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Abstract

To reduce the probability of complications in proton therapy, while maintaining a high tumor control proba-
bility, adaptive treatment can be applied. In adaptive treatments, the treatment plans are frequently assessed
and adjusted to, for example, account for anatomical changes. Ideally, daily adaptive treatment would be im-
plemented, where every day a repeat scan is made and the treatment plan is adjusted. However, due to com-
putational limitations, daily adaptive treatment is not possible yet. Quality assurance (QA) is a vital part of the
proton therapy work�ow. Intending to implement daily adaptive treatment, fast-working quality assurance
tools are necessary. The goal of this thesis is to calibrate and adapt a deterministic proton transport algorithm
to reconstruct the delivered dose using log �les, which can be compared to the planned dose as a QA tool.

To achieve this, Yet anOther Dose Algorithm (YODA) was calibrated to the popular planning software RaySta-
tion, by optimizing the input parameters of YODA to minimize the difference in dose between YODA and
RayStation for a 0± gantry angle single spot in a homogeneous water phantom. From this calibration, beam
data library (BDL) �les were created for cases without a range shifter and with range shifters of thicknesses
2 cm, 3 cm and 5 cm and planned spot energies ranging from 70 MeV to 190 MeV. An approximation to im-
prove the inclusion of the effect of nuclear interactions was added to YODA. The lowest passing rate found was
99.47% for a 190 MeV spot without a range shifter, therefore the calibration was successful. The passing rate de-
creased for high energies, likely due to the crude approximation to deal with nuclear interactions. Other ways
to include the effect of nuclear interaction should be investigated to further improve the calibration results.
After the calibration was complete, three experiments were performed.

First, simple treatment plan comparisons were performed using the BDL �les and a homogeneous water phan-
tom, including plans containing a single spot irradiated from gantry angles ranging from 10 ± to 90±. To account
for the angled beams, a beam splitting algorithm was used. It was observed that the BDL �les are speci�c for
the isocenter to CT volume surface distance, as the boundary conditions of YODA are at the CT volume surface
while the treatment plans de�ne spots at the isocenter in air. To include this effect, the BDLs should contain
beamlet parameters at the isocenter, from which the beamlet parameters at the CT volume surface can be cal-
culated. The calibration procedure for the spatial spread, angular spread and correlation needs to be adjusted.
Alternatives to the beam splitting algorithm should be investigated, as this algorithm inadequately re�ects
reality when a beam enters the CT volume under an angle.

Second, YODA assumes that spots are laterally symmetrical, however, in reality, spots are ellipse-shaped. To
solve this, the asymmetrical spot solution to the Fermi-Eyges equation was derived. The difference in inte-
grated Fermi-Eyges �ux between the symmetrical and asymmetrical spot was calculated for realistic combina-
tions of lateral spread, angular spread and correlation. The mean error in integrated Fermi-Eyges �ux, relative
to the maximum, induced by assuming lateral spot symmetry, around the central beam axis is signi�cant, as it
ranges from 0.6853% to 3.071% at the entrance of the CT volume and from 0.4710% to 4.957% at the Bragg peak.
Therefore the asymmetrical spot solution should be implemented, after which, YODA should be re-calibrated

Third, the error induced by systematic errors in the log �le was investigated. The plan contains a target cube
centered in the homogeneous water phantom irradiated by a 0 ± gantry angle beam. By perturbing each energy
layer randomly using a uniform distribution, where the maximum perturbation was 0.8 mm in spot position,
1% for MU and 0.1% for energy, the magnitude of the dose difference was calculated. The mean differences
in dose in the target cube induced by randomly perturbing each energy layer were 0.1204% § 0.0408% in x,
0.1700%§ 0.0324% in z, 0.2592%§ 0.1595% in MU and 0.4802%§ 0.1558% in energy. These differences are small
compared to the error induced by assuming symmetrical spots, note that the differences in spatial spread were
an order of magnitude bigger than the perturbation in spot position. Before this investigation on the effect of
systematic errors can continue, the asymmetrical spot solution needs to be implemented and the problems
discovered with angled beams should be solved.

The calibration was successful, and additional extensions and alterations have been identi�ed to further im-
prove YODA before it can be used as the described patient-speci�c quality assurance tool.
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1
Introduction

In this chapter, the background of proton therapy, quality assurance and the deterministic proton algorithm
will be introduced and discussed. Then the research question will be formulated and divided into sub-questions.

1.1. Proton therapy background
According to the Dutch Cancer Foundation, KWF, one in three people gets diagnosed with cancer in their
lifetime, with a 65% �ve-year survival chance [1]. There are a few commonly used treatment modalities, for
example, surgery or chemotherapy. Another well-established treatment modality for cancer is radiotherapy
(RT). Ionizing radiation is used to damage the DNA of tumor cells, where a certain dose with the unit Gray (Gy)
is prescribed to the patient. External radiotherapy is a modality where the source of the radiation is outside the
patient and there are two common forms of external radiotherapy: photon therapy and proton therapy. The
dose-depth characteristics of a photon beam, illustrated in Figure 1.1, show �rst a build-up region, then a peak
and a gradual decline in dose.

Figure 1.1: Schematic graph of depth dose curve of photon (in blue) and proton (in red) beam. Adapted from Zhang [2].

Proton therapy has a low entrance and a negligible exit dose due to the steep Bragg peak [3] as shown in Figure
1.1. This causes proton therapy to be able to deliver a high dose to the tumor while minimizing damage to the
healthy tissue [3]. However, due to this steep Bragg peak, a small displacement can cause a high dose to be
placed in the healthy tissue instead of the tumor. Therefore, there is a risk of tumor underdosage, which in-
creases the patient's mortality chances, and a risk of healthy tissue overdosage, which increases the probability
of complications [4]. The current standard radiotherapy work�ow involves creating a treatment plan based on
a single computed tomography (CT) image [5]. The plan is optimized to have a high tumor control probability
and a low complication probability. To account for uncertainties in the treatment, robust optimization is used,
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where uncertainty models are considered in the optimization so that the resulting plan performs well under
most scenarios within the boundaries of the uncertainty models [5]. This leads to a margin around the tumor
that is also irradiated however, this margin is smaller than a margin that results from uniformly expanding
around the tumor to account for uncertainties. This plan is then administered in multiple fractions of lower
doses to help the healthy tissue recover while still damaging the tumor tissue enough to eliminate it [4].

During the treatment, there are unpredictable anatomical changes in the patient that can not be taken into ac-
count in the initial treatment planning. Some of these changes include for example weight loss or the shrinkage
of the tumor [5]. Another downside to the current treatment procedure is the use of the margins resulting for
robust optimization. Although these margins help to account for uncertainties, this approach also results in
a higher dose to the healthy tissue within the margin. To take these anatomical changes into consideration,
the treatment plan should be reevaluated and recalculated after administering a certain amount of fractions.
This is called adaptive therapy. The goal of adaptive therapy is to deliver the prescribed dose to the tumor
while sparing healthy tissue despite anatomical changes to the patient during the treatment [5]. Since radio-
therapy is fractionated, the treatment plan can be adapted during the course of the treatment period based
on the anatomy of the patient. This can reduce the margins that are radiated around the tumor, while still
maintaining a high dose to the tumor and a lower complication probability [5]. The frequency of a treatment
plan adaptation can differ. To account for day-to-day anatomical changes, ideally, every day an image would
be made and the treatment plan would be recalculated almost in real-time based on this new image, this is
called daily adaptive radiotherapy. However, the computational expense [6] and the computation time needed
to re-optimize the treatment plan [7] are too large for this application, making it impossible to recalculate the
plan daily.

1.2. Quality assurance
The steepness of the Bragg peak makes quality assurance (QA) a vital aspect of the treatment [8]. Quality assur-
ance contains all procedures taken to ensure consistency of the medical prescription and the safe ful�llment
of the prescription in all aspects of the treatment [4]. QA can be done in various ways, such as machine QA,
where the proper functioning of the treatment system is assessed. Another example is patient-speci�c QA,
where for every patient separately, the quality of the plan is assured using different QA tools. This can be time-
consuming and therefore becomes a bottleneck in the treatment process [9]. With the goal of working towards
daily adaptive treatment in mind, the QA would ideally not be a time-consuming part of the treatment.

One proposed patient speci�c QA tool is to compare the delivered dose to the planned dose. There can be
a difference between the two dose distributions due to numerous errors and inaccuracies [10]. If the deliv-
ered dose distribution is different, this can be taken into account in the next fractions to maintain the desired
clinical outcome of the treatment plan. This QA tool has been explored during the last decade.

In photon therapy, it is possible to measure the photons escaping the body with an electronic portal imaging
device (EPID). Here the exiting photons are measured by a metal plate coated in phosphorous material causing
�uorescence, which is caught by a camera and displayed on a monitor in real-time [11] and thus gives insight
into the delivered dose to the patient. However, this is challenging with proton therapy as the protons are
mostly stopped in the body. Secondary photons can be used to verify the range of the protons using the prompt
gamma system. The downside of this method is that the measurement only gives insight into the range [5]
and not the dose distribution. Also, detectors similar to positron emission tomography (PET) detectors are
currently being investigated. The amount of secondary positrons is signi�cantly lower than in a diagnostic
PET-scan however, it is enough to create an image. The main issue with this approach is the background
radiation in the room and the limited gantry angle coverage [12].

A way of reconstructing the dose would be to use log �les from the proton delivery machine in combination
with an independent particle transport algorithm. According to Meier et al. [9], a therapy delivery system is
monitored by a build-in veri�cation system using independent detectors. The veri�cation system described
in this publication measures and logs every pencil beam, and when they deviate from set tolerances, the treat-
ment is interrupted. Meier et al. [9] claim that these measurements can therefore be used as a form of entrance
dosimetry, and the log �les can be used to reconstruct the delivered dose. Chung [3] found that the log �les at
Samsung Proton Therapy Center using Sumitomo Heavy Industries Ltd proton beam therapy system contain
a small enough systematic error to be used for this application. Toscano et al. [13] explored the uncertainties
in the log �les and also concluded that if the log �le uncertainties are treated correctly, the usage of log �les for
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QA is promising.

