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The propagator and transfer matrix for a 3D inhomogeneous dissipative acoustic medium, expressed
in Marchenko focusing functions
Kees Wapenaar∗, Delft University of Technology; Sjoerd de Ridder, University of Leeds; Marcin Dukalski and Chris-
tian Reinicke, Aramco Delft Global Research Center

Summary
Standard Marchenko redatuming and imaging schemes neglect
evanescent waves and are based on the assumption that decom-
position into downgoing and upgoing waves is possible in the
subsurface. Recently we have shown that propagator matri-
ces, which circumvent these assumptions, can be expressed
in terms of Marchenko focusing functions. In this paper we
generalize the relation between the propagator matrix and the
Marchenko focusing functions for a 3D inhomogeneous dis-
sipative medium. Moreover, for the same type of medium we
discuss a relation between the transfer matrix and the Marchenko
focusing functions.

Introduction
Marchenko redatuming and imaging schemes suppress inter-
nal multiples in a data-driven way. The nucleus of these schemes
is formed by the Marchenko focusing function, comprised of
a time-reversed event (similar as the standard primary focus-
ing operator), and a specific multiple coda. Whereas the time-
reversed event is defined by a macro subsurface model, the
scattering coda is retrieved from the reflection data measured at
the surface. The main underlying assumption of most Marchenko
schemes is that evanescent waves can be neglected and that de-
composition into downgoing and upgoing waves is possible in
the subsurface. Recently, several authors suggested ways of
circumventing one or more of these assumptions (Kiraz et al.,
2021; Diekmann and Vasconcelos, 2021; Wapenaar et al., 2021).
Moreover, it has been shown that the Marchenko focusing func-
tion is closely related to the propagator matrix concept (Becker
et al., 2016; Wapenaar et al., 2017; Elison et al., 2021; Wape-
naar and de Ridder, 2022). A propagator matrix (Gilbert and
Backus, 1966; Kennett, 1972; Woodhouse, 1974) “propagates”
a full wave field (pressure and particle velocity) from one depth
level to another through a multilayered medium. It implicitly
accounts for downgoing and upgoing, propagating and evanes-
cent waves.

This work is structured as follows. We start by reviewing the
propagator matrix and its relation with the Marchenko focus-
ing function. However, we generalize this relation for dissi-
pative media and for all propagating and evanescent waves (in
our previous derivation we assumed the medium is lossless and
we ignored evanescent waves in the upper half-space; evanes-
cent waves in high velocity layers in the subsurface were al-
ready included (Wapenaar and de Ridder, 2022)).

Recently, Dukalski et al. (2022a) discussed a similar relation
between the transfer matrix and the Marchenko focusing func-
tion. Following their definition, a transfer matrix “transfers” a
decomposed wave field (downgoing and upgoing constituents)
from one depth level to another through a multilayered medium
(Born and Wolf, 1965; Katsidis and Siapkas, 2002). The rela-
tion is extended for elastodynamic waves in horizontally lay-
ered media in a companion paper (Dukalski et al., 2022b). In

the current paper we also address the transfer matrix, but we
follow a different approach. First, we express the transfer ma-
trix in terms of the propagator matrix for an arbitrary inhomo-
geneous dissipative acoustic medium. Next, we use the rela-
tion between the propagator matrix and the Marchenko focus-
ing function to obtain a relation between the transfer matrix
and the focusing function. We discuss how this relates to the
results of Dukalski et al. (2022b).

The propagator matrix for a dissipative medium
Our starting point is the following matrix-vector wave equation
in the space-frequency (x,ω) domain

∂3q = Aq+d, (1)

where q(x,ω) is a wave-field vector, A(x,ω) an operator ma-
trix and d(x,ω) a source vector. They are defined as

q =

(
p
v3

)
, A =

(
0 iωρ

iωκ− 1
iω ∂α

1
ρ

∂α 0

)
, d =

(
f̂3
q

)
(2)

(Corones, 1975; Kosloff and Baysal, 1983; Fishman and Mc-
Coy, 1984; Wapenaar and Berkhout, 1986). Here p(x,ω) is the
acoustic pressure, v3(x,ω) the vertical component of the par-
ticle velocity, κ(x,ω) and ρ(x,ω) are the compressibility and
mass density of the medium, q(x,ω) is the volume injection-
rate density and f̂3(x,ω) is the vertical component of exter-
nal force density. Since we consider a dissipative medium,
the compressibilty and mass density are complex-valued and
frequency-dependent, with ℑκ(x,ω) ≥ 0 and ℑρ(x,ω) ≥ 0,
where ℑ denotes the imaginary part. We introduce the propa-
gator matrix W(x,xR,ω) via

q(x,ω) =

∫
∂DR

W(x,xR,ω)q(xR,ω)dxR, (3)

where ∂DR is a horizontal boundary at depth level x3,R (Gilbert
and Backus, 1966; Kennett, 1972; Woodhouse, 1974). Substi-
tution of equation 3 into equation 1, assuming the source vec-
tor d is zero between ∂DR and depth level x3, yields

∂3W = AW. (4)

Choosing x3 = x3,R in equation 3, we obtain the boundary con-
dition

W(x,xR,ω)|x3=x3,R = Iδ (xH−xH,R), (5)

with horizontal coordinate vectors xH = (x1,x2) and xH,R =
(x1,R,x2,R). W is a 2× 2-matrix, which can be written as fol-
lows

W(x,xR,ω) =

(
W p,p W p,v

W v,p W v,v

)
(x,xR,ω). (6)

We introduce an adjoint medium, with parameters κ∗(x,ω)
and ρ∗(x,ω), where the asterisk denotes complex conjugation.
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c) d)

Figure 1: Eigenvalue spectra of operators H1 and H̄1 in the
complex plane for a dissipative medium (a) and its adjoint (b)
and for a lossless medium (c,d).

