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Abstract
We propose a topology optimization (TO) formulation and related optimization scheme for designing compliant mechanisms 
following a user-defined trajectory. To ensure the broad applicability and achieve precisely control of the outputs, geometric 
nonlinearity with incremental solutions are considered. A challenge in the design optimization of these structures is the devel-
opment of formulations with satisfactory balance between (i) precise trajectory control and (ii) proper connectivity between 
the input/output ports and the support. Previously proposed density-based topology optimization formulations typically lack 
the promotion of the desired load-transferring connections, or usually complicate the design using mixed shape, size, and 
topology variables to enforce a minimum connectivity. To simplify design progress using exclusive topology variables, i.e., 
purely density-based TO methods, we propose a relatively straightforward formulation involving commonly used response 
functions, such as compliance and volume as constraints. For the constraints, the paper provides a scheme for defining cor-
responding upper limits. Numerical examples of challenging shell and plate design optimization problems demonstrate the 
effectiveness of the proposed formulation and scheme in the generation of load-transferring connections while limiting the 
impact on the performance of the path generation functionality.

Keywords Topology optimization · Path-following compliant mechanism · Connectivity · Geometric nonlinearity

1 Introduction

Density-based topology optimization (TO) was initially 
mostly applied in linear stiffness design (Bendsøe and Sig-
mund 1999; Buhl et al. 2000). Since then, the method is 
widely used for many other design purposes (Dirksen et al. 
2012; Otomori et al. 2012; Lu et al. 2013; Wang et al. 2020). 
One of the prevalent applications is compliant mechanisms 
(Pedersen et al. 2001; Sigmund 1997; Bruns and Sigmund 
2004), for which, Density-based TO allows creating highly 
complex and sophisticated structures that would be chal-
lenging to design based on intuition. A class of typically 
complicated-to-design compliant mechanisms is known 

as path generation compliant mechanisms (PGCMs). A 
PGCM’s output ports can move following a user-defined 
trajectory, when, for example, displacements or forces are 
applied to the input ports. To achieve precise control of the 
output ports along the defined trajectory, nonlinear analysis 
with incremental solutions are prevalent adopted in topology 
optimization for PGCMs. Furthermore, even though practi-
cal applications may require linear relationships between 
inputs and outputs, the mechanism itself may exhibit finite 
deflections and rotations. Consequently, it is necessary to 
consider geometric nonlinearity in potential designs for 
ensuring broad applicability, for example decoupled X−Y  
stages (Yong et al. 2008; Lai et al. 2012; Awtar and Parmar 
2013) and linear guide actuators (Olfatnia et al. 2012; Huang 
et al. 2009; Weingrod et al. 2013).

To design PGCMs using Density-based TO, it could be 
challenging to automatically promote connectivity between 
input, output ports, and supporting boundaries. A typical 
result exhibiting lack of connectivity is shown in Fig. 1, 
where the objective is to minimize the squared in-plane 
displacements of the center point at multiple pseudo-time 
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points given a prescribed out-of-plane displacement. The 
optimizer opts here to converge to the obvious trivial solu-
tion of disconnecting the center point. Although this design 
can achieve the specified goal, it lacks physical meaning in 
the real world.

For the issue illustrated in Fig. 1, the reason, as stated in 
Pedersen et al. (2001), is the lack of force transfer require-
ments among the input, output, and the support in purely 
density-based TO methods. To ensure connectivity, two 
methodologies are generally employed: one involves incor-
porating force transfer requirements into the density-based 
TO, while the other abandon purely density-based TO, but 
proposing a different parameterization method, such as 
incorporating size and shape design variables. The latter 
approach has been extensively explored in previous works. 
First, shape variables can ensure the connectivity. Wang and 
Tai (2008) and Tai et al. (2002) expressed structural topol-
ogy by mapping a set of Bezier curves onto a fixed finite 
element mesh, which connected input to output ports. Along 
the Bezier curves, materials were allowed to grow on the 
finite element mesh to form a new structural topology. Due 
to the inherent continuity of Bezier curves, any topology 
mapped from these curves always maintains connectivity. 
Lu and Kota (2005), as well as Zhou and Ting (2004) seg-
ment the load path into multiple sections, where the length 
and position of each section were then designed. This, in 
turn, guarantees the structural connectivity among the input 
and output ports. For the above method, it is necessary to 
determine an initial shape guess, which often requires some 
level of domain knowledge, engineering intuition, or prior 
experience. Furthermore, given that shape design variables 
are involved in the methods mentioned above, related sen-
sitivity calculations become relatively difficult. Thus, zero-
gradient methods, e.g., genetic algorithms (GA) are preva-
lent choices adopted in the mentioned works instead of more 
efficient gradient-based methods. Second, connectivity can 

be ensured by size variables corresponding to ground struc-
tures’ elements. Saxena (2004), Rai et al. (2006a, b, 2007, 
2009), Naik et al. (2010, 2011), and Nagendra Reddy et al. 
(2012), focusing on frame element-based ground structures, 
designed PGCM by adjusting, for example, the length and 
height of frame elements. Given that an intermediate value 
of such design variable is manufacturable, no connectivity 
issues as in purely density-based TO are encountered. How-
ever, the size control method may be restricted to ground 
structure-based designs and may not be easily applied to 
other types of elements, such as plates and shells, which can 
be manufactured more readily using laser cutting.

