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A numerical model for the design and analysis of electro-osmosis consolidation in soft clay is used
to study a well-documented full-scale field test. The large-strain model, which considers coupled
electro-osmosis flow, hydraulic flow and electric density flow in a deformable elasto-plastic porous
medium, is briefly introduced first. It is then used to analyse the field test, including a sensitivity
analysis to study the uncertainty of the model in simulating the test. The results of the numerical
analyses are found to be consistent with measurements of the ground settlement profile. Moreover,
the sensitivity results illustrate that the soil improvement induced by electro-osmosis consolidation
is sensitive to the electro-osmosis conductivity, and that consideration of the voltage drop that occurs
at the electrodes during the test is necessary.

KEYWORDS: electrokinetics; finite-element modelling; ground improvement; settlement

ICE Publishing: All rights reserved

NOTATION
b body force vector

Cp electrical capacitance per unit volume
Dep stress–strain matrix
F ext external loads vector

f arbitrary scalar valued function
I identity vector
j electrical current flux

K c hydraulic flow matrix
Keo electro-osmosis flow matrix
Knl non-linear stiffness matrix
Kσe current flux matrix
K0 coefficient of earth pressure at rest
keo electro-osmosis permeability
kw hydraulic conductivity
kσe electrical conductivity of the soil
L coupling matrix
M friction constant
p pore water pressure
p pore water pressure vector

Qp
ext external fluid supply vector

QV
ext external current supply vector
t time
u displacement vector
V electric potential
V electric potential vector
v spatial velocity
v̄ filtration velocity of water relative to soil skeleton
X reference configuration coordinates
x current configuration coordinates
z elevation
γ unit weight of soil

γw unit weight of water
ε strain vector
κ unloading–reloading index
λ plastic compression index
ν Poisson’s ratio
π πth phase
σ total Cauchy stress vector
σ′ effective Cauchy stress vector

dσ′J effective Jaumann stress rate vector
φ mapping function
ϕ friction angle
Ω spin tensor

INTRODUCTION
As an innovative and effective ground improvement method
for soft clays, electro-osmosis consolidation has generated
much interest in geotechnical engineering for many decades.
Since the 1960s, laboratory devices have been developed to
measure electro-osmosis in clays (Gray, 1970; Lockhart &
Hart, 1988; Shang, 1997; Lefebvre & Burnotte, 2002; Fourie
et al., 2007; Gabrieli et al., 2008; Airoldi et al., 2009)
although, due to their mechanical and hydraulic properties,
clays are not easy to work with.

Since the pioneering work of Casagrande (1952), who
investigated the strengthening of soft clay in slope stabilis-
ation work by electro-osmosis consolidation, several success-
ful field applications have been reported (Bjerrum et al.,
1967; Chappell & Burton, 1975; Lo & Ho, 1991; Burnotte
et al., 2004; Chew et al., 2004). For this purpose, feasibility
studies and a proper design are important, although most
field applications have been conducted based on laboratory-
scale studies (e.g. Lefebvre & Burnotte, 2002; Burnotte et al.,
2004), which may be both time-consuming and costly. Hence
numerical modelling is needed in the design and analysis of
electro-osmosis consolidation in order to assess factors for
achieving optimal dewatering effects and estimating the cost.

Esrig (1968) first proposed an analytical solution to cal-
culate the excess pore water pressure in a one-dimensional
uniform electric field. Based on Esrig’s equations, many
researchers have since presented analytical and numerical
solutions for electro-osmosis consolidation (Lewis & Garner,
1972; Wan & Mitchell, 1976; Shang, 1998; Rittirong &
Shang, 2008; Tamagnini et al., 2010; Yuan et al., 2012, 2013,
2015; Jeyakanthan & Gnanendran, 2013; Zhou et al., 2013;
Hu & Wu, 2014; Yuan & Hicks, 2013, 2014, 2015).

