢ are the wing area, wing span and mean aerodynamic
chord respectively.

Referring to the definition g = arcsin y;, the dynamics of 8 is derived as:

B: Vv —vV @7

VVu? + w?

Denote the specific force vector as A = [Ay, Ay, A;]7, and express the gravitational vector in the body-fixed frame as
G = [—gsinb, gsin ¢ cos 6, g cos ¢ cos B]7, where g is the gravitational acceleration. Using Eq. , the kinematic
equations for 8 is derived as:

w —U
(Fpx + Fgy + Fpz) + 0 [pgrl” (48)

. 1
B_(Vu2+w2) Vu? + w? Vi + w?

10
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where

uv i
Fgx = _W(Ax — gsin6)
v? i
Fgy = (1- W)(Ay + g sin ¢ cos 6)
vw
Fg, = _W(AZ + gcosfcosb)
(49
The kinematics for Euler angles [¢, 6, ]7 are given by:
& 1 singtand cos¢tand p
6 |=|0 cosg —sin¢ q (50)
; sin ¢ cos ¢
4 0 cos @ cos @

B. Model for Aircraft Actuator Faults

Three types of actuator faults will be modeled in this subsection: partial loss of control effectiveness, solid jamming,
and solid Oscillatory Failure Case (OFC).

The partial loss of control effectiveness can be modeled by multiplying the control derivatives with an scaling factor,
namely, Cl.’f = u;G, i = l,m,n, j=6q4,0 0, uj € (0,1], with (-)" indicating the post-fault condition.

Solid jamming means the control surface is stuck at a certain position. The word "solid" is used to distinguish
this fault case from liquid jamming, which means an additive bias presents in the rod sensor while the control surface
is still movable. There are three main effects of control surface solid jamming. The first one is the loss of control
effectiveness, namely if one side of the aileron or elevator is stuck, the corresponding control derivatives are halved,
ie. yuj =0.5,j = 04, 9.. Solid jamming fault also introduces new control derivatives, which invalidate the decoupling
between longitudinal and lateral control. To be specific, one-side aileron jamming introduces C,,;_, while one-side
elevator jamming introduces C; s ar~1d C:n Se B:esicles, if control surfaces are jammed at non-neutral positions, extra
force and moment coeflicients (Cy, Cy, C;, Cy, Cyyy, C,,) Will be induced. These coefficients are functions of the aircraft
geometry parameters, and are also proportional to the jammed positions [29].

The solid OFC is mainly caused by electronic components in fault mode generating spurious sinusoidal signals,
which propagate through the servo-loop control, and lead to control surface oscillations [31]]. "solid" means the spurious
sinusoidal signals substitute instead of being added to ("liquid" OFC) the normal control signal [31]. Similar to the
effects of control surface solid jamming, if one-side of elevator or aileron has solid OFC, the corresponding control
derivatives are halved. New coupled control derivatives are also introduced. Moreover, the disturbing force and moment
coefficients (Cy, Cy, C,, Ci, Gy, C,) induced by solid OFC are also spurious sinusoidal signals.

C. Model for Aircraft Structural Damages

Aircraft structural damages result in three main effects: actuator faults, the changes of inertia properties and
aerodynamic properties [32, 33]].

Aircraft structural damages are usually accompanied with actuator faults. Loss of control surface areas will reduce
the corresponding control effectiveness. Besides, new control derivatives will also be induced if asymmetric damages
are imposed on the control surfaces. The way of modelling these effects has been discussed in Sec[ITI|B]

The aircraft dynamics modeled by Eq. {@3)) assume the consistency of aircraft center of mass (c.m.) with the
body-fixed frame origin. Since sudden structural damages lead to instantaneous c.m. shifts and inertia changes, a more
rigorous dynamic modeling method named as non-c.m. approach [33] is adopted in this paper. The dynamic equations
for a damaged aircraft using this non-c.m. approach is given by [33]:

-1 ~T
-m'®oV - 08 w+ F’

VS w-aSV-aJw+M

14

. (D
w

3 m’l ST
S I

where S is the first moments of inertia matrix.

11
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The aerodynamic properties of partially damaged aircraft have been investigated in [32]]. The main influences of
wing, horizontal stabilizer and vertical tail damages on aerodynamic coefficients are summarized in Table[I] Cr,, in
Tableis the lift-curve slope, and the new coefficients AC; , AC;(«) are caused by geometric asymmetrical damages
imposed on the aircraft.

q’

Table 1 The main influences of structural damages on aerodynamic coefficients.

