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Abstract The method of characteristics, or fractional-flow theory, is extremely useful in
understanding complex Enhanced Oil Recovery (EOR) processes and in calibrating simula-
tors. One limitation has been its restriction to Newtonian rheology except in rectilinear flow.
Its inability to deal with non-Newtonian rheology in polymer and foam EOR has been a seri-
ous limitation. We extend fractional flow methods for two-phase flow to non-Newtonian fluids
in one-dimensional cylindrical flow, where rheology changes with distance from injection
well. The fractional flow curve is then a function of position and we analyze the character-
istic equations for two applications—polymer and foam floods. For polymer flooding, we
present a semi-analytical solution for the changing fractional flow curve where characteris-
tics and shocks collide. The semi-analytical solution is shown to give good agreement with
the finite-difference simulation thus helping us understand the development and resolution
of shocks. We discuss two separate cases of foam injection with or without preflush. We
observe that the fractional flow solutions are more accurate than finite-difference simula-
tions on a comparable grid and hence the method can be used to calibrate simulators. For
SAG (alternating-slug) foam injection, characteristics and shocks collide, making the frac-
tional-flow solution complex. Nonetheless, one can solve exactly for changing mobility near
the well, to greater accuracy than with conventional simulation. The fractional-flow method
extended to non-Newtonian flow can be useful both for its insights for scale-up of laboratory
experiments and to calibrate computer simulators involving non-Newtonian EOR. It can also
be an input to streamline simulations.
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1 Introduction

Fractional flow methods or more formally the method of characteristics (MOC) have proved
essential in simplifying and understanding oil-recovery processes, especially enhanced oil
recovery (EOR) processes (Pope 1980; Lake 1989; Walsh and Lake 1989). In many cases,
EOR processes involving multiple components can be represented by two-phase fractional
flow solutions, often involving a jump in the concentration of some chemical component
within one phase. Despite simplifying assumptions, the MOC predicts the solution structure
of displacements well, even when those assumptions are relaxed. Solutions using the MOC,
however, typically assume Newtonian viscosities of all phases.

Many EOR processes, especially polymer and foam EOR, involve non-Newtonian phase
viscosities. MOC solutions for displacements in these EOR processes provide important
insights, but have not described the effect of non-Newtonian viscosities on the displace-
ments.

In radial or streamline flow, non-Newtonian phase viscosities imply that the fractional
flow function varies with position along the streamline. In rectilinear 1D flow, there is a sin-
gle fractional flow function that applies to the entire displacement even for non-Newtonian
fluids; see Wu et al. (1991, 1992) and Yi (2004). Wu et al. (1995) and Subramanian et al.
(1997, 1999) give solutions for dynamic 1D displacements where flow is from one porous
medium to another with a different fractional flow function. Bedrikovetsky (1993) briefly
gives the solution for one-dimensional (1D) gravity drainage in a dome-shaped reservoir
with an expanding gas cap. The relative contributions of gravity and viscous effects change
with the cross-sectional area of the dome, which depends on vertical coordinate z; therefore a
different fractional flow function applies at each value of z. Jamshidnezhad et al. (2008) pres-
ent a solution for steady-state gravity segregation in 2D cylindrical flow for non-Newtonian
fluids using the MOC.

In this article, we describe a framework for modeling 1D dynamic displacement with
non-Newtonian phase viscosities using the MOC, with numerical simulations provided for
comparison. We illustrate the method with several cases where the fractional flow curve
changes with radial distance. For injection of non-Newtonian foam following a surfactant
preflush, a simple, exact solution is possible. Without the preflush, a solution is possible that
is exact for the foam bank and approximately correct for the gas bank that precedes the foam
bank. For injection of non-Newtonian polymer or injection of foam in alternating slugs of
gas and liquid (SAG injection), an exact solution using MOC is also possible, though more
complex. It is relatively simple, however, to solve exactly for mobility behind the chemical
shock, i.e., in the near-wellbore region crucial to injectivity. Analysis of the problem in terms
of the changing fractional flow curve provides insights into how the process proceeds.

2 Theory

Except for allowing non-Newtonian phase viscosities, we make the usual assumptions of
fractional flow theory (Pope 1980; Lake 1989):

1. The 1D cylindrical reservoir is homogeneous, with uniform thickness, with inner radius
rw and an open outer boundary at re. We also assume re >> rw.
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Fractional Flow Theory Applicable to Non-Newtonian Behavior in EOR Processes 215

2. Only two mobile phases are present, though a third immobile phase (e.g., residual oil in
a foam flood) may be present.

3. Fluids are injected at the inner boundary r = rw at fixed total volumetric rate Q and
fractional flow of water fw = f J

w .
4. Phases are incompressible, and components are each soluble only in one phase. In princi-

ple, adsorption of chemicals from the aqueous phase onto rock surface is allowed, though
for simplicity we neglect it in the examples shown below.

5. Dispersive processes, including fingering, capillary diffusion, and dispersion, are
negligible.

6. There is instantaneous attainment of local steady-state mobilities, which depend only on
local saturations.

7. There are no chemical or biological reactions.

We define dimensionless variables xD and tD as usual for cylindrical flow:

xD = r2 − r2
w

r2
e − r2

w

∼= r2

r2
e

tD = Qt

π
(
r2

e − r2
w

)
Heφ

∼= Qt

πr2
e Heφ

(1)

where He is the height and φ the porosity of the reservoir. The governing differential equation
is

∂Sw

∂tD
+ ∂ fw

∂xD
= 0 (2)

We consider the case where fw depends on both Sw and xD:

∂ fw

∂xD
=

(
∂ fw

∂Sw

)

xD

∂Sw

∂xD
+

(
∂ fw

∂xD

)

Sw

(3)

Inserting Eq. 3 into Eq. 2 leads to:

∂Sw

∂tD
+

(
∂ fw

∂Sw

)

xD

∂Sw

∂xD
= −

(
∂ fw

∂xD

)

Sw

(4)

