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Abstract

In this paper we introduce the critical variational setting for parabolic stochastic evolu-
tion equations of quasi- or semi-linear type. Our results improve many of the abstract
results in the classical variational setting. In particular, we are able to replace the usual
weak or local monotonicity condition by a more flexible local Lipschitz condition.
Moreover, the usual growth conditions on the multiplicative noise are weakened con-
siderably. Our new setting provides general conditions under which local and global
existence and uniqueness hold. In addition, we prove continuous dependence on the
initial data. We show that many classical SPDEs, which could not be covered by
the classical variational setting, do fit in the critical variational setting. In particular,
this is the case for the Cahn—Hilliard equation, tamed Navier—Stokes equations, and
Allen—Cahn equation.
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1 Introduction

The variational approach to stochastic evolution equations goes back to the work of
[13, 38, 46]. Detailed information on the topic can also be found in the monographs
[41, 53]. Further progress was made in the papers [16, 30], where the Lévy and the
semimartingale case were considered respectively. Other forms of extensions of the
variational setting have been proposed in several papers, and the reader is referred to
[11, 12, 25, 40, 42, 54, 55] and references therein. Recently, in the papers [29, 45] a
new type of coercivity condition has been found which gives sufficient conditions for
L? (2)-estimates as well.

As usual we assume that (V, H, V*) is atriple of spaces such that V < H — V*,
where we use the identification of the Hilbert space H and its dual, and where V* is
the dual with respect to the inner product of H. In the classical framework V can be a
Banach space, but since we will be dealing with non-degenerate quasi-linear equations
only, it will be natural to assume V is a Hilbert space as well. The stochastic evolution
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The critical variational setting for stochastic evolution equations

equation we consider can be written in the abstract form:

du(®) + A, u@®)dt = B(t,u(t)) dW(t),
1.1
u(0) = uop.
Here A : Ry x QxV — L(V,V)and B : Ry x Q@ x V — LU, H), and
we assume the structure stated in (1.5) (see also Assumption 3.1). Moreover W is a
U -cylindrical Brownian motion, where U is a separable Hilbert space.

One of the advantages of the variational approach is that it gives global well-
posedness for a large class of stochastic evolution equations. Other approaches
typically only give local well-posedness and sometimes (after a lot of hard work)
global well-posedness under additional conditions.

1.1 The classical variational setting

In the variational setting there are several conditions on the nonlinearities (A, B). The
most important one is: for 6, M > 0

(At ), v) = 31 BT Zy0. ) 2 OI0IG — 19@F = Mllvl3;  (Coercivity),
(1.2)

which allows to use It6’s formula to deduce a priori bounds for the solution. Moreover,
in the proof of these bounds, but also at other places, one needs some boundedness
properties of (A, B):

o

1A, 015" < Ka(d@P + 10161 + [vll})  (Boundedness of A), (1.3)
| B(t, v)||2£2(U’H) < |¢(t)|2 + KB||v||%1 + Kq|[v[|5; (Boundedness of B). (1.4)

In many cases the leading order part of A is linear or quasi-linear and uniformly
elliptic, and in that case, the coercivity condition usually forces one to take o = 2,
in which case B needs to be of linear growth. Moreover, the growth condition on A
becomes

2 2 2
A )} < Ka(p @ + [0l + [vlif).
From an evolution equation perspective it seems more natural to have a symmetric
growth condition in terms of intermediate spaces between H and V for the non-leading

part of A, which is exactly what we assume later on.
In many examples a problematic requirement is the local monotonicity condition:

— 2(A(t,u) — A, v), u = v) + | B, u) = B, 02,0 m)
< KA+ |vlI$)A+ ||v||€1)||u — v||%{ (Local Monotonicity).
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A. Agresti, M. Veraar

One of the difficulties with this is that the “one-sided Lipschitz constant” on right-hand
side can only grow as ||v||’15; (or equivalently ||u||§3{), but not in ||u||g and ||v||’§1 at the
same time. Typically it fails whenever spatial derivatives of u appear in a nonlinear
way. Examples of nonlinearities for which local monotonicity fails are

the Cahn—Hilliard nonlinearity A(f(u#)), where f(y) = By[}T(l — 3721
the (tamed) Navier—Stokes nonlinearity (z - V)u in three dimensions;
the Allen—Cahn nonlinearity u — u3 in two or three dimensions;

systems of SPDEs with nonlinearities such as +uju;.

For the (tamed) Navier—Stokes and Allen—Cahn equations the strong setting V = H?
and H = H' is required, for which local monotonicity does not hold. Each of the
above cases contains a product term, which does not satisfy local monotonicity.

The local monotonicity conditions is further weakened in [41, Section 5.2], where
also some of the above examples are considered. However, therein global well-
posedness is only obtained for equations with additive noise. In what follows, we
introduce a new setting in which we can remove such restrictions.

Finally, we would like to mention that of course not all SPDEs can be studied
with the variational method, due to the lack of coercivity. Equations for which (1.2)
does not hold include the stochastic primitive equations [3] and certain systems of
reaction-diffusion equations [8].

1.2 The critical variational setting

In this paper we introduce a new variational setting which we call the critical vari-
ational setting. We show that under mild structural restrictions on (A, B), one can
replace the local monotonicity condition by a local Lipschitz condition, which does
hold for the above mentioned examples. The Lipschitz constants can have arbitrary
dependence on [lu[|z and |[v|| #, and moreover they can grow polynomially in ||u ||y,
and [|vly,, where Vg = [V*, Vg is the complex interpolation space and 8 < 1. A
restriction on the nonlinearities (A, B) is that they are of quasi-linear type:

A(t,v) = Ao(t,v)v — F(t,v) and B(f,v) = Bo(t, v)v + G(t,v),  (1.5)

where v € V. The parts (Ao, Bo) and (F, G) are the quasi-linear and semi-linear parts
of (A, B), respectively. Of course many of the classical SPDEs fit into this setting, and
actually in many important cases Ag and By are linear differential operators, which
requires o = 2 in the coercivity condition (1.2).

To give an idea what to expect we give a special case of the local Lipschitz condition
on F and G we will be assuming: for all n > 1 there exists a C,, such that, for all
u,v € Vwith |u||g <nand ||v]|g <n,

[F @, u) — F@t,v)llvs < Cy(1+ IIMII’\]/ﬁ + IIvllf/ﬁ)llu — Vllvg,
G, u) = G, V)lz,w,m) = Cal + IIMII’\]/ﬁ + IIvllf/ﬁ)llu — Vllvg.
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The critical variational setting for stochastic evolution equations

Here § € (0,1) and p > O satisfy 28 < 1 + p—Jlr], together with an associated
1

growth condition involving the same parameters 8 and p. In case 28 = 1 + pEs] the
nonlinearity is called critical. It is central in the theory that this case is included as
well, as often it has the right scaling properties for SPDEs. In examples, the Sobolev
embedding usually dictates which 8 one can use. Then the corresponding p, gives the
growth of the Lipschitz constant which one can allow.

Another feature of our theory is that we can also weaken the linear growth condition
on the B-term in front of the noise term (i.e. (1.4) in case ¢ = 2). In principle we
can have arbitrary growth, but in order to ensure global well-posedness, the coercivity
condition usually leads to some natural restrictions on the growth order of B.

Finally, we mention that the classical variational setting also covers several degen-
erate nonlinear operators A such as the p-Laplace operator and the porous media
operator (see [41]). At the moment we cannot treat these cases since [6, 7] requires a
strongly elliptic/parabolic quasi-linear structure. It would be interesting to see whether
the latter can be adjusted to include these cases as well. This could lead to a com-
plete extension of the variational setting where the local monotonicity condition is
replaced by local Lipschitz conditions. After the first version of the current paper was
uploaded to the arXiv, the manuscript [50] appeared on the arXiv. In the latter it was
shown that the classical variational framework can also be extended to a fully nonlin-
ear framework under very general local monotonicity conditions in the special case
the embedding V < H is compact, by applying Yamada-Watanabe theory. Of course
the approaches and conditions are completely different, but there is some overlap in
the potential applications.

1.3 Main results

In the paper we prove well-posedness for (1.1) in the critical variational setting, i.e.
assuming (1.5), a coercivity condition, and a local Lipschitz condition. The main
results for the abstract stochastic evolution equation (1.1) are

e global existence and uniqueness (Theorems 3.4 and 3.5);
e continuous dependency on the initial data (Theorem 3.8).

The abstract results are applied to the following examples:

stochastic Cahn—Hilliard equation (Sect.5.1);
stochastic tamed Navier—Stokes equations (Sect.5.2);
generalized Burgers equations (Sect. 5.3);
Allen—Cahn equation (Sect.5.4);

a quasi-linear equations of second order (Sect.5.5);
stochastic Swift-Hohenberg equation (Sect. 5.6).

Some of these equations have been considered in the literature before using different
methods. However, the classical variational framework was not applicable. In any case
the proofs we present are new and lead to new insights. Our new variational setting
avoids local monotonicity and boundedness, and thus leads to less restrictions. Many
more applications could be considered, but to keep the paper at a reasonable length,
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we have to limit the number of applications. We kindly invite the reader to see what
the new theory brings for his/her favorite SPDEs.

Our method of proof differs from the classical variational setting which is based on
Galerkin approximation. Local well-posedness is an immediate consequence of our
paper [6], which is the stochastic analogue of the theory of critical evolution equations
recently obtained in [39, 48, 49]. In our previous work [7] we provided several sufficient
conditions for global well-posedness in terms of blow-up criteria. In the current paper
we present a consequence of one of these blow-up criteria, and we check it via the
coercivity condition and Itd’s formula. This leads to global well-posedness for the
variational setting considered here. Continuous dependence on the initial data turns
out to be a delicate issue, and is proved via maximal regularity techniques combined
with a local Gronwall lemma (see Appendix 1).

1.4 Embedding into L? (L9)-theory

In follow-up papers we will also present other examples which require L? (L9)-theory
(L? in time and L9 in space). Choosing p and g large, Sobolev embedding results
become better, and more nonlinearities can be included. In many cases the L?(L?)-
setting can be transferred to a L? (L%)-setting using the new bootstrap methods of [7,
Section 6]. Often this also leads to global well-posedness in an L? (L?)-setting.

An example where the latter program is worked out in full detail can be found in
[5]. Here we proved higher order regularity of local solutions to the stochastic Navier—
Stokes equations on the d-dimensional torus. In the special case of d = 2, these results
hold globally and are proved using such a transference and bootstrapping argument,
by going from an L*(L?)-setting to an L?(L9)-setting.

There is a price to pay in L”(L?)-theory. It is usually much more involved, and
moreover, the classical coercivity conditions are often not enough or not even known.
Exceptions where coercivity conditions in L?(L?) are well-understood are:

e second order equations on R? [37, 471;
e second order equations on the torus T4 [4];
e weighted spaces on domains [33, 34].

It is of major importance to further extend the latter linear theory as it is the key in the
stochastic maximal regularity (SMR) approach to SPDEs obtained in [6, 7]. In future
papers we expect that the variational setting considered in the current paper will play
a crucial role in establishing global L? (L%)-theory, which in turn also leads to higher
order regularity of the solution.

Notation

For a metric space (M, d), 5(M) denotes the Borel o -algebra.

For a measure space (S, A, i), LO(S ; X) denotes the space of strongly measurable
functions from § into a normed space X. Here and below we identify a.e. equal
functions. For details on strong measurability the reader is referred to [31]. For p €
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The critical variational setting for stochastic evolution equations

(0, 00) let LP(S; X) denote the subset of LO(S; X) for which
» 1/p
s = ([ 1FGI7 o)) ™ < oo

Finally, let L°°(S; X) denote the space of functions for which

I flloo =l fllLoecs;x)y = esssup || f(s)llx < oo.
seS

In case Ag is a sub-o-algebra of A, Lf%(S; X) denotes the subspace of strongly
Ap-measurable functions in L?(S; X).

Let Ry = [0, 00). For an interval I C [0, oo] we write C(/; X) for the continuous
functions from / N Ry into X. The space C,(I; X) is the subspace of C(/; X) of
functions such that || flleoc = Il fllc,(7:x) = sup,e; | f(#)] < oo.

We write Lf;c(l ; X) for the space of functions f : I — X such that f|; €
L?(J; X) for all compact intervals J C 1.

For a Hilbert spaces U and H, let L(U, H) denote the bounded linear operators
from U into H, and £,(U, H) the Hilbert-Schmidt operators from U into H.

Given Hilbert spaces Vj and Vi, Vg = [V, V1] denotes complex interpolation at
B €(0,1).Forx € Vgand R € L,(U, Vp), we write

Ixllp = llxllvg,  and  [IRllg = (Rl cow,vp)-

However, in case 8 € {0, 1/2, 1} we sometimes write || x| v+, | x[lg, |x]lv, IRv+,
IRl and || R|lv instead.

By the notation A <, B we mean that there is a constant C depending only on p
such that A < CB.

2 Preliminaries
2.1 Variational setting

To start with we recall the variational setting for evolution equations. For unexplained
details on real and complex interpolation and connections to Hilbert space methods
the reader is referred to [10, Section 5.5.2], [18], and [36, Section IV.10]. The real
interpolation method is denoted by (-, -)g 2 and the complex interpolation method
by [-, -] for & € (0, 1). When interpolating Hilbert spaces, the latter two methods
coincide (see [31, Corollary C.4.2]).

In the variational setting for evolution equations one starts with two real Hilbert
spaces (V, (-, -)y) and (H, (-, -)g) such that V < H, where the embedding is dense
and continuous. Identifying H with its dual we can define an imbedding j : H — V*
by setting (jh,v) = (v,h)y forv € V and h € H. In this way we may view H
as a subspace of V*, and one can show that the embedding H < V* is dense and
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continuous. Moreover, one can check that (V*, V) 1= [V*, V] = H (see [10,
Section 5.5.2)).

A converse to the above construction can also be done. Given Hilbert spaces V) and
V1 such that V| < Vjy, where the embedding is dense and continuous, define another
Hilbert space H by setting H = (Vp, Vl)%’2 = [W, Vl]%. Let (-, -) g denote the inner
product on H. Then the embeddings Vi < H <> V| are dense and continuous.
Identifying H with its dual, one can check that V* = V isomorphically.

Next we collect two basic examples of the above construction. Below H*(O)
denotes the Bessel potential spaces of order s € R on an open set @ € R?. Moreover,

[N]

H(©0) =) .

