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SUMMET 

The r a t e of energy t r a n s f e r between p a r a l l e l f l a t p l a t e s i s e v a l u a t e d 
•when -the ( s t a g n a n t ) gas between them i s polyatomic vd-th one i n e r t i n t e r n a l 
mode. Dev ia t ions of the thermal c o n d u c t i v i t y from •the complete e q u i l i b r i u m 
(Eucken) va lue a r e expressed i n terms of the i n e r t mode r e l a x a t i o n t ime 
and the e f f e c t i v e n e s s of -the -walls i n e x c i t i n g o r d e - e x c i t i n g t h i s mode. 
The r e s i a l t s a re ob ta ined v i a a l i n e a r theory conais- tent v/ith smal l 
tempera ture d i f f e r e n c e s between the p la - tes , 

I t i s found -that "the Eiocken-value of conduotivi"ty could be exceeded 
i f the r e l a x a t i o n t imes a r c non-zero and the pla-fces ve ry e f f e c t i v e i n 
e x c i t i n g the i n e r t mode. When r e l a x a t i o n times a re ve ry s h o r t the e f f e c t 
of t h e w a l l s on the energy t r a n s f e r r a t e i s sma l l , b u t tlie -walls make 
t h e i r presence f e l t by d i s t o r t i n g the tempera-ture p r o f i l e s i n "boundary 
l a y e r s " ad jacen t t o t h e -vyalls v;hich a r e of order "/Dr i n t h i cknes s 
( D = d i f f u s i o n c o e f f i c i e n t , r = r e l a x a t i o n t i m e ) . This res-ul t i s 
analogous t o H i r s c h f e l d e r ' s (1956) f o r -the case of chemical r e a c t i o n s , 

For exper imenta l measurement of oonduoti 'vi 'ty i n a h o t v/ire c e l l -type 
of appara^tus i t i s shovm t h a t e x t r a p o l a t i o n of measured r e c i p r o c a l 
c o n d u c t i v i t i e s t o ze ro r e c i p r o c a l pressijore should load t o the f u l l Evicken 
v a l u e . I t i s a l s o shown t h a t t he s lope of r e c i p r o c a l apparent (measured) 
conducti-vi iy -versus r e c i p r o c a l pressxire curves i s a func t ion of r e l a x a t i o n 
t ime a s -well as of t h e accommodation c o e f f i c i e n t s . I t i s q u i t e p o s s i b l e 
t h a t "the r e l a x a t i o n e f f e c t he re i s comparable -wi-fch the tempera ture junp 
e f f e c t s , even f o r r o t a t i o n i n d ia tomic molecu les . 
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NOTATION 

o ^ Specific heat of actî ve internal modes 

ô "̂ ' Specific heat of inert internal mode 

O,^ Specific heat of -translational mode 

D Diffusion coefficient 

fint) Mean i n t e r n a l energy p e r molecule 

Q^in } I n t e r n a l energy of a molecule i n j - . -th quan'fcum s t a t e 
D 

( a ) 
e^ ' Mean i n - t e m a l energy p e r molecule i n ao-ti-ve modes 

( i ) 
e^ ' Mean i n t e z n a l energy p e r molecule i n i n e r t modes 

h . En tha lpy p e r molecule i n j - .'th. s-fca-fce 

k Boltzmann' s Cons-fcant 

Le^'^' LevrfLs n-umbor based on c^ ^ (Eq. 11) 

Lo^ ' Le-wis number based on c ' (Eq, 22) 

•& Mean f r e e pa-fch 

m Mass of a molecule 

n N-uraber of molecules p e r -unit vol-ume 

n . Number of molecules i n j - t h s t a t e p e r u n i t volume 

N Nijmber of c o l l i s i o n s t o exci-be i n e r t modes 

p P r e s s u r e 

4 Energy fl-ux 

( i ) 
r I n e r t mode accommodation c o e f f i c i e n t 
r T r a n s l a t i o n a l -fcempera-ture accommodation c o e f f i c i e n t 



Traa i s l a t iona l -tempera-tuDre 

I n e r t mode -beiipera-bure 

T r a n s l a t i o n a l tempora-fcure jump 

Dif fus ion v e l o c i t y of molecules i n j - .-th sta-fce 

Co-ordina-fce p e r p e n d i c u l a r t o pla-fces 

Defined i n Eq, 29) 

Pla-fce s e p a r a t i o n d i s t a n c e 

"Monatoiaic" thermal conducti-vity 

X co:rrec-ted t o account f o r acti-ve modes 

Re laxa t ion time f o r i n e r t mode 

Mean molecular -veloci-fcy 

Value a t y = 0 

Value a t y = 6 

Mean va lue i n gas l a y e r 

O-fcher symbols a re def ined i n the -fcext, 
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1• Introduction 

Heat oondxxjtion tiirougih polyatomic gases i s oanplica-fced by the 
interchanges of energy -which take place be-fcween tlie in-fcernal and t r a n s ­
l a t i o n a l modes of motion of -the gas molecules. So f a r , -the c ross -
sections for these i n e l a s t i c co l l i s ions ha-ve not been estima-ted for r e a l ­
i s t i c molecular models (Hirschfelder, Curt iss aiid Bird, 1954)» so tha t 
al-though the formal k ine t i c -theory for polyatomio molecules exis ts 
(Wang Chang and Uhlenbeck, 1951) no p r a c t i c a l use can yet be made of i t . 

In -the event -that exc i ta t ion of the i n t e rna l modes i s -very easy, 
in^jlying a -very short time lag for adjustment of the mode to a full 
equilibrium sta-fce, i t i s reasonable to assume, a t l ea s t in a f i r s t 
approximation, -that equilibrium prevai ls throughout. This i s the basis 
of -the Eucken correction to -thermal conducti-vi-ty -fco account for the 
pa r t i c ipa t ion of "the in-tcmal modes (see Hirschfelder a t a l , l oc . c i t . ) , 
Howe-ver, not a l l in-fccmal modes of motion ha-ve relaxat ion -fcimes short 
enough to be trea-fced in -fchis -̂ Tay and i t i s of i n t e re s t -fco enquire how-
so-cal led " iner t" in te rna l modes vd.ll affect ra-fces of heat conduction. 

We consider the simple problem of -the evaluation of heat t ransfer 
ra-te between -two horizon-fcal, p a r a l l e l f l a t p l a t e s , the iipper being 
the hot-fcer of the -two, -when -üie intervening space be-fcvToen them i s f i l l e d 
Td.th a piore gas -whose molecules ha-ve one i ne r t in-fcemal mode. For example 
the gas may be nitrogen a t a temperatixre such "that both rota t ions and 
v ibra t ions of -the molecules are exci-ted but no dissociat ion or e lect ronio 
exci ta t ion i s present . In tha t case -we -would assuKB -that -the ro ta t ions 
-were in equilibrium v/i-fch -the t r ans l a t i ona l modes and count -vibration as 
•fche i n e r t mode, (Rotations in ni trogen axe exoi-fced. in a few co l l i s ions 
•whilst vibrat ions may require se-veral -fchoiosand c o l l i s i o n s ) . For such a 
s e t up one may reasonably neglect changes of hydrostat ic pressure across 
•fche gas layer and, v/ith the hot pla-fce uppermost, na-fcural convection i s 
absent. (The sys-fcem i s en t i r e ly the same as "the one -used by Hirschfelder 
(1956) to s-fcudy heat conduction in chemically react ing gas mixtures) . 

http://vd.ll
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2» The Eq-uations 

Once a s-fceady s ta te has been establ ished, "tlie energy equation 
y ie lds the sini^jle solution 

- q = constant = - 5 . , ( O 

-is±Lere q i s the energy fl-ux vector (wi-fch but one oonponent, in the 
y-d i roc t ion , in the present instance) and - fi i s the energy t ransfer 

ra-fce in to the lower vrall. In a pure gas a l l molec-ules are of the same 
mass, m, and consequently there i s no "thermal diffusion present . Hovre-ver, 
each molecule Vidll not be in the same in te rna l quan-fcum sta-te and we can 
use -the se t of quan-fcun numbers v/hich define an in-temal s t a t e to 
dis t inguish one molecule from another. That i s , \TC may regard "the mixtin^ 
as made up of a number of d i f ferent "chemical species" . In tha t e-vent 
k ine t i c theory rela-fces the energy flux vector to -fcliG temperature gradients 
and the ajjpropriate diff-usion \'e loc i t i e s as follovTs , 

- 4 = '̂  ^ - 2 h . n . u . (2) 

In Sq.2 T re fe rs to the tempera-fcure of the t r ans l a t i ona l modes and ^ 
i s a coeff icient of thermal conducti-vi"ty evalua-fced on the assumption 
t ha t the molecules behave as monatomic pa r t i c l e s ( i . e . t he i r i n t e rna l 
degrees of freedom play no pa r t in i t s evaluat ion) , The summation term 
3?epresonts the energy flux a r i s ing from in-terdiffusion of the different 
"species" , h . i s the a-verage enthalpy per moleciole i n the j - t h quan-fcum 

sta-fce, n . the relevant number densitj'- and u . -fche diffusion -velocity of 

t h i s pa r t i cu la r "species" . 

