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The actuator line model (ALM) is an approach commonly used to represent lifting and
dragging devices like wings and blades in large-eddy simulations (LES). The crux of
the ALM is the projection of the actuator point forces onto the LES grid by means of
a Gaussian regularisation kernel. The minimum width of the kernel is constrained by
the grid size; however, for most practical applications like LES of wind turbines, this
value is an order of magnitude larger than the optimal value that maximises accuracy.
This discrepancy motivated the development of corrections for the actuator line, which,
however, neglect the effect of unsteady spanwise shed vorticity. In this work we develop
a model for the impact of spanwise shed vorticity on the unsteady loading of an aerofoil
modelled as a Gaussian body force distribution, where the model is applicable within the
regime of unsteady attached flow. The model solution is derived both in the time and
frequency domain and features an explicit dependence on the Gaussian kernel width. We
verify the model with ALM-LES for both pitch steps and periodic pitching. The model
solution is compared withTheodorsen theory and validated with both computational fluid
dynamics using body fitted grids and experiment. It is concluded that the optimal kernel
width for unsteady aerodynamics is approximately 40 % of the chord. The ALM is able to
predict the magnitude of the unsteady loading up to a reduced frequency of k ≈ 0.2.
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1. Introduction
Today’s wind energy generation relies on large-scale wind farms operating optimally in the
lower (surface) part of the atmospheric boundary layer (ABL) (Veers et al. 2019; Porté-
Agel et al. 2020). Optimal performance of wind farms requires accurate prediction of the
aerodynamic characteristics of the individual turbines and their interaction with wakes
and the ambient atmospheric flow. The unsteady ABL flow is commonly computed using
large-eddy simulation (LES), where wind turbines are parameterised with actuator models
like actuator disks or actuator lines (Breton et al. 2017).

The actuator line model (ALM), initially developed by Sørensen & Shen (2002),
represents lifting and dragging devices, such as blades and wings, as discrete lines. It
allows for the distribution of body forces along these lines, effectively simulating the
influence of solid bodies on the flow. As such, when the ALM is utilised to model a
wind turbine rotor, it is capable of capturing the footprint of the individual blades and the
associated vortex system composed of the bound, tip and root vortices (Troldborg 2009;
Ivanell et al. 2010; Troldborg, Sorensen & Mikkelsen 2010; Martínez-Tossas et al. 2015).
Nevertheless, the ALM is still relatively simple to implement thanks to its suitability with
Cartesian grids. This balance between simplicity, physical accuracy and computational
cost has contributed to the ALM’s ongoing popularity more than twenty years after its
inception (Sanderse, Pijl & Koren 2011; Breton et al. 2017). During these years, the ALM
has enabled many advancements in wind energy and beyond, for example, the study of
ABL-turbine interaction (Troldborg et al. 2011; Churchfield et al. 2012), the analysis of
near-wake vortex dynamics like the tip vortex instability (Sarmast et al. 2014; Sørensen
et al. 2015; Kleusberg, Benard & Henningson 2019; Hodgkin, Laizet & Deskos 2022),
the study of novel wake control strategies (Yılmaz & Meyers 2018; Frederik et al. 2020)
or the simulation of vertical axis wind turbines (Mendoza et al. 2019) and complex wing
configurations (Kleine et al. 2023b).

1.1. Gaussian force regularisation and smearing corrections for the ALM
The accuracy of the ALM approach depends on the force projection from the discrete
lines onto the LES grid using a regularisation kernel, ηε . In its most general form in three-
dimensional space, the regularisation of a single discrete actuator point force f Act across
the volume Ω takes the form

f Reg =
∫∫∫

Ω

f Actηε dx, x ∈ Ω with ηε = 1
π3/2ε3 e−(|x−xAct|)2/ε2

, (1.1)

where ε is the Gaussian kernel width and xAct the actuator point location. The need for
calculating a convolution of the actuator forces with a regularisation kernel was introduced
in the foundational ALM work by Sørensen & Shen (2002) in order to avoid singular
behaviour, which would result from direct application of the actuator point forces on
the LES grid. In their work, the shape of the regularisation kernel was chosen to be an
isotropic Gaussian as introduced above, where the kernel width is constant along the entire
span of the blade. Motivated by the idea that the actuator forces are ultimately supposed
to model the dimension and shape of the wing or blade and the associated aerofoils,
a comprehensive body of literature exists aiming to improve the force regularisation
accordingly (Churchfield et al. 2017; Martínez-Tossas et al. 2017; Jha & Schmitz 2018;
Caprace, Chatelain & Winckelmans 2019; Schollenberger et al. 2020; Liu et al. 2022).
However, independent of the employed kernel type and shape, the minimal allowable
kernel width is dictated by the grid size, �x , employed in LES, and arguments of a
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minimum allowable ratio, ε/�x , have been made in order to avoid numerical oscillations
and obtain convergence. Its proposed value ranges from ε/�x = 2 (Troldborg et al. 2010)
to ε/�x � 4 (Shives & Crawford 2013) and ε/�x � 5 (Martínez-Tossas et al. 2015).

The resulting kernel widths from grid size considerations are often an order of
magnitude larger than the optimal kernel width. Martínez-Tossas et al. (2017) found the
optimal kernel width by maximising the agreement between the two-dimensional flow
solution around an aerofoil with chord, c, modelled as a Gaussian body force akin to the
ALM, and the corresponding potential flow solution. They concluded that the optimal
kernel width is of the order of εOpt/c =O(10−1), which is in agreement with the earlier
proposed range of εOpt/c ∈ [1/8, 1/4] (Shives & Crawford 2013). Martínez-Tossas et al.
(2017) further noted that the optimal kernel width is not a function of the angle of attack
and that the dependence on the type of lifting surface (e.g. aerofoil camber and thickness)
is weak. For the context of this work, it is also important to note that the conclusions of
Martínez-Tossas et al. (2017) regarding the optimal kernel width were drawn considering
steady-state conditions.

In practice, the existing discrepancy between the conditions for the optimal and
numerically allowable kernel width is the reason why the standard ALM, when employed
on coarse LES grids, fails to accurately reproduce the loading in the proximity of the
wing and blade tips. One of the earliest proposals to address this issue was made by Shen,
Sørensen & Mikkelsen (2005) who introduced a tip loss correction for the ALM similar to
the corrections employed for blade element momentum theory. Progress has been made on
this issue by Dağ & Sørensen (2020) (originally Dağ 2017), who observed that the bound
vortex created by the ALM is also of Gaussian shape and, thus, similar to the shape of a
Lamb–Oseen vortex. This observation was shown to be a mathematical consequence of
the Gaussian force regularisation by Forsythe et al. (2015) for the bound vortex and by
Martínez-Tossas & Meneveau (2019) for the vorticity shed by an actuator line.

These insights enable the correction of ALM results based on the mismatch between
the induced velocities along the actuator line as they result from shed Lamb–Oseen
vortices, with the kernel width dictated by numerical considerations and from a reference
considered optimal (Martínez-Tossas & Meneveau 2019; Meyer Forsting, Pirrung &
Ramos-García 2019a; Dağ & Sørensen 2020; Kleine et al. 2023a). These corrections
– also often labelled as smearing corrections – were applied to wind turbine rotors, for
example, by Meyer Forsting et al. (2019b), Stanly et al. (2022) and Taschner et al. (2024).
Meyer Forsting et al. (2019a) and Kleine et al. (2023a) also tested their corrections for
unsteady operating conditions, namely the NREL 5 MW turbine subject to a step in blade
pitch or operating in sheared inflow. In these conditions, spanwise vorticity would also be
shed in response to the varying strength of the bound vortex. The effect of this additional
unsteady vorticity component is not captured by the previously mentioned corrections,
which also neglect the influence of drag. Kleine et al. (2023a) pointed out in their work that
a better understanding of drag and unsteady effects and their relation to the error caused by
Gaussian regularisation with large kernel widths could help to further decrease associated
errors. The impact of drag was already studied in the work of Caprace, Winckelmans
& Chatelain (2020), who developed an immersed lifting and dragging line method, which
captures streamwise/spanwise and normal/spanwise shed vorticity for lift and drag forcing,
respectively.

1.2. Unsteady aerodynamics in the context of the ALM
The previous outline shows that progress has been made on developing the ALM,
and theoretical insights lead to corrections for practically employed kernel widths.
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These developments mostly focused on steady and quasi-steady conditions. The operating
conditions of a wind turbine are, however, subject to various periodic and aperiodic
sources of unsteadiness like shear, veer and high-frequency turbulence fluctuations in the
atmospheric inflow; body motion due to flexible structures; tower shadow effects; and
interaction of the blades with wakes generated by upstream turbines (Leishman 2002a).
There also exists a variety of wind farm control strategies to mitigate wake effects on
downstream turbines. These wake control strategies utilise the turbine’s yaw, rotational
and pitch degrees of freedom, often introducing additional sources of unsteadiness
(Meyers et al. 2022).

The body force approach of the ALM is at the core of its simplicity, and therefore,
it may not resolve phenomena associated with boundary-layer dynamics, e.g. flow
separation/reattachment, laminar–turbulent transition and dynamic stall effects. Their
effect on the unsteady lift and drag can only be included by means of additional models,
e.g. the dynamic stall model from Leishman & Beddoes (1989). However, even for flow
scenarios corresponding to unsteady attached flow, the question remains of how Gaussian
force regularisation with suboptimal large kernel widths may impact the unsteady loading.
When using suboptimal large kernel widths the vorticity shed in response to the wake
suffers from an excess of smearing, similar to the steady case, affecting its feedback to the
angle of attack (induction) and, thus, the loading on the blades. The role of shed unsteady
spanwise vorticity has so far been neglected from previous ALM corrections (Martínez-
Tossas & Meneveau 2019; Meyer Forsting et al. 2019a; Dağ & Sørensen 2020; Kleine et al.
2023a), and therefore, it is the focus of this study.

We begin by tackling the unsteady two-dimensional incompressible, inviscid flow over
a Gaussian body force, similar to the successive theoretical advancements of the ALM
in steady conditions (Martínez-Tossas et al. 2017). This approach links the unsteady two-
dimensional ALM (or actuator point rather than actuator line) to the wealth of foundational
work on the unsteady incompressible, inviscid thin-aerofoil problem (von Kármán &
Sears 1938; Bisplinghoff, Ashley & Halfman 1996; Leishman 2002b). Unsteady inviscid
solutions can be traced back to the pioneering work of Prandtl (1924). They noted that
unsteady aerofoil loading implies the shedding of circulation into the wake and suggested
a first-order solution to the problem of a flapping aerofoil. Birnbaum (1924) solved this
problem by utilising a series approximation and quantified the degree of unsteadiness
with the so-called reduced frequency, k, a non-dimensional number given by the ratio
of the time scales of the unsteady phenomena and the time needed by the flow to travel
across the aerofoil’s semi-chord length. Since a number of solutions have been derived to
address the unsteady thin-aerofoil problem, it is helpful to categorise them based on two
criteria (Leishman 2002b): firstly, whether the solution is derived in the time or frequency
domain, and secondly, whether the source of unsteadiness is the inflow (e.g. sinusoidal
gusts of the normal velocity) or the aerofoil motion, e.g. translatory oscillation (heave)
and/or rotational oscillation (pitching). Wagner (1925) and Küssner (1936) derived time
domain solutions for the cases of unsteady body motion and unsteady inflow, respectively.
Corresponding frequency domain solutions were derived by Theodorsen (1935) for the
case of aerofoil motion and by Sears (1941) for gusts.

In either case, the lift can be split into three contributions: (i) quasi-steady,
(ii) apparent-mass and (iii) wake-induced (von Kármán & Sears 1938; Sears 1941). The
computation of contribution (iii) is based on the transfer functions C(k) and S(k) for
Theodorsen’s and Sears’s solutions, respectively. These transfer functions incorporate the
frequency-dependent phase and magnitude modulation of the unsteady lift caused by the
shed vorticity in the wake. In principle, the ALM inherently captures the wake-induced
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unsteady loading since it is modelled by the LES. However, this also raises the following
three fundamental questions.

(i) Does the optimal kernel width determined for steady-state conditions still apply to
the unsteady case?

(ii) How does the error in the unsteady loading depend on ε∗ and k when employing
suboptimal large kernel widths?

(iii) Beyond which reduced frequencies does the ALM fail to accurately model unsteady
aerodynamics even when employing the optimal kernel width and considering
attached flow conditions below stall?

1.3. Objective
The present work tackles these questions for the case of unsteady attached flow over a
pitching aerofoil modelled as a two-dimensional Gaussian body force, i.e. the unsteady
two-dimensional ALM. The detailed contributions are as follows.

(i) The development of a first-order model capable of reproducing two-dimensional
unsteady ALM results without relying on the use of LES. The model is formulated
in the time and frequency domain, akin to the aerodynamic models of Wagner (1925)
and Theodorsen (1935), but stems from a formulation of the governing equations that
is consistent with the ALM.

(ii) The establishment of a range for the optimal Gaussian kernel width for the ALM
in the case of unsteady aerodynamics by comparing the model with inviscid
computational fluid dynamics (CFD) using body fitted grids and Theodorsen theory.

(iii) The identification of a threshold reduced frequency beyond which the ALM fails
to accurately capture the unsteady aerofoil loading even when employing the
optimal kernel width for unsteady conditions from (ii). This identification is based
on numerical and experimental validation data and a detailed comparison with
Theodorsen theory.

The remainder of the paper is organised as follows. We start by formulating the unsteady
two-dimensional problem and derive its general solution in terms of vorticity in § 2. In
§ 3 we then utilise the derived unsteady vorticity solution to obtain the corresponding
induced velocity solution at the aerofoil location by means of the Biot–Savart law. Section
4 builds upon the induced velocity solutions to obtain a model for the unsteady aerofoil
loading both in the time and frequency domain, where the latter is compared in detail to
Theodorsen theory. We verify the model predictions for the aerofoil’s unsteady loading
by comparing them to ALM-LES in § 5 and discuss the impact of neglecting nonlinear
contributions for the model derivation in § 6. In § 7 the model is validated with numerical
and experimental benchmarks to establish the range of the optimal kernel width for
unsteady aerodynamics and identify the limits of the ALM’s applicability. We conclude
with § 8, where the findings are summarised and an outlook of future work is provided.

