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Time-Domain Electromagnetic-Field Transmission
Between Small-Loop Antennas on a Half-Space
With Conductive and Dielectric Properties

Martin Stumpf , Member, IEEE, Giulio Antonini*, Senior Member, IEEE,
Ioan E. Lager™, Senior Member, IEEE, and Guy A. E. Vandenbosch™, Fellow, IEEE

Abstract—The pulsed EM-field signal transfer between two
co-planar small-loop antennas located on a half-space with
dielectric and conductive properties is analyzed analytically with
the help of the Cagniard—-DeHoop technique and the Schouten—
Van der Pol theorem. The analysis yields a closed-form time-
domain expression for the open-circuit voltage induced across
the ports of the receiving antenna. Limiting cases considering
the mutual coupling between two loops placed in free-space and
on a dielectric half-space are discussed. The obtained results are
validated using analytical expressions for the special cases and
with the aid of a 3-D EM computational tool.

Index Terms— Cagniard—-DeHoop method, electromagnetic
coupling, electromagnetic propagation, electromagnetic radia-
tion, time-domain (TD) analysis.

I. INTRODUCTION

INCE the early times of EM wave theory, considerable
Sresearch has been devoted to the EM-field propagation
along a conductive surface (see [1, Ch. VI]). In this regard,
a problem of particular interest consists of a pair of small
loop antennas lying on the conductive surface. This problem
has been thoroughly studied in the frequency domain [2]-[6],
thereby providing an efficient means for the determination
of electric permittivity and conductivity of a homogeneous
ground [7]. While the time-domain (TD) operation of buried
loop antennas has been successfully analyzed under the
quasi-static (diffusive) approximation [8], [9], the problem of
loop-to-loop coupling on a lossy half-space has never been
conquered analytically in the TD.
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The availability of ultra-wideband pulse generators
(see [10]) has enabled the development of body-centric
communication systems [11], [12] and pulsed radar systems
capable of probing the earth [13] or a human body [14]-[16].
Accordingly, with such TD EM applications in mind, this
article aims at describing the pulsed EM-field signal transfer
between two co-planar loop antennas lying on a half-space
with dielectric and conductive properties. It is demonstrated
that the Cagniard-DeHoop technique [17], [18] with the
Schouten—Van der Pol theorem of the unilateral Laplace
transformation [19], [20] is capable of meeting the goal. The
analysis yields a novel closed-form TD expression for the
open-circuit voltage induced across the ports of the receiving
antenna. In the expression, one can clearly identify wave
constituents that are propagating just above and just below the
interface with the (wavefront) EM wave speeds not influenced
by dispersion. In addition, a wave contribution forming
the tail of the response is present. The latter contribution
causes the pulse broadening and can be interpreted as a
dispersion effect due to a finite half-space conductivity.
Despite the latter vanishes on a dielectric half-space,
the observed voltage response is still wider with respect to
the exciting electric-current pulse due to the two propagation
paths.

The problem configuration considered in this article is
introduced in Section II. Subsequently, Section III presents
the problem formulation in the TD. In virtue of the Cagniard—
DeHoop technique [17], the problem is solved in Section IV
in the Laplace-transform domain under the wave slowness rep-
resentation. The TD solutions are provided in Section V upon
invoking the results derived in the Appendices. In Section VI,
the numerical results are given and validated with the aid of
CST Microwave Studio®. Finally, conclusions are drawn in
Section VII.