Meier et al. [9] have investigated the possibility of using these log �les together with an independent Monte
Carlo algorithm to compare the planned dose distribution to the reconstructed delivered dose distribution.
Winterhalter et al. [14] have researched a similar approach using a different independent Monte Carlo-based
algorithm. Both publications found that using the log �les in combination with an independent Monte Carlo-
based algorithm is a viable quality assurance tool. This has also been explored by Marmitt et al. [10] with an-
other independent Monte Carlo algorithm where they compared this proposed QA tool against measurement-
based QA and found that the results of both methods are consistent. Belosi et al. [8] have investigated a wider
variety of tumors with this methodology and recommend that before implementing this tool in a clinical set-
ting, �rst the sensitivity should be explored further.

All these results are promising; however, golden standard quality Monte Carlo algorithms are computationally
expensive and a faster algorithm would be bene�cial to adaptive proton therapy. In an ideal case, the log �les
would be available in real-time, and the algorithm would be fast enough to give real-time feedback. This way,
the treatment plan could be interrupted while administering, decreasing the probability of complications.
Unfortunately, both the log �le software and the algorithms are not fast enough at this point in time.

1.3. Proton transport algorithm
Burlacu et al. [15] have developed an independent particle transport algorithm, Yet anOther Dose Algorithm
(YODA), which has been proven to be faster than the proton therapy golden standard Monte Carlo algorithm
[16], TOol for PArticle Simulation (TOPAS) [17]. This algorithm is based on the Linear Boltzmann Equation,
where approximations are made to solve the full Linear Boltzmann Equation, which is computationally ex-
pensive to solve otherwise. These approximations result in a numerically solved partial differential equation
(PDE), the Fokker-Planck equation, and an analytically solved PDE, the Fermi-Eyges equation. YODA yields
the dose distribution of the inputted beamlets in a de�ned CT volume. This CT volume is discretized in voxels,
which are small cubic volumes.

Another bene�t of this algorithm is that it can use the adjoint theory. This is especially useful for daily adaptive
therapy. If the plan were to be adapted daily, the input CT volume of YODA would change daily. Instead of
many computationally expensive dose calculations, because there are many new repeat CT images, the adjoint
method calculates an approximation of the change in dose when the treatment plan is delivered to the repeat
CT scan which is computationally less expensive [16].

1.4. Research question and thesis outline
As discussed in Section 1.2, the quality assurance tool in which the delivered dose is reconstructed using log
�les and an independent dose algorithm and then compared planned dose is consistent with measurement-
based comparisons and therefore is viable to be a faster alternative. However, often Monte Carlo-based dose
calculations are used, which are computationally expensive. Burlacu et al [15] have developed an independent
particle transport algorithm, YODA, which has been proven to be faster than the golden standard Monte Carlo
algorithm TOPAS. The goal of the thesis is to expand and improve the existing algorithm (YODA) by calibrating
YODA to the popular treatment planning software RayStation [18], while considering clinically applied range
shifter components, expanding the theoretical formalism to allow realistic laterally asymmetric spot con�gu-
rations and investigating the use of log �les for the reconstruction of delivered doses. In doing so, the clinical
applicability of this independent patient-speci�c QA method will be assessed by comparing the resulting dose
distributions to the popular treatment planning software RayStation [18].

1.4.1. Research question
The general research question is formulated to be the following:

• How can YODA be calibrated and improved to yield dose distributions that are comparable to clinically
generated dose distributions?

1.4.2. Sub-questions
This research question can be broken down into four more speci�c sub-questions. For each sub-question, the
proposed method will be brie�y discussed.
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• How can YODA be calibrated to the clinically used planning software RayStation?

The frequently used planning software RayStation outputs treatment plans in the DICOM (Digital Imag-
ing and Communication in Medicine) format, which is the international standard format. In this format,
the beamlets are de�ned by their nominal energy and their spot size at the isocenter in air. These treat-
ment plans are made for the Holland PTC (HPTC) gantry. Speci�cally, they contain physical in-room
snout to isocenter and scanning magnet to isocenter distances. YODA uses beamlet properties at the
entrance of the CT image volume. Therefore, a gantry-dependent relationship between the in-air beam-
let properties at the isocenter from the RayStation treatment plan and the beamlet properties at the
entrance of the CT volume from the algorithm must be established. This method aims to forego match-
ing fundamental physical data such as stopping powers, straggling coef�cients, or absorption cross sec-
tions. By adjusting the inputs (mean spot energy, spot energy spread, number of protons) and lateral
parameters (spot size, angular deviation, correlation) the dose distribution will be matched between the
algorithms. Optimization will be used for this purpose. Here the objective is to minimize the differ-
ence between the RayStation dose distribution and the YODA dose distribution. This will be repeated
with different energy spots. From this, a Beam Data Library (BDL) will be composed. This is a �le that
contains the nominal energy in one column and the calibrated input for YODA in the other columns.

• How can a range shifter be accounted for in YODA?

Accounting for the range shifter in YODA can be done using a similar method to the �rst sub-question.
Dose distributions will be generated by RayStation, now with a range shifter present. Then the beamlet
parameters for YODA will be optimized to match the dose distribution of RayStation as well as possible.
This will be repeated for different energy beamlets, from this again a beam data library will be composed.

• What is the error incurred in the dose distributions through the assumption of lateral spot symmetry in
the solution of the Fermi-Eyges equations?

A separability assumption has been made in the Fermi-Eyges equation resulting in two separate dif-
ferential equations for x and y which are solved with identical initial conditions. To answer this sub-
question, �rst, the Fermi-Eyges equation needs to be solved without the symmetry assumption. This
is done by changing the initial conditions to be non-symmetrical. To investigate the error as a result of
this assumption the difference in the integrated Fermi-Eyges �ux will be calculated for symmetrical and
asymmetrical cases. This difference can be directly related to the difference in dose.

• What is the effect on the dose distribution yielded by the particle transport algorithm by Burlacu et al.
[15] of a systematic error in the log �le beamlet parameters?

For this part, a treatment plan will be perturbed with different systematic errors. The difference between
the perturbed dose distribution and the unperturbed dose distribution will then be investigated.

When these four subquestions are investigated, the particle transport algorithm could be tested with patient
log �les, and the results can be compared to the planned dose distribution.

1.4.3. Thesis outline
In the next chapter, the theoretical framework of this thesis will be set. This includes an explanation of the
relevant theory behind the proton transport algorithm as well as some theory on Monte Carlo-based dose cal-
culations and the relevant theory on the model calibration. In Chapter 3, the method of this thesis will be
presented. This includes the details of the calibration procedure, the methods of the performed experiments
and the details of how the results of these experiments will be assessed. In Chapter 4, the results will be pre-
sented and discussed. This leads to Chapter 5, where the conclusion of this thesis will be presented along with
recommendations for future research. This report has been written in the context of the Master thesis of the
study Applied Physics at Delft University of Technology at the Department of Medical Physics and Technology
at the Reactor Institute Delft.
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2
Theory

In this chapter, the theoretical framework of this research will be set. First, the theory behind proton inter-
actions in matter will be explained, followed by an explanation of the gantry design. Then the theory of the
used dose calculation algorithms, including the mathematical framework of YODA will be explained. Lastly,
the theory behind the calibration of YODA to RayStation will be explained.

2.1. Proton interactions in matter
Protons can have three distinct types of interactions with tissue: slowing down, scattering and collision with
nuclei [19]. The �rst two are both electromagnetic interactions, whereas the last is nuclear interaction. In this
section, these types of interaction will be explained.

Protons continuously lose kinetic energy due to frequent inelastic Coulomb interaction with atomic electrons
[20]. The kinetic energy is not conserved, meaning the proton can transfer energy to the electrons causing
the proton to slow down and the electron to ionize. An example of such an inelastic interaction is shown in
Equation 2.1:

p Å 16O ! p Å 16OÅ Å e¡ , (2.1)

where 16OÅ denotes the ionized state of the oxygen atom. Because the proton mass is much greater than the
electron mass most protons travel in a nearly straight line [20]. The rate of slowing down of the proton is
dependent on the energy of the proton and the material and is called the stopping power [19].

When a proton travels close to the atomic nucleus, the proton is de�ected from the straight path. This can be
explained by the repulsive elastic Coulomb interaction [20]. This de�ection is also referred to as scattering.
Although the effect of a single scattering event is small, due to random combinations of many scatter events
the total de�ection on a proton beam is observable [19]. An example of elastic interaction is shown in Equation
2.2 [19]:

p Å 16O ! p Å 16O. (2.2)

Less frequently a non-elastic nuclear reaction between protons and the atomic nucleus takes place [20]. In the
non-elastic collision with the nucleus, the target nucleus, for example, may undergo breakup, be excited to a
higher state or particle transfer may occur. An example of non-elastic nuclear interaction is shown in Equation
2.3 [19]:

p Å 16O ! p Å p Å 15N . (2.3)

If the proton beam is mono-energetic, all protons stop nearly at the same depth, this stopping point is referred
to as the range. There is a slight spread in the range called range straggling, which is increased when the beam
itself has a larger energy spread [19].

The incoming proton in an interaction is called the primary proton. With elastic interactions, the resulting
proton is still the same primary proton. However, for example with non-elastic interactions, if there are two
remaining protons both are called secondary as they cannot be distinguished from the primary proton [19].
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Non-elastic interactions can also lead to other secondary particles, examples of possible secondaries are heavy
fragments such as alpha particles, neutrons and ° rays [19]. Both the charge and the mass of these secondaries
in�uence the particle range. For example, an alpha particle has a much shorter range than a proton, whereas
a ° ray has a much longer range than a proton.

The cross-section describes the probability of proton interactions [21] and is de�ned by the following formula,

¾Æ
R

I N a
, (2.4)

where ¾ the microscopic cross section in cm 2, R is the rate of proton nuclear interactions in #
cm2s

, Na is the

number of target atoms per cm 2 and I is the incident beam intensity in #
cm2s

. This microscopic cross-section
can be de�ned for each type of interaction separately [21]. For example, the total microscopic cross-section
is the sum of the scatter and the absorption cross-sections, ¾t Æ¾s Å ¾a . The macroscopic cross-section can
be calculated by the multiplication of the microscopic cross-section with the atomic number density, § ÆN ¾,
where N is the atomic number density in #/cm and § is the macroscopic cross-section in cm ¡ 1 [21]. This can
again be done for each type of interaction separately.

