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This work presents an optimization framework
for tailoring the nonlinear dynamic response of
lightly damped mechanical systems using spectral
submanifold (SSM) reduction. We derive the SSM-
based backbone curve and its sensitivity with respect
to parameters up to arbitrary polynomial orders,
enabling efficient and accurate optimization of the
nonlinear frequency–amplitude relation. Sensitivity
expressions are obtained via the adjoint method,
which significantly reduces computational cost
compared to direct differentiation as the number of
parameters increases. A key feature of the framework
is the automatic adjustment of the expansion order of
SSM-based reduced-order models using user-defined
error tolerances during optimization. We demonstrate
the effectiveness of the approach through several
numerical examples, including the first application
of topology optimization in nonlinear structural
dynamics via arbitrary-order SSMs. Hence, the
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proposed framework extends the applicability of SSM-based optimization to practical
engineering problems, providing a robust tool for designing and optimizing nonlinear
mechanical structures.

1. Introduction
The importance of considering nonlinear effects in the design phase has been widely
demonstrated by the growing number of applications where nonlinearities are not merely a side
effect to be avoided but play a functional role. Notable examples include frequency division
[1], vibration mitigation [2], nonlinear energy sinks and targeted energy transfer [3], micro- and
nanomechanical resonators [4,5] and microelectromechanical sensors [6,7].

The increasing complexity of nonlinear applications has driven the advancement of analytical
and computational tools in the field of reduced-order models [8,9] for analysing the dynamic
behaviour of nonlinear mechanical systems. A common approach involves computing the
frequency–amplitude relation of a nonlinear normal mode [10,11] through backbone curves (e.g.
[12]). These curves are typically obtained using numerical continuation techniques with the
collocation method [13], the harmonic balance method (HBM) [14] or the shooting method
[15]. Alternatively, backbone curves can be derived from the reduced dynamics on the spectral
submanifold (SSM), which has proven particularly effective for high-dimensional mechanical
systems [16,17].

The variety of numerical methods, along with the ever-growing interest in nonlinear
applications, has provided an excellent playground for developing optimization techniques
aimed at tailoring the nonlinear dynamic response of mechanical systems. For instance,
approaches based on the nonlinear normal modes and the HBM have been used to optimize
for the hardening behaviour in resonators and plane frame structures [18–20]. Similarly, shape
optimization has been applied to adjust eigenfrequencies and modal coupling coefficients
in geometrically nonlinear microelectromechanical system (MEMS) gyroscopes [21,22]. Other
strategies include nonlinear synthesis for tailoring the backbone curve [23] and gradient-free
optimization [24]. In the field of topology optimization [25], the equivalent static load method
[26] has been used by [27–29], while [30,31] carried out eigenvalue optimization with frequency-
dependent material properties.

Despite these advancements, tailoring the nonlinear dynamic response of a system remains a
significant challenge. This is mainly due to the difficulties of the numerical methods in handling
high-dimensional systems with a large number of parameters. In addition, these optimization
approaches are highly sensitive to user-defined parameters, such as the number of harmonics
in the HBM or the arc-length parameter in numerical continuation. As the system behaviour
evolves throughout the optimization process, these parameters may require adjustment to ensure
accuracy and convergence. Moreover, inherent limitations of the numerical methods, particularly
in HBM sensitivity analysis, can influence the reliability of the optimization results [32].

Recently, Pozzi et al. [33] demonstrated the benefits of using SSM-based reduced-order
models in optimization routines. A key advantage of this approach is the availability of
analytical expressions for both the backbone curve and its sensitivity, enabling more efficient and
accurate optimization. In addition, the SSM reduction process requires only a single user-defined
parameter, the expansion order, which can be automatically adjusted during the optimization
based on the residual of the invariance equation. However, in this work [33], the sensitivities were
still computed via direct differentiation, which is computationally demanding as the number of
optimization parameters increases. Moreover, the SSM formulation was based on tensor notation
[16], which is not the most computationally efficient choice for approximating multivariate
polynomials. The second issue can be addressed by employing the multi-index notation [17],
which has been proven to be more efficient than the tensor approach. This has been shown in
[34], where the authors applied topology optimization to tailor the hardening/softening dynamic
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Table 1. Synoptic view of the main contributions in invariant manifold based sensitivities, considering whether the method
targets a conservative or a general (non-conservative) system, which notation is used, whether direct differentiation (DD)
or adjoint method (AM) sensitivities are employed, the manifold expansion order, the considered space for sensitivities and
objective functions, and if parametric/topology optimization problems (PO/TO) are considered.

reference system notation sensitivity order space optim.

Pozzi et al. [33] cons. tensor DD arbitrary physical PO
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Li [35] general multi-index DD, AMa 3 reduced n.a.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Pozzi et al. [34] cons. multi-index AM 3 reduced TO
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

This contribution general multi-index DD, AM arbitrary physical PO, TO
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
aThe AM implementation of [35] is sensibly less efficient than the one presented in the current work.

response of conservative, nonlinear mechanical systems. By utilizing the adjoint sensitivity
expressions derived in [35], simplified to the undamped case, the approach was successfully
applied to a system with 20 000 design variables and around 40 000 degrees of freedom. However,
the explicit formulation used in [34] is limited to cubic-order computation of the Lyapunov
subcentre manifold in conservative systems.1 Furthermore, this method focuses on tailoring
the backbone curve in the reduced space, which does not allow for an optimization of the
frequency–amplitude relation in physical coordinates. Indeed, the shape of backbone curves in
physical and reduced coordinates can differ significantly, as the latter depends on the choice of
parametrization [16].

(i) Our contribution

In this work, we propose an automatic and efficient procedure to compute the sensitivities
of invariant manifolds, specifically SSMs, up to an arbitrary expansion order, leveraging the
adjoint method. The central contribution of our work is to make previously intractable sensitivity
analyses feasible for large-scale finite element structures with a high number of parameters. In
addition to this scalability, our approach enables the computation of sensitivities for both the
reduced dynamics and the parametrization linking reduced and physical coordinates at any
desired order. This, in turn, allows optimization objectives to be defined directly in the physical
space, a highly desirable feature for practical engineering applications.

To achieve these results, in addition to adopting the multi-index notation (appendix B), we
develop mathematical expressions for adjoint sensitivities up to arbitrary orders (appendices
E and G). A summary of these methodological contributions and their distinctions from
previous approaches is listed in table 1. We then demonstrate the computational benefits of this
mathematical formulation over several numerical examples featuring multi-parameter as well as
topology optimization applications (§5).

(ii) Paper outline

The rest of the paper is organized as follows: §§2 and 3 introduce the mechanical system
under consideration and outline the procedure for computing the SSM and the backbone curve.
Section 4 then presents the expressions for the backbone curve sensitivity using the adjoint
method. For comparison, the sensitivity derived through direct differentiation is also provided
in appendix E. Finally, §5 showcases numerical examples to validate the proposed sensitivity
formulations. Section 6 closes the paper with the conclusions and outlines future research
directions.

1In the absence of damping and internal resonances, the SSM formulation reduces to that of the associated Lyapunov
subcentre manifold.
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2. Mechanical system
Consider the equation of motion of a lightly damped, autonomous, nonlinear mechanical system:

Mẍ + Cx + Kx + f (x) = 0, (2.1)

where x ∈ R
n is the state vector, n is the number of degrees of freedom, M, C and K are the mass,

damping, and stiffness matrices (all belonging to R
n×n), respectively, and f ∈ R

n is the vector of
displacement-dependent nonlinear force. In this work, f contains the contribution of quadratic
and cubic nonlinearities in the displacement,

f (x) = f 2(x, x) + f 3(x, x, x), (2.2)

and represents the contribution of the internal nonlinear elastic forces. These are efficiently
managed using the tensor notation [36] as

f i = Tijk
2 xjxk + Tijkl

3 xjxkxl, (2.3)

where f i is the ith element of f , and the tensors T2 ∈ R
n×n×n and T3 ∈ R

n×n×n×n contain the
coefficients of the quadratic and cubic nonlinearities. Notice that we denote the components of
a vector or a tensor using superscripts (not to be confused with exponents).

