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Many industrial motion systems require performing a variety of tasks with high precision and safety. Iterative
learning control (ILC) is a method with convergent update laws, generally classified into: 1) parametrized learning
approach for achieving task-flexibility against varying tasks; or 2) signal-based learning approach which can achieve
perfect tracking-performance for repeating tasks. The aim of this study is to join the distinct ILC frameworks, achieving
all desirable properties in a single framework. Specifications on convergence, tracking-performance and task-flexibility
of the developed joint parametrized/signal-based ILC are theoretically derived, confirmed with experimental results on
a two-mass system.
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1. Introduction
Feedforward (FF) control in industrial motion systems are

crucial for achieving high-speed and high-tracking perfor-
mance. Especially, for high-precision mechatronics systems,
e.g., semiconductor lithography(1), machine tools(2), and
industrial robots(3), exceptionally accurate and reliable FF
control based on an accurate system model is essential(4)(5).

Iterative learning control (ILC)(6)–(8) is a data-based control
method applied to enhance the tracking-performance of sys-
tems with batch-wise repetitive operations. In ILC, without
requiring a specific accurate system model, an accurate FF in-
put is learned in a convergent manner utilizing data from past
experiments. Compared to adaptive control schemes(9) and
feedback controller optimization methods(10), ILC offers the
advantages of generally more relaxed convergence conditions
and overcome performance limitations imposed by Bode’s
integral theorem. However, its applicability is fundamentally
restricted to systems only performing batch-wise repetitive
operations.

ILC can be classified into two categories; parametrized
or signal-based FF input learning. The concept of a
parametrized and signal-based FF input is illustrated in
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Fig. 1. Concept of learning for parametrized and signal-
based FF input

Fig. 1. Typically in parametrized ILC frameworks such as
basis function ILC (B-ILC)(11)(12), the parameters associated
with the physical properties of the system (e.g., velocity,
acceleration, snap) are learned and combined linearly to con-
struct a FF input. This leads to parametrized ILC frameworks
having high task-flexibility against trial-varying references.
However, typically due to the learned parameters only being
sufficient (and not perfect) to represent the entire dynamics of
the system, perfect-tracking cannot be achieved. In contrast,
in signal-based ILC frameworks such as frequency-domain
ILC (F-ILC)(13)–(15), the FF input is constructed directly
applying the filtered error result obtained from the previous
test. This leads to a FF input that further enhances tracking-
performance, due to the increase in expressivity in dynamics.
However, as this can be interpreted as the exploitation of
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Fig. 2. Trade-off between tracking-performance and
task-flexibility in ILC(30)(33). In this study, ILC combining
parametrized ILC (originating from B-ILC) with signal-
based ILC (originating from F-ILC) is considered

overfitting to a specific trial-invariant reference, signal-based
ILC frameworks lack task-flexibility against trial-varying
references.

Recent developments in ILC have included: 1) establish-
ment of design guidelines to assure robust monotonic conver-
gence(16); 2) suppression of trial-variant disturbances(17)–(19);
3) incorporation of input and output constraints(20)(21); 4) im-
provement of intersample performance(22)–(24); 5) advances
in model-free learning(25)–(27); and 6) utilization of machine
learning frameworks for enhanced task flexibility(28)(29).
These efforts have individually extended the capabilities of
parametrized and signal-based ILC frameworks. In contrast,
not much focus has been given to join parametrized and
signal-based ILC together to achieve the strengths of both
frameworks (Fig. 2).

One of the major challenges in joining distinct ILC frame-
works is how to avoid interference from parallel learning.
For instance, naively combining distinct ILC frameworks
typically lead to divergent learning results, regardless of each
ILC design being convergent when used alone. An attempt
to avoiding this divergent learning behavior is presented in
study (30)–(32), proposing an combined ILC (C-ILC) frame-
work complementarily combining parametrized ILC with
signal-based ILC. However, specific analysis on: 1) why the
designed complementarily combination scheme is motivated
for decoupling the interaction between parametrized and
signal-based ILC; and 2) derivation on the condition when the
developed framework is beneficial (compared to only using
parametrized ILC or signal-based ILC); has been lacking.

The aim of this study is to: 1) provide a detailed guideline
on the design of complementarily joint parametrized/signal-
based ILC framework; and 2) theoretically specify when the
joint parametrized/signal-based ILC yields the most desirable
results, i.e., convergent learning with high task-flexibility
as that of parametrized ILC and high tracking-performance
exceeding that of signal-based ILC. This study extends the
results reported in study (30), providing theoretical spec-
ification on convergence, tracking-performance and task-
flexibility, verified with experimental validation. In terms of

novelty in this study, the unanswered questions in study (30)
are considered by: 1) investigating the case of naively com-
bining B-ILC and F-ILC update laws, leading to undesirable
divergent learning; and 2) investigating the influence of mod-
eling error in the learning of joint parametrized/signal-based
ILC.

The key contributions of this study on the design and anal-
ysis of joint parametrized/signal-based ILC are summarized
as follows.

C1 Presenting a framework for joint parametrized/signal-
based ILC and proving its convergence, tracking-
performance and task-flexibility. (Section 4)

C2 Experimentally verifying the potential of joint parametr-
ized/signal-based ILC being maximized under insuffi-
cient modeling scenarios. (Section 5)

C3 Formulating the divergent learning behavior caused by
naively combining the update laws of parametrized and
signal-based ILC. (Section 2.5)

Note that in this study, as a basic example of joint
parametrized/signal-based ILC, the specific combination of
B-ILC and F-ILC (introduced as combined ILC (C-ILC) in
study (30)) is considered.

