<]
TUDelft

Delft University of Technology

Document Version
Final published version

Licence
CCBY

Citation (APA)
Grille Guerra, A., Wieneke, B., & Scarano, F. (2026). On the accuracy of multi-exposure 3D-PTV. Experiments in Fluids,
67(6), Article 65. https://doi.org/10.1007/s00348-026-04225-y

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright

In case the licence states “Dutch Copyright Act (Article 25fa)”, this publication was made available Green Open
Access via the TU Delft Institutional Repository pursuant to Dutch Copyright Act (Article 25fa, the Taverne
amendment). This provision does not affect copyright ownership.

Unless copyright is transferred by contract or statute, it remains with the copyright holder.

Sharing and reuse

Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without
the consent of the author(s) and/or copyright holder(s), unless the work is under an open content license such as
Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1007/s00348-026-04225-y

Experiments in Fluids (2026) 67:65
https://doi.org/10.1007/500348-026-04225-y

RESEARCH ARTICLE q

Check for
updates

On the accuracy of multi-exposure 3D-PTV
A. Grille Guerra' - B. Wieneke? - F. Scarano’

Received: 22 January 2026 / Revised: 26 March 2026 / Accepted: 16 April 2026
© The Author(s) 2026

Abstract

Multi-exposure (ME) 3D particle tracking velocimetry (3D-PTV) is a specific recording variant whereby more than two
samples of the particle position are obtained to overcome some limitations of single-exposure double-frame recordings,
such as accelerometry, pressure from PIV, or to further extend the dynamic velocity range. Compared to time-resolved
(TR) systems, ME lowers system requirements in terms of laser power and camera frame rate. Although proved viable only
recently using asymmetric timing sequences, a systematic assessment of ME 3D-PTYV robustness and accuracy that covers
both single-frame and double-frame recording is missing, which is the aim of the present work. The reliability and accuracy
of particle tracking in ME recordings comprising up to 5 exposures with one or two frames are first scrutinized on a synthetic
particle field motion based on a Taylor—Green vortex lattice. Single-frame ME yields viable results, with a detection rate of
90% up to a cumulated particle image density of 10% (cppp=0.1). The error rate, however, remains below 5% only when the
exposures are distributed over two frames. The measurement accuracy in terms of dynamic velocity and acceleration ranges
is reported, as a function of particle image density, number of pulses and timing sequence. The results suggest approximate
equivalence to the time-resolved systems in terms of dynamic velocity range (DVR). The dynamic acceleration range (DAR)
instead only approaches that of time-resolved analysis for specific combinations of number of pulses and sequence timing.
ME recordings are simulated from a time-resolved experiment around a wall-mounted cube, which yield equivalence between
ME (4 pulses distributed onto 2 frames) and TR conditions. A demonstration of ME 3D-PTV for accelerometry and pressure
from PIV is obtained, with experiments in the turbulent wake of a circular cylinder.

1 Introduction

Three-dimensional Lagrangian particle tracking (LPT,
Schroder and Schanz 2023) represents nowadays the state of
the art for the detailed inspection of 3D flows. Initial efforts
to realize 3D-PTV measurements (Nishino et al. 1989; Maas
et al. 1993; Malik et al. 1993) have set the foundations of
volumetric imaging, particle image detection, triangula-
tion and pairing, to render the velocity field at the sparse
locations of the tracers. These methods evolved toward
algorithms using advanced Lagrangian predictor—corrector
schemes for particle pairing (Willneff 2003), the iterative
particle reconstruction (IPR, Wieneke 2013) and most nota-
bly the shake-the-box method (STB, Schanz et al. 2016). The
latter combines IPR with an advanced Lagrangian initializa-
tion of the particle field, largely reducing the complexity of
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particle images triangulation. As a result, STB is currently
utilized in several 3D experiments to deal with a number of
trajectories in excess of 100,000/Mpx (ppp=0.1) as recently
surveyed (Schroder and Schanz 2023). These conditions
enable dense (gridded) reconstruction of the velocity field
and its gradient and under some conditions, of the fluid flow
pressure distribution. Experiments rely on the use of high-
speed illuminators coupled with high-frame-rate cameras
to finely describe the tracers’ motion along their trajecto-
ries. The latter requires a small time separation Af, and a
fine displacement, compared to the inter-particle distance.
The corresponding system requires a relatively high rep-
etition rate, f = 1/At, as illustrated in Fig. 1a. The most
practiced recording mode in PIV and PTV is the double-
frame, based on two separate laser cavities fired at an arbi-
trary delay and an imager capable to acquire two frames with
temporal separation as low as a microsecond. This mode of
operation is particularly useful in high-speed flows (e.g.,
in the compressible regime), otherwise requiring systems
repetition rate in the order of 100 kHz, unless dedicated
burst illumination and imagers are adopted (Beresh et al.
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Fig. 1 Template of illumination pulses and camera exposure, with corresponding image details, for time-resolved mode (a), double frame with

two (b) and four pulses (c); single frame with four pulses (d)

2015; Thurow et al. 2013). The above considerations apply
to planar PIV, PTV as well as to volumetric 3D measure-
ments. Volumetric double-frame recording has been largely
practiced for PTV in aerodynamic flows (Saredi et al. 2020),
where the measurement conditions (flow velocity, optical
magnification, seeding density) do not allow time-resolved
recording (Novara et al. 2016, 2023). Figure 1b illustrates
the timing diagram of illumination and image acquisition
for the double-frame recording mode, featuring light pulses
around the transition between the two frames. Volumetric
measurements around complex objects require multiple,
redundant views for volume coverage (Hysa et al. 2024).
The latter problem has been largely simplified by the intro-
duction of object-aware particle reconstruction and tracking
(Wieneke and Rockstroh 2024) along with the necessary
object registration techniques (Hendriksen et al. 2024).
As a result, the number of cameras in an experiment has
upscaled from the typical set of 4 used in tomographic PIV
(Elsinga et al. 2006) to 8 or 12 (Hendriksen et al. 2024). In
the latter conditions, it may be argued that the adoption of
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low-repetition-rate systems is a more viable option, com-
pared to kilohertz rate imagers, based on data rate, data
requirement for statistical convergence and overall system
specifications and complexity.

