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Abstract

The reconstruction of the elastic deformed shape of a structure from strain measurements is a
field which has received considerable attention over the years. This work aims to suggest some
improvements for wing-like structures trying to limit as much as possible the amount of strain
measurements needed. In particular, a simple beam model is proposed based on the framework
of the inverse Finite Element Method (iFEM). Then, the performances of iFEM using shell
elements will be enhanced pre-extrapolating the strain field and the results will be compared
with another shape sensing method, the so-called Modal Method (MM). In the final part of
the work the external loads under the form of a pressure field are recovered using either the
reconstructed displacements and directly the strain measurements. Static and dynamic analyses
will be carried out, so recovering the load both in space and in time.
The results obtained show that the beam model developed allows to obtain a satisfactory
bending reconstruction of the structure, while the twist is not always accurate. Computing
the full displacement field with iFEM brings to a relatively good representation, even though
not as satisfactory as the one delivered by the Modal Method. Finally, recovering the static
external loads directly from the strain measurements seems to perform better compared to
the reconstruction from the full displacement field, but it is significantly affected by noise and
uncertainties. The dynamic load reconstruction is in general much more challenging and the
results obtained often show a significant error compared to the reference solution.
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Chapter 1

Introduction

The vehicle health management has become an important factor in Aerospace, with the aim to
provide safer and more reliable structures. It is generally desired to accomplish the following
objectives [8]:

� provide valuable information to adaptive control systems.

� detect and localize impact events and damage initialization.

� maximize performance and service life.

� provide real-time vehicle health information.

In this context shape sensing plays an important role. A real-time reconstruction of the deformed
structural shape using in-situ strain measurements would provide valuable information in order
to assess the full strain and stress fields, failure states and in general to improve the structural
health monitoring of the structure. For this reason, this topic has attracted interest from many
researchers over the years.

1.1 Overview of previous works for shape sensing analysis

Several methods have emerged with the aim to reconstruct the structural deformations from
strain measurements. In Figure 1.1 the historical development of some approaches is briefly
outlined. The aim is not to give a detailed historical overview with this picture, but mainly to
give an idea of when the methods have started to appear and if papers have been continuously
published over the years. Just some works are highlighted on the time line (which are deemed
most important), with no intention to be complete.

Figure 1.1: Time-line of some shape sensing methods.

1



CHAPTER 1. INTRODUCTION

In the following, some methods are briefly outlined in order to give a general overview of the
shape sensing topic. In the scope of the thesis, the focus will be especially on the Modal Method
(MM) and on the inverse Finite Element Method (iFEM).

Polynomial Fitting Method

The shape sensing method developed in [56] is based on a least-squares minimization algorithm
applied to a continuous function describing the strain field.
In order to describe the method, consider the bending behaviour of a cantilever beam subjected
to a tip force P . From the Euler-Bernoulli beam theory it is possible to write:

εx = −z ∂
2w

∂x2
(1.1)

where w is the vertical displacement and z the vertical axis. The strain gauge positions are
identified by the coordinates xi along the axial x axis.
The axial strain εx can be expressed for example as a quadratic polynomial function:

εx(x) = a1 + a2x+ a3x
2 (1.2)

Considering that m strain measurements have been done at the coordinates xi (i = 1 · · ·m),
then the following error functional is defined:

Φ
(
εx(x)

)
=

m∑
i=0

[
εx(xi)− εεx(xi)

]2
(1.3)

where εεx(xi) are the experimental strain measurements at xi. It is important to note that
depending on the degree of the polynomial chosen, a minimumm number of strain measurements
is required. Then, following what can be seen for example in [47], the error Φ has a minimum
if (since Φ is a sum of convex functions, hence convex itself):

∂Φ

∂aj
= 0 ; j = {1, 2, 3} (1.4)

This condition brings three linear equations from which the unknowns aj can be determined. In
this particular case the equations turn out to be the following ones:

∂Φ

∂a1
=

∂

∂a1

m∑
i=1

(
a1 + a2xi + a3x

2
i − εεx(xi)

)2
=

m∑
i=1

2
(
a1 + a2xi + a3x

2
i − εεx(xi)

)
= 0

⇒ (m+ 1)a1 +

(
m∑
i=1

xi

)
a2 +

(
m∑
i=1

x2i

)
a3 =

m∑
i=1

εεx(xi)

(1.5)

∂Φ

∂a2
= 0 ⇒

(
m∑
i=1

xi

)
a1 +

(
m∑
i=1

x2i

)
a2 +

(
m∑
i=1

x3i

)
a3 =

m∑
i=1

xiε
ε
x(xi) (1.6)

∂Φ

∂a3
= 0 ⇒

(
m∑
i=1

x2i

)
a1 +

(
m∑
i=1

x3i

)
a2 +

(
m∑
i=1

x4i

)
a3 =

m∑
i=1

x2i ε
ε
x(xi) (1.7)

The equations can be conveniently written in matrix form defining the following quantities:

V =

1 x0 x20
...

...
...

1 xN x2N

 ; a =

a1a2
a3

 ; f =

εεx(x1)εεx(x2)
εεx(x3)

 (1.8)
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CHAPTER 1. INTRODUCTION

And so the equations, which are generally named normal equations in the least-squares
minimization, can be written as:

V ⊤V a = V ⊤f (1.9)

From which the unknown coefficients are determined:

a = (V ⊤V )−1V ⊤f (1.10)

Once the strain field is known, recalling the Euler-Bernoulli relation 1.1 it is possible to write:

∂2w

∂x2
= −1

z

(
a1 + a2x+ a3x

2
)

(1.11)

Integrating twice the displacement w(x) can be found:

∂w

∂x
= −1

z

(
a1x+ a2

x2

2
+ a3

x3

3

)
+ C1 (1.12)

w(x) = −1

z

(a1
2
x2 +

a2
6
x3 +

a3
12
x4
)
+ C1x+ C2 (1.13)

where C1 and C2 are integration constants. They can be found applying the boundary conditions
and so the full displacement field is now know.

Ko Displacement Theory

The theory developed by W. L. Ko [68] is based on the Euler-Bernoulli beam theory and aims
at computing slopes and deflections of wings in operating conditions. From the classical beam
theory, it is well-known that:

d2w

dx2
=
M(x)

EI
(1.14)

where w is the vertical displacement, x the axial coordinate, M the moment applied and EI
the flexural stiffness. Considering a constant cross-section, then the so-called Navier equation
holds:

σx(x) =
M(x)c

I
(1.15)

with σx(x) the axial stress measured at the top / bottom of the beam section and c the vertical
distance of the measurement point from the beam neutral axis. So, substituting the constitutive
relation σx(x) = Eεx(x) Eq.(1.14) can be rewritten as:

d2w

dx2
=
εx(x)

c
(1.16)

This simple relation is the equation at the basis of the whole theory which basically integrates
it twice to recover the deflection w(x).

Consider now more specifically a clamped beam at x = 0 subjected to bending. The strains are
measured at equally spaced stations at the top or bottom surface of the beam cross section. This
assumption is quite important and has a fundamental role in the theory. For this reason, this
method is especially suitable for strain measurements taken with optical fibres since they allow
to have closely spaced measurements on the same sensing line. The situation is illustrated in
Figure 1.2. As it is possible to see, each station located at xi is positioned at a distance equal
to ∆l from the previous one. A total of m strain measurements is taken.

3



CHAPTER 1. INTRODUCTION

Figure 1.2: Clamped beam model taken as reference for Ko Displacement theory [68]

Between two measurement stations the axial strain ε(x) is assumed to be linear. So:

ε(x) = εi−1 − (εi−1 − εi)
x− xi−1

∆l
; xi−1 < x < xi (1.17)

Therefore, the slope tan θ can be estimated integrating the curvature. Since in the interval
xi−1 < x < xi the beam segment is already inclined by the deflection at xi−1, the slope in the
interval is given by:

Figure 1.3: Deflection of clamped beam for visualization of Ko Displacement theory procedure
[68]

tan θ(x) =

∫ x

xi−1

d2w

dx2
dx+ tan θi−1 =

∫ x

xi−1

ε(x)

c
dx+ tan θi−1 ; xi−1 < x < xi (1.18)

See Figure 1.3 for a visualization. Now, substituting Eq.(1.17) and integrating it is possible to
obtain:

tan θ(x) =
1

c

∫ x

xi−1

[
εi−1 − (εi−1 − εi)

x− xi−1

∆l

]
dx+ tan θi−1

=
1

c

[
εi−1 (x− xi−1)− (εi−1 − εi)

(x− xi−1)
2

2∆l

]
+ tan θi−1

tan θi =
1

c

[
εi−1(∆l)− (εi−1 − εi)

(∆l)2

2∆l

]
+ tan θi−1 (at the strain stationxi)

=
∆l

2c
(εi−1 + ε) + tan θi−1

(1.19)

where at the starting point tan θ1 = 0 since the beam is clamped. At this point, also the
deflection wi at the measurement points can be obtained. Similarly as before:

w(x) =

∫ x

xi−1

tan θ(x) dx+ wi−1

=

∫ x

xi−1

∫ x

xi−1

ε(x)

c
dxdx+

∫ x

xi−1

tan θi−1 dx+ wi−1

(1.20)

4



CHAPTER 1. INTRODUCTION

Carrying out the integrals and evaluating the deflection at x = xi the final expression results in:

wi =
(∆l)2

6c
(2εi−1 + εi) + ∆l tan θi−1 + wi−1 (1.21)

where again w1 = 0. In this way the full deflection of the beam under bending can be evaluated.