2. Flow over an unsteady two-dimensional Gaussian body force
We start by deriving the general solution for the unsteady vorticity field that forms around
an aerofoil represented by a two-dimensional Gaussian body force. For the derivations,
we assume incompressible flow in the infinite-Reynolds-number limit. Following the
work of Martínez-Tossas et al. (2017), but retaining the time-derivative term, our starting
point is the two-dimensional unsteady Euler equation in non-dimensional form. We use
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the free-stream velocity, U∞, the fluid density, ρ, and the aerofoil’s chord length, c,
as the characteristic velocity, density and length scales, respectively, and define the
dimensionless time and space coordinates t∗ = tU∞/c, x∗ = x/c, y∗ = y/c, ε∗ = ε/c,
velocities u∗ = u/U∞, v∗ = v/U∞, pressure p∗ = p/(ρU 2∞) and vorticity ω∗ = ωc/U∞
to obtain

∂u∗
∂t∗

+ u∗ · ∇∗u∗ = −∇∗ p∗ − Cx i + Cy j

2πε2∗
e−(x2∗+y2∗)/ε2∗ , (2.1)

where u∗ = (u∗, v∗)� is the velocity vector and i and j represent the streamwise and
normal unit vectors. Here, the non-dimensional streamwise forcing, Cx , and normal
forcing, Cy , model the impact of the aerofoil on the flow akin to the ALM. The force
coefficients are functions of the time-dependent angle of attack α(t∗) and are regularised
with a Gaussian kernel of width, ε∗, centred at the actuator point located at xAct∗ =
(xAct∗ , yAct∗ )� = (0, 0)�. By taking the curl of (2.1), the pressure term can be eliminated,
and we obtain a transport equation for the vorticity,

∂ω∗
∂t∗

+ u∗ · ∇∗ω∗ = −y∗Cx + x∗Cy

πε4∗
e−(x2∗+y2∗)/ε2∗ . (2.2)

Equation (2.2) may further be simplified by considering a linear perturbation analysis
around ω∗ = 0, and thus, Cx = Cy = 0 such that u∗ = i + up∗ , ω∗ = ω

p∗ , Cx = C p
x ,

Cy = C p
y and u∗ · ∇∗ω∗ ≈ ∂ω

p∗ /∂x∗. After these approximations, (2.2) becomes

∂ω
p∗

∂t∗
+ ∂ω

p∗
∂x∗

= −y∗C p
x + x∗C p

y

πε4∗
e−(x2∗+y2∗)/ε2∗ . (2.3)

For the remainder of this paper, the superscripts p are omitted for all variables and it is
understood that they refer to their respective perturbation values. It should be noted that
the linearisation point of ω∗ = 0 implicitly assumes an infinitesimally thin non-cambered
drag-free aerofoil at zero mean angle of attack such that the wake of the aerofoil lies on
the x axis at y∗ = 0 parallel to the free-stream velocity U∞. Thus, applying the derived so-
lutions to aerofoils with a non-zero base loading, camber or thickness is an approximation
since the influence of mean-flow deflection on the vorticity transport is neglected. The first
effect will be observed when compared with the nonlinear LES reference in § 5, whereas
the latter two aspects are inherently not captured by the ALM and, thus, also not present
in the nonlinear LES results. More advanced second-order approaches would be needed
to take those effects into account, as for the example in the Sears problem (Goldstein &
Atassi 1976; Atassi 1984). The impact of the simplifying assumptions made here to arrive
at the linearised vorticity transport (2.3) is discussed in § 6. It should be noted that the
assumptions made are shared with the theory of Theodorsen (1935) (see, e.g. Limacher
2025). In particular, the modelling approach taken here is valid as long as the considered
flow conditions correspond to unsteady attached flow across the aerofoil.

Using the streamwise and normal perturbation velocities, one can define the flow angle
at the actuator point φ = arctan(v∗/(1 + u∗)). The flow angle is related to the angle of
attack via the pitch angle β as α = φ + β, where we consider in this work the unsteady
forcing to stem from a time-dependent pitch angle, β(t∗). It should be stressed that the
angle of attack not only depends on the pitch angle, but also via the flow angle/the
perturbation velocities on the unsteady vorticity field ω∗(x∗, y∗, t∗), i.e. the solution of
(2.3). Hence, the unsteady forcing term on the right-hand side of (2.3) is not known
a priori. It instead follows from solving the underlying feedback problem between the
unsteady loading and the unsteady shed vorticity in the aerofoil wake, which can be
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y ∗
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–Cy j

CL sin(φ) i

i u∗i

v∗ j

α

0

(b) (c)

(a)

β

φ φ

Figure 1. (a) The problem set-up with the pitching aerofoil (chord c) represented by a two-dimensional
Gaussian body force in a free stream flow of speed U∞. The resulting unsteady vorticity source term (right-hand
side of the vorticity transport equation (2.3)) is illustrated by the grey dashed/solid (negative/positive vorticity
source term) contour lines. The small tilt angle of the contour is caused by the source term contribution of the
streamwise forcing Cx . The blue/red (negative/positive vorticity) contours illustrate the resulting bound vortex
and shed vorticity. Note that the vorticity source term and the vorticity are time dependent, and thus, their signs
and magnitudes at a given spatial location can change. (b) Definition of the angle of attack, α, pitch angle,
β, flow angle, φ and the velocity vector at the actuator point, (xAct∗ , yAct∗ )� = (0, 0)�. (c) Definition of the
streamwise Cx and normal Cy force coefficients and their relation to the lift CL and drag CD coefficients. Note
that all force coefficients are expressed as force acting from the body on the fluid. Furthermore, the magnitude
of the drag force is exaggerated to aid the visual presentation of the projection.

formulated in terms of the flow angle as we show in § 4. The flow angle furthermore allows
us to determine the streamwise and normal force coefficients from the aerofoil-specific
tabulated lift CL and drag CD coefficients according to the projections

Cx = − CL sin(φ) + CD cos(φ),

Cy = CL cos(φ) + CD sin(φ).
(2.4)

While the force coefficient time histories are determined by a look-up operation from
a static aerofoil-specific table using the instantaneous angle of attack, the unsteadiness
enters the problem via the aforementioned feedback problem, whose solution determines
the angle of attack time history. This is consistent with the approach taken in Theodorsen
theory, where the unsteady circulatory lift follows from the quasi-steady one via a modified
angle of attack due to the unsteady shed vorticity (Theodorsen 1935). For Theodorsen
theory, the underlying employed static lift coefficient taken as input is that of the flat
plate aerofoil, CL = 2πα, which follows from thin-aerofoil theory and, in particular, the
use of the Kutta condition and the Kutta–Joukowski theorem (Batchelor 1967; Milne-
Thomson 1973). The problem set-up together with the definitions of the coordinate system,
the velocity vector, the angles and the force projection are visualised in figure 1.

Equation (2.3) is a linear non-homogeneous partial differential equation and can be
solved using the method of characteristics (see Appendix A). The solution for t∗ � 0 is
given by
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ω∗(x∗, y∗, t∗) = ωIC∗ (x∗ − t∗, y∗)

+
t∗∫

0

−y∗Cx (s) + (x∗ + s − t∗)Cy(s)

πε4∗
e−((x∗+s−t∗)2+y2∗)/ε2∗ ds

︸ ︷︷ ︸
ωus∗ (x∗,y∗,t∗)

. (2.5)

The solution comprises two terms. The first term, ωIC∗ , is the initial condition representing
a spatio-temporal shift, x∗ − t∗ = (x − U∞t)/c, due to vorticity being advected by the
free-stream velocity, U∞, and the second term, ωus∗ , captures the generation of shed
vorticity due to the fluctuations of the unsteady forcing term (unsteady streamwise and
normal Gaussian body forces). Equation (2.5) allows us to solve for the two-dimensional
time-dependent vorticity field. However, if one is interested in a solution not expressed in
terms of a time integral, the forcing needs to be expressed in terms of a given set of basis
functions. In Appendix B we derive such a solution by expressing the forcing in terms
of a Fourier series. However, here we turn our attention towards deriving solutions for
the induced velocity along the wake centreline (x∗, y∗ = 0)� since the knowledge of the
induced velocity at the actuator point (xAct∗ , yAct∗ )� = (0, 0)� is sufficient to compute the
unsteady loading on the aerofoil.

3. The induced velocity due to unsteady forcing
The solution for the induced velocity at location x = (x∗, y∗)� due to vorticity residing
at x′ = (x ′∗, y′∗)� can be derived by applying the Biot–Savart law (Saffman 1992) to
the general unsteady vorticity solution (2.5), which for the given two-dimensional flow,
reads as

(u∗, v∗)� = 1
2π

+∞∫
−∞

+∞∫
−∞

ω∗(x ′∗, y′∗, t∗)
−(y∗ − y′∗)i + (x∗ − x ′∗) j
(x∗ − x ′∗)2 + (y∗ − y′∗)2 dx ′∗dy′∗. (3.1)

We note that when seeking a solution restricted to the wake centreline for the linearised
equations, the streamwise forcing only induces streamwise velocity perturbations and
the normal forcing only induces normal velocity perturbations. Hence, only one velocity
component of the Biot–Savart integral needs to be evaluated for each forcing direction.

3.1. Induced velocity due to normal forcing
The normal induced velocity along the wake centreline (x∗, y∗ = 0)� is obtained by
solving the normal component of the Biot–Savart integral given in (3.1) for a generic
normal forcing Cy(t∗). First, we focus here on the contribution from the second term of
the unsteady vorticity solution ωus∗ (the time integral in (2.5)). By switching the order of
temporal and spatial integration, we may obtain

vus∗ (x∗, 0, t∗) =
t∗∫

0

1
2π

+∞∫
−∞

+∞∫
−∞

(x∗ − x ′∗)(x ′∗ + s − t∗)
(x∗ − x ′∗)2 + (−y′∗)2

Cy(s)

πε4∗
e−((x ′∗+s−t∗)2+y′2∗ )/ε2∗ dx ′∗dy′∗ds,

(3.2)

which is the normal perturbation velocity induced by the vorticity shed as a result of the
unsteady forcing in the time interval t∗ ∈ [0, t∗]. Integration in the two spatial directions
leads to
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vus∗ (x∗, 0, t∗) =
t∗∫

0

−Cy(s)

2π

[
e−(x∗+s−t∗)2/ε2∗

ε2 + e−(x∗+s−t∗)2/ε2∗ − 1
2(x∗ + s − t∗)2

]
ds. (3.3)

We note that the integrand in the limit (x∗ + s − t∗) → 0 tends to −Cy(s)/(4πε2∗), i.e. it is
not singular. The derived solution shows the identical structure as the formula obtained by
Martínez-Tossas et al. (2024) for their generalised steady three-dimensional filtered lifting
line theory. This equivalence stems from the fact that the two problems are similar upon
applying a rotation of 90◦ to their coordinate system and replacing the spatial convolution
integral in their solution with a spatio-temporal convolution as in (3.3). So far, only the
contribution from the second term of the vorticity solution ωus∗ has been considered. Thus,
the induced velocity solution in (3.3) has to be complemented with a term vIC∗ (x∗, 0, t∗),
accounting for the velocity induced by the initial vorticity field in case ωIC∗ 
= 0 in (2.5). If
we assume that the initial condition is given by the steady-state solution of the flow over a
Gaussian body force, one can take the initial condition derived by Martínez-Tossas et al.
(2017), i.e. the velocity field induced by a Lamb–Oseen vortex with core size ε∗ advected
downstream by the background flow:

vIC∗ (x∗ − t∗, 0) = −Cy(t∗ = 0)

4π

1 − e−((x∗−t∗)/ε∗)2

x∗ − t∗
. (3.4)

The complete solution for the normal induced velocity along the wake centreline follows
by combining (3.3) and (3.4) as

v∗(x∗, 0, t∗) = vIC∗ (x∗ − t∗, 0) + vus∗ (x∗, 0, t∗). (3.5)

While for numerical implementation purposes the structure of the solution in (3.3) is
beneficial since it does not require the calculation of the temporal gradient of Cy(t∗), it
is insightful to rewrite the time integral using integration by parts, i.e.

vus∗ (x∗, 0, t∗) = −
[

Cy(s)

4π

1 − e−((x∗+s−t∗)/ε∗)2

x∗ + s − t∗

]s=t∗

s=0

+
t∗∫

0

1
4π

dCy(s)

ds

1 − e−((x∗+s−t∗)/ε∗)2

x∗ + s − t∗
ds, (3.6)

where we define the indicial response function as

ϕ(x∗ + s − t∗) = 1 − e−((x∗+s−t∗)/ε∗)2

x∗ + s − t∗
. (3.7)

In the steady case (dCy/ds = 0), the time integral vanishes, and the term in the first
brackets evaluated for the lower bound s = 0 cancels the initial condition in (3.4). Thus,
the only remaining term is the first term evaluated at the upper integration bound, which
represents the induced velocity of the bound vortex, e.g. one recovers the solution of the
steady problem.

When combining the contributions of the vorticity initial condition (3.4) and the
vorticity due to unsteady forcing (3.6) to the normal induced velocity at the actuator point
as v∗(0, 0, t∗) = vIC∗ (0 − t∗, 0) + vus∗ (0, 0, t∗), we obtain the solution
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v∗(0, 0, t∗) = −
∫ t∗

0

1
4π

dCy(s)

ds
ϕ(t∗ − s) ds, (3.8)

where we exploit the fact that ϕ(x∗ + s − t∗) for x∗ = 0 is an anti-symmetric function
and ϕ(0) = 0. This solution is a Duhamel’s integral with the indicial response function ϕ

(Leishman 2002b). The induced velocity at the actuator point at time t∗ due to the unsteady
Gaussian forcing is then obtained as the superposition of all indicial responses to the
forcing in the time interval s ∈ [0, t∗]. Wagner (1925) derived an indicial response function
for the response of a thin aerofoil to a step change of the angle of attack, which has
been shown by Garrick (1938) to be directly related to Theodorsen’s function C(k) in
the frequency domain (Theodorsen 1935). In our case, the indicial response function
for an unsteady Gaussian forcing is parameterised with the Gaussian kernel width ε∗,
and from (3.7) it can be seen that the indicial response function is given by the shape
representative for the induced velocity of a Lamb–Oseen vortex with core size ε∗ located
at the streamwise location x∗ = t∗ − s.