Example 2.1 (Weak setting). Let © C R? be open. In case of second order PDEs with
Dirichlet boundary conditions (cf. Sect. 5.3), the weak setting is obtained by letting
H=L*0),V = HOI(O) and V* = H~1(0) := HO1 (O©)*. In case the domain is C'
the celebrated result of Seeley [56] yields

H{(©) ifo e, D
H V — 0 20 9
LH. Vi { HY(O) if6 e (0, ).
The case 6 = % is more complicated to describe and not needed below. Without any

regularity conditions on O, due to the boundedness of the zero-extension operator,
one always has [H, V]g — HY(0).

Example 2.2 (Strong setting). Let O be a bounded C2?-domain. In the case of second
order PDEs with Dirichlet boundary conditions, the strong setting obtained by letting
H = Hj(0),V = H*(O) N Hyj(0) and V* = L?(0). To show that V* = L?(0) it
is suffices to note that H — V* is dense, that one has unique solvability in V of the
elliptic problem:

Au=g¢eL*(©), and ulyo =0,

and that (-, -) : V* x V — R satisfies (u, v) = fO Vu-Vvdx forallu,v € H. Asin
the previous example, [56] implies that

_[HYO)NHNO) ifoe D,
[H,V]y = {HO1+9(O) if 6 € (0, %)

As before the case 6 = % is more complicated to describe.

Note that the choice V = HO2 (O) in Example 2.2 would lead to a larger space for
V*, and would also lead to Dirichlet and Neumann boundary conditions at the same
time, which is unnatural in many examples, and actually leads to problems.

Finally, if in above examples O is replaced by either R? or the periodic torus
T, then the above examples extend verbatim by noticing that Hj(0) = H*(O) if
O e (T4, R4}.
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The critical variational setting for stochastic evolution equations

Examples 2.1 and 2.2 can also be extended to the case of Neumann boundary
conditions. In the weak setting this leads to H = H'(O) and V = L?*(©). In the
strong setting this leads to V = {u € H*(O) : dulyo = 0} and H = H'(O).
Extensions to higher order operators can be considered as well.

2.2 Stochastic calculus

For details on stochastic integration in Hilbert spaces the reader is referred to [20, 41,
53], and for details on measurability and stopping times to [32]. For completeness we
introduce the notation we will use.

Let H be a Hilbert space. Let (€2, F,P) be a probability space with filtration
(Z1)1>0. An H-valued random variable & is a strongly measurable mapping & : 2 —
H.

A process ® : Ry x Q — H is a strongly measurable function. It is said to be
strongly progressively measurable if for every t > 0, ®|[o,;1x 18 strongly B([0, t]) ®
Z;-measurable. The o-algebra generated by the strongly progressively measurable
processes is denoted by P. For a stopping time T we set [0, 7) X Q = {(f,w) : 0 <
t < t(w)}. Similar definitions hold for [0, T] x €, (0, 7] x Q etc. If T is a stopping
time, then ® : [0, 7) x & — H is called strongly progressively measurable if the
extension to Ry x € by zero is strongly progressively measurable.

For a real separable Hilbert space U, let (W(¢));>0 be a U-cylindrical Brownian
motion with respect to (%;);>0, i.e. W € L(L?(Ry; U), L3(R)) is such that for all
te(0,00)and f, g € LZ(R+; U) one has

(a) Wf has a normal distribution with mean zero and E(Wf Wg) = (f, 2R U)
(b) Wf is .%#; measurable if supp (f) < [0, 7];
(¢c) W isindependent of .%; if supp (f) C [z, 00).

If & : Ry x @ — LU, H) is strongly progressively measurable and
b e LIZOC(R+; Lo(U, H)) a.s., then one can define the stochastic integral process
fd @ (s) dW (s), which has a version with continuous paths a.s., and for each interval
J C [0, 0o) the following two-sided estimate holds

teJ

-1 p P p
Cy BIRIL o sy < Esup | /m[o , @AW = CEIPIL. iy

where p € (0, 00) and C, > 0 only depends on p. The latter will be referred to as
the Burkholder-Davis-Gundy inequality.

3 Main results

As in Sect.2.1 let Vp, Vi and H be Hilbert spaces such that V| < Vy and H =
[Vo, Vil1/2. Moreover, we set Vo = [Vp, Vi]g for 6 € [0, 1]. By reiteration for the

real or complex interpolation method (see [14, p. 50 and 101]) one also has that

V# =[H, Vilp = (H, V1)g,2. 3.1
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The following short-hand notation will be used frequently: For x € Vg and R €
Lr(U, Vp),

Ixlig =llxllvy, and  [IRllg = IRl 2y, vp)s
where 8 € (0, 1) and U is the Hilbert space for the cylindrical Brownian motion
W. However, in case B € {0, 1/2, 1} we prefer to write || x|y, [|x]|g, |1x]lv, IR[lv=,

IRz and || R||v instead. The following interpolation estimate will be frequently used
for g € (1/2,1),

2-2 28—1
lullp < Clluly Pluldf =", wev. (3.2)

As explained in Sect. 2.1 we will also write V = V; and V* = Vj, where the duality
relation is given by

(h,v) =(,h)y, he HandveV,
and extended to a mapping (-, -) : V* x V — R by continuity.

3.1 Setting

Let W be a U-cylindrical Brownian motion (see Sect. 2.2). Consider the following
quasi-linear stochastic evolution equation:

du(t) + A(t,u(t))dt = B(t, u(z))dW (),

u(0) = uog. (3-3)

The following conditions will ensure local existence and uniqueness.

Assumption 3.1 Suppose that the following conditions hold:

(1) A(t,v) = Ap(t,v)v—F(t,v)— f and B(¢, v) = Bo(t, v)v+ G(¢, v) + g, where
Ag R xQx H— L(V,V*) and By : R, x Q x H— L(V, LU, H))
are P ® B(H)-measurable, and

F:R.xQxV—->V*and G:R, xQxV — LU, H)

are P ® B(V)-measurable,and f : Ry x Q2 — V*and g : Ry x Q — LU, H)
are P-measurable maps such that a.s.

f €Ly ([0,00); V*) and g e LE ([0, 00); Lo(U, H)).
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(2) Forall T > 0 and n > 1, there exist 6, > 0 and M,, > 0 such that a.s.
1 2 2 2
(Ao(t, v)u, u) — EIIIBo(t, Vullyy = Onllully — Myllullz,

wheretr € [0, T],u € V,and v € H satisfies ||v||g < n.
(3) Let p; > 0and B; € (1/2, 1) be such that

28; <1+

Sl je(lomp+mal, (34)
J

where mp, mg € N, and suppose that Vn > 1 VT > 0 there exists a constant C,,, 7
such that, a.s. for all € [0, T] and u, v, w € V satistying ||u| g, |[v]g < n,

Ao, wwllv+ + I Bo(t, wllg < Cu,rllwlly,
[Ao(r, wyw — Ao(r, VIwlly+ < Cp 7 llu —vlgllwly,
IBo(t, w)w — Bo(t, v)wlz < Cp,rllu —vilglwly,

mp
IF(tu) = Ft,0)llvs < Cor ) (1 llully] + ol llu = vllg;

j:1
pj+
IF @ wllys < Cur Y (4 llullg) ),
j=1
mr+me ) .
IG(t,w) = G, g < Cor Y (4 lullg) + Ivllghllu = v,
Jj=mp+1
mp+mg 1
i+
WGl < Cor Y. (L4 fully) ™.
/:mF"I‘l

Here (2) means that the linear part (Ag(-, v), Bo(:, v)) is a usual coercive pair with
locally uniform estimates for |v|| g < n. Moreover, the quasi-linearities x — Aq(-, x)
and x — By(-, x) are locally Lipschitz. In the semi-linear case, i.e. when Ay and By
do not depend on x, the conditions on Ag and By in (3) become trivial.

The nonlinearities F' and G satisfy a local Lipschitz and growth estimate, which
contains several tuning parameters B; and p; such that (3.4) holds, or equivalently
(28 —D(p; +1) < 1. Usually mg = mg = 1, so that the sums on the left-hand side
disappear. The case of equality in (3.4) for some j leads to so-called criticality of the
corresponding nonlinearity. The growth in the A -norm can be arbitrary large and this
is contained in the constant C,, . These types of conditions have been introduced for
deterministic evolution equation in [39, 48, 49], and in the stochastic framework in
[6, 7] in a Banach space setting.

Definition 3.2 (Solution). Let Assumption 3.1 be satisfied and let o be a stopping time
with values in [0, oo]. Letu : [0, o) x 2 — V be a strongly progressively measurable
process.
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e u is called a strong solution to (3.3) (on [0, 0] x Q) if as. u € L%(0,0; V) N
C(0,0]; H),

F(,u) € L*(0,0; V"), G(,u) € L*0,0; L2(U, H)),

and the following identity holds a.s. and for all ¢ € [0, o),

t

t
u(t) —ug + / A(s,u(s))ds = / 1j0,0)xB(s, u(s)) dW(s). 3.5)
0 0

e (u,0) is called a local solution to (3.3), if there exists an increasing sequence
(0n)n>1 of stopping times such that lim, 10, 0, = o a.s. and u|[o,4,]x is a strong
solution to (3.3) on [0, 0,,] x 2. In this case, (0y,)n>1 is called a localizing sequence
for (u, o).

e Alocal solution (u, o) to (3.3) is called unique, if for every local solution (u’, ")
to(3.3) fora.a.w € Qandforallt € [0, o (w) Ao’ (w)) onehasu(t, w) = u'(t, w).

e A unique local solution (u, o) to (3.3) is called a maximal (unique) solution, if for
any other local solution (', 6”) to (3.3), we have a.s. 0’ < o and for a.a. w €
and all 7 € [0, 0/ (w)), u(t, w) = u'(t, w).

e A maximal (unique) local solution (u, o) is called a global (unique) solution if
o = oo a.s. In this case we write u instead of (u, o).

Note that, if (u, o) is a local solution to (3.3) on [0, o] x 2, thenu € L*(0, o; V)N
C([0, o]; H) a.s. and by Assumption 3.1

Ao(,uyu € L*(0,0; V*) as. and Bo(-, w)u € L*(0,0; L2(U, H)) a.s.  (3.6)

In particular, the integrals appearing in (3.5) are well-defined.

Maximal local solutions are always unique in the class of local solutions. This
seems to be a stronger requirement compared to [6, Definition 4.3]. However, due
to the coercivity condition on the leading operator (Ag, Bp), i.e. Assumption 3.1(2),
stochastic maximal L?-regularity holds by Lemma 4.1 below. Thus [7, Remark 5.6]
shows that Definition 3.2 coincide with the one in [6, Definition 4.3].

Under Assumption 3.1 the following local existence and uniqueness result holds,
which will be proved in Sect. 4.

Theorem 3.3 (Local existence, uniqueness and blow-up criterion). Suppose that
Assumption 3.1 holds. Then for every ug € L%ZO(Q; H), there exists a (unique)

maximal solution (u, o) to (3.3) such that a.s. u € C([0,0); H) N L120c([0’ a); V).
Moreover, the following blow-up criteria holds

o
IP’(G < o0, sup |u(®)|% +/ lu@)|3 dr < oo) =0. (3.7)
t€l0,0) 0
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Clearly, (3.7) is equivalent to

o
JP(a <T, sup |u(®)|? +/ lu()||3 dt < oo) =0 forall T € (0, 00).
t€l0,0) 0

The blow-up criterion (3.7) is a variant of our results in [7]. In the semi-linear case
the result is already contained in [7, Theorem 4.10(3)]. We will use this result to obtain
global well-posedness in several cases below.

3.2 Global existence and uniqueness

Under a coercivity condition we obtain two analogues of the existence and uniqueness
result in the classical variational framework. In combination with Theorem 3.8 below,
global well-posedness follows.

Theorem 3.4 (Global existence and uniqueness I). Suppose that Assumption 3.1 holds,
and for all T > O, there exist n,0, M > 0 and a progressively measurable ¢ €
LZ((O, T) x Q) such that, foranyv € V andt € [0, T],

(At,v),v) — G+ IB@E, v)IF = 0llvly — Mllvli3 — 9@ (3.8)

Then for every ug € L(:)% (2; H), there exists a unique global solution u of (3.3) such
that a.s.

u € C([0,00); H) N Liye (10, 00); V).
Moreover, for each T > 0 there is a constant Ct > 0 independent of ug such that

Eluleqo,rym + ElulF 2 7.py < Cr(1+Elluollyy + El¢l720 7). (B9

In the above result we do not assume any growth conditions on A and B besides the
local conditions in Assumption 3.1. The additional n > 0 in the coercivity condition
(3.8) can be arbitrary small and in most examples it does not create additional restric-
tions. Setting n = 0 in the coercivity condition (3.8), it reduces to the standard one
in the variational approach to stochastic evolution equations (see (1.2) or [41, Section
4.1]). From a theoretical perspective it is interesting to note that we can also allow
n=0.

Theorem 3.5 (Global existence and uniqueness II). Suppose that Assumption 3.1
holds, and for all T > 0, there exist 6, M > 0 and a progressively measurable
¢ € L2((0, T) x Q) such that, foranyv e Vandt €[0,T],

(A(t,v),v) — SIB@, I = 0llvll} — Mllvl% — 160 (3.10)
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Then for every ug € Lg% (R2; H), there exists a unique global solution u of (3.3) such
that a.s.

u € C([0, 00); H) N L} ([0, 00); V),

and the following estimates hold:

T
B[ 1) dr < 01+ Bluolfy + E161E- ) G.11)
s[ng]lEuumu%, < Cr (1 +Elluoll +Ell 72 1))+ (3.12)
tel0,

T
2 14 2 2
E sup [u(ll3] +E{/0 luI} de|” = Cpr (1L + ElluollF) +ElGI3: 1),
tel0,T) ’

(3.13)
foreveryy € (0, 1).

The latter result shows that the full statement of the classical variational setting can
be obtained in our setting (see Assumption 3.1) without assuming the growth condition
(1.3) and without the local monotonicity condition.

Remark 3.6 (Variants of the coercivity condition). The coercivity condition (3.8) can
be replaced by the following weaker estimate

B, v)*vllg,

e >0l — Mlvlg — 6, veV.
H

1
(A(t,v), v) — EIIIB(t, VG —n
(3.14)

To see this, one can easily adapt the proof of Theorem 3.5 which will be given under the
more restrictive condition (3.8). Since it does not give more flexibility in the examples
we consider, we prefer to work with (3.8). A variant of condition (3.14) with n = ”T_z
with p > 2 is considered in [29], where it is used to establish bounds on higher order
moments of the solution.

In case (3.8) holds with n = 0 and

1B Vo 1y = Cl@) +lvlly), veV, (3.15)

then (3.8) also holds for some > 0 and a slightly worse 8 > 0. Moreover, (3.15)
can even be weakened by replacing £,(U, H) by L(U, H) if one uses the weaker
condition (3.14) instead. Note that (3.15) is usually assumed to hold in the classical
framework (see (1.4) with a = 2).