Waves propagating through the adjoint medium gain energy.
We define an operator matrix Ā for the adjoint medium, which
is defined like A in equation 2, but with κ(x,ω) and ρ(x,ω)
replaced by κ̄(x,ω) = κ∗(x,ω) and ρ̄(x,ω) = ρ∗(x,ω), re-
spectively. Similarly, we denote solutions of the wave equation
for the adjoint medium with a bar above their symbols, hence,
W̄(x,xR,ω) is the propagator matrix for the adjoint medium.
This matrix is related to the propagator matrix of the original
(dissipative) medium as follows (Wapenaar, 2022)(

W̄ p,p W̄ p,v

W̄ v,p W̄ v,v

)
(x,xR,ω) =

(
W p,p −W p,v

−W v,p W v,v

)∗
(x,xR,ω).

(7)

The propagator matrix expressed in focusing functions
From here onward we assume that ∂DR is the acquisition bound-
ary. The medium above ∂DR is assumed to be homogeneous
and dissipative; the medium below ∂DR is arbitrary inhomo-
geneous, dissipative and source-free. At the boundary ∂DR we
define q = Lp, with q defined in equation 2 and

L =

(
1 1

1
ωρ0

H1 − 1
ωρ0

H1

)
, p =

(
p+

p−

)
. (8)

Here H1 is the square-root of the Helmholtz operator H2 =
k2

0 +∂α ∂α , with k2
0 = ω2κ0ρ0, where κ0(ω) and ρ0(ω) are the

complex-valued parameters of the upper half-space. Further-
more, p+(x,ω) and p−(x,ω) are pressure-normalized down-
going and upgoing waves, respectively. Figure 1(a) shows the
eigenvalue spectrum σ(H1) for a dissipative medium. Fig-
ure 1(b) shows the eigenvalue spectrum σ(H̄1) for the adjoint

medium. Note that σ(H̄1) = {σ(H1)}∗. Similar as its spec-
trum, the operator H̄1 is related to H1 via

H̄1 = H ∗
1 . (9)

Figures 1(c) and 1(d) show the spectra for the limiting case of a
lossless medium. Hence, for this situation the bar only denotes
that the amplitudes of the “evanescent” wave modes increase
exponentially.

Substituting q(xR,ω)=L(x3,R,ω)p(xR,ω) into equation 3 gives

q(x,ω) =

∫
∂DR

Y(x,xR,ω)p(xR,ω)dxR, (10)

for x3 ≥ x3,R, with Y(x,xR,ω) = W(x,xR,ω)L(x3,R,ω), or

Y(x,xR,ω) =

(
W p,p W p,v

W v,p W v,v

)(
1 1

H←−1
1

ωρ0
−H←−1

1
ωρ0

)
. (11)

Here H←−1(x3,R,ω) acts on the quantity left of it (this follows
from the fact that H1 is a symmetric operator). From equation
11 it follows that for the elements of Y(x,xR,ω) we may write

Y11(x,xR,ω) =W p,p +
1

ωρ0
H1W p,v, (12)

Y12(x,xR,ω) =W p,p− 1
ωρ0

H1W p,v, (13)

Y21(x,xR,ω) =W v,p +
1

ωρ0
H1W v,v, (14)

Y22(x,xR,ω) =W v,p− 1
ωρ0

H1W v,v. (15)

From equations 5, 6 and 13 we find

Y12(x,xR,ω)|x3=x3,R = δ (xH−xH,R), (16)

hence, Y12(x,xR,ω) behaves as a focusing function, with its
focal point xR at ∂DR. We define

Y12(x,xR,ω) = F p(x,xR,ω), (17)

where F p is the focusing function in terms of acoustic pressure
(it is similar to the focusing function f2 defined in our previous
papers in the sense that it focuses at the acquisition boundary,
but it is normalised differently, it holds for dissipative media,
and it accounts for evanescent waves). Furthermore, we define

Y22(x,xR,ω) = Fv(x,xR,ω), (18)

where Fv is the particle velocity associated to the focusing
function F p (note that Fv is defined differently from that in
Wapenaar (2022)).

Using equations 7 and 9, we find Ȳ12(x,xR,ω) =Y ∗11(x,xR,ω)
and Ȳ22(x,xR,ω) =−Y ∗21(x,xR,ω), or

Y11(x,xR,ω) = F̄ p∗(x,xR,ω), (19)

Y21(x,xR,ω) =−F̄v∗(x,xR,ω). (20)

Hence, for matrix Y(x,xR,ω) we obtain

Y(x,xR,ω) =

(
F̄ p∗ F p

−F̄v∗ Fv

)
(x,xR,ω). (21)



The propagator and transfer matrix expressed in focusing functions

Using this in equation 10, with q and p defined in equations 2
and 8, we obtain for the first element of q

p(x,ω) =

∫
∂DR

F̄ p∗(x,xR,ω)p+(xR,ω)dxR

+

∫
∂DR

F p(x,xR,ω)p−(xR,ω)dxR. (22)

This expression is almost identical to equation 17 of Wapenaar
and de Ridder (2022), except for the bar on F p in the first inte-
gral, which denotes that the focusing function is defined in the
adjoint medium. Equation 22 is exact and holds for dissipative
media.