Another approach to enhance connectivity in path genera-
tion mechanisms is through the use of hexagonal-tessellated 
finite elements and negative masks design parameterization 
(Saxena 2008, 2011; Kumar and Saxena 2022). Briefly, they 
discrete the design domain by Hexagonal elements, then, 
utilizing movable masks to define the topology, where mate-
rial inside the mask is removed. By utilizing edge-connected 
Hexagonal elements and the proposed boundary smooth-
ing techniques (Kumar and Saxena 2015), they can form 
hinge-free designs. Besides, as is verified in their previous 
work, using masks with hexagonal elements helps ensure the 
minimum and maximum length scales in the topology, con-
sequently obtaining readily manufacturable designs (Singh 
et al. 2020). However, ensuring length scales or changing 
the design parameterization may not address all kinds of 
connection issues, such as the case study for which the result 
is shown in Fig. 1. Here, the weak connections could be 
resolved, but the disconnections may not. Consequently, the 
hexagonal tessellation combined with negative mask method 
may also not solve the disconnections shown in Fig. 1. In 
previous work related to designs of contact-aided compli-
ant mechanisms (Kumar et al. 2016, 2017, 2019, 2021), 
indeed, no disconnection issue like the one shown in Fig. 1 
is encountered. This could be that the connectivity between 
their outputs/inputs and boundaries are implicitly indicated 
in complex path generation requirements. In our cases, we 
explore relatively simple paths focusing on specific timing 
positions. In this context, disconnections like those depicted 
in Fig. 1 may be more easily encountered. Furthermore, the 
hexagonal tessellation combined with negative mask method 
may not be readily applied to shells and plates, which are 
light-weighted, easily manufactured, and potentially exhibit-
ing large deflections compared to its footprint.

To explore methods that are easily implemented and 
versatile for various elements and structures—especially 
shells and plates, which are easily manufactured using 
techniques like laser cutting—we will focus on density-
based topology optimization (TO) methods. These meth-
ods are readily available, easy to apply to any type of 
element, and do not require domain knowledge for initial 
designs. When applying density-based TO, load transfer 

Fig. 1  A topology optimization result without connectivity. The 
objective is to minimize the squared in-plane displacements uy of the 
center point at multiple pseudo-time points given a prescribed out-of-
plane displacement uz . Here, black represents solid material (pseudo-
density �e=1), white void ( �e = 0 ), and gray those in between 
( 0 < 𝜌e < 1 ). The middle black block represents a non-design area. 
The design shows both disconnections with void elements and weak 
connections with gray elements
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requirement is a possibility for promoting the connectiv-
ity. For considering load transfer requirement for PGCM 
designs, several related work can be found. Saxena and 
Ananthasuresh (2001) introduced springs to output ports 
during the optimization procedure. The springs can avoid 
forming disconnections, but the required stiffness of the 
spring is difficult to decide. Pedersen et al. (2001) consid-
ered three load cases in the nonlinear analysis to ensure 
connectivity, which are: (1) without any force at the out-
put port, (2) with a force at the output port aligned with 
the trajectory, and (3) with a force at the output port per-
pendicular to the trajectory. The design was mandated 
to follow the desired trajectory in all three load cases, 
which promotes the connectivity of a path generation 
design. Although the formulation is general and effec-
tive, the solution progress faces overwhelming computing 
efforts due to nonlinear matrix updating and refactoriza-
tion. Furthermore, gray elements would still appear in the 
results. For the latter, Reinisch et al. (2021) introduced 
stress constraints to the method in Pedersen et al. (2001). 
However, stress constraints could further increase com-
putational time. Moreover, optimization formulations that 
involve stress constraints may encounter issues with sin-
gular optima, necessitating additional treatments (Cheng 
and Guo 1997). Recognizing the intricacies of past meth-
ods, there is a compelling need to explore a streamlined, 
versatile, and effective approach. This aims to guarantee 
seamless connectivity and suppress undesired gray areas, 
paving the way for a more efficient and universally appli-
cable design methodology.

To tackle the challenges mentioned above correspond-
ing to density-based TO, we follow Koppen et al. (2022) 
and introduce a straightforward optimization formulation 
aimed at promoting connectivity, whose parameter selec-
tion scheme is illustrated to suppress the gray elements. 
The proposed formulation, which is introduced in Sect. 3, 
involves commonly used compliance and volume func-
tions as constraints and, consequently, is easily extended to 
any structure and optimization algorithm. The upper lim-
its of mentioned constraints are defined by the proposed 
embedded parameter selection strategy, which is explored 
extensively in Sect. 4. Next, several numerical examples 
in Sect. 5 verify the effectiveness of the proposed formu-
lation and solution scheme. We use shells and plates in 
our numerical examples because of their slender nature 
and coupling between stretching and bending, which 
make them ideal for designing relatively large-displace-
ment compliant mechanisms and promising for achieving 
complex path generation requirements. Moreover, many 
practical compliant mechanisms can be and are being 
manufactured from plates and thin-walled tubes, utilizing 
techniques, such as laser cutting.

2  Formulations

To achieve connectivity and potentially further suppress 
gray elements in the design of PGCMs, one typical option 
is to include appropriate constraints in the optimization 
formulations. In this section, our primary focus is on 
identifying suitable and easily implemented constraints 
through mathematical analysis of the corresponding opti-
mization formulations. Prior to delving into the optimiza-
tion formulation for PGCMs, we introduce fundamental 
concepts of a general density-based topology optimiza-
tion formulation in Sect. 2.1. Here, the knowledge related 
to Lagrange multipliers and the reason of forming gray 
elements provide the basis for the proposed formulations 
in Sect. 2.2 and the optimization scheme in Sect. 3. Con-
sequently, relatively elaborate introductions are given in 
this section.