Remark 3.7 (2-localization of (ug, ¢)). The function ¢ is used to take care of the
possible inhomogeneities f and g (see Assumption 3.1(1)). We have only considered
the case that ¢ € L2((0,T) x ) forall T > 0. However, by a standard stopping time
argument and using the uniqueness of solutions to (3.3), one can also consider the case
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thatforall 7 > Oa.s. ¢ € L2(O, T). Moreover, the estimates of Theorems 3.4-3.5 can
be used to prove tail estimates for u. For instance, (3.9), the uniqueness of u and the
Chebychev inequality readily yield, for all R, r > 0,

Cr(1+ R +Eluol3)
r

+PU11720.7) > B)-

2 2
P(lelicqo.rym + Eleliag ryp) > 7) <

For more details see the proof of Lemma A.1 where a similar argument is employed.
A similar argument can also be employed to obtain tail estimates in case uy €
L?%(sz; H).

3.3 Continuous dependence on initial data

Now that we also have global existence and uniqueness of solutions, we can consider
the question whether one has continuous dependence on the initial data (in other words,
global well-posedness of (3.3)). This indeed turns out to be the case in the setting of
both of the above results. In the case where the monotonicity

—2(A(t,u) = A(t,v), u —v) + | B(t, 1) — B, V)| 7, gy < Kllu— vl

holds, continuous dependence is immediate from Itd’s formula (see [41, Proposition
4.2.10]). The following result requires no monotonicity conditions at all, and only
assumed the conditions we already imposed for global existence and uniqueness:

Theorem 3.8 (Continuous dependence on initial data). Suppose that the conditions of
Theorem 3.4 or 3.5 hold. Let u and u, denote the unique global solutions to (3.3)
with strongly Fo-measurable initial values uo and uy ,, respectively. Suppose that
luo.n — uollz — O in probability as n — oo. Let T € (0, 00). Then

lu — unllcqo.ry:m) + lu — unll 200, 7,vy) = O in probability as n — oo.

If additionally sup,,>| E|uo,» ||%{ < 09, then for any q € (0, 2)

q

L2o.rv) 0 asn — oo.

E”M — Un ”%([O,T];H) + E”u - un”
Remark 3.9 (Feller property). Suppose that the assumptions of Theorem 3.4 (resp. 3.5)
hold and let u¢ be the global solution to (3.3) with data & € H. As usual, one defines
the operator

(Prg)(§) = Elp(ug (1))]

fort > 0,& € H and ¢ € Cp(H). Theorem 3.8 shows that P, : C,(H) — Cyn(H).
This is usually referred as Feller property and this is the starting point for investigating
existence and uniqueness of invariant measures for (3.3). However, this is not the topic
of this paper.
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4 Proofs of the main results

In several cases we need an a priori estimate for the solution to the linear equation

du + A(u(t)dt = f(r)dt + (B@Ou(r) + (1) dW (1), @
u(d) = u;, .

where A is a stopping time with values in [0, T'] and (A, B) are linear operators
satisfying the boundedness and the variational conditions: there exists 6, M > 0 such
that, a.e.on Ry x Qandforallv € V,

| Av|ly« + I Bollg < M]vlly, (4.2)

Y Loz o 2 2
(v, Av) = SlIBvlly = Ollvlly — Milvly. 4.3)

Finally, u; : @ — H is strongly .%; -measurable where .7, denotes the o-algebra of
the A-past. If (A, B) are progressively measurable, then a solution to (4.1) is defined
in a similar way as in Definition 3.2.

The following estimate is well-known in case A is non-random (see [41, Theorem
4.2.4] and its proof). The random case can be obtained by approximation by simple
functions (see [7, Proposition 3.9]).

Lemma 4.1 (Stochastic maximal Lz-regularity). Let A : [0, TI]x Q2 — L(V,V*) and
B: [0, T1x Q2 — L(V, Lo(U, H)) be strongly progressively measurable and suppose
that there exist M, 6 > 0 for which (4.2) and (4.3) hold. Let f € L*((0, T) x Q; V*)
and g € L*((0,T) x Q; Lo(U, H)) be strongly progressively measurable and let
u; € L%}A (2; H). Then (4.1) has a unique solution

e L3 C(Ih, T H) N LA L2, T3 V)),
and there is a constant C independent of (f, g, uo) such that
2 2
Ellulieq,rym + B2 7.y

S C<]E”u)»”%—1 + ]E”f”iZ(LT;V*) + ]E”g”iz(l,T;Lz(U,H))>'

By [7, Proposition 3.9 and 3.12], if the stochastic maximal L?-regularity estimate
holds on some stochastic interval [A, T'], then it also holds on [z, T] for all stopping
time T € [A, T]. Moreover, the constant in the estimate can be chosen to be independent
of .

4.1 Proof of Theorem 3.3: local existence, uniqueness and blow-up criterion

The proof of Theorem 3.3 consists of two parts. First we show local existence and
uniqueness via our recent result [6, Theorem 4.7].

@ Springer



The critical variational setting for stochastic evolution equations

Proof of Theorem 3.3: local existence and uniqueness Let n > 1 and set up, =
1{jjuo ||y <n)t0. For strongly progressively measurable fo € L2((0, T) x Q; V*) and
g0 € L?((0, T) x Q; Lo(U, H)) consider the following linear equation:

dv + Ao(t, ug,n)v(t) dt = fo(t) dt + (Bo(t, uo,n)v(t) + go (1)) dW (1),

v(0) =0. 4

By Assumption 3.1(2) (Ao(¢, uo.n), Bo(t, uo,)) satisfies the conditions of Lemma4.1.
Therefore, (4.4) has a unique solution v and

E”v”iz(O,T;V) + ]E”v”%‘([()’T];H) = Cn]EHfOH%‘Z(O’T;V*) + C”E”gOH%Z(O,T;Ez(U,H))'
4.5)

It follows that (Ag, Bg) satisfies the SMRE’O(O, T)-condition of [6, Theorem 4.7].
By Assumption 3.1 all other conditions of [6, Theorem 4.7] are satisfied as well
(with p = 2,4 =0, F, = F and G, = G). Therefore, we obtain a (unique) maximal
solution (u”, oT), where o' takes values in [0, T]. Considering T = m, m € N, we
can obtain the required maximal solution (u, o) as explained in [7, Section 4.3]. O

Remark 4.2 In Theorem 3.3 instead of Assumption 3.1(2) one could assume the
SMRE’O(O, T')-condition (4.5) on each (Ao(-, uo,n), Bo(:, uo.n))-

Next we prove the blow-up criteria (3.7) of Theorem 3.3 via our recent result [7,
Theorem 4.9].

Proof of Theorem 3.3: blow-up criterion 1t suffices to consider ug € L?}O(Q; H) (see
[7, Proposition 4.13]). Fix T € (0, oo) and set

o
Wap=1{o <T. sup |u@)ln +/ )|} de < oo},
t€l0,0) 0
o
Wim ={o < T, lim u(r) exists in H and / lu()l} dr < oo].
tto 0

For n > 1 define the stopping times o, by

o, = inf |r €10, 0) : [lult) — uolly + /Ot ()| dt > n} AT,
where we setinf & = o A T. By definition of Wjyp and oy, we have
Jim PWsup O {on = 0}) = POWVsup)- (4.6)
Define A : [0, T] x Q@ — L(V, V*)and B : [0, T] x Q — L(V, L»(U, H)) by
A()v = Ag(t, 10,0,y (Ou()v, and B(t)v = Bo(t, 10,0, (D)u(t))v.
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By Assumption 3.1(2), (X, E) satisfy the conditions of Lemma 4.1. Let f (1) =
F(t, 1,6, u(t)) and g(t) = G(z, 1,5, u(2)). Note that, by the interpolation inequal-

ity (3.2), it follows that [lvlly" ™" < ol VA + ol for all v € v
and j € {1,...,mp —i—mc},xvhere (Bj, pj, mp, mg) are as Assumption 3.1(3). The

definition of o,, shows that ( f, g) are progressively measurable,
FeL?(0,T)x V" and 2 e L*(0,T) x 2 Lao(U, H)).
Thus Lemma 4.1 implies that the equation

dv+ A@Ov(r)dt = f(t)dr + (B()v(t) +2(1)) dW (1)
v(0) = up.

has a unique sgluiion v e L3(€;C([0,T]; H)) N L3(; L%(0, T; V)). From the
definition of (A, B) we see that (v, 0,) is a local solution to (3.3). Therefore, by
uniqueness # = v on [0, o,,) a.s. In particular, we obtain

limu(t) = limu(t) = limv(t) = v(o,) in Has.on{o, =0 < T} “4.7)
tho ttoy ttoy

Since o < T on Wyyp, it remains to note that

4.6) .. @7 .
PWsup) =" lim P({o, =0} N Wyyp) < lim P(Wjm) =0,
n—oo n—0oo

where in the last step we applied [7, Theorem 4.9(3)]. O

4.2 Proof of Theorem 3.4: global existence and uniqueness

We first prove the following global energy estimates. In the proof of Theorem 3.4 we
will see that o = oo in the result below.

Proposition 4.3 Suppose that Assumption 3.1 holds, and for all T > O, there exist
1,0, M > 0 and a progressively measurable ¢ € L>((0, T) x Q) and for any v € V
andt € [0, T],

(At,v),v) = G+ IBE, v)Ig = 0llvly — MllvliF — 9@ 4.8)
Let ug € L%;O(Q; H). Let (u, o) be the maximal solution to (3.3) provided by The-

orem 3.3. Then for every T > 0 there is a constant Ct > 0 independent of ug such
that

o AT
E sup fu@)ly + Ef le@)117 dt < Cr (1 + Elluolly; +EN 1172 7)-
te[0,0AT) 0 ’

(4.9)
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Proof Fix T € (0, 00). Let (tx)x>1 be a localizing sequence for (u, o A T). Then in
particular u € C([0, & ]; H) N L2(0, t¢; V) a.s. Forall k > 1, let

t
oy 1= inf{t €10, 7] : u(t) — uolly = k and / ()13 ds zk]
0

where inf @ := 1. Then (ox)r>1 is a localizing sequence as well. Letting uk 1) =
u(t A oy) we have u* € L2(Q; C([0, T1; H)) N L3(Q; L%(0, t¢; V)). It suffices to
find a C > 0 independent of (k, ug) such that for all ¢ € [0, T],

t
E sup lu¥(s)l} +E / 100,01 () lu(s) I3, ds
s€[0,7] 0 (4.10)

t
< C(1+Blluoly + B0l 0, + B [ Il ds).
Indeed, from the latter Gronwall’s lemma first gives

E sup [a“0)l} = CeT(1+Eluoll}y + Elgl2: o 7, )
tel0,T] ’

This combined with (4.10) implies

t
E/O 100,61 () lu(s) 13 ds < C'(1 + Ellugl%).

It remains to let k — oo in the latter two estimates. The proof of (4.10) will be divided
into two steps.

Step 1: Proof of the estimates (4.11)—(4.12) below. By Itd’s formula (see [41,
Theorem 4.2.5]) applied to %|| . ||%{ we obtain

1 t
Sk @1, + /0 10,001 (9)Ex(5)
l t
= 2 luolly + /0 10,001 () Bs. () u(s) AW (s),

where

1
Eu(t) = (A, u(®)), u(t)) — FIB@, w(@)z-
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Therefore, by (4.8)

1 t
§||uk(t)||%1 +/0 l[o,ak](s)<9||u(s)||%/ + B, ”(S))"ﬁy) ds
1 t
< 5 lluoll + M /0 Lo.oe (D)) 17 ds + 191720, (4.11)
13
+/0 110,01 () B(s, u(s)) u(s) dW (s).

Taking the expected value on both sides of (4.11), we have

t
E [ 10 (001 + alBG. )1 ) ds
0 (4.12)

t
< =Elluoll}, +E||¢||iz(OT)+MEf 110,01 () lu(s)[1F; ds.
’ 0

| =

In particular, this proves the V-term part of the estimate (4.10) as u = u* on [0, o%].
Step 2: Estimating the martingale part on the RHS(4.11). Set

t
S, (1) :=/0 l[o,gk](s)B(s,u(s))*u(s)dW(s).

The Burkholder-Davis—Gundy inequality implies

t 172
E sup |S,(9) < CE( f 101 ()| BGs, u() ()|} ds)
s€[0,7] 0

IA

T
CE[( sup 1) ([ Too 1B, ue) I )]
se(0,1

IA

1 t
~E sup [u*(s)I3 + CE f 110,01 ($) 1 B(s, u(s)3 ds
4 ser0.] 0

IA

1
2 sup lu* )13 + CEluoly +EIGNZ2 1)
s€[0,1] ’

t

+CMIE/O 110,041 ()l (5) 1|7 ds,

where in the last step we applied (4.12). Taking E[sup,g ;| - [1in (4.11) and using
the above estimate we obtain

t
E sup luk )1 = €' (1+ Elluolly + Ellgl3 g 7, +Ef0 I ()11 ds ).
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The energy estimate of Proposition 4.3 allows us to prove Theorem 3.4 via the
blow-up criteria (3.7) of Theorem 3.3.

Proof of Theorem 3.4 The proof is divided into two steps.
Step 1: Proof of o0 = 0o. We claim that for every T > 0

o AT
sup Jlu(t)||g < oo and / ||u(t)||%, dt < oo a.s. 4.13)
te[0,0AT) 0
Set up,; = 1{juy<jiuo- Let (vj, o;) denote the maximal solution to (3.3) with

initial condition ug_ ;. By localization (see [6, Theorem 4.7]) v; = u and 0; = o on
{llupllg < j}. Since by Proposition 4.3

onT
sup  ||v;(t)lg < oo and / lv; ()|} df < oo as.,
tel0,0AT) 0

we see that (4.13) holds on {|lug||z < j}. It remains to let j — oo.
From the claim (4.13) and the blow-up criteria (3.7) it follows that

o AT

Po < T) = P(a <T, sup |lu(@®)|u < oo and / ()] dr < oo) —0.
te[0,0AT) 0

Therefore, o > T a.s., and since T was arbitrary, we obtain ¢ = oo a.s.

Step 2: A priori bounds. The estimate (3.9) follows from (4.9) and 0 = oo a.s. O

4.3 Proof of Theorem 3.5

First we obtain global estimates under the sharper coercivity estimate. As above, in
Theorem 3.5 we will see that ¢ = oo in the results below.

