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On the Structural Target Controllability of Undirected Networks

Jingqi Li
George J. Pappas

Abstract—In this article, we study the target controllability prob-
lem of networked dynamical systems, in which we are tasked
to steer a subset of network nodes toward a desired objective.
More specifically, we derive necessary and sufficient conditions
for the structural target controllability of linear time-invariant (LTI)
systems with symmetric state matrices, such as those represent-
ing undirected dynamical networks with unknown link weights. To
achieve our goal, we first characterize the generic rank of symmet-
rically structured matrices, as well as the modes of any numerical
realization. Subsequently, we provide graph-theoretic necessary
and sufficient conditions for the structural target controllability of
undirected networks with multiple control nodes. In addition, we
show that these results can be extended and lead to a necessary
and sufficient condition of the structural output controllability.
However, different from structural target controllability, we prove
that verifying the proposed conditions on structural output con-
trollability in undirected networks is NP-hard.

Index Terms—Networked control systems, structured linear sys-
tems, target controllability.

|. INTRODUCTION

Complex networks are a powerful tool for modeling dynamical
systems [1]—[3]. In particular, when analyzing and designing networked
dynamical systems, it is crucial to verify their controllability, i.e.,
the existence of an input sequence allowing us to drive the states
of the system toward arbitrary states within finite time. Nonetheless,
verifying such a property requires full knowledge of the parameters
describing the system’s dynamics [4]. However, in many applications
involving large-scale networks, those parameters are difficult, or even
impossible, to obtain [3]. Alternatively, it is practically more viable
to identify the existence or absence of dynamical interconnections
among the states of a network, without characterizing the strength of the
interactions. Subsequently, it is of interest to infer system properties,
such as controllability, using exclusively information about the system
structure and tools from graph theory [5].
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Seminal work on a graph-theoretic analysis of controllability can be
found in [6], in which the notion of structural controllability was intro-
duced. Following this work, in [7]-[10], necessary and sufficient con-
ditions for structural controllability of multi-input linear time-invariant
(LTT) systems using various graph-theoretic notions were provided.

Nonetheless, existing results on structural controllability assumed
implicitly that the parameters are either fixed zeros or independent free
variables. Such an assumption is often violated in practical scenarios,
for instance, when the system is characterized by undirected networks
[11], or when different interconnections in the system are strongly
correlated [12]. Consequently, it is of interest to provide necessary
and sufficient conditions for structural systems characterized by graphs
with special weight constraints, such as those considered in [13] and
[14]. However, the result in [13] is not applicable to systems modeled
by undirected graph, whereas the approach in [14] may suffer from
scalability issues in large-scale systems.

Recently, Menara et al. [15] and Mousavi et al. [16] proposed graph-
theoretic necessary and sufficient conditions for structural controllabil-
ity of dynamical systems modeled by a symmetric graph. Different from
their approaches, in this article, we provide a full characterization of
the controllable modes using structural information of an undirected
network via tools from algebraic geometry and graph theory, which fa-
cilitates a deeper understanding of structural controllability for systems
involving symmetric parameter constraints.

Nonetheless, in certain scenarios, it suffices to steer a subset of states
toward desired values, instead of the full set of states [17]. Given a subset
of states, the ability to steer this subset of states arbitrarily is termed
target controllability [17], [18]. The target controllability problem is
a particular case of the output controllability problem [19], where
we aim to steer the outputs of the system. Although graph-theoretic
conditions on the strong target controllability, a stronger notion of
target controllability, are proposed in [20] and [21], it is known that
there are no necessary and sufficient conditions of structural target
controllability and structural output controllability—see [18] and [22]
for details.

In this article, we provide necessary and sufficient conditions for
target and output controllability for undirected networks, which extend
the results in a preliminary version of our work [23]. Furthermore, we
provide a computational complexity analysis of assessing structural
output controllability for general linear systems involving symmetric
state matrices. In summary, the main contributions of the article are
fourfold: We first provide full characterizations of the generic spec-
tral properties of symmetrically structured systems. Leveraging those
generic properties, we then show that the symmetry of the state matrix
allows us to generalize the PBH test to characterize structural target
controllability, which in turn enables us to provide graph-theoretic
necessary and sufficient conditions for structural target controllability.
Subsequently, we show that those results can be extended to a necessary
and sufficient condition for structural output controllability. Finally, we
explore the computation complexity of verifying these graph-theoretic
conditions.

0018-9286 © 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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The rest of the article is organized as follows. In Section II, we
formulate the problems under consideration. Some preliminaries in
linear systems and graph theory are recalled in Section III. In Section IV,
we derive main results, of which proofs are relegated to the Appendix.
[llustrative examples are depicted in Section V. Finally, we conclude
the article in Section VI.

Il. PROBLEM STATEMENTS

Consider an LTI system whose dynamics is captured by

&= Az + Bu, y=Cx (1)

where z € R™, y € R*, and v € R™ are the state, output and input
vectors, respectively. We refer to the matrices A € R™*™, B € R™*™,
and C' € R**™ as the state, input, and output matrix, respectively. In
this article, we consider the following assumption.

Assumption 1: The state matrix A € R™*" is symmetric, i.e., A =
AT.

This symmetry assumption is motivated by control problems arising
in undirected networked dynamical systems [15], [16], [24]. Hereafter,
we use the 3-tuple (A, B, C) to represent the system (1). In particular,
we use the pair (A, B) to denote a system without a measured output.

When we aim to study the system properties in (A, B), in general,
it is required to have access to the values of the entries in A and
B [25]. However, in certain scenarios, only the presence/absence of
interactions between inputs and states, or among states, are available.
In other words, only the sparsity patterns of the matrices A and B are
available. Consequently, we focus on studying the relationship between
the sparsity pattern of the 3-tuple (A, B, C) and the controllability of
the system. To do so, we first introduce few definitions from structural
system theory.