h . can be v«ritten as 

h. = f i ? -. ê .̂ )̂ (3) 

vdiere e\ ^ represents -fche energy of the in-fcemal modes in quaji-fcura 
(J 

sta-fce j , per molecule, (k i s Boltzmann's Constant), I t follov:s t ha t 

(0 

Bince a l l p a r t i c l e s ha-ve the saine mass m, and 2 m n . u . = 0 by def ini t ion 

of -fche diffusion v e l o c i t i e s , 

2 h . n . u , = 
^ 3 D S 

V ( i n t ) 
S e\ ' n . u . 3 3D 
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The force f i e l d surrotmding a molecule i s , s-tarictly, dependent on 
i t s intexTial qusn̂ fcum sta-fce, so -that a differen-fc diffusion coefficient VTiU 
a r i se for each of -fclie different "species" in the mixture. Howe-ver, the 
differences are usually very small and in the present trea-fcment v;e \7i l l 
assuiiE tha t diffusion of a l l molecules i s adequately'- described i n -fcerms 
of the appropriate "monatomic" self-diffusion coefficient D, since vre 
are dealing wi-fch a pure gas here . Following Hirsclifelder e-fc a l (1954) Vi/e 
can -fchen wri-fce 

TN ^ ( n j / n ) / c \ 

(' +̂  

n being -the fcotal n-umber of molecules per -unit -volume. Since "the e\ ' 

qixantitles are constants i t follows from eqs. 4 sĵ d 5 tha t 

- q = a^ + n D ~ , (6) 

T^ere 
J i n t ) ^ -1 2 n . e ( . ^ * ) (7) 

is the mean internal energy per molecule. This quantity is now separa-fced 
into parts vrhich arise from the active and inert degrees of freedom , 

^(int) ^ ^(a) ^ ^(i) (Q) 

freedom although in. thinlcing of, soy, diatomic.molecules, only 
mode vvill a r i s e , e^^-' can be vnritten as 2 e\ '^^(nyn) and i t 

respect ive ly . For siinplici-ty the number of i ne r t modes i s restric-fced 
t o one: no such r e s t r i c t i o n need be placed on -fche act ive degrees of 

one such 
v/ i l l be 

3 
assumed tha t the d i s t r ibu t ion numbers n . correspond to a Boltzmann arrange-

3 
ment of energies among the allovrod le-vels which i s specified by the 
t r ans l a t i ona l -temperature Ï . Consequently v/e can \7ri-fco 

de^^^ _ de^^^ dT (a) dT /o\ 
dy " d l • ay "̂  ° dy • ^^' 

c ^ (v/hich eq-uals 2 e\ ' d(nyn)/dT) i s the specif ic heat of the 
3 ^ ^ 

acti-ve modes, and i t follcrvirs a t once tha t eq. 6 can be re-expressed 
as fol lows, 

- 4 = X ( l * L e ( - ) ) § • ^ n D l ^ " ' ' (10) 

file:///7ill
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Le(^) ^ B^R° (11) 
A 

i s a Lev/is nimiber based on the a c t i v e mode's i n t e r n a l s p e c i f i c h e a t , 
Then 

i s the Euclcen-oorrec-fced value of c o n d u c t i v i t y t o account f o r the 
instantaneo-us e x c i t a t i o n of the a c t i v e i n t e r n a l degrees of freedom, 

Each " spec i e s " i n the gas has i t s own continui- ty equa t ion iThich, 
i n "the p r e s e n t simple c a s e , has -fche form 

•I - ( n . u . ) = CO. . (13) 
dy ^ 3 3 3 

CO. i s t he voliome r a t e of p roduc t ion of molecules i n the j - t h sta-fce as a 
3 

res-ol t of p u r e l y gas i^hasc encoiai-fcers be-fcv-i/een molecu les . With e q s . 5 and 
7 i t f o l l o w s , on m u l t i p l i c a t i o n of eq , 13 by ev'-̂ ^" )̂ and suramxitian o-ver 

3 
a l l quan"tum s t a t e s j , ü i a t 

d / _ de^ ' \ V (iï^fc) ,, C H M 
dy ^ ay ^ . 0 3 

The -ter-'i on the r i g h t hand s ide of eq . 14 repi^ssents the ne t r a t e 
a t which energy en-tcrs the i n t e r n a l s ta- tes pe r u n i t volume, and i t v r i l l 
be a func t ion of the popu la t i on of a l l -the sta-tes j , t h e t r a n s i t i o n 
p r o b a b i l i t i e s bet^-ijcen them ajid the r a t e a t which molecules c o l l i d e . 
I n w r i t i n g eq . 9 vre ha-ve a l r eady d e a l t vrLih t he acti-ve modes, a l b e i t 
axTproximately, so t h a t e q . 14 must be reduced t o an e q u a t i o n in-vol-ving 
only exc i - ta t ion of -the remain ing , i n e r t mode. Hi-us vre wri-te 

„ 4 „ ( n D i | £ ) = R ( i ) (15) 
dy ^ dy ' 

Viiiiero R^ ' r e p r e s e n t s the r a t e of px'oduction of energy i n tlio i n e r t mode 
p e r u n i t volume. I t should be no-fced t h a t the trea-fci-.Tont of i n t e r n a l energy 
from -fclie assiAinption of eq, 8 onvrards impl ies no c r o s s - c o u p l i n g be-fcvroen 
-fche acti-ve and i n e r t i n t e r n a l mot ions . I n g e n e r a l , i f such coup l ing 
d id e x i s t , a p a r t of the energy i n the a c t i v e mode would be a func t ion of 
the popu la t ion of the i n e r t sta-fces. In so fa r as vro a r e assur.iLng t h a t 
•fciie i n e r t modes a re no t i n s t a n t a n e o u s l y e x c i t e d , then a t l e a s t a p a r t 

of e ' could no t be r e p r e s e n t e d as be ing i n e c u i l i b r i u m vd-th the t r a n s ­
l a t i o n a l ternperature T. This requi rement of no c ross , cotipling i s n o t 
necessa ry f o r eq . 15 as i t s-fcands, hov/e-ver, s ince R^^) could vre 11 
i n c l u d e such e f f e c t s , 
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The trea-fcment of R̂  ' ' i n -fcenns of tlrie appropria-fco t r a n s i t i o n 
p r o b a b i l i t i e s , e t c . would i n gene ra l be -veiy catrg_5lica-ted, s ince t r a n s i t i o n s 
be-fcv/een any permit-fced l e v e l s f o r the mode a re p o s s i b l e , I n s t e a d VTB s h a l l 
assume t h a t 

R ( i ) = . | ( e ( i ) - e^^) ) . (16) 

That i s t o s a y , vre assume t h a t e x c i t a t i o n of t h e i n e r t mode i s d i r e c t l y 
p r o p o r t i o n a l t o the diffei 'ence be-fcween the ac-fcual moan energy p e r moleculje 

e ' and the mean energy v/hich a molecule woiold possess i f the i n e r t 
mode were i n e q u i l i b r i u m v/i-fch -the ac-tual l o c a l -fcransla-tional -tenroera-kijjre, 

namely e^ ' , This l a t - t e r i s t h e r e f o r e a func t ion of T on ly , r i s a eq 
s-uitable r e l a x a t i o n t ime , de-tormined by -the t r a n s i t i o n probabi l i - ty 
v a l u e s , e-tc. and t h e minus s i gn i s necessa ry s i n c e , i f o^^^ > e^^4 

eq 
t h e n a t u r a l p r o c e s s i s one of d e - e x c i t a t i o n , T i s e s s e n t i a l l y p o s i t i v e . 
That r e s u l t s of the form 16 a re v a l i d approximations f o r smal l depar-fcures 
ftom e q u i l i b r i x m has been demonstra-fced by Herzfe ld (1955) f o r the ca.se 
of b u t -fcwo quan-fcum sta-fces i n the i n e r t mode and a l s o i n -the Landau and 
T e l l e r case of the harmonic o s c i l l a t o r . I n -fcho l a t - t e r o-vent the mode i s 
a raulti-sta-te one b u t t r a n s i t i o n s only occur be-fcween immediately ad jacent 
le -vels . The va l id i - ty of eq . 16 as an approximation i n more gene ra l k inds 
of m u l t i - s t a t e systems has r e c e n t l y been demonstrated by Shu le r (1959) . 

Using the r e s u l t s 1 , 10 , 1 2 , 15 and 16 the equa t ions governing 
energy - transfer r a t e be-tween "the -fcvro p l a t e s can iiavr be v/rit-fcen as 

, ( a ) dT T̂  ae^ • f^-7\ 

§(nDf^ '^ = ^ (e(̂ ) - e(/)) . (18) 

http://ca.se
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3 . The .LJjieerdj^ed Problem 

(a) Eqs. 17 and 18 are non- l inear : bo-fcli X̂  ' and n D are functions of T 
/ . \ 

and r i s a fmiction of n and Ï , In general e^ -̂  i s a complicated f-unction 

of T, too. For example the simple hanaonic o sc i l l a to r has 

ê """' = k e (0x^5(0 / T ) - 1)"" , where 6 i s the (cons-fcant) charac te r i s t i c 
v ibra t ion temperature, Howe-ver, i f -fctie difference in -fcor/iperapture between 
vtoper and lower p la tes i s small T,7e may reasonably take mean values for 

X̂  -̂ , n D, n and r -wiiicn are evalua-fced a t , say, the ari-thfnetic mean of T̂  

and T . Yfe note t h a t , since p = n k T and pressure v/ i l l be cons-fcant, 

n -varies in-versely as T. 

( i ) 
I'fe sha l l also assume tha t a temperature 11 ' can be defined v/hich 

-\7ill s-pecify -fclie eixirgy content of the iner t mO'lo. Then i f c^ ' i s the 
specif ic heat of t h i s particulcjr degree of freedom T«3 can vnid-fce 

Ji) _ f (±) ,Ji) 
c dT*̂ ^̂  . (19) 

( i ) (i^ 
e ' vri.ll bc given by a s imilar in t eg ra l in which T '' i s replaced by T. 