Numerical simulations of full-scale field tests involving
electro-osmosis consolidation are seldom reported because the
available analytical and numerical models typically only con-
sider simple geometries, boundary conditions and material
behaviour. Recently, Rittirong & Shang (2008) analysed the
field test reported by Bjerrum et al. (1967) using a finite-
difference model in which the settlement and undrained shear
strengthwere considered indirectly. Yuan et al. (2013) analysed
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the electro-osmosis test carried out by Micic et al. (2003),
accounting for the three-dimensional (3D) geometry and
boundary conditions as well as elasto-plastic material behav-
iour.Hu&Wu (2014) performed anumerical simulationof the
field test conducted by Bjerrum et al. (1967); two-dimensional
(2D) and 3D geometries were both accounted for, based on
an elastic constitutive relationship and a single representative
section between one anode and one cathode. The same field
test was analysed by Yuan & Hicks (2015), who considered
large strain and elasto-plastic constitutive behaviour in a 2D
simulation of a single representative section of the full test.
In this paper, a multi-dimensional numerical model (Yuan

& Hicks, 2015) is employed to analyse a well-documented
large-scale field test of electro-osmosis consolidation (Burnotte
et al., 2004). The model is able to simulate the complicated
geometry and boundary conditions of the field test, including
the presence ofmultiple electrodes, aswell as practical features
such as current intermittence. The model also considers
geometric non-linearity and elasto-plastic soil mechanical
behaviour, as well as allowing for the incorporation of
non-linear variations of soil transport parameters (although
this latter feature is not required or utilised in this case study).
Themodel is briefly summarisedand then thenumerical results
are compared with measured data from the field test.

MATHEMATICAL MODELS
Large-strain analysis
Following large-strain porous media theory, the kinematics
and deformations of the solid skeleton are described using
Lagrangian coordinates, while those of the pore water are
described using Eulerian coordinates with respect to the
current configuration of the solid skeleton, when the updated
Lagrangian method is employed.
Consider an arbitrary reference configuration X, which has

position x at time t. The mapping function φ relates the initial
and current position vectors. Hence, for a typical timestep, the
updated configuration of the body may be written as

x ¼ φðX ; tÞ ð1Þ
The spatial velocity v of the material at point x is given by

v ¼ vðx; tÞ ¼ @x
@t

ð2Þ

For an arbitrary scalar valued function f (x, t), its material
time derivative with respect to its spatial description, and
referring to a moving particle of phase π, is defined by

Dπf π

Dt
¼ @f π

@t
þrf π � vπ ð3Þ

In a multi-phase porous medium, it is common to assume
the motion of the solid configuration as a reference and to
describe the motion of the πth phase particles relative to the
solid (s). Hence the fluid relative velocity can be written as

vπs ¼ vπ � vs ð4Þ
By considering the above relative velocities, the material time
derivative of f π with respect to the moving solid phase is
given by

Dsf π

Dt
¼Dπf π

Dt
þrf π � vsπ ð5Þ

Governing equations
In an updated Lagrangian formulation, the equilibrium
equation at the current configuration is

r � σ þ b ¼ 0 ð6Þ

where σ is the total Cauchy stress vector and b is the body
force vector. The principle of effective stress relates the total
Cauchy stress to the effective Cauchy stress σ′ through the
pore water pressure p

σ ¼ σ0 þ pI ð7Þ
where I is the identity vector. In a large-strain analysis,
the effect of rigid body rotations must be considered in the
stress–strain relations. This is often taken into account by
using a frame-independent stress rate, such as the Jaumann
stress rate, which is expressed as

dσ0J ¼ dσ0�dΩ � dσ0 � σ0 � dΩT ¼ Depdε ð8Þ
where Ω is the spin tensor, Dep is the stress–strain matrix and
ε is the strain vector.

