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A B S T R A C T

The Vibration Correlation Technique (VCT) is a non-destructive method to predict buckling loads for
imperfection-sensitive structures. While successfully used to validate numerical models and predict experimen-
tal buckling loads, recommendations for defining the VCT experiment are scarce. Here, its sensitivity towards
the number of load steps and the maximum load level measured is studied, and an uncertainty quantification
of the measured frequency affecting the VCT prediction is performed First, a series of finite element (FE)
models representing nominally identical cylinders, and validated by buckling experiments, are used to perform
a sensitivity study. When no frequency deviations are introduced in the FE results, a positive correlation
between the VCT predictions and the maximum load used for measurements is found, the number of load
steps used being only relevant in reducing the errors. Introducing frequency deviations deterred the predictions
correlation with the maximum load, while using more load steps reduced this influence. Second, a sensitivity
study based on experimental data confirmed most of the trends previously observed using the FE results, the
exception being a poor prediction sensitivity as a function of the maximum load, owing to several cylinders for
which the VCT method gave predictions that progressively decreased with increasing the load.
1. Introduction

Buckling is one of, if not the most, important sizing criteria for cylin-
drical shells, especially for launcher structures. This, combined with
the inherent high buckling load sensitivity of these structures to imper-
fections and the potentially destructive nature of this phenomenon led
to an ever-increasing interest of non-destructive experimental method
to predict it. These are typically based on extrapolating the instability
point from their response at load levels below the buckling load. Among
the most established ones are the VCT [1], based on the change of
the vibration response with increasing the load, the probing technique,
based on laterally probing the cylindrical shell and tracking its load–
displacement response under different cylinder load levels [2–4], or the
Southwell plot [5,6], which is based on tracking the lateral deflections
to predict the instability point.

∗ Corresponding author at: DLR, Institute of Composite Structures and Adaptive Systems, Lilienthalplatz No. 7, 38108, Braunschweig, Germany.
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drian.gliszczynski@p.lodz.pl (A. Gliszczynski), marbelo@ita.br (M.A. Arbelo), S.G.P.Castro@tudelft.nl (S.G.P. Castro), kaspars.kalnins@latnet.lv (K. Kalnins).

Since the discovery of the influence of applied loads over a struc-
ture’s vibration response, one of the main uses of this relation was
for predicting the buckling loads of different structures. Predicting a
structure’s buckling load using the change in its vibration response
with the applied load is now commonly referred to as the VCT. Besides
the aforementioned application, another common use of VCT is in the
determination of in-situ boundary conditions. In the present work, VCT
is used in the first context, namely to predict buckling loads.

Throughout the years, VCT approaches were applied and devel-
oped for structures like beams and columns [7,8], plates [9], stiff-
ened plates [10,11], cylindrical shells [12], or stiffened cylindrical
shells [13] to name a few. VCT is particularly attractive for unstiffened
shell structures, given their unstable buckling, their high sensitivity
to imperfections, and the non-destructive nature of the method. One
https://doi.org/10.1016/j.tws.2022.110329
Received 6 June 2022; Received in revised form 26 August 2022; Accepted 31 Oct
Available online xxxx
0263-8231/© 2022 Elsevier Ltd. All rights reserved.
ober 2022

https://doi.org/10.1016/j.tws.2022.110329
https://www.elsevier.com/locate/tws
http://www.elsevier.com/locate/tws
http://crossmark.crossref.org/dialog/?doi=10.1016/j.tws.2022.110329&domain=pdf
mailto:theodor.baciu@dlr.de
mailto:Richard.Degenhardt@dlr.de
mailto:Felipe.Franzoni@dlr.de
mailto:adrian.gliszczynski@p.lodz.pl
mailto:marbelo@ita.br
mailto:S.G.P.Castro@tudelft.nl
mailto:kaspars.kalnins@latnet.lv
https://doi.org/10.1016/j.tws.2022.110329


T.D. Baciu, R. Degenhardt, F. Franzoni et al. Thin-Walled Structures 183 (2023) 110329

𝑓

w

f

w
p
(
i

w
a
i
(
U
E

𝑃

common application for unstiffened shells is in space structures, for
which reliable buckling load predictions are of paramount importance.
VCT has the potential to both replace the, potentially destructive,
buckling experiment of shells, providing a reliable, non-destructive
method to accurately predict buckling loads and to assess the buck-
ling load degradation of reusable space structures. Although multiple
promising results are readily available in the literature regarding the
method’s accuracy in predicting buckling loads, the application of VCT
for cylindrical shells is still under development [14].

Some of the earliest examples of VCT come from Sommerfeld [7]
and Melan [8], who studied the relation between a beam’s vibration
response and its loading at the beginning of the 20th century. For these
types of structures, the buckling and vibration modes are identical for
simply supported boundary conditions, giving a linear relation between
the applied compressive load P and the square natural frequency 𝐹𝑘:
2
𝑘 + 𝑝 = 1 (1)

here, p is P/P𝑐𝑟, 𝑃𝑐𝑟 is the linear buckling load, 𝑓𝑘 is 𝐹𝑘∕𝐹0, 𝑘, 𝐹0, 𝑘
is the 𝑘th natural frequency in the unloaded/reference state, and 𝐹𝑘 is
the 𝑘th natural frequency at a load level P. The experimental procedure
consists in plotting 𝑓 2

𝑘 against P and then to extrapolate using a linear
it the value of P for which 𝑓 2

𝑘 = 0. While the method was experi-
mentally validated in the first decade of the 20th century [7], other
experimental campaigns were only carried out in the 1950s [9,10].

The relationship for beams and columns has little sensitivity to
boundary conditions (small deviations from a linear relation), render-
ing the method applicable for boundary conditions other than simply
supported [9,15,16]. This relation can also be extended to plates and
shells, but its applicability is restrained mainly to imperfection insen-
sitive structures and to structures with negligible imperfections [9,11,
16].

In [17], Souza et al. proposed a novel VCT approach for columns
and shells, based on a modified characteristic chart in which the
following linear relationship between (1 − 𝑝)2 and 1 − 𝑓 4

𝑘 is used [18]:

(1 − 𝑝)2 + (1 − 𝜉2𝑘)(1 − 𝑓 4
𝑘 ) = 1 (2)

here 𝜉2𝑘 represents the drop of the buckling load due to initial im-
erfections. The buckling load is found by linearly extrapolating for
1 − 𝑝)2 = 𝜉2𝑘 at (1 − 𝑓 4

𝑘 ) = 1, and the value of 𝜉2𝑘 should be positive for
t to have a physical meaning.

Arbelo et al. [19] proposed an empirical relation, at that time, in
hich instead of plotting (1 − 𝑝)2 against 1 − 𝑓 4

𝑘 , (1 − 𝑝)2 was plotted
gainst 1−𝑓 2

𝑘 . This relationship between the load and natural frequency
s represented by a second order fit, in which the minimum value of
1 − 𝑝)2 represents the square of the drop of load carrying capacity 𝜉𝑘2.
sing this relation, the buckling load prediction can be obtained using
q. (3) [19]:

𝑉 𝐶𝑇 ,𝑘 = 𝑃𝑐𝑟(1 −
√

𝜉𝑘2) (3)

This relation was later analytically verified by Franzoni et al. in [20]
for simply supported shells under compression, in which the following
relation was obtained:

(1 − 𝑝)2 = [1 − (1 − 𝑓 2
𝑘 )]

2 (4)

showing analytically that indeed there is a second order relation be-
tween (1−𝑝)2 and 1−𝑓 2

𝑘 , as proposed by Arbelo in [19]. This approach
was also experimentally validated in multiple campaigns [19–32]. A
thorough review on the VCT methods for different types of structures
was also provided by Abramovich in [14].

