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ARTICLE INFO ABSTRACT

Article history: In the GENERALIZED NOAH’s ARK PROBLEM, one is given a phylogenetic tree on a set of
Received 30 September 2023 species X and a set of conservation projects for each species. Each project comes with a
Received in revised form 25 August 2025 cost and raises the survival probability of the corresponding species. The aim is to select
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does not exceed some given threshold and the expected phylogenetic diversity is as large

Keywords: as possible. We study the complexity of GENERALIZED NOAH’S ARK PROBLEM and some of
FPT its special cases with respect to several parameters related to the input structure, such
Parameterized complexity as the number of different costs, the number of different survival probabilities, or the
Phqugenetic Fliversity number of species, |X|.

Multiple-Choice Knapsack © 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

Noal's Ark Problem BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The preservation of biological diversity is one of humanity’s most critical challenges. To help systematically address
this challenge, it is useful to quantify or predict the effect of interventions. Here, two questions arise: how to measure
the biological diversity of ecosystems and how to model the effect of certain actions on the biological diversity of an
ecosystem under consideration.

A popular way to measure the biological diversity of an ecosystem, introduced by Faith [9], is to consider the
phylogenetic diversity of the species present in that system. Here, the phylogenetic diversity is the sum of evolutionary
distances between the species when their evolution is modeled by an evolutionary (phylogenetic) tree. The tree then
not only gives the phylogenetic diversity of the whole species set but also allows us to infer the phylogenetic diversity
of any subset of these species that would remain after some currently present species become extinct. Now, to model
the effect of certain actions, a first simple model is that one can afford to protect k species and that all other species
go extinct. Maximizing phylogenetic diversity under this model can be solved in polynomial time with a simple greedy
algorithm [23,27]. Later, more realistic models were introduced. One step was to model that protecting some species
may be more costly than protecting others [24]. Subsequent approaches also allowed us to model uncertainty as follows:
performing an action to protect some species does not guarantee the survival of that species but only raises the survival
probability [28]. In this model, one now aims to maximize the expected phylogenetic diversity. Finally, one may also
consider the even more realistic case when, for each species, one may choose from a set of different actions or even from
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combinations of different actions. Each choice is then associated with a cost and with a resulting survival probability. This
model was proposed by Pardi [22] and Billionnet [2,3] as GENERALIZED NOAH'S ARK PROBLEM (GNAP).

Introducing cost differences for species protection makes the problem of maximizing phylogenetic diversity NP-
hard [24] and thus all of the even richer models are NP-hard as well. Apart from the NP-hardness and several
pseudopolynomial-time algorithms, there is no work that systematically studies which structural properties of the input
make the problems tractable. This work aims to fill this gap. More precisely, we study how different parameters related
to the input structure influence the algorithmic complexity of GNAP and several of its special cases.

In a nutshell, we show the following. First, GNAP can be solved efficiently when the number of different project costs
and survival probabilities is small. Second, while a constant number |X| of species X leads to polynomial-time solvability,
algorithms with running time f(|X|)-|Z|°'V are unlikely to exist. Finally, restricted cases where, for example the input tree
has height 1 or there is exactly one action for each species that guarantees its survival are much easier than the general
problem. Some of our results are obtained by observing a close relation to the MULTIPLE-CHOICE KNAPSACK problem, for
which we also provide a number of new complexity results.

This work is organized as follows. In Section 2, we give formal definitions of the problem and the considered parameters
and an overview of our results. In Section 3, we study MULTIPLE-CHOICE KNAPSACK. In Section 4, we consider GNAP, first
the general case and then the case where the phylogenetic tree has height 1. In Section 5, we consider the special case
of GNAP when there are at most two possible actions for each species.

2. Basic definitions and overview of the results

For an integer n, by [n] we denote the set {1,...,n}, and by [n], we denote the set {0, 1,...,n}. We generalize
functions f : A — B to handle subsets A" € A by f(A) := (J,en f(a) if B is a family of sets and fx(A) = >, f(a)
if B C R. A partition of N is a family of pairwise disjoint sets {Ny, ..., Ny} such that UL N; = N.

2.1. Parameterized complexity

To assess the influence of structural properties of the input on the problem complexity, we study the problems in the
framework of parameterized complexity. For a detailed introduction to parameterized complexity refer to the standard
monographs [5,7]. We only recall the most important definitions: Instances (I, k) of a parameterized problem consist of
a classical problem instance I and a parameter k. A parameterized problem with parameter k is fixed-parameter tractable
(FPT) if every instance (Z, k) can be solved in f(k)-|Z|°?) time. If every instance can be solved with an algorithm such that f
is a polynomial, then we say the parameterized problem is polynomial fixed-parameter tractable (PFPT). A parameterized
problem is slicewise-polynomial (XP) if every instance can be solved in |Z|5® time. Some problems in XP are assumed to
have no FPT-algorithm. In particular, there is the complexity class W[1] for which FPT € W[1] € XP is known and it
is widely assumed that problems that are W[1]-hard have no FPT-algorithm. To prove that a problem is W[1]-hard, one
uses parameterized reductions. A parameterized reduction from a parameterized problem L to a parameterized problem L’
is an algorithm which, given an instance (Z, k) of L, constructs in f(k) - |Z|°V time an equivalent instance (I, k') of L'
such that k' < g(k) for some function g. A parameterized problem L is called para-NP-hard if there exists some constant
value t such that L restricted to instances with k < t is NP-hard.

In our running time analyses, we assume a unit-cost RAM model where arithmetic operations have constant running
time.

2.2. Trees

A directed graph G is a tuple (V, E), where V is called the set of vertices of G and E the set of edges of G, respectively. We
denote an edge directed from u to v by (u, v). The degree of a vertex v is the number of edges that are incident with v. A
tree T with root r is a directed acyclic graph with a distinguished vertex r such that each vertex of T can be reached from r
via exactly one path. A vertex v of a tree T is a leaf when the degree of v is one. The height of a rooted tree T, denoted
height;, is the maximal distance of its root r to any leaf. For an edge (u, v), we call u the parent of v and v a child of u.
For a vertex v with parent u, the subtree T, rooted at v is the connected component containing v in T — (u, v). When v is
the root of T, we define T, := T. For a vertex v in a tree T, the offspring of v, denoted off(v), is the set of leaves in T,. For
any vertex v, we assume an arbitrary but fixed ordering of its children. A star is a graph G = (V, E) with a vertex c € V
and E = {(c,v) | v e V \ {c}}.

2.3. Phylogenetic diversity

A phylogenetic X-tree 7 = (V, E, A) (in short, X-tree) is a tree T with root r, where A : E — N is an edge-weight
function and X is the set of leaves of T. In biological applications, the internal vertices of T correspond to hypothetical
ancestors of the leaves and A(e) describes the evolutionary distance between the endpoints of e. An X-tree 7 is ultrametric
if there is an integer p such that the sum of the weights of the edges from the root r to x; equals p for every leaf x;.
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Table 1

Complexity results for GNAP with unbounded number of projects per taxon.
Parameter GNAP STAR-GNAP
1X| WI[1]-hard (Theorem 5), XP (Proposition 1(a)) W][1]-hard (Theorem 5), XP (Proposition 1(a))
B XP (Proposition 1(c)) PFPT O(B - ||P|) (Proposition 7)
C para-NP-h (Theorem 7) PFPT o(C - || 2|l - IX|) (Proposition 7)
D para-NP-h (Proposition 2(b)) para-NP-h (Proposition 2(b))
var + var, XP O(|X|*{vare +var)+1y (Theorem 3) FPT (Theorem 6)
var, para-NP-h (Theorem 7) XP o(|X[*¥ 1. |P|) (Proposition 7)
var,, para-NP-h (Proposition 2(a)) para-NP-h (Proposition 2(a))
valy, para-NP-h (Theorem 5) para-NP-h (Theorem 5)
D + w-code open FPT O(D - 2%-<°d . ||p||) (Proposition 7)
B + var, XP O(B - |X|*¥aw +1) (Theorem 4) PFPT (Proposition 7)
D + var,, para-NP-h (Proposition 2(b)) para-NP-h (Proposition 2(b))

For a taxon x; € X, a project list P; is a tuple (p; 1, ..., pi¢;)- Herein, each project p;; represents an action that may raise

the survival probability of x; at a certain cost. Formally, each project is a tuple (c;j, wij) € No x Q N [0, 1], where ¢;; is
the cost and w;; the survival probability of p;;. As a project with higher cost will only be considered when the survival
probability is higher, we assume the costs and survival probabilities to be ordered. That is, ¢;; < ¢;j+1 and w;j < wjj1
for every project list P; and every j < ¢;. An m-collection of project lists P is a set of m project lists {Pq, ..., Py}. For a
project set S, the total cost Cost(S) of S is Zp,-jes Gij.

For a given X-tree T, the expected phylogenetic diversity PD+(S) of a set of projects S = {P1j1s s PiX1j } IS given by

PDr(S):= Y Muv)- [1— [ (1—wiy)

(u,v)eE xjeoff(v)

Herein, the term (1 — ]_[Xl_eoff(v)(l — Wi, )) is the probability that at least one offspring of v (and with it the edge (u, v))
survives when S is implemented.