( i J In tlie l i nea r problem v/e may expect to find Ï ' "but l i t t l e different 
from T and. accordingly, i t v.dll bo suff ic ient ly accurate to use a iviean 
value cf c ^ v;hich i s consis tent m t h tlie general -fcerrperatiire l eve l 
of the system, 

Under the conditions s t a t ed , eqs . 17 and 18 are xio'.r va-itten in 
approxiiaate form, s-uffix o denoting cons-fcant mean -value, 

/ 
t ) ( f .Le(^) f^^^; = -4 , . , (20) 

( i ) 
X(̂ ) Le^i) ÉT"-^ = ! k ! ° . (T(i) „ j) . (21) 

o , 2 T ^ ' ^ ' 

dy o 

Le^ ' i s a Levvds number based on the chosen .nean specif ic heat c ' 

and K ' , naj-nely o * ^ 

T ( i ) 0 0 ( i ) / _ „ \ 
^(a) o • ^ ' 
o 

file://-/7ill
http://vri.ll
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(a) 
I t should be observed that if ô  ' is a constant, as i t may vrell be i f "the 
acti-ve in-fcemal mode is a rotational one, then to a good degree of 

/ (a'' 
aoc-uraoy the group n D/7\>̂ ^ is a constant wl-thout fur-fclier assumptions. 

Elimination of T̂  ' between eqs. 20 and 21 gi-ves an equation in T 
only, namely 

dfT 2 dl 
- a' IT: = î  (23) 

* 

WtxOTQ f . s ^ (±) 

a' = 
/ T (i) .X n c^^^ ^ ( i) , 
/ Lê  -̂  + 1 \ o o Lê  ' + 1 

o ' 

(24) 
o o 

7 ^ ^ Le^) • ^c ^{A . LeTïT) 

( i ) 

^ = Tr^'""7i '> • — r̂—- = r ^ r - — ^ T T T . (25) 
0 

I t follows on elimination of T botvireen eqs. 20 and 21, that T 
satisfies an eq-uation identical v/-i-tli eq. 23, 

Eq. 23 ha.s the solution 

T = Ae"y +B e-'^y + 0 - /Sy/a'^ (26) 

and the constants A and B can be elimina-fced at once by noting that 

r = T' when y = 0 and 1 = 0̂ ' when y = 6 . (TO ond T' are not the 

-wall -fcempera-fcures, but -fche £QS tenipera-fcuî s imtiiBdia-fcely adjacent to 
the ^valls). Then 

T = (^' - 0 . m / . - , ^ ^ ^ . ( T ; - 0 ^'^J^^^ . C -^y / . ^ 

(27) 

* Eq, 23 is a particularly simple form of singular peirfcurbation 
©quaticn as r ^ 0 . The beha-viour of the solution for -very small r 

values is discussed in Section 4 (iü) below. 
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Remembering tha.t 4,. (and hence/?) i s s t i l l on -ui-ücnovioi quant i ty , 

two more conditions axe necessary to evaluate /? and C. These ext ra 
conditions are r e l a t ed to the d i rec t flux of i n e r t mode energy in to -the 
v-valls vdiich v/ould r e s u l t from de-exci tat ion of a pcjL^ticlo in the course 
of a co l l i s ion vri.tli the pla-tes. The process may be described as follows. 
The vralls are being contin-ually bombarded by gas molecules as a r e s u l t 
of t he i r tliermal motions and, of these , a certa.in f rac t ion niay be adsorbed 
by the vrall and reiTiain -fcheî e for a suff icient tii-.io for a l l of t h e i r 
degrees of freedom to cor̂ ïs in to oomjolete eqioilibi-ium v.-i-fcii -the v;all 
-fcei'iiperat-ure. Even-fcually these pr i r t ic les va.ll be re-emitted from the 
wa l l , ha-ving given up -fciieir excess i ne r t mode oners'-. 

Of course th i s -type of process does not only apply to -the i ne r t 
energy mode; i f energy i s to be t ransferred to a s-urface from a gas in 
contact with i t then the incident molecules must be de-excited to some 
lor/er energy s-fca-fco before they leave the surface again, and th i s v d l l 
apply to a l l the energy modes v^iiich the moleculea possess . HovTO-ver, v/e 
intend to separa-fce -fclie t r ans la t iona l and acti-ve modes from -the iner-fc 
mode in wiiat follows, 

Let us suppose t h a t , of the number of molecules incident on the 

surface, a f ract ion r\ . have t he i r i n e r t mode energy comple-tely 

accommoda-ted to a f u l l equilibrium sta-te a t the surface -fcemperafcure T , 

In -this s t a t e the i:iean energj'' per molecule i s deno-fced by o . The mean 

energy of tlie incident molecules w i l l be deno-fced by o^ ' , Then i f s 
w 

i s tlie r a t e a t v^ich molecules stirlke un i t area of ihe v/all , the v/all 
gains energy a t e- ra.te m er ^ and loses i t a t a ra-fce r ' s e^ ' / . \^ / . y -w w v/ w 
+ ( l - r ) s e^"^ , The ne t t ra te of gain of i n e r t mode energy i s 

•therefore 

W W w ' 

Of the layer of gas FiOlccules immediately adjacent to the Vv-all, on 
-fche average, one ha.lf ha-ve jus t arri-ved from some distance (of the order 
of a mean free ]oo.th) above the v/all, whi ls t the remaining half have jus t 
been re-eiriitted by the surface. Then e\^) , the a-vorage i n e r t mode "̂  av,w ' ^ 
energy in the layer adjacent to the wa l l , mu.st be gi-ven by 

av,w "^ w \r '^ ^ w ^ ^ w ' ' 

2 v/ w • 

http://va.ll
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('Y 
I t follows tha t e^ ' i n the expression above can be replaced i n -fcerms 
of 8 ' and e^ , whence the n e t t gain of energy per -unit area of wall 
per u n i t tiine a r i s ing from de-exci tat ion of -fche i n e r t mode can be 
•written as 

o ( i ) 
^ ""w , ( i ) ( i ) X 
7 : ^ ( i ) • % ^<v,w - ŵ ) • 

w 

The quanti-ty r^ ' can be ca l led the i n e r t mode accommodation 

coefficient a t the -wall y = 0. 

Now -fche flux of i n e r t mode energy in to -fclie surface can be expressed 
in -fcerms of the diffusion ve loc i t i e s a l so . I t i s c lear tha t th i s 
expression for the lower wal l , y = 0, i s 

3 

•vöiere e . ' i s -the i ne r t mode energy in a molecxile in the j - t h in t e rna l 
3 

quant-um s t a t e . The minus s i g i i s necessary because, vri.-th pos i t ive u . 
( i^ va lues , e^ ' i s diffusing away from the wal l . Equating t h i s expression 
3 (i> 

to the one invol-ving r '' gi-ves the boundary condition at y = 0, namely 

n D (^^''^) = —S...^ 3 (e^^) « J^^h . (28) 
w w V ay /y^ 2 - r̂  ̂^ ^ "̂̂ '̂  ^ 

Nov/ i f the mean free pa-fcli, -6, and -the mean molecular speed, 0 , 
are defined by 

. JL 

e = ( V2 n TT o^ )**̂  : Q = (8 k T/m7r)^ , (29) 

the r a t e of bombardment s i s gi-ven by 

s = 4:n n (30) 

w -* w w ' 
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and -the exac t k i n e t i c -fclieory f o r r i g i d sphere molecules gi-ves 

D = ^ e Q , (31) 
w 16 w w ' 

( s ee H i r sc l i f e lde r , C u r t i s s and B i r d , 1954): cr i s t he molecular 

diame-ter . I t fo l lows from e q s . 28 , 30 and 31 "that 

f'\ ( i ) 

§é^\ _JV , - l ^ , (i) ^3(1)) (32) 
^y=0 2 - r ' ' -^" w 

Since the energy j-ump e^ ' - e^ ' -ivill be sma l l , c e r t a i n l y i n 

the l i n e a r i s e d problem, eq . 32 can be w r i t t e n as 

/ d T ( ^ ) ^ 
\ dy /. „ w ^ w w ' ' ^ 

y=0 

•ydiere T i s the a c t u a l tempera ture of the w a l l , and v/e have v/rit-fcen 

r' = ——77^--- . — — (34) 
^ 2 - r ^ ' - ^ 3 ^ ^ 

v/ v/ 

Clearly a similar i-esult must hold at the iipper v/all and we must 
ha-ve 

d.^^] - _ r . rrp(i) 
d^T y ^ = - ̂ 6 ^^5 ' - ̂ 6 ) • (̂ 5) 

(The min-us s i gn a r i s e s because the energy d i f f u s i o n r a t e i n t o the upper 

w a l l i s + 2 e \ •' n . u . , e t c . ) . 
^ 3 3 3 

* The molecu la r diame-ter cr impl i ed i n the va lue of D. i n eq , 3i can be 

taken as the exac t k i n e t i c -theory val-ue a t -tlie -tempera-ture T . cr 
w 

i s i n t roduced here simply f o r convenience; an;y- numerical va lues fo r 
t rans i^or t c o e f f i c i e n t s e t c , w i l l be taken t o be -those a p p r o p r i a t e t o 
a Lennard-Jones 6-12 po-fcential f o r the in termoleciolar f o r c e s , n i n 
equa t ion 29 i s unambiguoiosly def ined and, i f nece s sa ry , •& can be 
e v a l u a t e d v i a e q s . 29 and 30 "using the p roper va lue f o r D. 
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Eqs. 20 and 21 shov/ tha t 