Proposition 4.4 Suppose that Assumption 3.1 holds, and for all T > 0, there exist
6, M > 0 and a progressively measurable ¢ € L*((0, T) x Q) and for any v € V
andt € [0, T],

(A(t,v),v) — SIB@, vIF = 0llvlly — MllvliF — 160
Let ug € L«Z%(Q; H). Let (u, o) be the maximal solution to (3.3) provided by The-

orem 3.3. Then for every T > 0 and y € (0, 1) there are constants Ct,Cy 1 > 0
independent of uqy such that

o AT
E/O lu@)15 dr < Cr (1 + Elluoly; + Ell¢l72. 1) (4.14)

onT

2 4 2 2

E sup |lu()ly +E]f lu@Iy de| < Cyr(1+Elluollyy +ElISIIT%q 1)
tel0,0AT) 0 ’

(4.15)
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The estimate (4.15) can be improved if B has linear growth (see Remark 3.6).

Proof We begin by repeating the localization argument used in the proof of Proposi-
tion 4.3. Throughout the proof we fix T € (0, 00). Let (7 )x>1 be alocalizing sequence
for (u, o A T), cf. Definition 3.2. Then in particular, u € C ([0, 7¢]; H)N L2(0, % V)
a.s. Let

t
o = inf {1 € 0,515 Ju(t) ~ wolly = kand [ o)1} ds = k),
0

where we set inf @ = ;. Then (ox)x>1 is a localizing sequence for (u, o) as well.
Letting u* (1) = u(t Aoy) we have u* € L?(2; C([0, T1; H)) NL*(Q2; L?(0, t; V).

The idea will be to eventually apply a stochastic Gronwall lemma. To this end we
set uk(t) =u(t ANoy) fort € [0,T]and k > 1. Then a.s. for all ¢ € [0, T],

t t
Wk (1) = uo — fo 10,001 (5)As, 1t (5)) ds + fo 10,001 (5) Bs, () AW ().

Step 1: Proof of the estimate (4.16) below. By 1td’s formula (see [41, Theorem
4.2.5]) applied to %H . ||%1 we obtain

1 t 1 !
Sk @1 + /0 10,0 ()E,s () ds = 5 ol + /0 10,001 () B (s, 1t (1) u dW (s),
where
1
Eu (1) = (A, u (1)), ub (1)) — SIBG, uk @I,
Therefore, by the coercivity condition we find that
1 2 ! 2
Enuk(r)nH +6 /0 110,01 () 1" ()13 ds
1 2 ! k 2 ! 2
< 3 ol + M /0 10,0 ()13 ds + /O 6)agyds  (416)
t
+/ 170.0,1() B(s, uk (s))*u* (s) dW (s).
0

Step 2: u € L*(; L*(0,7;V)) and the estimate (4.21) below holds. Taking
expectations in (4.16) gives that for all ¢ € [0, T,

1 t
SEIE @O +6E / 1ol ()13 ds
0 4.17)

1 t
< SElullyy + ME / Lo, llu* )11 ds + Ell¢172.,,-
A :
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Therefore, by the classical Gronwall inequality applied to # EluX(t) ||%1,

sup ]Euu"(r)nH < CrEl$1122, 1, + Elluol3)- (4.18)
tel0,T

Thus also

t t
E fo 100,001 () lu* ()13, ds < /O E(llu*(s)1I3,) ds
< TCrEll72 1)+ Elluolf). 419

Applying (4.18) and (4.19) in (4.17) also yields the estimate

t
E /0 Looallu@Ily ds < CrElD172 .7 + Elluollz)- (4.20)

Letting k — oo in (4.19) and (4.20), by Fatou’s lemma we obtain that

o AT
E /0 lu()ds < CFEluoll}; +Ell22 7,)- (4.21)

In particular (4.14) follows.

Step 3: Conclusion. From (4.16) and the stochastic Gronwall lemma of [43, Theo-
rem 2.1] with Z; = sup,cjo..1 lu() 1% + fo lu(s)11% ds (also see [24, Theorem 4.1])
we obtain that, for all y € (0, 1), there exists C, 7 > 0 independent of kK > 1 such
that

ox AT
E\/O @1 de|” + B sup k1 < Cpr (@ +Elluollyf + B8 7).

t€[0,T]

Letting k — oo we obtain that

AT

B [ ol &+ sup @ = G+ Eluol +EI1% )
0 te[0,T]

Thus (4.15) follows. O

By the estimates of Proposition 4.4 we can check the blow-up criteria (3.7):

Proof of Theorem 3.5 The proof is divided into two steps.
Step 1: Proof of o = 0o. Reasoning as in Step 1 in the proof of Theorem 3.4, by a
localization argument, Proposition 4.4 shows that

onT
sup  |lu(®)||g < oo and / ||u(t)||%, dt < oo a.s. (4.22)
te[0,0AT) 0
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From (4.22) and the blow-up criteria (3.7) it follows that
o AT
Plo <T)= P(G <T, sup |u(@)|lg <oo and / ||u(t)||%,dt < oo) =0.
te[0,0AT) 0

Therefore, 0 > T a.s., and since T was arbitrary, we obtain o = o0 a.s.

Step 2: A priori bounds. The bounds (3.11) and (3.13) are immediate from (4.14)
and (4.15). To prove, (3.12) note that we can replace all o;’s by T in the proof of
Proposition 4.4, and thus the required bound follows from (4.18). O

4.4 Proof of Theorem 3.8: continuous dependence on initial data

In this section we use the notation Z := C([0, T]; H) N LZ(O, T; V). The following
tail estimate is the key to the proof of the continuous dependency.

Proposition 4.5 Suppose that the conditions of Theorem 3.5 hold. Let u and v denote
the solution to (3.3) with initial values ug and vy in Lf)% (2; H), respectively, and
where |ugllLo@: 1y + llvollLeo@: )y < r for some r > 0. Then for every T > 0
there exist Y1,y : [r,00) — (0, 00) both independent of ug and vy such that
limg_ oo Y2(R) =0 and foralle > 0and R > r

P(llu —vllz > &) < e 2Y1(RE|uo — voll3; + ¥2(R)(1 + Elluoll3; + Ellvoll,)

where Z = C([0, T1; H) N L?>(0, T; V).

Proof Let ZZ := C([a,b]; H)N L%*(a, b; V). Let w = u — v. Then w is the solution
to

dw + Ao(-, w)wdt = f, dt + (Bo(-, w)w + gy») AW (@),
w(0) = ug — vo,

where f,, = f1 + f» and gy, = g1 + &> are given by

J1=(Ao(-, v) — Ao(-, ), fa=F( u)—F(,v),
g1 = (Bo(-, u) — Bo(-, v)v, g =G u) —G(,v).

In order to derive an a priori estimate for w, we want to apply Lemma 4.1 to the
pair (Ao(-, u), Bo(-, u)). In order to check (4.3) we will use Assumption 3.1(2) and a
suitable stopping time argument to ensure ||u#||g + ||v||z < R, where R > r. Let

g :=inf {t € [0, T]: [lu()lm + lv@llg > R}, where inf @ :=T.
Note that {tg = T} = {sup,¢jo. 77 lu@lla + lv(®) ||z < R}. Thus

Pllwllz = &) =P(lwlize =z e, tr =T) + Prg < T)
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Cr
P(llwlzzr > &) + —- (1 + Elluolly; + Ellvoly; +EI$172¢ 1)

where we used (3.13) with y = 1/2 in the last step.
It remains to estimate ]P’(|| w| ZiR > 8). To do so we apply the stochastic Gronwall

Lemma A.1.Let 0 < A < A < 1p be stopping times. Let w be the solution to

dw + Ao(, u™)Wdr = 1 Ay fw df + (Bo(, u™)W + 1y a18w) AW (1),

N (4.23)
T = u(r) — v(h).

As above u™ = u(- A tg) which is well-defined as u € C([0,c0); H). By
uniqueness of solutions to the linear system (4.23), we have w = w on [A, A].
Since (Ag(-, u™®), Bo(-, u™®)) satisfies (4.3) with constant 6 and My, the maximal
regularity Lemma 4.1 applied to (4.23) on [A, T] gives

Elw|?, = E||@|2
I ”Zi\ Il ||Z[

< Cr(BluG) = vO I} + Bl fullfag pvey + BNl sy )
(4.24)

where the constant Cg in (4.24) is independent of (%, A) (see below Lemma 4.1).

Next we estimate the f,, and g, term in terms of u, v and w by using Assump-
tion 3.1(3). Without loss of generality (by increasing p; if necessary) we can assume
28 =1+ ﬁ for every j € {1, ..., n}. Then

lAo(, x)z — Ao, y)zllv+ + I1Bo (-, x)z — Bo(-, y)zllm < Crllx — yllalizllv,
|F (@, x) — FE, v+ 116G, x) = G, e
mrp+mg

<Cr Y (4 lxlg +IyIEHIx = ylig,,
j=1

for all x,y € V such that |x||g, |yl < R,z € V and ¢t € [0, T]. From the
interpolation estimate [x||g; < Cllx|y "’ llx|ly;” . we obtain

(2-28))pj 2Bj—Dpj, _,2-28 28j—
”x”ﬁJ”Z”ﬂ, < [ Pilxlly 7 ey 2l izl

< CsllxIy IIxllv izl m + 8lizllv,

where we used Young’s inequality with exponents 1/(2 —28;) and 1/(28; — 1), and
the fact that % 1. Therefore,

£, x) = F@ v+ 16, x) = G, vl
= Crs( +lixlly +IyIVIx = ylla + (mp +me)élx — yllv.
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Adding the (A, B)-estimate, we can conclude that

I fwllve +llgwllz = CrRA + llully + viv)Iwllg + (mp +me)dllwlly.

Combining this with (4.24) and choosing §g > 0 small enough we find that
A
2 / 2 l 2 2 2
E”w”Z)/L\ < CRE[lu) — vy + CR]E/A A+ llully + vl w7 de.

Since u, v € L*>(0, T; V) a.s. and C) is independent of (A, A), we can apply the
stochastic Gronwall Lemma A.1 with R replaced by C R, to find a constant K g such
that

P(lwlzx = €) < e 2KrEluo — vo||%,+IP(T 70,720 H V120 721y = R).
T +Eul? +E[v|?

L2(0,T;V) L2(0,T;V)
R

< e 2KgE|luo — voll} +
-2 2 Cr 2 2
< e 2 KrElluo — vl + —- (T + Elluol +Ellvoll3),

where we used (3.11). Thus the required estimate follows. m]
After these preparation we can now prove the continuous dependence result.

Proof of Theorem 3.8 Tt suffices to prove the result under the conditions of Theorem 3.5
as they are weaker than the conditions of Theorem 3.8. In Step 1 we deal with the
uniformly bounded case, and in Step 2 we reduce to this case. Below we fix 7 > 0
and recall that Z = C([0, T]; H) N LZ(O, T;V).

Step 1: Case of uniformly bounded initial data. Suppose that there exists a constant
r > O such that |luo x|z + lluollg < r a.s. for all n > 1. We will show that for every
e >0,

limsupP(lu — u,|lz = ¢) =0. 4.25)

n—0o0

Let ¢ > 0. By Proposition 4.5 we obtain that for all R > r

P(lu — unllz > &) < e Y1 (R)E|uo — uo.nll% + ¥2(RYA + Elluoll%; + Elluo.nll3)
Therefore,

lim sup P(||u — u,llz > &) < Y2(R)Y(1 4 2E|lug %)

n—oo

Since ¥ (R) — 0 as R — oo, (4.25) follows.
Step 2: General case. We will show that u, — u in Z in probability. By considering
subsequences we may additionally suppose that 1, — up in H a.s. Let § > 0. By
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Egorov’s theorem we can find Q¢ € %y and k > 1 such that P(Q¢) > 1 — § and
luo.nllz < k on .

Let u* and u’,‘l denote the solutions to (3.3) with initial data u'é = 1o up and
”é,n = 1q,uo,,, respectively. By Q-localization (i.e. [6, Theorem 4.7]), uk = u and

u’,j = u, on p. Therefore,

P(lu —unliz > &) = P{{llu — unllz > £} N Q0) + P(2p)

< P(lu* —uyllz > ) +8 20
Since u/(‘)’ = ul(‘) in L2(Q; H) and are uniformly bounded in H, Step 1 implies
lim sup,,_, o P(|ju* — uﬁ lz = &) = 0. Therefore, (4.26) gives lim sup,,_, ., P(llu, —
ullz > ¢€) < 4. Since § > 0 was arbitrary, this implies the required result.

Step 3: It remains to prove the L9-convergence. Fix gg € (gq,2). Let Cy :=
sup,>q luonllz2(@. ) < 0. By Fatou’s lemma we see that ug € L*(Q; H) with
||u0||L2(Q;H) < Cp. From either (3.9) or (3.13), we see that

]E”un”[g)([oj];y) + Eljun ”LII‘%(O’T;V) < Cr (1 + Co),
and the same holds for u. Therefore, &, := |[u — un|lc 0,71 1) + Il — unllz2(0,7.v) 18
uniformly bounded in L (2). Since &, — 0 in probability, from [32, Theorem 5.12]
it follows that &, — 0 in L9(2) for any g € (0, 2). O

5 Applications to stochastic PDEs

Throughout this section (w} : ¢t > 0),>1 denotes a sequence of standard Brownian
motions on a probability space (2, F, IP) with respect to a filtration (.%;),>¢. To such
sequence one can associate an £2-cylindrical Brownian motion by setting We(f) =

Yzt Jr, fo@dwy for f = (f)az1 € L* Ry €3).

5.1 Stochastic Cahn-Hilliard equation

The stochastic Cahn—Hilliard equation was considered in many previous works, and
the reader is for instance referred to [17, 19] for the case of multiplicative and additive
noise, respectively.

On an open and bounded C2-domain O C R consider the Cahn—Hilliard equation
with trace class gradient noise term:

du + A%udt = A(f () dt + Y, ga(u, Vu)dw}', onO,
Vu-n=0 and V(Au)-n=0, on 90, ;.1
u(0) = uo, on O.

Unbounded domains could also be considered using a variation of the assumptions
below.
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We make the following assumptions on f and g:

Assumption 5.1 Letd > 1l and p € [0, 3]. Suppose that f € C!'(R) and g : [0, 00) x
Qx O xR 5 2isPQOQ B(R")-measurable and there are constants
L,C >Osuchthatae. onR; x Q x T? and forall y, y € Rand z, 7/ € R?

LfF ) — FON =LA+ 1P+ 1Y)y =yl
|FO] < LA+ [yPTh,
' =-C,
lgC,y,2) =gy, e < LUy — Y|+ 1z =2'D,
(8¢, y, Dn=1llez < LA+ |y| + [2]).