2.2. Gantry design
In Figure 2.1 a schematic view of the hardware components of a gantry treatment head is displayed.

Figure 2.1: A schematic view of the hardware components of the treatment head used in pencil beam scanning, including the de�ection
of the pencil beam. Adapted from Paganetti [19].

The size of the proton beam coming from the accelerator is adjusted by the quadrupole magnets shown in
Figure 2.1 [19]. In modern proton therapy, pencil beam scanning (PBS) is used to irradiate the tumor volume.
Dipole magnets or scanning magnets, as shown in Figure 2.1, are used to laterally cover the intended area with
narrow proton beams while energy modulation covers the depth [5]. These beams are called pencil beams,
beamlets or spots. Figure 2.1 shows the de�ection of a single pencil beam steered by the dipole magnets. Beam
scanning allows for intensity modulated proton therapy (IMPT), where the spot position, energy and �uence
are optimized independently for each spot [5]. The ion chamber, shown in Figure 2.1, is used to measure the
dose, position and beam pro�les before the beam exits through the snout of the treatment head [19]. Both the
gantry and the treatment couch on which the patient is positioned can rotate, as shown in Figure 2.2. This
combination of gantry angle and couch angle leads to good coverage of the patient. Isocenter is de�ned as
the point where the central beam axes for any gantry angle coincide [19]. The depth of the tumor dictates the
needed beam energy, with shallower tumors requiring lower beam energies.

Due to accelerator design limitations, range shifters (RS) are used to slow down the proton beam beyond the
minimum obtainable accelerator beam energy [19]. A range shifter is a slab of material, which can be produced
in varying widths depending on the desired range, that is placed in the beam path to slow down protons. Due to
the elastic Coulomb interaction within the range shifter, the proton energy decreases, resulting in a shallower
range, while the inelastic Coulomb interaction causes the protons to scatter resulting in a bigger spot size [19].
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Figure 2.2: Schematic view of the gantry and couch rotation. Adapted from Romeijn [22]

The angular spread of the beam and the energy spread are increased as well [19]. Both the material and the
thickness in�uence the amount of energy that is dissipated in the range shifter as a result of proton interaction
with the slab. Often range shifter materials are types of plastic, as the scattering is lower per unit of range shift
compared to other materials [19]. The exact material used in treatment is chosen based on the desired effect of
the range shifter and its known properties such as density and stopping power. Also, other factors such as cost,
material uniformity and rigidness should be taken into consideration [23]. Using a range shifter results in a
shallower range, which is convenient when dealing with shallow-placed target volumes [19], while the number
of spots needed to irradiate a volume decreases due to the increase in spot size. The broadening of the spot
can be reduced by reducing the air gap between the range shifter and the patient [23]. The exact position of
the range shifter in the treatment head can slightly differ per treatment system, it can be placed before the ion
chamber, shown in Figure 2.1, as the proton beam range is then modi�ed before the measurement. It is often
placed near the end of the treatment head to reduce the air gap between the range shifter and the patient.

2.3. Dose calculation algorithms
In this thesis, the deterministic dose algorithm, YODA, will be calibrated to the Monte Carlo-based planning
system, RayStation. In this section, the mathematical framework of YODA will be explained followed by an
explanation of the general workings of Monte Carlo dose algorithms.

2.3.1. Deterministic dose algorithm
YODA is a deterministic proton transport algorithm that uses the steady-state Linear Boltzmann Equation
(LBE) as a foundation. This can be rewritten into two partial differential equations (PDE), the Fermi-Eyges
(FE) and the Fokker-Planck (FP) equation. Leading to two solutions that, when combined, can provide the
deposited energy in a volume. Only the main details of the derivation published by Burlacu et al. [15] will be
explained in this section.

2.3.1.1. Steady state linear Boltzmann equation
The LBE is an equation that describes the proton balance in an arbitrary volume [15]. Burlacu et al. [15]
describe that this is done by accounting for all proton loss and gain mechanisms in an arbitrary volume V for
protons with position r 2 R3, energy E and direction ­̂ Æv/ jvj, where v is the velocity vector of the protons,
following Duderstadt and Hamilton [21]. The steady-state LBE is de�ned by Burlacu et al. [15] to be,

­̂ ¢ rÁ Å § t (r ,E)Á(r ,E, ­̂ ) Æ
Z

4¼
d­̂

0
Z 1

0
dE0§ s(E

0¡! E, ­̂
0
¡! ­̂ )Á(r ,E0, ­̂

0
) Å s(r ,E, ­̂ ) (2.5)

BC : Á(r s,E, ­̂ ) Æ0 if ­̂ ¢ês Ç 0 with r s 2 @V, (2.6)

where Á Ævn describes the proton �ux with v is the proton speed and n(r ,E, ­̂ ) is the angular proton density.
BC is the boundary condition, r s describes a vector on the boundary surface @V , ês is the unit outward pointing
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normal vector to the boundary @V at r s, § t is the total macroscopic cross section, § s is the macroscopic double
differential scattering cross section where s describes the source of the protons.

The total cross-section can be written as § t Æ§ a Å §e Å § i n where § a is the catastrophic absorption scatter
cross-section, §e is the elastic scatter cross-section between incident protons and the nuclei of the tissue and
§ i n is the inelastic scatter cross-section between the incident protons and atomic electrons. Doing the same
for § s transforms equation 2.5 into [15]

­̂ ¢ rÁ Æ
Z

4¼
d­̂

0
Z 1

E
dE0§ a (E0¡! E, ­̂

0
¡! ­̂ )Á(r ,E0, ­̂

0
) ¡ § a (r ,E)Á(r ,E, ­̂ )

Å
Z

4¼
d­̂

0
§e(r ,E, ­̂

0
¡! ­̂ )Á(r ,E, ­̂

0
) ¡ §e(r ,E)Á(r ,E, ­̂ )

Å
Z 1

0
dQ§ i n (r ,E Å Q ¡! E, ­̂ )Á(r ,E Å Q,­̂ ) ¡ § i n (r ,E)Á(r ,E, ­̂ ),

(2.7)

where Q is the amount of energy transferred during an interaction. The energy transfer in Coulomb elastic
scatter interactions and the angular de�ection in Coulomb inelastic scatter interactions are neglected.

To further simplify Equation 2.7, the Continuous Slowing Down Approximation (CSDA) and the Energy-Loss
Straggling (ELS) approximation are applied [15]. Due to the difference in proton and electron mass, the energy
loss of the proton in a collision is small. The stopping of the proton beam can be approximated by continuously
losing energy. The mean will be called the stopping power and the deviation around the mean will be called
the straggling coef�cient.

The small angle Fokker-Planck approximation is applied on the elastic scatter angular integral while orienting
the beam along the z-direction, here ­̂ Æ(­ x , ­ y) 2 R2 [15]. Due to the small angular de�ection caused by
Coulomb interactions with the atom, the scattering process can be approximated as a continuous diffusion
term in the lateral angular plane averaged over the energy spectrum, § t r (z) [16].

The application of these approximations leads to the following PDE [15]

@Á

@z
Å ­ x

@Á

@x
Å ­ y

@Á

@y
¡

@S(r ,E)Á

@E
¡

1

2

@2T (r ,E)Á

@E2 Å § a (r ,E)Á ¡ § t r (z)

Ã
@2Á

@­ 2
x

Å
@2Á

@­ 2
y

!

Æ0, (2.8)

where S(r ,E) describes the stopping power, T (r ,E) describes the straggling coef�cient. § a (r ,E) is the absorp-
tion cross section, and § t r (z) is the energy spectrum averaged transport cross section. The proton �ux Á is
dependent on r , ­̂ and E. However, this notation was dropped for readability. By applying energy separability,
the �ux is written as [15]

Á ÆÁFE(r , ­̂ ) ¢ÁFP(z,E), (2.9)

while considering a laterally homogeneous, in-depth heterogeneous geometry. To further simplify the nota-
tion the dependence of ÁFE(r , ­̂ ) and ÁFP(z,E) on ( r , ­̂ ) and (z,E) will from now on be dropped. Equation 2.8
can now be written as

¨ (ÁFE) ¢ÁFP Å ÁFE ¢1DFP(ÁFP) Æ0, (2.10)

where ¨ (ÁFE) is the Fermi-Eyges equation and 1 DFP(ÁFP) is the one dimensional Fokker-Planck equation.
Both equations are set to zero using separation of variables [15].

¨ (ÁFE) Æ
@ÁFE
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Å ­ x

@ÁFE
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Æ0 (2.11)

1DFP(ÁFP) Æ
@ÁFP
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¡

@S(z,E)ÁFP

@E
¡
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2

@2T (z,E)ÁFP

@E2 Å § a (z,E)ÁFP Æ0 (2.12)
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2.3.1.2. Fermi-Eyges equation
According to Gebäck and Asadzadeh [24], the Fermi-Eyges equation, as shown in Equation 2.11, can be solved
analytically. The equation is separated in the x and y directions, ÁFE(r ,­ x , ­ y) ÆH (z,x,­ x )¢H (z, y,­ y) result-
ing in the following equation

@H (z,»,! )

@z
Å !

@H (z,»,! )

@»
¡ § t r (z)

@2H (z,»,! )

@!2
Æ0, (2.13)

where » can be either x or y and ! can be ­ x or ­ y . The same boundary condition is imposed on both PDEs,

H (0,»,! ) ÆCexp(¡ (a1»2 Å a2»! Å a3! 2)), (2.14)

where ai 2 R,8 i Æ[1,2,3] and C È 0.