Equation 4 can be classified as a non-homogeneous quasi-linear partial differential equation
with characteristic equations given by (η varies along a characteristics),

dSw

dη
= −

(
∂ fw

∂xD

)

Sw

(5)

dxD

dη
=

(
∂ fw

∂Sw

)

xD

(6)

dtD
dη

= 1 (7)

Characteristics move with a velocity given by:

dxD

dtD
=

(
∂ fw

∂Sw

)

xD

(8)

The characteristics are not straight lines because the velocity of a characteristic can change
as xD changes (Eq. 8). Shocks can also form, in which its velocity can also vary radially.
The non-homogeneous aspect of Eq. 4 implies that Sw is not constant along a characteristic
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and varies according to Eq. 5. We can also show that fw is constant along the characteristics
(Bedrikovetsky 1993) by applying Eqs. 2 and 8:

(
∂Sw

∂tD

)

xD

+
(

∂ fw

∂xD

)

tD

=
(

∂Sw

∂tD

)

xD

(
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(
dxD

dtD

)−1

char
+

(
∂ fw

∂xD
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tD

= 0 (9)

(
∂ fw

∂tD

)

xD

(
dxD

dtD

)−1

char
+

(
∂ fw

∂xD

)

tD

=
(

∂ fw

∂xD

)

char
= 0 (10)

We analyze the equations developed in this section for two applications: polymer and foam
floods. We obtain solutions to the differential equations by extending the fractional flow
theory.

3 Application to Polymer Injection

In this section, we develop the characteristic equations for non-Newtonian polymer floods
and give an example solution for a particular set of input parameters. We highlight the impli-
cations of the solution structure in the context of fractional flow theory that is used to solve
this particular case of polymer injection.

3.1 Model Description

The non-Newtonian behavior is introduced by modeling polymer water solution as a power-
law fluid. Many polymer solutions obey shear-thinning power-law rheology over some range
of shear rates, with Newtonian behavior at lower shear rate and complex behavior at higher
shear rates (Lake 1989). The exact correspondence between shear rate in a viscometer and
interstitial velocity in a porous medium is complex. AlSofi and Blunt (2010) have recently
developed a non-Newtonian polymer flooding model for streamline simulation where they
combine the viscosifying and the non-Newtonian effects using a multiplier approach (similar
to commercial simulators).

We introduce non-Newtonian rheology by modeling the polymer water as a power- law
fluid and shear-thinning rheology (Venkatraman et al. 2011). This results in an implicit for-
mulation for fw (Appendix A) that is given by,

fw = 1

1 + koμo
w

kwμo

(
QD fw√

xD Sw

)n−1 . (11)

Here ko and kw are the relative permeability functions for oleic and aqueous phases, respec-
tively, and μo is the viscosity of the oleic phase. We assume a Corey type relative permeability
relation and summarize the characteristic equations in terms of function H(xD, Sw) (from
Eq. A9 described in Appendix A).

dSw

dη
= −

(
∂ fw

∂xD

)

sw

=
− f n

w

(
∂ H
∂xD

)
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(12)
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)
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(13)
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dtD
dη

= 1 (14)

One approach to obtain the general solution for the quasi-linear partial differential equation
is by combining any two characteristic equations (from Eqs. 12–14) and solving analytically
to get two surfaces (Rhee et al. 1986). The intersection of these two surfaces is then the
desired solution.

In our attempt to solve these equations analytically, we observe that combining Eqs. 12
and 13 results in function H being a constant along the characteristics (see Appendix A).
This implies fw is a constant (Eq. A10) along the characteristic, a fact that we proved ear-
lier (Eq. 10). It is, however, difficult to analytically solve the other two combinations from
equations Eqs. 12–14 considering that H is a complicated function of xD and Sw.

We choose to relate the above problem using fractional flow theory, widely used to formu-
late polymer flooding. The MOC solution for injection of a polymer modeled as a Newtonian
fluid is a single Riemann problem described by Lake (1989). There are two fractional flow
curves: one with polymer and one without. In this discussion, we refer to the curve with poly-
mer as the polymer–oil fractional flow curve and the one without polymer is the oil–water
fractional flow curve. In the conventional theory, the oil–water curve is fixed and the polymer
is assumed to have a constant viscosity that results in fixed polymer–oil curve. However, in
the case of non-Newtonian polymer, the polymer–oil curve is dependent on distance from
injection well xD (Eq. 11) and hence changes continuously.

We resolve the changing fractional flow by dividing the entire displacement into many
small intervals, where the fractional flow curve is fixed for each interval. This results in a
semi-analytical solution. In the next section, we explain the construction of a semi-analytical
solution by illustrating it for a specific non-Newtonian behavior (case of n = 0.5 in Eq. 11).
We shall compare the semi-analytical solution with that obtained using finite difference
simulation and explain the development of shocks and their resolution as they collide.

3.2 Semi-Analytical Solution Construction

We consider three species (polymer, water and oil) and two phases (aqueous and oleic) and
construct the solution for a 1D radial displacement problem. We take initial condition I as
Sw I = 0.3 on the oil–water fractional flow curve and the residual water saturation as well
as the residual oil saturation is 0.3. In this particular example, the injection condition J is at
fw = 1 on the polymer–oil fractional flow curve. We also assume that the viscosity of poly-
mer solution is constant for large and small water interstitial velocities, at 0.003 and 0.03 Pa s,
respectively. In between, polymer–solution viscosity scales with interstitial velocity of water
according to a power-law relation,

μw = μo
w

(
u fw

vo
wSwφ

)−0.5

. (15)

In Eq.15, we have selected the power-law exponent n = 0.5 and develop expressions for fw

for this particular case (see Appendix A). The position-dependent velocity of the character-
istics is then given by:

(
∂ fw

∂Sw

)

xD

= H

(
H − H2 + 2√

H2 + 4

) ( −n0

(1 − S)(1 − Srw − Sro)

+ (−nw)

S(1 − Srw − Sro)
+ (1 − n)

