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PREFACE

Dear reader,
Perhaps you have stumbled upon this thesis book seeking answers to your own questions
or maybe you have chanced upon it randomly, finding intrigue in its contents. Regard-
less, please accept my gratitude for your presence. To you, this thesis book encapsulates
my endeavors as small drops added to the vast ocean of science. Yet, for me, it represents
a cinematic snippet of a fraction of my life.
Upon completing my master’s studies at Delft University of Technology in the Nether-
lands, the small local-time stepping model I have achieved inspired me to a PhD in the
field of simulations. I found support from my master’s thesis advisor, now my PhD men-
tor, Prof. Hadi Hajibeygi. Under his guidance, I was introduced to Prof. Bert Sluys, who
was kind enough to oversee my doctoral journey after assessing my master’s thesis. The
subsequent sequence of events appeared seamless – securing a scholarship, defending
my master’s thesis, and embarking on this new PhD odyssey.
In the realm of PhD life, I became more connected to this beautiful city Delft. I resided
in the heart of the city, mere steps away from the Nieuwe Kerk. Days commenced with
the melodies of church bells and nights were embraced by the city’s unique blend of
tranquility and vibrancy. Delft, with its nuanced rhythm, proved an ideal haven for har-
monizing work and life.
During my PhD years, I had the opportunity to travel to various places. It was a chance
for me to see the wonderful artworks and sights that I had only read about in books or
seen in movies. Notably, I traversed esteemed destinations such as the Van Gogh mu-
seum, the Uffizi gallery and the Eiffel Tower etc. These places revealed to me the vibrant
and diverse culture of Europe. Most importantly, these travel experiences added depth
to my life.
Reflecting on these five PhD years, the lessons I have gathered extend far beyond aca-
demic accomplishments. Life flows unceasingly forward, yet memories remain our cher-
ished companions. Armed with the achievements I have made in academia and the vi-
brant memories I have collected, I’m prepared for the next chapter of my journey.

Fanxiang Xu
Delft, Sep 2023
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SUMMARY

In the prevailing context of the 21st century, characterized by a predominant reliance on
oil and gas, or in the promising future where green energy shapes a human society com-
mitted to net-zero emissions, the role of underground fractured formations in energy
production and storage remains pivotal and irreplaceable. Geological faults typically act
as non-permeable sealing boundaries for reservoirs used in storage, including those for
hydrogen and carbon dioxide. In contrast, artificial fractures can serve as highly perme-
able conduits for fluid flow into wellbores, particularly in applications such as enhanced
geothermal reservoirs. In the past decade, the hazardous consequences of failing to pre-
dict the geomechanics behaviors of fractured formations have led to a pronounced focus
on developing simulation strategies that are both accurate and efficient for fractured for-
mations.
It is challenging to understand formations riddled with fractures. From a computational
perspective, the complex fracture networks typically demand a way finer unstructured
grid. However, using such an unstructured grid is impractical for real-world applications
due to their high computational load. Conversely, coarser grids paired with strategies
such as homogenization could result in loss of crucial details. Heterogeneous properties
of geological formations that span on large length sizes require the simulation strategies
to be scalable, in order to be relevant.
This thesis proposes a novel approach named as multiscale extended finite element
method (MS-XFEM) to tackle these challenges. The challenges related to discretization
are resolved by applying the extended finite element method (XFEM) which allows for
the use of structured grids. This simplified mesh, however, leads to an augmented ma-
trix size due to extra degrees of freedom (DOFs) introduced by enrichments. A multiscale
approach is therefore combined with XFEM. The computational process is operated on
the larger yet sparser coarse grids and then the coarse scale mesh solutions are interpo-
lated back to fine scale mesh. The novelty of this work is to involve the fractures into
basis functions only, thus the coarse scale system is constructed based on a finite ele-
ment method. More importantly, this construction of basis functions is fully algebraic
and can be updated locally and adaptively for the simulation of propagating fractures.
This method has been implemented and tested to prove its efficiency and accuracy. All
tests results prove the good qualities of solutions computed from MS-XFEM when com-
pared to fine scale XFEM solutions. Basis functions are constructed successfully with the
algebraic method. These tests reveal the potential of the MS-XFEM in simulating real-
world subsurface fractured formations.
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SAMENVATTING

In de context van de 21e eeuw, die gekenmerkt wordt door een grote afhankelijkheid van
olie en gas, maar ook uitdagingen geeft voor een toekomst waarin groene energie de sa-
menleving helpt om een uitstootvrij bestaan te realiseren, blijft de rol van ondergrondse
gefragmenteerde formaties voor energieproductie en opslag cruciaal. Geologische breu-
ken fungeren als niet-doorlaatbare afsluitingen voor reservoirs gebruikt voor opslag van
bijvoorbeeld waterstof en kooldioxide. Daarentegen, kunstmatige breuken kunnen juist
dienen als zeer doorlaatbare doorgangen voor vloeistofstroming naar boorputten, in het
bijzonder voor toepassingen zoals in geothermische reservoirs. Vanwege de grote risico’s
van het niet kunnen voorspellen van het geomechanische (bezwijk)gedrag, is er in de af-
gelopen decennia een focus ontstaan op het ontwikkelen van simulatiestrategieën die
zowel accuraat als efficiënt zijn voor dergelijke formaties.
Het begrijpen van formaties vol met breuken geeft aanzienlijke uitdagingen. Vanuit een
numeriek perspectief vereisen de gecompliceerde breuknetwerken een zeer fijn onge-
structureerd grid. Echter, gebruik van zo’n fijn grid is onpraktisch voor realistische toe-
passingen vanwege de benodigde rekentijd. Daarentegen kan een grover grid in combi-
natie met strategieën zoals homogenisatie leiden tot verlies van belangrijke details. He-
terogene eigenschappen van geologische formaties die zich uitstrekken over grote leng-
tes vereisen dat de simulatiestrategie schaalbaar is.
Dit proefschrift introduceert een nieuwe aanpak, genaamd de “multiscale extended fi-
nite element method” (MS-XFEM), om deze uitdagingen aan te pakken. De uitdagingen
gerelateerd aan de discretisatie worden opgelost door de “extended finite element me-
thod” (XFEM) toe te passen, die het gebruik van conventionele gestructureerde grids
mogelijk maakt. Dit vereenvoudigde grid leidt tot een vergrote matrix als gevolg van ex-
tra vrijheidsgraden. Daarom wordt vervolgens een multi-schaal aanpak gecombineerd
met XFEM. Het berekeningsproces wordt uitgevoerd op het grotere, maar minder gede-
tailleerde grid, waarvan de oplossingen worden geïnterpoleerd naar het fijnere grid. De
innovatie van dit werk zit in de omschrijving van de scheuren in de basisfuncties, waar-
door het grove grid systeem een standaard eindig elementensysteem wordt. Belangrijk
is dat de constructie van de basisfuncties volledig algebraïsch is en lokaal kan worden
bijgewerkt voor de simulatie van scheurgroei.
De methode is geïmplementeerd en getest om de efficiëntie en nauwkeurigheid aan te
tonen. Alle testresultaten bewijzen de goede kwaliteit van oplossingen die zijn berekend
met MS-XFEM in vergelijking met oplossingen van de fijne grid XFEM-simulaties. De
basisfuncties zijn met succes geconstrueerd met een algebraïsche methode. De testen
onderschrijven het potentieel van de MS-XFEM aanpak bij het simuleren van onder-
grondse gefragmenteerde formaties in de praktijk.
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1
INTRODUCTION

Subsurface fractured formations continue to hold a central position as both the predom-
inant energy source and the primary repository for sequestering carbon dioxide emis-
sions, essential for the realization of a net-zero carbon dioxide emission society. The in-
creasing utilization of renewable energy sources, or at the very least, low-carbon energy
alternatives, has been a topic of extensive discourse in recent years. However, under-
ground energy reservoirs, particularly oil and gas, continue to serve as primary energy
sources, fueling industries and global transportation networks. According to data from
the International Energy Agency (IEA), underground reservoirs held oil and gas account-
ing for a significant 54.1 % of the world’s primary energy supply in 2019, as shown in Fig.
1.1 [1]. While hydrogen currently does not constitute a significant portion of the global
energy supply, it nevertheless maintains its status as a notable and promising energy
resource for the future. Researchers are directing their efforts towards the storage of
hydrogen resources within subterranean porous formation [2–7]. Hydrogen is injected
into artificially created underground salt caverns or depleted oil and gas reservoirs for
storage. Furthermore, extensive research efforts have been dedicated to the storage of
emitted carbon dioxide within underground formations, advancing the pursuit of a so-
ciety characterized by net-zero carbon dioxide emissions [8–11]. Hence, it is imperative
to undertake a comprehensive study and simulate subsurface formations.
Fractures within reservoir formations offer advantages, yet they also introduce inher-
ent risks. Fractures serve as either non-permeable boundaries or highly permeable con-
duits. They can act as seals for storage reservoir boundaries or facilitate the transporta-
tion of fluids, such as oil and gas, towards production wellbores [12]. However, despite
their benefits, operations such as injection and production on fractured formations can
entail disastrous consequences. The equilibrium state of the stress within fractured geo-
logical structures can be disrupted by abrupt changes in the stress field, which can arise
from anthropological operations. This can result in the activation, sliding, or propaga-
tion of fractures [13–15]. The significant sliding movement along the fracture surfaces
can be catastrophic, as it may cause induced earthquakes and impose high risks to the
safety of the residents and surface infrastructure, as shown in Fig. 1.2 [16–18]. To mit-

1



634065-L-sub01-bw-Xu634065-L-sub01-bw-Xu634065-L-sub01-bw-Xu634065-L-sub01-bw-Xu
Processed on: 22-2-2024Processed on: 22-2-2024Processed on: 22-2-2024Processed on: 22-2-2024 PDF page: 18PDF page: 18PDF page: 18PDF page: 18

1. INTRODUCTION

World total energy supply: 606 EJ

Other: 2.2%
Biofuels and waste: 9.4%

Hydro: 2.5%

Nuclear: 5.0%

Natural gas: 23.2%

Oil: 30.9%

Coal: 26.8%

Figure 1.1: Global share of total energy supply by source in 2021. This figure is retrieved from [1].

igate these hazards, the accurate and efficient simulation of evolving fractures within
subsurface formations is of paramount importance.

Figure 1.2: A house destroyed due to surface subsidence in Groningen. This figure is retrieved from [19].

1.1. CHALLENGES

Substantial challenges persist in the simulation of fractured formations. Heterogeneity
of the formation properties (e.g. elasticity coefficients) can span several orders of mag-
nitude. This heterogeneity is prominent at fine-scale (centimeter) resolutions, whereas
the reservoirs extend over much larger scales, on the order of kilometers. Classical nu-
merical schemes become too slow to be applied to these systems on the very fine scale
level. Upscaling or homogenization is usually effective for the simulation of heteroge-
neous geological formation [20–27]. However, this simplification leads to the loss of im-
portant details, which in turn can lead to significant errors in the final simulation results

2
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1.1. CHALLENGES

and operational conditions design. For example, as depicted in Fig.1.3(a), a result de-
rived from upscaled permeability fields exhibit loss of intricate features, a predicament
elegantly addressed by scalable methodologies like the multiscale approach illustrated
in Fig. 1.3(b). The final solution depicted in Fig. 1.3(b) is attained by computing the
solution on the coarse mesh, identical to the one shown in Fig. 1.3(a). Subsequently,
it is interpolated back to the fine-scale mesh where the heterogeneity map, as depicted
in Fig. 1.3(b), is defined. As a result, the multiscale method provides more detailed in-
sights into the heterogeneities. The multiscale method can preserve the heterogeneity of
a fractured medium without compromising the accuracy of the simulations, while com-
puting the system generated on the coarser mesh efficiently [28–35]. Thus, it is therefore
necessary to develop scalable simulation methods for subsurface underground forma-
tions.

Upscale Compute

(a)

Multiscale Interpolation

(b)

Figure 1.3: Comparison between displacement solutions obtained by (a) upscaling the Young’s modulus field
and by (b) using the multiscale method (MS).

In addition to the notable heterogeneity of formations, the presence of extensive frac-
tures introduces further complexities to simulation. These fractures introduce discon-
tinuities in mechanical behavior. Research efforts have extensively explored upscaling
or homogenization methods concerning the deformation of fractured media [36, 37].
However, these methodologies fall short in capturing details such as severe high stress
around fracture tips or dynamic propagation of fractures.
The presence of fractures within computational domains can be treated explicitly by two
approaches, namely (1) unstructured grids and (2) immersed or embedded methods.
The unstructured grid approach establishes a discrete computational framework where
fractures consistently align with element interfaces [38–44]. This allows for convenient
treatment of the fractures, however, at the cost of complex mesh geometries. Very fine
unstructured meshes are often employed in proximity to fractures to achieve accuracy

3
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1. INTRODUCTION

but this results in a heavy computational load due to the large size of the resulting linear
and nonlinear system of equations. The task of generating complex meshes for three-
dimensional (3D) large-scale domains housing multiple fractures further exacerbates
this challenge. Additionally, the unstructured grids require updates to accommodate
the propagation of fractures, leading to remeshing and the associated computational
expense [45, 46]. On the other hand, the embedded approach permits the independent
deployment of grids for matrix blocks and fractures. This is achieved by introducing
enrichment of the discrete connectivity (for flow) and shape functions (for mechanics)
[47–55]. Consequently, the embedded method emerges as a valuable tool to effectively
manage intricate subsurface fracture networks.

1.2. SIMULATION METHODS

The extended finite element method, or XFEM, is developed to tackle the challenge of
complex meshes for subsurface fracture networks. In an embedded method, XFEM en-
riches the partition of unity (PoU) by introducing extra degrees of freedom (DOFs) at
the existing element nodes [56–58]. This permits the application of standard structured
grids even within highly complex fractured formations, as shown in Fig. 1.4. There exists
sets of enriched functions to capture the different types of discontinuities in the final dis-
placement fields [59–65]. To model the propagation of fractures, level set functions are
effectively employed [66, 67]. It is important to note, however, that while this approach
mitigates the challenges of complex mesh generation, the large number of extra DOFs
stemming from the extensive fracture networks still results in a computational load that
is prohibitively high for practical implementation.

Figure 1.4: (a) unstructured grids used by FEM and (b) structured grids used by XFEM. The triangular and circle
markers on (b) represent the enriched mesh nodes. This figure is retrieved from [45].

A multiscale strategy is developed in this thesis to tackle the challenge presented by the
existence of highly heterogeneous properties with a high resolution within large-scale
formations. Additionally, this multiscale strategy can also resolve the challenge of a
large number extra DOFs of XFEM when simulating fractured formations. Within the
computational geoscience community, considerable progress has been achieved in the
development of multiscale finite element methods (MS-FEM) and multiscale finite vol-
ume methods (MS-FVM) [28, 29, 68–76]. The approach proposed by [31] involves con-
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1.3. RESEARCH GOALS

structing basis functions through the approximation of the reduced equilibrium equa-
tion along the boundaries of the coarse-scale mesh. However, this work do not address
fractured subsurface formations. In presence of fractures that span over different length
scales, the adaptive local projection method is recently developed [77, 78]. This method
requires the coarse scale mesh solution as the boundary condition to simulate the micro-
scale cracks DOFs on a finer scale mesh.
The development of a robust multiscale strategy for deformation of heavily fractured
formation, which also allows for convergent systematic error reduction, is of high inter-
est in the geoscience community. In the context of this thesis, a novel multiscale ex-
tended finite element method (MS-XFEM) is introduced, providing a promising efficient
and scalable approach to simulate highly fractured formations. The MS-XFEM superim-
poses a coarse mesh onto a given fine-scale mesh. The main idea behind MS-XFEM is
to use XFEM to computationally solve for local coarse-scale (multiscale) basis functions.
These enriched basis functions should capture fractures and coefficient heterogeneities
within coarse elements. The solving strategy of these local coarse-scale basis functions
is algebraic as it allows for black-box integration of the method within any existing XFEM
simulator. Once the basis functions are solved, they will be clustered in the prolongation
matrix P , which maps the coarse-scale solution to the fine-scale one. Note that there will
be no additional multiscale basis functions for fractures and that only 4 multiscale basis
functions per element exist for 2D structured grids (8 in 3D) in each direction (x, y , and
z).
Central to this MS-XFEM approach are its foundational basis functions. Their construc-
tion is achieved entirely through algebraic operations on the fine-scale stiffness matrix.
The basis functions should be able to capture different types of discontinuities under
mixed mode loading involving tension and compression. When fracture propagation oc-
curs, the basis functions can be algebraically updated, relying on the revised fine-scale
stiffness matrix. This updated set of basis functions is equally adept at accurately repre-
senting extended discontinuities.
The fine scale XFEM system is then mapped to the coarse grid by using the restriction R
matrix, which is defined based on the FEM, as the transpose of basis function matrix P .
The approximate fine-scale solution is finally obtained after mapping the coarse-scale
solution to the fine scale grid, by using prolongation matrix P . This approximate so-
lution is found acceptable, however error control and reduction to any desired level is
necessary especially for fracture propagation simulation. As such, the MS-XFEM is inte-
grated within the two-stage iterative solver or paired with preconditioned GMRES [79].
In either of the two strategies, an efficient iterative smoother I LU (0) is required to reduce
the high frequency errors [80].

1.3. RESEARCH GOALS

The main objective of this thesis is to

Develop an accurate and efficient multiscale extended finite element method frame-

work for simulating the mechanics of subsurface fractured formations.
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1. INTRODUCTION

To achieve these objectives, the following goals have been achieved:

• Develop a MS-XFEM framework that computes the deformation system on coarse
scale grids and interpolates the coarse scale solution back to the fine scale resolu-
tion.

• Develop an algebraic method to construct and update basis functions.

• Apply this framework for the simulation of mechanical deformation and fractures
propagation in compressed subsurface geological formations.