The solution can be found by extending the domain of ­ x and ­ y to (­ x , ­ y) 2 [¡1 ,1 ]2 and applying two-
dimensional Fourier transforms in » and ! and solving for the Gaussian initial condition [15]. The solution is
found to be [24]
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where ½Æ(x, y), ­̂ Æ(­ x , ­ y) and B(z) Æ£ 2(z) ¡ (£ »(z))2

»2(z)
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can be found using the following equations,
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and

§ t r (z) Æ
Z

dEÁFP(z,E)§ t r (z,E)
. Z

dEÁFP(z,E), (2.19)

where

§ t r (z,E) Æ
Z 1

¡ 1
d¹ § s(E,¹ ,z)(1 ¡ ¹ ), with ¹ Æcos

³
­̂ , ­̂

0́
, (2.20)

and § s is the macroscopic elastic scatter cross-section. Note that the coef�cients £ 2(0) Æ2a1
D , £ »(0) Æ¡ a2

D and

»2(0) Æ2a3
D differ from what was published by Gebäck and Asadzadeh [24]. The derivation shown in Appendix

A, shows that the original paper by Gebäck and Asadzadeh [24] likely contained a typo. The coef�cients of the
boundary condition are chosen to be a two-dimensional normal distribution [15]. When setting the average
values of » and ! to zero ai , i 2 [1,2,3] are described by

a1 Æ
1

2(1¡ %2)¾2
»

, a2 Æ ¡
%

(1¡ %2)¾»¾!
, a3 Æ

1

2(1¡ %2)¾2
!

, (2.21)

where %the correlation coef�cient between the spatial dimension », the angular dimension ! , ¾» is the stan-
dard deviation in » and ¾! is the standard deviation in ! .

2.3.1.3. Fokker-Planck equation
The Fokker-Planck equation, as shown in Equation 2.12, can be solved numerically by using the Symmetric
Interior Penalty Galerkin (SIPG) method in the energy domain and the Singly Diagonally Implicit Runge-Kutta
(SDIRK) method in space [16].

19



The one-dimensional Fokker-Planck equation has the following boundary conditions in energy (BCE) and
space (BCS) [16],

BCE: ÁFP(z,E)
¯
¯
¯
EÆEmax

Æ0,
@ÁFP(z,E)

@E

¯
¯
¯
EÆEmax

Æ0,
@ÁFP(z,E)

@E

¯
¯
¯
EÆEmin

Æ0, (2.22)

BCS: ÁFP(0,E) ÆAe
¡

³
E¡ E0

¾E

´2

, (2.23)

where BCS is a Gaussian function with amplitude A, nominal beam energy E0 and ¾E is the energy spread.

The energy domain is discretized in NG intervals referred to as energy groups that have the same width, ranging
from Emin to Emax [15]. Where the energy domain is chosen to be the clinical proton energy range of 1 MeV
to 200 MeV. The boundaries of an energy group are EgÅ1/2 and Eg¡ 1/2 , the center value is Eg . Thus Emin Æ
ENGÅ1/2 and Emax ÆE1/2 . A schematic view of this energy discretization is provided in Figure 2.3.

Figure 2.3: A schematic view of the energy discretization used in YODA. Adapted from Burlacu et al. [15].

The spatial domain is discretized in Ns steps with length ¢ z which is allowed to vary per step. The starting
point is z0 Æ0 and zNs Æzmax [15].

The Equation 2.12 can then be rewritten to be a system of equations which can be solved using an off-the-shelf
banded system solver [15].

2.3.1.4. Deposited energy
The CT image volume is given by the union of all its Nv voxels (k Æ1,...,Nv , where Vk is the volume of one
voxel) [16]. The Fokker-Planck and Fermi-Eyges solutions can be used to obtain the deposited energy in the
CT volume. Let, ª FE be the angular integtral of ÁFE [16], also referred to as the integrated Fermi-Eyges �ux,
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and let ª FP be de�ned as
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Combining the ª FE and ª FP the energy deposited in a voxel Vk is given by the following equation [16]

Ek Æ
Z

Vk

dV ª FE(r )ª FP(z). (2.26)

From this, the delivered dose to the voxel Vk can be calculated using [16]

Dk Æ
Ek

mk
Æ

1

¢V

Z

Vk

dV
ª FE(r )ª FP(z)

½k
, (2.27)

where mk is the mass of a voxel Vk , ¢V Æ¢ x¢ y¢ z is the volume of a voxel Vk and ½k is the mass density of a
voxel Vk .

The energy or dose deposited in the entire CT volume can be found by summing Equations 2.26 and 2.27,
respectively, over all k in the CT volume.
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2.3.2. Monte Carlo dose algorithm
As ground truth, in the calibration procedure, dose calculations from RayStation will be used. RayStation is a
Monte Carlo-based treatment planning system (TPS). In this section, the general workings of a Monte Carlo
dose algorithm will be discussed.

Monte Carlo algorithms sample following stochastic probability distributions and are based on the central
limit theorem [19]. In proton transport, this probability distribution describes every possible physical interac-
tion and its outcome. This is repeated for every step in the de�ned geometry, the CT volume.

A particle's history is de�ned as the trajectory of a particle and all its possible secondaries [19]. A simulation
of a particle history starts with sampling from a starting source distribution. Then one particle at a time and
one step at a time, the particle will be tracked through the geometry sampling from different distributions to
determine how the particle might interact.

The outcome of a Monte Carlo algorithm is heavily based on the number of particles and the step size [19]. To
achieve high accuracy it is best to use many particles and small step sizes. However, when taking small step
sizes the calculation can become computationally expensive. One proposed way to lessen this computational
load by Paganetti [19] is to reduce coulomb scattering to one step, where multiple scattering theories provide a
probability distribution for the total angle after one step. Paganetti [19] suggest that one can also choose not to
track every single secondary. But when Monte Carlo algorithms are used as the golden standard, they should
aim to be a complete simulation of all interactions with matter [25].

2.4. Model calibration
In this section, the relevant theory for the model calibration will be discussed. First, the parameters that need
to be calibrated will be presented. Then, the theory behind the optimization method that will be used for
the calibration will be discussed. Lastly, the equation to determine the agreement between reference and
calibrated data, the gamma index, will be explained.

2.4.1. Beamlet parameters
The treatment plans are outputted in DICOM format by RayStation. In this format, the beamlets are de�ned by
their nominal energy and their spot size at the isocenter in the air and these plans are gantry-speci�c, as they
contain the snout to isocenter distance. YODA however, uses the beamlet properties de�ned at the entrance
of the CT volume. To be able to compare YODA doses with RayStation doses, the beamlet parameters need
to be calibrated by establishing a gantry-dependent relationship between the in-air beamlet properties at the
isocenter from the Raystation treatment plan and the beamlet properties at the entrance of the CT volume
for YODA. The beamlet parameters inputted to YODA include the following: position of the spot, spot mean
energy E in MeV, energy spread ¾E in MeV, number of protons NP, spatial spread ¾x in cm, angular spread ¾­ x

in radians and the correlation %between the spatial and angular dimensions. Furthermore, the CT volume is
also inputted to YODA. The RayStation DICOM RT plan provides the spot position, the planned spot energy
and the monitoring units (MU) for a plan speci�ed in a certain CT volume. The MU is a quantity that describes
the charge collected in the transmission ion chamber in the treatment head needed to provide the prescribed
dose [19].

When calibrating, the same CT volume and spot positions will be used for both the RayStation reference dose
distribution and the YODA dose distribution. This leaves the following parameters to be calibrated: the spot
mean energy, energy spread, number of protons, spatial spread, angular spread and correlation between the
spatial and angular dimensions.

Note that the number of protons retrieved from the calibration is speci�c for the MU speci�ed in the treatment
plan provided by RayStation that was used for the calibration. To generalize the results for other treatment
plans the number of protons per MU should be calculated and stored.

2.4.2. Trust region optimization
In this thesis, an optimization technique called trust region optimization will be used to calibrate YODA to
RayStation. This technique was chosen as it does not necessarily require the gradient of the function that is to
be optimized and the step size is variable per iteration, making fast convergence possible. First, an objective
function is de�ned, which is the function that will be minimized. Then a starting point is provided to the
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algorithm which is the best-known solution to the objective. It starts by approximating a region around the
best-known solution of the objective using a model, which is often a quadratic model, of the objective function
[26]. A neighborhood around the best-known solution in this model is created using a trust radius, this is called
the trust region, as this should be a fair approximation of the actual objective function. Then, the minimal
solution in this trust region to the model is found. This point is taken as the new best-known solution to the
actual objective function and the value is calculated. This is an iterative process that will be repeated until the
solution satis�es the stopping conditions. The size of the trust region is dependent on the previous step [27]. If
the previous step approximated the function well, the trust radius can be enlarged for the next step. However,
if the last iteration was a bad approximation, the trust radius will be decreased for the next iteration. Trust
region optimisation can be applied to problems with multiple optimization parameters and this method is
also compatible with bounds and constraints [28] as there can not be a trust region at points where the bounds
and constraints are not met.

2.4.3. Gamma index
The gamma index is a clinically used quantity that gives insight into the difference between a reference dose
distribution and a dose distribution that is to be evaluated. Low et al. [29] gives the following set of equations,

¡ (r e, r r ) Æ

s
±2(r e, r r )

¢ D2 Å
r 2(r e, r r )

¢ d 2 , (2.28)

where
±(r e, r r ) ÆDe(r e) ¡ D r (r r ), (2.29)

and
r (r e, r r ) Æjr e ¡ r r j, (2.30)

where r e describes a position in the evaluation dose distribution, r r describes a position in the reference dose
distribution and where De(r e) describes the dose at r e of the evaluation dose distribution and D r (r r ) describes
the dose at r r of the reference dose distribution. ¢ D is the dose difference criterion and ¢ d is the distance to
agreement (DTA) criterion. The gamma index then can be found by,

° (r r ) Æmin{ ¡ (r e, r r )}8 {r e}, (2.31)

Low et al. [29] then introduced a pass-fail criterion which states that when ° · 1 the calculation passes. The
differences between the two dose distributions are then acceptable for clinical practice.

This calculation can be visualized by an ellipsoid in a space de�ned on one axis by dose and on the other by
distance [29]. The ellipsoid's size is determined by the acceptance criteria and is centered around the reference
dose point. If the evaluated dose point falls within or on the surface of this ellipsoid the calculation is accepted.
The evaluated dose point closest to the center of the ellipsoid will be used to calculate the gamma index. This
is shown in Figure 2.4. Note that in this �gure the ± axis describes the dose, the x axis the distance, the subscript
'c' refers to the evaluation dose distribution and subscript 'm' refers to the reference dose distribution.

