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Abstract

Measuring variable importance is often a difficult task: among others models can be complex
and covariates can interact with each other and can be correlated. This study focuses on two
questions: First, what should be the theoretical measure of variable importance under a given
data-generating model? And second, what are the best estimates of these theoretical measures?
Two theoretical measures and some corresponding estimates are presented of which one is the
well-known random forests variable importance measure (Breiman (2001a)). A simulation study
is done for both linear and nonlinear models to find out what are the best estimates of variable
importance measures for given data-generating models. Most measures struggle when covariates
are correlated, but make an improvement in performance when the number of split variables is
tuned.
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Chapter 1

Introduction

Random forests are very popular methods for statistical prediction in this age of big data and
complex model structures. The method is among others well known for being able to deal with
large p and small n problems and for its way of measuring variable importance. The importance
of variables can be measured in tons of different ways and different kinds of data sets ask for
different ways of measuring. An ultimate goal would be to find a measure that can be applied
to many different kinds of data sets.

Although random forests are widely used for prediction and measuring variable importance,
little is known about theoretical properties. Several theoretical results are out there of which
some will be presented in this work. The main focus of this work is experiments that are based
on curiosities that arose from theory.

The objective of this research is to investigate the behaviour of variable importance measures
for random forests on a range of data sets with numerical response: data sets with different
amounts of observations and dimensions, with either correlated or uncorrelated covariates, with
various distributions of the covariates and with either linear or nonlinear underlying models.

The outline of this work is as follows: Chapter 2 lays down a theoretical framework about statis-
tical prediction, tree-based methods and consistency of random forests. Chapter 3 considers the
questions: What should be the measure of variable importance under a given data-generating
model, which measure gives us the most correct picture and what is the optimal measure? Var-
ious theoretical measures of variable importance will be presented and a study of best estimates
of these measures will be done. The theoretical difference between those measures is considered
and the influence of correlated covariates on these measures of variable importance. In chapter
4 are presented the results of experiments on the behaviour of variable importance measures
based on simulated data sets. Finally, there are conclusions and a discussion about possible
future work.

This project is a cooperation between TU Delft and RIVM, the Dutch National Institute for
Public Health and Environment.



Chapter 2

Theoretical framework

2.1 Statistical prediction

The goal of statistical prediction is to solve problems by discovering patterns in available data
in order to make valuable predictions. We distinguish two kinds of goals: the underlying goal
and the ultimate goal.

Oftentimes the ultimate goal is to make predictions of a response Y with the knowledge of
corresponding covariates X, but the ultimate goal could also be to measure the importance
of covariates. The underlying goal is to estimate or ‘learn’ or simply approximate an unknown
mechanism that is connecting one or more input variables or covariates X to their output variable
or response Y by some function II : 2~ — %, a predictor, where £  is used for the space of
input values and % for the space of output values. In order to construct the predictor a training
data set .7, = ((X1,Y1), (X2,Y2),...,(X,,Y,))) with observations is used that include both
X; = (Xi1,Xi2,...,Xip) and Y; for i = 1,...,n with p the number of covariates and n the
number of observations in the training data set (7). For statistical prediction normally it is
assumed that all pairs (X;,Y;) in ., and the ‘new cases’ (X,Y’), of which one only knows X
and Y is to be predicted, are independent and identically distributed (iid). This is useful for
theoretical reasons, but is often not completely realistic in practice. Even when this assumption
is not met, there are prediction methods that can be applied and work well more generally.

Data in X and Y can be numerical or nominal, which is also called categorical. Numerical data
can be continuous or discrete, nominal data are discrete with no numerical relationship between
the different categories. When the output variable Y is numerical, the prediction problem is
called a regression problem. When Y is nominal, the prediction problem is called a classification
problem.

Then a prediction study consists of roughly the following steps: with at least a rough objective
in mind one investigates the available data and possibly changes the objective to a more realistic
one. One looks into different methods to apply to the data and with those methods constructs
predictors. One looks into ways to assess the quality of different predictors, sets theoretical
goals and tries to go about these goals empirically. If one is not satisfied with the quality
of the predictor(s) in terms of accuracy, computational efficiency, interpretability, etc., one
possibly researches and tries to fit other methods to the data and assesses the quality of the new



predictor(s). If one is satisfied with one of the obtained predictors, one can make predictions.

The following sections will be on methods for constructing predictors and assessing a predictor.

2.1.1 Methods for constructing predictors

There are many methods out there. Which one to use depends on the objective and data
set that one has. A first distinction that can be made among the methods is parametric and
nonparametric methods. This will be explained by means of an article from Breiman called ‘Two
cultures’ (Breiman| (2001a)).

Breiman distinguishes two approaches to discover the unknown mechanism that is connecting X
to Y. The first approach is to try to model the unknown mechanism and thereby assume that
the data are generated by a given stochastic data model. The second approach is to not try to
model the unknown mechanism but use an algorithmic model instead. These two approaches
for modeling are also referred to as parametric and nonparametric modeling, respectively. For
parametric modeling it is necessary to have at least some knowledge of the conditional distri-
bution of Y given X since one has to come up with an appropriate model for the data. This is
easiest when the training data set is small and when the dimension p of X is small.

With the evolution of the computer a lot more information has become available. Data sets can
now be larger than they have ever been and so can be the dimension p of X. One can imagine
that the larger p is, the more difficult it gets to guess the relationship or function II that connects
X to Y. Parametric modeling can be favored in experimental research when the relationship
that one tries to model is rather simple, but something else is needed when p is large and n
might even be small. A possible solution could be to work with a suboptimal predictor or try to
reduce the number of covariates p. Nonparametric methods can perform well when the training
data set is large, p is not small and little is known of the conditional distribution of Y given X.
Nonparametric modeling can be favored when one has complex observational data. Examples
of parametric methods are linear and quadratic regression, linear and quadratic discriminant
analysis and logistic regression. Examples of nonparametric methods are the k-nearest neighbor
algorithm and tree-based methods like random forests.

A lot has been said about these two different approaches. To be able to make a good choice
and be aware of the dangers, Breiman first argues that the field of statistical prediction should
cherish the use of parametric models, but should embrace the use of nonparametric models, too.
In other words, Breiman is open to both kinds of methods. In his article (Breiman| (2001b))) he
mainly points at three matters to consider: the multiplicity of good models, the conflict between
simplicity and accuracy, and (the curse of) dimensionality.

Multiplicity of good models: There is often a multitude of different predictors giving about
the same minimum error rate, while at the same time they can be distant in terms of the form of
the model. The conclusions, like variable importance, can be very different among these different
models. Breiman argues that more complex models can be needed to overcome the multiplicity
problem.

The conflict between simplicity and accuracy: Breiman argues for accuracy over inter-
pretability, which does often result in the use of more complex and nonparametric methods.
Hand| (2006)) argues that the use of complex models often only leads to small gains. With the



move from a simple model to a complex model one often throws away a lot of predictive power,
and also, the small gains can even be misleading since the apparent problem that is being mod-
eled does not have to match the real problem, also known as overfitting. Hand| (2006) is pro
investigating new and complex models, but warns against the use of complex models.

Curse of dimensionality: This has for a long time been seen as a curse and the solution
then was to reduce dimensionality. But reducing dimensionality also reduces the amount of
information available for prediction. Recent work has shown that dimensionality can also be a
blessing [Breiman| (2001b).

These three matters are good to be aware of and will result in different choices for different
objectives and different data sets.

2.1.2 Assessing the quality of a predictor

If the true response is Y and the output of the predictor is Y, then most of the time these are
not the same. The closer they are to each other, the better the quality of the predictor.

The prediction error can be measured as
e(lly,) = E[L(Y,Y|-%] = E[L(Y, 1Lz, (X))|-%], (2.1)

where L is some loss function on Y and Y = Il is a predictor based on a random training
set ./,. There are different loss functions and different optimal predictors of Y based on X for
numerical and categorical Y (Ferreira et al. (2019))).

First theoretical measures of accuracy will be presented and then estimates will be studied.

Measures of accuracy

Three well known measures of accuracy based on three different loss functions are considered:
The Mean Square(d) Error (MSE) and Mean Absolute Error (MAE) for regression problems
and numerical Y and then Probability of Misclassification (PMC) for classification problems
and nominal Y.

Numerical Y: Two loss functions are presented and four measures of error: MSE, MAE, R? and
PEV where the last two are related to each other and to the first one. The first loss function for

. N 2
numerical Y considered is L(Y,Y) = (Y — Y) . This loss function defines the mean square(d)
error (MSE) of Iy, :
MSE (I, ) = E [(Y Ty )2 Sl (2.2)

The best predictor of Y that is a function of X in the sense of MSE is II(X) = E[Y|X].
This conditional mean and theoretical value is what one is aiming for to estimate as good
as possible. This is proven at the end of this section in Proof 1 and 2. The corresponding
MSE(II(X)) = E [(Y —II(X))?] = E[e] = Var(e) = o? is the lower bound for the mean
squared error of any other predictor of Y.



The second loss function for numerical Y that is considered is L(Y,Y) = |Y — Y|. This loss
function defines the mean absolute error (MAE) of IT & :

Mae (ILy,) = E[[Y — IL, || %] (2.3)

The best predictor of Y that is a function of X in the sense of MAE is II(X) = med[X].
This conditional median and theoretical value is what one is aiming for to estimate as good as
possible. This is proven at the end of this section in Proof 3.

The third loss function for numerical ¥ that is considered is L(Y,Y) = Y —Y. This loss function
defines the bias of II & :
Bias (Hyn) I:E[Y—HynLyn]. (2.4)

Related to the MSE is the proportion of explained variance (PEV) of 1 , which is a ‘standard-
ized’ version of MSE:

Pev(Ily,) =1—

MSE(Ily,) _  MSE(Ily,) 25)
e il .

Var( MSE (I1()
with II(O)(X = Y (Ferreiral (2019)).

Categorical Y: The loss function L (Y, Y) =1-0yy,
called 0-1 loss. This loss function defines the Probability of Misclassification (PMC) of ILy, :

where dy, ¢ is Kronecker’s delta, is also

Pmc(Ily, ) = E [1 - 5Yy\yn} =P(Y £V |%). (2.6)

The best predictor of Y that is a function of X in the sense of PMC is II(X) := mode(gx). This
conditional mode and theoretical value is what one is aiming for to estimate as good as possible.
This is proven at the end of this section in Proof 4. Predicting YV by the conditional mode is also
called the Bayes rule. Also, Pmc(Y) =P(Y =0]Y =1,.%,)+P(Y = 1|Y =0,.%,) = For 4 Fpr
with Fnr is the false negative rate and Fpr is the false positive rate.

The sensitivity (Sen) and specificity (Spe) are Sen = 1 — Fnr and Spe = 1 — Fpr and
Pme(lly,) _, P #1s(X)7)

Pmc(max ;) 1 — max;

Pev(Ily ) =1— (2.7)

If one desires a different combination of sensitivity and specificity, an ROC analysis can be
performed.

Statement and Proof 1

If X is a random variable with E[X?] < oo, then the best constant predictor of X in the sense
of MSE is p = E[X].

Proof:
Using E[X — u| = 0, we have
MSE(¢) =E [(X —¢)*] =E [(X u—i—u—c)]
=E[(X —p)? +2(X —p)(p—c) + (n—¢)?]
=E[(X ] +2(u = OB[X — ] + (n = ¢)?
= MSE(x )+ (n—¢)* > MSE(u)

with equality if and only if ¢ = p

t



Statement and Proof 2

Suppose that (X,Y) is a random vector such that E[Y?] < co. Then the best predictor of ¥’
that is a function of X in the sense of MSE is II(X) := E[Y|X].

Proof:
Using that by the law of total expectation

E [(Y - TI(X)) (TI(X) - I(X))] =

E[
=E [EB[Y - II(X)[X](I(X) — IT'(X))]
=E [E[Y]X - II(X)|(I[(X) — IT'(X))]
=FE [0- (I(X) — H’(X))]
=0,
we have
MSE (I (X)) = E[(Y — IT'(X))?] = E[(Y - II(X) + TI(X) — IT'(X))’]
=E[(Y - II(X))? + 2(Y — II(X))(II(X) — IT'(X)) + (I[(X) — I'(X))?]
= E[(Y - TI(X))?] + 2E[(Y — TI(X))(I[(X) — IT'(X))] + E[(TII(X) — IT'(X))?
= MSE(II(X)) + E[(TI(X) — II'(X))?
> MSE(II(X))

with equality if and only if II(X) = IT'(X).