„X(^) ^ = ^ - ^ (T^i^ - T ) , (36) 
dy o 

v/hence, remembering tha t T here refers to the _g^ t r ans la t iona l 
temperature, eqs. 33 and 35 oan be expressed in -fcerms of conditions 
on T. The values of T a t y = 0 and y = 5 ha-ve been wr i t ten (see eq. 27) 

as T' and T̂^ respecti-vely. They d i f fer from the aot-ual wall temperature 

by an amount equal to -fche ai)propria-te tempera-fcure jviraps, say AT^^ and 

A Tc , as follows 
T/ 

T = T' - AT , (37a) 
w w w * v-" / 

Tg = T̂  + ATg . (37b) 

Then elimination of T̂  / be-fcween eq.s 33» 35 and J)6 leads to the boiaidaiy 
conditions 

where ic = 1^^^ / n c^^^ , o ' o o 

Y/e w i l l define an accommodation coeff ic ient , r , for the t r ans la t iona l 
If 

and active degrees of freedom in such a v/ay -fchat 

e - e ' 
r„ = - i — , . (40) 

e - e 
v/ 

vfciQre e i s -fche s-um of the mean t r ans la t iona l energy (3 k T/2) and mean 
act ive in t e rna l mode energy (e^ ' ) . The suff ixes, e-fco, ha-ve the following 
meanings, e i s the mean energy of -fclie molecules emitted by the wal l s , 

* See the comments on Page 22, 
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e i s the energy e a t -fclie v/all temperature value T. and e' i s the 
w "v/ 

energy of the molecules i n c i d e n t on the v /a l l . Then e = r e +(l - T)&' , 

and, s i nce one h a l f of the molecules i n the l a y e r ad jacen t t o the w a l l 
ha-ve j u s t been r e - e m i t t e d by the w a l l and the o-fclier h a l f have j u s t arri-ved 
from some d i s t ance above -fciie v/al l coniparable vïitli a mean faree pa-th •&, 
-fche average value of e i n -fchis l a y e r , e , mtist be gi-ven by 

( 1 / 2 ) e ' + ( l / 2 ) e . Since we can w r i t e e' - e ^^fS^^ds/dy) i t follov/s 

t h a t t h e energy j-unip, e - e , i s gi-ven by 

; ( ö ) (^\ 

V=o av w r w \ d y / ' 

We can v.-rite 

e = I ( c ^ + c^^)) dT 

o 

-where c , i s the t r a n s l a t i o n a l s p e c i f i c h e a t , 3^2. 

( a ) 
I n the event t h a t c^ ' i s a c o n s t a n t , or does no t vaxy app rec iab ly 

o-ver the range T' t o T , i t follo\7s t h a t eq . 4'! i s the saiiE as 
w w 

AT = ^ " ^w . e^®^ / d T \ / ,_x 
^ - 7 — v/ l ^ ) . (42) 

( e ) 
To f i n d •£ ' v/e no te t h a t t he v/al l g a i n s energj'- a t a ra-fce 
s ( e ' - e ) = s r ( e ' - e ) = 2 s ( e ' - e ) from the t r a n s l a t i o n a l 
w m w v/ vr w av ' 

and a c t i v e modes, ajid t h a t t h i s can be equated t o the app rop r i a t e p a r t 

of - 4p i n e q . 10 , ( f o r example) ; i . e . v/c vnri-fce 

X (1 ., Le^ - ) ) (d) . 2 s (e ' - e ) =: 2 s / ^ \ o ^ + c ( ^ ) ) ( f ) 
w ^ •' \dy '^ _Q ŵ  av ' v/ v/ ^ -vt V a y ^ C 

, • « 0 . V *+.?) 

But i n terms of the r i g i d sphere va lues defined abo-vo 

\ = ^ , n -6 Q c , , (43a) 
w 64 v/ w w -vt ^ ' 
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I n f a c t , the c r o s s s e c t i o n wcr̂  impl ied here i s s l i g h t l y d i f f e r e n t 

from -the val-ue used i n de f in ing D above, and vre should decrease "K 

by a f a c t o r 1,1 approximate ly , f o r Lennard.J"one3 typo molecules , 
( s e e H i r s c h f e l d e r e t a l , 1954) . With "tlie correo-fced -value f o r X i t 
fo l lows from eq, 43 tha-t 

i-) 2̂  (iii^ti!^, 
w - 35.2 \ o . ^ „ (^ ) / w • 

, (44) 
•vt + c^ 

(This shov/s t h a t ^^^' i s 2.23 ^ when c ( ^ ' = 0 , deoi-easing to 1,81 ^ / \ w w w 

Tidien o — k , -fche va lue f o r a d ia tomic molecule -̂ id-fch f u l l y exoi-fced 

ro-fcation). 

An a l t e r n a t i v e form of the r a t i o •& ' / •& can be found -via e q s . 11 , 

30 , 31 and 43 and gi-ves 

(44a) 

-VKhere 

. l^^ ( a ) 1 + Le^^) 
8 w _ " 

3 7r * 6 
T/ 

The tempera.-fcure jump can no\7 be v/rifc-fcen as 

AT = a ^ ( | £ ) (45) 
w W W \ d y / ^ ^^-"^ 

oc ^ / o ^ -̂  0.528 cS^\ 2 - r n 2^ fT / -vt ^ ^ \ Tj-
% "̂  35.2 V ' ^ T ^ / r 

z ( a ) . T (CI - ) 2 - r 
JTT c^ ' 1 + Le^ ' w 

Le^ ' c , + o^ -̂  w r 
(46) 

A s i m i l a r r e s u l t v / i l l ho ld f o r the temperat-ure juiiip a t t h e upper 
w a l l , ATg , F i n a l l y t h e n , -fche r e q u i r e d boundary cond i t ions can be 

expressed in the form 
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•si^ere 
r = r' a -e 
w w v/ v/ 

^^6 - r' % ^6 (49) 

P u t t i n g i n the a p p r o p r i a t e val-jes f o r -fche deri-vat ives from eq . 27 
enables the cons t an t s /9 and C t o be found, and hence -fclie v a l u e s of energy 
-fcransfer ra-fce and tempera-fcure d i s t r i b u t i o n i n the g a s . The algebara 
invol-ved i s r a t h e r hea-vy, b u t even-fcually i t can be s h a m -that 

- 4^ 6[ 1 + Le^^^ Q(6a) 

T.Ji) 

-1 
J 

. ( a ) ( i ) -= (̂ 6 -W^"^ -^Le^^O, (50) 

T - T' 

T c - T' Oct* Le 
0 -VT 

r±j 
Br. ~ Q / s i n h 6 a 

Co + co th oa— 1/s inh 5a \ s inh ba^ 

B - Q/sinh6a 

C 
w 

^ - ^ s / ^ s^]h£6a_*^jrg}\l , , ya 
+ cothSa - l"/s'li5i B'a I " s ihh 6a J ' ' ' ( i ) 

' \ /-^ 6a + Le^ Q 

(51) 

I t can a l s o be shown t h a t ( T ^ ^ ^ - T ( ^ ^ ) / ( T ( ^ ^ ^ T^h i s g iven 

by an exp re s s ion s i m i l a r t o e q . 51 w i th the denominator 6a+ Le 'Q 

r e p l a c e d by 6 a - Q and -fche f a c t o r Le^"^' m u l t i p l y i n g the cixrly b r a c k e t term 

3?eplaced by - 1 . I t can be shov/n i n a d d i t i o n t h a t 

(T^^) - T^^)) (1 - Q/6a)-^ = (T^ - T ; ) ( l + Lo^%yba ) - ^ (52) 

The q u a n t i t i e s appear ing i n e q s . 50 t o 52 ajre def ined as follo^Ts : -

( B + Bg)(coth5a - l / s i n h 6 a ) + B. Cg + B5C 
Q = w 

(co-fch6a + C ) ( c o t h 6 a + Cg) - l / s i n h ^ 6 a 
(53) 

\ = 

C = 
n 

1 - r 
n c 

' ' • ( •\'~° f n = w or Q , 
1 + Le*^^^ r n 

rJl+Le^^b 
rrr- . ( « a I ) " , n = w or 6, 

1 + Le^^^'r ^ ^ 
n 

,-1 

(54) 

(55) 
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I t should be no-fced from. e q s . 34» 46 and 49 t h a t -the T q u a n t i t i e s oan 
be w r i t t e n as 

( a ) , ^ ( a ) 2 - r r^^^ 
r, c^ ' 1 + Le^ ' n n o r n^\ 

^ le^) c^-^c^^ 2r7^) n̂ 
•vt n 

(Of -fche remaining q u a n t i t i e s i n the above e q u a t i o n s , a i s def ined i n 
e q s . 24» a. i n e q s , 46 and ^ i n e q s . 2 9 ) . 