3.2. Induced velocity due to streamwise forcing
The streamwise induced velocity along the wake centreline (x∗, y∗ = 0)� is obtained by
solving the streamwise component of the Biot–Savart integral given in (3.1) for a generic
streamwise forcing Cx (t). We first focus again on the contribution from the second term
of the unsteady vorticity solution ωus∗ (the time integral in (2.5)). By switching the order
of temporal and spatial integration, it follows that

uus∗ (x∗, 0, t∗) =

−
t∗∫

0

1
2π

+∞∫
−∞

+∞∫
−∞

(−y′∗)
(x∗ − x ′∗)2 + (−y′∗)2

−y′∗Cx (s)

πε4∗
e−((x ′∗+s−t∗)2+y′2∗ )/ε2∗ dx ′∗dy′∗ds (3.9)

and the two integrals in x ′∗ and y′∗ can be solved analytically to obtain

uus∗ (x∗, 0, t∗) =
t∗∫

0

Cx (s)

4π

[
e−(x∗+s−t∗)2/ε2∗ − 1

(x∗ + s − t∗)2

]
ds. (3.10)

It should be noted that in the limit case of a vanishing spatio-temporal shift
x∗ + s − t∗ → 0, the integrand tends to −Cx (s)/(4πε2∗).

Furthermore, given the assumption of constant streamwise forcing Cx 
= Cx (t∗), one can
recover the induced velocity solution of the steady two-dimensional problem derived by
Martínez-Tossas et al. (2017). We derive here the solution valid for any x∗, but restricted
to y∗ = 0. To this end, (3.10) is integrated for general t∗ but constant Cx , which yields

uus∗ (x∗, 0, t∗) = Cx

4π

[
1 − e−(x∗+s−t∗)2/ε2∗

(x∗ + s − t∗)
−

√
π

ε∗
erf

(
(x∗ + s − t∗)

ε∗

)]s=t∗

s=0
. (3.11)

The steady-state solution along the curve (x∗, y∗ = 0)� is obtained in the limit t∗ → ∞
using the rule of l’Hôpital:

ust∗ (x∗, 0) = Cx

4π

[
1 − e−x2∗/ε2∗

x∗
−

√
π

ε∗
erf

(
x∗
ε∗

)
−

√
π

ε∗

]
. (3.12)

In the case of x∗ → ∞, the first term vanishes and the error function tends to one that leads
to a limit value of ust∗ (y∗ = 0) = −Cx/(2

√
πε∗) far downstream, which is exactly the result
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derived by Martínez-Tossas et al. (2017). Furthermore, at the actuator point the solution is
exactly half of the limit value far downstream, i.e. ust∗ (y∗ = 0) = −Cx/(4

√
πε∗). Similar

to the normal forcing case, the solution in (3.12) can also be used as an initial condition
in order to account for a non-zero initial vorticity field ωIC∗ (x∗ − t∗, y∗) due to streamwise
forcing, i.e.

uIC∗ (x∗ − t∗, 0) = Cx (t∗ = 0)

4π

[
1 − e−(x∗−t∗)2/ε2∗

x∗ − t∗
−

√
π

ε∗
erf

(
x∗ − t∗

ε∗

)
−

√
π

ε∗

]
. (3.13)

The complete solution for the normal induced velocity along the wake centreline then
follows by combining (3.10) and (3.13) as

u∗(x∗, 0, t∗) = uIC∗ (x∗ − t∗, 0) + uus∗ (x∗, 0, t∗). (3.14)

4. A model for the unsteady aerofoil loading
In §§ 3.1 and 3.2 the time-dependent solutions for the normal and streamwise induced
velocity due to an unsteady Gaussian body force are derived, which allow us to define the
velocity sampled at the actuator point (xAct∗ , yAct∗ )� = (0, 0)�. These formulas will now
be used to combine the velocity solutions with the forcing time histories. The forcing
time histories Cx (t∗) and Cy(t∗) are functions of the external pitch angle input and of the
induced velocities since they change the flow angle and, thus, in turn, the forcing. This
feedback turns the velocity solutions given by (3.5) and (3.14) into integral equations. The
associated feedback problem can be formulated in terms of the flow angle, and its solution
can be found in either the time (§ 4.1) or frequency (§ 4.2) domain in order to obtain a
model for the unsteady loading of the aerofoil modelled as a Gaussian body force.

4.1. Time domain solution: the root-finding problem
We now seek to obtain the time history of both the forcing and the velocity at the actuator
point as a function of time using (3.5) and (3.14). We write the time history of the velocity
at the actuator point with a single equation in terms of the flow angle, as done by Ning
(2014) and Martínez-Tossas et al. (2024). The tangent of the flow angle at the actuator
point is defined by

tan(φ(t∗)) = v∗(0, 0, t∗)
1 + u∗(0, 0, t∗)

, (4.1)

where u∗ and v∗ can both be written in terms of φ; thus, this is an implicit equation where
the time history, φ(t∗), is the only unknown. Rearranging (4.1) yields

R(φ) = v∗(0, 0, t∗) cos(φ) − (1 + u∗(0, 0, t∗)) sin(φ) = 0. (4.2)

Given a guess for φ(t∗) as input, the following algorithm provides the steps to compute
(4.2).

(i) Compute the angle of attack using the known pitch input, β(t∗):

α(t∗) = φ(t∗) + β(t∗). (4.3)

(ii) This effective angle of attack, which incorporates the effect of the shed vorticity,
allows for the evaluation of the lift, CL(α(t∗)), and drag, CD(α(t∗)), coefficients from
tabulated aerofoil data, which can be subsequently converted into the corresponding
streamwise and normal forcing coefficients using the projection based on the flow
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angle given in (2.4):

Cx (t∗) = −CL(t∗) sin(φ(t∗)) + CD(t∗) cos(φ(t∗)), (4.4)

Cy(t∗) = CL(t∗) cos(φ(t∗)) + CD(t∗) sin(φ(t∗)). (4.5)

(iii) The integral equations for the induced velocities are solved via numerical
integration:

u∗(0, 0, t∗) = uIC∗ (0 − t∗, 0) +
t∗∫

0

Cx (s)

4π

[
e−(s−t∗)2/ε2∗ − 1

(s − t∗)2

]
ds, (4.6)

v∗(0, 0, t∗) = vIC∗ (0 − t∗, 0) +
t∗∫

0

−Cy(s)

2π

[
e−(s−t∗)2/ε2∗

ε2∗
+ e−(s−t∗)2/ε2∗ − 1

2(s − t∗)2

]
ds. (4.7)

(iv) Finally, the residual is computed:

R(φ) = v∗(0, 0, t∗) cos(φ) − (1 + u∗(0, 0, t∗)) sin(φ). (4.8)

A multidimensional root-finding algorithm then iteratively evaluates steps (i)–(iv) to
compute the φ(t∗) that solves R(φ(t∗)) = 0. The resulting φ(t∗) is the full solution to
the problem that provides the time history of forcing at the actuator point. The algorithm
above is implemented based on the python scipy.optimize.root() function (Virtanen et al.
2020) using the derivative-free spectral algorithm for nonlinear equations (DF-SANE) by
La Cruz et al. (2006).

4.2. Frequency domain solution: the closed-loop transfer function
The time domain solution from § 4.1 can be compared with results from ALM-LES.
However, it is insightful to also formulate the feedback problem in the frequency domain
since it allows for a concise analysis of the Gaussian kernel width’s influence on the phase
and magnitude modulation of the unsteady loading through a closed-loop transfer function.
This connection is analogous to the one that can be obtained between Theodorsen’s
frequency domain solution for unsteady aerofoil motion (Theodorsen 1935) and Wagner’s
time domain solution (Wagner 1925) as shown by Garrick (1938).

In order to derive the transfer function from the quasi-steady to the unsteady lift,
we explicitly need to linearise the projection of the lift and drag coefficients onto the
streamwise and normal directions (2.4), which is not necessary for the time-domain
solution. When doing so, one obtains Cy ≈ CL + CDφ, and since CD is at least an order of
magnitude smaller than CL in the operating regime of interest for this study, it is consistent
to neglect the drag because CDφ is a higher-order term. The linearised lift coefficient is
then described by its value at the linearisation point, CL(β0), and the corresponding lift
slope dCL/dα(β0). For a given sinusoidal pitch input signal β(t∗) = β0 + �β sin(2kt∗)
with amplitude �β, the quasi-steady and unsteady lift coefficients are then, after the decay
of any transient, given by

Cqs
L (t∗; k) = CL(β0) + �β sin(2kt∗)

dCL

dα

∣∣∣∣
β0

, (4.9)

Cus
L (t∗; k) = CL(β0) + �β|G(k)| sin(2kt∗ +∠G(k))

dCL

dα

∣∣∣∣
β0

, (4.10)

where |G| and ∠G are the magnitude and phase of the corresponding closed-loop transfer
function G mapping from the quasi-steady to the unsteady lift. This transfer function can
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× (dCL/dα|β0)–1

d/dt∗

× dCL/dα|β0+
�CL

qs(t∗) �CL
us (t∗)�β (t∗) �α(t∗)

∗ϕ (t∗)

φ (t∗)

Figure 2. Schematic block diagram of the feedback problem for the unsteady lift experienced by a pitching
aerofoil with CD = 0 at a linearised operating point β0. The convolution operator is denoted by ∗ and ϕ is the
indicial response function for the normal induced velocity (defined in (3.7)).

be derived from the system’s block diagram shown in figure 2, where we invoke the small-
angle approximation for the flow angle φ ≈ v∗. Calculating the Laplace transform of the
individual blocks, the transfer function follows from block diagram algebra. It should be
noted that the Laplace transform has the convenient property that the convolution of two
functions in the time domain reduces simply to a multiplication in the Laplace domain.
Denoting the Laplace transform of the indicial response function ϕ for the normal induced
velocity defined in (3.7) as Φ(ik), the closed-loop transfer function for the feedback
problem then reads as

G(k) = �Cus
L (k)

�Cqs
L (k)

= 1

1 − 2ki dCL
dα

∣∣∣
β0

Φ(ik)
, (4.11)

with i denoting the imaginary unit (not to be confused with the streamwise unit vector
i). The full expression for the Laplace transform of the indicial response function ϕ is
given by

Φ(ik) = 1
16π

[
2γ − 2π erfi(ikε∗) − 2 log(1/ε2∗)

+ 4 log(2ki) + (2ε∗ki)2
2 F2((1, 1); (3/2, 2); (ikε∗)2)

]
, (4.12)

where γ is Euler’s constant and p Fq(a; b; z) is the generalised hypergeometric function.
Unsteady aerodynamics problems are commonly classified using the reduced frequency
k = π f c/U∞, which is based on the semi-chord length (Leishman 2002b). Recalling that
the non-dimensional variables in this work are based on the chord length and the free-
stream velocity, it follows that the angular frequency is given by σ∗ = 2k, which explains
the added factor of 2 when writing the frequency in terms of the reduced frequency k.

4.3. Relation between G(k) and Theodorsen theory
Theodorsen (1935) derived a transfer function T (k) from quasi-steady to unsteady lift for
a flat plate aerofoil modelled as a line distribution of point vortices. For an aerofoil in
pure pitching motion, it consists of two non-circulatory (apparent mass) TNC(k) and two
circulatory TC (k) contributions given by

T (k) = �Cus
L (k)

�Cqs
L (k)

= TNC(k) + TC (k) =
[
T β̇

NC(k) + T β̈
NC(k)

]
+

[
T β

C (k) + T β̇
C (k)

]

=
[
π ik + πak2] + 2πC(k)

[
1 + ik(1

2 − a)
]

2π
,

(4.13)

1024 A15-13

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
87

0 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2025.10870


E. Taschner, G. Deskos, M.B. Kuhn, J.-W. van Wingerden and L.A. Martínez-Tossas

0.4 0.6 0.8 1.0
−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

16.0000

12.0000

8.0000

6.0000

4.0000

3.0000

2.0000

1.5000

1.0000

0.7500

0.5000

0.3750

0.2500

0.1875

0.1250

ε∗

Tβ
C (k)

T (k) = TC (k) + TNC (k)

k = 0.1

k = 0.2

k = 0.3

k = 0.4

k = 0.5

k = 0.6

Unit circle

G(k)

TC (k) = Tβ
C (k) + Tβ

C (k)
·

Im

Re

Figure 3. The closed-loop transfer function, G(k), for a pitching flat plate, (dCL/dα = 2π ), in the complex
plane. The function is shown for fifteen different Gaussian kernel widths. The Theodorsen function, T β

C (k) =
C(k), the circulatory component of Theodorsen’s transfer function, TC (k), and Theodorsen’s complete transfer
function, T (k), are shown for reference, where the aerofoil pitches around the quarter-chord point (a = −1/2).

where a ∈ [−1, 1] (from leading to trailing edge) is the location of the rotation axis of the
pitching motion, and the complex Theodorsen function C(k) is given by

C(k) = K1(ik)

K0(ik) + K1(ik)
. (4.14)

Here, K0 and K1 denote modified Bessel functions of the second kind. The superscripts
(·)β , (·)β̇ and (·)β̈ denote terms depending on the pitch angle, pitch rate and pitch
acceleration, respectively. In the frequency domain, these dependencies translate to terms
scaling proportionally to 1, k and k2, respectively. The classical ALM, as it was proposed
by Sørensen & Shen (2002) and as it is also used in this work, only models the T β

C (k)

term. The remaining three terms, which are proportional to either k or k2, are not captured
by the ALM. It follows that the derived transfer function G(k) is the equivalent of the
Theodorsen function C(k) consistent with the mathematical formulation of the ALM.

The ALM (for ε∗ ∈ [0.125, 16.0]) and Theodorsen frequency domain solutions are
compared in the complex plane in figure 3 and as a Bode plot in figure 4 up to a reduced
frequency of k = 0.6. The magnitude of the transfer function is always |G|� 1, whereas
the phase can be both positive or negative depending on the considered kernel width and
the reduced frequency. In general, it can be seen that smaller kernel widths lead to larger
damping. The phase of G(k) (see figure 4b) first decreases with increasing k before a
characteristic phase inversion point is approached where the phase switches from negative
to positive. This phase inversion point occurs for larger k as the kernel width decreases.
The magnitude |C |(k) closely follows |G|(k; ε∗ = 0.375) for k < 0.4. Adding the second
circulatory term T β̇

C (k), which is proportional to the pitch rate, shows that the circulatory
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Figure 4. Magnitude (a) and phase (b) of G(k) for a pitching flat plate, (dCL/dα = 2π ), for fifteen different
Gaussian kernel widths. The Theodorsen function, T β

C (k) = C(k), the circulatory component of Theodorsen’s
transfer function, TC (k), and Theodorsen’s complete transfer function, T (k), are shown for reference, where
the aerofoil pitches around the quarter-chord point (a = −1/2).

