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SUmmar y

The finite element method is widely used in modelling shell structures. However, the finite element meth
does not solve the shell differential equations because shell finite elements are derived from solid eleme
Currently, there is not software aable for solving thehell differential equations. For plates, a novel finite
difference method has been recently explored by the a(lth@020). This Python algorithm does not solve
thefourth-order plate differential equation directly. Instead, it solves elév&rorder differential equations
simultaneouslyTheadvantage of the method is in the boundary conditions; no edge or corner molecules a
involved. Can this plate algorithm can be extended to shell structures? The general shell differential equati
(SanderKoiter equations) have never been solved byfitite difference method. If possible, this would
provide anndependent way of checking shell finite element results.

The objective of this projeatas to develop and testfmite difference algorithntalledshell codethat can
solve the 21SanderKoiter equationsThe ideawas to usefirst-order finitedifference approximation only
because this gives a simple discretization and modern computers may be able to handle the large numb
equations.

To this end, a 1200ne Pytton program has beduilt. In the process any versionsf shell codewere
consideredincluding

1) Two programming languages (Python &)d

2) Three interpolations for approximating gradients (tpast and fivepoint with two end slopes)

3) Determined and ovetetermined systems of equations (square and rectangular matrices)

4) Four solvers for the systentd equations

Important constraints are required memory and computation time and they were recorded for each test. |
shell models with various geometries, loads, and boundary conditions have been analyzed. The results of t
model tests (displacement, bending moment, and shear force) were compared to finite element resi
Discussions on the comparisons have shown that almost all versions produced incorrect results and the |
important factoffor affecting results is the sohg method.

The version that works well has the following featuresfieet interpolation with zero end slope, rectangular
matrix, solver Im.fit.sparse (R). Approximately 80% of the shell code results match the finite element resu
with a deviatiorless than 5% (see Test BLME). The deviation may be removed in the near future by a finer
grid on a powerful computer or by applying an advanced solver. The main conclusion is that it is not or
theoretically possible but also practically possible teesthe SanderKoiter equations by the finite difference
method.
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1.l ntroduct i

1.1 Problem Statement

on

The finite element method is the industry standardafalysingshell structures due to its generality and
sophistication. In popular commercial finite element software, the modtalsdl element type has been
derived from a solid, therefore, the shell differential equations (for example, S#uiensequations) have

not been used. In fact, currently, there is not a method available for solving the shell differential equatior
Sdutions to those equations could be used to perform independent checks of finite element results. It car
expected that the finite difference results will be the same as the finite element results, however, there mi
be theoretically interesting diffences, for example in edge stresses. This can provide insight into both the
SanderKoiter equations and the applied finite elements. Although the finite element method is a matul
method with a long history of application, it is always good to try arsifjaiheories. For this purpose, a
direct way to solve the shell differential equations is required.

The simplest way to solve differential equations is the finite difference method. This method has a long histc
of application. Foexamplefor plate poblems the finite difference method was applied long before the finite
element methodHigure 1). The finite difference method was already used in hand calculations before the
development of electronic computdichomé, 2001) However, its aplpcation to shell theory was always
considered impractical. In shell theory many higbeter differentiations occuand the grid is curvilinear
which means that the discretized form of those equatioriarge and different for every grid point.
Nonethegss, there must be a practical, even simple manner to apply the finite difference method to sh
theory.
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Figure 1. Result plog of uniformly loaded twavay slab 30*30 noded.i, 2020)

One simple finite difference method is applieé Python algorithm, callgalate codethat has been recently
developedy the autho(Li, 2020) The mehod is simple because only fistder derivativesre used instead

of the common fortforder derivatives. The advantage is that few simple molecules need to be implemente
for the various boundary conditions. The disadvantage is that the matrix comsiswetey large, which gives
memorycapacityproblems and is timeonsuming. This method was shown to work well, however, there was
still an unsolved challeng&he number ofliscretizedequation®xceedthe number of unknown, which leads

to a rectangulamatrix, which is solved in a least square approximafitw. least square approximation may
cut off peaks in the solution, for example it may cut of moment peaks or membrane forcét sbaksd be
possible to remove some of the equationsraallethe nmatrix square without it becoming singular.

1.2 Objective

Based on the previously explored method of solving plates, the objective of this research is 1) to develo

practical finite difference algorithm for solving the Saneleoster equations for anghell model for available

orthogonal parameterization and 2) understand how the algorithm results can be affected by various facto
1



This shell code should have the following key features:

1. Use the finite difference method to approximateShedersKoiter equations

2. Results (extreme values, contour plots) agree with finite element solutions or analytical solutions
3. Universally applicable to shell models with different geometries, loads, and boundary conditions
4. Practicatomputatiortime and memory usage

5. Syuare mati to avoid computing ovedetermined systems

6. Easy to modify in case of future changes in the SailtEter equations or the boundary conditions

1.3 Approach

To develop an algorithm with the above kegtteres, the development process of this code is mainly divided
into the following stepsThese steps descrilibe internal logic ofthe shell codeand the work method
experienced by the authdrhe methodology and encountered difficulties mentioned betevg@anmarized

from daily testing and coding thshell codeprogram.At later stage oghell codedevelopmentmany plots
andmuchdata were obtained. To understand how the algorithm results can be affected by variousfactors
numberof tests were orgargzl and their results were compared. Those results and comparisons were eviden
of the feasibility of this algorithm. Based on those results, £imothe codewere spotted and corrected.
Meanwhile, new methods and new concepts were tried to improve the performance of the algorithm.

a) Build the code

The first step to develop this new shell code is to extrapolate the verified method from the pldta, code
2020) Many ideas to develop this algorithm have been verified in the miepiate code including ideas on
how to add model equations, define boundary conditions, and correctly approximate differentiation with t
finite difference method. It is worth mentioning that the fundamental concept of solving SKoders
equations byfinite difference method is from an algorithm developed by Dr. Hoogenboom which was no
successful yet at early development. The number of implemented equations in shell code is nearly twice f
used in plate code and they have more components invdilvestell code, the model body requires 21
Sanderoiter (SK) equations (plates 11) and every edge requires 4 boundary equations (plates 2). As t
most fundamental part of shell code, correctly adding equations for every node on the grid of thetimodel is
first challenge to be solved. Meanwhile, if a square matrix is required for testing, the specific method
replacing model equations should be studied. After finishing constructing the matrix, a proper type of solv
should be selected to solve thateyn which may directly determine the quality of results. During this phase,
most time was spend on the mathematical interpretation of finite difference method aikde¢hea&ions and

how to implement them in Python coding. The challenging part waswrtdhase programming to realize

the mathematical concepts and structural mechanics concepts.

b) Test the code

In order to prove the general universality of shell code, this new algorithm should be able to solve differe
shell model problems with various teaal properties, geometry shapes, boundary conditions, and load cases
For this reason, a number of tests was set up for testing shell code with different shell model problems
prove the shell code can correctly convert models into matrix systemelaedrem. Meanwhile, tests were
also organized to investigate other potential factors which might affect the code results like the number
nodes, type of solvers, and type of matrices. If the shell code could work properly, plots of displaceme
shearforce, bending moment, and other results were generated and collected after each test. Other informa
like the setup of tests, spent time, and memory usage of the shell code were also recorded. A large grou
extreme values from every generated plas collected and analyzed.

c) Validate the results

The above test results were used to prove three properties of code results: accuracy, reliability, and efficier
To prove accuracy, test results were used to compare with external finite elemenfliessédinite element
results were obtained from a popular commercial finite element software (SCIA Engineer) where the sal
shell models were analysed. The difference between extreme values of displacement, shear force, ben
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moment results from shell de and finite element software were calculated. They are listed and categorize
in terms of the type of model, the number of nodes, type of matrix, and types of solver in order to show t
accuracy of shell code results and extent of participation offaeatdr in affecting the accuracy. To prove the
reliability of results, the collected extreme values of displacement, shear force and bending moment were |
and reviewed for any possible spike in the trend toward an infinite value (singularity). If casd @ccurred,

this extreme value should be considered as a computational error and be excluded from comparing with fi
element results. To prove efficiency, spent time and memory usage for each running test were collected
listed in terms of the pe of model, the number of nodes, type of matrix, and types of the solver. By comparin
them with each other, factors that affect the efficiency of code were identified. Spent time and memory use
were also compared with those of a popular commercidéfalement software to show whether the shell
code is efficient for practical use.

d) Improve the code

After obtaining results from the initial version of the workable shell code, the performance of shell cods
including accuracy, reliability, and efficiency mentioned above, were improved if they were not in ar
acceptable range. Clearly, this is a commesnesat the initial stage of code development. The first step is to
check with the basic setting for shell model parameters or the adding procds®qti§tions for model body

and boundary condition to ensure that the purposed model is correctly desByiliegtating this step for
different tests which have various setting and requirement, those basic error related to describing model w
revised. Then the next step is to select a proper solver for solving the matrix system. The selection of
solveris based on the properties and formation process of input matrices. If a square matrix is not requir
then the constructed matrices will be rectangular matrices, an overdetermined linear sparse system. If
square matrix is needed, this square madrstill a linear sparse system, but possibly a singular matrix. Further
research needs to be done to understand the characteristics of different solvers in order to select a sui
solver for each test. The third step is to optimize the applicatiore@khequations by applying additional
definitions for parts of the model. It is possible that the application of-the@@uations might be limited by

the mathematic property of the finite difference method or other factors. Therefore, additional squertéon
used as theoretic reinforcement for correcting a potential error in edge or corner behaviour. For example,
free corners or edges of models require additional equations for defining boundary conditions. Additionall
new finite difference methodsere tried since the performance of shell code is directly related to the finite
difference method applied. At the early stages of code development;mimaifference approximation
was used to replace first derivative in Sandé@ger equations. Tonvestigate the effect of computing
truncation errors arising in this procesdiva-point difference approximation was also tested and its results
were compared to that of the previous method.

e) Compare the results

After going through the above developmerocess, the shell code produced massive data and plots. In orde
to display them in an orderly manner, the main results are categized into four test groups: rectangular ma
tests, square matrix tests, solver tests,faredpoint difference approximation tests. For each group of tests,
five shell models with various material properties, geometry shapes, boundary conditions, and load cases
used. Meanwhile, at least two levels of the number of nodes were used for each model. In the rectang
matiix tests, the matrix type is rectangular matrix and the selected solgenrisvhich can solve a linear
model by least square estimati@fong and Saunders, 2011 square matrix tests, there are three types of
square matrices generated by different methods and the selectedveat the same as that of rectangular
matrix tests. In solver tests, rectangular matrix and square matrix were both used and two types of the so
(pinv, Im.fit.sparspwere used. Thin.fit sparsesolver can solve the system as a sparse linear fitwigem.

The pinv solver aims to provide approximated inversion of matrices by SVD decompodiris,
Rajamanickam and Sidakhdar, 2016) In the above tests, only twmint difference approximation was used.

In five-point difference approximation tests, two typedioé-point approximation and two types of solvers
(Ismr, Im.fit.sparsewere used. To show those results more properly, the first step is to calculate the deviatic
of the obtained extreme values by using finite element results as the reference values. The followi
comparisons were made: between shell code results and finite element results, between rectangular matri»
and square matrix test results, betwpmw solver andm.fit.sparsesolver results, and betweéwe-pointand
two-point difference approximation results. By reviewing those comparisons, it was found how those facto
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could affect shell code results. Additionally, the calculated deviation of aba#l results was also categized
by the type of model, to investigate how the model setting parameters could affect shell code results.

1.4 Researchvorkflow

As shown in the above section, the shell code development can be divided istectivas: build the code,

test the code, validate the results, improve the code, and compare the results. In the workflow, those sect
are repeated a number of times until the shell code satisfies the purposed key features. Tiwabelast
shows hav the work has been done for the shell code development.

Workflow
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2.Literature review

This section aims to provide more information on the theoretical knowledge applied to this algorithm. Tt
below content includes a short review of general plate and shell theories and a short description of -
development of the-& equations. Those equas are bounding rules for the behavior of the shell model
which can provide an argument when discussing abnormality among the generated shell code results. Tl
is also a short review on the finite difference method and its application. Those ecu&itresmathematical
tools used to approximate firstder derivatives that appear in th&®quations. The inherited computational
error of the finite difference method could be important for shell code result analysis. The theoretice
knowledge on typesf matrix systems is also included. Some explanation on major methods of solving spars
overdetermined linear system through programming language is also included. That information can be u
to determine the proper solver for different types of matacespredict the solver capacity in order to select
the best solver.

2.1A short review on the development of plate and shell theories

The term shell refers to a physical body bounded byctweedsurfaces whose distance is smaller than other
dimensionsThedistance between the surfads caled the thickness of the shell.(The maginativesurface
that divide the thickness into equal halves is cateddle surfaceSuch geometrgtructuremakes the shell
structurehas excellent performance in termstength / weight ratio and bearing efficiency.

The study on shell started can be dated back tdréee vibration analysis of plate problems performed by
Euler (1766) Plate can be viewed as the sheithout the curvature broughity curved surfaces. Theh
Bernoulli (1789) presented a plate model in an attempt to theoretically explain those results. In his mode
plates were describeak the combination of mutually perpendicular EiBarnoulli beams at rigt angles
Furthermore, French mathematician Germ#ir826) developed a plate differential equation which
mathematically describe the deformation of plate. The missing term for warping behaviour was added la
by her reviewer Lagrang@828) The completed form of this equation is the welbwn GermainLagrange
eqguation:

phw, fw G
wd Ryl
where D is the flexural rigidity of the plateW is the deflection of the plath,i s t he pl at @6 s
is the uniform distributed load.
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This equation as thgoverning differential equation for deflections can also be formulated based on gener:
equations of theory of elasticity. Caucti}y828)and Poissor{1828)were the first to do so. The theory of
bending of plates was improved by NaVi#823) who considereflexural rigidity of the plate D in the above
equation as a function tie plate thickness. Later, Kirchhofflgished an important thesis on the theory of
thin plates wherédne introduced physical meaning into the theory of plates by the fankousr ¢ h h o f

hypot {I880ps&i rchhoffbds hypotheses are a series
bending theory in which the deflection of a plate is assumed to be small, linearlasticl ®estated
assumptiongVentsel and Krauthammer, 200dre list as below:

(j) Elastic, homogenous, and isotropic material.
O Initially flat plate.
O Small vertical deflection of the midplane compared with the thickness of the plate.



(@}

AfNeedl e hypot he s e sthe:middepéane memainstrdightlamd mermsal to the middle
surface during the deformation. Thickness remains constant. Negligible vertical shear gfpirgy{ )

and normal straind;, ).
O Negligible normal stress,

O Middle surface remains unstrained

Timoshenko also made a profoucmhtribution tathe plate bending theory and application of it by providing
solutions of circular plates considering large deflecti¢h@15)and formulation of elastic stability problems
(1913) Moreover, he and Woinowsigrieger publishedh fundamental monogragth959)which provided
several solutions tearious plate bending problems.

The abovementioned classical plate theory mainly focused on the describing bending and twisting behavi
of plate models while shell models are usually deformed in another way. It is because the shell has
additional claracteristic than a plaieurvature. It makes the deformation of the shell model is predominantly
induced by irplane stressing. Depending on their curvatures, shells can be categorized as cylindrical (nc
circular and circular), conical, spherical, efigadal, paraboloidal, toroidal, and hyperbolic paraboloidal model.

The most available commercial finite element software is merely capable to solve shell model probler
without considering larger deformation and inelastic behaviour. In order to avoidfibaltees in solving

3D shell models, alternative 2D shell theories are to be more commonly used where shell problems are ustL
reduced to the study of deformations of the middle surface. It is a practical and efficient way to solve sh
model problera as long as the above hypotheses were satisfied. However, those simplified elasticity equatic
reduce the accuracy of analysis results since some degrees of freedom of the model are omitted.

Thefirst successful approximated shell theory was developddte (1892) He took constitutive relations
from Kirchhoff 6s hy poidnofesmadl deflestiort and thinhess obanshell ta sinplifyn o
the straifidisplacement relationships in shell models. This theory, called Kirdiltwfé shell theory, is a
first-order approximation method to solve shell models. However, it is not a pedent tvhich have several
inconsistenciesAfter that, many other firstrder approximation theories were later developed based on it.
Oneof those | ater theori es i(394RRyitakirgthe eqdlibriurh équagoas,
strairi displacement relations, and stress resultants expression from thdithemsional theory of elasticity,
the inconsistencies in Loveods AnthSawarsydevelaphiseows first mi
order approximation shell theory from the principle of virtual work equation and it also successfully remove
inconsistencies in Lovebs theory.

2.2SanderKoiter equations

The Sander&oiter equations have been individually developed by Sari8arslers, 1963nd Koiter(1966)
as a refined nonlinear theory of shells. The accuracy of the Seafokes theory for calculating larger
vibration amplitudes has been proy@anabili, 2003)
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Distributed load
Out of plane shear forces
Strain tensor of the middle surface
Rotation of a pirperpendicular to the surface
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. Curvilinear coordinates

Displacements
Local Cartesian coordinates

Table 1. SandersKoiter equatims (Hoogenboom 2021)
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Boundary conditions for shell are defined as follows:

Table 2: Boundary conditions for an edge in the x direction and the y axis pointing outwards

Type Kinematic (K) Type Dynamic (D)
Impose displacementy O apply line loaddy =Ny -kwV | BC1
_ or apply line load
Impose displacementty ay =Ny 'kxyV BC2
. or . 1\
Impose displacemert, apply line loadg, =vy +— | BC3
174
Impose displacement jy or apply line load- myy, BC4
Table 3: Boundary conditions for an edge in the x direction and the y axis pointing inwards
Type Kinematic (K) Type Dynamic (D)
Impose displacementty " apply line loaddy = Nyx kg | BC5
_ or apply line load
Impose displacementty Gy = Ty “va BC6
Impose displacement, or apply line loadq, = vy Ll BC7
X
Impose displacement jy or apply line loadmyy BCS8

Table4: Boundary conditions for an edge in the y direction and the x axis pointing outwards
Type Kinematic (K) Type Dynamic (D)

Impose displacemertty " apply line loaddy = Nyx -kxyV | BCY
Impose displacemensyy,  OF  apply line loadQy = Nyy -kny BC10

or

Impose displacement, apply line loadq, = v, % BC11

or

Impose displacemerty apply line loadMyy BC12

Table5: Boundary conditions for an edge in théiyection and the x axis pointing inwards
Type Kinematic (K) Type Dynamic (D)

Impose displacementty O apply line loaddy = Ny KV | BC13




or apply line load
Oy = Ty Ky
apply line loadg, = v, * |gc15
Hy

Impose displacementty BC14

: or
Impose displacement,

or apply line load- Myy BC16

Impose displacemed\tx

2.3A short review on the finite different method

The idea of the finite difference method is studying the continuous process by applying mathematic
discretization. By dividing the process into a finite number of sufficiently small parts, the differenéibbagu
are approximated by a large number of linear equations. The results of derivative over a continuous dorr
can be approximated as the summation of a weight function multiplied with results of discrete points.