2.1  Density‑based topology optimization 
formulation

A topology density-based optimization problem can be 
generally expressed by

Here, f0 is an objective function, gl is the l constraint, q is 
the number of constraints, � is the pseudo-density, �0 is the 
lower limit of � , and 1 is the upper limit of � with all compo-
nents equal to 1. Typically, to solve an optimization problem 
with inequality constraints, a Lagrange function involving 
f0 and gl is defined as

where yl ≥ 0 represents a Lagrange multiplier expressed by

which reflects the relationship between the Lagrange func-
tion and the constraint during the optimization process. 
From Eq. (4), it follows that the constraints contribute to 
the Lagrange function only when yl > 0 . This knowledge is 
used in the following sections to select the upper limits of 
the constraints.

(1)min
�

f0(�),

(2)s.t. gl(�) ≤ 0, ∀l = {1,… , q} ,

(3)0 < �0 ≤ � ≤ 1.

(4)L(�, yl) = f0(�) +

q∑

l=1

ylgl(�),

(5)yl =
�L

�gl
,



 L. Zhang et al.   36  Page 4 of 17

Moreover, if we express a constraint gl by a variable 
term wl combined with a constant term (the upper limit) 
wl , i.e., gl(�) = wl(�) − wl , the Lagrange multiplier yl is 
then

Given the above, when optimization comes to a stationary 
point ( �∗,y∗

l
 ), according to the envelope theory, (6) is trans-

formed to

which defines the relationship between the objective value 
f0 and the upper limit wl . From Eq. (7), by analyzing the 
Lagrange multiplier at the converged point, we can pre-
dict how changes in the upper limit will impact the objec-
tive value. This understanding is central to our optimiza-
tion scheme outlined in Sect. 3, where users can adjust the 
constraint upper limits to suppress gray elements further, 
according to the desired objective error tolerance.

After introducing the Lagrange multipliers, the origi-
nal optimization problem can be transformed to

By exploring the minimizing problem related to � shown in 
Eq. 8, we can understand why there are gray elements, based 
on the partial derivative of L with respect to �k:

Here, if 𝜕L
𝜕𝜌k

> 0 , reducing element k’s density would reduce 
L. Consequently, in the next iteration, the design variable 
value of element k will lower. Conversely, if 𝜕L

𝜕𝜌k
< 0 , in the 

next iteration, the element k’s density will increase. When 
�L

��k
= 0 , there is no need for the optimizer to increase or 

reduce �k , potentially resulting in an intermediate density 
value between the upper and lower limits, i.e., a gray ele-
ment. The latter is usually alleviated by introducing 
black–white projection schemes, such as Heaviside filter. 
However, only by pushing elements to become black–white 
possibly results in topologies consisting of disjoint solid 
areas. One possibility to effectively enhance the connectivity 
in density-based TO is to carefully selected constraints for 
PGCM designs. Details about how the constraints are 
selected from a mathematical aspect is illustrated in the next 
section.

(6)yl = −
�L(�, yl,wl)

�wl

.

(7)y∗
l
= −

�f0(�
∗,wl)

�wl

,

(8)min
�0≤�≤1

max
yl≥0

L(�, yl).

(9)
�L

��k
=

�f0

��k
+

q∑

l=1

yl
�gl

��k
.

2.2  Formulations for designing path generation 
compliant mechanisms

In this section, we present a simple optimization formula-
tion for establishing connectivity in path generation designs 
using density-based topology optimization (TO) methods. 
We first describe the objective function. Then, we propose 
two essential constraints and explain their importance for 
establishing the connectivity from a mathematical aspect.

To meet a path generation requirement when both shape 
and timing are important, usually, several precision points 
are used to represent an user-defined path followed by the 
mechanism. Each precision point is denoted by a pair of 
input and output values, i.e., ( uin

i,j
 , uout

i,j
 ) where j and i repre-

sent the indexes of precision points and degrees of freedom, 
respectively. The inputs here are closely tied to the incre-
mental steps in the nonlinear analysis. For the outputs, in the 
desired (user-defined) path, they are predetermined. While 
in the realized path, it is calculated through nonlinear analy-
sis. During the optimization process, efforts are made to 
minimize the disparity between the desired path and the real-
ized path. Consequently, the object function is expressed by

Here, uout
i,j

 and u∗
i,j

 denote the outputs on the realized and 
desired paths, receptively. Besides, m represents the number 
of precision points, n is the number of degrees of freedom 
(DOFs), and �i,j represents a weight factor. The latter is set 
to 1 in the work but can be adjusted if different precision 
points have different levels of importance.

If we take the above objective function and conduct an 
unconstrained optimization, the Lagrange function is the 
objective function itself. Then, the gradient of the Lagrange 
function, i.e., the objective function f0 , with respect to �k 
can be expressed by

When the unconstrained optimization problem reaches the 
optimum, it satisfies the condition �f0

��k
= 0 . As defined in 

Sect. 2.1, �f0
��k

= 0 would lead to gray elements. Hence, it is 
highly probable that the connectivity is not established.

In order to establish connectivity, we consider con-
straints that can contribute non-zero sensitivities. Usually, a 
mechanism following user-defined paths is desired to main-
tain sufficient stiffness to support a load in its undeformed 
configuration, i.e., within the linear scope. For the latter, 
information can usually be found in stiffness specifications 
of a design. It defines the load a mechanism must carry in 

(10)f0 =

n∑

i=1

m∑

j=1

�i,j

(
uout
i,j

− u∗
i,j

)2

.

(11)
�f0

��k
=

n∑

i=1

m∑

j=1

2�i,j

(
uout
i,j

− u∗
i,j

)�ui,j
��k

.
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its undeformed configuration and the allowed displacement 
given the load. By utilizing the information, we can set a 
linear compliance constraint expressed by

Here, Cs is the compliance calculated in a separate linear 
load case with a load (FL)s applied in s-direction, q is the 
number of directions where compliance constraints are 
required, and Cs is the corresponding upper limit defined 
by the user, which can be determined as (FL�L)s . Here, (�L)s 
is the allowable displacement given this load.