If we take a point source of vertical force at xS just above
∂DR, then at ∂DR we have p+(xR,ω) = 1

2 δ (xH,R−xH,S) and
p−(xR,ω)= 1

2 R(xR,xS,ω) (where R is the reflection response),
and for x in the subsurface we have p(x,ω) = Gp, f (x,xS,ω),
which is the Green’s function in terms of pressure at x in re-
sponse to a vertical force source at xS. Substitution into equa-
tion 22 gives

2Gp, f (x,xS,ω) =

∫
∂DR

F p(x,xR,ω)R(xR,xS,ω)dxR

+ F̄ p∗(x,xS,ω). (23)

This representation is consistent with Slob (2016), but has been
derived here without decomposition at x in the subsurface.

In the limiting case of a lossless medium the bar only affects
the behavior of the evanescent waves (as discussed below equa-
tion 9). When evanescent waves at ∂DR are neglected (and the
medium is lossless), the bar can be omitted and equations 22
and 23 reduce to equations 17 and 27 of Wapenaar and de Rid-
der (2022).

Finally, we express the elements of the propagator matrix in
terms of the focusing functions F(x,xR,ω) and F̄(x,xR,ω).
Using W(x,xR,ω) = Y(x,xR,ω)L−1(x3,R,ω), we obtain

W p,p(x,xR,ω) =
1
2
(
F̄ p∗+F p)(x,xR,ω), (24)

W p,v(x,xR,ω) =
ωρ0

2
H −1

1
(
F̄ p∗−F p)(x,xR,ω), (25)

W v,p(x,xR,ω) =
1
2
(
−F̄v∗+Fv)(x,xR,ω), (26)

W v,v(x,xR,ω) =−ωρ0

2
H −1

1
(
F̄v∗+Fv)(x,xR,ω). (27)

We illustrate equation 24 for the horizontally layered lossless
medium of Figure 2(a). We define the spatial Fourier transform
of u(x,ω) along the horizontal coordinate xH as

ũ(s,x3,ω) =

∫
R2

exp{−iωs ·xH}u(xH,x3,ω)d2xH, (28)

where s = (s1,s2) is the horizontal slowness vector. Next, the
inverse temporal transform is defined as

u(s,x3,τ) =
1
π

ℜ

∫
∞

0
ũ(s,x3,ω)exp{−iωτ}dω, (29)

where ℜ denotes the real part (Stoffa, 1989). We apply these
transforms to F p(x,xR,ω), choosing the focal point at xR =

(a)
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⌧ (s)
<latexit sha1_base64="8HsrKzOrkA3ZzdApvu7beLkHN44=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJFXThouDGZQX7gCaUyXTSDp2ZhHkINfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd774lSRpX2vG+nsLa+sblV3C7t7O7tl92Dw7ZKjMSkhROWyG6EFGFUkJammpFuKgniESOdaHw78zuPRCqaiAc9SUnI0VDQmGKkrdR3y4FGJjivZoHkUE3P+m7Fq3lzwFXi56QCcjT77lcwSLDhRGjMkFI930t1mCGpKWZkWgqMIinCYzQkPUsF4kSF2fzwKTy1ygDGibQlNJyrvycyxJWa8Mh2cqRHatmbif95PaPj6zCjIjWaCLxYFBsGdQJnKcABlQRrNrEEYUntrRCPkERY26xKNgR/+eVV0q7X/Ita/f6y0rjJ4yiCY3ACqsAHV6AB7kATtAAGBjyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHz/+ShA==</latexit>

focus �(⌧)
<latexit sha1_base64="M88kn6AzIX07cHUilY7TpLfRcuc=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQQUpSBbssuHFZwT6gCWUynbRDZ5IwcyOUUNz4K25cKOLWr3Dn3zhts9DWAxcO59w7c+8JEsE1OM63tbK6tr6xWdgqbu/s7u3bB4ctHaeKsiaNRaw6AdFM8Ig1gYNgnUQxIgPB2sHoZuq3H5jSPI7uYZwwX5JBxENOCRipZx97SmZhTFM98S6w12cCSNkDkp737JJTcWbAy8TNSQnlaPTsL69vHpIsAiqI1l3XScDPiAJOBZsUvVSzhNARGbCuoRGRTPvZ7IQJPjNKH4exMhUBnqm/JzIitR7LwHRKAkO96E3F/7xuCmHNz3iUpMAiOv8oTAWGGE/zwH2uGAUxNoRQxc2umA6JIhRMakUTgrt48jJpVSvuZaV6d1Wq1/I4CugEnaIyctE1qqNb1EBNRNEjekav6M16sl6sd+tj3rpi5TNH6A+szx+/Fpb3</latexit>