Definition 1  (Structured and  Symmetrically  Structured
Matrices): A matrix M € {0,*}™*™ is called a structured matrix, if
[M];; is either a fixed zero or an independent free parameter, typically
denoted by *. In particular, we define a matrix M € {0, %}™*" to be
symmetrically structured, if the value of the free parameter associated

with [M];; is constrained to be the same as the value of the free

parameter associated with [M];; for all j < 1.
Example 1: Consider the matrices

M = 0 ma and A = 0 a1
may 0 aio 0

where m15, Moy, and a5 are independent parameters. In this case, M
is a structured matrix, whereas A is symmetrically structured.

In addition, we refer to M as a numerical realization of a (symmet-
rically) structured matrix M, i.e., M is a matrix obtained by indepen-
dently assigning real numbers to each independent free parameter in
M.

Given a 3-tuple (A, B, C), we use (A4, B, C) to denote its structural

counterpart; more specifically, [A];; = * if [A];; # 0 and [A];; =0
otherwise. By Assumption 1, we assume that the structural matrix A
is symmetrically structured. In this article, we are interested in the
following system property.

Definition 2 (Structural Controllability [6]): A structural pair
(A, B) is structurally controllable if there exists a numerical re-
alization (A, B), such that the controllability matrix Q(A, B) :=
[B,AB, ..., A" ! B] has full row rank.

While controllability is concerned about the ability to steer all the
states of a system, in certain cases, we are only interested in steering a
subset of states. More specifically, givenaset 7 C [n] := {1,--+ ,n},
which we refer to as the rarget set, we are interested in steering the states
indexed by the target set arbitrarily. This does not exclude the possibility

of states in [n] \ 7 being steered as well. If given a system described by
the pair (A, B), we are able to arbitrarily steer the states indexed by 7,
we say that the pair (A, B) is target controllable with respectto T [17].
Furthermore, it is possible to consider a more general problem in which
we are interested in steering the outputs, i.e., weighted combinations of
system states of a system described by the 3-tuple (A, B, C). Similar
to the definition of structural controllability, we can define structural
target controllability and structural output controllability in the context
of structured systems.

Definition 3 (Structural Output Controllability and Structural Tar-
get Controllability [18]): Given a target set 7 = {i1,...,%} C [n],
define the target matrix Cr € RF¥*™ by

1, ifj=vip, ¢ €T
[CT]M—{ B @

0, otherwise.

The structural system (A, B,C) is structurally output controllable
if there exists a numerical realization (A, B,C) such that output
controllability matrix Q(A, B,C) := C[B, AB, ..., A" ! B] has full
row rank. Similarly, the structural pair (A, B) is structurally target
controllable with respect to 7 if there exists a numerical realization
(A, B), such that Q(A, B, C7) has full row rank.

Notice that structural target controllability is a special case of struc-
tural output controllability, provided that C takes the particular form
in (2). Thus, necessary and sufficient conditions for structural output
controllability characterize structural (target) controllability. Hence, in
this article, we seek to address the following problem.

Problem 1 (Structural Output Controllability Problem): Given a
structured system (A, B, C'), where A is symmetrically structured, find
necessary and sufficient conditions for (A, B,C) to be structurally
output controllable.

Additionally, provided such necessary and sufficient conditions ex-
ist, we would like to understand the computational complexity of the
problem under consideration.

[Il. NOTATION AND PRELIMINARIES

In this section, we recall some useful concepts related to linear
structural system theory and graph theory.

A. Structural System Theory

Consider a pair (A, B) whose dynamics is captured by (1). (A, B)
is called reducible [9] if there exists a permutation matrix P, such that

0
Bg] 3)

Az Ag

PAP™' = , PB=

where A;; € R%%9 and B, € R("~9*™ 1 < ¢ < n. The pair (A, B)
is called irreducible otherwise.

Let A be an eigenvalue of A and let v € R™ be the associated eigen-
vector. By PBH test [25], an eigenpair (1, v), which is also called a mode
of the pair (A4, B), is a controllable mode if rank([A] — A, B]) = n,
where the [-] denotes the matrix concatenation operator.

Consider a (symmetrically) structured matrix M. Let n; be the
number of its independent -parameters and associate with M a
parameter space embedded in R™x. Subsequently, we use a vector
pir = (p1,- .. ,pnM)T € R™a1 to encode the values of the indepen-
dent x-entries of M in a particular numerical realization M.

A set V CR™ is called a variety if there exist polynomials
©1,- .., Pk, such that V = {z € R™ : p;(x) = 0,Vi € [k], and V is
proper when V' # R™. We denote by V¢ = R™ \ V its complement.

Authorized licensed use limited to: TU Delft Library. Downloaded on October 19,2021 at 06:50:28 UTC from IEEE Xplore. Restrictions apply.
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The term rank [5] of a (symmetrically) structured matrix M, denoted
ast-rank (M), is the largest integer k such that, for some suitably chosen
distinct rows {i,}%_, and distinct columns {3j,}%_,, all of the entries
{[M];,;,}5_, are x-entries. Additionally, a (symmetrically) structured
matrix M € {0,x}™*™ is said to have generic rank k, denoted as
g-rank(M) = k, if there exists a numerical realization M of M, such
that rank(M) = k. It is worth noting that, if g—rank(M) > 0, then
the set of parameters describing all possible realizations form a proper
variety when rank(M) < g—rank(M ), [10]. We remark here that the
term rank of a symmetrically structured matrix M is an upper bound
of the generic rank of M. Additionally, the term rank ignores the
dependency among entries of M whereas the generic rank considers

them.