1.4. THESIS OUTLINE

This thesis comprehensively encapsulates the full spectrum of academic accomplish-
ments attained during the course of the PhD program. Chapter 2 presents the governing
equations and the extended finite element method, alongside the incorporation of the
principles of fracture propagation and the penalty method. Subsequently, in Chapter 3,
the basic framework of MS-XFEM is presented with all the necessary details. Test cases
are presented to prove the applicability of MS-XFEM for simulating deformation under
tensile loading, followed by a thorough investigation of its efficiency and scalability. In
Chapter 4, MS-XFEM is extended to simulate fracture propagation under tensile load-
ing. Update of basis functions is explained and shown with two test cases. In Chapter
5, the simulation of static deformation in fractured formations subjected to compressive
loading is executed using MS-XFEM. Finally, Chapter 6 explores fracture propagation
under mixed-mode loading conditions, closely reflecting real-world scenarios in sub-
surface formations, enabled by the application of MS-XFEM.

6
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2
SIMULATION OF FRACTURED

MEDIA AT FINE SCALE USING

XFEM METHODOLOGIES

This chapter serves as an exposition of fundamental theories and principles essential
for simulating fractures’ contact and slip through the fine-scale extended finite element
method. These foundational concepts will subsequently underpin the development of
the MS-XFEM. Various types of enrichment functions are systematically introduced, of-
fering a comprehensive understanding of their roles. Furthermore, the chapter eluci-
dates the crucial principles pertaining to fractures’ propagation and the application of
level set functions in effectively tracking the fractures propagation. Finally, the chapter
delves into a detailed description of the penalty method, commonly employed to simu-
late fractures’ contact and frictional slip, thereby providing a robust theoretical founda-
tion for subsequent analyses in the following chapters.

2.1. GOVERNING EQUATIONS

Consider the domain Ω bounded by Γ as shown in Fig. 2.1. Prescribed displacements
u are imposed on Γu , while tractions t are imposed on Γt . The crack surface Γc (lines
in 2-D and surfaces in 3-D) is assumed to be traction-free under tensile stress but with
contact force fc under compressive loading.
The stress equilibrium equations and boundary conditions read as follows

∇·σ+ f = 0 in Ω, (2.1)

σ ·n = t on Γt , (2.2)

σ ·n = fc on Γc , (2.3)

d = u on Γu , (2.4)
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2. SIMULATION OF FRACTURED MEDIA AT FINE SCALE USING XFEM METHODOLOGIES
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Figure 2.1: An illustration of a fractured domain.

where σ is the stress tensor and d is the displacement field over the whole domain. Pre-
scribed loads are applied along boundary Γt while the prescribed displacements are on
Γu . −→n is the normal vector pointing outside the domain boundary. When there is no
contact force or cohesive force between the fracture surfaces Γc , the value of fc is 0.
The constitutive law according a linear elasticity assumption reads

σ=C : ε=C : ∇s d , (2.5)

where, ∇s denotes the symmetrical operator. C is the linear elastic constitutive matrix as

C =
⎡⎣λ+2μ λ 0

λ λ+2μ 0
0 0 μ

⎤⎦ . (2.6)

with λ and μ denoting the Lame’s parameters [81]. The strain tensor ε is expressed as

ε=∇s d = 1

2
(∇d +∇T d), (2.7)

where ∇ denotes the gradient operator, ∇T denotes the transpose gradient operator and
∇S denotes the symmetric gradient operator.
Substituting Eqs. (2.5) and (2.7) in the governing Eq. (2.1) results in a 2nd order Partial
Differential Equation (PDE) for displacement field d

∇· (C : ∇s d)+ f = 0. (2.8)

The space of the displacement field U is equal to u on Γu and discontinuous on Γc . The
test function is then defined as

d0 = {v ∈U : v = 0 on Γu , v discontinous on Γc }. (2.9)

The weak form of Eq. (2.8) is given as∫
Ω
ε (v) : σdΩ=

∫
Γt

v · tdΓt +
∫

Ω
v · f dΩ ∀v ∈U . (2.10)

8
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2.2. EXTENDED FINITE ELEMENT METHOD

2.2. EXTENDED FINITE ELEMENT METHOD

Unlike the classical FEM, where unstructured grids are employed when fractures exist,
the XFEM can be effectively implemented using structured grids. XFEM introduces en-
richment functions to the nodes that are affected by fractures, as shown in Fig. 2.2.

Figure 2.2: An illustration of enrichment mechanism of XFEM. The black square nodes denote the jump en-
riched nodes. The black diamond nodes represent the cross enriched nodes. Grey colored elements are the
elements that are cut through by fractures. Green colored elements are the elements that contain fractures
tips. The red element represents an element intersected by fractures in a crosswise manner.

In XFEM, three types of enrichments are normally introduced to the classic shape func-
tions to represent discontinuities. Below, a brief description of these three enrichment
functions is provided.

2.2.1. JUMP ENRICHMENT

The jump enrichment represents the discontinuity in the displacement field across the
fracture. The jump enrichment is often chosen as a step function, which can be ex-
pressed as

H(x) =
{

1 on Ω+

−1 on Ω− . (2.11)

Note that the zone Ω+ and the zone Ω− are determined based on the normal vector n
pointing out of the fracture. The jump function is plotted in Fig. 2.3. Each jump enriched
node will have two extra DOFs (in 2D). The definition of extra DOFs will be introduced
in section 2.2.4.

2.2.2. TIP ENRICHMENT

The tip enrichment function captures the discontinuity of the displacement field near
the fracture tip. Based on the state-of-the-art XFEM, two types of tip enrichment func-
tions are typically applied. The first type, denoted by Fl , is based on the auxiliary dis-

9
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Figure 2.3: An illustration of jump function. The fracture is from coordinate [−1,0] to [1,0] and plotted as red
color segment.

placement field near the fracture tip [59]. Fl contains a group of four functions as

Fl (r,θ) = {
�

r si n(
θ

2
),
�

r cos(
θ

2
),
�

r si n(
θ

2
)si n(θ),

�
r cos(

θ

2
)si n(

θ

2
)}. (2.12)

Here, θ ranges from [−π,π], which is defined based on the local polar coordinates of a
point with respect to the fracture tip. An illustration of Fl is shown in Fig. 2.4. Each of the
four functions will have two extra DOFs thus each tip enriched node will have in total 8
extra DOFs in 2D and 16 extra DOFs in 3D.
Another type of tip enrichment is more consistent with the jump enrichment [82]. This
local-zone tip enrichment function covers the area that is only affected by the fracture
segment that partially cut the element, as shown in the Fig. 2.5 from original work.
In this thesis, it is important to note that the elements are not in triangular shape; in-
stead, they possess a rectangular configuration. Therefore, this type of tip enrichment
necessitates some adjustments to be considered in this study. As depicted in Fig. 2.7,
an example of local-zone tip enrichment for a rectangular element is showcased. The
boundary that is cut by the fracture is firstly determined, which is the boundary AD .
Note that now only nodes A and D will be affected by this local-zone tip enrichment
functions. Subsequently, a segment EF , parallel to AD and encompassing the fracture
tip T , is delineated. Notably, only Gauss points situated within the grey-shaded rectan-
gular area AF ED will exhibit non-zero values for the local tip enrichment functions.
The local-zone tip enrichment function is determined as follows. The area AF ED will be
transferred to the reference rectangle A′F ′E ′D ′. The Gauss point with its coordinates as
[ξ,η] in the original element ABC D will be transferred to the Gauss point that belongs to
the reference rectangle A′F ′E ′D ′ with coordinates [ξ′,η′]. The local-zone tip enrichment
function of Gauss point [ξ,η] is then computed as

T (ξ,η) = N∗
xn

(ξ′,η′) · (H(ξ,η)−H(xn)), (2.13)

where N∗
xn

(ξ′,η′) represents the standard shape functions on Gauss point [ξ′,η′] inside
the reference rectangle A′F ′E ′D ′. xn are the jump enriched nodes of the element ABC D ,

10
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2.2. EXTENDED FINITE ELEMENT METHOD

(a)
�

r si n( θ2 ) (b)
�

r cos( θ2 )

(c)
�

r si n( θ2 )si n(θ) (d)
�

r cos( θ2 )si n(θ)

Figure 2.4: An illustration of four tip enrichment functions in an element. The red segment represents the
fracture from [-1,0] to [0,0].

i.e., AD . H(ξ,η) is the jump enrichment function on Gauss point [ξ,η] inside the origi-
nal element ABC D and H(xn) are the jump enrichment function values on the enriched
nodes AD . Fig. 2.7 shows an example of the local-zone tip enrichment function.
Given that this local-zone tip enrichment function operates as a form of jump enrich-
ment, it is noteworthy that no additional degrees of freedom (DOFs) are allocated to
nodes B and C . In contrast to the earlier tip enrichment functions depicted in Fig. 2.4,

11
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Figure 2.5: An illustration of the new tip enrichment framework. The figure is derived from [82].

0

�

�

�

�

�

�

�

�’

�’

�’

�’

� �� � �� ��� ���

Figure 2.6: An illustration of the modified local-zone tip enrichment function. This modified local-zone tip
enrichment function only affects in the gray colored zone AF ED . A′F ′E ′D ′ is then transferred reference rect-
angle of AF ED .

this local-zone tip enrichment function introduces minimal extra DOFs to the entire sys-
tem while effectively capturing the discontinuity surrounding the fracture tip.

2.2.3. JUNCTION ENRICHMENT

In a multiple fractures simulation, deformation of crossing fractures need to be modeled
as well. To simulate this configuration with XFEM, a junction enrichment, or the crossing
enrichment, is applied [65]. There are two situations of crossing considered: T-shape
crossing and X-shape crossing. The T-shape enrichment is the commonly seen scenario
in underground fracture networks which is illustrated in Fig. 2.8 (a). The crack with its
tip joined with another crack’s main path is called the minor crack and the other crack is
called the main crack. For any Gauss point in the T-shape crossed element there is one
jump function addressed due to the major crack. If this Gauss point is on the negative
side of the main crack, i.e., the jump function value due to main crack HI (x) is negative,

12
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2.2. EXTENDED FINITE ELEMENT METHOD

Figure 2.7: An illustration of the local-zone tip enrichment function for an element that contains the fracture
tip on coordinates [0,0]. The red segment represents a fracture from [−1,0] to [0,0] and the blue dashed seg-
ment represents the segment EF in Fig. 2.6.

the junction enrichment function value is 0. If this point is on the positive side of the
main crack, i.e., the jump function value due to main crack HI (x) is positive, the junction
enrichment function value is equal to the jump enrichment function value due to the
minor crack HI I (x). Thus T-shape function J (x) is given by

J (x) =
{

HI I (x) HI (x) > 0

0 HI (x) < 0
. (2.14)

Another type of crossing is X-shape crossing as shown in Fig. 2.8 (b). To enrich this,

�

−�

�

(a)

�

−�

�
�

−�

�

= +

(b)

Figure 2.8: Two types of the junction enrichment functions (a) T-shape junction enrichment functions. (b)
X-shape junction enrichment divided into two T-shape enrichment functions.

usually the minor crack is decomposed into two minor DOFs. Thus, two sets of T-shape
functions are introduced to each of the X-shape enriched node. Note that for either T-
shape or X-shape junction enrichment, there will always be a jump enrichment added
to each junction enriched node due to the main crack.
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2.2.4. XFEM LINEAR SYSTEM

XFEM approximates the displacement field d at fine-scale resolution h by d h which is
defined as

d ≈ d h = ∑
i∈NI

ui Ni +
∑

j∈NE

a j N j (S(x)−S(xc )), (2.15)

where NI represents all the nodes in the domain while NE denotes the group of enriched
nodes. Ni and N j represent the FEM bilinear shape functions of node i and j and S
represents the enrichment functions including the jump function H , the junction en-
richment functions J and the local-zone tip enrichment functions T . xc represents the
enriched mesh nodes, u denotes the standard DOFs associated to the classical finite el-
ement method and a denotes the extra DOFs associated to the enriched nodes. The re-
sulting linear system entails the nodal displacement unknowns u, as well as the enriched
extra DOFs a per fracture (and fault). The augmented XFEM linear system K h d h = f h ,
therefore, reads [

Kuu Kua

Kau Kaa

]
︸ ︷︷ ︸

K h

[
u
a

]
︸︷︷︸

d h

=
[

fu

fa

]
︸ ︷︷ ︸

f h

. (2.16)

The strain tensor ε of Eq. (2.7) is then expressed as

ε= B st u +B en a, (2.17)

in which the standard strain matrix B st is defined as derivatives of standard shape func-
tions N st as

B st =
⎡⎣∂N st

i /∂x 0 ...
0 ∂N st

i /∂y ...
∂N st

i /∂y ∂N st
i /∂x ...

⎤⎦ ∀i ∈ NI . (2.18)

The enrichment functions used in this thesis are all in the style of step functions and their
derivatives are 0. The enriched strain matrix B en is defined as derivatives of enriched
shape functions as

B en =
⎡⎣∂Ni (S(x)−S(xc ))/∂x 0 ...

0 ∂Ni (S(x)−S(xc ))/∂y ...
∂Ni (S(x)−S(xc ))/∂y ∂Ni (S(x)−S(xc ))/∂x ...

⎤⎦ ∀i ∈ NE . (2.19)

Thus the detailed stiffness matrix K h of Eq. (2.16) is written as

K h =
[∫

Ω(B st )T C B st dΩ
∫
Ω(B st )T C B endΩ∫

Ω(B en)T C B st dΩ
∫
Ω(B en)T C B endΩ

]
. (2.20)

The right-hand side f h is expressed as

f h =
[ ∫

Γ(N st )T · tdΓ+∫
Ω(N st )T · f dΩ∫

Γ(N en)T · tdΓ+∫
Ω(N en)T · f dΩ

]
. (2.21)
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2.3. FRACTURE PROPAGATION

2.3. FRACTURE PROPAGATION

2.3.1. PROPAGATION CRITERION

The fracture increment in this thesis is defined as a user-defined input for convenience;
however, this increment can also be defined based on other strategies, such as the energy
release criterion. To determine whether or not a fracture tip should grow, Griffith’s theory
[83] states that the fracture tip will grow if the energy release rate, G , is larger than or
equal to the critical energy release rate, Gc . This is expressed as

G 
Gc , (2.22)

where G is defined as the rate of energy decreased per unit fracture surface area in-
creased. Eq. (2.22) can also be written in terms of the stress intensity factor K as

K 
 Kc , (2.23)

where Kc is called the fracture toughness. Unlike propagation of a single fracture, the
impact of the increment of one fracture tip to another needs to be considered as well
in a multiple fractures propagation problem. Some fracture tips will grow and they are
grouped as competitive tips ncomp . These tips must strictly follow Eq. (2.23). But not all
of them can grow since the whole fractured system tend to form a stable crack pattern
with minimum energy dissipation [84]. The unstable configuration of fractures path is
defined as (

∂Gi

∂l j
− ∂Gc,i

∂l j

)

 0 ∀i , j ∈ ncomp , (2.24)

where ∂Gi /∂l j is the derivative of energy release rate of crack tip i with respect to crack
tip j increment. ∂Gc,i /∂l j is the derivative of critical energy release rate of crack tip i
with respect to crack tip j increment. At the beginning of each fracture growth step, the
matrix ∂G/∂l needs to be constructed to check whether the chosen growing path meets
the criterion described by Eq. (2.24). The double virtual incremental method is applied
to construct the matrix ∂G/∂l [84]. In the double virtual incremental method, it is as-
sumed that the growth of the tips would only affect a small region near the fractures’
tips. The virtual fracture tip i increment, li , is approximated using virtual displacement
function Θi . The virtual fracture tip j increment, l j , is approximated using the virtual
displacement function Π j . These functions are shown in Fig. 2.9. Note that the radius of
the non-zero gradient zone of function Π is normally twice the radius of the none-zero
gradient zone of function Θ.
The virtual displacement field d̃ j is constructed in order to compute ∂Gi /∂l j . To com-

pute this virtual displacement field, a virtual force vector f̃Π j around the fracture tip j is
defined as

f̃Π j =
∫

B T (C B̃Π j d −σdi v(Π j ))dΩ+
∫

B̃ T
Π j

σdΩ, (2.25)

where C is the linear elastic constitutive matrix. B matrix represents the strain-displacement
matrix that contains the standard part of Eq. 2.18 and enriched part of Eq. 2.19. The ma-
trix B̃Π j is assembled similar to the construction of the B matrix. Each component of
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Figure 2.9: An illustration of the virtual displacement functions Θ and Π and their gradients.

B̃Π j is constructed by multiplying the gradient of function Π. Details can be found in

[85]. The virtual displacement field d̃ j is given by

d̃ j =
(
K h

)−1
f̃Π j . (2.26)

The derivative of the energy release rate at fracture tip i corresponding to incremental of
fracture tip j increment is computed using

∂Gi

∂l j
= d T [

∫
(B T C B̃Θi + B̃ T

Θi
C B −B T C B)dΩ]d̃ T

j . (2.27)

The construction of B̃Θi is carried out by multiplying B with the gradient of function
Θ. The matrix ∂G/∂l is constructed by assembling the terms ∂Gi /∂l j . The maximum
subdeterminant of matrix ∂G/∂l provides the set of fracture tips that would grow in the
current time step, defined as Ng r ow , which read

Ng r ow = max︸ ︷︷ ︸
∀i , j∈ncomp

(
det (

∂Gi

∂l j
) 
 0

)
. (2.28)

If the maximum subdeterminant value is negative, no fracture tips will grow.

PROPAGATION SPEED AND ANGLE

The fracture increment in this thesis is defined as a user-defined input. In this thesis,
it is normally defined as 2 to 3 times the mesh size. The angle of propagation can be
quantified using different theories. As a commonly used theory, the maximum principal
stress theory is used to predict the direction of fracture propagation as

θ = 2arctan

(
1

4
(

KI

KI I
±

√
(

KI

KI I
)2 +8)

)
, (2.29)
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2.4. LEVEL SET FUNCTIONS

where KI is the stress intensity factor (SIF) for mode I fracture which means the open-
ing mode fracture and KI I is the stress intensity factor for mode II fracture which repre-
sents the sliding mode fracture. In this thesis, the computation of Stress Intensity Factors
(SIFs) follows the same procedure presented in the paper by Moes et al [59]. This method
works well with non-cohesive tensile fracture but sometimes has problems with an em-
bedded method such as XFEM. This will be illustrated in the chapter 6.
Another method used to determine the propagation angle is the weighted spatial aver-
age method [62]. In this method, all stress vectors at all Gauss points inside a circular
sector window ahead of the fracture tip are averaged, as shown in Fig. 2.10.