4 , S p e c i a l Cases 

The r e s u l t s j u s t deri-ved are qui-fce complica-fced, despi-fce fche 
s i m p l i f i c a t i o n s in t roduced by l i n e a r i z a t i o n of the problem, and i t i s 
-therefore worthv*.ile to investiga-fce some s p e c i a l si-fcuations i n sanx3 d e t a i l , 

( i ) c^,^) = 0 , 

When c^ ' = 0 , the i n e r t mode can be assumed -fco ha've no communicable 

o n e r s / . The a d d i t i o n of a c o n s t a n t t o the righ-fc-Iiand s ide of eq . 19 
does n o t a f f e c t the subsequent a n a l y s i s , so -that -fclie energy s t o r e d i n the 
i n e r t mode need no t n e c e s s a r i l y be zero i n these circ-umstances, 

c2̂  ' = 0 imp l i e s t h a t Le ' i s z e r o , vAience i t follov/s d i r e c t l y from 

e q s , 50 t o 3^ t h a t 

Ï - n, = (''6 - ^r '"•^^ '> • (58) 

I n order t o f i n d q i n terms of the a c t u a l -wall -fcenperatures 

Te and T , the tenrpcrat-ure jumps must be evalua-fced, as f o l l o w s , 

^\ = -w *w (f)y^„ = % ( V «)(̂ 5 - ^;) - %/v ^)(^ «)Ao''' 

-wi-fch a similar" r e s u l t f o r AT^, Consequently v/e ha've 

- V 1;' ^ (̂ v v̂ ̂  ̂ 6 h^/^] = ̂ i"̂  (̂ 6 - V • (55) 
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Since -fche a and -6 quant i t ies are essen t ia l ly positi-ve, i t follov/s 

t ha t the temporatiurc jump a t the walls reduces the energy f lux, a v/e 11 
known r e s u l t . The -fcheory presented here i s only va l id for (-^j /S) << 1 

so -fchat, to a f i r s t approxima.tion, -the reduction i s a l inea r function 
of ( • & / 6 ) , The mean free path can be expressed in terms of p and T 

ra ther than n , namely, 

-e = k T/Tr2 7r o^ p , (60) 

so that the energy flux is slightly pressure depondont for given values 
of Tc , T , etc. 

6 ' v/* 

0-fcherwise, in the present case, the fl\jx only depends on the value 
of cond-activity corrected to accoun-fc for -the pa r t played by the act ive 
i n t e rna l modes. 

( i i ) r o 

Eq. 24 shows -that a s r ^ c», so « ^ 0 . Hoting that the 
-1 '̂  

G vary as a , i t follows on taking the proper l imi t as a ^ 0 tha t 

- 4,,6 [ 1 + Le^^) Q' j = (OVg - T ; ) X^""^ (1 + Le^^^ . (6 l ) 

-where 
B GI Bo C' 

Q/ = . J l ^ , J t . A . . J L ^ . (62) 
C' + G/ + G' C/ 
w 0 w o 

r ' (1 + Le(^))6 
C' = - ' ^ — -rry- , n = w or 8 (63) 

n 

(note r ' i s defined in eq, 34) . I t a lso follows from eq. 51 and the 

remarks about T̂  '' t ha t 

rp(i) ^ ( i ) 
= I = - ^ . . ^ (64) 

Tl - T' ^ T ,̂̂ '' - T ( i ) 
6 w 6 w '' 
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Examination of -tlie -various quant i t ies invol-vod lioro shows -tliat the 
energy t ransfer r a t e in to -the v/all i s a strong function of -fche i n e r t 
mode accommodation coeff ic ients , rè^^and r^^^, and also the r a t i o of 

o v/- ' 

these coeff icients to the acti-ve energy accommoda-tion coefficients re and 

r^^. This i s because T' i s proiDortional to r^ /{2 - x^ ^) and r^ to 

S-r(^)Vlfr(i), 
T/ .. n tW A f~A\ " n ' ^ n ' n 

•fclie r a t i o "(2 - r ) / (2 - r ^ ^ ' ' ) l ( r * ^ ^ V r ) . _ n'" ^ n M n '̂  n ' 

Thus, i f bo-fch r ' and 3:v ' are zero, both G' and C( aî e zero and ' w o ' yf b 

B = B r . = 1 , I t follows tha t Q'' = 1 in these circumstances, and 4, i s 

gi-vcn by precisely -the same expression as eq. 57. This i s not surpris ing 

since put t ing r = co and r . = r^ ' = 0 i s ano-fcher v/ay of saying tha.t 
-the i n e r t mode car r ies no communicable energy. But i t should be noted 
•fcliat a r e s u l t lilce 57 also holds v/hen r = CD and only one of the 

r^ "' terms i s zero. Thus, suppose v/e put jy -̂  = 0 j then C = 0 and n ' -̂ -̂  ^ w ' v/ 
B. = 1 . I t follows -that Q' = 1 and fi i s again gi-vcn by eq. 57. The 

reason for -this i s c l ea r . I f only one wall can exci-te or de-exci-te the 
i n e r t mode and no exci ta t ion or de-exci tat ion can a r i se in the homogeneous 
sta-te (r = oo), there i s no mechanism v/hereby i ne r t mode energy can 

^ * 
be t ransferred from one v/all to the o-ther , 

On the other hand, i f ne i ther r ' nor r ^ are zero, o' must bo l e s s ' w n ' 
-than one. We no t i ce , in t h i s case, tha t ne i ther B. nor Be arc uni-ty, 

(since T /^ O) , and -fchat i t seems quite possible to find Valix;s of tlieT 

(see eq. ^6) which n-ay nialce the B 'S 0. Ti/lie-fclier -fchis can be so or nofc 

depends on the relati-ve magnitudes of c^ -̂ , Le^ f ^ ^^a r ' , e t c , but 

does not seem to depend on the dimensions of the system. This l a t t e r 

consideration en-fcers -via -tlie C' quant i t ies v/hich, from the defini t ion of 

r ' in eq. 34» are proportional to (6/6 ) . This de;[)endence of the C' 

on the r a t i o {^/•^ ) in5)lies -that they v d l l be largo quan t i t i e s , oertarinly 

greater -than -uni-ty, -unless the appropriate r^ ' i s -very small. I f both 

r and re ' are -very near to uni-ty then, i t would seem reasonable to 

se t Q in eq, 62 almost eqT.ial to zero (by reason of the appearance of the 

* I t i s v/orth noting that -fcho t r ans la t iona l teiiiperature j-unp i s the 
same whether bo-fcli r^-'-imd ri-'-^a.re zero or only one of -fcliem. 

w o ^ 
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product C' Go in the denominator of Q ' ) , This being so , eq, 61 gives 

- ^ V Ö - ( T ^ - T ; ) X [ , ^ ) (1 H-Le^^b . (63) 

Noticing -fcliat 

X^^^l + Le^^)) = X + n D (c^^^ + c^^^ , (66) 

O ^ ' o o o ^ o o ' ' ^ ' 
from the def ini t ion of Le^ ^ in eq. 22, I t ccai uo seen tha t the value 
of conductivity appropriate to t h i s pa r t i cu la r case i s the corrected 
value v/liich accounts for fu l l x>articipation by _alJ. i n t e rna l modes in the 
energy t ransfer processes. I t i s in te res t ing to note tliat t h i s r e su l t i s 
aobiev-ed solely by the e f f ic ien t t ransfer of i n e r t mode energy to the 
v/al ls . The t r ans l a t iona l -temperature jump a t bo-fcli upper and lower v/alls 
gives r i s e to a term cxa-ctly s imilar to that in square brackets on the 
l e f t hand side of eq. 59- »In fac t -the resu l t in -tiie present case i s 
s imilar to eq. 59 with "K-^i replaced by A,('̂ ) (l + L o ( ^ ' ) . 

The significance of the r a t i o 6/-& vdiich aiopeors in C' can be explained 

as follows. Let us keep TO and T' constant (so -fchat X and riD are constant ) , 

Now i f 6 i s f ixed, •& can be decreased by increasing p (see eq. 6o) 

and hence n (because p = n k T) . Refeirence to oq. 3^ shows -fcliat the 
r a t e of bombardment of the walls by the m.olecules increases , and hence 
i n e r t mode energy can be t ransferred a t a grca-fcer ra-fce, 

The reason for the beha-viour of the r e su l t as 6 increases i s not 
qui-te so siniple. I t follov/s from eq, 52 -that 

T̂ ^̂ ) - T ^ ^ ^ = l ^ a ' _ „ ( T ; - T ' ) . (67) 

Then an increase in 6, v.dth corresponding decrease in 0^ rasans that 
/ . N / . \ " ' 

Tc ' - Ï increases. Hence the inert temperature graddent, decreâ ses 

rather less quickly thrxn the active or translational temperature gradient 

and -the apparent conducti-vity, which is - 5^ V(Ï^K - T' ) for present 

p-urposes, increases a little. 
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Let us retvim to the consideration of the B quantities, v/hich may 

be < 0 if the T are > 1. If the B are indeed < 0, tJien Q' < 0 and n n t -^ 
it would appear that an effective conductivity grea-ter thaji the fully 

corrected value ?̂^ "' (l + Le ') could arise. To simplify tlie discussion, 

° (a) 
l e t us assume -that c - 's- 0, so that -the only inteamal mode remaining i s 

the inert one. In this event, one finds from eq. 3^ -fchat 

r„ = (XADo^)(2-r„)rW/(2-r^^bv 
Noticing from the analogy betv/cen eqs, 32 and 41» that the quantity 

3 ïr-6 /8 defines a mean fi-co path for diffusion, i t is clear from the 

definitions of X and D e t c . . tliat X/n D o . expresses the ratio of -the 

free path for conduction (•& , see eq. i[4) fco tliis free path for diffusion. 

ülhus the r are intimately connected vdth the tenporaturc jumps at -fclie 

T/alls for the translational and inert modes. In other v/ords, thoy must 

indicate in a relati-ve sense hov/ close T̂  ^ and To and T̂  •' and T' 
o o w v/ 

approach the act\;ial v/all temperature values Tc and T . Confirmation of 
o w 

this can be obtadned from eq. 67 aJbo-vc, which shov/s that as the B 

decrease, so that Q' decreases also (see eq. 62), Tc - T. ' more 

nearly approaches Té — T' and finally exceeds this value v/hen the B 
are negati-ve. Yfe note for fut-ure reference that cq, 52 shovvs this 
statement to be true for MI£ value of T and not just as 7" •• " , 
Remembering that translational energy is tr.snsferred by conduction ond 
internal energy hy diffusion the T therefore express the balance be-tvreen 
the effectiveness of these mechanisms coupled v/ith the appropriate 
efficiencies of the v/alls in exciting or de-exciting these energy states , 
Since (\ /n D c .) =̂  1 .9 for the values of X and D quoted in eqs. 43a-

and 31 i t must be concluded -üiat the combination of diffusion and inert 
energj'- accommodxition can be more effccti-ve than that of conduction and 
accommodation in some circumstances. For exanple, if the r = 1 we 

(i) 2 ' n >s 
require the r ' > -4, roughly, in order to make this so when ĉ  ' = 0 . 