Sw

)
(16)
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Fig. 1 The oil–water and polymer–oil fractional flow curves using parameter values from Table 1. The poly-
mer–oil curve changes with increasing distance (xD = 0.01, 0.04, and 0.04) from the injection well, while
the oil–water curve is fixed

As the distance from the injection well increases, the superficial velocity decreases and
the viscosity of the polymer increases. Thus the polymer–oil fractional flow curve changes
continuously with increasing distance (Fig. 1). We construct an equivalent problem where we
divide the distances into various intervals �xD such that the fractional flow curve is constant
in every interval and is assumed to change only at the interface. In the limit of this interval
approaching zero, the two problems are equivalent. At the points of discontinuity where the
fractional flow curve changes, the saturations are translated onto the new curves such that fw

is constant (and hence H is also constant).
The chemical shock and the Buckley–Leverett (BL) shock change at the interfaces and

can be analyzed by considering it to be series of Riemann problems with varying initial
condition for each distance interval. Let us consider the first interval where we have both the
oil–water and polymer–oil fractional flow curves. The solution construction in this interval
is discussed by Lake (1989) where the solution is constructed from point I to point J . The
BL shock velocity between the upstream and the downstream point is obtained from the
oil–water fractional flow curve and a material balance on water. In Fig. 2, the upstream point
is the point I (initial condition) and the downstream point is B1 so that we have,

vBLshock = �xD

�tD
=

(
f D
w − f U

w

)

(
SD

w − SD
w

) =
(

f B1
w − f I

w

)

(
SB1

w − SI
w

) (17)

Equation 17 represents the slope of the chord joining points B1 and I . The change from the
oil–water curve (point B1) to the polymer–oil curve (point T1) is given by a polymer material
balance. Although it could be accounted for, we assume no adsorption of the polymer on the
rock surface and no excluded or inaccessible pore volume. Also, the polymer concentration of
point B1 is zero. Thus the material balance on polymer can be simplified to get the chemical
shock velocity as follows:
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Fig. 2 The construction of solution for oil–water fractional flow curve and two polymer–oil fractional flow
curves between consecutive intervals (0 to �xD) and (�xD to 2 �xD). The polymer–oil curves are constant
within each interval

⎛

⎜
⎝Av f T1

w cT1
pw − Av f B1

w cB1
pw︸︷︷︸
0

⎞

⎟
⎠�t =

⎛

⎜⎜
⎝AφST1

w cT1
pw − AφSB1

w cB1
pw︸︷︷︸
0

+ A(1 − φ)δs︸ ︷︷ ︸
=0(no adsorption)

⎞

⎟⎟
⎠ �x

(18)

vChemical shock = f T1
w

ST1
w

(19)

Equation 19 represents the slope of a line drawn from the origin to the point T1 on the
polymer–oil fractional flow curve (see Fig 2).

According to the coherence condition, water and polymer at the same location move with
the same velocity. Graphically, this implies that the chemical shock is the slope of the tan-
gent line drawn from the origin to the polymer–oil fractional flow curve (point T1) and this
intersects the oil–water fractional flow curve at point B1 (Fig. 2). The slope of the chord
connecting points I and B1 is the BL shock velocity. Thus, the solution for this interval has
(1) a BL shock from I to B1 with velocity given by Eq. 17, (2) a chemical shock from B1 to
T1 with velocity given by Eq. 19, and (3) a rarefaction wave from point T1 to J given by the
derivative on a fw − Sw curve at point T1 given by Eq. 16.

Point T1 is translated to point T2 for the next interval (Fig. 2) where the polymer–oil curve
changes such that

( fw)T1
= ( fw)T2

(20)

This is a new Riemann problem for this interval where the solution is constructed from point
B1 to point J . Let B2 be the point on the oil–water curve that connects to point T2 on the
polymer–oil curve. For this second interval, the chemical shock velocity is obtained by the
polymer balance similar to Eq. 18,
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Table 1 Parameters used for
polymer example

Number of grid blocks N 5000/1000 (linear in xD ∼ √
r )

Aqueous-phase viscosity Max.: 0.03 Pa s, Min.: 0.003 Pa s,

intermediate scaling according

to Eq. 15

QD 5

Oil viscosity 0.02 Pa s

Water relative permeability
function

0.20 [(Sw − 0.3)/0.4]2.82

Oil relative permeability
function

0.40 [(0.7 − Sw)/0.4]1.87

⎛

⎜
⎝Av f T2

w cT2
pw − Av f B2

w cB2
pw︸︷︷︸
0

⎞

⎟
⎠ �t =

⎛

⎜
⎜
⎝AφST2

w cT2
pw − AφSB2

w cB2
pw︸︷︷︸
0

+ A(1 − φ)δs︸ ︷︷ ︸
=0(no adsorption)

⎞

⎟
⎟
⎠ �x

(21)

vChemical shock = f T2
w

ST2
w

(22)

The chord connecting the origin and point T2 intersects the oil–water fractional flow curve
at point B2. The solution for the new Riemann problem in this interval now consists of (1)
an intermediate wave from point B1 to B2; (2) a chemical shock from point B2 to T2; and (3)
a rarefaction wave from point T2 to J .

The saturation velocities increase from B1 to B2 (for this particular case with model param-
eters as listed in Table 1), which results in the intermediate wave being a shock (henceforth
referred to as an intermediate shock). The intermediate shock from B1 to B2 has the fastest
velocity and impinges on the BL shock generated in the previous interval. These two shocks
collide and hence the BL shock velocity changes to a new value indicated by the slope of the
chord connecting points I and B2 (Fig. 2).

Consider the chemical shock and the rarefaction wave from point T2 to J following the
chemical shock. It can be seen that some of the characteristics corresponding to the saturation
velocities (immediately following point T2) in the rarefaction-wave region of the solution
intersect the chemical shock (see Fig. 3). This is because the saturation velocity at point T2

(given by the derivative at point T2) is greater than the polymer shock velocity (slope of chord
B2T2). We resolve this by defining point T ′

2 in this fractional flow curve as the point beyond
which the saturation velocities is less than the polymer shock velocity B2T2. This implies
that the resolved polymer shock velocity for that interval is then B2T ′

2. The rarefaction waves
and shocks corresponding to the above two intervals are represented in the xD − tD diagram
in Fig. 3.