2.4. Problem definitions, parameters, and results overview

The most general version of the problem under consideration is defined as follows.

GENERALIZED NOAH'S ARK PROBLEM (GNAP)

Input: An X-tree 7 = (V, E, 1), an |X|-collection of project lists 7, and numbers B € Ny, D € Q.

Question: Is there a set of projects S = {p1,, ... » Pixjx 1> one from each project list of P, such that PD+(S) > D
and Cost(S) < B?

Such a project set S is called a solution for the instance T = (T, P, B, D).
We consider the following special cases of GNAP:

e STAR-GNAP is the special case of GNAP where 7 is restricted to have height 1.

° il b; NAP is the special case of GNAP where each project list P; contains exactly two projects (0, a;) and (c;, b;). In
other words, in an instance of q; A b; NAP we can decide for each taxon x; whether we want to spend c; to increase
the survival probability of x; from q; to b;. If the survival probability of all species is either 0 or some uniform value,

then this is denoted by 0 L b NAP. For b = 1 this corresponds to the choice between guaranteed extinction and
guaranteed survival.

o UNIT-CosT NAP is the special case of g; A b; NAP where every project with a positive survival probability has cost 1.

We study GNAP with respect to several parameters which we describe in the following. The results are summarized
in Table 1 for the general problem and in Table 2 for the special case with two projects per taxon. The input of GNAP
directly gives the natural parameters number of taxa |X|, budget B, and required diversity D. Closely related to B is the
maximum cost per project C = max; ¢; ;. We may assume that no projects have a cost that exceeds the budget, as we can
delete them from the input and so C < B. We may further assume that B < C - |X|, as otherwise we can compute in
polynomial time whether the diversity of the most valuable projects of the taxa exceeds D and return yes, if it does and
no, otherwise.

Further, we consider the maximum number of projects per taxon L := maXx; |P;|. By definition, L = 2 in g; A b; NAP
and in GNAP we have L < C + 1. We denote the number of projects by ||P|| = >, |P;|. Clearly, [X| < |IPI. L < [Pl
and |P| < |X] - L. By var., we denote the number of different costs, that is, var. := |{c;; : (¢ij, wij) € Pi, Pi € P}|. We
define the number of different survival probabilities var,, analogously. This so-called number of numbers parameterization
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Table 2

Complexity results for 0 2 1 NAP, the special case where the survival probabilities
are only 0 or 1, and UNiT-CosT NAP the special case where each project has unit costs.
The “—"-sign indicates parameters that are (partially) constant in the specific problem
definition and thus are not interesting.

Parameter 0% 1 NAP UNIT-CosT NAP

1X| FPT (Proposition 1(b)) FPT (Proposition 1(b))
B PFPT O(B? - n) [24] XP (Proposition 1(c))
C PEPT o(C? - n?) (Corollary 4) -

D PEPT o(D? - n) (Proposition 8) open

val;, PFPT ©((val,)? - n?) (Corollary 5) open

var XP (Corollary 1) —

var,, - XP (Corollary 2)

was introduced by Fellows et al. [10]; it is motivated by the idea that in many real-life instances this parameter may
be small. In fact, for nonnegative numbers, the number of numbers is never larger than the maximum value which
is used in pseudopolynomial-time algorithms. Also, we consider the maximum encoding length for survival probabilities
w-code = max;j(binary length of w;;) and the maximum edge weight val, = maX.ct A(e). Observe that because the
maximal survival probability of a taxon could be smaller than 1, one cannot assume that val, < D.

2.5. Basic observations

We now observe some first complexity classifications that can be obtained from naive brute-force algorithms and from
adaptions of a known NP-hardness reduction.

Proposition 1.

(a) GNAP can be solved in O(L*! - n?) time.
(b) a; = b; NAP can be solved in ©(2%! - n2) time.
(c) GNAP can be solved in ||P||® - |Z|°™ time.

Proof. (a) Consider all possibilities to select a project p;j; € P; for all taxa x;. For each chosen set S := {p;;, | i € [IX|]}
compute Cost(S) and PD+(S) and return yes if Cost(S) < B and PD(S) > D. If no considered set S gives a solution, then
return no.

For each taxon, the number of different choices is at most L. Moreover, we can compute Cost(S) and PD(S) > D
in ©(n?) time. Hence, the algorithm has running time O(LX! - n?).

(b) This is a direct consequence of the previous with L = 2.

(c) A GNAP solution contains at most B projects with positive costs. Hence, a solution can be found by iterating over
all size-B project sets, checking whether any of them gives a solution. O

Some hardness results can be obtained directly from a known reduction from the NP-hard KNAPSACK problem to O =
1 NAP [24]. In KNAPSACK one is given a set of items N, a cost-function ¢ : N — N, a value-function d : N — N, and two
integers B and D and asks whether there is an item set N" such that cx(N’) < B and ds(N’) > D.

Proposition 2.

(a) O £ 1 NAP is NP-hard, even if the tree T has height 1 [24].
(b) O L b NAP is NP-hard, even if D =1, b € (0, 1] is a constant, and the tree T has height 1.
(c) 0 A b; NAP is NP-hard, even if the tree T is ultrametric with height, =val, =1, and D = 1.

Proof. (a) Let Z = (N, c, d, B, D) be an instance of KNAPSACK. Define 7 := (V, E, A) to be an N-tree with V := {w} UN
and E := {(w, x;) | x; € N} and A(w, x;) := d(x;). For each leaf x;, define a project list P; that contains two projects (0, 0)
and (c(x;), 1).

Then, 7’ .= (7, P, B := B, D’ := D) is a yes-instance of 0 L 1 NAP if and only if Z is a yes-instance of KNAPSACK. This
can be seen by observing that a set S is a solution for Z if and only if the project set S’ obtained by adding p; ; = (0, 0) if
x;i ¢ S and p;2 = (c(x;), 1) if x; € S is a solution for Z'. Indeed this follows from

ds(S) =) _dx) =Y Mw,x)=PDr(S)

X;€S X;€S
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Table 3

Complexity results for MULTIPLE-CHOICE KNAPSACK.
Parameter MCKP
m WI[1]-hard, XP (Theorem 2)
B PFPT O(B - IN]) [25]
C PFPT O(C - IN| - m) (Proposition 3)
D PFPT o(D - IN|) [1]
L para-NP-h [16]
vare XP ©(m¥3~1 . |N|) (Proposition 4)
varg XP o(m¥a¢~1.|N|) (Proposition 5)
var, + vary FPT (Theorem 1)

and

cs(S) = Zc(x,») = Z ci.2 = Cost(S").
X;€S X;€S
(b) In this reduction, one could also set D’ := 1 and replace the survival probability of every project with positive cost
to 1/p. Thus, STAR-GNAP is NP-hard even if D = 1 and var,, = 2.
(c) We may assume in the previous reduction that there is no project p = (c, 1/D) of taxon x with A(p,x) > 1/D
and ¢ < B, as we have a trivial yes-instance, otherwise. Henceforth, we remove all taxa with project cost ¢ > B and for
all remaining projects, we divide the survival probability by A(p, x), directly yielding the desired result. O

3. Multiple-choice knapsack

In this section, we consider MULTIPLE-CHOICE KNAPSACK (MCKP), a classic variant of KNAPSACK in which the item set is
divided into classes and from every class, exactly one item can be chosen. MCKP has been studied numerous times over
the years [1,16,21,25]. MCKP is also special case of the MAX D-DIMENSIONAL KNAPSACK problem, for which Gurski, Rehs,
and Rethmann [12] provided a parameterized complexity analysis.

To define the problem, let ¢ and d denote the cost and value functions, respectively. Accordingly, for an item a;, we
call c(a;) the cost of a; and d(a;) the value of a;. Recall that using our function notation for sets, this means that cx(A)
and dx(A) denote the sum of the costs and values of the elements of A and c(A) and d(A) denote the set of costs and
values assumed by some element of A.

MULTIPLE-CHOICE KNAPSACK (MCKP)

Input: A set of items N = {a,, ..., a,}, a partition {Nq, ..., N} of N, two functions ¢, d : N — N, and two integers B
and D.

Question: Is there a set S € N such that |[S N N;| = 1 for each i € [m], cx(S) < B, and dx(S) > D?

A set S that fulfills these criteria is called a solution for the instance Z.

For MCKP, we consider parameters that are closely related to the parameters described for GNAP: The input directly
gives the number of classes m, the budget B, and the desired value D. Closely related to B is the maximum cost for
an item C = maxgen ¢(q;). Since projects whose cost exceeds the budget can be removed from the input, we may
assume C < B. Further, we assume that B < C - m, as otherwise, one can return yes if the total value of the most
valuable items per class exceeds D, and no otherwise. We also consider var. := |c(N)|, the number of different costs,
and vary := |d(N)|, the number of different values. The size of the biggest class is denoted by L. If one class N; contains
two items a, and a4 with the same cost and d(a,) < d(a,), the item a, can be removed from the instance. Thus, we may
assume that no class contains two items with the same cost, and so L < var.. Analogously, we may assume that no class
contains two same-valued items and so L < var,,. Table 3 lists the old and new complexity results for MULTIPLE-CHOICE
KNAPSACK.