The rising interest for using the VCT for bucking characterisa-
tion led to multiple sensitivity analyses of the method to: boundary
conditions, shape and thickness imperfections, combined loading, or
cut-outs. Souza showed the sensitivity of the natural vibration frequen-
cies to the shape of initial imperfections in [33] and to the boundary
conditions in [34]. In his studies, he found that the natural vibration
2

frequencies of beams and plates tend to increase with the magnitude of
their imperfections, while for shells the opposite occurs. Furthermore,
Souza also showed that the vibration response of shells greatly differs
between simply supported and clamped boundary conditions. In the
work of Arbelo et al. the importance of including the appropriate mate-
rial properties, boundary conditions, shape imperfections and thickness
imperfections in numerical simulations for reliable VCT buckling load
predictions was shown [19,24,35].

Skukis et al. in [21,25] showed that VCT is also applicable for
cylinders with cut-outs, given that the shell would experience a global,
rather than a local, buckling. The presence of large cut-outs can create
a local out-of-plane deflection that acts as a local instability initia-
tor [22], rendering the VCT unfeasible. However, this aspect can be
alleviated if the cut-out is reinforced, such that the cylinder buckles
globally [21]. Furthermore, Skukis et al. also emphasised the influence
of including shape imperfections, in-situ boundary conditions, and the
test rig elements in their simulations for accurate VCT predictions.
The influence of internal pressure was also studied in the work of
Franzoni et al. [20,23], who showed that VCT is also applicable to
stiffened pressurised cylindrical shells. Regarding truncated conical
shells, Gliszczyński et al. [36] investigated the predictive capabilities of
VCT for types of structures, using the FE models of two composite cones
of nominally identical geometry, but with different ply topology. An
extensive parametric study, considering different bottom radii, semi-
vertex angles, length, plus initial thickness and shape imperfections,
was also performed. The authors highlighted the conservativeness of
the method for the studied structures, found that the VCT predictions
are more sensitive to the initial shape imperfection and ply topology
when compared to the overall compressive response, that VCT is rela-
tively insensitive to thickness imperfections and that higher load ratios
provided better accuracy.

One of the first estimations of the influence of the frequency mea-
surement errors over the VCT predictions was given by Segall and
Springer in [37]. In their study for flat plates, the inspection of the
equations used revealed that any error in the frequency measurement
would double its effect in the VCT predictions. The monotonicity be-
tween the measurement errors and the VCT predictions errors was also
observed by Go et al. [38] for beams, where experimental measurement
errors from 2% to 6% turned into buckling load prediction errors from
5% to 20%, depending on the beam’s boundary conditions.

Two particular aspects that can influence the method’s accuracy are
the maximum load level measured and the number of load steps used
for the VCT predictions. Furthermore, these aspects are also important
when preparing an experimental test, as the number of load steps could
be restricted due to time constraints, while the maximum load could
be restricted due to the risk of damaging the tested structure, or due
to the confidence in the predicted buckling load. The maximum load
level needed for reliable VCT predictions in particular appears to be
highly dependent on the experiment and structure, with high variations
for accurate VCT predictions being reported. In the work of Arbelo
et al. [24], load levels from 50% of the experimental buckling load and
above were needed for satisfactory VCT predictions, while in the work
of Kalnins et al. [26], satisfactory predictions were obtained only when
using compressive loads above 85% of the experimental buckling load.
The literature reports on the number of load steps needed for a reliable
VCT prediction are also scarce, this number varying from 6 in the study
of Franzoni et al. [27], to at least 15 in the work of Labans et al. [28],
15 measurements being also the recommended number of load steps
in [24].

In the present paper, the authors advanced their previous work [39],
by including experimental data and extending the numerical one, in a
sensitivity study on the evolution of the VCT buckling load predictions
as a function of the load level and the number of load steps measured,
including the influence of frequency measurement deviations. The
study aims to observe trends in the VCT buckling load predictions as
a function of the aforementioned factors, trends that can be used to
efficiently design a robust test plan for applying VCT to cylindrical
shells.
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Fig. 1. Quadratic curve fits for the first vibration mode with increasing the number of load steps [28].
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2. Methodology

The VCT method used here is the Arbelo’s approach [19], in which
the analytical relation between the structure’s natural frequency and
the compression load applied is shown in Eq. (4) [20]. For a valid
prediction, 𝜉𝑘2 from Eq. (3) must be higher than 0 (the linear buckling
load being found for 𝜉𝑘2∼0), the ‘x’ coordinate of the minimum must be
arger than the one of the last measurement and the minimum number
f load steps required is 3, as the number of load steps needs to be
igher than the order of the fit.

One example of the VCT application is shown in Fig. 1, where the
xperimental VCT data of a composite cylinder with a variable angle
ow was taken from the available literature [28] and used to perform
uadratic fits, starting from the minimum number of load steps, and
rogressively adding all the load steps available. In this case, there were
6 measurements used, at the load ratios shown on the secondary 𝑦-

axis of the figure, the last one being at a load ratio of 86% from the
cylinder’s experimental buckling load.

From this figure, important observations laying the foundations of
this work can be drawn. First, one can notice that not all the points
follow closely a quadratic curve and also that in some cases a valid
quadratic curve cannot be fitted through the points. There are several
reasons why this can happen, like small load variations during the
measurement, measurement errors, small changes in the load path at
small load levels, or local phenomena at higher load levels (buckling;
damage).

Furthermore, particularly when using a low number of load steps
with large deviations, the quadratic fit could even give a maximum,
instead of a minimum point, rendering the fit unusable for VCT buck-
ling load predictions. In the given example one of the most obvious
deviations happened between the points corresponding to the load steps
at a load ratio of ∼28% and ∼33% respectively, where the difference
between the frequencies was small compared to the other load steps.
Having two load steps with a small frequency difference between
them, when compared to the other measurements, can not only yield
unreliable predictions, but also interfere with the curve fitting pro-
cess altogether. Therefore, for the extreme cases where most of the
quadratic fits failed due to these types of deviations, one of the two
frequency measurements was discarded. The decision on which of the
two measurements should be kept was taken based on the improvement
given by keeping that measurement, namely by the number of the
additional intermediate valid VCT predictions provided.

Furthermore, when comparing the load ratios from Table 1, showing
the first and last measurements performed for this cylinder, with the

ones from Fig. 1, one can notice that the first few measurements were

3

Table 1
Load steps with corresponding load ratios and vibration frequencies for the first mode
[28].

Load [kN] Load ratio [%] Vibration modes frequencies [Hz]

10 4.8 226.2
20 9.6 231.0
30 14.4 231.2
40 19.2 230.0
50 24.0 225.6
. . . . . . . . .
160 76.9 185.6
170 81.7 181.8
180 86.5 175.6

not used for the VCT prediction. In this case, it can be seen by inspect-
ing the first 3 measured frequencies that these were initially increasing,
while a decrease was expected given the increase in the compressive
load. This likely happened since, for these low load levels, there were
still some settling events, with the boundary conditions and load path
slightly changing as firm contact was ensured within the test machine
and between the load introduction surfaces and the tested structure.
Such measurements were also removed for the other experimental data
sets where it was observed that initially the frequencies increased with
increasing compressive load.