Theodorsen solution |TC |(k) departs from |G|(k; ε∗ = 0.375) for k > 0.2. Finally, also
adding the two non-circulatory terms leads to an additional deviation between the ALM
and the complete Theodorsen solution |T |(k) for k > 0.4. The phase ∠C(k) closely follows
∠G(k; ε∗ = 0.375) for k < 0.4. In contrast to the magnitude, adding the second circulatory
and eventually the two non-circulatory terms both leads to immediate deviations in phase
compared with ∠G(k; ε∗ = 0.375) for any k rather than the two distinct points of departure
of k = 0.2 and k = 0.4 observed for the magnitude.

These results suggest that when taking Theodorsen theory as a reference, the classical
ALM can capture the unsteady damping of the lift accurately up to a reduced frequency of
k = 0.2, whereas errors in phase are immediately encountered as soon as k > 0. However,
these phase errors are relatively small and at k = 0.2 the difference in phase predicted
by the ALM and the complete Theodorsen theory is T (k = 0.2) − G(k = 0.2) ≈ 19◦. The
model validation shown later in § 7 will further support these identified bounds of the
ability of the ALM to capture unsteady aerodynamic effects. For the purpose of further
elucidating in § 7 the impact of the ALM not capturing the terms T β̇

C , T β̇
NC and T β̈

NC, we
also define the extended closed-loop transfer function GExt(k) for the ALM. The extended
ALM transfer function incorporates the three missing terms compared with Theodorsen
theory in an ad-hoc approach and then is defined accordingly as

GExt(k) = �Cus
L (k)

�Cqs
L (k)

=
[
π ik + πak2] + dCL

dα
G(k)

[
1 + ik

(
1
2

− a

)]

dCL

dα

, (4.15)

where G(k) effectively replaces the Theodorsen function C(k). It should be stressed that
the current comparison between Theodorsen theory and the ALM is based on the classical
ALM relying on point velocity sampling. An integral velocity sampling approach as
introduced by Churchfield et al. (2017) could influence the transfer function and should
be explored in future work.

5. Verification: model versus ALM-LES
In the previous three sections we have derived a model for the unsteady loading on an
aerofoil modelled as a two-dimensional Gaussian body force. In this section we verify this
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Case Operating point Forcing Actuation Magnitude Amplitude Frequency
acronym β0 Cx Cy type �α (step) �β (periodic) k (periodic)

A0-Cx-S4 0◦ Yes No Step 4◦ — —
A0-Cxy-S4 0◦ Yes Yes Step 4◦ — —
A8-Cx-S12 8◦ Yes No Step 12◦ — —
A8-Cxy-S12 8◦ Yes Yes Step 12◦ — —
A14-Cxy-S18 14◦ Yes Yes Step 18◦ — —
A0-Cxy-P3-k01 0◦ Yes Yes Step + periodic 4◦ 3◦ k = 0.1
A0-Cxy-P3-k02 0◦ Yes Yes Step + periodic 4◦ 3◦ k = 0.2
A0-Cxy-P3-k03 0◦ Yes Yes Step + periodic 4◦ 3◦ k = 0.3
A0-Cxy-P3-k06 0◦ Yes Yes Step + periodic 4◦ 3◦ k = 0.6

Table 1. Overview of the investigated cases. The initial condition for all cases is ωIC = 0, corresponding to a
situation without initial forcing. The step magnitude is defined as the difference between the pitch angle after
the step (given by the operating point β0) and the angle of attack, which results in approximately zero lift
force for the cambered aerofoil �α = β0 − αCL =0 (αCL =0 ≈ −4◦). The periodic component of the actuation
is of the form β(t∗) = �β sin(2kt∗). The step components contain a continuous frequency spectrum where the
magnitude of the Fourier transform of the step scales as |β̂| ∝ 1/k.

–4 0 4 8 12 16

α (deg.)

0

0.5

1.0

1.5

C
L,

 C
D

CL

CD

Figure 5. Tabulated lift, CL (α), and drag, CD(α), coefficients of the NACA64-A17 aerofoil.

model by comparing it with ALM-LES data to establish the bounds of its accuracy and
model limitations.

5.1. Investigated cases
The range of investigated cases is chosen such that a range of operating points, types of
actuation, reduced frequencies and the interplay between streamwise and normal forcing
are explored. All cases are conducted using the NACA64-A17 aerofoil, which is, for
example, also used for the outer part of the blade of the NREL 5 MW reference turbine
(Jonkman et al. 2009). The aerofoil’s tabulated lift and drag coefficients are shown
in figure 5. Each investigated case is analysed for the set of Gaussian kernel widths
ε∗ ∈ {0.25, 0.5, 1.0, 2.0, 4.0}. The lower limit is chosen here on the order of the steady-
state optimal kernel width (Martínez-Tossas et al. 2017), while the upper limit corresponds
to coarse grid ALM-LES simulations conducted for wind energy purposes. An overview
of all cases and their acronyms is provided in table 1. In the following, the different cases
are explained in more detail.
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In order to characterise the obtained theoretical solutions and their scaling with the
kernel width, we begin by considering two cases with a step in pitch angle. Both cases start
from an initial condition of zero vorticity, ωIC = 0, i.e. zero forcing. This choice ensures
that there is no mismatch between the initial conditions used for the model and LES.
The simulation start thus corresponds to a sudden step actuation to reach the operating
pitch angle β0 for t∗ � 0. The considered operating points are β0 = 0◦ (A0-Cxy-S4) and
β0 = 8◦ (A8-Cxy-S12). The same cases are also repeated without applying any normal
forcing (A0-Cx-S4 and A8-Cx-S12). It should be noted that the frequency content of a
step function is proportional to the inverse of the frequency (|β̂| ∝ 1/k) and, thus, tests
the model simultaneously across the entire frequency range. The step case A14-Cxy-S18
is only conducted for ε∗ = 0.25 to obtain the largest forcing magnitudes. This case is used
to perform a grid and domain size convergence study for the LES set-up.

The second set of cases considers the same initial step but additionally superposes
continuous periodic pitch actuation with an amplitude of �β = 3◦ and reduced frequencies
of k = 0.1, k = 0.2, k = 0.3 and k = 0.6 (indicated by the endings -k01, -k02, -k03 and -k06
of the case acronyms). The periodic pitch actuation is of the form β(t∗) = �β sin(2kt∗).
It is applied at the operating point β0 = 0◦ (A0-Cxy-P3-k. . .). This second set of cases
is well suited to test the predictions of the derived closed-loop transfer function for an
isolated frequency component after the initial transient decayed.

5.2. Employed numerical code and simulation set-up
Numerical nonlinear reference results for the assessment of the developed model are
obtained by means of LES using the open-source code AMR-Wind (available at https://
github.com/Exawind/amr-wind). The AMR-Wind code solves the three-dimensional
incompressible Navier–Stokes equations on block-structured Cartesian grids and is
specifically designed for wind energy applications. For details on the numerical schemes
employed in AMR-Wind, the reader is referred to Almgren et al. (1998), Sharma et al.
(2024) and Kuhn et al. (2025). For the purpose of verifying the developed model, which
is based on the Euler equations, the governing equations are solved in the limit of infinite
Reynolds number by setting the molecular viscosity to zero. Throughout the simulations,
the inflow and the wake flow behind the actuator points remain laminar, removing the need
for explicit turbulence modelling.

This work utilises AMR-Wind’s implementation of the ALM for straight translating
wings. The AMR-Wind code does not allow for strictly two-dimensional simulations;
rather, we simulate the aerofoil in a three-dimensional domain as an infinite wing, i.e.
periodic boundary conditions are imposed in the spanwise direction. The lower and upper
boundary condition in the normal direction is a slip wall (y-direction). In the streamwise
direction (x direction), a constant inflow velocity of u = U∞ i is imposed at the upstream
boundary (which in non-dimensional units corresponds to u∗ = i), and a pressure outflow
boundary condition is applied at the downstream boundary. The wing spans two actuator
points located on the spanwise boundaries of the domain at which the actuator forces are
applied. The forces are regularised with a two-dimensional isotropic Gaussian kernel of
width ε∗. The velocity used for the actuator force calculation is the known inflow velocity
(see Appendix C).

The convergence of LES results with domain size and grid resolution is studied in
Appendix D for the A14-Cxy-S18 case using ε∗ = 0.25. Based on this convergence study,
all simulations are conducted with a semi-domain height L y∗ = 256 and an upstream
fetch of Lupstr

x∗ = 256 between the inflow boundary and the actuator point. The streamwise
distance from the actuator point to the outlet is Ldownstr

x∗ = T∗ + L y∗ , where T∗ is the
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Figure 6. The LES domain and grid refinement structure for the Gaussian kernel width ε∗ = 0.25 with the
resolution on the finest grid level being ε∗/�x = 8. Note that the domain here is configured for a simulation
time of T∗ = 64 in order to keep the aspect ratio limited for visual clarity. The actual simulations are performed
for T∗ = 128 (steps) and T∗ = 256 (periodic). The red dot marks the actuator point. The orange dot marks the
approximate downstream location of the start-up vortex at time t∗ = T∗.

maximum simulated time. The grid resolution on the coarsest grid level is constant for
all simulations; however, depending on the studied kernel width, four (ε∗ = 4) to eight
(ε∗ = 0.25) refinement levels are added such that on the finest grid around the actuator
point the resolution is always ε∗/�x∗ = 8. The grid resolution between two adjacent grid
levels varies with a constant factor of 2. The size of the finest grid level is dependent
on the kernel width. Its extent in the x and y directions is −4ε∗ < x∗ < 16 + 4ε∗ and
−4ε∗ < y∗ < 4ε∗, respectively. Letting the index m denote the grid level (the finest
being m = 0), the extent of all other refinement levels (m > 0) in x and y is given
by −4ε∗2m < x∗ < T∗ + 4ε∗2m and −4ε∗2m < y∗ < 4ε∗2m . The time-step size �t∗,LES
is chosen such that the Courant–Friedrichs–Levy (CFL) number defined on the finest
grid level is C F L < 0.5 at all times. Step cases are simulated up to T∗ = 128, whereas
the step cases followed by periodic actuation are simulated up to T∗ = 256. These long
simulation times provide enough time for the actuator loading to reach the new steady
state (step cases) or periodic limit cycle (step plus periodic cases) after the decay of the
initial transient. The simulation time-dependent streamwise domain length ensures that no
vorticity is truncated at the outlet. The simulation time for the periodic cases is chosen
twice as long in order to collect a large number of actuation periods, even for the smallest
frequency k = 0.1. The LES set-up is visualised in figure 6.
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Figure 7. Model solution for the vorticity field of the A8-Cxy-S12 case with the kernel width ε∗ = 0.25 at
time instance t∗ = 12. The vorticity created by streamwise Cx and normal Cy forcing is shown in (a) and (b),
respectively. The total resultant vorticity field is shown in (c). The aerofoil modelled by the Gaussian body
force is shown in white with a black outline. The aerofoil’s quarter-chord point is located at the actuator point
(xAct∗ , yAct∗ )� = (0, 0)�.

5.3. Response to pitch step actuation
We start by probing the developed model for two pitch step actuation cases within the
linear regime of the lift curve. Their respective operating points are β0 = 0◦ (A0-Cxy-S4)
and β0 = 8◦ (A8-Cxy-S12). The initial condition is chosen as undisturbed free-stream flow,
i.e. no forcing is active. Consequently, the two operating points correspond to effective
angle of attack steps of �α = 4◦ and �α = 12◦ upon simulation start (the lift coefficient
of the cambered aerofoil is approximately zero at α ≈ −4◦).

The vorticity distribution around the aerofoil and in the wake as predicted by the
model (see Appendix B) with ε∗ = 0.25 is shown in figure 7 for the larger pitch step
case A8-Cxy-S12. Around the aerofoil, a bound vortex forms in response to the non-zero
loading after t∗ > 0. The bound vortex is accompanied by the formation of a start-up
vortex, which ensures conservation of the overall vorticity. Since the model assumes
the advection speed in the wake to match the free-stream velocity, the start-up vortex
is located at x∗ = 12 in the wake at the shown time instance t∗ = 12. Furthermore, it is
seen that the wake centreline (x∗, y∗ = 0)� is the symmetry axis for both the vorticity
due to streamwise and the vorticity due to normal forcing (figure 7a,b). The vorticity due
to streamwise forcing exhibits an anti-symmetric distribution around this symmetry axis,
whereas the normal forcing contribution is distributed symmetrically around the wake
centreline. These distributions stem from the symmetry properties of the forcing terms in
the linearised vorticity transport equation(2.3).

The formation of the start-up vortex and its subsequent advection downstream causes a
dynamic angle of attack response. A comparison of the model and the LES solution for
this response is shown in figure 8 for the small pitch step case A0-Cxy-S4. The start-up
vortex induces velocity at the actuator point, which in turn alters the angle of attack. As
it is advected further downstream, its influence on the angle of attack fades, which leads
the angle of attack to converge towards the new steady-state operating point α = β0 = 0◦
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Figure 8. Comparison of the model solution and LES reference for the initial time evolution of the angle of
attack (a) and the corresponding relative error (b) for the pitch step actuation case A0-Cxy-S4. Reference data
points are only shown in steps of 4�t∗,LES/ε∗.

(figure 8a). The initial modulation of the angle of attack depends on the kernel width since
it sets the local strength of the applied forcing and, thus, also the strength of the start-up
vortex. Furthermore, the core size of the start-up vortex is also set by the kernel width.
The core size determines the time period between t∗ = 0 and the time instance when the
angle of attack reaches its minimum. The minimum angle of attack is attained faster with
a smaller kernel width and, thus, core size.