Despite the versatility of the double-frame recording
technique, velocity measurements based on only two pulses
suffer from an intrinsic compromise between the random
and truncation errors (Boillot & Prasad 1996), in turn limit-
ing the measurement dynamic velocity range (DVR, Adrian
1997). Varying the time separation also affects measurement
robustness in PTV (particle pairing success rate) as well as
the signal-to-noise ratio (SNR) of cross-correlation analysis.
The compromise is mitigated by adding more samples of the
particle position along its trajectory, which is practiced with
multi-exposure (ME) techniques discussed in the following.

Multi-exposure (ME) timing strategies with 3 or more
illumination pulses offer the possibility of increasing the
dynamic range of the measurement over two-pulse double-
frame systems, while providing acceleration estimation, rel-
evant for data assimilation strategies (Godbersen et al. 2024;
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Schneiders and Scarano 2016) involving pressure estimation.
The analysis of ME recordings has long stood as a challeng-
ing problem, especially for single-frame systems, due to the
directional ambiguity of the particle traces (Adrian, 1991;
Adrian and Westerweel 2011). For double-frame recordings,
as shown in Fig. lc, a four-pulse strategy has been proposed
by Novara et al. (2019) within the STB framework, using the
time information across the two frames to solve said ambigu-
ity. Multi-exposure single-frame recordings would further
simplify the hardware requirements and system synchroni-
zation. The problem has been attempted recently by streak
analysis (Zhang et al. 2024) or in the early work of Agiif and
Jiménez (1987), who made use of a dot—streak—dot combi-
nation. A recent solution has been proposed that makes use
of asymmetric timing templates, as shown in Fig. 1d, which
disambiguate the direction of motion using kinematic simi-
larity as a detection criterion (Scarano et al. 2025).

Although the viability of ME PTV based on asymmet-
ric time sequences has been shown, measurement accuracy
and robustness depend upon several parameters, such as
the sequence timing template and its length, the particle
image density and the use of one or two frames to record the
template. Furthermore, evidence of an increased dynamic
velocity and acceleration range has only been hypothesized
and a conclusive study is needed to determine whether ME
3D-PTV can surrogate the time-resolved STB technique.
Therefore, the present study examines the tracking accu-
racy of ME recordings in the context of 3D-PTV. A track-
ing algorithm is described that deals with arbitrary timing
templates for both single- and double-frame recordings. The
working principle is first illustrated using numerically gen-
erated images from imposed particles’ motion. The prin-
ciples are verified on ME 3D-PTV data simulated from an
experiment conducted in time-resolved mode, which yields
a quantitative analysis of performance under more realistic
conditions. Finally, an experimental demonstration is con-
ducted, for completeness, which illustrates the viability of
3D pressure from ME 3D-PTV.

2 Generalized ME tracking algorithm

A multi-exposure (ME) sequence consists of particles illu-
minated by N pulses. The discussion is generalized here to
the case where such N pulses are captured onto a single-
frame or a double-frame recording. The pulses are taken at
times #,,1,,...,ty, with corresponding time separation
At,, ..., Aty_,. For simplicity, the time separation is normal-
ized with respect to the smallest time separation, At, in the

At At,
hape Ar* = =L, ..., =2
shape Aty "7 Agy

to a displacement of 5-10 pixels in the camera images. For
every particle trajectory, a trace of N dots is formed, at the

where At typically corresponds

corresponding particle locations x, x,, ... ,x,. The sequence
is characterized by the number of pulses in each frame and
the chosen timing template. A specific notation is introduced
for compactness in the remainder, whereby the number of
frames, exposures and relative time intervals are indicated.
For example, ME(1 + 2, Ar*=1-2) refers to a double-frame
recording (denoted by the + symbol) with one pulse in the
first frame and two in the second (1 +2), with non-uniform
time separation (At = Aty and At, = 2A¢,, thus Ar*=1-2).
Similarly, ME(4, Ar*=1-2-3) corresponds to a single-frame
recording that captures four pulses with non-uniform separa-
tion in proportion to 1, 2 and 3. Such asymmetric distribu-
tion is necessary to resolve the directional ambiguity, as
discussed in Scarano et al. (2025).

A sketch of the particle tracking process is shown in
Fig. 2. The algorithm involves a double-iterative exercise of
3D particle reconstruction. The inner loop is based on the
IPR approach (Wieneke 2013; Jahn et al. 2021). Once the
first 3D distribution of particle samples is obtained, particle
samples need to be associated to a trajectory (tracking step)
yielding the traces ascribing a time tag and a trajectory tag
to each sample. Such a process may differ depending on
whether the single- or double-frame recording approach is
taken. However, many aspects of the method remain similar,
and the remainder describes the general aspects of it.

Trace detection in time-resolved particle tracking (e.g.,
shake-the-box) is based on the (marching) process that
extrapolates an existing trajectory toward the expected
occurrence of the next particle sample. For double-frame
single-exposure analysis, trace detection reduces to the prob-
lem of particle pairing, often based on the nearest neighbor
principle. The latter can be stabilized by imposing a condi-
tion based on the spatial regularity of the velocity. The cri-
terion of minimum dispersion of the velocity from a group
of pairs has been widely used in 3D-PTV in various ways
as also been proved effective in a recent work (Le Bris et al.
2025).

In the present approach, ME recordings are used to gen-
erate candidate traces (Sect. 2.1) followed by a selection
procedure that identifies the most likely trace, based on
minimization of a cost function (Sect. 2.2). The following
sections detail such a process of trace detection.

2.1 Trace candidates generation

From the volumetric particle distributions obtained with
3D particle reconstruction, the search for candidate traces
is performed in a chosen neighborhood of a selected sample.
The procedure is exemplified considering a ME(3, Ar*=1-2)
recording. The neighborhood comprises three (not yet
detected) traces, each made of three exposures (Fig. 3(a)).
The search for the trace including the selected sample P;
(in green in Fig. 3) requires assuming the reference time 7,,,

@ Springer
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Fig.2 Schematic description of the iterative particle detection and
tracking for ME-STB. Single-frame images are recorded from a four-
camera system; 3D particle positions are obtained with IPR; groups
of particles complying with the kinematic likelihood are candidate

of the sample. Without lack of generality, one can assume
t,,s = 1; in the present example. For a specified velocity
range, v,,,.. (Fig. 3(b)) particle matches are searched in
the neighborhood of P;. In general, the search region may
be a sphere or a cuboid, but the use of a velocity predictor
(Novara et al. 2023) may significantly accelerate the search
by reducing the spatial extent where candidate matches are
sought for.