1.1 Notation Let H(z) ∈ R1×1 denote a discrete-time
single-input single-output (SISO) transfer function. The fre-
quency response function of H(z) is obtained by substituting
z = eiω ∀ω ∈ [0, 2π), and is denoted by H(eiω). Throughout
this paper (z) is omitted when clear from the context, and Ĥ
is a model of H. The input and output of H are u and y, and
the signal length is assumed as N ∈ N.

Let h(t) be the impulse response of H. The finite-time
convolution matrix HN×N ∈ RN×N corresponding to H is
y(0)
y(1)
...

y(N − 1)

︸      ︷︷      ︸
y

=


h(0) h(−1) · · · h(1 − N)
h(1) h(0) · · · h(2 − N)
...

...
. . .

...
h(N − 1) h(N − 2) · · · h(0)

︸                                             ︷︷                                             ︸
HN×N


u(0)
u(1)
...

u(N − 1)

︸      ︷︷      ︸
u

,

where u ∈ RN×1 and y ∈ RN×1 denote N sample lifted
vectors of u and y, assuming zero initial and final conditions.
Note that the resulting outputs of time-domain representation
y = HN×N u and frequency-domain representation y = Hu
are equivalent on any finite time interval when H is stable
and causal.

Additionally, σ̄(A) denotes the maximum singular value
of matrix A, a weighted two norm for vector x is given by
‖x‖2W = x>Wx, a positive definite matrix A is denoted as
A � 0, and IN×N is an N × N identity matrix.

2. Problem Formulation
In this section the considered problem is defined by de-

scribing the system, and introducing F-ILC and B-ILC.
2.1 Two-mass Motion System High-precision posi-

tioning stages, often used in industrial fields such as semi-
conductor manufacturing, can typically be modeled as a
two-mass motion system illustrated in Fig. 3(34)(35). While
flexible modes of the system are often a limiting factor
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Fig. 3. Model of high-precision motion system

Fig. 4. Experimental setup of two-mass motion system

for performance, typical motion systems are designed such
that flexible modes are far beyond the target bandwidth.
However, increasing performance requirements necessitate
larger bandwidth for next-generation mechatronic systems,
which requires the consideration of flexible modes(36).

In this study, controlling a two-mass motion system pre-
sented in Fig. 4 is considered. The system consists of
a current-controlled DC-motor driving a motor-side mass
connected to a load-side mass via a flexible shaft. With the
dynamics associated with the flexible connection of the two
masses, the flexible mode of the high-precision positioning
stages is simulated as shown later in the resonance in Fig. 9.
In addition, due to nonlinear dynamics associated with fric-
tion and imbalance of the mass, frequency characteristics
vary by operating point. Nonlinearity is a common difficulty
in high-precision applications(37), adding significance on the
experimental validation using this two-mass motion system.

2.2 System Description The control setup is shown
in Fig. 5. Here system G and FB controller K are discrete-
time SISO transfer functions. Subscript j denotes the itera-
tion number of motion task, with r j denoting the reference,
f j the feedforward input, y j the measured output, and e j the
measured error given by

e j = S r j − J f j, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

with sensitivity S = (1 + GK)−1 and process sensitivity
J = S G. To facilitate the presentation, for Sections 2, 3 and
4, r = r j+1 = r j is assumed.

2.3 Frequency-domain ILC (F-ILC) In this subsec-
tion, F-ILC(14)(31) is introduced as an example of signal-based

Fig. 5. Block diagram of considered closed-loop system.
j denotes the iteration number of the motion task

Fig. 6. Update scheme of frequency-domain ILC (F-ILC).
The flow of the frequency-domain learning is denoted by
( )

ILC.
The aim of F-ILC is to determine the feedforward in-

put f j+1, achieving perfect-tracking performance for trial-
invariant reference, i.e., r = r j+1 = r j. In F-ILC, this is
achieved by designing f j+1 based on

f j+1 = QF( f j + LFe j), · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

with learning filter LF and robustness filter QF designed
by the user. Figure 6 shows the F-ILC input ( f j) update
procedure for three iterations.

From (1) and (2), the propagation of error and FF input are
expressed as

e j+1 = QF(1 − LFJ)e j + (1 − QF)S r, · · · · · · · · · · · · (3a)
f j+1 = QF(1 − LFJ) f j + QFLFS r. · · · · · · · · · · · · · · · (3b)

From (3), it is guaranteed that ‖e‖2 and ‖ f ‖2 converge
monotonically within the entire frequency range ω when

|QF(eiω)(1 − LF(eiω)J(eiω))| < 1, ∀ω ∈ [0, π], · · · (4)

is satisfied(14).
Remark 1 An advantage of frequency-domain design is that
nonparametric frequency response data of J can be used for
convergence analysis. By this analysis tool, the convergence
of learning can be investigated before executing experiments.

When monotonic convergence condition (4) is satisfied,
using (3), asymptotic error lim

j→∞
e j = e∞ is derived as

e∞ =
(1 − QF)S

1 − QF(1 − LFJ)
r, · · · · · · · · · · · · · · · · · · · · · · · · · (5)
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Remark 2 When (4) is satisfied with QF = 1, perfect
tracking e∞ = 0 is achieved. For QF = 1 to be applicable,
|1 − LFJ| < 1 is required. This motivates the design of LF =

Ĵ−1 = Ĝ−1(1+ĜK), with QF being a unity-magnitude lowpass
filter with the highest bandwidth possible, not violating (4).
Remark 3 In the presence of significant trial-varying noise,
setting LF = αĴ−1 with a small learning gain 0 < α ≤ 1
suppresses noise amplification. However, this typically slows
convergence, requiring more experiment iterations.