II. PROBLEM DESCRIPTION

The problem configuration under consideration is shown
in Fig. 1. To localize a point in the configuration, we employ
the Cartesian coordinates {x, y, z} with respect to a Cartesian
reference frame with the origin O and the standard base
{ix,iy,i,}. The problem configuration consists of two co-
planar loop antennas £TR lying on the interface of two semi-
infinite media. The upper half-space represents the free space
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Fig. 1. Transmitting and receiving loop antennas lying on the lossy half-
space.

that occupies Dy = {—00 < x < 00,—00 < y < 00,0 <
z < oo}, while the ground extends over D} = {—00 < x <
00,—00 < y < 00,—00 < z < 0}. Accordingly, the EM
properties of Dy are described by (real-valued, positive, and
scalar) electric permittivity €p and magnetic permeability g,
while the (homogeneous and isotropic) ground is described
by its electric permittivity €1, magnetic permeability wo, and
electric conductivity o. The corresponding (wavefront) wave
speeds in Dy | are given by cp,1 = (60,1/10)_1/2 > 0. The
maximum diameter of the loops is assumed to be small (with
respect to the spatial support of the excitation pulse) such that
they can be represented by magnetic dipoles oriented along the
z-axis [21, Sec. 26.10]. The transmitting antenna is, without
any loss of generality, located at the origin and the receiving
antenna is placed at (xg, yp, 0) or just at (xg, 0,0) by virtue
of the circular symmetry. The areas of the transmitting and
receiving loops are denoted by AT-R. The time coordinate is
t. The time convolution between two signals, say f(¢) and
g(1), is defined as

F(0) %, 8(t) = /

T=—

9]

f(D)glt —7)dr ey

and the time-integration operator can be then defined by

t

o7 F () = f(0) % H() = /

T=—00

f(r)dz 2

where H(r) denotes the Heaviside-unit step function. The
Dirac-delta distribution is denoted by ¢6(¢). Finally, the partial
differentiation is denoted by 0 that is supplied with the
pertaining subscript. Then, the differentiation with respect to
x is denoted by o, and the time derivative is denoted by &,
for example.

III. PROBLEM FORMULATION

Following the approach based on EM reciprocity [22],
the open-circuit voltage induced at the ports of the receiving
loop LR is found from

VO(t) = —puo AR, HE (x0, yo, 0, 1) 3)

where H; is the z-component of the excitation (denoted by
superscript e) magnetic-field strength, which corresponds to
the field that would be excited by the transmitting loop in the

absence of the receiving antenna. Accordingly, the magnetic
field can be represented by [23, eq. (1.130)]
Hj(x,y,zt) = —€0ik(t)*,G(x,y, z,1)

+uy' o k(0)%,0,G(x, y, 2, 1)  (4)

in Dy and

H;(x,y,2,t) = —(10; + 0)k()*,G(x, y, 7, 1)
+ug o k()*,8,G(x, y,2,1)  (5)
in Dy. Furthermore, the azimuthal component of the electric-
field strength and the radial component of the magnetic-field
strength can be represented with the help of [23, eqs. (1.129)
and (1.130)] and [24, eqs. (A2.34) and (A2.42)] as
Ej(x,y,z,t) = k()%,0:G(x,y, z,1) (©6)
Hi(x,y,z1t) = ,ualﬁflk(t)*l 0,0,G(x,y,2,1) 7

respectively, in which the source signature is related to the
exciting electric current i(r) via [21, p. 759]

k(t) = poAT8,i (1) 8)

and G is the Green’s function of the scalar wave equation
applying to Dy and D; (see [23, Sec. 2] and [21, Sec. 26.5]).
With reference to (6), the continuity of E(‘; across the interface
requires

limG(x, v,z 1) =1limG(x,y, 1 9
lim (x,,21) lim (x,y,z1) 9

while the presence of the transmitting loop is accounted for
via the excitation condition

limo,G(x,y,zt)—1limd,G(x, y, z,t) =—0(x, y)o(t) (10)
z},0 z10

for all t+ > 0 and x € R and y € R. The thus formulated
problem whose solution yields a description of the EM-field
signal transfer, that is, VO(r) = Z(r) *,i(t), is the main
objective of the ensuing sections.