For every matched pair, the search continues forward,
collecting samples until the trace includes N samples (3 in
the present case). After the first match, further branching
is informed by the velocity estimated from the initial pair,
assuming constant velocity (dashed lines in Fig. 3I). Cor-
respondences are established allowing a departure from the
linear extrapolation assuming an acceleration-related range,
Qyqnge» 10 establish the search radius (Fig. 3(c)). This process
is repeated for every particle in the neighborhood, forming
a collection of candidate traces (Fig. 3(d)). Since the time
correspondences of the particles are unknown, particles not
belonging to ,,, may result in the generation of wrong traces,
as the one depicted in Fig. 3d.

For double-frame recordings, it is advisable to design the
sequence with the shortest time separation across the two
frames. Thus, 7, pertains to the last pulse of the first frame

and 7,0, the first in the second frame, which reduces the
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Trace detection

traces; cost function minimization identifies the physical traces. The
latter are iteratively fed into IPR to confirm or discard particles from
the previous distribution

number of possible matches and accelerates the detection.
For single-frame recordings, instead, the algorithm should
begin with the largest Az;. Although this option produces a
larger amount of pairs, the probability of overlapping parti-
cle images (at low velocity) is minimized.

2.2 Trace detection

For each candidate trace, a score is assigned based on the
kinematic similarity criterion (Scarano et al. 2025). Further-
more, neighborhood consistency is quantified, according to
Wieneke and Rockstroh (2024). A final cost function, w, is
assigned as the product of both elements, and the best option
(lowest w) is extracted as the valid trace for the particle. The
procedure is exemplified in Fig. 4 for the set of trace candi-
dates generated in Fig. 3.

The kinematic similarity criterion is evaluated along the
trace. For each of the N — 1 segments forming a trace of N
pulses, a velocity vector v = (vx, Vys vz) is obtained from the
two particles forming the segment and the time separation
between them. Then, a kinematic cost function w is con-
structed for the trace by adding up the standard deviations
of the three velocity components, evaluated over the N — 1
segments:
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Fig.3 Generation of candidate traces for a ME(3, At*=1-2) record-
ing. Neighborhood around a selected particle sample (green) at
I,,, = 1; @; matching pairs based at 7,,.,, within the allowed velocity
range, v,,,,. b; extrapolated trajectories based on estimated velocity

RS

Fig.4 Trace detection for an ME(3, Ar*=1-2) situation. Each can-
didate trace is assigned a score based on kinematic similarity (w,) a
and neighborhood consistency (w,) b, yielding the final cost func-

b) @)

tref+1

Viange .

d)

and bounded acceleration, a,,,,, ¢. Formation of a wrong trace from
a particle not belonging to 7, d, together with all candidate traces
formed

b)

tion (w) c. Traces with the lowest values of w are accepted. A poly-
nomial function models position, velocity and acceleration at time
t = (t, +13) /2 for valid traces d
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wy = a(vx) + o-(vy) + o-(vz) 1)

The neighborhood consistency expresses the velocity
similarity among candidate traces in a limited region of
space. For every trace candidate 7r;, the velocity difference
with respect to neighboring traces Tr,, 5, , is evaluated tak-
ing the average over all segments of the trace:

5i,k =

v(Tr;) = v(Tr,) )

Neighbor traces involving particles shared with 7¥; are not
considered, since most likely either Tr; or those neighbors
are ghost traces. For every particle P; in the neighborhood
of Tr;, the best matching trace involving that particle is taken
as the most likely correspondence, i.e., 5;‘; = min(d; ;)
between the k traces passing through P;. Finally, a neighbor-
hood cost function w,, (Fig. 4(b)) is constructed as the aver-
age of a few (M, e.g., 5) best fitting correspondences:

> s
w, (1) = =2 3)

The likelihood of a candidate trace to correspond to a
physical trajectory is expressed as the product of the above
criteria, w = w,, - w,. Among the set of candidate traces, that
exhibiting the lowest value of w is selected as a valid trace
for the particle, as shown in Fig. 4c by the green traces.

In the work of Scarano et al. (2025), the particle sam-
ples in a given neighborhood are interrogated according to
a combinatorial algorithm that varies the time index of the
candidate sequence. The kinematic similarity criterion and
trace regularity criterion produce respective residuals and
their product is considered as a composite criterion for trace
detection. Although effective, the approach has two short-
comings: The amount of computations in the combinato-
rial approach increases rapidly with the number of particles
considered in the neighborhood; and the kinematic similar-
ity penalizes tangential acceleration and trace regularity the
acceleration magnitude along the trace.

The present approach advances the above by preselecting
traces candidates based on regularity, which largely reduces
the combinatorial basis for kinematic similarity evaluation,
as illustrated in Fig. 3. The second advancement replaces the
trace regularity criterion (individual regularity) with that of
neighborhood consistency (group regularity), whereby the
absolute value of acceleration is not penalized, but rather
the spatial variation thereof. Such concept is illustrated in
Fig. 4 using the set of trace candidates generated in Fig. 3.

The assignment of particles to traces follows a hierarchi-
cal approach: Particle samples ascribed to more than one
candidate trace are assigned to the trace with the lowest
cost function. After a trace has been accepted, the parti-
cle samples are included as the initial distribution for the

@ Springer

iterative particle reconstruction (IPR) process (Fig. 2), with
the objective of improving the accuracy of particle detec-
tion and reducing the amount of spurious detections (ghost
particles).

Upon convergence, a second-order polynomial is used to
fit the final set of traces. Position, velocity and acceleration
are estimated at the intermediate time ¢t = % (Fig. 4(d)).