Statement and Proof 3

Suppose X is a random variable with a continuous, strictly positive density function and such
that E[|X|] < oo, then the best constant predictor of X in the sense of MAE is med[X]. That
is, the constant ¢ = med[X] is such that E[|X — ¢|] < E[|X — d|] for any other constant d.

Proof: We have

P(e) =E|X —¢| = /Oo |z — c|f(x)dx

—/_;(c—:v)f(q:)daz—k/Coo(a:—c)f(:z)da:
o[
—cF(c)—/;xf(a:)dx—i—/cooxf(a;)dx—cl—F(c)

_ f(x)d:v—/_;xf(:v)dx—i—/cooxf(m)dx—c/coo F(a)da

o0

— cF(e) - g(c) + h(c) — el — F(e),

where, as usual, we write F' for the distribution function of f, which as we know satisfies
Yy [e%¢)
) = [ f@in-F) = [ fayds,
oo v

and

o0 = [ af@n1-Fo) = [ afe)d

—00 C



Of course, since f is continuous ¢'(c) = cf(c) by the fundamental theorem of calculus. Also,

W(c) = —cf(c) by the fundamental theorem of calculus and the fact that g(c)

fccl xf(x)d:

h'(c) = ;ZC/OO zf(z)dx

= jc/: xf(x)da:+cglc/c/mmf(x)dx
d /

= 2 (G(¢) - G(e))

= —cf(e).

Thus

W'(c)

= F(c)—1—- F(c)

F(c)+cf(c) = g'(c) +B'(c) =1 = F(c) + cf(c)
F(c) + cf(c) = cf(c) — cf(¢c) =1 = F(c) + cf(c)

g(e) =

so ¢/'(c) =0 <= F(c) =1—F(c) and c is the median of F; in other words, [ f(z)dz =
[° f(z)dx: the area under f(z) on (—oo, ] has the same size as the area under f(z) on [c, 00).

Statement and Proof 4

Let (X,Y) be a random vector with f,(y) =P(Y =y|X =z) >0ifand only ify = 1,2,..., K,
for some integer K > 2 (K is a constant, so it is independent of x) and such that f;(y1) # fz(y2)
if y1 # y2. The best predictor of Y in the sense of probability of misclassification (pmc) - also

called misclassification error - that

(a) is a constant, is ¢ = mode[Y].
(b) is a function of X, is II(X) := mode[gx].

Proof (a):
P(Y =¢) =E(ly=.) > E(ly—yq) =P(Y =d)
with
1 )L ity =y.
Y= 0, otherwise.
Proof (b):

By definition, if X = x, then gx (II(z)) > gx (II'(x)) for any other IT', so

(2.8)

(2.9)



Estimates of measures of accuracy

For assessing the quality of the predictor, different observations are needed than the model is
fitted on. There are different possibilities for doing this.

One can take a portion of the training data set .7, and make it test data. This is computationally
efficient, but only useful when .7, is large enough so that the corresponding predictor, say II,
is hardly affected because of it or if II is stable in the sense that if we remove a random
observation the predictor does not change.

A second option is to randomly split the data set into two, construct a predictor with one half
of the data set, assess the quality of that predictor with the other half. Then randomly split the
data set into two again and repeat the whole process a number of times. And finally average
over the successive estimates.

The last option here considered is to randomly split the data set into k sets, construct the
predictor with all but one of the k£ sets and assess the quality of the predictor with the one set
that is left. Then repeat this for every set in k and average over the successive estimates. This
method is called k-fold cross-validation for any k and is called leave-one-out cross-validation
(LOOCYV) for the special case k = n.

For MSE(II) the LOOCV estimator based on .# is

1 n
msell) = 1 3 (1~ 11, (X)) (2.10)
1=
where .#; denotes the sample . without its i-th element, (X;,Y;), and
1Ly,

is the predictor constructed with .#;. This estimator of MSE(II) gets closer to being unbiased
when n — oo or when I, is stable. The same principle holds for Mae(II), Pev(II) and Bias(II)
for numerical Y. Their LOOCV estimates are:

mae(Il) :== %Z 1Y; — 1Ly (X)],

=1

8



mse(IT)

pev(Il) :=1— mse(I10)) and
bias(IT) := % (Y - Ty (X))
=1

In this study the focus is on regression problems and the loss function used is L(Y, }A/) =

N 2
(Y — Y) and corresponding MSE.

2.1.3 Illustration

During the course of this study a dataset for illustrations is used on the compressive strength
of concrete from |Yeh (2006). This is a dataset of 1030 observations or blocks of concrete. The
response is the compressive strength of the block and there are eight features.

One of the most standard approaches for prediction is to fit a linear model to the data with
the method of least squares. This method minimizes the sum of the squares of the residuals.
The underlying model that the method of least squares assumes is Y = X which results in the
optimal parameter B = (XTX)7'XTY for which X7 X is invertible If X has full rank as can be
seen in statement 5.

Figure shows the predictive performance of the linear model fitted to the data.

n: 1030; mse: 109.72; mae: 8.27; pev: 0.61 Bias: -0.02, 95% CI: [-23.18, 19.92]
—_
@ 0
S 8 _
=~ S I
I=) -+ M
co ] M
g® = g
W
23 28 | TR
@ o % o |
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e 1 1 T T T |
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Actual compressive strength (MPa) Prediction error

Figure 2.1.1: Predictive performance of linear model fitted to the data.



Statement and Proof 5

Let X be an n x p matrix of rank p, i.e. with its p columns linearly independent; think of
the design matrix in a regression model. Then X7 X is invertible (i.e. its columns are linearly
independent).

Proof: By assumption, the columns of X are linearly independent, which is to say that Xv =
0 = v = 0 for every p-dimensional vector v. We know that the p x p matrix X7 X is
invertible if and only if its columns are linearly independent. If X7 X were not invertible then
there would be a vector u # 0 such that X7 Xu = 0. But then it would follow that u” X7 Xu =
(Xu)T(Xu) = | Xu|? = 0, and hence Xu = 0, contradicting our assumption.

2.2 Tree-based methods

Tree-based methods are a nonparametric class of prediction methods based on the algorithmic
structure of cutting the feature space into regions which can be presented as the growth of a
tree (Friedman et al. (2001)). The fundament of every tree-based method is the construction
of a singular decision tree where a single tree on its own can be a predictor. The concept of
a tree predictor arose in the mid-1980s when Breiman was faced with nonstandard data that
could not be treated by standard methods like linear regression, stepwise linear regression and
discriminant analysis. At the same time the machine learning movement arose, trying to deal
with the nonstandard data and complex prediction problems and trying to attain better predic-
tive accuracy for these complex problems like speech recognition, image recognition, nonlinear
time series prediction, handwriting recognition and prediction in financial markets.

A single tree as a predictor can be useful: they are easy to interpret and can be powerful
and reasonably accurate, especially when the training set used to construct the tree is large.
However, a downside of the tree predictor is that a slight perturbation of the training set can
result in quite a different new tree compared to the original one, while the two trees have similar
test set errors as mentioned as the multiplicity problem in [Breiman (2001b). In short, trees
can be good predictors, but instability and inaccuracy can be problematic. Fortunately, there
are ways to improve upon single tree predictors. Some familiar methods are bagging, boosting,
arching and additive logistic regression. One particular improvement and very popular method
is the random forest algorithm, a combination between bagging and an additional randomization
processes, which is our motivation to study tree-based methods.

We do consider single trees first to get a thorough understanding of the fundaments of the
random forest algorithm. Then after we dive into the random forest algorithm and variable
importance measures.

2.2.1 Decision trees

Instead of making an assumption about the data, tree-based methods take a nonparametric
approach to estimate theoretical values like E[Y'|X = x| and P(Y = y|X = x), where a regression
tree and classification tree are needed, respectively. Tree-based methods cut feature spaces into

10



partitions and grow trees. The root node of the tree resembles all of the feature space and every
cut in the feature space resembles the splitting of a node in the tree. With every split of a node,
there are two new nodes, and with every cut of a partition, the partition is split into two smaller
partitions. Both the new nodes and the smaller partitions can be split again. This process
continues until a certain stopping criterion stops the process. Then the resulting partition is
given by the terminal nodes or leaves of the tree.

To visualize this for a regression problem, we take a dataset on the compressive strength of
concrete from [Yeh| (2006). This is a dataset of 1030 observations or 1030 blocks of concrete.
The response is the compressive strength of the block and there are eight features of which we
take two: the age of the block counted in days and the cement to water ratio (c.to.w.ratio).
Figure [2.2.7] shows a partition of the feature space with eight regions and the predicted value
in each region. Figure shows the corresponding tree with eight leaf nodes and matching
predicted values. The tree has a little yes- and no-sign to show that any observation satisfying
the condition at any split is assigned to the left and others to the right branch.

350

300
l

250

43.9

200
l

62.1

age

150
I

100
l

27.7 39.9

o 12.7 21.1 31,
| T | | | |

0.5 1.0 1.5 2.0 2.5 3.0 3.5

c.to.w.ratio

Figure 2.2.1: Partition of the feature space for a data set on the compressive strength of concrete.
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Prediction of compressive.strength

data.set$c < 2.15

-

data.set$a < 11 data.set$a < 21

N

data.set$c < 1.45 data.set$a < 42

/

data.set$a < 5

Figure 2.2.2: Tree based a data set on the compressive strength of concrete.

Construction of a tree predictor

The construction of the tree predictor basically consists of the split criterion and the stopping
criterion with pruning as a possible extra step to apply when the process of growing the tree
has stopped.

How the response is modeled depends on the split criterion we adopt. If the response is modelled
as, say, a constant ¢,,, then II(z) = Z%zl ¢mlzer,, with M the number of leaf nodes and R,
the region corresponding to leaf node m with m = 1,..., M. The usual choice of split criterion
for regression problems is the minimization of the MSE. As shown in Section the optimal
value of ¢, is the average of y; in region Ry,: ¢, = ave(y;|z; € Ry,) (Friedman et al.| (2001))).

Finding the best binary partition in terms of MSE is generally computationally infeasible. An
approach that is feasible and most used to construct trees is a one-step lookahead or greedy
approach: We start with all of the data and consider a split variable j and a split point s.
We take any random split point s which splits any partition in two regions and call one of
the regions Ri(j,s) = {X|X; < s} and the other region Ra(j,s) = {X|X; > s}. Then we
find the minimum values of min ineRl(j,s) (yi — c1)? and min Zx¢€R2(j,S) (yi — c2)? which are
¢1 = ave(y;|x; € R1(J,s)) and é2 = ave(y;|z; € Ra(j,s)) and add them up. We calculate the sum
of these two values for any variable and any possible split point that changes what observations
are in what region and choose the split point that gives the smallest sum. The split will be made

12



in the middle of two consecutive data points. In other words we solve

. . 2 . 2
minfmin Y (g —e)?+min Do (v - o))
z,€R1(j,8) z;€R2(j,s)

It is possible to continue this process until every leaf consists of one observation, but this might
lead to overfitting. On the other hand, we want to grow the tree large enough so it captures the
most important structures. There is different approaches to tuning this tree size and going about
this trade-off of minimizing variance and bias. The preferred strategy according to [Friedman
et al. (2001)) is to grow a large tree until some small number nodesize is reached in the leaves
and to, after growing the tree, prune the tree with cost-complexity pruning first introduced by
Breiman and Thaka (1984). This strategy is not in all cases an optimal strategy as we show in
the following illustration.

An example of a situation where there is improvement possible over cost-complexity pruning is
when we apply both complexity pruning and an optimization algorithm to the dataset on the
compressive strength of concrete. This time we use all features, but only the first 300 of the
1030 observations for the sake of computation time and these results are very similar to the
results that follow from using all observations. The performance of the trees is obtained with
leave-one-out cross-validation (LOOCYV). The left graph in Figure shows the performance
of the tree predictor with default value of nodesize. The right graph shows the performance of
a tree with optimized nodesize.

n: 1030; mse: 40.21; mae: 2.60 n: 1030; mse: 35.49; mae: 4.76

. pev: 0.87 . pev: 0.87
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Figure 2.2.3: Performance of tree with default value of nodesize vs optimized value of nodesize.