The model error compared with the LES reference is presented in figure 8(b). The very
initial relative angle of attack error is as large as 3.4 % and then subsequently drops to the
order of tenths of a percent. The relative error starts approaching zero after the actuator
point no longer lies within the vortex core region of the start-up vortex. The relative error
is larger for smaller kernel widths as long as there is overlap between the vortex core
and the actuator point. This is the case because the velocity induced by the bound and
start-up vortex both reach their absolute maximum values in proximity to their respective
core boundary, where the maximum values increase with decreasing kernel width. Thus,
after the time instance t∗ > |xAct∗ − t∗| ≈ |0 − ε∗| = ε∗ the impact of the bound vortex on
the trajectory of the start-up vortex as well as the impact of the start-up vortex on the
angle of attack at the actuator point start to decrease. Hence, the effect of modelling
errors also decreases as soon as t∗ ≈ ε∗. The larger pitch step case A8-Cxy-S12 shown
in figure 9 follows the previous observations made apart from the relative error evolution
for ε∗ = 0.25. In this case, the error also persists after the vortex core no longer overlaps
with the actuator point and only fades at t∗ ≈ 10. The larger pitch step combined with
the smallest kernel width makes for a stronger bound vortex, increasingly challenging the
model, which is based on a linearisation around the vorticity-free background flow. The
detailed impact of the error due to the linearisation will be explored in the following § 6.

We explore the two pitch step cases further by turning our attention towards the loading,
which the model ultimately should predict. The model is able to accurately reproduce
the time evolution of the streamwise, Cx , and normal, Cy , force coefficients for both the
small (figure 10b,d) and large (figure 11b,d) pitch step cases. In particular, the transient
drop in normal forcing and peak in streamwise forcing caused by the start-up vortex are
captured. It is also worthwhile to study the induced velocities at the actuator point, which
induce the change in flow angle and, thus, angle of attack (panels a and c of figures 10
and 11). The model matches the LES prediction for the normal induced velocity, v∗, for
both pitch step magnitudes, but discrepancies are apparent for the streamwise induced
velocity, u∗, which become more pronounced for smaller kernel widths and the larger
pitch step (compare figures 10a and 11a). This discrepancy also matches the previous
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Figure 9. Comparison of the model solution and LES reference for the initial time evolution of the angle of
attack (a) and the corresponding relative error (b) for the pitch step actuation case A8-Cxy-S12. Reference data
points are only shown in steps of 4�t∗,LES/ε∗.
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Figure 10. Comparison of the model solution and LES reference for the initial time evolution of the streamwise
(a) and normal (c) induced velocity and the streamwise (b) and normal (d) force coefficients for the pitch step
actuation case A0-Cxy-S4. Reference data points are only shown in steps of 4�t∗,LES/ε∗.

observation that the angle of attack error of the A8-Cxy-S12 case for ε∗ = 0.25 persists
for a longer time. Since we deal with small perturbation velocities, the flow angle is small
and, thus, approximately given by φ ≈ v∗. Thus, the error in streamwise induced velocity
does not affect the quality of the streamwise and normal force coefficients as long as
the small perturbation assumption is justified. In fact, u∗ is a measure of the system’s
nonlinearity and is relevant for the flow angle calculation given larger induced velocities.
However, larger induced velocities start to challenge the linearisation of the vorticity
transport equation for the model derivation. Thus, the mismatch for u∗ and its increase
for stronger forcing is consistent. In § 6 we show that the observed streamwise velocity
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Figure 11. Comparison of the model solution and LES reference for the initial time evolution of the streamwise
(a) and normal (c) induced velocity and the streamwise (b) and normal (d) force coefficients for the pitch step
actuation case A8-Cxy-S12. Reference data points are only shown in steps of 4�t∗,LES/ε∗.

residual is explained by the vorticity residual obtained from the difference of the model
(linear) and the LES reference (nonlinear) solution. However, the two pitch step cases
show that the developed model can predict the loading on the aerofoil in the linear regime
of the lift curve despite the mismatch in u∗. The cases also illustrate the importance of
the kernel width. The largest studied kernel width of ε∗ = 4.0 barely modifies the normal
force coefficient, while the kernel width ε∗ = 0.25, which is of the order of the steady-state
optimal value, results in a transient drop of more than 50 % (see figure 11d).

Motivated by the mismatch of the streamwise induced velocity, we also conduct the
pitch step cases with an absent normal force Cy = 0 (the cases labelled A0-Cx-S4 and
A8-Cx-S12). The resulting evolution of u∗ and the corresponding absolute model error
are shown in figure 12 for the large pitch step case. In the absence of normal forcing, the
previously observed mismatch between the model and the LES reference vanishes, and
the model error after the initial time steps is 2 orders of magnitude smaller than u∗. This
highlights the impact of the assumptions made when linearising the vorticity transport
equation for the model derivation. Neglecting the nonlinear transport terms, which include
the induced velocity, causes the model to miss the normal displacement of the start-up
vortex as it is advected in the induced normal velocity field of the bound vortex, which
is maximal at the wake centreline (x∗, y∗ = 0). This lack of vertical displacement is also
apparent in the previously shown model solution for the vorticity field (figure 7). Switching
off the normal forcing, Cy , removes its anti-symmetric contribution to the induced velocity
field. Thus, as long as the streamwise induced velocity remains small, the model can now
correctly predict u∗ too. It can also be noted that the induced streamwise velocity after the
decay of the transient tends towards the steady-state limit given by u∗ = −Cx/(4

√
πε∗),

which was also derived by Martínez-Tossas et al. (2017).
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Figure 12. Comparison of the model solution and LES reference for the time evolution of the streamwise
induced velocity (a) and the corresponding absolute error (b) for the pitch step actuation case A8-Cx-S12.
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5.4. Response to periodic pitch actuation
After characterising the developed model with pitch steps, we now move on towards
signals that are more present in reality, i.e. smooth signals and, in particular, periodic
signals with sinusoidal shape. The solution to the latter can also be used to construct
the solution for more complex forcing signals via their representation in terms of
a Fourier series. In the following, we consider the four cases A0-Cxy-P3-k01, A0-
Cxy-P3-k02, A0-Cxy-P3-k03 and A0-Cxy-P3-k06, which initially possess the same
pitch step as the A0-Cxy-S4 case but then proceed with a continuous sinusoidal pitch
actuation of amplitude �β = 3◦. The four different cases vary in terms of the actuation
frequency; namely, the four reduced frequencies k = 0.1, k = 0.2, k = 0.3 and k = 0.6 are
considered.

Representative angle of attack evolutions obtained for these four reduced frequencies
are shown for the case of k = 0.3 in figure 13. The angle of attack now varies periodically,
where its initial evolution shows a transient due to the influence of the start-up vortex,
which initially is still present. After the transient, the angle of attack attains a limit
cycle. For reference, figure 13 shows horizontal lines indicating the angle of attack
amplitude predicted by the model closed-loop transfer function (given by |G(k)|�β). The
frequency domain solution in terms of the transfer function is able to predict the limit
cycle amplitude modulation since the peaks of the angle of attack time series converge
towards the horizontal lines. Therefore, the effect of increasingly smaller kernel widths is
a successive reduction of the angle of attack amplitude compared with the quasi-steady
reference (�β = 3◦) and a successive increase in phase lag. For the given aerofoil and
reduced frequency of k = 0.3, the reduction in effective angle of attack amplitude is as
large as 35 % for the smallest studied kernel width ε∗ = 0.25, which is of the order of
the steady-state optimal kernel width. The evolution of the induced velocities and the
force coefficients corresponding to the previous angle of attack evolution of the A0-Cxy-
P3-k03 case are shown in figure 14. Similar to the step cases, the model cannot predict
the correct streamwise induced velocity, u∗, in the presence of combined streamwise and
normal forcing, where the error increases with decreasing kernel width.

After the decay of the initial transient, it is convenient to represent the force coefficients
in terms of hysteresis plots (figure 15). The grey reference lines in this plot show the quasi-
steady force coefficients, i.e. the forcing as it would be obtained when the instantaneous
angle of attack matches the instantaneous pitch angle. However, the velocity induced
by the shed vorticity in the wake causes a non-zero flow angle, and it is α 
= β, which
causes the unsteady force coefficients to differ from the quasi-steady ones both in terms

1024 A15-23

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
87

0 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2025.10870


E. Taschner, G. Deskos, M.B. Kuhn, J.-W. van Wingerden and L.A. Martínez-Tossas

0 10 20 30 40 50 60

–3

–2

–1

0

1

2

3

4.00

2.00

1.00

0.50

0.25

|G|�β

Model

LES

ε∗

t∗

α
 (

d
eg

.)

Figure 13. Comparison of the model solution and LES reference for the initial time evolution of the angle of
attack for the periodic pitch actuation case A0-Cxy-P3-k03. Reference data points are only shown in steps of
4�t∗,LES/ε∗. The horizontal coloured dashed lines indicate the unsteady angle of attack amplitudes |G(k)|�β

predicted by the model closed-loop transfer function G(k).
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Figure 14. Comparison of the model solution and LES reference for the initial time evolution of the streamwise
(a) and normal (c) induced velocity and the streamwise (b) and normal (d) force coefficients for the periodic
pitch actuation case A0-Cxy-P3-k03. Reference data points are only shown in steps of 4�t∗,LES/ε∗.

of magnitude and phase. These differences between unsteady and quasi-steady force
coefficients depend on the kernel width. For the shown case of k = 0.3 in figure 15(b),
it can be seen that smaller kernel widths cause stronger hysteresis, e.g. the minor axis
of the ellipse for Cy is larger (phase modulation). Furthermore, the major axis of the
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Figure 15. Comparison of the model solution and LES reference for the hysteresis of the streamwise (a) and
normal (b) force coefficient (periodic pitch actuation case A0-Cxy-P3-k03). The quasi-steady references Cx (β)

and Cy(β) are shown in grey.

ellipse becomes increasingly tilted towards the horizontal axis, i.e. the force amplitude is
damped compared with the quasi-steady case (amplitude modulation). For the streamwise
forcing, Cx , smaller kernel widths also lead to more pronounced hysteresis as observed for
Cy (figure 15a). However, the trend for the amplitude modulation is different compared
with Cy in the sense that the unsteady solution for Cx , compared with the quasi-steady
reference, shows an increase in amplitude rather than a decrease. This amplitude increase
is larger for smaller kernel widths because for these cases, the normal induced velocity
reaches larger values (figure 14c), and thus, the same follows for the flow angle φ. Since
the streamwise force coefficient in the linear regime of the lift curve is dominated by
the CL contribution, it attains its maximum when the product −CL(α) sin(φ) becomes
maximal, which in addition to large CL also requires flow angles close to their maximal
negative value since CL and v∗ are approximately half a period out of phase (compare
panels c and d of figure 14).

Given the dominance of the normal forcing in the linear regime of the lift curve for
which the present model is developed, the observations regarding the phase and amplitude
modulations made from the time series and hysteresis curves can be concisely summarised
in a Bode plot. Figure 16(a,b) shows the Bode magnitude and Bode phase plot of the model
closed-loop transfer function G(k), which was derived assuming that CD = 0. Here G(k)

is computed using the linearised value of the lift slope of the NACA64-A17 aerofoil at
the operating point β0 = 0◦, matching the operating point of the periodic actuation cases.
The model solution is presented for the set of kernel widths ε∗ ∈ {0.25, 0.5, 1.0, 2.0, 4.0}
in the range k ∈ [0, 0.75]. In addition, the phase and amplitude modulation are extracted
from the last period of the LES reference data for the cases A0-Cxy-P3-k01 (k = 0.1),
A0-Cxy-P3-k02 (k = 0.2), A0-Cxy-P3-k03 (k = 0.3) and A0-Cxy-P3-k06 (k = 0.6),
which are shown as dots in the plot. The transfer function solution matches the LES
reference for all four reduced frequencies.

For reduced frequencies k � 0.3, magnitude and phase trends are monotone for varying
kernel widths at a given constant frequency. However, the magnitude and phase variation
with frequency for a constant kernel width are not monotone. The magnitude reaches
a minimum, after which it again approaches |G| = 1 for further increasing k. The
convergence to |G| = 1 happens for smaller k, the larger the kernel width, and for the
shown relevant frequency range, it is only visible for ε∗ = 4.0. In this limit, the unsteady
lift magnitude again approaches the quasi-steady solution. Also, the phase tends towards a
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Figure 16. The magnitude (a) and phase (b) of the model closed-loop transfer function G(k) for the
NACA64-A17 aerofoil at the linearisation point β0 = 0◦. Dots indicate the corresponding amplitude and
phase modulations extracted from the last period of the LES reference cases A0-Cxy-P3-k01, A0-Cxy-P3-k02,
A0-Cxy-P3-k03 and Cxy-P3-k06.

common limit of ∠G = 0◦ for all kernel widths as k → ∞, although this convergence
happens for k > 0.75 except for the largest studied kernel width. Consequently, for a
chosen kernel width representing the aerofoil, the maximum reduction of the quasi-
steady lift amplitude min(|G(k; ε∗)|) and maximum phase lag min(∠G(k; ε∗)) occur
for an intermediate reduced frequency 0 < k < ∞. Furthermore, the maximum phase lag
occurs for smaller k than does the maximum amplitude reduction. Within the range of
relevant k, smaller kernel widths lead to larger damping. Comparing ε∗ = 0.25, which is
of the order of the steady-state optimal kernel width, with ε∗ = 4, which corresponds to a
value encountered for coarse grid ALM-LES for wind energy purposes, one would miss
about �(|G|) ≈ 0.3 of damping and �(∠G) ≈ 23◦ of phase lag at a reduced frequency of
k = 0.3. This difference is the unsteady equivalent of the steady-state lift error observed for
suboptimal large kernel widths, which motivated the development of smearing corrections
(Martínez-Tossas & Meneveau 2019; Meyer Forsting et al. 2019a; Dağ & Sørensen 2020;
Kleine et al. 2023a).

The source of the unsteady error due to large kernel widths can also be made apparent
by comparing the topology of the shed vorticity in the wake for varying ε∗ (figure 17).
The regularisation with the Gaussian kernel conserves both the integrated force as well
as the integrated vorticity. That is assuming the magnitude of the point force would not
be affected by the induced velocities, which in reality it is. But even neglecting this
effect, the conservation on an integral level can still be achieved by locally very different
vorticity distributions. The vorticity for small kernel widths is more localised, and thus,
integral conservation directly implies locally higher vorticity magnitudes in proximity of
the aerofoil and the wake centreline. In turn, large kernel widths spread the vorticity across
a larger area, reducing its local magnitude. Since the induced velocity scales with the
inverse of the distance outside of the vortex core, this directly implies smaller induced
velocities at the actuator point. Finally, the phase error is also apparent from the vorticity
distributions. To this end, one can track the vertical band of zero vorticity, which is
located between the bound vortex (blue) and the neighbouring positive vorticity patch
(red) directly downstream of the aerofoil. Its location is closest to the aerofoil for ε∗ = 0.25
and then shifts continuously farther downstream for larger kernel widths, i.e. the larger the
kernel width, the further ahead the phase.