IV. TRANSFORM-DOMAIN SOLUTION

The problem will be solved with the aid of the Cagniard—
DeHoop technique [17], [18] that combines a unilateral
Laplace transform

I:IE(X,y,Z,S):/

t=0

(@]

exp(—sH)Hy(x,y,z, t)dr  (11)
where s is the real-valued and positive transform parameter
with the wave slowness representation

R ico jte'e)
RSz =6/2aP [ dx [ ewlesterro)]

—ioco =—ioo

X I:Ize(x, 0,z,5)do  (12)

where x¥ and ¢ are the slowness parameters in the x- and
y-directions, respectively. Employing the properties o = s,
5,71 =1/s, 5x = —sk, and 5y = —sao, the vertical magnetic
field in the transform domain follows upon using (11) and (12)
in (4) and (5)

H:(k, 0,2, 5) = —s%1()AT (> + 6)G(x, 0,2, 5) (13)
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where the transform-domain Green’s function has the follow-
ing form

~ A — , forz>0
Glxa,z,5) = | AP0, Torz =0 gy,
Bexp(—s7y12), forz<0
with the vertical slowness parameters in Dy | given by
- 1/2
Y0 = (coz—xz—az) / (15)
N A 1/2
1= (clz—xz—az) / (16)

respectively, with ¢; = (cl_2 +0o10/s)""/? > 0 and Re(yo) >
0 and Re(71) > 0. It is noted that ¢ is, in fact, the “high-
frequency limit” of ¢;. The unknown coefficients in (14) are
finally found from the interface conditions (9) and (10) in the
transform domain. In this way, we obtain

A=B=1/(syo+s71) a7)

that fully determines the transform-domain solution. Noting
the property that the transform-domain magnetic-field strength
given by (13) is a function of k2402, we change the variables
of integration according to

x = pcos(¢p) —ig sin(¢)
o = psin(¢) + ig cos(¢)

where x = r cos(¢) and y = r sin(¢) with r = (x> +y?)1/? >
0 and 0 < ¢ < 2z. Under the substitution, kx + oy = pr,
dkdo = idpdg and k%> +02% = p>—g?, which implies [see (15)
and (16)]

(18)
19)

yo = [Q3(q) — p*]"?

M= [Qf@) - P

where Qy(q) = (ca2 +¢HY2 > 0 and Q(¢) = (5(2 +
¢*)"/? > 0. This finally leads to

(20)

172 21

o0
He(r v 2.5) = (52 /4n ) / dq
q=—00

ico
X /
p=—ioo

where HS(p, q, 7z, s) follows from (13) subject to the trans-
formation (18) and (19).

exp(—spr)HS(p,q,z,s)dp  (22)

V. TIME-DOMAIN SOLUTION

Collecting the results from Section IV, the induced open-
circuit voltage can be expressed as

VO(s) =~ o AT ARSI (5) [P (x0, Y0, 5) — K (x0, Yo, 8)] (23)

where (o = (,uo/eo)l/ 2 is the wave impedance in Dy and
the representation of functions P(x,y,s) and K(x,y,s) is
discussed in Appendix A. Employing the results from the
appendix, we write
VO(s) ~ ((OATAR/anS) i(s) U(s; ao)
x {9lexp(—sTo) — exp(—sT1)]
4+ 9[sTpexp(—sTp) — sT) exp(—sf"l)]
+41(sT0)” exp(—sTo) — (sT1)° exp(—sT)]

+[(sTo)* exp(—sTp) — (sT1)* exp(—sT)]}  (24)

with Ty = ro/co, f] =ro/C1, 1o = (xg +y3)1/2 > 0, and

U(s; a0) = co/ (s + ao) (25)

in which y = €1/€0 — 1 and ap = o/€p. The transformation
of (24) back to the TD is carried out with the aid of the
Schouten—Van der Pol theorem as given in Appendix B,
multiple integrations by parts and some standard rules of the
Laplace transformation (see [25, eq. (29.2.12)]). This way
leads to the main result expressed as