Performance of a tree predictor

The performance of a tree predictor can be obtained with leave-one-out cross-validation (LOOCV).
In Figure a tree can be seen with stopping criterium: nodesize > 30. The parameter node-
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size is not optimized, but this tree predictor already performs better than fitting the linear model
in [2.1] as can be seen in Figure|2.2.5
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Figure 2.2.4: Tree with nodesize > 30.
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Figure 2.2.5: Performance of tree with nodesize > 30.
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Limitations

As already discussed in the introduction: trees are limited and they can be easily improved
upon. Trees have difficulty capturing additive structures because of their binary tree structure,
they lack smoothness because they are step functions and they have low bias but high variance
mainly because of the hierarchical nature of the process. Trees can be improved upon by among
others random forests.

2.2.2 Random forest predictor

To overcome the limitations just mentioned and improve on the accuracy of tree predictors,
ensemble learning methods, that grow many base learners and aggregate them to predict, have
been designed. The random forest algorithm is such a method and grows many randomized
decision trees and aggregates them to predict, which reduces the variance and correlation between
the sampled trees. This idea of random forests is written down by Leo Breiman in [Breiman
(2001a) where both bagging (Breiman| (1996)) and the CART-split (Breiman and Ihaka| (1984))
criterion play critical roles. Random forests are there in many different forms. In this study
when we mention random forests it refers to the original algorithm in Breiman| (2001al).

Random forests have become a very successful method in many scientific fields, because of their
good predictive performance for a wide range of regression and classification problems: They are
known for being able to handle large-scale problems with a large number of both observations
and features as well as for problems where the number of features is much larger than the
number of observations. They are known for being able to deal with complex data structures
like interactions and even highly correlated features. They have only few parameters to tune
and they return measures of variable importance. Random forests are among others used for air
quality prediction, chemoinformatics, ecology, 3D object recognition and bioinformatics (Biau
and Scornet| (2016)).

One major drawback of random forests that is mentioned by some is their lack of interpretability.
Where trees are so easy to interpret, random forests are not due to its element of randomization.
Some prefer interpretability over accuracy and others do not as we mentioned in section [2.1] on
statistical prediction.

One way to get some insight into the algorithm is through the importance of variables which
can be measured in different ways and aims to quantify the influence of each feature on the
predictive performance. The two measures that are implemented in the randomForest package
are the Mean Decrease Impurity (MDI) or Gini measure and the Mean Decrease Accuracy
(MDA) or permutation measure. The MDA will be elaborated on in Chapter [8} We chose to
not elaborate on the Gini measure, because most of the recent literature was negative about
it. However, [Nembrini et al| (2018]) write about the revival of the Gini importance, so this
could be an interesting topic for future research. It is definitely possible to do experiments
with simulations and try to discover patterns and make hypothesis with variable importance
measures, but all of this is not theoretically justified.

Much intertwined with the drawback of interpretability is the small theoretical understanding
of random forests which is also due to its element of randomization. Most of its practical perfor-
mance can not yet be explained theoretically due to the complex data-dependent mechanisms:
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both bagging and the CART-split criterion are difficult to analyze with rigorous mathematics.
Theoretical analysis has been done, but only on simplified versions of the original procedure
which we elaborate on in Section 2.3]

Construction of a random forest

Random forests have the single tree predictor as its base learner. The process consists of (Biau
and Scornet| (2016)):

1. Sample fractions from the data (bootstrapping or subsampling);

2. Grow randomized decision trees on each fraction of the data (and do not prune);

3. Aggregate the tree predictors.
The randomized decision trees are random in two processes:

e Subsampling fractions from the original dataset (with or without replacement), one for the
construction of every tree. Breiman in his original algorithm randomly sampled exactly n
times from n points with replacement which is called bootstrapping (Efron| (1982));

e Subsampling the features (without replacement) at every split point of every tree. At each
split point only the sampled features are taken into account for making the split.

The structure of the random forest algorithm is the same for regression and classification prob-
lems, but besides the split-criterion, that also differed for regression and classification trees,
also the aggregation process differs: For regression the final prediction is the average over the
predictions of every single tree. For classification a majority class vote is used.

Most articles mention that there are three parameters that can be tuned: the number of sampled
data points for each tree (a,), the number of possible directions for splitting at each node of each
tree (mtry) and the number of examples in each cell below which the cell is not split (nodesize).
Some see the number of trees (M) also as a tuning parameter, so it is mentioned here too.

The (default) values of these parameters are:

e mtry € 1,...,p and default value mtry = |p/3] for regression and mtry = [,/p] for

classification;

e nodesize € 1,...,a, and default value nodesize = 5 for regression and nodesize = 1 for
classification;

e a, €1,...,n and default value a,, = n for both regression and classification;

e M €1,...,00 and default value is M = 500 for both regression and classification.

If mtry = p and the samples are drawn with replacement, the subsampling step is called bagging.

The random forest regression predictor is F(z) := Z%zl Ton(z) with T, the mth random

M
forest tree.
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Variance reduction

Trees are known for their low bias and high variance. The idea of random forests is to reduce
the variance of its prediction by the randomization processes.

The element that random forests adds to bagging is the subsampling of covariates. The size of
the correlation of pairs of bagged trees limits the benefits of averaging. The following theory
demonstrates this: Every tree has variance o2. Then the average variance over all trees M if

their outputs are i.i.d is ﬁaz. But if trees are only identically distributed (i.d.) with positive

pairwise correlation p, the variance of the average is p - 02 + LMP) - 0% (Friedman et al.| (2001)).
The second term disappears as M increases, but the first remains and causes the limitation. The
subsampling of miry covariates reduces the correlation between any pair of trees and reduces the
variance of the average. However, there is a downside to increasing miry which is an increase
of bias.

Performance of a random forest predictor

Instead of using k-fold cross-validation for the error estimation of the predictor, it is possible
to perform cross-validation during the process of the algorithm. The difference between the
sampled data for a single tree and the whole training set is new data for that particular tree and
can be used for making predictions with that particular tree and calculating the corresponding
prediction errors. The non-sampled data for a single tree is called the Out-Of-Bag (OOB) set
for that particular tree and the corresponding error is called the OOB error.

Figure [2.2.6] shows the performance of the random forest predictor for the dataset on the com-
pressive strength of concrete, which is better than the single tree predictor of the previous
section.

Variable importance

Figure [2.2.7 shows a variable importance plot of the MDA or permutation importance.

2.3 Consistency of random forests

Although random forests are used a lot in practice and a lot is discovered about its practicalities,
little is known about its consistency and other mathematical properties. The goal is to prove
that the random forest predictor IT,, is L? consistent, i.e. E[IL,(X) — II(X)]?> — 0 as n — oo.
The difficulty of reaching this goal for the random forest predictor lies in the complexity of
simultaneously analyzing the twofold randomization process, which consists of both bagging
(Breiman, 1996) and the classification and regression tree (CART)-split criterion (Breiman et
al., 1984). Various theoretical studies are performed on simplified models that omit the bagging,
CART-split criterion and/or the data dependency: some studies concentrate on isolated parts
of the procedure, some ignore the bagging step, some replace the CART-split criterion by a
more elementary cut protocol and most studies focus on data-independent procedures. In the
study of Scornet, Biau and Vert (2015) a step is made to a more realistic representation of
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n: 1030; mse: 21.13; mae: 3.29; pev: 0.92 Bias: -0.09, 95% CI: [-10.04, 8.70]

Density

0.00 0.02 0.04 006 0.08 010

Predicted compressive strength (MPa)
10 20 30 40 50 60 70

I I I I I [ I | I | I 1

0 20 40 60 80 -30 20 10 0 10 20 30
Actual compressive strength (MPa) Prediction error

Figure 2.2.6: Performance of RF.
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Figure 2.2.7: Variable importance.

Breiman’s original procedure of random forests. The context in their study [Scornet et al.| (2015)
is an additive regression model satisfying the following properties: (H1) The response Y follows
V=3", IL; (X)) + ¢, where X = (X1, X XP)) is uniformly distributed over [0, 1]?, e
is an independent centered Gaussian noise with finite variance o > 0 and each component I1;
is continuous.
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These models, which decompose the regression function as a sum of univariate functions, are
flexible and easy to interpret.

The results of this study are the first consistency results for Breiman’s original procedure, includ-
ing a data-dependent model and including the twofold randomization process. Bootstrapping is
replaced by subsampling, but this difference is harmless.

We will give a description of the approach of this study to attain L? consistency for random
forests, mention the assumptions that are made along the way and give a clear overview of the
assumptions and downsides of the assumptions at the end.

2.3.1 Approximation and estimation error

In order to attain L? consistency it is necessary to control the approximation and estimation
error of a method. Proposition 2 offers a good control of the approximation error:

PROPOSITION 2. Assume that (H1) holds. Then, for all p,& > 0, there exists N € N* such
that, for all n > N, P[A(IL, A,,(X,0)) < ] > 1 — p, where the variation of II within each cell
Ais A(IL, A) = supy wea [H(x) — H(x')] and A,(X,0) is the cell of a tree built with random
parameter © that contains the point X.

This states that, provided n is large enough, the variation of II within a cell of a random tree
is small, thereby forcing the approximation error of the forest to asymptotically approach zero.
For controlling the estimation error in this study, two different regimes are considered. The first
regime is when t, < a, (the trees are not fully grown) and the second regime is when t,, = a,
(the trees are fully grown). For the first regime the key to controlling the estimation error is ¢,
and for the second regime it is the subsampling rate a,/n. For consistency in the first regime
when t,, < a,, the assumptions are (H1) and control over the depth of the trees via the parameter
tn:

THEOREM 1. Assume that (H1) is satisfied. Then, provided a,, — 0o, t, — oo and t,,(log a,,)? /a,, —
0 (t,, tends to infinity more slowly than a,), random forests are consistent.

Consistency in the second regime is more complicated and needs an assumption and some no-
tation: Z; = Ixox;e is the indicator that X; falls into the same cell as X in the random
tree designed with ., and the random parameter ©. Similarly, Z} = Ix+x, 0 where © is an
independent copy of ©. Accordingly,

i (Y3, Y;) = IE[ZZ'ZHX, 0,0 Xy,...,X,,Y;,Y]] (2.11)

and

¥i; =E[Z,Z}|X,0,0 X1,..., X,]. (2.12)

Finally, for any random variable Wy, Wy, Z is Corr(W7q, Wa|Z) the conditional correlation coef-
ficient (whenever it exists).

The assumption is
(H2) Let Z; j = (Zi, Z}). Then one of the following two conditions holds:
(H2.1) One has

lim (log a,,)>(log n) E[ max [t (Y;, Y;) — i[> = 0. (2.13)

n—00 1,877
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(H2.2) There exists a constant C' > 0 and a sequence (), — 0 such that, almost surely,

|Corr(Y; — IN(Xy), Iz, ;= 10) X4, X, Y))

< 2.14
hfﬁi}é,l Pl/?[zw- = (1, 12)|X4, X, Y}] =n ( )
and G 9
Y — T1(X:))2, 1z, X,
max | orr(( 1 ( )) Z; 11’ z)’ SC (2_15)
11=0,1 P1/2[Zl = l1|Xz]

(H2.1) means that the influence of two Y-values on the probability of connection of two couples
of random points tends to zero as n — co. Assumption (H2.2) holds whenever the correlation
between the noise and the probability of connection of two couples of random points vanishes
quickly enough, as n — oc.

For consistency in the second regime when t,, = a,, the assumptions are (H1), (H2) and control
over the subsampling rate a,/n:

THEOREM 2. Assume that (H1) and (H2) are satisfied, and let ¢,, = a,. Then, provided
an — 00, t, — oo and a, logn/n — 0, random forests are consistent.

2.3.2 Assumptions

The assumptions that are made in this study are (H1) for the whole study and large enough n is
needed to satisfy Proposition 2 and control the approximation error. To control the estimation
error when t,, < a, it is assumed that ¢,, tends to infinity more slowly than a,, and when t,, = a,
then it is assumed that (H2) holds and that the subsampling rate a,/n is o(1/logn). If high-
dimensionality is modeled by letting p = p,, — oo, then assumption (H2.1) may be too restrictive
since the term (loga,)?’~2 will diverge at a fast rate. When a partition is independent of the
Yis, then the correlations in (H2.2) are zero, but when the partitions depend on the whole of
Sn, it is not known if (H2.2) is satisfied.
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Chapter 3

Variable importance measures

3.1 Introduction

Measuring variable importance (VI) is most of the time a difficult task. Unless the relationship
between covariates and response is very simple and can be accurately grasped in a (linear)
model, it is a tricky study to perform. A first idea to measure VI could be to calculate the
correlations between the response and each of the covariates. However,correlations between the
covariates can mess with these scores. Also, interactions between covariates makes measuring
variable importance less straightforward.

