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Abstract

One of the key components of the nuclear reactor is the reactor pressure vessel (RPV), and its integrity
is critical for the safety of the nuclear reactor. Lifetime extension of RPV project deals with the different
issues which pose threat to its integrity. One such important issue is the occurrence of pressurised
thermal shock (PTS). The most critical PTS scenario occurs during the events of loss of coolant acci-
dents, when the emergency core cooling water is injected to cool down the reactor’s core. This cold
water mixes with the hot water while descending in the downcomer of the RPV and result in sudden
fluctuation in temperature of the vessel wall, giving rise to thermal stresses in it. Thermal-hydraulic
codes, which are generally used for the nuclear reactor safety (NRS) applications, are unable to predict
this complex 3-dimensional flow mixing phenomenon. Therefore, computational fluid dynamics (CFD)
method are considered useful for the comprehensive study of PTS. However, the validation with the
experimental data is required to gain trust in predictive capabilities of CFD methods for PTS studies.
A high-fidelity direct numerical simulation (DNS) can provide the data for validation. Moreover, it can
give more insight about the flow phenomenon and can form a reference database for the turbulence
modelling CFD methodologies. The main aim of this thesis project is to perform an extensive pre-
liminary study for the high-fidelity DNS of the single-phase PTS scenario. The objectives are, firstly
to design a well defined and well studied numerical case for this DNS, which will be focused towards
the buoyancy driven flow mixing in the downcomer of the RPV, and secondly to validate the DNS of
a buoyancy driven flow mixing test case. With the help of several simulations, calibration study was
performed to find an optimum physical domain and boundary conditions. In addition, a length scales
study was performed which will help in mesh estimation for the DNS. Furthermore, a DNS of Rayleigh
Bénard convection is performed and the results are compared with the results of a past DNS. This, in
total, will contribute to the PTS studies in the direction which has not been dealt in the past and will
form an essential basis for the future DNS of the PTS scenario.
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Introduction

This chapter will give a brief background of the research interest and will also discuss the various
past findings and experiments conducted for the study of pressurised thermal shock (PTS). Nuclear
reactors are widely used around the world for energy production. Owing to the huge risk involved
with the handling and use of radioactive materials, nuclear reactor’s safety is of critical importance.
The lifespan extension program of nuclear power plants involves extensive study on reliability and
performance of various components. The integrity assessment of the reactor pressure vessel (RPV)
forms one of the essential parts and this project concerns the issue which threatens the integrity of
the RPV.

1.1. Reactor pressure vessel

The RPV is a high priority key component as it houses the nuclear reactor core. In fact, it represents
the last barrier between the fission products and the containment. It is a cylindrical vessel with a
hemispherical bottom, having inlet (also called cold leg) nozzle and a space between the vessel wall
and core barrel, called downcomer. The Figure 1.1b shows both of the above-mentioned regions.
The cold water is injected through the inlet nozzle to cooldown the reactor’s core and this injected
water descends in the downcomer. The Figure 1.1a gives a more detailed schematics of the RPV. It
is important to mention that this thesis project concerns the flow behaviour in the cold leg and the
downcomer.

Control Rod Drive
Control Rod
Hssembly

Confrol Rod
Guide Tube

| Core Barrel Diowm-comer region
Thermal Shield

o T4 Intet B
MNozzle
Fuel Assembly
Reactor Vessel

Down-comer -
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N =i, Flow Distribution e
— -
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Instrurment
MNozzles
(a) Reactor Pressure Vessel (b) Downcomer and area of interest

Figure 1.1: Reactor pressure vessel schematic representation, adopted form [1].
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1.2. Pressurised thermal shock

In the course of its lifetime, the RPV experiences numerous physical, chemical and mechanical changes.
These changes over time are caused by varying loads, flow conditions, corrosion, temperature vari-
ations and neutron irradiation. This in turn tests the endurance of materials because of high stress
generated in them. The deterioration of mechanical and physical properties is referred to as ageing.
The effect of ageing reduces the design margin and leads to forced and early repairs of components,
therefore they are considered in design and manufacturing specifications [11]. In addition to ageing,
the prolonged exposure to the high neutron flux on the wall of the RPV leads to local embrittlement of
the material and welds in the region around the core [12]. These ageing and structural degradation of
the RPV can limit the life of the nuclear power plant as it is impossible to replace the RPV.

The embrittled and weakened material under the action of severe transients can generate small
crack which can quickly propagate and lead to through-wall cracks, thereby challenging its integrity.
One of the severe transients that occur in the nuclear reactor is characterised as pressurised thermal
shock (PTS). A PTS denotes the event of rapid cooling of the RPV surfaces and downcomer which occurs
in a high pressurised environment. The sudden fluctuations in temperature lead to thermal loads on
the vessel. These loads can result in failure of the RPV under the following specific set of conditions
[11]:

¢ An occurrence of reactor transients that subject the vessel to severe thermal shocks.
» An existence of crack or flaws at the inner surface of the vessel wall.

 High enough fast neutron fluence and concentrations of copper and nickel in the vessel wall that
reduces its fracture toughness.

The most severe PTS scenario arises during loss of cooling accident (LOCA) event when the emer-
gency core cooling (ECC) water is injected into the cold leg [1]. This cold water first mixes with the
already present hot water in the cold leg and then moves towards the downcomer, where further mixing
takes place. When the cold mixture come in direct contact with the core barrel wall, it may generate
large temperature gradients inside the vessel wall which leads to large thermal stresses. Study of these
thermal stresses is crucial for remnant RPV life assessment. Depending on the leak size, its location
and the operating conditions of the plant, single-phase flow as well as two-phase flow PTS situations
can occur [8].

The PTS scenario’s comprehensive study involves following three types of analysis [13]:
» Probabilistic safety assessment : every PTS initiating events are reviewed and are grouped based
on similarity in thermal hydraulic nature and frequency. Later the most critical one is selected.

e Thermal-hydraulic (TH) analysis : time evaluation of the fluid temperature distribution and inter-
nal pressure, in the vessel, nozzles and downcomer, also the heat transfer coefficient of coolant.

¢ Probabilistic fracture mechanics : The important data of TH analysis is used. And other vessel
specific data are used to calculate the total vessel failure probability for that event.

Downcomer mixing analysis investigates the complex 3-dimensional thermal mixing phenomenon which
occurs in downcomer of RPV wall and forms the major part of thermal hydraulic (TH) analysis [11].

1.3. Thermal-hydraulic analysis

Thermal-hydraulic (TH) analysis constitutes the main area of PTS studies where computational fluid
dynamics is required for the comprehensive understanding. TH analysis can provide useful data like
fluid temperature in the downcomer, the time evolution of temperature and pressure in the downcomer
and wall-to-fluid heat transfer for the structural analysis.

When cold water is injected in the cold leg, the cooldown of RPV occurs. But the non-uniform
cooling due to a mixing of the cold and hot water in downcomer involves 3-dimensional flow analysis
and requires good modelling of the flow behaviour. In these scenarios the one-dimensional system
codes fail to produce reliable calculations and therefore, detailed study on the plumes formation and
thermal stratification are required.
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1.3.1. Plume cooling

When the emergency core cooling water (ECC) is injected in the cold leg, it flows toward the RPV and
decents downwards in the downcomer in the form of quasi-planar buoyant plumes because of mixing
with hot water. These plumes start to form at the lower edge of the injection nozzle, i.e. at the junction
of downcomer and cold leg. These plumes are at locally lower temperature than the background and
due to their unsteady behaviour, they can come in direct contact with the core wall leading to thermal
stresses.

1.3.2. Stratification

Stratification refers to the variation in the temperature and density in the direction normal to the flow
direction. Based on the injection flow speed and density variance the stratification can be perfect or
partial. In case of "perfect stratification,” the denser (colder) fluid will follow as a separate stream
sliding along the bottom with a lighter (hot) fluid flowing in the form of a separate stream over the
denser fluid [14]. This phenomenon occurs during the ECC injection, where the cold water flows in
the form of a strip along the cold leg and falls in the downcomer while being in a direct contact with
the hot wall. Thereby, exposing the wall’s flaws and welds to severe cooling and generating thermal
stresses.

Partial stratification has attributes of both mixing and perfect stratification. For a well mixed condition
sufficient increase in injection velocity is required to break down the injection stream and stable mixing
to occur [15].

1.4. Experimental study

For performing experimental simulations of realistic scenario which occur in the nuclear reactor, Rossendorf
Coolant Mixing (ROCOM) test facility operated at Forschungszentrum Dresden-Rossendorf (FZD) was
chosen. The edging feature of this facility is its high flexibility in choosing boundary conditions and
ability to perform measurement with highest spatial resolution. This makes it suitable for performing
mixing experiments aimed at turbulent flow mixing in downcomer [2]. Various tests with different flow
conditions were performed. In this study, experiments performed for the study of PTS scenario will be
briefly discussed.

At ROCOM facility, the mock-up of RPV is made of perspex (glass) which allows visualising the mixing
occurring in the downcomer. It consists of four inlet and four outlet nozzles. The model incorporates
important details of an actual RPV which are important for coolant mixing like nozzles, vessel wall, core
barrel wall and downcomer but with a linear scaled dimension of 1:5. The Figure 1.2a showcase the
schematic drawing of ROCOM's RPV model with dimensions and details of sensor locations. The Figure
1.2b shows the RPV model where the location of nozzles and structure can be observed. With detailed
modelling of inlet nozzles, segments and controllable individual pumps for inlet and exit, it is possible
to simulate the desired scenario. The facility is operated with water at room temperature and ambient
pressure [2].
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Figure 1.2: ROCOM Test Facility, adopted from [2].

1.4.1. PTS experiments

The flow mixing occurring in the downcomer can be momentum driven or buoyancy driven. In case
of buoyancy driven, due to the difference in density the dominant buoyancy forces dictates the motion
of the fluid. When the injection velocity is higher, the momentum effect dominates the density effects.
For simulating the buoyancy driven flow it is very important to keep the injection velocity within certain
limits. Due to the fact that the facility cannot be heated, the necessary density difference was achieved
by adding sugar (glucose) in the cold ECC water. Since the viscosity difference becomes large only at
a concentration higher than the one required (10%) for the experiment, the method was found to be
acceptable. For the buoyancy driven flow, the density difference should be considerable. The exact
knowledge of the spatial distribution of ECC water in downcomer is important for the PTS study [16].

By varying the density between 0 and 10% several experiments were performed. The goal was to
find the condition for transition between momentum and buoyancy driven mixing and also to investigate
the influence of density difference on mixing in the downcomer.

Without density differences, momentum-driven due to injection velocity, the flow upon entry in the
downcomer splits into two streams and flows in right and left forming a helix around the core barrel
circumferentially which join together at the opposite side of the entry and move downwards later on.
Whereas in case of 10% density difference the stratification was observed. And the density difference
partly suppresses the splitting of stream and propagation in the circumferential direction. The injected
cold water falls down in almost straight streamline to reach the bottom of the vessel [16]. When the
density difference was 4%, a transition between momentum and the density-driven case was observed.
The flow behaviour was the combination of both circumferential propagation and streamline descend
in the downcomer which shows the effect of both driving mechanisms.

In a separate experimental study conducted in the past [3], the difference between density and
momentum driven flow mixing was observed. And it was related to the Froude number (Fr) , calculated
using inlet conditions and downcomer (see Equation (1.1)). The Figure 1.3 shows the above-mentioned
types of flow scenarios such as: density dominated flow (M), momentum dominated flow ( ) and
transitional (O).
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PRPHQWXP GULYHQ DUH RQ ULJKW RI1)U LVROLQH 7KH UHJLRQ EHWZHH
WUDQVLWLRQ UHJLRQ 1RUPDOL]HG (&& GHQVLW\ LV WKH UDWLR RI LQFRPL
SUHVHQW ZDWHULQ GRZQFRPHU GHQVLW\

YLIXUH JURXGH QXPEHU UHODWLRQ ZLWK W\SH RI IORZ VFHQDULR GHQVLW\ GRPLQL
PRPHQWXP GRPLQB VWG IWEDQV-L\WGROIGIG @RP >

SHTXLUHPHQW RI &)'LQ 376 VWXGLHYV

&RPSXWDWLRQDO IOXLG G\QDPLFV &)' LVFRQVLGHUHG D PRUH UHOLDEOH
GLFWLQJ WKH IORZ SKHQRPHQD %XW LW LV QHFHVVDU\ WR SHUIRUP DQ HJ
WUXVW LQ WKH &)' PRGHOOLQJ IRU WKH 376 ,Q WKH SDVW WUDGLWLRQDO
EHHQ HPSOR\HG IRU QXFOHDU UHDFWRU VDIHWA\ UHODWHG VWXGLHV $V WK
GLPHQVLRQDO IORZ UHSUHVHQWDWLRQV WKH\DUH QRW FDSDEOH WR UHO
IORZ SKHQRPHQRQ ZKLFK RFFXUV GX@L Q7ZKWHKHIRWEWHL GVHEWERQWLGHUHG D)
WKRVH 156 SURMHFW ZKHUH &)' FDQ SURYH XVHIXO LQ WHUPV RI EHWWHU X
LPSURYHG VDIHW\ @&VWLPDWLRQ >

BHYHUDO &)' VLPXODWLRQV KDG EHHQ SHUIRUPHG IRU @ KHWEDWFWHG 5
IRXQG WKDW WKH WUDQVLHQW 5H\QROGY DYHUDJHG 1DYLHU 6WRNHV 5$16
SUHGLFW WKH WKHUPDO VWUDWLILFDWLRQ ZKLFK RFFXUV LQ WKH FROG OH.
FRPSOH[PL[LQJ SKHQRPHQD ZKLFK RFFXU LQ WK H \@ R DY FORPP\HRU RRA WAHKUHY 5130 W
ODUJH HGG\ VLPXODWLRQV /(6 DUH FDSDEOH WR UHSURGXFH WKH FRPSOHI
GXULQJ (&& PL[LQJ H[SHULPHQW DWaW KH' 582G LBIFLORQN PW WHVW IDFLOLYV
DQG HPSOR\LQJi VWIMXGEXOGHQFH PRGHO ZHUH IRXQG WR EH FDSDEOH RI U
WKH PHDVXUHG UHVXOWYV IRU WKH VLQJOH SKDVH PL[LQJ VFHQDULRV DV (
> @ 7KHUH DUH OLPLWDWLRQV Rl WKH H[SHULPHQWVY LQ PHDVXULQJ DOO \



 QWURGXFWLRQ

YHORFLWLHY DQG FDSWXULQJDOO LPSRUWDQW SKHQRPHQD RFFXUUL!
DV WKH zDOO RI WKH YHVVHO DW 52&20 ZzDV PDGH RI DFU\OLF JODVV Q
IURP WKH H[SHULPHQWY $0OVR WKH VSDWLDO UHVROXWLRQ LQ WKH Ut
WR LQVXIILFLHQW GDWD RI YHORFLW\ DQG WHPSH@DWXHV HOX B W & CDAI
LPSRUWDQW IRU FRPSXWLQJ WKH ZDOO KHDW IOX[ 'LUHFW QXPHULFDO
DOWHUQDWLYH IRUWKH UHIHUHQFH DQG RYHUFRPLQJ WKH OLPLWDWLI
WKH FRPSOHWH FKDUDFWHULVDWLRQ RI DOO IORZ DQG KHDW WUDQVS
XVHG DV D UHIHUHQFH IRU YDOLGDWLQJ WKH WXUEXOHQFH PRGHOOLQJ
I1DYLHU 6WRNHV 85%$16 /(6 DQG +\EULG /(6 85%$16 +RZHYHU VRPH VL
JHRPHWU\RI 539 LVUHTXLUHG WR PDNH LW IHDVLEOH IRU WKH '16

SRXWHRIUHVHDUFK SURJUDP DW 15*

$wW 15* DQ HIWHQVLYH UHVHDUFK SURJUDP LV XQGHUZD\ ZLWK D JRDO
VLQJOH SKDVH 376 IORZVFHQDULR ZKLFKUHTXLUHV D KLJK ILGHOLW\ '1
LQYROYHVY EXR\DQF\ GULYHQ PL[LQJRIIORZDQG IRUPDWLRQ RI WKHUP
HIKLELWYV WKHFR RFFXUUHQFH RI YDULRXY FRPSOH[ SKHQRPHQRQ LQF(
PDO PL[LQJ WKHUPDOO\VWUDWLILHGIORZDQG EXR\DQF\ GULYHQ SOXI
RI'D QXPHULFDO H[SHULPHQW IRU WKH 376 ZLWKRXW EXR\DQF\ HIITHFW
WKH &KDSWKHWYW VWHS LQYROYHG WKH GHVLJQ RI D 376 FRQILIXUDWLRQ
DQG VHYHQWK RUGHU DFFXUDF\LQ VSDFH IRUVSHFWUDO HOHPHQW PH
UDF\ SURYLGHV WKH LQLWLDO FURVV FKHFN RI WKH GHVLJQ DQG KHOS
FRQYHUJHQFH 7KH ILIWK RUGHU DFFXUDF\ ZLOO EH DQ XQGHU UHVRO
‘16 7KHVHYHQWK RUGHU ZLOO EH D KLJK TXDOLW\'16 DQG ZLOO FRQFO
WKH 376 ZLWKRXW EXR\DQF\ VWXG\DQG SURYLGHV D EDVLV IRUWKH QH
7KH VHFRQG VWHS ...V JRDO LV WR SHUIRUP D KLJK TXDOLW\ '16 RI VLQ.
PRYLQJLQDVLPLODU IDVKLRQ DV WKH SUHYLRXV VWHS 7KLV WKHVLV
WKHDERYH PHQWLRQHG VHFRQG VWHS L H 376 ZLWK EXR\DQF\HIIHFW