The damping matrix C is computed using the Rayleigh damping formulation:

C = αRM + βRK, (2.4)

where αR and βR are non-negative coefficients (see appendix A for more details on the choice of
the damping coefficients).

The second-order system equation (2.1) is transformed into the first-order form:

Bż = Az + F(z), (2.5)

where

z =
[

x
ẋ

]
, B =

[
C M
M 0

]
, A =

[
−K 0

0 M

]
, F(z) =

[
−f (x)

0

]
. (2.6)

Assume that system (2.5) has a stable and hyperbolic fixed point at z = 0. The eigenvalues λi ∈
C of such a system are computed by solving the generalized right and left eigenvalue problems:

(A − λiB)vi = 0 and u∗
i (A − λiB) = 0, (2.7)

where (•)∗ represents the conjugate transpose operator, and vi ∈ C
2n and ui ∈ C

2n are the right and
left eigenvectors associated to λi.

The eigenvalues and eigenvectors of the first-order system (computed from equation (2.7)) can
be related to those of the respective undamped second-order system as

λ1 = λ̄2 = λ = −ξω + iω
√

1 − ξ2 = α + iωd (2.8)

and

v1 = v̄2 =
[

ϕ

λϕ

]
, u1 = ū2 =

[
ϕ

λ̄ϕ

]
, (2.9)

where ϕ ∈ R
n and ω ∈ R are obtained from the generalized eigenvalue problem

(K − ω2M)ϕ = 0, (2.10)

where the mode shapes ϕ are assumed to be mass normalized, yielding

ϕTMϕ = 1 and ϕTKϕ = ω2. (2.11)
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Using the definition of the damping matrix and the mass normalization condition
(equations (2.4) and (2.11)), the damping ratio of the system is defined as

ξ = ϕTCϕ

2ω
= αR + βRω2

2ω
. (2.12)

For lightly damped systems, we require that ξ � 1.

3. SSM computation
We provide here the basic steps used to compute the two-dimensional SSM for an autonomous,
damped, nonlinear mechanical system (see [16,17] for a complete analysis).

Call E the two-dimensional master subspace spanned by v1 and v2. Let R : C
2 → C

2 be a two-
dimensional parametrization of the reduced dynamics, such that

ṗ = R(p), (3.1)

where p ∈ C
2 is the vector of reduced coordinates. Using p, let W : C

2 → R
2n be a parametrization

of the SSM attached to the master subspace E. Then, the state vector z can be expressed as

z = W(p) =
[

w(p)
ẇ(p)

]
, (3.2)

where w(p) and ẇ(p) are the parametrizations for the displacement x and for the velocity ẋ,
respectively.

Substituting the parameterizations (3.1) and (3.2) into equation (2.5), we obtain the autonomous
invariance equation:

B
∂W(p)

∂p
R(p) = AW(p) + F(W(p)). (3.3)

To numerically solve equation (3.3), the parameterizations (3.1) and (3.2) are Taylor expanded up
to a given order M:

R(p) ≈
∑

m∈N
2

m<M

Rmpm, w(p) ≈
∑

m∈N
2

m<M

wmpm, ẇ(p) ≈
∑

m∈N
2

m<M

ẇmpm, (3.4)

where the multi-index notation is used to express the multivariate polynomials (see appendix B).
The terms Rm = {R1

m, R2
m}T ∈ C

2 are the coefficients of the reduced dynamics, while wm ∈ C
n and

ẇm ∈ C
n are the manifold coefficients.

Following the approach described in [17], it is possible to split the autonomous invariance
equation into many cohomological equations, one for each multi-index m:

Lmwm = hm, (3.5)

Lm = K + ΛmC + Λ2
mM, (3.6)

Λm = m · Λ (3.7)

and hm = DmRm + Cm, (3.8)

where Λ = {λ1, λ2}T, while Cm ∈ C
n and Dm ∈ C

n×2 are defined in appendix D; Cm, in particular,
depends on the parametrization coefficients at orders lower than m.

Equation (3.5) is solved up to any arbitrary expansion order for the manifold coefficients wm,
starting from the first. At each order m, there are m + 1 distinct multi-indices. Details on the
computation of Rm and ẇm are given in appendix D. Here, we just mention that the coefficients
Rm are obtained following the normal-form style parametrization [17], for which the coefficients
are non-zero only if the near-resonance condition is satisfied (see appendix C). This allows us to
write an analytical expression for the backbone curve [33].
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(a) Backbone curve
Using the polar version of the reduced coordinates p(ϑ) = 
{eiϑ , e−iϑ }T, it is possible to write an
analytical expression for the backbone curve in the reduced space [33]:

Ω(
) = Imλ +
∑
m>1

ImR1
m
m−1, (3.9)

where the response frequency Ω is function of the reduced amplitude 
. According to the normal-

form style parametrization [17], the coefficients Rj
m are non-zero if the multi-index m satisfies

the near-resonance condition (appendix C). From this condition, it follows that the coefficients
associated with even orders are always zero, meaning that the summation in equation (3.9) can
be performed only on odd orders.

For the purposes of computing the sensitivities, the expression for Ω can be rewritten as

Ω(
) = 1
2

i(λ2 − λ1) + 1
2

i
∑
m>1

(R2
m − R1

m)
m−1. (3.10)

While selecting the target frequency is straightforward, defining the ’amplitude’ is less direct
owing to multiple valid options (e.g. maximum value, amplitude of a spectral component, peak-
to-peak amplitude). In this work, we define it as the RMS response of a selected degree of freedom.
Call xi the ith element of the vector x, corresponding to the displacement of the ith degree of
freedom. Similarly, let us call wi

m the ith component of the vector wm. This value can be computed
using the manifold parametrization (equation (3.2)):

xi(
, ϑ) =
∑
m

wi
mpm(
, ϑ), (3.11)

where xi is a function of the reduced amplitude 
 and of the phase ϑ . To remove the dependence
on ϑ , we define a set of ϑ values as

ϑk = k
2π

Nϑ
∀ k = 1, . . . , Nϑ . (3.12)

Then, we compute the RMS of xi over the values of ϑk, leading to

x(
) =
√√√√ 1

Nϑ

Nϑ∑
k=1

(xi(
, ϑk))2. (3.13)

In an optimization framework, this relation can be used to find the reduced amplitude 


corresponding to a target physical amplitude x = x0. The obtained 
 can then be used to
evaluate the corresponding frequency Ω on the backbone from equation (3.10). This way, the
frequency–amplitude relation can be tracked in the physical space.

4. Sensitivity analysis
As done in [33], we propose an optimization procedure to tailor the backbone curve by defining
target points in terms of response frequency Ω and physical amplitude x. The optimization
problem can be stated as

min
μ

J,

s.t. Ω(
(xj)) − Ωj = 0, ∀j,

μL < μ < μU,

(4.1)

where μ is the vector of design variables with lower and upper bounds μL and μU, respectively,
J is the objective function (implicitly) depending on μ, and Ωj is the jth target frequency
corresponding to the target amplitude xj.
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To solve the optimization problem (equation (4.1)) using a gradient-based approach, the
sensitivities of both the objective function J and the constraints must be computed. In particular,
the sensitivity of the response frequency Ω depends on the SSM coefficients. A straightforward
approach to obtain this sensitivity is the direct differentiation method, which involves applying
the chain rule to differentiate all equations contributing to the computation of Ω . The detailed
steps of this procedure are provided in appendix E. However, the computational cost of direct
differentiation scales with the number of design variables, which can limit the size of the
optimization problem.

To efficiently handle optimization problems with a large number of design variables, we
instead compute the sensitivity of Ω using the adjoint method [37], in which the complex
derivatives are managed through Wirtinger calculus [37,38].

(a) The adjoint method
The first step of the adjoint method is the identification of the state variables and the corresponding
state functions. In this case, the state variables are the reduced amplitude 
, the manifold
coefficients wm for m > 1, the mode shape ϕ and the natural frequency ω. The corresponding
state functions are the RMS of the physical amplitude (equation (3.13)), the cohomological
equations (equation (D 11)), the generalized eigenvalue problem (equation (2.10)) and the mass
normalization condition (equation (2.11)).