x3,R = 0m
<latexit sha1_base64="cTxaJu9hkvYOWd2xlx7FtDiki9E=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCh1KSVrAXoeDFYxVbC00Im+22Xbq7CbsbaQn5K148KOLVP+LNf+O2zUFbHww83pthZl4YM6q043xbhY3Nre2d4m5pb//g8Mg+LndVlEhMOjhikeyFSBFGBeloqhnpxZIgHjLyGE5u5v7jE5GKRuJBz2LiczQSdEgx0kYK7PI0SBvV++za8aqpJznkWWBXnJqzAFwnbk4qIEc7sL+8QYQTToTGDCnVd51Y+ymSmmJGspKXKBIjPEEj0jdUIE6Uny5uz+C5UQZwGElTQsOF+nsiRVypGQ9NJ0d6rFa9ufif10/0sOmnVMSJJgIvFw0TBnUE50HAAZUEazYzBGFJza0Qj5FEWJu4SiYEd/XlddKt19xGrX53WWk18ziK4BScgQvggivQAregDToAgyl4Bq/gzcqsF+vd+li2Fqx85gT8gfX5A7fdk44=</latexit>

x3,1 = 200m
<latexit sha1_base64="UI+YUnK8oBrA36lvm7SmEy5LTR8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUrSCnYjFNy4rGAf0IQwmU7aoTOTMDMRayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1hwqjSjvNtrayurW9sFraK2zu7e/v2wWFbxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0PfU790QqGos7PU6Iz9FA0IhipI0U2McPQVYru5OrquN45cyTHPJJYJecijMDXCZuTkogRzOwv7x+jFNOhMYMKdVznUT7GZKaYkYmRS9VJEF4hAakZ6hAnCg/m10/gWdG6cMolqaEhjP190SGuFJjHppOjvRQLXpT8T+vl+qo7mdUJKkmAs8XRSmDOobTKGCfSoI1GxuCsKTmVoiHSCKsTWBFE4K7+PIyaVcrbq1Svb0oNep5HAVwAk7BOXDBJWiAG9AELYDBI3gGr+DNerJerHfrY966YuUzR+APrM8fbG6T4w==</latexit>

x3,2 = 400m
<latexit sha1_base64="LXHDVBH5LNsLM3zGKC4JGuAd4TA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KStmA3QsGNywr2AU0Ik+mkHTqThJmJWEPwV9y4UMSt/+HOv3HaZqGtBy4czrmXe+/xY0alsqxvo7C2vrG5Vdwu7ezu7R+Yh0ddGSUCkw6OWCT6PpKE0ZB0FFWM9GNBEPcZ6fmT65nfuydC0ii8U9OYuByNQhpQjJSWPPPkwUvrlVp21bAsp5I6gkOeeWbZqlpzwFVi56QMcrQ988sZRjjhJFSYISkHthUrN0VCUcxIVnISSWKEJ2hEBpqGiBPppvPrM3iulSEMIqErVHCu/p5IEZdyyn3dyZEay2VvJv7nDRIVNN2UhnGiSIgXi4KEQRXBWRRwSAXBik01QVhQfSvEYyQQVjqwkg7BXn55lXRrVbterd02yq1mHkcRnIIzcAFscAla4Aa0QQdg8AiewSt4M56MF+Pd+Fi0Fox85hj8gfH5A3Eek+Y=</latexit>

x3,3 = 600m
<latexit sha1_base64="Hd5nAHyfUd6miN2tR/nU7kIx5L4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrQboeDGZQX7gCaEyXTSDp1JwsxErCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4MaNSWda3UVhZXVvfKG6WtrZ3dvfM/YOOjBKBSRtHLBI9H0nCaEjaiipGerEgiPuMdP3x9dTv3hMhaRTeqUlMXI6GIQ0oRkpLnnn04KX1Sj27urAsp5I6gkOeeWbZqlozwGVi56QMcrQ888sZRDjhJFSYISn7thUrN0VCUcxIVnISSWKEx2hI+pqGiBPpprPrM3iqlQEMIqErVHCm/p5IEZdywn3dyZEayUVvKv7n9RMVNNyUhnGiSIjni4KEQRXBaRRwQAXBik00QVhQfSvEIyQQVjqwkg7BXnx5mXRqVbterd2el5uNPI4iOAYn4AzY4BI0wQ1ogTbA4BE8g1fwZjwZL8a78TFvLRj5zCH4A+PzB3XOk+k=</latexit>