SHVHDUFK TXHVWLRQ RI WKH WKHVLVY SURMHF

7TKHEDFNJURXQG UHOHYDQFH WKHSDVWH[SHULPHQWDO VWXGLHV DQ
LVDOUHDG\GLVFXVVHGLQ WKLV FKDSWHU WKHUHIRUH ZHFDQ RXWOLQ
DV

Z7R GHVLJQ DQ RSWLPXP QXPHULFDO FDVHIRU WKH VLQJOH SKDVH 37
DQF\ GULYHQ IORZ PL[LQJLQ WKHGRZQFRPHU ZKLFK ZLOO EH IHDV
ODWLRQ '16

€ 7KLV ZLOO UHTXLUH WKH VWXG\ Rl ERXQGDU\ FRQGLWLRQV JHR
UDPHWHUV IRUWKH WUDQVLHQW IORZ PL[LQJ LQ WKH GRZQFRPH
KHOS RIVHYHUDO 85$16 VLPXODWLRQV $QG ODWHU ILQDOLVLQJ
TXLUH OHVV FRPSXWDWLRQDO WLPH ZKLOH VWLOO NHHSLQJ WKH
RI FRQFHUQ

Z$VVHVVPHQW RI 1HN ZLWK EXR\DQF\ GULYHQ IORZ PL[LQJ WHVW F

€7KHPDLQJRDORIWKH376 SURMHFWDW 15*LVWRFUHDWHD '16 G
E\ SHUIRUPLQJ D KLJK ILGHOLW\ '16 Rl WKH FDVH ILQDOLVHG LQ
1HN FRGHLY FKRVHQ WR SHUIRUP WKLV WDVN $V WKH '16 RIIL
ZLOO UHTXLUH KXJH FRPSXWDWLRQDO WLPH LW EHFRPHV HVVH
EXR\DQF\ GULYHQ IORZ PL[LQJ VFHQDULR XVLQJ 1HN IRU D V
WRZDUGV WKH '16 RI FRPSOLFDWHG JHRPHWU\DQG IORZ FRQGLW
DQG HIWHQVLYHO\ VWXGLHG FDVH RI 5D\OHLJK %©QDUG FRQYHF
VWXG\RI5%& ZDV SHUIRUPHGEE X VRRUMIHW DOL@ WKH SDVW $QG \
RI WKLV '"16 FDQ SURYLGH D SURSHU FRPSDULVRQ IRUWKH YDOLCG



'"HVFULSWLRQ RI WKH WKHVLV UHSRUW

'"HVFULSWLRQ RI WKH WKHVLV UHSRUW

,Q WKLV FKDSWHU WKH EDFNJURXQG DQG LPSRUWDQFH RI WKH 376 DUH GL°
RI FRQFHUQ OLNH SOXPH IRUPDWLRQV GRZQFRPHU PL[LQJDQG VWUDWLILF
ZLOO JLYH DQ RYHUYLHZ RI WXUEXOHQFH DQG WKH FRQFHSW RI HQHUJ\ FI
VFHQDULR LV WXUEXOHQW SKHQRPHQRQ WKHUHIRUH WKH EDFNJURXQG R
WKLV SURMHFW LV H[SODLQHEHE RKHOEB GIV&EKVSWHKWH LPSRUWDQW JRYHUQLQJ
DUH XVHG LQ WKLY WKHVLY SURMHFW DQG WKH PRWLYDWLRQ DQG UHDVRQ
WKH QXPHULFDO PHWKRGRORJLHVY XVHG DUH GEDNXWXRIGNEG R B HONR UQUWKKII
376 ZLWKRXW EXR\DQF\HIIHFWV LV VXPPDULVHG 7KE¥XIIZRIO G LBH KRO/ORKH G E
VWXG\ SHUIRUPHG RQ WKH 376 ZLWK EXR\DQF\HIIHFWV DQG WKH ILQGLQJV F
GLVFXVV WKH YDOLGDWLRQ VWXG\ SHUIRUPHG IRU WKH 5D\OHLJK %©QDUG |






(I XUEXOHQFF

%RWK 376 DQG 5D\OHLJK %©QDUG FRQYHFWLRQ 5%& DUHDV RI LQWHUHVYV
IORZPL[LQIJDQG WKHUHIRUH LW LV LPSRUWDQW WR KDYHD EULHIEDFNJURX
GLVFXVVLRQ RIWKHVLPXODWLRQVDQG WKHLUUHVXOWYV )RUWKH376DQG
PHVK VHOHFWLRQ ZzDV QHFHVVDU\ ZKLFK UHTXLUHG VWXG\ Rl WKH .ROPRJF
7KLV FKDSWHU ZLOO GLVFXVV WKH GLIITHUHQW VFDOHV DQG OD\HUVLQYROY
LPSRUWDQFH

I XUEXOHQFH

7XUEXOHQFH LV RQH Rl WKRVH FRPSOH[ SKHQRPHQRQ ZKLFK LV RPQLSUH)\
DFWLYLWLHV ,W REFXUV DOPRVW LQ HYHU\ VLWXDWLRQ LQ ZKLFK IOXLGYV
IORZV WKURXJK QR]JOHV WXUERPDFKLQHU\ KHDW H[FKDQJHUV DQG LQ FDV|
OLNH DLUFUDIW DOVR DWPRVSKHULF SKHQRPHQD DUH GULYHQ E\ WXUEXOF
7XUEXOHQFH LV D GLPHQVLRQDO DQG WLPH GHSHQGHQW SKHQRPHQRQ 7
LV UHTXLUHG IRU WKH FRPSOHWH GHVFULSWLRQ RI WKH WXUEXOHQW IORZ
HGGLHV RI GLIIHUHQW VL]H DQG RULHQWDWLRQ ZKLFK GULYHV LWV FKDRW
DOZD\V REFXUV DW KLJK 5H\QROGV QXPEHU DQG LW GHYHKID RKHDW DQ LQV\
LQVWDELOLWLHY DUH DWWULEXWHG WR WKH LQWHUDFWLRQ EHWZHHQ WKH
HTXDWLRQV $W KLJK 5H WKH 1IDYLHU 6WRNHV VKRZ H{WUHPH VHQVLWLYL\
WKH UHVSRQVH RI WKHW@® GLVWXUEDQFHV >

(QHUJ\ FDVFDGH

/IDUJH HGGLHV DUH FKDUDFWHU L\ HZX EF KV K¥ PRIRSIDVKD EPMHOWMR WKH IORZ OH
DQG VLPLODUO\ WKHLU FKDUDFWHULVWLF YHORFLW\ LV FRPSDUDEOH WR W
QXPEHU DVVRFLDWHG ZLWK WKHVH HGGLHV LV Rl WKH RUGHU RI IORZ 5H\Q]
RI YLVFRVLW\ RQ WKHVH HGGLHV LV QHJOLJLEO\ VPDOO 5H\QROGV QXPEH!I
UHIHUUHG DV WXUEXOHQWgb B Q@R D\GE HIX PEIEUD V

Y HEZ)
| |
W In

y y

7KH WXUEXOHQFH IHDWXUHY HQHUJ\ FDVFDGLQJ L H WKH SURFHVYV E\ Z|
7.( FUHDWHG E\ODUJH HGGLHV LV WUDQVIHUUHG WR WKH VPDOOHU HGGLF
IHU WKH HQHUJ\ WR \HW VPDOOHU HGGLHV 7KLV WUDQVIHU RI HQHUJ\ WD
DVVRFLDWHG ZLWK WKH VPDOOHVW HGGLHV LV VXIILFLHQWO\ VPDOO IRU W
YLVFRVLW\A LV HITHFWLYH LQ GLVVLSDWLQJ WKH NLQHWLF HQHUJ\ $W WKHYV
KHDW 7KH SK\VLFDO PHFKDQLVP EHKLQG WKLY WUDQVIHU RI HQHUJ\LV YRU
SULPDULO\LQYLVFLG ZKHUHDV WKH VPDOO VFDOHVY DUH GRPLQDWHG E\ YL\



7TXUEXOHQFH

JLIXUH (QHUJ\ VSHFWUXP IRUD WXUEX®DHQW IORZ DGRSWHG IURP >

'LIIHUHQW UDQJHV RI WKH VFDOHV FDQ EHZKKHREQ X\GIHI1IZBEHD P XPEH |

FJ—
j

ZKHYHY WKH OHQJWK VFDOH RI WKH HGGLHYV
6R LQ HVVHQFH ZLWK WKH LQFUHDVH LQ WKH OHQJWK VFDOH WKH Z
7KH WXUEXOHQW NLQHWLF HQHUJ\ GLVWULEXWLRQ DPRQJ WKH HGGLHV
HQHUJ\ VSHFWUXP (QHUJ\ M\8 WKWMUXPHUJI\ FRQWDLQHG LQ WKOHQIBGGLHYV
ZDYH QXPAEAKHUHIRUH WKH WXUEXOHWQ®WWDQOMGEE® QHKWINGGLHV ZLWK
EHWZEHIQG ZLOO EH

-
i J U cu
S
7TKH )LIXUHKRZV WKH SORWIRU(D WXUEXOHQW IORZ ,WFDQ EH REVHU
VFDOH UDQJH FRQWDLQV PRVW RI WKH HQHUJ\ ZKHUH WKH SURGXFWLR(

,Q XQLYHUVDO HTXLOLEULXP WKHR UVRH.RROPRHIBWRY ¥ FDOH VHSDUDW
ZKLFK LV EDVHG RQ DVVXPSWLRQ WKDW WKH VPDOO VFDOH...V G\QDPL|
RI WKH ObDUJH VFDOHVY 7KHUHIRUH WKH EHKDYLRXU RI VPDOO VFDOHYV
WR WKHP E\ ODUJH VFDOHVY WKURXJK FDVFDGH DQG NLQHPDWLF YLVFR
WXUEXOHQW IORZ WKH UDWH RI HQHUJ\ VXSSOLHG E\ ODUJH VFDOHYV Z
vVPDOO VFDOHYV 7KH VFDOHV DUH GLYLGHG LQWR WKUHH UHJLRQV DV

Z/DUJHVFDOH UWKX®IWH VFDOHV DUH UHVSRQVLEOH IRUWXUEXOHQFH S
SRUWLRQ RIWXUEXOHQW NLQHWLF HQHUJ\ 7KH\ WDNH WKH HQHUJ\
WR WKH PDFURVFRSLF HIITHFWV RIJHRPHWU\DQG IRUFH 7KHUHIRUH
WKHHYDOXDWLRQ RI'TRUFHV DQG PRPHQWYV WR XQGHUVWDQG WKH F

7 QHUWLDO VXEQEFQYHI RI VXIILFLHQWO\ KLJK 5H\QROGV QXPEHU WKI
DQG IRUP WKH EULGJH E\ DVVLVWLQJ LQ HQHUJ\ WUDQVIHU EHWZHF
ZLWK QHJOLJLEOH GLVVLSDWLRQ RI HQHUJ\ ,Q WKLY UDQJH WKH H



(QHUJ\ FDVFDGH

Ju  Hud

ZKHWHLY .ROPRJURY FROQMWDKRMWZIDQE QXPEHU

Z'LVVLSDWLRQ,@QDMQKIHY UDQJH WKH EHKDYLRXU RIHGGLHW DQGRPLQDWH!
WKH UDWH RI HQHUJ\ WUDQVIHUUHG IURP WKH ODUJH VFDOHYV ZKLFK LV
7KH VPDOOHVW HGGLHYVY SUHVHQW LQ WKH IORZ DUH NQRZQ DV .ROPR

RI WKHVFDOHV DW ZKLFK WKH GLVVLSDWLRQ RFFXUV 7KH H[SUHVVLRQ
DUHDV IROORZYV

.ROPRJRURY OHQJWK VFDOH

0 sd

Qi

_ROPRJRURY WLPH VFDOH
5 &6
ROPRJRURY YHORFLW\ VFDOH

5 d

6PDOODQG ODUJH OHQIJWK VFDOHV DUH UHODWW@ WR&B KH WXUEXOHQW

h x %

uOW’@

,Q WKH H[SUHVVRR @ K HjUDMDIFRIHDVHYV ZLWK LQFUHDVH LQ 5H\QROGV QX
HODUJHU UDQJHRILQWHUPHGLDWH HGEQ&EHY ZLWK WKH VFDOH EHWZHEt

%DWFKHORU OHQJWK VFDOHYV

JRUWKHIORZ VFHQDULR LQYROYLQJKHDW WUDQVIHU .ROPRJRURY VFDOHYV
WKHLQYROYHG SURFHVV 6LPLODUWRPRPHQWXP GLIIXVLRQ WKHWKHUPDO
FDOOHG %DWFKHOBU DKHHQUWBDIWDRAEHWZHHQ WKH WKHUPDO GLIITXVLYLW\I

LV GHILQHG E\3UDQEeWQ @ Y\ WBHIHIRUH WKH .ROPRJRURY DQG %DWFKHORU
UHODWHG DV

;
Up %
ZKHUH
6 P
o]
7TKHUHIRUH
07 > %

W 6—=0 IRUUp!

07 > %
iw 60 IRUUp

ZKHYHY YLVFRMLWKHUPDO BLMNXWKNUWDO FRQ G KXWV WEXYBX\OHQREH GLVVLSDW
UDWH



7TXUEXOHQFH

IDZ RI1 ZDOO

,Q WKH YLFLQLW\ RI WKH ZDOO WKH WXUEXOHQW EHKDYLRXU RIIORZ L\
ZDOO $QG XS WR FHUWDLQ H[WDQW WKH LQWHUQDO DQG H[WHUQDO I
ODZ RI ZDOO LV HPSLULFDOO\ GHWHUPLQHG UHODWLRQVKLSV DQG DFFI
IORZV WKH VWUHDPZLVH YHORFLW\LQ WKH IORZ QHDU WR WKH ZDOO YI
WKH ERXQ@DUNBDU WKH VXUIDFH WKHHIIHFWRILQHUWLDO IRUFHV DQG
+HUH WKH HITHFW RlI WKH UDWH DW ZKLFK PRPHQWXP LV WUDQVIHUUHG
WLPH DQG PROHFXODU GLIIXVLRQ RI PRPHQWXP EHFRPHV ODUJHU 7KH
VWUHVWQG PROHFXODU GLIIXVLRQ LV PHDVXUHG{LQ WHUPV RI NLQHPDW

7TKHIULFWLRQ YHORFLW\ LV GHILQHG DV

s, L

ZKLFK LV YHORFLW\VFDOH UHSUHVHQWLQJ WKH YHORFLW\FORVH WR V
E\y § +HUHV WKH GHQYLWVD@® VKHDU VWUHVV GHILQHG DV

~ S ..
P pG_\NC?/EO

ZKHWHV WKH IORZ YHORFLW\ SD ) D'Q @H® \G RQW R H FZ DUCMF BEKGIVG ID\QVED Q F
WR WKH ZDOO )RU WKH GLVFXVVLRQ RI YHORFLW\ SURILOHDQG WXUEX
RI YHORFLW\DQG GLVWDQFH LV XVHG ZKLFK DUH GHILQHG DV

sh Z

S;

w2

y
7KHIORZQHDUWKHZDOOLVGLYLGHGLQWR GLIITIHUHQW UHJLRQV EDV|

JLIXUHVKRZV WKH VFKHPDWLF UHSUHVHQWDWLRQ RI YDULRXVY OD\HUV I
SURGXFWLRQ DQG GLVVLSDWLRQ FXUYHV IRUHDFK OD\HU

JLIXUH 1RPHQFODWXUH IRU ZDOO ERXQGHG WXUEXOHQW IORZV OHIW DQG UHVSHFV
FXUYHV ULJKW DGRSWHG IURP >



/IDZ R1 ZDOO

,QWKHLQQHU OD\HU DOVR NQRZQDV WKH YLVFRXV OD\HU YLVFRVLW\KDYV
WLV VXE GLYLGHG LQWR YLVFRXV VXEOD\HU ZKHUH YLVFRVLW\ GRPLQDW
YLVFRVLWA\DQG HGGLHV HIITHFW LV SURQRXQFHG 7KHLQWHUPHGLDWH OD\F
E\WKH LQYLVFLG WXUEXOHQW SKHQRPHQRQ 7KH RXWHU OD\HU LV DOVR Wi

JLIXUHVKRZV WKH YHORFLW\ SURILOHIRUD WXUEXOHQW ERXQGDU\OD\HU
XVHG WR GHVFULEH WKH IORZLQ WKH UHJLRQV

JLIXUH 7\SLFDO YHORFLW\ SURILOH IRUWXUEX®@HQW ERXQGDU\ OD\HU DGRS!