Several studies have been published using this method, using both numerically extracted strains
[68], [67] and experimental ones [18], [31]. In general, the deflections are accurately recovered,
but the twist angle is much poorer because of its sensitivity to errors in bending.

Modal Method

The so-called Modal Method (MM) ([49], [12]) is based on a the idea of reconstructing the
displacement field from a linear combination of mode shapes. Thanks to its relatively ease
of use, it has been applied in several studies and in different applications which prove its
usefulness. For example, in [58] and [33] the reconstruction of a plate deformation is carried
out obtaining satisfactory results. Extensive studies have also been done on beams, both in
terms of numerical and experimental analyses (see for example [29]). In [28] rotating beams are
analysed (pointing to the monitoring of rotor blades) taking as input the strains from optical
fibres.
It will be described in more detail at the beginning of Chapter 3 where it will be effectively put
into practice.

The so-called Pak Method [15] can be seen as a particular application of the Modal Method, also
taking advantage from the methods based on the direct integration of the strains. Therefore, it
is generally referred to as an hybrid method.

Inverse Finite Element Method

The inverse Finite Element Method (iFEM), based on the initial work done in [7], faces the
shape sensing problem from a different perspective compared to the techniques described in
the previous chapters, even though it shares with them some features. It does not require
any information about the material since only strain-displacement relations are used in the
formulation. Furthermore, the same framework of FEM is used, so it is applicable to arbitrary
topologies, making it a suitable choice of a wide range of applications.

In the following the method will be applied to beams (Chapter 2) and shells (Chapter 3). For
each case the formulation of the method will be described in detail. Here, just a brief overview
is given. Considering the formulation which is applicable to plates, a suitable error functional
Φ is defined based on the difference with the experimental strains. The following form will be
used:

Φ(u) = ∥e(u)− eε∥2︸ ︷︷ ︸
membrane

+ ∥k(u)− kε∥2︸ ︷︷ ︸
curvature

+ ∥g(u)− gε∥2︸ ︷︷ ︸
transverse shear

(1.22)

where u is the interpolated displacement field, e the membrane part of the strain, k the curvature
and g the transverse shear strain. The superscript •ε stands for an experimental strain. After
having defined a suitable interpolation for the displacement field, the substitution in Eq.(1.22)
and the minimization with respect to u will result in a system of linear equations with the form:

Ku = f (1.23)

Applying the boundary conditions, the solution of the system will give the displacement field
of the structure. An important point to highlight already now is that K depends just on the
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CHAPTER 1. INTRODUCTION

inverse element formulation, while f on both the experimental strain measurements and on the
interpolation chosen. So, K has to be computed only once and its inverse can be stored so that
the displacement field can be updated almost continuously as the input strain measurements
change over time.

Finally, in Figure 1.1 the so-called Smoothing Element Analysis (SEA) is also mentioned. It is
not a proper shape sensing method, but it will be useful in this context since it will provide the
full strain field as an input for iFEM. It will be described in detail in Chapter 3.

1.1.1 Methods of interest in the scope of the thesis

In the scope of the thesis it has been decided to focus solely on the Modal Method and on the
inverse Finite Element Method.

Regarding the Modal Method, this is motivated by the following points:

� It can be easily applied to any structure provided the FE model is available.

� Since it exploits the structural mode shapes, it allows to retrieve the global deformation even
if a very sparse set of measurements is available.

� Several studies assessed the method for different applications.

The inverse Finite Element Method, being based only on strain-displacement relations, offers
the significant advantage of not requiring any constitutive property of the structure. So, a large
part of the thesis will be devoted to study the performances of iFEM and to compare them w.r.t.
the ones from MM.

1.2 Thesis outline

It this section it is briefly mentioned which are the motivations behind the research, which are
the objectives that will be accomplished and how the work has been structured.

1.2.1 Motivations and objectives

As pointed out in the previous section, the reconstruction of the elastic deformed shape has
received considerable attention. However, in many studies some common disadvantages have
been identified which could harm the applicability of the methods for real-life applications. In
particular:

� Several methods are applied only on relatively simple structures, while hardly used for more
complex situations (as the so-called Polynomial Fitting Method mentioned before).

� Many studies, especially based on numerical strains extracted from FEM models, assume the
presence of a considerable amount of strain data, hardly possible for real structures.

� Often, the strain gauge positions are optimized based on the external load applied, which
however is in general unknown (otherwise there would be no need to retrieve the deformations
from the strain data).

These possible drawbacks have motivated the research which will be explained in the next
chapters with the primary aim to deliver useful models and studies which could be used for real
applications. The main objective which motivates the research consists in limiting the amount
of measurements needed to monitor the structure, so trying to recover the deformations (and
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later the external loads) in case of sparse strain measurements.

In particular, the following research questions will be addressed:

(1) Is it possible to develop a simple beam model which requires the minimum amount
of input strain data, but which allows to obtain the deformations of relatively
complex beam-like structures?

(2) How does iFEM perform in case of sparse strain measurements in comparison
with the Modal Method? And which approach is advisable for the shape sensing
monitoring of wing-like structures under real measurement conditions?

(3) Can the external loads be reconstructed both for static and dynamic applications
from the deformed shape computed with the selected shape sensing scheme?
And how do the results compare with the load reconstructed directly from the
measured strains?

To answer these questions the thesis has been structured as briefly summarized in Figure 1.4.
The organization is explained in more detail in the next section.

Figure 1.4: Thesis structure.
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1.2.2 Thesis structure

The first part of the thesis, Chapter 2, is devoted to answer research question (1). Beam models
have been commonly used for shape sensing purposes for wing applications (recall for example
the so-called Ko Displacement Theory). Here however the aim is to develop a simple beam
model based on the framework of the inverse Finite Element Method. Several works have been
published in this context, applying the method both to the Euler-Bernoulli theory [48] and
to the Timoshenko one [40]. Restricting to the Euler-Bernoulli case, so for relatively slender
structures, some improvements will be suggested trying to limit as much as possible the number
of measurements needed and to model relatively complex geometries.

Chapter 3 lies in the same field of the previous chapter, that is the shape reconstruction for
wing-like structures, but employs methods which estimate the full displacement field. The focus
will be especially on iFEM, trying to improve its performances in case of limited and sparse
strain measurements. The results will be then compared with those from the Modal Method,
both using exact strain data and noisy ones in order to understand how much uncertainty
affects the final results. At the end of the chapter the results presented will help in answering
research question (2).

Chapter 4 is focused on research question (3). Starting from the reconstructed deformed shape,
the external loads under the form of a pressure field will be computed. The results will be then
compared with a more common method which consists in computing the loads directly from
the strain measurements. Both static and dynamic analyses will be carried out.

The final part of the thesis, Chapter 5, presents the experimental part of the thesis with the
aim to assess the results obtained numerically with real-life data. Both the shape sensing part
and the load reconstruction one will be considered.

Finally, in Chapter 6 some conclusions are drawn and recommendations for future work given.

In general, each chapter presents an introduction with a theoretical background explaining the
methods and ideas used from literature. Then, some improvements are suggested together with
some study cases. In particular:

Chapter 1: Introduction.

Chapter 2: Shape sensing with beam model.

– Theoretical background: iFEM with beam elements.

– Shape sensing for prismatic beams.

– Shape sensing for tapered beams.

– Application to ISTAR demonstrator wing (see Section 1.2.3).

Chapter 3: Shape sensing with shell models.

– Theoretical background: MM, iFEM with shell elements and SEA.

– Application of SEA with quadrilateral elements.

– Coupling SEA with iFEM.

– Comparison between iFEM and MM.

– Uncertainty quantification for shape sensing analysis.

Chapter 4: Load reconstruction.
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– Theoretical background: methods used in literature for load reconstruction in static
applications.

– Improvements of load reconstruction for static applications.

– Uncertainty quantification for load reconstruction analysis.

– Load reconstruction for dynamic applications.

Chapter 5: Experimental activity.

Chapter 6: Conclusions.

1.2.3 Study cases and assessment

Figure 1.5: ISTAR demonstrator. Figure 1.6: Aluminum clamped beam.