Proceeding similarly, we can find for the last interval k, a point Bk on the oil–water frac-
tional flow curve and a point Tk (refer Fig. 4) corresponding to the polymer fractional flow
curves for the next intervals and a general solution can be constructed. It is reasonable to
assume for simplicity that the section B1 Bk on the oil–water fractional flow curve is a straight
line. Thus the intermediate fast shocks arising from points B1, B2, . . ., Bk that impinge on
the BL shock have the same velocity as that of the chord connecting points B1 and Bk . A
schematic of the characteristics and shocks emanating for this displacement over the entire
displacement are shown on the xD − tD diagram in Fig. 5. It can be seen that the velocity
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Fig. 3 Shock waves formed corresponding to polymer–oil curves that change in two consecutive intervals

Fig. 4 The solution construction for several distance intervals

of the chemical shock increases, while the velocity of BL shock decreases with increasing
distance from the injection well.

3.3 Finite-Difference Simulation

We have assumed n = 0.5 and that polymer solution viscosity is bounded by a maximum
value of 0.03 Pa s and a minimum value of 0.003 Pa s for the simulation. We use a simple
1D incompressible, forward-difference, finite difference simulator to solve for water satu-
ration and polymer concentration as a function of position and time (much as described in
Appendix B for foam). For each time step, we solve

Sl+1
wg = Sl

wg + �tD
�xD

(
f l
wg−1 − f l

wg

)
(23)

for grid blocks g = 1, . . ., Ng , where fw is a function of both Swg (water saturation at
gird block g) and g. We used 1,000 and 5,000 grid blocks in the simulations to minimize
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Fig. 5 A schematic of shocks formed over the entire interval showing collision and subsequent resolution

numerical dispersion. Because Eq. A4 is in dimensionless form, it is not necessary to specify
dimensional quantities like permeability, porosity, injection rate, etc. The results are there-
fore presented in terms of these dimensionless parameters. The parameter values used for
the finite difference method and the semi-analytical solution are listed in Table 1.

3.4 Results

The expressions for shock velocities (chemical and BL shock) along with the saturation
velocities in the rarefaction wave developed in the previous section can be used to obtain
semi-analytical solutions of saturation profiles. We divide the saturation profile into two
regions: the rarefaction wave region and the shock region. The shock locations are calculated
semi-analytically by assuming the velocity of these shocks to be a constant over a small inter-
val as discussed in the previous section. Also, we have derived an expression for saturation
velocity at a particular position (Eq. A12), which can be then used for the rarefaction region
of the saturation profile.

The saturation profile for parameters as listed in Table 1 and for tD = 0.2 is shown in
Fig. 6. The analytical solution is compared with the finite-difference scheme and we observe
a good match for the small interval width (�xD = 0.0025). As the interval width �xD is
further decreased to 0.001, the maximum chemical-shock velocity increases so that an even
better match is observed at the chemical shock location. This also results in more character-
istics impinging the BL shock and hence reducing its velocity. The rarefaction-wave region
of the saturation profile shows an excellent match between the semi-analytical solution and
finite-difference simulations. Figures 7 and 8 are enlarged versions of Fig. 6 at shock regions
of the saturation profile.

4 Application to Foam Displacements

We now focus on foam displacements where the solution includes a possible surfactant pre-
flush. The cases discussed below highlight that one can map out the entire displacement to
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Fig. 6 A comparison of saturation profiles at tD = 0.2 obtained using the finite difference method and the
semi-analytical solution method with two distance interval lengths
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ΔxD = 0.01

ΔxD = 0.0025

ΔxD = 0.001

ΔxD = 0.005

Fig. 7 Enlarged view of the comparison of the chemical shock location in the saturation profiles (tD = 0.2)
of Fig. 6. The match improves as interval length decreases and is best for �xD = 0.001

great accuracy with methods not much more complicated that MOC applied to Newtonian
displacements.

4.1 Model

At steady state, “strong” (low-mobility) foams can be non-Newtonian, usually shear-thin-
ning (Kovscek and Radke 1994; Rossen 1996; Alvarez et al. 2001; Rong 2002). Data on
steady state foam mobility are available only over a relatively narrow range of injection rates
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Fig. 8 Enlarged view of the comparison of the BL shock location for the saturation profiles (tD = 0.2)
of Fig. 6. As interval lengths (�xD) are decreased, the location of BL shock moves toward the numerical
solution, but under predicts its location as the distance interval decreases further. This is likely the result of
more intermediate shocks impinging on the BL shock. The best match is observed for �xD = 0.0025

compared to the variation of superficial velocity between a wellbore and the bulk of the for-
mation. For illustration, we assume that the rheology of gas in foam is shear-thinning like a
power-law fluid with a power-law exponent n = 0.5 (Bird et al. 2002), as described in Appen-
dix B. If foam were Newtonian over some range of injection rates, one would determine
which range of dimensionless position xD this applies to and then map out the displacement
in this range of xD as a Newtonian displacement. The fractional flow curve for a strong foam
at any given value of xD shows large fw over most of the range of Sw, then often an abrupt
decrease in fw at the “limiting water saturation” (Khatib et al. 1988; Zhou and Rossen 1995;
Rossen et al. 1999; Cheng et al. 2000). For a shear-thinning foam, mobility decreases as the
foam bank moves away from the injection well. For foam at fixed fractional flow fw, total
relative mobility λr t is given by

λr t = krw(Sw)

μw fw
. (24)

Thus as the bank moves away from the well (xD increases) and foam mobility decreases, the
fractional flow curve shifts toward smaller values of Sw for a given fw.