Next, the Lagrangian function is assembled as follows:

L= Ω + ζ
(x − x0) +
∑
m>1

ζT
m(Lmwm − hm) + ζT

ϕ(K − ω2M)ϕ + ζω(ϕTMϕ − 1), (4.2)

where ζ
, ζm, ζϕ , and ζω are the adjoint variables. According to Wirtinger calculus [37,38], only the
real part of the cohomological equations should be used, as the Lagrangian must be a real-valued
function. However, in this case, it can be shown that the sum of all cohomological equations
inherently results in a real-valued function. This follows from the symmetric multi-index property
(appendix B), which ensures that the cohomological equations appear in complex-conjugate pairs.

The adjoint variables are computed solving the adjoint equations, which are obtained by taking
the partial derivatives of L with respect to the state variables:

∂L
∂


= ∂Ω

∂

+ ζ


∂x
∂


= 0, (4.3)

∂L
∂wm

= ∂Ω

∂wm
+ ζ


∂x
∂wm

+ ζT
mLm −

∑
q>m

ζT
q

∂hq

∂wm
= 0T, (4.4)

∂L
∂ϕ

= ∂Ω

∂ϕ
+ ζ


∂x
∂ϕ

−
∑
m>1

ζT
m

∂hm

∂ϕ
+ ζT

ϕ(K − ω2M) + 2ζωϕTM = 0T (4.5)

and
∂L
∂ω

= ∂Ω

∂ω
+
∑
m>1

ζT
m

(
∂Lm

∂ω
wm − ∂hm

∂ω

)
− 2ωζT

ϕMϕ = 0, (4.6)

where the equations for ζm are computed in reverse order, starting from the highest one, and the
last two equations are solved together. All the partial derivatives involved in equations (4.3), (4.4),
(4.5), and (4.6) are given in appendix G.

Using the adjoint variables, the sensitivity of Ω is obtained by taking the partial derivative of
L with respect to all the design variables μ:

∂L
∂μ

= ∂Ω

∂μ
+
∑
m>1

ζT
m

(
∂Lm

∂μ
wm − ∂hm

∂μ

)
+ ζT

ϕ

(
∂K
∂μ

− ω2 ∂M
∂μ

)
ϕ + ζωϕT ∂M

∂μ
ϕ, (4.7)

where the partial derivatives with respect to μ depend on how the system is parametrized, and
they are usually straightforward to compute.
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Figure 1. Computational times involved in the sensitivity analysis for a system with 501 degrees of freedom. The direct
differentiation (left) and the adjoint method (centre) are compared for different SSM expansion orders and number of design
variables. On the right, the speedup is shown.

It is important to point out that the symmetric multi-index property (appendix B) also holds for
the adjoint variables ζm. In this way, we can avoid solving for nearly half of the adjoint equations
associated with ζm.

Figure 1 illustrates the computational time involved in the sensitivity analysis. Specifically, the
adjoint formulation is compared to the direct differentiation approach (outlined in appendix E)
for a system with 501 degrees of freedom. The comparison is made for different SSM expansion
orders and varying numbers of design variables. All computations were performed on a Windows
workstation equipped with an Intel Core i9-13900KS CPU at 3.20 GHz and 128 GB of RAM at
4200 MT s−1.

As expected, direct differentiation scales linearly with the number of design variables, while
the adjoint method remains independent2 of them, making it a more efficient approach for
computing sensitivities. Specifically, direct differentiation requires solving one n × n linear system
for each unique multi-index at every order and for each design variable. In contrast, the adjoint
method requires solving only one such system per multi-index and order, regardless of the
number of design variables.

For reference, computing the sensitivity using the direct differentiation approach for a system
with 500 design variables, 1000 degrees of freedom, and an O(3) SSM takes 83.5 s, nearly 70 times
longer than the adjoint method (see figure 8).

5. Numerical examples
In this section, four numerical examples are provided to highlight the advantages of the
proposed adjoint sensitivity formulation. With the first one, we validate the adjoint sensitivity
by approximating the perturbed backbone curve of two coupled nonlinear oscillators. Then, we
utilize the sensitivity expression within a gradient-based optimization loop to tailor the backbone
curve of nonlinear mechanical systems.

In all the optimization examples, the modal assurance criterion is used to identify and track the
target mode shape throughout the optimization. This is required as the order of the modes may
change during the optimization, thus leading to convergence issues if not properly addressed.
See, for instance, [33,39] for more details about the modal assurance criterion.

The accuracy of the SSM reduction directly affects the reliability of the sensitivity analysis and,
consequently, the overall optimization results. To ensure sufficient accuracy, we use the residual
of the invariance equation (3.3) to define an error measure ε that quantifies the fidelity of the SSM

2The adjoint sensitivity (equation (4.7)) must be evaluated for each design variable, introducing a computational cost that
scales linearly with their number. However, this overhead remains negligible compared to the linear scaling of direct
differentiation.

Downloaded from http://royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2025.0244/4430027/rspa.2025.0244.pdf
by TU Delft user
on 10 February 2026



9

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A481:20250244

..........................................................

Figure 2. General scheme of the gradient-based optimization loop. Blue blocks represent the system model and linear modal
analysis. Green blocks correspond to the SSM computation, including an inner loop that adjusts the expansion order tomaintain
reduction accuracy. Red blocks cover the evaluation of the objective function, constraints, and sensitivity computation (either
via direct differentiation or adjoint method). Yellow blocks denote the optimization problem set-up and update steps.

approximation, following the approach in [33]. By specifying an error tolerance εlim, the expansion
order of the SSM can be automatically increased until the residual error falls below the prescribed
threshold.

However, for systems with strong nonlinearities, achieving the desired accuracy may require
significantly higher expansion orders, resulting in substantial increases in computational cost.
In such cases, the optimization process may become computationally prohibitive given limited
resources. To mitigate this, a maximum allowable expansion order should be defined to prevent
unbounded computational effort. If the required accuracy cannot be met within this limit, the
optimization should either proceed or terminate with a warning indicating insufficient model
accuracy.

All examples were implemented using YetAnotherFEcode v.1.4.0 [40] in MATLAB R2023b.
The overall structure of the gradient-based optimization loop is shown in figure 2, where
the inner accuracy loop is highlighted in green. For the parametric optimization problems,
we used MATLAB’s fmincon solver with the interior-point algorithm. For the topology
optimization example, the method of moving asymptotes [41] was employed instead.

(a) Perturbed backbone of two coupled nonlinear oscillators
Consider the equations of motion of two coupled oscillators, with the first mass attached to the
ground and to the second mass through nonlinear springs:

mẍ1 + cẋ1 + k(2x1 − x2) + k2x2
1 + k3x3

1 + k2(x1 − x2)2 + k3(x1 − x2)3 = 0

and mẍ2 + cẋ2 + k(x2 − x1) + k2(x2 − x1)2 + k3(x2 − x1)3 = 0,

⎫⎬
⎭ (5.1)

where m = 1, k = 1, k2 = 0.5 and k3 = 0.2. The damping is computed according to Rayleigh
damping with αR = 0 and βR = 0.1, leading to a damping coefficient c = βRk = 0.1. We focus on the
displacement of the mass at the free end (x2). The target mode shape is the first one, associated
with eigenvalues λ = −0.0191 ± i0.6177. The SSM is expanded up to the fifth order.

First, the backbone curve of the system in nominal condition is computed (black lines in
figure 3). Then, the sensitivities of the backbone curve with respect to the system parameters
μ are computed using the adjoint method. These are used to make a prediction (cross markers in
figure 3) of the backbone curve of the perturbed system as

Ω(μ + δμ) = Ω(μ) + ∂Ω

∂μ
δμ. (5.2)

The predictions are then validated by actually computing the backbone curves of the perturbed
system (coloured lines in figure 3). The natural frequency only changes owing to perturbations in
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Figure 3. Nominal (black lines) and perturbed (coloured lines) backbone curves for the coupled oscillators. x is the RMS
amplitude of x2. The cross markers represent the predicted points obtained using the sensitivity values as in equation (5.2).
In this example, the parameter perturbations are δm= 0.01m, δk = 0.01 k, δk2 = 0.03 k2 and δk3 = 0.03 k3.

m and k, while perturbations in k2 and k3 become relevant at higher amplitudes, thus affecting the
hardening/softening dynamic behaviour of the response.