The focus of the thesis is on wing-like applications. The results and the methods outlined will
be assessed with different study cases. In particular Chapter 2, Chapter 3 and Chapter 4 will be
based on strain data coming just from numerical simulations while Chapter 5 on experimental
ones. However, the study cases will be different.
For the numerical analyses, the main study case will be represented by the FE model of the
wing of the ISTAR1 demonstrator, illustrated in Figure 1.5. As it will described in more detail
in Section 2.5, the wing is a rather simple load-carrying GFRP composite skin filled with
foam. Even though it does not have the features of a real wing, it still offers some geometrical
complexities which are worth to be analysed. On the other hand, Chapter 5, being based on
experimental data, exploits the strain values coming from an aluminum beam clamped at its
root (Figure 1.6).

An exception is Chapter 2 where a beam model is shown and the results are gradually assessed
with strain data coming from relatively simple beam-like structures. However, also here the final
goal is the application of the model to the geometry of the ISTAR demonstrator wing.

1Dassault Falcon 2000LX DLR research aircraft.
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Chapter 2

Shape sensing with a beam model

In this chapter a simple beam model using the inverse Finite Element Method (iFEM) and the
Euler-Bernoulli beam theory is described.
In particular, in Section 2.1 the basis of the method are briefly explained based on the work
done in [48]. Then, using the so-called 0th order inverse beam element, some improvements are
suggested, in particular:

� In the original formulation, the inverse Euler-Bernoulli beam element does not give any
information about the torsional behavior of the beam. At the cost of an additional strain
measurement it is possible to compute the twist rate on the domain of each inverse element
and finally obtaining the twist angle starting from the beam root where no initial twist is
assumed. This is described in Section 2.2.

� The simplicity of the inverse element used does not allow in principle to exactly match the
deformed shape for load cases more complex than concentrated nodal forces. The common
approach, derived from FEM, would be either to increase the element order or to increase
the elements number. In the shape sensing context the first method implies higher orders
for the shape functions which in turn implies a larger number of strain measurements. The
second method brings to the same conclusion. It is considered undesired to increase the
amount of measurements needed. Therefore, it has been decided to keep the simplicity of the
so-called 0th order Euler-Bernoulli inverse element and to suggest some improvements which
allow to recover the deformed shape of the beam under more complex loads. In this way, even
though the deformed shape is not exactly recovered everywhere, it is still possible to obtain a
good estimate of the deflections with no need to increase the amount of measurements. This
framework is described in detail in Section 2.3.

The decision to keep using the simple 0th order Euler-Bernoulli inverse element comes also from
the fact that it is desired to develop a beam model for tapered beams. In general, coming up
with suitable shape functions in this context can be rather complex. Here instead the same
philosophy of before is followed: the shape functions are not modified and a similar approach
used for the prismatic beams will be applied. More details are given in Section 2.4, where both
the bending and the twist reconstruction are discussed.

Finally, the ideas put forth in the previous sections have been applied to the shape reconstruction
of the ISTAR demonstrator wing model. This is discussed in Section 2.5.
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CHAPTER 2. SHAPE SENSING WITH A BEAM MODEL

2.1 Theoretical background on Inverse Finite Element Method
applied to Euler-Bernoulli beam theory

Several studies have been published on the applicability of iFEM for beams. For example,
in [41] the method has been developed from the Timoshenko beam theory and in [25] for
beams with variable cross-sections. However, in this study the focus will be just on the simple
Euler-Bernoulli beam theory. How to couple it with iFEM is explained in [48] and this work
will be briefly reviewed in the following paragraphs.

In the context of the Euler-Bernoulli beam theory, referring to Figure 2.1 the displacement field
(ux, uy, uz) can be written as:

Figure 2.1: Reference system and kinematic variables used for Euler-Bernoulli beam.


ux = u(x) + zθy(x)− yθz(x)
uy = v(x)

uz = w(x)

(2.1)

So the kinematic variables involved are:

u =
[
u v w θx θy

]⊤
(2.2)

The corresponding linear strain field is:

εx =
du

dx
+ z

dθy
dx
− ydθz

dx

γxz =
dw

dx
+ θy = 0

γxy =
dv

dx
− θz = 0

(2.3)

Where the last two equations come from the fact that the transverse shear strains are assumed
to be null if the beam is slender enough. Therefore the axial strain becomes:

εx =
du

dx
− y d

2v

dx2
− zd

2w

dx2

= εx0 + yκz + zκy

(2.4)

where the following variables, called section strains, are defined:

εx0 =
du

dx
; κy =

dθy
dx

= −d2w

dx2
; κz = −

dθz
dx

= −d2v

dx2
(2.5)
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CHAPTER 2. SHAPE SENSING WITH A BEAM MODEL

which can be grouped together in the following vector:

e =

εx0κy
κz

 =

e1e2
e3

 (2.6)

Finally, the last important fact to recall from the Euler-Bernoulli beam theory are the
constitutive equations and the equilibrium ones. They are given below:


N = EAe1

My = EIye2

Mz = EIze3



dN

dx
= −qx(x)

dVy
dx

= −qy(x)

dMy

dx
= Vz

dVz
dx

= −qz(z)

dMz

dx
= Vy

(2.7)

where N denotes the normal force per unit area, My and Mz the moment and Vy, Vz the shear
force. At this point, the iFEM methodology can be applied. The first step consists in minimizing
the error between measured and analytical strains. Considering a generic element (e), this is
expressed with the following functional:

Φ(e) = ∥e− eε∥2 (2.8)

where eε are the experimental section strains. The functional Φ(e) will be characterized by three
contributions (for each section strain) per element. So, following what has been done in [48], it
can be written that:

Φ(e) = w ·

Φ
(e)
1

Φ
(e)
2

Φ
(e)
3

 = w ·



L(e)

n

n∑
j=1

(e1(xj)− eε1(xj))
2

L(e)

n

n∑
j=1

(e2(xj)− eε2(xj))
2

L(e)

n

n∑
j=1

(e3(xj)− eε3(xj))
2


(2.9)

where “·” stands for the internal product, n is the number of axial locations where the section
strains are evaluated and the coordinate x is taken here in the element reference system, that is
0 ≤ x ≤ L(e) (with L(e) the element length). Finally, the vector w must be introduced to assure
dimensional consistency between the section strain measures. It can be expressed as [48]:

w =

[
1

I
(e)
x

A(e)

I
(e)
y

A(e)

]⊤
(2.10)

with I
(e)
x , I

(e)
y the element second moment of area and A(e) the cross-section area.

At this point, the procedure is similar to the direct FEM formulation. The kinematic variables
u are interpolated with shape functions grouped in the matrix N which links u to the degrees
of freedom of the element (e) given by u(e). So it is possible to write:

u = Nu(e) (2.11)
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Now, the element section strains can be computed from Eq.(2.5) and this results in the following
expression:

e = Bu(e) =

B1

B2

B3

u(e) (2.12)

So, the functional Φ(e) of the element becomes:

Φ(e) =
L(e)

n

3∑
k=1

n∑
j=1

wk

[
ek(xj)− eεk(xj)

]2
=
L(e)

n

3∑
k=1

n∑
j=1

wk

[
u(e)⊤(B⊤

k (xj)Bk(xj))u
(e) +

(
eεk(xj)

)2 − 2eεk(xj)Bk(xj)u
(e)
] (2.13)

where k = {1, 2, 3} since there are three section strains. The previous expression can be rewritten
as:

Φ(e)

2
=

1

2
u(e)K(e)u(e) − u(e)Tf (e) +

L(e)

n

3∑
k=1

n∑
j=1

wk(e
ε
k(xj))

2 (2.14)

where the following quantities are defined:

K(e) =
L(e)

n

3∑
k=1

wk

n∑
j=1

[
B⊤

k (xj)Bk(xj)
]

(2.15)

f (e) =
L(e)

n

3∑
k=1

wk

n∑
j=1

B⊤
k (xj)e

ε
k(xj) (2.16)

Minimizing the functional with respect to u(e) and equating to zero results in:

1

2

∂Φ(e)

∂u(e)
= 0 ⇒ K(e)u(e) = f (e) (2.17)

All what has been done so far holds for a single element. Taking into account more elements, the
usual assembly procedure can be carried out, eventually accounting for appropriate coordinate
transformation, and finally obtaining a system as:

Ku = f (2.18)

It is important to note that K is independent of the strain measurements, contrarily to f .
Therefore, it is necessary to invert K only once to compute the degrees of freedom of the
system, rendering the whole procedure extremely fast if the strain measurements change over
time.

At this point, in order to explicitly build the inverse elements, the shape functions should be
defined. From this choice the element formulation is determined and this will be done in the
following sections.