Fig. 1 also shows that the minimum 𝜉𝑘2 of the curves generally
ecreases with increasing the number of load steps/maximum load
atio used. This translates into a VCT buckling load prediction increase,
enerally quasi-linear, as a function of the same parameters. Also,
his increase often gives more accurate VCT predictions, given the
enerally conservative nature of the method. However, in this figure
here is a direct coupling between the number of load steps and the
aximum load ratio (since they were increased simultaneously and

ach measurement corresponds to a certain load ratio), meaning that
ere the sensitivity of the VCT predictions to each of these parameters
annot be assessed independently. In order to study the influence of
hese two parameters over the VCT predictions independently, more
CT predictions must be generated, such that these predictions can be
lassified separately as a function of the number of load steps and the
aximum load ratio used. The method chosen here was to use the

vailable data to generate combinations of r load steps out of total
number of measured load steps n using the combinations formula:

𝐶 (𝑛, 𝑟) = 𝑛! , 𝑟 = 3, 4… 𝑛 − 1 (5)

(𝑛, 𝑟)!𝑟!
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and then to perform a VCT prediction for each load steps combination.
This approach does not entirely decouple the influence of the two pa-
rameters, as the lower bound of the maximum load ratio increases with
the number of load steps used. For example, at the lowest spectrum
(𝑟 = 3), the maximum load ratio would be equal to, or higher than, the
one of the 3rd load step, while for any other r, the maximum load ratio
would be equal to, or higher than, the one of the 𝑟th measurement.
When put in numbers, for 𝑛 = 10 load steps with the last two measured
load steps at 80% and 85% load ratios, for any combination with
𝑟 = 9, the maximum load ratio will automatically be either 80%, or
85%. Regardless of the residual coupling between the number of load
steps and the maximum load ratio, using this approach to generate
combinations of load steps using the combinations formula (5) and to
evaluate each of them using Eq. (3) allows a more detailed analysis over
the influence of the number of load steps and maximum load ratio on
the VCT buckling load predictions.

The influence of measurement deviations on the VCT predictions
was already shown in Fig. 1. Given the possibility to accurately control
the load during an experiment, here the sensitivity of the used VCT
method to measurement deviations was chosen to be studied by al-
tering the natural frequencies. To the authors’ best knowledge, there
is limited information regarding the expected frequency measurement
deviations. In the work of Franzoni et al. [23], the authors compared
the frequency measurements between two equipment monitoring the
vibration response of the same structure at different locations. Out of a
total of 12 load steps measured, the frequency difference between the
two equipment was 0 Hz for 9 load steps, 0.25 Hz for 2 load steps, and
1.5 Hz for 1 load step. The fact that most of the measurements given by
the two equipment appeared identical, and the 0.25 Hz measurement
resolution used, suggest that most often the measurement deviations
are below 0.25 Hz, with higher, more isolated, deviations being also
possible. As the information on expected frequency deviations is scarce,
for the sensitivity studies here three maximum allowed frequency
deviation magnitudes were chosen. These are ±0.1 Hz, ±0.25 Hz and
±0.5 Hz. For each of these maximum frequency deviations, 50 altered
data sets were generated for each VCT data set to avoid the influ-
ence of possible outliers given by certain particularly unfavourable
combinations of load steps. These altered data sets were generated
from the nominal numerical/experimental results, by applying random
deviations within the aforementioned limits to each frequency of the
load steps considered. After these altered data sets were generated,
the same approach of generating load steps combinations using the
combinations formula (5) was used, generating a VCT buckling load
prediction using Eq. (3) for each load steps combination. Also, since the
accuracy of the method itself is not of interest in this study, for an easier
visualisation of the results all the VCT predictions were normalised with
respect to the nominal VCT prediction (obtained using all the load steps
of that respective data set).

3. Sensitivity study based on FE results

The main purpose of the numerical study is to provide an underlying
foundation for the study using experimental data, as well as to better
assess the influence of the frequency measurement deviations on the
VCT buckling load predictions, given that such deviations would always
be present in the experimental data. The numerical models used in
this study were defined for a family of nominally identical, unstiff-
ened, CFRP cylindrical shells, shown also in the work of Degenhardt
et al. [40]. The actual cylinders used were Z15, Z17, Z18, and Z20–Z26
and for which VCT results were shown in [19,41]. The cylinder’s layup
is [±24, ±41], with a thickness of 0.5 mm, a total length of 540 mm,
a free length of 500 mm (between the potted ends), and a radius of
250 mm (nominal dimensions). The material properties for the nominal
ply, Hexcel IM7/8552, are shown in Table 2. The material properties
of the potting used at the ends for a uniform load introduction are: E
= 2.45 GPa, 𝜈 = 0.3, and 𝜌 = 2090 kg/m3.
12

4

Table 2
Hexcel IM7/8552 CFRP ply material properties [41].
𝐸1 [GPa] 𝐸2 [GPa] 𝐺12[GPa] 𝜈12 𝜌 [kg/m3]

142.5 8.7 5.1 0.28 1580

The numerical analyses were conducted using the ABAQUS finite
element software and had the measured dimensions, shapes and thick-
nesses imperfections of the cylinders implemented using the approach
described and validated in [42], thickness and shape imperfections
reported in detail in [36]. In this approach, the material properties of
the elements are also altered to account for the measured thicknesses.
The CFRP cylinder is modelled with S8R shell elements, while the
potting is modelled with C3D20R brick elements. A more detailed
description on the FE models used can be found in [41].

3.1. Results

The linear buckling loads 𝑃𝑐𝑟, between 30.25 kN and 33.02 kN, were
determined using the FE models by means of a buckling eigenvalue
analysis. These models were built considering the measured dimensions
and considering the average thickness to alter the material properties
using the rule of mixtures. The non-linear buckling loads of the models,
between 20.32 kN and 26.83 kN, were obtained by running static
general analyses, assuming geometric non-linearities, as well as the
measured thickness and shape imperfections, according to the method-
ology described in [42]. The natural frequencies were extracted using
the latter models, in load steps of a 5% load ratio with respect to
their non-linear buckling loads. Therefore, the natural frequencies were
obtained for 20 load steps, from a 0% load ratio, up to a 95% load
ratio. These values were used, together with their corresponding load
levels and linear buckling loads to give VCT buckling load predictions.
This approach considering a high number of load steps and extreme
load ratios was chosen in order to allow a more in-detail preliminary
analysis, which otherwise would be difficult to perform experimen-
tally. However, such a numerical analysis including several FE models
can be not only computationally heavy, but more importantly, also
not necessarily relevant for a realistic VCT test. One of the possibly
unrealistic scenarios is measuring such a large number of load steps.
Given the typically frequency response measuring method [23,24,26–
28] and depending on the combination of the measurement detail and
the number of load steps measured, the holding time needed for a single
measurement can lead to a prohibitive total testing time. Furthermore,
measuring at high load ratios comes with high risks of catastrophic
buckling occurring during the measurement, in which the load should
be kept constant. Last, using this approach gives some predictions
using load steps at load ratios which can be irrelevant for a real test.
For example, predictions using low maximum load ratios would be
included, which is counterintuitive when considering that the accuracy
of the used VCT approach tends to increase with the maximum load
level measured. In order to address the aforementioned points, several
load criteria were implemented, such that only more realistic load steps
combinations were used to perform the numerical VCT buckling load
predictions. These load criteria used to filter the VCT predictions are:

1. Maximum load ratio in the 50%–85% interval
2. Bias towards higher load levels
3. Minimum load ratio within 15%
4. Maximum load ratio gap of 20%

The lower limit of the first criterion was chosen such that predictions
using points on the quasi-linear region of the characteristic chart only
were avoided and due to accuracy concerns. Given that FE models
can robustly predict buckling when imperfections are accounted for
(boundary conditions, loading, shape, thickness) and that VCT can also
be used in-situ to give buckling load predictions, the higher limit at
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85% was chosen as it was considered to be a safe limit for VCT testing.
The second criterion ensures that in a given load steps combination,
most of the load steps are above the middle of that specific load steps
combination. For example, while a load steps combination such as
[10%, 25%, 40%, 50%] will go through, as more than half of the
entries are above (50–10)/2%, a load steps combination such as [10%,
25%, 35%, 85%] will not go through, as most of the entries are at
lower load ratios than (85–10)/2%. The minimum load ratio of 15%
was chosen such that the change of the frequency response of the
structure with applied load would be considered in this region as well.
This criterion was implemented as it was observed that, when failing
to do so, the quadratic fit can miss the points corresponding to low
load ratios by a large amount, describing thus an unrealistic behaviour.
The last criterion was adopted such that high load ratio discrepancies
between consecutive load steps are avoided and that the quadratic fit
is performed using points relatively evenly distributed between the
extremes. An example of a combination of load steps that would be
avoided is [5%, 75, 80%, 85%], as missing the points corresponding to
intermediate load ratios might introduce large deviations with respect
to the fit when using all the points.