0]
T 4R
0 A" A
0
Bit—-Ty) -1
%, ” : = )—C—g L = )exp(—a1T1/2)
0 1 0

3 5 1— - T1 + i0(127112)
ro < cq 8 32

2004
X Lzm exp(—a1T1/2)j|

+i[M_ﬁ( 3

X0
+% [%;TO) _ Z_‘l) (1 - galTl i lza%le
_7i2a‘3T13+ 11152“‘1‘T14) a’i(tc; 1 expiarty /2)}
—l—% [i(t - To)—(1—%a1Tl+%a12T12_%a%Tl3

1 44 1 55 1 616
ATA ST T
352 T 23041 T 7gag ™

x i(t —1Tp) exp(—a1T1/2)1| } + V00(t) (26)
where a1 = o /€1 and [see (25)]
U(t; ao) = (co/ x) exp(—aot/ )H(t) 27
and
GATAR o
Ve = le(o*,uo; a0)
% [9T(t, t501)e=r, — 9T10: T (1, 73 1)l e=1,
+4(T)22T(t, w5 an)|eer, — (T1)°
X a‘?r(t’ T; a1)|T=T1]
x exp(—aj t/2)H(t — Ty) (28)
with
I(t,7;0) = L[(a/2)(* —7H']  (29)

(12— 7212

where I1(x) denotes the modified Bessel function of the first
kind and first order. The differentiations of (29) with respect
to 7 readily follow and can be found in Appendix C.

The voltage response described by (26) consists of wave
constituents that are proportional to (a weighted sum of) the
exciting current and its first, second, and third time derivatives.
Clearly, the wave constituents appear at the receiving loop
at the (wavefront) arrival times Tp,1 = ro/co,1 = ro(€o,1 ,uo)l/ 2
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Fig. 2. Ray trajectories of the wave constituents.

corresponding to Dy ; that are not affected by the electric
conductivity of the lower half-space (see Fig. 2). Accord-
ingly, these arrival times have been previously associated
with forerunners propagating along a conductive surface
[26]. The TD analytical solution represented by (26) fur-
ther reveals that the wave constituents propagating in the
conductive half-space undergo the exponential decay whose
rate is proportional to the inverse of the relaxation time
€1/oc = 1/a; and distance ry. Owing to the exponential
damping, the latter constituents can be for good conductors
essentially neglected with respect to the ones traveling above
the interface. In fact, before the disturbance propagating at
wavefront speed ¢; = (ejuo)~'/? appears, the wave con-
stituents associated with the free-space travel time 7y are the
only non-vanishing constituents, thus forming the early time
part of the voltage response. Consequently, referring to (26),
we may write

T 4R 3. 2.
01 (t—T, 4 07i(t — T,
VG(t) ~ COA ";4 U(t, a())*l[ tl( : 0)+_ tl( 5 0)
77:7'0 CO ro CO
9 6i(t—T; 9
+—2M+ —3i(t—To)j| (30)
) o )

for {0 <t < T1}, without introducing any further approxima-
tion. The remaining term VOG (r) in (26) does not contribute to
the initial part of the response and can be, hence, interpreted as
a relaxational effect shaping the long-time tail of the induced
voltage signal.

The existence of forerunners has been first theoretically
predicted by Sommerfeld [27, Ch. II and III] who analyzed 1-
D wave propagation through a dispersive medium. His solution
based on a time Fourier-integral representation consists of
two very weak forerunners followed by a dominant wave
packet traveling with the so-called group velocity. While the
first forerunner observed in the dispersive medium propa-
gates at the speed of light much like the initial disturbance
described by (30), the latter is not subject to drastic exponential

damping.
For a lossless half-space, ap,;1 = 0 and (26) boils down to
AT AR
lim Vo () ~ L2 y(; 0)
al0 2mry
it —To) 3 ddi(t—1)
* c a3 c
0 1 0

LA [afi(t—To) e a,zi(t—Tl)j|

ro c(% c% c(%
9 |:8,i(t—To) o 6,i(t—T1)i|
+—2 - —
ry €0 Cl 0
9 . .
+r—3 it —To) —i(t —T)] (31
0