The general procedure of applying diffat finite difference schemes for the numerical solution of partial
differential equation is outlined as below:
O Convert the continuous process variables into a discrete set of points.

O Approximate partial derivatives using finite difference approximation.

~

O Solve the resulting finite difference equations.

By definition, the first order derivative can also be calculated as bélbefirst order derivativeof a one
dimensional, continuous functidr{ X) is calculated based on values ofeadint points

fim f(x+h) -f(x) Sim f(x 4(x B i flx B+ {x h

h- 0 h h- 0 h h 0 2h
¥y F s
f t 7 i
!
: | L T
Jie-h) i | fix) i fix+l) X
= — >
Afa,0) I I B(b,0)

Figure 2: First order derivative by finite difference method

The key point of the finite difference method is approximating the derivattaesexample, the domain of
variable x of the entinuous functionf (X) is interval AB. The interval AB starts at point A (a, 0) and ends
at B (b, 0) which is divided into equal intervdds =h. h is the finite increment of the variable Assume the

f (X)is linear continuous function with expression t)(fX) =a#h0c "’)Z

The first order derivative of (X) is given by belw calculation:
éfi_q :f(x h) ~a
{fi = f(x) L-Y'ebi _fia-fig 0 (%) T

ut
] 2h y KX 2h

i fiva=f(x ) g



In practice, it is called the expression for a central difference approximat(quh of)/ m). It is also referred

to as the twepoint derivative approximation since the calculation is based arathes of two adjacent points.
If the two adjacent points are on the one side, it is called theided finite differencapproximation which
is calculated as below:

efi = (x) o ) ) ) .

i fisz=1(x 20) y y

éfi = (x) 0 . ) ) . .
\: fi-l: f (X -h) IU fb‘I _3Gi 4 flq fi :2 l:J uuf\l'ix) b = 3_fl @f I foz
i T 2h y X 2h

i fi-2=f(x 2n) y

Assume f (X) is linear continuous function with expressidifx)=a Oc# G R+ ed. The first

order derivative off (X) is given by the following calculation:
gfi.o=f(x 2h)
¢ fi.a=f(x -h)
1 fi=f(x)

Mg =1 (x )
ffia=f(x 2h) §

It is thefive-pointderivative approximation since the calculation is based on the values of four adjacent point

€= fi-2-8fi 14 B 3 § 2+OYUW(X) p L 2-8F 1 8+ f+2
i 12h y X 12h

—_—) —) CZ\_)_) -_— ()

2.4A short overview of application of finite difference method on shell theory

Analytical methods to solve plate and shell problems are limited to relativghjesgaometries, load cases,
and boundary conditions. Exaolutionsto plate and shell problems amdifficult, or even impossible to find.
Even if it can be solved, those analytical solus are usually expressed in terms of infinite trigonometric
series Therefore, the finite element method is widely used. An alternative computational method is the fini
difference methd. (Rudolph Szilardl974).

Some general caepts of the finite different method are listed in the following:

1. Finite difference meshhe reference network that covers the middle surface of the shell in the shape of
rectangular or triangular grid.

2. Finite difference operatotthe finitedifference equations that replaces governing differential equations of
shell theory at mesh point.

The finite difference operator is also used to formulate the boundary conditions. Applying the finite differenc
method to shell models creates a set @dmalgebraic equations for every node within the model. By solving
the linear system of equations, the numerical results of nodal displacement, shear force, bending moment,
manyother important results can be obtainkdthe early stage of applicatipit was mostly used to obtain

the deformation results. It was achieved by solving biharmonic equations for each node where tbedeurth
differential equations are approximateygfinite differencemethod However, solving a system of equations
involved with fourorder approximation usually resultsexcessive time on formulatireguationmolecule

for various boundary conditions and geometry shapees way to save time is to repldibarmonic equations

with lower-order equationgviarcus(1932)hassgit the biharmonic equation into three equations: two second
order deflection equations and one normal moment equayosolvingthem good displacememnesults were
obtained for plates witeimple supported edges.
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Another alternative approxiation was proposed by Reddy and Gér879)in which the fourthorder
differential equation is replaced with three seconder differential equations, as shown in Equation 1. For
various boundary conditions, those equations can perform bending moment analysis for rectangular plé
with conventioml finite-differencemolecules.

&2y  fAw O dph Ml O P A w (

M,= Dt wHY 4 M,= D W 8Qy  EGhyh -
CoTEe W20 T UEX T 8 12 M
82w fw O AUl up o p® AW
= My,= D w—= 8 hege— -

My Dfl—z 2 0 v EEY 8% TE
2 2 2\ _ DaUh ph 0
p & N;X 2D(1 v By My = {1 V)Eﬁ B
X yE X ¢ '
Equationl: Three seconarder differential by Y 8y b = 2
equations used in finite difference HX L [ _ _ e
approximation Equation2:Six first-order differential equations used in finite

difference approximation (h = plate thickness)

AssadiLamouki and Krauthammé€989)develop a method to solve plate vibration problem by solving the
finite difference approximation of six firsirder equation§ésee inEquation 3. Their research has shown that
the obtained vibration study results were in good quality comparediitis obtained by classical plate theory.
As mentioned above, the finite difference method replaces the governing equations with a set of algebr
equdions. Then computers are used to find the solution to the algebraic equétitvasitages are:

a) It is a straightforward method to be understood and applied;
b) It is a universal method that can be applied to various problems; and
c) This method can beslatively easily implemented.

Disadvantageare:

d) It requires a certain time and mathematical knowledge to find the proper finite difference operators;

e) To perform the analysis efficiently, this method is usually achieved through conppoggamming. It
requires more work to produce a program allowing complete automation of the procedure;

f) The parameter matrix of approximated algebraic equations is asymmetric, sparse, and highly possible
be overdetermined, causing difficulties in finditggnumerical solution unless using a least square solver;

g) It may have serious difficulties in applying finite difference method into complicated geometry rather tha
the regular square and rectangular shape.

2.5Sparse linear systemoverdetermined and d&inined, its storage and solving methods

The key to applying the finite difference method to shell problems is to solve the matrix of the approximatir
system of linear algebraic equations. From previous experience and practice, the constructed shatfix of
or plate models is usually overdetermined. 2 &juations are assigned to mn nodes of the model. To define
the boundary conditions, an additional number of 4 equations are assigned to the 2(m+n) edge nodes.
resulting matrix is a rectangular mathaving 21mn columns and 21mn+8(m+n) rows. Alternatively, a square
matrix is constructed by replacing 4 equations of the 21 equations at every edge and corner node. Consequ
two programs were developed; one for overdetermined and one for detesystenhs (rectangular and
square matrices).

There are 21 dependent variables in the K &juations. One equation only contains 4 or 5 dependent
variables on average. Depending on what interpolation is useeptinborfive-point), the interpolation at
one point only involves 2 or 4 adjacent points. The factors of discretized dependent variable are distributec
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lines parallel to the diagonal of the matrix. Almost all entries in the matrix are zero, which is convenient fc
computation. Matrices with th property are said to be sparse. Therefore, the constructed determined ar
overdetermined systems are sparse.

It is important to have efficient storage of, and operations on large sparse matrices.

1. Storage

A sparse matrix is a matrix that has a valtieavo for most elements. In a sparse matrix, the ratio of number
of nonzero elements to the size is considered as less than 0.5. If a sparse matrix is stored as a normal d
matrix, most information stored will be zero elements which is highly inefficin order to perform faster
operations and use less memory, there are several different storage methods developed that only store |
nonzero elements, and the zero elements are left unspecHfiede the revolutionary development of
computers, many new alternatives have been developed. Many new algorithms and a number of new softv
packages are designed for efficiently finding the solution of different sparse symmetric systems. Howev:
one imprtant factor limiting the efficiency of solvers is the memory usage of the matrix. The author ha
constructed a dense matrix for a shell model of 50*50 nodes which consumed 4 GB of RAM from a laptt
having 8 BG of RAM. Since the operation needed for sgha dense system increasing with the cube of the
matrix size, the computational time for solving this systemase than an howrhen using a solver involving
factorization of the system matriXhe Python SciPy sparse package provides below implenwargati

a) Coordinate Matrix & Dictionary of Keys Matrix

The simplest sparse matrix format is the Coordinate (COO) format. In this format, three subarrays are use
store the element values and their coordinate positions. In doing so, the saved memorpteaomsam be
substantial for a large matrix. Managing the subarrays create overhead which can become negligible as
dataset grows. It has to be noticed that the dataset should be sufficiently sparse enough otherwise the se
subarrays created by CG@rmat might consume more memory.

Dictionary of Keys (DOK) format performs similar operations like COO except it stores element values an
their coordinates as keyalue pairs in dictionaries. The buiit functionality come with dictionaries provide

conwenience in constructing and updating matrices. In doing so, the key is hashed as the hash indicates
looking up corresponding values. It means a constant lookup time for identifying values at any given locatic

b) Compressed Sparse Matrices (CERC)

Threesubarraysare stored in the compressed sparse matrices format: index pointers, indices, aftedata.
(start, stop) slice of indices arecordedas adjacent pair of number in index pointers. The location of those
adjacent pairs in index poimteindicates the column number (if Compressed Sparse Row format (CSR) i
used) or row number (if Compressed Sparse Column format (CSC) is Tised thdeft row number (if CSR

is used) ocolumn numbe(if CSC is usedjs determined by theumbers in thalice of indicesBy doing so,

the location of each value in data array in the original matrix can be determined.
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Figure 3: Compressed Sparse Row format (index pointers, indices, and data)
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Figure 4: Compressed Sparsslumnformat (index pointers, indices, and data)

2. Solve

Solving large sparse linear systems has been a concerning issue for years. It lies at the heart of many prob
in computational science and engineeriRgrticularly when encountering discretizing continuous problems,
it is common that the constructed system is sparse and large. The direct method for solving a sparse lir
systemACx binvolves the explicit factorization of system tma A, such as Gaussian elimination, into the
product of lower and upper triangular matrices L and U. In the most case, a permutation of system matrix
is usedPAQ= LU where permutations P and Q are chosen to preserve sparsity and maintain stabilit

Cholesky factorizationu = LT is used if system matrix A is symmetric. Forward elimination followed by
backward substitution completes the solution pssdor each given rigiiand side b. The direct methods are
the general and robust solution for many sparse linear systsmaswhile, theconstructed system matrix A
in this shell codevas adeterminedr overdeterminedparse matriandstoraged irCSRformat Below are
listed the solving methods which can deal with such systems matrices in an efficient way.

a) Linear regression:
In linear regression, the response of a system is assumed to be the linear combination of the predictors. F
the lecture frorNYU (Fernandezsranda, 2016)the linear regression model can be described as bislew:

linear regression model is parametrized by the interb@ramd weight vectong . For each value of response
vector y , the corresponding values of the predictors XX 2 X 3... %, where p is the number of
predictors. And the response vectgrcontainsll number of responses. The linear model is given by:
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The linear regression model is usually used in statisticggito predict the values of response accurately for
new values of the predictors. The accuracy of prediction of response can be improved as more data points

included. The weight vectoﬁ is updated during this procedhe sparse linear systerACX b can also be
viewed as a linear regression model whereimtmrceptbo =0as an inverse problem aiming to determine

weight vectoré .

For p2 n, in the condition of fulirank X , the solution of leastquare problems is weight estimatg and
it is given by:

For n= p, which me&ns the number of data points to fit the linear model that is the same as the number
parameters, the exact solution of weight vedjocan be found. However, this solution usually does not
reflect the actual relation betweep and X since the model is too flexible with respect to the number of

available data. This phenomenisrcalled overfitting. As discussed above, the system matrices in the shell
code can be both determined awerdetermined, which meamg p. Linear regression is a suitable method

for a linear model when the number of data polhis large than thep is the number of predictors.

In this way, the problem of solvingsparse linear systerACx $Hcan be restated as the estimation of the
weight vectorp from the linear regression modgl= X0 where the predictorX and responsey are

known.

Currently the most popular method to estimate the weight vegta to minimize the sum of the squares of
the fitting error on the training set, which is calledstsquares estimation.

Minimize |y - X5,

b) Leastsquares estimationismr solver from PythonPackage6 s ci py. sparse. |l inal g

The PythorPackag®d s ci py . spar se. | i nal glédmrop rfoowsguhressastaiatiolsmr e r e
can solve the system of linear equatioh& . A is a sparse or dense matrix of dimensi®h N where

all cases are allowed =N, M> N, or M< N_ b is a vector of lengthN . This solver is developed based

on the iterative methodSMRproposed by Fond and Saund2@d1l). LMSR is a numerical method for

computing a solutior of linear least square problef#x- ,. Compared to the weknown method LSQR

(Paige and Saunders, 1982MSR is also based on Gohimhan bidiagonalization ofA. It has the progrty
of reducingHrkH andHArkH monotonically, where, =b -Ax, is the residual for the approximate solution
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x. . Hence, although LSQR arildSMRultimately converge to simifapoints, it is safer to useSMRin
situations where the solver must be terminated early.

TheLSMRalgorithm contains following major steps:

1. The Golub-Kahan process:lt is an iterative procedure for transoformifgandbinto upperbidiagonal
form blel and By. It is equivalent to what would be generated by the symmetric Lanczos process witl

AT A and ATh
2. Using Golub-Kahan to solve the normal equation:In order to find the solutior, of the equation

AT A qﬂ-\r k, the subproblem is to choodg to minimize HArkH at each stagdt is given by:

min||Ar | = min| be, -ae i Bk

Yk Yk %kﬂek
0&R, O
3. Two QR factorizations: Convert the subproblem |ntdi1ln||Ark|| = mln (s(-ji/ﬁ o-ae0 [0
1 +¢V =

4. The heart of LSMR algorithm: Thourgh matrix roatations and substitutions, the recurrencénhéor
approximated solutioi is given by:

a Fal a o}
kakl*ae—tkmhkae%fklhkﬂukiaeqﬂhk
¢’k k =+ ¢/k-1 k1 =+ ¢’k =+
Xy e hk are updated for each iteration until the stopping rules are satisfied
5. Stopping rules: HrkH HAT rk”, HXkH and estimates cﬂﬂ" and cond(A) are used. All quantitties are

computated at each iteratioin for checking the stopping riikes pratical stoppig @eria includes three
rules:

S1:Stop if||r[ ¢ BTOL| +ATOU A ¥
S2: Stop if HAT rkH ¢ ATOL| A x|

S3:Stop if cond( A2 CONLIM

ATOL and BTOLare cv that can be set by the user. S1is applied whef@ke b system is consistent.
S2 is applied when thA(x b system is inconsistent. If the both stop tolerancedexré, then the

iteration will stop when the final residufitk| is accurate to about 6 digits. Those simiprances are the

estimates of the relative ernm entries of A andb, allowing for uncertainty in the system. This prevents
the algorithm from doing unnecessary calcualtion beyond the uncertainty of the input data.

CONLIM is theuserset limit for the conditon number of. The stop rules S3 means the algorithm
terminates if the an estimate 0®nd( A) exceedsSCONLIM . S3 can be applied to any system, consistent

or inconsistent. Th@ond( A) , the condition number foruersion of A ,is used to measure how sensitive
the inversion of matrix is to changes or errors in the input.

c) Sparse QR factorization
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As discussed above, the linear regression method can deal with a linear model when the number of data pt

N is larger than thaumberof predictors p . However, in many applications, the number of daghtrmot be

sufficient enoughAlthoughthe system matrices in the shell code gimésp, difference ratio betweef

n-p_ N
n M+N

equations. Meanwhilem =21 3Number of body node¢and N =4 3Number of edge node. It means the

difference ratio actually becomes smaller for a model with largenber of nodes. In most cases, the number

of data pointdl is roughly equal to theumberof predictors p . The linear regression may not able to solve

the system accurately. The overdetermined prolashviouslyexpected when fittinguchmodel through
linear regression. Due to the sparsity of the system, not all predictors are involved for each data point. The
K equation contains 4 or 5 quantities on average, which means only around 20% of prachciavslved
for each data point. So, in terms of the linear regression problem, the matrix of predictors still is very spar:

and p is where M is the total number of-8 equations and\ is total number of boundary

In the leasisquares estimation of linear regression problem, QR decomposition is usually used to convert t
given matrix A into orthonormal matrixQ and upper triangular matrilk andA = QR. For a rectangular

matrix A with size ofM 3 N, Q hassize ofM 3 Nand R has size ofN3 N. By introduce theA= QR
into system equatioCx 3, it gives below equation.

A B AAxOAD RunrbAsn J:

It is notable that the matriRR in the QR decomposition is a Cholesky facto®6A. The A" A has a condition
number which is the square @ . On the other hand, tlthonormal matrixQ will be very dense in general
since A is large and sparse. It meaASA and Q usually cannot be computed explicitly which ealversely
affect numerical precision and robustness. Bomnay not be advantageous to directly use @i

decompositiorfor large linear sparse systen@ansequently, n& steps are needed to provide more accurate
calculation, which is called the sparse QR factorization.

A sparse QR factorization usually contains following steps:

1. Permute the columns or rows & so that the Cholesky factor & A (or the matrixR , which has the
same structure) remains sparse.
2. Compute a QR decomposition based on the permAtedobtainmatrix R

3. SolveRx= QT l:whereQTb= RTAL

One solver with such features is thme.fit.sparsesolver from R Package 'MatrixModels'. It is a basic
computing engine for sparse linear least squares regression. This solver receives a sparse overdetern
matrix as input and returns a vector of approximated solution where the sparse QR factorization anethod
be used. However, due to the lack of information in the user manual and source code, the mathematical de
of this solver remain unclear. Previous research done by Svoboda, Cashman, and Fi{2git8)onroduces

an opersource suite of solvers QRKkit that can perform sparse QR factorization for common sparsity patterr
Since QRKit solvers share similar features viithfit.sparsesolver, it canhelp to understand the how the
actuallm.fit.sparsesolver might work.

The general strategy of QRKit solvers is to express mairis some combination of smaller matricas . .
A k aredivided based on shape agplarsity patterns to store and compute the QR factorization more

efficiently. Then those smaller matrices are processed through different methods leading to easier |
factorizations. The final result of factorization &% is the combination ofactorization ofsmaller matrices.