0th Order inverse Euler-Bernoulli beam element

The first element which is developed is a two node inverse element which looks like the one
depicted in Figure 2.2.
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Figure 2.2: 0th Order inverse Euler-Bernoulli beam element

The formulation is guided by the Euler-Bernoulli beam equilibrium equations in case of just
nodal forces (that is no distributed forces). It is possible to write1:

EA
de1
dx

= 0 ⇒ e1 = constant

EIy
de2
dx

= constant ⇒ e2 = linear

EIz
de3
dx

= constant ⇒ e3 = linear

(2.19)

So, recalling the relation between section strains and kinematic variables:

e1 =
du

dx
; e2 = −

d2w

dx2
; e3 = −

d2v

dx2
(2.20)

Now, u must have a linear interpolation, while v and w a cubic one. Since C0 continuity must
be ensured for the axial displacement, but C1 for v and w, in [48] Hermite polynomials are used:

u(x) =
2∑

i=1

H
(0)
0i ui

v(x) =
2∑

i=1

H
(1)
0i vi +H

(1)
1i θzi

w(x) =
2∑

i=1

H
(1)
0i wi −H(1)

1i θyi

(2.21)

where the expressions of the polynomials used are (derivation in Appendix A):

H
(0)
01 (x) = 1− x

L(e)

H
(0)
02 (x) =

x

L(e)

H
(1)
01 (x) =

1

(L(e))3

(
2x3 − 3L(e)x2 + (L(e))3

)
H

(1)
11 (x) =

1

(L(e))2

(
x3 − 2L(e)x2 + (L(e))2x

)
H

(1)
02 (x) = − 1

(L(e))3

(
2x3 − 3L(e)x2

)
H

(1)
12 (x) =

1

(L(e))2

(
x3 − L(e)x2

)

(2.22)

So the section strains can now be explicitly expressed as:

e1 =
du

dx
=

1

(L(e))3

(
− 1

L(e)
u1 −

1

L(e)
u2

)
(2.23)

1because from the equilibrium equations:
dVy

dx
= 0 ;

dVz

dx
= 0
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e2 = −
d2w

dx2

= −
[

1

(L(e))3
(12x− 6L(e))w1 −

1

(L(e))2
(6x− 4L(e))θy1+

− 1

(L(e))3
(12x− 6L(e))w2 +

1

(L(e))2
(6x− 2L(e))θy2

] (2.24)

e3 = −
d2v

dx2

= − 1

(L(e))3
(12x− 6L(e))v1 −

1

(L(e))2
(6x− 4L(e))θz1+

+
1

(L(e))3
(12x− 6L(e))v2 −

1

(L(e))2
(6x− 2L(e))θz2

(2.25)

And the strain-displacement matrix B for the 0th order element can be written:

e =

e1e2
e3

 =

B1

B2

B3

 [u1 v1 w1 θy1 θz1 u2 v2 w2 θy2 θz2
]T

(2.26)

where:

B1 =

[
− 1

L(e)
0 0 0 0

1

L(e)
0 0 0 0

]
(2.27)

B2 =

[
0 0 − 1

(L(e))3
(12x− 6L(e))

1

(L(e))2
(6x− 4L(e)) 0

0 0
1

(L(e))3
(12x− 6L(e))

1

(L(e))2
(6x− 2L(e)) 0

] (2.28)

B3 =

[
0 − 1

(L(e))3
(12x− 6L(e)) 0 0 − 1

(L(e))2
(6x− 4L(e)) 0

1

(L(e))3
(12x− 6L(e)) 0 0 − 1

(L(e))2
(6x− 2L(e))

] (2.29)

Since B is completely defined, the element matrix K(e) is known. In order to compute f (e) also
the experimental section strains should be computed. It is known that e1 is constant, e2 and e3
are linear. This can be expressed as:

e1(x) = e10

e2(x) = e20 + xe21

e3(x) = e30 + xe31

(2.30)

So for each strain measurement it can be written the following equation using Eq.(2.4):

e10 + zi(e20 + xie21) + yi(e30 + xie31) = εεxi (2.31)

where εεx is the measurement taken from the ith strain gauge positioned at (xi, yi, zi). From
Eq.(2.30) it follows that at least five measurements per element are needed in at least two
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positions because of the linearity of e2 and e3. So all the equations can be grouped in a linear
system as follows: 

1 z1 z1x1 y1 y1z1
1 z2 z2x2 y2 y2z2
1 z3 z3x3 y3 y3z3
1 z4 z4x4 y4 y4z4
1 z5 z5x5 y5 y5z5



e10
e20
e21
e30
e31

 =


εεz1
εεz2
εεz3
εεz4
εεz5

 (2.32)

In order to assess the element formulation, a simple clamped beam has been modelled with a
single 0th order element. The beam has a rectangular cross-section and the measurement points
are shown in Figure 2.3a. The material is isotropic with E = 73e3MPa and ν = 0.3. A tip load
P is acting on the free end.

(a) Strain gauge positions (not in scale). (b) Vertical displacement and comparison between iFEM
and analytical results.

Figure 2.3: Clamped Beam under tip load modelled with a single 0th order inverse element.

Since the model is quite simple, the “experimental” strains have been computed analytically.
Using the Euler-Bernoulli beam theory, the axial strain in this case is equal to (see Appendix
B):

εεx(x, z) =
P (x− L)
EIy

z (2.33)

Carrying out the simulation and plotting the deformed shape, the results of Figure 2.3b have
been obtained, where the displacement w(x) from the iFEM model has been interpolated with
the corresponding shape functions between the two end nodes. As expected there is an exact
correspondence since the inverse element has been developed exactly for this load case from the
equilibrium beam equations.

Now the performance of the element is checked when the beam is subjected to a distributed load
qz = 0.1 N/mm. The same strain gauge distribution is kept and the analytical strain is given
by (see Appendix B for the derivation):
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Figure 2.4: Vertical displacement of clamped beam under distributed load modelled with a single
0th order inverse element.

εεx(x, z) =
qz
EIy

(
x2

2
− Lx+

L2

2

)
z (2.34)

Repeating the same steps as before, the results in Figure 2.4 have been obtained. Now, as
expected, an error is present which could be reduced increasing the number of inverse elements.
For example, two inverse elements can be used as illustrated in Figure 2.5a. In this way the
results reported in Figure 2.5b have been obtained and a more correct solution is now achieved.

(a) Strain gauges positions. (b) Vertical displacement and comparison between iFEM
and analytical results.

Figure 2.5: Clamped Beam under distributed load modelled with two 0th order inverse elements.

1st Order inverse Euler-Bernoulli beam element

If in the equilibrium equations distributed constant forces qy and qz are now considered, a new
element can be obtained on the same lines of the one developed in the previous section. The
element is sketched in Figure 2.6. Carrying out similar substitutions as before, it is possible to
obtain that e1 must again be constant, while e2 and e3 should be quadratic. At the same time,
the element must be C1 continuous and if the Hermite polynomials are used the following can
be obtained:
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Figure 2.6: 1st Order inverse Euler-Bernoulli beam element



u(x) =
∑
i=1,2

H
(0)
0i ui

v(x) =
∑

i=1,m,2

H
(1)
0i vi +H

(1)
1i θzi

w(x) =
∑

i=1,m,2

H
(1)
0i wi −H(1)

1i θyi

(2.35)

where this time H
(1)
0i are fifth order polynomials since the element has three nodes. This means

that v(x) and w(x) are interpolated with a fifth order polynomial and therefore that e2 and e3
are of order three (and not two) as it should from the equilibrium equations. This problem can
be solved writing down explicitly the section strains e2 and e3 as:

e2 = −
d2w

dx2
= −

∑
i=1,m,2

d2H
(1)
0i

dz2
wi −

d2H
(1)
1i

dz2
θyi (2.36)

e3 = −
d2v

dx2
=

∑
i=1,m,2

d2H
(1)
0i

dz2
vi +

d2H
(1)
1i

dz2
θzi (2.37)

where the expressions of the cubic Hermite polynomials are given in Appendix A. For example,
for e2 this results in:

e2 = −
[(
− 46

(L(e))2
+

396

(L(e))3
x− 816

(L(e))4
x2 +

480

(L(e))5
x3
)
w1+

+

(
32

(L(e))2
− 192

(L(e))3
x+

192

(L(e))4
x2
)
wm+

+

(
14

L2
e

− 204

L3
e

x+
624

(L(e))4
x2 − 480

(L(e))5
x3
)
w2+

+

(
− 12

(L(e))
+

78

(L(e))2
x− 144

(L(e))3
x2 +

80

(L(e))4
x3
)
θy1+

+

(
− 16

(L(e))
+

192

(L(e))2
x− 480

(L(e))3
x2 +

320

(L(e))4
x3
)
θym+

+

(
− 2

(L(e))
+

30

(L(e))2
x− 96

(L(e))3
x2 +

80

(L(e))4
x3
)
θy2

]

(2.38)

At this point all the cubic terms of e2 and e3 can be set equal to zero. This results in the
following equation:

480

(L(e))5
w1 −

480

(L(e))5
w2 +

80

(L(e))4
θy1 +

320

(L(e))4
θym +

80

(L(e))4
θy2 = 0 (2.39)
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Similarly for e3:

480

(L(e))5
v1 −

480

(L(e))5
v2 +

80

(L(e))4
θz1 +

320

(L(e))4
θzm +

80

(L(e))4
θz2 = 0 (2.40)

Now, the variables θym and θzm can be obtained from the previous two equations and
substituted in the original interpolation. This eventually results in the final interpolation of v
and w, which is of fourth order.