Since U(t; 0), in fact, represents the scaled Heaviside step
function, the time convolution in (31) can be carried out
analytically and we end up with

lim VO (¢
lim )
N AT AR 1
o 27tr§ X
it —To) cjdti(t—Ty)
X 2 3 2
€ a i)

L4 [6,i(t— T o — Tl)j|

70 co c% co

+ 21— To) — (cofeitt — Th)]

~
(=)

+ = [eod, it — To) — cod, i(r — Tl)]] (32)

O‘:w| o

and recall that y = €1/€9— 1. Finally, if D; does not show any
EM contrast with respect to the upper half-space Dy, we get a
well-known expression for the “Thévenin equivalent generator
voltage”

1 8%i(t — Top)
. 2

lim lim VO () ~ -
& oo

24000

foAT AR {6,31'([ Ty
+
drry

L Lai- To)} a3

2
ry co

which is consistent with (the TD counterpart of) (23) with the
limit (45) and with the results introduced in [22] and [28].

VI. ILLUSTRATIVE NUMERICAL EXAMPLES

We shall evaluate the pulsed EM transfer between two
co-planar loop antennas lying on the surface of a dielec-
tric/conductive half-space. The loops have the shape of a
square whose sides have a length ¢ = 50 mm and areas
AT = AR = 42, The receiving loop is located at (xg, yo) =
(2.0,1.0) m with respect to the center of the transmitter
(see Fig. 1) so that the distance between the antennas is
ro = ~/5 m. The transmitting loop is excited by a causal
electric-current pulse with finite temporal support that can be
simply constructed by convolving two triangular pulses, that
is,

' 16im | £ 1\ t 1IN (1

=3 [(a) no=2( =) w5 -3)
2 ! 3 3H ! 3 2 ! 13H ! 1

- (5‘1) (5—1)‘ (a—) (a—)
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Cgt/To

Fig. 3.

t 5\ t 5 t 7\ t 7
ol 2y (L -2) 2L -L)u(L-L
tw 4 tw 4 tw 4 tw 4

(34)

Excitation electric-current pulse shape.

with the unit amplitude i, = 1.0 A and the spatial support
of the pulse described by cotw/ro = ~/5 (see Fig. 3).
Consequently, coty = 100a so that the loops are relatively
small as assumed before. For validation purposes, the induced
voltages will also be calculated with the aid of the finite-
integration technique (FIT) as implemented in CST Microwave
Studio®. The computational CST-FIT model consists of a
“brick” with defined dielectric/conductive properties whose
side lengths are 10 m x 10 m x 5.0 m, along the x-, y-,
and z-directions, respectively. The transmitting antenna that
is composed of four “discrete ports” forming the square
loop is placed on the top of the brick. The resulting pulses
representing the z-component of the excitation magnetic-
field strength are recorded using a standard “H-field probe”
located at the interface of the brick and the surrounding
space at distance rg from the center of the source. The
induced voltage is subsequently calculated according to (3) in
a post-processing procedure. Around the analyzed structure,
we prescribe the standard “open (add space)” boundary con-
ditions. The model is spatially discretized into mesh cells such
that the parameter (maximum mesh step)/coty is always less

than 1/40.
In the first example, the antennas are placed on a loss-
free dielectric half-space whose permittivity is €; = 4.0¢p.

Fig. 4 shows that the resulting voltage responses as calculated
using (32) and FIT agree well. As the response calculated via
FIT suffered from fast oscillations whose period was neither
related to the characteristic travel times within the analyzed
problem configuration nor to reflections from its outer bound-
ary, we easily removed the artifacts using a simple 3-point
moving average filter [29, Sec. 6.4.1]. As the total voltage
response is composed of wave constituents propagating at

—— ANALYTIC (LOSS-FREE) ||
—FIT (FILTERED)

Cot/ro

Fig. 4. Open-circuit voltage induced in the receiving loop on the loss-free
dielectric half-space with €1 = 4.0¢(.