,Q WKH YLVFRXV VXEOD\HU WKH YHORFLW\ St reIH 6 H Q\GWVHRGL WH 6 VALLIRQNOHQ/F
DV

st wh

ZKLFK DSSOLHV WL @ORWKHQG Y. VWIRXR#O DQHWKH LQWHUPHGLDWH OD\HU WKF
XVHG WR GHILQH WKH YHORFLW\ SURILOH

sA —ijl\/\f‘ H

ZKHUH .DUPDQ FRWWRQWWRUDQOKV IURP E DQG GHSHQGV RQ URXJKQH\






*RYHUQLQJ (TXDWLI

7KH EHKDYLRXU RI'IORZ LV JRYHUQHG E\ VRPH SULQFLSOH HTXDWLRQV WKI
GHWHUPLQH WKH IORZ SK\VLFV %DVHG RQ WKH IORZ FRQGLWLRQV DQG VI
RI WKHVH HTXDWLRQ FDQ EH IRUPXODWHG XVLQJ VRPH DVVXPSWLRQV ,Q
DVVXPSWLRQV ZKLFK DUH XVHG LQ WKLV WKHVLY SURMHFW DUH GLVFXVVHC

IDYLHU 6WRNHV HTXDWLRQ

7KH ODPLQDU IORZY DUH OD\HUHG UHJXODU VPRRWK DQG RUGHUHG ZKHUF
WXDWLQJ DQG FKDRWLF %RWK ODPLQDU DQG WXUEXOHQW IORZ IORZ REH)\
1DYLHU 6WRNHV HTXDWLRQ IRUP D VIVWHP RI QRQOLQHDU SDUWLDO GLIIHI
WLRQ EHWZHHQ WKH YDULDEOHV RI'IORZ VXFK DV YHORFLW\DQG SUHVVXU
> @ 7KHHVVHQWLDO DVSHFW RI1HZWRQ..VODZV DQG WKXV RI WKH 1DYLH
GHWHUPLQLVWLF 7KLV PHDQV WKDW LQ SULQFLSOH JLYHQ WKH HTXDWLRC
ERXQGDU\FRQGLWLRQV WKHHYROXWLRQ RIWKHIORZILHOG FDQ EH FRPSX
VROXWLRQ WR WKH HTXDWLRQV DQG FRQGLWLRQV WKDW GHWFULEH WKH IO

+HUH LQ WKLV VHFWLRQ RQO\LQFRPSUHVVLEOH HTXDWLRQ DUH PHQWLR
ZLOO EH XVHG IRU WKLV WKHVLY SURMHFW 7KH HTXDWLRQV DUH H[SUHVVH!
SURSHUWLHV DV

ERQWLQXLWN\HTXDWLRQ LY EDVHG RQ WKH SULQFLSOH RIPDVV FRQVHUYI

$QG LW FDQ EH H[SUHVVHG DV

r
ORPHQWXP HTXDWLRQ GHULYHG RQ WKH SULQFLSOH RI QHZWRQ ...V VHFRC

s . A
T s'n U p™"

(QHUJ\HTXDWLRQ EDVHG RQ FRQVHUYDWLRQ RIHQHUJ\ FDQ EH ZULWWHQ
Y
Ir

ZKHUWM.V WKH YHORF LW VWKH @HRQNVIWHVHQW YV WL SWKHHVEYQIHP LF YLVFRVLW
6LVWKHWKHUPDO &LMXWLH WW\PB@IG® DW XUH

6 Y

%RXVVLQHVT DSSUR[LPDWLRQ

,QVFHQDULRYVY ZKHUH WKHIORZ ZLWK GLITHUHQW WHPSHUDWXUH DQG KHQFF
WLRQ RILQFRPSUHVVLEOH IOXLG FDQQRW EH VWULFWO\ DSSOLHG WR DOO
WKH GHQVLW\ YDULDWLRQV DUH KLJKO\ GHSHQGHQW RQ WKH SUHVVXUH YD
FRPSUHVVLEOH @ XFK DV >



*RYHUQLQJ (TXDWLRQV

76WHDG\ IORZ ZLWK ODUJH ODFK QXPEHUV :LWK LQFUHDVH LQ ODFK
GXFHV ODUJH GHQVLW\ FKDQJHV 8QWLO WKH ODFK QR RI WKH F
JOHFWHG

7+LJKO\ XQVWHDG\ IORZ ZKHUH WKH SUHVVXUH FKDQJHV DQG GHQVL
GHSHQG RQ SRVLWLRQ DQG WLPH

7$V LQ WKH KHWHURJHQHRXV IOXLG GHQVLW\ YDULHV ZLWK WKH KH
VFDOH RI WKH IORZ LV VR ODUJH WKDW WKH K\GURVWDWLF SUHVVXL
GHQVLW\

'KHQ WKH FRPSUHVVLELOLW\ HITHFWV DUH QHJOLJLEOH DQG WKH FKI
WHPSHUDWXUH GLITHUHQFHV RQO\ WKH %RXVVLQHVT DSSUR[LPDWLRQ
FDEOH IRU WKH VPDOO GHQVLW\ DQG WHPSHUDWXUH GLIITHUHQFHV DQC
DV ZRUNLQJ PHGLXP VLQFH ZDWHU LV QHDUO\ LQFRPSUHVVLEOH 7KL\
FKDQJHLVLPSRUWDQW RQO\IRUWKHERG\IRUFHVDQG QRW LQ RWKHU V
DQG LV W\SLFDOO\LPSRUWDQW RQO\LQ WKDW GLUHFWLRQDO FRPSRQ}
JUDYLW\ LV DFWLQJ 7KH RWKHU LPSRUWDQW DVVXPSWLRQ RI WKLV DS
VXFK PVP; b8 VKRXOG EH FRQVLGHUHG WHPSHUDWXUH LQGHSHQGHQW
WHPSHUDWXUH >

YRUWKH IROORZLQJ GLVFXVVLRQD WH WKW JLHVK WKXENIF SKSW.FDO TXDQ
EH FRQVLGHUHG DW VRPH UHIHUHQFH WHPSHUDWXUH 7KH XQVWHDG\ 1
DSSUR[LPDWLRQ FDQ EH VKRZQ DV
&RQWLQXLW\HTXDWLRQ

“r &k
ORPHQWXP (TXDWLRQ

I's n G Y
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ZKHUH JUDYMW\FWLQJLQ WKH\ GLUHFWLRQ 7KHUHIRUH WKH ERG\ IF
\ PRPHQWXP HTXDWYRMKB@HQVLW\ ZKLFK LV GHSHQGHQW RQ WKH WHP

h> ¢0 Y ¢ @
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JRUWKH QDWXUDO FRQYHFWLRQ FDVH WKH\ PRPHQWXP HTXDWLRQ F
RIERXQGDU\OD\HUDQDO\VLY ,QDERXQGDU\OD\HU WKH SUHVVXUH LV
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*RYHUQLQJ HTXDWLRQV IRU 5D\OHLJK %2QDUG FF
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7KHJRYHUQLQJHTXDWLRQV ZKLFK ZLOO EH XVHG IRU WIXWHY® IOV FOMW HREQ VW
KHUH 7KLV HTXDWLRQV DQG PHWKRG RI QRQ GLPHQVLRQDOLVLQJ WKH HT>
DQG 3UDQGWO QXPEHU ZDV XVEB®BD\G.BR EM HHMRDIDW DO >

5D\OHLJK QXPEHU

5D\OHLJK QXPEHU 5D UHSUHVHQWYV WKH UDWLR RIWKHGHVWDELOLVLQJHI
HITHFW RI YLVFRXV IRUFH :KHQ WKH OD\HU RIIOXLG LV KHDWHG IURP EHOR
ERWWRP ZLOO ULVH UHVXOWLQJLQ UHODWLYHO\ORZHU GHQVLW\DQG WKH!
WKH YLVFRVLWA\DQG WKHUPDO GLIIXVLYLW\ WKHFRQYHFWLRQ PRWLRQ RI I
ODUJH WKHUPDO JUDGLHQW WKH OD\HU EHFRPHVY XQVWDEOH :LWK WKH KH
WKLV FDQ EH FKDUDFWHULVHG ,Q HVVHQFH DERYH FHUWDLQ YDOXH RI 5D
7KH 5D\OHLIJK QXPEHU LV H[SUHVVHG DV
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3UDQGWO QXPEHU 3U LV QRQ GLPHQVLRQDO SDUDPHWHU ZKLFK LV UDWLF
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1XPHULFDO OHWKRGF

7KLV FKDSWHU ZLOO GLVFXVV WKH GLITHUHQW QXPHULFDO PHWKRGRORJLH
XODWLRQV RI SUHVVXULVHG WKHUPDO VKRFN 37BQGFHIMM®WAMRWGRQRXW X & GF
5D\OHLJK %©QDUG FRQYHFWLRQ GLVFXVVHG LQ &KDSWHU

5H\QROGYV DYHUDJHG 1DYLHU 6WRNHV 5%$16 HTX
7LPHDYHUDJLQJ FRQWLQXLW\DQG PRPHQWXP HTXDWLRQ JLYHV WKH 5H\QR
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(TXDWLRQ@V XVXDOO\ UHIHUUHG DV WKH 5H\QROGYV DYHUDJHG 1DYLHU 6V
GLIIHUHQFH EHWZHHQ WLPH DYHUDJHG DQG LQVWDQWDQHRXV PRPHQWXP
FRUUHGBWIRIQV WHUP VKRZV WKH WLPH DYHUDJHG UDWH RI PRPHQWXP WUD
>@

7KH IXQGDPHQWDO SUREOHP RI WXUEXOHQFH VWsfsh L HKH. V XVDR) W.IQWE\ D Z D\
sEsSELV FDOOHG 5H\QROGYV VWUHVV WHQVRU DQG LV H[SUHVVHG DV

. oEf
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7KLV WHQVRU KDV VL[ FRPSRQHQWYV DQG DORQJ ZLWK WKH IORZ YDULDE
ORFLW\ FRPSRQHQWY LQ WRWDO WKHUH ZLOO EH XQNQRZQV WR EH GHW
7KHUHIRUH WKH V\VWHP LV QRW FORVHG DQG UHTXLUHPHQW RI H[WUD HTXI
FRPSRQHQWYV DULVHYV

6WDQGDUWXUEXOHQFH PRGHO

7KH¢ PRGHO JLYHQ E\ -RQHV D@ ® ¥D)K@EMWDEY HTXLOLEULXP RI WXUEXOHQ
DQG GLVVLSDWLRQ ,VRWURSLFWXUEXOHQFHIROORZV DOLQHDU UHODWLR
DV IROORZV

bs  Hni

ZKHPYHLY D SURSRUWLRQDOLW\IDFWRU FDOOHG HGG\ YLVFRVLW\ ZKLFK L
WHQVRUZLWK PHDQ VK¥D URUIDMXHWKHU GHWD L ONKHHHWEKFEWWBRHQ W NLQHWLF HC
i ZLOO EH VROYHG IURP WKH HTXDWLRQ



IXPHULFDO OHWKRGROR

JRUIXUWKHU GHWDLO RI WKH SURFHVV RIUHDFKLQJ WR WKLV HTXDWL
$ $OWKRXIKWKHUHLVDQH[DFWWUDQVSRUW HTXDWLRQ IRU GLVVLSE
WLRQ HTXDWLRQ LV SRVWXODWHG VLPLODU WR WKH WXUEXOHQFH NLQ
ZLOO EHVROYHG IURP WKH HTXDWLRQ EHORZ
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7TKHUH DUH GLITHUHQW PRGHO YDULDQWYV DQG SDUDPHWHU VHW 7KH
i¢ PRGHO

7KLY WXUEXOHQFH PRGHO SURYLGHV JRRG UHVXOWYV IRU HIWHUQDC
SUHVVXUH JUDGLHQWY DQG VHSDUDWLRQ RI IORZ $V WKLV PRGHO LV
FDQ..W GLVWLQIJXLVK EHWZHHQ WKH HITHFWV RI LQGLYLGXDO FRPSRQ'}
DVVXPSWLRQ RILVRWURSLF WXUEXOHQFHDQG HQHUJ\HTXLOLEULXP G
LWV FRPSDUDWLYH VLPSOLFLW\DQG ORZ UHTXLUHPHQW RI FRPSXWDW
WXUEXOHQFH PRGHO LQLQGXVWULDO DSSOLFDWLRQ

'LUHFW QXPHULFDO VLPXODWLRAQ

'LUHFW QXPHULFDO VLPXODWLRQ '16 UHIHUV WR WKH VROYLQJ WKH 1
EXOHQFH PRGHOOLQJ ZKDWVRHYHU 7KHRUHWLFDOO\ WKH WLPH GHS'
FRQWDLQV WKH SK\WLFVRIWKHWXUEXOHQW IORZ @ V% XRMH\G KEN ¥HPO QM
VFDOHV RFFXUULQJLQD WXUEXOHQWIORZDUHRUGLQDULO\IDU ODUJH
'L6LVFDSDEOH WR UHVROYHVY DOO WKH UHOHYDQW VFDOHV RI WKH PRV
UHVROYH WKH VFDOHV RI WXUEXOHQFH PRWLRQ $ ORW RI HPSKDVLV L
OLNH GLVFUHWL]DWLRQ ZLWK KLJK DFFXUDF\ HIILFLHQW WLPH PDUFK
DQG DFFXUDWH QXPHULFDO VROYHU WR IDFLOLWDWH WKH "16

$ WKUHH GLPHQVLRQDO '16 FDQ SURYLGH GHWDLOHG LQIRUPDWLRQ
HUWLHVY OLNH YRUWLFLW\ WKUHH GLPHQVLRQDO YHORFLW\ ILHOGV Z
7KHUHE\ LW FDQ KHOS LQ PDNLQJ D FRPSOHWH GDWDEDVH RI WKH FDVF
DUH XVHG IRU WKH YHULILFDWLRQ DQG YDOLGDWLRQ RI WKH WXUEXOH
EHKDYLRXU IRUGHYHORSLQJ VRPH QHZ WKHRULHY DQG YDOLGDWLQJ"
5$16 DQG /(6

+RZHYHU WKH OLPLWDWLRQ RI'16 LQ WHUPV RI FRPSXWDWLRQ WLPH
VWXG\RIDOO WKHIORZVFHQDULRY ,WLVRQO\SRVVLEOH WR SHUIRUP
WKH UDQJH RI ORZ WKRXVDQGYV 7KHIORZ UHVROXWLRQ DQG QXPEHU RI
ERWK GHSHQGV RQ .ROPRJRURY DQG %DWFKHORU OHQJWK VFDOHV $\
VFDOHV UHGXFHV H[SRQHQWLDOO\ ZLWK LQFUHDVH LQ 5H\QROGV QXPE
LH DIXOOWLPH GHSHQGHQW WKUHH GLPHQVLRQDO VROXWLRQ RID
PXVW EH UHV@® OWKIG/SOHDGV WR KLIJKHU FRPSXWDWLRQDO RWHUUKHDG Z
7R OLPLW WKH QXPEHU RI HOHPHQWYV DQG WKHUHE\ WKH FRVW RI '16 Q
LV VLPXODWHG DIWHU VLPSOLI\LQJ WKH GRPDLQ DQG IORZ SDUDPHWH
SHULRGLF ERXQGDU\FRQGLWLRQV DUHDSSOLHG E\NHHSLQJWKH ERXQ
EHWZHHQ WKHLU ORFDO WXUEXOHQFH G\QDPLFV DQG WKRVH RI WKH L
VLIJQLILFDQW $QG WKH UHDVRQV DQG OLPLWDWLRQ PHQWLRQHG KHL
GHVLJQ SURFHVV

6SDWLDO GLVFUHWL]DWLRQ

7KH VROYHU ZKLFK ZLOO EH XVHG IRU WKH 376 DQG 5%& VLPXODWLRQ\
DUH EDVHG RQ ILQLWH YROXPH PHWKRG DQG VSHFWUDO HOHPHQW PHW
EDFNJURXQG RI WKH WZR PHWKRGV LV GLVFXVVHG