This brings us to the question: What should the measure of variable importance be under the
data-generating model? And what are the best estimates of measures of VI based on predictors
constructed from data.

It is important that these predictors constructed from data are quite accurate. Only then
can they be approximately reliable sources for informative measures of VI. If the predictive
performance of a predictor is not quite good, then measures of VI most probably can not capture
the VI of the covariates.

There are both theoretical and empirical aims. The theoretical aim is, if possible, to figure out
which measure gives the most correct picture, what measure is optimal. The empirical aim is
to find the best estimates of the theoretical measures and to find empirical measures that are
computationally efficient. The next sections will give a deeper understanding of these two aims.

3.2 Two theoretical measures of VI

Both measures of VI here presented are based on an increase in mean loss due to some change in
the test set. The first measure is called Leave-One-Covariate-Out (LOCO) by [Lei et al.| (2017).
It measures the importance of the k—th variable by means of the theoretical quantity

1) = E [ L (Y,19(X)) | - E[L (v, 11(X))] (3.1)
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where II is the optimal predictor based on X = (Xi,...,X)), L is some loss function and
11%)(X) is the optimal predictor based on all the variables in X = (X, .. , Xp) except X,

This measure we think is the most universal provided the II(X) and II(*)(X) are the optimal
predictors and thus may be seen as providing the true variable importance.

The second measure by [Zhu et al.| (2012) defines the importance of the k-th variable by means
of the theoretical quantity

Iy =B [L (v, 1X®))| ~ E[L (v, 11(X))] (3.2)

where ILis the optimal predictor based on X = (Xi,..., X)) and (X)) is the optimal predictor
based on X = (X1,..., Xx—1, Xk, Xp+1,...,Xp) where X}, has the same distribution as X} but
is independent of the other X;s.

Although we believe the first measure is most universal, also the second measure is considered for
two reasons: the second measure could perform better and the first measure is computationally
very inefficient. The latter will be elaborated on in the next section.

3.3 Estimators of the two theoretical measures

Again, suppose one has a data set .7, = {(X1,Y1),(X2,Y2),...,(Xy,Ys)}. In this section

empirical counterparts of the theoretical measures Iy (II) and I (II) are compared to each other
with II denoting the random forest and L(s,t) = (s — t)? which corresponds to the so-called
mean square error criterion.

One can estimate the theoretical I (IL):
I,(IT) = E [L (Y, ®) (X(“)ﬂ — E[L(Y,I(X))]
—E [(Y —® (X(k)))z} ~E|(Y - TI(X))’]
— MSE (HUf) (X(k>)) — MSE(II(X))
~ mse (n<k> (XUf))) — mse(I[(X))

= msej — mse

IS (v B DS v Ry
i=1 i

n -

=1
1 & 1 . i 1 & 1 : ’
=y Y-y X BED | -5 (v X 5V
N - N, N < N;
i=1 JT;eT; i=1 JT;€;

where

| X
mse := mse(F(X) = N Z (Y; — Fi(Xy))*,



T = Tl(i), TQ(i), T ](\2) is the set of trees that are constructed without (X;,Y;), N is the total
number of trees and V; the number of trees in 7 which is about N/3.

This most universal measure is highly computationally inefficient as already said. This will be
explained after two estimates of Ij(II) are presented.

One can estimate the theoretical I, x(II) (T-VIM) with Breiman’s permutation importance mea-
sure (Breiman| (2001a)):

P
- }ij (nl (K - m&E) - Z (v~ T;(Xf")))2>
= i (I
where Ny
msel® = mse (Tj(Xm)) _ ?”Z; (Y;(j) T, (XE”)Y’
i) = mse (T(XU%)) o= - Z (v - T,x0)",

the T)js are tree predictors based on X = (X1,..., X)), X®) = (X1, X1, Xy X1, - - - , Xp)
where X'k is a permutation of Xj and n; ~ n/3 is the number of trees in the set s; =
(Xl(j),Yl(j)), (Xz(j),YQ(j)), ey (X (j),YTg)) with observations that are not used for the con-
struction of Tj.

The theoretical I (IT) (F-VIM) can also be estimated differently:

L) =E [L <Y, H(X(k))ﬂ CE[L (Y, I(X))]
- [(Y - H(Xtm)ﬂ _E [(y - H(X))ﬂ
— MSE (H(X(k) )) ~ MSE(II(X))

A mse (H(X(k))) — mse(I1(X))

N
1 E)L ) 2 1
= > (Y- REY) - L3 - RX)
=1 =1
2 2
1 o 1 (6) 1< (k) BN 1 ()
i=1 JT;€; i=1 JT;€;
= i (IT)
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where

mse = mse(F(X) = - Z (Y; — Fi(Xy))?,
i=1
msey, ‘= mse <H(X(k))> = rlzi (Yz - Fz(XEk))Y )

1=

X(F) — (X1, ., Xk_l,Xk,Xk+1, ..., Xp) and X, has the same distribution as X* but is inde-
pendent of the other X;s.

Both 4 (II) and %(II) are computationally more efficient than 4 (II) because of the different
processes that are involved. Both i(IT) and i (II) permute values of a particular covariate in
the test data set and compute the increase of error on the permuted test set compared to the
error on the original test set. Instead of permuting a covariate, ix(II) removes all values of one
covariate from the test set. Then it is necessary to contruct a whole new predictor, because
with the removal of a covariate the size of the data set changes. For i;(IT) and 7 (II) only one
predictor is constructed, the value of covariates are permuted one by one and the size of the
training data set stays the same. The computation time of both i (IT) and iz (IT) are presented
in Table 3.3l

n p | ntree i (IT) ix (IT) Time to run i,(II) / Time to run i, (II)
100 | 10 500 0.08 secs 0.63 secs ~ 8

/) 1200 // | 0.82secs | 2.62 mins ~ 192
// | 500 | // 1.94 secs | 15.76 mins ~ 487
// | 10 | 1000 | 0.16 secs | 0.63 secs ~ 4

// 1200 | // 1.72 secs | 2.75 mins ~ 96
// 1500 | // 4.04 secs | 16.55 mins ~ 246
500 | 10 500 0.65 secs 5.27 secs ~ 8

// 1200 | // 8.32 secs | 23.03 mins ~ 166
// | 500 | // | 17.98 secs | 2.38 hours ~ 477

Table 3.3.1: Computation time of 4 (IT) and 74 (IT).

An important subject for the next section and chapter is the difference between T-VIM and
F-VIM, both theoretically and experimentally.

3.4 Theoretical difference between T-VIM and F-VIM

T-VIM and F-VIM are consistent since permuting the values of one variable at a time corresponds
to drawing randomly from its distribution. However, the two measures do not correspond exactly
to each other because of computational reasons. The important difference lies in the order of
calculations. For T-VIM the performance is calculated tree by tree and all these values are
averaged over all trees. For F-VIM the MSE is calculated after two complete random forests are
grown: the original forest and a permuted one.

As presented in the previous section, T-VIM and F-VIM can be expressed as the estimates:

24



j=1 =1 =1
and
. 1 1 (4) 1 (k) 1 1 (i)
W= (Yi-& > T ‘E.Z i—-— Y T (X))
=1 jT;€7; =1 J3T;€5;
The performance of a single tree T} for j = 1,..., N is obtained with the use of the observations

s; = (X v, (x9 v, ... (XY, v withnj ~ n/3of S, = (X1, Y1), (Xa,Ya), - ., (X, ¥i)
that are, because of bagging, not used to train 7j. The performance of a forest F;(X;) is ob-
tained observation by observation, where all input variables of each observation go through the
subset of trees .7; = 1(i), Tz(i), .
not involved.

. ,T](Vii) with N; &~ N/3 in whose construction that observation is

3.5 Consistency of T-VIM

In Section the consistency of the random forest algorithm was discussed: [Scornet et al.
(2015) showed that Breiman’s random forest algorithm is consistent in the context of the additive
regression model = Z;’:l I1; (X)) + ¢ and with the assumption of independent covariates. The
consistency of T-VIM is a different notion and still an open problem according to|Gregorutti et al.
(2017), especially when covariates are not independent. This study focuses on the performances
of the measures when the data is correlated, because this is often what data sets representing
reality look like. The main contribution on the consistency of T-VIM is due to[Zhu et al.| (2012),
but like [Scornet et al.| (2015) also Zhu et al| (2012)) assumes independent covariates.

3.6 The effects of correlated covariates

Experimentally one can show that the more correlation between covariates, the more measures
are unstable as can be seen in Section According to Biithlmann et al. (2013]), LASSO has a
tendency to select one representative from a group of correlated covariates. For random forests
research about the impact of correlated predictors is among others done by [Tolosi and Lengauer
(2006). There seems to be no consensus on the subject according to |Gregorutti et al.| (2017)),
because of a lack of theoretical foundation.

Intuitively, when a covariate is permuted this is done to destroy the relationship between that
covariate and Y. When covariates are correlated the permutation also destroys the relationship
among the correlated covariates. A higher MSE can then either imply that the permuted co-
variate is important or that the permuted covariate is dependent on another covariate. [Strobl
et al| (2007) have come up with conditional importance measures to avoid this problem of not
knowing if the permuted covariate is important, dependent on another covariate or both. This
method is computationally demanding and therefore difficult to use for large p.
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This is why this study does not focus on the conditional importance measures, but focuses on
the more efficient T-VIM and F-VIM and aims to find out how they behave in order to find out
when they are useful and perform good enough.

3.7 Suggestions

The following two suggestions from the literature will be investigated with a simulation study:

Suggestion 1 by |Gregorutti et al. (2017): Tree ensemble variable importance measures are more
likely to rank unimportant covariates as important covariates when covariates are correlated.

Suggestion 2 by |Genuer et al.| (2010): Larger values of miry increases values of variable impor-
tance for important covariates. When mtry is smaller, correlated covariates could score higher,
as fewer potentially stronger competing covariates are present at each split [Strobl et al.| (2007)).
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Chapter 4

Simulation study

In this chapter the results of several experiments on variable importance measures for regression
problems will be presented. The two main actors of this chapter are T-VIM and F-VIM that
are described in the previous chapter.

The goal of the simulation study is to discover for what kind of data what measure of VI works
best: T-VIM, F-VIM or a classical benchmark.

The following two suggestions from the literature will be investigated:

Suggestion 1 by |Gregorutti et al. (2017): Tree ensemble variable importance measures are more
likely to rank unimportant covariates as important covariates when covariates are correlated.
For positive correlations, the importance of the two correlated covariates decreases when the
correlation increases. The value of the prediction error after permutation is then close to the
value of the prediction error without permutation and the importance is small.

Suggestion 2 by |Genuer et al.| (2010)): Larger values of mtry (the number of covariates selected at
each split) increases value of variable importance for important covariates. When mtry is smaller,
correlated covariates could score higher, as fewer potentially stronger competing covariates are
present at each split [Strobl et al.| (2007)).

In the experiments here considered, the data sets vary in
e The number of observations n and (noise) covariates p;
The underlying models vary in

e The mean E[Y'|X] which can be either linear or nonlinear;

e The values of the coefficients.

The random forest can vary in parameters. In this study different values for mtry are considered
and the effects on and behavior of the measures are studied.

A simulation study is needed, because it is necessary to know the truth about the importance of
the variables or at least it is necessary to be able to estimate it. The estimation process, called
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sensitivity analysis, will be explained first in this chapter. Then several classical benchmarks are
presented and discussed that will be used to show the relative performance and accuracy of the
F-VIM and T-VIM in the results. The data are presented and the results: First linear models
and then the experiments with nonlinear models.

4.1 Preparation

4.1.1 Data

In the next section on results, various data sets are generated from various models of which
some are linear and some are nonlinear. For a linear model the mean p(z) is linear in = and for
a nonlinear model the mean p(z) is nonlinear in x. All covariates X; = (Xj1,...,Xjp) have a
multinormal distribution X ~ N, (U, X) with U = (u1, ..., pp)" and

2
07 P1,20102 P1,p010p
9 .
Y — £2,10201 0y

prl,po;pflgp
Pp,10p01 T Pp,p—10p0p—1 Op

The error ¢; ~ N(0,1) is independent of the covariates. In the legend of the figures one can see
the number of observations n, the number of covariates p and the number of nonzero coefficients
s. In the caption one can see the MSE of the predictor, whether there are pairwise correlated
variables and the vector of coefficients f3.

4.1.2 Classical benchmark

T-VIM and F-VIM are compared to each other and to a classical benchmark. A classical
benchmark that is well known for good performance for linear models is LASSO.