4.2 Foam Injection Without Preflush

The MOC solution for this sort of displacement with Newtonian fluids is described by Zhou
and Rossen (1995); see Fig. 9a. Typically, surfactant propagation is the limiting factor in
foam advance rather than gas, and a gas bank breaks out ahead of the foam bank. The injection
condition J is on the foam fractional flow curve at fw = f J

w . The initial condition I is on the
fractional flow curve for water and gas without surfactant. Because of the low viscosity of
gas without foam, and also the shape of the relative-permeability function for the nonwetting
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Fig. 9 Schematic of foam fractional flow curve near well (a) and further from well (b). Also shown in each
case is fractional flow curve in the absence of surfactant; this curve does not shift with distance from the well.
Also shown is construction of shocks for foam injection without surfactant preflush. In the outer region (b), a
slightly different gas bank (GB′) is created; it rapidly replaces the gas bank ahead of it (GB) and soon displaces
initial condition I directly. Velocity of the foam bank increases with distance from well, while mobility within
the foam bank decreases. Velocity of the gas bank decreases with distance from well. c Schematic time-dis-
tance diagram for foam injection without surfactant preflush, for two regions represented in Figs. a and b
(separated by horizontal dashed line in c). The gas bank GB′ rapidly replaces initial gas bank GB. Velocity of
foam bank increases and velocity of gas bank decreases with distance from well

phase, the fractional flow function fw(Sw) without foam typically falls from 1.0 to small
values for Sw only slightly less than one minus residual gas saturation. A “chemical shock”
joins a point on the foam curve to a point on the no-foam curve. The material balances on
water and surfactant at this shock correspond to a geometric condition that the points on
the two fractional flow curves must lie on a line through a fixed point that depends on the
level of surfactant adsorption on the formation (Lake 1989). If adsorption is zero, that point
is at (Sw = 0, fw = 0). Adsorption moves this fixed point to the left and slows the rate of
surfactant propagation; see Zhou and Rossen (1995). For simplicity, we assume here that
adsorption is zero.

Consider two schematic regions, one near the well (Fig. 9a) and one further from the well
(Fig. 9b). For the inner region, foam is injected at fw = f J

w . There is a chemical shock
defined by a line through (0,0); it passes through J to the foam-free fractional flow curve at
GB. There is then another shock to I . There are three regions of constant state: J, I , and GB,
with uniform fw in each. Figure 9c (below the horizontal dashed line) shows the xD − tD
diagram for this displacement.

When the gas bank GB reaches the outer region (Fig. 9c), it displaces I at the same
velocity as before; the fractional flow curve without foam is the same in the two regions.
When the foam bank reaches the outer region, however, the velocity of the chemical shock
is altered because of the shift in the value of Sw corresponding to fw = f J

w (Fig. 9b). The
gas bank produced downstream of this shock is at GB′, with larger fw and just slightly larger
Sw than in the inner region. Bank GB′ then displaces the gas bank GB ahead of it. Because
the fractional flow curve of gas is almost vertical here, the slope of this displacement is very
large, and, soon after foam reaches the outer region, GB disappears, to be replaced by GB′.
From this point on, gas bank GB′ displaces I .

Consider now a displacement with continuously varying fw(Sw, xD). As the foam front
advances, the water saturation in the foam bank at each value of xD is given by the fw(Sw)

curve for the given value of xD, with fw = f J
w . The position of the foam bank, xF

D, at a given
time tD is given by a material balance on surfactant:

Cs f J
w tD = Cs

xF
D∫

0

[
(Sw) fw= f J

w
+ D

]
dxD

′ (25)
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where Cs the surfactant concentration in the aqueous phase, drops out of this equation, and D
is a factor that accounts for surfactant adsorption (specifically, the pore volumes of surfactant
solution required to satisfy adsorption in one pore volume of pore space; see Lake (1989)
and Zhou and Rossen (1995)), which for simplicity we assume to be zero. Equation 25 can
be solved to an arbitrary level of accuracy for the position of the foam bank at any time.

The position of the gas bank is determined by a material balance on gas. Here we assume
that at each value of tD, the newly created bank GB′ quickly overtakes the bank GB upstream;
therefore, to a reasonable approximation, the gas bank at any given time tD is roughly at the
gas saturation of the gas bank corresponding to the fractional flow curve for the position x F

D
of the leading edge of the foam bank at that value of tD. This gives an equation for xD, the
position of the leading edge of the gas bank, as a function of time tD:

(
1 − f J

w

)
tD =

xF
D∫

0

(1 − Sw) fw= f J
w

dxD
′ + (

1 − SB
w

) (
xD − xF

D

)
, (26)

where xF
D is the position of the leading edge of the foam bank at time tD and SB

w is the water
saturation in the gas bank corresponding to the fractional flow curve at position xF

D. The first
term in Eq. 26 is the gas injected; the second term represents gas in the foam bank, and the
third term is an approximation to the gas in the gas bank ahead of foam. This solution is only
approximate, because of the assumption that the gas bank is always at the water saturation
corresponding to the fractional flow curve that applies at the given value of xF

D. We expect
this approximation to be accurate, however, first, because of the high velocity at which the
gas bank responds to the change in the chemical shock, and, second, because the differences
in gas saturation between gas banks is not expected to be large (Fig. 9b).

Figure 10 shows the xD − tD diagram from a numerical simulation of foam injected into a
medium saturated with surfactant-free water. Figure 11 shows Sw(xD) for tD = 0.35, and, for
comparison, the solution from simulation using the same foam parameters and grid resolu-
tion as the MOC calculations. The agreement is extremely good on Sw within the foam bank.
The finite-difference simulation errs in the position of the foam bank, because of numerical
dispersion of surfactant concentration, which affects the imputed position of the chemical
shock in the simulations (Rossen et al. 1999; Cheng 2002). The differences in position of
the gas bank result from a material balance on gas and the error on position of the foam
bank in the simulation. The non-uniformity in Sw in the gas bank in Fig. 11a corresponds to
the small wave-like disturbances within the gas bank in Fig. 10. These disturbances result
from non-uniform water flux into the gas bank as the foam bank advances one grid block
at a time (Cheng 2002). The MOC allows one to plot the variation of Sw and foam strength
with position to arbitrary accuracy without simulation; we contend that in this case it is more
accurate than simulation on a comparable grid, given the effect of numerical dispersion on
the foam front. The MOC solution thus provides a check on the accuracy of simulation under
conditions when the assumptions of the MOC apply.