Now, again the strain-displacement matrix B can be computed and so K(e) and f (e) can be in
turn be obtained.

As a final note, the procedure to compute the experimental section strains is analogous as
before. However, now due to the higher order of the element at least seven strain measurement
are needed in at least three axial locations (because e2 and e3 are quadratic).
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2.2 Inverse Euler-Bernoulli element with torsional sensitivity

In this section the iFEM beam model described in Section 2.1 is extended introducing the
possibility to take into account the torsion of the beam. Even though the framework used is the
one of iFEM, the twist reconstruction is simply based on an analytical computation of the twist
rate with the applied torsion moment. From iFEM the internal shear force over the beam is
obtained which in turn allows to compute the actual shear stress induced by torsional forces and
so finally the twist rate. Therefore, the torsional deformation reconstruction is just indirectly
based on iFEM, but still the deformation is recovered step-wise on each element. In this way,
rather complex shapes could be obtained. The details of the method are explained in Section
2.2.1. It follows the brief description of the development of a code to compute the properties of
general-shaped cross-sections (Section 2.2.2) and some simple applications with the aim to give
more insight into the results which can possibly be obtained (Section 2.2.3, Section 2.2.4 and
Section 2.2.5).

2.2.1 Algorithm to recover both bending and torsional deformations

The inverse Euler-Bernoulli beam element developed in [48] has relatively limited capabilities
since it is able to recover just the bending behaviour of the beam, with no information about its
torsion. The difficulty does not lie in the element formulation, since it is relatively easy to add
the torsional degree of freedom. Consider the 0th order element, whose formulation comes from
the applications of just nodal forces (no distributed forces), then from the equilibrium equations:

e1 = constant ⇒ u = linear

e2 = linear ⇒ θy = quadratic ⇒ w = cubic

e3 = linear ⇒ θz = quadratic ⇒ v = cubic

e6 = dθx/dx = constant ⇒ θx = linear

(2.41)

from which is follows that a simple linear interpolation for the torsional degrees of freedom θx
is sufficient, and so: 

u(x) =
2∑

i=1

H
(0)
0i ui

v(x) =

2∑
i=1

H
(1)
0i vi +H

(1)
1i θzi

w(x) =

2∑
i=1

H
(1)
0i wi −H(1)

1i θyi

θx(x) =
2∑

i=1

L
(1)
i θxi

(2.42)

with H
(N)
ij cubic Hermite polynomials and L

(1)
i linear Lagrange polynomials.

The problem consists in relating the measured strains to the shear strains generated by torsion.
In general, measuring the shear strain at a certain location, the value obtained comes both from
torsional loads and shear loads. So there is the need to uncouple the two contributions, retaining
just the effect due to torsion. It is possible to do that keeping the same iFEM formulation for the
bending behavior, but at the same time adding to the shape sensing study a few steps needed to
recover the torsional deformation. In the following, the 0th order element is considered, so only
nodal forces are present in the element formulation. The methods proceeds along the following
lines:
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1. First, the bending deflection can be computed with iFEM. This requires five axial strain
measurements per element in at least two different axial locations.

2. From the element formulation used, only concentrated nodal forces are acting on the element.
Therefore, a constant internal shear force is present along the element itself. This can be
computed from the equilibrium equations as:

Vy =
dMy

dx
=

d

dx

(
−EIz

d2v

dx2

)
Vz =

dMz

dx
=

d

dx

(
−EIy

d2w

dx2

) (2.43)

Knowing the interpolation used for v(x) and w(x) (Eq.(2.42)), it is possible to obtain:

Vy = −6EIz
2v1 − 2v2 + L(e)θz1 + L(e)θz2

(L(e))3

Vz = 6EIy
2w2 − 2w1 + L(e)θy1 + L(e)θy2

(L(e))3

(2.44)

3. Now, assuming that Vy and Vz are acting on the shear center of the beam cross-section, it is
possible to compute the shear stress due to these loads. The shear stress developed by a unit
Vz or Vy will be denoted respectively with τ z12 and τy12. This can be achieved basically in two
different ways:

- for simple cross-sections, the shear stress can be computed analytically using well-known
methods, as in [63].

- if a Finite Element model is available, then the shear stress can be retrieved from a simple
linear static analysis of the beam modeled with shell elements and whose cross-section
has been extruded for a sufficient length such that the Euler-Bernoulli beam theory
assumptions are satisfied.

In a similar manner, in this step it is also important to compute (either analytically or
numerically) the shear stress developed by a pure unit torsional moment applied at the end
of the beam. This shear stress will be named τ t12.

4. Consider the presence of an additional strain
gauge over the inverse beam element, oriented
with angle β w.r.t. the beam axis (Figure
2.7). Since its purpose will be to measure the
twist angle of the beam, it will be referred in
the following as shear-sensitive strain gauge.
At the same location where this strain gauge
is positioned, the axial strain εx can be
retrieved knowing the section strains (from
iFEM) developed in the beam element, and
so the shear strain γ can be obtained as
(see for example [14] for the tensor rotation
transformation):

Figure 2.7: Shear-sensitive strain gauge
positioned on beam element.

εε1 = εx cos
2 β − νεx sin2 β + γ cosβ sinβ (2.45)

⇒ γ =
εε1 − εx cos2 β + νεx sin

2 β

cosβ sinβ
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where εx can be computed as:

εx = eε1(x) + zeε2(x) + yeε3(x)

and εε1 is the measured strain by the gauge. Knowing the shear modulus G of the material,
this results in the shear stress where the strain gauge is positioned: τ ε12 = Gγ.

5. At this point it is possible to compare the shear stress τ z12, τ
y
12 computed at point (3) with

τ ε12. The difference must be due to shear stresses attributed to torsion and so the torsional
moment can be derived simply as:

Mx =
τ ε12 − (Vzτ

z
12 + Vyτ

y
12)

τ t12
(2.46)

This enables to compute the twist angle θx(x) along the beam element length:

θx(x) = θx0 +

∫ x

0

Mx

GJ
dx

with θx(x = 0) = θx0 the torsion angle at the first node of the element and GJ the torsional
stiffness. Obviously, for the element directly connected to the root θx0 = 0.

The first important fact to outline is that the torsional deformation obtained in this way will
be linear, that is the twist angle varies linearly along the beam length, since τ t12 was computed
applying a concentrated torsional moment at the beam end. So for a general loading condition
if more precise results are needed the number of inverse elements should be increased. This of
course brings to increase the number of strain measurements: for each element 6 gauges are
needed: 5 for the iFEM formulation along the beam axis to retrieve the bending deformation
and 1 for the torsional sensitivity oriented with angle β w.r.t the axis.

As pointed out before, it is necessary to know which are the shear stresses along the beam
cross-section due to shear forces Vy and Vz applied on the shear center and due to a unit
torsional couple Mx. Therefore:

� The position of the shear center is required. For a general cross-section shape (such as an
airfoil), its position must be computed. Furthermore, also other cross-section properties (Iy,
Iz) are needed in order to retrieve the internal shear forces (Eq.(2.44)). Therefore, a code to
compute all the relevant properties for generally shaped cross-sections has been developed. It
will be briefly described in Section 2.2.2.

� As already mentioned, the shear stresses τy12, τ
z
12 and τ t12 can be computed analytically if for

example the beam cross-section is thin-walled. In this way, a very quick result can be obtained.
However, for more complex cross-sections, the analytical computations might be cumbersome.
An easy workaround consists in simply simulating with FEM a three-dimensional long enough
beam (to be in accordance with the Euler-Bernoulli assumptions), applying a unit load at the
tip shear center, and in exporting the shear stress at the gauge location over the cross-section.
This operation needs to be done just once, so it does not represent a computational burden.
Furthermore, the same model can be used to apply a unit torsion moment at the tip of the
beam and again in retrieving the shear stress at the gauge location.

The work-flow just outlined is visually depicted in Figure 2.8 where the highlighted box off-line
stands for the tasks which need to be done only once and which do not depend on the strain
measurements that are instead an input for the on-line part.
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Figure 2.8: Work-flow to follow in order to retrieve both the bending and the torsional
deformation from the beam model.

In order to assess the results which can be obtained with this framework, some simple simulations
have been carried out. First, the shear stresses are retrieved analytically for a simple rectangular
thin-walled cross-section (Section 2.2.3). Then, for an open L cross-section they are directly
imported from a FEM simulation (Section 2.2.4). Finally, a beam with a thin-walled airfoil
cross-section will be analyzed in Section 2.2.5.