Next, for simplification, we assume that only one compli-
ance constraint is involved. Then, the Lagrange function can 
be expressed by

where yc denotes the multiplier for the compliance con-
straint. The gradient of L with regard to �k is

If �f0
��k

 approaches 0, �L
��k

 depends on yc
�C

��k
 . In this situation, 

regarding yc > 0 , if yc
𝜕C

𝜕𝜌k
< 0 and not close to 0, then 𝜕L

𝜕𝜌k
< 0 

and the pseudo-density of element k will increase. If yc
�C

��k
 is 

close to 0, then �C
��k

 is close to 0, which means the element k 
currently has almost no influence on both the objective and 
the compliance constraints. In other words, element k con-
tributes to nothing but increase the volume. In this case, the 
element could be gray and floating in the design domain, 
which is defined as a useless element. To remove such an 
element, a volume constraint gv = V − V  can be introduced 
to the optimization formulation, where V presents the 
design’s volume and V  the corresponding upper limit. With 
the volume constraint, the Lagrange formulation can be 
expressed by

where yv denotes the multiplier for the volume constraint. 
The gradient of L with regard to an element pseudo-density 
�k is

Here, we only discuss the situation when yv > 0 and yc > 0 . 
If both �f0

��k
 and �C

��k
 are near to zero, �L

��k
 is completely depend-

ent on the value of yv
�V

��k
 . Since the sensitivity of the volume 

constraint �V
��k

 is always positive, we have 𝜕L
𝜕𝜌k

> 0 indicating 
that the element will be removed and the issue related to 

(12)gc = Cs − Cs ∀s = {1,… , q}.

(13)L = f0 + yc(C − C),

(14)
�L

��k
=

�f0

��k
+ yc

�C

��k
.

(15)L = f0 + yc(C − C) + yv(V − V),

(16)
�L

��k
=

�f0

��k
+ yc

�C

��k
+ yv

�V

��k
.

useless elements (materials) is resolved. The only chance for 
(16) to render an intermediate element density is when 
yc

�C

��k
= −yv

�V

��k
 , but this rarely happens in practice. If it hap-

pens, we can still disrupt the balance by adjusting the upper 
limits. Since stiffness is often specified as a design require-
ment, in this study we choose to adjust the upper limit of the 
volume constraint. By introducing the compliance and vol-
ume constraints, the proposed formulations can be finally 
summarized as

According to the discussions above, we still have several 
questions to answer: (1) How we can ensure both yv > 0 
and yc > 0 ? (2) How we can define the initial upper limits 
of volume constraints? (3) When and how we can adjust 
the volume upper limits? These questions are important for 
promoting connectivity and suppressing gray elements. So in 
the next section, we will answer these questions by propos-
ing a parameter selection scheme which is embedded in the 
optimization progress.

3  Optimization scheme for path generating 
mechanisms

In this section, we propose an optimization scheme, involv-
ing the prediction and adjustment of V to obtain connectivity 
and suppressing gray elements for PGCM designs. A general 
scheme is shown in Fig. 2 and explanations are followed.

• ���������� �������� . Initially, the upper limit of the vol-
ume constraint can be roughly estimated by aggregating 
the volume of beneficial elements at several optimiza-
tion steps, where these elements exhibit negative objec-
tive sensitivities with respect to their pseudo densities, 
as described in Sect. 2.1. The prediction becomes more 
accurate when considering optimization steps with a pos-
itive compliance constraint Lagrange multiplier yc > 0 , 
as only then does the compliance constraint contribute 
to the objective and connectivity (see Sect. 2.2). Based 
on these considerations, we perform predictive optimi-
zation for 20 iterations, which is typically sufficient for 
a relatively accurate estimation. During the optimiza-
tion, with compliance constraints (but not the volume 
constraint yet), we aggregate the volume of beneficial 
elements at each step where yc > 0 , and the average of 

(17)

min
�

f0(�) =

n∑

i=1

m∑

j=1

𝛼i,j(u
out

i,j
(�) − u∗

i,j
)2,

s.t. Cs(�) < Cs, ∀s = 1,… , q

V < V ,

0 < �0 ≤ � ≤ 1.

,
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these values across all steps is taken as the upper limit of 
the volume constraint V  . If yc remains zero throughout 
the prediction, the smallest recorded value is used. A 
pseudo-algorithm for this prediction process is shown in 
Algorithm 1.

• ���� ������������ . After the predictive progress, we 
obtain the volume upper limit. Then with both the vol-
ume and compliance constraints, we can conduct the 
main optimization progress. Here, we suggest to start 
the main optimization from scratch instead of from the 
end of the predictive progress. Since in the topology 
of the latter, clusters of solid elements surrounded by 
void elements, referred to as “islands,” can appear. The 
“islands” can eventually be removed with a latter applied 
volume constraint, but may require more optimization 
iterations than expected and could result in a sub-optimal 
local minimum. After convergence of the main optimiza-
tion, the connectivity between input/output points and 
supporting boundaries can be promoted. Alternatively, 
we can proceed with the adjustment process to further 
suppress gray elements.