Using this gamma index, a passing rate can be calculated for the whole dose distribution, by simply calculating
the percentage of gamma indexes equal to or smaller than 1 in the evaluation dose distribution.

Das et al. [30] state that for photon therapy often ¢ d Æ3 mm and ¢ D Æ3% are used and a passing rate of 90%
is followed by many institutions. By lowering ¢ d and ¢ D, to for example 1 mm and 1% the acceptance criteria
will be stricter, and the dose distributions then need to be more similar to pass.
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Figure 2.4: Geometric representation of dose distribution evaluation criteria using the combined ellipsoidal dose-difference and
distance-to-agreement tests. (a) Two-dimensional representation. (b) One-dimensional representation. Adapted from Low et al. [29].

Note that the subscript 'c' refers to the evaluation dose distribution and subscript 'm' refers to the reference dose distribution.
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3
Methods

In this chapter, the method that was used during this thesis will be explained. Firstly, the details of the calibra-
tion procedure will be discussed. Secondly, the methods used to perform the experiments will be explained,
and lastly, the metrics used to compare the results to their corresponding reference dose will be listed.

3.1. Calibration procedure
To calibrate YODA to RayStation an optimization procedure was used. In this section, this procedure will be
discussed. To optimize, a water box of 100 mm by 300 mm by 100 mm was used as the CT volume in which a
single spot was irradiated from a 0 ± gantry angle. This means that the central beam axis is along the y direction
and the x,z plane is the lateral plane.

3.1.1. Beam data library
This thesis aims to adapt the already existing deterministic dose algorithm to use it for patient-speci�c QA by
comparing planned dose and reconstructed delivered dose. To compare the planned dose to the reconstructed
dose, computed by an independent proton algorithm, the input parameters need to be calibrated. For this
purpose, a beam data library (BDL) can be used, which is a �le where parameters are stored that characterize a
spot for different energies [31]. This �le will, in this case, be used as a calibration table between RayStation and
YODA, as the �le describes the parameters needed in YODA to reproduce a spot planned by RayStation. This
�le contains both the nominal spot energy planned by RayStation and the mean spot energy found for YODA
along with the energy spread, number of protons per MU, spatial spread, angular spread and the correlation
between the spatial and angular dimensions. The �le also contains information on the presence of a possible
range shifter. The calibration was performed for several different planned spot energies however, when the
desired planned energy for a dose comparison is not present in the BDL, linear interpolation can be used to
obtain the beamlet parameters for YODA.

3.1.2. Objective function
The objective function was chosen to be the squared difference of the dose distributions summed for all voxels
in the CT volume. For the spots planned without range shifters it is de�ned to be the following,

J(®) Æ
NvX

kÆ1
(DY (Vk ,®) ¡ DR(Vk ))2, (3.1)

where DY (Vk ,®) is the dose deposited in the voxel Vk found in the dose distribution yielded by YODA, DR(Vk )
is the dose deposited in the voxel Vk found in the provided RayStation planned dose distribution, Nv is the
number of voxels and ® is a vector containing the input beamlet parameters that are to be optimized.

When calibrating for spots that include range shifters, a weight was used over both the dose distributions in
the objective function. This weight was a 2D Gaussian function in the lateral plane. The spread is extracted
from a �t of the lateral pro�le of the beamlet at the Bragg peak from the RayStation dose distribution. Extra
weights were added in depth around the Bragg peak, a factor of 2 for the 5 layers of voxels before and after the
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Bragg peak, leading to the following objective,

J(®) Æ
NvX

kÆ1
(W (Vk )(DY (Vk ,®) ¡ DR(Vk ))2), (3.2)

where W (Vk ) is the value of the weight matrix in voxel Vk .

3.1.3. Approximation to improve inclusion of nuclear interactions
In the early stages of testing the optimization procedure, it was suspected that the nuclear interactions needed
to be modelled in a different way to improve the results. In YODA, all of the energy of the secondaries due
to nuclear interaction was deposited locally. This is a crude assumption and therefore an alternative was in-
troduced. Bortfeld [32] suggested depositing a percentage locally and neglecting the rest of the energy, as not
all secondaries have a short range. An alpha particle has a short range, therefore, locally depositing the dose
of this alpha particle as a result of nuclear interaction can be justi�ed. However, a photon or a neutron has a
much longer range, the particle will likely exit the patient's body, and therefore the dose will not be deposited
in the volume. In this case, it could not be justi�ed to deposit the dose locally as a result of these secondaries.
Bortfeld [32] reported reasonable results despite the crudeness of the suggested method. The percentage of
locally deposited dose suggested in the paper was around 60%.

In this thesis, this idea was used, but with some alterations. The percentage of the locally deposited dose was
included in deposited energy, Equation 2.26, by introducing it in ª FP(z) as described in Equation 2.25, leading
to the following equation:

ª FP(z) Æ
Z 1

0
dEE

·
¡

@S(z,E)ÁFP

@E
¡

1

2

@2T (z,E)ÁFP

@2E
Å ° § a (z,E)ÁFP

¸
, (3.3)

where ° represents the percentage of locally deposited dose due to nuclear interactions.

Figure 3.1: Fraction of the energy lost by a proton in a nonelastic nuclear reaction that is transferred to secondary charged particles
(Seltzer, 1992 [33]). The points represent the calculations, and the curve is a least-squares �t. Adapted from Berger [34] .

Figure 3.1 shows the fraction of the energy lost by a proton in a nonelastic nuclear reaction that is transferred to
secondary charged particles as presented by Berger [34]. This �gure suggests that there should be a decreasing
dependency between the beam energy and ° , as the proton loses less energy to secondaries for lower beam
energies. Therefore, ° was optimized at different mean beam energies and a constraint was imposed on the
optimization that ° should be decreasing with decreasing energy. The energy points at which ° was optimized
were at 100%, 90%, 80%, 70%, 60%, 50%, 40%, 20% and 0% of the mean beam energy relative to the initial
mean beam energy. In between these energies, the value of ° was found by using linear interpolation between
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the optimized ° points. This adds 9 additional optimization parameters. Because ° is a fraction, its value is
bounded between 0 and 1. The optimized values of this ° are then also stored in the BDL.

Figure 3.2: The integral depth dose curve (in red) of a 230 MeV spot and the relative beam energy (in blue) plotted against the depth
displayed in the same �gure.

The choice was made to use more points in the high-energy domain and fewer in the low-energy domain, as
the effect of the varying ° was smaller in the low-energy parts, occurring after the Bragg peak. Figure 3.2 shows
the Integral Depth Dose curve (IDD) and the relative beam energy against the depth of a single spot with 230
MeV beam energy. The IDD is de�ned as the sum of the dose distribution over the lateral plane as a function of
depth, IDD( z) Æ

R R
X,Y D(x, y,z)dxdy, where z is the depth. The energy points at which ° was optimized cover

the IDD curve reasonably as the mean beam energy decreases to zero just after the Bragg peak as can be seen
in Figure 3.2.

Figure 3.3: Fraction of the absorbed dose that is contributed by secondary charged particles from nuclear reactions. Adapted from Berger
[34]. Where the x-axis shows the depth normalized with the range of the beam.

Figure 3.3 shows the relation between the fraction of absorbed dose due to secondaries resulting from nuclear
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interactions against depth normalized with range for different initial beam energies as published by Berger
[34]. This suggests that there is a difference in the dose that needs to be locally deposited for different initial
beam energies. Therefore, ° was optimized for every initial beam energy.

3.1.4. Optimization variables and bounds
The optimization parameters consist of the system parameters discussed in Section 2.4.1 and the ° introduced
in Section 3.1.3: the mean spot energy E in MeV, the energy spread ¾E in MeV, the number of protons NP, the
spatial spread ¾x in cm, the angular spread ¾­ x in radians, the correlation between the spatial and angular
dimension %and the fraction of locally deposited dose ° . These characterize the beamlet and therefore need
to be optimized against RayStation.

To set the bounds, an already available BDL was used for spots without a range shifter. This BDL was made
speci�cally for the Monte Carlo dose engine MC 2 and measurements performed at HPTC. This BDL can pro-
vide an idea as to what the order of magnitude is that the parameters should be in. It cannot provide an accu-
rate result as it is speci�cally made for the HPTC gantry in combination with MC 2 and not for YODA. However,
the HPTC BDL was used to provide an initial guess for the minimization function as again, it should be in the
right order of magnitude. YODA assumes that a spot is symmetric in the lateral plane, while in the HPTC BDL,
the spatial spread, angular spread and correlation for both the x and y directions were provided. YODA takes
the mean of these parameters and uses that for the symmetrical spot. For the number of protons, the initial
guess was found by using the relation for dose and energy in a voxel Vk , Dk ÆEk / mk . By multiplying the total
dose by the mass of the volume and dividing by the energy, the number of protons used can be found. This
was done using the following equation,

NPguessÆ
NvX

kÆ1
(D r (Vk )¢ x¢ y¢ z½k )/ E, (3.4)

where D r (VK ) describes the planned dose distribution provided by RayStation in voxel Vk . ¢ x, ¢ y and ¢ z are
the voxel sizes in the respective directions, ½k is the density of the CT volume in voxel Vk and E is the planned
energy by RayStation. An overview of the optimization bounds is given in Table 3.1.

Table 3.1: Overview of the optimization bounds.

Symbol Lower bound Upper bound
E (MeV) 0.5EBDL 1.5EBDL

¾E (MeV) 0.0 ¾E,BDL+5.0
NP 0.8NPguess NPguess

¾x (cm) 0.0 10.0
¾­ x (rad) 0.0 1.0E-2
% 0.0 1.0
° i , i=[1,2,..,8] 0.0 1.0

Where the subscript 'BDL' refers to the value found in the HPTC BDL.