2.4 Basis Function ILC (B-ILC) In this subsection,
B-ILC(12)(33) is introduced as an example of parametrized
ILC.

The aim of B-ILC is to determine the feedforward input
f j+1, achieving high tracking performance even for tasks with
trial-variant references, i.e., r j+1 , r j. While signal-based
ILC methods such as F-ILC can achieve perfect tracking for
trial-invariant references, tracking performance can severely
deteriorate for operations with nonrepetitive references(33).
Parametrized ILC frameworks such as B-ILC overcomes this
problem by learning the parameters θ j+1 for the FF controller
F(θ j+1), designed as

f j+1 = F(θ j+1)r j+1. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (6)

Fig. 7 shows the B-ILC FF parameter (θ j) update procedure
for three iterations.

FF controller F(θ) is defined in Definition 1 by the user-
defined basis functions Ψ(z) ∈ Rn×1, where n denotes the
number of basis.
Definition 1 (Parameterized FF controller) Given θ, the pa-
rameterized FF controller is constructed by

Fig. 7. Update scheme of basis function ILC (B-ILC).
The flow of the time-domain learning is denoted by ( )

F(θ) =
n−1∑
i=0

Ψ[i]θ[i]. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (7)

Using (7), the time-domain representation of (6) is

f
j+1
= Ψ

(r)
N×nθ j+1, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (8)

where Ψ(r)
N×n = [Ψ[0]r,Ψ[1]r, · · · ,Ψ[n − 1]r ].

Remark 4 Definition 1 is a representation using polynomial
basis functions, related to finite impulse response filter de-
sign. For enhanced system representation, rational basis
functions(12)(30)(33) can be used.

FF parameters θ j+1 are determined by minimizing criterion
V(θ j+1) defined in Definition 2.
Definition 2 (Criterion for B-ILC(12)) The performance
criterion for B-ILC is given by

V(θ j+1)=‖ê j+1‖
2
We+‖ f j+1

‖2W f +‖ f j+1
− f

j
‖2W∆ f , · · · · ·(9)

where We � 0, W f � 0, and W∆ f � 0 are user-defined
weighting matrices and ê j+1 = e j + ĴN×N( f

j
− f

j+1
).

Remark 5 Typically, learning of B-ILC is sufficiently ro-
bust, only requiring the term ‖ê j+1‖2We. Additional terms
‖ f

j+1
‖2W f and ‖ f

j+1
− f

j
‖2W∆ f can be utilized to enforce

robustness in learning, later formulated in (13).
The corresponding FF parameter update is given by

θ j+1 = arg min
θ j+1

V(θ j+1), · · · · · · · · · · · · · · · · · · · · · · · · · (10)

leading to the following optimal parameter update for B-ILC.
Lemma 1 (Optimal parameter update for B-ILC(12))
Optimal parameter update for B-ILC is formulated as
θ j+1 = QB

n×nθ j + LB
n×Ne j, · · · · · · · · · · · · · · · · · · · · · · · · (11)

where
LB

n×N = R−1
n×nΨ

(r)>
N×n Ĵ>N×NWe, · · · · · · · · · · · · · · · · · · · · (12a)

QB
n×n = R−1

n×nΨ
(r)>
N×n(Ĵ>N×NWe ĴN×N +W∆ f )Ψ

(r)
N×n,

· · · · · · · · · · · · · · · · · · (12b)
Rn×n = Ψ

(r)>
N×n(Ĵ>N×NWe ĴN×N +W f +W∆ f )Ψ

(r)
N×n,

Proof. The proof follows from standard norm-optimal
ILC(38)(39) with substitution of (8), satisfying the optimality
condition ∂V(θ j+1)/∂θ j+1 = 0. □
Remark 6 Note that LB

n×N and QB
n×n are not necessarily

convolution matrices for any LTI filter.
Remark 7 Although B-ILC enhances the extrapolation
properties of ILC, system G often include dynamics unmod-
eled by (7), e.g., system zeros and nonlinearity. From (1),
this leads to e∞ , 0, typically larger than the error of F-ILC
derived in (5), against trial-invariant references.

From (1), (8), and (11) monotonic convergence of ‖θ‖2 is
satisfied(40) when

σ̄(QB
n×n − LB

n×N JN×NΨ
(r)
N×n) < 1, · · · · · · · · · · · · · · · · · (13)

and the asymptotic FF parameter lim
j→∞
θ j = θ∞ is derived as

θ∞= (In×n−QB
n×n+LB

n×N JN×NΨ
(r)
N×n)−1LB

n×NS N×Nr.
· · · · · · · · · · · · · · · · · · · (14)

2.5 Naively Combining F-ILC with B-ILC Assume
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constructing

f
j+1
= f F

j+1
+ f B

j+1
= f F

j+1
+ Ψ

(r)
N×nθ j+1, · · · · · · · · · · (15)

using updates

f F
j+1
= f F

j
+ LF

N×Ne j, · · · · · · · · · · · · · · · · · · · · · · · · · · (16)

Ψ
(r)
N×nθ j+1 = Ψ

(r)
N×nθ j + Ψ

(r)
N×nLB

n×Ne j, · · · · · · · · · · · · · (17)

derived from (2) and (11), respectively. To facilitate the
presentation, it is assumed that (4) and (13) are satisfied with
QF = 1 and QB

n×n = In×n.
From (1), (15), (16) and (17), the propagation of error for

naively combining F-ILC and B-ILC is derived as

e j+1= (IN×N−JN×N LF
N×N−JN×NΨ

(r)
N×nLB

n×N)e j, · · · · (18)

with the monotonic convergence condition of ‖e‖2 being

σ̄(IN×N − JN×N LF
N×N − JN×NΨ

(r)
N×nLB

n×N) < 1. · · · · · (19)

However, from the triangular inequality of matrix norms

σ̄(IN×N − JN×N LF
N×N − JN×NΨ

(r)
N×nLB

n×N)

≤ σ̄(IN×N −JN×N LF
N×N)+σ̄(JN×NΨ

(r)
N×nLB

n×N), · · · · (20)

and σ̄(JN×NΨ
(r)
N×nLB

n×N) ≈ 1, it is not guaranteed that (19) is
satisfied with

σ̄(IN×N − JN×N LF
N×N) < 1, · · · · · · · · · · · · · · · · · · · · · · (21)

which is equivalent to the monotonic convergence condition
(4) under QF = 1, when LF is stable and causal(14).
Remark 8 In fact, (19) is violated for typical setups, causing
divergent learning behavior demonstrated in Appendix 1.