2.2.2 Computation of cross-sectional properties

A crucial step in the method outlined consists in knowing the beam cross-sectional properties
and in particular the position of the shear center in order to retrieve the torsional deformations.
For simple cross-sections this task can be easily carried out by hand. However, for more
complex shapes a more general solution is needed. Here, a Finite Element based solution has
been developed using some results from [66]. As input it is needed the discretization of the
cross-section and the elements connectivity, while as output the properties retrieved are the
cross-section area, first moments of area, centroid position, second moments of area, torsional
constant and shear center position (computed according to two different definitions).

Cross-section area

It can be simply computed sweeping through all the elements and summing the individual
element areas A(e) as:

A =
∑
e

A(e) =
∑
e

∫ 1

−1

∫ 1

−1
|Je| dξdη (2.47)

with Je the element Jacobian and (ξ, η) ∈ [−1, 1] the natural coordinates.
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First moments of area

From their definitions it follows that they can be computed as:

Qy =

∫∫
A
z dA =

∑
e

∫ 1

−1

∫ 1

−1
Nz(e)|Je|dξdη

Qz =

∫∫
A
y dA =

∑
e

∫ 1

−1

∫ 1

−1
Ny(e)|Je|dξdη

(2.48)

with N the vector containing the shape functions and y(e), z(e) element nodal coordinates.

Centroid position

The centroid position can be directly computed from the first moments of area:

yC =
Qz

A
; zC =

Qy

A
(2.49)

Second moments of area

Similarly as for the first moments of area, in this case:

Iy =

∫∫
A
z2 dA =

∑
e

∫ 1

−1

∫ 1

−1
(Nz(e))2|Je| dξdη

Iz =

∫∫
A
y2 dA =

∑
e

∫ 1

−1

∫ 1

−1
(Ny(e))2|Je| dξdη

Iyz =

∫∫
A
yz dA =

∑
e

∫ 1

−1

∫ 1

−1
Ny(e)Nz(e)|Je|dξdη

(2.50)

These values can be easily referred to the centroidal reference system as:

IyC = Iy − z2CA
IzC = Iz − y2CA
IyzC = Iyz − yCzCA

(2.51)

Torsional constant

It is possible to demonstrate [66] that the torsional constant J of the cross-section can be
computed as:

J =

∫∫
A

[(
∂ω

∂z
+ y

)
y −

(
∂ω

∂y
− z
)
z

]
dA (2.52)

with ω(y, z) the so-called warping function which defines the axial displacement field under pure
torsion. Therefore, there is the need to compute the warping function over the cross-section.
Jumping directly to the final steps, it is possible to derive from the Principle of Virtual Work
that ω(y, z) must satisfy:∫∫

A

[(
∂

∂y
δω
∂ω

∂y
+

∂

∂z
δω
∂ω

∂z

)
−
(
∂

∂y
δωz − ∂

∂z
δω y

)]
dA = 0 (2.53)

Interpolating the warping function over the element domain as:

ω(y, z) = Nω(e) (2.54)
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and substituting into Eq.(2.53) it is possible to obtain:

K(e)
ω ω(e) = P (e) (2.55)

where:

K(e)
ω =

∫∫
A(e)

(
∂N⊤

∂y

∂N

∂y
+
∂N⊤

∂z

∂N

∂z

)
dA(e) ; P (e) =

∫∫
A(e)

(
z
∂N⊤

∂y
− y∂N

⊤

∂z

)
dA(e)

Assembling over all the cross-section elements and solving the corresponding linear system:

Kωω = P

allows to retrieve the warping function distribution. At this point, substituting into Eq.(2.52)
it is possible to obtain the torsional constant as (see again [66] for all the steps):

J = Iy + Iz − ω⊤P (2.56)

Shear center position

The position of the shear center has been implemented using two different approaches as
explained in the following.

A common method to compute the shear center consists in the so-called Trefftz definition.
According to this approach, the shear center can be obtained uncoupling the strain energy due
to transverse shear and torsional stresses. Considering a beam subjected to torsion and shear
loads, then the total strain energy stored is:

U =
1

2E

∫∫
A

(∫ L

0
σ2xdx

)
dA+

L

2G

∫∫
A

[
(txy + τxy)

2 + (txz + τxz)
2
]
dA (2.57)

where L is the beam length, E, G the elastic and shear moduli, txy, txz are the torsional shear
stresses, while τxy, τxz are the transverse shear stresses. As it is possible to see, in the second
integral torsion and shear are uncoupled if the following holds:∫∫

A
(txyτxy + txzτxz) dA = 0 (2.58)

which represents the definition of torsion-free flexure according to Trefftz. At this point,
expressing the torsional shear stresses with the warping function ω(y, z) and using the
equilibrium equations it is possible to derive the position (yS , zS) of the shear center [66]:

yS =
IyzIyω − IzIzω
IyIz − I2yz

zS =
IyIyω − IyzIzω
IyIz − I2yz

(2.59)

where the so-called sectorial products of area are defined as:

Iyω =

∫∫
A
y ω(y, z)dA ; Izω =

∫∫
A
z ω(y, z)dA (2.60)

Knowing the warping function from the previous point, it is easily possible to compute these
integrals and therefore to obtain the shear center position.

A completely different approach to compute the shear center position consists in directly
solving the elasticity equations. Since the procedure is relatively lengthy, just the main steps
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and expressions will be shown, without going into details (refer to [66] for a more in-depth
derivation). In particular, considering for example a beam subjected to a tip load Vz acting on
the shear center, then no torsion is present and the shear stress τxz, τxy expressions are chosen
to automatically satisfy the compatibility equations as:

τxy =
Vz
∆

(
∂Φ

∂y
− hy

)
; τxz =

Vz
∆

(
∂Φ

∂z
− hz

)
(2.61)

where:

∆ = 2(1+ ν)
(
IyIz − I2yz

)
; hy = v

(
Izyz + Iyz

y2 − z2

2

)
; hz = −v

(
Iyzyz + Iz

y2 − z2

2

)
substituting into the equilibrium equations the function Φ = Φ(y, z) needs to satisfy:

∇2Φ = 2 (Iyzy − Izz) (2.62)

The boundary conditions for Φ(y, z) can be obtained from the fact that the stress normal to the
cross-section boundary must be null. In this way the function Φ(y, z) is fully defined. Applying
for example the Galerkin method, the weak form of the problem can be obtained which can be
solved within the Finite Element framework leading to the usual linear system of equations:

K
(e)
Φ Φ(e) = p(e)

z (2.63)

Once Φ(y, z) is known, the shear center position yS can be obtained imposing that the shear
stress distribution must be equivalent to the couple ySVz, that is:

ySVz =

∫∫
A
(τxzy − τxyz) dA (2.64)

from which yS can be obtained.
A completely analogous procedure holds also for the computation of zS . In this case, the shear
stresses are expressed in function of Ψ = Ψ(y, z) which is obtained from:

K
(e)
Ψ Ψ(e) = p(e)

y (2.65)

and again the shear center position zS is obtained from the corresponding counterpart of
Eq.(2.64).

Assessment of cross-section properties for C-section

(a) Warping function ω(y, z). (b) Shear center position according to Trefftz.

Figure 2.9: C-section.
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As an example, the computed cross-sectional
properties have been compared with numerical
study from [66] for a channel section as
illustrated in Figure 2.9.
The comparison is reported in Table 2.1 just
for some properties of interest, in particular
the shear center position (computed both with
the Trefftz definition and the elasticity-based
solution) and the torsional constant. The
results closely agree with the ones obtained
from [66].

In-house code [66]

yS(Trefftz) wrt centroid −4.742 −4.742
zS(Trefftz) wrt centroid 0 0
yS(Elasticity) wrt centroid −4.742 −4.742
zS(Elasticity) wrt centroid 0 0
J 11.290 11.288

Table 2.1: Comparison of some cross-section
properties of interest (units as from [66] ).

2.2.3 Application to thin-walled box beam

A simple cantilever beam with rectangular thin-walled cross-section will be considered here. For
now, a single inverse beam element will be used and so a total of six strain gauges is needed.
The geometry and the strain locations are shown in Figure 2.10.

(a) Beam geometry and strain gauges positions. (b) Beam cross-section and reference
system.

Figure 2.10: Box thin-walled beam.

The cross-section is relatively simple and the shear center position is defined from symmetry.
Only shear forces along z (Vz) will be considered and the corresponding shear stress can be
obtained analytically with the common techniques used for thin-walled structures [63]. In
particular, the shear-sensitive gauge orientation β is positioned as in Figure 2.10b and so the
value of the shear stress is needed in that position. It is possible to derive (see Appendix C)
that in the upper panel the shear stress is given by:

τ z12(ξ) =
Vzt

Iy

(
−h
2
ξ +

hb

4

)
(2.66)

with ξ ∈ [0, b] the coordinate shown in Figure 2.10b, t the thickness, h and b the cross-section
dimensions and Iy the second moment of area around y.
Since in this case the cross-section is simply a closed mono-cell thin-walled one, the torsion angle
rate is given by:

dθx
dx

=
τ z12 − τ ε12

4GΩt(h+ b)

with Ω the enclosed area by the cross section and G the shear modulus.
Three different load cases have been simulated, taking the input strain measurements from the
corresponding FE model.
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(a) Load case: beam under
bending and torsion.