An additional advantage of the MOC is that it is not limited to the level of grid refinement
feasible in conventional finite-difference simulation. With the grid spacing of xD = 0.01 in
Figs. 10 and 11, the first grid block’s outer radius is 50 m (1/100 of the pore volume); within
the first grid block superficial velocity changes by a factor of 500, i.e., 90% of the change
between the 0.1-m radius wellbore and 500 m. Figure 12a shows the MOC solution corre-
sponding to a region much nearer the wellbore, and Fig. 12b and c compares the resolution
of the MOC to the finite-difference solution near the well. Numerical simulation at the level
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Fig. 10 Time–distance diagram (contour plot of Sw) from finite-difference simulation of foam injection with
no preflush. Upper-left region corresponds to initial state I , middle region to gas bank GB, and lower -right
region to injected foam J . Horizontal lines within region J are not characteristics, but correspond each to a
given saturation: from the bottom, 0.33, 0.32, and 0.31, respectively. Within GB, the small wave-like distur-
bances correspond to water displaced downstream suddenly as each new grid block is invaded by foam. This
is an artifact of discretizing position, and the variation of water flux into the gas bank as foam enters each
succeeding grid block (Cheng 2002)
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Fig. 11 a Water saturation Sw as a function of xD for tD = 0.349 (MOC solution solid line) and tD = 0.35
(simulation open symbols). b Comparison of Sw within foam bank

of resolution in Fig. 12a would be difficult with a conventional finite-difference approach
because of the small volume of grid blocks, but this region is crucial to injectivity.

4.3 Foam Injection Following Surfactant Preflush

In this case, a material balance on gas rather than surfactant limits the advance of the foam
front. The position of the leading edge of the foam bank xD(tD) is given by

(
1 − f J

w

)
tD =

xD∫

0

(1 − Sw) fw= f J
w

dxD
′ (27)

where, at each value of xD, Sw is the value corresponding to the fractional flow curve at xD

with fw set at f J
w . There is no gas bank ahead of foam, just initial condition I . Therefore,
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Fig. 12 a Water saturation behind shock front, for foam injection for region near wellbore in foam injection.
xD = 1.5x10−5 corresponds to about 2 m radius from center of well. b Comparison of MOC solution with
fine grid (line) and finite-difference solution on grid of �xD = 0.01 (open symbols) in near-well region.
c Total relative mobility near well, from MOC solution. Finite-difference solution misses rise in Sw near well,
with its implications for mobility (c) and injectivity
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Fig. 13 a Velocity of shock front, b water saturation c total relative mobility behind shock front, for foam
injection into preflush. In b MOC calculations are compared to finite-difference simulation with the same grid
refinement (open symbols)

without the approximation involving the gas bank in the preceding section (Eq. 26), the MOC
solution for the displacement is exact. Foam mobility as a function of xD is the same as above.
Figure 13 compares the MOC solution with a finite-difference simulation on the same grid.

4.4 Gas Injection into Surfactant Preflush

Creation of foam in a formation by injecting alternating slugs of surfactant solution and
gas (“SAG” or “FAWAG” injection) has several advantages over continuous foam injection,
including higher injectivity, easer surface operations, and reduced corrosion in piping (Blaker
et al. 1999; Shan and Rossen 2004; Kloet et al. 2009). For Newtonian foam, when gas is
injected following injection of surfactant solution, the injection condition is at fw = 0, and
the initial condition (assuming this is the first slug of gas) is at Sw = 1; both points are on the
surfactant fractional flow curve; see Fig. 14. As in previous examples, one can allow easily
for an immobile oil phase, which we ignore here for simplicity; see Kloet et al. (2009). There
is a shock from I to a point of tangency at very low fw, and a rarefaction wave behind it.

Each characteristic in the rarefaction wave moves downstream with unchanging fw. There
are few data on the fractional flow curve in this low range of fw (Kibodeaux and Rossen
1997; Wassmuth et al. 2001; Xu and Rossen 2004), much less how this curve shifts for non-
Newtonian foam. Because mobility is lower downstream, and the fractional flow curve shifts
toward smaller values of Sw as one moves downstream, one expects that the curve becomes
steeper at a given value of fw, as illustrated in Fig. 15. This implies that the velocities of

123



Fractional Flow Theory Applicable to Non-Newtonian Behavior in EOR Processes 229

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Sw

f w

J

I

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Sw

f w

I
(a) (b)

Fig. 14 Schematic of foam fractional flow curve near well (a) and further from well (b), where foam mobility
is lower. Also shown in each case is construction of shocks for gas injection in a SAG process assuming same
fractional flow curve applies throughout the medium. One expects velocity of shock to increase, and range of
water saturations behind shock to decrease, as the front moves further from the well
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Fig. 15 Expanded view of Fig. 14 near point of shock tangency. In reality, the shock is not defined by any
simple graphical construction, except at the injection face; the velocity of the shock changes as the result
of collisions between faster-moving characteristics with the shock and the slowing of the shock itself. This
construction illustrates that the velocity of characteristics corresponding to any given value of fw behind the
shock increases with distance from the well

the individual characteristics increase downstream. At the same time, the point of tangency
moves to lower Sw, which implies a decrease in the velocity of the shock. Both factors suggest
that characteristics just behind the shock at small xD collide with the shock as they move
downstream. The solution is complex. Except at the inlet face, the shock is not determined as
a point of tangency to the fractional flow curve for that position, but is the result of colliding
characteristics from behind as well as the condition ahead. Figure 16 illustrates the process
as resolved by finite-difference simulation.