Moreover, the results also show that the sensitivity-based predictions can be reliably used
to study a system around its nominal parameters, making uncertainty quantification analysis
extremely efficient [42].

(b) Optimization of a von Kármán beam
Consider a geometrically nonlinear, undamped, clamp–clamp von Kármán beam. This example
provides a basis for comparing the proposed optimization approach, which uses multi-index
notation to parametrize the manifold, with the method presented in [33], which employs tensorial
notation. In both cases, the direct differentiation sensitivities, provided in [33] for the tensorial
notation and in appendix E for the multi-index notation, are used.

The structure is described by a finite element model consisting of 10 von Kármán elements
(27 degrees of freedom). As design variables, we take the beam thickness h, the length L and the
amplitudes A1 and A2 which define the shape of the beam as

y = A1 sin
(πx

L

)
+ A2 sin

(
2πx

L

)
,

with x ∈ [0, L] and y the nodal coordinates of the beam. The material is characterized by Young’s
modulus (equal to 90 GPa), a Poisson’s ratio of 0.3 and density corresponding to 7850 kg m−3.

Initial values and bounds for the design variables are listed in table 2. The optimization
problem is stated as follows:

min
μ

A2L,

s.t. Ω(
(v = 0.2 h0)) − ω0 = 0,

Ω(
(v = 0.4 h0)) − 0.95 ω0 = 0,

μL ≤ μ ≤ μU,

(5.3)
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Figure 4. Optimal solution obtained solving problem (5.3). (a) Optimized beam shape. (b) Backbone curve corresponding to
the optimal solution. The same results were obtained in [33] in 4.8 min, while here the computations took only 15 s.

Table 2. Initial values, lower bounds and upper bounds of the design variables for the von Kármán beam example.

design variable initial value lower bound upper bound optimal value

A1 (mm) 0 0 20 10.7
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A2 (mm) 0 0 20 1.94
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

h (mm) 10 1 100 7.49
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

L (mm) 1000 500 1500 1113.6
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 3. Optimal design variables obtained solving problem (5.6). The top row lists the lengths and widths of the drive and
sense beams, as variations with respect to the initial values. The middle and bottom rows show the amplitudes of the top and
bottom drive beams, respectively.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

sizes (µm) �ld = 4.21 �ls = 0.04 �wd = −0.39 �ws = −0.25 �wc = 0.04
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

top amp. (µm) A1 = 0.00 A2 = 1.58 A3 = 0.02 A4 = 0.79 A5 = 0.06
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

bottom amp. (µm) A1 = 0.00 A2 = 1.58 A3 = 0.02 A4 = 0.79 A5 = 0.06
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

where h0 is the initial thickness, and ω0 is the first eigenfrequency of the system (evaluated using
the initial parameters); v is the y-displacement of the centre of the beam, which is also the d.f. we
use to compute the backbone. In figure 4, x is the RMS amplitude of v.

Using the approach presented in [33], the optimization reaches convergence in 11 iterations.
The overall computational time was approximately 4.8 min on a Windows laptop equipped with
an Intel Core i7-1255U CPU at 1.70 GHz and 16 GB of RAM at 3200 MT s−1. On the same machine,
solving the same problem with the direct differentiation sensitivity (§4) yields identical results
and optimization history (figure 4), but the process only takes approximately 15 s. This is because
the multi-index notation is much more efficient than the tensorial one.

(c) Optimization of a MEMS gyroscope
Consider the MEMS gyroscope prototype [7] in figure 5. The drive (light red) and sense (light
blue) frames are fixed throughout the optimization, as they host the actuation and sensing
electrodes. Since the problem is two dimensional, each frame is modelled as a rigid mass with
lumped inertial properties and 3 d.f. corresponding to the displacements and rotation of its
centre of mass. On the other hand, the drive (red) and sense (blue) beams are represented by
geometrically nonlinear von Kármán beams. The material is polysilicon [43], characterized by
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Figure 5. Drive (left) and sense (right) modes of the initial layout for the MEMS gyroscope. The folded beams (blue) are used
to connect the drive frame (light red) to the sense mass (light blue), while the drive beams (red) connect the drive frame to the
ground (yellow circles). Arrows show the displacements of the frame and the mass.

Young’s modulus E = 148 GPa, Poisson’s ratio ν = 0.23 and density 
 = 2330 kg m−3. The Rayleigh
damping parameters are αR = 0.01 and βR = 0.

Using the multi point constraint approach [44, Ch. 13], each mass is connected to a node of the
beam elements using the following linearized kinematic constraint:⎡

⎢⎣u
v

ϑ

⎤
⎥⎦

beam

=

⎡
⎢⎣1 0 −�y

0 1 �x
0 0 1

⎤
⎥⎦
⎡
⎢⎣u

v

ϑ

⎤
⎥⎦

mass

, (5.4)

with u, v and ϑ the x-displacement, the y-displacement and the rotation angle of a node,
respectively, and where �x = xbeam − xmass (same for �y).

The shape of the drive beams is parametrized using a superimposition of five harmonics
according to

y(x) = y0(x) +
5∑

k=1

Ak sin
(

kπ
L

x
)

, (5.5)

where L is the length of the beam, y0(x) represents the original y coordinates as if the beams
were straight lines and Ak are the amplitudes of the harmonics. The other parameters of the
optimization are the length and width of the drive beams (Ld and Wd), the length and width of
the sense beams (Ls and Ws) and the width of the connecting elements between the sense beams
Wc. As commonly done in MEMS devices [43], we impose a symmetry about the vertical axis,
meaning that the two top drive beams, the two bottom drive beams and the two folded beams
are symmetric. Therefore, the geometry of the MEMS gyroscope is defined by a total number of
16 parameters.

The optimization problem aims at imposing the frequencies ωdrive and ωsense corresponding
to the drive and sense mode shapes, respectively (figure 5). In addition, a point (Ωdrive, xdrive) is
imposed for the backbone curve associated with the drive mode. To this end, the optimization
problem is stated as

min
μ

J,

s.t. ωdrive − ωdrive,0 = 0,

ωsense − ωsense,0 = 0,

Ωdrive(
(xdrive,0)) − Ωdrive,0 = 0,

μL ≤ μ ≤ μU,

(5.6)
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Figure 6. Evolution of the error measure ε and expansion order during the optimization of the MEMS gyroscope example.

Figure 7. Solution of problem (5.6). (a) Optimal layout for the MEMS gyroscope. As can be seen in the inset, the drive beams
are not straight anymore. (b) Backbone curve associated with the drive mode of the optimized layout (x is the RMS value of the
drive frame y-displacement). Solutions at expansion orders 11 and 13 are reported for convergence analysis.

where the target values are ωdrive,0 = 28 kHz, ωsense,0 = 26 kHz, xdrive, 0 = 3 µm and Ωdrive,0 =
26 kHz. The beam lengths are allowed to vary between −25 µm and 25 µm, while the beams
widths between −1 µm and 1 µm. The drive beam amplitudes are bounded between 5 µm and
−5 µm. At the first iteration, the design variables are all zero.

Using the adjoint method for the sensitivity of the frequencies ωdrive, ωsense and Ωdrive,
the optimization reaches convergence in five iterations (approx. 1 min and 5 s on a Windows
workstation equipped with an Intel Core i9-13900KS CPU at 3.20 GHz and 128 GB of RAM at
4200 MT s−1). During the optimization, the expansion order is automatically adjusted to keep the
error measure [33] below a threshold of 10−1. In particular, the expansion order has been increased
from three to nine (figure 6).

The optimal layout is shown in figure 7a, while the backbone curve associated with the drive
mode is computed using two expansion orders (figure 7b) to check the convergence of the SSM
reduction.