The water mass conservation equation can be written as

r � ðvs þ v̄Þ ¼ 0 ð9Þ
where vs is the velocity of the soil particles and v̄ is the
filtration velocity of the water relative to the soil skeleton.
According to Esrig’s assumption (Esrig, 1968), the flow of
fluid due to electrical and hydraulic gradients may be
superimposed to obtain the total flow

v̄ ¼ � kw
γw

ðrpþ γwzÞ � keorV ð10Þ

where kw, γw and z are the hydraulic conductivity, the unit
weight of water and the elevation, respectively, keo is the
electro-osmosis permeability and V is the electric potential.

By applying the conservation of charge and assuming that
the current is steady state, the governing equation for the
electric field can be represented by

�r � j ¼ Cp
@V
@t

ð11Þ
in which j is the electrical current flux and Cp is the electrical
capacitance per unit volume, which can be considered
negligible for soil. According to Ohm’s law, the electrical
current flow can be expressed as

j ¼ �kσerV ð12Þ
where kσe is the electrical conductivity of the soil.

Finite-element formulation
The matrix form of the coupled governing equations can be
written as

Knl L 0

LT 0 0

0 0 Kσe

2
64

3
75

u̇

ṗ

V̇

2
64

3
75þ

0 0 0

0 Kc Keo

0 0 0

2
64

3
75

u

p

V

2
64

3
75¼

Ḟ
ext

Qext
p

Q̇
ext
V

2
664

3
775

ð13Þ
Further details of the matrices and vectors are given

elsewhere (Yuan &Hicks, 2013, 2015). The global governing
equations are solved using the classical finite-element
method (Smith & Griffiths, 2004). Yuan & Hicks (2015)
validated the formulation and demonstrated the perform-
ance of the various model components via a series of para-
metric studies.

NUMERICAL ANALYSIS OF FIELD TEST
A large-scale field test involving the electro-osmosis treat-
ment of soft clay, as reported by Burnotte et al. (2004), was
simulated using the finite-element model introduced in
the previous section. The test site was located near
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Mont St-Hilaire, in the St Lawrence valley, about 40 km east
of Montreal in Canada. The clay to be treated extended
from an elevation of 33·0 to 25·5 m. The test involved
the installation of 5 m long electrodes arranged in six rows
spaced 2 m apart, as shown in Fig. 1. In each row, the
electrodes (two anodes and two cathodes) were positioned at
spacings of 3 m. The steel anodes were positioned between
elevations of 31·5 and 26·5 m (Fig. 2), and linked to the
ground surface by PVC tubes. Chemical treatment was
introduced at the anodes to enhance the efficiency of the
electro-osmosis consolidation. As reported by Burnotte et al.
(2004), because of the chemical treatment, the measured
electro-osmosis permeability and electrical conductivity
were relatively constant until around day 34. The cathodes
were steel tubes of diameter 17 cm, and extended from the
ground surface to a depth of 14 m.

The numerical analysis considered cross-section A
(Fig. 1). Assuming that the influence of electro-osmosis
consolidation is limited to within 20 m of the electrodes in
the horizontal plane and down to 5 m below the treatment
target clay layer, a rectangular geometry of 49×20m was
selected for the analysis, as shown in Fig. 2. The finite-
element mesh was generated using eight-node quadrilateral
elements for displacements, coupled to four-node quadri-
lateral elements for modelling excess pore water pressure
and electrical potential. The profile was divided into four
layers: layer 1 represents the berm and an underlying stiff
clay layer; layer 2 represents a more impermeable clay layer;
layer 3 represents the treatment target clay layer; and layer 4
represents a lower soil layer.

Figure 2 shows that movement in the horizontal direction
is prevented at the left- and right-hand boundaries of the
domain, and prevented in the vertical direction at the bottom
boundary. Since water is allowed to flow out at the cathodes,
the nodes lying along each cathode are free draining. The
water table was at an elevation of 37·4 m, so the water
pressures are set to zero above thewater table. An impervious
layer was detected above the treated clay, isolating the
anodes from free water in the embankment layer. Note
that the slotted cathodes above the treatment zone are not
considered in the numerical simulation because there was
a stiff soil layer above the treatment zone and impervious
layer. The voltage at each cathode was set to zero, whereas
the voltage at each anode was the designated applied voltage.
The bottom and two lateral boundaries were assumed to be
impermeable to both water and electrical current.