(b) Reconstructed deformed shape. (c) Twist angle θx(x).

Figure 2.11: Thin-walled box beam under tip load.

A concentrated load has been applied on a free corner of the beam, as in Figure 2.11a. In
Figure 2.11b the obtained deformed shape is shown, while in Figure 2.11c the twist angle θx(x)
along the span has been plotted, comparing the results obtained from the reconstructed shape
(iFEM), from the analytical formula and from the FEM simulation (Abaqus). The analytical
results are obtained simply integrating θ̇x =Mx/GJ .

In the second load case study, a pure torque is applied at the beam end, as in Figure 2.12a. In
general the deformed shape is well recovered. Also in this case a comparison with FEM and
analytical results has been carried out, leading to Figure 2.12c for the twist angle reconstruction.
The error which is possible to see comes mainly from the the iFEM results. The translational
displacements should be null (since just torsion is applied), however this is not exactly achieved
and a (small) shear force is identified. This in turn affects the computation of the shear stress
due to torsion and therefore the twist angle reconstruction.

(a) Load case: beam under torsion. (b) Reconstructed deformed shape. (c) Twist angle θx(x).

Figure 2.12: Thin-walled box beam under tip torsional moment.

A final simulation has been done with a more complex load case and using two inverse elements,
as shown in Figure 2.13a. A concentrated load is acting on the middle of the beam with an
offset w.r.t the cross-section center, so that a torsional load is induced. At the same time, at
the tip two other concentrated forces are acting: a force pointing upwards and a torque. Also in
this case the twist angle has been computed along the beam span. Since concentrated forces are
acting at the extremities of the inverse beam elements used, the twist angle is approximately
step-wise linear and this is well captured by the shape reconstruction, as shown in Figure 2.13c.
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(a) Load case: beam under mid-span
and tip forces.

(b) Reconstructed deformed shape. (c) Twist angle θx(x).

Figure 2.13: Thin-walled box beam under multiple concentrated forces.

2.2.4 Application to thin-walled L-beam

In this subsection another beam with an L cross-section is considered and the same approach
outlined before is used. Here, however, the shear stresses τy12, τ

z
12, τ

t
12 are directly taken from

a FEM simulation applying unit loads, and no analytical result is used. The aim is to study a
section where centroid and shear center do not coincide as previously. Furthermore, the fact
that it is an open section brings about some consequences which should be considered.

Consider the beam as shown in Figure 2.14a. Just one inverse element will be used, so six strain
gauges are sufficient. Their positions are shown again in Figure 2.14a and a concentrated load
has been applied at the tip as illustrated. The cross-section dimensions are given in Figure
2.14b. The central axes have been drawn and also the shear center position.

(a) Load case and strain gauges positions. (b) Cross-section geometry.

Figure 2.14: L-beam.

Since the cross-section is thin-walled, it is known that the shear center coincides with the
corner of the section. The load is applied on the shear center and therefore no rotation of the
cross-section is expected.

First, a simulation using the central reference system has been carried out. The only care
should be taken in this case is to put the strain gauge positions in the correct reference system.
Considering that their positions are given in the reference system shown by the cartesian axes
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of Figure 2.14b, then the following simple transformation holds:[
ȳ
z̄

]
=

[
cos δ sin δ
− sin δ cos δ

]([
y
z

]
−
[
yC
zC

])
(2.67)

where δ is the angle created as in Figure 2.14b, the overbar represents quantities in the central
reference system and yC , zC are the centroid coordinates. With this slight precaution, the same
method outlined before holds also in this case.
If a centroidal but non-principal reference system is used, for example without rotating the
reference system, the computation of the shear forces Vy, Vz is different. It is possible to
demonstrate that for a general reference system the moments My and Mz are given by [70]:

My = EQye1 + EIye2 + EIyze3 ; Mz = EQze1 + EIyze2 + EIze3 (2.68)

Now, for a centroidal reference system the first moments of area are null Qy = Qz = 0 and so
using as usual the 0th order inverse element it is possible to derive:

Vy =
dMy

dx

= −6E 2Izv1 − 2Izv2 + 2Iyzw1 − 2Iyzw2 − IyzL(e)θy1 − IyzL(e)θy2 + IzL
(e)θz1 + IzL

(e)θz2

(L(e))3

Vz =
dMz

dx

= −6E 2Iyzv1 − 2Iyzv2 + 2Iyw1 − 2Iyw2 − IyL(e)θy1 − IyL(e)θy2 + IyzL
(e)θz1 + IyzL

(e)θz2

(L(e))3

(2.69)

The equivalence of the results using the
two reference systems has been carried out
comparing the outcomes for the load case of
Figure 2.14. As it is possible to see in Table 2.2,
the nodal displacements given by iFEM do not
change if the reference system is principal or
not. Furthermore, in both cases an almost null
twist is obtained (as it should since the load is
applied on the shear center, Figure 2.15).

v2 w2

FEM −4.738mm 1.517mm
Central −4.7176mm 1.5032mm
Centroidal −4.7176mm 1.5032mm

Table 2.2: End nodal displacements.

If however the load is applied away from the shear center, torsion occurs and also this time
the behaviour is well captured by the model as shown in Figure 2.16, where central axes have
been used. However near the beam root the simple model based on the de Saint-Venant torsion
theory is not capable to capture the non-linearity occurring there. This can be explained
considering the constrained warping of the cross-section and will be briefly considered in Section
2.3.2.

A final note has to be done in case the torsional stiffness of the beam is relatively low. The
thickness of the L cross-section has been decreased up to 0.5 mm and this drastically reduces J
(Figure 2.17a). The concentrated load has been applied on the shear center and repeating the
simulation a much different twist is found. Even if still close to zero, the error has increased
considerably due to the small differences in the bending reconstruction coming from iFEM (blue
line Figure 2.17b). Furthermore, there is a large sensitivity on input errors. For example, it is
shown a simple case which might actually occur in a numerical study. That is, the strain gauge
positions have been considered coincident to the nodal positions (at the mid-plane of the panels)
even if the strain is extracted at top / bottom of the element, so there should be an offset of half
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the thickness. If this small quantity (in this case 0.25 mm) is neglected, then the twist which
is obtained is quite erroneous (red line Figure 2.17b) giving an idea of how much this type of
section if sensitive because of the low torsional stiffness GJ .

(a) Reconstructed deformed shape. (b) Twist angle θx(x).

Figure 2.15: Shape reconstruction of L-beam under concentrated load on the tip corner.

(a) Load case. (b) Twist angle θx(x).

Figure 2.16: L-beam under bending and torsion.

(a) Cross-section geometry. (b) Twist angle θx(x).

Figure 2.17: L-beam with law torsional stiffness.
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2.2.5 Application to thin-walled airfoil beam

In this section the theory developed so far is applied to a prismatic beam with thin-walled
airfoil cross-section. The airfoil studied is shown in Figure 2.18: it has been discretized with
quadrilateral quadratic elements and in Table 2.3 some properties of the cross-section have been
listed.

Figure 2.18: Aifoil cross-section.

Chord 250mm
Wall thickness 2.5mm
yC 119.3mm
zC −7.031mm
yS (Trefftz) 66.48mm
zS (Trefftz) −6.438mm
yS (Elasticity) 59.03mm
zS (Elasticity) −6.08mm
Iy 1.5442e5mm4

Iz 6.1370e6mm4

δ −0.0484 rad
J 5.1214e5mm4

E, ν 70e3MPa, 0.3

Table 2.3: Cross-section properties.

The wing is shown in Figure 2.19 together with the strain gauge positions. For the moment a
single inverse element will be used, and so five strain gauges plus one to measure the twist are
sufficient. The details of the FE model from which the strains will be extracted are reported in
Appendix M.

Figure 2.19: Wing discretized with a single inverse element and strain gauge positions.

As it is possible to see from Figure 2.18, the Trefftz definition of shear center and the elasticity
solution give slightly different results. So, before proceeding it has been decided to choose the
most accurate answer between the two. The wing model has been built in Abaqus simply from
the extrusion of the cross-section of Figure 2.18 and a concentrated load has been applied on
the two shear center positions as shown in Figure 2.20a. Then, from the leading edge and
trailing edge vertical displacements the twist angle has been obtained. It is reported in Figure
2.20b along the wing span. The elasticity solution seems to give results overall closer to zero
(which is the expected answer since the load is applied on the shear center) and therefore it is
deemed more accurate and it will be only one considered in the following.
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At this point the three-dimensional wing model
is used to extract the shear stresses where
the strain gauge oriented with angle β is
positioned. So, a unit load is applied on the
shear center (respectively Vy, Vz and Mx) and
the shear stresses are recorded as reported in
Table 2.4.