Summarising the model verification presented in this section, we conclude that the
developed model matches the ALM-LES predictions for the unsteady loading on the
aerofoil within the considered operating regime, which is the linear part of the lift curve.
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Figure 17. Model solution for the total resultant vorticity field of the A0-Cxy-P3-k03 case at time instance t∗ =
32. Panels (a–e) show the solution for the Gaussian kernel widths ε ∈ {4.0, 2.0, 1.0, 0.5, 0.25}. The aerofoil
modelled by the Gaussian body force is shown in white with a black outline. The aerofoil’s quarter-chord point
is located at the actuator point (xAct∗ , yAct∗ )� = (0, 0)�.

The step and periodic actuation cases demonstrated the frequency-dependent impact of the
Gaussian kernel width on the unsteady loading, both in terms of lift reduction and added
phase lag.

6. Discussion: assessing the model error with respect to LES-ALM
The preceding verification results show that within the linear regime of the lift curve, the
derived model solutions match the ALM-LES predictions of the unsteady loading on the
aerofoil. However, it also became clear that even within this regime, the model cannot
reproduce the correct streamwise induced velocity in the presence of combined forcing in
the streamwise and normal directions. This deficiency does not affect the accuracy of the
results as long as the small-angle approximation for the flow angle is valid. Nevertheless,
due to this observation we already pointed in § 5.3 towards the fact that there is a coupling
between the two forcing directions, which is neglected for the derivations in this work. We
derive here the exact form of the neglected terms and assess their magnitude and spatial
localisation with respect to the reference LES data.

The vorticity transport equation for the two-dimensional problem was introduced in
(2.2) and reads in expanded form as

∂ω∗
∂t∗

+ ∂ω∗
∂x∗

+ u∗
∂ω∗
∂x∗

+ v∗
∂ω∗
∂y∗︸ ︷︷ ︸

N (u∗,ω∗)

= −y∗Cx + x∗Cy

πε4∗
e−(x2∗+y2∗)/ε2∗

︸ ︷︷ ︸
F(x∗,y∗,t∗)

. (6.1)
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Figure 18. Model (a) and LES (b) solution for the total vorticity field of the A8-Cxy-S12 case for ε∗ = 0.25 at
time instance t∗ = 12. The difference between the model and LES solution is shown in (c). The relative error
is shown in (d) where the reference for the normalisation of the error is the maximum value of the absolute
vorticity in the x∗ − y∗ plane. The aerofoil modelled by the Gaussian body force is shown with a black outline.
The aerofoil’s quarter-chord point is located at the actuator point (xAct∗ , yAct∗ )� = (0, 0)�.

In order to arrive at the final linearised equation(2.3) as introduced in § 2, we need
to assume that the nonlinear term N (u∗, ω∗) can be neglected, which means that
if the other remaining terms are all of order O(1), the nonlinear term should be at
maximum of order N =O(1/10). An increasing magnitude of the forcing F(x∗, y∗, t∗)
increasingly challenges this linearisation. Analysis of the forcing shows that it is locally
linearly proportional to the magnitude of the force coefficients F ∝ Ci (i ∈ x, y), but
inversely proportional to the fourth power of the kernel width F ∝ 1/ε4∗ . However, in
addition to the Gaussian contribution, the forcing term attains a maximum value of
max(x∗ exp(−x2∗/ε2∗)) ≈ 0.43ε∗ at x = ε∗/

√
2. Neglecting the effect of the kernel on

the strength of the forcing via the induced velocity, this scaling shows that within the
linear region of the lift curve, doubling the angle of attack only doubles the local forcing
magnitude, whereas halving the Gaussian kernel width leads to an eightfold increase in
local forcing (i.e. F ∝ 1/ε3∗).

Based on this scaling analysis. we focus the error analysis on the smallest kernel width
of ε∗ = 0.25. Figure 18(a,b) shows the vorticity solution for the large pitch step case A8-
Cxy-S12 obtained both from the model and the LES at time instance t∗ = 12. The LES
that solves for all terms present in (6.1) predicts a roll-up and normal displacement of
the start-up vortex. Furthermore, the nonlinear terms break the (anti-) symmetric vorticity
distribution of the model with respect to the wake centreline. In contrast, the model cannot
capture these effects since it neglects N . Figure 18(c,d) shows the resulting (relative)
error with respect to the LES reference. In proximity of the start-up vortex, the maximum

1024 A15-28

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
87

0 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2025.10870


Journal of Fluid Mechanics

0 2 4 6 8 10 12 14 16

–0.2

–0.1

0

0.1

0.2

u∗, LES

v∗, LES

u∗, Model

u∗, Model + u∗, Res
v∗, Model + v∗, Res

v∗, Modelu ∗
, 
v
∗

x∗
Figure 19. Comparison of the model and the LES solution for the streamwise and normal induced velocity
along the curve (x∗, y∗ = 0)� for ε∗ = 0.25 at time instance t∗ = 12 (A8-Cxy-S12 case). The markers show the
sum of the model solution and the velocity induced by the vorticity residual shown in figure 18(c). The residual
contribution is obtained by numerical evaluation of the Biot–Savart integral.

relative error reaches more than 30 %, but it remains of the order of a few per cent in
the remaining wake region between the bound and start-up vortex. We now show that
this vorticity error accounts for the discrepancy of the streamwise induced velocity at the
actuator point, which is observed in figure 11(a). To this end, we numerically evaluate the
Biot–Savart law of the vorticity residual ω∗,LES − ω∗,Model to obtain the velocity residuals
u∗,Res and v∗,Res. Figure 19 shows the streamwise and normal induced velocity along the
wake centreline both for the model and the LES. The model correctly predicts v∗ near
the actuator point and in the near wake, but deviations occur farther downstream near the
start-up vortex. The streamwise component u∗ also deviates already in the proximity of the
actuator point as observed previously. However, adding the numerically computed residual
velocities to the model solution recovers the LES solution. This finding shows that the
derived model solutions for the induced velocity ((3.3) and (3.10)) and the vorticity ((B6)
and (B9)) are consistent and that neglecting the term N explains the observed model error.

The same error analysis is also conducted for the A0-Cxy-P3-k03 case in figure 20,
which features a continuous change of bound vorticity and, thus, also a continuous band
of shed vorticity. The (relative) error shown in panels c and d of this figure is constrained
to a region starting downstream of x∗ = 6. This localisation shows that the previously
observed absence of large errors in the near wake of the pitch step case is not simply due
to the absence of vorticity (the start-up vortex was already advected further downstream),
but that the linearised vorticity transport equation is capable of predicting an accurate
trajectory of the shed vorticity in the near wake. This observation also manifests in the
induced velocity distributions along the centreline shown in figure 21. The model captures
the normal induced velocity accurately up to x∗ = 6. The deviations farther downstream
and in general for the streamwise induced velocity are again shown to be accounted for by
the contribution of the vorticity residual between LES and the model.

7. Numerical and experimental model validation
In the two preceding sections we verified the developed model with the corresponding
nonlinear ALM-LES results and quantified the error due to using the linearised governing
equations for the model derivation. However, there are additional physical effects that
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Figure 20. Model (a) and LES (b) solution for the total vorticity field of the A0-Cxy-P3-k03 case for ε∗ = 0.25
at time instance t∗ = 12. The difference between the model and LES solution is shown in (c). The relative error
is shown in (d) where the reference for the normalisation of the error is the maximum value of the absolute
vorticity in the x∗ − y∗ plane. The aerofoil modelled by the Gaussian body force is shown with a black outline.
The aerofoil’s quarter-chord point is located at the actuator point (xAct∗ , yAct∗ )� = (0, 0)�.
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Figure 21. Comparison of the model and the LES solution for the streamwise and normal induced velocity
along the curve (x∗, y∗ = 0)� for ε∗ = 0.25 at time instance t∗ = 12 (A0-Cxy-P3-k03 case). The markers show
the sum of the model solution and the velocity induced by the vorticity residual shown in figure 20(c). The
residual contribution is obtained by numerical evaluation of the Biot–Savart integral.
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Study Aerofoil Re β0 �β k

Numerical: Motta et al. (2015) NACA 00{04/12/18/24} ∞ 0◦ 1◦ 0.01 − 0.75
Experiment: Ōtomo et al. (2020) NACA 0018 3.2 × 104 0◦ {4, 8}◦ {0.22, 0.44, 0.66}

Table 2. Overview of the numerical and experimental data sets employed for the model validation. The type
of aerofoil is shown together with the studied chord-based Reynolds numbers Re, operating points β0, pitch
amplitudes �β and the reduced frequencies k.

are inherently not captured by the ALM and, thus, are also ignored by the derived
model, which is intended to reproduce the ALM predictions. The comparison with
Theodorsen theory in § 4.3 showed that the classical ALM neglects the non-circulatory
contributions to the unsteady lift and also does not take into account the circulatory
contribution from the pitch rate. Furthermore, Theodorsen theory itself assumes inviscid
flow, approximates the aerofoil with a simple representation in terms of point vortices,
neglects the aerofoil thickness and assumes the trajectory of the shed vorticity in the wake
to be solely determined by the free-stream velocity (linearisation). In order to probe the
impact of these model assumptions, we validate the developed model for the ALM with
numerical and experimental reference data, which (partially) do not rely on the above
assumptions (table 2). Doing so allows us to find answers to the two questions raised
earlier, namely, is the steady-state optimal kernel width still applicable for the unsteady
case, and furthermore, when does the ALM fail to predict the unsteady loading even when
using the optimal kernel width?

7.1. Validation with inviscid (Euler) CFD
We first compare the model with numerical reference data from Motta, Guardone &
Quaranta (2015). They employ a finite-volume Euler solver for moving, overset, multi-
block grids to compute the loads on symmetric aerofoils in response to sinusoidal pitching
motion around the quarter-chord point (a = −0.5). The pitching motion is characterised
by an operating point of β0 = 0◦, a pitch amplitude of �β = 1◦ and considers the range
of reduced frequencies k ∈ [0.01, 0.75]. The flow is approximately incompressible with a
Mach number of Ma = 0.117. Four different NACA aerofoils (0004, 0012, 0018, 0024)
were simulated to study the impact of aerofoil thickness on the unsteady loads and the
results were compared with Theodorsen theory.

We compare in figure 22 the ALM transfer function, G(k), for the unsteady lift with the
results from Motta et al. (2015) obtained for their thinnest studied aerofoil (NACA 0004).
In addition, the Theodorsen transfer function, T (k), is shown. It should be noted that
Motta et al. (2015) chose to present their results in terms of the unsteady lift coefficient
normalised with the pitch amplitude (�Cus

L (k)/�β) and, thus, the transfer function G(k)

and T (k) need to be multiplied with the aerofoil lift slope (dCL/dα = 2π for the flat
plate) in order to obtain the appropriate scaling. Furthermore, it should be noted that the
transfer function G(k) for the ALM is also computed based on the flat plate lift slope
to be consistent with Theodorsen theory. The reference data for the NACA 0004 aerofoil
closely match the magnitude and phase of T (k). Because of the good match between the
thin-aerofoil CFD results and T (k), the conclusions reached in § 4.3 regarding the limits
of the ALM’s applicability to model unsteady aerodynamics apply to the validation with
the CFD data. A Gaussian kernel width of ε∗ ≈ 0.4 closely matches the magnitude of the
unsteady lift up to k < 0.2, whereas deviations in phase occur as soon as k > 0.
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Figure 22. Magnitude (a) and phase (b) of the unsteady lift coefficient normalised with the actuation pitch
amplitude �β as function of reduced frequency k. The predictions of the model frequency domain solution
assuming the lift slope of a flat plate are compared with the unsteady lift predicted by Theodorsen theory and
inviscid CFD results from Motta et al. (2015) for a NACA 0004 aerofoil.

0.5

0.4

0.3

0 0.2 0.4 0.6

k
0 0.2 0.4 0.6

k

5

6

|�
C

Lus
|(k

)/
�

β

0

40

20

60

∠�
C

Lus
(k

) 
(d

eg
.)

Motta et al. (2015): NACA 0004

Extended model (a = –0.5): 2π GExt (k)

Theodorsen (a = –0.5): 2π T(k)

ε∗(a) (b)

Figure 23. Magnitude (a) and phase (b) of the unsteady lift coefficient normalised with the actuation pitch
amplitude �β as function of reduced frequency k. The predictions of the extended model frequency domain
solution assuming the lift slope of a flat plate are compared with the unsteady lift predicted by Theodorsen
theory and inviscid CFD results from Motta et al. (2015) for a NACA 0004 aerofoil.

In § 4.3 we also showed that the three remaining terms modelled by Theodorsen
theory, but neglected by the ALM, can be incorporated into an extended ALM transfer
function GExt(k) (4.15). In figure 23, the previous comparison with the reference data
from Motta et al. (2015) for the NACA 0004 aerofoil is repeated for GExt(k). It can be
seen that GExt(k; ε∗ = 0.4) closely reproduces the prediction from Theodorsen theory
and, thus, also leads to an accurate magnitude and phase prediction compared with the
CFD reference. While the objective of the present study is to reproduce the behaviour of
the classical ALM with a simple model, this result highlights avenues for future work
to incorporate the non-circulatory terms, T β̇

NC and T β̈
NC, and the pitch rate dependent

circulatory term, T β̇
C , into the ALM formulation in order to increase the bounds of the

ALM’s applicability to unsteady aerodynamics beyond k = 0.2.
The presented comparison with inviscid CFD and Theodorsen theory leads to

recommendations regarding the optimal kernel width in order to accurately capture
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Figure 24. Magnitude (a) and phase (b) of the unsteady lift coefficient normalised with the actuation pitch
amplitude �β as function of reduced frequency k. The predictions of the extended model frequency domain
solution are shown for ε∗ = 0.4. The employed lift slope varies with the aerofoil thickness according to
dCL/dα = 2π(1 + 0.77d/c). Results are compared with inviscid CFD results from Motta et al. (2015) for
the NACA 0004, NACA 0012, NACA 0018 and NACA 0024 aerofoils.

unsteady aerodynamic effects with the classical ALM based on point velocity sampling.
We find that the reference data are closely matched up to k < 0.2 for a kernel width in
the range ε∗ ∈ [0.3, 0.5]. Based on the validation of the extended ALM transfer function
GExt(k), a kernel width of ε∗ ≈ 0.4 provides a good match with Theodorsen theory and
CFD throughout the frequency range k ∈ [0, 0.75]. These identified values for the optimal
unsteady kernel width are slightly higher than the range of the optimal kernel width found
for steady conditions ε∗,Opt ∈ [1/8, 1/4] (Shives & Crawford 2013; Martínez-Tossas et al.
2017). However, we note that when using a Gaussian kernel with different widths in the
chord and thickness directions, Martínez-Tossas et al. (2017) found that the optimal width
along the chord direction is approximately ε∗ ≈ 0.3 for thin aerofoils. Since the chord is the
principal direction in the unsteady problem, it is reasonable for the optimal width to scale
accordingly. Given that practical ALM-LES for wind turbine/farm modelling typically
operate with kernel widths that are an order of magnitude larger, the difference between
the identified optimal kernel width for steady and unsteady aerodynamics is rather small.
Nevertheless, future work should explore if this difference persists when considering
an advanced ALM formulation based on integral velocity sampling as proposed by
Churchfield et al. (2017).