TTn- ("•) / ^ T -, .ox, (i) "tlian 2/3 i s required, as 
Yflien ĉ  ' ;£ 0 a larger value of the r^ ' ^ ^ ' 

n (a) 
can be seen from eq. 56 for the T . This is because, v/hen ĉ  ' / 0, 
a ]iart of the energy being transferred according to tlio temperature 
gradient dl/dy ( i . e . loosely, by "conduction") i s in fact being 
transpor-tod by diffusion, (Note •& ' decreases as o '̂' increases). 
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Since the r " înust be qui-fce large to make the B < 0 i t follows 

tha t the C' , v/hich are proportional to 6/& ^ v/i l l be large quan t i t i e s . 

The possible gains over and abo-ve the ful ly correo-fced Eucken conducti-vity 
are therefore lil<:ely to be small , although -fchey should increase v/i-th 
decreasing piressure ( i . e . as ^•6 and hence -the G' decrease) . 

To conclude t h i s section we note that i t i s r e a l l y the dimensionless 

group T D / 8 which governs the s i tua t ion analysed -under the heading 

" r •• CO " . (Refer to the ge re ra l r e su l t s in eqs , 50 and 51 v/here the 

product 6a appears, a i s proport ional to ( ^ - D ) ^ » see eq. 24) . 

Now T i s frequently quo-'ced as a "number of co l l i s ions to excite 
the in te rna l mode", and since the time betvreen co l l i s ions i s -^/fi we 
sha l l va?ito 

r = N •& / 0 , (68) 
o o ' o ' ^ ' 

irfiere N i s the "number of co l l i s i ons " . 

l-lTience, apart from a n-umerical fac tor of order i-Qii-ty r D / 6 ^ ~ N('& / 8 ) ^ . 

Taking a 6 of 1 cm. and m-olecvilar diameter c of about 4 2C 10 cm., 

i t followsthat r i s "large" i f N » {b/l )^ ~1o''*^ a t N.T.P. Ttiis i s an 

vinlikely s ta te of a f f a i r s , but i f the pressure f a l l s to say l / l000th of 
an a-fcmospheare N must only be rau.ch greater than 10 rougjily, Y/i-fcliout going 
in to de ta i l s since -these must depend on the temporat-uro, type of gai.s e t c , , 
i t seemiS reasonable to suppose that the approximations of the pl^3sent 
sect ion could apply in the 1O\Ï/ pressure regionsT Some confirmation of 
t h i s w i l l be given in the case of rdtrogon -vibration, to be exaanined below. 

( i i i ) T •* 0. o 

We now turn to the other extreme case, for v/iiich the ine r t mode 
re laxa t ion time becomes small enough to be neg l ig ib le . From the previous 
discussion, th i s would seem to be a l ike ly s-tate of a f fa i r s a t moderately 
high pressures for i n t e rna l modes which are excited in a. fcv/ c o l l i s i o n s . 
(Of coiorse r never act-ually equals zero , as can be apx^reciated from eq.68) , 

* A continuum theory based on "the Navier-Stokes equations, such as i s 

used here , v/ould s t i l l be va l id a t these pressures since (•&/6) ~10"' 

fo r p = 1/1000th a-fcm. 
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I n -fche l i m i t i n g c a s e , the C -tend t o ze ro (3xg£irdless of the r ' 

va lues ) and Q = B ••• Be, because v/hen T - • O , a - » c o , I t follov/s a t 

once from eq . 50 tha.t f o r van i sh ing ly snxill T -vtilues 

- 4 ^ 6 - (TJ - T ; ) if^ (1 + L e ( ^ ) ) . (69) 

The a p p r o p r i a t e conducti-vi-ty va lue i s -tlierefore the f u l l y c o r r e c t e d one , 
account ing f o r the comple-te p a r t i c i p a t i o n by a l l t he i n t e r n a l modes i n 
•fche energy t r a n s f e r p r o c e s s e s , j u s t as one miglit expec t . I t i s in-fceresting 
t o no te -that the va lue of & i s i n s e n s i t i v e t o -fclie va lues of 

r l . •' and I F •' , a marked c o n t r a s t t o the pre-vious caise, s i n c e the term 

which con t a in s them i s p r o p o r t i o n a l t o ( 6 a ) " . (The express ion f o r 4,-

c o r r e c t t o 0 ( 8 a ) ' ' i s v / r i t t e n out i n eq , 75 be low) , 

This r e s u l t i s a l i t t l e s u r p r i s i n g , p a r t i c u l a r l y i f one examines 
eq , 21 i n the l i g h t of tlie c o n d i t i o n a •• co. C l e a r l y i n these 

circ-umstances i t must be an e x c e l l e n t approximation t o s e t T̂  ' - T, 
-the t r a n s l a t i o n a l t empera tu re , and indeed t h i s i s j u s t what i s impl ied 
i n the Eucken-co r rec t i cn t o -thermal conduc t i -v i t i e s . Then the l e f t hand 

s i d e of e q . 28 becomes n D c^ -̂  ( d l / d y ) , v,dth a s i m i l a r va lue a t y = 6, ' 
( i ) / jj_\ w v/ o ^ ' ^ •" ^ » 

and the e ' and e ' c v a l u e s a re determined by T' and TO , which av,v/ av , o *' w o ' 

depend only on the t r a n s l a t i o n a l tempera-fcures and -fclie r v a l u e s . But 

-fclie r ' may talce on any va lue be-fcween 0 and 1 , depending on, f o r example, 

•the w a l l ma-fcerials, and t h i s does no t seem consis-fcent vdtli the r e s u l t 

T ' - T, The p a r t p layed by the i n e r t mode acoommoda.tion c o e f f i c i e n t can 
bo apprecia-fced on examination of the t r a n s l a t i o n a l tenipera-fcure dis-fcribution 
( e q . 51) f o r l a r g e va lues of a (more s-fcrictly, of a8), 

T/hen y •* 0 , a reasonable approximation t o T i s gi-vcn by 

1 — ^ ' c ( 6a + Le^^) Q" ) -^ \ y a + Le^^^B ( I + C j - ^ l - e"^^) 1 
T É - T ' *- w v/ J 

0 -w 

(70) 

'w 

•where 

II _ 
B ^ ( 1 +C;c) + B 5 ( 1 + C J 

^ - - W- ( ^ ^ ) « 

(1 + C ^ ( 1 + C5) 

* The C terms must be r e t a i n e d here because oq, GS shov/s t h a t they are 

roughly of o rde r N^ . 
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and when 

T 

n 
- T' 

w 
- T ' 

w 

y 

Cf. 

^ 6 

(6a 

v/e can 

. L e ( ^ ) 

wri te 

Q" y^ r ya +Le^^)Bg(l ^ 0^-^-"^^^^ 

^ J^e^Sp ^ Oj-' ] (72) 

The correct l imi t ing "values are obtained v/hen 3'" = 0 and y = 6, but i t 
can be seen tha t rapid changes in the var ia t ion of T vdth y occur in 
regions which are of 0(a~1) in thickness adjacent to each pla ' te, 
lihjrthermore, eqs, 70 and 72 SIICTV tha t the magnittKle of these changes i s 
proport ional to "the value of E a t the lovrer pla-fce and to Be a t the upper, 

and these quant i t ies are exp l i c i t functions of -fclie r a t i o of the acti-ve 
and i n e r t mode accommodation coeff icients (see eq. 56) . Comparing 
eqs . 33 and Zf2, i t can be seen tha t the T quanti-tdes are equal to the 

r a t i o of the t r ans la t iona l -fcemperafcure jump per un i t t r ans l a t iona l 
-fcemperafcure gradient to -tlie inex-t mode -temxx3ra.-ture j-un-p i^er unifc i ne r t 
mode temperature gradient , r/lien -these are exactl;^'- equal -the B are zero 

and i t follows from eqs. 70 and 72 tliat the t r ans l a t i ona l temperature 
var ies l inea r ly v/ith y and does not tmdergo the rapid clianges indicated 
by the exponential terms there . In these circumstances eq. 28 i s c lea r ly 
consis tent wdth the approxii'iiation T\i / '^ T, since i t i s then iden t ica l 
-';7ith eq. k2. 

One may conclude -tlien tha t for very small values of r i t i s reasonable / . \ o 
t o se t T -̂  - T e-very\^diere in -the gas layer except for "bo-undary layers" 

—1 
adjacent to -fche \7alls which are of 0(a'" ) in t l i idaiess . Inside these 

layers the i n e r t mode acconmodation coefficient exer ts a strong influence, 

d i s to r t ing both the T and T̂  ' p rof i l es in such a v/ay as to sa t i s fy the 

appropriate boundary conditions, Only v/hen the r ' and r are rela-fced 
/ . \ n n 

in such a v/ay as to maJce the B zero i s T̂  -' - T a good approximation 

r i g h t through the layer . 
* This s i tua t ion i s en t i r e ly analogous to the one found, by Hirschfelder 
(1956) for heat t ransfer tlirough a chemically react ing gas mix-fcure. 