B. Graph Theory

Given a digraph D = (V,€), a path P in D is an ordered se-
quence of distinct vertices P = (v1,...,vg) with {vy,...,v5} C
V and (v;,v;41) € E for all i=1,...,k—1. A cycle is either a
path (v1,...,vy) with the additional edge (vg,v1) (denoted as C =
(v1,...,vk,v1)), or a vertex with an edge to itself (i.e., self-loop,
denoted as C = (v1,v1)). We denote by Ve C V the set of vertices
inC, and & C £ the set of directed edges constituting the cycle C. The
length of a cycle C, is defined as the number of distinct vertices in C,
i.e., the cardinality of V¢, denoted by |V¢|. Given a set S of vertices
in D, we let Ds = (8,8 x S C &) be the subgraph of D induced by
S [26]. We say that Ds can be covered by disjoint cycles, if there
exists {C; }!_, suchthatS = Uizl Ve, and Ve, N Ve, = 0, foralli # j,
i,7 € [l]. Given a set S C V), we define the in-neighbor set of S as
N(S) = {Uz‘ eV: (’Ui,'l)j) S g,’l)j S S}

Given a directed graph D = (V, ) and two sets S1, Sz C V), we
define the associated bipartite graph of D by B(Si,S2,Es,.s,)s
whose vertex setis S; U Sp and edge set s, s, = {(s1,82) € E 51 €
81,52 € S} Given B(S1,82,Es, s,), andaset S C Sy (or S C Sy),
we define the bipartite neighbor set of S as Np(S) = {j: (j,i) €
Es,,85,1 € S}. A matching M is a set of edges in s, s, that do
not share vertices, i.e., given edges e = (s1,s2) and € = (s}, s5),
e,e’ € M only if s; # s} and sy # s,. A matching is said to be
maximum if it is matching with the maximum number of edges among
all possible matchings. Given a matching M, two vertices s; and so
are matched if e = (s1,s2) € M. The vertex v is said to be right-
unmatched (respectively, left-unmatched) with respect to a matching
M associated with B(S1,Ss,Es, s,) if v € S (respectively, v € Sy)
and v does not belong to an edge in the matching M. We say a matching
M is a perfect matching if there is no right-unmatched vertex.

IV. GRAPH-THEORETIC CONDITIONS FOR STRUCTURAL OQUTPUT
CONTROLLABILITY

In this section, we provide graph-theoretical conditions for structural
output controllability. Instead of taking graph-theoretic approaches as
in [17] and [22], we study the problem from an algebraic geometry
perspective and then interpret those conditions from a graph-theoretic
perspective.

To achieve this goal, we first investigate the modes of numerical
realizations of a structural pair involving symmetrically structured
matrices and establish a connection with its controllability. Based on
this connection, we propose graph-theoretic conditions for structural
target controllability and structural output controllability in Theorems 1
and 2, respectively. Finally, in Theorem 3, we establish the NP-hardness
of verifying conditions for structural output controllability.

A. Generic Properties of Symmetrically Structural Pairs

According to the definition of structural output controllability, a
structured system (A, B, C) is structurally output controllable if the
output controllability matrix Q(A, B, C) is generically full rank. Since
we assume that any numerical realization A is a symmetric matrix, we
have A is diagonalizable. Hence, in the view of PBH test [25], showing
that the output controllability matrix is (generically) full rank and is
equivalent to showing that generically the subspace S = {UTC’ eR™:
v € R*} is spanned by the eigenvectors associated with the controllable
eigenvalues of A. In this section, we first provide a characterization of
the zero modes of numerical realizations of a structural pairin Lemma 1.
Following this, we provide an algebraic condition for nonzero modes
being generically controllable in Lemma 2.

As a first step toward characterizing the role of zero modes, we
notice that the concatenation of matrices [fl, f?] is degenerate if and
only if there exists a nonzero vector v such that v [A, B] = 0. In
other words, given a target set 7, if C;[A, B] is generically full rank,
then any numerical realization has (almost surely) no vector v with
v Cr[A, B] = 0. In Lemma 1, we first characterize the generic rank
of [A, B], which lays the foundation for the further characterization of
spectral properties on nonzero modes of numerical realizations.

Lemma 1: Consider a structural pair (A, B), where A is sym-
metrically structured, and a target set 7 = {i1,...,ir} C [n]. Let
D(A,B) = (X UU,E(A) U&, x) be the digraph representation of
(A, B), and Xy C X be the set of vertices indexed by T~ If [N(S)| >
|S|, VS C X7, then g—rank(Cr[A, B]) = k.

If welet 7 = [n], then Lemma 1 provides a sufficient condition under
which g-rank([A, B]) = n. If [A, B] has the full generic-rank, then
there does not exist a nontrivial vector v € R™ such that v [fl, B ]=0
for almost all numerical realization of (A, B), i.e., generically all the
zero modes of a numerical realization (A, B) are controllable. Since
we aim to derive necessary and sufficient conditions on structural
controllability, what remains to be shown is when the nonzero modes
of a numerical realization (A, B) are generically controllable.

As proved in [9], when a structural pair (with no parameter con-
straints) is irreducible, all the nonzero modes of almost all its numerical
realizations are simple and controllable. In Lemma 2, we investigate the
relationship between irreducibility and nonzero modes for structured
pairs with symmetrical parameter constraints.

Lemma 2: Given a structural pair (4, B), where A is symmetrically
structured, and t-rank(A) = k,if (A, B) isirreducible, then there exists
a proper variety V' C R™AT" 5 such that for any numerical realization
(A, B) with [p 5, pj] € V¢, Ahas k nonzero, simple, and controllable
modes.

