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Normalized Coprime Factorizations for Systems in
Generalized State-Space Form

Peter M. M. Bongers and Okko H. Bosgra

Abstract—This note presents a state-space algorithm for the calcula-
tion of a normalized coprime factorization of continuous-time general-
ized dynamical systems. It will be shown that two Riccati equations have
to be solved to obtain this normalized coprime factorization.

[. INTRODUCTION

Recent publications have shown the importance of normalized
coprime factorization plant descriptions in the fields of control
design [6], [1], robustness analysis [13], [15], model reduction [7],
and identification for control [12].

In [9], the connection between the state-space realization of a
strictly proper plant, and a coprime factorization has been
established. The coprime factorization of a generalized dynami-
cal system was presented in {17]. In [8], it has been shown that
in order to calculate a normalized coprime factorization of a
continuous-time strictly proper plant, one Riccati equation has
to be solved. In [14], these results have been extended to proper
plants. For discrete-time proper systems, the construction of a
normalized coprime factorization has been formulated in [2].

In this note, we extend the results of [8] and [14] to the case of
proper and nonproper systems in a generalized state-space form.
It will be shown that in the calculation of a normalized coprime
factorization for systems in a generalized state-space form, two
Riccati equations have to be solved. An explicit algorithm to
obtain this factorization will be given.

II. PRELIMINARIES

In this note, we adopt the ring theoretic setting of [4] and [16]
to study stable multivariable linear systems. That is, we consider
a stable system as a transfer function matrix with all its entries
belor. zing to the ring J#. For the application of our state-space
algorithm, we will identify the ring /# with RH,, the space of
stable real rational finite-dimensional linear time-invariant
continuous-time systems.

We consider the class of possibly nonproper and/or unstable
multivariable systems as transfer function matrices whose en-
tries are clements of the quotient field #:= {a/bla €7, b €
Z\0}. The set of multiplicative units of # is defined as 7=
{h e4h~' €#}. In the sequel, systems P € F™*" are denoted
as PeFand M* = MT(—s).

Definition 2.1 [16]: A plant P € & is said to have a right (left)
fractional representation if there exist N, M(N, M) €% such
that P = NM~'(= M~'N).

The pair M, N(M, N) is a right (left) coprime factorization
(RCF or LCF) if it is a right (left) fractional representation and
there exist U, V(U, V) € % such that UN + VM = 1(NU + MV
=1).
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The pair M, N(M, N) is called a normalized right (left)
coprime factorization (NRCF or NLCF) if it is an RCF (LCF),
and M*M + N*N = [ (MM* + NN* = I).

Proposition 2.2: Let P(s) € & have McMillan degree r. Then
P(s) can be represented by P(s) = C(sE — A)™'B, where
E= {1, 0]’ Ay

0 0 Ay

AlZ
A22 ’

B,
B = B, |’

with A4,,A4%, =0, 45,4, =0, and B,BI, C]C, nonsingular,
having matrix partitions assumed to be compatible with the
partitioning of E.

Proof: Let P(s) = P,,(s) + P,(s) with P, = C(si — A)7'B
strictly proper and P, = C(I -s™'B polyn0m1al (4, B, ©)
and (J, B, C) controllable and observable matrix triples, and J
in Jordan form [11]. Then, operations of restricted system cquiv-
alence (RSE) [11] applied to the polynomial system matrix [10],

c=[¢ G] )

[5] corresponding to (J, B, C) yield
o s _jn 7J~12 }§1
I—s] | B|RSE . -
p— - =I5 —Jn | By . @
-C |0 -
-¢ oo

The resulting structure (2) is obtained by solely interchanging
rows and columns containing an s, and by performing sign
changes. Controllability and observability of systems in Jordan
form imply nonsmgularlty of B232 and CIC, [3]. The Jordan
form implies J,,J%, = 0 and J5J,, = 0. Now defining

A 0 o B
A, = - |, A->=17 |, B, =] -
11 0 ]”] 12 []]J 1 B
=10 izrl Az ’=jzz, B, = B,,
-[¢ ¢]. a=c 3)
where the partitions have consistent dimensions, leads to (1),
and this proves the proposition. O

ITII. MAIN RESULT

The main result consists of two parts. First, we will show that

an NRCF of P is a stable full-rank spectral factor of

[;,](HP*P)*‘[I P*]. (4)

Secondly, we will use this result to obtain a state-space realiza-

tion of an NRCF of P. This will be presented in the form of an
algorithm.

Theorem 3.1: Let P €5
ments are equivalent:

a) (N, M) is an NRCF of P.
b) M € %, where (N, M) right coprime is a full-rank spec-

& be given. Then the following state-

tral factor of

[{,](1 + PPy '[1 Pe.
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Proof:- a) - b). Given (N, M) as an NRCF of P. Then
[’x] € # is full rank and (4) can be written as

[NA;‘I (I + M 'N*NM-Y [T MmN

- %] (M*M + N*N)"'[M* N*]

= [N]owre w1

which shows b).

b) — a). Let [’x ] € % be a full-rank spectral factor of (4) with
(N, M) right coprime, i.e., (4) equals [lMV][M *  N*]. Premulti-
plication by [P —1I]yields [P —1I ][%] = 0, which shows that
(N, M) is an RCF of P. Postmultiplication of (4) by % yields

M M) _[r - I _[M
(o N3] = 2]+ pemtr pp]m =[],
which implies [M* N*]| ¥ = I, and this shows a). ]

Based on Theorem 3.1, the following algorithm has been
constructed, which will lead to a state-space representation of an
NRCEF of a system in generalized state-space form. The proof is
given in the Appendix.