2.6 Problem Description The problem addressed in
this study is to develop a joint ILC framework combining the
signal-based ILC and parametrized ILC design as (15), in a
complementary manner. For the joint parametrized/signal-
based ILC framework: 1) perfect tracking capability against
repetitive tasks (r j+1 = r j); alongside 2) high task flexibility
for nonrepetitive tasks (r j+1 , r j); are desired. How-
ever, naively combining signal-based ILC with parametrized
ILC leads to divergent learning. The objective of joint
parametrized/signal-based ILC is to modify the update law
for signal-based FF input f F in (16) and signal-based FF
input f B in (17) to achieve complementary learning. The
aim of this study is to analyze the properties on con-
vergence, tracking-performance and task-flexibility of joint
parametrized/signal-based ILC.

3. Joint Parameterized/Signal-based ILC

In this section, C-ILC, the joint parametrized/signal-based
ILC framework introduced in study (30) is presented. The
C-ILC framework complementarily combines the update of
parametrized FF input f B

j+1 (originating from B-ILC) and
signal-based FF input f F

j+1 (originating from F-ILC). The
entire scheme is presented in Procedure 1 and illustrated in
Fig. 8.

3.1 Learning of Parametrized FF input f B
j+1

The

Fig. 8. Update scheme of combined ILC (C-ILC). The
flow of the time-domain update for f B

j+1 ( ) and
frequency-domain update for f F

j+1 ( ) are illustrated

aim of learning f B
j+1 = F(θ j+1)r in C-ILC is to ensure as high

task-flexibility as that of B-ILC. In B-ILC, task-flexibility is
achieved by minimizing criterion (9), with its main contribu-
tion being regularization of error

e j+1 = S (1 −GF(θ j+1))r, · · · · · · · · · · · · · · · · · · · · · · · (22)

leading to F(θ j+1) ≈ G−1. However, when FF learning is
combined as f j+1 = f F

j+1 + f B
j+1 in (15), the error results in

e j+1 = S (1 −GF(θ j+1))r − J f F
j+1, · · · · · · · · · · · · · · · (23)

not necessarily leading to F(θ j+1) ≈ G−1 due to the existence
of f F

j+1. Therefore, for the parametrized FF learning of
C-ILC, minimizing the criterion modified as Definition 3 is
proposed.
Definition 3 (Criterion for f B

j+1) The performance criterion
for C-ILC is given by

V(θ j+1) = ‖êθj+1‖
2
We + ‖ f B

j+1
‖2W f + ‖ f B

j+1
− f B

j
‖2W∆ f ,

· · · · · · · · · · · · · · · · · · · (24)
where the first term of (9) is replaced with

êθj+1 = ê j+1 + Ĵ f F
j+1

= e j + Ĵ( f B
j
− f B

j+1
), · · · · · · · · · · · · · · · · · · · · · · (25)

the estimated virtual error solely induced by f B
j+1.

Introducing the regularization of virtual error derived as

eθj+1 = S (1 −GF(θ j+1))r, · · · · · · · · · · · · · · · · · · · · · · · (26)

this results to F(θ j+1) ≈ G−1 identical to that of B-ILC.
This desirable property will later be discussed in Section 4,
further demonstrated in Figs. 12 and 15. As a consequence
of modifying the criterion, this leads to the following optimal
parameter update for C-ILC.
Definition 4 (Optimal parameter update for f B

j+1) Optimal
parameter update for C-ILC is formulated as
θ j+1 = QB

n×nθ j + LB
n×N(e j + ĴN×N f F

j
), · · · · · · · · · · · · · (27)

where QB
n×n and LB

n×N are same as in (12). For further
derivation, see Appendix 2.

3.2 Learning of Signal-based FF Input f F
j+1

The
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Procedure 1 (Update of C-ILC)
Define

• Convolution matrix ĴN×N of process sensitivity model Ĵ

• Basis function Ψ(r)
N×n

• Learning filter LF and Robustness filter QF for signal-
based FF learning

• Initial parametrized FF input f B
0 based on initial FF

parameter θ0, and initial signal-based FF input f F
0

and start with j = 0.

( 1 ) Perform the j th experiment and measure e j.
( 2 ) Determine θ j+1 based on (27).
( 3 ) Construct f B

j+1 = F(θ j+1)r.

( 4 ) Construct f F
j+1 based on (28).

(4.1) Reset f F
j+1 = 0 when r j+1 , r j.

(This assures C-ILC to at least achieve identical
task-flexibility as B-ILC.)