3 Performance analysis

A dataset is produced from an analytical flow field, and a
synthetically generated particle distribution is considered
here with a flow field described by a steady Taylor—Green
vortex lattice, as shown below:

22x \ i [ 27y
U = uyCcos (%‘)sm(%’)

v=—uosin<%€>cos(@> 4

A
W=u0

where x, y and z are the Cartesian coordinates, u, = 5 m/s
is the velocity amplitude of the waves and A = 800 mm is
their wavelength. Sine-based velocity distributions are a
popular choice for numerical assessments (Kéhler et al.
2016), focusing the attention on the modulation of the peak
value. The present analysis considers a simulated domain of
800 x 800x200 mm?>. The spatial distribution of the horizon-
tal velocity component is shown in Fig. 5(left).

The w-component is set here to a constant value, such
that all particles feature a nonzero velocity and the condi-
tion of overlapping particle images is avoided for the case
of multiple exposures in a single frame. The topic of how
to deal with small-to-vanishing velocities—and thus over-
lapping particle images—remains an open challenge in ME
particle tracking, as also discussed in Scarano et al. (2025).
Some strategies to overcome this situation are explored in
Appendix.

3.1 Image generation and ME-STB parameters

The domain of interest is imaged by four cameras with
800 % 800 px resolution under simplified conditions of
parallel viewing, in-focus imaging and absence of optical
distortions. The angle between cameras is 30 °. Tracer par-
ticles are rendered with a constant diameter of 2 px and a
peak intensity of 700 +300 counts. The seeding density is
described in terms of particles per pixel (ppp), referring to
that obtained from a single exposure. The relation between
the single-exposure seeding density and the cumulative
value from N exposures is cppp =N ppp. The reference time
separation between exposures, Af,, corresponds to particle
displacement of 5 px.
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Fig.5 Horizontal component of the velocity field (left) and particle traces collected inside the solid black box using various 3D-PTV strategies
(right). The dashed black box represents the domain studied in Appendix for the vanishing velocity scenario

Various pulse sequencing strategies have been considered
to explore the effect of relevant experimental parameters
such as the cumulative seeding density cppp, timing template
At; and number of exposures N. State-of-the-art 3D-PTV
methods are considered for reference, namely: time-resolved
shake-the-box (TR-STB), two-pulse double-frame STB (TP-
DF, Novara et al. 2023) and four-pulse double-frame STB
(ME(2 +2), with A" =2-1-2, Novara et al. 2019). Particle
traces obtained with the aforementioned methods are shown
in Fig. 5(right) alongside the case of four-pulse single-frame
recording with an asymmetric time sequence.

A total of 20 passes of the iterative ME-STB procedure
(see Fig. 2) are considered, which is sufficient to achieve
converged results for all cases included in this section. The
velocity and acceleration-related search radii are set globally,
based on the maximum values expected from the ground-
truth solution. The IPR parameters follow the discussion by
Jahn et al. (2021), consisting of 20 and 10 outer and inner
loops, respectively, with a linearly increasing triangulation
error from 0.25 px up to 1 px.

3.2 Seeding density

The accuracy and reliability of ME-STB are examined
by varying the concentration of tracer particles (ppp).
A correct trace detection is considered when all particle
samples comprised in the trace correspond to their exact
locations within 1 voxel deviation. To study the influence
of seeding density, a recording of type ME(3, Ar*=1-2)

is considered. The correct detection rate is given in
Fig. 6(left) when the seeding density is varied from sparse
(ppp <0.01) to dense (ppp = 0.05). It should be retained in
mind that the corresponding cumulative seeding density
cppp approaches 0.15 for the dense conditions. The frac-
tion of correctly detected traces is relatively flat at a level
above 90% up to ppp=0.04. In the same range, the error
rate remains below 2%. Beyond ppp =0.04, a large drop
of detected traces and an explosive increase of errone-
ous traces are observed. This behavior is ascribed to the
increased number of faulty particle detections during the
particle reconstruction process (IPR) with fewer detected
true particles, and the results are in line with the those
reported by Jahn et al. (2021). To confirm this hypothesis,
additional tests have considered the analysis of the track-
ing part of the algorithm only, replacing IPR by directly
feeding the ground-truth particle positions into the track-
ing algorithm. In these, the percentage of correct traces
has been found to exceed 99% even for cppp levels in the
order of 0.3, thus confirming the reliability and robustness
of the proposed tracking algorithm.

For the correctly detected traces, the positional accu-
racy of the detected particles will in turn determine that
of the velocity measurement. The normalized histogram
of the velocity error—setting the histogram curve to 1 at
zero error—is shown in Fig. 6(right) at four selected val-
ues of ppp. For mild density (ppp <0.02), the error stays
below 0.5%. Again, the rapid increase beyond ppp ~0.04
(cppp ~0.12) is ascribed to more ghost particles, which

@ Springer
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Fig.6 Robustness and accuracy of ME-STB, for N=3. Percentage of correct and incorrect traces as a function of seeding density (left) and nor-

malized histogram of velocity error (right)

have a strong influence in the final accuracy of the tracking
algorithm.

Note that for an ME(3) sequence, if IPR successfully
reconstructed 80% of the particles, the maximum expected
number of traces would be 0.8> ~ 50% only, with a cubic
dependence of trace detection rate on the IPR particle detec-
tion rate leading to the rather sharp drop-off beyond 0.04

Ppp-

3.3 Timing template

While an asymmetric timing template is a must for single-
frame ME-STB, the temporal separation between exposures
can be considered as an additional variable to optimize the
design of the template, to maximize the tracking robustness
or the dynamic range of the measurement. This is explored

100 20
g g
= 907 {10 8
k3] o
(0] c
5 85 5 2
3 =

80 0

A AD AL AR, B, O
A SN

VEP P e (e e

for ME(3) sequences by solely increasing the time separa-
tion between the second and third exposure. For all cases,
the seeding density is set at ppp=0.01 (cppp=0.03). The
tracking performance is shown in Fig. 7(left) in terms of
detection and error rates. As the time separation increases,
only a minor decrease of detection rate is observed and the
error rate remains below significant levels. These results
confirm the adequacy of the chosen trace detectability cri-
teria (Sect. 2.2) as being able to recover correct traces even
with a relatively long particle displacement.