6SDWLDO GLVFUHWL]DWLRQ

J)LOQLWH YROXPH PHWKRG
7TKH ILQLWH YROXPH PHWKRG XVHV WKH LQWHJUDO IRUP RI FRQVHUYDWLRC
WUDQVSRUW HTXDWLRQ IRU WWKXWH® CROWWKID GWVLMAVVLRQ

— cl t lcX @  lcX oc]

ru R R u
ZKHWBNKRZV WKH GLINDWQ&Y LWWRAH VRXUFH RUVLQN WHUP RI
,Q WKH DERYH HTXDWLRQ WKH WHUPVY DSSHDULQJ DUH PRYLQJ IURP OHIW
GLIIXVLYHIOX[DQG YROXPHWULF VRXUFH RU VLQN WHUP

,Q WKLV PHWKRG WKHVROXWLRQ GRPDLQ LV GLYLGHGLQWRDILQLWH QX
YROXPHV &9 E\PHDQVRIJULGV ZKLFKPDUNV WKH &9 ERXQGDULHYV ,QHYHU
DUH DSSOLHG $W WKH FHQWUH RI HDFK &9 D FRPSXWDWLRQDO QRGH LV GH
FDOFXODWHG %\ LQWHUSRODWLRQ WKH YDULDEOH...V YDOXHY DW WKH VX
YROXPHLQWHJUDOV DUH DSSUR[LPDWHG E\@XLWDEOH TXDGUDWXUH IRUPX

JRUWKHVLPSOLFLW\RIGLVFXVVLRQ WKHHTXDWLRQ KHUHDUH GLVFXVVH

VKRZV WKH VFKHPDWLF UHSUHVHQWDWLRQ DQG QRPHQFODWXUH ZKLFK L

JLIXUH &RQWURO YROXPH UHSUHVHQWDWLRQ ZLWKWQRWDWLRQ IRUD '"JULG D

7KHIROORZLQJ VHFWLRQV ZLOO GLVFXVV WKH ZzD\VDQG PHWKRGV JHQHLU
WKH VXUIDFHDQG YROXPH LQWHJUDO DOVR WKHLQWHUSRODWLRQ PHWKRC

$SSUR[LPDWLRQ RI VXUIDFH LQWHJUDOV

7KH QHW IOX[ WKURXJK WKH &9 ERXQGDULHV LV FDOFXODWHG E\ WKH VXPPD
ZKLFK FDQ EHH[SUHVVHG LQ WKH IRUP DV

ecX $ ecX
R 4 R
+HUMLY WKH FRPSRQHQW RI WKHFRGQYHRWILYH OX][ YHFWRU LQ WKH GLUHFV
QRUPDO WR &9 IDFH )RU WKH IROORZLQJ GLV&EXVYVLIVRMN MK B \& % HD R H HD@AEHH Of
H[SUHVVLRQ IRURWKHU IDFHY FDQ EH FDOFXODWHG LQ VLPLODU IDVKLRQ
$VRQO\WKHYDULDEOH..VYDOXHDWQRGH &9 FHQWHU LVNQRZQ )LUVW
YDOXH LY DSSUR[LPDWHG E\ PHDQV RI YDOXHY DW RQH RU PRUH ORFDWLRQ'
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YDOXHLVDSSUR[LPDWHG LQ WHUPV RIQRGDO YDOXHV 7KHDSSUR[LPD
OLG SRLQW UXOH VHFRQG RUGHU DSSUR[LPDWLRQ ZKLFK L&DPRVW FR
FHQWH.RDQG VXUIDFH BDIUHD RIIDFH ..
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7UDSH]RLGDO UXOH VHFRQG RUGHU DSSUR[LPDWLRQ

X
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6LPSVRQ UXOH IRXUWK RUGHU DSSUR[LPDWLRQ

X
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6LQFH WKH YDOXH DW SRLQIW. RY QR V@ R ZIMFIHARKD.Y WR EH LQWHU SR
DW WKH QRGHV ZKLFK LV GLVFXVVHG ODWHU $QRWKHU LPSRUWDQW F
IRUWKH VHFRQG RUGHU DSSUR[LPDWLRQ DW OHDVW VHFRQG RUGHU L

$SSUR[LPDWLRQ RI YROXPH LQWHJUDO

L 7KHVLPSOHVW VHFRQG RUGHUDFFXUDWHPHWKRG RIDSSUR[LPDWLC
LQJWKHLQWHJUDO ZLWK WKH SURGXFW RI PHDQ YDOXH RILQWHJIUDOQG
LQWHJUDQG LV DSSUR[LPDWHG E\ WKH YDOXH DW QRGH &9 FHQWUH

V oc[ OA[ B 0A]
u

6LQFH DOO YDULDEOHY YDOXH DUH NQRZQ DW WKH QRGH LQWHUSRODWV

, QWHUSRODWLRQ DQG GLITHUHQWLDWLRQ 3UDFWLFHYV

8SZLQG GLIITHUHQFH VFKHPH

$V GLVFXVVHG HDUOLHU IRUWKH FDOFXODWLRQ RIFRQYHFWLYHDQG C
DUH XVHG IRU WKH LQWHUSRODWLRQ 7KH XSZLQG GLIITHUHQFLQJ VFKI
EDFNZDUG GLIITHUHQFLQJ VFKHPH RU )'6 IRUZDUG GLIIHUHQRLQJ VFKI
DV WKDW RI WKH XSVWUHDP RU GRZQVWUHDP QRGH GHSHQGLQJ RQ WHK
HTXDWLRQ EHORZ %DVHG RQ WKH QXPEHU RI QRGHV SRLQW XVHG IRUV
RI'WKH XSZLQG VFKHPH *HQHUDOO\ VHFRQG RUGHU XSZLQG VFKHPH LV

LIt Ia!
1/40
o LIt Ia

7KH PHWKRG RI ILQLWH YROXPH LV PRUH VXLWDEOH IRUZG FRPSOH[ Jt
RI)9 PHWKRG LV WKH GLIILFXOW\LQ GHYHORSLQJ KLJKHU WKDQ VHFRQ
OHYHOV RI DSSUR[LPDWLRQ LQWHUSRODWLRQ GLIIHUHQWLDWLRQ D¢

6SHFWUDO HOHPHQW PHWKRG
7KHVSHFWUDOHOHPHQW PHWKRG 6(0 LVDQDGYDQFHG PHWKRG WKDW
DQG VSHFWUDO PHWKRG ,QILQLWHHOHPHQW PHWKRG )(0 WKHGRPDL
GRPDLQV DQG WKH VROXWLRQ RI DFWXDO IXQFWLRQ LV DSSUR[LPDWH(
YDOXHEHFRPHV JHURRXWVLGH RI WKHVH GRPDLQV ZKHUHDV LQ VSHFW
XVLQJ FRPELQDWLRQ RI JOREDO IXQFWLRQV ZKLFK DUH H[WHQGHG RQ V
)(0 ZLWK KLJKHU RUGHU RUWKRJ®QU® S RROOQRELROVHFWLRQV ZLOO G|
VSHFWUDO HOHPHQW PHWKRG DQG KRZ LW LV UHODWHG )(0 DQG VSHFW



6SDWLDO GLVFUHWL]DWLRQ

6SHFWUDO GLVFUHWL]DWLRQ
,Q VSHFWUDO PHWKRGV DQG )(0 WKH DSSUR[LPDWH VROXWLRQ RI WKH IXC

QXPEHU RIIXQFWLRQV DV
M

sv dgv $ opvV
b
ZKHUfHv DUH WKH EDVLV IXQPsWLRYXOQORWGRZQ ZHLIJIKWYV 7KH GLITHUHQFH EH\
PHWKRGV LV WKDW WKH IRUPHU XVHV DILQLWH QXPEHU RI JOREDO IXQFWL!
RI ORFDO IXQFWLRQV 7KH EDVLV IXQFWLRQV DUH JHQHUDOO\ &KHE\VKHY S
6SHFWUDO PHWKRGY DUH FODVVLILHG LQWR FROORFDWLRQV DQG *DOHUNL
FDVH RI ZHLJKWHG UHVLGXDO PHWKRG :50

"HLIKWHG UHVLGXDO PHWKRG

$V ZH DUH DSSUR[LPDWLQJ WKH H[DFW VROXWLRQ E\ UHSODFLQJ WKH LQIL
GLITHUHQWLDO HTXDWLRQV FDQ..WEH VDWLVILHG LQ WKH ZKROH GRPDLQ |
RIFRQGLWLRQV ,I ZH FRQVLGHU OLQHDU GLITHUHGW.LIDMVO HTXDWLRQ GHSHQ

Q s

ZKLFK KDV GHILQHG LQLWLDO DQG ERX GGWD t(AIFR DG D\ § R | JL PTIKWM /G B XWAR G
RI WKH IRUP
My~ w
s vr svr $ frRyv
b £ »

ZKH®HV DUH WKH WULDO RU H[S B0 D RRQSKHGNWQRRY FRHIILSFWHRWYV DQG
ZLOO VDWLVI\ WKH LQLWLDO DQG ERXQGDU\ FRQGLWLRQV

8VLQJWKHDERYHPHQWLRQHGSSRBMPDMOH WRKMHXGNLRHUHQWLDO HTXDWL
VRPH QRQ JHUR UHVLGXDO 5 VXFK WKDW
Qs Ws
7R GHWHUPLQH WKH XQN&R ZR DRH WILRIMHRWUHVLGXDO LV LPSRVHG ZKLFK
RIRUGLQDU\ GLIIHUHQWLDO MTHDWLRQV LQ WHUPV RI

tev W te v Wcv h h_ S

+HUH WKHH[SUHWGEGRQRWHY WKHLQQHU SURGXFW RI UHVLGXDO WR ZHLJK
WLRtQvVv 7KH LQQHU SURGXFW LV D VFDODU TXDQWLW\ WKDW SURYLGHV WK
WZR IXQFWLRQ WKHUHIRUH FRUUHVSRQGVY WR RUWKRJRQDO IXQFWLRQV
YHUJHQFH DV WKH DSSURTIlvP D W 8 SWRRDX¥W HRQN K H Hy ' F WZKRI®X VWL R Q
E &KRLFH RIDSSURSULDWH H[SDQVLRQ WULDO DQG WHVW IXQFWLRQ LV L
VHOHFWLQJ WKH WHVW IXQFWLRQ LV EDVHG RQ WKH *Q OHWWURNK.RVIHHOWKR G : K
EHVDPHDV WULRO7IKHA DR/ LRQ IXQFWLRQ XVHG IRUVSHFWUDO PHWKRG |
ZKROH GRPDLQ DQG IRUILQLWH HOHPHQW PHWKRG XVHV D VHW RIH[SDQVLR
> @

JRUERWKVSHFWUDO DQG )(0 SRO\QRPLDO H[SDQVLRQV DUH XVHG 7R JHYV
DUH WZR ZDOVMWWBEH bQWSH PHWKRG 7KH VSHFWUDO HOHPHQW PHWKRG FRP/|
RIERWK GLVFUHWL]DW WRQH HOKIRPGEQW NWL]H DQG S WI\SH PHWKRG SRO\QRF

6 W\SH PHWKRG
,Q WKW\SH PHWKRG WKHRUGHURIWKH SRO\QRPLDO LV IL[HGIRUHYHU\HOH
WKH QXPEHU RI HOHPHQWYV WKH FRQYH U JHRQWMSHH] MHAMWLIRY S K RY H V\F DG
8 UHSUHVHQWY WKH FKDUDFWHULVWLF VL]H RI WKH HOHPHQW ,Q WKLV PH
LQWR VXE GRPDLQV ZKLFK DUH QRQ RYHUODSSLQJ DQG WKH SRO\QRPLDO F
WKHVH HOHPHQWYV ZKLFK LQFUHDVHV WKH HIILFLHQF\ RI WKH RSHUDWLRQ
UHILQLQJ WKH PHVK L H LQFUHDVLQJWKH QXPEHU RI HOHPHQWY ZKLOH NF
WKH HUURU GBHFD\V >
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n W\SH H[SDQVLRQV
,Q WKKM\SH PHWKRG SRO\QRPLDO H[SDQVLRQV RI KLKHB UWRHMHHQUNI UMK
RUGHU RI WKH SRO\QRPLDO :KHQ WKLV SRO\QRPLDO H[SDQVLRQV DUH
WKH IUDPHZRUN Rl VSHFWUDO PHWKRGY +RZHYHU LW LV GLIILEFXOW V
7KHVH KLJK RUGHU SRO\QRPLDOV FDQ EH GHFRPSRVHG LQ WKH HOHPH
HOHPHQWDO SRO\QRPLDO H[SDQVLRQV GHSHQGVY XSRQ LWV IHDVLELOL\
LPSOHPHQWHG 2UWKRJRQDO RU QHDU RUWKRJRQDO VHW RI IXQFWLRQ
,Q FRQWUDWYWWVBRIWKWKRG WKH FRQYHUJHQFH FDQ EH DFKLHYHG E\ |
SRO\QRPLDO H[SDQVLRQV ZKLOH NHHSLQJ WKH VL]H RI VXE GRPDLQV F
QXPHULFDO VROXWLRQ 7KLVHRQWMEK®PHQNWLVQ®DWHGE FDSDEOH RI H[S
QXPHULFDO HUURU ZKHQ WKH VROXWLRQ LV VPRRWK

3RO\QRPLDO QRGDO H[SDQVLRQV
/DJUDQJH SRO\QRPLDWERVIRG @AND §RWIRO SRLQMHNVH QRGDO SRLQWV U]
WR DV QRGHV SOD\DQ LPSRUWDQW UROH LQ GHWHUPLQLQJ WKH SRO\
/DJUDQJH SRO\QRPLDOV DUH XVHG DV H[SDQVLRQ EDVLV WKH\ DUH UH|
,Q WKH QRGDO H[SDQVLRQ DQ DSSUR[LPDWH VROXWLRQ GRHVQ..W QF
QRGH\@

7KH VHOHFWLRQ RI QRGDO SRLQWYVY KDV D UHVWULFWLRQ RQ LQFOXG
WKHHQG RI VXE GRPDLQV LQ FDVHRI)(0 RUHQG RI WKH JOREDO GRPDLC
QRGDO SRLQWV FDQ EH VHOHFWHG DW DQ\ ORFDWLRQ LQ WKH LQWHULF
KDV DQ HIITHFW RQ WKH VWDELOLW\ RI WKH DSSUR[LPD@ LRQH RGWRID G
ORFDWLRQV RI WKH FRPPRQO\ XVHG QRGHV DUH WKH JHURV RI WKH *D X\
UXOH UHVXOWLQJLQH[SDQVLRQV ZKLFK GR QRW H[KLELW RVFLOODWLR
SRO\QRPLDO WKURXJK HTXL VSDFHG QRGDO SRLQW DQG WWUFDQ K H// ST
REVHUYHG WKDW WKH SRO\QRPLDO EHKDYLRXU HESIFRYHEVRY MLIOH B WRH
SRO\QRPLDO DQGHYHQUHVXOW LQ QHJDWLY W K X IRGUKIHW XKLDHRZHH J 16 W W/ W
LV D VWDEOH IRUPXODWLRQ

,Q D6SHFWUDO HOHPHQW PHWKRG /DJUDQJH SRO\QRPLDOV WKURXJ
SRLQWV IRUP WKH H[SDQVLRQ EDVLVY 7KHVH *// SRLQWV IRUP D JULG Z
ZLWKLQ WKH VXSHW\ISBHPRQGW Q WKLYV ZzD\ LW KDV WKH DWWULEXWHV R
EH DFKLHYHG E\ ERWK WKH UHILQHPHQW RI VXSHU HOHPHQWY DQG LQ
7KH )LIXUWKRZV D VFKHPDWLF UHSUHVHQWDWLRQ RI *// SRLQW GLVWU
SRO\QRPLDO RUGHU :LWK LQFUHDVLQJ WKH RUGHU PRUH QXPEHU RI Q
WKH SRO\QRPLDO OHDGLQJ WR EHWWHU DSSUR[LPDWLRQ

JLIXUH 7ZR /DJUDQJH 3RO\QRPLDOV EDVHG RQ HTXL VSDFHG OHIW DQG *// SRL
ULJKW DGRSWHG IURP >



7LPH PDUFKLQJ PHWKRG

JLIXUH *DXVV /IREDWWR /HIJHQGUH *// SRLQWYV GLVWULEXWLRQ DORQJD VLQJOH GL
VXSHU HOHPHQW IRU GLITHUHQW SRO\QRPLDO RUGHU 1 DGRSWHG IRUP >