( 5 ) Increment j→ j + 1 and return to Step (1).

aim of learning f F
j+1 in C-ILC is to learn the residual dynam-

ics uncaptured by f B
j+1 and achieve perfect tracking control

against trial-invariant reference, i.e., r = r j+1 = r j. Therefore,
for the signal-based FF input of C-ILC, the FF update law
defined as Definition 5 is proposed.
Definition 5 (Update of f F

j+1) Update of f F
j+1 is given by

f F
j+1 = QF( f F

j + LFe j) + f B
j − f B

j+1. · · · · · · · · · · · · · · (28)

By adding the term f B
j − f B

j+1 to the standard update (2),
f F

j+1 takes into account the dynamics already learned by
f B

j+1, leading to monotonic convergence of error ‖e‖2. This
desirable property will be further discussed in Section 4.
Remark 9 Note that update (28) involves the term f B

j+1, i.e.,
the basis function FF input for next iteration. However,
this issue is resolved by calculating f B

j+1 beforehand, as in
Procedure 1. As (27), calculation of f B

j+1 does not require
f F

j+1.
Remark 10 This developed framework can typically be ex-
tended to combinations of other ILC frameworks simply by:
1) replacing e j 7→ e j + Ĵ f F

j for the parametrized ILC update;
and 2) adding f B

j − f B
j+1 to the signal-based ILC update. See

study (32) for another example in which norm optimal ILC is
employed as signal-based ILC, combined with B-ILC.

4. Specifications on Convergence, Tracking-
performance and Task-flexibility

In this section, the properties of C-ILC are addressed by
specifying the monotonic convergence condition, tracking-
performance and task-flexibility. This section constitutes
contribution C1.

4.1 Monotonic Convergence From (1), (27) and f j =

f F
j + f B

j , the propagation of FF parameter is expressed as

θ j+1 = (QB
n×n − LB

n×N JN×NΨ
(r)
N×n)θ j

+ LB
n×N(S N×Nr + (ĴN×N − JN×N) f F

j
). · · · · · (29)

As (ĴN×N − JN×N) f F
j

is typically negligible, due to J(eiω) −
Ĵ(eiω) ≈ 0 for low frequency rangeω and f F

j (eiω) ≈ 0 for high
frequency range ω, the monotonic convergence condition for
‖θ‖2 in C-ILC is approximated as that of B-ILC in (13).
Remark 11 Convergence speed of ‖θ‖2 is typically fast for
SISO LTI systems(11)(33), only requiring about 2−5 iterations
until convergence.

Additionally, using (1) and the time-domain representation
of (28)

f F
j+1
= QF

N×N( f F
j
+ LF

N×Ne j) + f B
j
− f B

j+1
, · · · · · · · · (30)

the propagation of error is expressed as

e j+1 = QF
N×N(IN×N − JN×N LF

N×N)e j

+ (IN×N − QF
N×N)(S N×Nr − JN×N f B

j
). · · · · (31)

As ‖ f B‖2 converges monotonically by (29), making the
second term of (31) bounded, the monotonic convergence
condition of ‖e‖2 in C-ILC is approximated as

σ̄(QF
N×N(IN×N − JN×N LF

N×N)) < 1, · · · · · · · · · · · · · · · (32)

which is equivalent to the monotonic convergence condition
of F-ILC in (4) when LF is stable and causal(14).

Therefore, the monotonic convergence condition of C-ILC
can be approximately tested by (4) and (13), which is desir-
able compared to the condition of naively combining F-ILC
with B-ILC in (19).

4.2 Exceeding Tracking-performance of F-ILC
From (31), the asymptotic error lim

j→∞
e j = e∞ of C-ILC

can be obtained by a similar discussion in Section 2.3. Under
assumption of convergence, lim

j→∞
e j = e∞ is derived as

e∞ =
(1 − QF)S (1 −GF(θ∞))

1 − QF(1 − LFJ)
r. · · · · · · · · · · · · · · · · · (33)

Comparing (5) and (33), the asymptotic error of C-ILC is
multiplied by (1−GF(θ∞)) than that of F-ILC. Therefore, for
frequency ω where QF(eiω) , 1 and

|1 −G(eiω)F(θ∞, eiω)| < 1, · · · · · · · · · · · · · · · · · · · · · · (34)

C-ILC exceeds the tracking-performance of F-ILC.
While F-ILC can only learn the system dynamics below

the bandwidth of robustness filter QF, B-ILC learn the
parameters which fit best to the structure of basis functions.
Typically, this leads to B-ILC achieving F(θ∞) ≈ G−1, not
limited to the bandwidth of QF.

Therefore, it is indicated that for scenarios where the
bandwidth of QF is limited, e.g., when significant modeling
error exists, C-ILC exceeds the tracking-performance of
F-ILC against repetitive tasks.

4.3 Achieving Task-flexibility of B-ILC In this
subsection, the task-flexibility of C-ILC is analyzed by for-
mulating the deviation of parametrized FF learning result θ∞
from that of B-ILC (14). Assuming convergence of C-ILC
confirmed by the previous subsection, (27) and (30) are used
to derive the following theorem of θ∞.
Theorem 1 (Asymptotic FF parameter of C-ILC) Assu-
ming convergence, the asymptotic FF parameter of C-ILC is
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θ∞ = (In×n − QB
n×n + LB

n×N(IN×N − ∆N×N)JN×NΨ
(r)
N×n)−1

× LB
n×N(IN×N − ∆N×N)S r, · · · · · · · · · · · · · · · · · (35)

where
∆N×N = (JN×N − ĴN×N)(IN×N − QF

N×N(IN×N − LF
N×N JN×N))−1

× QF
N×N LF

N×N . · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (36)

Proof. Follows by substituting θ∞ to θ j, θ j+1 and f F
∞ to f F

j ,
f F

j+1 in (27), (30). See Appendix 3 for further details. □
Comparing (14) and (35), the FF parameter deviation

between B-ILC and C-ILC is negligible when ∆N×N ≈ 0. For
analysis of ∆N×N , the following corollary is used.
Corollary 1 (Frequency-domain interpretation of ∆N×N)
When LF = Ĵ−1, the frequency-domain representation of
∆N×N is

∆(z) =
−QF(1 − LFJ)

1 − QF(1 − LFJ)
. · · · · · · · · · · · · · · · · · · · · · · · (37)

From (37), when |QF(eiω)(1 − LF(eiω)J(eiω))| � 1 is
satisfied, ∆(eiω) ≈ 0 for the entire frequency range ω is
achieved. Due to the motivation of designing C-ILC to
converge monotonically (32), tested by (4), it is indicated that
the deviation of θ∞ between B-ILC and C-ILC is negligible,
i.e., C-ILC achieves identical task-flexibility as B-ILC.
Remark 12 When update for standard B-ILC (11) is used
instead of the developed (27), ∆(z) = QFLFJ(1 − QF(1 −
LFJ))−1 ≈ QFLFJ. As QF(eiω)LF(eiω)J(eiω) ≈ 1 for
frequency range ω below the bandwidth of QF, which is
the main frequency component consisting the FF input, θ∞
would deviate severely from that of B-ILC. This effect is
demonstrated in Appendix 1.