Damaged component Changed coefficients New coefficients

Horizontal stabilizer Cig> Cim, ACy,
Vertical tail Chng, Cn, -
Wing Cr,, Clﬁ, Cl,, AClq, ACi (@)

D. Aircraft Attitude Control Design
In this subsection, the aircraft attitude control problem will be considered. The controlled attitude angles are chosen

asy = x; = [¢,0,B8]". Choosing x> = w = [p,¢,r]", and u = [6,, 5., 5,], then Egs. can be written in a
more compact form as:

X1 = fi(x)+Gi(x)xz
S2(x1,x2) + Go(x, x2)u (52)

In view of Eqgs. @], @]), the kinematics for x is unaffected by faults, model uncertainties and disturbances. On
the other hand, the aircraft dynamic equations change from Eq. (@5) to Eq. (51) after structural damage occurs, and
the aerodynamic coefficients in f,, G, are perturbed by uncertainties, faults and disturbances. Therefore, the aircraft
attitude dynamics modeled by Eq. (52) belong to Eq. (), so the controllers designed in Sec.[[I]can then be directly
applied to this control problem.

X7

IV. Numerical Validation

In this section, the robustness of BS, BSMC and IBSMC will be numerically tested by evaluating their ability of
passively tolerating faults and uncertainties. The nominal aerodynamic, thrust and inertia models are set up using the
public data of F-16 [34]. It is noteworthy that this aerodynamic data for pitching moment coefficient is non-affine in
0., which results in insolvable control problem for BS and BSMC. IBSMC and IBS are able to solve non-affine in the
control problems, because Eq. takes partial derivatives with respect to u. For fair comparisons, an affine in 6,
model approximated using polynomial functions [9] are consistently used by all the controllers.

The dynamics of rudder, ailerons and stabilators are all modeled as first-order systems. The bandwidth and limits for
the actuators are listed in Table[2] A simple proportional-integral thrust control is designed in a separate control loop to
maintain airspeed. This aircraft is initially trimmed at a steady level flight condition with airspeed V' = 500 ft/s and
altitude /# = 10,000 ft. The sampling frequency used by the controllers is fy = 100 Hz.

Table 2 Limits and bandwidths of actuators.

Actuators Bandwidth [rad/s] Rate limit [deg/s] Position limit [deg]

Ailerons 6, 20.2 80 +21.5
Elevator 6, 20.2 90 + 25
Rudder 6, 20.2 120 +30

The main focus of this paper is on the comparisons of different control structures, which is independent of specific
v. and v, designs. For fair comparisons, gain matrices K| = diag([2,2,2]) (in Eq. {@)), and K, = diag([5, 5, 5])
(in Egs. (T3] 20)) are consistently used by all the controllers. The v, for BSMC and IBSMC are both designed
using FRTC SMC method, with o = z,,. The SMC parameters used by both BSMC and IBSMC (in Eq. @])) are
K = diag([0.5,0.5,0.1]) and y; = 0.3, i = 1,2, 3. The control performance with varied K ; and y; will also be analyzed
in the following contexts.

12
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A. Flight Control in the Nominal Case

The references for ¢ and 8 are smoothly combined sigmoid functions as continuous and differentiable realizations
of 3211 signals. As can be seen from Fig.|l} |¢,| = 20°, and |6, — 6.| = 15°, where 6, is the pitch angle in the trim
condition. B, = 0° to minimize the side force during maneuvers.

Fig. |I| shows that all the three controllers, BS, BSMC and IBSMC are able to steer the aircraft to follow the
commands. Only small tracking errors present in transition phases, and they are all ultimately bounded. The control
surface deflections are smooth. IBSMC has slightly better performance than BS and BSMC as can be seen from the
tracking error responses.

[ Ref — — —BS —— — BSMC IBSMC|
40 10 20
20 ' 5 ’ 10
5 = 5
= 0 o © 0
-20 5 -10
-10 -20
0 5 10 15 20 0 5 10 15 20
5 20
A
T T 0
EL <
-20
5 -40
0 5 10 15 20 0 5 10 15 20
1 40
= T = 20
g 2 2.
Q 5 o
¢ 0
1 -2 -20
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
t[s] t[s] t[s]

Fig.1 Aircraft responses and control inputs in the nominal condition.