The accuracy of the measured velocity is expressed in
terms of velocity dynamic range (DVR, Adrian 1997). The
DVR is defined as the ratio between the maximum and min-
imum measurable velocity (more precisely the minimum
resolvable velocity fluctuation, u see Eq. (9) in Adrian
1997) and computed here by:

min”

1500 -

o TR-STB
o
o

TP-DF

1000 |
o
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500 ¢

0 L L L L
AD L A, AN, 0D,
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Fig. 7 Detection rate and erroneous traces as a function of the second time interval (left) and the dynamic velocity range (right)
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DVR = 24 = 2 )
umin oy

where u,,;,/ is dictated by the measurement uncertainty o,
which may be decreased when using more exposures, with
U,,q, increased for longer traces. Note that a possible inability
to measure small velocities due to overlapping particles is
not taken into account here, see Appendix for further details.
For a two-pulse double-frame acquisition, the velocity
and the uncertainty via error propagation are obtained by:

X, — X Ax
u=-2_"1_""1 (6)
L—t A
V2
S St 7
%u Atlg" @

where it has been assumed that the uncertainty of the parti-
cle location, o,, follows a Gaussian distribution.

For ME(3), estimating the velocity and uncertainty at the
intermediate time using a second-order polynomial leads to:

_ Ax; +Ax,
= @®)
At + At
2
6, = ———0,. )
At + At,

For the sequence ME(3, Ar*=1-2), the theoretical
DVR approximately doubles that of TP-DF. It further
increases as the second time separation is elongated, and
then, it reduces again, as ascribed to the growth of trunca-
tion errors. The DVR obtained for the current analysis is
shown in Fig. 7(right), using the rms of the velocity error

100 ~— + 20
) ¢ (o) [ ] —
E, o ° X
o 95/ 5 15 =
~ )]
S S
£ 90 10 S
3 2
s 85| 5 9
O =
B 0
L X DD, DD DB R
PR NN N X o P
&K ISP, N ,\9/
R
Q- Q/@‘\Q’\ N Oy > >
Q/Q’x @@Q/\ Q@\Q/(\X (O@\,\xb“
N NS

to estimate the minimum velocity. The values obtained for
TR-STB and TP-DF measurements at ppp=0.01 are also
included for reference. A theoretical estimate of the attain-
able DVR is constructed from Eq. (9), where the positional
uncertainty has been extracted from the TP-DF system. For
the shorter ME(3) sequences considered, the measured DVR
is only slightly below the theoretical estimate due to the
increased positional error at the higher ppp of 0.03. Instead,
the values start decreasing for the higher temporal separa-
tion as a result of the increasing role of truncation errors,
which underestimate the curvature of particle paths in the
Taylor—Green vortex flow field. Overall, a significant DVR
increase can be obtained with respect to TP-DF, despite the
higher cppp level, at an intermediate level of that obtained
using TR-STB.

3.4 Number of pulses

While maintaining the cppp level in the appropriate range
(Sect. 3.2), more than three pulses offer the potential to fur-
ther increase the measurement dynamic range although at
lower spatial resolution. A higher number of pulses posi-
tively impacts the estimation of velocity based on polyno-
mial regression of the discrete particle samples. Sequences
of up to five exposures have been considered, for both
single- and double-frame systems. For a single-exposure
seeding density of ppp=0.01, tracking results are given
in Fig. 8(left). The percentage of correct tracks decreases
slightly when using more pulses as a result of the increased
cppp- However, no noticeable increase of the error rate is
observed. Figure 8(right) illustrates the error of the mate-
rial derivative (i.e., Lagrangian acceleration). When normal-
ized, the error is below 2% for TR-STB and about 2% for a
double-frame five-pulse measurement. Other options yield

ol —TR-STB
= —ME(2+2, At =2-1-2)
S5 ME(142, At'=1-2)
£ o157 —ME(143, At'=1-2-3)
€85 ME(1+4, At =1-2-3-4)
o ®
q) —
N o
T D
£ 8
5 &
z

o L
-10 -5 0 5 10
Error(Du / D)/ u” /A) [%]

Fig.8 Percentage of correct and wrong tracks (left) and normalized histogram of horizontal acceleration error (right), for various timing strate-

gies at ppp=0.01. Double-frame options are represented by filled symbols
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significantly larger errors, with four-pulse methods yielding
approximately 4% error irrespective of whether the pulses
are equally distributed or not across the two frames. Finally,
the three-pulse sequence yields the largest uncertainty
exceeding 10%.

Table 1 summarizes the findings from Fig. 8. The accura-
cies of the velocity and acceleration are expressed in terms
of the DVR and dynamic acceleration range (DAR, Schanz
et al. 2016), respectively. TR-STB offers the highest accu-
racy, with DVR of 1500 and DAR exceeding 100. In con-
trast, the double-frame single-exposure approach yields a
DVR of 400. Multi-exposure strategies with three and four
pulses clearly outperform TP-DF (DVR ~ 1000), but offer
a very modest DAR with three exposures (DAR < 10). The
latter improves with the number of exposures, but it remains
in the range of 30—60. A five-exposure recording deteriorates
the DVR, presumably as a result of higher positional errors
(higher cppp) and truncation effects (longer traces). In sum-
mary, double-frame options (indicated by filled symbols in
Fig. 8(left)), such as the ME(2 +2, Ar*=2-1-2) system, offer
optimal performance nearing that of TR-STB and are suited
for maximizing seeding density (and therefore the dynamic
spatial range, DSR) together with the velocity dynamic
range. Regarding the acceleration, the use of more expo-
sures is beneficial as random errors tend to dominate the
acceleration uncertainty. This trend is, however, valid only at
very low levels of the seeding density (ppp <0.01) where the
additional exposures do not bring cppp at levels where the
reconstruction error becomes dominated by ghost particles.

4 Experimental verification
4.1 Instrumentation and layout

Volumetric measurements of the flow around a wall-
mounted cube discussed by Hendriksen et al. (2024) are con-
sidered. The experiments, conducted in the W-tunnel facility
(low-speed, open jet) at the aerodynamics laboratories of the
Aerospace Engineering Department of TU Delft, feature a
12-cm-side-length cube installed on a flat plate immersed in
a stream atu ., = 10 m/s. Submillimeter (d~0.4 mm) helium-
filled soap bubbles are used as flow tracers, illuminated by
two LED-Flashlight 300 arrays from LaVision GmbH and
imaged by seven high-speed cameras (Photron FastCam,

1 Mpx, 12-bit) at a rate of 3 kHz. The whole volumetric
dataset encompasses a domain of 40 X 40x30 cm?>. The cam-
eras are positioned such that their view covers the entire
domain of interest from various directions, and the flowfield
is reconstructed using the object-aware STB algorithm (Wie-
neke and Rockstroh 2024). The seeding density in a single-
exposure image is approximately ppp=0.01, and 10,000
particles are tracked on average every frame.