x3,4 = 760m
<latexit sha1_base64="zsVon0/5w0dV2CKt2IqPbjujAjY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KStthuhIIblxXsA5oQJtNpO3QmCTMTsYbgr7hxoYhb/8Odf+O0zUJbD1w4nHMv997jR4xKZVnfRm5tfWNzK79d2Nnd2z8wD486MowFJm0cslD0fCQJowFpK6oY6UWCIO4z0vUn1zO/e0+EpGFwp6YRcTkaBXRIMVJa8syTBy+plmrpVf3SckqJIzjkqWcWrbI1B1wldkaKIEPLM7+cQYhjTgKFGZKyb1uRchMkFMWMpAUnliRCeIJGpK9pgDiRbjK/PoXnWhnAYSh0BQrO1d8TCeJSTrmvOzlSY7nszcT/vH6shg03oUEUKxLgxaJhzKAK4SwKOKCCYMWmmiAsqL4V4jESCCsdWEGHYC+/vEo6lbJdLVdua8VmI4sjD07BGbgANqiDJrgBLdAGGDyCZ/AK3own48V4Nz4WrTkjmzkGf2B8/gCCQ5Px</latexit>x3,5 = 800m
<latexit sha1_base64="IosyKU3/HL203TpQri0II+5TO24=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrEboeDGZQX7gCaEyXTSDp1JwsxErCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4MaNSWda3UVhZXVvfKG6WtrZ3dvfM/YOOjBKBSRtHLBI9H0nCaEjaiipGerEgiPuMdP3x9dTv3hMhaRTeqUlMXI6GIQ0oRkpLnnn04KX1ykV21bAsp5I6gkOeeWbZqlozwGVi56QMcrQ888sZRDjhJFSYISn7thUrN0VCUcxIVnISSWKEx2hI+pqGiBPpprPrM3iqlQEMIqErVHCm/p5IEZdywn3dyZEayUVvKv7n9RMVNNyUhnGiSIjni4KEQRXBaRRwQAXBik00QVhQfSvEIyQQVjqwkg7BXnx5mXRqVbterd2el5uNPI4iOAYn4AzY4BI0wQ1ogTbA4BE8g1fwZjwZL8a78TFvLRj5zCH4A+PzB3wQk+0=</latexit>

x3,6 = 1000m
<latexit sha1_base64="Ah6D9j8djNMN2jgQY4n+P+g4PNE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJSyaUV7EQpePFawrdCEsNlu2qW7SdjdiCUU/CtePCji1d/hzX/jts1BWx8MPN6bYWZekHCmNELfVmFldW19o7hZ2tre2d2z9w86Kk4loW0S81jeB1hRziLa1kxzep9IikXAaTcYXU/97gOVisXRnR4n1BN4ELGQEayN5NtHj35Wr1xMrhyEkFvJXCmgmPh2GVXRDHCZODkpgxwt3/5y+zFJBY004VipnoMS7WVYakY4nZTcVNEEkxEe0J6hERZUedns/Ak8NUofhrE0FWk4U39PZFgoNRaB6RRYD9WiNxX/83qpDhtexqIk1TQi80VhyqGO4TQL2GeSEs3HhmAimbkVkiGWmGiTWMmE4Cy+vEw6tapTr9Zuz8vNRh5HERyDE3AGHHAJmuAGtEAbEJCBZ/AK3qwn68V6tz7mrQUrnzkEf2B9/gDlhJQh</latexit>

x3,7 = 1200m
<latexit sha1_base64="fdUj9QWk0NtvGBvuF+5SEWrSvlY=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgopSkFdqNUHDjsoJ9QBPCZDpph85MwsxELKHgr7hxoYhbv8Odf+O0zUJbD1w4nHMv994TJowq7Tjf1tr6xubWdmGnuLu3f3BoHx13VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g3HNzO/+0CkorG415OE+BwNBY0oRtpIgX36GGS1cn167VYdxytnnuSQTwO75FScOeAqcXNSAjlagf3lDWKcciI0Zkipvusk2s+Q1BQzMi16qSIJwmM0JH1DBeJE+dn8/Cm8MMoARrE0JTScq78nMsSVmvDQdHKkR2rZm4n/ef1URw0/oyJJNRF4sShKGdQxnGUBB1QSrNnEEIQlNbdCPEISYW0SK5oQ3OWXV0mnWnFrlerdVanZyOMogDNwDi6BC+qgCW5BC7QBBhl4Bq/gzXqyXqx362PRumblMyfgD6zPH+o1lCQ=</latexit>

-0.4                   -0.2                    0.0                    0.2                   0.4                     

(c)

⌧ (s)
<latexit sha1_base64="8HsrKzOrkA3ZzdApvu7beLkHN44=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJFXThouDGZQX7gCaUyXTSDp2ZhHkINfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd774lSRpX2vG+nsLa+sblV3C7t7O7tl92Dw7ZKjMSkhROWyG6EFGFUkJammpFuKgniESOdaHw78zuPRCqaiAc9SUnI0VDQmGKkrdR3y4FGJjivZoHkUE3P+m7Fq3lzwFXi56QCcjT77lcwSLDhRGjMkFI930t1mCGpKWZkWgqMIinCYzQkPUsF4kSF2fzwKTy1ygDGibQlNJyrvycyxJWa8Mh2cqRHatmbif95PaPj6zCjIjWaCLxYFBsGdQJnKcABlQRrNrEEYUntrRCPkERY26xKNgR/+eVV0q7X/Ita/f6y0rjJ4yiCY3ACqsAHV6AB7kATtAAGBjyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHz/+ShA==</latexit>