Lastly, Motta et al. (2015) also studied the unsteady loads on NACA 0012, 0018 and
0024 aerofoils and showed that the increasing non-dimensional aerofoil thickness of up to
d/c = 24 % challenges the flat plate assumption made by Theodorsen theory. Figure 24
shows that this equally applies to the ALM. Figure 24(a) shows that the steady lift
magnitude, |�Cus

L |(k = 0), continuously increases with the aerofoil thickness. In fact the
term �Cus

L (k = 0)/�β is the lift slope of the aerofoil, which can be approximated with
the relation dCL/dα = 2π(1 + 0.77d/c) (Motta et al. 2015). The only way the aerofoil
thickness enters the ALM is via the lift(-slope) input. Thus, we use the relation between
thickness and lift slope given above to determine varying lift slope inputs for GExt(k) in
order to model the impact of increasing aerofoil thickness. Comparing the unsteady lift
magnitude in figure 24(a) shows that the GExt(k) now more closely matches the CFD
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results in proximity of k = 0 than when using the flat plate lift slope to ensure consistency
with Theodorsen theory (compare with figure 23). However, these deviations are small
compared with the deviations between the CFD and ALM results for larger aerofoil
thicknesses of 12 %–24 %. The increased damping of the lift magnitude predicted by CFD
is not captured by the ALM, in particular, as soon as k > 0.05. Similar conclusions are
found for the phase in figure 24(b). The CFD results predict a shift of the phase inversion
point to larger k as the thickness increases. This trend is only qualitatively captured by the
ALM, but both the maximum phase lag and the reduced frequency corresponding to the
phase inversion point are quantitatively underestimated.

7.2. Validation with experiment at Re = 32 000
Lastly, we validate the ALM predictions with the experimental data set from Ōtomo
et al. (2020). They studied a NACA 0018 aerofoil with periodic smoothed triangular
pitching kinematics at Re = 32 000. Hence, this validation data set also probes the model
assumption of inviscid flow, and furthermore, the model is tested for actuation signals
that are more complex than mono-frequency sinusoids. The triangular pitching kinematics
are characterised by an operating point of β0 = 0◦, pitch amplitudes of �β ∈ {4◦, 8◦} and
periods corresponding to the reduced frequencies k ∈ {0.22, 0.44, 0.66}. The location of
the pitching axis is the quarter-chord point (a = −0.5). Ōtomo et al. (2020) compared
their experimental results also to predictions from Theodorsen theory by considering the
superposition of the individual Theodorsen solutions corresponding to the twenty leading
Fourier harmonics.

The temporal evolution of the unsteady lift coefficient in response to the smoothed
triangular pitching kinematics is shown for one period Tp∗ in figure 25 and the
corresponding maxima of the lift coefficient are summarised in figure 26. The
experimental data and the Theodorsen solution are compared with the time-domain
solution of the developed model. The model solution is computed for the kernel width
ε∗ = 0.4, which was determined as the recommended kernel width for unsteady conditions
in the previous validation section. We start by focusing on the case k = 0.22/�β = 4◦
(figure 25a), which can be seen as the limit case for the ALM’s applicability to unsteady
aerodynamics given the preceding comparison with Theodorsen theory and the CFD
results from Motta et al. (2015) in § 7.1. The Theodorsen solution is also shown split into
the non-circulatory and circulatory contributions to visualise their relative importance.
The non-circulatory term proportional to the pitch acceleration is zero within the linear
parts of the pitch actuation signal due to the constant pitch rate and, thus, only contributes
close to the extreme values of the pitch. It can be seen that the ALM predicts a slightly
smaller unsteady lift magnitude than Theodorsen theory, which can be attributed to the
observation that the non-circulatory terms neglected by the ALM reduce the damping of
the unsteady lift (also recall figure 4). Due to the inclusion of the non-circulatory terms,
the Theodorsen theory predicts a positive phase shift with respect to the pitch actuation
signal with the fundamental frequency of k = 0.22, whereas the ALM still predicts a
small phase lag. The experimental data shows the overall largest damping and phase
lag. Motta et al. (2015) also studied the effect of including viscosity in their CFD study
such that Re = 106 for a NACA 0018 aerofoil. They observed a reduced maximum lift
coefficient for the viscous results compared with the inviscid reference. Furthermore,
experiments conducted by Mackowski & Williamson (2015) for a NACA 0012 aerofoil
subject to sinusoidal pitching at Re = 16 600 also showed stronger damping, i.e. smaller
peak lift coefficient values, compared withTheodorsen theory for the pitch amplitudes
�β ∈ {2, 4, 8}◦ in the range k ∈ [0, 1]. The increased deviation between the inviscid ALM
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Figure 25. One period of the unsteady lift coefficient in response to smoothed triangular pitching kinematics
with k = 0.22 (a,c) and k = 0.44 (b,d) with actuation amplitudes of �β = 4◦ and �β = 8◦. The predictions
of the model time domain solution are shown for ε∗ = 0.4 using the lift coefficient of a flat plate. For
reference, the experimental results from Ōtomo et al. (2020) are shown (the shaded grey area denotes the 95 %
confidence interval). In addition, the predictions of Theodorsen theory are shown, where the non-circulatory
and circulatory contributions are also shown separately. The thick semi-transparent line indicates the time series
of the pitch actuation signal. Dots mark the maxima and minima of the signals.

and Theodorsen solutions compared with the experimental data from Ōtomo et al. (2020)
thus is in agreement with the observations made in the two aforementioned studies. It
should be further pointed out that one should not conclude from the comparison with the
experiment that the ALM prediction is more accurate than Theodorsen theory. The closer
match between the ALM and the experiment is rather likely due to fortunate cancellation
of the modelling errors due to neglecting viscosity, but in addition also the three terms
T β̇

NC, T β̈
NC and T β̇

C that in turn are captured by Theodorsen theory.
Doubling the pitch amplitude (the case k = 0.22/�β = 8◦ shown in figure 25c) leads to

doubled lift magnitudes predicted by ALM and Theodorsen theory, which is consistent
with their linear nature. In contrast, the increase in lift magnitude seen in the experiment
is only 60 %. Furthermore, phase predictions of the linear models are unaltered, whereas
the experiment shows a gain in phase such that the unsteady lift is almost in phase with
the pitch actuation. Further increasing the fundamental frequency of the pitch actuation
to k = 0.44 increases the importance of the non-circulatory terms, where the unsteady
lift signals from Theodorsen theory and experiment now are ahead of the pitch actuation
(figure 25b,d).

As a summary of the observations made above, the maximum lift coefficients for the
ALM, Theodorsen theory and the experiment are shown as a function of the reduced
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Figure 26. Maximum unsteady lift coefficient resulting from the smoothed triangular pitching kinematics with
amplitude �β = 4◦ and �β = 8◦. The predictions of the model time domain solution are shown for ε∗ = 0.4
using the lift coefficient of a flat plate. For reference, the experimental results of Ōtomo et al. (2020) are shown
(error bars denote the 95 % confidence interval). In addition, the predictions of Theodorsen theory are shown.

frequency k in figure 26. It can be concluded that for the case of k = 0.22/�β = 4◦ both
the ALM and Theodorsen theory still provide reasonable lift predictions despite the low
Reynolds number Re = 32 000 of the experiment. In this light, the observed errors can be
seen as an upper bound, given that for wind energy purposes, where the ALM finds its
most use, chord-based Reynolds numbers are two orders of magnitude larger. It should be
again stressed that the apparent better match between the ALM and experiment compared
with Theodorsen theory is expected to stem from the lack of modelling the terms T β̇

NC,

T β̈
NC and T β̇

C . Thus, the experimental validation affirms the conclusions drawn from the
ALM-Theodorsen comparison (§ 4.3) and from the validation with inviscid CFD results
(§ 7.1), namely that the ALM can capture unsteady aerodynamic effects up to k ≈ 0.2 given
that the Gaussian kernel width is close to the determined optimum ε∗ ≈ 0.4; the aerofoil
thickness is limited; and errors in phase of approximately twenty degrees can be accepted.

8. Conclusions
In this study we assessed the ability of the ALM to capture the unsteady aerodynamic
effects of induced velocity due to shed vorticity. We focused on the simplified two-
dimensional problem of an aerofoil represented by an unsteady Gaussian body force. The
objective was to determine the unsteady loading on the aerofoil in response to generic
unsteady pitch actuation with an explicit dependence on the Gaussian kernel width.
This problem formulation thereby links the ALM to the theories developed by Wagner
(1925) and Theodorsen (1935) for the unsteady inviscid thin-aerofoil problem. A linearised
vorticity transport equation was obtained from the Euler equations subject to an unsteady
Gaussian body force, which enabled the derivation of theoretical solutions for the induced
velocity along the wake centreline and the complete two-dimensional vorticity field. The
former solution takes the form of a Duhamel’s integral involving an indicial response
function. Based on the theoretical velocity solutions, a model for the unsteady aerofoil
loading was derived. Its solution was obtained in the time domain by solving a root-
finding problem for the flow angle as well as in the frequency domain by deriving the
system’s closed-loop transfer function mapping from the quasi-steady to the unsteady lift
force. The closed-loop transfer function is parameterised by the Gaussian kernel width
and, thus, explicitly shows its impact on the amplitude modulation and phase lag of the
unsteady lift as a function of the reduced frequency.
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The model was verified with nonlinear reference data obtained by means of ALM-LES.
The verification study considered both pitch step and periodic pitch actuation cases, where
the model was tested within the linear region of the aerofoil’s lift curve. The relative
errors for the angle of attack were on the order of tenths of a per cent. The model was
shown to accurately capture the time evolution of the induced normal velocity, the angle
of attack and the streamwise and normal force coefficients within the considered range of
kernel widths ε∗ ∈ [0.25, 4.0] and reduced frequencies k ∈ {0.1, 0.2, 0.3, 0.6}. However, a
mismatch between ALM-LES and the model was observed for the streamwise induced
velocity in the case of combined streamwise and normal forcing. This mismatch was
shown to be a direct consequence of the linearisation of the vorticity transport equation
during the model derivation by computing the induced velocity corresponding to the
vorticity residual between the nonlinear ALM-LES results and the theoretical vorticity
solution.

The derived model was then used to validate the ALM’s ability to model unsteady
aerodynamics in attached flow conditions below stall. The comparison with Theodorsen
theory showed that the ALM does not capture the contributions of the non-circulatory
terms and the circulatory contribution of the pitch rate. This conclusion was confirmed by
further validation with reference to results obtained by means of inviscid CFD using body
fitted grids. Two main conclusions were drawn from this validation. Firstly, the optimal
kernel width for modelling unsteady aerodynamics with the classical ALM based on point
velocity sampling is ε∗ ≈ 0.4. This value is still on the order ε∗ =O(10−1), but slightly
larger than the range ε∗ ∈ [1/8, 1/4] previously identified for the optimal steady-state
isotropic Gaussian kernel width. Secondly, the ALM can accurately predict the magnitude
of the unsteady loading up to reduced frequencies of k ≈ 0.2 when employing a kernel
width of the order of the identified optimum for unsteady aerodynamics. However, small
errors in phase occur as soon as k > 0, where the error is about twenty degrees at k = 0.2.
Finally, validation with experimental data for an aerofoil executing smoothed triangular
pitching kinematics at Re = 32 000 further pointed towards the previously identified
threshold frequency of k ≈ 0.2 beyond which the ALM is not sufficient to capture unsteady
effects.

Based on the results, we have identified three key directions for future work. Firstly,
the model derivation is currently based on a linearisation point equivalent to undisturbed
(vorticity-free) flow. Incorporating a flexible linearisation point by using the corresponding
steady-state solution could improve the model’s capabilities of predicting the trajectory of
the shed vorticity in the wake. A second path is to extend the model to three dimensions,
e.g. to obtain an unsteady three-dimensional filtered lifting line solution, extending
the steady-state solution derived by Martínez-Tossas & Meneveau (2019). Finally, this
unsteady three-dimensional filtered lifting line solution could then be employed as a
correction for coarse grid ALM-LES.
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Appendix A. Solving the linearised vorticity transport equation
In order to solve (2.3), one can exploit its advection character by considering solutions
along spatio-temporal curves given by X (s) = x∗ + s and T (s) = t∗ + s (neglecting the y∗
dependence, which is not relevant for the derivation). Differentiation of the solution along
these curves yields

d

ds
ω∗(X (s), T (s)) = ∂ω∗

∂x

dX

ds
+ ∂ω∗

∂t

dT

ds
= ∂ω∗

∂x
+ ∂ω∗

∂t
= F(X (s), T (s)), (A1)

where F(X (s), T (s)) represents the right-hand side of (2.3). Subsequent integration from
T (s = −t∗) = 0 to T (s = 0) = t∗ provides

0∫
−t∗

d

ds
ω∗(X (s), T (s)) ds = ω∗(x∗, t∗) − ω∗(x∗ − t∗, 0) =

0∫
−t∗

F(x∗ + s, t∗ + s) ds.

(A2)

Using the transformation s′ = t∗ + s (ds′ = ds) and subsequently denoting s′ again as s,
the solution with the explicit y∗ dependence is obtained as shown in (2.5).