$

%

Figure 2.10: A sketch of circular sector window. All stress vectors belong to the Gauss points marked with ’plus’
signs in the figure are used for weighted spatial average of stress vectors.

The stress vector’s weight at each Gauss point, which contributes to the averaged stress
vector, reads

w = 1

(2π)
3
2 l 3

exp(− r 2

2l 2 ), (2.30)

where, l is the radius of the window that is normally 3 to 4 times the mesh size and r is
the distance of each Gauss point to the fracture tip. After obtaining the spatial averaged
stress vector, the propagation angle is then calculated as the direction perpendicular to
the maximum principle stress direction of this averaged stress vector.

2.4. LEVEL SET FUNCTIONS

Level set functions are often applied to represent the geometry of discontinuities [66, 67].
Level set functions are usually defined as signed distance functions. Two level set func-
tions are applied in this thesis, as shown in Fig. 2.11 (a). The first function, ψ, represents
the signed distance from any point to the main crack path. It is defined as

ψ(x, t ) =± min
xΓc ∈Γc

||(x −xΓc )||, (2.31)
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where Γc represents the crack or discontinuity interface and xΓc represents any point on
the crack surface Γc . Thus φ is zero at the fracture interface. The second fine-scale, φ, is
defined as the signed distance to the tangential line ξ crossing the crack tip, defined as

φi (x, t ) =± min
xξ∈ξ,i

||(x −xξ)|| i = 1,2, (2.32)

where ξ represents the zero valued interface for fine-scale φ and xξ represents points
on the crack surface ξ. Normally, there will be two φ functions, each indicating one of
the two tips for each crack. To combine them into one function, the maximum value of
[φ1,φ2] is selected as the φ value for any point in the domain, i.e.,

φ(x, t ) = max(φ1,φ2). (2.33)

2.4.1. LEVEL SET FINE-SCALES FOR ENRICHMENT

With the assistance of level set fine-scales it is straightforward to determine the enrich-
ment types for nodes. For each element, the level set fine-scale values will be computed
on the four nodes (2D domain) connected to this element, as shown in Fig. 2.11 (b). If
this element is cut through by fractures, meaning that the zero-valued interface of func-
tion ψ crosses the element, there will be some nodes located on the positive zone of
fine-scale ψ while the rest are located on the negative zone. All four nodes should have
negative values of φ fine-scale. The criterion is expressed as

max(ψ) ·min(ψ) < 0, max(φ) < 0. (2.34)

Thus all four nodes connected to this element are enriched by a jump fine-scale. If this
element contains the fracture tip, the zero valued interface of fine-scale φ cuts through
the element. Some of the nodes are located on the positive values of fine-scale φ while
the rest are located on the negative zone. Also the zero valued interface of fine-scale ψ

will cross the element that contains fractures tips thus the criterion of Eq. (2.34) is still
required in here. The criterion to determine if this element contains the tip is expressed
as

max(ψ) ·min(ψ) < 0, max(φ) ·min(φ) < 0. (2.35)

As for the cross enriched element, if certain element meets the criterion of Eq. (2.34)
for multiple fractures, a geometrical check will be performed inside that element. If two
fractures cross each other inside this element the cross enrichment is applied to all four
nodes connected to this element.

2.4.2. LEVEL SET FINE-SCALES FOR FRACTURES PROPAGATION

The propagation of fractures also represent the geometric extensions of discontinuities,
which can be tracked by updating level set fine-scales. The angle to update the level set
fine-scales is computed using Eq. (2.29). The incremental crack length is also explicitly
known as user-defined input and its value is denoted as ||F||. The growth of the tip is
then traced by updating the zero valued interface of fine-scale φ with propagation speed
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Figure 2.11: (a) level set fine-scales sketch (b) level set fine-scales values distribution on the four nodes con-
nected to the element that contains the fracture tip (element A) or the element that cuts through by the fracture
(element B).

F = (Fx ,Fy ).
The current fine-scales φ at time step, φt , are rotated with angle θ as shown in Fig. 2.12.
The fine-scale (φt )′ represents the rotated fine-scale φt . Next, the fine-scale φt+1 is up-
dated via

φt+1 = (φt )′ − ||F||. (2.36)

'� '��

'���

)

| � |

*�

Figure 2.12: An illustration of updating the level set fine-scales.

After updating fine-scales φ, the fine-scale ψ is recomputed to obtain ψt+1. Details can
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2. SIMULATION OF FRACTURED MEDIA AT FINE SCALE USING XFEM METHODOLOGIES

be found in the literature [67]. Updating the level set fine-scale values is not needed
for all elements in the computational domain. The level set fine-scales update can be
limited to the elements, or to a narrow band, in which the fracture tips will propagate.

2.5. PENALTY METHOD FOR COMPRESSION FRACTURES

The penalty method is frequently integrated with XFEM for the purpose of modeling
contact problems. This approach introduces a penalty term into the problem’s formula-
tion that penalizes the violation of contact constraints. In the context of contact prob-
lems, these constraints are expressed as non-penetration conditions, which prevent the
penetration of two bodies, and frictional conditions, which consider the development of
tangential forces between the contacting bodies.

2.5.1. CONTACT LAW

As illustrated in Fig. 2.13, compressive displacements u imposed on Γu and traction t
imposed on Γt make the discontinuity surface Γc self contact and thus the contact forces
fc in between two sides of fractures surfaces are not 0.

��
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��
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��
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Figure 2.13: An illustration of the fractured domain under compressive loading setup.

The weak form of the stress equilibrium equation with contact forces in between frac-
tures surfaces reads∫

Ω
ε (v) : σdΩ+

∫
Γc

fc · �v�dΓc =
∫

Γt

v · tdΓt +
∫

Ω
v · f dΩ ∀v ∈U , (2.37)

where Ω+ and Ω− are the two bodies separated by fracture Γc . The displacement differ-
ence �d� between two sides of fracture Γc is defined as

�d� = d+−d− (2.38)
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2.5. PENALTY METHOD FOR COMPRESSION FRACTURES

where d+ and d− are the displacements of fracture surfaces that belong to Ω+ and Ω−,
respectively. In XFEM, the displacement difference can be expressed as

�d� = �N�d =
[

(N st+ −N st− )u
(N en+ −N en− )a

]
=

[
0

(N en+ −N en− )a

]
. (2.39)

Note that the standard shape fine-scales, denoted as N st , exhibit continuity throughout,
resulting in a difference of 0 between the two sides of the fracture surfaces.
The gap fine-scale is then described as

gN = nΓc ⊗nΓc �u�, (2.40)

and
gT = (I −nΓc ⊗nΓc )�u�, (2.41)

where, the nΓc is the normal direction of fracture Γc and I is the identity matrix. During
the simulation of contact and sliding, strict non-penetration between the two sides of
the fractures is enforced. This means that gN ≥ 0. When gN > 0, the contact force is 0.
When the two side of fractures contact each other, or gN = 0, the contact force fc < 0.
The contact law is thus described as

gN 
 0, fc � 0, gN fc = 0. (2.42)

This statement represents the Kuhn-Tucker conditions for the self contact model [86].
In the self-contact problem, the behavior of the two sides of the fractures, whether they
slide or remain in contact, depends on both external loading and the material-specific
frictional coefficient μ f . This state of sliding or sticking is determined using Coulomb’s
law of friction, i.e.,

‖ fcT ‖−μ f ‖ fcN‖ ≤
{
= 0 sl i p

< 0 st i ck.
(2.43)

where, fcN represents the normal contact force and fcT represents the tangential contact
force. The expressions of fcT and fcN are defined in section 2.5.2.

2.5.2. PENALTY METHOD

To enforce the contact constraints, a penalty term is introduced, involving the addition
of a penalty coefficient to these constraints. The penalty coefficient is a sufficiently large
positive number, guaranteeing the satisfaction of the contact constraints. In practice,
the penalty method operates by penalizing the displacement and rotation of the nodes
that violate these contact constraints. This approach effectively stiffens the structure
near the contact interface, enabling precise modeling of contact behavior. The normal
contact force acting on the fracture is expressed as

fcN =CN gN , (2.44)

where, CN represents the penalty parameter along the normal direction of the fracture,
ensuring the prevention of penetration. The tangential contact force fcT is expressed as

ḟcT =CT (ġT − Ṡ
fcT

‖ fcT ‖
), (2.45)
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where, CT denotes the penalty parameter along the normal direction of the fracture,
while Ṡ represents the slip rate along the fracture. Under the "stick" condition, Ṡ equals 0,
resulting in a tangential contact force of CT gT . Conversely, when the "slip" condition oc-
curs, a return mapping method is employed to calculate the tangential direction contact
force [64, 87]. The return mapping method operates as follows: at iteration v +1, after
obtaining the incremental tangential displacement jump Δg v+1

T , the normal displace-
ment jump g v+1

N and the tangential contact force f v
cT from last iteration v , the predicted

updated tangential contact force is calculated as

f pr
cT = f v

cT +CT Δg v+1
T . (2.46)

If this predicted value adheres to Coulomb’s criterion, as expressed by

‖ f pr
cT ‖−μ f ‖CN g v+1

N ‖ ≤ 0 (2.47)

which is accepted as the tangential contact force at this iteration f v+1
cT . Otherwise, if the

criterion is not met, it is corrected to reflect the fact that the fracture is indeed in slip
mode. The corrected tangential contact force is equal to the sliding frictional force

‖ f v+1
cT ‖ =μ f ‖CN g v+1

N ‖. (2.48)

2.5.3. LINEAR SYSTEM

The linear matrix system of Eq. (2.37) has one additional term compared to the linear
system from Eq. (2.10), which means only one more term needs to be added to matrix K
in Eq. (2.20) as

K p =
[

Kuu Kua

Kau Kaa +Kcon

]
, (2.49)

where the contact matrix Kcon is expressed as

Kcon =
∫

Γc

(�N en�)T ∂ fc

∂a
dΓc =

∫
Γc

�N en�T D�N en�dΓc . (2.50)

The term �N en� is expressed as

�N en� = (N en
+ −N en

− ). (2.51)

The D matrix contains the penalty parameters in both normal and tangential directions.
Depending on the stick or slip state, the matrix D can be different. In slip state, the
tangential force is equal to the sliding frictional force in Eq. 2.48 thus in slip state the D
matrix is

D =CN · (nΓc ⊗nΓc )+ f ν+1
cT

Δg v+1
T

· (I −nΓc ⊗nΓc ), (2.52)

in which the nΓc ⊗nΓc term represents the projection matrix that projects the vector to
the normal direction of fracture Γc . In stick state, D matrix is

D =CN · (nΓc ⊗nΓc )+CT · (I −nΓc ⊗nΓc ), (2.53)
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2.6. CONCLUSIONS

where I −nΓc ⊗nΓc represents the projection matrix that projects the vector to the tan-
gential direction of fracture Γc .
The return mapping strategy requires an iterative solver. The linear system

(K p )i
Δd i+1 = r i (2.54)

is iteratively solved until convergence is reached. Matrix K p undergoes updates in accor-
dance with the stick-slip conditions observed at the Gauss points on the fractures. The
right hand side r in Eq. 2.54 is expressed as

r =
⎡⎣

∫
Γ(N st )T · tdΓ+∫

Ω(N st )T · f dΩ−∫
Ω(B st )T ·σdΩ∫

Γ(N en)T · tdΓ+∫
Ω(N en)T · f dΩ−∫

Ω(B st )T ·σdΩ−∫
Γc

(�N en�)T · fc dΓc

⎤⎦ .

(2.55)

The matrices Kcon and fc are determined through integration across the Gauss points
situated along the fracture segments. For reference, Figure 2.14 illustrates the positions
of Gauss points along the fracture in three scenarios: within the element crossing the
crack, within the element containing the kinked fracture point, and within the element
housing the fracture tip.

Figure 2.14: An illustration of Gauss points positions along the fracture.

2.6. CONCLUSIONS

In this chapter, the problem formulations for fractured media and the corresponding
fine-scale simulation strategies are introduced. The details of various types of enrich-
ments at fine-scale, along with a comprehensive explanation of the linear system of
XFEM, are provided. The principles governing fracture propagation, including the deter-
mination of propagation angles and the utilization of level sets at fine-scale with XFEM,
are outlined. The application of the penalty method, coupled with XFEM, is fully ex-
plained to prevent penetration between fracture surfaces. While these strategies offer
precise solutions for highly fractured formations, they incur a high computational cost.
This challenge is addressed in the subsequent chapter through the introduction of MS-
XFEM.
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3
MULTISCALE EXTENDED FINITE

ELEMENT METHOD (MS-XFEM)

This chapter is devoted to the central theme of this thesis: the Multiscale Extended Fi-
nite Element Method (MS-XFEM). The basis functions are constructed by solving local
XFEM problems. Building upon this localized solving approach, this chapter provides a
comprehensive exposition of an algebraic strategy to formulate and implement the MS-
XFEM. Remarkably, these basis functions accurately capture the fractures by involving
the extra DOFs and allow for construction of the FEM-based coarse-scale system. An
exploration of the incorporation of an iterative strategy into MS-XFEM follows, aimed
at mitigating errors in final solutions to any desired tolerance. A series of practical test
cases is introduced to showcase the application of MS-XFEM, focusing on simulating
static deformations featuring multiple fractures. In these cases, visual representations
are provided to highlight the successful integration of discontinuities into the basis func-
tions. Additionally, a thorough examination of the method’s scalability and efficiency is
conducted through rigorous analyses.

3.1. MULTISCALE SIMULATION STRATEGY

In accordance with the discussions presented in Chapter 1 and Chapter 2, it is evident
that classical XFEM, a widely used technique in fracture mechanics, exhibits limitations
when applied to the simulation of highly fractured subsurface formations. The inher-
ent drawback of classical XFEM becomes pronounced as the mesh is refined due to the
excessive number of fractures. This refinement leads to a substantial increase in the
number of extra DOFs, thereby expanding the size of the linear system to a point where
computational efficiency becomes a significant challenge. Consequently, to address this
issue and achieve a balanced trade-off between computational efficiency and solution

This chapter is based on the publication: Xu, F., Hajibeygi, H., & Sluys, L. J. (2021). Multiscale extended finite
element method for deformable fractured porous media. Journal of Computational Physics, 436, 110287. [88]
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3. MULTISCALE EXTENDED FINITE ELEMENT METHOD (MS-XFEM)

accuracy, this work incorporates a multiscale strategy in conjunction with XFEM. In this
section, a multiscale strategy will be explained.
The fine scale solution d h can be approximated with the solution field d ′h by a multiscale
formulation

d h ≈ d ′h = P d H , (3.1)

where P is the matrix of basis functions (i.e., prolongation operator) and d H are the
nodal displacements at the coarse scale mesh ΩH . Prolongation operator P has the di-
mension of N h ×N H . N h is the size of the fine-scale enriched XFEM system including
the extra DOFs and N H is the size of the coarse mesh. All extra DOFs and enrichment
functions are included in matrix P instead of vector d H . This is crucial in significantly
improving the computational efficiency in these large-scale heterogeneous systems.
MS-XFEM solves the linear system of equations on the coarse mesh, imposed on a given
fine-scale mesh, as shown in Fig. 3.1. The coarsening ratio is defined as the ratio between
the coarse mesh size and fine-scale mesh size, which is 4×4 for the example shown in
Fig. 3.1.

coarse scale mesh 2 x 2

fine scale mesh 8 x 8

Internal node

Edge node

Figure 3.1: Illustration of the multiscale mesh imposed on a given fine-scale mesh, with a coarsening ratio of
4×4. The fine scale mesh nodes in each coarse scale element can be categorized as internal nodes, edge nodes
and vertex nodes.

To construct the coarse-scale system of equations and solve for d H , the fine-scale linear
system(K hd h = f h) is restricted to the coarse-scale via

(R K h P )︸ ︷︷ ︸
K H

d H = R f h . (3.2)

Here, R is the restriction operator with size N H ×N h , defined as the transpose of basis
function operator

R = P T . (3.3)

This results in the coarse-scale system matrix K H size of N H × N H . Once the coarse-
scale system is solved on K H space for d H , one can compute the approximate fine-scale
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3.2. CONSTRUCTION OF BASIS FUNCTIONS FOR MS-XFEM

solution using Eq. (3.1). Overall, the multiscale procedure can be summarised as finding
an approximate solution d ′h according to

d h ≈ d ′h = P d H = P (R K h P )−1R f h . (3.4)

In here, the term P (R K h P )−1R is called the multiscale operator M−1
MS . Next, the prolon-

gation operator P , i.e., the basis functions are explained in detail. Once P is known, all
terms in Eq. (3.4) are defined.