No-te -that a" ~ & i/lT , so the "bovnidary layers" are se-veral mean 

free paths in thiciaiess. The temperature changes across them are not so 
v io lent as to inval idate a continuum tj^pe of •üieor;>'. This "boundary 
layer" beha-vioior as r -» 0 i s cl iaracteidst ic of s ingular iDorturbation 

problems, of v/hich eq, 23 i s a simple exaiiiple. 

file:///7alls
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Eqs. 70 and 72 shav/ tha t the deviations of the traaislational temperature 
prof i le (d-ue to the exci ta t ion of the i ne r t mode a t -fclie walls) from, the 
l i n e a r form v/hich would be predicted follo\^/ing on a p r i o r assunrotion tha t 

(4 \ J ^ 
T̂  ' ci T are -veiy small, being in fact of 0( ba)" . This i s not so of the 
t r ans l a t i ona l temperatuie gradients as y •• 0 or 6 aaid these are 
readi ly found to be given by 

aî  _ i L l S U . rJi) 
'̂̂ y=o 

(1 + Le^^^ B^; , (73) 

in the l imi t as a -» co , Consequently the t r ans la t iona l toniperature jumps 
are affected by the accommodation of the i n e r t mode, as one would expect 
in th i s case, 

This fac t points to a defect in the theory so fa r , for al lowiig r 

to approach aero puts the in t e rna l mode tha t wo ha-ve been descr.ibing 
as i n e r t , in to the c lass of intennal modes described as ac t ive . Clearly 
then, v/e should adopt a trea-fcment analogous to -tliat accorded to the i ne r t 
mode for a l l the in te rna l modes, e-ven though thoy be of -tlie active c l a s s . 
Only in -this way can v/e take prcper account of tlie fu l l de t a i l s of the 
energy t ransfer processes. Hov/e-ver, in the l igl i t of tlie res-ults j u s t 
discussed i t does not seem -unreasonable to emplqj'- a theory of the present 
kind for the problem of enerQ/ t ransfer througli a gas v/i-tli one in te rna l 
mode whose rela:cation time i s long compaored to -fclic remaining in terna l 
modes. The temperature p ro f i l e s v d l l be incorrect in boundary layers 
near the walls v/hose thicknesses are proport ional to the square root of 
-the re laxat ion times of the acti-ve modes, but by hypothesis, these are 
•very much thinner than -the i ne r t mode layers , Tho energy t ransfer 
r a t e s cannot be much affected by the acti-ve mode aocor.T.iodation coeff ic ients , 
The t r ans l a t i ona l accomraodation coeff ic ients r w i l l "ix; functions of the 
accommodation coeff icients for the true t r ans la t iona l energy and for the 
active modes indi-vidually. To th i s ex ten t , the r values must be 

regarded as some sui-tably weigli-ted mean values, 

I f the gas molecules ha-ve only one in-temal mode vd-fch a coramunicablo 
energy then -fctie present theory i s exact (v/ithin -fclie framev/ork of fche 

l inear i s ing assumptions) pro-vided c^ '̂  i s put equal to zero. Such may 
be the case for diatondc molecules s.t room tempera-fcurcs (where only 
ro ta t ion i s exc i t ed ) , and v/o s h a l l discuss some of tho implications of 
the theory in these oircums-fcances in -fche l a s t sect ion, 
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A slightly bet-ter approximation to 4^ for large values of 6a 

can be fo-und from eq. 50 and is 

- 4,,S - (T's - T̂ ; ) x[̂ )̂ (1 + Le^^b [l - Le^^^ (/ (6a)-^ ] , (75) 

T/here Q " i s defined in eq, 71 . I t can be seen from th i s expression -fchat 
there i s a p o s s i b i l i t y , as in the other extreme case of r -• oo , tha t 

the effecti-ve conducti-vity co-uld be greater than the Eucken, ful ly 
corrected, value. The reason i s the same, namely tha t tlie B -fcenrjs 

(and hence Q") could be negat ive. The extent of tlie possible increase 

i s seen to increase vdth increasing r , and the explanation i s as follo\7s, 

For any value of r not actual ly equal to zero, the i ne r t mode temperature 

i s always different from the t r ans l a t iona l temperature T. In the lov/er 

pa r t s of the layer T ' v d l l be greater than T (due to the lag in the 
-fcransfer of energy be-fcv/een the ine r t and t rans la t iona l modes), and 
the l a rger r the larger v d l l be th i s difference, (This can be confirmed o / . \ 
•via eqs. 20, 21 and 70; d^T^^Vay^ i s proportional to - d^T/dy^ and 
eq. 70 shov/s that t h i s l a t t e r quantity i s pos i t ive . Them T ' - T >0 
and proportional to T from eq. 21) . This implies tha t as T increases 

more of the i ne r t mode energy i s available for d i rec t con-version by the 
lav/er v/all, -via the processes of diffusion and de-exci tat ion on the p l a t e , 
We have already seen tha t th i s , mechanism may be more effect ive than 
conduction, so that i f the r ' ^ ) values are high enough, the maximum 

benefi t can be deri-ved from the " inertness" of the i n e r t mode. 

Clearly the possible gains do not increase -\d-fcliout lirrdt as 6a-t0, 
since eq. 75 ceases to be a va l id approximation long before then. The 
proper approximation for 6a -» 0 has been disc^issod above, 

The resi-ilts (eqs . 50 to 56) shovr tha t 

- ^ , 6 = (T^ - T ; ) X(-)(1 . Le(i)) 

exact ly, i f bo-fch B and Br are zero, and i t follows a lso tha t 

(T - T' ) 6 = (Tc' - T' )y , ^ w ' ^ o w •'•' ' 

in this case, no matter jAiat_,-fche_ value ofr (_or Qĵ miay _bq. This at first 

sight rather surprising result can be understood in -the light of the 
pre-vious argimients about the B quantities, particularly v/hen it is 

file://-/d-fcliout


- 25 -

observed -that T̂  •' does not only change because of -fche gas-^3hase exc i ta t ion 

of the i ne r t mode. Variations of T̂  •' throughout -fclie layer also occirr 
as a r e s u l t of the i ne r t mode' s accommodation to -fclie avjpropriafce v/all 
temperatures, Tc or T . 

To complete "the present sect ion, the t rans la t iona l ten-tperature 
jumps are evaluated so tha t 4,. osn be expressed in terms of the -teropera^tures 

Tc and T , for the case 6a » 1 , I t readi ly follov/s from eq. 57 tha t 

appi-opriate val-ues of the temperature gradients are given by 

^ (f)_o ^ '̂s - T ; ) (̂  -̂ -̂ "-̂  Q" (̂ «)''') [ 1 + Le^'\;^ - ^j"'] 

The f i r s t -two terms on the riglit hand sides of -these eqimtions can be 
eiaminated in terms of 6 from eq, 75» and i f prod-ucts lilce 

(^c/6)(Le^'^' Qj'/^o) are ignored relati-ve to imi ty , i t follov/s t ha t 

- 4^ 6 [ l + (^5/6)a5 [ 1 ^ Le(i)B5(l . 0^-^] + ( V ^ ) a ^ [l + Le(^)B^^(l . 0^]] 

. (Tg - T ^ if^ (1 + r ^ ^ ^ b d -Le^^) QVSa) . (76) 

I t can be seen tha t temperature juiip reduces the heat traiisfer ra.te, as 
v/ould be expected, and tha t the magnitude of the j-Ui:Tp dopiends on the 

r^ •' terms v ia B and C . The terms in square brackets on the l e f t -
n n n 

hand side of eq. 74 are never < 0 in p rac t i ce . 
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5 • Y.i'brOiti'^.Q;! J^-i3jg;t_ion in ï ld^ofgn 

To i l l u s t r a t e the r e s u l t s derived above sor.-e values of effective 
oonducti-vd-ty are gi-ven for ni t rogen, assuring -fchat -vibration i s the i ne r t 
mode. I t i s ass-uraed -that the accoiisnodation coeff icients r^i)and ry- / 

Vf o 

are both zero ajid i t follov/s from -tlie r e s u l t s in eqs, 50 to 56 that 

- 4̂ 5̂ ! 1 + 2 Le^^V5c(coth6a+ l/sinh6a) 1= ( ï ^ - T̂ .̂  ) X̂^̂"-̂  (1 + Le^^O 

, . , . . (77) 

I t i s noted that both D and T are in-versely proportional to the 

pressure , so tha t denoting the values appropria-te to a pressure of one 
a-fanosphere by D and T respec t ive ly , •̂  o^ oi ^ ''' 

6a = (1 +Le^^))/D^^ r^^ ^ ( p 6 ) . (78) 

The product (T)8) i s mea.s-ured. in a-tmosphere-centimetros, 

The values of D , Le^ ' and Le ^ can be evalua-ted from the. 
o 1 ' 

r e s u l t s given above and in Hirschfelder, Curt iss and Bird (1954). 

Values of T ha\'e been estii'iia-ted from the v/orlc of Blacla:ian (1956). 
f \ o 1 / \ 

Le^ ' is given by 0.528c^ /o , to a sufficient order of accuracy and since 
the active mode is rotation in the present case, ô  /°v+ ~ 2/3, the 

rotational mode Ijeing fully excited at the tempera-fcures of interest for 
•vibrational relaxation. It follov/s that 

,J1) . °-̂ 5 (c^/Vk) _ 

1 + 0.35 

The i ne r t mode specif ic heat c ^ i s evaluated from -fcho r e s u l t s for a 

simple harmonic -vibrator vdth charac te r i s t io teiiipera-fe'are equal to 3>340 K. 