/LPHPDUFKLQJ PHWKRG

YRUWKH XQVWHDG\IORZVFHQDULRYV ZKHUH WKHIORZEHKDYLRXULV GHSHQ
WK GLPHQVLRQ WLPH LVUHTXLUHG 7KHUHDUH WZREDVLE WLPH PDUFKLC
%DVHG RQ WKH VHOHFWLRQ RI WKH JULG SRLQW DQG WLPH VWHSV XVHG \
7KH WLPH GLVFUHWL]DWLRQ LV GRQH XVLQJ VDPH PHWKRGV DV VSDWLDO G|
EHWZHHQ WKH VSDFH DQG WLPH PDUFKLQJLVY WKDW LQ WKHIRUPHU D IRUFH
WKH IORZLQ RWKHU ORFDWLRQV EXW LQ ODWHU RQH IRUFLQJ ZLOO HIIHFW
LQIOXHQFH 7KHIROORZLQJ VHFWLRQ ZLOO GLVEXVV DERXW WKH H[SOLFLV
HTXDWLRQV WKH WLPH VWHS LV UHSUHVHQWW KHEX Q.N0Q.R (5 DMILD\W LM HDSQ B\
WKH WLPH VWHS VL]H

([SOLFLW PHWKRG
,Q WKH H[SOLFLW PHWKRG WKH XQNQRZQ TXDQWLW\DW QH[W WLPH VWHS Z
WLWLHYV RI SUHYLRXV WLPH VWHS V 7TKHUHIRUH WKLY PHWKRG LV VWUDL
FRPSDUHG WR WKH LPSOLFLW PHWKRG
JRUZDUG (XOHU UXOH ILUVW RUGHU DFFXUDF\

9A» 9 ey 9 AT

JRU WKH IL[HG V3bWEDWHGLRH) WKH VWDELOLW\ FULWHULRQ WKH WLPH VYV
JHQHUDOO\ WLPH VWHS VL]HLV YHU\VPDOO WR PDLQWDLQ DQG UHVXOW LQ

,PSOLFLW PHWKRG
,Q LPSOLFLW PHWKRGY WKH GLIITHUHQFH HTXDWLRQ ZLOO EH VROYHG VLP
VDPH WLPH OHYHO WR GHGXFH WKH XQNQRZQ 7KLV VLPXOWDQHRXV HTXD!
PDQLSXODWLRQVDQG WKHUHIRUH UHTXLUHY ODUJH FRPSXWDWLRQDO WLP
7TKHUH DUH WKUHH JHQHUDOO\ XVHG UXOHV LQ LPSOLFLW PHWKRG (XOHU
UXOH
(XOHU EDFNZDUG ILUVW RUGHU DFFXUDF\

9h> 0 e i, 987 AT

+HUH WKH XQNQRZQ DW QH[W WLPH VWHS ZLOO EH GHGXFHG E\ WKH NQRZQ
DQG WKH



IXPHULFDO OHWKRGROR

OLG BRLQW UXOH VHFRQG RUGHU DFFXUDF\

gA» g gA» 1/4Ar

€ rgA» Ya

7TUDSH]RLGDO 5XOH VHFRQG RUGHU DFFXUDF\

g N gA»
gA» g e 5 e rgA» AI‘

6HFRQG RUGHU LPSOLFLW PHWKRG

$V WKH ILUVW RUGHU EDFNZDUG (XOHU LV QRW WRR DFFXUDWH DQG E
LQ WLPH LW UHTXLUHY ORW RI FRXSOHG VHW RI HTXDWLRQV DW HDFK
VFKHPH FDQ EH XVHG ZKLFK UHTXLUH WKH LQIRUPDWLRQ RI WKUHH WL
DFFRXQW WKH DGGLWLRQDO LQIRUPDWLRQ IURP RQH WLPH VWHS ORZH
QH[W WLPH VWHS DV H[SUHVVHG LQ HTXDWLRQ EHORZ

gA» _ gc-’_ gA» —e {JA» gA» Ar

7TKH LPSOLFLW PHWKRGV DUH PRAH R WDHOSRIRGLWYWBENRDPAIBOLFLW PH
VWDELOLW\ FDQ EH DFKLHYHG IRU D ODUJHU WLPH VWHS IHZHU WLPH
WLPH VLPXODWLRQ 'XH WR ODUJH PDWUL[ PDQLSXODWLRQV IRU VLPX
FRPSXWDWLRQ WLPH ZLOO EH ODUJHU IRU HDFK WLPH VWHS

,PSOLFLW ([SOLFLW OHWKRG ,0¢(;
,Q 1HN IRU VIPPHWULF DQG OLQHDU WHUPV LPSOLFLW PHWKRG LV
VIPPHWULF DQG WKH XVHU SURYLGHG LQFOXGLQJ %RXVVLQHVT DQG &
H[SOLFLW PHWKRG 6ROYLQJDOO WKH WHUPV LPSOLFLWO\LV FRPSXWD
VRQV VRPH WHUPVY DUH VROYHG H[SOLFLWO\ ,Q WKLV VHFWLRQ WKHF
DSSURDFK LV GLVFXVVHG LQ EULHI

&RQVLGHU WKH IJHQHUDOLVHG WLPH GHSHQGHQW SURES S HKLMXEMH F\
FDQ EH ZULWWHQ LQ WKH IRUP

S
- X>s@ oSVI §

ZKHUH WKH VSDWLDO RSHUDWR@V DUH UHSUHVHQWHG DV 6>
,Q WKLV GLVFXVVLRQ D JHQHUDO IRUPXODWLRQ@MRRWAHPHB PIXWHFRUGH UV
PHWKRGDQ EH 7TKH"°RUGHU EDFNZDUG GLIIHUHQFLQJIRUPXOD WR DSSUF
S rLVIJLYHQ DV

d

$ 8(:5 gA»AC Arxgé»@
c/E®°

7KHM"*RUGHU H{WUDSRODWLRQ IRUPXOD LVJLYHQ DV

d

X>g§\»@ $ ‘cx>g§»A@

c/E»

7KH YDOXH Rl WKH DERYH PHQWL@@HGI IR M H QFLLY! Q\KB YG E OH V
SHQGLQJRQ WKH RUGHU RI PHWKRG XVHG IRUWKH LQWHUSRODWLRQ R
EH XVHG



7LPH PDUFKLQJ PHWKRG

(;7N
i ‘» ‘1/4 ‘1/2

7TDEOH &RHIILFLHOYWR URBHW KIHWUDSRODWLRQ>(;7N VFKHPHV ZLWK N
JRUD JLYHQ N WKH FRHIL WAt MQW ¢ ®RISIWHGQURP >

% )N
| & a, dy,| Sy
Yo ) »
Ya c’1/4 Yy
»» »A A Ya
A A A A
7DEOH &RHIILFLHQWNIED WNZDUG GLIITHUHQFH %% ')N VFKHPHV ZLWK N

JRUD JLYHQ N WKH FRHIL WAL MQW$ ®RISWHGQURP >

YRUEUHYLW\RIWKHH[SODQDWLRQ WKHWLPHGLVFUHWLVDWLRQE\LPSO
KHUHLQ WHUPV RI &RQYHFWLRQ 'LIIXVLRQ HTXDWLRQ $6(0 GLVFUHWLVHG
&RQYHFWLRQ 'LIIXVLRQ HTXDWLRQ DV

cs
R— Fs¢ Hs Re
cr

ZKHUH 0 UHSUHVHQWY D GLDJRQDO PDWUL[ DQG KROGY WKH ZHLJKWV R
GLDJRQDOV & LV WKH FRQYHFWLYH RSHUDWRU DQG $ UHSUHVHQWY WKH
VHFRQG RUGHU WHUP /DSODFLDQ

/0 ZH VROYH WKH (TXPW,PB@QLFLW ([SOLFLW PHWKRG L H E\ XVLQJ EDFN
%') DQG HIWUDSRODWLRQ (;7 IRUWKHH[SOLFLW VWHS WKHHTXDWLRQ F

d d

$ %rRSgA»AC FSgA»é$ ‘CH §A»AC RegA»

cAE®° c/E»

+HUH WKH WLPH GHULYDWLYH SDUW LV LPSOLFLWOARMRIOHMHB@G&E WREDFNZ
YHFWLYH WHUP &X LV HTARWIBSRORDW HEZUWBKQJILQJ WKH HTXDWLRQ ZLOO W

d d
a ; R a ; R
— R F gA» ; s H§A»AC' _RSgA»AC RegA»
Ar ¢ ¢$ . ¢ $ Ar

c/AE» c/AE»

7KLV VIVWHP RIHTXDWLRQV ZLOO EH VROYHG E\ VXPPLQJ XS WKH ODVW W
DQG WKHIRUFLQJ DQG ODWHU WKH H{I WUDSRODWHG FRQYHFWLYH WHUP LV






376 VWXG\ ZLWKRXW EXR\DQF

7KH UHVHDUFK SURJUDP DW 15* IRU 376 VWXGLHV GWDRXWHNG & LV KGGIXWPIHLLOL E ¢
VWXG\ RI 376 VFHQDULR ZLWKRXW EXR\DQF\ HIIHFWV ,Q WKH FXUUHQW WKt#
RQ WKH 376 VFHQDULR ZLWK EXR\DQF\ HIIHFWV ZKLFK LV D FRQWLQXDWLRQ
VXPPDU\ RI WKH ILQDO FRQFOXVLRQV DQG FRQVLGHUDWLRQV RI WKH SDVW
EXR\DQF\ HIIHFWV DUH JLYHQ LQ WKLV FKDSWHU EHIRUH PRYLQJ WR WKH G|
WKHVLY SURMHFW WXHBHDVMRQXPHULFDO VW X@ RRI 3KOPMWHVRBW EXR\DQF\
HITHFWV LV GLVFXVVHG DQG ILQDOO\ PRWLYDWLRQ DQG UHTXLUHPHQW RI1 3
LQ 6HFWLRQ

6KDPV HW DO VWXG\RQ 376 ZLWKRXW EXR\DQF\ I

2ZLQJ WR WKH OLPLWDWLRQV RI'16 D YHU\ VLPSOH SK\VLFDO GRPDLQ ZLWE
WR EH GHVLJQHG $W WKH VDPH WLPH LW VKRXOG KDYHDOO WKH LPSRUWLEL
6KDPV HW@&®DS SHUIRUPHG D FRPSUHKHQVLYH VWXG\ZLWKRXW FRQVLGHU
QXPHULFDO VWXG\RIVLQJOH SKDVH 376 ZLWKRXW EXR\DQF\HIIHFW D ZHOO
FRQGLWLRQV DQG IORZ FRQGLWLRQV ZHUH DFKLHYHG 7KH IROORZLQJ VHF!
GRPDLQ WKH FRGH XVHG VLPXODWLRQ VSHFLILFDWLRQV DQG ILQDO IORZ
FRQGLWLRQV 6HYHUDO FRPSDUDWLYH VWXGLHVY KDG EHHQ SHUIRUPHG XVI
RSWLPLVH WKH VHOHFWHG 376 JHRPHWU\

SK\WVLFDO 'RPDLQ

7TKHFRPSXWDWLRQDO GRPDLQUHSUHVHQWYV WKH VLPSOLILHG UHDFWRU SU
FRPHU 539 ZDOO DQG EDUUHO VKURXG ZDOO 2QO\D SRUWLRQ RI GRZQFR
GRPDLQ 7KH PRVW LPSRUWDQW UHJLRQ LV WKH 7 MXQFWLRQ ZKHUH FROG
'XHWR FRPSXWDWLRQDO OLPLWDWLRQ WKH FRPSOH[ FXUYH JHRPHWU\ RU
XUDWLRQ $OVR WKHORZHU SOHQXP RI539LVQRW FRQVLGHUHG 1HN L\
LW UHTXLUHY FRQIRUPDO DQG KHIDKHGUDO PHVK 7KLV KDG D VLJQLILFDQV
GRPDLQ $ VHFRQGDU\LQOHW LY FRQVLGHUHG DW WKH WRS RI WKH GRPDLC
IRUWKH FROG LQFRPLQJ ZDWHU LQ WKH GRZQFRPHU DV QR EXR\DQF\ HIIHFV
FRQILIXUDWLRQ LY VHOHFWHG EDVHG RQ 52&28 WHARD VWD\F WXIHAS K YKIHF)D-O )AR
RI 376 GHVLJQ $QG WEHVFXEVM¥HWKH YDULRXV JHRPHWULFDO SDUDPHWHUV
PDGH GXULQJ WKH VHOHFWLRQ RI WKHP



376 VWXG\ ZLWKRXW EXR\DQF\ HI

YLIXUH

3K\VLFDO GRPDLQ RI 376 '"H&LJQ DGRSWHG IURP >

3DUDPHWHU

'"HVFULSWLRQ

&RQVLGHUDWLRQV

QOHW
,QOHW

&ROG ZDWHU LQ
+RW GRZQFRPHU ZI[

'LDPHWHU RI WKH
&ROG OHJ OHQJ

8SSHU KHLJKW

'RZQFRPHU KHLJ

+DOI ZLGWK RI WKH

7TKLENQHVYV RI WKH
TKLENQHVV RI WKH
7TKLENQHVYV RI WKH F

QBWHW IRU WKH (&& UHODWLYHO\ FROG
) WP D V@ OBIOVV FHQDULR VXFKDQLQOHW L\
HYHU WR IRUFH WKH LPSLQJLQJ FROG N
WKH GRZQFRPHU D VHFRQGDU\LQOHW...
7KLV LQOHW KHOSHG LQ REWDLQLQJ D Ft
PDO PL[LQJ EHWZHHQ WKH FROG OHJ ZDV
GRZQFRPHU ZDWHU DV WKH EXR\DQF\ HIII
ZDV QRW FRQVLGHUHG

FROBHMN 52820 IDFLOLW\...V H[SHULPHQW
WKVWDQFH IURP (&& LQMHFWLRQ DQG WK
OHW RI WKH 52&20 IDFLOLW\

+HLJKW IRUWKH GHYHORSPHQW RI WKH |
7KH LQLWLDO GHVLJQ YDOXH ZDV FRQV L
WKH FROG OHJ /

KWKH LQLWLDO KHLZRWRRQVLGHUHG ZKL
ZDV JRRG HQRXJK WR SUHYHQW SRVVLE
HITHFWV DW WKH RXWOHW %XW WKLV K|
EDVHG RQ WKH UHTXLUHG OHQJWK IRU
IORZ ILHOGYV

JHRPHWWLDO ZLGWK ZDV FRQVLGHUHG
OHJ |/

GRZPWFPRH2&20 WHVW )DFLOLW\ 6HWXS
339 2Z\DRDAH RI DQ DFWXDO UHDFWRU YHV)\
R® H E\DRUDUOHHD RZIDDIDQDD FW XDO UHDFWRU YH V)

7TDEOH 376 '"HVLJQ JH

RPHWULF SDUDPHWHU DQG WKHLU GHVFULSWLRQ D



6KDPV HW DO VWXG\RQ 376 ZLWKRXW EXR\DQF\ HIITHFWYV

3DUDPHWRIQ GLPHQVLRQDOLVHG %)\
I
/
M)
M/4
\))
\y,

lo

I
Iy

7TDEOH *HRPHWULF 'LPHQVLRQV RI WKH VHOHFWHG 376 GHVLJQ
DGRSWHG @JRP >

7KH JHRPHWULF GLPHQVLRQV RI HDFK SDUDPRWWUPISWIEYWQ DQG/DEB B W
XQGHUVWDQGLQJ RI WKH GLPHQVLRQV RI WKH SDUDPHWHUV WKH\ ZHUH Q
GLDPHWHU P DGRSWHG IURP WKH 52&2(J I'IBFLOLW\ DV

%RXQGDU\ FRQGLWLRQV

JRU WKH ,QOHW VHBXXONXYHORFLW\ RI PV ZDV XVHG EDVHG RQ WKH HJ[S
Rl1 52&20 WHVW IBFLODW)OY GHYHORSHG WXUEXOHQW YHORFLW\ SURILOH Z
WXUEXOHQFH OHYHO LQ WKH FROG OHJ 7KH KBG MR WK PWQ QPMHAVE H WBIXIV)H 1
DQDUWLILFLDOLQOHW YHORFLW\ZDV LPSRVHGLQ WKHSHUFHQWDJH RI ,Q
WKHFROG LQMHFWLRQ RI ZDWHU WHPSHUDWXUH RI .ZDV FRQVLGHUHG D\
DV LW ZLOO EH DW WKH WHPSHUDWXUH RI GRZQFRPHU...V KRW ZDWHU WK}
FRQVLGHUHG 1R VOLS ZDOO ERXQGDU\ FRQGLWLRQ ZDV XVHG DW DOO WKt
FRQGLWLRQV RQ VSDQZLVH ZDOO DQG FRQMXJDWH KHDW WUDQVIHU ZDV FR
LQWHUIDFH

JORZ SURSHUWLHYV
7KH UHIHUHQFH SURSHUWLHV IRU ZDWHU ZDV VHOHFWHG EDVHG RQ WKH OH
PHVKUHTXLUHPHQW IRU WKH '16 :LWKYURIHUH QRHVEHFZIOHUDIVDXSBHR R[LPDWH
%\ LQFUHDVLQJ WKH WHPSHUDWXUH WR . WKH 3U GHFUHDVHG WR