One of those process methods is row and column permutations which is are used in the most@Rsparse
factorization solver. If the sparsity pattern Afis not obvious enough to be categized, applying row and
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column permutations is a suitable method which can convert an overdetermined and\sp&wsa block
diagonal/banded matrix. The row and column permutation p, would reorder the rows or columns &t

in order to create al\j wi t h-BaddédAs-Possi bl ed sparsity pattern.
Ai= R A, Ai= AR

In practice both permutations are used in order to credtevith row-banded structure and reduce theifill
of the QR decomposition at the same time.

Ai= R AR

Figure 5: Row permutationp, discovering banded structure in the matrix(éd) Row permutatiorp, while
solving verticalconcatenation of two matrices

=

-

(a) A b) P A (c) B (d) P B
d) Moore-Penrose inverse

The Mooré Penrose inverse, variously known as the generalized inverse, pseudoinverse, eP&fwose
inverse, is commorin® N method to findthe solution of linear equations that cannot be computed through
least square method. Fot alatrices A whose entries are real or complex numbers, their M&&erose
inverse A" is defined and unique. This matrix was independently defined by Moore in 1920 and PE9563e

A Moore Penrose inverse satisfy all of the following four criteria:

AAT A= A A+AA+=A,( AA) +=AA,(+A)A+ A

wherea” denotes the conjugate transpose for ma#ix

* -1 *
If the inverse ofa” A exists, then:A* =(A A) A and ATA= 1,

* * -1
If the inverse ofaA™ exists, then:A™ = A (AA) and AA" = I,

However, it is common that above conditions are not satisfied, meaning those inversions have zero or m.
solutions. In this case, the approximated pseudoinverse can still be found with the help ofaduele

decomposition (SVD). SinceA” A= I, is impossible, the problem now is to find tASA° I, by minimizing

A" A- I”Hg' The SVD provides the following solution:

Af=vD UT
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whereU, D, V respectively the left singular vectors, the singular values and the right singular vecfrs of

*
In SVD, the matrixA is a factorization of formJDV which is not unique. Since the singular vall@ss
rectangular diagonal matrix with eregative real numbers on the diagonal, the pseudoinvetsean be
calculated by taking the regmibcal of norzero vadues ofD .

One significant impact of applying SVD is the high computational cost during the decomposition of the matri
According to Trefetherfl997) the irst step of SVD is reducing the matrix into a bidiagonal matrix. The
second step is to compute the SVD of the bidiagonal matrix through an iterative method-wittcegain

precision. The overall computational cost is ab@@mrf) floating-point operations (flops). With particular

methods (Householder reflections, QR algorithm), the overall cost range2fnofmto 4mr? flops. It is
several times higher than the normal matrix multiplarati

Thepinv solver from the Python numpy package is able to perform the above calculation.

18



3.Shel |l tedée sand

This section provides the general mathematic details and programming structure of the shell code. The b
workflow of the code is introded. Some important steps like the formation of matrices, construction of
square matrices, and loading and plotting are explained specifically. In order to prove the general universa
of the shell code, two shell models with various material propegesnetry shapes, boundary conditions
were set up. A number of tests were organized to investigate influential factors including number of node
types of solvers, different methods of kiegpthe matrix square, and different difference approximation
method.

3.1Work flow of code

This code is designed to deal with simple shell model problems by solving S&ieitersequations at a nodal
level where the differentiation in equations is replaced by the finite difference method. With proper inpt
parameters, several sparse matrices are constructed to form an overdetermined sparse linear system [M
= [f] where [M] represents the stiffness matrix of the modelled shell structure, [u] represents the vector
deformations, forces and moments ataldevel, and [f] represents the vector of applied forces or prescribed
deformation at nodal level. Vector [u] is solved and reconstructed to generate 21 plots of nodal rasults of

Uy Uy B €y Gor /5o Jyo J 20 Kis Ky Ty Moy Ny Ny N Ve v, My, my,andm
The work flow of code can be summarized and illustrated as below:

Step 1: Inputs of parameters to determine material property, geometry of modeieamdéary
" conditiontype

Step 2: Define differential equations in x and y direction by finite difference methods

Step 3: Create empty matrices for [M], [u] and [f]

Step 4: Add SanderKoiter equations taverdetermined sparse matfi¥] while add load
" components to [f]

Step 5: Defined theboundary conditions by adding componentfMband [f]

Step 6: Solve[u] from [M]*[u] = [f] by several different solvers

Step 7: Postprocessing and display results of solved [u]

g N
[ SolvedbyR
/_ \ solvers /

."/ Construct H‘\\I S A .f/ g Plot output H\\I
| matrixes in } | vector in |
\_ pythen /S| 7 ™, | \_ Python /
h - { Solvedby ) — —
Step 1-5 \, Python solvers | Step 7
N d
Step 6

Figure 6: Work flow of code

In step 6, several different solvers from the R language and Python language are tried and compared in o
to obtained satisfactory accuracy. Tlenparison between different solver results is shown in below section
of solver performance analysis with solver computation time and memory usage.

By comparing shell code results with the analytical solution and finite element solution, one set akitbsults
highest accuracy is selected as main results to be shown in below section of code results.

Meanwhile, for an overdetermined system like [M]*[u] = [f], [u] cannot be solved exactly and an
approximated [M] is used in the calculation. To find aiich SanderKoiter equations are approximated
and the extent of that approximation, some equations are left out in order to construct [M] as a square mal
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The specific details of replacing equations with boundary conditions are shown in sectiomatfdiorof
square matrixgectior8.3.6 page27).

3.2Tested models

To fully demonstrate the capability of the shell code, two shapes were tested (Table 6) with various bound
conditions (Table 7) and various numbers of nodes. Table ispebhe boundary condition equations. The
configuration of tested fivéestedmodels are summarized in Table 9. There are two load cases involved:

uniformly vertical load and uniformly normal load. Thiegth have the magnitude ofp= 410 kN/m?. The

direction of uniform vertical load is aligned with the global vertical axis. The direction of uniformly normal
load is perpendicular to the middle surface of shell.

Table 6: Geometry and material parameters of models
Flat square shape Canopy shape

Length| =1m, thicknesst =0.06m Length| =12m, radiusa = 2m,thicknesst =0.06m
Young's modulusE =21 @0 kN/nf Young's modulus€E =21 @0 kN/nt
Poisson's ratiomu=0.3 Poisson's ratiowu=0.15
Number of nodes in x direction: m Number of nodes in girection: m
Number of nodes in y direction: n Number of nodes in y direction: n
Shell curvaturekyy = kyy Ky, & Shell curvaturek,, = ky, ,kyy =L
. L | a
Laméparametersa, = ——r & — Laméparametersza, :I_’ 2, pQ@
m-1 n -1

In plane curvatureky = ky, 9

In plane curvatureky = ky, 9

Table7: Pinned edges and Cantilever boundary conditions
Pinned edges: Fixed translation at | Cantilever: Fixed translation and rotati
edges at oneedge

Flat square shape
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Canopy shape

Table 8: Boundary equations

Pinned edges: Fixed translation| Cantilever: Fixed translation ar
all edges rotation at one edge
Edge in the x direction an Uy=Uy=U; © Nyx = KodMxy 0, Nyy  KyyMxy O
the y axigpointing HMyy ‘
outwards "My 9 AT 0 My 0
- - -n HKyyem & n k (0]
Edge in the x direction an Uy=Uy =z 9 e Xw:,.x W Oy
. . . . _ y !
the y axis pointing inward myy-o - vy o &my, O
Edge in the y direction an Uy=Uy=U; Uy=Uy =U; 9
the x axis pointing :
outwards -Myy 9 Jx 9
_ _ _ Uv=Us, = U :0 Nyx - kxymxy 0, Nxy kyymxy (0]
Edge in the y direction an XTHy —z um,
the xaxis pointing inwards My =0 Vy + Wy HD,myy ©
My * Nyx _
Free corners / — = 0,myy =0
Table9: Model configuration
No. Shape BOU'?‘?"'”V Load case Number of
conditions nodes
Model 1 Pinned edges . .
. =n 20,30,5(
Model 2 Flat square shap Cantilever Uniformly vertical load| m=n
Model 3 Pinned edges| Uniformly vertical load
Model 4 Canopy shape : Uniformly vertical load| m=n 30,5C
Cantilever .
Model 5 Uniformly normal load

3.3Differentiation approximated by FDM

My MV
kXXnXX+kXy(an+ny>) Ky & —;i kyrx kgy p0
Y

X Sandersoiter equation 1
w
I I
> B;g;,'ig; Differentiation

In order to add Sandekwoiter equations to matrix [M] at nodal level, differentiatiohthat equation is
required to be translated into a discrete form where the finite difference method takes place. The first or
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: and the oneided finite differences dirst order derivative

M (%) _ fia- f
2

derivative of f (X) IS given as

X 3G 49 f
is () 39 2 82 10 gifferentiation of one quantity {,, 4 ) in the shell code is
HX 2 & *
approximated by predefined finite difference functioﬁa((k, g), Dy(k, g)) wherek represents the quantity

to be differentiateavhile Jworks as positive/negative signtbe value (g =1/1).

Central Dy (K, 9)==2—(fiq - 4) Dokal=9 (£ -t

difference: 2a," T y(k.9) 2ay( A ‘1)

Forward Dy (k, g) = =3 3& 460 ta Dka=9 (36 4510 f
difference: 28x " y(k.g) Zay( 4 A J‘QL)

Backward Dy (k,g)= -2~(3 10 46101 2} Dy (kg

—=(3 10 4-4.10 f; o)
difference 28x 2ay PAti-0f2
def D1x(k,9): Location:

if i==0: (at left edge)
M[row,k*m*n+j*m+i+2]= - 1*g/(2*alphax(i/(m -1)jn -1)) k3 = k*m*n+j*m+i+2
M[row,k*m*n+j*m+i+1]= 4*g/(2*alphax(i/(m -D)jln -1)) k2 =  k*m*n+j*m+i+1
M[row,k*m*n+j*m+i ]= - 3*g/(2*alphax(i/(m -1)jn -1)) k1= Kk*m*n+j*m+i

elifi==m - 1: (at right edge)
M[row,k*m*n+j*m+i ]= 3*g/(2*alphax(i/(m -1)jn -1)) k3 = k*m*n+j*m+i
M[row,k*m*n+j*m+i - 1]= - 4*g/(2*alphax(i/(m -D)jln -1)) k2 = k*m*n+p*m+i -1
M[row,kK*m*n+j*m+i - 2]= 1*g/(2*alphax(i/(m -1)jn -1)) kl= k*m*n+j*m+i -2

else: (inside grids)
M[row,k*m*n+j*m+i+1]= 1*g/(2*alphax(i/(m -1)jn -1)) k2 = k*m*n+j*m+i+1
Mrow,k*m*n+j*m-+i - 1]= - 1*g/(2*alphax(i/(m -D)jln -1)) k1= k*m*n+jm+i -1

return

Codel: Finite difference approximation in x direction

3.4Formationof matrix [M]

The size of matrix [M]Jdepends on the number of nodes and applied boundary condifibesiumber of
columns is21®nn and number of rows iR1Mn & MO8 r for pinned edgeboundary conditiorwhere

80n & nis from four boundary eguions for each edge node. If free corners exist, the additional boundary
eguations are added at free corner nodes. Each free corner node requires two dololitimtzaly equations.

For cantilever boundary condition where two free corners exist, the nuwhbaws is210nn 8 mO8 A+,

As defined in SandetiSoiter equations, 2tinknown quantities are assigned to each node. whictharey ,

tests, they are assigned with an integral value from O to 21 indicating their proposed location in a solved
in order to extract results accordingly.

For exampleSandersKoiter equation 1 is added to thaatrix [M] by the adding pross code. For adding
one value to matrix, the process can be described as
M[Row numberK Gn r© j+n ®] Parameter of unko. In this expressiorK is the assigned integral
value from 0 to 21 representing tleeationin the solved [u] vectorj is the coordinate of the node in v
direction and i is the coordinate of the node in u direction.
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Moy
kXX?XXJr kW( "y +Ty>) vy X M Ktx Kty P20 Sandersoiter equation 1

W Y y
1: M[row , nxx*m*n+j*m-+i]=kxx(i/(m -D,j/in -1))
2: M[row,nxy*m*n+j*m-+i]=kxy(i/(m -1)jn -1)) .
3:M[ro  w,nyx*mn-+m-+il=kxy(i/(m SDjn -1) Adding process

The adding process contains two lo@psopl & Loopt ). In Loopl ,adding procesis repeatedor every
node at one line along-direction.Loopt repeats Loop until all lines are fulfilled, so that unknown

guantities are added to every notie.each adding process, tiparameters of unknowns are added into
matricesas their location in [M] is altered with changing i and j in the loops.

row=-1
forjin range(n): # Add Sanders - Koiter equation 1 to the matrix N
for i in range(m): \

row=row+1
M[row, nxx*m=*n-+j*m-+i]=kxx(i/(m -1),j/in -1))
M[row,nxy*m*n-+j*m-+i]=kxy(i/(m -1),j/in -1))
M[row,nyx*m*n+j*m-+i]=kxy(i/(m -1),j/n -1))
Mrow, nyy*m*n+j*m-+i]=kyy(i/(m -Djin -1) % Loop_wW > Loop_¥
Dx(vx,1.0) - -
Dy(vy,1.0)
M[row,vx*m*n-+j*m-+i]=ky(i/(m -1),j/n -1))
M[row,vy*m*n+j*m-+i]=kx(i/(m -1),j/in -1))
flrow]= - pz@i/(m -1),j/in -1)) Y, )

Code2: Add Sander&oiter equation 1 to the matrix [M]

The column number of starting points fotknown quantityK is K @n 1. For eachadding procesi Loop

| , the column number and row number increased accordingly for m timesLdbprn repeatd_oop |

for n times.Meanwhile for every Loop , the row number is incremented by oBg. adding one equation,
man rows of matrix have been geagzd.

The below figure shows the pattern of reero values in matrix [M] during this adding procedure where the
values are diagonally distributed. The same adding procedure is also utilized for adding boundary £onditic
at edges and corners. While adgimalues to [M], the force vector [f] is also filled with applied force
components.

Loop_ W R
Kl®1 4 K2®n r€ Rg@'ﬂ i
\4 \Y4 \4
row=row i@ )
=0 > row=m
i =1
~ — — Y,
Loop_Y @ <
j=1 \ row=m
J
[ |
j=n . row=m @

KiOn O j4m ¢



Figure 7: Add equatiosto [M]

After all equations and boundary conditions have kahted to [M], the distribution of nerero values in
matrix [M] is simplified as below. The completely assembled matrix [M] is a rectangular sparse matrix wher
values are in parallel to the diagonal line of the matrix.

WO uy=li | uz2 psionxcipsionyy=jammaxy=_phix; _phiy=7: _phiz=; thoxy=11;_nwc12 nyy=13 mw=14; nyelsi  wel6  w=17  mocls; myy=19; my=20

Eql E pz

Eq2 px

Eq3 py

Eq4

Eq5

Eq6

Eq7

Eq8

Eq9

Eq10

Eqll

Eq12

Eq13

Eql4

Eql5

rrrrrr

[M] [f]

Figure 8: Nonzero value distributioin [M] and [f]

3.5Loading steps and plotting steps

Sanderoiter equations give the vertical displacemeptwhich is in the normal direction of the mid surface
of the shell. Fothe nonflat geometry like the canopy shape used in moeltBe direction otu, for those

models does not comply with the globakxs. In order to apply vertical load and plot the vertical
displacement in global-axis, different definition is required at loading step and plotting step of shell code.

The total displacemenityy; is calculated aijyzz\/uXZ wy? w7 by those calculated,, Uy, andu,

results.
Uniformly vertical load for model 1& 2: | Uniformly vertical load for model-5:
def px(u, v): def px(u, v):
return O return O
def py(u, v): def py(u, v):
return O return
def pz(u, v): p/(math.sin(v*math.pi)*math.tan(v*math.pi)+math.cos(v*m
return p #p =10kN ath.pi))
def pz(u, v):
return
p*math.tan(v*math.pi)/(math.sin(v*math.pi)* math.tan(v*m
ath.pi)+math.cos(v*math.pi)) #p =10 kN
Normal load for model -5:
def px(u, v):
return O
def py(u, v):
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return O
def pz(u, v):
return p #p =10 kN

Code3: loading step for different models

# X[l 1, YOIlil, z[][i] are the displacement results solved by S - K equations

if modelv == 1: # when geometry shape is canopy shape
for j in range(n):
for i in range(m):

UX]0T = X[l

UY[IN] = yhll* math.sin(j/(n - 1)*math.pi)+z[j][i]*math.cos(j/(n - 1)*math.pi)
UZ[j]li] = y[illil*math.cos(j/(n - 1)*math.pi)+z[j][i]*math.sin(j/(n - 1)*math.pi)
UXYZ[j][i] = math.sqrt(x[j][i1**2+y[j][i]**2+z[j][i]**2)

elif modelv == 2: # when geometry shape is flat square

for j in range(n):
for i in range(m):
UXIi]0] = xGi]
UYL = Gl
UZ[j][i] = z{i]fi]
UXYZ[j][i] = math.sqrt(x[j][i]**2+y[il[iI**2+z[j][i]**2)
Code4: plot the vertical displacement in globabzis for different models

3.6Formation of square matr[¥]

As shown in above section, the constructed matrix is in rectangular shape. It requires the solver of shell ¢
should able to solve an overdetermispadrse system. Only an approximated solution can be found for such
system. It is possible to find a way to make the matrix square by replacing boundary condition equations
edge nodes with-8 equations at internal nodes. Solving such square matrix grigtitice results with higher
accuracy compared to the solution of rectangular matrix. Below sections show how the equations
distributed for nodes and show three different ways of making the matrix square.

a) Distribution of assigned equations in rectanglar matrix
As shown above, the matrix [M] is a rectangular sparse matrix because additional boundary conditi
eqguations are defined for edge and corner nodes. In order to make a square matrix, some of the equatio
edges and corners need to be remoVée distribution of assigned equations for the nodes can be different
in case of the appearance of free corner.
fixed corner
nodes

Free corner fixed corner
| nodes Edge nodes nodes
L L 0=

=

Edge nodes
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L 0
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Figure 9: Distribution of assigned equations in the rectangular matrix

Table 10: Number of assigned equationsr@ctangular[M]
Cantilever: Pinned edges
Number of nodes| Number of nodes

Node type Nsk | Ne | NaBe

25



Edge nodes| 20n 2 n(8 2n 2nCB 21 4 /
Free corner 9 / 21 >
nodes
Fixed corner ? 4 21 3 /
nodes
Internal node§ (m-2) G 2) (m-2) G 2 21 / /
(Total number
of nodes) men men

(NSK: Number of defined Sandekiter equations per node,
Ngge: Number of defined regular boundary equations per node

N ape: Number of defined additional boundary equations per node)