——ANALYTIC (LOSSY) ||
—FIT

Cgt/To

Fig. 5. Open-circuit voltage induced in the receiving loop on the lossy
half-space with €] =4.0¢p and ¢ = 50 mS/m.

the front wave speed cp and of slower ones propagating at
c1 = co/2, its pulse time width is, despite the dispersion-free
half-space, greater than the one of the exciting electric current
(see Fig. 3).

In the second case, the lower half-space is described by €] =
4.0¢9, again, and by a non-vanishing electric conductivity o =
50 mS/m (see [30, Sec. I11.B]). Fig. 5 shows the corresponding
pulse shapes calculated using (26) and FIT, again. Apparently,
the received voltage pulse is highly attenuated with respect to
the one shown in Fig. 4. On top of this, the finite conductivity
has a significant impact on the pulse shape as well as on the
pulse time width.

In order to further reveal the impact of the conductivity
on the induced voltage waveform, we next apply a narrower
excitation pulse with coty, = 50a so that the spatial extent
of the pulse in Dy is approximately equal to the distance
between the antennas, namely, cotw/ro = V5 /2 ~ 1.12.

Authorized licensed use limited to: TU Delft Library. Downloaded on February 21,2020 at 06:55:34 UTC from IEEE Xplore. Restrictions apply.
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—— ANALYTIC (LOSSY)

A —FIT ]
= 10
&
= 0
O
5

_10,

_20, : : : ; : 4

0 1 2 3 4 5

a cot/To

0.4} —ANALYTIC (LOSSY)

03 — ANALYTIC (LOSS-FREE) ||

Cot/TO

Fig. 6. (a) Open-circuit voltage due to a relatively short electric-current pulse
with cotw = 50a as induced at the receiving loop on the lossy half-space with
€1 =4.0¢p and o = 50 mS/m. (b) Comparison with the corresponding result
observed on the dielectric half-space with €] = 4.0¢p and ¢ = 0.

Fig. 6(a) then shows the open-circuit voltage response as
calculated via (26) and using FIT, while in Fig. 6(b), we
compare the response with the corresponding one pertaining
to the loss-free dielectric half-space. It is clearly seen that
the response just after + = Ty (i.e., cot/ro = 1) is much
less affected by the finite conductivity then the later part after
t = T (.e., cot/ro = 2). This observation is attributed to
the fact that the wave constituents whose ray trajectory goes
through (lossy) D; (see Fig. 2) are highly attenuated, which
is not the case for the (loss-free) dielectric half-space. This
observation is also compatible with a frequency-domain view
that dispersive phenomena are imperceptible at observation
times close to the initial wavefront (with its high-frequency
content) and manifest themselves later when low-frequency
constituents become important [31].

VII. CONCLUSION

The pulsed EM signal transmission between two co-planar
loop antennas located on a lossy half-space was described
analytically via the Cagniard—-DeHoop technique and the
Schouten—Van der Pol theorem. A closed-form space-time
expression for the open-voltage induced in the receiving

antenna was introduced and discussed. It follows that the
resulting voltage response can be constructed from a weighted
sum of the exciting current and its first, second, and third
time derivatives and from a late-time tail due to a finite
conductivity. Numerical examples illustrated special features
of the space-time solution that are not directly apparent
from the available frequency-domain results. The analytical
formulas are suitable for validation and benchmarking of
purely numerical techniques. It is further anticipated that
the introduced methodology is applicable to describing the
EM pulse transmission between buried antennas, which is
commonly analyzed with the aid of general-purpose direct-
discretization techniques (see [30]) at the expense of high
computational demands.

APPENDIX
A. Generic Integrals

In this appendix, the slowness-domain representations of
constitutive functions ﬁ(x,y,s) and K (x,y,s) [see (23)]
are cast into a form that is amenable to inversion to
the TD.