(d) Topology optimization of an Messerschmitt–Bölkow–Blohm beam
We consider a topology optimization problem [25] to demonstrate the scalability and efficiency
of the proposed method. Specifically, we examine the classical Messerschmitt–Bölkow–Blohm
(MBB) beam configuration, illustrated in figure 9a. The black region denotes a fixed proof mass
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Figure 8. Computational times for evaluating the backbone curve (left) and its adjoint sensitivity (right) in a topology
optimization problem, using different numbers of design variables (finite elements) and expansion orders. To estimate time
complexity, the adjoint sensitivity timings (right) at the highest expansion order are fitted with four candidate scaling laws:
( ) n, ( ) n log n, ( ) n

√
n and ( ) n2. For reference, computing the sensitivity using the direct differentiation approach for a

system with 500 design variables and anO(3) SSM takes 83.5 s, nearly 70 times longer than the adjoint method.

Figure 9. (a) Problem settings and initial conditions for the MBB beam, with a 100 × 20 finite element mesh (2000 design
variables). (b) Optimal layout and (c) corresponding backbone curve obtained solving problem (5.7).

that remains unchanged throughout the optimization process. The left-hand edge of the domain
is subjected to fixed boundary conditions, while the right-hand edge permits only horizontal
displacements.

The material is modelled as polysilicon [43], characterized by a Young’s modulus of E =
148 GPa, Poisson’s ratio ν = 0.23 and density 
 = 2330 kg m−3. A plane stress condition is assumed
with a uniform out-of-plane thickness of 24 µm. The design domain, measuring 500 µm × 100 µm,
is discretized into a 100 × 20 finite element mesh.

We adopt a standard density-based formulation for topology optimization [25], where each
element is assigned a design variable μ ∈ [0, 1], representing its material density (0 for void, 1 for
solid). These densities are used to interpolate material properties, specifically Young’s modulus
and density, using the solid isotropic material with penalization method [45]. See appendix H for
all the details.

Before defining the optimization problem, we benchmark the routines by evaluating the
backbone curve and its adjoint sensitivity for the MBB structure using different numbers of
design variables (i.e. elements in the finite element grid) and expansion orders (figure 8). These
timings, recorded on a Windows workstation equipped with an Intel Core i9-13900KS CPU at
3.20 GHz and 128 GB of RAM at 4200 MT s−1, provide insights into the scalability of the proposed
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approach for topology optimization. In this context, the number of degrees of freedom grows with
the number of design variables, as each finite element is associated with a design variable. The
backbone curve evaluation scales linearly with the number of design variables, while the adjoint
sensitivity shows a complexity best approximated by n

√
n, as indicated by its R2 value. Since

backbone and sensitivity evaluations are the most time-consuming steps in the optimization loop
[34], this benchmark also serves as a rough predictor of the iteration time.

The objective of this example is to maximize the eigenfrequency ωy associated with the mode
shape with the maximum displacement of the proof mass along the y direction. In addition, we
prescribe the following target point on the backbone curve associated with the same mode:

(Ωtarget, xtarget) = (550 kHz, 20 µm).

The corresponding optimization problem is defined as

max
μ

ωy,

s.t. (Ω(
(xtarget))/Ωtarget − 1)2 − ε2 ≤ 0,

V − Vmax ≤ 0,

0 ≤ μ ≤ 1,

(5.7)

where Vmax = 50% is used to limit the volume to the 50% of the total one, and ε = 10−3 is used to
impose the frequency Ω(xtarget) to the target value within a tolerance of 0.1%.

Using a constant-order O(5) SSM reduction, the optimization converges after 98 iterations,
requiring a total of 1 h, 31 min and 31 s. The average time per iteration is 56 s, which is in
accordance with the benchmark in figure 8. The times are measured on a Windows workstation
equipped with an Intel Core i9-13900KS CPU at 3.20 GHz and 128 GB of RAM at 4200 MT s−1.
The optimal layout and the corresponding backbone curve are shown in figure 9b,c. The solution
is characterized by frequencies ωy = 622.7 kHz and Ω(xtarget) = 549.8 kHz. The relative difference
between Ω(xtarget) and Ωtarget is 0.03%, which is below the 0.1% tolerance.

6. Conclusion
This work presents an optimization framework for tailoring the nonlinear dynamic response
of lightly damped mechanical systems by leveraging SSM reduction. The use of adjoint
sensitivities in this formulation significantly reduces the computational cost compared to direct
differentiation, allowing for the structural optimization of systems with a high number of design
variables. By formulating the backbone curve and its sensitivity directly in the physical space,
the proposed method enables optimization of the physical frequency–amplitude relation. The
use of multi-index notation in our derivations overcomes the prior computational limitations of
tensor-based formulation [33]. As our expressions enable optimization via SSMs up to arbitrary
polynomial orders, we demonstrated how the optimization accuracy can be systematically
controlled by automatic adjustment of the SSM expansion order.

We demonstrated the effectiveness and scalability of the proposed framework through
several numerical examples, including the first application of topology optimization in nonlinear
structural dynamics using arbitrary-order SSMs. This approach broadens the scope of SSM-based
methods, making them viable for practical engineering applications that require precise control
over nonlinear dynamic behaviour.

Future developments will focus on extending this approach to optimize forced-frequency
responses, multiple modes with internal resonances and parametric amplification.
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Appendix A. On the Rayleigh damping coefficients
The SSM formulation described hereby holds for lightly damped mechanical systems for which
ξ < 1. By looking at equation (2.12), this condition becomes

αR − 2ω + βRω2 < 0, (A 1)

where ω > 0. However, the eigenfrequency ω may change during the optimization process, and
we cannot strictly ensure that ξ < 1 if αR and βR are fixed. Assuming that αR > 0 and βR > 0, and
knowing that the roots of the equality associated to equation (A 1) are

ω1,2 = 1 ± √
1 − αRβR

βR
, (A 2)

we have the following conditions on ω to satisfy equation (A 1):

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

if βR = 0 → ω >
αR

2
,

if αR = 0 → ω <
2
βR

,

if 0 < αRβR < 1→ ω1 < ω < ω2,

if αRβR > 1 → equation (A 1) is never satisfied ( i.e. ξ > 1).

(A 3)

In this work, αR and βR are selected and fixed before starting the optimization routine, so their
values should be carefully chosen according to the conditions above, depending on the specific
problem at hand.

A possible alternative is to impose the value of ξ and compute αR and βR accordingly [35].

Appendix B. Multi-index notation
A multi-index m ∈ N

M of order m = |m|1 is an M-dimensional vector for which addition,
subtraction and other operations are defined element-wise. For instance, the multi-indices can
be used to define multivariate monomials of order m as

pm = pm1
1 · · · pmM

M . (B 1)

To denote quantities related to a specific multi-index m = {x, y}, we use the subscript •xy. For
instance, the manifold coefficient related to m = {2, 1} is w21.

In addition, given a multi-index m = {x, y}, define the symmetric multi-index ms = {y, x}.
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Appendix C. Near-resonance condition
With Λ = {λ1, λ2}T = {λ, λ̄}T, we have

Λm = Λ · m = m1λ + m2λ̄ = −(m1 + m2)α + i(m1 − m2)ωd. (C 1)

For an undamped system (ξ = 0), we have

Re(λ) = Re(λ̄) = 0 
⇒ Λm = i(m1 − m2)ω.

In this case, an inner resonance occurs if

Λm = λj, j = 1, 2,

i(m1 − m2)ω = ±iω

and m1 − m2 = ±1.

⎫⎪⎪⎬
⎪⎪⎭ (C 2)

As a consequence, we can conclude that at the even order m there are no inner resonances and the
coefficients Rm are null, whereas at the odd order m there are only two multi-indices such that

m1 − m2 = +1 
⇒ R1
m �= 0

and m1 − m2 = −1 
⇒ R2
m �= 0.

⎫⎬
⎭ (C 3)

For a generic damped system instead, we write

− (m1 + m2)α + i(m1 − m2)ωd = −α ± iωd, (C 4)

resulting in the following conditions:

m1 − m2 = ±1

and m1 + m2 = 1.

}
(C 5)

To strictly satisfy the above expressions, the only possible solutions are m = {1, 0} and m = {0, 1}.
However, under the assumption that |Re λ| � |Imλ|, we can safely ignore the second constraint
in equation (C 2) and use the near-resonance condition Λm ≈ λj.