5. Experimental Validation
In this section, the joint parametrized/signal-based ILC

framework is experimentally validated with a two-mass mo-
tion system. From the previous section, it is especially
indicated that C-ILC has further potential to exceed the
tracking-performance of F-ILC when the bandwidth of QF

is low. To verify the indication: 1) C-ILC with a sufficiently
high bandwidth of QF; and 2) C-ILC with a low bandwidth
of QF; are validated. For analyzing the results of C-ILC
for each scenario, the results are compared with standard
parametrized and signal-based ILC frameworks, i.e., F-ILC,
B-ILC, using unified conditions stated in Section 5.1. This
section constitutes contribution C2.

5.1 Experimental Setup In this study, the two-mass
motion system shown in Fig. 4 is used as a benchmark
system for a high-precision positioning stage. The system
is controlled at a sampling time of Ts = 0.25 ms with a
stabilizing FB controller

K =
0.3317(1 − 0.9983z−1)(1 − 0.8958z−1)

(1 − 0.9851z−1)(1 − 0.9540z−1)
.

The experiments are conducted assuming two modeling
scenarios in Fig. 9: 1) one in which the system model is
sufficiently constructed including the flexible-mode, enabling
the design of a sufficiently high bandwidth QF ; and 2)
another in which the system model only assumes the rigid-
body mode, only allowing a low bandwidth QF. The second
scenario can be generalized as an investigation on the effect
of under-modeling, which is inevitable for most mechatronic

Fig. 9. Identified frequency response data of system G
( ) and system model Ĝ for Case 1 ( ) and Case 2
( ) experiment

Fig. 10. Reference trajectory used for the experiment.
For the first 10 iterations the ( ) is used and for the last
10 iterations ( ) is used

systems. The transfer function of each model is as follows.

Ĝ(Case1) =
2.1014 × 10−7z−1(1 + 5.462z−1)

(1 − z−1)2

× (1 + 0.4797z−1)(1 − 0.1107)
(1 − 1.989z−1 + 0.9965z−2)

,

Ĝ(Case2) =
1.1574 × 10−4z−1(1 + z−1)

(1 − z−1)2 .

To evaluate the performance against repetitive tasks (r j+1 =

r j) and nonrepetitive tasks (r j+1 , r j), references r j as shown
in Fig. 10 are given for 20 iterations.

In the following experimental results, the results of F-ILC,
B-ILC, and developed C-ILC are compared. For fair compar-
ison, following conditions are unified through the validation.

• QF and LF filters used for F-ILC and C-ILC are designed
as, LF = Ĝ−1(1 + ĜK) and QF being: 1) an eighth-order
zero phase low-pass filter with a bandwidth of 80 Hz for
Case 1; and 2) a fourth-order zero phase low-pass filter
with a bandwidth of 18 Hz for Case 2; satisfying the
monotonic convergence condition of ‖e‖2 in (4).

• Weighting matrices used for the criterion of B-ILC and
C-ILC are set as We = IN×N ,W f = W∆ f = 0, satisfying
the monotonic convergence condition of ‖θ‖2 in (13).

• The basis functions and FF parameters for B-ILC and
C-ILC are selected as: 1) Ψ(r)

N×n = [ṙ, r̈, ....
r ] with θ =
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(a) Error norm per iteration.

(b) Error signal of final iteration.

Fig. 11. Experimental results with sufficient-order mo-
del (Case 1). C-ILC ( ) chieves high tracking-
performance as F-ILC ( ) for repetitive tasks ( j =
0−9, 11−19) while achieving identical task-flexibility as
B-ILC ( ) for nonrepetitive tasks ( j = 10). Both F-ILC
( ) and C-ILC ( ) reach encoder-resolution error at
the final iteration ( j = 19), while B-ILC ( ) exhibits a
larger error

[
θ vel, θ acc, θ snap

]>
for Case 1; and 2) Ψ(r)

N×n = r̈ with
θ = θ acc for Case 2; initialized as θ0 = 0.

• For F-ILC and C-ILC, f F
j is reset to 0 when the task

changes at j = 10.

5.2 Case 1: Performance with Sufficient-order Model
The experimental results for this case study are shown

in Figs. 11–13 and Table 1. 1) The error 2-norm ‖e‖2
results shown in Fig. 11 and organized in Table 1; 2) the
parametrized learning result of θ j for 20 iterations shown in
Fig. 12; and 3) the learning result of parametrized and signal-
based FF input for C-ILC shown in Fig. 13; are summarized
with following observations.

• Figure 11(a) shows all ILC frameworks converged at it-
eration 9 and 19, with slight variation due to trial-varying
noise, for example from random encoder pulse variation
seen in Fig. 11(b).

• From Table 1, C-ILC exhibits high task-flexibility im-
proving the ‖e10‖2 of F-ILC by 96%, with high tracking-
performance improving the ‖e19‖2 of B-ILC by 91%.