UDWLR RI YLVFRXV GLIIXVLRQ WR WKHUPDO GLIIXVLRQ $V LW LV LPSRUWD(
WHPSHUDWXUHDQG YHORFLW\OHQIJWK VFDOHV WKH3UDQGWO QXPEHU KHC
IRUWKH "16 +LJKHU 3U FRUUHVSRQGYVY WR UHTXLUHPHQW RI PRUH UHILQHP
YHORFLW\ 7KHUHIRUH ILQDOO\ WHPSHUDWXUH RI . ZDV XVHG DV UHIHL
SURSHUWLHV DUH WDNHQ WR FRUUHVSRQGLQJWR LWDQG WKHVWDQGDUG \
LQ WKH 7DEOH

5HIHUHQFHHQVLW\ 6SHFLILF\QDPLF 7KHUPDD 7TKHUPDO| 3UDQGWO
WHPSHUDWXUH KHDW YLVFRVILPRQGXFWLH[ISDWQVLRQ FRXIREHU
Y, >.@ >Pf K@ h >- .J .|@p>3D V@.>: P N @ 6> .@ 3U> @
:DWHU
\ \ H | \ H \
01'"6WHHO
7DEOH ODWHULDO SURSHUWLHYV

J)LQDO FRQFOXVLRQV RI 376 ZLWKRXW EXR\DQF\HIIHFWV V
7KHVH DUH WKH ILQDO UHVXOWV RI VHYHUDO FDOLEUDWLRQ SURFHVVHV ZK
DQG ERXQGDU\ FRQGLWLRQV

Z$V WKH '16 ZDV SODQQHG WR SHUIRUPHG XVLQJ 1HN ZKLFK UHTXLUH\
PHVKHVY )RUHVHHLQJ WKH OLPLWDWLRQ RI 1HN ZLWK FLUFXODU PH\



376 VWXG\ ZLWKRXW EXR\DQF\ HI

FKDQJHG WR VTXDUH GXFW 7KH XVH RIVTXDUH GXFW LQ FROG OHJ Z
RI WKH FLUFXODU SLSH DQG EXON YHORFLW\ ZDV VXJIJHVWHG

Z7KH YHORFLW\ DW ,QOHWFDYBRWLEMWFHRQVLGHUHG WRR KLJK IURP F
SRLQW RI'YLHZ +RZHYHU D UHDVRQDEOH IORZ YHORFLW\ LV UHTXL
WKH GRZQFRPHU 9HORFLW\ RI RI' YHORFLW\DW ,QOHW ZDV IRXQ
WKH FRPSXWDWLRQDO UHTXLUHPHQW DQG WKH FORVHQHVV RIIORZ

7$V WKH LQLWLDO JHRPHWU\ ZDV MXVW D VWDUWLQJ SRLQW IRU WK
IORZ EHKDYLRXU DQG HIIHFW RI ERXQGDU\ FRQGLWLRQV RQ WKH 10
XSSHU VHFWLRQ RI GRZQFRPHU KI,G WR EIfR UQFKIH BRSO MMH GHYHC
RI WHPSHUDWXUH ILHOG LQ XSSHU SDUW RI WKH GRZQFRPHU 7KH
VXJIJHVWHG WR EH RSWLPXP 6LPLODU FDOLEUDWLRQ SURFHVV RQ \
LQFUHDVH LQ X LGWRBK I;

77KH RYHUDOO FRPSXWDWLRQDO FRVW RI'16 LV D IDFWRU RI 5H\QRO
WR'4 7TKHUHIRUH 5H\QROGV QXPEHU VFDOLQJ ZDV FRQVLGHIUHG 7Z

s;la YEDVHG RQ¥PPRG K\GUDXOLF,GRDPHIMHGA LQ WKH LQOHW GX
FRPSDUHG )RU WKHVARIVFZONGLQDOLVHG

)YXWXUH ZRUN SURVSHFWYV

'XULQJ WKH UHDO VFHQDULR RI 376 HYHQWY WKH LQMHFWHG FROG (&&
SUHVHQW LQ WKH FROG OHJ DQG WKH PLIWXUH IORZV GRZQZDUG LQ WK
GULYHQ WKHUPD@®D SOWVERHWRIORZPL[LQJ IRUPDWLRQDQG WLPHHYROXMW
WKHGRZQFRPHU LV WKHLQWHUHVW RI376 VWXG\ $V WKH VWXG\SHUIRL
EXR\DQF\ HIITHFWV LQ WKH IORZ $ UHTXLUHPHQW RI PRUH GHWDLOHG
VLQJOH SKDVH 376 VFHQDULR DURVH EHIRUH PRYLQJ WRZDUGV WKH KL
FRQILIXUDWLRQ ERXQGDU\ FRQGLWLRQV DQGIORZ SDUDPHWHUYV OLN€F
DWWKHLQOHW UHIHUHQFH WHPSHUDWXUHDQG IOXLG SURSHUWLHYV FLC
FDVH RI 6KDPV HW DO DV WKH EHJLQQLQJ SRLQW IRU WKLV ZRUN $QG
HITHFWV KDV WR EH GHVLJQHG



376 ZLWK EXR\DQF\ HIIHFW
GHVLJQ

7KLY FKDSWHU ZLOO GLVFXVV WKH VWXG\ WKDW LV FRQGXFWHG IRU WKH ¢
QXPHULFDO FDVH IRU WKH 376 ZLWK EXR\DQF\ HIITHFWV 7KLV FDVH ZLOO E
ZKLFK ZLOO EH SHUIRUPHG XVLQJ 1HN FRGH 7KH GHVLJQLQJ RI WKLV EH
LQGHSHQGHQW DQG WKRURXJK VWXG\ Rl YDULRXV IORZ SDUDPHWHUYV DQG
SUHYLRXV VWXG\ RI 376 ZLWKRXW EXR\DQF\ HIITHFWV WLPH HYROXWLRQ RI
EHKDYLRXULVUHTXLUHG WR VWXG\WKHIORZPL[LQIJDQGHYROXWLRQ RIWK
RI WKH 376 ZLWK EXR\DQF\ HIITHFWV ZKLFK PDGH LW D ORQJ GXUDWLRQ D¢
SURMHFW WLV YHU\FUXFLDO WRILQG WKHRSWLPXP FDVH ZKLFKLVRODW
DQG UHSUHVHQWYV WKH UHDOLVWLF IORZ VFHQDULR ZKLFK VKRXOG DOVR E
PHDQV RIVWXG\LQJWKHHIIHFW RI YDULRXV ERXQGDU\FRQGLWLRQV DQG JH
GRPDLQ DQG VXJIJHVWLQJ WKH RSWLPXP RQHYV

,Q WKH IROORZLQJ WIRFWWRRVYQLWLDO SK\VLFDO GRPDLQ PHVK SURSHUYV
VLPXODWLRQ FRGH ERXQGDU\ FRQGLWLRQVDQGIORZ SURSHUWLHYV DUH Gl

SK\WLFDO GRPDLQ

7TKHFRPSXWDWLRQDO GRPDLQ UHSUHVHQWY WKH VLPSOLILHG UHDFWRU SU
539 ZDOO DQG FRUH EDUUHO ZDOO 7KH PRVW VHYHUH 376 VFHQDULR RFF
HPHUJHQF\ FRUH FRROLQJ (&& ZDWHU LQWR WKH FROG OHJ GXULQJ D ORYV
LOMHFWHG ZDWHU PRYHVY WRZDUGVY WKH UHDFWRU SUHVVXUH YHVVHO DQG
ZKLOH PL[LQJ ZLWK WKH GRZQFRPHU ..V KRW ZDWHU 'XULQJ WKLV IORZ PL][
DUH IRUPHG 7KHVH SOXPHV DUH DW ORZHU WHPSHUDWXUH WKHQ EDFNJU
DQG WKHLU GLUHFW FRQWDFW ZLWK WKH FRUH EDUUHO ZDOO FDQ OHDG WR
GRZQFRPHU DQG HYROXWLRQ RI WKHVH EXR\DQW SOXPHV IRUP WKH PDMRL
2Q0\ D VPDOO SRUWLRQ RI WKH UHDOLVWLF GRZQFRPHU VL]H LV FRQVLGHL
WKHFRPSXWDWLRQDO UHTXLUHPHQW IRU WKH VLPXODWLRQV

7KH VWDUWLQJ FRQILIXUDWLRQ LV WDNHQ IURP WKH FDVH RI376 ZLWKR X\
UDWLRQ RIDOO WKH UHFRPPHQGDWLRQ® VXUV RXWHGGEN @ MIKHAKGHW \B) OR @
JHRPHWULFDO GLPHQVLRQV UHSUHVHQWY RQO\D SRUWLRQ RI DFWXDO GRZ
WKH IORZ EHKDYLRXU ZLWKRXW FRQVLGHULQJ WKH EXR\DQF\HIIHFWV 7KH!
RPHWU\NLV UHTXLUHG DQG ZLOO EH SHUIRUPHG EDVHG RQ WKHIORZ PL[LQJL
RI WKHUPDO SOXPHV UBKBYHMHHNVY WKH SK\VLFDO GRPDLQ RI 376 GHVLJQ
GLVFXVV WKH YDULRXV JHRPHWULFDO SDUDPHWHUV DQG WKH FRQVLGHUDYV
WLV LPSRUWDQW WR QRWLFH WKH FKDQJHV LQ WKH JHRPHYRWLFRP WKH R
WKH VTXDUH OHJ ZKLFK LV PRGLILHG IURP WKH FLUFXODU FROG OHJ $OVR YV
LVFKDQJHG LQ FRQWUDVW WR 376 ZLWKRXW EXR\DQF\HIIHFW FDVH

7KH GRPDLQ KDV WZR LQOHWY ,QOHW IRUFROGLQMHFWHG ZDWHU DW
ZDWHU DW . 'LWKWKH SURJUHVVLRQ RIWLPH WKHZKROH GRPDLQ ZLOO .



376 ZLWK EXR\DQF\ HITHFWV FDVH (

FROGZDWHUDQG WKLY QHFHVVLWDWHYV WKHUHTXLUHPHQW RI,QOHW
ZLOO NHHS WKH WHPSHUDWXUH GLITHUHQFH EHWZHHQ WKH LQMHFWH

VRPH HIWDQW ZKLFK LV QHFHVVDU\ IRU WKH IRUPDWLRQ RI EXR\DQW

WKHUH DUH VXUURXQGLQJ VROLG GRPDLQ LQ WKH GRZQFRPHU UHJLRQ

FRUH EDUUHO ZDOO

D 6LGH YLHZ E ,VRPHWULF YLHZ

JLIXUH 3K\WVLFDO GRPDLQ R1376 '"HVLJQ I®@QDOLVHG E\ 6KDPV HW DO



OHVKLQJ

SDUDPHWHU '"HVFULSWLRQ| &RQVLGHUDWLRQV

,QOHW &ROG ZDWHU LQO®®HW IRU WKH (&& FROG ZDWHU LQMHFWLR
,QOHW +RW GRZQFRPHU ZDWHDRWOMWVFHQDULR WKHUH LV QR VXFK LQC
ZLWK KRW ZDWHU DGGLWLRQ LVFRQVLGHUH
ZKROH GRPDLQ WR EHFRPH FROGHU ZLWK SUF
WLPH DQG SUHYHQW WKH PL[LQJ RIIORZV DQ

) RI SOXPHV

| A 'LGWK RUKHLJKW RI|WRRHFRUG2ZK20 IDFLOLW\...V H[SHULPHQWDO V
/ &ROG /HJ /IHQIJWKLVWDQFH IURP (&8& LQMHFWLRQ DQG WKH GR:
) OHW RI WKH 52&20 IDFLOLW\

M 8SSHU KHLJKW +HLJKW IRUWKH GHYHORSPHQW RI WKH IORZ
M, 'RZQFRPHU KHLJKMKH LQLWLDO KHLJKW RI GRZQFRPHU LV DG

6KDPV HW@®DYH VWXG\ 7KLV KHLJKW ZDV IR
WR EH RSWLPXP IRUWKH WKHUPDO GHYHORS
o ILHOGV

VAL +DOIl ZLGWK RI WKH JHRIPLHMW\LDO ZLGWK ZDV DGRSWHG IURP WKH
>@ FDVH VWXG\

I 7KLFNQHVV RI WKH [ RDPHFRPWB2&20 WHVW IDFLOLW\ VHWXS

lo 7KLFNQHVV RI WKH %39 MFO®®H RI DQ DFWXDO UHDFWRU YHVVHO ¢
I 7KLFNQHVV RI WKHFR®H EDRUDGHHO RZIDIDD FWXDO UHDFWRU YHVVHO ¢

7TDEOH 376 'HVLIJQ JHRPHWULF SDUDPHW MUY QWM QM\UVEKH BU LISWHREH LQ GLPHQVLRQV D
LQ GLPHQVLRQ IURP SUHYLRXV FRQILIXUD®LRQ SDUWRILWDGRSWHG IURP

SDUDPHWR® GLPHQVLRQDOLVHG E\

7DEOH  *HRPHWULF GLPHQVLRQV RI WKH VHOHFWHG 376 GHVLJQ
A UHSUHVHQWY WKH FKDQJH LQ GLPHQVLRQV IURP WKH SDVW VWXG\

7KH JHRPHWULF GLPHQVLRQV RI HDFK S D U)RRHFRKUH UV QIEHHLQR LV K7HD B @/ G \
GLPHQVLRQV RI WKH SDUDPHWHUV DUH QRQ GLPIHQVLRO®MO IWIHG E\ WKH FRC

OHVKLQJ

$ KH[DKHGUDO WULP PHVK LV XVHG WR IRUP WKH JULG WR SHUIRUP WKH 5%1
XUDWLRQ ,Q RUGHU WR SURSHUO\UHVROYLQJ WKH ODUJH JUDLGHQWYV QHLEL
SULVP OD\HUV DUH XVHG QHDU WKH ZDOO )RU WKLV SXUSRVH ZDOO \ LV N
VWUXFWXUH RI WKH 376 JHRPHWU\ LYKWKREZ Q UHQOWGRPILUFUHHVVHO GRPDLQ
GRPDLQ KDV PLOOLRQ PLOOLRQ DQG PLOOLRQ PHVK HOHPHQWYV UHV!



376 ZLWK EXR\DQF\ HITHFWV FDVH (

JLIXUH OHVK 5HSUHVHQWDWLRQ

6LPXODWLRQ VHWXS

7KH VLPXODWLRQV IRU WKLV ZRUN DUH SHUIRUPHG XVLQJ 6WDU &&0 8!
XVHG IRU WKLV QXPHULFDO VWXG\ XVLQJ QRQ OLQHDY FW KUE XROUHQXFHD |
PRGHO %RXVVLQHVTPRGHO ZKLFK XVHV %RXVVLQHVT DSSINRKMVHGNVLR (
ZLWK FRQVWDQW GHQVLW\DQG FRQVWDQW IORZ SURSHUWLHV )RU WKF
PHWKRG LV XVHG $QG IRU WLPH GLVFUHWL]DWLRQ VHFRQG RUGHU LP.
VLIH R* VHFRQGVY ,Q JHQHUDO WKH VLPXODWLRQV ZHUH VWXGLHG IRL
EDVHG RQ WKH IRUPDWLRQ DQG HYROXWLRQ RI SOXPHV WKLV GXUDWLR
VLPXODWLRQV UHTXLUHG ORQJHU GXUDWLRQ 6WDU &&0 XVHV XQVWE
DQDO\VLYV ZKHQ WKH LPSOLFLW PHWKRG LV XVHG DORQJ ZLWK WKH VH.
HTXDWLRQV

%RXQGDU\ FRQGLWLRQV

%DVHG RQ WKH WXUEXOHQW 5H\QROGYV QXPEHU RI WKH EXON YHORF|
DLV XVHG 7KHEXON5H\QROGY QXPEHU 5H LV FRUUMNMQDIVHG LWR UL
H[SUHVVHG E\ '"HDQ..V FRUUHODWLRQ DV

W AAe
wd 6— 0
JRU WKH ,QOHW VIHHD)EXOWHYHORFLW\ RI Z,PLV XVH3 $V GLVFXVYV

HDUOLHU WKH UROH RI WKLY LQOHW LV WKH VWHDG\DGGLWLRQ RI KRW
WKH PL[LQJ LQ WKH GRZQFRPHU 7KHUHIRUH WKH YHURKIOGVNLMQDBEGV K



JORZ SURSHUWLHYV

VWDWLF SUHVVXUH RI 3DVFDOV LV DSSOLHG DW WKH RXWOHW 7KH WHPSH
LV .DQG KRW ZDWHU IURP WKH ,QOHW LV . 1R VOLS ZDOO ERXQGDU\ |
ZDOOV ,QDGGLWLRQ SHULRGLFZDOOERXQGDU\FRQGLWLRQLVLPSRVHGF
FRQGLWLRQ RI FRQMXJDWH KHDW WUDQVIHU &+7 ZDV XVHG DW WKH 539 ZD