3.1. Algorithms for multiple-choice knapsack

First, we provide some algorithms for MCKP. It is known that MCKP can be solved in O(B-|N|) time [25], or in O(D-|N|)
time [1]. As we may assume that C - m > B, we may also observe the following.

Proposition 3. MCKP can be solved in O(C - |[N| - m) time.

KNAPSACK is FPT with respect to the number of different costs var, [8]. This result is shown by a reduction to ILP-
FEASIBILITY with f(var,.) variables. This approach cannot be adopted easily, as it has to be checked whether a solution
contains exactly one item per class. In Propositions 4 and 5 we show that MCKP is XP with respect to the number of
different costs and different values, respectively. Then, in Theorem 1, we show that MCKP is FPT with respect to the
parameter var. + vary.
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In the following, let T = (N, {Ny, ..., Ny}, ¢, d, B, D) be an instance of MCKP. We let cy, ..., Cyar. and dy, ..., dyay,
denote the set of different costs and the set of the different values in Z where ¢; < ¢;;; for each i € [var, —1] and d; < dj;4
for each j € [vary —1]. In other words, ¢; is the ith cheapest cost in ¢(N) and d; is the jth smallest value in d(N). Since each
class N; contains at most one item with cost ¢, and at most one item with value dg, we have |N;| < var. and |N;| < vary
for every i € [m].

Proposition 4. MCKP can be solved in ©(m"¥c~1. |N|) time, where var, is the number of different costs.

Proof. We describe a dynamic programming algorithm with a table that has a dimension for all the var, different costs,
except for Cy,r,.. An entry F[i, p1, . .., Pvar. —1] Of the table stores the maximal total value of a set S that contains exactly one
item of each set of Ny, ..., N; and contains exactly p; items with cost ¢; for each j € [var, —1]. Subsequently, S contains

exactly pf,’grc =i Z;’ir{ - p; items with cost cyyr,. If Zj"irf - p;j > i, then store F[i, p1, ..., Dyar, —1] = —oo. In the rest

of the proof, by p we denote (p, ..., DPvar. —1) and by P+, we denote (py,...,pj+ 2, ..., Dvar, —1) for an integer z. Let 0
denote the (var, —1)-dimensional zero.

For the initialization of the values for F[1, P, only size-1 subsets of Ny are considered. Thus, for every a € Ny with
cost c(a) = ¢j < Cyar,, store F[1, Oy4+1] = d(a). If Ny contains an item a with cost c(a) = cyar,, then store F[1, 0] = d(a). For
all other p, store F[1, p] = —oo. Once the entries for i classes have been computed, one may compute the entries for i + 1
classes using the recurrence

. _— F[i, pj-11 + d(a) if c(a) = ¢j < Cyar, and p; > 1
Fli+1.p] = max { Fli.pl +d@) if c(a) = G, : M
Return yes if F[m, p] > D for ps,?r)c CCvare + Yoy “'pi-ci<Band return no, otherwise.
Correctness. For given integers i € [m] and p € [i]}™" ~', we define S to be the family of i-sized sets S C N that contain
exactly one item of each of Ny, ..., N; and where p, is the number ofpitems in S with cost ¢, for each ¢ € [var, —1].
For fixed p € [i],™" ~! we prove that F[i, p] stores the maximal value of a set S € Sg) by an induction. This implies
that the algorithm is correct. For i = 1, the claim is easy to verify from the initialization. Now, assume the claim is correct

for a fixed i € [m — 1]. We first prove that if F[i 4+ 1, p] = q, then there exists a set S € Sg“) with dx(S) = q. Afterward,

we prove that F[i + 1, p] > dx(S) for every set S Sg“).
(=) Let F[i + 1,p] = q. Let a € Ny with c(a) = ¢; be an item of Ni;; that maximizes the right side of Eq. (1)
for F[i+ 1, p]. In the first case, assume ¢j < Cyar,, and thus F[i+ 1, p] = q = F[i, pj)-1] +d(a). By the induction hypothesis,
there isaset S € S;%l)-, such that F[i + 1, pg—1] = dxs(S) = q — d(a). Observe that S’ := SU {a} € S}%’H). The value of S’
is dx(8") = dx(S) + d(a) = q. The other case with c(a) = cyar. is shown analogously.
(<) LetS € s and leta € SN Niy1. In the first case, assume c(a) = ¢j < Cyar,. Observe that S’ := S\ {a} € st

5 PG)-1"
Consequently,

Fli+1.5] = Fli. By + da) @)

= max{dz(S)| S € S¥ } +d(a) )

PG)—1
dz(s/) + d(a) = d);(S)

Herein, Inequality (2) is the definition of the recurrence in Eq. (1), and Eq. (3) follows by the induction hypothesis. The
other case with c(a) = cy,r, is shown analogously.

Running time. First, we show how many options of ps there are and then how many equations have to be computed
for one of these options.

v

For p1, ..., Pvar, -1 With Z}'i?_l pj = m and each i € [m], the entry F[i, Pl stores —oo. Consequently, we consider a
vector p with p; = m only if p, = 0 for each ¢ # j. Thus, we are only interested in p € [m — 1]‘6”571 orp = 6U)+m for

each j e [var, —1]. So, there are m"¥~! 4+ m € ©(m"¥ ~1) options of p.

For a fixed p, each item a € N; is considered exactly once in the computation of F[i, p]. Thus, overall O(m"¥< =1 . |N|)
time is needed to compute the table F. Additionally, we need O(var, -|N|) time to check whether F[m, p1, ..., pvar, —1] = D
and ps,':r)c * Cyar, + Z:’f{ - pi- ¢; < B for any p. As we may assume m"¥c ~! > var,, the running time of the entire algorithm

is o(m¥~1.|N|). O

We now adapt of the dynamic programming algorithm described in the proof of Proposition 4. In this adaption, instead
of storing the maximum value of a set of items with a given set of costs, we store the minimum cost a set of items with
a given set of values. This shows that the problem is in XP with respect to the number of different values of the input
items.

Proposition 5. MCKP can be solved in ©(m"¢~1. |N|), where var, is the number of different values.

Proof. We describe a dynamic programming algorithm with a table that has a dimension for all the var, different values
except for dyar,. An entry F[i, p1, ..., Ppvar,—1] Of the table stores the minimal cost of a set S that contains exactly one
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item of each set of Ny, ..., N; and contains exactly p; items with value d; for each j e [varq —1]. Subsequently, S contains
exactly p{), = i— Z]Vill" ! p; items with value dygr,. If Z}'iqdf] pj > i, then store F[i, p1, . .., Pvary—1] = B+ 1. In the rest
of the proof, by p we denote (p1, ... , Pvarg—1) and by f)(,-)ﬂ we denote (p1,...,pj+Z, ..., Pvary—1) for an integer z. Let 0
denote the (vary —1)-dimensional zero.

For the initialization of the values for F[1, P, only size-1 subsets of Ny are considered. Thus, for every a € N with
value d(a) = d; < dyay,, store F[1, 0gy+1] = c(a). If N; contains an item a with value d(a) = dyar,, then store F[1, 0] = c(a).
For all other p store F[1,p] = B + 1. Once the entries for i classes have been computed, one may compute the entries
for i + 1 classes using the recurrence

{ FIi, pj—11 + c(a) if d(a) = d; < dyar, and p; > 1

Fi+ 1,1 = MaX \ b 5ot if da) = duar, : (4)

aeNjq

Return yes if F[m, p] < B for pf,';’r)d ~dyar, + 0" p; - di > D and return no, otherwise.

The correctness and running time proof are completely analogous to the proof of Proposition 4. O

By Propositions 4 and 5, MCKP is XP with respect to var. and varg, respectively. In the following, we reduce instances of
MCKP to instances of ILP-FEASIBILITY with at most 2V4'¢ TVa'd . yar, variables. Since ILP-FEASIBILITY instances with n variables
and input length s can be solved using s-n?>"+°(" arithmetic operations [11,19], this shows that MCKP is fixed-parameter
tractable with respect to the combined parameter var. + varg.

Theorem 1. For each instance of MCKP, an equivalent instance of ILP-FEASIBILITY with O(2V'¢ *Va% . var.) variables can be
computed in polynomial time. Thus, MCKP is FPT with respect to var, + varg.

Proof. Reduction. We may assume that a class N; does not contain two items of the same cost or the same value and
that for items a, b € N; with c(a) < c(b) we have d(a) < d(b). Thus, each class N; is fully described by the set of
costs c(N;) of the items in N; and the set of values d(N;) of the items in N;. In the following, we call T = (C, Q) a type, for
setsC € c(N), Q € d(N)with |C| = |Q|. Let T be the family of all types. We say that the class N;j is of type T = (c(N;), d(N;)).
For each T € T, let my be the number of classes of type T. Clearly, } ;. mr = m.