4.2 Results

4.2.1 Linear models

In this section several results of experiments are shown. The first results show what happens
when the values of observations n and covariates p are varied. Then the results are presented
of the introduction of correlated covariates. In all linear models the coefficients vector § =
(1,2,3,1,2,3) for p = 6 and g = (1,2,3,1,2,3,0,...,0) for p > 6. For all simulations the
random forest algorithm is ran 50 times and the results are averaged. This gives a more stable
result.
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Independent covariates: sensitivity of measures to n and p

Parameters ntree and mtry are set to their default values (ntree = 500 and mtry = p/3 for
regression). All boxplots are based on 50 runs of the RF algorithm. In all experiments, the first
six values of coefficient vector 8 are nonzero. If there are more than six values in 8 or more than
six covariates, then these coefficients have value 0. When the amount of noise variables is large,
the graphs are cut off after the 16th variable.

Six figures are presented that have no pairwise correlation among the covariates. The first three
figures have a large number of observations (n = 500), the last three have a smaller number of
observations (n = 100). The first three and last three figures vary in number of covariates (p):
p =6, p =200 and p = 500.

For all experiments done for linear models, LASSO outperforms the other measures. The per-
formance can be seen in [£.2.1) and all of the performances are similar.
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Figure 4.2.1: Performance of VIM of LASSO.

In Figure .22 n = 500, p = 6 and s = 6. It stands out that the variability of the F-VIM is
larger than the variability of the other measures. Also, both T-VIM and F-VIM rank variable 6
higher than variable 3 while their values are the same.

In the second experiment in Figure both T-VIM and F-VIM now rank variable 3 and 6
almost equal and both can’t distinguish variable 1 and 4 from noise variables 7 and 8.

Where first variable 6 was ranked higher by both T-VIM and F-VIM, now both measures rank
variable 3 highest in Figure [£.2.4] and again both measures can’t distinguish variable 1 and 4
from the noise variables.

With n = 100 there is more variability of values for both T-VIM and F-VIM as can be seen in
Figure [£.2.5] In this experiment it stands out that T-VIM ranks variable 3 on average higher
than 6 and F-VIM ranks variables 6 on average higher than variable 3.
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Figure 4.2.2: VIMs with mse ~ 4.5.
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Figure 4.2.3: VIMs with mse ~ 8.3.
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Figure 4.2.5: VIMs with mse ~ 8.1.
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For p = 200 in Figure [£.2.6] it stands out that F-VIM has a larger variability of values but has
similar mean values as when p = 6. T-VIM ranks variable 6 a lot higher for p = 200 than for
p=6.
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Figure 4.2.6: VIMs with mse ~ 14.6.

For p = 500 in Figure the MSE decreased compared to p = 6 and p = 200. Both T-VIM
and F-VIM have a larger variability of values and rank variable 3 highest and variable 6 second
and quite low.
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Figure 4.2.7: VIMs with mse ~ 18.4.
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Correlated covariates: sensitivity of measures to n and p

The following six graphs are results of experiments with pairwise correlated covariates X7, Xo
and X3 with a correlation coefficient of p = 0.9.

In Figure [1.2.§ the effects of the correlation can be clearly seen for T-VIM and F-VIM. For
T-VIM all pairwise correlated variables have a much higher increase of MSE and the ranking
of variable 1 is very close to variable 6. F-VIM gives a much higher value to variable 1 and 2,
but all other variables have about the same value as when there was no pairwise correlation. It
stands out that F-VIM still picks up the high value of variable 6 and T-VIM does not.
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Figure 4.2.8: VIMs with mse ~ 4.

For p = 200 in Figure [£:2.9] covariate 1 and 6 have the same score for T-VIM while for F-VIM
covariate 2 and 6 have the same score. T-VIM performs similar to when p = 6 and F-VIM
performs worse with ranking covariate 6.

And for p = 500 in Figure T-VIM performs in scoring covariates 4-6 all lower than
covariates 1-3. F-VIM performs similar to when p = 200.

For n = 100 and p = 6 in Figure [4.2.11| T-VIM mixes up the order of covariates 1-3 and scores
covariates 4-6 lower than covariates 1-3. F-VIM again gives covariate 6 a proper score.

For p = 200 in Figure 4.2.12] T-VIM has got the order of covariate 1-3 right and F-VIM scores
covariate 6 lower than for p = 6.

For p = 500 in Figure [4.2.13 both T-VIM and F-VIM can not distinguish covariates 4-6 from
noise covariates.
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Figure 4.2.9: VIMs with mse =~ 6.7.
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Figure 4.2.10: VIMs with mse ~ 7.8.
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Figure 4.2.11: VIMs with mse ~ 7.6.
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Figure 4.2.12: VIMs with mse ~ 14.2.
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Sensitivity of measures to mtry
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The parameters of random forests can be tuned and one of them is mitry. With the tuning of
miry most of the time miry is larger than its default value. The performance of the measures
for different values of p and for default and optimized values of mitry are presented in Figure
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Figure 4.2.14: Independent covariates and value of mtry is default value: mse ~ 10.5

Variability of measures

The variability of measures is attained by running the algorithm 50 times for different distribu-
tions of X. The performance of the measures is presented in Figure
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Figure 4.2.16: Independent covariates and value of mtry is default value: mse ~ 14.6
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Figure 4.2.17: Independent covariates and value of mtry is optimized: mse ~ 13.5
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4.2.2 Nonlinear models

In this section experiments are done with five nonlinear models (Fang et al.| (2004)):

x1 - e"? n
- €
Yi 1—i—x§ i
Yi =T T2 T3+ €
T+ X2
Yi = o3 + €

Y = X1 - ln(0.5 + a:% + x%) + €;
yi = 7 L In(1 4 (29 - 22) + ¢
These five models are picked in order to research what is the difference between different measures

for a wide range of different underlying models. "True’ coeflicients are estimated with global
partial derivatives on data sets with n = 10000 observations.

The first nonlinear model is

T
;= €.
Yi 1+IE§ i

In Figure [£.2.24) T-VIM, F-VIM and LASSO have a good performance. LASSO performs best
and assigns value 0 to covariate 2 and 3. T-VIM has least variability amongst the RF runs and
F-VIM has the largest variability. Remarkable is that the VI values for F-VIM are a lot larger
than for T-VIM.
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Figure 4.2.24: VIMs for § ~ (1.1,0,0), mse ~ 0.5, U = 0, diag(¥) ~ 1 and no correlated
covariates.

For p = 6 in Figure[£.2.25] the results are similar: T-VIM has the smallest variability for covariate
1, LASSO is correct in assigning value 0 to covariate 2-6. T-VIM has a bit more trouble assigning
noise variables value zero than F-VIM has.

In Figure pairwise correlation of the covariates is added. LASSO can not grasp the values
of covariates 2 and 3. T-VIM and F-VIM have a similar performance.
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Figure 4.2.25: VIMS for g ~ (1.1,0,...,0), mse ~ 1, U = 0, diag(¥) ~ 1 and no correlated

covariates.
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Figure 4.2.26: VIMs for § ~ (1,0.4,—0.3,0,...,0), mse =~ 0.6, U = 0, diag(X) ~ 1 and X;, X,
and X3 are pairwise correlated with p = 0.5.
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In Figure U and ¥ are less standard: U = (1,2,2) and diag(X) = (1.5,1.05,3.1). All
measures capture the most important variable. Only T-VIM and F-VIM also capture variable

2 and 3.
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Figure 4.2.27: VIMs for 5 ~ (4.5,0.9,—0.9), mse ~ 27.8, U = (1, 2,2), diag(X) = (1.5,1.05,3.1)
and X1, X2 and X3 are pairwise correlated with cov(X7, X2) = —0.5,cov(Xs, X3) = —0.35 and
cov(X1, X3) =0.8.

The second nonlinear model is
Yi =T1 -T2 T3+ €.

In Figure [4.2.28] all measures capture the three nonzero coefficients. F-VIM shows a large
variability for the RF runs and both T-VIM and F-VIM have difficulty assigning value zero to
the noise covariates.
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Figure 4.2.28: VIMs for 8 =~ (0.5,0.5,0.5,0,...,0), mse =~ 0.6, U = 0, diag(X) ~ 1 and X3, Xy
and X3 are pairwise correlated with p = 0.5.

In Figure [£.:2:29 only X; and X, are pairwise correlated. LASSO struggles with the interaction

terms. F-VIM performs best and T-VIM seems more sensitive to the correlated covariates X
and Xo.
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Figure 4.2.29: VIMs for g ~ (0,0,0.5,0,...,0), mse ~ 0.4, U = 0, diag(X) ~ 1 and X3, X, and
X3 are pairwise correlated with p = (0.5,0,0).

In Figure 4.2.30| U and ¥ are less standard: U = (1,2,2) and diag(¥) = (1.5,1.05,3.1). Both
T-VIM and F-VIM have a good performance and LASSO has not.
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Figure 4.2.30: VIMs for § ~ (4.4,1.2,2.5), mse ~ 13.1, U = (1,2,2), diag(¥) = (1.5,1.05,3.1)
and X7, X2 and X3 are pairwise correlated with cov(X1, X2) = 0.5,cov(Xs, X3) = 0.35 and
cov(X1, X3) = —0.8.

In Figure [4.2.31] all measures have difficulty capturing the right ranking.

The third model is
vi = T+ x2
;=

o3 + €.

In Figure all measures capture the two most important variables. Both T-VIM and F-VIM
have difficulty assigning value zero to noise covariates.

In Figure 4.2.33| F-VIM captures the most important variable. T-VIM seems to be sensitive to
the correlated covariates. LASSO has a bad performance.
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Figure 4.2.31: VIMs for § =~ (3.6,2.8,1.5), mse ~ 12.1, U = (1,2,2), diag(¥) = (1.5,1.05,3.1)
and X, Xs and X3 are pairwise correlated with cov(X1, X2) = —0.5,cov(X2, X3) = —0.35 and
cov(X1, X3) =0.8.
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Figure 4.2.32: VIMs for § ~ (1.7,1.7,0.1,0,...,0), mse =~ 4, U = 0, diag(X) =~ 1 and X1, X»
and no correlation.
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Figure 4.2.33: VIMs for 8 ~ (1.7,1.7,3.2,0,...,0), mse =~ 9.1, U = 0, diag(X) ~ 1 and X3, X,
and X3 are pairwise correlated with p = 0.9.

In Figure [£.2.34 only X; and X are correlated. T-VIM performs best and LASSO worst.
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Figure 4.2.34: VIMs for 5 ~ (1.7,1.7,0.1,0,...,0), mse = 3, U = 0, diag(X) ~ 1 and X;, X»
and X3 are pairwise correlated with p = (0.9,0,0).

In Figure [4.2.35| U and ¥ are less standard: U = (1,2,2) and diag(X) = (1.5,1.05,3.1). This

experiment gives an insight in how the measures behave with a negative coeflicient.
Figure [£.2:36] is quite similar but all measures just struggle a lit bit more.
Figure is again quite similar with different correlation coefficients.

The fourth model is
y; = x1 - 1n(0.5 + m% + x%) + €.

In Figure [£.2.38 all measures perform well. LASSO has the largest variability.

In Figure [4.2.39] the first three covariates are correlated. All measures perform well.
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Figure 4.2.35: VIMs for 8 ~ (0.6,0.6,—1.8), mse ~ 2, U = (1,2,2), diag(¥) = (1.5,1.05,3.1)
and no correlation.
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Figure 4.2.36: VIMs for 8 ~ (0.6,0.6,—2.1), mse ~ 0.4, U = (1,2,2), diag(¥) = (1.5,1.05,3.1)
and X1, X2 and X3 are pairwise correlated with cov(X1, Xo) = 0.5,cov(Xs, X3) = 0.35 and
cov(Xy, X3) = —0.8.
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Figure 4.2.37: VIMs for 8 ~ (0.7,0.7,—1.6), mse ~ 2.6, U = (1,2, 2), diag(2) = (1.5,1.05,3.1)
and X, X9 and X3 are pairwise correlated with cov(X1, X2) = —0.5,cov(X2, X3) = —0.35 and
cov(X1, X3) =0.8.
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Figure 4.2.38: VIMs for 8 =~ (0.7,0,...,0), mse ~ 0.4, U = 0, diag(X) ~ 1 and X7, X2 and no
correlation.
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Figure 4.2.39: VIMs for 8 =~ (0.5,0.5,0.5,0,...,0), mse ~ 0.4, U = 0,
and X3 are pairwise correlated with p = 0.9.

dzag(E) ~ 1 and Xl, XQ

In Figure 4.2.40| U and ¥ are less standard: U = (1,2,2) and diag(X) = (1.5,1.05,3.1). All

measures perform well.
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Figure 4.2.40: VIMs for 8 ~ (2.2,0.4,0.3), mse ~ 1.2, U = (1,2,2), diag(X) = (1.5,1.05,3.1)

and no correlation.