1) Representation of Function ﬁ(x,y,s): The slowness
representation of the constitutive function P(x, y,s) is given

—1

by

A s C o

P(x,y,S)=ﬁﬁ/ dg
T 16'1 —CO g=—00

100
x / exp(—=spr)fi(p. @) (p* —g*)dp  (35)
p=—i00
for r > 0 and s > 0 with 9; given by (21). The integration
contour along the imaginary axis in the complex p-plane
is further deformed into the loop encircling the branch cut
{0 < Qi(9) < Re(p) < 00,Im(p) = 0}. The deformation
is permissible since sr > 0, thus getting a vanishingly small
integrand along supplementing circular arcs of infinite radius
in Re(p) > 0. The loop is associated with the Cagniard—
DeHoop path, say C UC*, with

C={p(r)=r1/r+1i0} (36)

for {r € R; rf!l(q) < 7 < oo}. Combining the contributions
from C and C* and introducing 7 as the new variable of
integration, we get

A s et o o
Py =t [ daf ew(eso)
2mere ¢ —Cp Jg=-00 t=rQ;(q)

x [p(x) — ¢*1[> = r* Q3 ()] Pdr (37

In the next step, we change the order of the integrations and
use the fact that the integrand is an even function of g. We then
obtain

1

A K ch o0
P(x,y,s)=——%/ .
T

2, A2
T e ™ —c =D

01(v) R
x / ) [22/r2 — ¢11[ 0} (r) — ¢%]dq
q:

exp(—st)dr

(38)
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where 0/ (7) = (rz/rz—éfz)l/2 and Dy = r/é. The integral

with respect to g can be carried out analytically, which yields
—1 2,2

scy ¢p/¢i 3 /°°

167 r c(% — 6% D‘I‘ r=D,

sep! cg/é 2 /00

167r C(% — é% D12 =D,
-1 2,72 (o

scy - cy/c

+ —0%/ _exp(—st)dr
167r cg — €1 Je=D,

which is a sum of Laplace-transform integrals [see (11)].

2) Representation of Function K(x,y,s): The slowness
representation of the constitutive function K (x, y, s) is given
by

-1 00

A~ ) CO

Ry = [ 4
47Tlc1 — ¢y Jg=—oc0

100
x / exp(=spr)yo(p, 9) (P> —4q)dp
p=—ico

P(x, y,s) = — exp(—sr)r4dr

exp(—s7)r2dr

(39)

(40)

for r > 0 and s > 0 with y¢ given by (20). Following the
lines of reasoning from Section VII, the integration contour is
first replaced with the corresponding Cagniard—DeHoop path,
say G U G*, whose parametrization is

G={p@)=r1/r+i0}

for {r € R; rQp(g) < v < oo} [see (20)]. Again, introducing t
as the new variable of integration, combining the contributions
from G and G*, and changing the order of the integrations with
respect to ¢ and 7, we end up with [see (38)]

(41)

N s ! >
K(x,y,s) = B e, m— 0 72/ exp(—st)dr
ToTrc ™ —c¢y” Jr=Dy
Qo(7)
1/2
< [ - oo - e @)
q=0

where Qo(r) = (¢%/r? — caz)l/2 and Do = r/co. Evaluating
the inner integral, we get
-1 22,2
sco cy/ch i /°°
16zr ¢} —é3 DY Jo=p,
-1 22,2 00
sco 1/ i/
1677 2 — & D2 Joey
-1 22,2 00
sc cr/c
+ 0 17-0 /
T

1677,'?‘ C(% —6‘% =Dy

K(x,y,s) = — exp(—sr)r4dr

exp(—sr)rzdr

exp(—st)dr (43)
which has, again, the form of Laplace-transform integrals.