Now, for each class N; of type T = (C, Q), the cost c(a) of an item a € N; directly determines its value d(a). More
precisely, if c(a) is the £th cheapest cost in C, then the value of a is the ¢th smallest value in Q. Accordingly, if ¢;
is the ¢th smallest cost in C, we let dr; denote the ¢th smallest value in Q. For all i € [var.] where ¢; ¢ C, we
define dr ; := — Y[, max d(N;).

We now define the following instance of ILP-FEASIBILITY that is equivalent to Z. The variable xr ; expresses the number
of items with cost ¢; that are chosen in a class of type T.

vare

Z ZXT,i'Ci <B (5)

TeTc i=1
vare
Z ZXT,i ~dri>D (6)
TeTe i=1
vare
D xri=my VT eT (7)
i=1

xr;i >0 VT € T,i € [var.] (8)

Correctness. Observe that if ¢; ¢ C, then Inequality (6) would not be fulfilled if xr; > 0 because we defined dr; to
be — Z:’;] max d(N;). Consequently, xr; = 0if ¢; ¢ C for each type T = (C,Q) € 7 and i € [var.]. Inequality (5)
ensures that the total cost is at most B. Inequality (6) ensures that the total value is at least D. Eq. (7) ensures that
exactly mr elements are picked from the classes of type T for each T € 7. Finally, observe that the constructed instance
has O(2¥¥"+Vad . var,) variables because 7 C 2™ x 29M) which gives ©(2"¥%*+Va% . var,) different options for the
variables xr ;. O

3.2, Hardness with respect to the number of classes

Second, we contrast the algorithms by the following hardness results. There is a reduction from KNAPSACK to MCKP in
which each item in the instance of KNAPSACK is added to a unique class with a further, new item that has no costs and no
value [16]. This reduction constructs an instance with many classes. In the following, we prove that MCKP is W[1]-hard
with respect to the number of classes m, even if B = D and c(a) = d(a) for each a € N. This special case of MCKP is
called MULTIPLE-CHOICE SUBSET SuM [ 16].

To show the hardness, we reduce from SUBSET SuM with multi-set input parameterized by k.
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SUBSET SUM
Input: A multi-set of integers Z = {z1, ..., z,} and integers Q and k.
Question: Is there a multi-set S C Z such that Zses =Q and |S| = k?

In parameterized complexity, the problem is often defined for set inputs. The original W[1]-hardness proof for SUBSET
SuM relies on a reduction from the PERFECT CODE problem [6, Lemma 4.4]. It is easy to observe that this reduction also
works if every constructed integer is added k times to Z. We will not repeat the details of the reduction but give a brief
intuition. In the reduction, the target number Q has a value of one at each digit. Now, adding k copies of a number to Z
in the construction maintains correctness because including any number twice in the solution produces carries in the
summation which destroys the property that every digit has a value of 1.

Proposition 6 ([6]). SUBSET SuM is W[1]-hard with respect to k, even when every integer in Z has multiplicity at least k in Z.
Theorem 2. MCKP is XP and W[1]-hard with respect to the number of classes m.

Proof. The XP-algorithm follows from the fact that we may simply try all |[N|™ possibilities to select a set S of items and
compute the value and cost for each of them.

Reduction. We reduce from SUBSET SUM with multi-set inputs Z where every integer z occurs k times. Let Z = (Z, Q, k)
be such an instance of SUBSET SUuM and assume, without loss of generality, that Z = {z;; | i € n,j € [k]} such
thatz;1 =z, =---=zy forallie [n].

We define N; := {a;; | i € [n]} for each j € [k] and set c(a;;) = d(a;j) = z; for each element a;;. Then 7’
S (N, {N1,..., N}, Q, Q) where N is the union of the sets N;, j e [k]. Observe that the reduction can be performed in
polynomial time and that m = k, so the reduction is indeed a parameterized reduction from SUBSET SUM with parameter k
to MCKP with parameter m.

Correctness. We show that 7 is a yes-instance if and only if Z' is a yes-instance.

(=) LetS ={z,,...,z,} be a solution for Z. By construction, each set N; contains one element a such that c(agj) =
d(alj) =z. Then, the set S" := {ay,, a,, ..., a,} is a solution for Z’ since
D clay) =) dag)=3 z=0
jelk] jelk] Jjelk]
(<) Conversely, let " := {ay,,a,,...,a,} be a solution for 7. By construction, for each j € [k], there is a

number z,€Z such that c(a@j) =1z Then, S := {zi; 1j e [k]} is a solution for Z since

Q=) clag)=) 7

Jjelk] jelkl

4. The generalized Noah’s Ark Problem

We now come back to the maximization of phylogenetic diversity, starting with the most general problem variant,
GENERALIZED NOAH'S ARK PROBLEM (GNAP). Subsequently, we turn to STAR-GNAP, making use of the tractability and
hardness results for MCKP established above.

4.1. Algorithms for the generalized Noah’s Ark Problem

In Theorem 3, we now show that GNAP can be solved in polynomial time when the number of different project costs
and the number of different survival probabilities is constant. In the following, let Z = (7, P, B, D) be an instance of GNAP,
and let C == {cq, ..., Cyar,} and W = {wyq, ..., wyay, } denote the sets of different costs and different survival probabilities
in Z, respectively. Without loss of generality, assume ¢; < ¢y for each i € [var, —1] and likewise assume w; < wj;4 for
each j e [var, —1]. In other words, ¢; is the ith cheapest cost in C, and wj is the jth smallest survival probability in W.
Recall, that we assume that there is at most one item with cost ¢, and at most one item with survival probability wq in
every project list P;, for each p € [var.] and q € [varw] For the rest of the section, by @ and b we denote (a1, ..., Qyar. —1)
and (by, ..., byar, —1), respectively. Further, we let p(j)., denote the vector p in which, at position i, the value z is added,
and we let 0 denote the (var. —1)-dimensional zero.

Theorem 3. GNAP can be solved in O (|X[*"¥*+¥e™ =1 (var, + var,,)) time.

Proof. We describe a dynamic programming algorithm with two tables, F and G, that have a dimension for all the var,
different costs, except for c,,, and all the var,, different survival probabilities, except for var,, —1. Recall that for a vertex
v with t children, T, is the subtree rooted at v and the offspring off(v) of v are the leaves in T,. For a vertex v with children
w1, ..., w; where w; denotes the ith child, the i-partial subtree T, ; rooted at v for i € el is the connected component

contammg vin T, — {(v, wit1), - .., (v, we)}. For a vertex v € V and given vectors d and b we define S(L) to be the family
of sets of projects S such that
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1. S contains exactly one project of P; for each x; € off(v),
2. S contains exactly a, projects of cost ¢, for each k € [var, —1], and
3. S contains exactly b, projects of survival probability w, for each ¢ € [var,, —1].

For a vertex v € V with children uy, . .., u,, given vectors d, and band a given integer i € [t] we define Sé”éi) analogously,
just that exactly one project of P; is chosen for each x; € off(u;) U - - - U off(u;). '
It follows that we can compute how many projects with cost ¢y, and survival probability wys, a set S € S(v-)

contains. There are al%), := |off(v)] — Zj‘”"f’l a;_projects with cost ¢yar, and bR = |off(v)| — Z"M"’” b; pl‘OjECtS
with survival probability wvarw The entries F[v, d, b] and Glv, i, a, b] store the maximum expected phylogenetic diversity

of the tree T, for S € S_< and T,; for S € S_- , respectively. We further define the total survival probability to

be w(byar, , hyi=1-—(1— Wyar,, v - [T 11— wl)bl when by,,, and b describe the number of chosen single survival
probabilities.

_ Fix a taxon x; with project list P;. As we want to select exactly one project of P;, the project is clearly defined by a and
b. So, we store F[x;, d, b] = 0, if P; contains a project p = (cx, we) such that

1. (k < var. and @ a= 0 )o+1 OF k = var, and a = Ol and
2. (¢ < var, and b= 0 o)+1 or £ =var,, and b = 0).