B. Flight Control in the Presence of Model Uncertainties

In this subsection, the robustness of the controllers to uncertainties will be evaluated. The attitude references
are the same as references in the nominal case. Parametric uncertainties are added to the nonlinear system. Specifi-
cally, the inertia parameters Jxy, Jyy, Jzz, Jxz, the damping coefficients C, , C, s Cnps Gy i, Cpyy Cy Ciyys Cx,, the
control effectiveness Ci;_, Ci,,, Cns,,» Cns, » Cys,,» Cys, » and the coefficients Cx(@, 00, M), Cy(a, 6, M), Crpi(, 6, M),
Cy(a, B, M), Ci(a, B, M), Cy(c, B, M) are multiplied with random combinations of scaling factors, which are in the range
of [0.2,2]. The aircraft responses in the presence of uncertainties are shown in Fig. |2} from which it can be seen IBSMC
has the best tracking performance. Furthermore, the tracking errors using all these three controllers are ultimately
bounded.

In view of Fig.[3| ||I — G, G;l || < 1 in this simulation case, and the bounds of &;; are smaller than that of &, in all
the three control channels. This result is in accordance with the analyses in subsection[[|[E] that 3Az, s.1. ||&ps |l < |l€ps]|
in the pre-fault condition. By fully exploring the measurements, IBSMC has improved robustness than BSMC.

For the responses shown in Fig. 2} the v for BSMC and IBSMC are identically designed using FRTC SMC, with
the same parameters K and ;. It can be seen from Fig. 2] that BSMC using these parameters only brings minor
performance improvements to standard backstepping. Recall Eq. (24), the DOA of o5 can be reduced by increasing K ;
and reducing ;. The v, in Eq. (23) using difference parameters are illustrated in Fig.[d]

Fig. 5] depicts the influences of SMC gains on the tracking performance of BSMC, where the gain matrix K is
multiplied with successively increased coefficient ¢ = 1, 3, 5, while y; = 0.3 is consistently used. As can be seen from
the left subplot of Fig.[4] the increased gains amplify the control effort of v, which can consequently improve the

13
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Fig. 2 Aircraft responses and control inputs in the presence of model uncertainties.
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Fig.3 Responses of || - G, G,_ll || and &5, £;p in the presence of model uncertainties.
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Fig. 4 The FRTC SMC input v, (Eq. @)) with different parameters.

tracking performance of BSMC as verified by Fig.[5] However, high-gain control not only amplifies the measurement
noise in practice, but can also impose unachievable commands on actuators. Since actuators have bandwidth and
nonlinear limits, high-gain control would induce oscillations and potential instabilities, which is verified in Fig. [5|for the

14
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¢ = 5 case. Moreover, BSMC using five-times higher gains than IBSMC still has inferior robust performance than
IBSMC, which can be seen by comparing Fig. 5| with Fig. 2]

BSMC, c=5 |
20

[ Ref — — — BSMC, c=1 —-—— BSMC, c=3

10

0

5
q)\,
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o[
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-20
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0

5, 1

-20

-40
40
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L, 20 :

-4 -4 -20
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t[s] t[s] t[s]
Fig. 5 The influences of SMC gains on the tracking performance of BSMC.

The DOA of o5 can also be reduced by diminishing y; (Eq. (24)). As shown by Eq. (23) and the right subplot of
Fig. |4} sig(o)” = |o|’sign(o-) becomes steeper near o = 0 as y approaches zero, which can speed up the convergence
near the sliding surface. This is verified by the tracking performance of BSMC using varies y shown in Fig.[6] However,
if y = 0, then sig(o")” = sign(o), which means although the v designed by Eq. is continuous, chattering would
present if sufficiently small y is used. This phenomenon is verified in Fig. [f]by the y = 0.05 case. Therefore, trade-offs
should be made between performance and chattering reduction. Furthermore, the robust performance of IBSMC is
better than BSMC using all the tested 7y values, which can be seen by comparing Fig. [6] with Fig. [2]

C. Flight Control in the Presence of Actuator Faults

In this subsection, the robustness of BS, BSMC, and IBSMC will be tested by their abilities of passively resisting
actuator faults. The actuator fault scenarios considered in this subsection satisfy |G,(x, «)| # 0, which means the pitch,
roll, and yaw channels are still controllable after faults. Nevertheless, the control authorities reduce after actuator fault
occurs. In view of the control authority losses, the attitude references are halved here as compared to the nominal
condition. specifically, |¢,| = 10°, |6, — 6.] = 7.5°, B, = 0°. The influences of actuator faults are modeled using
methods introduced in Sec.