For the planned spots including range shifters, the initial guess provided to the minimization function needed
to be extracted from the RayStation dose distribution, as there was no BDL available to use as a baseline. To
extract these initial guesses three steps were taken:

• To extract the mean spot energy, an optimization was performed, where the objective function was the
sum of the squared difference of the IDD. Only the mean spot energy was optimized, while the other
beamlet parameters remained constant.

• A similar optimization was used to �nd an initial guess for both the number of protons and the energy
spread, using the newly found estimate for the mean spot energy. The sum of the squared difference of
the IDD around the Bragg peak was used as an objective function.

• The lateral spread was determined by �tting a 1D Gaussian function over the lateral pro�le of the spot in
the x direction at the entrance of the CT volume.

The bounds of these extracted initial guesses could be stricter than for the cases without range shifters, as these
initial guesses were reasonable. Arbitrary chosen values were used for the initial guess of the angular spread
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and correlation. The upper bound for the angular spread had to be increased, as an effect of the range shifter
is a larger angular spread [19]. An overview of the adjusted bounds can be found in Table 3.2.

Table 3.2: Overview of the optimization bounds including range shifters.

Symbol Lower bound Upper bound
E (MeV) Eguess-0.5 Eguess+0.5
¾E (MeV) ¾E,guess-0.5 ¾E,guess+0.5
NP 0.9NPguess 1.03NPguess

¾x (cm) ¾x,guess-0.2 ¾x,guess+0.2
¾­ x (rad) 0.0 1.0E-1
% 0.0 1.0
° i , i=[1,2,..,8] 0.0 1.0

Where the subscript 'guess' indicates the value of the parameter found from the above described methods to
extract this information from the RayStation planned dose distribution.

3.1.5. Optimizer
The optimizer that was used was the Python minimize function from the SciPy library [28]. This function takes
Equation 3.1 or Equation 3.2 as input to minimize. Also, the �rst guess of what the optimization parameters
should be, which was described in subsection 3.1.4, is provided as input. Then it takes the method of optimiza-
tion as input. In this thesis, the method trust-constr was chosen. This is a trust region based algorithm that is
compatible with bounds and constraints. The bounds and the constraint were inputted to the optimizer, and
the maximum number of iterations was set to 300. This was done after observing that after 300 iterations the
change in objective was very small. The other input options were set to their default values.

3.1.6. Energy domain discretization
The clinical range of proton beams is generally 1 MeV to 244 MeV. The energy domain of YODA was extended
from 200 MeV to 244 MeV. To expand the energy domain the group size and the number of energy groups had
to be adjusted. The group size was held constant at 0.5 MeV, which yielded 486 groups for a maximum energy
of 244 MeV.

Computations with spot energies close to the upper bound of the energy domain are not always reliable, due
to the energy spread of a spot some of the energy that should be deposited will be neglected, as this energy
was higher than the upper bound of the energy domain. Energies up to 230 MeV were used, as the magnitude
of the energy spread was found to be roughly in the range of 1 to 4 MeV depending on the planned spot.

3.2. Performed experiments
3.2.1. Plan comparisons
To compare the planned dose against the calibrated YODA dose, RayStation was used to generate simple plans.
These plans consisted of water boxes of 100 mm by 300 mm by 100 mm as the CT volume, and no range shifter
was present in any of the plans. Two types of plans were used in this experiment.

The �rst type contained a single spot of 100 MeV, originating for each plan from a different gantry angle. The
angles that were used where 10±, 20±, 30±, 60±, 70±, 80± and 90±.

The second type consisted of a target cube of 20 mm by 20 mm by 20 mm, centered in the CT volume, that
was being irradiated. In one plan this cube was irradiated by one beam, containing multiple energy layers and
spots, under a 0± gantry angle. There were two plans where the cube was irradiated by two beams, either from
a 60± and a 300± gantry angle or from a 90 ± and a 270± gantry angle. Lastly, there was a plan where four beams
irradiated the cube coming from 60 ±, 120±, 240± and a 300± gantry angle.

To account for angled beams, beam splitting as described by Burlacu et al. [16] is used, which is an approx-
imation that also can be used to account for lateral heterogeneities. This is an approximation where a beam
is split up into subspots, where the position of these subspots was prescribed to be on concentric rings, with
the center being the central axis of the original spot. Then, the spatial spread and number of protons were
optimized. The beam splitting scheme that was used for this experiment was [1,6,6,6,12,12,12]. Each number
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in this scheme describes the number of subspots placed on that ring, with the �rst number being the center
and the last number being the outer ring. The BDL �le created by the calibration procedure was used to yield
the YODA dose.

3.2.2. Asymmetrical spot error
To test what the effect is in the delivered dose when assuming a symmetrical spot instead of an elliptical spot,
the Fermi-Eyges solution for an asymmetrical spot had to be derived. Then the effect of this asymmetrical spot
on the integrated Fermi-Eyges �ux, ª FE, was derived. For several combinations of spatial spreads, angular
spreads and correlations, the difference in ª FE between the symmetrical case and the asymmetrical case was
calculated using ¢ª FE Æª FE,Symm ¡ ª FE,Asymm. For the symmetrical case, the mean was taken of the spatial
spread, angular spread and correlation, as this is what is done in YODA. The difference in ª FE could be directly
related to the difference in dose, using the Equation 2.26. From this difference in ª FE, the difference relative to
the maximum integrated Fermi-Eyges �ux in the symmetrical case was calculated. This calculation was done
at the entrance of the CT volume as well as at the Bragg Peak. The combinations of spatial spread, angular
spread and correlation were extracted from the BDL �le created for MC 2 and measurements at HPTC, as these
are realistic combinations for those parameters.

3.2.3. Systematic log �le error
To explore the effect of systematic errors in the log �les on this QA tool, disruptions were added manually to
the YODA input. The plan used for this experiment was the simple water box plan, in which a cube of 20 mm
by 20 mm by 20 mm centered in the middle of the CT volume is irradiated from a 0 ± angle beam. The central
beam axis is along the y direction and the x,z plane is the lateral plane. The irradiated cube will be referred
to as the target. Again, beam splitting was applied as described by Burlacu et al. [16]. In this experiment, the
beam splitting scheme [1,6,6,6] was used, due to time limitations and considering the number of spots. The
dose distribution found by YODA without perturbation was taken as a reference.

Log �les contain information on spot position and MU, thus these were the quantities in which the pertur-
bations were added. For the x and z directions, perturbations of 0.8, 0.6, 0.4 and 0.2 mm were added in both
the negative and positive axis. This was based on values found in the literature. A publication by Li et al. [35],
found that the maximum deviation in the log �le spot position compared to the measured spot position was
0.65 mm. Toscano et al. [13] found that the standard deviation in spot position found for a 100 MeV spot with
varying MU was 0.54 mm while the maximum systematic shift could go up to 1.5 mm. However, the treatment
system in this publication can deliver a beam within an accuracy of 0.2 mm, therefore Toscano et al. [13] sug-
gest that this uncertainty in the log �le spot position should be taken into account to ensure that deviations
in spot position are not misinterpreted. Toscano et al. [13] suggest that a model of systematic and random
errors in the spot position of the log �les should be made and included in the reconstructed dose calculations.
This model of systematic errors is dependent on energy, planned spot position and MU. Ates et al. [36] found
a systematic shift of 0.005 § 0.189 mm in x and 0.125 § 0.175 mm in y during the trend analysis of six years of
treatment data. Li et al. [35] claim that the deviation in MU in log �les to the planned MU is smaller than 1%.
Ates et al. [36] found a percentage difference in MU of 0.07% § 3.53%. Perturbations of 1%, 0.75%, 0.5% and
0.25% were added, again both positive and negative. Also, the effect of perturbation in energy was explored by
adding and subtracting 0.1%, 0.075%, 0.05% and 0.025% of the energy.

First, the whole target cube was perturbed with the above-discussed perturbations, then an experiment was
performed where each energy layer was perturbed with a random perturbation. This perturbation was ran-
domly selected from a uniform distribution where the values ranged between ¡ 0.8 mm to 0.8 mm for x and z,
¡ 1% to 1% for MU and ¡ 0.1% to 0.1% for energy. This experiment was repeated ten times for each quantity
and the mean and standard deviation for these experiments were calculated.

3.3. Comparison metrics
To test the validity of both the optimizations and the experiments that were performed, different tools were
used. For the calibration and the simple water box plan comparisons, �rst a visual inspection of the IDD and
the 1D lateral pro�le at different depths was performed. Second, 2D dose slices were plotted from different
perspectives and analyzed. Lastly, the gamma index was utilized to create a passing rate. The aim was an as
high as possible passing rate. The used acceptance criteria for the gamma index were 1 mm, 1% and a cutoff
of 10%.
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For the investigation of the effect of an asymmetrical spot, the difference of ª FE between the asymmetrical
and symmetrical case, relative to the maximum of the symmetrical case integrated Fermi-Eyges �ux, was cal-
culated and plotted at both entrance and the Bragg peak. The maximum difference relative to the maximum
symmetrical integrated Fermi-Eyges �ux was calculated. The mean difference relative to the maximum sym-
metrical integrated Fermi-Eyges �ux inside a square centered around the beam was also calculated. The width
of the square was found by �tting a Gaussian function over the pro�le of the integrated Fermi-Eyges �ux and
taking four times the spread, ¾, of this �tted Gaussian. This mean value, inside this square, gives an idea of the
magnitude of the difference introduced by assuming symmetry around the central beam axis.

Lastly, to investigate the effect of systematic errors in the log �le, the passing rate was calculated using the
unperturbed dose as a reference, and again using the 1 mm, 1% acceptance criteria with a 10% cutoff. Also, the
difference in dose relative to the maximum dose of the unperturbed dose was calculated and plotted. From
this, the maximum difference was calculated, as well as the mean in the target cube. This mean value can give
insight as to what the effect on the target will be of such a perturbation.
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4
Results and discussion

In this section, the results of the performed experiments will be presented and discussed. Firstly, the results of
the calibrations will be discussed, and then the results of the plan comparisons will be presented. The results
of the asymmetrical spot solution to the Fermi-Eyges equation will be discussed next and lastly, the results of
the investigation of the effect of systematic log �le errors will be discussed.