• ���������� �������� . In the adjustment progress, we 
start from the converged topology in the main opti-
mization progress and continue with a reduced V  . A 
decrease of V  is usually followed by an increase of the 
objective value, that is, the squared error of paths. Thus, 
the decrease of V  should be determined based on the 
error tolerance specified in the design requirements. The 
error tolerance is related to how much performance the 
designer is willing to lose to make the product manufac-

turable. Allowing more error increases the chances of 
suppressing gray elements. Then, according to the error 
tolerance, we can define the change of V  using (7). How-
ever, if the reduction in V  is relatively substantial, the 
prediction by (7) may not be accurate since (7) is verified 
for a small region around the optimal point. To address 
this issue, we can readjust V  after the optimization 
achieves a new equilibrium and continue the optimiza-
tion with the new V  . The adjustment strategy is outlined 
in Algorithm 2, which takes the converged topology from 
Main optimization as the start point. After each volume 
adjustment, the optimization just continue instead of 
restarting from the beginning. The adjustment progress 
is optional. Users can also use post-processing methods 
to handle gray elements. However, post-processing meth-
ods might affect the performance of manufacturing pro-
totypes, and the extent of this influence is unpredictable.

Algorithm 1  Prediction progress for defining the upper limit 
of the volume constraint V with a known compliance value 
C . Here, i represents the optimization step, k is the element 
index, and �f0

��k
 is the sensitivity of the objective function 

w.r.t. the pseudo-density of element k. According to our 
experience, �0 = 20 iterations are enough for an initial guess 
of the volume upper limit.

Fig. 2  A general three-progress optimization scheme to ensure a clear 
topology. Firstly, a known upper limit of compliance Ci is used to 
predict the upper limit of volume V  . With the predicted V  , the opti-
mization starts with both volume and compliance constraints, and 
we call this progress Main optimization. From the Main optimiza-
tion, a topology with promoted connectivity will be obtained. Then, 
alternatively, we can further suppress the gray element by conduct-

ing an adjustment progress, where the converged topology from the 
Main optimization will be taken as the start point, and volume will 
be adjusted according to objective error allowance. The adjustment 
progress is alternative, the user can also consider using suitable post-
processing method to deal with remained gray elements. But please 
notice that post-processing method could influence the performance 
of manufacturing prototypes
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Algorithm 2  Adjustment progress. The progress is optional and conducted after the convergence of the main optimization 
progress, only if gray elements appear in the convergence topology. Here, f0 represents the convergence objective value 
at the end of the main optimization progress, yv is the corresponding Lagrange multiplier at the end of the main optimiza-
tion progress, f new

0
 is the objective value at the new stationary point after an adjustment of V , and ynew

v
 is the correspond-

ing Lagrange multiplier at the new stationary point. We set a threshold 0.1, if the difference between the expected and 
achieved objective is smaller than 0.1, we stop the progress.
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4  Numerical examples
Four examples are given in this section to illustrate the effec-
tiveness of the proposed formulation and solution scheme with 
the first two concerning plates and the last two shells. In the 
first example, we test the ability of the volume constraint to 
remove useless elements. For the second plate example, we 
explore how the objective value changes when the volume 
upper limits change. Then, in the third example, we demon-
strate the ability of the formulation to design a mechanism 
exhibiting a complex path. Finally, we design a structure that 
has input and output ports in different locations. In the follow-
ing examples, SIMP method (Bendsøe and Sigmund 1999) 
is used to generate the topology, which is typically solved by 
MMA method. Displacements required in SIMP are calcu-
lated by incremental-iterative methods (De Borst et al. 2012), 
where only geometric nonlinearity is taken into account. 
6-Nodes–12-DOF shell elements are employed (Van Keulen 
and Booij 1996). The method we proposed can be combined 
with any type of elements. We utilize irregular mesh is simple 
due to it is readily available in our code. Furthermore, using 
irregular meshes could be benefit irregular design domain and 
boundary conditions in future work if needed. The optimiza-
tion criteria in the following is (1) the relative change of the 
objective value smaller than 0.01 for continuous 50 optimiza-
tion steps and (2) reach the maximum number of optimization 
iterations, which is 1000.

4.1  A plate‑based compliant mechanism tracing 
a slant line

The first illustration shows how a plate mechanism is devel-
oped. The cantilever plate in Fig. 3 serves as the design 
domain. The right sides’ center node is intended to follow 
the user-defined path indicated by the blue line. Displace-
ments in the x and y directions are outputs involved in the 
objective function, whereas displacements in the z-direction 
are prescribed as inputs. The related optimization parameters 
are listed in Table 1.

The optimization results are displayed in Table 2. Here, 
(a) shows the result ignoring the compliance constraint 
where the connectivity to the supporting boundary is not 
promoted. Whereas, a clear topology is obtained in (b) by 
incorporating both compliance and volume restrictions. 
Here, since no disconnected structures and gray areas 
appear, the adjustment step is not required. In (c), we only 
include the compliance constraint but exclude the volume. 
Here, the result contains more solid material than the one in 
(b), but the extra material is meaningless since they hardly 
affect the objective value. Furthermore, the extra material 
is eliminated from (c) by including the volume constraint. 

Fig. 3  A cantilever plate model. The blue line, which has four preci-
sion points, represents the required displacement path. A part of the 
path is indicated by a dashed line since we are not concerned with 
moving from the beginning position to the first precision point. The 
red arrows represent the local coordinate system in which the loca-
tions of precision points are defined. Poisson’s ratio is 0.3. (Color fig-
ure online)

Table 1  The specification of constraints’ upper bounds for the slant 
line–tracing plate mechanism design

The upper limit for compliance constraint C is set by specific stiffness 
requirements, specifically by the prescribed load FL

z
 and allowable 

maximum displacement uL
z
 . The upper limit for volume constraint V  

is defined by the prediction progress shown in Algorithm 1 with 20 
optimization iterations. For each iteration, in the figure of the 5th row, 
we record the Lagrange multiplier for the compliance constraint yc 
and the volume percentage rv . The later represents the volume of the 
beneficial elements w.r.t. that of the design domain Vt . The average 
value of rv is given in the row. Finally, V  is calculated in the last row

Sym-
bols

Values Comments

FL
z

0.01 N Prescribed
uL
z

0.25 × 10−3 cm Prescribed

C 2.5 × 10−6 N 
cm

FL
z
× uL

z

rv 0.57

V 0.57Vt rv × Vt
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Starting optimization with (c) and include the volume con-
straint, we can get the result (d), which is nearly the same as 
(a). The transition from (c) to (d) also illustrates the volume 
constraint’s ability to eliminate unnecessary material.