3) Difference P(x,y,s) — K(x,y,s): With reference to
(23), we shall evaluate the difference of (39) and (43). To
that end, the integrations with respect to 7z are carried out
analytically and we end up with

13(35»)’»5)_12(%)’,5)
1 cal |:€‘12exp(—sDo) c%exp(—sﬁl)]

C 2xr c(z)—é% C(z) s Dy 512 slA)l
4 cal ﬁ exp(=s Do) _ﬁ exp(—sDjp)
2r c(z)—é% c(% szDg &2 szf)%

9 co_1 [ﬁ exp(=s Do) _ﬁ exp(—sﬁl)j|

2_~2 | 2 313 2 A3
2wreg—cy | cg  $3Dy ¢t s3Dy
-1 [ a2 2 A
9 ¢ 1 exp(—s Do) < exp(—sDjp) @4)
2rr ¢2—¢2| ¢t s4DR &2 4 p4 )
0“1 L% 0 1 S

It is interesting to observe that the following limit

lim [ﬁ(x’y’s)_ Ie(X,y,S)]
¢1teo

1 1 1 1
- iy —sDy) (45
4y c(3) |: + sDg + 52D5j| exp(=sDo)  (45)

when used in (23) conforms with the description of a two-loop
EM-field transfer system [22, Sec. IX]. Equation (44) has been
used in (23) to find the closed-form expression (24) for the
open-circuit voltage response in the s-domain.

B. Schouten—Van der Pol Theorem for the Replacement of s
by (s2 — 0(2/4)1/2

Let f(¢) be a causal function whose Laplace transform is

f6)= [ ep(=sm) (s (46)

for {s € R;s > 0}. Consequently, replacing s with (s> —
a?/4)1/% leads to
F(s;a) = fl(s* —a?/)'/?]
oo
:/ expl—(s* — a?/4)22) f(r)dr.  (47)
=0

The TD counterpart of the latter is found with the aid of

exp[—(s2 —a? /4% = /00 exp(—st)Q(t, t; a)dr  (48)

t=0

where (see [25, eq. (29.3.96)])

Qt,1:0) =00 — 1) + (a/2)r(t* — 2)~1/2
x I1[(a/2)(t* — eH'2IH@ — 7). (49)

Substituting (48) in (47) and using Lerch’s uniqueness theorem
[32, Appendix], we arrive at

t
Fia) =10 +@2) [ fonle@E =)

rdr
AT =N

be used to find the TD

(50)

Equation (50) will
response (26).

voltage

C. Supplementing Expressions
The differentiations of (29) can be carried out analytically,
which yields

2 2 2_ 212
oot ) = O

—2 (2= )l2
ot T IO[(“/Z)(tz_Tz)l/z] 51
e @ooye OV
6T 8‘[3
2 . =
arr(t, T50) |= |:(t2—12)1/2+ ([2_12)3/2
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+

a’z? T Li[(a/2) (12 —1H)1/?]
4 (t2_T2)1/2 t2_.[2
[ 272 3} To[(a/2) (12 =112
—oT t2 +_

— 279 2_72
(52)
and finally
30272 4872 4874
3 Co) —
6TF(t,r,a)— |:6+ ) +t2—T2+(f2_T2)2
gt T il =)'
toa_ 2 (2 — 72)3/2

| 32 = 1H1/2 v
|:2a(t )/ + 1201 T

3 a3 T
(12 —12)3/2 + 8 (12—12)12
Iol(a/2)(r* — 7%)'?]

X =22

Expressions (29) with (51)-(53) can be used in (28) to

calculate the time convolution with U (t; ag). In this respect,

it is noted that I'(z, 7; &) and its derivatives are bounded as
t — 7. Indeed, the limits of (51)—(53) read

+ 1201

(53)

1
IimI'(¢t,7;0) = —art (54)
t—>1 4
. 1 1
}er; o.I'(t,7;0) = a (Z — aazrz) (55)
lim 82T (1, 7; @) = —a’ iozr — La3r3 (56)
t>r T 64 1536

th_r)r% 8T3F(t, Ti0) = —a3(63—4—ﬁa212+ﬁa414) (57)
respectively. Notwithstanding the bounded limits, the eval-
uation of the time-convolution integrals in (28) is a chal-
lenging task. Accordingly, nearly singular integrals can
be evaluated via stretching the variable of integration
[33, Sec. VIII].
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