Appendix D. SSM computation

(a) Leading order
At the leading order, there are two multi-indices m = {1, 0} and m = {0, 1}. The coefficients for the
nonlinear dynamics are typically chosen as the eigenvalues of the system:

R1
10 = λ1 and R2

01 = λ2, (D 1)

while R2
10 = R1

01 = 0. The manifold coefficients are then selected as

w10 = ϕ, w01 = ϕ, ẇ10 = λ1ϕ, ẇ01 = λ2ϕ. (D 2)

(b) Higher orders
After choosing the leading-order coefficients, the higher-order ones are computed iteratively,
starting with the lowest one. The first step is to compute the eigenvalue coefficient:

Λm = m · Λ. (D 3)

Then, using tensor notation, the nonlinear force contribution at the current order is

f i
m =

∑
u,k∈N

2

u+k=m

Tijk
2 wj

uwk
k +

∑
u,k,l∈N

2

u+k+l=m

Tijkl
3 wj

uwk
kwl

l. (D 4)
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The vectors Vm and V̇m collect the contributions from the orders lower than the current one.
These vectors are computed as

Vm =
2∑

j=1

∑
u,k∈N

2

1<u,k<m
u+k−ej=m

wuujR
j
k and V̇m =

2∑
j=1

∑
u,k∈N

2

1<u,k<m
u+k−ej=m

ẇuujR
j
k. (D 5)

The vectors f m, Vm, and V̇m are then combined into

Cm = −MV̇m − (ΛmM + C)Vm − f m. (D 6)

For multi-indices that are in a near-resonance condition (appendix C), the vector Cm is used in
the computation of the reduced dynamics coefficient:

Rj
m = ϕTCm

Λm + λj + αR + βRω2 . (D 7)

Next, the left-hand side of the cohomological equation is assembled as

Lm = K + ΛmC + Λ2
mM, (D 8)

while the right-hand side reads

hm = Cm +
2∑

j=1

Dj
mRj

m, (D 9)

where
Dj

m = −[(Λm + λj)M + C]ϕ. (D 10)

Notice that Dj
m is required only if Rj

m �= 0 (near-resonance condition).
The cohomological equation is solved for the manifold coefficient wm:

Lmwm = hm. (D 11)

Finally, the manifold velocity coefficient is computed as

ẇm = Λmwm +
2∑

j=1

Rj
mϕ + Vm. (D 12)

Property (Symmetric multi-index). In a general setting, all these steps need to be repeated for
every multi-index at each order. However, for the type of problem under consideration, the
coefficients associated with symmetric multi-indices are complex conjugate (e.g. w12 = w̄21). This
property applies to all coefficients involved in the SSM computation and is leveraged to reduce the
overall computational cost. Specifically, we only need to compute the coefficients corresponding
to multi-indices m = {x, y} satisfying x ≥ y. Then, the coefficients for the remaining multi-indices,
where x < y, are obtained as the complex conjugates of their symmetric counterparts.

Appendix E. Direct differentiation sensitivity
Using the chain rule, the derivative of the response frequency Ω (equation (3.10)) with respect to
the design variable μ is

dΩ

dμ
= 1

2
i
(

dλ2

dμ
− dλ1

dμ

)
+ 1

2
i
∑
m>1

[(
dR2

m
dμ

− dR1
m

dμ

)

m−1 + d


dμ
(R2

m − R1
m)(m − 1)
m−2

]
. (E 1)

The derivative of the reduced amplitude 
 with respect to μ is computed by differentiating
equation (3.13):

d


dμ
= −

∑
k xi

k
∑

m
dwi

m
dμ

pm
k∑

k xi
k
∑

m wi
mm
m−1p̃m

k

, (E 2)

where xi
k = xi(ϑk), pk = p(ϑk) and p̃k = {eiϑk , e−iϑk }T.
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To evaluate the sensitivity of Ω , the derivatives of λ, Rj
m and wm are required. Before

computing them, we need to evaluate the derivatives of ω and ϕ with respect to μ. These are
computed together by differentiating the generalized eigenvalue problem (equation (2.10)) and
the mass normalization condition (equation (2.11)):

[
K − ω2M −2ωMϕ

−2ωϕTM 0

]⎡⎣ dϕ
dμ

dω
dμ

⎤
⎦=

⎡
⎣
(
ω2 dM

dμ
− dK

dμ

)
ϕ

ωϕT dM
dμ

ϕ

⎤
⎦ . (E 3)

Then, the derivative of the eigenvalue λ is computed as

dλ

dμ
= −ξ

dω

dμ
− ω

dξ

dμ
+ i

dω

dμ

√
1 − ξ2 − iω

ξ√
1 − ξ2

dξ

dμ
, (E 4)

where the derivative of the damping ratio ξ is

dξ

dμ
= βRω2 − αR

2ω2
dω

dμ
. (E 5)

Next, the derivatives of the leading-order SSM coefficients are

dR1
10

dμ
= dR̄2

01
dμ

= dλ

dμ
,

dw10

dμ
= dw̄01

dμ
= dϕ

dμ
,

dẇ10

dμ
= d ˙̄w01

dμ
= dλ

dμ
ϕ + λ

dϕ

dμ
. (E 6)

After that, we can differentiate all the higher-order SSM coefficients starting from the lowest
one. In particular, the derivative of the eigenvalue coefficient is simply

dΛm

dμ
= m · dΛ

dμ
. (E 7)

Using tensor notation, it is possible to write the derivative of the nonlinear force contribution:

df i
m

dμ
=

∑
u,k∈N

2

u+k=m

[
dTijk

2
dμ

wj
uwk

k + Tijk
2

(
dwj

u

dμ
wk

k + wj
u

dwk
k

dμ

)]

+
∑

u,k,l∈N
2

u+k+l=m

⎡
⎣dTijkl

3
dμ

wj
uwk

kwl
l + Tijkl

3

(
dwj

u

dμ
wk

kwl
l + wj

u
dwk

k
dμ

wl
l + wj

uwk
k

dwl
l

dμ

)⎤⎦ . (E 8)

The derivatives of vectors Vm and V̇m are written as

dVm

dμ
=

2∑
j=1

∑
u,k∈N

2

1<u,k<m
u+k−ej=m

uj

⎛
⎝dwu

dμ
Rj

k + wu
dRj

k
dμ

⎞
⎠ (E 9)

and

dV̇m

dμ
=

2∑
j=1

∑
u,k∈N

2

1<u,k<m
u+k−ej=m

uj

⎛
⎝dẇu

dμ
Rj

k + ẇu
dRj

k
dμ

⎞
⎠ . (E 10)

The derivative of vector Cm reads

dCm

dμ
= −dM

dμ
V̇m − M

dV̇m

dμ
− (ΛmM + C)

dVm

dμ
−
(

dΛm

dμ
M + Λm

dM
dμ

+ dC
dμ

)
Vm − df m

dμ
.

(E 11)
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For the multi-indices that are in near-resonance condition (appendix C), we also need to
differentiate the reduced dynamics coefficient:

dRj
m

dμ
=

dϕT

dμ
Cm + ϕT dCm

dμ

Λm + λj + αR + βRω2 − Rj
m

dΛm
dμ

+ dλj

dμ
+ 2βRω dω

dμ

Λm + λj + αR + βRω2 . (E 12)

Next, the derivative of the manifold coefficient is obtained by differentiating the cohomological
equation:

Lm
dwm

dμ
= dhm

dμ
− dLm

dμ
wm, (E 13)

where

dLm

dμ
= dK

dμ
+ Λm

dC
dμ

+ Λ2
m

dM
dμ

+ (C + 2ΛmM)
dΛm

dμ
(E 14)

dhm

dμ
= dCm

dμ
+

2∑
j=1

(
dDj

m

dμ
Rj

m + Dj
m

dRj
m

dμ

)
(E 15)

and
dDj

m

dμ
= −[(Λm + λj)M + C]

dϕ

dμ
−
[(

dΛm

dμ
+ dλj

dμ

)
M + (Λm + λj)

dM
dμ

+ dC
dμ

]
ϕ. (E 16)