Multi-exposure images are simulated by summing up the
intensity of frames selected from the originally recorded
time-resolved (single-exposure) sequence. The time sepa-
ration between light pulses is used as the base separation
for ME, with Aty = 0.33 ms. The traces obtained from TR-
STB are used as reference to benchmark the results from the
simulated ME recordings. An indication of image quality
and seeding concentration is given in Fig. 9(left), where an
original single-exposure image is shown, together with the
computed multi-exposure images simulating the condition
MEQ3, At*=1-2), in Fig. 9(middle), and ME(5, Ar*=1-2-
3-4), in Fig. 9(right).

4.2 Benchmark

The same multi-exposure strategies presented in the syn-
thetic test case (Sect. 3.4) are considered here. Correct traces
are those where particles deviate by less than 1 voxel from
the reference (i.e., TR-STB analysis). Tracking results are
shown in Fig. 10. As expected for the moderate seeding den-
sity (ppp~0.01 and cppp <0.05), excellent detectability is
found, with more than 90% correct detection. The error rate
is higher, at around 5%, and comparable to that of TP-DF.
This can be ascribed to imperfections associated with the
experimental conditions. Furthermore, any erroneous meas-
urement in the TR-STB analysis (experimental ground truth)
will be considered an additional error.

The measurement obtained with ME-STB is further scru-
tinized by direct inspection of the time-averaged flow prop-
erties (ensemble-averaging of 100 snapshots). The data are
reduced on a Cartesian grid collecting the scattered vectors
into cubic bins of 24 mm side length with 75% overlap. A
second-order polynomial fits the spatial distribution inside
the bin, following Agiiera et al., (2016). The flow field is dis-
played at the symmetry plane (Fig. 11) for TR-STB, TP-DF,
a double-frame ME sequence (ME(2 +2, Ar*=2-1-2)) and
also a single-frame ME sequence, ME(4, Af*=1-2-3). The

Table 1 DVR and DAR of

: . TR-STB  TP-DF  ME ME ME  ME ME ME ME

various ME 3D-PTV strategies

at ppp=0.01 Exposures 1 1+1 242 3 1+2 4 143 5 1+4
Ar - 1 2-12 12 12 123 123 1234 1234
DVR 1500 400 1300 800 1100 1000 1200 600 650
DAR 110 - 30 6 8 25 30 60 80
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Fig.9 Particle images and their sequences around a wall-mounted cube. Left: single-exposure image. Middle: generated multi-exposure, ME(3,

Ar*=1-2). Right: generated multi-exposure, ME(5, Ar*=1-2-3-4)
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Fig. 10 Percentage of correct and spurious traces for various 3D-PTV
strategies. TR-STB is taken as the reference. Double-frame options
are represented by filled symbols

time-averaged streamwise velocity component exhibits no
appreciable differences, except for the single-frame ME
analysis, differing by some small details.

The map of turbulent fluctuations follows a similar trend,
with the single-exposure method being affected by a slight
underestimation of peak value at the horseshoe vortex and
at the front of the cube. Finally, the material acceleration
obtained with ME(2 + 2, Ar*=2-1-2) show a remarkable
agreement with TR-STB indicating the potential to serve as
basis for pressure evaluation. The single-frame ME analysis
does capture the acceleration at the leading edge, but again,
the details of the horseshoe vortex are not captured, arguably
due to particle images overlapping in the low-speed regions,
which pose a fundamental limit to the single-frame ME trace
detectability (Scarano et al. 2025).

5 Demonstration on ME recordings

5.1 Experimental setup and measurement
conditions

The wake of a cylinder is measured using the volumetric PIV
setup discussed in detail by Grille Guerra et al., (2025). A
60 cm long cylinder with a diameter of D = 6 cm is installed
vertically at the outlet of the W-tunnel facility (Sect. 4.1),
immersed in the freestream flow of u,, = 5 m/s. This results
in a diameter-based Reynolds number of Re;, = 20,000.
Submillimeter helium-filled soap bubbles are used as flow
tracers, illuminated by four LED-Flashlight 300 arrays, pro-
viding the pulsed high-speed illumination needed for ME
3D-PTV, and imaged by ten LaVision Imager LX cameras (2
MPx, 4.4 um pitch, 14 bit). The cameras are mounted on two
arrays, containing five cameras each, referred to as anten-
nas (Hendriksen et al. 2025), that observe the cylinder wake
from each side of the wind tunnel. The cameras are equipped
with 25 mm focal length objectives and the f-number is set
to f,= 8 in order to achieve the desired depth of field. For the
given configuration, this results in a digital image resolution
of 4.4 px/mm. A measurement volume of approximately 7
D(x),5D(y) and 5D(z) is obtained.

At full resolution, the maximum acquisition frequency
of the cameras (16 Hz) is insufficient for TR-STB pur-
poses, setting up a relevant condition to justify ME alter-
natives. Based on the results from previous sections,
two ME strategies are explored: ME(2 + 2, Ar*=2-1-2)
and ME(4, Ar*=1-2-3). The smallest time separation
between pulses, At, is set equal to 0.25 ms, correspond-
ing to a particle displacement of approximately 5 px at the
freestream velocity. Raw images from both recordings are
shown in Fig. 12. The flow direction and cylinder trailing
edge are indicated by a red arrow and line, respectively.
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Fig. 11 Time-averaged streamwise velocity (top), standard deviation of streamwise velocity (middle) and streamwise material acceleration (bot-
tom), for TR-STB, TP-DF, ME(2 +2, At*=2-1-2) and ME(4, At*=1-2-3)

Fig. 12 ME images of the flow in the wake of a cylinder, with the
flow direction and cylinder trailing edge indicated by a red arrow
and line, respectively. Left: first frame of an ME(2+2, At*=2-1-2)
recording. Middle: second frame of a ME(2 +2, At*=2-1-2) record-

The timing template is revealed by following a single
tracer in the bottom left region of the images, and the
illumination pulses are also indicated for further clarity.
The baseline seeding density (for a single exposure) is
ppp = 0.02. In the double-frame scenario, the cumulative
seeding density ¢ ppp ~ 0.04 and it increases to 0.08 when
recording onto a single frame.