The first actuator fault scenario considered is a combination of aileron and rudder faults. Specifically, at r = 3 s, the
right aileron runs away and get jammed at d, 4 = 10°, while the rudder suddenly lost 50% of its effectiveness atr = 7 s.
The sign for aileron deflection angles are defined in the conventional way, namely a positive 6, means the right aileron
deflects downwards while the left deflects upwards.

According to the discussions in subsection in this scenario, the control effectiveness of ailerons and rudder
are halved, and new control derivative Cy,,_ is induced. Because the right aileron is jammed at a non-neutral position
dara = 10°, extra negative rolling and pitching moment coefficients are induced. This can be seen from the aircraft
responses using BS and BSMC shown in Fig.[7} that the aircraft rolls to the left and pitches down after t = 3 s. If £,
in Eq. (T4) is bounded, backstepping control itself can guarantee the ultimately boundedness of the tracking errors.
However, over 20° of roll angle tracking error presents after # = 3 s, noticeable tracking errors for # and § also appear in

Fig.[7}
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Fig. 6 The influences of SMC parameter y on the tracking performance of BSMC.

The BSMC and IBSMC in Fig. use the same set of parameter: K, = diag([0.5,0.5,0.1])andy; = 0.3, i =1,2,3.
Although BSMC brings performance improvements to backstepping, its robustness is still inferior than IBSMC. It can
be seen from Fig. [7)that aircraft using IBSMC is able to passively recover from the fault within seconds, with marginal
tracking errors. The left aileron rapidly deflects downwards at 6,,;4 = —10° to compensate for the right aileron jamming
induced moments after = 3 s.

Inheriting the robustness of both IBS and SMC, IBSMC shows the best robust performance in Fig.[7] It has been
revealed in Sec. that the closed-loop uncertainty under IBS control naturally has smaller bound than the uncertainty
bound using backstepping control, both before and after fault occurs. This conclusion is further verified in Fig.[8] in
which ||&;p4]| < [|&ps]| during the entire time history. Moreover, |&p5, | and |gp; | have biases after ¢+ = 3 s, while

|&ibs,p| and |&;ps, | consistently fluctuating around zero. ||I — GnG;l || < 1is satisfied under both BS and IBS control,
which ensures the boundedness of ;4 if other conditions in Theorem |I| are also satisfied. The sudden changes of
|11 - G,,G,:] || in Fig. 8| are caused by the sudden effectiveness losses, and the variations of ||I — GnG:ll || are because
G,, is a function of states.

The second actuator fault scenario is that the left stabilator suffers from solid Oscillatory Failure Case (OFC) from
t = 5s. Based on the modeling method introduced in Sec. the deflection of the left stabilator after fault is
modeled as 6.; = 10sin(2(r - 5)) (°), ¢ > 5s. The right stabilator is still under control. As a result, Cp,;, is halved, new
control derivatives Cj;, and C,,;;, are also induced. The disturbing force and moment coefficients caused by the solid
OFC significantly deteriorate the tracking performance of backstepping as shown in Fig.[9] IBSMC shows the best
performance over backstepping and BSMC in all the three control channels.

|1 - G”G:ll || < 1 is satisfied in this scenario as shown in Fig. Moreover, it is illustrated in Fig. [10| that
ll€ibs|| < |l€ps|| during the entire time history. It is worth noting that ||&;,,|| can be further reduced by increasing
the sampling frequency, while ||&ps|| is independent of At. Since ||&;ps|| is smaller, IBSMC using the same SMC
parameters as BSMC also has smaller DOA (Eq. (24)), which consequently leads to the better robust performance of
IBSMC, which is verified in Fig.[9]
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Fig.8 Responsesof [|[I - G, G;l || and &5, €;ps in the presence of aileron and rudder faults occur at ¢ = 3, 7 s.

D. Flight Control in the Presence of Structural Damages

In this subsection, the robustness of BS, BSMC, and IBSMC will be tested by their abilities of passively resisting
structural damages. The damaged aircraft is unable to execute severe maneuvers, because of its shrunken flight envelop.
Therefore, the attitude references are halved in this subsection as compared to the nominal case, namely, |@, | = 10°,
|6, — 6. =7.5°, B, = 0°. The influences of structural damages are modeled using methods introduced in Sec.
The inertia properties of the damaged aircraft is calculated using a CATIA model of F-16.