As the displacement proceeds, however, these collisions occur further and further down-
stream, and the region near the well contains curving characteristics that can be computed
without accounting for the shock. Figure 17a compares water saturation behind the shock at
dimensionless position xD = 0.20 computed by finite-difference simulation and the MOC
on the same grid; the agreement is excellent. Figure 17b shows how water saturation varies
as a function of time for a position very near the well in radial flow conditions near the well
control injectivity of the gas, an important consideration for overcoming gravity override
(Shan and Rossen 2004; Kloet et al. 2009; Jamshidnezhad et al. 2008). The MOC allows
computation of injectivity in a dynamic SAG process with non-Newtonian fluids without the
need for, and to greater accuracy than, simulation.
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Fig. 16 Time-distance diagram (contour plot of Sw) from finite-difference simulation of gas injection in
a SAG process. Upper-left region corresponds to initial state I , and lower-right region to rarefaction wave
upstream of shock; condition J is the horizontal axis. Curves within region J are not characteristics (which
have constant fw rather than constant Sw) but correspond each to a given saturation: 0.23, 0.24, 0.25, and 0.26
starting from the horizontal axis
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Fig. 17 a Water saturation at position xD = 0.20 as a function of dimensionless time tD, after passage of
the shock, from finite-difference simulation (continuous curve) and MOC solution behind the shock (points).
Computing the position of the shock using the MOC would be complex in this case. b Water saturation at
position xD = 3.2x10−6 (radial position 90 cm) as a function of tD, after passage of the shock, from MOC
solution behind the shock. The shock would pass this position at time tD < 3.2x10−6, before any of the
points shown

5 Conclusions

• A methodology is described for solving dynamic 1D fractional flow problems involving
non-Newtonian fluids in non-rectilinear flow.

• For polymers that show Newtonian behavior at low and high shear rates and behave as a
power-law fluid in between, a semi-analytical solution using the MOC is developed that
leads to generation of shocks and characteristics colliding with shocks. The analytical
solution matches well with the finite difference simulation for the particular parame-
ter values considered. Such solutions offer more accurate resolution of saturations and
mobility near the well, and therefore better estimates of injectivity in polymer EOR.
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• For foam injection into a medium saturated with water and no surfactant, one can solve
exactly for the position and mobility of the foam bank, and to good accuracy for the
position of the gas bank ahead of the foam. In the example shown, the position of the
foam and gas banks are resolved more accurately by the MOC than by finite-difference
simulation on the same grid, because of the adverse effect of numerical dispersion on
surfactant concentration in the simulations. Mobility of the foam bank changes substan-
tially with radial position, especially very near the well. This variation would be difficult
to resolve by finite-difference simulation with practical grid-block sizes.

• Solution by MOC is exact for the case of foam injection following a surfactant preflush.
• During gas injection in a SAG process, characteristics collide with the shock during the

displacement and the solution for the shock is complex. However, one can conclude from
the fractional flow curves that the shock slows down and shifts to lower water saturation
and lower mobility as it moves further from the well. The mobility near the well can be
determined by the MOC without solving for the shock velocity. These predictions agree
well with computer simulations of such a process.

Acknowledgments Marco Kloet provided software we used in the MOC analysis of foam examples. Yang
Dong wrote the software used in finite-difference simulations for foam.

Appendix A: Polymer Model

Derivation of the Characteristic Equations

We assume that the viscosity of aqueous polymer solution depends on its interstitial velocity.
For a power-law polymer fluid

μw = μo
w

(
vw

vo
w

)n−1

, (A1)

where μo
w is the reference viscosity of the aqueous phase, vo

w is the reference velocity of the
aqueous phase, n is the fluid power-law exponent, and

vw = u fw

Swφ
;μw = μo

w

(
u fw

vo
wSwφ

)n−1

, (A2)

where u is the total superficial velocity. We group the parameters as

u

vo
wφ

= Q

2πrhvo
wφ

= Q

2πreφhvo
w
√

xD
≡ QD√

xD
; QD ≡ Q

2πrehvo
w

. (A3)

The reference velocity vo
w is constant so that increasing injection rate gives larger QD.

Substitution of the non-Newtonian fluid-viscosity equation in terms of QD into the definition
of fw yields

fw = 1

1 + koμo
w

kwμo

(
QD fw√

xD Sw

)n−1 (A4)

Here ko and kw are the relative permeability functions for oleic and aqueous phases,
respectively, and μo is the viscosity of the oleic phase. For integer values of n, Eq. A4 can
be rearranged into a polynomial equation for fw, but for most n < 1 (shear-thinning fluids)
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it must be solved by iteration. This is the case where the fractional flow curve ( fw vs. Sw)
changes with the distance from the injection well (xD).

We assume a Corey type relative permeability correlation with nw and no as the water and
oil exponents, respectively, and S (normalized water saturation) given by following relation
between Sw (water saturation), Swr (residual water saturation) and Sor (residual oil saturation):

ko = kend
o (1 − S)no; kw = kend

w (S)nw; Mo
ref = kend

w

kend
o

; S = Sw − Swr

1 − Sor − Swr
(A5)

We define function H and have the following relations:

H(Sw, xD) ≡ kroμ
o
w

krwμo

(
QD√
xDSw

)n−1

= (1 − S)no

Mo
ref Snw

(
QD√
xDSw

)n−1

(A6)

(
∂ H

∂xD

)

sw

=
(

1 − n

2

) (
(QD)n−1

Mo
ref

) (
(1 − S)no

Snw Sn−1
w

) (
1

xD

)n+1

(A7)

(
∂ H

∂Sw

)

xD

=
(

(QD)n−1

Mo
ref

) (
(1 − S)no

Snw Sn−1
w

) ( −n0

1 − S
+ (−nw)

S
+ (1 − n)

Sw

)(
1√
xD

)n−1

(A8)

The general form of the fractional flow fw (Eq. A4) can be now be written as:

fw = 1

1 + H( fw)n−1 . (A9)

We develop the equations further for a particular case when n = 0.5. Equation A4 reduces
to a quadratic equation for

√
fw for a given saturation Sw:

fw =
(

−H + √
H2 + 4

2

)2

(A10)