Otherwise, store F[x;, 4, b] = —oc.
Let v be an internal vertex with children uy, ..., u;, we define
Glv. 1, B] = Flur, & B] + A(v, ur) - w () . b) (9)

and to compute further values of G, we can use the recurrence
- { Glv,i,d — ', b — B'] + Fluis1, @, b']

Glv,i+ 1,d,b] = max A ) - w (bg’rf,l) 5/) (10)

0<u <a
0<b’<b
Herein, we write p < q 1f p and g have the same dimension d and p; < gq; for every i € [d]. And finally, we
define F[v, d, b] Glv, t,a b]
Return yes if there are d and b such that 3"V "' g; < |X|, and Y7 "' b
and F[r, d, b] > D where r is the root of 7. Otherwise, return no.
Correctness. For any v, d, b and i, we prove that F[v, @, b] and G[v, i, 4, b] store max PD,(S) for S S_ 3 )and S € S(" 2
respectively. This implies that the algorlthm is correct. For a taxon x;, the tree T, does not contain edges and S0 there is
no diversity. We can only check if @ and b correspond to a feasible project. So, the table F stores the correct value by the
initialization. For an internal vertex v, the children uy, ..., u; of v and i € [t — 1], the entry G[v, 1, g, b] stores the correct
value by the observations that PD7, ,(S) = PDr;, (S)—]—k(v uq)- (bf,lii:[,}), b)for S € S(U ! where w(bf,iﬁf), b) is the survival

probability at u;. Further the value in entry F[v, 4, b] stores the correct value, when G[v t,a, b] stores the correct value,
because 5( v) Sa vt It remains to show the correctness of the value in Glv,i+1,a, b]

I/\

var, l
|X|, and avalc Cvar, + Z [ ¢ < B,

Now, assume as an induction hypothesis that the computation of F[u;, d, b] and G[v, i, a, b] store the correct values,
for an internal vertex v with children uy, ..., u; and i € [t — 1]. We first prove that if G[v,i + 1, a, b] = p, then there
exists asetS € S(”"“) with PDr,(S) = p. Afterward we prove that G[v, i+ 1, d, b] > PDr, . ,(S) for every set S € S(” 1)

(=) Let G'[v, i + 1,4, b] =d.Lletd and b’ be the vectors that maximize the right side of Eq. (10) for G[v, i+ 1, a, b]
By the induction hypothesis, there is a set Sz € S £ B 7 such that G[v,i,a — a’ b— b’] PD7, .(Sc) and there is a

set Sr € S(”’“) such that Flujq, i, a/ b’] = PDTu 1(SF) Define S := Sg U Sr. Then,

PDTU_i+1(S) = PDTU_i(SG) + PD, (SF) (11
= PD7,(Se) + PDr,, (S¢) + A(v. Uig1) - w(biasi,. B). (12)

This equals the right side of Eq. (10) and we conclude PDr,(S) = p.
(<) Let S € S(" D et Sk be the set of projects p of S that are from a project list of an offspring of u;,; and
define S¢ = S\ Sf. Let ax be the number of projects in Sp with cost ¢, and let b, be the number of projects in S with

survival probability b,. Define a= (a1, ..., avar,—1) and b’ = (by, ..., byar, —1). Then,
Glv,i+1,d,b] > Glv,i,d—a,b— E/] + Flug, @, b (13)
(v, uig) - w (B, )
= PD1,(S6) + PDry,, (S¢) + A0, uis1) - (b’;;;f;), b ) (14)
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= PD7,(S) (15)

Inequality (13) follows from the recurrence in Eq. (10). By the definition of Sf and Sg, Eq. (14) is correct. Finally, Eq. (15)
follows from Eq. (12).

Running time. First, we prove how many options for vectors d and b there are: Because i a; < |X|, we conclude
that if a; = |X|, then a; = 0 for i # j. Otherwise, for a; € [|X|— 1], there are O(|X |4~ 1Y options for a of not containing |X|,
such that there are altogether O(|X|"*" ~1 4 1X]) = O(]X|¥ ~1) options for a suitable d. Likewise, there are O(|X|"¥"» ~1)
options for a suitable b. .

Clearly, the initialization can be done in O(||P||) time. Let v be an internal vertex and let d and b be fixed. For a
vertex w € V, we can compute in O(n) time the set off(w). It follows that w(bi,ar)w, b) can be computed in O(n+var,,) t1me
such that Eq. (9) can be computed in O(n + var,,) time. As for a and b, there are O (|X |Vare +varw ’2) options to chose a
and b'. Therefore, Eq. (10) can be evaluated in © (|X |Vare +varw =2 (4 var,,,)) time.

Eq. (9) has to be computed once for every internal vertex. Eq. (10) has to be computed once for every vertex except
the root. Thus, all entries of the tables F and G can be computed in time

vare —

O (X Pt =20 (n - var,) + 1X] - 1P

Additionally, we need O(|X|"¥" TV =2 . (var, + var,,)) time to check whether there are @ and b such that
e F[r,d,b] > D,
o Y T a < IXI,
. Z;’”w b < 1X|, and
L4 as/arc Cvar, + Zvarc—l - ¢ <B.

Because O(n) = O(|X|) and O(||P||) < O(|X| - var,,), the overall running time is © (JX[*"*"*¥a" =1 (var, +var,)). O
For 0 = 1 NAP, where var,, = 2, we get the following running time.

Corollary 1. 0 —% 1 NAP can be solved in © (1X|2vare 1. var,) time.

As each project with a cost higher than B can be deleted, we may assume that there are no such projects which implies
that var. < C + 1 < B+ 1. Thus, Theorem 3 also implies that GNAP is XP with respect to C + var,, and B + var,, with
astronomical running times of © (|X[*“** =Y. (C + var,,)) and O (|X|*®*¥¥" =1 (B 4 var,)), respectively. However,
we can adjust the algorithm so that B is not in the exponent of the running time. Instead of declaring how many projects
of cost ¢; for i € [var.] are selected, we declare the budget that can be spent.

Theorem 4. GNAP can be solved in O (B2 - [X|***™ =V . var,, ) time.

Proof. We describe a dynamic programming algorithm with two tables F and G that have a dimension for all the var,
different survival probabilities, except for var,, —1. For a vertex v € V, a given vector bandk € [Blo, we define S ”) to be
the family of sets of projects S such that

1. S contains exactly one project of P; for each x; € off(v),
2. Cost(S) < k, and
3. S contains exactly b, projects of survival probability w, for each ¢ € [var,, —1].

For a vertex v € V with children uq, ..., u;, a given vector b and integers k € [B]p and i € [t] we define S
just that exactly one project of P; is chosen for each x; € off(u;) U - - - U off(u;).
It follows that we can compute how many projects with surv1val probability wy,, a set S € S(") contains. That

(v,
N 5 analogously,

are bf,';)rw = | off(v)] — Z]"arl“’_ b; projects with survival probablllty Wyar, - The entries F[v, k, b] and G[v, i, k, b] store

the expected phylogenetic diversity of the tree T, for S € S and T,;forS e S(” , respectively. We further define the

total survival probability to be w(byar,,, b):=1—(1— Wyar,, )”“'w T2 11— )bl when byar, and b describe the number
of chosen single survival probabilities.
Fix a taxon x; with project list P;. We store F[x;, k, b] = 0, if P; contains a project p = (c;, wy) such that ¢; < k, and

1. (¢ < var, and b= O(gm or £ = var, and b= 0).

Otherwise, store F[x;, k, B] = —0Q.
Let v be an internal vertex with children uq, ..., u;, we define
Gl, 1.k, Bl = Fluy, k. B] + A(v, w) - w (b4, ) (16)
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and to compute further values of G, we can use the recurrence

Glv.i+1.k. b Glv, i,k —K,b — bl + Fluip1, K, b'] 17
[v,i+ 1,k b] = max H(v,uiﬂ).w(b%;uw,b/) (17)
0<b’ <b

Herein, we write p < ¢ if p and g have the same dimension d and p; < g; for every i € [d]. And finally, we
define F[v, k, b] Glv, t, k, b] .

Return yes if there are k e [B]o and b such that o b, < IX|, and F[r, k, b] > D for the root r of 7. Otherwise,
return no.

The correctness and the running time can be proven analogously to the proof of Theorem 3. O

Generally, we have to assume that B is exponential in the input size. However, there are special cases of GNAP, in
which this is not the case, such as the case with unit costs for projects. Since var,, < 2“*°% we conclude the following
from Theorem 4.

Corollary 2. GNAP is XP with respect to var,, and w-code, if B is bounded polynomially in the input size.
4.2. Generalized Noah'’s Ark Problem on stars

We now consider STAR-GNAP, the special case of GNAP where the phylogenetic X-tree 7 has height 1. We first show
that STAR-GNAP is W[1]-hard with respect to the number |X| of taxa. This implies that Proposition 1(a) cannot be improved
to an FPT algorithm. Afterward, we prove that most of the FPT and XP algorithms we presented for MCKP can be adopted
for STAR-GNAP, yielding algorithms with a faster running time than for GNAP.

4.2.1. Hardness
Theorem 5. STAR-GNAP is W[1]-hard with respect to |X|, even if the given X-tree T is ultrametric and val, =D = 1.

Proof. Reduction. We reduce from MCKP, which by Theorem 2 is W[1]-hard with respect to the number of classes m.
Let Z = (N, {Ny, ..., Np}, c,d, B, D) be an instance of MCKP. We define an instance 7’ = (7, P, B .= B, D’ := 1) in which
the X-tree 7 = (V, E, A) is a star with center v and the vertex setis V := {v}UX, with X := {xq, ..., x}. Set A(e) := 1 for
every e € E. For every class N; = {a; 1, . .., a;,}, define a project list P; with projects p;j := (¢;; == c(a;;), w;j := d(a;;)/D).
The |X|-collection of project lists 7 contains all these project lists P;.

Correctness. Because we may assume that 0 < d(a) < D for all a € N, the survival probabilities fulfill w;; € [0, 1] for
all i € [m] and j € [|N;|]. The tree has m taxa and the reduction is clearly computable in polynomial time, so to prove that
it is a parameterized reduction, it only remains to show the equivalence.