Remark 1: The challenge in the proof of Lemma 2 is to construct
a finite number of nonzero polynomials, i.e., the polynomials of where
not every coefficient is zero, such that the numerical values assigned
to free parameters of A in a numerical realization A, where A does
not have k nonzero simple uncontrollable eigenvalues, are the zeros
of those polynomials. Since the set of zeros of a nonzero polynomial
has Lebesgue measure zero [27], it follows that for any numerical
realization A, A has almost surely k nonzero simple uncontrollable
eigenvalues.

B. Solution to Problem 1

So far we have a graph-theoretic condition ensuring that all the zero
modes of a numerical realization (;1, B ) are controllable generically,
and an algebraic condition on irreducibility leads to controllability of
nonzero simple modes almost surely. When these two conditions hold,
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the controllability matrix Q(A7 B) is full rank generically. Next, we
extend this idea to provide conditions for the nondegeneracy of the
output controllability matrix.

By leveraging Lemmas 1 and 2, we will establish conditions under
which the subspace S = {vTC’ € R™ : v € R*} is generically spanned
by the eigenvectors of controllable eigenvalues of A, which implies that
for any nonzerov € R*, wehave v’ - Q(A, B, C) # 0 generically. We
first formalize the previous reasoning as a graph-theoretic necessary and
sufficient condition for structural target controllability:

Theorem 1: Consider a structural pair (A, B), where A is sym-
metrically structured, and a target set 7 C [n]. Let X7 be the set of
state vertices indexed by 7 in D(A, B). The structural pair (A, B) is
structurally target controllable with respect to 7, if and only if, the
following conditions hold simultaneously in D(A, B).

1) All the states vertices in X'r are input-reachable’.

2) There is no right-unmatched vertex in B(S1, Sa, &s, s, ) associated
with D(A, B), where S; = X Ul and S, = Xr.

Remark 2: Condition 2) in Theorem 1 can be verified using local
information in a graph. Moreover, such a matching condition can be
verified in a polynomial time O(1/[S1 U S2||€s, s,|) [28, Sec. 23.6].

By letting 7 = [n], Theorem 1 recovers the following graph-
theoretic necessary and sufficient condition for structural controllability
[15].

Corollary 1 (see [15]): The structural pair (A4, B), where A is
symmetrically structured, is structurally controllable, if and only if,
the following conditions hold simultaneously in D(A, B).

1) All the state vertices are input-reachable.

2) There is no right-unmatched vertex in B(S1, Sa, &s, s, ) associated
with D(A, B), where S; = X Ul and S, = X.

Our characterization of structural target controllability relies on the
assumption that the state matrix A is symmetric. More specifically,
since the state matrix is symmetric, its eigenvectors form a complete
basis of the state space, which allows us to generalize the PBH test
in the context of target controllability. Such generalization cannot be
applied when the state matrix is nondiagonalizable; hence, Theorem 1
is generally not true when Assumption 1 is violated (see [22, Example
3] for reference).

Notice that structural target controllability is a special case of struc-
tural output controllability [18]. More specifically, in the context of
output controllability, each output is a weighted linear combination
of states. To derive necessary and sufficient conditions for structural
output controllability, we leverage Theorem 1, as shown in the following
theorem.

Theorem 2: Consider a structural system (A, B, C), where A is a
symmetrically structured matrix, whereas B, C are structured matrices.
The structural system (A, B, C) is structurally output controllable, if
and only if, the following conditions hold simultaneously.

1) There exists a target set 7 C [n] such that (A, B) is structurally
target controllable with respect to 7.

2) There is no right-unmatched vertex in B(X7,),Ex;,,y), wWhere
Y=Ayitie, Xr={z; € X i €T} and Ex; y = {{z;,yi} :
[Clij = *}

The conditions in Theorem 2 require us to find a target set 7 for
which a matching condition in a bipartite graph B(X7, ), Ex, y) is
satisfied. Naively, there are exponentially many possible target sets 7,
implying that it may be computationally challenging to verify structural
output controllability through the conditions in Theorem 2. Indeed, we
show in Theorem 3 that verifying those conditions is NP-hard.

'We say a state vertex x; € X is (input)-reachable if there exists a path from
an input vertex u; € U to x;.

Uy Uz X2 1
X7 Xa X3 X, 2
X2 X3 Xe X7 X6 V3

@ (b)

Fig. 1. (a) Mixed graph representation of the structural pair (A, B),
where the red and black vertices represent input and state vertices,
respectively. The black lines and arrows represent edges in G(A4, B).
(b) Bipartite graph B(X1,Y, Ex; y), where X1 = {x3, 24,26} and Y =
{y1,v2,y3}. The black and blue vertices are target vertices X and
output vertices ), respectively.

Theorem 3: Consider a structural system (A, B,C), where A €
{0, x}™*™ is a symmetrically structured matrix. The problem of veri-
fying the necessary and sufficient conditions in Theorem 2 is NP-hard.

V. ILLUSTRATIVE EXAMPLES

In this section, we consider a few examples to illustrate Theorems 1
and 2.