The standard example f(y) = y(y> — 1) = ay[}‘(l — ¥2)?] (double well potential)
satisfies the above conditions for d € {1, 2}. Note that in this case the nonlinear-
ity A f(u) does not satisfy the classical local monotonicity condition for stochastic
evolution equations, and therefore there are difficulties in applying the classical vari-
ational framework to obtain well-posedness for (5.1). In the case of additive noise,
well-posedness was studied in [41, Example 5.2.27 and Remark 5.2.28]. Our set-
ting applies in the setting of multiplicative noise under the same conditions on the
nonlinearity A f (u).
Let

Hy(0) = {u € H*(O) : duulyo = 0},

where 9,4 = Vu - n and n denotes the outer normal vector field on dO.

Theorem 5.2 (Global well-posedness). Suppose that Assumption 5.1 holds. Let uy €
L?% (2; LZ(O)). Then (5.1) has a unique global solution

u € C([0, 00); L*(0)) N LE.([0, 00); H3(O)) a.s.

loc

and for every T > 0 there exists a constant Ct independent of uq such that
ElullZ o 1220y + N2 71200y < T+ Elltol1720))- (5.2)

Finally, u depends continuously on the initial data uq in probability in the sense of
Theorem 3.8 with H = L2(O) and V = HI%,((’)).

Proof We first formulate (5.1) in the form (3.3). Let H = L%(®) and V = H]%,(O).
By (3.1) for 6 € (0, 1) one has

Vig =[H, V] = [L*(O), H*(O)]s = H*(0),

where in the last step we used the smoothness of O and standard results on complex
or real interpolation.
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Let A = Ag + F, where we define Ag € L(V,V*)and F : V — V* by
(Aou, v) = (Av, Au);2, and (F(u),v) = (Av, f(u))2 = —(Vv, V(f(u)))2.
Let B = Bg+ G, where Bo =0and G : [0, 00) x 2 x V — L,(U, H) is defined by
(Gn(t, u))(x) = gn(t, x, u(x), Vu(x)).
In order to apply Theorem 3.4 we check Assumption 3.1. By the smoothness of O

and standard elliptic theory for second order operators (see [27, Theorem 8.8]) there
exist 0, M > O such that forall u € V

I3 0y < ONAUIT> o) + MlulF2 0,
Hence, forallu € V,
(Aou, u) = | Aulfa ) = Ollully — Muly. (5.3)

Note that

£ () = F(v)|vs
SIHFCw) = fE 2o

SA A+ [ul” + 1) — )20 (by Assumption 5.1)

S A+ a1 0y T 101 2011 o)) 11 = VIl L2640 0 (by Holder’s inequality)
P P .

S+ ||M||H4ﬁ_2(o) + ”v”H()‘ﬁ‘z(O))”u — vl gas—2(0) (by Sobolev embedding).

In the Sobolev embedding we need 48 — 2 — %’ > —ﬁ. Therefore, the condition

(3.4)leadsto p < %. Moreover, we can consider the critical case 28 = 1 + ﬁ

One easily checks that G satisfies Assumption 3.1(3) with pp = 0. Indeed,

G, u) — G, V)l 20:02) S e = vl 200y + VU — VUl 1200y
< —
S llu = vll a2 )
where 8y = 3/4. The growth estimate can be checked in the same way:
1G(t, Wl 202y S 1+ lull 20y + IIVull 20y S 1+ IIulngﬁz—z(O),

where we used |O| < oo.
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Finally concerning the coercivity condition (3.8) note that interpolation estimates
give that for every ¢ > 0 there exists a C, such that

(F), 1) = —(Viu, V(F () 2
<_ f £/ Vul dx (5.4)
(@)

2 2 2
S C”V””LZ(O) S ‘9”“”\/ + C€”u”L2(O)~

Similarly, ||G(t, u)||iz(o; 2 = ellull?, + Ce(1 + ||u||iz(o)). Therefore, combining

this with (5.3) and (5.4), we obtain that for k := % + n (with n > 0 arbitrary)

(A@w), u) = €l BC, w)ll,
= (Aou, u) — (F (), u) = G, I
> 0llully — Mllull; — ellully — Cellul}a, =k Ce(l + ull}2(p) — kellully,
= O — (L + &) Jully — Mjull.

Thus taking ¢ > 0 small enough, the result follows from Theorems 3.4 and 3.8. O

Remark 5.3 1t is also possible to add a noise term of the form:

Bo(tyu(x) =Y Y bua(t, x)0%u(x).

n>1 |a|=2

where we need the stochastic parabolicity condition: for some A > O and allu € V,

1
/O|Au(x)|2dx—§r§/o‘

Depending on the precise form of f, one can allow superlinear g as well. The only
requirement is

3 bn,a(.,x)a“u(x)‘zdx > ,\/O | Au(x)? dx.

la|=2

(%+n)/@2|gn(r,x,u,w>|2dxsfof/(u)|Vu|2dx+||Au||iz

n>1

+Cllull7, 4+ C (5.5)

for some n > 0. However, for constant functions u, the right-hand side only grows
quadratically. If f(u) = y( y2—1), then it would be possible to consider nonlinearities
of the form g(u, Vu) = (4 — 2n)uVu as well. Using Theorem 3.5 instead one can
even take n = 0 if ||Au||i2 is replaced by £||Au||i2 for some ¢ < 11in (5.5). However
the estimate (5.2) needs to be replaced by (3.11)—(3.13).
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5.2 Stochastic tamed Navier-Stokes equations

In [51] the stochastic tamed Navier—Stokes equations with periodic boundary con-
ditions were considered. In [15] the problem was studied on R>. Both these papers
construct martingale solutions and prove pathwise uniqueness. Below we show that
one can argue more directly using our framework. We will consider the problem on
the full space, but the periodic case can be covered by the same method. Remarks
about the case of Dirichlet boundary conditions can be found in Remark 5.6.

On R3 consider the tamed Navier—Stokes equations with gradient noise:

du = [Au— (- Vyu — py(ul*)u — Vp]d
+3 o1 [(bn - VIu = VP + g u)]dw}',  onRY,

divu =0, on R3,
1(0) = ug on R3.

(5.6)

Here u := (uk)z:1 1 [0,00) x Q2 x R3 — R3 denotes the unknown velocity field,
P, Pn 1 [0, 00) x © x R® — R the unknown pressures,

3 3

T I S

j=1 j=1
The function ¢y : [0, c0) — [0, 00) is a smooth function such that
¢n(x) =0forx € [0,N], ¢opy(x) =x — Nforx > N+ 1and0 < ¢§v <2.

In the deterministic setting the motivation to study (5.6) comes from the fact if u is a
strong solution to the usual Navier—Stokes equations and ||u ”ioo (O.T)xRY = N, then
it is also a solution to (5.6) for N large enough. On the other hand, it is possible to

give conditions under which (5.6) has a unique global strong solution.

Assumption5.4 Let d = 3. Let b/ € Wh°(R%; ¢%) and set o'/ = ), bibj for
i, j €{1,2,3}, and suppose that a.e. on R} x € x R?

3 ..

Z o'gig; < |g* forall & e RY. (5.7)

i,j=1
Suppose that there exist M, § > 0 such that for all j € {1, 2,3} a.s. forallt € Ry,
157 (2, )l wr.co s, 2y < M.

The mapping g : Ry x @ xR xR3 — £2(N; R%) is P® B(R?) ® B(R?)-measurable.
Moreover, assume that for each t > 0, g(t, -) € C! (R3 X R3) and there exists C > 0

@ Springer



A. Agresti, M. Veraar

such that a.e. on Ry x € x R? and for all y, y’ € R3,

ligC,y) =8¢y + 11V, ¥) = Vg, Y2 < Cly = l, (5-8)
g, - OllL2w3;2) + IVEE, - Ol L2r3,2) = C, (5.9

where the gradient is taken with respect to (x, y) € R? x R3.

Note that, as in previous works on (5.6), our stochastic parabolicity condition (5.7)
is not optimal. This is due to the fact that the taming term —¢y (Ju|?)u needs to be
handled as well.

LetU = ¢2,V = H?, H = H! and V* = 1.2, where for k € {0, 1, 2} we set

H* = {u e H*R?* R?*) : divu =0in 2'(R*)} and L?:=HC.
Let

u,v)g = W, v);2+ Vu,Vu)2, u,veH,
(u,v) = (u,v);2 — (, Av)2 = (u,v — Av);2, ueV* veV.

Let P € L(H*(R3; R3)) be the Helmholtz projection, i.e. the orthogonal projection
onto H¥ for k € {0, 1,2}. After applying the Helmholtz projection, (5.6) can be
rewritten as (3.3) where

Au) = Agu — Fi(u) — Fa(u) := —PAu + P[(u - V)u] + Plgw (|u|*)u],
B(t,u), = (Bo(®uw)n + (G (1, u))n :=P[(by - VIul + Pgn(u). (5.10)

From Theorem 3.4 we will derive the following result.

Theorem 5.5 (Global well-posedness). Suppose that Assumption 5.4 holds. Then for
every u € L?% (2, HY, (5.6) has a unique global solution

u € C([0, 00); HY N L2 ([0, 00); H?) a.s.,

loc
and for every T > O there exists a constant Ct independent of uy such that
E|ullg +Elul < Cr(1+Elluol31 g3,)
C([0,TT;HY) L20,1;m2) = ~T 0l g1 (r3y/-

Finally, u depends continuously on the initial data uq in probability in the sense of
Theorem 3.8 with H = H' and V = H>.

Proof To economize the notation, we write L2 instead of L2(R3; R3 ) etc.
Step 1: Assumption 3.1(2) holds. Let ¢ > 0 be fixed. Then

(Agu, u) = (=Au,u — Au)pz > || Aullp, — llull 2]l Aull 2

> (1—e)|Aull7, — Cellull 2.
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Since [|P|| z(z2) < 1 and commutes with derivatives, for the Bo-part we can write

IBoull; <> Nl (bu - Vullzs + 1VI(by - VIulll?,.

n>1
By (5.7) the first summand satisfies
3
D ol Vol =y /J’"faiwa,-udx < IVul,.
n>1 i,j=1 R

The second summand is of second order term and satisfies

S IVIGn - Vull2s < Ce D || 19bal [Vul |72 + (1 + )T,

n>1 n>1

The C,-term is again of first order:

Ce D [IVBul 1Vul]72 < Cellbld10 g2, I Vutll 2

n>1
For the second order term 7>, by (5.7), we can write
3 3
T = Z / o' 9 0;uk8p0ut dx < Z / 19;8pu* | dx.
.. R3 . R3
i,j.k, =1 Jj.k, =1
For later purposes we note that this gives
IBo(z, Wz = C(A+ llullv).
On the other hand, by integration by parts (and approximation)
3 3
lAul?, = Z /R3 oputtut dx = Z ng 19;0;u*|* dx.
i,j k=1 jok=1
Therefore, collecting terms and choosing ¢ > 0 small enough we obtain that

1+¢ —2¢

(Aou, u) — TmBoum%, > lully — Ce.s5pllully (5.11)

Step 2: Fy, Fy and G in (5.10) satisfy Assumption 3.1. Foru, v € V with |lullg <n
and ||v||g < n, we have

IF1() = Fi)llvs < [l - Viu — (v - V)vll2
< - V) =)z + 1w —v) - V)vllpe.
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< llullp2 V@ = v)lipis + llu = vl g2l Vol piys

< (||u v 5 u-—v
= IIH%2+|I IIH;,Z)II IIH;Z,

where we used Holder’s inequality with % = % + %, and Sobolev embedding with
5_3 3

3 5 3 : 5
I—5=—13 andz—jzl—g.Settmgﬁl = 3z we find that

[F1() = Fr)llvs < (lullg, + llullp)lle —vlig, -

Therefore, we can set p; = 1 and thus the required condition in Assumption 3.1 since
21 <1+ ﬁ
For F> note that for u, v € V with ||u||g < n and |Jv||g < n we have

| Fa(u) — Fa(@)llve < (@n (ul®) — oy (vI*Dull 2 + lon (vI*) @ — v)| 2

<21 (Jul? = [vP)ull 2 + 200w — v) 2

< 4ul® + 1)@ = )| 2
@)
< A(lulFs + I0l7 ) llu — vl 6

@)

< C(lully + ol = vig

< 20°Cllu — vl 4.
where we used Holder’s inequality in (i), and Sobolev embedding in (ii). Thus F;
satisfies the required condition in Assumption 3.1 with any 8, € (%, 1) and p, = 0,

so in particular we could take 8, = B and py = p; as before.
For G letu, v € V with |lu||g < n and ||v||y < n, and note that

+10xg(r, -, u) — xg(t, -, V) 123
H118yg (1. - u) Vit — Byg(t, -, V)V 25
By (5.8) the first two terms can be estimated by Lg|lu — v||;2r3). Concerning the last
term we note that by (5.8)
0yg(t, -, u)Vu — dyg(t, -, )V 12
= ||ayg(t, ) M)(VM - Vv)”[,2 + ”(ayg(ts ) M) - 8yg(t7 ) U))VU||L2
< LllVu = Vol 2 + Ly llu — vl [ Vol 2
E C}’l”u - UI|,33’

where in the last step we used || Vv|| ;2 < n and Sobolev embedding with 83 € (3/4, 1).
Similarly, by using (5.9), one can check

NG e < NG, u) = GE, 0llz +I1GE. 0O)llg < Clullzg +1D.  (5.12)
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Step 3: (3.8) holds. By (5.11), (5.12), and the elementary estimate (x + y)? <
(1 4+ &)x? + C,y?, it is enough to show that

1
(F(u),u) < Z||u||2V+M(||u||%,+1>. (5.13)

Recall that F| and F; are as in (5.10). For F; we have

L 2 o2 2 2
(Fir(u), u) < llullvlFi@) v+ < 4IlullerllF1(u)|Iw < 4||M||v+ - |lul“|Vul|” dx.

For F», using that ¢ (x) > x — N for all x > 0 gives
(Fo(u), u) = —(u, pn (|u|*)u)

—/ |u|2¢N<|u|2>dx+/ - Alu gy (lul®)]dx
R3 R3

—/ |u|2¢N<|u|2>dx—/ VuPy (ul?) dx
]R3 ]R3

—2/ ||| Vu* ¢y (Ju?) dx
R3

IA

—/ [Vu|*>(lu)*> = N)dx
R3

where we used that ¢ (x) = x — N for x > N + 1. Combining the estimates for F
and F,, we obtain (5.13). It remains to apply Theorems 3.4 and 3.8. O

Remark 5.6 One can also try to consider Dirichlet boundary conditions. When work-
ing with unweighted function spaces, this leads to serious difficulties as the noise
needs to map into the right function spaces with boundary conditions (after apply-
ing the Helmholtz projection), which leads to strange assumptions. Moreover, the
Helmholtz does not commute with the differential operators, which make the analysis
more involved. Also the spaces are more involved since for V one needs to take the
divergence free subspace of H>(0) N HO1 (O) and for H the divergence free subspace
of H(} (O). In that way V* can be identified with the divergence free subspace of
L%(0). Note that the divergence free subspace of C2°(0) is not dense in V, and the
dual (with respect to H) of the closure of the later space of test functions is not the
divergence free subspace of L?(O) (cf. Example 2.2).