The deformed configurations and deflection curves for the 
results displayed in (b) of Table 2 are presented in Fig. 4. 

It is shown that the design is able to trace the user-defined 
path with relative small errors. The result demonstrates that 
rather than attempting to zero out all displacement errors, 
minimizing the objective can be accomplished by balancing 
positive and negative displacements.

The optimization iteration history is shown in Fig. 5. 
Oscillations are typically observed in the early stages, and 
peaks often appear when the compliance restriction is close 
to be activated, where an increase in objective is accom-
panied by a decrease in compliance. In other words, here 

Table 2  Topology results of 
the plate mechanism tracing a 
slant line

(a) Acts as a comparison, illustrating the connectivity issue in the density-based TO if the proposed method 
is not applied. (b) The output of main optimization starting from the scratch. (c) Shows the results without 
volume constraints starting from the scratch. (d) Shows the ability of volume constrains to remove extra 
elements starting from (c). Here, f0 represents the real objective value and C and V  are the upper limits for 
compliance and volume constraints, respectively, whose definition is shown in Table 1. The relative objec-
tive error is then defined as �obj

error =

√
f0

�umax�
 , where umax = 2cm presents the maximum displacement

Index Topology C ( N cm) V f0 ( cm × cm) �
obj
error (%)

(a) None 0.57Vt 1.02 × 10−5 0.16

(b) 2.5 × 10−6 0.57Vt 9.90 × 10−3 4.97

(c) 2.5 × 10−6 None 9.82 × 10−3 4.95

(d) 2.5 × 10−6 0.57Vt 9.91 × 10−3 4.97

Fig. 4  Deformation curves and deformed configurations for the topol-
ogy shown in (a) of Table 2, the latter which are coupled to four pre-
cision points. The percentage values denotes the relative displace-
ment error �d

error
=

|uout
l,j
−u∗

l,j
|

|umax|

Fig. 5  Optimization convergence of the slant line–tracing plate mech-
anism. The objective shown here, is the value relative to that of the 
initial solid design. For the compliance constraint, which is relative to 
the upper limit, i.e., grel

c
=

gc

C
 . For the volume constraint, which is rel-

ative to that of the design domain, i.e., grel
v

=
gv

Vt

 . The upper limits of 
volume and compliance constraints are constant as depicted in 
Table 1
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optimization strikes a balance between two different inter-
mediate designs, one that reduces objective and the other 
that reduce the compliance, i.e., increasing stiffness. After 
150 optimization iterations, oscillations vanish, and after 
200 iterations, the optimization reaches a convergence.

4.2  A plate‑based compliant mechanism tracing 
a normal line

This example produces a trajectory mechanism from the can-
tilever plate seen in Fig. 6. The middle black block indicates 
a non-design domain. The structural central node is meant to 
follow the displacement path indicated by the blue line. As 
input, the displacement in the z-direction is specified. The 
displacement along the y-axis is considered as the output. 
To define the upper limit C , we load the structure by FL

z
 at 

the structural central node in a separate linear load case. 
Assuming the allowable maximum displacement uL

z
 is pre-

scribed, we can obtain C . Next, with C , we define V  . All the 
aforementioned parameters are listed in Table 3.

Topology results are depicted in Table 4. As illustrated 
in row (a), if the compliance constraint is ignored, we fail 
to generate the connection to the supporting boundary. If 
both compliance and volume constraints are applied, the 
connectivity is developed and shown in the (b). However, 
the design might be enhanced since gray areas are visible 
along the supported side. Therefore, the adjustment step 
is required for suppressing the gray elements. We allow a 
relative objective function error 

�
�
obj
error =

√
f0

�umax�

�
 up to 

6.5%. The upper limit of the volume constraint is then 
modified according to Algorithm 2 and a better topology 
is ultimately produced shown in (c). The corresponding 
deformed configurations and deflection paths are illus-
trated in Fig. 7. It is observable that the structural central 
point can trace the normal line with displacement errors 
�d

error
 of less than 6%.

The convergence history in Fig. 8 provides information 
on how the volume upper limit V  varies during the whole 
optimization. As seen in Fig. 8a, V  remains constant in the 
main optimization progress and equal to the value specified 
in Table 3. The optimization converge around 200 iterations. 
Then, the adjustment progress is shown in Fig. 8b, where 
the new V = 0.34Vt is set by (7), which involves the objec-
tive error 6.5% and the volume constraint’s current Lagrange 
multiplier yv . Starting with the new volume upper limit after 
another 100 iterations, the objective converges to a value 
larger than the predicted one shown by the dashed line. This 
is because (7) only works in a small region near the conver-
gence point. With ΔV  getting larger, the objective values at 
new convergence points gradually deviate from the predicted 

Fig. 6  A plate model tracing a normal line. The desired displacement 
path is shown by the blue line, which is approximated by three preci-
sion points. A one-dimension local coordinate system shown by the 
red arrows is used to describe the points. Poisson’s ratio is 0.3. (Color 
figure online)

Table 3  The specification of constraints’ upper bounds for the plate 
mechanism tracing a normal line