For this case, H is given by,

H(Sw, xD, n = 0.5) = (1 − S)no

Mo
ref Snw

(
QD√
xDSw

)−0.5

(A11)

We can differentiate to get relations:
(

∂ fw

∂Sw

)

xD

= H

(
H − H2 + 2√

H2 + 4

) ( −n0

(1 − S)(1 − Srw − Sro)

+ (−nw)

S(1 − Srw − Sro)
+ (1 − n)

Sw

)
(A12)

(
∂ fw

∂xD

)

Sw

=
(

H − H2 + 2√
H2 + 4

) (
H

4xD

)
(A13)

Showing fw Is a Constant

We can represent H as

H(Sw, xD) =
(

(QD)n−1

Mo
ref

)

m(Sw)n(xD), (A14)
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where m(Sw) and n(xD) and are functions such that

m(Sw) = (1 − S)no

Snw Sn−1
w

; n(xD) =
(

1√
xD

)n−1

(A15)

We have the following relations:
(

∂ H

∂xD

)

sw

=
(

(QD)n−1

Mo
ref

)

m(Sw)n′(xD) (A16)

(
∂ H

∂Sw

)

xD

=
(

(QD)n−1

Mo
ref

)

n(xD)m′(Sw) (A17)

We can combine the two characteristic equations (Eqs. 12 and 13) to get,

d Sw

dxD
=

−
(

∂ H
∂xD

)

sw(
∂ H
∂Sw

)

xD

=
−

(
(QD)n−1

Mo
ref

)
m(Sw)n′(xD)

(
(QD)n−1

Mo
ref

)
n(xD)m′(Sw)

(A18)

We can simplify and integrate the above differential equation as,
∫

m′(Sw)dSw

m(Sw)
=

∫ −n′(xD)dxD

n(xD)
+ k. (A19)

This gives

m(Sw)n(xD) = c1, (A20)

where c1 is a constant. Substitution of the values of functions (m(Sw) and n(xD)) and multi-

plying by the constant
(

(QD)n−1

Mo
ref

)
gives,

(
(QD)n−1

Mo
ref

)
(1 − S)no

Snw Sn−1
w

(
1√
xD

)n−1

= H = c2, (A21)

where c2 is another constant. Thus along a characteristic the function H is a constant. We
can also infer from Eq. A10 that fw is constant along the characteristic when H is constant.

Appendix B: Foam Model Parameters

We assume fluid and formation properties as specified in Table B1. We assume that where
foam exists it reduces gas mobility by a factor R. For simplicity, we represent this effect
as a reduction in gas relative permeability and leave the gas viscosity unaffected by foam
(Rossen et al. 1999). For shear-thinning foam, we assume R is a power-law function of total
superficial velocity, and therefore a power-law function of xD:

kf
rg = ko

rg(Sw)

R(xD)
= ko

rg(Sw)

Rox (1−n)/2
D

, (B1)

where kf
rg and ko

rg are gas relative permeability in the presence or absence of foam, and Ro is
the gas mobility reduction that applies at the outer radius, i.e., xD = 1.

We solve the fractional flow Eqs. 25–27 (with D = 0, corresponding to no adsorption),
along with the velocities of the characteristics for SAG injection behind the shock front, on
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Table B1 Parameters used in
foam examples

Cylindrical reservoir: rw, re 0.1 m, 500 m

Number of grid blocks N 100 (linear in xD ∼ √
r )

Porosity 0.25

Water viscosity 0.001 Pa s

Gas viscosity 0.00002 Pa s

Water relative permeability function 0.20 [(Sw − 0.2)/0.6]4.2

Gas relative permeability function w/o foam 0.657[(0.8 − Sw)/0.6]1.3

Gas mobility reduction factor Ro (Eq. A1) 55,000

a grid with intervals of 0.01 in xD, except where noted in the text. This corresponds to the
same resolution used in the numerical simulations described next.

The numerical simulations use a simple forward-difference finite-difference scheme, and
assume a 1D incompressible displacement. That is, for each time step l we solve

Sl+1
wk = Sl

wk + �tD
�xD

(
f l
wk−1 − f l

wk

)
(B2)

for grid blocks k = 1, . . ., N , where fw is a function of both Swk and k. After this step the
concentration of surfactant at all locations is updated according to

cn+1
sk =

[
cn

sk Sn
wk + �tD

�xD

(
cn

sk−1 f n
wk−1 − cn

sk f n
wk

)]
/Sn+1

wk (B3)

where cn
sk is the concentration of surfactant, assumed soluble only in the water phase. In the

absence of dispersion, surfactant concentration in the aqueous phase takes only two values,
zero and the injected concentration (or initial concentration in a case with a preflush) Co

s . In
numerical calculations, dispersion spreads the front in surfactant concentration over many
grid blocks. To minimize the effect of dispersion in simulations (Rossen et al. 1999; Cheng
2002), we make foam creation a step function of surfactant concentration:

For Cs ≤ Co
s /2,

krg = ko
rg(Sw) (B4)

For Cs > Co
s /2,

krg = ko
rg(Sw)

Ro
((

k − 1
2

)
/N

)(1−n)/2
(B5)

where k is the given grid-block number and N the total number of grid blocks. For foam
injection with surfactant preflush, Cs = Co

s everywhere and only Eq. B1 applies. For foam
injection, the injected water has Cs = Co

s .
In reality, “strong” foam at steady state can exist in two regimes, depending on foam quality

and capillary pressure (Osterloh and Jante 1992; Alvarez et al. 2001). The two regimes have
different, potentially non-Newtonian characteristics. Also, gas mobility abruptly increases in
the vicinity of the “limiting water saturation” (Khatib et al. 1988; Zhou and Rossen 1995).
The relatively small value of power-law exponent n here (0.5; see Table B1) reflects behavior
in the “low-quality regime,” i.e., far from dry conditions of foam collapse. We have assumed
a particularly simple foam model here to illustrate the effects of shear-thinning rheology
without the other complications of foam behavior. The methods described here could be
easily applied to other cases of non-Newtonian behavior. See Table B1.
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