The first structural damage scenario considered is that the right wing lost 25% of its area at t = 3 s. Accompanying
with the wing area loss, the entire right aileron is also lost. A positive rolling moment caused by the unequal lifts on the
left and right wings significantly degrades the roll angle tracking performance of BS and BSMC, as shown by Fig. [TT}
eg and eg also increase under BS and BSMC control owing to the coupling effects. By contrast, aircraft using IBSMC is
able to tolerant these faults passively, and has the smallest tracking error variations. In view of Fig.[TT} the positive
rolling moment is timely compensated by the upwards deflections of the left aileron using IBSMC.

As consistent with the theoretical analyses in Sec. [[[E| and the responses in the presence of actuator faults in
Sec. lleibs|l < ||€pbs|| also holds in this wing damage case as illustrated by Fig. |1 - Gn(_};l || < 1is satisfied
under both BS and IBS control in this scenario.

The second structural damage scenario is a combination of wing, stabilator and vertical tail damages. To be specific,
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the right wing lost 25% of its area at t = 3 s. Afterwards, the entire left stabilator is lost at # = 5 s. Subsequently, one
half area of the vertical tail is lost at # = 7 s. Accompanying with the structural damages, the corresponding control
surfaces are also lost. The aircraft responses and control inputs using BS, BSMC, and IBSMC are shown in Fig.[T3]
from which it can be seen IBSMC has the best tracking accuracy. Although the tracking errors using BSMC and BS are
ultimately bounded, remarkable performance deteriorations present in Fig. [I3]

The conclusion that &;3,, has smaller bound than &y is further verified in Fig. [T4]for the comprehensive structural
damage scenario. As a result, IBSMC using the same v design as BSMC has remarkable performance enhancements.

Analogous to the discussions in Sec. the performance of BSMC can be improved by reducing y and increasing
K. It has been shown in Fig. [f] that chattering effects would present as y approaching zero. Fig. [I5] shows the
tracking responses of an aircraft using BSMC in the second structural damage scenario with gradually increased gains
K, = c - diag([0.5,0.5,0.1]). It can be seen from Fig. [15] that high-gain BSMC can indeed enhance the tracking
performance, but will cause oscillations owing to the actuator limits, and will also amplify measurement noise in
practice. By contrast, IBSMC with much lower SMC gains is able to provide satisfactory tracking performance in spite
of structural damages as illustrated in Fig.[T3]
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V. Conclusions

The Incremental Backstepping Sliding Mode Control (IBSMC) framework for multi-input/output nonlinear strict-
feedback systems under the perturbations of model uncertainties, sudden faults, and external disturbances is proposed
in this paper. Inheriting the merits of both Incremental Backstepping (IBS) and Sliding Model Control (SMC), this
framework has shown enhanced robust performance as compared to backstepping and SMC hybridized with backstepping
(BSMC). Tuning of IBSMC is straightforward, and is easier than Adaptive Backstepping (ABS). IBSMC also has less
model dependency than BSMC, which simplifies the implementation process and reduces the computational load.

It is proved by Theoremthat a diagonal dominate structure of G, G;l, bounded §,(x) at the fault instant, and
a sufficiently high sampling frequency f; guarantee the uncertainty vector remains in the closed-loop system under
IBS control (g;;) is bounded, while the remaining closed-loop uncertainty term using backstepping control (&) is
undetermined under the same conditions. Moreover, for fault and disturbance circumstances where both €;5, and &
are bounded, there exists an f; that ensures &;,5 has smaller bound, both before and after a fault occurs. This smaller
bound of g;;, allows IBSMC to passively resist a wider range of perturbations using not only less model information,
but also reduced SMC gains.

For solving the aircraft fault-tolerant control problem, the SMC virtual controls in BSMC and IBSMC are consistently
designed using the Finite Reaching Time Continuous (FRTC) SMC method. Numerical simulations verify that IBSMC
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has improved robust performance over backstepping and BSMC, in the presence of model uncertainties, sudden actuator
faults and structural damages. In conclusion, easier implementation, less model dependency, and better robustness make
the proposed IBSMC framework promising for enhancing aircraft survivability in real life.
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