The measures also perform well in the presence of correlated covariates as can be seen in Figure

4241

The fifth model is
yi = e (1 + (22 - 22) + &

In Figure LASSO performs worst. All measures struggle capturing the true ranking. F-
VIM assigns positive values to zero coefficients of covariates 2-8. It does assign covariate 1 as

the most important one, which T-VIM does not.

The MSE is very high in Figure [£.2.43] Both [£.2.43] as well as can not distinguish among

the correlated covariates.
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0.6,0.2), mse ~ 1.1, U = (1,2,2), diag(X) = (1.5,1.05,3.1)
correlated with cov(X1, X2) = 0.5,cov(X2, X3) = 0.35 and
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Figure 4.2.43: VIMs for § ~ (—5.2,—-2.5,—2.4,0,...,0), mse =~ 92.9, U = 0, diag(¥) ~ 1 and
X1, Xy and X3 are pairwise correlated with p = 0.9.
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Figure 4.2.44: VIMs for 8 ~ (~2.8,—1.8,0,...,0), mse ~ 7.4, U = 0, diag(X) ~ 1 and X1, Xo
and X3 are pairwise correlated with p = (0.9,0,0).
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In Figure U and X are less standard: U = (1,2,2) and diag(X) = (1.5,1.05,3.1). T-VIM
and F-VIM have a good performance. LASSO has not.
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Figure 4.2.45: VIMs for 5 ~ (—5.3,1.8,1.3), mse ~ 24.9, U = (1, 2,2), diag(X) = (1.5,1.05,3.1)
and no correlation.

In Figure all measures have difficulty capturing the true ranking.

T-VIM F-VIM LASSO
3
F _ n =100 . ¢ n=100 2 =
w p=3 5 4 p=3 E=3
= — 5=3 - —— =3 a =3
. 4 —
=]
8 —_ g4 BE=
@ = 4
L og s 2 - —_ e 24
= h = = =]
§ —+ § 84 3 — g
= & = ¢ = o |
w ] 2 4 'I_
= | —_ . "-'3 N
. g — =
w == i S N —
T T T T T T o = T T T
1 2 3 1 2 3 1 2 3
Variable Variable Variable

Figure 4.2.46: VIMs for 8 ~ (=5.5,2,1.2), mse ~ 24.2, U = (1,2,2), diag(X) = (1.5,1.05,3.1)
and X1, X2 and X3 are pairwise correlated with cov(X1, Xo) = 0.5,cov(Xs, X3) = 0.35 and
cov(Xy, X3) = —0.8.

4.2.3 Results

For the generated linear models with and without pairwise correlated covariates:

e LLASSO performs always well and better for linear models than T-VIM and F-VIM under
the assumed data-generating models with and without pairwise correlated covariates.

For the generated linear models without pairwise correlated covariates:
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e F-VIM has a larger variability over the RF runs;

e The larger p, the larger the difference between the most important variables and the
variables that follow;

e When n decreases there is more variability over RF runs for both T-VIM and F-VIM.
For the generated linear models with pairwise correlated covariates X1, Xo and Xj:

e Correlated variables get a higher score than when they were uncorrelated: for T-VIM this
is more extreme than for F-VIM when p is small and the larger p gets the worse F-VIM
performs and for n = 100 this trend is more extreme than for n = 500.

For the generated nonlinear models:

e [LASSO sometimes captures the most important variables and not the less important ones
and sometimes fails to perform;

e Both T-VIM and F-VIM sometimes have trouble assigning value zero to noise covariates;

e T-VIM seems more sensitive to correlated covariates and assigns them higher values than
it should;

e When covariates are correlated it is more difficult for both T-VIM and F-VIM to distinguish
their ranking.

4.2.4 Evaluation of suggestions

Suggestion 1 by |Gregorutti et al. (2017): Tree ensemble variable importance measures are more
likely to rank unimportant covariates as important covariates when covariates are correlated.

Evaluation of suggestion 1: This is clearly visible in among others Figure [£.2.8 and Figure [£.2.9]
where covariates 1-3 score high compared to covariates 4-6. T-VIM is more sensitive to this
tendency than F-VIM. This must be because T-VIM counts the increase of MSE tree by tree,
while F-VIM grows complete forest and then calculates the increase of MSE. More theoretical
study is needed to confirm this.

Suggestion 2 by |Genuer et al.| (2010): Larger values of m increase values of variable importance
for important covariates. When m is smaller, correlated covariates could score higher, as fewer
potentially stronger competing covariates are present at each split [Strobl et al.| (2007).

Evaluation of suggestion 2: This is clearly visible for both T-VIM and F-VIM in Figure [£.2.1§|
and Figure [4.2.19]
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Chapter 5

Conclusions, discussion and
acknowledgement

5.1 Conclusions

The objective of this research was to investigate the behaviour of variable importance measures
for random forests on a range of data sets with numerical Y: data sets with either n > p or
p > n, with either pairwise correlated or uncorrelated covariates, with various distributions of
the covariates and with either linear or nonlinear underlying models.

The first questions considered was: What should the measure of variable importance be under
the data-generating model? According to us it should be Leave-One-Covariate-Out (LOCO),
but because of the computational inefficiency of LOCO a permutation measure was considered.
This permutation measure was estimated by two empirical measures: T-VIM and F-VIM. Ex-
periments were done for different linear and nonlinear models with different values for n and p
and correlated and independent covariates.

This study can confirm the two suggestions:
1. Tree ensemble variable importance measures are more likely to rank unimportant covariates

as important covariates when covariates are correlated. And T-VIM is more sensitive to
this tendency than F-VIM.

2. Larger values of m increase values of variable importance for important covariates.

This shows that it is very important to tune miry, especially in the presence of pairwise cor-
related covariates. And when mitry is tuned, the performance of the measures might be good
enough.
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5.2 Discussion

Measuring variable importance is a difficult task, especially for nonlinear models and in the
presence of pairwise correlated covariates. Future research can be done on a wider range of
models and distributions for X. And of course, it is desirable that there will be more theoretical
justifications for the consistency of the random forest algorithm, the consistency of the measures
of variable importance based on both independent and pairwise correlated covariates and the
difference between T-VIM and F-VIM. Further research can be done on the LOCO measure.
This measure could be used with a smaller amount of the covariates that are somehow selected
with another method.

5.3 Acknowledgement

A special word of thanks goes out to my supervisors José de Sousa Jorge Ferreira from RIVM,
who guided me the first part of my graduation project, and Nestor Parolya.
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Appendix: R code

library (mvtnorm)
library (randomForest)
library (Matrix)
library (glmnet)
library (plyr)
library (splines)

library (tuneRanger)

library (mlr)
library (MASS)

4

Data :

library (readr)
concrete <— read csv("Data/concrete.csv")
data.set <— as.data.frame(concrete)

names
names
names
names

names
names
names
names

(data.
(data.
(data.
(data.
names (data.
(data.
(data.
(data.
(data.

set
set
set
set
set
set
set
set
set

Compressive

"cement"

"blast . furnace.slag"
"fly .ash"

"water"
"superplaticizer"
"coarse.aggregate"
"fine.aggregate"

"age"
"compressive.strength"

ratio <— vector(length=nrow(data.set))

for (i

in (l:nrow(data.set))){
ratio[i] <— data.set$cement|[i]/data.set$water[i]

ratio <— round(ratio ,1)

data.set$c.to.w.ratio <—
data.set <— data.set|[,

#:

Partition of

library (tree)
library (rpart)

library (rpart.plot)

ratio
c(1:8,10,9)]

tree

strength

cs <— data.set$compressive.strength

age <— data.setS$age

c.to.w.ratio <— data.set$c.to.w.ratio

cem.tr <— tree(cs

cem. tr

summary (cem. tr)

cem.trl <— snip.tree(cem.tr,

cem. trl

summary (cem. trl)

par (pty =

"S”)
plot (data.set|[,
xlab="age" ,

age + c.to.w.ratio, data.set)

8] ,data.set |,
ylab

—n

nodes =

9,
c.to.w.ratio")

o7

c(20,21,11,7,6))



110
111
112
113
114
115
116
117
118
119
120
121
122
123
124

partition.tree(cem. tr)

CP <— 0.001

fit .tree <— rpart(data.set$compressive.strength ~ data.set$age +
data.set$c.to.w.ratio ,data=data.set, control=rpart.control(minsplit=10),cp=CP)

good .name <— names(data.set )[ncol(data.set)]

prp(fit .tree,faclen = 0, cex = 0.8, extra = 1, main=paste("Prediction of ",
good .name, sep="")

,digits=3)

# Optimizing nodesize for tree predictor

CP <— 0.00000
good .name <— names(data.set )[ncol(data.set)]

### Default value of nodesize #H##

predictions <— NULL

for (i in (l:nrow(data.set))){
data.set.i <— data.set[—i,]
fit.tree.i <— rpart(as.formula(paste(names(data.set)[ncol(data.set)],"™.
data=data.set.i,cp=CP)
prediction.i <— predict (fit.tree.i,type="vector" , newdata=data.set[i,—ncol(data.set),
drop=FALSE|)
predictions <— c(predictions ,prediction.i)

n

7sep:u n )) ,

}

pred.er <— predictions — data.set[,ncol(data.set)]
mse. plot <— mean(pred.er"~2)

n "

explanationl <— paste("n: " ,nrow(data.set),"; mse: ",
formatC (mse. plot , digits=2,format="f"),"; mae: " formatC(mae, digits=2,format="f"),
"\n pev: " formatC(pev,digits=2,format="f"),sep="")
plot (data.set[,ncol(data.set )], predictions, xlab="Actual compressive strength (MPa)",
ylab="Predicted compressive strength (MPa)",
main=explanationl); abline(a=0,b=1,col="red")

### Optimizing nodesize #H#HH#

mse <— NULL
for (j in 1:10){
predictions <— NULL
for (i in (l:nrow(data.set))){
data.set.i <— data.set[—1i,]
fit.tree.i <— rpart(as.formula(paste(names(data.set)[ncol(data.set)],’
data=data.set.i,control=list (minbucket=j),cp=CP)

= n

ysep="")),

prediction.i <— predict(fit.tree.i,type="vector" newdata=data.set[i,—ncol(data.set),

drop=FALSE]|)
predictions <— c(predictions ,prediction.i)
}

pred.er.j <— predictions — data.set|[,ncol(data.set)]
mse|j] <— mean(pred.er.j"2)
print (j)

}

mse . min <— min (mse)

nodesize <— which.min (mse)

mae <— mean(abs(pred.er))

pred.0 <— CV.Ilm(data.set ,0)

mse.0 <— mean(pred.0$prediction.error"2)
pev <— l—mse.min/mse.0

predictions.opt <— NULL

for (i in (1l:nrow(data.set))){
data.set.i <— data.set[—1i,]
fit.tree.i <— rpart(as.formula(paste(names(data.set)[ncol(data.set)|,"™.
data=data.set.i,control=list (minbucket=nodesize),cp=CP)
prediction.i <— predict(fit.tree.i,type="vector" 6 newdata=data.set[i,—ncol(data.set),
drop=FALSE])
predictions.opt <— c(predictions.opt, prediction.1i)

n

7sep:H n )) ,
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125 pred.er <— predictions.opt — data.set[,ncol(data.set)]
126 mse.plot <— mean(pred.er "~2)

127

128 explanationl <— paste("n: " nrow(data.set),"; mse: ",

129 formatC (mse. plot , digits=2,format="f"),"; mae: ", formatC(mae, digits=2,format="f"),
130 "\n pev: " formatC(pev,digits=2,format="f"), sep="")

131 plot(data.set|,ncol(data.set )|, predictions.opt, xlab="Actual compressive strength (MPa)",
132 ylab="Predicted compressive strength (MPa)",

133 main=explanationl); abline(a=0,b=1,col="red")

134

135 #———m—— — Set parameters

136

137 set.seed(10)

138

139 n <— 200 # Numbers of observations

140 p <— 8 # Numbers of features

141 § <— 3 # Number of relevant features

142

143 n.sim <— 50 # Number of RF simulations

144 sigma <— 1 # Marginal error standard deviation
145 bval <— 1 # Magnitude of nonzero coefficients