4.1. Calibration results
The passing rates achieved with the calibration procedure for the no range shifter case and the 2 cm, 3 cm and
5 cm range shifters are shown in Figure 4.1, as a function of planned energy. This planned energy is the energy
of the beam without the energy reduction as a result of the range shifter included.

Figure 4.1: The passing rates of the YODA calibrated dose, with the RayStation planned dose as a reference, against planned energy for no
range shifter, 2cm, 3cm and 5cm range shifters.

As shown in Figure 4.1, the lowest passing rate found from the calibration procedure is 99.47% for the no range
shifter case at 190 MeV planned energy. In Figure 4.2, the passing rate of the calibrated no range shifter case
is plotted against energy, along with the passing rate obtained when using the BDL �le made for MC 2 and
HPTC measurements. As shown in Figure 4.2, the passing rates for the optimized BDL are much higher than
the passing rates found when using the BDL �le made speci�cally for MC 2 and measurements at HPTC.
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Figure 4.2: The passing rate against planned energy for the calibrated YODA dose and the YODA dose, using the HPTC BDL �le, with the
planned RayStation dose as reference.

There seems to be a trend that for higher planned energy the passing rate goes down in Figure 4.1. Figure 4.3
shows the IDD of the calibrated dose yielded by YODA and the RayStation planned dose for 100 MeV and 190
MeV planned energy with no range shifter present.

(a) The integral depth dose curve for the YODA calibrated dose and
the RayStation planned dose against depth for 100 MeV planned

energy.

(b) The integral depth dose curve for the YODA calibrated dose and
the RayStation planned dose against depth for 190 MeV planned

energy.

Figure 4.3: The integral depth dose curve for the YODA calibrated dose and the RayStation planned dose against depth for 100 MeV
planned energy and 190 MeV planned energy.

In Figure 4.3b it can be seen that for the 190 MeV case, the entrance region is underestimated by the YODA cal-
ibration result, whereas this region is better matched for the 100 MeV case as shown in Figure 4.3a. This could
explain the decreasing passing rate for higher energies in Figure 4.1. The reason why this region is less well
matched for higher energies could be explained by nuclear interactions, as the effect of nuclear interaction
on the beam becomes more signi�cant for higher energies. In YODA, nuclear interactions and the resulting
secondaries are not tracked, as is done in Monte Carlo-based dose engines. An approximation, to deal with
nuclear interactions, was introduced to YODA for the purpose of this thesis. A quantity ° , describing the frac-
tion of locally deposited dose due to nuclear interaction, was added in ª FP, and was optimized at 9 points of
beam energy. However, this is still a crude approximation of reality, which can explain why there is not a better
match between the YODA and RayStation dose. This approximation added 9 additional optimization parame-
ters increasing the computation time of the calibration signi�cantly. The calibration only has to be performed
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once to create the BDL �les, therefore the increase in computation time is not a major issue.

From Figure 4.1 it can be seen that the passing rates for the calibration procedure including range shifters are
higher then without range shifters. This might be explained by the fact that the optimization bounds were
stricter for the range shifter cases and the initial guesses provided to the optimizer were extracted from the
RayStation data instead of using the HPTC BDL �le resulting in a faster convergence of the optimization.

4.2. Plan comparisions
For a few simple water box plans, a comparison was performed between the planned RayStation dose and the
calibrated YODA dose. The used plans were described in Subsection 3.2.1. The passing rates retrieved from
these plan comparisons are shown in Table 4.1.

Table 4.1: Passing rates for simple plan comparisons using 1% 1 mm acceptance criteria and 10% cutoff for the gamma index.

Plan Passing rate
Single spot 0± gantry angle 99.97%
Single spot 10± gantry angle 100.0%
Single spot 20± gantry angle 88.15%
Single spot 30± gantry angle 90.41%
Single spot 60± gantry angle 92.59%
Single spot 70± gantry angle 92.81%
Single spot 80± gantry angle 92.42%
Single spot 90± gantry angle 92.24%
Cube 0± gantry angle 84.06%
Cube 60± and 300± gantry angle 93.85%
Cube 90± and 270± gantry angle 90.69%
Cube 60±, 120±, 240± and 300± gantry angle 95.32%

Notable is that most of the passing rates from the single spot angled plans are much lower than the 0 ± gantry
angle plan that was used for the calibration, which had a passing rate of 99.97%. This might be due to limi-
tations in the beam splitting scheme for angled beam entrance. Beam splitting is an approximation typically
used to address lateral heterogeneity. The gantry angle results in an angled entrance at the CT volume air in-
terface, the projection of the beam on the surface of the CT volume is then no longer a circle, as assumed, but
an ellipse. This causes beams incoming at the corner of the CT volume to have a lower passing rate compared
to beams coming in at a small gantry angle. A 2D dose plot, at the central beam axis, of a 100 MeV, no range
shifter, single spot, under a gantry angle of 10 ± and a gantry angle of 20 ±, is shown in Figure 4.4.

(a) 2D plot at the central beam axis of a 100 MeV spot without a range
shifter at a 10± gantry angle of both the YODA dose and the RayStation

planned dose.

(b) 2D plot at the central beam axis of a 100 MeV spot without a range
shifter at a 20± gantry angle of both the YODA dose and the RayStation

planned dose.

Figure 4.4: Comparision of the YODA dose against the RayStation planned dose for a 100 MeV single spot from a 10 ± gantry angle and a
20± gantry angle.
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In Figure 4.4b the effect on the spot of entering the CT volume at the corner is clearly visible, whereas the
agreement between RayStation and YODA is much higher in Figure 4.4a.

Also noteworthy is the 90 ± case. As the beam is perpendicular to the CT surface, just as in the 0 ± case, one
would expect similar results. However, the passing rate of the 90 ± case is signi�cantly lower, 92.24% compared
to 99.97% of the 0± case. This can be explained by the fact that the CT volume is not a cube, it does not have
sides of equal length. Due to the volume being longer in the y direction than in the x and z direction, there
is more distance between the isocenter and the CT volume surface when the gantry angle is 0 ± compared to
90±. The boundary conditions of YODA are at the CT volume surface, whereas the RayStation plan is de�ned
in air at the isocenter. RayStation therefore takes into account the effect of the extra distance between the
isocenter and the CT volume surface for 0 ± compared to 90 ±, whereas YODA does not. The spot size increases
from exiting the nozzle with depth due to multiple scattering [19] and perhaps more importantly due to the
divergence the beam has. According to the commissioning procedure for MC 2 [31] the divergence of the beam
is constant with depth, and the correlation can also increase with depth. Therefore if the distance between the
isocenter and the CT volume surface is shorter, the beam will be broader at the CT volume surface than when
this distance would be larger, due to the geometrical spread.

A comparison of the lateral pro�le, at the entrance of the CT volume between YODA and RayStation is shown
in Figure 4.5 for the 100 MeV single spot incoming from gantry angles 0 ± and 90±.

(a) Comparision of the lateral pro�le at the entrance of the CT volume
of a 100 MeV spot without a range shifter at a 0± gantry angle between

the YODA dose and the RayStation planned dose.

(b) Comparision of the lateral pro�le at the entrance of the CT volume
of a 100 MeV spot without a range shifter at a 90± gantry angle

between the YODA dose and the RayStation planned dose.

Figure 4.5: Comparison of the lateral pro�le of the YODA dose and the RayStation planned dose for a 100 MeV single spot from a 0 ±

gantry angle and a 90± gantry angle.

From Figure 4.5a it is clear that the difference in spot size between YODA and RayStation is very small at the
entrance of the CT volume for a 0 ± gantry angle, whereas in Figure 4.5b the RayStation spot has a slightly bigger
spot size at the entrance and a lower dose at the central beam axis compared to YODA for a 90 ± gantry angle.
This difference in lateral pro�le for the RayStation dose between the 0 ± and 90± gantry angle can be explained
by the additional distance between the isocenter and the CT volume surface at a 0 ± gantry angle compared
to a 90± gantry angle caused by the CT volume shape and the geometrical spread of the beam. The BDL �les
created in this thesis are thus speci�c for the isocenter to CT volume surface distance used in the reference
data.

For the 10± case the passing rate was slightly higher, 100%, than the passing rate for the 0 ± case, 99.97%. Pos-
sibly, this small improvement in passing rate is caused coincidentally by a combination of the differences in
dose from the calibrating procedure and the effect of the above-described errors induced by the slight angle of
the beam.

Figure 4.6 shows a comparison of the dose at the central beam axis of YODA and RayStation for the cubes plans,
as listed in Table 4.1, irradiated by either 1,2 or 4 beams. It appears that irradiating a target cube using more
beams with different angles leads to a higher passing rate, 95.32% for the 4 beam case than using fewer beams,
84.06% for the single beam case, although from visual inspection of Figure 4.6 this is not as obvious. This may
be explained by the fact that at some voxels in the geometry, YODA underestimates the dose, while in others, it
overestimates the dose compared to the planned RayStation dose. When multiple beams with different angles
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(a) 2D plot at the central beam axis of the YODA and RayStatation dose
of a cube irradiated by one beam with gantry angle 0±.

(b) 2D plot at the central beam axis of the YODA and RayStatation dose
of a cube irradiated by two beams with gantry angles 60± and 300±.

(c) 2D plot at the central beam axis of the YODA and RayStatation dose
of a cube irradiated by two beams with gantry angles 90± and 270±.

(d) 2D plot at the central beam axis of the YODA and RayStatation
dose of a cube irradiated by four beams with gantry angles 60±, 120±,

240± and 300±.

Figure 4.6: 2D plot at the central beam axis of the YODA and RayStation dose for a 20 mm by 20 mm by 20 mm centered in the CT volume
irradiated by either 1, 2, or 4 beams with different gantry angles.

are used and they overlap at some voxels, it is possible that some of this underestimating and overestimating
cancel out, leading to a higher passing rate. This higher passing rate can be deceiving as the individual beams
are not as well matched as the combination of the beams and therefore the accuracy of the model is lower then
the passing rates lead to believe.