3.2. Sensitivity study

Fig. 2 shows in violin plots the predictions for the first vibration
mode, with and without the load steps criteria applied. Here the predic-
tions without load criteria are shown in orange, while the predictions
satisfying the load criteria are shown in blue, representing roughly
7% out of the entire data. In these violin plots, the top and bottom
horizontal lines show the extreme predictions, the lines in between
the top and bottom ones show the medians of the distributions, while
symmetrically across the vertical lines the distribution shapes of the
VCT predictions can be seen. Besides the number of load steps on
the bottom horizontal axis, there is also a secondary top horizontal
axis, which shows the number of the VCT predictions contained in
each violin plot without load criteria applied and in percentages the
number of predictions with load criteria applied out of the ones without
load criteria applied. This secondary horizontal axis at the top also
shows the data distribution with respect to the number of load steps.
In this case, for the unfiltered data the distribution can be considered
quasi-normal, as the number of the VCT predictions is quasi-symmetric
about the violin plot corresponding to 10 load steps used (half of the
maximum number of load steps), due to the nature of the combination’s
formula (5). However, due to the load criteria applied, for the filtered
predictions the distribution is no longer quasi-symmetric.

When looking at Fig. 2, one can notice several trends. First would be
that the amplitude of the predictions tends to decrease with increasing
the number of load steps, especially for the unfiltered predictions.
This is due to the fact that for a low number of load steps, there
can be many combinations for multiple maximum load ratios, while
when approaching the maximum number of load steps, the possible
maximum load ratios become more restricted. Also, the median initially
increases with the number of load steps and when more than 5–6
load steps for the unfiltered data, or more than 8–9 load steps for
the filtered data, are used for the predictions, it tends to stabilise
to a constant value of 1. This aspect is better seen for the filtered
data where, due to the load criteria, the number of combinations
containing high load ratios is scarce for a low number of load steps.
This is also the reason why for a low number of load steps most of
the filtered predictions are relatively far from the predictions using a
larger number of load steps. When increasing the number of load steps
used, the predictions also tend to form ‘clusters’, with the main one
tending to align with the prediction obtained using all the load steps.
These clusters are defined here as the areas in the VCT predictions
distributions between consecutive positive inflection points, or between
areas where the width of the distribution is approximately 0. The
predictions from different maximum load ratios, or cylinders, can create
5

such clusters, which can also overlap, giving a wavy appearance to
the distributions. Regardless of the large VCT predictions amplitudes of
these clusters when compared to the amplitudes including the extremes,
the maximum amplitudes are still extremely low, at ∼0.1. This occurred
due to the numerical nature of these results, where the minimum 𝜉𝑘2

of the characteristic curves varied little, regardless of the cylinder and
maximum load ratio, as all the points followed closely a quadratic
behaviour. This type of behaviour is ideal when using VCT, as it means
that the buckling load prediction varies little with both the number
of load steps and the maximum load level considered, allowing robust
predictions using safe load levels.

Perhaps one of the major differences between the filtered and
unfiltered data is seen for a lower number of load steps. Here the
extreme predictions for the unfiltered data were obtained using the
minimum number of load steps (3), while for the filtered data these
were seen between 6–11 load steps.

For the assessment of the influence of the maximum load ratio
parameter over the VCT buckling load predictions, another figure with
violin plots was created. Fig. 3 shows the predictions from Fig. 2,
rearranged such that now there is a violin plot for each maximum load
ratio interval used. While the FE results were taken at explicit load
ratios, the results are shown here as a function of load ratios intervals,
for a better consistency with the results based on the experimental data,
since measuring at pre-defined load ratios is difficult. For clarity, the
intervals defined have a (m, n] form, meaning that in this case the (60–
65]% interval would contain only the results from a 65% load ratio.
Here it can be seen that there is definitely a monotonic relation between
the VCT predictions and the maximum load ratio, for both the filtered
and unfiltered data. Also, some small clusters can be seen at the top
of several violin plots, these being likely given by the VCT predictions
of a specific cylinder. Furthermore, the range of the predictions seems
to decrease with increasing the load ratio, despite the ever-increasing
number of VCT predictions with the load ratio. This suggests that using
load steps at higher load ratios could also reduce the variations given
by the combinations of load steps at lower load ratios.

When looking at Figs. 2 and 3 and upon inspecting the extreme
predictions of the unfiltered predictions, it can be seen that generally
the lowest VCT predictions are obtained using the lowest number of
load steps, at the lowest load ratios, while the highest predictions are
found when using 3–4 load steps, but this time all at load ratios in the
[85–95]% interval. When the load criteria are applied, the maximum
amplitude and the lowest predictions are no longer found when using
a low number of load steps, as the extreme predictions using load
steps exclusively at low/high load ratio are filtered out. The largest
predictions amplitudes with respect to the number of load steps used
is no longer found at the extremes, while the predictions with respect
to the maximum load ratio used follow the same behaviour as for the
case with unfiltered load steps.

Overall, this study suggests that the lowest VCT predictions would
be found using few load steps at extremely low load ratios, while the
highest ones would be found using also few load steps, but at very high
load ratios.

Furthermore, it also suggests that the number of load steps has little
influence over the VCT predictions, while the VCT predictions seem to
highly depend on the maximum load ratio.

The correlations of the number of load steps and the maximum
load ratio used with the VCT predictions can be further studied us-
ing established statistical tools to quantify the influence of these two
parameters. Correlation coefficients such as Pearson’s r, Kendall’s 𝜏,
or Spearman’s 𝜌 can be of particular interest, as they can identify the
strength of the linear relation between two variables, the strength of
their dependence, or their strength of association [43–45]. While using
a Pearson r correlation coefficient to classify the degree of linearity
between the maximum load ratio, or the number of load steps, and the
VCT predictions would be of high interest, unfortunately the required

assumptions of this correlation coefficient cannot be satisfied. The



T.D. Baciu, R. Degenhardt, F. Franzoni et al. Thin-Walled Structures 183 (2023) 110329

V
f
c
c
n
c
c
𝜏
l
t

Fig. 2. VCT predictions as a function of the number of load steps, pristine numerical data.
Fig. 3. VCT predictions as a function of the maximum load ratio, pristine numerical data.
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CT predictions classified as a function of the maximum load ratio
ails the need of normally distributed data (increasing VCT prediction
ounts on the top horizontal axis of Fig. 3), while the predictions
lassified as a function of the number of load steps are intrinsically
ot continuous. Furthermore, outliers can reduce the relevance of this
orrelation coefficient, an aspect valid also for Spearman’s 𝜌 correlation
oefficient, although to a far lesser extent. On the other hand, Kendall’s
is relatively insensitive to outliers, the analysed data has to be at

east ordinal, if not continuous, and it is generally more robust than
he Spearman’s 𝜌. Therefore, for our VCT predictions, the Kendall’s 𝜏

appears to be the best option of the three to study the correlations
between the two parameters of interest and the VCT buckling load
predictions. The correlation coefficient can range from −1 to 1, showing
the strength of the monotonic relation between each two variables
compared, with 𝜏 − 1 for a monotonic decrease, 1 for a monotonic
increase, while a coefficient of 0 shows the absence of a monotonic
relation between the two variables. In terms of effect size, there is
no general agreement on what magnitude of this coefficient shows a
weak, moderate, or a strong correlation [46,47]. For this study, the
 t

6

following effect size is considered for the correlation coefficients: 0.07–
0.21 shows a week correlation, 0.21–0.35 shows a moderate correlation
and anything above 0.35 shows a strong correlation [47].