Algorithm: Let P(s) be a real rational (possibly nonproper)
transfer function of McMillan degree r.

Step 1: Perform the construction of a system in the particular
generalized state-space form (1) having the structure defined by
(2) yielding (3) as formulated in Proposition 2.2 and its Proof.

Step 2: Calculate W, as the stabilizing solution to the Riccati
equation

CIC, + WyAy, + ALW, — W,B,BIW, = 0.
Step 3: Define Y, Z, C, B, A to be

Y -

i

—(Wydy, + C1C,y) (4T, — W, B,BT)
Z = —(Wydp + CIC) ™ (CIC, + W2412)
C=C +CzZ
174_==A11 + (A12 + YTCzTcz)Z + YTCZTCI
B =B, — (Ay, — B;B]W,)(Ay — BszTW2)_1B2‘

Step 4: Calculate W, as the stabilizing solution to the Riccati
equation

C'C+A"W! +w,A - w,BBTW = 0.
Step 5: A regular state-space realization (A4, B,, Cy, D,) of

the NRCF Lxg;;], having an order identical to the McMillan

degree of P(s), is obtained, with

A,=A-BB™W,, B,=B,(I-B#B,))+A,W;'B¢

o _| BB -DBIW, - Bt [1-B2B,
"ol -oehHe -ctabw | 7 | ct'w,B,

using Bf = BI(B,BI)™'and C¥ = (CIC,)"'C,. m}

The following corollary enables the construction of both an
NRCF and NLCF of a plant using the algorithm presented
above.

Corollary 3.2: If (M, N) is an NRCF of system P, then
(MT, NT)is an NLCF of PT.

IV. EXAMPLE

Assume that our nonproper system is a double differentiator
P(s) = s%. A generalized state-space form of P(s) is

0 1 o™ 1 0 0](*% 0
0 0 1(f%X]=]0 1 O|[*2]+]|0]u
0 0 0]}x 0 0 1)\x3 1

Using Proposition 2.2, we can bring this system in the form (1),

3)
—-1]({* 0
] X2 | + [O]u
0 X3 1

X1
y=1[0 0 1](x2).

X3

—_—o0 o
=]

1 0 o]f% 0
0 1 ollsn]|=11
0 0 0

Then, the steps outlined in the proposed algorithm yield a
state-space realization (A, B,, C,, D,) of [x ] as

o I O |

c, - [_(‘)5 —11] D, - [‘1’]

Therefore, M(s) = (1/(s% + V25 + 1)), N(s) = (s2/(s®> + V25
+ 1)) and M(s), N(s) €# N(s)M(s)"! = P(s), and
M*(s)M(s) + N*(s)N(s) = 1.

V. CONCLUSIONS

In this note, a state-space algorithm for the calculation of a
normalized coprime factorization of continuous-time generalized
dynamical systems has been given. It has been shown that two
Riccati equations have to be solved in the calculation of this
normalized coprime factorization. As shown in the Appendix,
these Riccati equations are well defined.

APPENDIX

In this Appendix, we prove the existence of an NRCF (M, N)
of P € & as constructed in the algorithm.

Let the generalized state-space realization of the system be
partitioned according to Proposition 2.2, and apply operations of
restricted system equivalence [11] to a generalized state-space
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realization of [;](1 + P*P)~!'[1 P*] as follows:

which equals a generalized state-space realization of the transfer
function [%][M* N*] with

T _ET _ 4T T
1 o—wlo)| ¢¢ TE-A0C SE— A+ BF | B
o 1 lollsE-4 —-BB B 0 [Ml — F T
0 I 0 -B7 I 0 N -C 0
-C 0 0 0 . . 1 .
Now it can be easily checked that P(s) = N(s)M~'(s). Using
I 010 operations under restricted system equivalence [11], the con-
-wr 110 structed generalized state-space realization of | *| is reduced to
g P N
0 017 _ the state-space form
M) sI, — A+ BB™W, B(I — BB,) + A,,W; 'B}’
s
[N(s) = (I_BfBz)BlrWl +BfA21 I_B;Bz
—(I = C,CHC, + CEALW, ct'w, B,

0 _GET AT + wBB" | —wp 7] with Bf = BI(B,B))™" and C = (CIC,)"'C,. Hence, [”,j((;]
| sE-A +BBTWT _BBT B 0 is proper and asymptotically stable. This shows that the pre-
- BTWT BT ] 0 sented algorithm will lead to a state-space representation of an

_c _0 { 0 0 NRCEF of a system in generalized state-space form. O
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