In addition, on the cantilever fixed edge corner node only impose ux = uy = ux = phix = 0. The reason is tf
this node is fixed and not free at the same time. The adjaocee on the free edge is really free

The total number of equations are calculated for the two boundary conditions which determines the num
of rows inrectangular matrix [M]

Cantilever:i(21+4) g2mo2nr g (21 & 2 2( 21 B 2+2(m+ )20n 2 2inn g8 &
Pinned edgeg21+4) g2 mO2nr & (21 & 4 2(mO p{n &R 21mO 8m &

b) Central node method

As boundary equations are essential for constraining shell behavior, some Banidemquations at internal
nodes have to be taken out. One way of doing that is only add the full S&iodtersequations to a small
group of central nodes (4 < i <-f) 4<j < n5). Except the internal nodes marked below, only 20 Sanders
Koiter equations are added for the rest nodes.

fixed corner
Edge nodes nodes

0=

Central nodes

.

e o
e o
e o
L
L
L
L
e o
e o
e o

Intermediate
nodes
]
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Figure 10: Modified distribution of assigned equations by central node method

Cantilever:Number of Pinned edgesNumber of

Nsk | N N
nodes nodes BE ABE

Node type
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Edge nodes 2n 2 nCB 2n 2 nCB 20 | 4 /
Free corner 9 / 20 8 >
nodes
Fixed corner
nodes

Inter:(r)rlleedsiate 2¢4 (B0 6)) 2(u(rO Q)| 244 (B 6) 2(w(rO §)| 20

Central . ,

nodes (m-10) & 19 (m-10) & 19 21 / /

(Total
number of mon man

nodes)
Table 11:Number of assigned equationssiquare[M] by central node method

2 4 20 8 /

The total number of equations are calculated for the two boundary conditions which determines the num
of rows inrectangular matrix [M]

(20+4) (2mO2n §(20 8 7 2( 20 W2r2g ¢ 66 I R @ N

+21@n 10 (nO1Q - 21nn Xm 2n A04- O +

(20+4 emO2m §(20 $ 4 2@ D P @ O )P

+21@n 19 (nd1Q - 21nm Xm 2n A00- O +

Cantilever:

Pinned edges

In fact, by removing on&andersKoiter equation for intermediate nodes, when m=n>25, the previous
overdetermined matrix becomes underdetermined. The spare rows are filled with zeros in order to make
matrix square. If m=n<=25, the row number is larger than the column numkergraa overdetermined
matrix. So that in following model tests, the model 1 and model 2 with 20*20 node are not tested.

for j in range(n): # Add Sanders - Koiter equation 21 to the matrix
for i in range(m):
BCs() #ad ding boundary conditions at edges and corners

ifi<m -5andi>4andj<n -5andj>4:
row=row+1
M[row,rhoxy*m*n+j*m+i]= -1
D1y(phix,1.0)
D1x(phiy,1.0)

M[row,phiz*m*n+j*m-+i]=kxx(i /(m-1),jiin  -1)) -kyy(i/(m -1),j/in -1))
M[row,phix*m*n+j*m+i] += -kx(@i/(m -1),j/(n -1))
M[row,phiy*m*n+j*m+i] += -ky@i/{(m -1),j/(in -1))

Codeb: Adding Sander&Koiter equation 21 only to central nodes

c) Undefined nodemethod

Another way is simply not adding one of the Sand&ger equations for all nodes. The adding process stops
when the number of remained nodes is equal to the number of required boundary eduiatitms.way,
there is a part of the internal n@denly having 20 Sandekiter equations which is called an undefined
internal node as shown below.
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Figure 11. Modified distribution of assigned equations by undefined node method

Table 12.Number of asigned equations isquare[M] by undefined node method

Cantilever: Pinned edges | N N
Node type Number of nodes Number of node§ -~ BE ABE
Edge nodes 2n 2 nC8 2n 2nCB 21 4 /
Free corner node! 2 / 21 8 2
F'Xﬁg(fg;”er 2 4 21 | 8 /
Undefinedinternal 86n 8 ncx 8n 8n 20
nodes
m- 2) (h 2 m-2) 2
Internalnodes ( ) @1 ) ( ) @1 ) 21 / /
-(8@ 8n @ | -(86@ &)<
(Total number of
nodes) men men

Under such configuration, the calculated total numbegoitions is equal to the number of columns in both
two boundary conditions.

Cantilever: (21+4) @mO2r g6(21 & 2 2( 21 PO2+2¢m )Pn+)2(0 & -8
+21@n ) (nd) -22mn O
(21+4 @mO2r (21 & 4 20{® R(nO@( 8n én }4

Pinned edges +21@n 2 (nd) -21mn O
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for j in range(n): # Add Sanders

for i in range(m):
row =row + 1

M[row,rhoxy*m*n+j*m-+i]= -1

D1y(phix,1.0)
D1x(phiy,1.0)

M[row,phiz*m*n-+j*m-+i]=kxx(i/(m
M[row,phix*m*n+j*m+i] +=
M[row,phiy*m*n+j*m+i] +=
- (C) - 1: # B = 21*(m)*(n); C = 8*n+8*m+4 or 8*n+8*m+

if row >= B
break
else:
continue
if row>=B
break

-(C) - 1

for jin range(n): # adding boundary condtions

for i in range(m):
BCs()

-1)) - kyy(i/(m

- 1),j/(n
~kx(il(m - 1), jl(n
-ky(i/(m - 1),ji(n

- Koiter equation 21 to the matrix

-1),j/(n
-1)
- 1)

-1)

Code6: Adding Sander&Koiter equation 21 to nodes except the undefined nodes

d) Equation replacement method

The third method is replacing speci8andersKoiter equations at only edge nodes. The selection of replaced
SanderKoiter equations follows the types of quantities in defined boundary condition equations

Additionally, several Sande#soiter equations at corners are also replaced based dyptbs of quantities in
defined corner boundary condition equations. The number of replaced SKodersequations is equal to

the number of added boundary equations at edges and corners. The correlation between replaced San

Koiter equations and add boundary equations is listed in below.

Figure 12 Modified distribution of assigned equations by undefined node method
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Corner nodes
én-1

—

Added boundary | Replaced Sanders| Added boundary | ReplacedSanders
equations Koiter equations equations Koiter equations

uz;=0 S-K equation 1 Niy = KyyMxy © S-K equation 9

uy =0 S-K equation 2 Nyx = KxxiMxy © S-K equation 9

uy =0 S-K equation 3 Myy =0 SK equation 10

v +—2 0 S-K equation 4 myy =0 SK equation 11

Ky

Vy*% 2, SK equation 5 My =0 SK equation 12
Nxx - KxyMxy 9 S-K equation 7 ix 0 S-K equation 16
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Ny~ KoMy S-K equation 8 jy SK equation 17
Tablel13: Replaced K equations and boundary equatiarrelation

For pinned edges boundary condition, as shown in boundary equationTtiss), five different boundar
equations are involvedi, =0, u, =0, Uy =0 Myy =0 and myy:O. The corresponding replac&hnders

Koiter equations are equation 1 to 3 and 1@XoFor cantilever boundary condition, the replaced Sanders
Koiter equations include equation 1 to 11 and 16. Based on boundary equations, four corresponding Sand
Koiter equations are replaced for each edge node. For corner nodes, the-Kaiteleegjuations are removed
without adding boundary equations to avoid repeated definition of boundary condition. The required boundz
condition equations are defined by adding additional boundary equations

Table 14:Number of assigned equationssiguare[M] by undefined node method

Cantilever: Pinned edges | N N
Node type Number of node§ Number of nodeg sK BE ABE
Edge nodes 2n 2n(8 2n 2n(8 17 4 /
Free corner node! 2 / 17 0 4
Fixed corner 9 4 17 0 4
nodes
Internalnodes (m-2) & 2 (m-2) & 2 21 / /
(Total number of
nodes) mon men

The total number of equations are calculated for the two boundary conditions which determines the num
of rows inrectangular matrix [M]

Cantilever: @7+ @mO2nm & (27 ¥ 2(47 P 2 2(m )Hn+ )20 2w
Pinned edges 17+ @mO2n (27 ¥ 4 2(mO p{n @ 21m
Table 15: Additional boundary equations
Pinned edges Cantilever
Nxy + Nyx
=0,my, 0
Free corners / 2 Y
My =0, Myy =0
uy =0, uy, =0, uy, =0 uy =0, u, =0, uy =0
Fixed corners _ .
M =0 OF My =0 jx 0orjy ¥

3.7Model tests of rectangular and square matrix

For the purpose of finding the approximation of results during the sparse matrix solving, both rectangular a
square matrices are constructed for all models. The constructed systems are solved with a least square s
(Python solver: from scipy.sparsedlg importlsmr) for further comparison. The test configuration is listed
below.

Table 16: Rectangular and square matrix test configuration

(Least ;gl‘j;:)meth"d Model1 | Model2 | Model3 | Model4 | Model5
Rectangular matrix Test R1 Test R2 Test R3 Test R4 Test R5
Square matrix Test SC1 Test SC2 Test SC3 Test SC4 Test SC5
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(central node method)

Square matrix
(undefined node methoo
Square matrix
(equation replacement| Test SE1 Test SE2 Test SE3 Test SE4 Test SE5

method)

Test SU1 Test SU2 Test SU3 Test SU4 Test SU5

3.8Solver tests

The performances of three solvers have been compared

1) Python least square method (rectangular and square matrices)
2) Python singular valugecomposition (rectangular)

3) R linear sparse model fitting (rectangular and square)

Table 17 and 8 show the extra computations that have been performed.
By various initial inputs of geometry, boundary conditions, load components and node number, spar
matrices [M] and [f] are constructed and saved in files. To evaluate the capacity of various solvers, all mod

are solved with other solvers than the least square method solver. The test configuration is list as below.

Tablel17: Solver test configurationf rectangular matrices

Modell | Model2 | Model3 | Model4 | Model 5
Pythonsolver:
from numpy.linalg import pinv Test A Test R TestP3 | TestP4 | Testh
(Singular value decomposition)
R solver:
MatrixModels::im.fit.sparse Test LM1| Test LM2 | Test LM3 | Test LM4 | Test LM5
(Linear sparse model fitting

The sparse rectangular matrix [M] is constructed in the form of the Pythomauwix (dictionary of keys
based sparse matrix). The completely assembled matrix [M] is converted into coordinate format and savec
npz. file whose size is determined by the number of nodes. The size of the saved [M] is 175 kb for 30*30 nc
model and 80 kb for 50*50 node model. If a R solver is applied, the [M] have to be reconstructed into ¢
readable R sparse matrix, while sparse matrix [f] is constructed in the form of a Python array and saved
npy. file. The size of saved [f] is 154 kb for 30*3@de model and 420 kb for a 50*50 node model. Then the
calculated [u] array is saved as npy. file and results are extracted from it to generate the (Figplbt3.

The above process can be summarized as the flow chart below. Beside the generatiee pdotgutational

time and memory usage during the execution process is also recorded.

Solved by R solvers

/[ _’(:"T;a;;j&?“*x M P T
M) PAN : f npz. HQ&MW R dgC Matrix. \/ r:;f:;:;: : gi:f |
,./f-- Construct --\\,{p}im;;fk _,<$>_’ \\.._q_ meﬂwd:"qf"j _./’ //j
I matries i ) y , /_m“\
N\ pythn / E vector in ]
Step 1-5 g \_ Pyhm /

Step 7

Salved by Python solvers
Step 6

Figure 13: Work flow of solver tests
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For the constructed sparse square matrix [M]
model fitting is used to be compared with the r

by equation replacement method, the R script solver of lin
esults of least square method solver.

Table18: Solver tests of squareatnices (The matrices are made square by the equation replacement method)

Er?g%%rg)matnx, Equation replaceme Model1 | Model2 | Model3 | Model4 | Model 5
R solver:

MatrixModels::Im.fit.sparse S-II-_EI‘\itl STLel\j; STLeI\j; SE\;Z S-II-_eI\itS
(Linear sparse model fitting

3.9Five-point difference approximation and their tests

In the above tests, thrgmint interpolation is used for the first derivative expression in the SaKdéaes
equations. When performing a finite number of stepapjoroximate a process with infinitely many steps,
discrepancies arise between the approximation and actual expression. By expanding the function in a Ta
series around the point where the finite difference formula approximates the derivative, thgotriaroar

can be calculated.

Central
difference:
Forward
difference:
Backward
difference

2

The dominating term for smalt is 2—14 fi(t)p

Truncation error
R=— f |
1

)i 0 @( tﬁ)
Rzéfi(rt)i[’o2 e( t3£)>
)id of 7

L4
3

1y fi(t)pt? and- = f| ()i B? in above expressions which

are proportional taot2 and the truncation error ftwo-point dlfferenceapproximations is of second order in

Dt. Thus,threepoint difference approximation

is secondorder accurate discretization of the derivative.

Such error might play an essential role in evaluating the accuracy of calculatios oéshkll code. In order
to investigate the effect afuncation error, two set of difference approximations with higher es@lracy

were used in several tests. They both arepivat
listed below.

Five-point difference approximation type A:

interpolations but with different difference coefficients as

e 069 = (a1 #2614 Dy (ko 0)=5 [ 1)
Forward. Du(k o)=L g i Bplin She Haf 3 Lof ar Dy(k,g):iy( ...... £
Dx(k,g)=a—gxg‘el—zf.-1 26 e gl 3 ot ae Dy(kg) =L (e fjee)

y
Efa;gmagg Dy (k. 9) = a—igeSini S 262 Dfs =i a Dy(k,g):%( ...... fen)
Dy (k, ) = a_gxzael_szl ]%fi —%a _34; 2 S f*3 Dy(k,g)zi( ------ fjoeees )

Five-point difference approximation type B:
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Central _ 89 g _9
Dy (k,g)=——/( fi.1 -f +=( f- Dy (k,g)=—|---- fioeenr
difference: x(k.9) 1zax( 1 - 4) 12%(( f-a {4 y(k.9) ay( j
Forward Dx(k,g): 9 ('25fi 48f, 36t o 16 5 3_4) Dy(k,g):i( ...... fJ ......
difference: 12a ay
_ 9 _9
Dy(k g)=—=—( 3f.1 20f 18f 3 6f 3 f 4} Dy (k,g)= =2+ oo
12a ay
Backward __9 _9
Dy (k,g)= 26 48f_q 36f » 16+ Dy (k, g)=—(---- firernn
diference: °X<9) 12ax( | 48f.1 36{ o l6+3 § 4 y(k.9) y( j
_ 9 _9
Dy (k. g) = (3fy 10f 18f 5 6f-2 f 3 Dy (k,g) = (oo fjome
12a y
New tests with if’e-point difference approximations are proposed and their test configuration is in the lis
below:
(R?T::;?rri\xg)ular Solver type | Model1 | Model 2 | Model 3 | Model 4 | Model 5
Least square) oo ARL | Test AR | Test AR3| Test AR4| Test ARG
Type A methodsolver
approximation | Linear sparse  Test Test Test Test Test
model fitting | ALM1 ALM?2 ALM3 ALM4 ALM5
Least square) o Ry | Test BR | Test BR3| Test BR4| Test BRS
Type B method solvel
approximation | Linear sparse  Test Test Test Test Test
model fitting BLM1 BLM2 BLM3 BLM4 BLM5
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4 Resul t s

This section presents the test results obtained mainly as plots and extremeanawesnpares them. Other
information like solver capacity and singularities are also shown. For each run of the code, 21 plots we
generated. In order to prevent excessivork, only three plots (displacement uz, bending moment mxx, and
shear force vx) and their extreme values were analyzed. Below sections only show the extreme values anc
plots are listed in append®age82). The first shown are the plots generated by finite element software,
which work as a reference for calculating the errors of shell code results. Subsequently presented are res
from rectangular testsgaare tests, solver tests, dna-point difference approximation tests. These results
are compared. In addition, several 3D plots show the overall deformation of the structures and distortion
boundaries more intuitively. At the end of this sectioa summary of major findings.