(=) Let S be a solution for Z with S N N; = {a;;,}. We show that S’ = {p;j, | i € [m]} is a solution for Z’: The cost
of the set S"is Y 1", ¢ij, = > iy c(aij;) < B and further PD(S') = D oger MU X)) - wip = Do o 1+ d(@ij)/D =

D yiyda;)>1=D.

(<) LetS = {p14, ..., Pmj,} be a solution for Z'. We show that §" = {a1 i1» - -+ Gmjy ) is a solution for Z: Clearly, S’
contains exactly one item per class. The cost of the set S’ is cx(S') = Z c(a,h) Z:”:] Cij < B. The diversity of §’
isds(S) =Y [, d(ai;;)=>ir, wij-D=PDr(S)-D>D. O

The X-tree constructed in the reduction above is a star and therefore has unbounded maximum degree A. In the
following, we show that GNAP also is W[1]-hard with respect to |X| when 7 is a binary tree.

Corollary 3. GNAP is W[1]-hard with respect to |X| 4+ D even if A = 3 and val, = 1.

Proof. Reduction. We reduce from STAR-GNAP, which by Theorem 5 is W[1]-hard with respect to |X|, evenifval, =D = 1.
Let Z = (7,P,B,D) be an instance of GNAP with D = 1. Define an X-tree 7' := (V,E) as follows: Let V :=
XU{v1, ..., v, x*} and E == {(v;, X;), (vi, vigr) | § € [IX] = 11U {(vn, Xn), (va, x*)}, and set A(e) := 1 for each edge e of 7.
Define a project-list Py = (P40 := (0, 0), px.1 := (1, 1)) for x*. Finally, let 7 be (7', PUPw,B .= B+ 1,D = |X| + 1).

Correctness. The reduction can be computed in polynomial time and the size of the taxa set has increased by only one.
Note that we can assume that a solution of Z’ contains p, ; because otherwise exchanging an arbitrary project with p, 4
gives a better solution. It thus remains only to show that S is a solution for Z if and only if S’ :== S U {p, 1} is a solution
for Z'. Clearly, Cost(S’) = Zp o Cij = Cx1 + Zp s Cij = Cost(S) + 1. Because w, ; = 1, we conclude that the survival
probability at each vertex v; 1s exactly 1. Thus, the value of PD(S') is

IX]—-1

Z )»(U,', Ui+1) -1+ )\(U‘x‘, X*) -1+ Z Mvi, X;) - wij = |X| + PDT(S).
i=1 pij€S

Hence, Cost(S’) < B+ 1 and PD(S’) > |X| + 1 if and only if Cost(S) < B and PD+(S)> 1. O
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In Section 3, we presented a set of algorithms for MCKP. We will now make use of these algorithms to obtain several
tractability results for STAR-GNAP.

Proposition 7. STAR-GNAP can be solved in time

O(D - 2% || P|| + |7]),
OB - IPIl + |Zl),
o(C-IP|l - IX] + |Z]), and
o(X [ =1 Pl +1Z)).

Proof. To show the statement, we describe how to reduce STAR-GNAP to MCKP and then use algorithms presented in
Section 3.1.

Reduction. Let T = (T, A, P, B, D) be an instance of STAR-GNAP. We define an instance 7' = (N, {Ny, ..., Nx},c,d, B,
D') of MCKP. Without loss of generality, each survival probability is in the form w; = w[/2"°% with w; € Ny,
and w] < 2w-code Eor every taxon x; with project list P;, define the class N; and for every project pij = (Cij, wij) € P;

add an item a;; to N; with cost c(a;;) := ¢;;j and value d(a;;) := w;’j -Mw, ;). Set B ;= Band D’ ;= D . 2W-code,

Correctness. Let S = {p1j,, ..., Pix|,j } e a solution for the instance Z of GNAP. Define the set S" = {a i, ..., Qx| }-
Clearly, cx(S’) = Cost(S) < B. Further,
X X
> d(aiy) = > wi - Mw, x)
i=1 i=1
X

— 2w»c0de . Z wij, - )\(w’ Xi)
i=1

— zw»code . PDT(S) > 2w—code .D=0D.

Thus, S’ is a solution for Z'.

Analogously, one can show that if S’ is a solution for the instance Z' of MCKP, then S is a solution for the GNAP-
instance 7.

Running time. The reduction can be computed in O(|Z|) time. We observe that in Z’ the size of the set N equals the
number || P|| of projects, the number of classes m is the number |X| of taxa, and the budget B remains the same. Because all
costs are simply copied, the maximal cost C and the number of different costs var, remain the same. Because the survival
probabilities are multiplied with an edge weight, it follows that vary € O(var,, - val,). By definition, D' = D . 2w-code,

Thus, with this reduction at hand, we can obtain any of the claimed running times by using the MCKP running time
bound given in Table 3 for the corresponding parameter. O

To obtain an FPT algorithm for var. + vary we cannot directly make use of the corresponding FPT result for MCKP
because varg may be as large as var,, - val,. Instead, we present a direct reduction from STAR-GNAP to ILP-FEASIBILITY.

Theorem 6. There is a reduction from STAR-GNAP to ILP-FEASIBILITY with O(2Va'c TVald . yar.) variables. Thus, STAR-GNAP is
FPT with respect to var, + var,,.

Proof. Reduction. Let Z = (T, A, P, B, D) be an instance of STAR-GNAP and let p denote the root of 7.

We may assume that a project list P; does not contain two projects of the same cost or the same value. In the following,
we call T = (C, W) a type, for sets C € ¢ and W C W with |C| = |W|, where C and W are the sets of different costs
and survival probabilities, respectively. Let X be the family of all types. We say that the project list P; is of type T = (C, W)
if C and W are the set of costs and survival probabilities of P;. For each T € X, we define mr be the number of classes of
type T.

Observe, for each type T = (C, W), project list P; of type T, and a project p € P;, we can compute the survival probability
of p when we know the cost ¢, of p. More precisely, if ¢ is the ¢th cheapest cost in C, then the survival probability of p is
the £th smallest survival probability in W. For a type T = (C, W) and i € [var.], we define the constant wr ; to be —n-val,
if ¢; ¢ C. Otherwise, let wr; € [0, 1] be the £th smallest survival probability in W, if ¢; is the £th smallest cost in C.

For two taxa x; and x; with project lists P; and P; of the same type T, it is possible that A(v, x;) # A(v, X;). Hence, it can
make a difference if a project is selected for the taxon x; instead of x;. For a type T, let 71, ..., X7 m, be the taxa, such
that the project lists Pr 1, ..., Pr n, are of type T and let A(v, xr ;) > A(v, Xr,i+1) for each i € [my — 1]. For each type T,
we define a function fr : [mr]o — N by fr(0) := 0 and f7(£) stores total value of the first ¢ edges. More precisely, that
is fr(€) == Y1, Av, ;).

The following describes an instance of ILP-FEASIBILITY.

vare

Y>> yrica<B (18)

Tex i=1
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vare

ZZWT.i’gT,i >D (19)

Tex i=1
vare vare
fr <Z}/T,e> —fr (Z W,z) =8r.i VT € x,i € [var] (20)
=i t=it1
vare
Zym:mr VT e X (21)
i=1
yr,i, 8ri = 0 VT € X, i € [var(] (22)

The variable yr ; expresses the number of projects with cost ¢; that are chosen in a project list of type T. We want to assign
the most valuable edges that are incident with taxa that have a project list of type T to the taxa in which the highest
survival probability is chosen. To receive an overview, in gr var. We store the total value of the yr v, most valuable edges
that are incident with a taxon that has a project list of type T. Then, in gr var, —1 We store the total value of the next yr yar. —1
most valuable edges, and so on.

For each type T, the function fr is not necessarily linear. However, for each f; there are affine linear functions p(Tl), e
p(TmT) such that fr(i) = min, p(T‘)(i) for each i € [mr] [8].

Correctness. Observe that if ¢; ¢ C, then because we defined dr; to be —n - val,, Inequality (19) would not be fulfilled
if gri > gr.i+1 and consequently yr; = 0 if ¢; € C for each type T = (C, W) € X and i € [var.]. Inequality (18) ensures
that the total cost is at most B. Inequality (19) ensures that the total phylogenetic diversity is at least D. The variable gr ;
stores the total weight of the edges towards the yr; taxa with projects of project lists of type T, in which a project of
cost ¢; is selected. All these projects have survival probability wr ;, and thus the phylogenetic diversity of these projects
is wr i-(gr.i—&r.i+1)- EQ. (20) ensures that the value of gr ; is chosen correctly. Eq. (21) ensures that exactly my projects are
picked from the project lists of type T, for each T € X Altogether, this shows the correctness of the reduction. Finally, the
constructed instance has ©(2V¥ *Vad.yar, ) variables because X C 2€ x 2"V which implies that there are O(2"3 + V3 .yar,)
different options for the variables yr; and gr;. O

5. Restriction to two projects per taxon

We finally study two special cases of a; A b; NAP—the special case of GNAP where every project list contains exactly
two projects.