Fig. 4 shows a heatmap of the Kendall correlation coefficients for
the analysed data. In this figure, the numbers inside the boxes represent
the correlation coefficients between the variables corresponding to the
line and column on which it is located.

When looking at the correlation coefficient between the number of
load steps and the maximum load ratio for the unfiltered predictions,
one can see that 𝜏 = 0.22, which indicates a weak-to-moderate correla-
tion between these two parameters. This weak-to-moderate correlation
is expected, given that these parameters are not fully decoupled. This
correlation for the filtered load steps becomes moderate, with 𝜏 = 0.33,
s the applied load steps criteria favours higher maximum load ratios.
urthermore, the correlation between the number of load steps and the
CT buckling load predictions is absent for the unfiltered data (𝜏 = 0)
nd weak for the filtered data (𝜏 = 0.13). This confirms the absence of
monotonic relation between the VCT buckling load predictions and

he number of load steps used to generate them, as for the filtered data
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Fig. 4. Kendall’s correlation analysis, pristine numerical data.
Fig. 5. VCT predictions as a function of the number of load steps with random frequency deviations within ±0.1 Hz.
the weak correlation is artificially introduced by the filtering criteria.
On the other hand, the correlation coefficients between the maximum
load levels and the VCT buckling load predictions indicates a strong
correlation between the two, the higher one for the filtered load steps
being also introduced by the filtering criteria. This implies that, in ideal
conditions, the VCT buckling load predictions are only influenced by
the maximum load ratio of the measurements, while the number of load
steps measured has no influence whatsoever over the predictions.

3.3. Sensitivity study with frequency deviations

The previous study revealed that the number of load steps used has
little influence over the VCT buckling load predictions and that the
maximum load level is the main parameter that influences these predic-
tions. This study however was a representation of the ideal case, as it
was based on pure numerical data from nominally identical cylinders,
where the obtained load–frequency data followed with high fidelity
a quadratic response. In practice, random vibration mode frequency
measurement deviations can occur, resulting in a poorer quality of the
quadratic fits, like the ones shown in Fig. 1. Therefore, the influence
of frequency measurement deviations must also be accounted for when
studying the influence of the number of load steps and the maximum
load ratio over the VCT buckling load predictions.
7

3.3.1. Influence of ±0.1 Hz frequency deviations
Fig. 5 shows the violin plots of the numerical VCT predictions for

the 50 altered data sets generated with a maximum allowed vibration
frequency deviation within ±0.1 Hz, as a function of the number of load
steps.

When comparing this figure with its analogue Fig. 2 for the ideal
scenario (case with filtered load steps), some clear differences can be
found. While in Fig. 2 the VCT predictions varied by small amounts
(0.91–1.03), here the variations are considerably larger (0.8–1.35), this
variation being larger on the upper limit. However, the amplitude of
the variations drops significantly with increasing the number of load
steps beyond 10, with a tendency to stabilise to a quasi-linear decrease
beyond 12 load steps. Furthermore, the predictions clusters seem to
stabilise sooner around the same value. The small amplitude of the clus-
tered VCT predictions when compared to the amplitude of the extremes
also implies that the number of the predictions outside these clusters is
negligible compared with the number of the ones within. Therefore, the
values outside these clusters can also be considered as outliers given
by the frequency deviations introduced. For this frequency deviation
magnitude, the clustered predictions are well within ±0.1 when more
than 4 load steps are used, meaning that using just 5 load steps gives
a relative deviation of ±10% with respect to using all the load steps
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Fig. 6. VCT predictions as a function of the maximum load ratio with random frequency deviations within ±0.1 Hz.
Fig. 7. Kendall’s correlation data analysis with random frequency deviations within ±0.1 Hz.
available. The clusters’ amplitude decreases rapidly with increasing the
number of load steps at the beginning, being in the limits of (0.95–1.03)
when more than 6 load steps were used.

Remembering that the influence of the number of load steps is not
entirely decoupled from the maximum load level used and that the load
criteria automatically impose a maximum load ratio between 50% and
85%, the maximum load ratio used can also influence these results.
This aspect can be verified by checking if significant range decreases
between consecutive maximum load ratios are present in Fig. 6, where
the violin plots are shown as a function of the maximum load ratio
used. Inspecting this figure reveals only gradual cluster range decreases
between consecutive maximum load ratio intervals, suggesting that in
this case indeed when using more than 4 load steps, with a maximum
load ratio higher than 55%, the influence of the introduced frequency
deviations for the VCT predictions can highly decrease (cluster range
within ±0.1). Furthermore, when comparing this figure with its ana-
logue Fig. 3 for the ideal case with load steps criteria, one can observe
that now a relation between the maximum load levels used and the
VCT predictions is no longer as evident. Inspecting the extreme VCT
predictions from Figs. 5 and 6 and comparing them with the extremes
predictions from Figs. 2 and 3 for the ideal case shows that the
introduction of the frequency deviations also influenced the maximum
load ratio needed to obtain these extreme values.

For this magnitude of the frequency deviations, the highest VCT
predictions were no longer obtained when using the highest load
ratio available, but the lowest. This can have an important impact
on the robustness of the VCT predictions in the presence of such

deviations, as there is an increased risk that the predictions would be

8

over-conservative, even when having a relatively low maximum load
ratio.

The Kendall’s correlation coefficient is also used here, Fig. 7 show-
ing the correlations for these data sets. When comparing Fig. 7 with
Fig. 4, one can notice that the frequency deviations introduced de-
creased the correlation between the maximum load level used and the
VCT predictions by roughly half, from 0.75 to 0.38. While this corre-
lation coefficient decreased by a significant amount, it still indicates a
relatively strong correlation between the maximum load level and the
VCT predictions.

As expected, the correlation coefficient between the number of load
steps used and the VCT predictions is now showing no correlation
whatsoever, despite the influence of this parameter on the VCT pre-
diction range. This change is due to the multiple data sets used, where
any artificial correlation between these two parameters for a particular
data set is compensated by the other data sets. Also as expected, the
correlation between the number of load steps and the maximum load
ratio used is still 0.33, as the magnitude of the introduced frequency
deviations should have no influence over this correlation.

3.3.2. Influence of ±0.25 Hz frequency deviations
Fig. 8 shows the VCT predictions as a function of the number of load

steps used for frequency deviations within ±0.25 Hz.
As it can be seen from this figure, now the clusters range of the VCT

predictions become relatively constant and within ±0.1 when using
more than 6 load steps. Also, the number of load steps range that gives
the highest VCT predictions increased from 4–10 to 4–12, while the

lowest predictions were still obtained using a low number of load steps.
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Fig. 8. VCT predictions as a function of the number of load steps with random frequency deviations within ±0.25 Hz.
Fig. 9. VCT predictions as a function of the maximum load ratio with random frequency deviations within ±0.25 Hz.
Regarding the maximum load ratios of the predictions at the ex-
remes, Fig. 9 shows that the highest VCT predictions were obtained for
larger maximum load ratios interval, between 50% and 75%, while

reviously these were found between 50% and 55%. Furthermore, the
luster ranges also increased by a small amount, now the load ratio
fter which cluster range becomes within ±0.1 is from 65% onwards.