�(⌧)
<latexit sha1_base64="qt0pugzM646eaEja5NGdwEJIX1M=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkpSBXssePFYwdZCE8pms2mXbjZhd1YooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCzPBNbjut1Pa2Nza3invVvb2Dw6PqscnPZ0aRVmXpiJV/ZBoJrhkXeAgWD9TjCShYI/h5HbuPz4xpXkqH2CasSAhI8ljTglYyfcjJoDUfSDmclituQ13AbxOvILUUIHOsPrlRyk1CZNABdF64LkZBDlRwKlgs4pvNMsInZARG1gqScJ0kC9unuELq0Q4TpUtCXih/p7ISaL1NAltZ0JgrFe9ufifNzAQt4Kcy8wAk3S5KDYCQ4rnAeCIK0ZBTC0hVHF7K6ZjoggFG1PFhuCtvrxOes2Gd9Vo3l/X2q0ijjI6Q+eojjx0g9roDnVQF1GUoWf0it4c47w4787HsrXkFDOn6A+czx97UZFJ</latexit>

x3,R = 0m
<latexit sha1_base64="cTxaJu9hkvYOWd2xlx7FtDiki9E=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCh1KSVrAXoeDFYxVbC00Im+22Xbq7CbsbaQn5K148KOLVP+LNf+O2zUFbHww83pthZl4YM6q043xbhY3Nre2d4m5pb//g8Mg+LndVlEhMOjhikeyFSBFGBeloqhnpxZIgHjLyGE5u5v7jE5GKRuJBz2LiczQSdEgx0kYK7PI0SBvV++za8aqpJznkWWBXnJqzAFwnbk4qIEc7sL+8QYQTToTGDCnVd51Y+ymSmmJGspKXKBIjPEEj0jdUIE6Uny5uz+C5UQZwGElTQsOF+nsiRVypGQ9NJ0d6rFa9ufif10/0sOmnVMSJJgIvFw0TBnUE50HAAZUEazYzBGFJza0Qj5FEWJu4SiYEd/XlddKt19xGrX53WWk18ziK4BScgQvggivQAregDToAgyl4Bq/gzcqsF+vd+li2Fqx85gT8gfX5A7fdk44=</latexit>

x3,1 = 200m
<latexit sha1_base64="UI+YUnK8oBrA36lvm7SmEy5LTR8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUrSCnYjFNy4rGAf0IQwmU7aoTOTMDMRayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1hwqjSjvNtrayurW9sFraK2zu7e/v2wWFbxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0PfU790QqGos7PU6Iz9FA0IhipI0U2McPQVYru5OrquN45cyTHPJJYJecijMDXCZuTkogRzOwv7x+jFNOhMYMKdVznUT7GZKaYkYmRS9VJEF4hAakZ6hAnCg/m10/gWdG6cMolqaEhjP190SGuFJjHppOjvRQLXpT8T+vl+qo7mdUJKkmAs8XRSmDOobTKGCfSoI1GxuCsKTmVoiHSCKsTWBFE4K7+PIyaVcrbq1Svb0oNep5HAVwAk7BOXDBJWiAG9AELYDBI3gGr+DNerJerHfrY966YuUzR+APrM8fbG6T4w==</latexit>

x3,2 = 400m
<latexit sha1_base64="LXHDVBH5LNsLM3zGKC4JGuAd4TA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KStmA3QsGNywr2AU0Ik+mkHTqThJmJWEPwV9y4UMSt/+HOv3HaZqGtBy4czrmXe+/xY0alsqxvo7C2vrG5Vdwu7ezu7R+Yh0ddGSUCkw6OWCT6PpKE0ZB0FFWM9GNBEPcZ6fmT65nfuydC0ii8U9OYuByNQhpQjJSWPPPkwUvrlVp21bAsp5I6gkOeeWbZqlpzwFVi56QMcrQ988sZRjjhJFSYISkHthUrN0VCUcxIVnISSWKEJ2hEBpqGiBPppvPrM3iulSEMIqErVHCu/p5IEZdyyn3dyZEay2VvJv7nDRIVNN2UhnGiSIgXi4KEQRXBWRRwSAXBik01QVhQfSvEYyQQVjqwkg7BXn55lXRrVbterd02yq1mHkcRnIIzcAFscAla4Aa0QQdg8AiewSt4M56MF+Pd+Fi0Fox85hj8gfH5A3Eek+Y=</latexit>

x3,3 = 600m
<latexit sha1_base64="Hd5nAHyfUd6miN2tR/nU7kIx5L4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrQboeDGZQX7gCaEyXTSDp1JwsxErCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4MaNSWda3UVhZXVvfKG6WtrZ3dvfM/YOOjBKBSRtHLBI9H0nCaEjaiipGerEgiPuMdP3x9dTv3hMhaRTeqUlMXI6GIQ0oRkpLnnn04KX1Sj27urAsp5I6gkOeeWbZqlozwGVi56QMcrQ888sZRDjhJFSYISn7thUrN0VCUcxIVnISSWKEx2hI+pqGiBPpprPrM3iqlQEMIqErVHCm/p5IEZdywn3dyZEayUVvKv7n9RMVNNyUhnGiSIjni4KEQRXBaRRwQAXBik00QVhQfSvEIyQQVjqwkg7BXnx5mXRqVbterd2el5uNPI4iOAYn4AzY4BI0wQ1ogTbA4BE8g1fwZjwZL8a78TFvLRj5zCH4A+PzB3XOk+k=</latexit>