Remark 5.7 By estimating the F)| term as
(u, Fi(w)) < (1 —8)|lull} +%[ |u|?|Vu|* dx
’ - V'l 41 =6) Jgs ’

for suitable § € (0, 1), and strengthening the stochastic parabolicity condition (5.7),
one can also consider g with quadratic growth in the y-variable (see Sect. 5.4 for a
related situation).
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Remqu 5.8 In Assumption 5.4, the condition bl e WhoR3, 62) can be weakened
to b/ € WO (RY; %) + W3 (R3; ¢2) for some § > 0. The reader is referred to
the proof of Theorem 5.17 below for details.

5.3 Stochastic second order equations

Below we consider a second order problem with a gradient noise term, and nonlin-
earities f and g which does not need to be of linear growth. These type of equations
have been considered in many previous works, and below we merely indicate how far
one can get using our improved variational framework. In particular, with our tech-
niques one can extend the class of examples in [41, Example 5.1.8] in several ways.
We will only deal with the weak setting (see Example 2.1). The strong setting (see
Example 2.2) will be considered in Sects. 5.4 and 5.5 to treat the Allen—Cahn equation
for d € {2, 3, 4} and a quasi-linear problem for d = 1.
On an open and bounded domain O C R4, we consider

du = [div(a - Vu) + £, u) + div(f (-, u)]dr

+ anl [(bn “Vu + gn(, U)] dwtn, on O,
u=0, on 30, .14
u(0) = uo, on O,

where (w}' : t > 0),>1 are independent standard Brownian motions.

Assumption 5.9 Suppose that

[0.3] ifd=1, ,
o1 € [0,2) ifd =2, and pp, 03 € [O, 3],
[0.4] ifa=3,

and

(D) alk Ry x Q2x O — Rand b/ := (bﬁ)nzl TRy xQ2x 0 — 22 are
P ® B(T?)-measurable and uniformly bounded.
(2) There exists v > 0 such that a.e.on Ry x Q x O,

d
: 1 ,
(a”k(t,x) — 3 Dbl o, x))sjsk > vjg)> forall £ € RY.
Jj.k=1 n>1
(3) The mappings f : Ry x Q x O xR - R, f : Ry x 2 x O x R — R? and

g =(@gn>1 1Ry xQ2xOxR— 22, are P ® B(O) ® B(R)-measurable, and
there is a constant C such that a.e.on Ry x @ x O and y € R,

FCoy) = FE S CA+ Iy + 1Y 1))y = Y.
1FCoy) = FCDI < CA+ Iy + 1Y 1)y — '],
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g, ¥) —8C, )2 < CA+[yI” + 1Y 1)y — 'l
I£Co < O+ [y,
IFCol < A+ [y,
IgC iz < C(L+ [yhPH.

(4) There exist M, C > 0 and n > O suchthata.e.in Ry x Qforallu € C°(0O)

@Vu, Vu) 20 + (FCow), Vi) 20y — (F G u), u) 20y
— G+ YNV + gl 01720y = OIVEIT2 ) = Ml ]2, — C-

n>1

Condition (4) is technical, but can be seen as a direct translation of the coercivity
condition (3.8). Simpler sufficient conditions will be give in Examples 5.13 and 5.15
below. Moreover, some simplification will also be discussed in Lemma 5.12.

In order to formulate (5.14) as (3.3) we set U = ¢2, H = L%>(0), V = HO1 0)
and V* = H~1(0). Note that for 8 € [1/2, 1), Vg = [V, V*]g — H*71(O) (see
Example 2.1).

Let Ag: Ry x Q — L(V,V* and By : Ry x @ — L(V, Lo(U, H)) are given
by

Ao(t)u = div(a(t, -) - Vu),
(Bo(®)u)n = (bn(t,+) - Vu.

Let F = F1+ Fo,where FI,Fb :Ry xQxV - V*and G : R xQxV —>
Lo(U, H) be given by

Fi(t,u)(x) = f(t,x,u(x)),  F(t,u)(x) = div[f(, x, u(x))],
(G(t, u))n(x) = gn(t, x, u(x)).

We say that u is a solution to (5.14) if u is a solution to (3.3) with the above definitions.

In order to prove global well-posedness we check the conditions of Theorem 3.4.
It is standard to check that Assumption 3.1(1)—(2) are satisfied. To check (3) we only
consider the local Lipschitz estimates, since the growth conditions can be checked in
the same way. Note that for 7 we have

NF1(t, u) — Fi(t, v)|lyx

SIFI(t, u) — Fi(t, v) o) (by Sobolev embedding)
S+ [u]® + [P — V)| (by Assumption 5.9)
S (14 ul il,<p1+1)(0) =+ ||v| ‘L)l,(plm(o))nu — vllLy(lern(o) (by Holder’s inequality)
S+ IIMIIZi + IIUIIZi)Ilu — vl (by Sobolev embedding).
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First let d > 3. In the first Sobolev embedding we choose r € (1 oo) such that

- - 5 4 The second Sobolev embedding requires 2,31 — 1 — 2 > r(pld—+1) =

-
o +1 and hence

_p1+1 2(p1+1) In Assumption 3.1(3), we need 28] <

d 1 d - 1
2 pi+1 20+ " o+ 10

The latter is equivalent to p; < %. If d = 1, then we can take » = 1, and this leads to

3

1
<21 <14 —0,
2 pr+1 b= o1+ 1’

which holds if p; < 3.Ifd = 2, we can take r = 1 + § for any § > 0, and this leads

to p1 < 2. In all cases we can take 281 =1 + p11+1

To prove the estimates for f we argue similarly:

| F2(t, u) — Fa(t, v)|lv+

S w) = f 0o

SNA A+ [ul? + [P — V)l 20 (by Assumption 5.9)
S A+ ||u||L2(p2+,)(O) + ||v||L2(p2+1)<0))||u—v||L2<p2+l)(O) (by Holder’s inequality)
S A+ ullg + vl e — vlig, (by Sobolev embedding).

In the Sobolev embedding we need 28, — 1 — d > In Assumption 3.1(3),

T 2(;m+D) +1)
the condition 23, < 1 + o 7 leadsto pp < 5 Moreover we can consider the critical

case 2P =1+ — p2+
To prove the estimates for G we argue similarly:

G, u) — G, v)ll20.2)
S+l + ol @ = D)l 2o, (by Assumption >.5)
S A4 1l Py iy + 101 30500 ) 1 = Vil 2030 ) (by Holder’s inequality)

S A+ ullg + llig)lu = vlg (by Sobolev embedding).

As before we need 283 — 1 — %

265 =1+ 1.
Finally we note that the coercivity condition (3.8) coincides with Assump-
tion 5.9(4). Therefore, Theorem 3.4 gives the following:

d 2
> T and p3 < 5 Moreover, we can take
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Theorem 5.10 (Global well-posedness). Suppose that Assumption 5.9 holds. Let ug €
L?%(Q; L%(0)). Then (5.14) has a unique global solution

u € C([0, 00); L*(0)) N LE ([0, 00); Hy (0)) a.s. (5.15)
and for every T > 0 there is a constant Ct independent of uq such that

2 2 2
]E”u”C([O,T];LZ(O)) + E”””L2(0,T;H0‘(O)) S CT(l + E””OHLZ(O)) (516)

Moreover, u depends continuously on the initial data uq in probability in the sense of
Theorem 3.8 with H = L*(O) and V = HJ (O).

Remark 5.11 If Assumption 5.9 holds with n = 0, then a version of Theorem 5.10 still
holds, but with (5.16) replaced by (3.11), (3.12), and (3.13). Indeed, instead one can
apply Theorem 3.5.

In the next lemma we further simplify some of the terms appearing in Assump-
tion 5.9(4) in special cases.

Lemma 5.12 Suppose that Assumption 5.9 holds. Suppose that f and g only depends
on (t,w,y), and b only depends on (t,x,w) and additionally div(b) = 0 in
distributional sense. Then for al u € C2°(O)

() (fCow), Vi) 20y = 0;

@) (b - V)it g 1) 120y = 0.

Therefore, Assumption 5.9(4) holds if there exist M, C > 0 and n > 0 such that a.e.
inRy x Qforally e R,

FCE. )+ G +mIgC I < My +C. (5.17)

Proof By extending u as zero we may assume that O is an open ball. In particular,
this gives that O is a smooth domain.
(1): Let

F(t,y) = /0 fa,yhdy, yeR.

Since ? is continuous, by the chain rule we obtain that for u € C2°(O)
div[Fu(x)] = fux) - Vu
By the divergence theorem and the fact that u = 0 on d O, we obtain
f Ffu(x)) - Vudx = / dive [F(u(x))]dx = / Fu(x))-n(x)dS(x) = 0.
(@] @] a0
Therefore the stated result follows.
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(2): We use a similar idea. Set
y
Gnl(t, y) ::/(; gn(t, y/)d)’/» yeR.

Then the chain rule gives that
O, [Gn (o x, u(x))] = gn (-, x, u(x))d;u(x).

Integrating by parts and arguing as before, we find that ((b,, - V)u, g, (-, u)) 12(0) can
be written as

/ B - 1 G (-, u(x)) dS(x) — / div(b)Gn (- 1(x)) dx = 0
30 (@)

where in the last equality we used div b, = 0 that G, (-, u(x))|30 = 0 as u|zo = 0
and G(-,0) = 0.
For the final assertion note that by (1) and (2), Assumption 5.9(4) becomes

@V, Vi) 120y = (3 + W Ba - VIl 20,2,

— (fCw W) = G+mIgE W00 = 01Vull72 o) = Mlulfa e, = C-
By Assumption 5.9 for  small enough we can find 6 > 0 such that
(@Vu, Vi) 20y — 5+ DIl - Vull20:2) = 01Vl 12(0)-
Thus it remains to check
—(fCw w20y = G +mIEC 07202 = ~Mllul7 0, — C-
The latter follows from (5.17). O

Next we specialize to the setting of the generalized Burgers equation of [41, Exam-
ple 5.1.8]. It turns out that our setting leads to more flexibility under the mild restriction
that the nonlinearities are locally Lipschitz with some polynomial growth estimate on
the constants. Basically the natural restriction in our setting is given in (5.19) below
which says that yf(y) < M(1 + |y|%) which is weaker than the usual one-sided Lip-
schitz condition used for the local monotonicity. Moreover, we can allow a gradient
noise term. Further comparison can be found in Remark 5.14 below. For convenience
we only consider coefficients which are independent of (¢, w, x), but in principle this
is not needed.

Example 5.13 Letd > 1 and let O be a bounded C I_domain. Consider the problem

du = [Au+ f @)+ div(f@)]dt + Y= [(bn - VI + ga ()] dw), on O,

u=~0 on 00,
u(0) = uog, on O.
(5.18)
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Table 1 Our setting p;;

variational setting p; d=1 d=2 d=3
P1 3 <2 %
Pl 2 <2 %
p2 2 1 2
02 2 0 0

Here (b,)n>1 are real numbers such that stochastic parabolicity condition holds:
1 2
0:=1- EH(bn)nzl”gz > 0.

For the nonlinearities we assume that there is a constant C > 0 such that

lF) = FONI S CA+ Iy + Y1)y = ¥l
IF) = FONI < CA+ [y + Y1)y =Yl
|fO)] < C+ [y,
IO < 1+ [y,
lg(») — gl < Cly =yl
I(gn (Mnz1llez < C(L+ [y,

where p; € [0,min{3,3}]if d # 2, py € [0,2) if d = 2, and p, € (0, 3] (cf.
Assumption 5.9). Suppose that the following dissipativity condition holds: there is an
M > 0 such that

) < MA + |yP). (5.19)

In particular, if 4 € {1, 2}, Burgers type nonlinearities are included: take f(y) = y?.
Moreover, if d = 1, Allen—Cahn type nonlinearities such as f(y) = y — y3 are
included as well (see Sect.5.4 ford € {2, 3, 4}).

One can check that Assumption 5.9 is satisfied (see Lemma 5.12). Thus Theo-
rem 5.10 implies that for every ug € L%ZO (2; L*(0)), there exists a unique global
solution u to (5.18) which satisfies (5.15) and (5.16).

Remark 5.14 For comparison let us note that the usual local monotonicity condition
would require b = 0, and the more restrictive one-sided Lipschitz estimate

FO) = FONG =) =CA+ Y1)y —Y), x.yeR.
Note that setting y’ = 0, the latter implies (5. 19). Concerning the growth rate at infinity
of order | - |?*! in our setting and say the | - |% ! in the classical variational setting

(see [41, Example 5.1.8]), we make a comparison in Table 1. In particular, in d = 2
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the Burgers equation is included in our setting, but not in the classical variational
framework.

The coercivity condition of Assumption 5.9(4) can be seen as a combined dissi-
pativity condition on the nonlinearities f and g: better f gives less restrictions on
g. Below, we give an explicit case in which it applies, where for simplicity we take

f=0andb, =0.

Example 5.15 Let d > 1 and suppose that p € [0, min{%, 3}1ifd # 2 and p € [0, 2)
if d = 2. Let A > 0. Consider the problem

du = [Au—k|u|pu]dt+2nzl gn(w)dw?, onO,
u=20 on 00, (5.20)
u(0) = uo, on O.

Let f(y) = —A|u|”u, and suppose g : R — ¢2 is such that for some 7, C > 0

18 — g% < CA+ 1y + Y1)y — I,
G+ IgWI% < CA+[y*) + Aly[*T2, (5.21)

where y, y' € R. Then Theorem 5.10 implies that (5.20) has a unique global solution
u asin (5.15) and (5.16) holds. Indeed, Assumptions 5.9(1),(2),(3) are clearly satisfied
with p; = p and p3 = p/2. For (4) it remains to note that one has, a.e.on Ry x 2 x O,

—G+m Y 1gn P = yf(y) = =C(1 +|y[*), and forall y € R.

n>1

In case n = 0, one can use Remark 5.11 to obtain well-posedness. Here something
special occurs in the case d = 1 and p € (2, 3]. In the latter case, (5.21) can be
replaced by: there exists a C > 0 such that

lgMIIZ < C+ Iy1» + Clyl*.