Appendix B. The vorticity field created by an unsteady Gaussian body force
The derivations in § 3 bypass the need to calculate an explicit vorticity solution and, thus,
avoid the need for expressing the forcing in terms of a given set of basis functions. This
approach allows the computation of the unsteady loading on an aerofoil subject to a generic
pitch actuation, as shown in § 4. However, it is instructive to study not only the influence
of the Gaussian kernel width on the unsteady loading but also the unsteady vorticity field
forming around the aerofoil for the following two reasons. First, the vorticity field offers
an explanation for the magnitude and phase modulation introduced to the unsteady loading
for a given Gaussian kernel width and reduced frequency. Second, the vorticity solution
can be utilised to assess the spatial and temporal nature of the modelling error caused
by linearising the vorticity transport equation (2.2) by computing the nonlinear vorticity
residual with respect to the reference LES data.

Thus, in the following an unsteady vorticity solution for (2.3) is derived, which requires
expressing the forcing time histories Cx (t∗) and Cy(t∗) as a Fourier series. Then, the
solution from § 4.1 can be utilised as a starting point to obtain the forcing time histories
for a given pitch actuation signal defined on t∗ ∈ [0, T∗], incorporating the feedback effect
of the shed vorticity. Subsequently, the forcing time histories are expressed as discrete
Fourier series
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Cx (t∗) = C0
x +

N∑
n=1

(
αn

x cos
(
2πnt∗/T∗

) + βn
x sin

(
2πnt∗/T∗

))
, (B1)

Cy(t∗) = C0
y +

N∑
n=1

(
αn

y cos
(
2πnt∗/T∗

) + βn
y sin

(
2πnt∗/T∗

))
, (B2)

where αn
x , βn

x , αn
y and βn

y are the real Fourier coefficients for the streamwise and normal
forcing, respectively. By exploiting the linearity of (2.3), one may consider the solution for
each Fourier basis function separately and obtain the complete solution by superposition.
To this end, consider the combined streamwise and normal forcing term (right-hand side
of (2.3)) for a single frequency component to be

Fn(x∗, y∗, t∗) =−y∗
(
αn

x cos
(
σ n∗ t∗

) + βn
x sin

(
σ n∗ t∗

))
πε4∗

e−(x2∗+y2∗)/ε2∗

+ x∗
(
αn

y cos
(
σ n∗ t∗

) + βn
y sin

(
σ n∗ t∗

))
πε4∗

e−(x2∗+y2∗)/ε2∗ , (B3)

where σ n∗ = 2πnt∗/T∗ is the harmonic angular frequency.
The complete vorticity solution is then obtained by superposing three contributions: the

unsteady vorticity contributions from each non-zero frequency ωn∗ , the contributions ω0∗
from the zero frequency components C0

x and C0
y , and, if applicable, the contribution from

the initial vorticity field ωIC∗ , which in this work is considered to be the vorticity field
corresponding to the steady-state solution ((8) and (15) from Martínez-Tossas et al. 2017).
In the following, we derive the missing solutions for the first two contributions for normal
and streamwise forcing and assemble the complete solutions.

B.1. Vorticity due to normal forcing
The vorticity solution accounting for the unsteady non-zero frequency contributions
(n > 0) of the normal forcing is obtained by inserting the normal forcing component of
(B3) into the integral in (2.5) to obtain

ωn∗ =
x∗∫

x∗−t∗

ξ
αn

y cos
[
σ n∗ (ξ − x∗ + t∗)

] + βn
y sin

[
σ n∗ (ξ − x∗ + t∗)

]
πε4∗

e−(ξ2+y2∗)/ε2∗ dξ, (B4)

where the transformation ξ = x∗ + (s − t∗) (dξ = ds) is used. For the resulting integral,
an analytical solution can be found. The solution corresponding to the zero frequency
component of the unsteady forcing (n = 0) is obtained by inserting the forcing C0

y instead
of the trigonometric functions into the integral in (2.5), which then can readily be solved
to obtain

ω0∗ = − C0
y

2πε2∗
e−(x2∗+y2∗)/ε2∗ + C0

y

2πε2∗
e−[(x∗−t∗)2+y2∗]/ε2∗ . (B5)

Finally, all three vorticity contributions can be combined to end up with the vorticity
solution given an unsteady normal forcing Cy(t∗) and subject to the assumption that Cy(t∗)
can be expressed as a discrete Fourier series:
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ω(x∗, y∗, t∗) = ωIC∗ + ω0∗ + ωn∗

= − C IC
y

2πε2∗
e−[(x∗−t∗)2+y2∗]/ε2∗

− C0
y

2πε2∗
e−(x2∗+y2∗)/ε2∗ + C0

y

2πε2∗
e−[(x∗−t∗)2+y2∗]/ε2∗

+
N∑

n=1

{
−αn

y cos(σ n∗ t∗) + βn
y sin(σ n∗ t∗)

2πε2∗
e−(x2∗+y2∗)/ε2∗

+ αn
y

2πε2∗
e−[(x∗−t∗)2+y2∗]/ε2∗

+ σ n∗
4πε2∗

e−y2∗/ε2∗
{
(αn

y i + βn
y )eiσ n∗ (−x∗+t∗)

(
−1

2
i
√

πε∗e−1/4(σ n∗ )2ε2∗
)

×
[

erfi
(

σ n∗ ε∗
2

+ i x∗
ε∗

)
− erfi

(
σ n∗ ε∗

2
+ i(x∗ − t∗)

ε∗

) ]

+ (−αn
y i + βn

y )e−iσ n∗ (−x∗+t∗)
(

1
2

i
√

πε∗e−1/4(σ n∗ )2ε2∗
)

×[
erfi

(
σ n∗ ε∗

2
− i x∗

ε∗

)
− erfi

(
σ n∗ ε∗

2
− i(x∗ − t∗)

ε∗

) ]}}
. (B6)

It can be noted that in the case of a constant forcing and an already established bound
vortex (i.e. C IC

y = C0
y ) the solution simply reduces to the steady-state solution derived in

Martínez-Tossas et al. (2017).

B.2. Vorticity due to streamwise forcing
The vorticity solution accounting for the unsteady non-zero frequency contributions
(n > 0) of the streamwise forcing is obtained by inserting the streamwise forcing
component of (B3) into the integral in (2.5). Making use again of the transformation
ξ = x∗ + (s − t∗), the integral reads as

ωn∗ = − y∗
πε4∗

x∗∫
x∗−t∗

(
αn

x cos
[
σ n∗ (ξ − x∗ + t∗)

] + βn
x sin

[
σ n∗ (ξ − x∗ + t∗)

])
e−(ξ2+y2∗)/ε2∗ dξ,

(B7)

for which an analytical solution can be found. The solution corresponding to the zero
frequency component (n = 0) of the unsteady forcing is obtained by inserting the forcing
C0

x instead of the trigonometric functions into the integral in (2.5), which can then be
solved to obtain

ω0∗ = C0
x

2
√

πε3∗
y∗e−y2∗/ε2∗

[
erf

(
x∗ − t∗

ε∗

)
− erf

(
x∗
ε∗

) ]
. (B8)

Combining all three contributions leads to the complete vorticity solution resulting from
periodic streamwise forcing Cx (t∗):

ω(x∗, y∗, t∗) =ωIC∗ + ω0∗ + ωn∗

= − C IC
x

2
√

πε3∗
y∗e−y2∗/ε2∗

[
1 + erf

(
x∗ − t∗

ε∗

) ]
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+ C0
x

2
√

πε3∗
y∗e−y2∗/ε2∗

[
erf

(
x∗ − t∗

ε∗

)
− erf

(
x∗
ε∗

) ]

+
N∑

n=1

{
− y∗

2πε4∗
e−y2∗/ε2∗

{
(αn

x − iβn
x )eiσ n∗ (−x∗+t∗)

(
−1

2
i
√

πε∗e−1/4(σ n∗ )2ε2∗
)
×

[
erfi

(
σ n∗ ε∗

2
+ i x∗

ε∗

)
− erfi

(
σ n∗ ε∗

2
+ i(x∗ − t∗)

ε∗

) ]

+ (αn
x + iβn

x )e−iσ n∗ (−x∗+t∗)
(

1
2

i
√

πε∗e−1/4(σ n∗ )2ε2∗
)

×
[

erfi
(

σ n∗ ε∗
2

− i x∗
ε∗

)
− erfi

(
σ n∗ ε∗

2
− i(x∗ − t∗)

ε∗

) ]}}
. (B9)

An observation similar to the normal forcing case can be made. In the case of constant
forcing and an already established vorticity (i.e. C IC

x = C0
x ), the solution simply reduces to

the steady-state solution derived in Martínez-Tossas et al. (2017).

Appendix C. A note on velocity sampling in the ALM
Both the time and frequency domain solutions of the developed model compute the forcing
based on the flow angle determined at the actuator point. This approach was introduced
in the foundational ALM work by Sørensen & Shen (2002). Nevertheless, there is a
difference in the definition of the velocity magnitude used for the force calculation between
the derived theoretical solutions and the common ALM implementation in LES codes. In
principle, the lift and drag coefficients used in step (ii) of the algorithm outlined in § 4.1
are defined for the free-stream velocity U∞. Since the characteristic velocity scale to non-
dimensionalise the equations in this work is chosen to be U∞, the derived solutions are
consistent with this definition. However, common ALM implementations in LES codes
not only use the local velocity uLES∗ at the actuator point to determine the flow angle for
evaluation of the force coefficients but also use its magnitude to directly compute the force,
e.g. for the lift force, one would have FLES

L ∝ |uLES∗ |2CL(α). This velocity is affected by
the induced velocities such that |uLES∗ | = ((1 + uLES∗ (0, 0, t∗))2 + vLES∗ (0, 0, t∗)2)1/2 and,
thus, in case of a non-zero drag coefficient or shed vorticity, it is |uLES∗ | 
= 1, where it
should be noted that, for small induced velocities, |uLES∗ | ≈ |1 + uLES∗ (0, 0, t∗)|. However,
the force calculation should be based on the free-stream velocity according to FL ∝ CL(α).

Martínez-Tossas et al. (2017) and Caprace et al. (2020) proposed corrections that
are used to determine an estimate of the free-stream velocity solely based on the
locally sampled velocity at the actuator point. Specifically for this work, this would
mean that (3.14) for u∗ at the actuator point would be employed to obtain the estimate
U Est∞ ≈ |uLES − u∗(0, 0, t∗)i |. In the present work, this issue can be circumvented for
the reference LES simulations carried out in § 5, since the free-stream velocity U∞ is
known and, thus, can be directly used for the force calculation. If, on the other hand,
in the LES the force coefficients would be directly evaluated with the locally sampled
velocity magnitude, an additional error between model and LES would be introduced as
FLES

L /FL = |uLES|2 ≈ (1 + uLES∗ (0, 0, t∗))2.

Appendix D. Grid and domain size convergence of the LES set-up
This appendix motivates the chosen LES set-up in § 5.2 by studying the convergence of
the angle of attack time history at the actuator point both with grid and domain size.
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Figure 27. Domain size convergence study for case A14-Cxy-S18 using ε∗ = 0.25. The simulation time is
T∗ = 256, and the resolution of the most inner refinement is ε∗/�x∗ = 4. (a) Angle of attack for the range of
semi-domain heights L y∗ = 32 to L y∗ = 512, where the upstream and downstream fetch are scaled accordingly
as described in § 5.2. (b) Relative error based on the angle of attack step magnitude �α = 18◦. The reference
case for the calculation of the error is L y∗ = 512.

For this purpose, we choose a case with a stronger forcing magnitude than any case studied
in the validation section (A14-Cxy-S18 for ε∗ = 0.25). The stronger magnitude results in
steeper gradients and, thus, a more conservative set-up choice.

The domain size is completely determined by the simulation time T∗ and the length
L y∗ , which is the semi-domain height, but also sets the upstream and downstream fetch.
All runs for the convergence study are conducted for T∗ = 256, which is the longest
simulation time used for the model validation. The angle of attack time dependence on
L y∗ is shown in figure 27, where the grid size of the most inner refinement is ε∗/�x∗ = 4
and spans −4ε∗ < x∗ < T∗ + 4ε∗ and −4ε∗ < y∗ < 4ε∗. It can be seen that the angle of
attack evolution is only smooth up to the time instance t∗ where the start-up vortex reaches
the location x∗ ≈ L y∗ and its induced velocity field, which scales with the inverse of the
distance to the vortex core, is altered by the slip boundary conditions applied at the domain
top and bottom. Consequently, we choose L y∗ = 256 since we conduct validation LES runs
with T∗ = 256. The relative error compared with an even larger domain with L y∗ = 512
(figure 27b) slowly increases with time but does not exceed 0.1 %, even at the final time
instance t∗ = T∗.

Furthermore, the resolution of the most inner refinement is varied between ε∗/�x∗ = 2,
ε∗/�x∗ = 4 and ε∗/�x∗ = 8 using the chosen L y∗ = 256. Note that the resolution of
the base grid is constant, and the resolution is varied by adding additional refinement
levels around the actuator point and the wake region. The normal extent of the most
inner refinement is always −4ε∗ < y∗ < 4ε∗. The streamwise extent of the two coarser
resolutions is −4ε∗ < x∗ < T∗ + 4ε∗, whereas the highest resolution case only adds an
additional refinement level between −4ε∗ < x∗ < 16 + 4ε∗. The evolution of the angle
of attack on these three different grid resolutions is shown in figure 28. Contrary to
the domain size convergence, the relative angle of attack error for the grid resolution
convergence stays constant after the start-up phase. This is the case because it is governed
by the strength of the start-up vortex, which is determined during the initial phase of the
step response. The relative error for the ε∗/�x∗ = 4 case is below 0.25 % after the first
few time steps (figure 28b). We conservatively choose here a resolution of ε∗/�x∗ = 8 for
all model validation runs, which ensures fully converged LES results.
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Figure 28. Grid size convergence study for case A14-Cxy-S18 using ε∗ = 0.25. The simulation time is T∗ =
256 and the semi-domain height is L y∗ = 256. (a) Angle of attack for the range of grid resolutions ε∗/�x∗ = 2
to ε∗/�x∗ = 8 (for the most inner refinement). The semi-domain height for all three cases is L y∗ = 256. (b)
Relative error based on the angle of attack step magnitude �α = 18◦. The reference case for the calculation of
the error is ε∗/�x∗ = 8.
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