Finally, the derivative of the manifold velocity coefficient is

dẇm

dμ
= dΛm

dμ
wm + Λm

dwm

dμ
+ dVm

dμ
+

2∑
j=1

(
dRj

m

dμ
ϕ + Rj

m
dϕ

dμ

)
. (E 17)

Appendix F. Adjoint sensitivity of the damped frequency
Using the adjoint method, and assuming mass normalized mode shapes (equation (2.11)), the
sensitivity of the eigenfrequency ω with respect to the design variable μ is

dω

dμ
=

ϕT
(

∂K
∂μ

− ω2 ∂M
∂μ

)
ϕ

2ω
. (F 1)

Using this expression, it is possible to write the sensitivity of the damped frequency ωd as

dωd

dμ
= dω

dμ

√
1 − ξ2 − ω

ξ√
1 − ξ2

dξ

dμ
, (F 2)

where the derivative of the damping ratio ξ is

dξ

dμ
= βRω2 − αR

2ω2
dω

dμ
. (F 3)

Appendix G. Partial derivatives

(a) Partial derivatives with respect to the reduced amplitude
The partial derivative of the response frequency Ω with respect to the reduced amplitude 
 is

∂Ω

∂

= 1

2
i
∑
m>1

(R2
m − R1

m)(m − 1)
m−2. (G 1)

The partial derivative of the RMS physical amplitude x with respect to the reduced amplitude

 is

∂x
∂


= 1
Nϑx

∑
k

xi
k

∑
m

wi
mm
m−1p̃m

k , (G 2)

where xi
k = xi(ϑk) and p̃k = {eiϑk , e−iϑk }T.
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(b) Partial derivatives with respect to the manifold coefficients
Before deep diving into the partial derivatives, it is important to highlight that quantities at a
given order do not depend on the manifold coefficients at higher orders. Therefore, the partial
derivative of a term at order q with respect to the manifold coefficient at order m is non-zero only
if q > m.

Using tensor notation, the partial derivative of the nonlinear force contribution is

∂f i
q

∂wp
m

=
∑

u,k∈N
2

u+k=q

Tijk
2

(
∂wj

u

∂wp
m

wk
k + wj

u
∂wk

k

∂wp
m

)

+
∑

u,k,l∈N
2

u+k+l=q

Tijkl
3

(
∂wj

u

∂wp
m

wk
kwl

l + wj
u

∂wk
k

∂wp
m

wl
l + wj

uwk
k

∂wl
l

∂wp
m

)
, (G 3)

where
∂wj

u

∂wp
m

=
{

1 if u = m and p = j,

0 otherwise.
(G 4)

The same condition applies to all the other partial derivatives in equation (G 3).

The partial derivative
∂f q
∂wm

is a matrix which, in general, can be dense. Therefore, to avoid

storing the full matrix, the product vT ∂f q
∂wm

is stored instead, where v represents a vector that
multiplies f q in the Lagrangian function.

The partial derivative of vectors Vq and V̇q are

vT ∂Vq

∂wm
=

2∑
j=1

∑
u,k∈N

2

1<u,k<q
u+k−ej=q

uj

⎛
⎝vT ∂wu

∂wm
Rj

k + (vTwu)
∂Rj

k
∂wm

⎞
⎠ (G 5)

and

vT ∂V̇q

∂wm
=

2∑
j=1

∑
u,k∈N

2

1<u,k<q
u+k−ej=q

uj

⎛
⎝vT ∂ẇu

∂wm
Rj

k + (vTẇu)
∂Rj

k
∂wm

⎞
⎠ , (G 6)

where the products vTwu and vTẇu are scalar quantities. Moreover, the product vT ∂wu
∂wm

is equal
to vT if u = m, otherwise it is equal to a null row vector.

The partial derivative of vector Cq is

vT ∂Cq

∂wm
= −vTM

∂V̇q

∂wm
− vT

∂f q

∂wm
− vT(ΛqM + C)

∂Vq

∂wm
. (G 7)

The partial derivative of the reduced dynamics coefficient is

∂Rj
q

∂wm
=

ϕT ∂Cq
∂wm

Λq + λj + αR + βRω2 , (G 8)

where ϕT ∂Cq
∂wm

is computed using equation (G 7) by setting v = ϕ.
The partial derivative of the right-hand side of the cohomological equation is

vT ∂hq

∂wm
= −vT ∂Cq

∂wm
−

2∑
j=1

(vTDj
q)

∂Rj
q

∂wm
, (G 9)

where the product vTDj
q is a scalar quantity, and the vector Dj

q does not depend on the manifold
coefficients.
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The partial derivative of the manifold velocity coefficient is

vT ∂ẇq

∂wm
= ΛqvT ∂wq

∂wm
+ (vTϕ)

2∑
j=1

∂Rj
q

∂wm
+ vT ∂Vq

∂wm
, (G 10)

where the product vTϕ is a scalar quantity.
The partial derivative of the physical amplitude is

∂x
∂wm

= 1
Nϑx

∑
k

xi
kaTpm

k , (G 11)

where a is a vector such that aj = 1 if i = j, 0 otherwise.
The partial derivative of the response frequency is

∂Ω

∂wm
= 1

2
i
∑
q>m

(
∂R2

q

∂wm
−

∂R1
q

∂wm

)

q−1. (G 12)

(c) Partial derivatives with respect to the mode shape
Using tensor notation, the partial derivative of the nonlinear force contribution is

∂f i
m

∂ϕp =
∑

u,k∈N
2

u+k=m

Tijk
2

(
∂wj

u

∂ϕp wk
k + wj

u
∂wk

k
∂ϕp

)
+

∑
u,k,l∈N

2

u+k+l=m

Tijkl
3

(
∂wj

u

∂ϕp wk
kwl

l + wj
u
∂wk

k
∂ϕp wl

l + wj
uwk

k
∂wl

l
∂ϕp

)
,

(G 13)

where the partial derivative ∂wj
u

∂ϕp is defined as follows:

∂wj
u

∂ϕp =
{

1 if |u|1 = 1 and p = j,

0 otherwise.
(G 14)

The same applies to all the other partial derivatives in equation (G 13). As before, the product
vT ∂f m

∂ϕ is computed and stored instead of the full derivative matrix.
The partial derivative of vectors Vm and V̇m are

vT ∂Vm

∂ϕ
=

2∑
j=1

∑
u,k∈N

2

1<u,k<m
u+k−ej=m

uj(v
Twu)

∂Rj
k

∂ϕ
(G 15)

and

vT ∂V̇m

∂ϕ
=

2∑
j=1

∑
u,k∈N

2

1<u,k<m
u+k−ej=m

uj

⎛
⎝vT ∂ẇu

∂ϕ
Rj

k + (vTẇu)
∂Rj

k
∂ϕ

⎞
⎠ , (G 16)

where the products vTwu and vTẇu are scalar quantities.
The partial derivative of vector Cm is

vT ∂Cm

∂ϕ
= −vTM

∂V̇m

∂ϕ
− vT ∂f m

∂ϕ
− vT(ΛmM + C)

∂Vq

∂ϕ
. (G 17)

The partial derivative of the reduced dynamics coefficient is

∂Rj
m

∂ϕ
=

CT
m + ϕT ∂Cm

∂ϕ

Λq + λj + αR + βRω2 , (G 18)

where ϕT ∂Cm
∂ϕ is computed using equation (G 17) by setting v = ϕ.
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The partial derivative of vector Dj
m is

vT ∂Dj
m

∂ϕ
= −vT[(Λm + λj)M + C]. (G 19)

The partial derivative of the right-hand side of the cohomological equation is

vT ∂hm

∂ϕ
= −vT ∂Cm

∂ϕ
−

2∑
j=1

(vTDj
m)

∂Rj
m

∂ϕ
−

2∑
j=1

vT ∂Dj
m

∂ϕ
Rj

m, (G 20)

where the product vTDj
m is a scalar quantity.