5.1. Sure survival or extinction for each project

First, we consider 0 By NAP, the special case where each taxon x; survives definitely if cost ¢; is paid and becomes
extinct, otherwise. This special case was introduced by Pardi and Goldman [24] who also presented a pseudopolynomial-
time algorithm that computes a solution in O(B? - n) time. Because we may assume that B < C - |X|, we conclude the
following.

Corollary 4. 0 - 1 NAP can be solved in O(C? - |X|?) time.

We now show that 0 —> 1 NAP is FPT with respect to D, with an adaption of the above-mentioned algorithm of Pardi
and Goldman [24] for the parameter B.

Proposition 8. 0 L 1 NAP can be solved in o(D? - |X]) time.

Proof. Table definition. We write c(x;) for the cost of the project with survival probability 1 in P;. For a set A of vertices, a
vertex v, and integers b and d, we call a set of projects S an (A, v, d)-respecting set, if PD1,(S) > d, and S contains exactly
one project of the project lists of the offspring of A, and S contains at least one project with survival probability 1.

We describe a dynamic programming algorithm with two tables F and G. We want entry F[v, d] for a vertex v € V, an
integer d € [D]p to store the minimal cost of a ({v}, v, d)-respecting set. If v is an internal vertex with children uy, ..., u;
and i € [t], then we want entry G[v, i, d] to store the minimal cost of a ({uy, ..., u;}, v, d)-respecting set.

Algorithm. In the algorithm description, we let —-( denote non-negative subtraction, that is, a —>¢ b := max(a — b, 0).

As basic cases for a leaf x; store F[x;, 0] = c(x;) and for each d > 0 store F[x;, d] = oc.

Now, let v be an internal vertex with children uy, ..., u;. We define G[v, 1, d] = F[uy, d—>oA(vu4)]. If for a fixed i € [t]
the values of G[v, i, d] and F[u;1, d] are known for each d € [D],, we compute the value of G[v, i+1, d] with the recurrence
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Glv,i+ 1, d] = min{G[v, i, d]; ; rr[ldin ]{G[v, i,diyq —d']+ Flujeq, d'1}},
"e[dit1
where di;q = d —5 AMvuiyq). We set Flv, d] := G[v, t, d], eventually.

We return yes if F[p, D] < B for the root p of 7 and no, otherwise.

Correctness. The basic cases, the computation of G[v, 1, d], and the computation of F[v, d] for an internal vertex v
and d € [D]y are correct by definition. It remains to show that G[v, i+1, d] stores the correct value if G[v, i, d] and F[u;,1, d]
do. We first show that if S is a ({uy, ..., ujr1}, v, d)-respecting set, then G[v, i + 1, d] < Cost(S). Afterward, we show that
if G[v,i+ 1,d] = c, then there is a ({uy, ..., ujr1}, v, d)-respecting set S with Cost(S) = c.

(=) Let S be a ({uy, ..., uit1}, v, d)-respecting set. Let S; be the set of projects that are in one of the project lists
of the offspring of u;,q. Define S, := S\ S;. If S, only contains projects of survival probability O, then G[v,i+ 1,d] =
Glv, i, d]. Otherwise, let d" := PDr,(S1). Then, PD7,(S;) = PD7,(S) — PD1,(S1) > d — d'. We conclude that Sy is

a ({tiy1}, v, d')-respecting set and S; is a ({uy, ..., u;}, v, d — d’)-respecting set. Consequently,
Glv,i+1,d] < Glv,i,d —d'] + Flugq, d' —>0 AM(vitiy1)] (23)
< Cost(Sg) + Cost(Sg) = Cost(S). (24)

Here, Inequality (23) follows from the recurrence in Recurrence (23) and Inequality (24) follows from the induction
hypothesis.

(«<) Let G[v, i+ 1,d] store c. Unless G[v,i+ 1,d] = G[v,i,d] there is an integer d' € [d;;1]o, such that G[v,i +
1,d] = G[v,iy1,diy1 — d'] + Fluipq, d']. By the induction hypothesis, there is a ({uj.1}, v, d’)-respecting set S; and
a ({uy, ..., u;}, v,d — d')-respecting set S, such that F[u;,1,d] = Cost(S;) and G[v, i,d — d'] = Cost(S;). We conclude
that S :==S;US; is a ({uy, ..., Uir1}, v, d)-respecting set and ¢ = Cost(S1) + Cost(S,) = Cost(S).

Running time. Table F has O(D - n) entries, and each entry can be computed in constant time. Also, G has O(D - n)
entries. Entry G[v, i + 1, d] is computed by checking at most D + 1 options for d’. Altogether, a solution can be found
in O(D? - n) time. O

We may further use this pseudopolynomial-time algorithm to obtain an algorithm for the maximum edge weight val, :
If we are given an input instance Z of 0 — 1 NAP such that Y ecr Me) < D, then we may directly return no since the
desired diversity can never be reached. After this check, we may assume D < )", . A(e) < val, -(n — 1). This gives the
following running time bound.

Corollary 5. 0 L 1 NAP can be solved in o((val, )? - 1X|?) time.
5.2. Unit costs for each project

Second, we consider UNIT-CosT NAP—the special case of GNAP in which every project with a positive survival proba-
bility has the same cost. In the following we use the term solution to denote only those projects of cost 1 which have
been chosen. Further, with w(x;) we denote the survival probability of the project in P; which costs 1.

We consider the following basic problem.

PENALTY-SUM
Input: A set of tuples T = {t; = (a;, b;) | i € [n], a; € Qs0, bi € (0, 1)}, two integers k, Q, a number D € Q..
Question: Is there a subset S C T of size k such that Zt,-es a—Q - l_[t,-es b; > D?

In an earlier version of this work [17], we asked for complexity of PENALTY-SUM. It has been proven meanwhile that
PENALTY-SUM is NP-hard [ 14]. We now present a polynomial-time many-to-one reduction from PENALTY-SUM to UNIT-COST
NAP, giving the following hardness result.

Theorem 7. UNIT-CosT NAP is NP-hard, even on X-trees with height at most 2 and a root r of degree 1.

Proof. Reduction. Let Z = (T, k, Q, D) be an instance of PENALTY-SUM. Let bin(a) and bin(1 — b) be the maximum binary
encoding length of any a; and 1 — b;, respectively, and let W := 2Pin(@+bin(1-b) \we define an instance 7/ = (T, P, B, D)
of UNIT-CosT NAP as follows: Let 7 contain the vertices V := {r, v, X, ..., X} and let 7 be a star with center v and
root r. We define A(r,v) = WQ and A(v,x;) = W - (4/1-p;) for each t; € T. For each tuple t;, we define a project
list P; := ((0, 0), (1, 1—b;)). Then, P is defined to be the set of these project lists. Finally, we set B := k, and D’ := W(D+Q).
The reduction can clearly be computed in polynomial time.

Correctness. We show that 7 is a yes-instance of PENALTY-SUM if and only if Z’ is a yes-instance of UNIT-CosT NAP.

(=) Let S be a solution for Z of PENALTY-SUM. Let the set S’ contain the project (1, w(x;)) if and only if t; € S. Then,

D M%) wx) + 4 v) - [ 1= T —wx)

x;eS’ x;eS’
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=Y W-(@1n)-(1-b)+WQ- | 1-[[(1—=(1=b)

tjes’ tieS’
=) Wa—-wQ-[[bi+WQ=w-(D+Q)=D
t;es t;es
Because |S’| = |S| < B, we have that S’ is a solution for the instance Z’ of UNIT-CosT NAP.

(<) Let S’ be a solution for the instance Z’ of UNIT-CosT NAP. We conclude Z s MV, %) - w(x;) = D' — A(r, v) -
(1 - Hx,vES’(l - w(x,-))). Define the set S C T to contain a tuple ¢; if and only if S’ contains a project of the taxon x;. Then,

Zai_Q'l—[bi

t;es t;es
=Y W a.x) - (1=b) =W ar,v)- [T = wix))
x;eSs’ x;eS’

—wl. Zk v, X) - wx;) — A(r, v) - 1_[(1 — w(x;))

x;eS’ x;eS’

>W [ D= v)- [ 1= ] = wea) | = atr, ) [T = wxi)
x;eS’ x;eS’
=W (D' =Ar,v) =W (WD +Q)-WQ) =
Because |S’| = |S| < B, we may conclude that S is a solution of PENALTY-SUM. [

Recall that in an ultrametric tree, the weighted distance from the root to all vertices is the same. Observe that UNIT-
CosT NAP can be solved exactly on ultrametric trees of height at most 2 by greedily selecting a taxon which adds the
highest estimated diversity. In the following theorem, we show that UNIT-CosT NAP is NP-hard even when restricted to
ultrametric trees of height at most 3.

Theorem 8. UNIT-CosT NAP is NP-hard on ultrametric trees of height at most 3.

Proof. By Theorem 7, it is sufficient to reduce from UNIT-CosT NAP with the restriction that the root has only one child
and the height of the tree is 2.