On the other hand, the lowest predictions were still obtained using the
lowest load ratio available.

Fig. 10 shows the correlation coefficients for the VCT predictions
with frequency measurement deviations within ±0.25 Hz.

When comparing this figure with its analogue Fig. 4 for the ideal
ase with filtered load steps and Fig. 7 for a deviation magnitude within
0.1 Hz, it can be seen that the increased deviation magnitude seemed

o significantly alter the correlation between the load level and the VCT
redictions. Now the correlation coefficient halved again, from 0.38 to
.19 and although this value still indicates that a correlation exists, this
orrelation is now weak. On the other hand, the correlation between
he number of load steps and the VCT predictions remained the same.
9

3.3.3. Influence of ±0.5 Hz frequency deviations
Fig. 11 shows the VCT predictions as a function of the number of

load steps when frequency deviations within ±0.5 Hz are introduced.
Here it can be seen that the trends observed before continue. For this
deviation magnitude, the necessary number of load steps to reduce the
VCT predictions cluster range increased to more than 8. The upper
limit of the number of load steps that can give the highest predictions
also increased to 13, while the number of load steps for the lowest
predictions is from 3 to 5 load steps.

Fig. 12 shows the VCT predictions as a function of the load ratio
used for frequency deviations within ±0.5 Hz. In this figure, it can be
observed that the load ratio range over which the highest predictions
occur changed. The highest predictions can now be found at any load
ratio, while the lowest predictions were still found at the minimum
load ratio. Moreover, the clusters now become stable and roughly
within ±0.1 after a 75% load ratio, larger by 10% than for frequency
deviations within ±0.25 Hz.

The frequency deviations within ±0.5 Hz introduced deterred even
more the correlation between the VCT predictions and the maximum
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Fig. 10. Kendall’s correlation data analysis with random frequency deviations within ±0.25 Hz.
Fig. 11. VCT predictions as a function of the number of load steps with random frequency deviations within ±0.5 Hz.
Fig. 12. VCT predictions as a function of the maximum load ratio with random frequency deviations within ±0.5 Hz.
load level. This can be seen from Fig. 13, where now the Kendall
correlation coefficient is 0.12, describing a very weak correlation.

The sensitivity study based on the FE results suggested that there
is a strong positive correlation between the VCT predictions and the
10
maximum load ratio used and that the introduced frequency deviations
heavily altered this correlation. Furthermore, the maximum load ratio
needed to reduce the clusters amplitude within ±0.1 also increased with
increasing the magnitude of the introduced frequency deviation. On
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Fig. 13. Kendall’s correlation data analysis with random frequency deviations within ±0.5 Hz.
Table 3
Cylinders used for the experimentally based sensitivity study.

Name Mat h [mm] D [mm] t [mm] r/t AR

Ghahfarokhi grid* [29] GFRP 300 160 1.2 66 1.9
Ghahfarokhi grid 2* [30] GFRP 300 160 1.5 32 1.9
Labans classic tow [28] CFRP 790 600 1.45 207 1.3
Labans variable tow [28] CFRP 835 600 1.45 207 1.4
R07 [24] CFRP 500 500 0.63 399 1.0
R08 [24] CFRP 500 500 0.63 399 1.0
R09 [24] CFRP 500 500 0.63 399 1.0
R15 [26] CFRP 500 500 0.52 478 1.0
D100H200L1-HS (1, 2) [31,32] CFRP 200 100 0.29 170 2.0
D100H200L1-PP (3-9) [31,32] CFRP 200 100 0.29 170 2.0
D100H200L2 (1-3, 3a, 5) [32] CFRP 200 100 0.27 183 2.0
D100H400L1-HS (1-3) [31,32] CFRP 400 100 0.3 168 4.0
D100H400L1N-PP (4-6) [31,32] CFRP 400 100 0.3 168 4.0
D100H400L2 (2) [32] CFRP 400 100 0.36 141 4.0
D300H150L1 (1, 3) [32] CFRP 150 300 0.36 418 0.5
D300H150L1-HS (2) [31,32] CFRP 150 300 0.36 418 0.5
D300H150L2 (1) [32] CFRP 150 300 0.36 418 0.5
D300H150L2N (3) [32] CFRP 150 300 0.36 418 0.5
D300H150L1N-PP (5) [31,32] CFRP 150 300 0.36 418 0.5
D300H300L1-PP (3) [31,32] CFRP 300 300 0.34 446 1.0
D300H300L1N-PP (4, 5) [31,32] CFRP 300 300 0.34 446 1.0
SST1 [26] Al 500 500 0.5 500 1.0
SST2 [26] Al 800 800 0.5 800 1.0
Z37 [26] CFRP 800 500 0.79 318 1.6
Z38*, ** [23] Al 1000 801 2.18 183 1.2
ZD27 [27] CFRP 560 502 0.58 432 1.1
ZD28 [27] CFRP 560 502 0.48 523 1.1
ZD29 [27] CFRP 560 502 0.52 482 1.1

the other hand, the influence of the number of load steps used on the
VCT predictions was relatively weak, with increasing the number of
load steps mainly reducing the magnitude of the errors given by the
introduced frequency deviations.

4. Experimental results

While some clear trends on the influence of the number of load steps
and the maximum load ratio were observed on the sensitivity study
based on FE results, these trends were based exclusively on a family of
nominally identical cylinders. Therefore, for confirming these trends, a
sensitivity study based on experimental results was also performed.

For the experimental results, a thorough literature review was per-
formed, gathering a fairly large number of published measurements.
These measurements are for cylinders out of different materials (Steel,
Al, GFRP, CFRP), diameters D (160 mm–801 mm), heights h (150 mm–
000 mm), shell thicknesses t (0.273 mm–2.5 mm), r/t (32–800),

aspect ratios AR (0.5–4), boundary conditions, loading, or with/without
stiffening. Table 3 shows the geometrical data of the cylinders used
for this sensitivity study, where PP/HS relates to the load introduction
(Parallel Plates/SemiSpherical joint), * represents stiffened cylinders
and ** represents cylinders tested with internal pressure.
11
These cylinders were used together in this study, regardless of
their material, structural and geometrical differences, in order to assess
the sensitivity of the method including not only a large variety of
cylinders, but also a large number, namely 48 VCT data sets, from
28 nominally different cylinders. The difference from 28 nominally
different cylinders to 48 different VCT data sets comes from the fact
that some of the cylinders were tested with internal pressure, or with
different load introduction methods.

While for the numerical study the number of the load steps and the
load ratios of the measurements can be accurately controlled, due to
the unpredictability of the buckling event, same is not the case for the
experimental data. The raw experimental data of the cylinders shown
on the above table contained a different number of measurements, at
different load ratios and for a different number of vibration modes.
This raised several issues in trying to use the data in a similar way
as for the numerical study. Given the fact that for some cylinders there
were multiple vibration modes monitored and/or a larger number of
measurements when compared to others, using these measurements in
their raw form would introduce a huge bias towards these cylinders. For
example, in the work of Labans et al. [28] there were 4 vibration modes
monitored over 16–17 load steps, while in the work of Arbelo et al. for
the R09 cylinder [24] the published data was only for the first vibration
mode, over only 7 load steps. This meant that, when using an identical
approach as for the numerical study, the results using the complete data
from [28] would represent more than 80% of our entire data. In order
to increase the influence of the other cylinders, only the first vibration
mode was used for the VCT predictions and the number of load steps
was reduced to a maximum of 14. For the cylinders with more than
14 valid measurements published, the number of load steps reduction
was performed such that the minimum and maximum load ratios were
not influenced and by avoiding removing consecutive measurements.
After this reduction, the highest contribution of any cylinder to the
total amount of data was around ∼10%, for 7 data sets having the
maximum number of load steps of 14. This meant that 7/48 data sets
(∼15%) gave roughly 70% of the results and the rest of 41/48 data sets
(∼85%) gave roughly 30% of the results. While the contribution of the
cylinders to the total amount of VCT buckling load predictions greatly
differs from one cylinder to another, the data sets with a higher number
of load steps were kept, such that the influence of this parameter can
be properly assessed using the experimental VCT data as well.