JORZ SURSHUWLHYV

7KHUHDOLVWLF VLQJOH SKDVH 376 VFHQDULR LQYROYHVY KRWDQG FROG zZD
WKH IOXLG GRPDLQ GZ$V WKH %RXVVLQHVT DSSUR[LPDWLRQ ZLWK LQFRPS
XVHG FRQVWDQW IORZ SURSHUWLHV IRU ZDWHU LV VSHFLILHG IRU WKH VL
LV WDNHQ DW WKH WHPSHUDWXUH RI .DV LW ZLOO UHVXOW LQ ORZHU 3U|
QXPEHU LV GLUHFWO\UHODWHG WR WKH %DWFKHORU OHQJWK DQG .ROPRJR
FRUUHVSRQGV WR OHVV PHVK UHILQHPHQW UHTXLUHPHQW )RU WKH VROLC
WKH SURSHUWLHV RI' 01" VWHHO LV VHOHFWHG 6LQFH WKH SURSHUWLHYV
WKH UDQJH RI . WKH VWDQGDUG SURSHUWLHYV DW . LV XVHG 7KH
XVHG IRU WKLV VWXG\ DUH VDPH DV XVHG LQ VWXG\ RI 376 ZLWKRXW EXR\DQ

2UJDQLVDWLRQ RI WKH ZRUN

%HILQQLQJ IURP WKH JHRPHWU\DQG ERXQGDU\ FRI@EE WHR/GHBWYFKOYHG L
VRPH LQLWLDO VLPXODWLRQV ZHUH SHUIRUPHG WR REVHUYH WKH SKHQRP|
WLRQV )LUVW WKHFROGOHJZDV UHPRYHG ZRUIE® G WEHVEXW V P )6 R DHERHPFHWL IR
GLPHQVLRQV RI WKH GRZQFRPHU KXME MV WeK1 F /@ REU D W LRKWH &SHHROW L R Q
IRUPHG VXFFHVVLYHO\ 2QFH WKH JHRPHWU\ LV ILQDOLVHG WKH ZDOO ER
6HFWLR@IWHU ILQDOLVLQJ WKH JHRPHWU\DQG ERXQGDU\FRQGLWLRQV OF
ZKLFKLVIJLYHQ LQ WKH G6HFWLRQ

&ROG OHJ UHPRYDO

6LPLODU WR WKH 52&20 H[SHULPHQWYV ZLWK ORZ YHORFLW\ FXUUHQW L H
RFFXUUHQFH RI WKH VWUDWLILFDWLRQ ZDV REVHUYHG LQ WKH FROG OHJ 7
LQ GHQVLW\RIWKH LQFRPLQJFROGDQG DOUHDG\ SUHVHQW KRW ZDWHU LQ
LWV KLJKHU GHQVLW\ IORZV DV D VHSDUDWH VWUHDP DORQJ WKH ORZHU ZD
YHORFLW\ XVHG IRU WKH VLPXODWLRQV VRPH UHJLRQV RI UHFLUFXODWLQ.
FDQ EH QRWLFHG DRDQGJXBHYHUDO VLPXODWLRQV ZLWK SURJBHVVLYHO\ LQ

rZ rZ rZ ZHUH SHUIRUPHG WR XQGHUVWDQG WKH UHODWLRQ EHWZHHQ )
JRQHV DQG YHORFLW\ RI WKH LQFRPLQJIORZ IURP ,QOHW

LW ZDV IRXQG WKDW ZLWK WKH LQFUH DKV RQGCDHR EMMR\ CVWIKHLJIXUH
VWUDWLILFDWLRQ RIIORZ VWUHDPV LV UHGXFLQJDORQJZLWK GLVDSSHDUI
REVHUYDWLRQ LW LV DSSDUHQW WKDW KLJKHU IORZFXUUHQW IURP WKH ,QO
LQWR WKH GRZQFRPHU 7KHUHE\ VKRZFDVLQJ WKH GRPLQDWLQJ HIIHFW RI
$ FULWHULRQ WR GLVWLQJXLVK EHWZHHQ WKH PRPHQWXP GULYHQ DQG EXF
>@ VKRZV WKDW IRUD GHQVLW\ GLIITHUHQFH RI D LQFUHDVH LQ YHORI
EXR\DQF\ HITHFWV $QG WKH GHQVLW\ GLIIHUHQFH EDVHG RQ WKH WHPSHU
WKH VLPXODWLRQV LV DURXQWBKRZVKKH LYJKOURFLW\ PDJQLWXGH DORQJ WK
FROG OHJ IRU GLITHUHQW LQOHW YHORFLW\FDVHV 7KH ORFDWLRQ RIWKH S
KLJKHU YHORFLW\ FORVH WR WKH ORZHU ZDOO VKRZV WKH VWUHDP RI FROG
WKH VWUDWLILFDWLRQ $Q LPSRUWDQW REVHUYDWLRQ LV WKH LQFUHDVH |
WKH FROG LQFRPLQJIORZLV HIIHFWLYHO\IORZLQJLQ D QDUURZ VWUHDP LW
HQWHULQJ WKH GRZQFRPHU ZKLFK ZLOO UHVXOW LQWR PRPHQWXP GRPLQD"
WKH QRUPDO LQOHW YHORFLW\ D YHU\ SURQRXQFHG YRUWH[ DSSHDUV DW
GRZQFRPHU UHVXOWLQJLQD XSZDUG PRYHPHQW RI WKHIORZ WRZDUGV WK
LQ PL[LQJDQG UHFLUFXODWLRQLQ XSSHU VHFWLRQ RI WKH GRZQFRPHU $0
WKH WRS VHFWLRQ ZLOO EH UHTXLUHG OHDGLQJ WR KLJKHU QXPEHU RI HOH
GRZQ LQ 6KDPV@WWXG\> FRQVLGHULQJ WKH IHDVLELOLW\ Rl SHUIRUPLQJ "1
UHFLUFXODWLRQ LQ WKH FROG OHJ



376 ZLWK EXR\DQF\ HITHFWV FDVH (

7KHDLP RIWKLVY SURMHFW LV WR GHVLIQ WKHQXPHULFDO FDVHIRU W
ZLWK WKH PDMRU HPSKDVLY RQ WKH IRUPDWLRQ DQG HYROXWLRQ RI E:
DQG '16 IHDVLELOLWN OLPLWYV WKH LQOHW YHORFLW\ &RQVLGHULQJ WK
DGHFLVLRQ WRUHPRYH WKHFROG OHJIURP 376 SK\VLFDO GRPDLQ ZDV
MXQFWLRQ ORFDWLRQ ZKLOH NHHSLQJ WKH LQOHW YHORFLW\ VDPH

DT E rt
F rT G rT
J)LIXUH , VR FRQWRXUV RI YHORFLW\LQ WKHFROG OHJ 7KH YHORFLW\ LV YL
DT E rT
FrT G T
JLIXUH *O\SKV RI YHORFLW\LQ WKHFROG OHJ VKRZLQJ WKH YHORFLW\PDJQL)\

DW GLIITHUHQW SRLQW 7KH YHORFLW\LV YDU\LQJ EHWZHHQ DQG



*HRPHWU\ FDOLEUDWLRQV

JLIXUH 9HORFLW\ YDULDWLRQ DW WKH PLGGOH RI WKH FROG OHJIRU GLIIHUHQ

*HRPHWU\ FDOLEUDWLRQV

SBHUIRUPLQJ QXPHULFDO VLPXODWLRQV RQ WKHDFWXDO IXOO VFDOH VL]HR
WKH FRPSXWDWLRQDO WLPH DQG UHTXLUHPHQW 7KHUHIRUH D IHDVLEOH
UHSURGXFH WKH SKHQRPHQRQ RILQWHUHVW KDV WR EHFDOLEUDWHG 7KH
RI WKH GRZQFRPHU LV FDOLEUDWHG

+HLJKW RI WKH 'RZQFRPHU

2Q0\ D VHFWLRQ RI D IXO0O VFDOH KHLJKW Rl WKH GRZQFRPHU LV FRQVLGH
7KH DLP ZDV WR ILQG WKH RSWLPXP KHLJKW ZKLFK FDQ SURYLGH HQRXJK O
WKH IRUPDWLRQ RI LQGHSHQGHQW EXR\DQW SOXPHV ,W LV LPSRUWDQW W
ORZ LQOHW YHORFLW\ ZKHUH WKH EXR\DQF\ HIITHFWV DUH GRPLQDWHG WK
IRUPLQJWKHVHLQGHSHQGHQW SOXPHV ZKLFK GHWDFKHV IURP WKH PDLQ VYV
6WXG\ RI WKHVH SOXPHV DQG WKHLU PRYHPHQW DFURVV WKH GRZQFRPHU I
376 ZLWK EXR\DQF\ HIIHFWV FDVH GHVLJQ SURFHVV DV WKHVH SOXPHV FRP*H
EDUUHO ZDOO

YRU WKH FDOLEUDWLRQ SURFHVV VLPXODWLRQ ZLWK WKUHH GLIITHUHQW
M, VHH )LIXDHHUH SHUIRUPHG 7KH GLIINj,U{QW,; KIHQEKWN D-UHHU H
LV WKH ZLGWK RI WKH FRO® ORES WHH KHXWKHV LQFUHPHQW LV SHUIRUPHG L
EHWWHU FRKHUHQFH $V RQO\WKH HIIHFW Rl WKH KHLJKW RI GRZQFRPHU K
FRQGLWLRQVDQGLQLWLDO FRQGLWLR Q VVKRIZH MHSHVHFYROWMIL QW R7KAHH)R.S K |
DW WKH PLGGOH SODQH Rl WKH GRZQFRPHU ZLWK WLPH ZKLFK ZDV XVHG W
GHVFHQW IRU GLIITHUHQW KHLJKW B6LQFH WKH PL[LQJLQ WKH GRZQFRPHU
SURFHVV WKH YDULDWLRQ LQ WKH WHPSHUDWXUH SURILOH KDG WR EH VW X

,Q JHQHUDO ZKHQ WKH LQMHFWHG FROG ZDWHU GHVFHQGV LQ WKH GRZQ
VWUHDPOLQH ZKLOH PL[LQJ ZLWK KRW ZDWHU 7KH PL[LQJ GHSHQGV RQ WK
KHLJKW ZLOO SURYLGH PRUH WLPH DQG GLVWDQFH IRU PL[LQJ 7KHUHIRUH
LPSRUWDQW IRU DFKLHYLQJ WKH UHDOLVWLF PL[LM)JWIEH @ VWLHD P)RIUQWM KM/ F
DWWDFKHG WR WKH RXWOHW IRUPRVW RI WKH GXUDWLRQ ZKLFK VXJJHVWF
FDQ EH QRWAL FHGKHMLJIJKW FDVH WKDW WKH GHVFHQGLQJ FROG ZDWHU VWUHE
RXWOHW DQG VWDUWY WR RVFLOODWH IUHHO\ 7KLV ZLOO UHVXOW LQ IRUPD
6LPLODU HIIHFW FDQ EH VHMQ LQ KMHKH KWWH BIRERWFRPHU ,Q ERWK RI WKHV
FDQ EH FRQFOXGHG WKDW WKH RXWOHW LV VXIILFLHQWO\ IDU HQRXJK IURP
LQIOXHQFH RI WKH RXWOHW ERXQGDU\ FRQGLWLRQW, RRQ; WKIH PLYHYJ +RZF
VLIJQLILFDQWO\KLJKHU PHVK HOHPHQWY ZKLFK HYHQWXDOO\ ZLOO UHTXLU]
KHLJKW Rl WKH GQRZOQFRPHIWQDOLVHG IRUWKH '16 VLPXODWLRQ



376 ZLWK EXR\DQF\ HITHFWV FDVH (

JLIXUH 7LPHHYROXWLRQ RI WHPSHUDWXUH RIITORZ DW PLGSODQH RI WKH GRZQFRP
/HIW FROXPQ LV Z&EWR KHGOKMLY ZLWK B LDR@R® WKH ULJKW FROXPRAXZLWK KHLIKW



*HRPHWU\ FDOLEUDWLRQV

'LGWK RI WKH 'RZQFRPHU

6LQFH WKH GRZQFRPHU LV WKH UHJLRQ VXUURXQGLQJ WKH ZKROH RI WKH 5.
WKH RSWLPXP ZLGWK RI WKH GRZQFRPHU DOVR EHFRPHV LPSRUWDQW 7ZR
\, +DQG ¢; v, ¢; KDYHEHHQ VHOHFWHG IRUWKHFRPSDULVRQ :LWK D ZL
SOXPHV KDV ODUJHU GRPDLQ WR HYROYH DQG PL[ 7KH LPSRUWDQW UHDVR
WR NHHS WKH VLGH ERXQGDULHV IDU IURP WKH PL[LQJ ]RQH VR DV WR KDYH
FRQGLWLRQVRQPL[LQJ 7KHWHPSHUDWXUH YDULDWLRQLQ WKHPLG VHFW
VWHSV DUH VKRZQ L& )ZD¥XREVHUYHG WKDW WKH GHVFHQGLQJ FROG VWUHD
IRUERWK FRQILIXUDWLRQV (YHQ IRUWKH ZLGHU GRPDLQ WKH SOXPHV HYR
%HFDXVH RI WKLY UHDVRQ WKH SHULRGLF ERXQGDU\ FRQGLWLRQ LV FRQ\

WLPH IRU WKH ZLGHU GRPDLQ LQFUHDVHYV VLJQLILFDQWO\ 7KHUHIRUH Wt
ILQDOLVHG WR EH



376 ZLWK EXR\DQF\ HITHFWV FDVH (

JLIXUH 7LPH HYROXWLRQ RI WHPSHUDWXUH RIIORZ DW PLGSODQH RI WKH GRZQFRP
/HIW FROXPQ LV XL WK DIQGMKLIKW FROXP Q\W:\A ZLOWK Z UEW K



%RXQGDU\ FRQGLWLRQV VWXG)\

WRXQGDU\FRQGLWLRQV VWXG\

$V WKH GRZQFRPHU LV VXUURXQGHG E\ ZDOOV RQ WKH ERWK VLGHYVY L H 5
FKRLFH RI ERXQGDU\ FRQGLWLRQ RQ WKH LQWHUIDFH KDV DQ LPSRUWDQW
WHPSHUDWXUH YDULDWLRQ LQ WKHGRZQFRPHU 7KUHH GLITHUHQW ZDOO EF
WUDQVIHU &+7 DGLDEDWLF DQG LVRWKHUPDO ZHUH VWXGLHG 7KH ORF
JLIXUH) 7KH GLVWDQFH RIOLQH SURHHDQQIG UHWIBSHXWWQ WHRO\ 7KH WHPSHUD
YDULDWLRQDFURVV WKHZDOODQGIOXLGGRPDLQ IRUWKHWKUHHGLIITHUH(
ORFDWLRQ DUH VKRZQ L@ OMRHWIKIXUHEXUBMYQG E VKRZY WKH WHPSHUDWXUF
SURILOH DW WKH VLGH YLHZ RI GRZQFRPHU ..V PLG VHFWLRQ EDUUHO LQWF
IRUWKH FDVH ZLWK &+7 ERXQGDU\FRQGLWLRQ $00 WKHDERYHPHQWLRQH
WLPH VWHS RI  VHF 6LPLODU UHVXOWY ZHUH REVHUYHG IRU WKH RWKHU W/

$vV WKHFROG ZDWHU IDOOV DY D VWUHDP DWWDFKHG WR WKH YHVVHO LQW
YHVVHO ZDOODQG WKHIOXLG ZLOO RFFXUIRU WKH FDVH ZLWK &+7 ERXQGDU'
JLIXUH 7KHUHJLRQ QHDU WKHLQOHW KDV WKH ODUJH JUDGLHQW RIWHPSH
UHVXOWLQJ LQ KLIKHU KHDW WUDQVIHU 7KHUHIRUH WKH OLQH SUREH ZK
WHPSHUDWXUH DURXQG WKH YHVVHO LQWHUIDFH IRU ERWK WKH &+7 DQG D (
SUREH 6LQFH WKHLQFRPLQJFROG ZDWHU GRHVQ.. W LQWHUDFW ZLWK WK
ERXQGDU\FRQGLWLRQV VKRZVLPLODUWHPSHUDWXUHIRUWKHILUVW OLQH
WKHFROGHU SOXPHV KDYHLQWHUDFWHG ZLWK WKH EDUUHO ZDOO OHDGLQ
WKUHH ERXQGDU\FRQGLWLRQV DURXQG WKH EDUUHO LQWHUIDFH )RU WKH
WHPSHUDWXUH DW ERWK WKH ZDOO LQWHUIDFH UHDFKHYV . $VLIQLILFDQ
EH REVHUYHG IRUDOO WKH WKUHH FDVHV +RZHYHU LW LV LPSRUWDQW W
PHVK HOHPHQWY DQG FRQVHTXHQWO\WKH FRPSXWDWLRQDO WLPH UHTXLUE
DQG IOXLG GRPDLQ