We consider a symmetrically structured system with 7 states, 2
inputs, and 3 outputs. Let the target setbe 7 = {2, 4, 6}. The structural
representations of the state, input, output, and target matrices are as
follows:

[ 0 12 Q13 A14 0 0 0 b11 0

a2 0 0 0 0 O O 0 0

a3 0 0 0 O O O 0 0
A: Q14 0 0 Qaqq 0 0 0 ,B: 0 b42

0 0 0 0 0 as6 A57 0 b52

0 0 0 0 as56 0 ag7 0 0

_O 0 0 0 as7 Qg7 0_ _O O_

[0c120c40 0 0 0100000
C=1000cs00 0],andCr=1{0001000

_0000340036637 0000010

We also associate the structural pair (A, B) with the mixed graph
G(A,B) = (X UU,E,(A),Ex), depicted in Fig. 1, where X =
{x}I_1, U = {u1,us} and X7 = {xs, x4, 6} Since all the vertices
in X7 are input-reachable, and [N (S)| > |S|, VS C X7, by Theo-
rem 1, (A, B) is structurally target controllable with respect to 7. This
example also shows that if the input-reachability of the vertices in X7
is guaranteed, then the structural target controllability in undirected
networks can be verified by only local topological information. Finally,
to verify the structural output controllability, we notice that there
exists a target set 7 = {2, 4,6} such that (A4, B) is structurally target
controllable with respect to 7 and there is no right-unmatched vertex
with respect to any maximum matching in B(X7, Y, Ex;,y), where
Y = {1, y2, ys } is the set of output vertices. By Theorem 2, (A, B, C)
is structurally output controllable.

VI. CONCLUSION

In this article, we study the problem of characterizing structural out-
put controllability in structured systems with symmetric state matrices,
such as undirected networks. To address this problem, we first character-
ized the generic properties of symmetrically structured matrices. Based
on this, we derived necessary and sufficient conditions for structural
target controllability and structural output controllability of undirected
networks. Although verifying the proposed conditions on structural
target controllability is in polynomial time, we showed that verifying
the proposed conditions on structural output controllability is NP-hard.
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APPENDIX
A. Proof of Lemma 1

Before we proceed to the proof of Lemma 1, we introduce Proposi-
tion 1 and Lemma 3, which lay the foundation for the proof of Lemma 1.

Proposition 1 ([5, Sec. 1.2]): Given a (symmetrically) struc-
tured matrix M € {0,x}™*™ and B(Si,Ss,E&s, s,), where S; =
{vr, . sum}, So = {vy, ... v}, and Es, 5, = {{vs, v} } 1 [M];: #
0,v; € 81,V € Sy}, then t—rank(M) = n if and only if [Nj3(S)| >
|S] forall S C Ss.

Lemma 3: Consider an n x n symmetrically structured matrix A,
and a set T = {iy,...,i,} C [n]. Let D(A) = (X, Ex.x) be the di-
graph representation of A, X C X be the set of vertices indexed by
T and C7 be defined as in (2). The generic-rank of C'r A equals k if
and only if [N (S)| > |S[, VS C Xr.

Proof of Lemma 3: First, we show the sufficiency of the theorem.
Notice that the generic-rank of C;r A equals k, if and only if, there exists
a k-by-k nonzero minor in C'rA; hence, it suffices to find that minor.
Since [N(S)| > |S|, VS C X7, there exist k entries that lie on distinct
rows and distinct columns of C7 A according to Proposition 1. As a
result, we can select rows indexed by 7 = {41, ..., %} and columns
indexed j1, ..., jx in A such that {[A];,;,}5_, lies on distinct rows
and distinct columns. Next, we consider the following two cases.

On one hand, if {j1,...,jr} = {i1,...,ix}, then M = C7ACT
is a square submatrix of A. We consider a particular numerical real-
ization A of A, as follows. Let [A];; # 0 for all (i,7) & {(iz, je) :
¢ € [k}, [A]i; = [A];i, and [A];; = O otherwise. Subsequently, by
computing the determinant, det(CrACT) = sgn(o1)IT5_, [A];,;, +
sgn(oo)TT5_ [A];,;,, where sgn(o) and sgn(o) are the signatures
of the permutations o1 = {(i¢,j¢) : £ € [k]}, and oo = {(je,i0) : £ €
[k]}, respectively. Notice that if sgn(o) = sgn(o2), then it follows
that det(Cr ACT) # 0. Furthermore, if {A : det(CrACT) = 0} is
a proper variety, we have that M admits an k-by-k nonzero minor
generically. Thus, the generic-rank of C'r A equals k.

On the other hand, when {jy, ..., jk} # {71, , i}, it suffices to
show there exists a numerical realization A such that det([ ]ﬁf ") #
0. We consider a numerical realization A by assigning distinct real val-
ues to x-entries corresponding to {[AJ;,;, }5_, while keeping [A];; =
[A]:, and assigning 0 otherwise. Without loss of generality, we can per-
mute {f}Z L such that for each (A, i, € {[A}%m 31 (A, e,
[Al; 4pig, 1810 matrlx [A]ﬁ I I We declalm that there is only one
nonzero entry in either the ’igrth row or jg, th column, Vr € [p], other-
wise it contradicts that {{A];,;, }§_, are in distinct rows and distinct

columns of [A]. Thus, we compute det([A] d o)

p .
det ([A]Zi::::,’i,f) = (E[ﬁlwe,> det (LA 70) £ 0
B 4

,,,,,,
the first case {zl, .. zk} = {j1,...,Jk} Thus, there exists numerical
realization such that det([A]J Leed 75) #0.

Next, we show the necessny of the theorem by contrapositive. We
assume that there exists S C X7, such that [N (S)| < |S|. Then, by
Proposition 1, there does not exist k entries that lie on the distinct rows
and distinct columns of C;- A, which implies g-rank(C7A) < k. W

Proof of Lemma 1: Suppose |N(S)| > then, by
Proposition 1, there exist k entries, {[A, B];,;, }+_,. such that they
are all x-entries that lie on distinct rows and distinct columns of [A, B].
Among those k entries, suppose {[A, B];,;, }1_, are in columns of A,

and {[A B}w,}f a1 are in the columns of B. By Lemma 3, there

,,,,,

Since B is a structured matrlx, there exists a numerlcal reahzatlon
B such that det ([ 4, B]Z“Ll '*) # 0 Hence, there exists a numerical
realization [A, B] with

det([A, B! 0) = det([A, B2 3) det([A, Bl 7)

.......... Tgt1r--tk
£0

which implies that g-rank(Cr[A, B]) = k.