4.1. Sensitivity study

Fig. 14 shows the violin plots of the predictions as a function of the
number of load steps used for the experimental VCT predictions without
any frequency deviations introduced.

When compared to the numerical counterparts, one can notice that
more features are shared with Figs. 5, 8 and 11 for frequency deviations
within ±0.1 Hz, ±0.25 Hz and ±0.5 Hz, rather than with Fig. 2 for
the pristine case and without load criteria. Since for the experimental
data the load criteria were not used, the most extreme predictions
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Fig. 14. VCT predictions as a function of the number of load steps, pristine experimental data.
Fig. 15. VCT predictions as a function of the maximum load ratio, pristine experimental data.
were found for the lowest number of load steps, like in Fig. 2 for the
numerical predictions without load criteria applied. On the other hand,
the amplitudes given by both the extreme predictions, as well as the
ones of the clusters resemble more the numerical results with frequency
deviations included, as the experimental data would naturally include a
certain degree of such deviations. However, the amplitude in this case is
roughly 2.5 larger than for the numerical case where ±0.5 Hz frequency
deviations were introduced. A closer investigation revealed that the
extremely high values were exclusively given by the data set of the SST-
2 cylinder [26], these types of results being only possible when a set of
2 conditions are met. These conditions are: (i) a very low VCT buckling
knock-down factor, here 0.29; and (ii) load steps combinations that
give VCT predictions close to the linear buckling load 𝑃𝑐𝑟. In other

ords, these high normalised values are found when an intermediate
CT prediction that is relatively close to the linear buckling load is
ivided by such a low knock-down factor given by the nominal VCT
rediction (when using all the measurements). Using this data one can
ind the knock-down factor of the intermediate VCT prediction that
ave a normalised prediction of ∼2.5, by simply multiplying the two,
iving a value of 0.725. Regardless, the data set of this cylinder was
12
kept in this study, as the VCT buckling load prediction error was within
5% of the experiment.

Fig. 15 shows the same VCT predictions as the ones in Fig. 14, but
rearranged as a function of the load ratio.

Here the predictions were grouped in load ratio intervals of 5%,
same as for the previous numerically based sensitivity study, as the
experimental load ratios varied greatly between different cylinders.
Similar to the case where the predictions were shown as a function
of the number of load steps used, this figure also resembles more the
equivalent figures for numerical cases where frequency deviations were
included. This is due to the fact that also here the clustered predictions
tend to stabilise after a certain load ratio. The amplitude of these clus-
ters is similar to the last numerical case for the same load ratios (higher
than 50%), suggesting that the magnitude of the frequency deviations
introduced in the numerical study was appropriate. Moreover, also the
load ratio after which the cluster range fits within ±0.1 is for load ratios
higher than 70%, which is very similar to the case based on FE results
with frequency deviations within ±0.5 Hz introduced.

One of the differences between the analysis based on experimental
results and the one based on numerical results is that, in the former,
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Fig. 16. Kendall’s correlation analysis, pristine experimental data.
he clusters have different shapes, especially for lower load ratios, as
hey incorporate multiple nominally different cylinders. This is also
he reason why the number of combinations is no longer constantly
ncreasing with the load ratio used, given that the experimental data
f the used cylinders has a different number of load steps and different
aximum load ratios.

For the experimental data sets, since for different cylinders the
ormalised VCT predictions tend towards 1 with different gradients,
imply merging all data sets together and performing the correlation
n the combined data set would give erroneous results. Instead, for the
xperimental data the correlation was performed individually for each
ylinder and then these coefficients were averaged. Fig. 16 shows a
eatmap of the averaged Kendall correlation coefficients for the pristine
xperimental data.

Here it can be seen that also for the experimental data there is
weak correlation between the load ratio and the number of load

teps and no correlation between the predictions and the number of
oad steps. However, there is a significant difference between using the
umerical data and the experimental one to perform the correlation
etween the load ratio and the VCT predictions. While for the numer-
cal data there is a strong correlation between the load ratio and the
redictions, for the numerical data this correlation seems to be weak,
his coefficient being closer to the one for the numerical case where
requency deviations within ±0.5 Hz were introduced.

.2. Sensitivity study with frequency deviations

The previous study showed again that the number of load steps
sed has little influence over the VCT buckling load predictions, while
he influence of the load ratio appeared to be weak. While some
requency deviations are likely present in the measured data, also
or the experimental data the same frequency deviations magnitudes
ithin ±0.1 Hz, ±0.25 Hz and ±0.5 Hz were introduced to study the

ensitivity of the VCT method to the number of load steps and load
atio when altering the measured frequencies. Given the negligible
ifferences found when introducing the frequency deviations, here only
he results for frequency deviations within ±0.5 Hz are shown.

.2.1. Influence of ±0.5 Hz frequency deviations
Fig. 17 shows the violin plots of the VCT predictions for the data

ets generated with a maximum allowed vibration frequency deviation
ithin ±0.5 Hz, as a function of the number of load steps. When

omparing this figure with its analogue Fig. 14 for the experimental
esults without frequency deviation introduced, one can notice that the
iggest difference is the larger amplitude of the predictions, particularly
or a lower number of load steps. Also, while the amplitude of the
xtreme predictions was significantly increased, the amplitude of the
lusters slightly decreased, despite the frequency deviations introduced.
hile this behaviour could seem counter-intuitive, the explanation
omes from the higher number of data sets used. Since most of the

13
VCT predictions of each cylinder are around the median, using 50
altered sets for each cylinder meant that the number of the clustered
predictions increased faster than the ones outside, which is the reason
why the amplitude of the clusters decreased.

Fig. 18 shows the experimental VCT predictions as a function of the
load ratio used for frequency deviations within ±0.5 Hz. Similarly as for
the previous plot, here the ranges of the clusters also decreased when
compared to the results using pristine experimental data, owing to the
same larger number of data sets used. The medians of the distributions
seem to stabilise also around 1 and the significant amplitude decrease
still occurs for load ratios higher than 70%. Perhaps one of the most
significant changes with respect to the pristine results (besides the
cluster amplitude decrease) is that now the extremely high predictions
appear to be randomly found at multiple load ratios. Regardless, these
can be considered as minor changes, suggesting that the introduced
frequency deviations in the experimental data sets do not influence
greatly the VCT predictions.

The Kendall’s correlation coefficient was also used here, Fig. 19
showing the averaged correlation coefficients for these data sets. When
comparing this figure with Fig. 16, one can notice that the frequency
deviations introduced barely altered any of the coefficients, giving sup-
port to the negligible influence of the introduced frequency deviations
over the VCT predictions using the experimental data.

5. Discussion

The sensitivity study based on FE results suggested that there is no
monotonic relation between the number of load steps and the VCT pre-
diction, but that increasing the number of load steps could reduce the
influence of present frequency deviations. On the other hand, a strong
monotonic relation was found between the maximum load ratio and
the VCT predictions, the strength of this monotonic relation decreasing
with increasing the magnitude of the frequency deviation introduced.
Furthermore, it suggested that the extreme predictions are likely found
when using a relatively low number of load steps, all at extreme load
ratios, with the low load ratios giving the lowest VCT predictions, while
the highest load ratios give the highest VCT predictions.