• C-ILC achieves high task-flexibility by performing iden-
tical parametrized FF learning as B-ILC displayed in
Fig. 12. This is as indicated in Section 4.3.

• C-ILC achieves high tracking-performance by the
signal-based FF input successfully learning the resid-
ual dynamics uncaptured by the basis functions. This
is apparent from Fig. 13, for this scenario f F

19 likely
compensating the nonlinear effect of mass imbalance,
amplified by the resonance of the system.

Fig. 12. Comparison of B-ILC ( ) and C-ILC ( )
parameter learning results with sufficient-order model
(Case 1). Both results of B-ILC and C-ILC achieve
identical learning patterns

Fig. 13. Comparison of learned FF input for the C-ILC
framework with sufficient-order model (Case 1). The
input is mainly composed of the parametrized FF input
f B
19 ( ), while the signal-based FF input f F

19 ( ) com-
pensates the residual dynamics uncaptured by the basis
functions

Table 1. Error norms with sufficient-order model (Case 1)

Method ‖e10‖2 ‖e19‖2
F-ILC 53.3036 0.1426
B-ILC 1.9292 1.9268
C-ILC 2.1062 0.1772

• For this scenario, both F-ILC and C-ILC in Fig. 11(b)
achieve encoder resolution tracking performance due to
a sufficiently high bandwidth QF ≈ 1. (i.e., there is
no room for improvement in performance with C-ILC
compared to F-ILC.)

To summarize this case study, when the system model is
sufficiently accurate such that the bandwidth of QF is high,
C-ILC achieves: 1) high tracking-performance identical to
that of F-ILC; with 2) high task-flexibility identical to that of
B-ILC.

5.3 Case 2: Performance with Insufficient-order
Model The experimental results for this case study are
shown in Figs. 14–16 and Table 2. 1) The error 2-norm
‖e‖2 results shown in Fig. 14 and organized in Table 2;
2) the parametrized learning result of θ j for 20 iterations
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(a) Error norm per iteration.

(b) Error signal of final iteration.

Fig. 14. Experimental results with insufficient-order
model (Case 2). C-ILC ( ) achieves high performance
exceeding F-ILC ( ) for repetitive tasks ( j = 0−9, 11−
19) while achieving identical task-flexibility as B-ILC
( ) for nonrepetitive tasks ( j = 10). For this scenario,
C-ILC ( ) achieves tracking-performance exceeding
both B-ILC ( ) and F-ILC ( ) at the final iteration
( j = 19)

shown in Fig. 15; and 3) the learning result of parametrized
and signal-based FF input for C-ILC shown in Fig. 16; are
summarized with following observations.

• Figure 14(a) shows all ILC frameworks converged at
iteration 9 and 19, with less variation compared to Case
1. This is due to all methods exhibiting larger error as
seen in Fig. 14(b), relatively reducing the influence of
trial-varying noise.

• From Table 1, C-ILC exhibits high task-flexibility im-
proving the ‖e10‖2 of F-ILC by 94%, with high tracking-
performance even exceeding the ‖e19‖2 of F-ILC by
74%.

• Similar to Case 1, C-ILC achieves high task-flexibility
by performing identical parametrized FF learning as
B-ILC displayed in Fig. 12.

• Similar to Case 1, C-ILC achieves high tracking-
performance by the signal-based FF input in Fig. 13
successfully learning the residual dynamics uncaptured
by the basis functions. For this scenario, this is likely
the effect of viscous friction, which is proportional to
the velocity profile ṙ.

• As the bandwidth of QF is low, F-ILC in Fig. 14(b)
exhibits a nonnegligible error at iteration 19. This
creates room for improvement in C-ILC, indicated from
(34).

To summarize this case study, when the system model is
insufficient such that the bandwidth of QF is low, C-ILC
achieves: 1) high tracking-performance exceeding that of
F-ILC; with 2) high task-flexibility identical to that of B-ILC.

Fig. 15. Comparison of B-ILC ( ) and C-ILC ( )
parameter learning results with insufficient-order model
(Case 2). Similar to Case 1, both results of B-ILC and
C-ILC achieve identical learning patterns

Fig. 16. Comparison of learned FF input for the C-ILC
framework with insufficient-order model (Case 2). Sim-
ilar to Case 1, the input is mainly composed of the
parametrized FF input f B

19 ( ), while the signal-based
FF input f F

19 ( ) compensates the residual dynamics
uncaptured by the basis functions

Table 2. Error norms with insufficient-order model (Case 2)

Method ‖e10‖2 ‖e19‖2
F-ILC 53.4406 1.8589
B-ILC 3.3821 4.1671
C-ILC 3.3734 0.4897

6. Conclusion
The joint parametrized/signal-based ILC framework ex-

hibits high task flexibility for nonrepetitive tasks and out-
standing tracking performance for repetitive tasks. This is
achieved by complementarily combining parametrized with
signal-based ILC, avoiding typical interference caused when
distinct ILC frameworks are updated in parallel. Theoretical
analysis coupled with experimental validation on a two-mass
motion system confirms the convergence, task-flexibility
and tracking-performance of joint parametrized/signal-based
ILC. Especially in terms of tracking-performance, it is veri-
fied that joint parametrized/signal-based ILC exceeds simple
signal-based ILC when the system model is insufficient,
i.e., the bandwidth of the robustness filter QF is low. This
suggests that joint parametrized/signal-based ILC is relevant
for practical high-precision motion systems with parasitic
dynamics.