B. Proof of Lemma 2

We introduce Proposition 2, Proposition 3, Lemma 4, Lemma 5, and
Lemma 6 to support the proof of Lemma 2.

Proposition 2 ([29, Sec. 2.1]): Let ¢4 (s) and ¢5(s) be polynomials
inswithi(s) = > 72 a;s™ and pa(s) = Y o2, b;s™ ¢, respec-
tively. Let R(p1, =) be defined as

Upy Gy 1 a9 0 --- 0
0 an, - a1 ag -+ 0
. 0 0 © Oy, Qpy—1 °*° Qg

R(p1, p2) = det 0 0 ... bl | ®)
0 bu, - by by -+ 0
[bng brg-1 -+ bo 0 -+ 0]

If a,, # 0 and b,, # 0, then ¢;(s) and ¢5(s) have a nontrivial
common factor if and only if the R(¢1, p2) = 0.

Proposition 3 (Hoffman—Wielandt Theorem [30, Sec. 6.3]): Given
n X nsymmetric matrices A and E,let A4, . . . , A, be the eigenvalues of
A,and Ay, ... , n be the eigenvalues of A 4+ E. There is a permutation
o(+) of the integers {1, ..., n} such that

n

> oy = 2)* < | E|% (6)

i=1

where ||E||r = /tr(EET).

Lemma 4: Let A be an n x n symmetrically structured matrix,
and let D(A) = {X, Ex v} be the digraph associated with A. Assume
t-rank(A) = k, and denote {[A];,;, }5_, as the k entries that lie on dis-
tinct rows and distinct columns. We define § = {xz;,,...,z;, } C X.
Then, D can be covered by disjoint cycles.

Proof of Lemma4: We approach the proof by contradiction. Suppose
Ds cannot be covered by disjoint cycles, then at least one vertex z; € S
can only be covered by cycles intersecting with other cycles in Dg,
which implies that there does not exist k£ edges in which no two edges
share the same “tail” or “head” vertex in D(ﬁ), i.e., there does not exist
k entries that lie on distinct rows and distinct columns of A, which, by
Proposition 1, contradicts t-rank(A) = k. |

Lemma 5: Given an n x n symmetrically structured matrix A, if
t—rank(A) = k, then there exists a proper variety V; C R™4, such that
for any numerical realization A, where the numerical values assigned
to free parameters of A are encoded in the vector p ; € R4 \ V, A
has k£ nonzero simple eigenvalues.

Proof of Lemma 5: We expand the characteristic polynomial of a
matrix A as

det(sI — A) = s" 4+ a, 15" *--- kgL

+ S +ag. (7)
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Besides, we have

e k1 ki
o= (D" S det(ALE @)

1<k1 <...<kp_q<n
where ¢ =0,1,...,n — 1. Since t-rank(A) = k, there exists a nu-

merical realization A and a set of indexes, {1, . . ., %, } C [n], such that
det([A]”’ Z;) # 0. Furthermore, Vo := {p; € R™4 : a,,_;, = 0}is
aproper variety. Since the maximum order of principle minor is at most
the term rank of a matrix, we have a,,_,_1 = --- = ag = 0. Thus, to
characterize nonzero eigenvalues, we define the polynomial ¢ 4(s) as
wils) =s"+ta, 18" T+ an . 9)

In the rest of the proof, we show that there exists a numerical real-
ization p ; € V" such that A has k nonzero simple eigenvalues. Since
t-rank(A) = k, we define the set S as in Lemma 4. By Lemma 4, there
exist disjoint cycles Cy, . . ., C; covering Dgs. Let us denote by C; the ith
cycle in {Cy,...,C;}. Moreover, without loss of generality, we let the
length of cycle C; be either |C;| = 2¢,or |C;| = 2¢q + 1,forsomeq € N.
Note that by definition, there is a one-to-one correspondence between
the edge in D(A) and the %-entry in A. From this observation, we denote
by A; € {0, «}/%/*IC! the square submatrix formed by collecting rows
and columns corresponding to the indexes of vertices in Vg, of the
cycle C;. We let all the x-entries of A be zero, except for x-entries
corresponding to edges in {&¢, }\_;. Hence, there exists a permutatlon

matrix P and numerical realization A such that PAP~! is a block
diagonal matrix
A, 0 0 0
0 A, 0 0
PAP! Do . (10)
0 0 --- A o0
0 o --- 0 O

If |C;| = 2q, without loss of generality, we could assume C; =
(Tiy s Thy s Tin, Ty, o oo, Tiy, Tjy, Ty ). Since Dyci is a subgraph of the
digraph D(A) associated with the symmetrically structured matrix A,
there exist ¢ disjoint cycles of length-2 covering DVQ , i.e., cycles
(Iil s Ljqy Tig ), (‘T’LQ, Loy Lig ), ) (l'iq s Ijq s qu ) We assign distinct
nonzero weights to x-entries of A; that correspond to edges in the ¢
cycles of length-2, and assign zero weights to other x-entries in A;. As
a result, we have

r o0 0 T
0 iy gy

iy gy 0 0 0

s
Il

0 0
0 aigj,

0 0 Figiq O

where a;, ..., ai,j, are g nonzero distinct weights. Thus, A, has 2¢
simple nonzero eigenvalues.