4. 1Finite element solution

The defined five models are also tested in finite element software SICA Engineer (version 19.1.3). T
generated displacement, bending moment and shear force plots are shown in below. The averaged elel
size is 0.05n for all models so that the number of nodes is 20*20 for model 1 & 2 and 240*125 for model 3
4&5.
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Figure 14: Model 1 displacement, bending momand shear force finite element results by SCIA Engineer
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Figure 18 Model 5 displacement, bending moment shear force finite element results by SCIA Engineer

Table19: Absolute maximum value of finite element results for meslell

Model 1 Model 2 Model 3 Model 4 Model 5

Displacement uz (m) | 9.7810° | 3107010 | 1935104 | 7.884c10° | 9.73410°
Bending moment mxx (kNm/m 0.478 5.310 0.2114 5.0646 9.5143
Shear force vXkN/m) 3.369 18.296 2.393 30.699 | 38.9366
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4.2Rectangular matrixest results
(Please find plots id\ppendix)

Table20: Absolute maximum value of test-Rbplots

Number Model 1 Model 2 Model 3 Model 4 | Model 5
of nodes
20720 | 7.33310° | 2.806010%
Displacement R . .
P 3030 | 7,00600° | 2525004 | 3.062000° | 0.166 | o0.101
5050 | 6.728010% | 1.746000% | 3.281103 | 0182 | 0.116
Bending 20*20 0.39 7.42
moment 30*30 0.39 7.29 5.71 290.74 179.39
(kNm/m) 50*50 0.39 8.73 5.77 299.47 | 189.15
2020 3.28 4.45
S?fﬁ;r':]’)rce 3030 3.32 452 15.15 9551 | 58.49
50*50 3.32 4.61 15.13 97.50 60.62
4.3Square matrixest results
(Please find plots in gpendix)
Table21: Absolute maximum value of test SEflots
Number Model 1 Model 2 Model 3 Model 4 | Model 5
of nodes
. 2020
D'Sp'(";‘ﬁ)eme”‘ 30*30 | 6.063E-6 | 2.504E04 | 2.526E03 1.398 1.085
50*50 6.146E6 | 1.779E04 | 2.970E03 1.720 0.885
Bending 20*20
moment 3030 0.252 8.238 5.691 537.988 | 340.874
(kNm/m) 50*50 0.246 7.55 5.759 478.973 | 304.628
Shear force 20720
(KN/m) 3030 3.316 4.162 15.154 119.880 | 74.463
50*50 3.342 4.049 15.137 112.732 | 70.404
Table22: Absolute maximum value of test SBplots
Number | \iodel1 | Model2 | Model3 | Model4 | Model 5
of nodes
. 2020 | 5.915E06 | 3.699E04
D'Sp'(";‘:)eme”‘ 3030 | 5.644E06 | 3.317E04 | 2.681E03 | 1.727 | 1.087
50*50 5.714E06 | 1.997E04 | 2.948E03 | 1.406 0.888
Bending 20*20 0.261 8.094
moment 30*30 0.252 8.224 5.692 538.000 | 340.879
(kNm) 50*50 0.246 7.551 5.759 478.976 | 304.630
Shear force 20720 3.277 4.229
(KN/m) 30*30 3.316 4.162 15.154 | 119.876 | 74.461
50*50 3.342 4.049 15.137 | 112.731| 70.403
Table23: Absolute maximum value of test Skflots
Number | \iodel1 | Model2 | Model3 | Model 4 | Model 5
of nodes
_ 2020 | 6.715E06 | 3.215E05
D'Sp'(arf)eme” 3030 | 6.517E06 | 2.731E05 | 3.152E03 | 1.449 | 0.915
50*50 6.41F-06 | 1.847E04 | 3.348E03 | 1.148 0.728
2020 0.269 7.693
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Bending 30%30 0.258 7.791 5.655 501.722 | 310.424
moment
(KNm/m) 50*50 0.249 7.128 5.642 490.586 | 293.100
Shearforce 20720 3.068 4.105
(KN/m) 30%30 3.164 4.058 15.767 | 135.343| 83.841
50*50 3.252 4.639 15.707 | 129.465| 80.819
4 .4Solver test results
(Please find plots idppendix)
Table24: Absolute maximum value of test-P1
Number | 411 | Model2 | Model3 | Model4 | Model5
of nodes
Displacement | 10*10 | 9.741E06| 3.172E04 | 1.307E04 | 0.0103 0.0131
(m) 20*20 | 9.704E06 | 3.140E04 | 1.647E04 | 7.828 0.0144
Bending 10*10 0.460 5.436 0.111 4.967 4,901
(Nmm | 2020 | 0473 | 5691 | 0182 | 1624 | 5192
Shear force 10*10 3.299 13.503 0.127 4.262 5.595
(KN/m) 20*20 3.368 15.854 0.458 1.278 4,162
Table25: Absolute maximum value of test LI Dlots
Number Model 1 Model 2 Model 3 Model 4 Model 5
of nodes
. 20*20 | 9.707E06 | 3.142E04
D'Sp'(";‘ﬁ)eme” 30*30 | 9.704E6 | 3.134E04 | 1.660E4 | 7.703E03 | 9.375E03
50*50 | 9.770E06 | 3.126E04 | 1.703E04 | 7.776E03 | 9.329E03
Bending 20*20 0.473 5.696
moment 30*30 0.476 5.732 0.201 1.598 7.300
(kNm/m) 50*50 0.478 5.519 0.208 2.590 8.927
Shear force 20*20 3.367 15.866
(kN/m) 30*30 3.325 16.042 0.407 1.809 8.181
50*50 3.363 15.881 0.578 8.887 13.311
Table26: Absolute maximum value of test SL:-Blplots
Number |\l 1 Model 2 Model 3 Model4 | Model5
of nodes
] | 20*20 9.707E06 3.107E04
D'Sp'(anf;’me”‘ 3030 | 9.748E06 | 3.107E04 | 1.685E04 | 7.847E03 | 9.671E03
50*50 9.764E-06 3.107E04 1.715E04 | 7.882E03 | 9.559E03
Bending 20*20 0.472 5311
moment 30*30 0.476 5.312 0.201 1.676 7.080
(kNm/m) 50*50 0.478 5.312 0.208 3.060 8.377
Shear force 20*20 3.355 15.502
(kN/m) 30*30 3.368 37.308 0.836 4.040 21.910
50*50 3.373 85.032 1.278 12.221 27.159
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4.5Five-point difference approximation tessults
(Please find plots id\ppendix)

Table27: Absolute maximum value of tégRl1-5 plots

Number

of nodes Model 1 Model 2 Model 3 Model 4 Model 5
_ 2020 | 6.92E06 | 1.62E04 | 0.0026 0.1275 0.0798
D'Sp'(";‘:)eme” 30*30 | 6.56E06 | 2.22E04 | 0.0031 0.1460 0.0916
50*50 | 6.24E06 | 2.43E04 | 0.0027 0.1854 0.1229
Bending 20*20 0.4008 5.6398 6.2022 | 270.1302 | 171.0242
moment 30*30 0.3903 6.5045 6.0320 | 281.4246 | 176.5635
(kNm/m) 50*50 0.3815 7.8378 5.7824 | 297.1835| 190.9475
Shear force 2920 3.3058 4.2638 14.5238 | 103.3915| 64.3321
(KN/m) 3030 3.3283 4.4615 14.7720 | 102.5811| 63.6840
50*50 3.3459 4.5138 14.9345 | 102.8183| 64.5399
Table28: Absolute maximum value of t&$R1-5 plots
Number |\ 104611 | Model2 | Model3 | Modela | Models
of nodes
. 2020 | 6.86E06 | 5.62E05 0.002 0.158 0.101
D'Sp'("’r‘ﬁ)eme”‘ 3030 | 6.52E06 | 5.70E05 | 0.003 0.225 0.145
50*50 | 6.22E06 | 5.46E05 0.003 0.271 0.173
Bending 20*20 0.397 3.965 5.863 229.598 | 145.720
moment 30*30 0.389 4.481 5.939 247.476 157.932
(kNm/m) 50*50 0.380 4.919 5.830 253.871 | 161.883
shear force 2220 3.297 4.175 14.995 98.603 61.354
(KN/m) 30*30 3.323 5.106 15.102 100.866 | 63.118
50*50 3.344 7.108 15.085 100.285 | 62.853
Table29: Absolute maximum value of tédtM1-5 plots
Number Model 1 Model 2 Model 3 Model 4 Model 5
of nodes
. 20*20 | 9.926E06 | 3.119E04 | 1.795E04
D'Sp'(";‘r‘]’)eme” 30*30 | 9.660E06 | 3.117E04 | 1.412E04 | 8.24E03 | 9.39E03
50*50 | 9.671E06 | 3.123E04 | 1.536E04 | 7.89E03 | 9.59E03
Bending 20*20 0.4837 5.3274 1.0208
moment 30*30 0.4757 5.4997 0.6447 3.4571 5.9238
(kNm/m) 50*50 0.4757 5.5936 0.4981 2.9374 7.3001
Shear force 2220 3.2730 | 13.0253 | 4.8254
(KN/m) 30*30 3.0708 | 13.8312 | 3.7759 7.3638 6.0894
50*50 3.0451 | 14.5493 | 3.4545 5.2990 8.1810
Table30: Absolute maximum value of t&itM1-5 plots
Number |\ 14011 | Model2 | Model3 | Modela | Models
of nodes
_ 2020 | 9.72E06 | 3.12E04
D'Sp'(arf)eme” 30*30 | 9.75E06 | 3.11E04 | 1.71E04 | 7.79E03 | 9.48E03
50*50 | 9.77E06 | 3.11E04 | 1.73E04 | 7.81E03 | 9.51E03
Bending 20*20 0.4767 5.5872
moment 30*30 0.4779 5.6588 0.2087 3.6551 9.6528
(kNm/m) 50*50 0.4785 5.5902 0.2112 5.0066 9.2010
Shear force | 20*20 3.3681 19.6723
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(kN/m)

30*30

3.3785

27.1999

0.8588

16.9374

17.1115

50*50

3.3755

52.9049

2.4201

29.3033

14.4334

4.60verallcomparison between shell code results

To show the accuracy of shell code results, the absolute maximum values of the above plots are compare
absolute maximum values obtainedthg finite element method. The deviation is calculated as (shell code
result- finite element result)/ finite element result. The deviation is converted into percentage form if it is ir
range of {1 ,1). Those results are listed in the below tables and their absolute values are labeled with differe
colors where green represents less than 10%, blue represents ranged from 10% to 100%. and orange repre

over 100%Overall considered, the results of TB&M1-5 show the best accuracy whe@reen resultsake
accunt for 78%In the results of tests usitgmr solver (Test R$5, Test SU15, Test SC1 and Test SED),
the accuracy of results of model 1 and model 2 is relatively good. The resudtst miodels are heavily

overestimated.

Table31: Deviation ofTest R15 results(green:14%, blue: 42%, orange: 44%)

Node
number

Displacement (m)

20*20

Bending moment
(KNm/m)

Shear force (kN/m)

Model 1

Model 2 | Model 3 | Model 4 | Model 5
12.121 20.012 9.417
13.024 22.039 10.913
26.000 56.406 17.855
26.315 58.131 18.881
5.332 2.11
5.324 2.18

Table32: Deviation ofTest SU15 results(green:12%, blue: 44%, orange: 44%)

Node 1 yiodel 1 | Model 2 | Model 3 | Model4 | Model 5
number
20*20
Displacement (m) 12.855 | 218.051 | 110.670
14.235 | 177.336 | 90.227
Be”d('lr(‘gnq‘)omem 25925 | 105.228 | 34.828
26.242 | 93.573 | 31.018
Shear force (kN/m) 5.333 2.90
5.326 2.67
Table33: Deviation of Test SC& results(green: 7%, blue: 40%, orange: 53%)
Node Model 1 [ Model 2 | Model 3 | Model 4 | Model 5
number
20*20
Displacement (m) 12.818 | 176.321 [ 110.465
14.349 | 217.163 | 89.918
Be”(f('s?n;"n?)me“t 25048 | 105.225 | 34.828
26.242 | 93.573 | 31.018
Shear force (kN/m) 5.333 291
5.326 2.67
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Table34: Deviation Test SEb results(green:12%, blue: 44%, orange: 44%)
Node | \iodel 1 | Model 2 | Model 3 | Model 4 | Model 5

number
20*20 3.48%

15.289 | 182.790 | 93.000

Displacement (m)
16.302 | 144.611| 73.789

Bending moment
(KNm)

25.750 | 98.064 31.627
25.689 | 95.866 29.806

5.589 3.41 115.33%
5.564 3.22 107.57%

Shear force (kN/m)

Table35: Deviation of Test P-b (green:33%, blue: 67%, orange: 0%)

Number of
nodes Model 1 | Model 2 | Model 3 | Model 4 | Model 5

10*10 -0.40%
20*20 -0.78%
Bending moment 10*10 -3.77%

(kNm) 20*20 -1.05%
10*10 -2.08%
20*20 -0.03%

Displacement (m)

Shear force (KN/m)

Table36: Deviation of Test LM5b results(green:61%, blue: 39%, orange: 0%)

ntlfn%eer Model 1 Model 2 | Model 3 | Model 4 | Model 5
2020 -0.75% | 1.13%

Displacement (m)|  30*30 -0.43% | 0.87% -0.60% | -1.45%
50*50 -0.10% | 0.61% -0.96% | -1.98%

_ 2020 -1.05% | 7.27%

Be”d('l?gnr:‘)omem 3030 0.42% | 7.95% | -5.15%
50*50 0.00% 3.94% | -1.73% -6.17%
2020 -0.06%

Shear force (kN/m)[__30*30 -1.31%
50*50 -0.18%

Table37: Deviation of Test SLMb (green:53%, blue: 42%, orange: 5.7%)

n’;'%%ir Model 1 | Model 2 | Model 3 | Model 4 | Model 5
20720 | 2075% | 0.00%

Displacement (m) 30*30 -0.33% 0.00% -0.47% | -0.65%
5050 | -0.16% | 0.00% 20.03% | -1.80%

_ 2020 | -1.26% | 0.02%
Be”d'l?g moment [ 0.0 | -0.42% | 0.04% | -4.92%

(kNm) 5050 | 0.00% | 0.04% | -1.61%
2020 | 20.42%
Shear force (KN/m) 30*30 -0.03% 103.91%
5050 | 0.12% | 364.76%




Table38: Deviation of TesALM1-5 (green:12%, blue: 44%, orange: 44%)

ntlr?]%eer Model 1 Model 2 | Model 3 | Model 4 | Model 5
20*20 1.5% 0.4%
Displacement (m) 30*30 -1.2% 0.3% 4.49% -3.58%
50*50 -1.1% 0.5% 0.12% -1.45%
_ 20*20 1.2% 0.3%
Be”d('li‘lgr:;ome”t 30*30 -0.5% 3.6% 2.05
50*50 -0.5% 5.3% 1.36
20*20 -2.8%
Shear force (kN/m)[__ 30*30 -8.9%
50*50 -9.6%
Table39: Deviation of TesBLM1-5 (green:78%, blue: 19%, orange: 3%)
Mo | Model 1 | Model 2 | Model 3 | Model4 | Model 5
20*20 -0.6% 0.3%
Displacement (m) 30*30 -0.3% 0.3% -1.18% | -2.56%
50*50 -0.1% 0.1% -1.00% -2.33%
. 20*20 -0.3% 5.2%
Be”d('&‘grrr:‘)omem 30*30 0.0% 6.6% | -1.28% 1.46%
50*50 0.1% 5.3% -0.09% | -1.15% | -3.29%
20*20 0.0% 7.5%
Shear force (kN/m)|  30*30 0.3%
50*50 0.2% 1.89 1.13% -4,55%

Table40: Summary of deviation of test results

Green [ 10%) | Blue (U 100%) | Orange (>100%
Test R15 13.89% 41.67% 44.44%
Test SC15 6.67% 40.00% 53.33%
Test SU15 11.11% 44.44% 44.44%
Test SE15 11.11% 38.89% 50.00%
Test P15 33.33% 66.67% 0.00%
Test LM1:5 61.11% 38.89% 0.00%
Test SLM15 58.33% 36.11% 5.56%
Test AR15 11.11% 44.44% 44.44%
Test ALM1-5 52.78% 41.67% 5.56%
Test BLM15 77.78% 19.44% 2.78%

It can be observed thdhe accuracy of shell code results is strongly related to model types and tes
configurations. In order to show their influence more comprehensively, the deviation of shell code results w
reorganized into model result plots categorized by its test typlis way, it can be shown more clearly that
how the shell results can be influenced by those important factors including the number of nodes, type
solver, type of matrix, and type of approximation. Inllkeéwplots, the deviation of all test resuils shown

in one figure for every model.

The type of solver is the most important factor on the accundeylm.fit.sparsesolver (Test LM, SLM,
ALM, BLM) generally gives far more accurate results thamr solver (Test, R, AR, BR, SC, SU, SBs
shown in the summary table (Table 40), the green results.iit.sparsesolver tests take up over 50% while
the percentage of green result¢ésimr solver tests is less than 158 shown in Figure 24 to Figure 28, under
Im.fit.sparse solver the most resutfsmodel 1 and model 2 have excellent accuracy around 1% while only
shear force results of model 2 have deviation over 10%. The rest Ismr solver results are mostly orange wi
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the deviation of many results is even over 1000%. For model 3 to 5, indaetate only a few green results
no matter which solver is used.

Other factors like the type of matrices (Rectangular or square), difference approxirinagiqoift or two

point) play a less significant role in the accuracy. @tferent matrix typegsquare: Test SC, SU, SE or
rectangular: Test R, AR, BR) and different finite difference approximation methodp@wb Test R, LM

or five-point Test: AR, BR, ALM, BLM) did not cause not significant differenirethe most cases, the use

of squarematix and new approximation method has made the shell code give less accurate results. As sha
in summary tabl€Table 40)shell code give less green results whensgserematrix and new approximation
method.However,the Test BLM is an exception with théhest rate of green results.

Another important factor is number of nodes and its influence differs for different types of models and type
of solvers. For models 1 to 3, generally the deviation of displacement and bending moment results is increa
for higher number of nodes whimr solver is used. If pinv solver amah.fit.sparsesolver is used, a higher
number of nodes bring lower deviation. For model 4 to 5, not matter which solver is used, higher number
nodesoftenmeans lower deviation.

By comparing absolute maximum values of plots to finite element results, the accuracy of shell code rest
can be found to be related to the type of solver, number of nodes, and type of model. The type of solver is
most important factor on the accura@ye accuracy is also various between different types of results. Other
factors like the type of matrices (Rectangular or square), difference approxinfaeepaint or two-point)

does not play a significant role in the accuracy.

Accuracy by type of solver: R solvém.fit.sparse> Python solver: pinv > Python solvésmr

Accuracy by model s: model 14 model 2 > model 3
Accuracy by type of matrices: square matrix a r
Accuracy by type of differece approximatiorfive-pointapproximation > twepoint approximation (only in

a limited cases)

Accuracy by typef result displacement result > shear force, bending moment result

Accuracy by number of nodes: 50*50 > 30*30 > 20*20

a) Overall test results ger model
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Figure 19: Comparison of overall test results for model 1| Figure 20 Comparison of overall test results for model 2
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Figure 22: Comparison of overall test results for model 4
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Figure 25. Comparison of uz results for model 2
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Figure 27: Comparison of uz results for model 4
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c) Bending moment mxx results per model
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Figure 29 Comparlson ofnxxresults for model 1

Figure 30: Comparison of mxx results for model 2
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Figure 31: Comparison of mxx results for model 3

Figure 322 Comparison of mxx results for model 4

mm Test R mm Test BR mmm Test SU mm Test P  Test SLM mm Test BLM
mmn Test AR mmm Test SC  mmm Test SE  mmm TestLM  mm Test ALM
Bending moment mxx comparsion Model 5
3500 I I
- I i I i i I
2500 mm Test P mm Test SLM  mm Test BLM
m Test LM = Test ALM
2000 1
0 ———
®
o HUN
II I I II I I I I I Iﬁ -
1000 -30
II I I II I I I I I I -
500 =50
II II II II II II 18 20 22 24 26 28 |30 32
0 — — — —

Figure 3

3. Comparison of mxx results for model 5

45



d) Shear force vx test result per model
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Figure 36: Comparison of vx results for model 3

Figure 37: Comparison of vx results for model 4
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4.7Comparison betweeRectangular matrix test algfuare matrix test results

The results of tests usingmr solver (Test RB, Test SUI5, Test SCH and Test SEBD) are reorganized

and listed in below table. As shown in below table, different methods of constructing square matrix ar
number of nodes did not play a significant role on affecting the accuraeguifs. Especially for shear force
and bending moment results, many of they remain unchanged regardless of type of matrix or number of no

Table41: Comparison betweelsmr solver results
Test| Model 1 | Model 2

Node number| Model 3 | Model 4 | Model 5

20*20

12.12 20.01 9.42

12.86 218.05 | 110.67
12.82 176.32 | 110.46
15.29 182.79 93.00
15.96 176.45 | 110.46
14.24 177.34 90.23

Displacement (m) 30*30

*
>0750 1435 | 217.16 | 89.92
16.30 | 144.61 | 73.79
20*20
26.25 | 105.23 [ 34.83
Bending moment 30*30 25.93 105.23 34.83
(kNm/m) 25.92 | 105.23 [ 34.83
25.75 98.06 31.63
25.93 93.57 31.02
. 26.24 93.57 31.02
°0750 26.24 93.57 31.02
25.69 95.87 29.81
20*20
5.33 2.08
. 5.33 2.08
Shear force (kN) 30*30 33 > 08
5.59 2.48

5.33 1.90
5.33 1.90
5.33 1.90
5.56 2.33 1.08

50*50
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4.8Comparison between pinv solver dndfit.sparsesolver test results

The results of tests ugg pinv solver andim.fit.sparsesolver (TesP1-5, Test LM15 and Test SLM®b) are
reorganized andisted in below tableFor model 1pinv solver andim.fit.sparsesolver can both provide

excellent results where the most deviation is around 1%. For model 2, both solver are bad in terms of provid

shear force result©nly Im.fit.sparsesolver can provide accurate displacement resultsrdsdrofmodels,

thebothsolvess cannotprovide accurate resulits the most cases except displacement results of model 4 and

model 5 and bending moment results of model 3.