For further research, extending the theory to more compli-
cated systems, such as multivariable systems will be investi-
gated.
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Appendix
1. Excessive Learning by Naively Combining F-ILC

and B-ILC Update Laws
Excessive FF learning of simultaneously applying the

update law

f F
j+1 = QF( f F

j + LFe j), · · · · · · · · · · · · · · · · · · · · · · · · · (A1)

θ j+1 = QB
n×nθ j + LB

n×Ne j, · · · · · · · · · · · · · · · · · · · · · · · (A2)

from (2) and (11), and combining it as f j+1 = f F
j+1 + F(θ j+1)r

is demonstrated by a simulation study. For the simulation,
true system and system model are assumed as Ĝ from Case 1
and Case 2 in Section 5, and learning conditions from Case 2
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(a) Error norm per iteration.

(b) Error signal of final iteration.

app. Fig. 1. Simulation results with naive combination
of F-ILC (2) and B-ILC (11) updates. Naive combination
( ) leads to divergent learning, resulting to tracking
error ( ) at the final iteration ( j = 19) inferior to
feedback without any feedforward ( j = 0)

are applied.
The simulation results for are shown in app. Figs. 1, 2 and

3. 1) The error 2-norm ‖e‖2 for 20 iterations and signal e19
shown in app. Fig. 1; 2) the parametrized learning result of
θ j for 20 iterations shown in app. Fig. 2; and 3) the learning
result of parametrized and signal-based FF input shown in
app. Fig. 3; are summarized with following observations.

• app. Fig. 1 shows the divergence of naive combination.
The result demonstrates that not only does it perform
inferior to all methods in app. Fig. 14, but it is outper-
formed by simple feedback without any feedforward.

• Parametrized FF learning of naive combination in
app. Fig. 2 diverges, far ideal from that of B-ILC in
app. Fig. 15. This is due to the additional signal-based
FF update of f F

j+1 (A1) severely interacting with the
parametrized FF update of θ j+1 (A2).

• app. Fig. 3 shows the FF input f19 = f B
19 + f F

19 of the
naive combination. Unlike the results in app. Fig. 16,
both f B and f F try to learn the system dynamics, leading
to excessive learning.

Hence, even when the updates of F-ILC (A1) and B-ILC
(A2) are individually designed to satisfy the monotonic
convergence condition (4) and (13), naively combining the
updates may result in divergent learning as indicated in (19).

2. Proof of Definition 4
From (1), (7) and (25), eθj+1 in (24) can be written as

eθj+1 = e j + JN×N( f F
j
+ Ψ

(r)
N×n(θ j − θ j+1)). · · · · · · · · (A3)

Any solution θ j+1 to optimization problem (10) necessarily
satisfies ∂V(θ j+1)/∂θ j+1 = 0. Evaluating this condition for
criterion (24) with (A3) gives

app. Fig. 2. Divergent parameter learning results ( )
with naive combination of F-ILC (2) and B-ILC (11)
updates

app. Fig. 3. Comparison of learned FF input with naive
combination of F-ILC (2) and B-ILC (11). Unlike
app. Fig. 16, both f B

19 ( ) and f F
19 ( ) try to learn the

system dynamics, resulting to excessive learning

∂êθj+1

∂θ j+1

>Weêθj+1 +

∂ f B
j+1

∂θ j+1


>

W f f B
j+1

+

∂( f B
j+1
− f B

j
)

∂θ j+1


>

W∆ f ( f B
j+1
− f B

j
) = 0, · · · · · · · · (A4)

where the gradient of êθj+1, f B
j+1

, and f B
j+1
− f B

j
are given by∂êθj+1

∂θ j+1

 = ĴN×NΨ
(r)
N×n, · · · · · · · · · · · · · · · · · · · · · · · · (A5a)∂ f B

j+1

∂θ j+1

 =
∂( f B

j+1
− f B

j
)

∂θ j+1

 = Ψ(r)
N×n. · · · · · · · · · · · (A5b)

By substituting (7), (A3) and (A5) into (A4), we obtain

θ j+1 = QB
n×nθ j + LB

n×N(e j + ĴN×N f F
j
),

where

LB
n×N = R−1

n×nΨ
(r)>
N×n Ĵ>N×NWe, · · · · · · · · · · · · · · · · · · · · (A6a)

QB
n×n = R−1

n×nΨ
(r)>
N×n(Ĵ>N×NWe ĴN×N +W∆ f )Ψ

(r)
N×n,

· · · · · · · · · · · · · · · · · (A6b)
Rn×n = Ψ

(r)>
N×n(Ĵ>N×NWe ĴN×N +W f +W∆ f )Ψ

(r)
N×n,

3. Proof of Theorem 1
Under assumption of C-ILC convergence, (1), and (7), the

following relationship holds from (27) and (30).

f F
∞
= QF

N×N(IN×N − LF
N×N JN×N) f F

∞

+QF
N×N LF

N×N(S N×Nr − JN×NΨ
(r)
N×nθ∞)

= (IN×N − QF
N×N(IN×N − LF

N×N JN×N))−1
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×QF
N×N LF

N×N(S N×Nr − JN×NΨ
(r)
N×nθ∞), · · · · · · (A7)

θ∞ = (QB
n×n − LB

n×N JN×NΨ
(r)
N×n)θ∞

+LB
n×N(S N×Nr − (JN×N − ĴN×N) f F

∞
). · · · · · · · · (A8)

By substituting (A7), (A8) can be written as

θ∞ = (QB
n×n − LB

n×N JN×NΨ
(r)
N×n)θ∞

+ LB
n×N(S N×Nr − ∆N×N(S N×Nr − JN×NΨ

(r)
N×nθ∞)),

= (In×n − QB
n×n + LB

n×N(IN×N − ∆N×N)JN×NΨ
(r)
N×n)−1

× LB
n×N(IN×N − ∆N×N)S N×Nr

where

∆N×N = (JN×N − ĴN×N)
×(IN×N − QF

N×N(IN×N − LF
N×N JN×N))−1QF

N×N LF
N×N .
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