@ Springer

ing. Right: ME(4, Ar*=1-2-3) recording. The four illumination
pulses are indicated for a single tracer in the bottom left region of the
images

5.2 Velocity and pressure distribution

Approximately 40,000 traces are extracted for each ME
recording, corresponding to a particle concentration of
approximately 1 particles/cm?. An instantaneous visualiza-
tion of traces, colored by the associated streamwise velocity
is given in Fig. 13. For improved visualization, only a slab
of 5 cm in the spanwise direction is depicted. The particle
trajectories already reveal the main features of the cylinder
wake flow, i.e., the shedding of vortices (Karman street)
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Fig. 13 Instantaneous visualization of ME traces in the wake of a cylinder,
Top: belonging to ME(2 +2, Ar*=2-1-2). Bottom: for ME(4, At*=1-2-3)

from the shear layers on both sides of the cylinder. The
tracking method proves effective also in the recirculation
region close to the back of the cylinder, despite the limited
particle displacement.

The availability of acceleration information from the ME
traces makes it possible to employ advanced data assimila-
tion schemes to represent the instantaneous flow field on a
Cartesian grid. The VIC# method, implemented in the DaVis
11 software (Jeon et al. 2022), has been applied on a grid of
2.5 mm pitch, which corresponds to 64 grid points per trace,
following the indications given by Schneiders and Scarano
(2016). An instantaneous representation of the three-dimen-
sional flow field is shown in Fig. 14 using isosurfaces of
vorticity, color coded by their sign and component.

For both ME recordings, the illustrations reveal the pres-
ence of spanwise coherent vortices (Williamson 1996), shed
with an alternating sign, visualized through isosurfaces of
spanwise vorticity (@, = +250 Hz, red and blue, respec-
tively). These main rollers feature an oblique orientation
with respect to the cylinder axis (Szepessy and Bearman
1992) and undulations of wavelength larger than the cylinder
diameter (Prasad and Williamson 1997). The illustrations
also reveal the presence of thinner, streamwise-oriented vor-
tical structures interconnecting the main rollers, as reported
in literature for measurements at comparable Reynolds
numbers (Grille Guerra et al. 2024; Scarano and Poelma

for a slab of 5 cm along the span, and colored by streamwise velocity.

2009). These structures are visualized through isosurfaces
of streamwise vorticity (w, = +250 Hz, yellow and green,
respectively).

From ME 3D-PTYV, not only the velocity—vorticity flow
field may be obtained, but also an instantaneous representa-
tion of the pressure field thanks to the direct estimation of
Lagrangian acceleration. The static pressure is obtained here
via solving a Poisson equation (Van Oudheusden 2013) with
Neumann boundary conditions. Contours of the static pres-
sure coefficient, ¢,, at the plane y = 0 are shown in Fig. 15
for the two ME sequences explored. As expected, the pres-
sure field is dominated by the low pressure in the core of
the main rollers (Fig. 14), thus confirming the suitability of
the approach.

6 Conclusions

The accuracy of multi-exposure (ME) 3D-PTV has been
explored, as a means of increasing the dynamic ranges of
volumetric PIV measurements involving low-frame-rate
hardware, together with adding information about Lagran-
gian acceleration and instantaneous pressure. An ME-STB
tracking algorithm has been introduced, which can deal with
arbitrary timing sequences for both single- and double-frame
ME recordings. For single-frame systems, which alleviate
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Fig. 14 Instantaneous visualization of the three-dimensional
flow field in the wake of a cylinder using isosurfaces of span-
wise (@, = +250 Hz, red and blue, respectively) and streamwise
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(w, = 250 Hz, yellow and green, respectively) vorticity. Left: for
ME(Q2+2, Ar*=2-1-2). Right: for ME(4, Ar*=1-2-3)
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Fig. 15 Contours of static pressure coefficient, ¢, aty = 0. Left: for ME(2+2, Ar*=2-1-2). Right: for ME(4, Ar*=1-2-3)

the hardware and synchronization requirements, tracking is
made possible by making use of asymmetric timing tem-
plates (Scarano et al. 2025).

A synthetic test case, based on a Taylor—Green vortex
lattice, is initially considered to explore the effects of parti-
cle seeding density and timing strategy, which is later com-
plemented using images from an experimental database of
the flow around a wall-mounted cube. For both synthetic
and experimental images, the proposed ME-STB algorithm
shows excellent tracking performance (detection rate above
90%) for cumulative seeding densities below cppp=0.12,
found to be limited by the particle triangulation step. The
results appear to be almost independent of the timing tem-
plate selected and the dynamic velocity range (DVR) doubles
that of single-exposure double-frame systems, approaching
the values attainable by TR-STB. Besides, acceleration can
be accurately estimated when using several exposures, with

@ Springer

dynamic acceleration range (DAR) values in the order of 100
for the synthetic test case.

The method is demonstrated using experimental ME
images from the flow in the wake of a cylinder, measured
using a large-scale volumetric PIV setup (measurement
volume of approximately 40 L) involving low-frame-rate
cameras and LED modules for pulsed illumination. Around
40,000 particle traces could be extracted every instant for
both single- and double-frame ME recordings at a base seed-
ing density of ppp=0.02. The information from the traces
(position, velocity and acceleration) is used to obtain a rep-
resentation of the three-dimensional flow field on a Carte-
sian grid of 2.5 mm pitch using the VIC# data assimilation
scheme. This allows visualizing not only the spanwise coher-
ent vortices in the wake (Karman street) but also smaller
vortical structures interconnecting the main rollers in the
streamwise direction. Finally, the instantaneous pressure
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Fig. 16 Traces generated by a three-pulse sequence (left) for a linear
velocity profile (middle). Particle image intensity (right) indicates the
appearance of three regimes: (a) formation of a dotted trace; (b) two

field could be estimated using the Lagrangian acceleration
obtained from the ME traces, highlighting the potential of
ME 3D-PTV in this regard.