Table42: Comparison between pinv solver dnufit.sparsesolver results

nldr?]%ir Test | Model 1 | Model 2 | Model 3| Model 4 | Model 5
10*10 P -0.4%
P -0.8% -0.71%
20720 | LM 0.7% | 1.13%
Displacement (m) SLM 0.7% | 0.00%
30430 M -0.4%
SLM | -0.3%
% LM -0.1%
°0"50 5 v T 0.2%
10*10 P -3.8%
P -1.0%
20%20 | LM -1.0%
Bending moment (kNm/m) SLM -1.3%
30430 M -0.4%
SLM | -0.4%
. LM 0.0%
°0%50 5 v 0.0%
10*10 P -2.1%
P 0.0%
20*20 | LM -0.1%
Shear force (kN) SLM | -0.4%
30%30 LM -1.3%
SLM 0.0%
% LM -0.2%
P00 g m 0.1%

4.9 Comparison betweetiive-point difference approximation and twmint difference
approximation test ressit

The results of tes usingfive-point difference approximatio(rest AR5, Test ALM15, Test BR15, and
Test BLM1-5) and twepoint difference approximationTést R15 and Test LM15,) are reorganized and
listedin below tableA few bending resultprovided bylsmr solverwere improved where their deviatiaras
dramatically reduced (Test AR2 & Test BR2) the contrast, unddm.fit.sparsesolver somebending
moment results have a larger deviation ( Test ALM3 & Test BLM2). For rest of rethdtexpected
improvement on the accuracy fiye-pointapproximation are not clearhere is no significant inget can be

found for the most results.

Table43: Comparison betweelive-pointand twopoint difference approximation resulisrar solver)

Model

Number Test | Model 1| Model 2 Model | Model
of nodes 3 4
Displacement 20*20
(m)
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30*30

50*50

20*20

Bending moment
(KNm/m)

30*30

50*50

20*20

Shear force (kN)

30*30

50*50

12.12 | 20.01 9.42

1491 | 17.52 8.41

11.98 | 27.52 | 13.92
15.96 | 176.45| 110.46
13.07 | 2252 | 11.62
12.90 | 33.40 | 16.82
26.25 | 105.23 | 34.83
27.53 | 54.57 | 17.56
27.09 | 47.86 | 15.60
25.93 | 93,57 | 31.02
26.35 | 57.68 | 19.07
26.58 | 49.13 | 16.01
5.33 2.08

5.17 2.34

5.31 1.59

5.33 1.90

5.24 2.35

5.30 1.58

Table40: Comparison betweeiive-pointand twepoint difference approximation resulien(fit.sparsesolver)

Number
of nodes
20*20
Displacement 30*30
(m)
50*50
20*20
Bending
moment 30*30
(KNm/m)
50*50
20*20
Shear force "
(kN) 30*30
50*50

Model 1 | Model 2 | Model 3
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Di scussi on

Thissection aims to discuss whether the objective of this project is fulfilled by analyzing the obtained resul
First, the accuracy, reliability, and efficiency of shell code are validated by reviewing the results an
comparison. The sparsity, condition nuempband rank number are calculated for checking the quality of
generated matrices. Then the factors affecting shell code results and the mechanism behind them are
shown. There are five possible factors affecting shell code results have been disotissiedthe number of
nodes, type of matrix, type of solvers, difference approximation methods, number of iterations. The simplici
of code structure is also discussed by showing the coding process of how to simply apply the new shell the
equation. Irthe end, the final discussion is made on the possible improvement and further research.

5.1Accuracy, reliability, and efficiency

a) Accuracy

The shell code results should bear the three characteristics: accuracy, reliability, and efficiency. Accure
means compared to the general finite element results the local and global deviation of shell code results sh
be in a reasonable range. Speailiy, it requires shell code not only can produce a good estimation of extreme
values in a local area but also can correctly descript the overall behaviour of the tested models globally.
that discussion on the accuracy is not only on the deviationroéncal values, but also on the distortion of
contour lines, and edges results.

As mentioned in section 4.6, the overall comparison clearly indicated that the deviation of shell code rest
is large for most cases. Only for model 1&2 when ubimfjt.sparsesolver, the shell code can produce results
with a small deviation less than 15%. Especially the displacement results, in this case, are generally equs
finite element results (deviation is less than 1%). For moe®lvwihen usinglm.fit.sparsesoler, the
displacement results have a small deviation less than 15%. However, for bending moment and shear ft
results, the deviation of extreme values is up to 90%. In some casedsosisgiver, the maximum deviation

can even reach 22000%.

To bette illustrate the shell code displacement results, actual deformedssiiapedels are generated based
on the displacement resultg,(, Uy, u,). The displacement results from Test Li8%re used to add to the

undeformed geometry shapes to show actual deformed shape. The color map of shapes is determined b
value of total displacemertly;. From the general perspective of observing deformation, the shell code anc

finite element softwargive quite similar results in terms of extreme values and general deformed shape. Th
actual deformed shapes by shell code results share some importhaatkess with the finite element results
(Figure 40. For example, the boundary behaviors under various definitions including fixed edges, pin edg
andfree edges are correctly described. The concertation of displacement at free nodes and distortion of r
grid are also shown in both shell code and finite element results.

Utotal Utotal
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2.000e-04 1.200e-04
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1.200e-04
8.000e-05
4.000e-05
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4.800e-06 e
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0.000e+00

1.800e-02

1.500e-02

1.200e-02

9.000e-03

6.000e-03

3.000e-03

0.000e+00

Model 4 Model 5
Figure 39:Actual deformed shape of models by shell code results (Tesb)LM1

Model 4 Model 5
Figure 40:Actual deformed shape of models by finite element solution (&@jikeer 19)

The distortion of contour lines is common among the results when lssingolver(Test R15, Test SCL5,

Test SU15, and Test SEB). At the boundaries of those moddlrge displacement existed at corners and
edges where the predefinedubdary conditions do not allow. As shown in those plots the displacement
contour lines are usually jagged alongside the free edges of model. For better illustration of thap)ate

from Test R15 are reconstructed into 3D surfaces with projection in horizontal directions¢ 49 as a
representative of them. The results of other testhiniigve a few differences in the extreme values but they
share similar distorted boundary behavior. From those horizontal projections, it is clearly be observed tl
larger displacement existed at pinned and fixed edges where no displacement shouldlapgeadges lines

are distorted into the shape of sine waves. The crests of sine waves are usually local at mid of edge lines
the corners of model 1, the displacement is even below the permitted edge lines. And for the free edge:
model 4 and modd, the edge line should be in sine wave shape instead of the current flihkngbove
features can be more obvious in the comparison of the results of Tesh (fjure 49. The projections of

u, plot from Test LM 15 show that the defined boundary conditions are clearly and correctly expressed ¢

edges when usingn.fit.sparsesolver And thelsmr solver did not achieve this.
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3D uz: Max value=-7.142e-06 3D uz: Max value=-0.000153862 3D UZ: Max value=-0.003051605
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Figure 49: 3D surface and projections of uz plots from TestR1
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Figure 42: 3D surface and projections of uz plots from Test t1

To better illustrate thedge results obending moment and shear force, bending moment diagram and shea
force diagram is plot alongside the edges of modetpire43, Figure 45. The corresponding finite element
edge results are also shoviagure 44 Figure 4§. The extreme values from those plots are collected in below:

Table45: Comparison between bending moment mxx edge results
Model 1 | Model 2 | Model 3 | Model 4 | Model 5

Shell code 0.0034 5.519 0.00396 2.59 8.927

Bending | (M&X) | Finite element| ¢ 07 | g319 | o459 | 5044 | 9531
moment mxx solution

edge results Shell code | -0.00587| -0.0178 | -0.0012 | -0.221 -0.642

(kKNm/m) | (Min) | Finite element
solution

-0.00027| -0.08152| -0.00224| -1.237 | -0.6037
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Table46. Comparison between shear force vx edge results

Model 1 | Model 2 | Model 3 | Model 4 | Model 5
Shellcode | 3.3631 | 15905 | 0571 | 8.886 | 13.311
Shear force v 1) F'”;tglli'iirr?e”t 3376 | 27424 | 2328 | 30.297 | 30.911
ed(?(eN;%”'tS Shellcode | -3.3631 | -11.409 | -0571 | -0.594 | -1.704
(Min) | Finite element| 3 305 | 17915 | 2328 | 23351 | -4.17
solution

Table47: Deviation of Test LMb overall bending moment & shear force results (m=n=50)

Model 1 Model 2 Model 3 Model 4 Model 5
Bending moment 0.00% 3.94% -1.61% -20.53% -19.54%
Shear force -0.18% -13.20% -75.85% -92.02% -75.11%

The above comparison indicates that the shell code edge results basically do not comply with the finite elenr
results in terms of extreme values except the shear force edge results of model 1. Overall considered, the -
code has underestineat the edge results numerically. For instance, the shell code gives the maximum she
force at the edges of model 2 as 15.9 kN/m which is dramatically lower than finite element results of 274.
kN/m. Such underestimation also occurred for the entire m@dethown ifTable 43but to a smaller extent.

Meanwhile, the shell code bending moment and shear force results are more likely concentrated at corn
For example, the finite element results are generally smoothly varied alongside edges except for bend
moment results of model 1 and shear force results of model 2. The concentration at corners is almost sh
on every model in the shell code resultadAalso the shell code edge results is jagged for most models.

mxx edge result mxx edge result mxx edge result

© PN w & o

0.8
1.0 0.0

Model 2
(max: 5.519, min:0.0178)

0.8
1.0 0.0

Model 1
(max: 0.0034, min:0.00587)

mxx edge result

(max: 0.00396, min:0.00120)

mxx edge result

0, 0.0 0, 0.0

Model 4 Model 5
(max: 2.590, min:0.221) (max: 8.927, min:0.642)
Figure 43:Bending moment myedgeresults by shell code (Test LN61 m=n=50)

53



I
“”“”“”Hmn |

0.08152

Model 1

Model 2 Model 3
(max: 0.0007, min:0.00027) (max: 6.311, min:0.08152) (max: 0.0459, min:0.02244)

Model 4 Model 5
(max:5.044, min-1.237) (max: 9.531, min:0.6037)
Figure 44:Bending moment myedge results by finite element solution (SCIA Engineer 19)
vx edge result

vx edge result

vx edge result

0.0

0.2
0.4
%% o8
- 10 0.0

Model 1
(max: 3.3631, min:3.3631)

vx edge result

(max: 15.905, min:11.409) (max: 0.571, min:0.571)

vx edge result

Model 4 Model 5
(max: 8.886, min:0.594) (max: 13.311, min:1.704)
Figure 45:Shear force vedgeresults by shell code (Test LM m=n=50)
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Model 1 Model 2 Model 3

(max: 3.376, min:3.376) (max: 274.240, min:17.915) (max: 2.328, min:2.328)

Model 4 | Model 5
(max: 30.297, min:23.351) (Max: 30.911, Min:=4.17)
Figure 46.Shear force vedye results by finite element solution (S@&#gineer 19)

In conclusion, the shell code can only produce accurate displacement results (deviation is less than 15%) w
usinglm.fit.sparsesolver. The distortion of contour lines is common among the results wheramsiisglver.
In terms of edge mailts, the most of them is incorrect as they are significantly underestimated.

b) Reliability

The reliability means obtained results are exanimated through various methenasd possible numerical
error as muctaspossible. For example, a singularity check has been made to ensure those extreme val
were not collected at those unrealistic peakéinite element models, it is possible that a few extreme values
of finite difference models tend toward an infiniewe as the result of a potential computational error. Such
a phenomenon is also likely to occur in finite difference models. The singularities should be excluded fro
normal extreme values otherwise they might compromise the validity of the comparesdreofe values in

the above section. To do that, the top 100 maximum values and minimum values from TéstbMTest

R1-5 are collected and plot in belofiFigure 47 & Figure 48) to show whether there is any spike in the
distribution of extreme valuesh& absolute maximum values from finite element resulfSaifle 18are also

plot as a comparison. Generally speak, there is no such spike showing extreme valuestdrahtoviinite
value. Among those plots, there are three major spikes in terms of variating extreme values: shear force re:
of Test LM2, bending moment results of Test LM4 and bending moment results of Test R2. Compare to t
overall variation of exeme values among the 100 nodes, those spikes indicate a rapid variation in values f
a small number of nodes. However, the extent of such variation is far from the trend toward an infinite valt
In the summary, there is no singularity has been fountbisetresults.

55



uz: Max & Min values

0.000000 +

—0.000002

—0.000004

—0.000006 -

—0.000008

—— Max values
Min values
—— Finite element results

—0.000010 4

o] 20

40 60 80 100

0.

—0.

—0.

—0.

—0.

mxx: Max & Min values

vx: Max & Min values

04

14

.24 —— Max values
Min values

—— Finite element results
3

4

—— Max values
Min values
—— Finite element results

60 80 100

a) TestLM1

uz: Max & Min values

mxx: Max & Min values

vx: Max & Min values

0.00000 4

—0.00005 -

—0.00010 4

—0.00015 4

—0.00020 +

—0.00025 4

—0.00030 -

—— Max values
Min values
—— Finite element results

—— Max values
Min values
—— Finite element results

—— Max values
Min values
—— Finite element results

0 20

T
40 60 80 100

T T
o] 20 40 60 80 100

T
60 80 100

b) Test LM2

uz: Max & Min values

0.00010

0.00005

0.00000 4

—0.00005 -

—0.00010 -

—0.00015 4

—_—

—— Max values
Min values
—— Finite element results

—0.00020 1

0 20

40 60 80 100

0.20 1

0.15

0.10 4

0.05 1

0.00 4

—0.05 4

-0.104

-0.151

mxx: Max & Min values

_‘K

—— Max values
Min values
—— Finite element results

vx: Max & Min values

2.5

2.01

0.5+

0.04

—0.54

—— Max values
Min values
—— Finite element results

60 80 100

c) TestLM3
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Figure 47: Plots of top 100 maximum and minimum values from Test% khi=n=30)

56



uz: Max & Min values

vx: Max & Min values

mxx: Max & Min values

0.000002 4 3] 0.04 \ —— Max values
Min values
0.000000 4 5 —— Finite element results
—0.14
—0.000002 1 14
—— Max values —— Max values 024
—0.000004 1 I\'!ln values 04 Min values
—— Finite element results —— Finite element results
14 —-0.34
—0.000006 -
-2
—0.000008 —0.4 4
-3
—0.000020_ . . : : . : : . y . -054+ . : - .
0 20 40 60 80 100 20 40 60 80 100 0 20 40 60 80 100
uz: Max & Min values mxx: Max & Min values vx: Max & Min values
ooo00s{ 6
0.00000 4 2] 51
—0.00005 4
21 10
_0.00010 4 —— Max values —— Max values
Min values Min values
—0.00015 4 —— Finite element results —— Finite element results
54
—0.00020 e
—0.00025 4 —— Max values ol
Min values
—0.00030 § —— Finite element results

T
0 20 40 60 80 100

T
20 40 60 80 100

b) Test R2

uz: Max & Min values

vx: Max & Min values

mxx: Max & Min values

0.00015 |
15 4 —— Max values 64 —— Max values
0.00010 4 Min values N!ln values
10 4 —— Finite element results —— Finite element results
0.00005 4
5
0.00000 —— Max values 2
Min values 04
—0.00005 4 —— Finite element results
-5 04
—0.00010 +
~104
—0.00015 A o]
~154
—0.00020 4
0 20 40 60 80 100 20 40 60 80 100 o] 20 40 60 80 100
uz: Max & Min values mxx: Max & Min values vx: Max & Min values
'\\x 54 30 4
0.000 44 259
34 204
—0.002 15 4
—— Max values 24 —— Max values — Max values
Min values Min values 101 Min values
—0.004 4 —— Finite element results 1 —— Finite element results —— Finite element results
54
04
—0.006 o
14 -5
—0.008 Y| -10
T T T T T T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100 20 40 60 80 100
uz: Max & Min values mxx: Max & Min values vx: Max & Min values
10 40 4
0.000
84
—0.002 1 29
64
—0.004 —— Max values —— Max values 204 —— Max values
Min values 44 Min values Min values
—— Finite element results —— Finite element results —— Finite element results
—0.006 q 104
2
—0.008 | o4 0
—0.010 1 -2

o 20 40 60 80 100

20 40 60 80 100

e) TestR5

Figure 48: Plots of top 100 maximum and minimum values from Te& ®E=n=30)
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c) Efficiency

The efficiency means shell code can produce results in a fast and economic way. thedéames spending

and memory usage of shell code is competitive when compared to some popular commercial finite elem
software. Here SCIA Engineer 19 is selected to solve those model problems. The model data used in SCI
the same as the shell code rmabdonfiguration (Table 9). The computational time and memory usage of
computation activity of SCIA was recorded as below. Since lack of a direct method for measuring the runni
time of SCIA, the time was measured in approximated way manually. It i®abkcthat the computational
time and memory usage of this finite element software is only related to the number of nodes.

Table48: Memory usage and time by finite element softwafalA Engineer 19

Number of 20%20 30%30 50*50
nodes
Memory | .| Memory | .| Memory | .
usage usage usage
Model 15 | 231MB | 1s | 241MB | 4s | 274MB | 6s

The memory usage of shell code and spent time at the solving step were recorded and listed below. ove
considered, the shell code uses less memory but more timgpdittdime of shell code is significantly higher
than that of SCIA and it increases mhatically as the number of nodes increases. The highest memory usag
of shell code is only nearly half of finite element software. The memory usage of shell cotemwgblver

is increased by 23% when as the number of nodes increased from 20*20 toAt@d50ere is no significant
difference appeared in memory usage at the solving step when a different input matrix is used. The mem
usage at the solving step seems only related to number of nodes regardless of type of matrices and sol
However, thespent time is significantly higher as the input matrix of the square sparse matrix is used in mo
scenarios. The input square matrices generated by the undefined node method and central node methoc
to generally higher time spending for all five mtsd€rest SU, SC). On the contrary, the results of Test SE
and Test SLM indicate that spent time at the solving step is sensitive in aonedétd way. When test
models are flat plate square (Test SE1, 2 & Test SLM1, 2), the spent time can be ordy2&fbunf that of
canopy models (Test SEB& Test SLM35).