Eq, 77 shov/s tha t the -term 

1 + 2 Le^^V6a(co th6a+ l/sinh8a) j 

gi-ves a meensure of the dev5-ation of conducti-vity from the f u l l Eucken-
oorrected value as a r e s u l t of v ibra t iona l relaocation. 'i7riting i t as 
1-(Error) , -the Error quantity hâ s been evaluated and i s p lo t t ed against 
-fcemperafcure in Pig . 1 for tlirce va.lues of p 8 , (The square bracket 
-term in eq. 78 i s a function of temperature only), Tho naxinum possible 
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Error occurs -when 6a = 0 and i s gi-ven by 1 - ( l + Lo^ )** » The -value 

for p5 = 0,01 atm.cra, in Pig . 1 corresponds almost exactly vdth -fcliis 
maximum Error , being a t m-ost "]% l e s s a t the higlier teii-pera-fcures. Yiflaen 
p8 = 1 a-fcm, cm, fche Error i s alv/ays l e s s tlian 1^ ,̂ but increa.ses as p6 
f a l l s . 

Below 500 K nitrogen -vibration i s insuff ic ient ly excited to be of 
any importance and abo-ve about ih>500 K dissociat ion woT-ild a r i se to 
complicate the p i c tu re . At a temperature of 1300i:C, corresponding to the 
maximum Error for p6 = 0 . 1 a-fcm, cm. of aboufc 7^, -the re laxat ion time 
T - 3 mil l iseconds. The value of ('^V^ ) can be found via eqs. 31 and 

29 in -fcerms of D e t c . , thereby eliminating the need to laiow the molecular 

diameter e x p l i c i t l y . I t then -fcums out -fchat r - ^ milliseconds corresponds 

to an N of about 20,000 (see eq. 66) . The shape, of the Error c-urves 
r e f l ec t s -fche opposing effecfcs of increa.se in ô -̂ -' and decrease in r D 

° 3/2 ° ° 
vdth increasing tenpera-fcure. (D var ies roughly as T ' and T roughly 
as exp(Const./T '^-^)), 

We r e i t e r a t e tha t the accommodation coefficicaits for "vibrational 
exci ta t ion a t the -walls are zero for the resul"bs in Fig. 1 . For any 
values grea-fcer than zero the Error term -will alv/ays be less a t ary given p8 , 
and may become negati-ve, 

^ • G ônduQ-ti-y-i-fcy Mjaaŝ uremcn-ts ând Accommodation j3ocfj?^icicnts 

The conducti-vity of gases i s often measured in a hot wire c o l l 
type of apparat-us, recent exaiTples being the v/ork of Taylor and Johnston 
(1946) foid Joluiston and Gr i l ly (1946). The f i r s t of these papers describes 
in d e t a i l the apparatus used and gi-ves some condtioti-vity val-ues for a i r , 
v/liilst -tlie second reports conductivity measurements in tho same appara-tus 
for nine d'ifferent, pure, gases. 

In i t s e ssen t ia l s the hot v/ire c e l l consis ts of a wire ( e . g . briglit 
platinum), surro-unded by a concentric hollov/ cylinder v/iiicli i s iramersed 
in a thermostat. With the vdre ho t t e r than the cylinder energy i s t r a n s ­
ferred be-tv/een them primarily by "conduction" -tlirough -the ga^s, and i t i s 
possible to make extremely acc^irate corrections to account for end 
conduction, rad ia t ion t ransfer , e-tc. I t i s a fea-fcure of "the measurements 
tha t -fchey rausfc be car r ied out a t comparatively low pross^ires (those 
i n the papers c i ted varied from about 1 to 20 cm, Hg) in order to 
minimise the effects of na tura l convection. As a consequence of th i s i t 
becomes important to take account of the ternpera-fcure j-uirp iDlienomenon: 
i t i s in fact found that the observed conducti-vities •vary \7itli the 
pressure , but v/e sha l l say more about th i s shor t ly , 
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Tlie hot wire c e l l i^roblem i s concerned vdth the r ad ia l flov/ of hea t , 
so tha t -fclie present tlieory i s not d i rec t ly compfArable vdth the experimental 
res-ults . However, qualitati-vely the processes occ-uring in the c e l l and 
i n the -theoretical model studied here must be s imilar and some in te res t ing 
observations can be made. 

We confine the discussion to gases vd-tli but one in t e rna l mode, so 
tha t the foregoing theory i s exact (^subject to the l inear i sa t ions) \ihen 
(a.) c^ ' i s se t equal to zero. At tlie temperatixres used in -tlie neasurements 

( i . e . 100Tv - 300 K) only ro ta t ion would be exci-fced in the diatomd.c 
molecules and t h i s c lass of i n t e rna l motion gener-allj^ has a small I 'elaxation 
time. Then i t i s appropriate to use an equation liico eq, 76 vdth which to 
examine the s i tua t ion . Since the mean free paths -̂ c and •& are proport ional 

to p " (p i s constant be-fcween the upiixsr and lov/er \7a].ls), and 6a var ies as 
p , v/e sha l l re-wri te eq. 74 as 

- %,S(1 + V P ) = (T5 - T,P '̂ '̂'̂ l -t- Le^^))(l - b'/p) (79) 

(The defini t ions of b and b ' are obvious on comparison of eqs. 76 and 79) . 

In making measurements one kiiov/s 4.- » '^' ^-a ^ c - T (S^ v/ould ha-ve 

been corrected for a l l the a]ppara-fcus effects except tempera-fcure jump) 
Ci'id an apparent conducti-vi-ty X con be defined so -fcliat 

- 4,, 5 - (Tg - ^) V P '̂"̂  

Then eqs. 79 and 80 show that 

X^^) (1 4. Le^^)) , , , 
o ^ ' . b + b 

X 
app 

^ ™ „ . „ , (81) 

to a good degree of accuracy, since both b/p and b ' / p are sr.iall qucn t i t i es , 

The experimental teclinique involves taking a number of values of 
X a t different pressures end then p lo t t ing X~1 against p"'' . I t i s 

app app -̂  
some confirmation of the present theory that Taylor and. Jolmston found 
t h i s p lo t to be an excel lent s t r a igh t l i n e . The values of conductivity 
which they quote v/cre obtained by extrapolat ing t h i s i:)lot to p-l = 0 
and i t i s in-tcresting to observe from eq, 81 tha t these shovild be equal to 
the f u l l Eucken value X̂  '' (I + Le^"^'). That th i s i s indeed the case to 

o ' 
an acceptable degree of accurac2/ i s shov/n by Hirschfelder Curt iss and Bird 
(1954)» v/ho coinparo the Taylor-^ohnston-Grilly vali:ies with the Eucken-
corrected k ine t ic theorj'- estiim-tes, 

file:///ihen
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These l a t - t e r au-tiiors do no t mention the e f f e c t s of r e l a x a t i o n i n 
-the rofcafcional m.odes of the dia tomic molecv-los used in t l i e i r miCa^-urements 
and eq , 81 shows t h a t these a re n o t of importance wiiere conducti-vity i s 
-fche only q u a n t i t y t o be mbasured. I f i t i s in-fcendod t o use the s lope 
of -the exper imenta l p l o t t o f ind accommodation c o e f f i c i e n t s hov/evor, 
o<i, 81 shov/s -that -the re laxa . t ion e f f e c t s may in-fcervonc. By hOT/ much 
depends on the re la t i -ve mtignitudo of b and b ' , 

From e q s . 76 and 79 i t i s c l e a r -that 

i l = . _iaL^lil"Zi£ > . _ . . _ _ _ _ . 

$ 9 • • > (82) 

from which i t can be seen t h a t the r a t i o i s independent of tl-ie p l a t e 
s e p a r a t i o n 6 i n the p r e s e n t problem. I f the r\^/ q-uanti t ies are bo th such 

a s t o make -the B z e r o , the r a t i o i s zero and r e l a x a t i o n has no e f f e c t : 
n ' / . \ 

o therwise i t h a s . I f v/e cons ide r the o the r extreme -^vhere "tlie r 
n 

a r e zero then 
, ( i ) 

(83) b' ^ _ _ M .„ . ._ 
"̂  ae a( l + Le*^^) 

o ^ ^ 

i f v/e v/ri-te ^ - ^o-^ and l o t r = re, = r so t h a t 
w o o w o 

2 5 ^ 2 - r /n, N 
a_ = aR = •:??.—„ . , ( 8 4 ) w 5 - 35 .2 • 

(see eq, 46). r is tho true translational energy accommodation coefficient 
here, and is probably close to unity for bo-tli walls, so eq. 8li. is 
perhaps not a bad approximation. If we use "the -̂ -alucs of D and T 

/ . N / . \ 0 O 

from e q s . 31 and 68 and note "that Le^ ^ = 0 . 3 5 when c '̂  = k i t fo l laz/s 

from eq. 83 t h a t 

/ b ' 0.077 / T J -—-^ (85) 

Since r - 1 we i n f e r t h a t b ' i s an apprec iab le f r a c t i c n of b even i f only 
a fev/ c o l l i s i o n s ( say ten) are r e q u i r e d t o e x c i t e tlie i n t e r n a l mode. 
More c o l l i s i o n s v/ould be r e q u i r e d to make b co rpa rab le vd th b i f e x c i t a t i o n 
of the i n t e r n a l mode occurs dur ing c o l l i s i o n vd-fcli -fclie v / a l l s , b u t i t seems 
reasonab le t o sugges t t h a t e-ven a mode as e a s i l y e x c i t e d as r o t a t i o n could 
s t r o n g l y i n f luence any a t tempt t o evalua-fce r from the s lope of a X""' 

v e r s u s p " p l o t , 
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