5.4 Stochastic Allen-Cahn equation

The Allen—Cahn equation is one of the well-known reaction—diffusion equations of
mathematical physics, and it is used to describe phase transition processes. It is consid-
ered by many authors (see for instance [52, 57]). Quite often it is considered without
gradient noise, but it seems natural to add (see the discussion in [9, Section 1.3]).
Here we consider the following stochastic Allen—Cahn equation with transport
noise on T¢:
{ du = (Au+u—u?)dt + 3,0 [(by - VIu+ gu(,u)]dw), on TZ, (522)
u(0) = uo, on T¢.
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The arguments below also apply if the term u — > is replaced by a more general non-

linearity f(u) which behaves like u — u>. See Remark 5.20 for some comments. The
main novelty in our result is that we can consider gradient noise and a quadratic diffu-
sion term g, and that the equations fits into our variational framework for dimensions
d <4

Table 1 in Remark 5.14 shows that (5.22) cannot be considered in the weak setting
(i.e. H= L%V = H' and p; = 2)ifd > 2. In the current section we show that one
can treat the stochastic Allen—Cahn equation for 2 < d < 4 by considering the strong
setting instead (i.e. V = H? and H = H'). In this setting local monotonicity does
not holds, but fortunately local Lipschitz estimates are satisfied.

Assumption 5.16 Letb/ = (b}),=1 : Ry x @x T4 xR — ¢2forj € {1,...,d},and
g2 = (g)n=1 : Ry x QxXT xR — £2 be PRB(TY)- and PRB(TY) ® B(R)-measurable
maps, respectively. Assume that

(1) Suppose that there exist v € (0, 2) such that a.e. on R4 x @ x T,

d
D0 bibi&ig < vl forall& e R

n>1i,j=1
(2) There exist M, § > O such that forall j € {1,...,d} as.forallt € Ry,
157 (2, Yl wrass a2y < M.

(3) the mapping (x, y) — g(-, x, y) is CHT¢ x R) a.e. on Ry x Q.
(4) There exists C > 0 such that a.e. on Ry x © x T4 and for all v,y €R,

IVeg G2 + 1gCo Wl < CA + [y,
Vg, ¥) = VegCo ¥ 2 + 112G y) — gy )2 < CAFIYIHIY DIy =1,
10y (-, Wz < C(A + |y]),
[9yg (-, ¥) — dyg (-, ¥)lle2 < Cly — ¥'I.

(5) There exist C, n, 0 > 0 such that for all v € COO(Td) and a.e. on R} x €,

| 2 4 21w, 2
(§+77)Z||(bn'V)U+gn('av)”Hl = /Td(lvl + 3|v[[Vv[7) dx

n>1

+(1 - 9)/ |Av[?dx+C(vli3, + D.
Td
Some remarks on Assumption 5.16 may be in order. (2) and the Sobolev embedding
H1-A4+3 2y s [%°(¢2) show that || b* || Loo(2) < M. The quadratic growth assumption

on g is optimal from a scaling point of view [9, Section 1]. (5) is equivalent to the
coercivity condition (3.10). Note that the conditions (4) and (5) are compatible as the
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RHS of the estimate in (5) allows for quadratic growth of g. To check (5) it is also
convenient to use that

Z/ |8/2-’kv|2dx=/ |[Av|?dx  forall v e H*(TY). (5.23)
Tr=1 'ﬂ‘d Td

The above follows by approximation by smooth functions, and integration by part
arguments.

As remarked above, Assumption 5.16(5) allows g with quadratic growth. In special
cases, one can even obtain explicit description of constants. For instance, if » = 0 and
g is x-independent, then one can check that (5) holds if

G+ nlgWI% < Iy*+C and &+ n)lldygWI% < 3lyP +C.
The main result of this subsection reads as follows.

Theorem 5.17 (Global well-posedness). Let2 < d < 4. Suppose that Assumption5.16
holds. Let ug € Loyo (S H! (Td)). Then (5.22) has a unique global solution

u € C([0, 00); H'(TY) N L2 ([0, 00); H>(T?)) a.s.

loc

Moreover, for all T € (0, 00), there exists Ct > 0 independent of uy such that

T
E /0 () 1372 ¢gay 4t < Cr (1 + Ellutol1 10 (5.24)
B[ sup Jul oo, | = Cr(1+Elluol ). (5.25)
te[0,T1] HIT HIT

Finally, u depends continuously on the initial data uo in probability in the sense of
Theorem 3.8 with H = H'(T?) and V = H*(T9).

Remark 5.18 In case Assumption 5.16(5) holds with n = 0, the above theorem still
holds. However, the estimate (5.25) has to be replaced by the weaker bounds (3.11)—
(3.13) with H = H'(T9) and V = H?(T9). The proof is the same as below, but one
has to use Theorem 3.5 instead of Theorem 3.4.

As mentioned at the beginning of this subsection, the deterministic nonlinearity in
(5.22) does not satisfy the classical local monotonicity condition for stochastic evolu-
tion equations, and therefore there are difficulties in applying the classical framework
to obtain well-posedness for (5.22).

Proof As usual, we view (5.22) in the form (3.3) by setting U = ¢2, H = H'(T%),
V = H*(T¢) and, forv € V,

Agv = —Auv, Bov = ((bn - V)V)>1,
FG,)=v—0> G(,v) = (g, 0)ns1.
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As usual, H is endowed with the scalar product (f, g)g = de (fg+Vf-Vg)dx.
Therefore, V* = L?and (f, g) = de fg—(Af)gdx (cf. Example 2.2). In particular,

(Agv, v) =/ (IVu? + |Av)dx, v e H*(TY). (5.26)
']I‘d

The claim of Theorem 5.17 follows from Theorem 3.4 provided we check the
assumptions. Note that (3.8) follows from Assumption 5.16(5). It remains to check
Assumption 3.1. To begin we check Assumption 3.1(2). In the proof below we write
-l p2epay = I - | 2y e2: L2¢rayy = Il - [l L2¢pd. g2y Note that forall v € V and & > 0,

1 2
E |||VBOU|”L2(’]I‘d)

d d
I+e a2 1 2 2
= > ZZ[W Zb{laj,kv) dx+C€m?x/Td VD! 17,V v]* dx
n>1 k=1 j=1
@) v " 0 i 5
< (+e)37 ; /T 197 01 dx o+ Comax VB vs g2y | VOl e
Jok=1

@) v 2 2 2
=< (1 + S)EHAUHLZ(']IVI) + Cé‘M ”Vv”Lr(Td)‘

In (i) we used Assumption 5.16(1) for the first term, and Holder’s for the second term
with exponents ﬁ + % = % (where § is as in Assumption 5.16(2)). In (ii) we used
(5.23) and Assumption 5.16((2)).

Since r € (2, dez), there exists i € (0, 1) such that H*(T¢) — L"(T%) by
Sobolev embedding. Thus by standard interpolation inequalities, for every y > 0

IVOI1Z, iy < CollVOI pay < I AVIT 200y + Cl VU200

Thus, by choosing © > 0 small enough we obtain

1 v
SIVBovIIZ: < (1 +26) 1AV sy + Cen M2l

T) Td)*

Since H4+3(T4) — [°(T9), we also have |||Bov|||i2 < CM2||v||§11. Therefore,
choosing ¢ > O such that6 :=1— (1 + 25)% > 0, (5.26) give

1
(Aov, v) = SV Bovll i ray 2 Ol AVIZ2 sy — CLMP 0111

By (5.23), this implies Assumption 3.1(2).
Finally, we check Assumption 3.1(3). For u, v € V note that

IF (G u) = FCoo)lle S I+ uf® + o) u — vl 2 (5.27)
S A+ lulls + vl llu — vlizs
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S+ Nullg, + ol N — vllg,

where ) = % and we used that H*#(T?) < L%(T¢) since d < 4. Setting mp = 1
and p; = 2, the condition (3.4) follows for j = 1.

To estimate G, first observe that for all u, v € H?(T¢) by Holder’s inequality and
Sobolev embedding (using d < 4), for k € {0, 1},

0%l 101 20y < Nl gy 10l scray S el gazgray W0l gaacpay-— (5.28)

Note that for u, v € H*(T9)

d
G @) = GO ey < 8@ = 8 agpagry + D 118w = gWINF 2. 2,
j=1

Assumption 5.16(5) and (5.28) imply that

llg) — gl z2(a;e2y S N1+ [ul + vl — V)l L2(1a)

S (l + ||u||H3/2(Td) + ||U||H3/2(Td))||u — U“HS/Z(Td).

For the derivative term we can write

19[g () — g(W)Ill2 = [10x; () — 0x;8(W) 2 + 118y g () dju — 8y g (V) vl|e2.

By Assumption 5.16(5), the first term can be estimated as before. For the second term
Assumption 5.16(5) gives

10yg(u)dju — dyg(v)djvll2 < 19ygu)(dju — djv)|lp2 + [[(Dyg(u) — 3yg(v)d; vl
S A+ JuDlu — vl + (1 +0;v)|u —vl.

Therefore, taking L2(T%)-norms and applying (5.28) we find that

10yg(u)dju — dyg(v)d;vllL2(rd, ¢2y <+ el g3z epay + 0l g3z eray) lu — vl g3s2 (pay -

The growth estimate can be proved in a similar way, and thus Assumption 3.1(2) holds
withmg =1, 00 =1 and B = %, where we note that (3.4) holds for j = 2 O

Example 5.19 Suppose that g, (-, v) = (y,,vz)nzl where ¥y = (Vu)n>1 € £2. For
convenience we set b, = 0. It is immediate to see that Assumption 5.16(4) holds. One
can readily check that Assumption 5.16(5) is satisfied with n > O if ||y ||?2 < % and

it is satisfied with n = 0 if ||y ||§2 = % (see Remark 5.18).

Remark 5.20 As in the previous subsections, we may replace the nonlinearity u — u3

by a more general one f (u). Indeed, inspecting the above proof it is enough to assume
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that F(-, v) := f(-, v) satisfies (5.27) and that the term [, ([v|* + 3|v[*|Vv|?) dx on
the RHS in the condition of Assumption 5.16(5) is replaced by

—/ [f/@)|Vul* + f(uu]dx.

Td

Remark 5.21 (Kraichnan’s noise). In the study of fluid flows transport noise (b,, - V)u is
typically used to model turbulence, see e.g. [21, 23, 35, 44]. In Kraichnan’s theory, it is
important to choose b as rough as possible. In this respect, Assumption 5.16(2) allows
us to cover only regular Kraichnan’s noise (see e.g. [26, Section 5] and the references
therein). For the irregular case (e.g. b € C* (%) for & > 0 small), Theorem 5.17 cannot
be applied. However, by using L?-theory one can show that global well-posedness for
(5.22) still holds, see [8].

5.5 A stochastic quasi-linear second order equation

In this section we give a toy example of a quasi-linear SPDE in one dimension to
which our setting applies. Due to the quasi-linear structure we are forced to work with
the strong setting V = H? and H = H', since we need H < L. In case one would
use L9-theory, then one can actually handle higher dimensions, since the Sobolev
embeddings theorems become better for ¢ large. However, L4-theory is outside the
scope of the current paper.
On R consider the problem:
du = [a@u” + f@)]dt + 3, [ba@@u’ + gn(w)]dw?, onR, 520
u(0) = ug, B onR, 2

Assumption 5.22 Suppose thata : R — R, h: R — 2, f : R — Rand g : R — ¢?
are mappings for which there exist @ > 0, C > O such that forall x, y € R

1
ay) =53 1P =0, bgeC'® ),

n>1

a,b, b, f, g, g arelocally Lipschitz, and £(0) =0, g(0) = 0.

It is also possible to consider (¢, w) and space-dependent coefficients (a, b, f, g).
In that case the conditions f(0) = 0 and g(0) = 0 can be weakened to an integrability
condition.

In order to reformulate (5.29) as (3.3), we need some smoothness in the space H
in order to deal with the quasi-linear terms. Therefore, let U = 2. H=H 1(R),
V = H*(R) and V* = L?(R). Here we use (u, v)g = (u, v);2 + (', v');2 and for
the duality between V* and V we set (u, v) = (u, v);2 — (u, v") 2.

In order to prove local existence and uniqueness we reformulate (5.29) in the form
(3.3). Let

Apg(w)v = —a()u”, Bo)u =b)u', Fu) = fw), Gu) = (g u))n=1.
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and set A(u) = Ag(u)u — F(u), and B(u) = Bo(u)u + G (). For local existence and
uniqueness, it remains to check that Assumption 3.1 holds.
The following estimates will be used below:

lulle, = Kllullgr,  llullps = Kllull gs. (5.30)

Assumption 3.1(1) is simple to verify. To check condition Assumption 3.1(2) note that
forall u € H with ||u||p <mandv eV,

1
(Ao(u)v, v) — §|||Bo<u>v|||%,

= —(@@v", v)p2 + @@, v") 2 — % D B @Y 1172 + 15a)V'117

n>1
_ 1 27..17 "
= ([at = 5 X" 1ba@P]" 0") |, — R
n>1
> 0llvl} —6lvll3 — R, (5.31)

where, by Assumption 5.22, for all ¢ > 0 the rest term R satisfies

" 1 / r./ / 1.7 4 /
R = (@@)v", vz + 5 3 (157, 0u'v' 7 + (B, u'v', by v") 2 + 1ba )0 I72)

n>1
2 2
= Cullvilviivilv: + llvlly + vllalviiv + Tvllg)

2 2
<elvlly + Cemllvlly-

In the above we used (5.30) and ||u||y < m. Taking ¢ € (0, ), Assumption 3.1(2)
follows.

To check Assumption 3.1(3) let u, v € V be such that |u| g, |[v]|lg < m and
w € V. Then, by (5.30) and Assumption 5.22,

[Ao()w — Ag()wllv+ = l[(a() — a@)w”| 2
< lla(u) —a)||L=|lwllv
Smllu —vlizelwlly Sm Kllu —vlialwlly.

The growth estimate is proved in the same way. Analogously,

IBow)yw — Bo()wlly < [1(bw) — b@)IWll 22y + [[(BW) = bW [l 22
< N@ @) = b nu'w'll 22y + 16 @) (" = 0wl 22
+ 1B @) = bNW |22 + 1(BU) = bNW || 22
Son N = wllzee 'l 21wl oo + Nl = 0l 2 w2
+ llu = vliLoo (w2 + fw'll2)

Smllu—vlalwlly.
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The growth estimate is similar. To estimate F note that for all u,v € V with
lullg, lvllg <m

IF@) = F)llvs < Crmllu —vlre < Cullu —vla,

where we used (5.30). The required growth estimate follows as well since F(0) = 0.
Finally, as for the By-term, for G we can write

IG@) = GW)llu < llgw) — gW)ll 22y + 18" @u" — &' W)V [l 22y

The first term is clearly <, |lu — vl 2 by (5.30). From the latter inequality and
Assumption 5.22, the second term can be estimated as

g’ (wyu’ — 8/(U)U/||L2(52) < g’ @' — U/)”LZ(ZZ) + l1(g" () — g/(v))u/IILz(gz)
S " = V'l 2 + llu = vllzellu’ll 2

Sm llu—vla.