Table49: Memory usage and time by different solveshell code

Number of nodes 20*20 30*30 50*50
Solver type Type of input Memory Time Memory Time Memory Time
matrix [M] usage usage usage
Rectangular sparsg 98.8672 104.0859 120.9961
matrix MB 0.897s MB 2.154s MB 10.105s
Square sparse matri 98.8008 103.5820 120.6719
Test SU. SC MB 5.046s MB 11.410s MB 72.991s
(
Square sparsmatrix | 97.5430 102.4844 118.7852
Python (Test SE1, 2) M | 37335 mB 8.115s | " yg | 220938
solver:lsmr | Square sparse matri 102.6445 119.7070
(Test SE3) / / MB 17.1068s MB 31.699s
Square sparse matri 102.8359 119.6328
(Test SE4) / / MB 10.130s MB 89.229s
Square sparsmatrix 102.8359 119.7578
(Test SE5) / / MB 13.279s MB 97.949s
Recw:q%‘:r'i‘")‘(r SPars8 147.3MB| 1.63s | 148.9MB | 4.19s | 153.9MB | 24.6&
Square sparse matri 111.9023 115.2969 115.3047
(Test SLM 1) MB 4.863s MB 5.568s MB 8.106s
R solver: Square sparse matri| 111.8125 115.5742 141.3125
Im.fit.sparse (Test SLM 2) MB 6.365s MB 5.763s MB 8.293s
Square sparse matri 114.6328 135.4336
(Test SLM 3) / / MB 8.460s MB 27.723s
Square sparse matri 114.6328 135.4336
(Test SLM 3) / / MB 8.460s MB 27.723s
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Square sparse matri 113.6367 135.7070
(Test SLM 4) / / MB 8.502s | "\ 5" | 26.590s
Square sparse matri 118.3633 130.5742
(Test SLM 5) / / MB 8.988s | T\ 50 | 28.346s
10*10 20*20
Python Rectangular matrix | 131.375 148.2656
solver: pinv | in Python array form  MB 1413 MB 453.638s

5.2Matrix quality

a) Sparsity

In order to show the quality of matrices generated by shell code, the rectangular matrices and square matt
produced by equation replacement method were checked. The first property checked is sparsity whict
defined as the fraction of zero elementsaimatrix. According the calculation, the sparsity of rectangular
matrices is basic same to square matrices. So that Bajome 57only shows how the sparsity is varied with
different number of nodes for each model. As the number of nodes increased, spessitywly from lowest
value of 99.99675% to highest value of 99.99951%. Since theerorelements are generally distrilzlitan

the local diagonal lines of matrix, the number of zero elements increase in a faster way with larger matrix si
Despite the different boundary conditions of each model, the sparsity is the same for the models that use s
geometry shape (Flat sqeashape: Model 1&2, Canopy shape: Mod&)3As shown in below figure, the
sparsity of model 1 and model 2 is generally equal. Mod&lsil80 share the same sparsity.

100.00000%
Model 2

Model 3

—©-Model 1
Model 4
—%—Model 5

99.99950%

99.99900%

99.99850%

Sparsity (%)

99.99800%

99.99750%

99.99700%

(@)

Number of nodes

99.99650%

20*%20 30*30 50*50

Figure 57: Sparsity ofmatrices
b) Condition number

The second property checked is the condition number for inversion. For rAgtixe condition number is
k(A):|| A”H NH. For a system of linear equatioA§x &, the condition number of matrif can be viewed

ly- X

X

as a relative error magnification fac{@line et al, 1979) The error in solution is which satisfies

the below expression:

ly- ¥

Iy- 4 = 4.

ALl o) ?A By b=y

where € is the relative error inA, Y is the perturbed solution of the linear systelm,represents the
perturbation of matridA.

The upper bound of error in sal x is determined by the condition number and relative error of ma#rix
The same upper bound was also found if perturbation exists in \ector
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wheref is the relative error i, Y is the perturbed solution of the linear systemepresents the perturbation
of vectoib.

The derivation of above relation depends on inequabiy: | ||| - However, wherk (a) is large, this

relation is very weak for almost dil In summary, the upper boundesfor in solutionx is mainly determined

by the error in matriXA and the condition number 0. A higher condition number can magnify the error
in marix A so that error in solutior is more likely higher. It is noticeable that tpeecondition ofthis
conclusion isthat the linear system is solved by matrix inversion. Although only part of test resdts
obtained through matrix inversion, the condition number can be still used to measure the how sensitive
solution is to the perturbations in matri.

The condition number of rectangular matrices used in Te& &1d squa matrices Test SE3 was obtained

and plot in below figuresHgure 58 Figure 59 . Due to I imited capacity o
models in condition number calculation was lower than actual model used in tests. The data of those figu
can be found in Annext@ble 49 Table 50. For all matrices, the condition number increases with the number
of nodes othe model. The condition number of model 4 is nearly equal to that of model 5 regardless of typ
of matrices. The condition number of the matrix shows a relationship that varies with the type of model. F
rectangular matrix, condition number of modetwdel 1 > model 2 > model 3 > model 4 = model 5. For
square matrices, condition number of models: model 3 > model 1 > model 2 > model 4 = model 5. The low
condition number is 6.46e+15 and the highest condition numige83&+16 Regardless of type of atrix,

the condition number is much larger than 1. Those matrices can be saitbaslitioned and they are almost
singular. Finding the inverse of such matrices or soluticsuoh linear systems is highly possible to end up
with large numerical errors.
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Figure 50: Condition number afectangularmatrices| Figure 51. Condition number of square matrices

c) Rank number

Another property checked is the rank number of ma#fixThe rank of matrix is equal to length of a longest
linearly independent list of columns (or rows)roétrix (Johnson and Horn, 1985jor a system of linear

equationsAX b, if the rank of A is equal to the rank of augmented ma@l%b , the system is consistent

which means there is at least one solutionfolhe rank number of rectangular matrices used in Tesi R1
and square matrices Test S&Eivas obtained. The rank number as a percentage of the total number of row
of solutionx is plot in below figuresKigure 6Q Figure 6). The data of those figures can be found in Annex

(Table 51 Table 52. Therank of augmented matrigA{ b for those tests was also obtained. It has been found

thatrank of A is equal to the rank of augmented ma@lékb for all tests.
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As shown in below figures, the rank number of matrix is reduced with higher number of nodes. For rectangu
matrices, percentage of rank number of models: model 5 = model 4 > model 3 > model 2 > model 1. F
square matrice percentage of rank number of models: model 5 = model 4 > model 3 > model 2 > model
Regardless of type of matripercentage of rank number is less 100% for all models which riezseslinear
systens solved shell code has infinitely masglutions
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5.3Possible factors affecting shell code results

a) Type of matrix, difference approximation method, type of solver

In the above result sectiom.7, 4.8, 4.9), several comparisons have been made on numerical results in orde
to investigate three factors specifically including the type of matrix, difference approximation methods, ar
type of solver. Those are factors previousisussed to play an important role in affecting shell code results.

However, those numerical result comparisons indicate that not every factor can significantly affect the resu

For example, the comparison between Rectangular matrix test and Squaxaasbtdasult shows that many
results remain near equal regardless of the type of matrix, as shdwgure 39andFigure 40 No matter

what method was used to produce square matrix, the most of square matrix results remained nearly unchar
Meanwhile, the expectathprovement on the result accuracy brought by square matrix was only observed o
few displacement results with a small extent. In the most cases, rectangular matrix gives better results but
in a small degree.

In the comparison of results Bfe-point and twepoint approximation methods (sectigh9), the expected
improvement on the result accuracyfime-point approximation depends on model type. For modéyjee

A five-point approximation methods given the best bending moment results lsndesolver (Figure 43.

For model 4 & 5, the deviation of displawent and bending moment results was significantly reduced by
applying five-point approximations unddsmr solver fFigure 44. In those results, Type Bpproximation
provided more reduction on deviation. For the rest results Usdersolver and the most results under
Im.fit.sparsesolver,regardless of the type of approximation method, shell code has given nearly identical valu
The expected improvement on the result accuracy has been only found for limited cases. Specially for res
underim.fit.sparsesolver,five-point approximation een dramatically increase the deviation. It indicates that
the truncation error reduced Hive-point approximation method did not play a significant role in affecting
the accuracy of shell code results.

The results opinv solver andm.fit.sparsesolver have shown better numerical accuracy thaisthesolver

in almost all cases (sdeb). In the comparison between resultpwivandim.fit.sparsesolver, the piv solver

gives better displacement result and bending moment only for model 4 of 20*20 nodes. In rest cases, p
solver andm.fit.sparsesolver gives results in similar level of accuracy.
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b) Number of nodes, number of iterations

The effect of other faots including number of nodes can be found in the overall comparison (s&gidn

finite element software, higher number of nodeserally brings more accurate results. The improvement on
accuracy can be found in many resufgy(re 27 Figure 28, Figure 32 Figure 33 Figure 34 Figure 37
Figure 3§. They are displacement and bending moment results of model 4&5 and shear force results of mo
1&5. However, the opposite hasen foundn many displacement and bending moment resfitsodel 1&2
(Figure 24 Figure 25 Figure 26 Figure 29. As shown in those figures, the deviation of shell code results
was increased as the number of nodes griMhile another factor that can be found in the overall comparison
is the model setting. It is obvious that the results of models 1&2 (flat square shape) are less deviated on ave
compared to the results of modets 8canopy shape). The highest déwia of results of models 1&2 is less
than 400% while many results of models Bave deviation over 1000%.

Another factor is the number of iterations femr solver It is equal to the number of columns of matéx

for the linear systetACx b in default If the number of nodes is 20*20, the number of iterationgsfar
solver is210nn=21 ZD 203840. In order to investigate the effect of this factbess R1, R3, SE1, SE3 with
20*20 nodeswere recalculated by manually changingmber of iterations ranged from 8400*0.01 to
8400*100. The deviation of those results is shown in below figligsife 62 Figure 63 Figure 64 Figure

65). The data of those figures can be found in Anfleable 53 Table 54 Table 55 Table 5. Those data
clearly shows thdsmrdid not give the most accurate results under default setting. For model 1 (Test R1, Te
SE1), the deviation afesults can be reduced to less than 1% as the number of iterations increases by 1
times. For model 3 (Test R3, Test SE3), the deviation of results is dramatically lower with increasing numk
of iterations. However, the deviation of displacement ressilssill around 200% at 8400*100 iterations. A
higher number of iterations can help to improve the numerical accuracy but to a different extent for differe
models.

8400%0.01 8400%0.1 8400*0.2 8400%0.5 8400 8400*2 8400*5  8400*10 8400*100 8400%0.01 8400%0.1 8400%0.2 8400%0.5 8400 8400%2  8400*5  8400*10 8400*100
3000 8 .
Number of iterations

2500

2000

1500

1000

s00

Deviation (%)
F
1

80 0

90 500
—*—uz mxx VX —*—uz mxx VX

: L _ Figure
Figure 54: Deviation of Test R1 results bycreasing | 55; Deviation of Test R3 results by increasing numbe
number of iterations (m=n=20) iterations (m=n=20)
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Figure 56: Deviation of Test SE1 results by increasin¢ Figure 57: Deviation of Test SE3 results by increasin
number ofterations (m=n=20) number of iterations (m=n=20)
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c) Unit systems

In shell code, the unit system is determined when set up model paraetnsvhile, different unit system

can leada difference in several orders of magnitude for the numerical values of those parameters, th
affecting the numerical values of the maglgmentsFor the models in pervious tests, the unit of force is kilo
Newton (kN) and the unit of length is meter (m). In engineering practices, another unit system is widely us
which is Newton for force (N) and millimeter for length (mm). In ordemigestigate the effects of value of
matrix elements on the calculation, this unit system with another new unit system was used forSTasti R1
Test LM 15. The new unit system uses 10 meters (10m) for length and kilo Newton (kN) for force. It is nc
designed for practical use but merely for changing the value of matrix elements in a different way. The valu
of model parameters with different unit system are shown in below:

Table46. Model parameters by different unit systems

Model 1-2 Model 35 All models
(kN, m) unit p=10kN/nf,
system | =Im,t=0.06m | =12m,t=0.06m,a=2m | E=217°10 kN /nf
(Default) EG £26 10 kN /m
EAG® #.536 13 kNm
_ p=10 3103 N /mnf,
(N, mm) unit | =2000nm, t =60mm | =12000nm, t =60mm, E=21ad N /mn?
system a=2000mm EG £26 19 N /mm
E&@ 2536 139 Nmm
p=10 3¢ kN /10nf
(N, 10m) | 01 10n,t=0.006 160 | |~1210NE=0.00610, o5y 08 kv jaan?
unit system a=0.210m Ed £26 18 KN /10n
EG® #.536 10°3 kN 10r
Shell curvature: Shell curvature:
= 1
ko= Kyy Kyy © o= by Dikyy =
Laméparameters: . )
For all unit | | Laméparameters:
system | =34 g ag=——, 3 £2
) m-1 n -1
In plane curvature: )
K=k B In plane curvature:
X~ Ry ky = ky 0

As shown in shell code sectiof3.4, 3.5) the value of matrix elements is directly determined by value of
model parameters (length, thicknesst, radiusa, Young's modulusE , load P). When adding ¥
equations, if there are components of first order derivative, the values of matrix element is determined by
finite difference approximation where the Laméparametgysand ay are involved. Those elements take up
about 70% of total. Higher numerical valuelehgth| leads higher numerical value baméparameters

which means smaller values of matrix elements for the approximated dexi{sge sectioB8.3). For some
components involving shell curvaturegher numerical value of radiusleads to lower values of shell

curvaturekyy which also contributes lower values of matrix elements. When addimgfitutive equations

(seeTable ), the value of matrix elements is determined®d and e &3 whereYoung's modulusE a and
thicknesst are both involved. For other elements that are not involved BAlh e &3, shell curvaturekyy

and finite difference approximation, their values are remain unchanged regardlessystanmiss

As shown in above table, compared the default (kN, m) unit system, the (N, mm) unit system brings higt
values of length, thicknedsand radiugand lower values of Young's modulsand loadp . It means under
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(N, mm) unit system the elements of matrix [M] has lower value when they are produced by finite differenc
approximation. The matrix [M] und€kN, 10m) unit system is the exact opposite where those elements have
higher value. While for the elements produced during adclmgtitutive equations, only a few of them has
higher values undefN, mm) unit systensince EQ is nurrerically equal to pervious one bt &3 is
dramatically higher. UndgkN, m) unit system, higheE @ and lower e &3 makes some of these elements
have higher values and some have lowere&lin summary, applyin@N, mm) unit system can lead to the
majority of elements of matrix [M] has lower value and a few elements have higher vghpgsng (kN,

10m) unit system means the opposite where majority of elements has higher value whideantents have
lower values.

The deviation of Test R: and Test LM15 results under new unit systems was calculated and compared
results with default unit syste(seeFigure 66 Figure 67 Figure 68 Figure 69 Figure 7Q. The cta of new

test results can be found in Ann&able 57 Table 58 Table 59 Table 6Q. In order to display the results in
details, only deviation betweeh00% and 100% is shown in those plots. Overall considered, no matter wha
unit system is used, deviation of most of results is not reduced but incréasedeviation of Test LMb
results under new unit systems is considerably higher compared those under default unit system. The hig
deviation of Test LM15 under default unit system was below 100% but many new unit system results wer
over that. It isalso true for Test RS where deviation of the most of new unit system results were over 100%.
The only exception is the results of Test R1 under (kN, 10m) unit systerri¢eee 66. The deviation of
those results was lower than the default unit system results. In conclusion, no matter it makes matrix eleme
have higher or lower values, applying new unit systentg cause more deviation in the mosses.

Test R(N.mm) BN Test R(kN.10m) BN Test LM(KN,m)
Test R(kN.m) B Test LM(N,mm) B Test LM(N,10m)
Result Comparsion Model 2

| t R(N.mm) B Test R(kN.10m) BN Test LM(KN,m) |
st R(kN.m) B Test LM(N.mm) B Test LM(N,10m)

Result Comparsion Model 1

[ L g
"y -25

~100

.
50 50

1 I

1! I

Figure 58: Deviation of model 1 resultwith different
unit systems

Figure 59: Deviation of model 2 resultwith different
unit systems
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Figure 61: Deviation of model 4 resultwith different

unit systems
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Figure 62: Deviation of model 5 resultwith different
unit systems

d) How do these factors work?

The factors discussed in above sections can be categized into two types: factors that alter the matrix (nun
of nodes, difference approximated method, unit system), factors that alter the solving process (type of sol
number of iterations). The numbmErnodes directly changes the size of the matrix, which dramatically altering
the quality of matrices. As shown in matrix quality secta® sparsity, conditionumber, and rank number

of generated matriceshow a strong correlation with the number of nodes. Regardless of type of model an
type of matrix, higher number of nodes increases the sparsity and condition number while rank number v
reduced. It indicatethat the approximated solution of linear systems with higher number of nodes is mor:
possible to having large numerical errors, which has been reflected in shell code results. When apply
different the unit systems, the value of the most matrix elerhestbeen reduced or magnified exponentially.
The altered matrix shows different properties (Begure 71 Figure 73. Matrices were even more rank
deficient if a new unit system was used. Meanwhile the condition number of matrices was higher with ne
unit systems. The only exception occurred for model 1 &2 where their conditionenwval lower when
using (N, mm) unit system. It could explain why only deviation of some model 1 and model 2 results wz
lower under (N, mm) unit system while other results deviation was higher with new unit system.

1.40E+17 100.00%
—©-Model 1 Model 2

1.20E+17 Model 4 Model 3 95.00%
—#%—Model 5

90.00%
1.00E+17

85.00%

8.00E+16
80.00%

6.00E+16
75.00%

Condition number
Rank number (%)

—-©-Model 1 Model 2
4.00E+16 70.00% Model 4 - Model 3
—#%—Model 5
2.00E+16 65.00%
Number of nodes
0.00E+00 Number of nodes 60.00% - : -
(N, mm) (KN, m) (KN, 10m) (N, mm) (KN, m) (KN, 10m)

Figure 63: Condition number of rectangular matrices| Figure 64: Percentageof rank number (%) of

with different unit systems (m=n=15) rectangularmatrices (A and gA b ) with different unit

systems (m=n=15)

Applying new difference approximation method also altered the matrices whose properties is shown in bels
figures Figure 73 Figure 74. The condition number of matrices withie-pointapproximation increased for
model 35 while decreased for model 1 & 2. These increases and decreases occur on a relatively small sc
The rank number withiive-pointapproximation has varied but also on a relatively small scale. Mathematically
the inherent numerical error brought by tpoint approximation is larger than that @fe-point
approximation. If such error plays an important inlaffecting deviation of results, the properties of matrices
are expected to be significantly altered by applying afmeapointapproximation. However, such alteration
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has not been found. It indicates that the finite difference approximation metasdadbhave a significant
effect on the shell code results.