4.3. Asymmetrical spot error
In this section, the results of the derivation of the asymmetrical spot solution to the Fermi-Eyges equation will
be presented and discussed, as well as the effect of the asymmetry on the integrated Fermi-Eyges �ux.

4.3.1. Derivation of the asymmetrical spot solution to the Fermi-Eyges equation
The solution of the Fermi-Eyges equation, described in Equation 2.15, is a solution for a symmetrical spot.
However, spots are not necessarily symmetrical. To account for asymmetrical spots, the Fermi-Eyges equation
needed to be solved for non-symmetrical initial conditions. Similar steps were taken as in Subsection 2.3.1.2, as
the only difference is that there are different initial conditions for x and y. The initial condition corresponding
to the x direction was

H (0,x,­ x ) ÆC1 exp
¡
¡ (a1x2 Å a2x­ x Å a3­ 2

x )
¢
. (4.1)

The coef�cients a1, a2 and a3 can be found by

a1 Æ
1

2(1¡ %2
x )¾2

x
, a2 Æ ¡

%x

(1 ¡ %2
x )¾x¾­ x

, a3 Æ
1

2(1¡ %2
x )¾2

­ x

, (4.2)

37



where %x describes the correlation coef�cient between x and ­ x , and ¾x and ¾­ x are the standard deviations
of x and ­ x respectively.

The initial condition corresponding to the y direction was then

H (0, y,­ y) ÆC2 exp
³
¡ (a4y2 Å a5y­ y Å a6­ 2

y)
´

(4.3)

The coef�cients a4, a5 and a6 can be found by

a4 Æ
1

2(1¡ %2
y)¾2

y
, a5 Æ ¡

%y

(1 ¡ %2
y)¾y¾­ y

, a6 Æ
1

2(1¡ %2
y)¾2

­ y

, (4.4)

where %y describes the correlation coef�cient between y and ­ y , and ¾y and ¾­ y are the standard deviations
of y and ­ y respectively.

The full derivation is shown in Appendix A. The solution was found to be

ÁFE(r , ­̂ ) Æ
C1

p
D1

C2
p

D2

exp
¡
(A2(z)­ 2

x ¡ 2A1(z)­ x x Å A0(z)x2)/(4 A2
1(z) ¡ 4A0(z)A2(z))

¢

q
4A0(z)A2(z) ¡ 4A2

1(z)
q

4A3(z)A5(z) ¡ 4A2
4(z)

exp
³
(A5(z)­ 2

y ¡ 2A4(z)­ y y Å A3(z)y2)/(4 A2
4(z) ¡ 4A3(z)A5(z))

´
,

(4.5)

with the following coef�cients:

A0(z) Æ
a1

D1
Å

Z z

0
§ t r (´ )d´ , (4.6)

2A1(z) Æ ¡
a2

D1
Å

2a1

D1
z Å 2

Z z

0
(z ¡ ´ )§ t r (´ )d´ , (4.7)
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D1
z Å
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z2 Å

Z z

0
(z ¡ ´ )2§ t r (´ )d´ , (4.8)
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D2
Å

Z z

0
§ t r (´ )d´ , (4.9)

2A4(z) Æ ¡
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D2
Å

2a4

D2
z Å 2

Z z

0
(z ¡ ´ )§ t r (´ )d´ , (4.10)

A5(z) Æ
a6

D2
¡

a4

D2
z Å
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D2
z2 Å

Z z

0
(z ¡ ´ )2§ t r (´ )d´ , (4.11)

(4.12)

and D1 Æ4a1a3 ¡ a2
2, D2 Æ4a4a6 ¡ a2

5.

When z Æ0 is �lled in the solution, the initial condition is obtained. However, when �lling in a symmetrical
spot, the solution found by Gebäck and Asadzadeh [24] is not obtained. The solution by Gebäck and Asadzadeh
[24] likely contained a typo. The differences will be discussed in the next subsection, as the difference intro-
duced in the integrated Fermi-Eyges �ux is relevant for dose calculations.

4.3.2. Error in integrated Fermi-Eyges �ux
To test the effect of an asymmetrical spot compared to a symmetrical spot, the integrated Fermi-Eyges �ux will
be examined. A difference in the Fermi-Eyges �ux directly translates to a difference in deposited energy, as can
be seen in Equation 2.26. The integrated Fermi-Eyges �ux is described in Equation 2.24. Because the domain
of ­ x and ­ y was extended to ( ¡1 ,1 ), the same can be done with the integrated Fermi-Eyges �ux, leading to
the following equation [15]

ª FE(r ) Æ
Z

4¼
d­̂ ÁFE(r , ­̂ ) ¼

Z 1

¡1

Z 1

¡1
d­ xd­ yÁFE(r , ­̂ ) (4.13)
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As the Fermi-Eyges �ux is separable in x and y this leaves

ª FE(r ) ¼
Z 1

¡1

Z 1

¡1
H (z,x,­ x )H (z, y,­ y)d­ xd­ y . (4.14)

Where H (z,x,­ x ) and H (z, y,­ y) are both Gaussian functions. The integrals are solved and the Fermi-Eyges
�ux is normalized, resulting in the following expression

ª FE(r ) ¼
1

4¼
p

A2(z)A5(z)
exp

µ
¡ x2

4A2(z)
Å

¡ y2

4A5(z)

¶
(4.15)

For a symmetrical spot A2(z) ÆA5(z) applies. As mentioned in the previous section there are some differences
between the solution by Gebäck and Asadzadeh [24] and the solution presented in the previous subsection. For
Equation 2.24 to result in the same symmetrical integrated Fermi-Eyges �ux as presented here, the coef�cients

that were published as £ 2(0) Æ2a3
D , £ »(0) Æa2

D and »2(0) Æ2a1
D need to be £ 2(0) Æ2a1

D , £ »(0) Æ¡ a2
D and »2(0) Æ

2a3
D and there needs to be a factor of 2 in front of the integral term of »2(z), which is described by Equation

2.18. It might be that the notation of a factor 1/2 is missing in front of § t r in the de�nition of the Fermi-Eyges
equation by Gebäck and Asadzadeh [24] which could explain this missing factor of 2 in the integral term of

»2(z) compared to the solution presented in this section.

The difference in ª FE between a symmetrical spot and an asymmetrical spot was calculated both at the en-
trance of the CT volume and the Bragg peak (BP). This was done for the spatial spread, angular spread and
correlation found in the BDL created for HPTC and MC 2 for energies ranging from 70 MeV to 190 MeV. As these
BDLs were constructed based on measurements at HPTC, the spatial spread, angular spread and correlation
should be fair approximations of what is used in clinical practice. The values found during the calibration pro-
cedure in this thesis could not be used as symmetry was assumed during the calibration and the parameters
were energy-dependent. The difference was expressed relative to the maximum integrated Fermi-Eyges �ux of
the symmetrical spot. Both the mean of j¢ª FEj, around the central beam axis, and the maximum of j¢ª FEj,
relative to the maximum of the symmetrical ª FE, are shown in Table 4.2.

Table 4.2: The effect of assuming symmetrical spots on the integrated Fermi-Eyges �ux relative to the maximum integrated Fermi-Eyges
�ux of the symmetrical case.

¾x (cm) ¾­ x (rad) %x ¾y (cm) ¾­ y (rad) %y Mean j¢ª FEj, z=0 Max j¢ª FEj, z=0 Mean j¢ª FEj, z=BP Max j¢ª FEj, z=BP
0.4173 0.007091 0.3967 0.3695 0.006385 0.7785 2.075% 4.728% 0.6198% 0.9683%
0.4238 0.006958 0.2005 0.3934 0.006197 0.4857 1.215% 2.842% 0.4710% 1.107%
0.4189 0.006327 0.1427 0.3742 0.005387 0.5797 1.926% 4.371% 1.098% 2.390%
0.3862 0.003833 0.5732 0.3671 0.004847 0.5381 0.8426% 1.896% 1.044% 2.367%
0.3811 0.004569 0.2673 0.3441 0.003985 0.7153 1.678% 3.890% 0.9685% 2.313%
0.3893 0.005091 0.01700 0.3226 0.003240 0.9446 3.071% 7.533% 4.218% 6.986%
0.3576 0.003773 0.2634 0.3260 0.003992 0.4742 1.582% 3.555% 1.170% 2.821%
0.3481 0.003323 0.2868 0.3279 0.004177 0.3101 1.013% 2.261% 2.170% 4.915%
0.3444 0.003265 0.2398 0.3307 0.004695 0.1192 0.6853% 1.520% 3.314% 7.728%
0.3450 0.003519 0.1033 0.3204 0.004588 0.1110 1.252% 2.826% 3.051% 7.251%
0.3342 0.002333 0.3466 0.3071 0.004025 0.2089 1.410% 3.238% 4.957% 12.05%
0.3404 0.003356 0.007080 0.2985 0.003730 0.2554 2.201% 5.129% 2.290% 5.685%
0.3401 0.003456 -0.05678 0.3018 0.004170 0.1003 2.003% 4.644% 3.214% 7.671%

The mean of j¢ª FEj was calculated inside a square centered around the spot with a width of 4 ¾, which was �t-
ted from the symmetrical ª FE. The values range from 0.6853% to 3.071% at the entrance of the CT volume, and
from 0.4710% to 4.957% at the Bragg peak, depending on the combination of parameters. This difference can
be directly related to the difference in dose in the same area, ¢ E Æ

R
Vk

dV ¢ª FE(r )ª FP(z), and is signi�cant.

In Figure 4.7 three cases from Table 4.2 are shown. Each case has its own distinct pattern at the Bragg peak.
In all three cases, shown in Figure 4.7, the difference in ¾x and ¾y has a clear effect at the entrance of the
CT volume. The asymmetrical spot is compared to a symmetrical spot that uses the mean of the parameters
shown in Table 4.2. In all three cases, ¾x is bigger than the mean, and it is shown that the asymmetrical spot is
wider in x and smaller in y as was expected.

All three distinct patterns for the difference in ª FE at the Bragg peak shown in Figure 4.7, can be explained by
the fact that the angular spread and the correlation both in�uence the shape of the spot at the Bragg peak. A
higher correlation results in a more spread-out spot at the Bragg peak. A bigger angular spread will also cause
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