Again, the growth estimate follows by the above as G(0) = 0 due to Assumption 5.22.
From the above and Theorem 3.3 we obtain the following result.

Theorem 5.23 (Local existence, uniqueness and blow-up criterion). Suppose Assump-
tion 5.22 holds. Let ug € L?% (2 H'(R)). Then there exists a (unique) maximal

solution (u, o) of (5.29) such that u € C ([0, 0); H'(R)) N L ([0, 0); H*(R)) a.s.
Moreover,

o
P(o < 00, Ssup ||u(t)||i[1(R) ~|—/ ||u(t)||i[2(R) dr < oo) =0.
1€[0,0) 0

The next condition will ensure global well-posedness.

Assumption 5.24 Suppose that b(u) is constant in u, f € C L(R) and there exists
C > 0 such that

la)| <C, xf(x) <C(x*+1), f(x)<C and [Ig®),2<C xeR
We do not know if the assumption on b can be avoided. As the proof below shows,
Assumption 5.24 can be weakened to a joint condition on (a, b, f, g), cf. Assump-

tion 5.16(5) for a similar situation. Note that the condition on f holds for the important
class of functions of the form

fx) = —clx"x + ¢ (x),

where ¢, h > 0, and ¢ € C'(R) is such that ¢ (x) < C(1 + |x|"t17%) and ¢’ (x) <
C(1 + |x|"=%) for some C > 0and § € (0, h).
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Theorem 5.25 (Global well-posedness). Suppose that Assumptions 5.22 and 5.24
hold. Let ug € Lg,zo (2; HY(R)). Then (5.29) has a unique global solution

u € C([0,00): H'(R)) N L2 ([0, 00); H*(R)) a.s.

loc

and for every T > 0 there exists a constant Ct independent of ug such that

2 2 2
E”””C([O,T];HI(R)) + E”“”LZ(O,T;HZ(R)) S CT(l + E”MOHHI(]R))

Finally, u depends continuously on the initial data uq in probability in the sense of
Theorem 3.8 with H = H'(R) and V = H%(R).

Proof By Theorem 3.4 it remains to check (3.8). Using that b is independent of u and
the boundedness of a, taking # = v in (5.31), one can check that R can be estimated
independently of m, and thus in the same way as before for 7 > 0 small enough

1
(Aoyv, v) = (5 + n)IBovlly, = 6'Ivlly — CLlvl.
Concerning the F-term we have

(F(v),v) = (f),v)2 — (f (), ") 2
= (f(), V)2 + (f ', v) 2
<C+ vl + Clv 2
< C(1L+ |vliz),

and for G-term itis suffices to note that [|G (v) ||z < C(1+||v| g) by Assumption 5.24
and G(0) = 0 (cf. Assumption 5.22). Putting the estimates together we see that

_ ¢ 2 _ _d 2
(v, A(t, v)) (2 +n)IB(, v)llg = (Ao(w)v, v) — (3 + Ml Bovlly

—(F(0),v) — (5 + DIGWIIF — (G(v), Bo(v))
>0'|vl} — C'(+I[vl3) — (1 +20)(G(v), Bo(v)).

By Cauchy-Schwarz’ inequality for the £, (U, H)-inner product we obtain that for

every § > 0, (G(v), Bo(v)) < || Bo(v)|||%1 + C5[|G (v) |3, and hence (3.8) follows.
For the continuous dependence it remains to apply Theorem 3.8. O

5.6 Stochastic Swift-Hohenberg equation

The stochastic Swift-Hohenberg equation has been studied by several authors using
different methods (see [22] and references therein).
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On an open bounded C2-domain ©® € R¥ consider

du = [—A%u —2A8u+ f(w)]dt + Y21 ga( u)dw}’, on O,
u=0, and Au=0, on 00, (5.32)
u(0) = uo, on O.

Unbounded domains could also be considered using a variation of the assumptions
below.

Assumption 5.26 Letd > 1, and

[0, "di‘] itd e {1,2,3),
pello2 = ifd=4,
0.5] ifazs.

Suppose that f € C'(R)and g : [0, 00) x 2 x O x R!T¥ — ¢2are P x O x B(R!*9)
and there exist constants C, n > 0 such that a.s. forallr € Ry, x € O, y,y € R,
7,7 eR?

IF) = FON < CA+ I+ 1Y)y =¥l
IOl = C+1y1P*h,
2 2
lg(t, x, y,2) —g(t, x, ', e < CA+ Y12 + 1Y)y =¥+ Clz = 2,
L /4
(gt x, ¥y, D=1l = CL+1y12 + YDA+ Iy + C(1 + Iz]),

FMy+G+mlgtt,x,y. 1% < CA+ Iy + 2.
The classical Swift-Hohenberg nonlinearity f(y) = cy — y> with p = 2 satisfies
the above condition in the physical dimensions d € {1, 2, 3}. Local monotonicity and

(1.4) hold if g has linear growth, but not in the case g has quadratic growth which we
also allow.

Theorem 5.27 (Global well-posedness). Suppose that Assumption 5.26 holds. Letug €
LOL% (2; L2(O)). Then (5.32) has a unique global solution

u € C([0, 00); L*(0)) N LE, ([0, 00); H*(O) N Hy (0)) a.s., (5.33)
and for every T > O there exists a constant Ct independent of uy such that
E”M ”é([O,T];Lz(O)) + E”u”iz(O,T;HZ(O)) =< CT(I + E”“O”%‘Z(O))-

Finally, u depends continuously on the initial data uq in probability in the sense of
Theorem 3.8 with H = L?(0) and V = H*(O) N H}(O).
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Proof We formulate (5.32) in the form (3.3). Let H = L2(O) and V = H2(O) N
Hj(O). Then by (3.1) for 6 € (0, 1) one has

Viw =[H, V] < [L*(O), H*(O)ls = H*(0),

2

where in the last step we used the smoothness of O and standard results on complex
or real interpolation.
Let A = Ag + F where, we define Ag € L(V,V*)and F : V — V* by

(Aou, v) = (Au, Av);2 +2(Vu, Vv) 2 and (F(u),v) = —(f (), v)2.
Let B = Bg+ G,where Bo =0and G : [0,00) x 2 x V — L,(U, H) is defined by
G(t, u)n(x) = gn(t, x, u(x), Vu(x)).

We check Assumption 3.1(2). By the smoothness and boundedness of O and stan-
dard elliptic theory for second order operators (see [27, Theorem 8.8]) there exist
6 > O such that forallu € V

{u, Aou) = | AulF2 ) = Ollully.

In order to check Assumption 3.1(3) we start with . We focus on the local Lipschitz
estimate, since the growth condition can be proved in the same way. One has

| F(u) = F(u)lly=

@)

S A [ul? 4+ [P = )l L o) (by Assumption 5.26)
S A lull e o T [ s o)l = vllren o) (by Holder’s inequality)
i)

o o .
< (1+ ”M||H4ﬁ1—2((9) + ||v”H4f’1—2((9))”u — v“H“ﬁl*Z(O) (by Sobolev embedding).

In the Sobolev embedding in (i) we need

d d
——>-2——and r €[1,2],
r 2
where r € (1, 2] if —% =-2- %. In the Sobolev embedding in (ii) we need
d d
48 -2 — - > ———— (5.34)
2 r(p+1)

By Assumption 3.1(3), we alsoneed 281 < 1+ p%. In order to have as much flexibility

1

as possible we take r small and set 28] = 1 + g
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For d > 5 taking r such that —%£ 2—— (5.34) leads to
2 d 2
———=4ﬂ1—2—i’z— 4 21
p+1 2 2 r(p+1) o+1 20p+1

which is equivalent to p < 5. Ford € {1, 2, 3} setting r = 1, (5.34) leads to

2 d d d
T =4 -2 ———
p+1 2 27 p+l

which is equivalent to p < ddﬂ. For d = 4, we can take r = 1 + &. The same
calculation leads to p < 2 by taking & > 0 small enough.
For G we have

G, u) — G, V2002
SNA+ [l 4+ 1P — v) 200 + VU = Vvl 20
< (U4 1] iz ) + 1017 iz o)l = vl os20) + Nl = wll g1

S+ ||u||H4ﬂ2 20) + ”U”H452 z(o))”“ - U||H4ﬁ2*2((9) + llu — vz,

where we used Sobolev embedding with 48, — 24 5 = —-5.Setting 2y = 1+ ——~ p2+1

with p» = p/2, the condition on B; is equivalent to p § J, which always holds. A

similar growth condition can be checked for |G (7, u) [ 2(0. 2y- Setting B3 = % and
p3 = 0, it follows that Assumption 3.1(3) holds.

In order to check the coercivity condition (3.8) it remains to note that the
assumptions give

(Aou, u) — (F(u),u) — (5 + MIGE, w2, = Ollully — CA+ llullF, + ||u||2%>
> 0llull} — C(1+ ull?),

where we used ||u||% < eéellully + Ce¢llull g for every e > O.
Now the required result follows from Theorem 3.4. O

Remark 5.28 A version of Theorem 5.27 also holds in the case n = 0 in Assump-
tion 5.26 and follows from Theorem 3.5 instead. However, the estimate for the

L%-moment in the maximal inequality has to be replaced by the weaker estimates
(3.11)—(3.13).
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Appendix A: A stochastic Gronwall lemma

In this appendix we present a stochastic variant of the classical Gronwall’s lemma. The
following is a variant of [28, Lemma 5.3] with tail estimates probability. The lemma
was already applied in the papers [1, 2]. Alternatively, one can often use the stochastic
Gronwall inequalities of [24, Theorem 4.1] and [43, Theorem 2.1].

Lemma A.1 (Stochastic Gronwall lemma). Lets > 0, and let T be a stopping time with
values in [s,00). Let X, Y, f : [s,7) x Q — [0, 00) are progressively measurable
processes such that a.s. X has increasing and continuous paths, a.s. Y € Llloc([s, 7)),
and a.s. f € L'(s, 7). Suppose that there exist constants n > 0 and C > 1 such that
for all stopping times s <A< A <t

A A
BXC)IE [ ¥(ar < CEXG1+m +E[x) +0) [ roar]
) A
(A.1)
whenever the right-hand side is finite. Then one has
X(t)+ /r Y(#)dt < o0 a.s, (A.2)

where we set X (1) = lim;4+; X (t). Moreover, for all y, R > 0

P(X(0) + / “Yydi= v) = ‘Ly—ce“CR@[X(on +m+P( / Cfydi» R).
(A.3)

The proof below shows that for (A.2) to hold, it is enough to prove (A.1) for all A
such that X (A) + fSA Y(¢)dr < K, where K is an arbitrary deterministic constant.

Remark A.2 e Choosing R(y) = 14;; Iny fore € (0, 1) and y large, (A.3) shows
that the tail probability of X(t) + f; Y (t) dt converges to 0 as y — oo in a
quantitative way.
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e Usually Gronwall’s inequality is formulated under the condition that

A A
BXIHE [ v dr = CEIXGI+m + 5[ [ o +nsaar]
A A

that is stronger than (A.1).

e Lemma A.l is very close to the deterministic result. Indeed, let X and f be deter-
ministicand Y =0,C = 1,7 = 0, and s = 0. Taking R := fot f(t)dr and (A.3)
gives

X (1) < 4Ce¥C Iy FO ) x ().

The latter would also follows from the standard Gronwall lemma with a more
precise bound on the constant.

Proof of Lemma A.1 Without loss of generality we can assume s = 0. Since
limpg_ o0 IP( for f(@)dr = R) = 0 by assumption, one can check that (A.2) follows
from (A.3) by first letting y — oo and then R — oo.

Hence, it remains to prove (A.3). First suppose that n = 0. We will prove the
following slightly stronger estimate with constant 2C:

T 2C T
IE”(X(I) +/ Y () dr > y) < 25 2CREX (0)] —HP’(/ F(0)de > R). (A4)
0 14 0
for all R, y > 0. To this end, fix y, R > 0 and let
t
TR :=inf{t el0,7): / f(s)ds > R], where inf @ :=1.
0
Then tg is a stopping time since f is progressive measurable. Note that

P(x(0)+ /0 Yadezy)
< IP(X(T)JFfOT Y(6)dr >y, /0 F(0)dr < R) —HP’(/OTf(t)dt > R)

< P(X(wp) + /0 Ydizy) +IP>(/Or f@dt = R),

where in the last inequality we used that T = T on { for f(t)dr < R}.Hence, to prove
(A.3), it remains to show that

ZCRE[X(0)] (A.5)

IED(X(IR)+/IR Y(t)dr > y) < e
0 14
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To this end we use (A.1). For each k > 1 define the stopping time jx by
t
Uy = inf {t e[0,tg) : X () —l—/ Y(s)ds > k} where inf @ := tp.
0

Then pi < tr and limg_ « x = Tg a.s. By the monotone convergence theorem it
suffices to prove (A.5) with tg replaced by k.

Fix k > 1. We define a suitable random partition of the interval [0, xx] on which
the integral of f is small. For this we recursively define the stopping times (A,;)n>0
by Ao = 0 and for each m > 1,

! 1
Am = inf {t € [Am—1, Mk] : / f(s)ds > 5} where inf @ := ug.
Am—1

Since [3* f(s)ds < [® f(s)ds < R a.s., we have Ay = p a.s. with M := [2R]
independent of k (where we set [n] :=n + 1 forn € N).
By the assumption (A.1) and the fact that f ;‘n;”il f(s)ds < %, we find that

Am 1
E[X(Am)] + E/ Y(s)ds < CE[X(Apm—1)] + EE[X()\m)]a

)\m—]
foreverym € {1, ..., M}. Since E[X (A;,)] < E[X (ur)] < k, the above gives
A‘ﬂl
E[X (Am)] + ]E/ Y(s),ds < 2CE[X (Am—1)]
Am—1

Iterating the latter (and using that C > 1) we find that

AM—1

AM
E[X(Ap)] + E/ Y(s)ds < 2CE[X(Am-1)] + ]E/ Y(s)ds
0 0

AM—2

QCYE[X ()] + E f Y (s) ds
0

IA

... < COME[X(0)]
< 2C2RMCOE[x(0)] < 2C*RCE[X(0)],

IA

where weused M < 2R+1andIn(2C) < C.Since Ay = i, Chebychev’s inequality
implies (A.S5) with tg replaced by wug. This completes the proof of (A.4).

If n > 0, then we can add n on both sides of (A.1) and replace C by 2C. It remains
to apply (A.4) to the pair (X + 1, Y). O
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