D /LQH SUREHV ORFDVELRBQGH YLHZ RIPLG
6HFWLRQ RI'RZQFRPHU

JLIXUH 7THPSHUDWXUH SURILOH DORQJ ZLWK WKH OLQH SUREH ORFDWLR:



376 ZLWK EXR\DQF\ HITHFWV FDVH (

D &4RUH EDUUHO LQWHUIDFHE 539 ZDOO LQWHUIDFH

JLIXUH THPSHUDWXUH SURILOH DW WKH ZDOO LQWHUIDFHYV

D /LQH SUREH

E /LQH SUREH

JLIXUH 7THPSHUDWXUH YDULDWLRQ DORQJ WKH OLQH SUREH
IRUGLITHUHQW ERXQGDU\ FRQGLWLRQV DW WLPH VWHS VHF



/I[HQIJWK VFDOHV VWXG\

IHQIJWK VEDOHYVY VWXG\

JHQJWK VFDOHV DUHWKH LQGLFDWLYHRIWKHVPDOOHVW HGGLHYV SUHVHQW
LV GLVVLSDWHG )RU WKH EHWWHU HVWLPDWLRQ RI WKH PHVK IRU '16 NQF
VEFDOHV LV HVVHQWLDO :LWK WKH SURSHU UHILQHPHQW RIPHVK LW ZLOO E
VFDOHV ZLWK '16

6LQFH WKH 5$16 VLPXODWLRQV DUH SHUIRUPHG WZR GLIIHUHQW PHVK F|
WKH GHSHQGHQF\ Rl WKH VROXWLRQ RQ WKH PHVK UHILQHPHQW 2ULJLQDO
HOHPHQWY DQG D ILQHU PHVK ZLWK PLOOLRQ PHVK HOHPHQWYV ZHUH XV
DJUHHPHQW EHWZHHQ WKH WXUEXOHQFH GLVVLSDWLRQ UDWH DQG KHQFF
PHVK FRQILJXUDWLRQV 7KHUHIRUH WKH RULJLQDO VL]H RI WKH PHVK LV X
UHTXLUHV OHVV FRPSXWDWLRQDO WLPH

7KH .ROPRJR DR)G % DW BKHOOHRQU WK VFDOHYV ZHUH HVWLPDWHG E\ XVLQJ V
FODVVLFDO IRUPXODH DQG DUH QRQ GLPHQVLRQDG,L\DHEGS BN LWQKIP DWW WA R R
YLVFRYWIDM\IROORZV

Ve s Y,

oA 6 =
%

4 6" > ¥,
B d fy

ZKHWHY WKH WKHUPDO GLMXWXYEWOBQBH GLVVLSDWLRQ UDWH
7KH)LIXUBQG )LIXUHKRZY WKH QRQ GLPHQVLRQDO .ROPRJRURYDQG %DW
DW WKH EDUUHO LQWHUIDFH PLG VHFWLRQ Rl WKH GRZQFRPHU DQG WKH Y}
REVHUYHG WKDW WKH VPDOOHVW VFDOHV IRUPV LQ WKH UHJLRQ ZKHUH WK
WKH GRZQFRPHU 6LQFH WKH VPDOOHVW VFDOHV ZHUH DORQJ WKH GHVFH
ZHUH XVHG WR XQGHUVWDQG WKH YDULDWLRQ RI VFDOHV VL]H DORQJ WKF
DERYH PHQWLRQHG SODQH \DKRZQ FRBHLMXGEHQ MXPS LQ WKH VFDOHV PDJQ
WKH YHVVHO LQWHUIDFH LV GXH WR WKH SUHVHQFH RI WKH LQOHW ZKHUH V
RI WKH GRZQFRPHU WKHUH LV D FRQVWDQW LQIORZ RI KRW ZDWHU DQG DV W
VFDOHV DUH SUHVHQW LQ WKDW UHJLRQ $ FOHDU GLVWLQFWLRQ EHWZHHC
VHHQ EDVHG RQ WKH VPDOOHVW VFDOH...V VL]IH $V WKH 3UDQGWO QXPEHU
ZDV VPDOOHU %DWFKHORU OHQJWK VFDOHV ZHUH H[SHFWHG 7KH O
VFDOHV ZHUH RIBWKID @REGHWBVSHFWLYHO\ 6LQFH WKH PL[LQJ SURFHVV LV
WKH ORFDWLRQ RI VPDOOHVW VFDOHV ZLOO YDU\ DW HDFK WLPH VWHS +R
DSSUR[LPDWH HVWLPDWH RI WKH PHVK UHILQHPHQW UHTXLUHG IRU WKH '16

D %DUUHO LQWHUIDFH E 'RZQFRPHU..VPLG VHFWLR®HVVHO LQWHUIDFH

JLIXUH 1RQ GLPHQVLRQDO .ROPRJRURY OHQJWK VFDOHYV
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Figure 6.12: Non-dimensional Kolmogorov length scales variation along the height of the downcomer.
Height varies from top to bottom while moving from left to right in the plot.

Batchelor Length Batchelor Length

Batchelor Length
I2.3gn I2-39° I2.390
1.918 1.918 1.918
1.447 1.447 1.447
0.975 0.975 0.975
0503 0.503 0.503
0.031 0.031 0.031
(a) Barrel interface (b) Downcomer’s mid section (c) Vessel interface
Figure 6.13: Non-dimensional Batchelor length scales.
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Figure 6.14: Non-dimensional Batchelor length scales variation along the height of the downcomer.
Height varies from top to bottom while moving from left to right in the plot.
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6.11. Summary

Following our research question, a study has been performed for designing an optimum numerical case
for the PTS with emphasis on buoyancy driven flow mixing in the downcomer. Several observation were
seen and consequently some modifications in the PTS design and the flow conditions were made. It was
observed that the Inlet-2 with constant inflow of hot water is required to create a temperature difference
between the mixing flows. The cold leg has to be removed to be able to perform DNS, because of
the stratification and consequently momentum driven flow descent in the downcomer. The optimum
height and optimum width of the downcomer was finalisedtobe +3 and + ,seeTable6.1,
respectively. Periodic boundary conditions is suggested at the spanwise walls because of the movement
of thermal plumes, which will also be feasible for the DNS. A considerable different temperature variation
in the downcomer was observed with different wall boundary conditions. Therefore, a choice has to
be made based on the computational time and resources limitation, for using conjugate heat transfer
in DNS. In the length scale study, it was seen that the smallest scales are in the region where the cold
water streamline is descending in the downcomer and therefore, a very fine mesh will be required in
these regions.






Rayleigh Benard Convection
validation study

This chapter will present the validation study performed for the Rayleigh Bénard convection case using
Nek5000. The case and results selected for the validation is a part of the Kooij et al. [10] work on
study of rotating RBC, performed using Nek5000. The case designed in the previous chapter for the PTS
with buoyancy effects involves complex phenomena like turbulence, convection and buoyancy driven
mixing. Therefore, it becomes important to perform a validation study of a smaller and relevant case
before moving towards the DNS of final complex PTS scenario. The RBC case is extensively studied
using numerical and experimental simulations in the past and since it involves turbulent convection and
buoyancy driven flow mixing, which are the most important phenomenon that occurs in PTS scenario,
it becomes a good choice for performing a validation study.

The following sections will discuss the case description and results. Section 7.1 provides a back-
ground of the RBC phenomena. Following Sections, 7.2 to 7.6, will discuss the physical domain used
for the simulations, mesh configuration, simulation specifications, description of the selected case and
the some of the equations used to compute the variables respectively. In Section 7.7 the results of the
simulations are discussed with the explanation of the observations. Finally in Section 7.8, the results
are compared with the results of the Kooij et al. work and the conclusions are drawn.

7.1. Rayleigh Benard convection : importance and significance

Thermally driven turbulence is an important natural phenomenon that drives atmospheric circulations
and convection in stars and planets. Turbulent thermal convection occurs in industrial processes, which
range from the passive cooling of nuclear reactors to the controlled growth of crystals from the melt
[28]. Rayleigh Bénard convection (RBC), which consists of a fluid layer heated from below and cooled
from above in a vertically bounded domain, is a classical case which forms a basis for understanding
the thermal convection and to approach above cases [29]. When the layer of fluid is heated from the
bottom and provided a cooler temperature condition at the top, the thermal expansion of the fluid
creates a buoyant force which set the fluid in motion and results in convective heat transfer. The force
large enough to onset the convective motion is characterised by a non-dimensional parameter callled
Rayleigh number.

7.2. Physical domain

For the numerical simulation of RBC scenario a cylindrical cell with aspect ratio (0) of 1 is used. Aspect
ratio is defined as the ratio of distance between lateral to the vertical extant of the cell , i.e. D/H,
see Figure 7.1. It is a cylindrical domain with curved walls with no-slip and adiabatic wall boundary
conditiona. There is no inlet or outlet in the domain, in essence no inflow or outflow in the domain.
The fluid is bounded from all side. The temperature at the top wall can be represented as  and at
the bottom wallas +Y .

49
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Figure 7.1: The geometry of the cell.

7.3. Meshing

For performing direct numerical simulation it is essential to have refined mesh to resolve the smallest
turbulent scales. Also when the solid boundaries are present in the domain, viscous boundary layers
will be generated, which necessitates a refinement in the wall region as well. Therefore, a minimum
number of grid points has to be clustered in the wall vicinity. A mesh dependence study had been
performed by Kooij et al. [10] for the cases with varying Ra and using the different number of mesh
elements in horizontal (xy) and vertical (z) plane. The orientation of the axis are shown in the Figure
7.3a. For the cases with Ra 2 10 , the finalised number of elements in the lateral and vertical direction
is given in Table 7.1. The same number of elements and resolution is used for this numerical study.

Structured grid is used as the spectral elements, a sectional view of it is shown in Figure 7.2. These
spectral elements will be further subdivided into grid points based on the polynomial degree used for
the simulations and the corresponding mesh is shown in Figure 7.3.

e %
32 | 3.125E-2 | 972 | 2.766E-2

Table 7.1: Mesh Specifications.

where, and is the number of spectral elements in vertical (z) direction and horizontal (xy)
plane respectively. % and % is the average mesh widths in the z-direction and xy-plane respectively.
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Figure 7.2: Spectral elements distribution in xy plan.

Y
L. J,
(a) Front view of mesh (b) Top View of Mesh

Figure 7.3: Schematic representation of Mesh after grid points generation.

7.4. Cases description

The Ra w 10 s said to be a transition between soft and hard turbulence, [30]. Therefore, two cases
with Ra of 10 (soft turbulence) and 10 (hard turbulence) are simulated for the validation study. The
Rossby number (Ro) = z whcih corresponds to stationary domain is used for both the cases. The
Prandtl number of 6.4 is used for both the cases. The governing equations used for this cases, the
non-dimensionalised terms and the definition of Ra are given in the Section 3.3.

7.5. Simulation setup

Similar setup as one used by Kooij et al. in Nek5000 is used for the simulation. The basis functions of
the velocity are local tensor-product Lagrange interpolants of degree 'p’ on Gauss—Lobatto—Legendre
nodes, whereas the basis functions of the pressure are Lagrange interpolants of degree ‘p-2’ on Gauss—
Legendre nodes. The total number of grid points is then ( +1) (for the velocity) per three-dimensional
element. A semi-implicit third-order BDF3/EXT3 time marching scheme is used [27], which is discussed
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in Section 4.5.3. Third-order backward differencing scheme (BDF3) with a third-order extrapolation
scheme (EXT3) is used to integrate viscous term and the nonlinear convective term respectively. A
time step size of 10 seconds is used for both the cases which corresponded to CFL 2 0.5 and
ensured the stability of the simulations. Quadrature rules of order 3N/2, instead of N, is applied in this
numerical study and is suggested a good choice to approximate the skew-symmetry of the convective
operator up to machine precision [10]. Spectral elements with polynomial degree p=5 are used. The
meshes are refined near the wall to capture the large gradients in the boundary layers. The simulation
time of 650 and 700 secs is considered for Ra = 10 and Ra = 10 cases starting from a zero-velocity
field and a linear temperature profile (T = z) as initial conditions respectively. The case with Ra = 10
and Ra = 10 is time averaged for the duration of 150 seconds and 300 seconds respectively.

7.6. Nussselt number equations

The Nusselt number is a non-dimensional parameter that characterizes the efficiency with which the
heat is transported. It is defined as:
%o
= (7.1)
where denotes the heat per unit surface area transferred between the two surfaces, is the thermal
conductivity, % is the distance between the upper and lower limit of fluid and 'Y denotes the tempera-

ture difference between upper (cold) and lower (hot) boundary.

The Nusselt Number is the ratio of total and conductive heat flux and can be written in the form of
local heat transfer as:
=( )/ £ (7.2)

Here is the vertical direction, see Figure 7.3, and gravity is acting in negative direction of z. And
represents temperature.

The purpose of direct numerical simulation is to measure the global heat transfer by the flow. An
approach used by Kerr [31] was applied in the numerical studies performed by Kooij et al. [10] and
subsequently in his work. The global heat transfer can be measured in two ways, viz. it can be defined
from the conductive and convective heat transfer definition as :

< > = 1+4( )/ < > | (7.3)
and it can be evaluated by computing the mean heat flux at the hot and the cold walls [9] as

< > = < > | (7.4)
where <.> and <.> denotes the average of quantity taken over the walls and over the volume
respectively.
The averages are simplified with the boundary conditions given in Table 7.2, following the approach
by Kerr [31]. Since the governing equations are non-dimensionalised in terms of Rayleigh Number and
Prandtl number, these boundary conditions are more suitable from the implementation point of view.

BottomPlate | u=0| T=1
Top Plate u=0| T=0
Side Wall u=0| —=0

Table 7.2: Dimensionless Boundary Condition.

7.7. Results

7.7.1. Flow Topology

As discussed earlier, the flow sets in to motion as a result of the buoyancy forces which are generated
due to thermal gradient. However, the flow topology and the way flow mixes depends on the Rayleigh
number. In the literature, a clear distinction between the flow structures and patterns are discussed
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for the different Ra regime. In this Section only the one relevant, i.e. Ra 2 10 and the flow topology
of the simulations performed will be discussed.

A schematic representation of the generalised flow scenario for Ra 2 10 is shown in the Figure
7.4. Large-scale structures characterizes this flow scenario which influence the viscous and thermal
boundary layers. Basically, the flow scenario is complex with a mean flow structure, which depends on
the Rayleigh number, and the large-scale recirculation. The mean flow consists of the superposition of
two counter-rotating toroidal rings attached to the horizontal plates and the large-scale recirculation,
as can be seen in Figure 7.4, [9]. For understanding of the flow motion, isocontour of the temperature
field and the vertical velocity fields at different time steps for the two cases, i.e. Ra = 10 and Ra =
10 , are shown in Figures 7.5 and 7.6 respectively. These axisymmetric rings make the fluid at the hot
(cold) plate to raise (descend) along the lateral wall and to descend (raise) at the cell axis, see Figures
7.5a and 7.6a. Due to this motion, thicker boundary layer will be formed in the radial direction and
the thinnest layer will be present at the centre of the cell. In total, the overall mean flow is composed
of the features of the circular toroidal rings, the large-scale recirculation and the flow structures form
due to their interaction. For Ra = 210 it was observed by R. Verzicco [9] that the wall region is
dominated by the axisymmetric toroidal rings whereas the bulk is influenced by the asymmetric large
roll giving rise to hot current on one side and descending current for the cold fluid on the other side,
similar observations were seen in the Figure 7.5c and 7.6c.

The most prominent structure in turbulent convection is the thermal plume, these are the localised
volume of fluid at a temperature different with the background [32]. A large amount of heat is trans-
ported across the convection cell by means of these thermal plumes [33]. For Ra (2 10 ) larger and
smoother plumes emerges from the turbulent background. With the increase of Ra to 10 , the emerg-
ing plumes becomes smaller and less coherent because of the increase in the intensity of turbulence.
And this plumes detaches from the respective top and bottom plates and accelerates towards the bulk
of the flow under the action of buoyancy forces and finally impinge on the opposite wall [34]. Towards
the center region of the cell, thermal plumes have a mushroom-like shape, whereas close to the walls
they have a sheet-like structure, see Figure 7.5. The sheet-like plumes form a fine network across
the plates and at their intersection spots, the mushroom-like plumes emerges. The intersection of
different sheet-like plumes results in a large concentration of momentum which in combination with
the buoyancy forces leads to ejection of mushroom-like plumes [34]

Figure 7.4: Schematic representation of mean flow arrangement, (- - - - - ) for weaker structure, (—-)for most intense
structure, adopted from [9].
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