146

147 par (mfrow=c (1,3))

148

149 #—— Set measures on or off
150

151 breiman.0 <— 1
152 permu.0 <— 0
153 lasso.0 <— 0
154 glm.0 <— 0

155 glmnet.0 <— 0
156 glmboost.0 <— 0
157 gbm.0 <— 0

158 nn.0 <— 0

159 gini.0 <— 0

160 check.0 <—1

161

162 H#—— Pairwise correlation
163

164 ### NO CORRELATION

165

166 rho <— 0

167 U <— rep(0,times=p)

168 # U <— c¢(1,2,2)

169 a <— 1

170 b <— 1.0001

171  var <— seq(a,b,((b—-a)/(p—1)))
172 # var <— c¢(1.5,1.05,3.1)

173 cov <— rhoxsqrt(var)*sqrt(var)
174 Sigma <— matrix(cov,p,p)

175 diag(Sigma) <— var

176

177 ### EQUAL CORRELATION FOR ALL COVARIATES
178

179 # rho <— 0.5

180 # mu <— rep (0, times=p)

181 # var <— 0.5

182 # cov <— rho*sqrt (var)*sqrt (var)

183 # Sigma <— matrix (cov ,p,p) # covariance matrix
184 # diag (Sigma) <— var

185

186  ### CORRELATION AMONG SOME COVARIATES
187

188 # rho.1 <— 0.9

189 # rho.2 <— 0

190 # rho.3 <— 0

191 #

192 # U <— rep (0,p)

193 # U <— c¢(1,2,2)

194
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196
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221
222
223
224
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227
228
229
230
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# a <— 1
# b <— 1.0001
# var <— seq(a,b,((b=a)/(p—1)))
# var <— ¢ (1.5,1.05,3.1)
# Sigma <— matrix (cov.1l,p,p)
# Sigma[1:3 ,1:3] <— cov .2
# Sigma <— matrix (0,p,p)
# diag (Sigma) <— var
# a <— which (Sigma==var [1])
# a.place <— floor(a/p)+1
# b <— which (Sigma==var [2])
# b.place <— floor(b/p)+1
# ¢ <— which (Sigma==var [3])
# c.place <— floor(c/p)
# if (b.place==c.place){
# c.place <— c.place+1
# }
# Sigma|[a.place ,b.place| <— rho.l%*sqrt(var[1l])*sqrt(var[2])
# Sigma[b.place ,a.place]| <— rho.l*xsqrt (var[1])*sqrt(var [2])
# Sigma[b.place ,c.place]| <— rho.2%sqrt (var [3])*sqrt (var [2])
# Sigma|[c.place ,b.place] <— rho.2%*sqrt (var [3])*sqrt (var [2])
# Sigma|[a.place ,c.place|] <— rho.3%sqrt (var[1l])*sqrt (var [3])
# Sigma|[c.place ,a.place] <— rho.3%*sqrt (var [1])*sqrt (var [3])
# cov.l1 <— —0.5
# cov.2 <— —0.35
# cov.3 <— 0.8
# Sigma|[a.place ,b.place| <— cov.l1l
# Sigma[b.place ,a.place]| <— cov.l1l
# Sigma |[b.place ,c.place| <— cov.2
# Sigma[c.place ,b.place|] <— cov.2
# Sigma|[a.place ,c.place| <— cov.3
# Sigma|[c.place ,a.place|] <— cov.3
Generate x matrix

L <— t(chol(Sigma))
xx <— matrix (0,n,p)
for (i in 1:n){

R <— rnorm(p)

xx[i,] <— U + L%%R
}
H——————— Generate error vector —————————————

e <— rnorm(n,0,0.1) # normal
variance

sX <— rep(l,n) # sigma.type
sigma .vec <— sigmax*sx

is

constant

= linear

<— sample(c(1,2)*bval ,s, replace=T)

)

#H— Mean function
# beta <— rep (0,p)

# beta[l:s]

# MU <— x %% beta

# beta <— rep (0,p)

# beta.vector <— ¢(1,2,3,1,2,3)
# vector <— rep (0, times=(p—6))
# beta <— c(beta.vector ,vector
# MU <— x %*% beta

MU <— x[,1]+1.5*x[,2]+2*x][,3]
# MU <—

Mean function

+2.5xx[,4] +3*x[,5]+3.5xx[,6]

2.5%x[,1]+2%x[,2]+1.5%x[,3]+x[,4]

= mnonlinear
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265 # MU <— (x[,1]%exp(x[,2]))/(1+x[,3]"2)
266 # MU <— x|[,1]*x][,2]*x][,3]

267 # MU <— (x[,1]+x[,2])/exp(x[,3])

268 # MU <— x|[,1]*log(0.5+x[,2]"2+x[,3]"2)
269 # MU <— exp(l—x][,1])*log (1+(x[,2]%*x[,3])"2)
270

271 Construct y

272

273 y <— MU + exsigma.vec

274

27 o Data

276

277 data <— as.data.frame(cbind(x,y))

278 names(data) <— c(1l:p,"Y")

279 train <— data[l:(nrow(data)/2),]

280 test <— data[(nrow(data)/2+1):nrow(data),]
281 X.train <— train|,1:(ncol(data)—1)]

282 Y.train <— train|[,ncol(data)]

283 X.test <— test[,l:(ncol(data)—1)]

284 Y.test <— test|,ncol(data)]

285

286 # Tuning mtry met caret

287

288 control <— trainControl (method="repeatedcv", number=10, repeats=3, search="grid")

289 set.seed (7)

290 metric <— "RMSE"

291 tunegrid <— expand.grid (.mtry=c(1l:p))

292 rf gridsearch <— train(as.formula(paste(names(train)[ncol(train)],"”.", sep="")),
293 data=train , method="rf", metric=metric, tuneGrid=tunegrid, trControl=control)

294 print (rf gridsearch)

295 plot(rf gridsearch)

296 mtry.tune <— as.numeric(rf gridsearch$bestTune)

n

297

298 Hp—oo— Empty vectors and matrices
299

300 .k <— matrix (NA,p,n.sim)

I
301 I.gini.k <— matrix(NA,p,n.sim)

302 I.k.matrix <— matrix (NA,p,n.sim)

303 I.gini.k.matrix <— matrix(NA,p,n.sim)

304 I.tilde.k.matrix <— matrix (NA,p,n.sim)

305 I.check.k.matrix <— matrix(NA,p,n.sim)

306 mse.vec <— NULL

307 mse <— NULL

308 coefs.lasso.matrix <— matrix (NA,p,n.sim)

309 coefs.glm.boost.matrix <— matrix (NA,p,n.sim)
310 coefs.glm.net.matrix <— matrix (NA,p,n.sim)
311 coefs.gbm.matrix <— matrix (NA,p,n.sim)

312 coefs.nn.matrix <— matrix(NA,p,n.sim)

313 coefs.gbm.matrix <— matrix (NA,p,n.sim)

314 coefs.xgb.matrix <— matrix (NA,p,n.sim)

315 coefs.glm.matrix <— matrix (NA,p,n.sim)

316

317 Algorithm for Breimans measure, permutation measure and LASSO ———————————
318

319 for(i in 1l:n.sim){

320 predictor <— randomForest(y=Y.train ,x=X.train ,ntree=500,importance=TRUE, scale=FALSE)

321 # predictor <— randomForest (y=Y.train ,x=X.train ,ntree=500,importance=TRUE, scale=FALSE,
322 mtry=mtry.tune)

323 I.k.matrix[,i] <— predictor$importance|,1]

324 I.gini.k.matrix[,i] <— predictor$importance]|,2]

325

326 Pi <— predictor$predicted

327 pred.er <— Y.train—Pi

328 mse.vec|[i] <— mean(pred.er"2)

329

330 I.tilde .k <— NULL

331 for(j in l:ncol(X.test)){

332 X.test.j <— X.test

333 X.test.j[,j] <— sample(X.test.j[,]j]|,nrow(X.test),replace=TRUE)
334 Y.pred.j <— predict(predictor ,newdata=X. test.j,type="response")
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335 pred.er.j <— Y.test—Y.pred.]j

336 mse.j <— mean(pred.er.j"2)

337 I.tilde .k[j]| <— mse.j—mse.vec|i]

338}

339 I.tilde .k.matrix|[,i] <— I.tilde.k

340

341 S LASSO

342

343 if(lasso.0 = 1){

344 names (X. train) <— c(paste("X" ,(1:p),sep="."))

345 X.train.sparse <— sparse.model. matrix(~.,X.train)

346 glmmod <— glmnet (x=X. train.sparse, y=Y.train, alpha=1, family="gaussian")
347 cv.glmmod <— cv.glmnet(x=X.train.sparse, y=Y.train, alpha=1, family="gaussian")
348 lambda <— cv.glmmod$lambda.lse

349 coefs <— as.matrix(coef(cv.glmmod))

350 # rownames (coefs) <— c(—1:p)

351 coefs.lasso.matrix|[,i] <— coefs[3:(p+2)]

352 names (X. train) <— c(1l:p)

353}

354

355 # GLM

356

357 if(glm.0 =— 1){

358 glm.1 <— train (Y™ .,data = train ,method = "glm", trControl=trainControl (method="cv"))
359 coef.glm <— varlmp(glm.1)

360 coefs.glm <— as.matrix(coef.glm$importance)

361 coefs.glm.matrix[,i] <— coefs.glm[1:p]

362}

363

364 H o GLMNET

365

366 if (glmnet.0 = 1){

367 glm.net <— train (Y~ .,data = train ,method = "glmnet", trControl=trainControl (method="cv"))
368 coef.glm.net <— varlmp (glm.net)

369 coefs.glm.net <— as.matrix(coef.glm.net$importance)

370 coefs.glm.net.matrix|[,i] <— coefs.glm.net[1:p]

371}

372

373 #Ho—————— GLMBOOST —————————————————

374

375 if (glmboost.0 = 1){

376 glm.boost <— train(Y™.,data = train ,method = "glmboost", trControl=trainControl (method="cv"))
377 coef.glm.boost <— varImp (glm.boost)

378 coefs.glm.boost <— as.matrix(coef.glm.boost$importance)

379 coefs.glm.boost . matrix|[,i] <— coefs.glm.boost[1l:p]

380}

381

382 # GBM

383

384 if (gbhm.0 =— 1){

385 ghm.1 <— train (Y~ .,data = train ,method = "gbm", trControl=trainControl (method="cv"))
386 coefs.gbm <— summary (ghm.1, plotit=FALSE)

387 coefs.gbm <— coefs.gbm|[order(coefs.gbm|,1],decreasing=FALSE) , |

388 coefs.gbm <— coefs.gbm|,2]

389 coefs .gbm.matrix[,i] <— coefs.gbm|[1:p]

390}

391

392 # NN

393

394 if(nn.0 = 1){

395 nn.l <— train(Y~.,data = train ,method = "nnet", trControl=trainControl (method="cv"))
396 coef.nn <— varImp(nn.1)

397 coefs.nn <— as.matrix(coef.nn$importance)

398 coefs.nn.matrix[,i] <— coefs.nn[1l:p]

399}

400

401 # —————— LOCO —————————————

402

403 if (check.0 = 1){

404 I.check.k <— NULL
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405 for(j in l:ncol(X.train)){

406 predictor.j <— randomForest(y=Y.train ,x=X.train[,—1i],ntree=>500)

407 pred.er.j <— Y.train—predictor.j$predicted

408 mse.j <— mean(pred.er.j"2)

409 I.check.k[j] <— mse.j—mse.vec|1i]

410 print (j)

411

412 I.check.k.matrix|[,i] <— I.tilde .k

413 }

414

415 print (i)

416

417

418 mse <— mean(mse.vec)

419

420 Plot

421

422 if (breiman.0 = 1){

423 if (nrow(I.k.matrix) <= 10){

424 boxplot (t(I.k.matrix),ylab="VIM value", xlab= "Covariate", main = "T-VIM")

425 legend ("topright",

426 legend = c(paste("n =" ,(nrow(X.train))),paste("p =" ,p),paste("s =",s)),
427 bty = "n",

428 text.col = "black",

429 horiz = F,

430 cex=1, pt.cex = 1,

431 inset = 0.01)

432 } else{

433 boxplot (t(I.k.matrix[1:(s+10),]),ylab="VIM value", xlab= "Covariate", main = "T-VIM")
434 legend ("topright",

435 legend = c(paste("n =" ,(nrow(X.train))),paste("p =",p),paste("s =",s)),
436 bty = "n",