The sensitivity study based on experimental results confirmed most
of the trends observed from the numerical study, with one major
difference. This difference was observed in the correlation between the
maximum load ratio and the VCT prediction, which slightly increased,
instead of decreasing, with increasing the magnitude of the frequency
deviations introduced in the experimental data. A deeper investigation
on these averaged correlation coefficients showed that this difference
came from several cylinders for which the VCT predictions converged
‘from below’. In other words, in several data sets the VCT prediction
highly decreased with increasing the load ratio. This meant that for
these cylinders the correlation coefficients were negative, which when
averaged highly decreased the overall correlation coefficient. More-
over, these data sets were also responsible for the small increase of
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Fig. 17. VCT predictions as a function of the number of load steps with random frequency deviations within ±0.5 Hz.
Fig. 18. VCT predictions as a function of the maximum load ratio with random frequency deviations within ±0.5 Hz.
Fig. 19. Kendall’s correlation data analysis with random frequency deviations within ±0.5 Hz.
the correlation coefficient between the VCT prediction and the load
ratio when increasing the magnitude of the introduced frequency devi-
ation. A closer inspection over the results of each data set individually
revealed that the increase of the negative correlation coefficients was
14
higher than the decrease of the positive correlation coefficients. This
higher magnitude in the increase of the negative correlation coefficient
was sufficient to overcome the lower magnitude decrease of the positive
correlation coefficient, which translated in the small increase in the
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overall correlation coefficient with increasing the magnitude of the
frequency deviation introduced. Furthermore, given the higher number
of available VCT predictions for higher load ratios, the coefficient
relating the maximum load ratio with the VCT prediction also contains
a bias towards the results from higher load ratios. This is also one of
the reasons why some of the coefficients were negative, despite a clear
positive correlation between the two parameters, particularly for load
ratios below 50%.

The correlation coefficients for all the experimental data varied
from −0.64 to 0.77 depending on the cylinder and generally suffered
only minor changes when frequency deviations were introduced. This
difference with respect to the numerical data could be explained by the
difference between the relative magnitude of the frequency deviation
introduced and the magnitude of the frequency drop with increasing
the load in the experiments. For example, for the study based on FE
results the frequency change between two consecutive load steps was
around 3 Hz, meaning that the ±0.5 Hz deviation introduced could
change this gap by ±1 Hz (±33%). While similar frequency gaps were
also seen in the experimental results, for most of these data sets this
gap was larger, meaning that also the magnitude of the frequency
deviations introduced disturbed less these gaps. This difference in
the frequency gap between the numerical and the experimental sets
can come from two sources: (i) the magnitude of the frequency drop
between the first and the last load step used; and/or (ii) the spacing
etween the consecutive load steps. Exemplifying, for the same first
nd last load ratios of 10% and 80% respectively, for the methodology
sed here having 10 equally spaced load steps in between would yield,
rovided that the VCT method converges ‘from above’, a higher corre-
ation between the load ratio and the VCT prediction than compared
o the case where 20 equally spaced load steps would be used. This
s due to the increased risk that the measurements of two consecutive
oad steps could give relatively close natural frequencies, which would
urther give two points close to each-other, like the ones from Fig. 1,
hus hampering a quadratic curve fit.

. Conclusions

In this paper, a study on the influence of the number of load steps
nd of the maximum load level used for predicting buckling loads of
ylindrical shells using VCT is presented. The study contained both a
ensitivity study based on numerical results of a family of nominally
dentical, validated through experiment FE models, as well as one
ased on experimental results gathered from the literature. Using this
umerical and experimental data, multiple combinations of load steps
ere generated to assess the sensitivity of the VCT for buckling load
rediction to the number of load steps and the maximum load ratio
sed. The study revealed that, when frequency deviations were not
rtificially introduced in the numerical data, there was a strong positive
onotonic relation between the maximum load ratio and the VCT
redictions. Reliability-based VCT predictions that are more represen-
ative of the reality were carried out by including random frequency
easurement deviations within ±0.1 Hz, ±0.25 Hz and ±0.5 Hz. It was

found that: (i) the strength of the monotonic relation between the load
ratio and the VCT predictions decreased with increasing the magnitude
of the deviation; and (ii) increasing the number of load steps mostly
decreased the influence of the introduced deviations. Furthermore, the
distributions of the VCT predictions tended to become narrower with
increasing the load ratio, regardless of the number of load steps used.
This occurs since the usage of measurements at higher load ratios
tends to prevent over-conservative predictions. Also, the variation of
the VCT predictions tends to decrease with increasing the maximum
load ratio, regardless of the number of load steps used. This can be
seen in the main clusters of the VCT predictions from each violin
plot shown in this study. Moreover, as the VCT predictions tend to
cluster, with the bulk of the predictions around the same value, the
predictions outside these clusters can be considered as outliers given
15
by the frequency deviations introduced. The introduced deviations also
had an influence over the importance of the number of load steps
used for the predictions. While the correlation between the number
of load steps and the VCT prediction was non-existent, it was found
that, depending on the magnitude of the introduced deviation, there
is a number of load steps after which the influence of the deviations
over the predictions range significantly reduces. This can be important
in designing an experimental test since, if the maximum magnitude of
the expected frequency measurement deviations is known, performing
such studies will give a minimum number of load steps for which the
influence of these deviations could be greatly reduced.

The numerical sensitivity study proved to be relevant in showcasing
multiple trends of the VCT prediction as a function of the number of
load steps and load ratio used, as most of the observations made for
this study were relevant for the sensitivity study based on experimental
data. However, there was an important difference in the evolution
of the VCT predictions as a function of the load ratio between the
sensitivity study based on the numerical data and the one based on
the experimental data. While there was a strong monotonic relation
between the VCT prediction and the load ratio used for the numerical
based data, for the experimentally based data the strength of this
relation appeared to be weak. Moreover, also the influence of the
artificially introduced deviation on the strength of this monotonic
relation was found to be opposite between the two types of data. While
increasing the magnitude of these deviations highly deterred the good
correlation for the numerically based data, for the experimentally based
data the weak correlation was slightly improved. This difference came
from several cylinders for which the VCT method converged ‘from
below’, meaning that the VCT prediction dropped for increasing the
load ratio. Thus, the correlation coefficients for these sets were negative
and severely decreased the overall correlation coefficient. The source
of the different influence of the magnitude of the introduced deviation
over the numerical and experimental based data was also found to
be given by these data sets for which the VCT predictions decreased
with increasing the load ratio. For these sets the correlation coefficient
increased with increasing the magnitude of the frequency deviation and
since the increase of these coefficients was significantly larger than the
decrease of the others, the averaged coefficient slightly increased as
well.

A closer inspection over the evolution of the correlation coefficients
for each individual cylinder data set also revealed that the VCT pre-
dictions based on experimental data appears to be less sensitive to
frequency deviations than the VCT predictions based on the FE results.
This behaviour is assumed to be given by the different magnitude in
which the introduced deviations influence the FE and the experimental
results, owing to the different load ratio of the consecutive load steps
and the different total frequency drop between the first and the last
load step.

Given the significant diversity of cylinders, as well as their loading
and testing boundary conditions, the trends identified in the present
study are likely to be valid for other imperfection-sensitive structures
and cylindrical shells in particular. Furthermore, when used for a single
test case, or a family of nominally identical structures, the methodology
used here for the sensitivity study could also be used to define a
robust number of load steps and maximum load ratio to be tested, such
that the influence of frequency deviations of a certain magnitude is
alleviated.
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