x3,4 = 760m
<latexit sha1_base64="zsVon0/5w0dV2CKt2IqPbjujAjY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KStthuhIIblxXsA5oQJtNpO3QmCTMTsYbgr7hxoYhb/8Odf+O0zUJbD1w4nHMv997jR4xKZVnfRm5tfWNzK79d2Nnd2z8wD486MowFJm0cslD0fCQJowFpK6oY6UWCIO4z0vUn1zO/e0+EpGFwp6YRcTkaBXRIMVJa8syTBy+plmrpVf3SckqJIzjkqWcWrbI1B1wldkaKIEPLM7+cQYhjTgKFGZKyb1uRchMkFMWMpAUnliRCeIJGpK9pgDiRbjK/PoXnWhnAYSh0BQrO1d8TCeJSTrmvOzlSY7nszcT/vH6shg03oUEUKxLgxaJhzKAK4SwKOKCCYMWmmiAsqL4V4jESCCsdWEGHYC+/vEo6lbJdLVdua8VmI4sjD07BGbgANqiDJrgBLdAGGDyCZ/AK3own48V4Nz4WrTkjmzkGf2B8/gCCQ5Px</latexit>x3,5 = 800m
<latexit sha1_base64="IosyKU3/HL203TpQri0II+5TO24=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrEboeDGZQX7gCaEyXTSDp1JwsxErCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4MaNSWda3UVhZXVvfKG6WtrZ3dvfM/YOOjBKBSRtHLBI9H0nCaEjaiipGerEgiPuMdP3x9dTv3hMhaRTeqUlMXI6GIQ0oRkpLnnn04KX1ykV21bAsp5I6gkOeeWbZqlozwGVi56QMcrQ888sZRDjhJFSYISn7thUrN0VCUcxIVnISSWKEx2hI+pqGiBPpprPrM3iqlQEMIqErVHCm/p5IEZdywn3dyZEayUVvKv7n9RMVNNyUhnGiSIjni4KEQRXBaRRwQAXBik00QVhQfSvEIyQQVjqwkg7BXnx5mXRqVbterd2el5uNPI4iOAYn4AzY4BI0wQ1ogTbA4BE8g1fwZjwZL8a78TFvLRj5zCH4A+PzB3wQk+0=</latexit>

x3,6 = 1000m
<latexit sha1_base64="Ah6D9j8djNMN2jgQY4n+P+g4PNE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJSyaUV7EQpePFawrdCEsNlu2qW7SdjdiCUU/CtePCji1d/hzX/jts1BWx8MPN6bYWZekHCmNELfVmFldW19o7hZ2tre2d2z9w86Kk4loW0S81jeB1hRziLa1kxzep9IikXAaTcYXU/97gOVisXRnR4n1BN4ELGQEayN5NtHj35Wr1xMrhyEkFvJXCmgmPh2GVXRDHCZODkpgxwt3/5y+zFJBY004VipnoMS7WVYakY4nZTcVNEEkxEe0J6hERZUedns/Ak8NUofhrE0FWk4U39PZFgoNRaB6RRYD9WiNxX/83qpDhtexqIk1TQi80VhyqGO4TQL2GeSEs3HhmAimbkVkiGWmGiTWMmE4Cy+vEw6tapTr9Zuz8vNRh5HERyDE3AGHHAJmuAGtEAbEJCBZ/AK3qwn68V6tz7mrQUrnzkEf2B9/gDlhJQh</latexit>

x3,7 = 1200m
<latexit sha1_base64="fdUj9QWk0NtvGBvuF+5SEWrSvlY=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgopSkFdqNUHDjsoJ9QBPCZDpph85MwsxELKHgr7hxoYhbv8Odf+O0zUJbD1w4nHMv994TJowq7Tjf1tr6xubWdmGnuLu3f3BoHx13VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g3HNzO/+0CkorG415OE+BwNBY0oRtpIgX36GGS1cn167VYdxytnnuSQTwO75FScOeAqcXNSAjlagf3lDWKcciI0Zkipvusk2s+Q1BQzMi16qSIJwmM0JH1DBeJE+dn8/Cm8MMoARrE0JTScq78nMsSVmvDQdHKkR2rZm4n/ef1URw0/oyJJNRF4sShKGdQxnGUBB1QSrNnEEIQlNbdCPEISYW0SK5oQ3OWXV0mnWnFrlerdVanZyOMogDNwDi6BC+qgCW5BC7QBBhl4Bq/gzXqyXqx362PRumblMyfgD6zPH+o1lCQ=</latexit>

Figure 2: (a) Horizontally layered medium. (b) Focusing func-
tion F p(s1,x3,x3,R,τ) (for fixed s1). (c) Propagator matrix el-
ement W p,p(s1,x3,x3,R,τ) (for fixed s1).



The propagator and transfer matrix expressed in focusing functions

(0,0,x3,R) and setting s2 = 0. This yields the transformed fo-
cusing function F p(s1,x3,x3,R,τ), which is shown in Figure
2(b) for fixed s1 = 1/3500 s/m and convolved with a Ricker
wavelet with a central frequency of 50 Hz. Starting at the bot-
tom, we observe upgoing waves (blue arrows), which are tuned
such that a single wave propagates upward through the upper
layer and focuses at depth level x3,R at τ = 0. After that, it con-
tinues as an upgoing wave into the upper half-space. Note that
the focusing function is evanescent in the high velocity layer
between 760 and 800 m, through which it tunnels. Equation
24 transforms to

W p,p(s1,x3,x3,R,τ) =

1
2

(
F p(s1,x3,x3,R,−τ)+F p(s1,x3,x3,R,τ)

)
. (30)

This element of the propagator matrix is shown in Figure 2(c).