Here, C is set by specific stiffness requirements. The upper limit for 
volume constraint V  is defined by the prediction progress shown in 
Algorithm 1 with 20 optimization iterations. For each iteration, in the 
figure of the 5th row, we record the Lagrange multiplier for the com-
pliance constraint yc and the volume percentage rv . The later repre-
sents the volume of the beneficial elements w.r.t. that of the design 
domain Vt . The average value of rv is given in the row. Finally, V  is 
calculated in the last row

Symbols Values Comments

FL
z

0.01 N Prescribed
uL
z

0.4 × 10−3 
cm

Prescribed

C = FL
z
× uL

z
4 × 10−6 

N cm
rv 0.45

V 0.45Vt rv × Vt
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value calculated by (7) (see Fig. 9). To attain the predicted 
objective, we can adjust V  again. According to the new 
converged yv and the difference between current f0 and the 
target f0 , the volume upper limit is then adjusted to 0.37Vt . 
The above adjustment is consistent with the Algorithm 2. 
As seen in Fig. 8b, V  is modified at 150 iteration and the 
objective converges to the predicted value after another 100 
iterations.

4.3  A cylinder moving back and forth

This example presents a shell mechanism, with its design 
domain 70% of a cylinder surface shown in Fig. 10. The 
structure bottom is fully clamped. The center node of the 

top side is designed to move along the displacement path 
shown by the blue line. The displacement in z-direction is 
prescribed as the input. The displacement along the x-direc-
tion is regarded as the output. In this case, we constrain 
both the stiffness along x and y directions. So two separate 
linear load cases are applied. In one load case, the structure 
is loaded by FL

x
 and in the other, is loaded by FL

z
 at the top 

center node. According to allowable uL
x
 and uL

z
 , upper limits 

of compliance constraints are calculated. Next, V  is defined 
by the predictive optimization progress. The mentioned 
parameters are shown in Table 5

Topology results are detailed in Table 6. Involving both 
compliance and volume constraints, the topology result is 
shown in (a). Although the connectivity is established, the 
design is preferable to be improved since gray areas are vis-
ible. We assume that �obj

error can be increased by 5%. Then, a 
clear final topology is shown in row (b). The relevant defor-
mation configurations and curves can be found in Fig. 11. It 
is seen that the final design can achieve the desired behav-
ior, i.e., moving back and forth with a displacement error 
𝜇d
error

< 10%.
The convergence history in Fig. 12 provides informa-

tion on how the volume upper limit V  varies during the 
whole optimization progress. Figure 12a shows the pro-
gress from scratch to the converged design shown in (a) 
of Table 6. Here, V  maintains the value defined in Table 5 
as a constant. Although oscillations are encountered due 
to constraint violation, the objective and constraint values 
become relatively stable after 250 iteration steps and con-
verge at 300 iteration. Then, starting from the converged 
design, V  is reduced based on the allowable objective 
error and current Lagrange multiplier. After another 100 

Table 4  Topology results of the plate mechanism tracing a normal line

(a) Acts as a comparison, illustrating the connectivity issue in the density-based TO if the proposed method is not applied. The result is not an 
output from our proposed scheme. (b) The output of main optimization starting from the scratch. (c) The output of adjustment progress starting 
from (b). Here, C and V  are upper limits for compliance and volume constraints. For V  , specifically, 0.45Vt is from the predictive progress 
(Algorithm 1) and 0.37Vt is the upper limit at the end of the adjustment progress (Algorithm 2). f0 is the real objective value. �obj

error =

√
f0

�umax�
 

denotes the relative objective error where umax presents the maximum displacement

Index Topology C ( N cm) V f0 ( cm × cm) �
obj
error (%)

(a) None 0.45Vt 3.11 × 10−6 0.09

(b) 4 × 10−6 0.45Vt 5.88 × 10−3 3.83

(c) 4 × 10−6 0.37Vt 1.71 × 10−2 6.54

Fig. 7  Deformation curves and deformed configurations for the topol-
ogy shown in (c) of Table 4. The percentage values denotes the rela-
tive displacement error �d

error
=

|uout
l,j
−u∗

l,j
|

|umax|
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iterations, optimization converges to a value larger than 
the prediction indicated by the dashed line. Then, V  is 
adjusted based on the new yv , and after another 50 itera-
tions, the objective value finally converges to the predicted 
value. The aforementioned adjustment is consistent with 
Algorithm 2.

4.4  A gripper structure

This example depicts a gripper shell mechanism with inde-
pendent input and output point locations. The design is derived 
from a half-cylinder surface shown in Fig. 13, which is fully 
clamped on the right side. The input point is the center node 
of the structure, and the output points are the structural upper 
and lower left corners. The output points are designed to move 
through the blue line. A half-cylinder surface is taken as the 
design domain due to symmetry. To involve the compliance 
constraint, we load the top left corner by FL

x
 in a separate lin-

ear load case. Then, the upper limit C is calculated assuming 
that the allowable maximum displacement uL

x
 is prescribed. 

Then V is defined by the predictive progress. The parameters 
mentioned above are shown in Table 7. Then, the optimization 
restarts with defined V  and C , finally a connected topology 
obtained in Fig. 14, and no adjustment progress is needed.

The corresponding deformed configurations and the deflec-
tion curves are presented in Fig. 15. It is seen that the mecha-
nism follows the prescribed path well with relative displace-
ment errors 𝜇d

error
< 3% . The history of optimization iterations 

is shown in Fig. 16. It is seen that oscillation occurs for balanc-
ing between reducing compliance and minimizing the objec-
tive. Then after 300 iterations, the curves become stable and 
gradually converge.