437 text.col = "black",

438 horiz = F,

439 cex=1, pt.cex = 1,

440 inset = 0.01)

441}

442}

443

444 if (permu.0 — 1){

445 if (nrow(I.tilde.k.matrix) <= 10){

446 boxplot (t(I.tilde.k.matrix),ylab="VIM value", xlab= "Covariate", main = "F-VIM")
447 legend ("topright",

448 legend = c(paste("n =" ,(nrow(X. train))),paste("p =" ,p),paste("s =",s)),
449 bty = "n"

450 text.col = "black",

451 horiz = F,

452 cex=1, pt.cex = 1,

453 inset = 0.01)

454 } else{

455 boxplot (t(I.tilde.k.matrix[1:(s+10),]),ylab="VIM value", xlab= "Covariate",
456 main = "F-VIM")

457 legend ("topright",

458 legend = c(paste("n =" ,(nrow(X.train))),paste("p =",p),paste("s =",s)),
459 bty = "n",

460 text.col = "black",

461 horiz = F,

462 cex=1, pt.cex = 1,

463 inset = 0.01)

464}

465 }

466

467 if (lasso.0 — 1){

468 if (nrow(coefs.lasso.matrix) <= 10){

469 boxplot (t(coefs.lasso.matrix),ylab="VIM value", xlab= "Covariate", main = "LASSO")
470 legend ("topright",

471 legend = c(paste("n =" ,(nrow(X. train))),paste("p =" ,p),paste("s =",s)),
472 bty = "n",

473 text.col = "black",

474 horiz = F,
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cex=1, pt.cex = 1,
inset = 0.01)
} else{

boxplot (t(coefs.lasso.matrix|[1:(s+10),]),ylab="VIM value", xlab= "Covariate",

main = "LASSO")
legend ("topright",

legend = c(paste("n =" ,(nrow(X. train))),paste("p =",p),paste("s =",s)),

bty = "n"
text.col = "black",
horiz = F,
cex=1, pt.cex = 1,
inset = 0.01)
}
}

if (glm.0 = 1){
if (nrow(coefs.glm.matrix) <= 10){

boxplot (t(coefs.glm.matrix), ylab="VIM value",

legend ("topright",
legend = c(paste("n =
bty = "n"
text.col = "black",
horiz = F,
cex=1, pt.cex = 1,
inset = 0.01)

n

} else{

xlab= "Covariate",

,(nrow (X. train))), paste("p

=",p),paste("s

main = "GLM")

7"’8))7

boxplot (t(coefs.glm.matrix|[1:(s+10),]),ylab="VIM value", xlab= "Covariate",

main = "GLM")
legend ("topright",

legend = c(paste("n =" ,(nrow(X. train))),paste("p =",p),paste("s =",s)),

bty = "n"
text.col = "black",
horiz = F,
cex=1, pt.cex = 1,
inset = 0.01)
}
}

if (glmnet.0 =— 1){
if (nrow(coefs.glm.net. matrix) <= 10){

boxplot (t(coefs.glm.net.matrix),ylab="VIM value",

legend ("topright",

xlab=

legend = c(paste("n =" ,(nrow(X.train))),paste("p

bty = "n"
text.col = "black",
horiz = F,
cex=1, pt.cex = 1,
inset = 0.01)

} else{

boxplot (t(coefs.glm.net.matrix[1:(s+10),]),ylab="VIM value",

main = "GLMNET")
legend ("topright",

=",p),paste("s

"Covariate", main = "GLMNEI")

7"’8))7

xlab= "Covariate",

legend = c(paste("n =" ,(nrow(X. train))),paste("p =",p),paste("s =",s)),

bty = "n"
text.col = "black",
horiz = F,
cex=1, pt.cex = 1,
inset = 0.01)
}
}

if (glmboost.0 = 1){
if (nrow(coefs.glm.boost.matrix) <= 10){

boxplot (t(coefs.glm.boost.matrix),ylab="VIM value", xlab= "Covariate",

main = "GLMBOOST")
legend ("topright",

legend = c(paste("n =" ,(nrow(X. train))),paste("p =" ,p),paste("s =",s)),

n n

bty = "n",
text.col = "black",
horiz = F,
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545 cex=1, pt.cex = 1,

546 inset = 0.01)

547 } else{

548 boxplot (t(coefs.glm.boost.matrix[1:(s+10),]),ylab="VIM value", xlab= "Covariate",
549 main = "GLMBOOST")

550 legend ("topright",

551 legend = c(paste("n =" ,(nrow(X. train))),paste("p =",p),paste("s =",s)),
552 bty = "n",

553 text.col = "black",

554 horiz = F,

555 cex=1, pt.cex = 1,

556 inset = 0.01)

557}

558}

559

560 if(gbm.0 =— 1){

561 if (nrow(coefs.gbm. matrix) <= 10){

562 boxplot (t(coefs.ghbm. matrix),ylab="VIM value", xlab= "Covariate", main = "GBM")
563 legend ("topright",

564 legend = c(paste("n =" ,(nrow(X. train))),paste("p =" ,p),paste("s =",s)),
565 bty = "n",

566 text.col = "black",

567 horiz = F,

568 cex=1, pt.cex = 1,

569 inset = 0.01)

570 } else{

571 boxplot (t(coefs.gbm. matrix[1:(s+10),]),ylab="VIM value", xlab= "Covariate",
572 main = "GBM")

573 legend ("topright",

574 legend = c(paste("n =" ,(nrow(X. train))),paste("p =",p),paste("s =",s)),
575 bty = "n"

576 text.col = "black",

577 horiz = F,

578 cex=1, pt.cex = 1,

579 inset = 0.01)

580}

581}

582

583 if(nn.0 = 1){

584 if (nrow(coefs.nn.matrix) <= 10){

585 boxplot (t(coefs.nn. matrix),ylab="VIM value", xlab= "Covariate", main = "NNET")
586 legend ("topright",

587 legend = c(paste("n =" ,(nrow(X.train))),paste("p =" ,p),paste("s =",s)),
588 bty = "n"

589 text.col = "black",

590 horiz = F,

591 cex=1, pt.cex = 1,

592 inset = 0.01)

593 } else{

594 boxplot (t(coefs.nn.matrix[1:(s+10),]),ylab="VIM value", xlab= "Covariate",

595 main = "NNET")

596 legend ("topright",

597 legend = c(paste("n =" ,(nrow(X. train))),paste("p =",p),paste("s =",s)),
598 bty = "n"

599 text.col = "black",

600 horiz = F,

601 cex=1, pt.cex = 1,

602 inset = 0.01)

603  }

604 }

605

606 if(gini.0 ==1){

607 if (nrow(I.gini.k.matrix) <= 10){

608 boxplot (t(I.gini.k.matrix),ylab="VIM value", xlab= "Covariate", main = "GINI")
609 legend ("topright",

610 legend = c(paste("n =" ,(nrow(X. train))),paste("p =" ,p),paste("s =",s)),
611 bty = "n"

612 text.col = "black",

613 horiz = F,

614 cex=1, pt.cex = 1,

65



615 inset = 0.01)
616 } else{

617 boxplot (t(I.gini.k.matrix[1:(s+10),]),ylab="VIM value", xlab= "Covariate",

618 main = "GINI")

619 legend ("topright",

620 legend = c(paste("n =" ,(nrow(X.train))),paste("p =" ,p),paste("s =",s)),
621 bty = "n",

622 text.col = "black",

623 horiz = F,

624 cex=1, pt.cex = 1,

625 inset = 0.01)

626}

627 }

628

629 if(check.0 ==1){

630 if (nrow(I.check.k.matrix) <= 10){

631 boxplot (t(I.check.k.matrix),ylab="VIM value", xlab= "Covariate", main = "LOCO")
632 legend ("topright",

633 legend = c(paste("n =" ,(nrow(X.train))),paste("p =",p),paste("s =",s)),
634 bty = "n",

635 text.col = "black",

636 horiz = F,

637 cex=1, pt.cex =1,

638 inset = 0.01)

639 } else{

640 boxplot (t(I.check.k.matrix[1:(s+10),]),ylab="VIM value", xlab= "Covariate",
641 main = "LOCO")

642 legend ("topright",

643 legend = c(paste("n =" ,(nrow(X.train))),paste("p =" ,p),paste("s =",s)),
644 bty = "n",

645 text.col = "black",

646 horiz = F,

647 cex=1, pt.cex = 1,

648 inset = 0.01)

649  }

650 }

651

652 print (beta)

653 print (round(mse,1))

654

655 # Global partial derivatives
656

657 PD.vec.modl.1 <— NULL

658 for (i in l:nrow(x)){

659 PD.vec.modl.1[i] <— (exp(x[i,2])) / (1+x[i,3]"2)

660 }

661

662 PD.vec.modl.2 <— NULL

663 for (i in l:nrow(x)){

664 PD.vec.modl.2[i]| <— (x[i,1]*exp(x[i,2])) / (1+x][i,3]"2)

665 }

666

667 PD.vec.modl.3 <— NULL

668 for (i in l:nrow(x)){

669 PD.vec.modl.3[i] <— (—2x[i,1]*x[i,3]*exp(x[i,2])) / ((1+x][i,3]72)"2)
670}

671

672 round (mean(PD.vec.modl.1),1)

673 round (mean(PD.vec.modl.2),1)

674 round (mean(PD.vec.modl.3),1)

675
676
677
678 PD.vec.mod2.1 <— NULL

679 for (i in l:nrow(x)){

680 PD.vec.mod2.1[i]| <— x[i,2]*x][i,3]
681 }

682

683 PD.vec.mod2.2 <— NULL

684 for (i in l:nrow(x)){
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685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701
702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754

PD.vec.mod2.2[i| <—
}

PD.vec.mod2.3 <— NULL
for (i in l:nrow(x)){
PD.vec.mod2.3[i]| <—

}

x[i,1]*x]i,3]

x[i,1]#x[i,2]

round (mean (PD. vec.mod2.1) ,1)
round (mean (PD. vec.mod2.2) ,1)
round (mean (PD. vec.mod2.3) ,1)

PD.vec.mod3.1 <— NULL
for (i in 1l:mrow(x)){

PD.vec.mod3.1[i]| <—
}

PD.vec.mod3.2 <— NULL
for (i in 1l:mrow(x)){
PD.vec.mod3.2[i]| <—

}

PD.vec.mod3.3 <— NULL
for (i in 1l:nrow(x)){
PD.vec.mod3.3[i] <—

}

1/ (exp(x[i,3]))

1/ (exp(x[i,3]))

(=(x[i,1]+x[i,2])) / (exp(x[i,3]))

round (mean (PD. vec.mod3.1) ,1)
round (mean (PD. vec.mod3.2) ,1)
round (mean (PD. vec.mod3.3) ,1)

PD.vec.mod4.1 <— NULL
for (i in 1l:mrow(x)){
PD.vec.mod4.1[i]| <—

}

PD.vec.mod4.2 <— NULL
for (i in 1l:nrow(x)){
PD.vec.mod4.2[i]| <—

}

PD.vec.mod4.3 <— NULL
for (i in 1l:nrow(x)){

PD.vec.mod4.3[i]| <—
}

log (0.5+x[i,2]"2+x[i,3]~2)
(2%x[i,1]*x[i,2])

/ (0.5+x[i,2]"2+x[i,3]"2)

(2%x[i,1]*x[i,3]) / (0.5+x[i,2]"2+x[i,3]"2)

round (mean (PD. vec.mod4.1) ,1)
round (mean (PD. vec.mod4.2) ,1)
round (mean (PD. vec.mod4.3) ,1)

PD.vec.mod5.1 <— NULL
for (i in l:nrow(x)){
PD.vec.mod5.1[i]| <—

}

PD.vec.mod5.2 <— NULL
for (i in 1l:nrow(x)){

PD.vec.mod5.2[i]| <—
}

PD.vec.mod5.3 <— NULL
for (i in 1l:nrow(x)){

PD.vec.mod5.3[1i]| <—
}

—exp(l—x[i,1])*log(1+(x[1,2]=*x[i,3])"2)
(2*x[1,2]*x[1,3] " 2xexp(1—x[i,1]))

/ (1+(x[i,2]*x[1,3])"2)

(2#x[1,3]*x[1,2] " 2xexp(1—x[1,1])) / (14+(x[i,2]=*x[1i,3])"2)
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755
756
757
758

round (mean (PD. vec.mod5.1) ,1)
round (mean (PD. vec.mod5.2) ,1)
round (mean (PD. vec.mod5.3) ,1)
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