If |C;| = 1, then the eigenvalue of A; € R'*! can be placed to any
value. If |C;| = 2¢ + 1 and ¢ > 0, then there are 2¢ vertices in C; that
can be covered by ¢ cycles of length-2, and one vertex that cannot
be covered by any length-2 cycle in a vertex-disjoint way in Dy, .
Assign distinct nonzero weights to x-entries corresponding to the lq
cycles of length-2, and zero to other *-entries in A;. As a result, the
constructed numerical realization A; has 2¢ nonzero simple eigenvalues

and one zero eigenvalue. Denote by A ; (/L), the jth eigenvalue of A,
jed{l, ..., |Cl}

By Proposition 3, given a sufficiently small ¢ > 0, 36 > 0 and
permutation o(-) of integers {1,...,|C;|}, such that for two nu-
merical realizations of A A; and Aw, if [|A;, — A, il[F <0, then
max{|A0(J>(A ) — 2;(A;)|} < e Perturb-entries of A; correspond-
ing to edges in &, such that Alp, which is derived by this perturba-
tion of A, satisfies ||A;, — A;|| < 8. Moreover, since t-rank(4,) =
2q + 1,by Lemma 3, g—rank(A-) = 2q + 1. The above analysis shows
that we can perturb A;, such that rank(4,,) = 2¢ + 1, and

2 (Aip) = 2r(A

i >
FEZSVE 76{1 ..... IC;i|} 1p)‘

2 (Ai) = 1, (A

i)l — 2e.
S[Cal} )

min

j#Ergre{l,..

It implies that there exists Aw which has 2¢ 4+ 1 nonzero simple
eigenvalues. Notice that Azp is also a numerical realization of A;.

Hence, for either |C;| = 2q, or |C;| = 2¢ + 1, there exists a numerical

realization A; such that A; has |C;| nonzero simple eigenvalues. Also,

there exists A that has 22:1 |Ci| = k nonzero simple eigenvalues.
Denote by <p’A the derivative of ¢ ; with respect to A. If p ; € V{,

and A has repeated nonzero modes, then ¢ ; and go’A have a common
nontrivial zero (i.e., by Proposition 2, R(¢ 4, ¢';) = 0). Define V; =
{Pi€R™ a, =0 or R(pz¢;) =0} where @, = 0 and
R(¢ 4,¢';) = 0are both polynomials of x-entries of A. Since we have
shown that there exists A, which has k nonzero simple eigenvalues, i.e.,
Jp; € R™4 such that a,,_j, # 0 and R(yp 4, ¢';) # 0, we conclude
that V; is proper.

Remark 3: To characterize the generic rank of [A, B], which is cru-
cial in the derivation of Lemma 2, we should consider the proper variety
in parameter space R™4%" 5. Since each x-entry of A is independent
of those in BB, V] is also a proper variety in R4 +"5 . Let us redefine
V1 as

Vi={lpi,psl €eR"™T"B 1a, 4, =00r R(p4,¢;) =0} (11)

Lemma 6: Consider an irreducible structural pair (A4, B), where
A € {0,%}™*™ is a symmetrically structured matrix with t—rank(A) =
k.LetVy; C R"A+"5 bedefined asin (11). There exists a proper variety
Vo C R™4T"E such thatif [p 5, p5] € VY, then there exists a nonzero
uncontrollable mode of A if and only if [p 5, pj] € Va.

Sketch of Proof of Lemma 6: We will first prove that V5 exists.
Suppose [p 5, pz] € V¢, by a similar reasoning as in Lemma 5, all the
k nonzero eigenvalues of A are simple. Let A be a nonzero eigenvalue
of A, and ¢ 4 (s) be defined as in (9), then we have

pi(d) =r" +a, A" 4

+ an_j = 0. (12)

Let us further assume that (1, v) is an uncontrollable mode of A; in
other words

v A=xm", v'B=0. (13)
Since all the nonzero eigenvalues A are simple, recall the fact in [9] that
the left eigenvector v equals (apart from a constant scalar) any of the

nonzero row of the adjugate matrix adj(Al — A). Hence

adj(Al — A)B = 0,1 (14)

Equations (12) and (14) imply that the two polynomials (15) and (16)
have a common zero A, namely
5k71+"'+an7k :O

wils) = s* + an_q (15)

¥4 5(s) = tr([adj(s] — A)B]adj(s] — A)B]") =0.  (16)
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The variety V5 is defined as follows:

RS R(pg,05,5) = 0)

Vo={[pi Pzl € (17
where R(¢ 4,4 4 5) = 0 is a polynomial of the x-entries in A and B.
The properness of V5 can be shown by contradiction by adapting the
proof in [9, Th. 2]. Conversely, suppose [p 4, P3| € Vo NV, by the
definition of Vi and Va, ¢z and v 5 5 have a common zero A # 0.
Since A is a zero of ¢ 4, A is also an eigenvalue of A, which is an
uncontrollable eigenvalue. |

Proof of Lemma 2: Define V =V; U Vs, where V; and V5, are
defined as in (11) and (17), respectively. We can prove V; is proper by
a similar reasoning as the one in Lemma 5. By Lemma 6, V5 is proper.
Hence, V = Vi U V5 is proper. If [ps,ps] € V©, A has k nonzero
simple controllable modes. ]

C. Proof of Theorem 1

We first introduce Lemma 7, which lays the foundation for the proof
of Theorem 1.