3.2. CONSTRUCTION OF BASIS FUNCTIONS FOR MS-XFEM

To obtain the basis functions, in each coarse element the local XFEM problem needs to
be solved. The local equilibrium equation is expressed as

∇· (C : (∇S N H
i )) = 0 in ΩH . (3.5)

A reduced-dimensional equilibrium equation is also solved and its solution is used as
the boundary solutions for Eq. 3.5, i.e.,

∇∥ · (Cr : (∇S
∥N H

i )) = 0 on ΓH . (3.6)

Here, ΓH denotes the boundary of the coarse element ΩH . In addition, ∇S
∥ denotes the

reduced dimensional divergence and symmetrical gradient operators, which act parallel
to the direction of the local domain boundary. Moreover, Cr is the reduced-dimensional
(here, 1D) average elasticity tensor along the boundary of the coarse element. More pre-
cisely, for boundaries parallel to the x-direction, the only nonzero entries are C x

r (1,1) =λ

and C x
r (3,3) = μ; while its nonzero entries for the boundaries parallel to y-direction are

C y
r (2,2) =λ and C y

r (3,3) =μ. Here, λ and μ are averaged elasticity properties of the adja-
cent 2D elements belonging to the 1D boundary edges.
For 2D geometries, the reduced-dimensional boundary condition can be approximated
using the 1D (rod) deformation model along the edges of coarse element. The local
deformation in response to horizontal and vertical unity nodal displacements will be
in general two-dimensional. Therefore, the prolongation matrix P will have off-block-
diagonal entries (i.e., Px y �= 0 and Py x �= 0) and reads

P =
[

Pxx Px y

Py x Py y

]
. (3.7)

Fig. 3.2 shows an example of a local system to be solved for basis functions belonging
to the right bottom node in x and y directions. Note that the Dirichlet value of 1 is set at
the right bottom node for each directional basis functions, while all other 3 coarse mesh
nodes are set to 0. Furthermore, as shown in Fig. 3.2, the boundary problem is solved for
both edges which have the right bottom node at one of their end values. More precisely,
e.g., to find the basis function in x-direction, the value of ux = 1 is set at the right bot-
tom node. This causes extension of the horizontal boundary and bending of the vertical
boundary. The sub-block matrices Pxx and Px y refer to the deformation along x-axis and
y-axis, respectively, in response to the unit horizontal displacement at the bottom coarse
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3. MULTISCALE EXTENDED FINITE ELEMENT METHOD (MS-XFEM)

node, as shown in Fig. 3.2 (a). Similarly, Py y and Py x refer to the deformation along y-axis
and x-axis, respectively, in response to the unit vertical displacement at the right bottom
coarse node, as shown in Fig. 3.2 (b).

, = 1

, = 1

0

0 0

1

(a)

, = 1

, = 1

0

0 0

1

(b)

Figure 3.2: Illustration of the multiscale local basis functions constructed using XFEM for the node H in (a) x
direction and (b) y direction.

Once the boundary values are found, the internal cells are solved subjected to Dirich-
let values. An illustration of a basis function obtained using this algorithm is presented
in Fig. 3.3. Note that the illustrated basis function captures the fracture because of the
XFEM enrichment procedure.
The basis function N H

i will be stored in column i of the prolongation operator P . Once
all basis functions are found, the operator P is also known and one can proceed with the
multiscale procedure as explained before.

3.3. ALGEBRAIC CONSTRUCTION OF BASIS FUNCTIONS

Construction of basis functions can be done by the algebraic method. To do this, the
stiffness matrix needs to be reordered. The reordered system allows solving Eq. (3.6)
firstly, which is composed by only boundary terms, and then the equilibrium equation
Eq. (3.5) is solved. In Fig. 3.1, it is shown that all nodes in any coarse element can be split
into three groups: internal, edge and vertex nodes. The fine-scale stiffness matrix K h is
permuted using the permutation operator T as⎡⎣KI I KI E KIV

KE I KEE KEV

KV I KV E KV V

⎤⎦⎡⎣dI

dE

dV

⎤⎦=
⎡⎣ fI

fE

fV

⎤⎦ . (3.8)

Here, I represents the internal nodes, E represents the edge nodes and V represents
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3.3. ALGEBRAIC CONSTRUCTION OF BASIS FUNCTIONS

Figure 3.3: Illustration of a basis function that captures the discontinuity of a fracture. Model size is 10[m]×
10[m]. Red lines represent a 5×5 coarse scale mesh. White segment represents the fracture extending from
(3,5) to (7,5). The shown basis function belongs to the coarse node located at the coordinate (4,6).

the vertex nodes. The coarse-scale solutions can be computed based on the solutions
on the vertex nodes. The functions that interpolate the solution between the vertex
nodes through the edge and internal nodes are then the necessary basis functions. The
reduced-dimensional boundary condition Eq. (3.6) is now being imposed by a 1D XFEM
discrete system in the 2D XFEM problem. This causes the entry KE I to vanish, as the
connectivity between the edge and internal nodes for the edge elements is assumed to
disappear. These 1D edge equations can then be expressed as

K R
EE dE +K R

EV dV = 0. (3.9)

Since the solutions at vertex nodes will be obtained from the coarse-scale system, the
reordered fine-scale matrix can now be reduced to⎡⎣KI I KI E KIV

0 K R
EE K R

EV
0 0 K H

⎤⎦⎡⎣d ′
I

d ′
E

d ′
V

⎤⎦=
⎡⎣ 0

0
f H

⎤⎦ . (3.10)

where the d ′
I , d ′

E and d ′
V are the approximated displacements solutions for the internal

nodes, edge nodes and vertex nodes. Note that the equations for basis functions do not
consider source terms in their right-hand-side while these are transferred to the coarse
scale system. Given the coarse nodes solutions d ′

V , one can obtain the solution at the
edge via

d ′
E =−(K R

EE )−1K R
EV d ′

V = PEV d ′
V . (3.11)

Similarly, the solution at the internal cells reads

d ′
I =−K −1

I I (KI E d ′
E +KIV d ′

V )

=−K −1
I I (−KI E (K R

EE )−1K R
EV +KIV ) d ′

V = PIV d ′
V . (3.12)
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3. MULTISCALE EXTENDED FINITE ELEMENT METHOD (MS-XFEM)

Note that, PEV and PIV are the sub-matrices of the prolongation operator. The prolon-
gation matrix is defined as follows

d′ =
⎡⎣d ′

I
d ′

E
d ′

V

⎤⎦=
⎡⎣PIV

PEV

IV V

⎤⎦
︸ ︷︷ ︸

P

d ′
V . (3.13)

Here, IV V is the diagonal identity matrix with a size equal to the number of vertex nodes.
After defining the prolongation operator algebraically, based on the entries of the 2D
XFEM (for internal nodes) and 1D XFEM (for edge nodes), one can determine the multi-
scale solution.

3.4. ITERATIVE STRATEGY

An iterative strategy is paired with MS-XFEM to improve the quality of the final solution
to the desired level. In this section, the two stage iterative strategy is applied. In the first
stage the low frequency errors are reduced by using multiscale operator M−1

MS . In the
second stage, a fine scale smoother, I LU (0) for this thesis, is applied to reduce the high
frequency error [80]. Note that the fine scale smoother can be applied multiple times
in the second stage. The algorithm for this two stage iterative strategy is shown in the
algorithm. 1.

Algorithm 1 Algorithm of two stage MS-XFEM iterative strategy

Construct M−1
MS and M−1

I LU (0)

while ‖r v+1‖ 
 τ do
First stage:

Update d v0 = d n +M−1
MS · r n

Update r v0 = f h −K h ·d v0

Second stage:

Initialization: d v ← d v0 , r v ← r v0

for v = 1 → ns do
Update d v+1 = d v +M−1

I LU (0) · r v

Update r v+1 = f h −K h ·d v+1

end for
end while
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3.5. TEST CASES

3.5. TEST CASES

3.5.1. TEST CASE 1: SINGLE FRACTURE IN A HETEROGENEOUS DOMAIN

In this test case, a square 2D domain of L ×L with L = 10 [m] is considered, which con-
tains a single horizontal fracture , as shown in Fig. 3.4. The fine-scale mesh consists of
40×40 elements, while the MS-XFEM contains only 5×5 coarse grids. This results in a
coarsening ratio of 8×8. The heterogeneous Young’s modulus distribution is shown in
Fig. 3.5 and the Poisson’s ratio is constant 0.2 everywhere. The fracture tips coordinates
are shown in Fig. 3.4. The Dirichlet boundary condition is set at the south face. All nodes
at the bottom boundary are fixed in x and y directions. The north boundary is under dis-
tributed upward load with q = 5×105 [N/m] magnitude. The east and west boundaries
are set as stress-free.

- × ��- ./0

�
�

2

�� 2

3, -. � 6, -. �

Figure 3.4: Test case 1: illustration of the model setup.

( 7 ��689:

3 7 ��689:
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Figure 3.5: Test case 1: heterogeneous Young’s modulus distribution. The black lines represent the coarse
mesh.
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Results are shown in Fig. 3.6. It is clear that the results of MS-XFEM on only 5 grid cells
without iterative strategy is in reasonable agreement with that of the fine-scale XFEM
solver using a 40×40 mesh. Note that no extra DOFs involved in the MS-XFEM solving
procedure.

(a) (b)

Figure 3.6: Test Case 1: displacement field for a heterogeneous fractured domain using (a) fine scale XFEM and
(b) MS-XFEM without using iterative strategy. Black lines represent the coarse scale mesh.

The error in displacement field between fine-scale XFEM in Fig. 3.6 (a) and MS-XFEM
solutions without iterative strategy 3.6 (b) is plotted in Fig. 3.7. Note that the zones of
high errors are mainly near the fracture.

(a) (b)

Figure 3.7: Test Case 1: displacement difference between fine scale XFEM and MS-XFEM in (a) x direction (b)
y direction. Black lines represent coarse scale mesh.

The stress field σy y , obtained from the displacement field, is also plotted in Fig. 3.8 (a)
and (b), respectively, for fine-scale XFEM and MS-XFEM without iterative strategy. Con-
sidering the fine scale XFEM solution and MS-XFEM solution without improvement by
iterative strategy, it can be observed that there is still difference between Fig. 3.8 (a) and
(b). A basis function for a fractured local domain is illustrated in Fig. 3.9. Note that the
discontinuity is captured well by the basis functions.
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(a) (b)

Figure 3.8: Test Case 1: stress fields computed by displacement fields of (a) fine scale XFEM and (b) MS-XFEM
without iterative strategy.

Figure 3.9: Test case 1: basis functions Pxx of single fracture test case. Single discontinuity is captured by axial
equilibrium and transverse equilibrium solutions. This basis function is centered at coordinate (4,6).

The coarsening ratio indicates the number of fine scale elements in each coarse element.
The effect of the coarsening ratio is shown in Fig. 3.10. To do this study, the fine-scale
mesh is kept constant, while the coarsening ratio is changed. This results in different
coarse-scale system sizes to solve for the same fine-scale system. The normalized error
e in this figure is computed as

ei =
||dMS −d f ||2

N
∀i ∈ x, y , (3.14)

where N is the number of fine-scale mesh nodes. dMS and d f denote the MS-XFEM dis-
placement field without iterative strategy and fine-scale displacement field, respectively.

The MS-XFEM errors are due to the local boundary conditions used to calculate the ba-

33



634065-L-sub01-bw-Xu634065-L-sub01-bw-Xu634065-L-sub01-bw-Xu634065-L-sub01-bw-Xu
Processed on: 22-2-2024Processed on: 22-2-2024Processed on: 22-2-2024Processed on: 22-2-2024 PDF page: 50PDF page: 50PDF page: 50PDF page: 50

3. MULTISCALE EXTENDED FINITE ELEMENT METHOD (MS-XFEM)
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Figure 3.10: Test case 1: change of normalized errors with different coarsening ratios.

sis functions, and also because no enrichment functions are imposed at coarse scale.
This means that for heterogeneous domains, there can be a finer resolution for coarse
elements at which the local boundary conditions impose more errors compared with
coarser resolutions. In spite of this, Fig. 3.10 shows, for this example, a decaying trend of
the error with respect to the finer coarse mesh.
As discussed in section 3.4, one can pair the MS-XFEM with an iterative strategy in which
the error is reduced to any desired level. To improve the results presented in Figure
3.6(b), a manual selection of only 5 outer iterations is employed for smoothing, and
within the second stage of each outer loop, the fine-scale smoother is iteratively applied
5 times. Figure 3.11 illustrates a notable reduction in the error of the multiscale solution.
Also as shown in Fig. 3.12, the stress fields of MS-XFEM and fine-scale XFEM match well
after pairing the iterative strategy with MS-XFEM.

(a) (b)

Figure 3.11: Test Case 1: displacement difference between fine scale XFEM and MS-XFEM with iterative strat-
egy in (a) x direction (b) y direction. Black lines represent coarse scale mesh. 5 outer loops are employed, and
within the second stage of each outer loop, fine-scale smoother is applied 5 times.
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(a) (b)

Figure 3.12: Test Case 1: stress fields computed by displacement fields of (a) fine scale XFEM and (b) MS-XFEM
with iterative strategy. 5 outer loops are employed, and within the second stage of each outer loop, fine-scale
smoother is applied 5 times.

The convergence history of the MS-XFEM with iterative strategy is shown in Fig. 3.13.
The blue circle represents the normalized error of the result without the iterative strat-
egy, which is the result shown in Fig. 3.6(b). The red circle represents the normalized
error of the result after 5 iterations with 5 times smoother in each iteration, which is the
result shown in Fig. 3.11. Different smoothing steps values ns can be used per iteration.
Clearly, one can reduce the multiscale errors to machine accuracy by applying MS-XFEM
iterations. In particular, for practical applications, one can stop iterations after a few it-
eration counts, once the error norm falls below a certain tolerance τ, considering the
level of uncertainty within the parameters of the problem, i.e.,

e � τ (3.15)

here, τ is chosen as 10−10 to confirm that convergence can be achieved to machine ac-
curacy. Figure 3.13 shows the convergence history for different smoothing step counts
ns per iteration.

3.5.2. TEST CASE 2: HETEROGENEOUS RESERVOIR WITH MULTIPLE FRAC-
TURES

The second test case is set to model deformation in a heterogeneous reservoir with more
fractures. The heterogeneous material properties of this test case are the same as those
in test case 1. The fine scale mesh is again set as 40 × 40 and the coarse mesh is 5 × 5.
The upscale ratio is 8 × 8. Here, more fractures are considered. In addition, compared to
test case 1, at the east and west boundaries distributed loads are also applied, as shown
in Fig. 3.14
Simulation results for both fine-scale XFEM and MS-XFEM are shown in Fig. 3.15. It is
clear that the MS-XFEM (without any iterations) result is different from than the fine-
scale one in the zones of large deformations. However, considering the MS-XFEM solu-
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Figure 3.13: Test Case 1: iteration history of MS-XFEM procedure with different number of smoothing per step.
Errors for displacement in (a) x and (b) y directions are shown. The blue and the red circles represent the
normalized errors corresponding to the results shown in Fig. 3.6 (b) and Fig. 3.11, respectively.
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Figure 3.14: Test case 2: Multiple fractures within a heterogeneous reservoir under tension stress across three
boundaries.

tion is obtained by using only 5 × 5 grids without any extra DOFs, it is still an acceptable
result.
The iterative strategy is applied to reduce errors. Fig. 3.16(c) and (d) present improved
results compared to Fig. 3.16(a) and (b), after 10 iterations with 5 times fine-scale smoother
applied in each iteration. The large deformation of the most left fracture still requires
more iterations, however, the differences around the other three fractures have been de-
creased significantly. Note I LU (0) is used as the second stage smoother.
Stress fields for all three cases of fine-scale XFEM, MS-XFEM without iterative strategy
and MS-XFEM with iterative strategy are shown in Fig. 3.17. The result of MS-XFEM
with iterative strategy shown in Fig. 3.17(c) is computed based on the solutions shown
in Fig. 3.16 (c) and (d). It is clear that with iterative strategy, multiscale stress distribu-
tions match with the fine-scale one.
An example of basis functions for this test case is shown in Fig. 3.18. It illustrates how
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(a) (b)

Figure 3.15: Test Case 2: displacement field for a heterogeneous fractured domain using (a) fine scale XFEM
and (b) MS-XFEM without using iterative strategy. Black lines represent the coarse scale mesh.

(a) (b)

(c) (d)

Figure 3.16: Test Case 2: displacement difference between fine scale XFEM and MS-XFEM in (a) x direction (b)
y direction (c) x direction after 10 iterations (d) y direction after 10 iterations. 5 rounds of fine scale smoother
are used in each iteration to compute solutions in (c) and (d). Black lines represent the coarse mesh.

two fractures are captured by the local basis functions.
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(a) (b) (c)

Figure 3.17: Test Case 2: stress field σy y comparison between (a) fine scale XFEM and (b) MS-XFEM (c) MS-
XFEM after 10 iterations with 5 rounds of fine scale smoother applied in each iteration.

Figure 3.18: Test case 2: basis functions Pxx of multiple fractures test case. Multiple discontinuities are cap-
tured by axial equilibrium and transverse equilibrium solutions. This basis function is centered at coordinate
(6,6).

The convergence history is shown in Fig. 3.19. The higher number of smoother applied
in each iteration would result in faster convergence. However, it comes with additional
computational costs. Similar as the extensive studies for multiscale simulation of flow in
porous media, for deformation simulation, a CPU-based study should be performed in
order to obtain the optimum combination of coarse-grid resolution, type and count of
smoothing steps.

3.5.3. COMPUTATIONAL EFFICIENCY ANALYSIS

To provide an estimate of the computational efficiency of the proposed MS-XFEM strat-
egy, compared with a fine-scale XFEM, an operator-cost-based analysis is presented be-
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Figure 3.19: Test Case 2: convergence history of MS-XFEM procedure with different number of smoothing per
step. Errors for displacement in (a) x and (b) y directions are shown.

low. Then, a scalability test with respect to the performance of error reduction strategy
with increasing density of the fractures is also studied and presented.