The geotechnical properties of the soft clay, given in
Table 1, were obtained directly from Burnotte et al. (2004),
as were the electro-osmosis and hydraulic properties.
Although the proposed model does allow for non-linear
variation in transport parameters (Yuan & Hicks, 2014,
2015), constant soil transport parameters seem the most
appropriate choice in this case because of insufficient
data to calibrate a non-linear relationship and because the
evidence from the field test itself suggests that constant
parameters are applicable in this instance.

The modified Cam clay model was used in the analysis
and the parameters were obtained directly from the oedo-
metric curve in Burnotte et al. (2004), except for the friction
constant M. This was calculated from the relationship M=
6sinϕ/(3 − sinϕ) and so, by assuming a friction angle ϕ of

37·4 m

40·5 m

31·5 m

26·5 m

20·5 m

Layer 1
(Berm)

Layer 2

Layer 3

C10 A10 C4 A4

49 m

Elevation Electrodes

(Treated clay)

Layer 4

Fig. 2. Geometry and mesh of the model
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Fig. 1. Plan view of electrodes (after Burnotte et al. (2004))
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15°, M=0·567. Poisson’s ratio ν was assumed be 0·3 and the
preconsolidation pressure under the berm was taken to be
120 kPa, as reported by Burnotte et al. (2004). The material
parameters were assumed to be the same for all four layers,
due to the deformation of the top two and the bottom layers
being small and not affecting the final results significantly,
except that a hydraulic conductivity of 1·5×10−12 m/s was
assumed for layer 2.
The applied voltage was varied during the field test, and

current intermittencewas also considered. The duration of the
test was 48 d, excluding those days during which the current
was turned off. The applied voltage gradient between pairs of
electrodes for the first 22 dwas 0·33V/m on average; on day 22
it was reduced to 0·23 V/m for one week and then restored
to its initial value on day 29. The voltage was intermittent
for 3 d after 12 d of treatment, then for 7 d after the 22nd day
of treatment, and lastly for 2 d after treatment day 34.
To address the uncertainty in some of the model inputs,

a sensitivity analysis was conducted for friction angle ϕ,
hydraulic conductivity kw, electro-osmosis permeability keo
and the effects of an unplanned voltage drop at the anode
during the last two weeks of treatment. As the friction angle
of the clay was chosen to be 15°, the sensitivity analysis also
considered values of 10° and 20°. The hydraulic conductivity
of the treated clay measured in odeometer tests was between
1×10−9 and 2×10−9 m/s, and so these upper and lower limits
were also considered. Moreover, based on the field measure-
ments, it appears to be reasonable to take avalue of 3·5×10−9

m2/V.s for the electro-osmosis permeability for the main
analysis, whereas values of 3·0×10−9 and 4·0×10−9 m2/V.s
were adopted for the sensitivity analyses. As observed in the
field test, the treatment remained highly effective for the first
33 d, but becamemuch less effective in the last 2 weeks. Hence
voltage drop factors of 0·5 and 0·7 were also considered, so
that voltage gradients of 0·165 and 0·23V/m were applied
after day 34 in the sensitivity analyses.

RESULTS AND DISCUSSION
Results of the case study
Figure 3 shows excellent agreement between the computed
and measured average settlements, especially for the first
34 d of the treatment period. The computed settlements
were larger than the measured values between days 34 and
48 because, as reported for the field test, electro-osmosis
became much less effective in the last 2 weeks, but this was
not considered in the simulation. As can be seen in Fig. 3, a
very slight discontinuity in settlement occurred on days 12,
22 and 34, due to a small rebound in settlement caused by
the absence of an electric field during the periods of current
intermittence. Note that the current intermittent periods are
not included in the timescale of the simulation – that is, the
time axis (for this and later figures) refers only to the
treatment time.