Reduction. Let Z = (7, P, B, D) be an instance of UNIT-CosT NAP in which the root r of the X-tree 7 has only one
child v and height- = 2. Without loss of generality, assume for each i € [|X| — 1] that A(v, x;) > A(v, Xi+1) and there is a
fixed s € [|X]|] with w(xs) > w(x;) for each j € [|X]]. Observe, that by the reduction in Theorem 7 we may assume w(x;) # 1
for each x; € X.

We define an instance 7/ := (77, P,B,D’) of UNIT-CosT NAP as follows: Let X; C X be the set of vertices x;
with A(v, x1) = A(v, x;). If X; = X, then T is already ultrametric and the reduction may simply output Z. Assume otherwise
and define X, := X \ X;. Fix an integer W € N that is large enough such that 1—W~! > w,; and W - A(v, Xix)) > Av, x1).
Define a tree 7' = (V’, E’, 1"), in which V' contains the vertices V and for every x; € X,, we add two vertices u; and x;.
Let X* be the set that contains all x}'. The set of edges is defined by E’ = {(r, v)}U{(v, x;) | x; € X1}U{(v, w), (u;, xi), (i, X7 |
X; € X}. Observe that the leaf set of 7 is X U X*. The weights of the edges are defined by:

o M(r,v)=A(r,v)- Wkl . (W —1).
e For x; € X; we set A'(v, x;) = (W — 1) - A(v, X1).
e Forx; € X; we set A'(v, u;) = W - (A(v, X1) — A(v, x;)) and A'(u;, x;) = A/ (ug, X)) = (W - A(v, %;)) — A(v, 7).

The collection P’ contains the unchanged project lists P; for taxa x; € X and we add the project lists P} := ((0, 0), (1, 1—
W~1)) for each taxon x} € X*. Finally, we define B’ := B + |X*| and

D'=(W-1)- (D+ X2 - (W — 1) - Av, x1) + (WK1 = 1) - a(w, v)) .

Fig. 1 depicts an example of this reduction.

Observe that t can be chosen such that t € O(w-code + val, ). Hence, the reduction can be computed in polynomial
time. Moreover, the X-tree 7’ has a height of 3.

Before showing the correctness, we first prove that 77 is ultrametric. In the rest of the proof we denote with A, the
value A(e), where e is the only edge that is directed towards w. To show that 7 is ultrametric, for each x € X U X* we
show that the paths from v to x have the same length as the edge from v to x;. This is sufficient because every path from
the root to a taxon visits v. By definition, the claim is correct for every x; € Xj. For an x; € X, the path from v to x; is

MM =W Oy = Ag) W dyg — Ay = (W — 1) 2y, = A,

151



C. Komusiewicz and J. Schestag Discrete Applied Mathematics 382 (2026) 137-154

r T
9 —
vil oL 29-7=23584
N\
1]
2 O 16
Ts
4 us
7 32
6 6 42 42 40
O 2
T3 6 Uq
10 U5é
O O O O O O 020 0O
Ti X2 Z T2 x3 Ty T T5 X%

Fig. 1. An example of the reduction presented in Theorem 8, where the left side shows an example-instance Z and the right side shows the

instance Z'. Here, the survival probabilities are omitted and we assume that t = 3.

By definition, this is also the length of the path from v to x} € X;*. We conclude that 7' is an ultrametric tree.
Correctness. We now show that Z is a yes-instance of UNIT-CosT NAP if and only if Z’ is a yes-instance of UNIT-COST

NAP.

(=) Let S C X be a set of taxa. Define S’ := S U X*. We show that S is a solution for Z if and only if S’ is a solution
of 7. First, |S’| = |S| + |X*| and hence |S| < B if and only if |S’| < B’ = B + |X*|. We compute the phylogenetic diversity
of S’ in 7. Here, we first consider the diversity from the subtrees below v and then the diversity from the edge (r, v).

For the subtrees rooted at v containing a leaf of X; the total contribution is

Di= Y Mowx)= Y (W=1) Ay wx)

x;€eX1NS x;eX1NS

For the subtrees rooted at v where S’ contains x; but not x;, the total contribution is

Dy = Y (M, +x,) wi)

x;€Xa\S

= Y (W Oy =)+ W hg = A) - (1=WT)
x;€Xo\S

= Z (W —1)- 2y -(1 =W,
x;€X2\S

For the subtrees rooted at v where S’ contains x; and xj, the total contribution is

Dy = Y M (1—(1—wi)-(1—wx)

x;eXoNS
+ Y M wl)+ D A w(x)
xieXoNS x;eXoNS
= ) Wl —Ay) (I=W (1= w(x))
x;€XoNS
D W =) (wx) +1 =W
X;€XNS
= ) Oy = hg) - (W = (1= w(x)))
x;€XpNS
+ D W = hg) - (wx) +1 =W
x;€eXNS
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= > [ W= =wx)—wx)— 1+ W)

X;€XpNS
Fhy (=W + (1 — wx)) + W(w(x) + 1 - W)
= Y Do W =24 W) - (W = 1) wi(x)]

x;€XpNS

Do W —1) [hy (1= W)+ A - wi(x)]

X;€XaNS

Finally, for the edge (r, v) the contribution is

Do = Ay~ (1= T =we)- T - wx))

X' eXy XjeS

= WL W — 1) [ 1wl T - wix))

xj€S
= WL (W = 1) = 2 - (W = 1)- T ](1 = wixi)).
x;€S
Altogether we conclude
PD(S")
= Dy+D;+Dy + D3
=2 WL (W= 1) = (W =1) ] [(1 - wix))

X;€S
+ (W= 1)y - w(x)
x;eX1NS
+ Y W=1) (=W
x;€Xa\S
+ YW= 1) (g (1= W) 4y - w(x)
x;€XoNS

=W —1)- [, -wh -, T - wx)

XS

) hgwEx)+ D Ay (1= W)

x;eS xieXo

=W =1 | x| 1=]JO—we) | + D A wix)

X;€S X;€S

Hh (WHRI— 1)+ Y A (1 -w )

xieXo
= (W = 1) [PD7(S) + (W™ = 1) dy + 1Xa| - (1= W) - 2y, ]

It directly follows that PD+(S’) > D' if and only if PD+(S) > D.

(<) We show that 7’ has a solution S" with X* C §’. Then, S’ \ X* is a solution for Z as shown in the proof of the
converse direction.

Let S’ be a solution for 7’ that contains a maximum number of elements of X* among all solutions. If X* C §’, then
we are done. Otherwise, choose some x; ¢ S’. We show that there is a solution containing x} and all elements of S’ N X*,
contradicting the choice of S'. If x; € §’, then consider the set S; = (5’ \ {x;}) U {x{}. Now, |S;] = |S'| < B’ and
because w(xf) = 1 — W~! > w(x;), we may conclude that PD+(S;) > PD(S’) > D. If S C X*, then consider the
set S; = X*. Now, [S;| = |[X*| < B" and PD7/(S;) > PD7(S’) > D'. Finally, assume that x;,x; ¢ S" and x; € S for
some j # i. Again, w(x{) = 1 — W1 > w(x;) and we know that the length of the path from v to X{ and x; is the same.
Consider the set S3 := (S’ \ {x;})U {x}'} and observe |S3| = |S’| < B'. Moreover, by the above, PD+(S3) > PD(S') > D'. O
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6. Discussion

In this paper we studied the GENERALIZED NOAH'S ARK PROBLEM (GNAP), a natural generalization of the classical

problem 0 L 1 NAP. We established several tractability and intractability results for GNAP and some of its special cases.
Specifically, we showed that GNAP is W[1]-hard with respect to the number of taxa, |X|, but can be solved in polynomial
time when there are only a constant number of costs and survival probabilities of projects. We further introduced UNIT-
CosT NAP, a problem where all taxa are saved at the same cost, but may differ in their survival probability. We showed
that UNIT-CosT NAP is NP-hard, even on ultrametric trees of height three.

Naturally, several open questions remain. For example, it is not known whether GNAP admits a pseudopolynomial-
time algorithm or whether GNAP is strongly NP-hard. Moreover, it remains open whether GNAP is FPT with respect
to var, + var,, or the budget B. The latter is unresolved even for UNIT-CosT NAP.

While projects, modeled through costs and survival probabilities, are one way to capture a better decision-making
process in conservation planning, other approaches have also been studied. One direction incorporates ecological depen-
dencies, such as a food webs which represent predator-prey relationships. A species can then only be preserved if it is
either a source of the food web, or can find sufficient prey among other preserved species [20,26]. So far, the complexity of
the problems has been analyzed only in the simple setting where k taxa whose survival probability is lifted from 0 to 1 are
selected [18,20,26]. Another line of research generalizes phylogenetic trees to networks, allowing horizontal gene transfer
and hybridization in so called reticulations. This concept, however, requires new definitions for phylogenetic diversity on
networks. Over the years, several such definitions have been introduced [4,13,29]. More recently, these two perspectives
— ecological dependencies and phylogenetic networks — have been combined, analyzed, and efficient algorithms have
been presented [15]. It seems only natural to study the complexity of GNAP and its various special cases when they are
combined with these richer models of phylogenetic diversity.
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