COMPUTATIONAL COST ANALYSIS

The approximate operation-based approach builds on the assumption that solving a lin-
ear system of size ζ costs O(ζm) operations, i.e., C = αζm , where C is the cost function.
As such, the approximate cost function for a fine-scale XFEM system (i.e., C f ) with N f

nodes is

C f =α(2N f +ψ)m . (3.16)

Here, ψ represents the number of extra DOFs due to XFEM enrichment. Also, since there
are x and y displacement directions for each node, a factor 2 is used.
MS-XFEM provides an approximate solution to the fine-scale system in a procedure that
includes three main steps: (1) calculate basis function, (2) solve coarse scale system, and
(3) iteratively improve the results. Consider a coarsening ratio of Γ, thus, the coarse girds
size Nc is

Nc =
N f

Γ
. (3.17)

If one assumes γ number of extra DOFs per each basis function, the basis functions for
each coarse node of one coarse element costs

Cbasi s = 2×α(Γ+γ)m , (3.18)

where factor 2 represents twice the computation of basis functions in x and y direction,
as shown in Fig. 3.2. The coarse scale system entails no extra DOFs due to enrichment.
As such, its cost Cc can be approximated as

Cc =α(2Nc )m =α(2× N f

Γ
)m . (3.19)
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Again, factor 2 is for the 2D (x,y) unknowns. The cost of the linear smoother I LU (0) is
approximated by setting m = 1 and a constant is β, i.e.,

Csmooth = ns × (β× (2N f ))1, (3.20)

where ns is the number of smoothing steps per iteration. If no iterative strategy is ap-
plied, then, the MS-XFEM computational cost CMS can be approximated as

CMS = Nc
(
2α(Γ+γ)m)+α(2Nc )m , (3.21)

If the iterative strategy is applied Ni t times, then the MS-XFEM computational cost CMSi

can be approximated as

CMSi =CMS +Ni t
(
α(2Nc )m︸ ︷︷ ︸

Cc

+ns (β× (2N f ))︸ ︷︷ ︸
Csmooth

)
. (3.22)

Note that if Ni t = 0, the cost function CMSi becomes identical to CMS . The cost ratio φ is
now introduced as the cost ratio between MS-XFEM and fine-scale XFEM, i.e.,

φ= CMSi

C f
. (3.23)

To provide a better sense, two tests with different fine scale grid numbers of N f = 104

and N f = 108 are considered. For the case with N f = 104, coarsening ratios of Γ ∈
{2 × 2,5 × 5,10 × 10,20 × 20,50 × 50} are considered, while for the case with N f = 108,
Γ ∈ {10 × 10,20 × 20,50 × 50,100 × 100,1000 × 1000] are employed. It is assumed that
α/β= 1, meaning the scalability factor of the smoother is close to a linear solver. In addi-
tion, m = 1.3 as the exponent of linear solver computational complexity. The same factor
was used in literature [89]. Furthermore, extra DOFs due to enrichment are considered
to be 10% of fine-scale grid cells, i.e., ψ= 0.1N f . The basis functions are then considered

to have these extra DOFs equally distributed, which leads to γ≈ ψ
Nc

. With these settings,
one can study the overall approximate cost ratio of the proposed MS-XFEM, based on an
operational-based analysis. For the MS-XFEM with no iterative strategy, MS-XFEM with
Ni t = 2 and Ni t = 5 are considered. For both cases where the iterative strategy is applied
in MS-XFEM, the number of smoothing steps per iteration (ns ) is set to 8. The cost ratio
φ for all tests are plotted in Fig. 3.20.
From Fig. 3.20, it is clear that the MS-XFEM provides a significant speedup compared
with the fine-scale XFEM when the problem size is large. Also, from the presented operational-
based analyses, one can consider an optimum coarsening ratio, in which the multiscale
procedure would perform optimal. Note that, similar as for multiphase flow simula-
tions, a CPU-based analysis is needed to draw a more conclusive statement about the
real speedup of the MS-XFEM in the future.

SCALABILITY TEST

In this test the effect of the density of fractures on the convergence rate of the MS-XFEM
is investigated. This is specially relevant to geoscientific applications. A fixed domain
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Figure 3.20: Cost ratios for different coarsening ratios and different iteration numbers for fine-scale grid of (a)
N f = 104 and (b) N f = 108. The extra DOFs due to XFEM enrichment is ψ = 0.1N f is 107. For both cases the
number of smoothing steps per iteration is set to ns = 8.

size of 10 [m]×10 [m] is considered. Fine and coarse grids are 40×40 and 5, respectively.
As shown in Fig. 3.21, starting from phase F 1 to phase F 7 one fracture is added in the
domain. For convenience, a homogeneous Young’s modulus of E = 107 [Pa] and a Pois-
son’s ratio of 0.2 are considered. The boundary conditions are the same as in test case 2.

(a) (b) (c) (d)

(e) (f) (g)

Figure 3.21: Illustration of the increasing fracture density from phase F1 to F7, with extra DOFs of 94, 132, 192,
262, 300, 366, 404, respectively, for F1 to F7.

As it can be seen in Fig. 3.22, the convergence rate of the developed MS-XFEM is not
much affected by the increasing fracture density. This is because there are no extra DOFs
on the coarse scale in computational process of MS-XFEM. This proof-of-concept anal-
ysis indicates the applicability of the devised method for real-field applications.
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Figure 3.22: Iteration history of MS-XFEM procedure with different numbers of extra DOFs per step for dis-
placement in x (a) and y (b) directions. F1 to F7 phases represent the increasing fracture density as shown in
Fig. 3.21.

3.6. CONCLUSIONS

A multiscale procedure for XFEM is proposed to model deformations of geological het-
erogeneous fractured fields. The method resolves the discontinuities through local mul-
tiscale basis functions, which are computed using XFEM subjected to local boundary
conditions. The coarse-scale system is obtained by using the basis functions, algebraically,
which does not have extra DOFs, in contrast to the local basis function systems. This
procedure makes the MS-XFEM very efficient. Also, by combining it with a fine-scale
smoother, an iterative MS-XFEM procedure has been developed, which allows to re-
duce the error to any desired level of accuracy. Through an iterative procedure, only
the coarse-scale system and smoothing steps are repeated.
Two heterogeneous test cases were studied as proof-of-concept, to investigate the per-
formance of the MS-XFEM. It was shown that MS-XFEM results in acceptable solutions,
when no iterations are imposed. By applying iterations, one can further improve the
results. For practical applications, when parameters are uncertain, only a few itera-
tions can be applied to maintain (and control) the MS-XFEM quality of the solution.
The operational-based computational speedup indicated that the developed multiscale
procedure is promising for real-field applications. Nevertheless, the MS-XFEM frame-
work introduced in this chapter requires additional validation against analytical solu-
tions, such as Sneddon’s problem for fracture deformation [90].
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4
MS-XFEM FOR FRACTURE

PROPAGATION

This chapter extends the application of MS-XFEM to simulate fractures’ growth in highly
fractured formations. Criteria for simulating propagating fractures are introduced in
both Section 2.3 and Section 2.4. The growing fracture tips are tracked by updating basis
functions, which are generated based on a revised fine-scale stiffness matrix in an al-
gebraic manner. Consequently, basis functions are updated exclusively within the local
domains where fracture geometry changes in each time step. Importantly, this process
does not introduce any extra DOFs to the coarse-scale system. To ensure the accuracy
of final results, preconditioned GMRES is employed to iteratively improve the quality of
the final solution. Test cases are presented to illustrate applicability of the developed
method.

4.1. MS-XFEM ON FRACTURE PROPAGATION

The propagation of fracture tips will change the geometries of fine-scale discontinuities
and these changes should be captured by the basis functions in MS-XFEM, as shown in
Fig. 4.1. To be able to use MS-XFEM to simulate the fracture propagation, basis functions
need to be updated during each growth step. Note that it is not necessary to update the
basis functions matrix globally since the fracture tips growth only affect the local coarse
elements that contain the growing fracture tips or will contain the fracture tips after a
propagation step [92].
Update of basis functions is straightforward with the algebraic method. In each growth
step, the basis functions matrix is updated locally only on those coarse elements that are
affected by the growing fracture tips. This is done by extracting the terms of the updated

This chapter is based on the publication: Xu, F., Hajibeygi, H., & Sluys, L. J. (2023). Adaptive multiscale ex-
tended finite element method (MS-XFEM) for the simulation of multiple fractures propagation in geological
formations. Journal of Computational Physics, 486, 112114. [91]
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K f matrix and reconstructing the local basis functions matrix Pl and reassemble Pl into
global P matrix. Preconditioned GMRES [79] is used here to control the error and reduce
it to a desired tolerance. A fine-scale smoother M−1

sm (usually chosen as I LU (0)) is paired
with the multiscale operator M−1

MS . The preconditioner used here involves the multiscale
operator and the fine scale smoothing operator following

M−1 = M−1
MS +M−1

sm(I −K h M−1
MS ). (4.1)

The system in Eq.(3.4) is then iteratively solved using preconditioned GMRES until the
error is reduced to the desired tolerance. Algorithm. 2 shows the procedure how to use
MS-XFEM to simulate fractures propagation. When multiple fractures grow and cross

Algorithm 2 Algorithm of MS-XFEM in fracture growth

while Set of growing tips, Ng r ow , is not empty do
Update stiffness matrix K h

Update P locally
Update the MS-XFEM solutions: d h

MS iteratively
Compute the Ng r ow using double virtual incremental method
Compute the growing angle θ

Update level sets functions: ψt →ψt+1, φt →φt+1

Update fracture tip positions and enrichment
end while

each other, it is reasonable to apply adaptive local refinement around the crossing points
or the fracture tips. This will improve the quality of the MS-XFEM results. A strategy such
as ADM (adaptive dynamic multilevel) is a good option to be applied [93]. Currently,
these are not used in this thesis.

(a) (b)

Figure 4.1: An example of updating the basis functions that captures the fracture growth from (a) step 2 to (b)
step 6. The white segment represents the fracture.
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4.2. NUMERICAL TEST CASES

4.2. NUMERICAL TEST CASES

In this section two test cases have been performed to investigate the applicability of the
MS-XFEM in simulation of single and multiple fractures propagation. For all test cases,
a square 2D domain of 10 [m]×10 [m] is considered. The material of both test cases is
homogeneous sandstone with a Young’s modulus E = 25 [GPa] and Poisson’s ratio of 0.2.

The fracture toughness of sandstone Kc = 1.4×106[ Pa·m− 1
2 ] [94, 95]. The fine scale mesh

is set as 49×49 and the coarse mesh is 7×7 for both test cases in this chapter. This results
in a coarsening ratio of 7×7 in both x and y directions.
Both test cases are simulated using the MS-XFEM and are compared with the fine scale
results to check accuracy. To illustrate the importance of the iterative strategy on quality
control, the result computed without using the iterative strategy is shown. Also the result
computed using preconditioned GMRES is shown. The criterion to stop the iterations is
set when the norm of the residual ||r n ||2 at the current time step t n is less than τ of the
original residual norm ||r 0||2

||r n ||2
||r 0||2

� τ. (4.2)

The tolerance input is affecting the number of iterations required to reach convergence.
In this paper, two different tolerance values, τ = 10−8 and τ = 10−2, are applied. It is
essential to observe how much improvement the iterative strategy can bring since this
strategy will add extra computational burden. Normally there is no doubt that a toler-
ance of τ = 10−8 would give very accurate MS-XFEM solutions but it is also valuable to
analyze whether less accurate solutions (τ= 10−2) are acceptable since this less accurate
solution has less computational burden.

4.2.1. TEST CASE 1: HOMOGENEOUS SANDSTONE WITH SINGLE FRACTURE

A single horizontal fracture test case as shown in Fig. 4.2 is simulated. The fracture tip
coordinates are shown in Fig. 4.2. The Dirichlet boundary conditions are applied at the
bottom. The left-bottom corner is fixed in both x and y directions while the rest of the
nodes at the bottom boundary are fixed only in y direction. At the top boundary, a dis-
tributed upward loading q = 109 [N/m] is applied. The left and right boundaries are set
as stress free. The total time that the fractures are allowed to grow is 7 [s], and each time
step is 1 [s]. In each step the length of the fracture increment is constant 0.4 [m].
Results for the displacement field without iterative strategy (Fig. 4.3(a)) and with the it-
erative strategy using an accuracy tolerance of τ = 10−2 (Fig. 4.3(b)) at the end of time
step 4 are shown. The result for tolerance τ= 10−8 is not shown since it is nearly identi-
cal to the fine scale solution. Both MS-XFEM results (red color lines represent the coarse
7×7 mesh) are plotted on top of the fine scale XFEM result (blue color using the 49×49
mesh) in order to compare them.
Without the assistance of preconditioned GMRES, there is an obvious difference be-
tween the MS-XFEM solution compared to the fine scale solution in Fig. 4.3 (a). The
maximum difference between the displacements solutions is 0.22 [m]. This result prop-
erly captures the opening of the fracture. The MS-XFEM result with error tolerance
τ= 10−2 is very close to the fine scale XFEM result. The number of iterations required for
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Figure 4.2: Test case 1: illustration of the model setup.

Fig. 4.3 (b) is 11 while the iterations for obtaining the solution with tolerance τ= 10−8 is
34 which implies more computational costs.

(a) (b)

Figure 4.3: Test Case 1: displacement field at time step 4 using (a) no iterative strategy and (b) tolerance
τ = 10−2 with 11 iterations to reach convergence. Red lines represent the coarse scale mesh with MS-XFEM
displacement field plotted on coarse scale grid. Blue lines represent the fine scale mesh with fine scale solu-
tion plotted on fine scale grid.

The crack path from initial step to final step is tracked and at time step 4 and 6 the
crack patterns are plotted in Fig. 4.4. The crack angle is computed using Eq. (2.29).
The two crack paths are computed using the MS-XFEM displacement solutions that are
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computed without iterative strategy and with the iterative strategy using the tolerance
of τ = 10−2. These two crack paths are both compared with the crack path computed
based on the fine scale displacement field. Note that the crack paths predicted using
fine scale XFEM solutions are plotted in blue color. It is clear that even the original MS-
XFEM without iterative improvement still yields an accurate crack path considering that
this is a pure mode I problem with a single fracture. For complicated fracture systems,
as for the next test case, this may not be the case.

crack pattern at step 4, no iteration

(a)

crack pattern at step 4, =10-2

(b)

crack pattern at step 6, no iteration

(c)

crack pattern at step 6, =10-2

(d)

Figure 4.4: Test case 1: fracture propagation path at step 4 (top) and 6 (bottom). Red lines represent the coarse
scale mesh. Blue segments and blue circles represent the fine scale fracture path while red segments and red
crosses represent the path predicted using MS-XFEM. The left column includes the paths predicted using MS-
XFEM without iterations. The right column includes the paths predicted using MS-XFEM with tolerance of
10−2.

The convergence characteristics at step 2, 4 and 6 using preconditioned GMRES are
shown in Fig. 4.5. The number of extra DOFs involved in these three steps are: 112,
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4. MS-XFEM FOR FRACTURE PROPAGATION

144 and 176, respectively. The number of iterations to reach convergence with respect to
a tolerance of 10−8 of these three steps are: 32, 34 and 36. Thus the iterations required to
reach convergence is slightly increasing with the growth of fractures. This is reasonable
since growing fractures increase the number of extra DOFs.
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Figure 4.5: Test case 1: convergence history at step 2, 4 and 6 using preconditioned GMRES. The corresponding
extra DOFs are: 112, 144 and 176. The number of iterations to reach convergence is increasing as the fracture
is growing.

4.2.2. TEST CASE 2: HOMOGENEOUS SANDSTONE WITH MULTIPLE FRAC-
TURES

A second test case is used to test the application of MS-XFEM in the simulation of mul-
tiple fractures propagation. The fractures setup is shown in Fig. 4.6. The fractures are
rotated around its center point (marked with red circle). The coordinates of center points
of each fracture and the rotation angles are shown in brackets. The four fractures been
labeled with a number from 1 to 4. The initial length of each fracture is 1 [m]. The total
time that a fracture can grow is set as 17 [s] and each time step size is 1 [s]. The fracture
increment is set as 0.4 [m] per time step with grid size of 0.2 [m]×0.2 [m]. The Dirichlet
boundary conditions are applied at the bottom. The bottom center point is fixed in both
x and y directions while the rest of the nodes along the bottom boundary are fixed in y
direction. At the top a distributed upward loading q = 107 [N/m] is applied. The left and
right boundaries are set as stress free.
If no GMRES is used to control the error level of final solutions, the MS-XFEM fails to
predict the crack path as shown in Fig. 4.7. This suggests that the errors accumulated in
highly fractured systems will become too significant to ignore them and thus the itera-
tive strategy is necessary to be paired with MS-XFEM. In the following, only the test case
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4.2. NUMERICAL TEST CASES

Figure 4.6: Test case 2: Multiple fractures within a homogeneous sandstone sample under tension.

using GMRES with tolerance of τ = 10−2 is studied. Note that τ = 10−2 is much bigger
than the machine accuracy and it is set to iterate only a few times to maintain high effi-
ciency of the method.

crack pattern at step 12, no iterations

Figure 4.7: Test case 2: crack pattern predicted at step 12. The blue curve represents the crack path predicted
using only the fine scale solution and the red curves represent the incorrect crack paths predicted using the
MS-XFEM solution.
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4. MS-XFEM FOR FRACTURE PROPAGATION

The propagation crack path at step 4, 10 and 15 are shown in the upper row of Fig. 4.8. It
is clear that not all tips will grow considering the global minimum energy release by Eq.
(2.28). Since the preconditioned GMRES is applied, displacement field solutions from
MS-XFEM are close to the fine scale XFEM solution, which is shown in the bottom row
of Fig. 4.8. However, there is a still small difference between the predicted crack pattern
in step 15, which is shown in the top right part of Fig. 4.8 (c). This is due to the tolerance
τ= 10−2 given in here. When the tolerance is set as small as τ= 10−8, the accuracy of the
MS-XFEM result is very high as shown in Fig. 4.9 . But the number of iterations required
to reach τ= 10−8 is 53 while it only requires 28 iterations to reach τ= 10−2. Considering
the less computational burden, the result of Fig. 4.8 (c) is still considered as a good pre-
diction.
The stress plots are shown in the lower row of Fig. 4.8, which partly reveals why some
tips grow and others do not. The sequence of propagating crack tips is as follows. First,
both the two tips of fracture 3 grow since the maximum stress is located around both tips
of fracture 3, as shown in Fig. 4.8 (d). At step 9, the left tip of fracture 3 reaches at the left
edge of domain. Then the right tip of fracture 3 propagates since the maximum stress
surrounds this tip as shown in 4.8 (e). At step 12, the right tip of the fracture 3 grows and
joins fracture 4. After that, the top fracture tip of fracture 4 continues to grow, which is
represented in Fig. 4.8 (f) since the top fracture tip is located in the peak stress area.
The convergence characteristics, recorded using preconditioned GMRES, are shown in
Fig. 4.10. In this figure, the convergence at step 4, 10 and 15 are plotted. The number
of extra DOFs for each of these steps, respectively, are: 136, 192 and 248. The number of
iterations required to reach convergence with respect to the tolerance of 10−8 are: 38, 46
and 53, respectively. Clearly, the number of iterations required to reach convergence is
increasing as the fractures grow.