The transfer matrix for a dissipative medium
Analogous to equation 3, we introduce the transfer matrix
T(x,xR,ω) via

p(x,ω) =

∫
∂DR

T(x,xR,ω)p(xR,ω)dxR. (31)

Hence, the transfer matrix “transfers” the downgoing and up-
going waves p+ and p− from acquisition boundary ∂DR to an
arbitrary depth level in the subsurface. Usually, this matrix is
analysed for horizontally layered media and it is built up re-
cursively from interface to interface. This is also the approach
followed by Dukalski et al. (2022a,b), who in addition express
the transfer matrix in terms of Marchenko focusing functions.
Here we follow a different approach. Substituting q = Lp into
equation 3 we obtain equation 31, with

T(x,xR,ω) = L−1(x,ω)W(x,xR,ω)L(x3,R,ω), (32)

where

L−1(x,ω) =
1
2

(
1 ωH −1

1 (x,ω)ρ(x,ω)

1 −ωH −1
1 (x,ω)ρ(x,ω)

)
. (33)

Equation 32 is valid in an arbitrary inhomogeneous dissipa-
tive acoustic medium, assuming the operator L(x,ω) and its
inverse exists inside the medium. This is a more serious as-
sumption than we made in the previous section, where we only
assumed that L(x3,R,ω) and its inverse exists at the boundary
∂DR, where the medium is homogeneous. Despite this addi-
tional restriction, it is worthwhile to analyse the transfer matrix
further and relate it to Marchenko focusing functions.

The transfer matrix expressed in focusing functions
Using Y(x,xR,ω) = W(x,xR,ω)L(x3,R,ω), we rewrite equa-
tion 32 as

T(x,xR,ω) = L−1(x,ω)Y(x,xR,ω). (34)

First we analyze the right columns of the matrices at both sides
of this equation. Using the definition of L−1 in equation 33 and
the right column of Y in equation 21, we obtain, analogous to
L−1q = p,

1
2

(
1 ωH −1

1 ρ

1 −ωH −1
1 ρ

)(
F p

Fv

)
=

(
F p+(x,xR,ω)
F p−(x,xR,ω)

)
. (35)

Here F p+(x,xR,ω) and F p−(x,xR,ω) are the downgoing and
upgoing parts at x (pressure-normalized) of the focusing func-
tion F p(x,xR,ω). For the left columns of the matrices at both
sides of equation 34 we obtain, using equation 9 and the left
column of Y in equation 21,

1
2

(
1 ωH −1

1 ρ

1 −ωH −1
1 ρ

)(
F̄ p∗

−F̄v∗

)
=

1
2

(
1 −ωH̄ −1

1 ρ̄

1 ωH̄ −1
1 ρ̄

)∗(
F̄ p

F̄v

)∗
=

(
F̄ p−(x,xR,ω)
F̄ p+(x,xR,ω)

)∗
. (36)

Combining the obtained columns in one matrix, we obtain

T(x,xR,ω) =

(
F̄ p−∗(x,xR,ω) F p+(x,xR,ω)

F̄ p+∗(x,xR,ω) F p−(x,xR,ω)

)
. (37)

This equation expresses the transfer matrix for an arbitrary in-
homogeneous dissipative acoustic medium in terms of decom-
posed focusing functions of the medium and its adjoint.

For the special case of a horizontally layered medium we apply
the spatial Fourier transform of equation 28, choosing the focal
point at xR = (0,0,x3,R). This yields

T̃(s,x3,x3,R,ω) =

(
˜̄F p−∗(−s,x3,x3,R,ω) F̃ p+(s,x3,x3,R,ω)
˜̄F p+∗(−s,x3,x3,R,ω) F̃ p−(s,x3,x3,R,ω)

)
.

This expression is consistent with Dukalski et al. (2022a,b),
when taking into account that their path-reversal operator P
implies (1) taking the adjoint medium (or, in the limiting case
of a lossless medium, taking exponentially increasing “evanes-
cent” wave modes), (2) taking the complex conjugate, and (3)
changing the sign of the horizontal slowness (for the acoustic
case, however, this sign change can be omitted).

Conclusions
We have derived mutual relations between the propagator ma-
trix, the transfer matrix and the Marchenko focusing functions,
for an arbitrary inhomogeneous dissipative acoustic medium.
The relations are exact, meaning that they hold for all propa-
gating and evanescent wave modes. The relations involving the
transfer matrix are restricted by the assumption that up/down
decomposition is possible inside the inhomogeneous medium;
the relation between the propagator matrix and the focusing
function does not rely on this assumption.

The relations support further research on redatuming and imag-
ing methods accounting for internal multiples. On the one
hand, when the medium is accurately known, the propagator
matrix can be numerically modelled in that medium and its
adjoint, from which the focusing functions and transfer ma-
trix can be derived. On the other hand, under specific cir-
cumstances the focusing functions can be derived from the
single-sided reflection response (for lossless media) or from
the double-sided reflection and transmission response (for dis-
sipative media), from which the propagator matrix and transfer
matrix can be derived.
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