Fig. 8  Convergence curve for the plate-based compliant mechanism 
tracing a normal line. a Main optimization progress. Optimization 
starting from the initial solid design with C and V  defined in Table 3. 
The objective value is relative to the initial solid design. b Adjust-
ment optimization progress starting from the converged design in 
a. The objective value is relative to the converged design in a. The 

dashed line shows the predicted objective. From 0 to 150 iterations, 
V = 0.34Vt where Vt is the volume of the design domain. From 150 
to 250 iterations, V = 0.37Vt . Here, Vt is the volume of the fully solid 
design. For the calculation of the volume upper limit, details can be 
seen in Algorithm 2

Fig. 9  Predicted (orange) and actual (blue) relative objective change 
Δf0

f0
 as a function of |ΔV|

V
 . The start point of this step is the design 

shown in (b) of Table  4 where f0 = 5.88 × 10−3 , V = 0.45Vt , and 
yv = 0.21 . Predicted values are derived using (7), and actual values 
are obtained from optimization. (Color figure online)
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Fig. 10  A cylinder shell fully clamped at the bottom. The desired 
displacement of the output point is shown by the blue line. The path 
is approximated by three precision points. The positions of these 
points are described in the local coordinate system defined by the red 
arrows. Poisson’s ratio is 0.3. (Color figure online)

Table 5  The specification of constraints’ upper bounds for the shell 
mechanism moving back and forth

Here, C is set by specific stiffness requirements. V  is defined by the 
prediction progress shown in Algorithm 1 with 20 optimization itera-
tions shown in the figure. Here, only rv is depicted since yc = 0 . Thus, 
the minimum rv is used for calculating V

Symbols Values Comments

FL
x

1 N Prescribed
uL
x

0.5 cm Prescribed

Cx
0.5 N cm FL

x
× uL

x

FL
z

1 N Prescribed
uL
z

0.15 cm Prescribed

C 0.15 N cm FL
z
× uL

z

rmin
v

0.3

V 0.3Vt rmin
c

× Vt
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5  Conclusion

A formulation involving commonly used volume and 
compliance constraints are proposed to establish the 

connectivity among input, output, and if necessary fix-
ture supporting the mechanism. An optimization scheme 
including (1) predictive step for defining the upper limits 
of volume, (2) main optimization step, and (3) adjustment 
step for further suppressing gray elements is proposed.

Numerical examples show that with the volume upper 
limit defined in the predictive step, a connectivity is typically 
promoted in the topology after the main optimization step. 
If gray elements appear, we can further suppress them by 
reducing the volume’s upper limit. The influence of reduc-
ing volume upper limits on objective errors can be predicted 
by the value of Lagrange multipliers. The prediction is only 
effective within a small range around the optimum points. If 
the change is beyond the scope, one can adjust the upper lim-
its again after optimization reaching a new stationary point.

In addition, instead of applying the adjustment step pro-
posed in the optimization scheme, one can combine robust-
ness presented in Wang et al. (2011) with our proposed 
formulations in the main optimization progress to ensure 
a gray element free design. However, given gray elements 
may not appear at the convergence of the main optimization 
step, both robust formulation and the adjustment step are 
not necessary.

Given the fact that stiffness of the structure is usually 
prescribed, the proposed method only considers adjusting 
volume upper limits to improve the obtained topology. If 

Table 6  Topology results of the 
shell mechanism moving back 
and forth

(a) The output of main optimization starting from the scratch. (b)The output of adjustment progress start-
ing from (a). Here, C and V  are upper limits for compliance and volume constraints. For V  , specifically, 
0.3Vt is from the predictive progress (Algorithm 1), and 0.236Vt is the upper limit at the end of the adjust-
ment progress (Algorithm  2). f0 is the real objective. �obj

error =

√
f0

�umax�
 denotes the relative objective error 

where umax presents the maximum displacement

Index Topology C ( N cm) V f0 ( cm × cm) �
obj
error (%)

(a) Cx = 0.5 , Cy = 0.15 0.3Vt 0.0645 6.4

(b) Cx = 0.5 , Cy = 0.15 0.236Vt 0.2201 11.7

Fig. 11  Deformation curves and configurations for the topology 
shown in the first row of Table 6. Here, the deformation figures are 
coupled to three precision points. The percentage values denotes the 
relative displacement error �d

error
=

|uout
l,j
−u∗

l,j
|

|umax|
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Fig. 12  Optimization progress for the shell mechanism moving back 
and forth. grel

cz
 presents compliance constraint relative to Cz and grel

cx
 

that to Cx . a Optimization starting from the fully solid design with 
C and V  defined in 5. The objective value is relative to the initial 
solid design. b Adjustment optimization begins from the final design 

in a, with the objective value relative to that of the final design. The 
dashed line indicates the predicted objective value. In b, from 0 to 
100 iteration, V = 0.228Vt . From 100 to 150 iteration, V = 0.236Vt . 
Here, Vt is the volume of the fully solid design. For calculation of the 
upper limits, details can be seen in Algorithm 2

Fig. 13  A cylinder shell fully clamped at the right side. The desired 
displacement of the output point is shown by the blue line. The path 
is approximated by three precision points. The positions of these 
points are described in the local coordinate system defined by the red 
arrows. Poisson’s ratio is 0.3. (Color figure online)

Table 7  The specification of constraints’ upper bounds for the grip-
per-like shell mechanism

Here, C is set by specific stiffness requirements. V  is defined by the 
prediction progress (Algorithm  1) with 20 optimization iterations 
shown in the figure, where yc and the ratio rv is depicted. The average 
value of rv for yc > 0 is used to define V

Symbols Values Comments

FL
x

1 N Prescribed
uL
x

0.05 cm Prescribed

Cx
0.05 N cm FL

z
× uL

z

rv 0.628

V 0.628Vt rv × Vt
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stiffness is also allowed to change, then adjusting upper 
limits of compliance or even both constraints can also take 
effect.
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