4.3. CONCLUSION

An adaptive multiscale method for XFEM, referred to as MS-XFEM, is introduced to
model the propagation of multiple fractures within geological formations. As fractures
expand, they propagate and may merge, resulting in the development of discontinu-
ities. The basis functions within MS-XFEM are designed to effectively account for this
extension and junction of fine-scale fractures. These basis functions undergo algebraic
updates that align with changes in the fine-scale stiffness matrix, adjusted in response to
fracture growth. This feature equips MS-XFEM with the right tools for simulating frac-
ture propagation. Employing preconditioned GMRES ensures the accuracy of the dis-
placement field results, guaranteeing the accurate prediction of fracture growth in sub-
sequent steps. Test case results demonstrate that MS-XFEM, in conjunction with pre-
conditioned GMRES, effectively traces the paths of fracture growth, even with a mod-
erate error tolerance. This indicates the successful adaptation of the basis functions to
capture changes in these fractures. Further validation work against analytical solutions
is necessary to enhance the effectiveness of this MS-XFEM framework in simulating frac-
ture propagation [96, 97].
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4.3. CONCLUSION

crack pattern at step 4, =10-2

(a)

crack pattern at step 10, =10-2

(b)

crack pattern at step 15, =10-2

(c)

(d) (e) (f)

(g) (h) (i)

Figure 4.8: Test case 2: crack paths growing history at step 4, 10 and 15. Upper row includes crack patterns
predicted. Red segments and crosses represent crack paths predicted using MS-XFEM result and blue seg-
ments and circles represent the crack paths predicted using fine scale XFEM result. The middle row includes
the stress plot of σy y at these steps. The bottom row includes the displacement field solutions by fine scale
XFEM (blue) and MS-XFEM(red).
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4. MS-XFEM FOR FRACTURE PROPAGATION

crack pattern at step 15, =10-8

Figure 4.9: Test case 2: crack pattern predicted at step 15 using tolerance value of 10−8. The blue curve repre-
sents the crack path predicted using only the fine scale solution and the red curves represent the correct crack
paths predicted using MS-XFEM solution. 53 iterations required to reach this accuracy while only 28 iterations
required to reach τ= 10−2.
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Figure 4.10: Test case 2: convergence history using preconditioned GMRES. The number of extra DOFs at steps
4, 10 and 15, respectively, are: 136, 192 and 248. The number of iterations to reach convergence increase with
the growth of fractures.
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5
MS-XFEM FOR DEFORMATION

UNDER COMPRESSION FORCES

This chapter extends the application of MS-XFEM to simulate the contact and frictional
behavior of fractures subjected to external compressive loading. The penalty method is
employed to prevent overlap between the two sides of fractures. The stick-slip condition
along the tangential direction of fractures is determined using Coulomb’s law of friction.
Within MS-XFEM, basis functions are generated based on the fine-scale stiffness matrix,
excluding the penalty matrix to avoid unnecessary computational overhead. The alge-
braic construction strategy for the basis function matrix remains consistent with the one
detailed in Chapter 3. Test cases provide empirical evidence of the MS-XFEM’s capacity
to accurately and efficiently simulate fractures’ contact and frictional sliding behavior.

5.1. MS-XFEM BASIS FUNCTIONS FOR COMPRESSIVE FORCES

In this thesis, for the simulation of self-contact fractures, the construction of basis func-
tions is determined to rely on the fine-scale stiffness matrix without the inclusion of
the penalty matrix. It might seem intuitive to base the basis functions on the K p ma-
trix as presented in Eq. (2.49). However, the iterative updating of K p due to changes in
the stick-slip conditions implies a corresponding iterative update of the basis function
values. This would introduce additional computational expenses. A computationally
more efficient approach is to construct the basis functions in a manner consistent with
the algebraic method introduced in Chapter 3, which involves operating on the original
fine-scale K h matrix instead of K p . Consequently, the coarse-scale stiffness matrix KC is
constructed by

KC = R ·K p ·P, (5.1)

where, K p is the stiffness matrix that contains the contact matrix Kcon .
In contrast to pure mode I loading, which causes fractures to open, compression loading
leads to a continuity of displacements in normal direction of fractures. However, this
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5. MS-XFEM FOR DEFORMATION UNDER COMPRESSION FORCES

does not imply that the basis functions associated with the fractured coarse elements
should be continuous. For instance, slip events along fractures still indicate a disconti-
nuity along the two sides of the fractures. Therefore, the original basis functions remain
physically meaningful and applicable in this context.

5.2. MS-XFEM ALGORITHM FOR COMPRESSIVE FORCES

The algorithm for applying MS-XFEM for the simulation of contact and frictional slip of
fractures is shown in algorithm. 3. Two standard convergence conditions are involved in
this thesis. The first convergence condition is the residual control condition

‖r v+1‖
‖r0‖

� τr , (5.2)

and the second one is the displacement incremental control criterion

‖Δd v+1‖
‖d v‖ � τd . (5.3)

The result is considered acceptable if either of these two criteria is met.

Algorithm 3 Algorithm for applying MS-XFEM to the simulation of contact and frictional
sliding of fractures

Construct fine scale K h and basis functions P for iteration v
while ‖r v+1‖

‖r0‖ 
 τr or ‖Δd v+1‖
‖d v‖ 
 τd do

Update K p v = K h +Kc
v

Solve using MS-XFEM with preconditioned GMRES until convergence
Update d v+1 = d v +Δd v+1

Update r v+1 = f h − fc −K h ·d v+1

Update stick and slip conditions at each Gauss point
end while

5.3. TEST CASES

In this section, three test cases demonstrating the applicability of MS-XFEM for simu-
lating fractures under compressive loading are presented. Two convergence tolerance
values, τr and τd , are set as 10−6 and 10−3, respectively.

5.3.1. TEST 1: EDGE INCLINED CRACK SLIP

In this test case, a fully cracked domain of size 2 [m]×4 [m] is considered. The fine scale
mesh is set as 50×100 and the coarse mesh is set as 5×10. The material is homogeneous
with Young’s modulus E = 105 [Pa] and Poisson’s ratio ν= 0.3. Coordinates of the fracture
are shown in Fig. 5.1. The frictional coefficient reads μ f = 0.1. The penalty parameters
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5.3. TEST CASES

are set as CN = CT = 107 [N/m3]. The top boundary is under the downward Dirichlet
boundary condition of −0.1 [m] while the bottom boundary is fixed in both the x and y
directions. The left and right boundaries are stress free boundaries.

4 m

2 m

( , (. 6

� , �. 6

−�. � 0

Figure 5.1: Test case 1: illustration of the model setup.

For this test case, the slip value ds is a constant value of 0.1
�

2, or 0.1414 [98]. The sim-
ulated slip profile of using MS-XFEM without GMRES is very close to this value, which
is shown in Fig. 5.2. This demonstrates the correctness of constructing basis functions
without a penalty matrix. This result demonstrates the potential of MS-XFEM to gener-
ate the high quality results.
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Figure 5.2: Test case 1: slip profile computed by analytical method (black curve) and MS-XFEM method with-
out using GMRES (red curve with circle markers).

The displacements fields simulated using MS-XFEM (without GMRES) is close to the one
simulated using fine scale XFEM, as shown in Fig. 5.3.
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5. MS-XFEM FOR DEFORMATION UNDER COMPRESSION FORCES

(a) fine scale XFEM (b) MS-XFEM

Figure 5.3: Test case 1: displacement field computed using (a) fine scale XFEM and (b) MS-XFEM (without
GMRES). The black lines in (b) represent the coarse scale mesh. These two results are nearly identical.

5.3.2. TEST 2: SINGLE INCLINED CRACK SLIP

In this test case, a square domain of size 10 [m]×10 [m] that contains a single inclined
crack is studied. The material is homogeneous with Young’s modulus E = 25 [GPa] and
Poisson’s ratio ν= 0.25. The center point of the fracture is located at point [5,5] and the
total length of the fracture is 2 [m]. The fracture exhibits a 20 degrees inclination with
respect to the y direction. The frictional angle is ϕ= 30 degrees thus the frictional coeffi-
cient μ f = 0.577. The penalty parameters are set as CT =CN = 25×1011 [N/m3]. The top
boundary is subjected to a distributed load of 10 [MPa] in the downward direction, while
the bottom boundary is under a distributed load of 10 [MPa] in the upward direction. All
other boundaries are considered stress-free.
The analytical profile for an unbounded domain is given by

dsl i p = 4 f a
C T (1−ν2)

E

√
l 2 − (η− l )2, (5.4)

in which l is the half length of fracture that is 1[m] here [99, 100]. This analytical solution
is provided only as a guideline of what the slip profile for an unbounded domain should
look like. Note that we do not expect to converge to this solution, as it is a solution to
a different problem than our numerical bound test case. Moreover, η is the coordinate
along the fracture, so 0 � η� 2[m], and f a

C T is the analytical tangential force according

f a
C T =σsin(α)cos(α)−σsin2(α) tan(ϕ). (5.5)

Here, σ is the external loading force which is 10[MPa]. α is the angle between inclined
fracture and y direction which is 20◦, and tan(ϕ) ≈ 0.577 is the frictional coefficient.
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A�� BCD

10 m
10 m

�� BCD

2 m

EF@

Figure 5.4: Test case 2: illustration of the model setup.

SENSITIVITY OF FINE SCALE RESULT

The slip profile computed with fine scale XFEM using the penalty method is sensitive
to the mesh resolutions. In Fig. 5.5, slip profiles computed with a fine scale mesh of
[50×50], [80×80] and [100×100] are plotted. Also as a guideline, the slip profile for an
unbounded domain as expressed in Eq.(5.4) is shown. Note that the XFEM slip profiles
entail some oscillations which are known to be due to the misalignment of the crack and
the Cartesian structured grid. Additionally, it is essential to highlight the presence of
oscillations in the slip profile along the fracture and a dip of slip profile around the cen-
ter of the fracture. The dipping of the slip profile toward the center of the fracture can
be attributed to the well-known oscillations along the fracture resulted by XFEM. As an
embedded method, XFEM exhibits oscillations along the interface within the element,
often necessitating the utilization of higher-order shape functions. This dipping around
the center point of the fracture requires further investigation, although it is not the main
objective of this thesis, and, as such, detailed exploration has not been extensively pur-
sued. In literature [100, 101], the penalty method is shown to result in slip profiles which
have smaller values than the analytical guideline. This is consistent to what is observed
in Fig. 5.5 while the unavoidable oscillations introduced by XFEM contribute to a more
pronounced discrepancy between the XFEM-generated slip profile and the analytical
counterpart.

COMPARISON BETWEEN FINE SCALE XFEM AND MS-XFEM

If the slip profile simulated with MS-XFEM closely matches or is identical to the one
obtained through direct fine scale XFEM simulation, it is reasonable to assume that with
a finer mesh resolution applied to MS-XFEM, the corresponding MS-XFEM result will
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Figure 5.5: Test Case 2: XFEM solutions with mesh resolutions of [50× 50], [80× 80], and [100× 100]. As a
guideline, the analytical solution described by Eq. (5.4) to the unbounded domain is also provided.

approximate the analytical solution. Thus, in this test case, the slip profile simulated
using MS-XFEM is compared to the fine scale XFEM slip profile. The fine scale mesh
resolution is [80×80] and its slip profile is already plotted in Fig. 5.5. The coarse mesh
resolution is set as [5×5] and the coarse mesh setup is plotted in Fig. 5.6.

Figure 5.6: Test Case 2: coarse scale mesh (red) and fine scale mesh (blue). The fracture (black) is in one of the
coarse scale element.

The slip profiles are plotted and compared in Fig. 5.7 (a) and (b). From Fig. 5.7 (a), it
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5.3. TEST CASES

is clear that there is a significant error involved in the slip profile simulated with MS-
XFEM without GMRES. This error is significantly reduced when preconditioned GMRES
is applied as shown in Fig. 5.7 (b). Note that the tolerance of GMRES used here is 10−2

instead of 10−6. This shows that MS-XFEM with preconditioned GMRES converges to
the fine scale XFEM result.
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Figure 5.7: Test case 2: comparison between slip profiles by fine scale XFEM and (a) MS-XFEM (without iter-
ation) and (b) MS-XFEM (with iterative multiscale strategy.). The blue curve represents the slip profile by fine
scale XFEM and red curve represents the slip profile by MS-XFEM.

5.3.3. TEST 3: MULTIPLE CROSSED CRACKS SLIP

In this test case, a domain of size 10 [m]×10 [m] that contains six cracks crossing each
other is studied. The setup is shown in Fig. 5.8. The fine scale mesh is set as 50×50. The
material of this domain is homogeneous with Young’s modulus E = 106 [Pa] and Pois-
son’s ratio ν= 0.3. The frictional coefficient μ f = 0.1. The penalty parameters are set as
CT = CN = 108 [N/m3]. The coordinates of all six fractures tips are shown in Table. 5.1.
The top boundary is subjected to a downward Dirichlet boundary condition of −1 [m].

Left Tip Right Tip
Fracture 1 [ 2.6 , 4.2 ] [ 4.1 , 6.8 ]
Fracture 2 [ 2.2 , 5.6 ] [ 4.0 , 4.6 ]
Fracture 3 [ 6.5 , 7.9 ] [ 7.1 , 7.1 ]
Fracture 4 [ 6.4 , 5.2 ] [ 7.4 , 8.0 ]
Fracture 5 [ 6.1 , 3.3 ] [ 8.1 , 2.9 ]
Fracture 6 [ 5.4 , 2.1 ] [ 8.0 , 3.6 ]

Table 5.1: Test case 3: fractures tips coordinates.

The bottom left corner is fixed in x and y direction, while the remaining nodes are con-
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5. MS-XFEM FOR DEFORMATION UNDER COMPRESSION FORCES

strained only in y direction. The left and right boundaries are considered as stress-free
boundaries.

10 m

10 m

- 1 m

1

2

3

4

5

6

Figure 5.8: Test case 3: illustration of the model setup.

In this test case, two coarsening ratios of [5×5] and [10×10] are applied. Thus the coarse
mesh resolutions applied are [10×10] and [5×5]. For this test case, the preconditioned
GMRES tolerance is set as 10−2 since there is no question that 10−6 will lead to a per-
fect match of the MS-XFEM results with the fine scale XFEM result. It is important to
analyze how MS-XFEM performs for different coarsening ratios. The fine scale XFEM
displacement solutions on x and y directions are plotted in Fig. 5.9. They will be used as
reference solutions. As the XFEM is known to introduce oscillations in the computed slip
profile on the structured Cartesian mesh for not-aligned cracks, these plots show a stair-
case pattern for the displacement profile. This pattern is consistently observed in the
subsequent surface plots including displacements plots, error plots and basis functions
plots throughout this thesis.

(a) dx of fine scale XFEM (b) dy of fine scale XFEM

Figure 5.9: Test case 3: displacement fields of (a) x direction and (b) y direction computed using fine scale
XFEM.
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5.3. TEST CASES

SIMULATION RESULTS WITH COARSE SCALE MESH [10×10]

The displacement fields of MS-XFEM using a coarse mesh of [10× 10] is shown in Fig.
5.10 and they match well with the fine scale XFEM solutions as shown in the error plots
in Fig. 5.11. Preconditioned GMRES successfully reduce the errors of final solutions as
shown in Fig. 5.11. Note that the simulator converges to the criterion of displacement
incremental of Eq. ??.

(a) dx of MS-XFEM (b) dy of MS-XFEM

Figure 5.10: Test case 3: displacement field in (a) x direction and (b) y direction computed using MS-XFEM
(with GMRES). Coarse scale mesh of 10×10.

(a) Error in x direction (b) Error in y direction

Figure 5.11: Test case 3: Errors in the displacement field along the (a) x direction and (b) y direction are dis-
played, comparing fine-scale XFEM with MS-XFEM (utilizing GMRES) on a coarse mesh grid of 10×10. The
black lines represent the coarse mesh grid lines.

The basis function Py y belonging to coarse mesh node [3,6] is shown in Fig. 5.12. It is
clear that the cross between fracture 1 and 2 is captured well by the basis functions.
The preconditioned GMRES convergence history of outer loop [1,2,4,6,9] is recorded
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5. MS-XFEM FOR DEFORMATION UNDER COMPRESSION FORCES

Figure 5.12: Test case 3: basis function Py y belonging to the coarse node [3,6]. Coarse scale mesh is 10×10.
Red lines represent the coarse scale mesh and white segments represent fractures.

and plotted in Fig. 5.13. The summation of all preconditioned GMRES iterations used in
all 9 outer loops is 127.
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Figure 5.13: Test case 3: convergence history of preconditioned GMRES of outer loop [1,2,4,6,9]. After 9 outer
loops the final solution converges. Total amount of iterations using preconditioned GMRES is 127.
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5.3. TEST CASES

SIMULATION RESULTS WITH COARSE SCALE MESH [5×5]

The displacement fields of MS-XFEM using a coarse mesh of [5×5] are shown in Fig. 5.14.
Again, preconditioned GMRES successfully reduces the errors of the final solutions, as it
can be seen from the errors plots in Fig. 5.15.

(a) dx of MS-XFEM (b) dy of MS-XFEM

Figure 5.14: Test case 3: displacement field of (a) x direction and (b) y direction computed using MS-XFEM
(with GMRES). Coarse scale mesh of 5×5.

(a) Error in x direction (b) Error in y direction

Figure 5.15: Test case 3: errors in the displacement field along the (a) x direction and (b) y direction are dis-
played, comparing fine-scale XFEM with MS-XFEM (utilizing GMRES) on a coarse mesh grid of 5×5. The black
lines represent the coarse mesh grid lines.

The basis functions belonging to the coarse scale mesh node [4,6] are shown in Fig. 5.16.
As expected, the cross of fracture 1 and 2 is well captured. The preconditioned GMRES
convergence history of outer loop [2,4,6,8,10] is recorded and plotted in Fig. 5.17. The
summation of all preconditioned GMRES iterations of all ten outer loops is 162.
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5. MS-XFEM FOR DEFORMATION UNDER COMPRESSION FORCES

Figure 5.16: Test case 3: basis function Py y belonging to the coarse scale mesh node [4,6]. Coarse scale mesh
is 5×5. Red lines represent the coarse scale mesh and white segments represent fractures.
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Figure 5.17: Test case 3: convergence history of outer loop [2,4,6,8,10]. Total amount of iterations using pre-
conditioned GMRES is 162. Coarse scale mesh is 5×5.