The main limitation of ME recording strategies remains
the difficulty of dealing with low-velocity regions and the
associated overlapping particles. This problem can be miti-
gated employing double-frame timing strategies and modi-
fications to the tracking algorithm to treat these special situ-
ations, as recently explored by Scarano et al. (2025).

Appendix: detection of low-velocity traces

The generation of trace candidates discussed in Sect. 2.1
requires the successful reconstruction of the N particles
composing an ME trace. In regions of low velocity, particle
images overlap and therefore less than N particles might
be reconstructed by the IPR algorithm. This is illustrated
in Fig. 16 for a single-frame recording measuring a linear
velocity profile. A sequence of three pulses with an asym-
metric template is considered, in the shape ME(3, Ar*=1-3),
as illustrated in Fig. 16(left).

In the portions of the flow with higher velocity (Fig. 16—
middle), the multiple exposures produce a trace with spacing
analogous to the temporal template of light pulses. Below
a certain velocity, the two particle images corresponding
to the shortest time separation start to overlap (Fig. 16—
right), posing a challenge to the particle reconstruction step.
For IPR, the limit condition to detect separate particles is
reported to be approximately 50% overlap among particle
images. As long as the overlap is below this threshold, all
N dots of the trace will be reconstructed (dotted trace, or
regime a, indicated in green in Fig. 16) and no modifications
of the candidates generation step are necessary.

collapsed dots and a separate one (streak—dot); (c) all dots are indis-
tinguishable (streak)

For higher overlap, a merged particle will be recon-
structed at x, , = 222 forming a streak—dot pattern for the
trace (regime b, indicated in blue in Fig. 16). This possibility
can be accounted for in the trace candidate generation step
by allowing traces with less than N entries. The velocity
associated with streak—dot traces of only two elements suf-
fers from directional ambiguity. However, the first dot (blob)
is produced by two overlapping exposures and will feature a
higher overall energy and a measurable higher peak intensity
(see Fig. 16—right). Similar to the pulse tagging approach
(Grant & Liu 1990), the velocity vector can be pointed in
the direction from relative high- to low-intensity dots. For a
more accurate estimation of the velocity, the time separation
between x; , and x5 is considered to be At; /2+At,, while the
acceleration cannot be estimated and is set to zero.

In regions of very low velocity, all particle images com-
posing the trace will merge into a single blob or streak
(regime c, indicated in red in Fig. 16), of skewed intensity
for asymmetric timing templates. In this regime, no veloc-
ity can be extracted directly from single-frame recordings.
However, the trace might be continued in the subsequent
frame of the recording given the low velocity, as recently
explored by Scarano et al. (2025). This interframe analysis to
tackle regime c has not been considered in the present work
and is subject to further research.

For double-frame recordings, the situation is simpler and
restricted to the analysis of regimes a and b only, where, for
example, for ME(2 + 2, Ar*=2-1-2), regime b corresponds to
streaks in both frames, which can nevertheless be processed
down to zero veclocities.

The proposed approach is explored for the synthetic
test case already introduced in Sect. 3, but now imposing
a zero out-of-plane velocity component (w = 0) to intro-
duce regions of low velocity in the domain. A single-frame
recording, ME(3, Ar*=1-3), at a base seeding density of
ppp=0.01 is considered. Particles reconstructed by IPR
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Fig. 17 Reconstructed particles (left), detected traces in the dotted-trace regime only (middle) and including the streak—dot regime (right) for a

single-frame recording, ME(3, At*=1-3), at ppp=0.01

are shown in Fig. 17(left) in a subdomain described by the
dashed black square in Fig. 5(left).

Without accounting for possible traces outside the dotted-
trace regime (regime a in Fig. 16), the detected traces are
the ones shown in Fig. 17(middle), each composed of three
distinct particle images. It can be seen that some particles
are left unmatched in regions of low velocity, i.e., the vortex
core and saddle point. In this situation, the minimum meas-
urable velocity is dictated by the minimum separation
between particles, and a region spatial void of particles is
introduced that reflects the velocity range gap. If particles
cannot be detected separately at a distance below 1 px dis-
tance (2 px particle image diameter, see Sect. 3.1), the ratio
of maximum to minimum measurable velocity would drasti-
cally decrease to -z« = % = 5. Allowing for traces in the

streak—dot regime (;lfn:gime b in Fig. 16) makes it possible to
recover traces composed of two dots only (Fig. 17—right,
indicated in blue). In this case, however, the ambiguity of
flow direction needs to be solved by other approaches.
Potential approaches, which remain to be investigated and
proved viable are: 1) spatial regularity of the velocity vector
direction; 2) intensity distribution across the dots. The first
approach is viable when a sufficient number of dotted traces
is found in the surrounding of the streak—dot. The second is
generally viable as long as the particle image detector yields
a reliable estimate of the dot intensity. Finally, for these
traces, no information on acceleration can be extracted. The
minimum measurable velocity now occurs when all dots
5

merge, this is, e — s 15. In general, the measurement

gap may be minimized by increasing the time separation
between the final light pulses (e.g., using ME(3, Ar*=1-6)),
which is found to have a minor effect on the tracking perfor-
mance, as discussed in Sect. 3.3. Still, a few particles very

‘min
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close to the vortex core (indicated in red), belonging to the
streak regime (regime c in Fig. 16), cannot be tracked with
the current algorithm.

Apart from introducing a measurement gap, overlapping
particles may decrease the DVR of the measurement due to
the increased uncertainty in the particle position determina-
tion. For double-frame recordings, the attainable DVR in the
presence of low-velocity traces can be better estimated since
only regimes a and b need to be tackled. For an ME(2 + 2,
Ar*=2-1-2) sequence, the rms of the velocity error of traces
belonging only to regime a produces a DVR of 1300, in
agreement with the value reported in Table 1 for the same
sequence and no low-velocity traces involved. Instead, the
analysis of traces belonging only to regime b returns a DVR
of approximately 200. This value is roughly one half of that
obtained for double-frame single exposure, which is attrib-
uted to the increased positional uncertainty of overlapping
particles.
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