1.00E+17 100.00%
—©-Model 1 Model 2
9.00E+16
Model i Model 3 98.00%
8.00E+16 —%—Model 5 A X\*\*
5
7.00E+16 | & 96.00% | =
= 2
6.00E+16 5 94.00% ;
5.00E+16 | & >
= 2000 =
4.00E+16 |Z 92.00% |2
3.00E+16 |~ 90.00% O
2.00E+16 *’/%/_H -6-Model 1 Model 2
88.00%
LOOE+16 ° ) Model i Model 3
0.00E-00 Number of nodes $6.00% Number of nodes —¥—Model 5
two-point Type A four-point Type B four-point two-point Type A four-point Type B four-point

Figure 65. Condition number of rectangular matrices | Figure 66. Percentageof rank number (%) fo
with different approximation method (m=n=15) rectangularmatrices (A and gAb ) with different

approximation method (m=n=15)

The most profound difference on shell code results was caused by the type of solver. However, due to the |
of information onlm.fit.sparsesolver, the specific details on how this solver has such an advantage stil
remains unclear. The possible reasdghtirelate to the sparse QR factorizatiorinmfit.sparsesolver and

the stopping rules itlsmrsolver. As illustrated i2.5section, applying QRatctorization to system matrix is a
necessary step for bolim.fit.sparsesolver andsmr solver. In normal QR factorization the system equation

AGx His converted toR T AT b= QT k where @ is orthonormal matrixand R is upper triangular matrix
andA= Q @. Theorthonormal matrix Q@ of an overdetermined sparse system cannot be found explicitly

whichcanadversely affect numerical precision of resulise computational error in this process is influenced
by the sparsity and size of the matrix. So that factorization of smaller matrices ceellddsacomputational
error than the factorization of ergimatrix. The general strategy for spai®® factorization is dividingA

into numbers of smaller matrices, . . Thefactorization of thosemaller matrices is computed individually

to the form the final resultf factorization of A instead ofapplyingfactorization directly to a large sparse
overdetermined system kssrsolver. So thatompared tdsmrandpinv solver,Im.fit.sparsesolver produces
results with much less deviation in oa. Like the number of iterations, the stopping rule of Ismr solver
could also adversely affect results. Three stopping rules mentio@esisection show that iteration will stop
when the residual of the final iteration is smaller than the stopping tole/ah€al. and BTOL. The default
stopping tolerance used in tests AgoL= BTOL 4 20 2 which meansrelative error inA andb is
assumingly equal to this valuk. order to show the effect of this factorseries of nevstopping tolerances
were used for Test R1&3 and Test SE1&3 and results aversim below figuresKigure 75 Figure 76 Figure

77, Figure 78. It shows that default stppg tolerance does not guarantee a lower deviation for every result.
The deviation of displacement results even increases with lower stopping tolerance used. For model 3,
deviation of shear force and bending moment results also grows as the stopgrizgce decreases. The
lowest deviation of results occurred at some point belefaultstopping tolerance and it is different for each
type of results. It indicates that the current default stopping tolerance is not the best setting to obtain
accurag results. In conclusion, the sparse QR factorization reduces computational lencbt. gparsesolver
results andmproper stop tolerance setting enlarge the errésrm solver results.
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Figure67: Tests orstopping tolerances in Isnsolver
for Test R1 (m=n=30)

Figure 68. Tests orstopping tolerances in Isnsolver
for Test R3 (m=n=30)

Stop tolerances (ATOL=BTOL)
1.00E-08 1.00E-10

e

-80 Byz Emxx VX

1.00E-06 1.00E-12

40

20

Deviation (%)

Stop tolerances (ATOL=BTOL)

1.00E-06 1.00E-08 1.00E-10 1.00E-12

1400
1200

1000

800
600 |
w00 |
200
0 ||

L

-200 Buz Emxx BEvx

Deviation (%)

Figure 69: Tests on stopping tolerances in Ismr solver

for Test SE1 (m=n=30)

Figure 70: Tests on stopping tolerances in Ismr solvel

for Test SE3 (m=n=30)

5.4Simplicity of code structure

One of the objectives of this project is the being able to easily modify the code structure ito attange
applied shell theory. In common finite element software, applying a different theory generally mear
switching the element type and user defined element usually is not allowed. Some sophisticate finite elem

software can do that but requireding and mathematic knowledge. Compared to them, the advantage of she

code is that it allows users to apply a new theory to models in a much straightforward manner.

In shell code, modifying shell theory equations can be achieved by directly deletiddiog code lines. For
example, if torsion behaviour of models is not considered whieguations is still wanted, it can be directly

achieved by mung the lines involvingshear strairgxy in the equation adding process. As shown in section

3.4, when adding equations to the models, each component of equation is added individually and of cou

can be removed individually.

for j in range(n):

# Add Sanders - Koiter equation 9 to the

matrix

SK equation 9 (removeyy ): for i in range(m):

row=row+1
Nyy + Nyx t M[row,nxy*m*n+*m+i]= - 0.5
T - 2( 147 Qy M[row, nyx*m*n+j*m-+i]= -05

# M[row,gammaxy*m*n+j*m+i]=k #muted
. NyytN
v Xy - YX_o
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for j in range(n): # Add Sanders - Koiter equation 15 to
the matrix
for i in range(m):
S-K equation 15 (removeéyy ): row=row+1 .
# M[row,gammaxy*m*n+j*m+i]= - 1 #muted

D1y(ux,1.0)
2k k k D1x(uy,1.0)

Mz HOdx Kotk Mlrow,uz*m*n+pm+il= - 2%xy(/(m - 1)j/n - 1))
M[row,ux*m*n+j*m+i] += -kx(i/(m - 1),j/(n  -1))
M[row,uy*m*n +jm+i]+= -ky(i/(m -21),j/in -1))

dux By

The whole equation or entire set of equations can be modified like this. It is possible to replace thekentire ¢
equations with another set of usifined equations. Users are free to adopt their own theory to solve mode
problems in the shell code.

5.5 Plate code and shell code

In the previously developed plate code (Li, 2020), three plate models have been tested whose results v
usually 10 to 20% lower than its analytical solution. The main conclusion was thaossible to solve plate
equations by only applying firgirder finitedifference approximation. The assumed computation error in
those results was suspected to be related to the programming error and solving method.
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6.Concl usi on

The goal of this projeatas to develop a workable algorithm that can solve shell model problems through the
finite difference method and understand hthe results carbe affectedThe finite difference results were
compared to finite element solut®nThe main conclusion ithat the selected version of thalgorithm
performs arelatively good analyes of the considered sheathodels.It produce displacement, shear force and
bending moment results for both the flat square shape and the canopy shape with various boundary condit
and load conditionsThis algorithm uses thin.fit.sparsesolver, @ overdeterminedsystemof equations
(rectangula matrix) and a five-point interpolation(version B). Aout 80% of shell code resultsatchthe

finite element resulta/ith adeviation less than 5%

Many factors have little influence on the computation results (displacement, membranexiornests, and
shear forces). Examples of these factors are the mathematic property of the (detgmnined or
overdetermined}he finitedifference approximation method, atié unit systemThe efect of those factors
has beennvestigatedwith sparsity conditional number, and rank numbertbé matrices. Those matrix
guality checks have shown the roniform way of changin conditional number and rank number of matrices
when those factors were monotonically altered. There is not a clear relatioashgeb those factors and
deviatiors of shell code results from corresponding teBtss means thaibtaining the best results by altering
those factors could a very casensitive andime-consuming task.

Sincein most cases the constructed matriegse ill -conditionel, the standard solvearumpy.linalg.solve
(Python) was not used.hfeesolvers have been implemented and comparad)py.linalg.IstsqPython),
numpy.linalg.pinPython),Im.fit.sparse(R). The latter is able to compute the 5060 grid, heeve this
solver is not easy to implemetdnfortunately, the results strongly depend on settings in the solving steps
such as the number of iterations and stop tolergiseesp 61,66). With the help of sparse QR factorization,
the best shell code results were produagdhelm.fit.sparsesolver. Somanumpy.linalgpinv solver results

can reach a similar level of numerical accuracy but it is more expensive in teims ahd memory usag

The boundary conditions have been implemented by adding equations or by replacing equations. The fori
leads to an over determined system the latter to a determined system of equations. There are no remar}
differences in computation results betwekese systems.

The discretization has been implementethioge pointinterpolation and bfive-pointinterpolation. Thdive-
pointinterpolation type B produces very promising resudee(pp. 33113). Sometimes an hourglass mode
occurs as a slight duolation on the resultsde p. 75, 77,80). The undulation changes with more grid points
but does not disappear. The undulation is strongest for determined systems.

Through numbers of tests and discussions, thing has been proviexithattheselected versioaf shell code

can solve shell model problesby solving Sanderskoiter equationswith finite difference methadThe
current best configuration ofalgorithm is using rectangular matrixwhich means describing boundary
conditiors by adding egations instead of replacing them, and usmgfive-point interpolation for
discretizationMany previously assumed important factors for affecting shell code results were actually les
significant. During the process of exploring the possible reasomsifoerical error in generated results, the
most tests are about changing the inputs of computation and they did not affect shell code significant
However, the most vital difference in results occurred under different computation méthodsasonable

to assume that there should be a more powerful mathematic tool for smivowvgrdetermined linear sparse
system. Maybe under further reseacttdevelopingmathematic toolsfinite difference method could be a
more promising and practical method $mlving model problems.
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7Recommendati on

As discussed in the above sectidihg solving method should beekey part of further improvement the
algorithm The correct solver settings are essential for the quality of results. In the current shetiatocte,
quality checks and solver settings were manually set up in previous tests. It is possible to build an iterat
process so that the solver can automatically alter its setting. The deviation of shell code results will be chec
and work asa referance for altering solver settings in the next iteration until deviation results is within an
acceptable range. It could help to find the best solvengsttor every case efficiently.

Another possible improvement is to find a new iterative solvarch can applya vector of weights in the
fitting process. The stop rules of current iterative solvers used in shelleodarfdim.fit.sparsé all consider
the residual, for the approximate solutiog, . Once it meets the preset stop tolerance, the solver will stop

and give results. This residual is calculategasp -ax, Where all the rows of system matri& are equally

involved. Howeverrows for equations describing boundary conditions are only accounted for less than 1¢
of the whole matrixThis means the boundary conditions might be not satisfied as the residual is low enoug
to meet the stop rules since the rest rows feregjuatiors describing model body dominates the resigjal

This might explain why distortion of results has been usually found on boundaries of model. This assum
vector of weights could manually increase theights of boundary conditioequations in calculating the
residual so that when residual meets the stop rules the boundary conditions are satisfied.

70



88Reference |1 st
M.

Amabi | i, (2003) O A c o mgnalitudesvibrations 6f cirsutaiecylihdricalh e o r
shell s: L a g r daurgal cd $ouna anpl Yilwadian TATT -, 264(5), pp. 10911125. doi:
10.1016/S002:260X(02)0138853 LK - https://tudét.on.worldcat.org/oclc/4924705977.

AssadiLamouki , A. and Krauthammer, T. (1989) O0ANn e
pl at e & angplterss&i ssudtyreklsevier, 31(4), pp. 48494,

Bernoulli, J., J. |(els7 89 )b réaHsi soanis tdhee oprliagquee ss werl a
Nova Acta Acad Petropoli$, pp. 19vY219.

Cauchy, A:L. (1828) O6Sur | 6equil i br e Exercisesde Mateonatigltee me n t

3(1828), pp. 328355.

Chladni, E. F. F. (1802)ie akustik Breitkopf & Haitel.

Cline, A.K.etal.( 1979) O6An estimate f or $lAveJoucnal ordNiurhericaln n
Analysis SIAM, 16(2), pp. 368375.

Davis, T. A., Rajamanickam, S.and&ica k hdar , W. M. ( 20 ktBodsfargparseur v e\
I i near Actadlumems, ppd 38B566.

Eul er , L. (1766) 6De Novicammentati acadenoiae scentiatrymmp anor unmn
Petropolitanae pp. 243260.

FernandezGranda, C. (2018)SGA 1013 / MATHGA 2824 Mathematical Toofer Data ScienceNew

York University Available at: https://cds.nyu.edu/mdtols/.

Fong,D.CGL. and Saunders, M. (2011) O6LSMR:uaAresi tperod
SIAM Journal on Scientific Computin§IAM, 33(5), pp. 2952971

Germain, S. (1826Remar ques sur | a nature, | es bornes et
et @uation généale de ces surfacesHuzardCourcier.

Johnson, C. R. and Horn, R. A. (198Batrix analysis Cambridge university press Cambridge

Kirchhoff, G. (1850)Uber das Gleichgewicht und die Bewegung einer elastischen Scheibe

Koiter, W. T. and Delft University of Technology, D. of M. E. L. of E. M. (19B6)ypose and achievements

of research in elastic stabilityReport Department of Meahical Engineering, Delft University of
Technol og-yiT-;Del@ BE32 U Ab | z . ; ... cm. : Del ft Univers
https://tudelft.on.worldcat.org/oclc/841152853.

Lagrange, J. L. (1828) O0Not e puxaelasurface@asti®e deembre Co
1 8 1 And. Chimie Physique&9(149151), p. 1828.

Li, C. (2020)Finite difference analysis of plate structur@elft University of Technology. Available at:
http://homepage.tudelft.nl/p3r3s/BSc_projects/eindrappbuiong_li.pdf.

Love, A. (1892) OA treatise on the mathemati cal
Marcus, H. (1932pie Theorie elastischer Gewebe und ihre Anwendung auf die Berechnung biegsamer
Platten Springer.

Navier, C. (1823) 038Bwdilettd nP Hielso ndacti lreingclees ddee R aar
O6Connor, D. (1985) O6Report on the Dublin matr.i
spar s e Inreedar Algebre and its Applicationdlorth-Holland, 68, pp. 271272.

Paige, C. C. and Saunders, M. (1982) OLSQR: An algorithm for ¢
S g u a AGMsTansactions on Mathematical Software (TOMEIM New York, NY, USA, 8(1), pp. 43

71.

Penrose, R. (1955) O6A g eMathenalical preceedings of ther Carmabridge r n
philosophical societyCambridge University Press, pp. 4863.

Poisson, SD. (1828)M®moi re sur | 6®qui |l i bre e.tF.Didi. mouvemen
Reddy, J. N. and Ger a,-dfference amhad/sisdof) bendidgrof thinmgetangwae d  f
el ast i Computessiara Stéuctures0(3), pp. 431438. doi: 10.1016/0043949(79)90018X.

Rei ssner, E. (1941) dAMnrsewoderiheatdied o Amadeacat loen @ d
Journal of Mathematics)ISTOR, 63(1), pp. 17184.

Sanders, J. L. (196@n improved firstapproximation theory for thin shellslS Government Printing

Office.

Sanders, J. L. (1f906r3)t hoiQummestychpiisdoMatiematio?1(lg, pp. 21

36. doi: 10.1090/gam/147023.

71



Sanders Jr, J. L. (1967) 60On the shell equation
Svoboda, J., Cashman, T. and Fitzgibbon, < (20
Efficient and Stabl e Sol ut i QUSIEBEWinterrConbeterecenan i n C
Applications of Computer Vision (WACWEEE, pp. 126B1272.

Szilard, R. T AT.T-(1974) O6Theories and Appl i cmericalams of
Engineering Methodso. Hoboken: Wiley [l mprint].
http://onlinelibrary.wiley.com/book/10.1002/9780470172872.

Thom®e, V. (2001) O6From finite differences to f
partial differentih e q u &@durnad of Godnputational and Applied Mathematit88(1 2), pp. 1 54. doi:
10.1016/S037-D427(00)0050-0.

Timoshenko, S. (1913ur la stabilitédes systénes dastiqued\. Dumas.

Ti moshenko, S. P. (1915) ©®OMdnlinstM\gys Canenfidd.ect i ons
Timoshenko, S. P. and Woinowskyieger, S. (1959Theory of plates and shellslcGrawhill.

Trefethen, L. N. and Bau lll, D. (199Rumerical linear algebraSiam.

Ventsel, E. and Krauthammer, T. T-AT-( 2001) | @éT@s napd shells : the:t
applicationsao. New Yor k: Mar cel - Dekker . doi: 10
https://tudelft.on.worldcat.org/oclc/54351771.

72



9. Appendi Xx

Rectangular matrix test plots

Test R], threepointinterpolation, flat square/erticalloading rectangular matrix
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Figure 71 Test R1 displacement uz resulis=(=20, 30, 50
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Figure 72 Test R1 bending moment mxx resuttsr{=20, 30, 50
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Figure 73: Test R1 shear force vx results§n=20, 30, 50

Test R2 threepointinterpolation, flat square/erticalloading rectangular matrix
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Figure 74: Test R2 displacement uz resutlis=0=20, 30, 50
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mxx: Max value=7.550217786
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Figure 75: Test R2 bending moment mxx resuitsr{=20, 30, 50
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Figure 76 Test R2 shear force vx resultefn=20, 30, 50

a) Test R3 threepointinterpolation, canopwerticalloading rectangular matrix
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Figure 77 Test R3 displacement uz resutis=(=20, 30, 50
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Figure 78: Test R3 bending moment nmesults (n=n=20, 30, 50
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Figure 79: Test R3 shear force vx resultsgn=20, 30, 50

b) Test R4 threepointinterpolation, canopwerticalloading rectangular matrix
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Figure 80: Test R4 displacement uz resulis=(=20, 30, 50
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Figure 81: Test R4 bending moment mxx resuitsr{=20, 30, 50
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Figure 82 Test R4 shear force vx results§n=20, 30, 50
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¢) RS, threepoint interpolation, canopy, normal loading, rectangular matrix
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Figure 83: Test R5 displacement uz resutis=(=20, 30, 50
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Figure 84: Test R5 bending moment mxx resuttsr{=20, 30, 50
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Figure 85: Test R5 shear force vx results§n=20, 30, 50

Square matrix test plots

Test SC] threepoint interpolation, flat squargerticalloading square matrix
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Figure 86: TestSClL displacement uzsults (r=n= 30, 50
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