5.3.4. TEST 4: FRACTURE NETWORK OF HETEROGENEOUS FORMATION UN-
DER COMPRESSION

In this test case, a synthetic fracture network under compression is considered. The
research domain is a 80 [m]×80 [m] square. Fig. 5.18 provides a visual representation
of the synthetic fracture network within this domain. Heterogeneous Young’s modulus
values, following a Gaussian distribution, are spatially mapped across the entire domain,
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5.3. TEST CASES

as depicted in Fig. 5.19. The Poisson’s ratio in the domain is a constant value of ν= 0.2.
The frictional coefficient reads μ f = 0.3. To prevent penetration, penalty parameters,
denoted as CT and CN , are adjusted for each element due to the varying Young’s modulus
values in the domain. Specifically, these penalty parameters are set to be 100 times larger
than the local Young’s modulus of each element.

80 m

80 m

A� 2

Figure 5.18: Test case 4: illustration of the test case 4 model.

Figure 5.19: Test case 4: illustration of the Gaussian distributed heterogeneous Young’s modulus map.

The fine scale mesh is set as 80× 80 and the coarse mesh is set as 8× 8. The bottom
boundary is fixed in y direction while the left and the right boundaries are fixed in x
direction. The top boundary is under displacement controlled compression by 1 [m]
downward. For this complicated test case, preconditioned GMRES is paired with MS-
XFEM. The tolerance of MS-XFEM is set as 10−2.
The displacements solutions simulated by MS-XFEM are very close to the ones from fine
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5. MS-XFEM FOR DEFORMATION UNDER COMPRESSION FORCES

scale XFEM with in total 640 elements, as shown in Fig.5.20. The error plots shown in Fig.
5.21 also prove this. This means MS-XFEM has the capability to simulate a complicated
fracture network accurately.

(a) dx fine scale XFEM (b) dy fine scale XFEM

(c) dx MS-XFEM (d) dy MS-XFEM

Figure 5.20: Test case 4: comparison between displacements solutions from fine scale XFEM and MS-XFEM.
(a) and (b) show displacement fields in x direction and y direction, respectively, using fine scale XFEM. (c) and
(d) show displacement fields in x direction and y direction, respectively, using MS-XFEM.

In this test case, basis functions have to capture heterogeneities and multiple fractures
at the same time. The basis functions Py y belong to the coarse grid points [10,10] and
[30,30] are plotted in Fig. 5.22. It is clear that from Fig. 5.22 (a) basis functions capture
the heterogeneities inside the Young’s modulus map as it is not a standard bi-linear basis
functions. Fig. 5.22 (b) presents how basis functions capture multiple discontinuities.
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(a) error in x direction (b) error in y direction

Figure 5.21: Test case 4: errors between solutions from fine scale XFEM and MS-XFEM in (a) x direction and in
(b) y direction, respectively.

(a) (b)

Figure 5.22: Test case 4: basis functions Py y belong to the coarse scale mesh node (a) [10,10] and (b) [30,30].
Note that (a) is not a standard bi-linear basis function due to heterogeneities. (b) captures multiple crossing
fractures. Red lines represent the coarse mesh and white segments represent fractures.

5.4. CONCLUSIONS

This chapter focused on developing MS-XFEM for simulating self-contact and frictional
slip within fractures. The penalty method is employed to prevent penetration between
of opposing fracture surfaces, and slip-stick conditions are determined using Coulomb’s
law. In terms of MS-XFEM application, basis functions are constructed using the original
stiffness matrix, without the inclusion of a penalty matrix. Four test cases demonstrate
the accuracy and suitability of applying MS-XFEM for simulating compressed fractured
formations. The first test case validates the correctness of the basis functions construc-
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5. MS-XFEM FOR DEFORMATION UNDER COMPRESSION FORCES

tion method proposed in this chapter. In the second test case, it is essential for future
validation to compare the fine-scale slip profile with the analytical slip profile. The nu-
merical slip profile displays noticeable oscillations and a significant error compared to
the analytical slip profile; however, these aspects fall outside the primary focus of this
thesis. Nevertheless, the favorable comparison between the slip profiles of fine-scale
XFEM and MS-XFEM underscores the accuracy of MS-XFEM. In the third test case, the
influence of different coarsening ratios on MS-XFEM’s performance is investigated. The
preconditioned GMRES iterative strategy effectively reduces errors to the desired level,
as anticipated. Notably, when using larger size coarse mesh elements, an additional
25 iterations of preconditioned GMRES are needed. This is a reasonable outcome, as
larger coarse mesh sizes may introduce more errors before the smoothing process. All
test cases underscore the considerable potential of applying MS-XFEM in the complex
simulation of fractured formations found in real-world scenarios.
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6
MS-XFEM FOR SIMULATING

MIXED-MODE FRACTURE

PROPAGATION

This chapter extends the applicability of MS-XFEM to simulate fracture growth under
compression in mixed mode. It is noteworthy that contact and slip behavior between
fracture surfaces can result in the propagation of fractures in mode I, despite the pre-
vailing global compression loading conditions. In real-world subsurface fractured for-
mations, operations such as fluid injection can similarly induce the opening of fractures
within highly compressed formations. This unique scenario, characterized by the coex-
istence of both mode I and mode II fractures, is referred to as ’mixed mode.’ To effectively
employ MS-XFEM in real-field simulations, it is imperative to ascertain its suitability for
accurately modeling mixed-mode fracture propagation.

6.1. MIXED MODE FRACTURES PROPAGATION

Fracture propagation under compressive global loading typically involves a mixed-mode
failure phenomenon, as depicted in Fig. 6.1. The application of compressive outer
boundary loading results in the contact of fracture surfaces, accompanied by non-zero
contact forces. Upon activation of these fractures, the dominant behavior along the frac-
ture surfaces manifests as slip, indicative of mode-II shearing behavior. This slip may
activate the tip of fractures, initiating their propagation. Notably, the propagated seg-
ment of the fracture tends to promptly open due to the slip along the original part of
the fracture, characterizing this propagation as, in essence, a local mode-I propagation
mechanism.
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6. MS-XFEM FOR SIMULATING MIXED-MODE FRACTURE PROPAGATION

Figure 6.1: Illustration showing the kinked propagation of a fracture due to shearing along the original fracture.
The shearing along the initial fracture section (in black color) induces forces causing the kinked propagated
part (in red color) to open.

6.1.1. CHALLENGES OF KINKED CRACK GROWING PATHS

Simulating mixed-mode fracture propagation through the maximum principle stress cri-
terion using stress intensity factors in Eq. (2.29) can be challenging. In Equation (2.29),
the propagation angle computation requires the computation of KI and KI I values at
the end of each propagation step. However, in embedded methods like XFEM, com-
putational oscillations may manifest during the stress intensity factor calculations. For
instance, when simulating the propagation of a wing crack subjected to uniaxial com-
pression loading. Fig. 6.2 (a) demonstrates the oscillatory behavior exhibited by KI I

throughout the propagation steps, a phenomenon also documented in [102].
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Figure 6.2: (a)Oscillation of stress intensity factor KI I in the simulation of wing crack propagation and (b)
oscillation of KI I in the simulation of wing crack propagation.

The oscillations observed in KI I have a significant impact on the resulting crack path, of-
ten manifesting as a ’zig-zag’ pattern, as illustrated in Fig. 6.2(b). This effect arises from
the variation in the computed propagation angle, which relies on the oscillatory values
of KI I obtained through Equation (2.29). Thus, in this chapter, the maximum princi-
ple stress theory based on the weighted spatial average stress vector, as introduced in
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6.2. ALGORITHM FOR APPLYING MS-XFEM

Chapter 2, is applied to determine the propagation angle.

6.1.2. PRINCIPLES OF MIXED MODE FRACTURES PROPAGATION

For a multiple fractured medium under compressive loading, a fracture tip is considered
to propagate if its surrounding stress values surpass the tensile strength of the material.
This is expressed as

σ1 >σt , (6.1)

in which σ1 represents the maximum principal tensile stress, and σt represents the ten-
sile strength of the material. The propagation speed, or the distance which fractures tips
propagate in one time step, is taken as a constant value, which is the same as in Chapter
4. The propagation angle is computed by the weighted spatial average method intro-
duced in section 2.3.

6.2. ALGORITHM FOR APPLYING MS-XFEM

The algorithm detailing the application of MS-XFEM for simulating mixed-mode frac-
tures propagation under compression loading is presented in algorithm. 4. This algo-
rithm represents a fusion of the methodologies developed in Chapter 4 and Chapter 5.
Still, in the application of MS-XFEM, basis functions are updated locally where fracture
geometries change. The convergence conditions within each time step are the same as
the two standard convergence conditions introduced in Chapter 5.

Algorithm 4 Algorithm for applying MS-XFEM to the simulation of fractures propagation

Construct fine scale K h

for i = 1 → final step do
For iteration v
while ‖r v+1‖

‖ri ,0‖ 
 τr or ‖Δd v+1‖
‖d v‖ 
 τd do

Update K p v = K h +Kcon
v

Solve using MS-XFEM with preconditioned GMRES until convergence
Update d v+1 = d v +Δd v+1

Update r v+1 = f h − fc −K h ·d v+1

Update stick and slip conditions along each Gauss point
end while
Update fractures and K h

end for

6.3. TEST CASES

In this section, two test cases demonstrating the application of MS-XFEM for simulating
fractures under compressive loading are presented. Two convergence tolerance values,
τr and τd , are set as 10−6 and 10−3, respectively.
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6. MS-XFEM FOR SIMULATING MIXED-MODE FRACTURE PROPAGATION

6.3.1. WING CRACK PROPAGATION IN UNI-AXIAL COMPRESSION

In this test case, a rectangular granite sample of size 60 [mm]×120 [mm] under uni-axial
compression is simulated using MS-XFEM. This test is based on the experimental test
performed in the literature [103]. The setup is shown in Fig 6.3. The fracture is in to-
tal 6 [mm] long and is rotated by α degrees with respect to the x-axis and located at the
center of the sample. The material is granite with Young’s modulus E = 62 [GPa] and
Poisson’s ratio is ν = 0.22. The tensile strength is 16 [MPa] and the penalty parameters
are set as CT =CN = 62×102 [GPa].

120 mm

60 mm

A�; � 00FG

H

Figure 6.3: Test case 1: illustration of the model setup.

The lower-left corner is fixed in both the x and y directions, whereas the remaining nodes
along the bottom boundary are restricted solely in y-direction. On the contrary, at the
upper boundary, a controlled downward displacement condition is enforced. This con-
dition dictates a downward displacement at a rate of 0.1 [mm/s]. Lastly, the left and right
boundaries are stress-free, which will result in mixed-mode propagation, as the opening
along the fracture is not constrained by the left and right boundaries. The entire simu-
lation duration spans 10 [s] and is discretized into 10 equal steps, each lasting 1 [s]. The
fine-scale mesh is defined as 30×60, while the coarse-scale mesh is set to 3×6, employ-
ing a coarsening ratio of [10×10]. Within this context, preconditioned GMRES iterations
are employed with a tolerance threshold of 10−2.
To evaluate the accuracy of the final result, a direct comparison is conducted between
the major wing crack propagation paths simulated using fine-scale XFEM and those ob-
tained in the experimental study from the literature [103]. This comparative analysis in-
volves selecting three different rotation angles, namely α=π/6,π/4,π/3, consistent with
the conditions outlined in [103]. The results are depicted in Fig. 6.4. The red-colored
crack paths represent simulations conducted with fine-scale XFEM and are superim-
posed onto images extracted from the experimental study in [103]. The black-colored
paths labeled with ’T’ correspond to tensile wing cracks. It is evident that for all three

72

https://6.ms/


634065-L-sub01-bw-Xu634065-L-sub01-bw-Xu634065-L-sub01-bw-Xu634065-L-sub01-bw-Xu
Processed on: 22-2-2024Processed on: 22-2-2024Processed on: 22-2-2024Processed on: 22-2-2024 PDF page: 89PDF page: 89PDF page: 89PDF page: 89

6.3. TEST CASES

tests with varying inclination angles, the simulated major wing crack paths closely re-
semble the experimental observations. Importantly, the crack paths generated using
fine-scale XFEM exhibit significantly smoother profiles than those shown in Fig. 6.2 (b).

(a) π/6 (b) π/4 (c) π/3

Figure 6.4: Test case 1: crack paths simulated using fine-scale XFEM are compared to experimental crack paths
for various inclination angles: (a) π/6, (b) π/4, and (c) π/3. The red lines represent crack paths simulated with
fine-scale XFEM, while the black-colored crack paths labeled with ’T’ on the experimental images denote the
major wing cracks. The grey background images are sourced from [103].

If the crack paths simulated using MS-XFEM closely resemble those generated by fine-
scale XFEM, it signifies that MS-XFEM can produce sufficiently accurate results. The
crack paths simulated with MS-XFEM (utilizing GMRES) for all three inclined angles are
compared to the crack paths shown in Fig. 6.4 and are presented in Fig. 6.5. The figure
clearly demonstrates a high degree of alignment between the crack paths simulated with
MS-XFEM (with GMRES) and those obtained through fine-scale XFEM.
In Fig. 6.6, the x directional displacement from fine scale XFEM and MS-XFEM with in-
clination angle of π/6 are plotted. The error plot between these two displacements fields
is also plotted in Fig 6.6 (c). Preconditioned GMRES iterations reduce the errors of MS-
XFEM results significantly as expected.
The basis functions for the coarse mesh node at coordinates [0.02,0.04], at both step 1
and step 6, are depicted in Fig. 6.7. It is evident that the update of basis functions has
been successful in capturing the propagating fracture tip.
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Figure 6.5: Test case 1: Crack paths simulated with MS-XFEM compared to the crack patterns generated by
fine-scale XFEM. The inclination angles are (a) π/6, (b) π/4, and (c) π/3. The blue circles represent the crack
paths simulated with fine-scale XFEM, while the red lines represent the crack patterns from MS-XFEM.

(a) (b) (c)

Figure 6.6: Test case 1: x direction displacement of (a) fine scale XFEM and (b) MS-XFEM. The error plot
between these two results is shown in (c).

6.3.2. MULTIPLE FRACTURES PROPAGATION UNDER COMPRESSION

In this test, a sandstone sample of size 10 [m]×10 [m] with 9 fractures under compres-
sion loading is simulated, as shown in Fig. 6.8. All 9 fractures have the same length of
1 [m]. The coordinates of the fractures are given in Table. 6.1
The material is sandstone with Young’s modulus E = 25 [GPa] and Poisson’s ratio ν =
0.23. The tensile strength is 6 [MPa]. Penalty parameters are set as CT = CN = 2.5 ×
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(a) (b)

Figure 6.7: Test case 1: basis functions of coarse mesh point [0.02,0.04] at step (a) 1 and (b) step 6. Red lines
represent the coarse mesh and white segment represents the fracture.

Left Tip Right Tip
Fracture 1 [ 2.52 , 2.87] [ 3.48 , 3.13 ]
Fracture 2 [ 4.68 , 3.38 ] [ 5.32 , 2.62 ]
Fracture 3 [ 6.57 , 2.75 ] [ 7.43 , 3.25 ]
Fracture 4 [ 2.91 , 5.49 ] [ 3.09 , 4.51 ]
Fracture 5 [ 4.51 , 4.91 ] [ 5.49 , 5.09 ]
Fracture 6 [ 6.52 , 5.13 ] [ 7.48 , 4.87 ]
Fracture 7 [ 2.65 , 6.65 ] [ 3.35 , 7.35 ]
Fracture 8 [ 4.87 , 7.48 ] [ 5.13 , 6.52 ]
Fracture 9 [ 6.65 , 6.65 ] [ 7.35 , 7.35 ]

Table 6.1: Test case 2: illustration of the fractures coordinates.

1012 [Pa]. Frictional coefficient is μ f = 0.577. Regarding boundary conditions, the left-
bottom corner is completely fixed, while the nodes along the bottom boundary are con-
strained in vertical direction. On the top boundary, a downward distributed loading q
is applied. The initial value of q is 10 [MPa], and it increases by 1 [MPa] in each loading
step.
The simulation spans a total time of 11 seconds, with each time step lasting 1 second.
The fine-scale mesh employed consists of a grid with dimensions of 50× 50, while the
coarse mesh employs a 5× 5 grid, resulting in a coarsening ratio of 10× 10. Precondi-
tioned GMRES is utilized for the simulation, with a specified tolerance of 10−2. This
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10 m

10 m

Figure 6.8: Test Case 2: illustration of the model setup.

setup aims to evaluate whether MS-XFEM can accurately simulate crack propagation
with only a minimal number of smoothing iterations.
The crack propagation paths at steps 6 and 11 are illustrated in Figure 6.9. The crack
paths simulated using MS-XFEM are superimposed upon those simulated with fine-
scale XFEM. It is evident from Figure 6.9 that these paths exhibit a close match, validating
the accuracy of the MS-XFEM simulations.
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Figure 6.9: Test case 2: crack patterns simulated by fine scale XFEM (blue circle) and MS-XFEM (red cross) at
time step (a) 6 and (b) 11.

The displacement fields in the x and y directions at final step (step=11) from both fine-
scale XFEM and MS-XFEM (with GMRES) are visualized in Figure 6.10. Notably, the re-
sults obtained from MS-XFEM closely align with those from fine-scale XFEM. To further
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6.3. TEST CASES

illustrate this agreement, the displacement errors between the two methods are depicted
in Figure 6.11. By employing preconditioned GMRES, these errors are effectively reduced
to the desired level.

(a) dx fine scale XFEM (b) dy fine scale XFEM

(c) dx MS-XFEM (d) dy MS-XFEM

Figure 6.10: Test case 2: displacements fields simulated from fine scale XFEM (first row) and MS-XFEM with
preconditioned GMRES iterations using tolerance of 10−2 (second row).

The basis functions centered at the coarse mesh point [4,6] at time steps 8 and 11 are
displayed in Fig. 6.12. Clearly, the basis functions update has effectively captured the
fracture propagation. Note that the junction between fracture 8 and fracture 5 is per-
fectly captured by basis functions in 6.12 (b).