Lemma 7: Consider a structural pair (A, B), and a target set 7. Let
Xy C X be the set of target vertices in D(A, B). Let Cr be defined
as in (2). Then, for any numerical realization (A B) , we have that
rank(CrQ(A, B)) < [N ()], o

Proofof Lemma 7: Suppose we have a numerical realization (A, B).
By Cayley—Hamilton theorem

rank(C7[B, A - Q(A, B)]) = rank(Cr[B, AB, ..., A" B])

= rank([C7 - Q(A, B), Cr - A"B))
= rank(C - Q(A, B)). (18)

InD(A, B),letmy, m; be the number of input, state vertices in A/(Xr),
respectively. Then, (18) yields

rank(Cr - Q(A, B)) = rank(CT[B A-Q(A, B)])

< rank(C7 B) + rank(CTA Q(A, B))
< my + min(rank(CrA), rank(Q(A, B)))
< my +mg = [N (&7)].

|

Proof of Theorem 1: We first show the necessity of the two condi-
tions. Let C'r be defined as in (2). On one hand, suppose there exists a
vertex v; € X7 thatis notinput-reachable, then the ¢th row of controlla-
bility matrix will be zero row, which implies that rank(Q(A B,Cy)) <
||, for any numerical realization of the pair (4, B). On the other hand,
recall that by Proposition 1, the condition 2) is satisfied if and only if
IV(S)| > |S], for VS C Xr. Suppose that there exists a set S C X,
such that [N'(S)| < |S|, then by a similar reasoning used in Lemma 7,
rank(Q(A, B, Cr)) < |T], for any numerical realization of the pair
(A, B). Hence, the violation of Condition 1) or Condition 2) implies
that generically Q(A, B, C) has rank lower than T, ie. (A, B) is
not structurally target controllable with respect to 7. The necessity is
proved.

What remains to be shown is their sufficiency. It suffices to show
that Conditions 1) and 2) result in that generically the left null space of
Q(A7 B, C'7) is trivial. Suppose there exists an input-unreachable state
vertex z; € X'\ X7. Since all the vertices in X7 are input-reachable, for
Vx; € X, there is no path from z; to x;, and there is also no path from
x; to x; due to the symmetry in D(A). This implies in model (1) that
the ith state has no impact on the dynamics of 7 corresponding states.
Omitting the ith state from the system will not change the dynamics
of T corresponding states. Hence, we could assume that (A, B) is

irreducible. By Lemma 2, there exists a proper variety V C R"at"5,
such that if [p ;,ps] € V¢, then all the nonzero modes of A are
controllable. In the rest of the proof, we assume [p 4, p5] € V©. Denote
by e1, ..., e the left eigenvectors corresponding to zero modes of A,
and e; 41, ..., e, the left eigenvectors for nonzero modes. Denote the
left null space of a matrix M as N (M T).

From Lemma 2, we have that if [pj,ps|€ Ve then
N((Q(A,B))7) C span{e],...,e/ }. For the target set 7, define
the matrix C7 according to (2). By the assumption [N (S)| >
VS C Xy, and Lemma 1, we have that g-rank(Cy[A, B]) = |T],
which implies that there exists a proper variety W C Rmat"s,

such that if [p 5, pg] € VN W¢, then rank(Cr[A, B]) = |T], i.e.,
N((Cr[A,B])") = 0. Define I € R™*™ as

N 1, ifj=d,ieT

s {0, otherwise. (1)

We claim that there does not exist a nontrivial vector e € C™ such that
Ie=¢e, e’ A=0e" and e' B = 0. Otherwise, ¢ [A, B} = 0, which
contradicts N ((C7[A, B])T) =

Hence, if [pz,pg] € V¢ NWE, then there is no nontrivial vec-
tor v € C!7l, such that v"Cr € span{e],..., e/ }. Thus, generically,
N((CrQ(A, B))T) = 0.The (A, B) is structurally target controllable
with respect to 7. |

D. Proof of Theorem 2

Proof: (<=)Suppose there exists a target set 7 = {t;}*_, C [n]
such that there is no right-unmatched vertex in B(X7, Y, Ex; y), and
(A B) is structurally target controllable with respect to 7. We construct
C € {0,1}**" such that [Cl;;, =1 and > i=1[Cliy = 1,Vi € [K].
Since (A, B) is structurally target controllable with respect to 7, there
exist numerical realizations A, B such that C' - Q(A, B) is full row
rank. Thus, (A, B, C) is structurally output controllable. |

(=)We approach the proof by contraposition. Suppose for all
target sets 7 C [n] with respect to which (A, B) is structurally tar-
get controllable, there exists at least one right-unmatched vertex in
B(Xr,¥,Ex; y). Then, by taking a similar reasoning used in the proof
of Lemma 7, we can show that rank(C - Q(A, B)) < k,VC € RF*™,
which implies (A, B, C) is not structurally output controllable.

E. Proof of Theorem 3

Proof: The NP-hardness can be proved by reducing a general in-
stance of 3-D matching problem [31, p.46] to an instance of the struc-
tural output controllability problem. More specifically, the elements in
the three dimensions S; x So x S3 of the three-dimensional matching
problem are recast as vertices in i x X x ), where U, X', and ) are
input, state, and output vertices, respectively. The links in S; X Sa
and in Sy X S are recast as edges in & v, and Ey,y, respectively.
We let [A];; = 0, for Vi, j € [|X]]; [Bli; = % if (uj,z;) € &x and
[B)i; = 0 otherwise; [C];; = * if (z;,y;) € Ex,y and [C];; = 0 oth-
erwise. By Theorem 2, the constructed structural system (A, B, C)
is structurally output controllable if there exists a three-dimensional
matching in §; X Sy X Sz. Since such a reduction can be completed
in polynomial time, the problem of verifying conditions in Theorem 2
is NP-hard.
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