The partial derivative of the manifold velocity coefficient is

vT ∂ẇm

∂ϕ
= (vTϕ)

2∑
j=1

∂Rj
m

∂ϕ
+ vT

2∑
j=1

Rj
m + vT ∂Vm

∂ϕ
, (G 21)

where the product vTϕ is a scalar quantity.
The partial derivative of the physical amplitude is

∂x
∂ϕ

= 1
Nϑx

∑
k

xi
kaT(p10

k + p01
k ), (G 22)

where a is a vector such that aj = 1 if i = j, 0 otherwise.
The partial derivative of the response frequency is

∂Ω

∂ϕ
= 1

2
i
∑
m>1

(
∂R2

m
∂ϕ

− ∂R1
m

∂ϕ

)

m−1. (G 23)

(d) Partial derivatives with respect to the natural frequency
Here, the partial derivatives are taken with respect to the natural frequency ω, which is a scalar.
Therefore, there is no need to multiply the partial derivatives by vT as done in the previous cases.

The partial derivative of the eigenvalue coefficient is

∂Λm

∂ω
= m · ∂Λ

∂ω
, (G 24)

where

∂Λ

∂ω
=
[

∂λ
∂ω
∂λ̄
∂ω

]
, (G 25)

∂λ

∂ω
= −ξ − ω

∂ξ

∂ω
+ i
√

1 − ξ2 − iω
ξ√

1 − ξ2

∂ξ

∂ω
(G 26)

and
dξ

dμ
= βRω2 − αR

2ω2 . (G 27)

The nonlinear force contribution f m does not depend on the eigenfrequency ω, thus ∂f m
∂ω

= 0.
The partial derivative of vectors Vm and V̇m are

∂Vm

∂ω
=

2∑
j=1

∑
u,k∈N

2

1<u,k<m
u+k−ej=m

ujwu
∂Rj

k
∂ω

(G 28)
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and
∂V̇m

∂ω
=

2∑
j=1

∑
u,k∈N

2

1<u,k<m
u+k−ej=m

uj

⎛
⎝∂ẇu

∂ω
Rj

k + ẇu
∂Rj

k
∂ω

⎞
⎠ . (G 29)

The partial derivative of vector Cm is

∂Cm

∂ω
= −M

∂V̇m

∂ω
− ∂Λm

∂ω
MVm − (ΛmM + C)

∂Vm

∂ω
. (G 30)

The partial derivative of the reduced dynamics coefficient is

∂Rj
m

∂ω
= ϕT ∂Cm

∂ω

Λm + λj + αR + βRω2 − Rj
m

∂Λm
∂ω

+ ∂λj
∂ω

+ 2βRω

Λm + λj + αR + βRω2 . (G 31)

The partial derivative of the right-hand side of the cohomological equation is

∂hm

∂ω
= ∂Cm

∂ω
+

2∑
j=1

(
∂Dj

m

∂ω
Rj

m + Dj
m

∂Rj
m

∂ω

)
, (G 32)

where
∂Dj

m

∂ω
= −

(
∂Λm

∂ω
+ ∂λj

∂ω

)
Mϕ. (G 33)

The partial derivative of the left-hand side of the cohomological equation is

∂Lm

∂ω
= (C + 2ΛmM)

∂Λm

∂ω
. (G 34)

The partial derivative of the manifold velocity coefficient is

∂ẇm

∂ω
= ∂Λm

∂ω
wm + ϕ

2∑
j=1

∂Rj
m

∂ω
+ ∂Vm

∂ω
. (G 35)

The RMS physical amplitude x does not directly depend on ω, while the partial derivative of
the response frequency Ω is

∂Ω

∂ω
= 1

2
i
(

∂λ̄

∂ω
− ∂λ

∂ω

)
+ 1

2
i
∑
m>1

(
∂R2

m
∂ω

− ∂R1
m

∂ω

)

m−1. (G 36)

(e) Partial derivatives with respect to the design variables
Using tensor notation, the partial derivative of the nonlinear force contribution is

∂f i
m

∂μ
=

∑
u,k∈N

2

u+k=m

∂Tijk
2

∂μ
wj

uwk
k +

∑
u,k,l∈N

2

u+k+l=m

∂Tijkl
3

∂μ
wj

uwk
kwl

l. (G 37)

The partial derivatives of vectors Vm and V̇m are

∂Vm

∂μ
=

2∑
j=1

∑
u,k∈N

2

1<u,k<m
u+k−ej=m

wuuj
∂Rj

k
∂μ

(G 38)

and
∂V̇m

∂μ
=

2∑
j=1

∑
u,k∈N

2

1<u,k<m
u+k−ej=m

uj

⎡
⎣∂ẇu

∂μ
Rj

k + ẇu
∂Rj

k
∂μ

⎤
⎦ . (G 39)
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The partial derivative of vector Cm is

∂Cm

∂μ
= −∂M

∂μ
V̇m − M

∂V̇m

∂μ
− (ΛmM + C)

∂Vm

∂μ
−
(

Λm
∂M
∂μ

+ ∂C
∂μ

)
Vm − ∂f m

∂μ
. (G 40)

The partial derivative of the reduced dynamics coefficient is

∂Rj
m

∂μ
=

ϕT ∂Cm
∂μ

Λm + λj + αR + βRω2 . (G 41)

The partial derivative of the right-hand side of the cohomological equation is

∂hm

∂μ
= ∂Cm

∂μ
+

2∑
j=1

(
∂Dj

m

∂μ
Rj

m + Dj
m

∂Rj
m

∂μ

)
, (G 42)

where

∂Dj
m

∂μ
= −

[
(Λm + λj)

∂M
∂μ

+ ∂C
∂μ

]
ϕ. (G 43)

The partial derivative of the left-hand side of the cohomological equation is

∂Lm

∂μ
= ∂K

∂μ
+ Λm

∂C
∂μ

+ Λ2
m

∂M
∂μ

. (G 44)

The partial derivative of the manifold velocity coefficient is

∂ẇm

∂μ
=

2∑
j=1

∂Rj
m

∂μ
ϕ + ∂Vm

∂μ
. (G 45)

The RMS physical amplitude x does not directly depend on μ, while the partial derivative of
the response frequency Ω is

∂Ω

∂μ
= 1

2
i
∑
m>1

(
∂R2

m
∂μ

− ∂R1
m

∂μ

)

m−1. (G 46)

Appendix H. Topology optimization details
In the standard density-based formulation for topology optimization [25], each element of the
finite element grid is assigned a design variable μ ∈ [0, 1], representing its material density (0 for
void, 1 for solid). To avoid mesh-dependent solutions and prevent grey transition regions, the
regularization filter described in [46] is used:

μ̃e =
∑

j∈Ne
wj,eμj∑

j∈Ne
wj,e

(H 1)

and

wj,e = R − |xj − xe|, (H 2)

where μ̃e is the filtered density of the element e, Ne is a set that contains the indices of the elements
that lie within a circle of radius Rfilt = 4 around element e; wj,e is the distance weight, and xe and
xj are the coordinates of the centroids of elements e and j, respectively.

To promote a 0/1 density distribution, a projection threshold [46] is used:

μ̄e = tanh (βη) + tanh (β(μ̃e − η))
tanh (βη) + tanh (β(1 − η))

, (H 3)

where μ̄e is the projected density of element e, and β = 10 and η = 0.5 are projection parameters.
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The solid isotropic material with penalization scheme [45] is used to obtain the physical
densities:

μ̂e = μ̂0 + (1 − μ̂0)μ̄p
e , (H 4)

where μ̂0 = 10−6 is an arbitrarily small density of the void element, used to prevent singularities
in the numerical method, and p is the penalization power that is gradually increased during the
optimization, starting from 1.

The physical densities μ̂ are then used to interpolate the material properties, specifically
Young’s modulus and density:

M =
Nel⋃
e=1

μ̂eMe, K =
Nel⋃
e=1

μ̂eKe, Tijk
2 =

Nel⋃
e=1

μ̂eT
ijk
2e , Tijkl

3 =
Nel⋃
e=1

μ̂eT
ijkl
3e , (H 5)

where Nel is the total number of elements and the operator
⋃

represents the finite element
assembly across all the elements of the grid. We use the subscript e to denote an entity at the
element level.

The filters in equations (H 1), (H 3), and (H 4) do not affect the sensitivity analysis presented
in §(a), but they are incorporated in the partial derivatives of the structural matrices and tensors
(e.g. [34]).
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