6.3.3. FRACTURES PROPAGATION DUE TO LATERAL TRACTION FORCES

This test investigates fault slip and propagation within a heterogeneous fractured for-
mation in response to lateral forces, representing a scenario of induced fault sliding and
propagation. The fractured formation shown in Fig. 6.13 has a size of 150 [m]×40 [m]
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(a) (b)

Figure 6.11: Test case 2: Displacement field errors between simulations from fine-scale XFEM and MS-XFEM
in (a) x direction and (b) y direction. Black lines depict the coarse-scale mesh.

(a) (b)

Figure 6.12: Test case 2: Basis functions centered at the coarse mesh point [4,6] at time steps 8 and 11. Notably,
the updated basis functions in (b) accurately capture the "T"-shaped intersection between fracture 8 and frac-
ture 5. Red lines represent the coarse mesh and white segments represent fractures.

and contains seven fractures. The heterogeneous Young’s modulus field is depicted in
Figure 6.14. The Poisson’s ratio remains constant at ν= 0.2 throughout the domain, and
a frictional angle of 30 degrees corresponds to a frictional coefficient ofμ f = 0.577. To ac-
count for heterogeneities within the formation, penalty parameters (CT and CN ) for each
element are set as 100 times the local Young’s modulus value, a method previously de-
scribed in Chapter 5, Test Case 4. The tensile strength of this formation is set as 6 [MPa].
Boundary conditions are imposed as follows: displacements in x-direction are constrained
along the left boundary, while displacements in y-direction are fixed along the bottom
boundary. It is assumed that this formation lies at a depth of 500 [m] below the ground
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40
 m

150 m

Figure 6.13: Test case 3: illustration of the model setup.

Figure 6.14: Test case 3: illustration of heterogeneous Young’s modulus map for test case 3.

surface, with homogeneous sandstone as its overburden. Therefore, the compressive
loading distributed along the top boundary has a magnitude of 1.3×107 [N/m]. Along
the right boundary, a linearly distributed tensile loading is introduced to model the trac-
tion force resulting from for example the shrinkage of a nearby reservoir. Specifically,
at the upper right corner, the tensile loading is set at 1.3×104 [N/m], while at the lower
right corner, it is equal to 1.4×104 [N/m].
The fine-scale mesh for the fine Scale XFEM is configured as 150×40, while the coarse
mesh is established as 15×4 for efficient problem simulation. The total simulation time
spans five steps, and for each step, the fracture propagation length is set at 1.5 times the
element size. In this approach, preconditioned GMRES is utilized, with the tolerance
maintained at 10−2.
The final displacement solutions obtained from the fine scale XFEM and MS-XFEM are
presented in Figure 6.15. The presence of fracture sliding is clearly evident in the figures,
as expected when lateral tensile traction is applied to subsurface formations. Error plots
are depicted in Figure 6.16. Notably, it is evident that the simulation results achieved
with MS-XFEM closely approximate the fine-scale XFEM solutions.
Fracture patterns simulated using fine scale XFEM and MS-XFEM after final simulation
step are compared in Fig. 6.17. The blue circles represent the crack pattern by fine scale
XFEM and the red crosses represent the crack pattern by MS-XFEM. It is obvious that the
crack path predicted by MS-XFEM is identical to the one from fine scale XFEM. The ac-
curate displacements computation from MS-XFEM normally lead to correct predictions
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(a) dx fine scale XFEM (b) dx MS-XFEM

(c) dy fine scale XFEM (d) dy MS-XFEM

Figure 6.15: Test case 3: comparison between displacements solutions from fine scale XFEM and MS-XFEM. (a)
and (c) represent displacements solutions from fine scale XFEM. (b) and (d) represent displacements solutions
from MS-XFEM.

(a) error in dx (b) error in dy

Figure 6.16: Test Case 3: Errors between displacements solutions from fine scale XFEM and MS-XFEM in (a) x
direction and (b) y direction. Black lines depict the coarse scale mesh.

of fractures propagation paths. This means that MS-XFEM is capable of simulating in-
duced sliding and propagation of heterogeneous subsurface formation.

0 50 100 150
0

20

40

Figure 6.17: Test case 3: crack patterns simulated by fine scale XFEM (blue circle) and MS-XFEM (red cross) at
time step 5.

The basis functions belonging to coarse mesh points [120,10] and [120,10] at step 1 and
step 5 are plotted in Fig. 6.18. From Fig. 6.18 (a) and Fig. 6.18 (b), the growth of the frac-
tures is nicely captured by the basis functions. This demonstrates that the construction
and update of basis functions are successful.
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(a) Py y at step 1

(b) Py y at step 5

Figure 6.18: Test case 3: Basis functions centered at the coarse mesh point [120,10] at time steps 1 and 5.
Notably, the updated basis functions accurately capture the growth of fracture.

6.4. CONCLUSION

In this chapter, the successful application of MS-XFEM to simulate fracture growth under
compression in mixed mode is demonstrated. The utilization of the weighted spatial av-
erage method, introduced in Chapter 2, ensures the simulation of smooth crack propa-
gation paths. This is proved in the first test case by comparing the numerical crack paths
generated by fine-scale XFEM and experimental images. Furthermore, when employ-
ing MS-XFEM with preconditioned GMRES, the accuracy of wing crack path simulation
closely matches that of fine-scale XFEM. The second test case and final test case show
MS-XFEM’s capability to simulate the propagation of multiple cracks in mixed mode
under compression. The basis functions exhibit outstanding performance in capturing
the extension of fractures and the formation of new cross discontinuities. In the final test
case, MS-XFEM also shows its capability to simulate heterogeneous formation. These re-
sults underscore the significant potential of MS-XFEM for real-world applications, such
as simulating hydraulic fracture propagation or induced fractures propagation, where
accurate and efficient modeling is crucial.
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7
CONCLUDING REMARKS AND

FUTURE PERSPECTIVES

Simulation of underground fractured formations is crucial for current worldwide energy
supplies including traditional oil and gas energy and the new sustainable applications
of environmental protection and energy storage. In this thesis, the multiscale extended
finite element method (MS-XFEM) is developed to provide efficient and accurate simu-
lation results. The ultimate goal of using this MS-XFEM is to ensure that it can assist in
simulating the contact-frictional behavior of fractures under external compressive load-
ing and fractures propagation due to mixed-mode loading. The whole project is per-
formed in two main stages of developing MS-XFEM for the simulation of fractures un-
der tensile loading and under compressive loading, which are described in the following
subsections.

7.1. MS-XFEM FOR THE SIMULATION OF FRACTURES UNDER

TENSILE LOADING

The primary objective of integrating multiscale methods with XFEM is to ensure the in-
corporation of all fractures or discontinuities within the basis functions. This guarantees
the accurate preservation of these discontinuities in the final fine-scale solutions, which
are interpolated from the coarse-scale solutions. Additionally, this approach offers the
advantage of eliminating the need for extra degrees of freedom (DOFs) within the coarse-
scale system, effectively transforming it into a simplified FEM system. This reduction in
DOFs significantly reduces the size of the matrix system, enhancing computational effi-
ciency.
Chapter 3 introduces a novel approach to constructing basis functions for MS-XFEM,
known as the local solving method. This method involves computing local XFEM prob-
lems within each individual coarse element. In this process, the values of basis func-
tions along the coarse element’s boundary are determined by initially solving the re-
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duced equilibrium equations. In 2D, to approximate this reduced equilibrium equation,
a 1D bar model is employed. If the coarse element boundary is fractured, a 1D XFEM
model is solved; otherwise, a 1D FEM model is used. These boundary values are then
used as boundary conditions to calculate the values of basis functions within the coarse
element.
This construction process can be executed algebraically, directly operating on the fine-
scale stiffness matrix, making it a more convenient alternative to the local solving method.
In Chapter 4, when applying MS-XFEM to simulate fracture propagation, basis functions
can be updated locally. As fractures propagate on the fine-scale level, basis functions as-
sociated with the coarse-scale elements, where fracture tips propagate are recomputed
and updated. Consequently, a new MS-XFEM displacement solution is computed based
on these updated basis functions.
To reduce both high-frequency and low-frequency errors to a desired level, an iterative
strategy has been employed. One commonly adopted approach is the two-stage iter-
ative method, comprising a first stage utilizing of the multiscale solver and a second
stage applying of the fine-scale smoother I LU (0). Alternatively, an iterative method has
been found to be highly effective in reducing high-frequency errors, especially in com-
plex fractured domains. These strategies have demonstrated their efficacy in enhancing
the accuracy and convergence of the MS-XFEM methodology, making it a robust tool for
simulating fracture propagation in heterogeneous geological formations.
The proposed MS-XFEM method has demonstrated its accuracy and efficiency across
various test cases presented in Chapter 3. The MS-XFEM solutions, enhanced by the
two-stage iterative method, exhibit close agreement with fine-scale XFEM solutions. Ad-
ditionally, MS-XFEM has proven its accuracy in handling heterogeneous domains with
multiple fractures. The algebraic approach for constructing basis functions has been a
success, effectively capturing multiple discontinuities within a single coarse mesh ele-
ment.
In scalability tests, the experiments with varying numbers of fractures have proved that
MS-XFEM is not affected by the number of extra DOFs, highlighting a key advantage of
this methodology. While the computational cost of MS-XFEM has not been quantified in
terms of CPU time due to its implementation on a non-C++ platform, an operator-based
analysis has been employed to assess the cost-efficiency ratio of MS-XFEM relative to
fine-scale XFEM. The results of this analysis illustrate that MS-XFEM excels in efficiency,
particularly when the number of grids is too large.
MS-XFEM has proven its capability to effectively simulate fracture propagation, pro-
vided that the basis functions undergo proper updates. This update process involves the
recomputation of local basis functions associated with coarse elements where changes
in fracture geometries occur, which are then reassembled into the global basis func-
tions matrix denoted as P . The utilization of preconditioned GMRES for smoothing out
high-frequency errors within the final displacement field ensures the accurate simula-
tion of fracture propagation paths. Chapter 4, in particular, focuses on simulating frac-
ture propagation under tensile stress, with both test cases demonstrating the remarkable
accuracy of MS-XFEM in predicting fracture propagation paths when compared to those
computed by fine-scale XFEM. The success of these simulations can be attributed to the
precise basis function updates, as evidenced in the results presented in Chapter 4.
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7.2. MS-XFEM FOR THE SIMULATION OF FRACTURES UNDER

COMPRESSIVE LOADING

The MS-XFEM is further developed to enable the simulation of fractured formations
under compressive loading, a common loading condition in subsurface fractured for-
mations. In contrast to fractures under tensile stress, fractures subjected to compres-
sion exhibit contact forces along their surfaces. To prevent penetration between the two
sides of fractures, the penalty method is employed at the fine-scale level, as elaborated
in Chapter 5. In the penalty method, an artificial high stiffness is introduced to each frac-
tured element, effectively averting penetration between fracture surfaces. Additionally,
the slip conditions at fracture interfaces are governed by Coulomb’s law. Therefore, when
combining the penalty method with XFEM, an auxiliary contact matrix is incorporated
into the fine-scale stiffness matrix. This contact matrix is iteratively updated in response
to changes in stick-slip conditions across all Gauss points along the fractures.
As for the simulation of contact-frictional behavior using MS-XFEM, the basis functions
construction strategy is the same as applied in Chapter 3. The stiffness matrix without
contact matrix is used to construct the basis functions in order to avoid unnecessary
computational cost as explained in Chapter 5.
The effectiveness of MS-XFEM in simulating the deformation field of fractured forma-
tions under compression is well-demonstrated through the test cases in Chapter 5. Be-
ing an embedded method, the sensitivity of the slip profile to mesh resolution is evident,
as demonstrated in the first test case in Chapter 5. It highlights that finer mesh reso-
lutions yield results closer to the analytical solution. At a given mesh resolution, MS-
XFEM demonstrates its capability to closely simulate the slip profile compared to fine-
scale XFEM, indicating its accuracy in modeling contact-frictional behavior. Notably, in
the completely cracked test case, MS-XFEM proves to be accurate even without the ap-
plication of preconditioned GMRES. This underscores the success in constructing basis
functions that effectively capture contact-frictional behavior along fractures. The final
test case in Chapter 5 showcases MS-XFEM’s ability to simulate the contact behaviors of
multiple fractures within a single domain under compression, with the basis functions,
much like in Chapter 3, adeptly capturing multiple discontinuities.
The thesis attains its objective in Chapter 6, where the application of MS-XFEM for sim-
ulating crack propagation under compression is expounded. Wing cracks emerge in re-
sponse to local tensile stress occurrences around fracture tips, often due to kink prop-
agation induced by slip along fracture surfaces. However, the conventional application
of maximum principle stress theory utilizing Stress Intensity Factors (SIFs) encounters
challenges in this simulation, especially as Mode II SIFs exhibit oscillations during the
fracture tip propagation process. In Chapter 6, the direction of propagation is deter-
mined by a weighted spatial averaged stress vector based on Gauss points in the finite
elements near the fracture tips. Nevertheless, this direction computation still relies on
Maximum Principle Stress Theory. The test case presented in Chapter 6 verifies the accu-
racy of MS-XFEM in simulating wing crack propagation by comparing results to images
obtained from experimental studies. Furthermore, Chapter 6 demonstrates the preci-
sion of MS-XFEM in simulating the propagation of multiple wing cracks.
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7.3. FUTURE PERSPECTIVES

While this thesis has introduced an efficient and accurate method for addressing com-
plex subsurface fractured formations, there remain several important aspects that re-
quire further investigation. These avenues for future research are essential to enhance
the comprehensiveness and applicability of the proposed methodology.
Further validation efforts are imperative to enhance both the fine-scale XFEM simula-
tor and the MS-XFEM framework. While the fine-scale XFEM simulator in this thesis
yields high-quality displacement solutions, challenges persist in areas such as slip pro-
file generation. Certain issues within the fine-scale XFEM framework have not been fully
resolved in this PhD research. A recommended future improvement involves the appli-
cation of higher-order shape functions to mitigate oscillations in slip profiles along the
discontinuity interface. These enhancements are anticipated to positively impact the
quality of MS-XFEM solutions, given the framework’s reliance on constructing a fine-
scale stiffness matrix. Regarding the MS-XFEM framework, additional validation work is
required to further establish its accuracy in simulating deformation and fractures prop-
agation within fractured subsurface formations.
The implementation of adaptive multi-level mesh simulations constitutes a pivotal ad-
vancement within the context of MS-XFEM. Extensive research efforts have already ex-
plored the domain of adaptive multi-level mesh simulations [68, 69, 93, 104, 105]. This
imperative step serves as a prerequisite for the practical application of MS-XFEM in
real-field scenarios, such as enhanced geothermal systems (EGS) and carbon capture
and storage (CCS). In the simulation of fractured subsurface formations, the focus often
centers on the stress field around fracture tips or slip profiles along fracture surfaces,
rather than the stress distribution or displacement fields in fracture-free zones. This un-
derscores the suitability of adaptive multi-level simulations, where finer-scale grids are
judiciously applied to regions encompassing propagating fracture tips and fracture in-
tersection points. Conversely, coarser-scale grids suffice for areas devoid of fractures.
However, the determination of an optimal coarsening ratio for the first level coarse-
scale grids requires comprehensive research. Based on the MS-XFEM framework pro-
posed in this thesis, it is anticipated that all coarser-level scale systems restricted from
the first level coarse-scale system are finite element systems. Fracture related informa-
tion resides only within the basis functions mapping the first level coarse-scale mesh to
the fine-scale grids. Chapter 3 results illuminate that different coarsening ratios yield
varying levels of accuracy, underscoring the significance of selecting the most optimized
coarsening ratio for the first level coarse-scale grids.
Besides the incorporation of adaptive multi-level mesh simulation, there are two other
crucial aspects essential for practical applications of MS-XFEM method real-world sce-
narios. The first one is its extension into three-dimensional (3D) domains. Progress in
adapting this methodology to 3D contexts is evident from prior research contributions
[106, 107]. However, a formidable challenge presents itself in the extension of discon-
tinuities into four-dimensional basis functions. In a 3D domain, these basis functions
are functions of (x, y, z) coordinates, thus necessitating a four-dimensional representa-
tion. The integration of 2D fracture planes into these four-dimensional basis functions
remains a significant and complex challenge. The second aspect pertains to the integra-
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tion of plastic deformation modeling within the MS-XFEM framework, an area that has
been explored in recent research efforts [108–110]. It is noteworthy that the present the-
sis work is grounded in the assumption of a linear elastic constitutive law, which does not
align with the material behavior observed in actual subsurface formations. To enhance
the practical applicability of MS-XFEM in real-world subsurface applications, further in-
depth research and investigation are imperative in this specific domain.
MS-XFEM is capable of simulating the entire global domain of interest, yet it is partic-
ularly optimized for application within specific local fractured zones of interest. Within
fractured formations, not all fractures hold equal importance. For instance, the propa-
gation of a single micro-fracture within a massive subsurface formation spanning 4 to 5
orders of magnitude in length may have a limited impact on the entire domain. There-
fore, an effective strategy involves initially identifying those significant large-scale yet
localized zones where peak stresses emerge, such as around major fault lines or within
densely interconnected fracture networks. Subsequently, the application of MS-XFEM to
simulate these specific zones proves highly efficient. MS-XFEM delivers precise defor-
mation and propagation results, facilitating a deeper comprehension of the behaviors
exhibited within the broader context of fractured formations.
Finally, migration of the current MS-XFEM code base onto a C++ platform is necessary
for its future development. This transition not only aligns with industry standards but
also harnesses the computational efficiency intrinsic to C++. Furthermore, the utiliza-
tion of parallel computing resources is paramount. A comprehensive evaluation of MS-
XFEM’s efficiency through real-time CPU performance analysis is indispensable, given
the current limitations of MATLAB-based codes in this context. To accommodate the
simulation of extensive-scale models essential for real-world applications, parallel com-
puting on clusters emerges as an absolute necessity. This momentous stride is pivotal
for the seamless integration of MS-XFEM into authentic field research scenarios.
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