The measured and computed settlement profiles at
different times and the settlement contours after 48 d are
illustrated in Figs 4 and 5, respectively. There is good agree-
ment between the computed and measured surface profiles
(Fig. 4), except on day 48 for the reasons discussed above.
The effective area reported in the field test was only limited
by the development of cracks, 5 m behind the outer row of
anodes and 4m behind the outer row of cathodes. Figure 6
shows close correlation between the computed horizontal
surface displacement and the locations of the cracks ob-
served in the field test; that is, the cracks are close to where
the computed horizontal tensile strains are highest.

Due to the 2D assumption, the electrical field variations
in the space between adjacent rows of electrodes (in the third
dimension) were not considered. This means that the model
predicts a stronger electrical current intensity than a 3D
model, and this will result in an overestimation of the surface
settlement. Therefore, 3D effects merit further investigation.

Parametric study
Figures 7–10 show the variation of settlement with time
plots for various sensitivity analyses. As seen in Figs 7 and 8,
the computed final settlement was relatively insensitive to
the friction angle and hydraulic conductivity. In contrast,

Table 1. Material parameters for the soft clay layer (after
Burnotte et al. (2004))

Parameter Value

kw 1·5×10−9 m/s
keo 3·5×10−9 m2/V.s
kσe 1·0 S/m
λ 0·316
κ 0·045
M 0·567
ν 0·3
K0 1·0
γ 16·4 kN/m3
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Fig. 3. Computed and measured average surface settlement
versus time
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Fig. 4. Computed andmeasured surface settlement after 15, 24,
34 and 48 d of treatment
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Fig. 9 shows the significant influence of the electro-osmosis
permeability, with the computed settlements for keo=
3·0×10−9 and 4·0×10−9 m2/V.s being around 13% lower
and higher than the reference case, respectively.
The influence on the computed settlement of a decrease

in the voltage at the anode after 34 d of treatment is shown in
Fig. 10. In the reference analysis there was no voltage drop
at the anode after day 34, but this is not supported by field
observations and it overestimates the final ground settlement

by 26·9%. In contrast, whenvoltage drop factors of 0·5 and 0·7
are incorporated in the analysis after day 34, overestimation of
the final settlement reduces to 4·7 and 13·2%, respectively.

CONCLUSIONS
A numerical model for analysing the electro-osmosis treat-
ment of soft clay has been briefly summarised. The model,
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Fig. 5. Computed settlement contours (in m) after 48 d of treatment
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Fig. 6. Computed horizontal displacement along the surface
after 48 d of treatment
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Fig. 7. Influence of friction angle on computed settlement
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which incorporates the modified Cam clay constitutive
model, was used to simulate ground settlement due to
electro-osmosis consolidation for a well-documented large-
scale field test. Overall, very good agreement between the
computed and measured ground surface settlements was
obtained, despite the deviation in surface settlement in the
last 2 weeks due to voltage loss at the soil–electrode interface
in the field test. The comparison demonstrates the capability
of the proposed finite-element model in modelling field
electro-osmosis treatment.
Furthermore, the results demonstrate that the analysis is

sensitive to the electro-osmosis permeability, but not to the
friction angle or hydraulic conductivity. The results of the
parametric study show that, by incorporating the effects of
voltage drop in the latter stage of the electro-osmosis treat-
ment, the accuracy of the numerical analysis is improved.
Overall, the results in this paper demonstrate that the
numerical model has potential use in the design and analysis
of electro-osmosis consolidation treatment for engineering
applications.
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Fig. 10. Influence of drop in voltage gradient on computed
settlement

WHAT DO YOU THINK?

To discuss this paper, please email up to 500 words to the
editor at journals@ice.org.uk. Your contribution will be
forwarded to the author(s) for a reply and, if considered
appropriate by the editorial panel, will be published as a
discussion.
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