Shear stress

τy12 −9.931 10−4MPa/N
τ z12 4.634 10−3MPa/N
τ t12 4.585 10−5MPa/Nmm

Table 2.4: Shear stresses given by unit loads.

(a) Application of concentrated loads at beam tip. (b) Twist angle obtained applying the load on the two
possible positions for the shear center.

Figure 2.20: Study of the accuracy of the shear center position for the two results obtained
respectively by the Trefftz definition and by the elasticity-based solution.

Note that the values of the shear stress found theoretically depend only on the position on the
cross-section, and not on the span position. However, in order to avoid the presence of edge
effects, values at the middle of the span should preferably be used. At this point everything is
known and some simulations can be carried out.

(a) Reconstructed shape and load case. (b) Twist angle along the span.

Figure 2.21: Wing with tip force applied on the shear center.

First, in order to assess the results, a force in the shear center has been applied as shown in
Figure 2.21a. As expected, the twist angle is close to zero (the error has the same order of
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magnitude of the one shown in Figure 2.20b).

Next, again a concentrated tip force has been applied, but this time on the leading edge as
in Figure 2.22. Plotting the twist angle along the span, there is a relatively good agreement
between FEM results and the reconstructed ones (Figure 2.22b). Also the bending deformation
(from iFEM) closely matches the reference one.

(a) Reconstructed shape and load case. (b) Twist angle along the span.

Figure 2.22: Wing with tip force applied on the leading edge.

From Figure 2.22b the twist recorded from the direct FEM simulation is not exactly linear,
especially near the wing root. This effect is mainly to be attributed to the low torsion in
comparison to the shear force applied which makes the expected solution less close w.r.t. the
de Saint-Venant torsion theory. For higher torques the twist rate becomes closer and closer to
a constant value. For example, in Figure 2.23 some results are presented: using the same shear
force (100 N) applied on the tip shear center, different values of torque Mx have been used
(respectively 106 Nmm, 104 Nmm, 102 Nmm). For larger values of torque the expected linear
twist is obtained, while for lower values this type of solution is completely lost.

(a) Mx = 106 Nmm (b) Mx = 104 Nmm (c) Mx = 102 Nmm

Figure 2.23: Twist angle reconstruction using different torques applied at the beam tip.
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2.3 Improvements in the bending and twist reconstruction for
0th order Euler-Bernoulli inverse elements

In this section some improvements of the shape sensing framework are presented. The
simulations will again be carried out with the 0th order inverse beam element and it will
be suggested a way to obtain satisfactory reconstructed shapes in case of distributed loads
without increasing the element order / number of elements. The details are given in Section
2.3.1. It follows a brief discussion on how to take into account restrained warping for the twist
reconstruction (Section 2.3.2) and finally in Section 2.3.3 it is computed the deformation of a
prismatic clamped beam with airfoil profile under a relatively complex pressure field from FE
strain measurements.

2.3.1 Tuning strain gauge positions for bending and twist reconstruction

From the applications studied in the previous sections it might be concluded that with the
shape sensing framework defined it is possible to get quite satisfactory results, simplifying a
3D structure with a much simpler beam model. However, it must be recalled that the inverse
element formulation used so far gives exact answers only when nodal forces are applied (that is
with no distributed forces). If this is not the case, the 0th order iFEM formulation would give
just an approximation of the displacement field. In order to increase the accuracy two ways can
be followed along the same lines of what happens for the direct FE formulation:

Figure 2.24: Beam discretized with a single inverse element (5 strain gauges for bending
reconstruction) under a constant distributed load.

(a) x1 = 0, x2 = L (b) x1 = L/3, x2 = L (c) x1 = L/3, x2 = L/2

Figure 2.25: Bending deflection reconstruction using different values for the strain gauges axial
positions x1 and x2.
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� “h-refinement”: either increasing the number of 0th order inverse elements. This occurs at the
cost of five strain gauges per element (not counting the one used for the torsion sensitivity).

� “p-refinement”: or increasing the order of the element, using the so called 1st order beam
inverse element, specifically developed for the case of (constant) distributed loads applied on
the element. The inverse Euler-Bernoulli beam element developed in [48] needs seven strain
measurements in at least three different locations for each element (again, not counting the
strain gauge used for torsion sensitivity).

In this shape sensing context however, a third factor can exploited, that is the strain gauge
positions. Until now, no particular reasoning has been used to decide on the locations of the
strain gauges. In fact, always concentrated nodal forces have been used, and so the axial position
was not crucial since the axial strain varies linearly along the span. For more complex load cases
this is no more true (basically because the strain might be no more linear). As it will be clear
from the next paragraphs, choosing the right positions can lead to more accurate results.
Just to intuitively show the importance of the axial sensor positions, consider the Euler-Bernoulli
beam shown in Figure 2.24. A single 0th order inverse element has been used and so five strain
gauges (in this discussion the twist is not important and will not be considered). However,
a constant distributed load has been applied. It is possible to plot the deformed shape
reconstruction using different axial strain gauge positions x1 and x2. Some results are shown in
Figure 2.25.

Figure 2.26: Clamped beam modeled as a single inverse element under constant distributed load,
together with the well known diagrams for the internal shear force and the internal moment.

As it is possible to see, the results change quite significantly depending on the values used for
x1 and x2. It follows naturally the question: is it possible to find a combination of x1 and x2
such that there is good reconstruction of the deformed shape? In other words, is it possible to
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recover the displacement under a distributed load using a 0th order element?
Of course, a perfect correspondence is not possible, since higher order shape functions should
be used instead of the Hermite cubic ones employed for the 0th order element. However, it is
possible to find a sensor configuration such that the resulting linear strain distribution gives
the same maximum deformation for the distributed load case. The maximum deformation is, in
most cases, at the beam element tip and so there is the need to match this value.
Consider a clamped beam under the distributed load qz as in Figure 2.26. For now, the beam
will be modeled with a single inverse element and x ∈ [0, L(e)] with L(e) the element length.
The internal shear force and internal moment diagrams can be easily computed and are given
by:

Vz(x) = qz(L− x) (2.70)

My(x) = −
qz
2
x2 + qzL

(e)x− qzL
(e)2

2
(2.71)

Now, from the constitutive equations and using the Euler-Bernoulli assumptions in pure bending:

−d2w

dx2
=
My(x)

EI
; εx(x) =

My(x)

EI
z (2.72)

In other words, the axial strain for a fixed value z has the same shape of the bending moment
My(x) and the displacement can be simply obtained by:

w(x) = −
∫∫

My(x)

EI
dxdx (2.73)

Consider now two axial strain measurements along the beam span at x1 and x2. Since the
strain distribution is the same of the moment one, consider that directly the moment My(x) is
measured as in Figure 2.27 at the sampling locations x1 and x2. Using a 0th order inverse beam
element effectively means that My(x) is taken as a linear function since nodal forces produce a
linear-varying strain along the element.

Figure 2.27: Internal moment distribution over the element span: My(x) (true one) and My(x)
(sampled one).

The linear moment My(x) along the element is:

My(x) =
M2 −M1

x2 − x1
x− x1

(
M2 −M1

x2 − x1

)
+M1 (2.74)

where:

M1 =My(x1) = −
qz
2
x21 + qzL

(e)x1 −
qzL

(e)2

2

M2 =My(x2) = −
qz
2
x22 + qzL

(e)x2 −
qzL

(e)2

2

(2.75)
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Therefore:

My(x) =
(
−qz

2
(x1 + x2) + qzL

(e)
)
x− x1

(
−qz

2
(x1 + x2) + qzL

(e)
)
+

− qz
2
x21 + qzL

(e)x1 −
qzL

(e)2

2

(2.76)

It is desired that the displacement w at x = L(e) given by My(x) is the same of the one w
produced byMy(x), so the following condition should hold:

− 1

EIy

∫∫ L(e)

0
My(x)dxdx︸ ︷︷ ︸

w(x = L(e))

= − 1

EIy

∫∫ L(e)

0
My(x)dxdx︸ ︷︷ ︸

w(x = L(e))

(2.77)

The integral of the right hand side is given by:∫∫
My(x)dxdx = − qz

24
x4 +

qzL
(e)

6
x3 − qzL

(e)

4
x2 + C1x+ C2 (2.78)

The integral of the left hand side is given by:∫∫
My(x)dxdx =

(
−qz

2
(x1 + x2) + qzL

(e)
) x3

6
− x1

(
−qz

2
(x1 + x2) + qzL

(e)
) x2

2
+

+

(
−qz

2
x21 + qzL

(e)x1 −
qzL

(e)2

2

)
x2

2
+ C3x+ C4

(2.79)

Now, regarding the integration constants C1, C2, C3, C4, the following conditions at x = 0 can
be set to identify them: w(0) =w(0) ⇒ C2 = C4

dw

dx

∣∣∣∣
x=0

=
dw

dx

∣∣∣∣
x=0

⇒ C1 = C3
(2.80)

The same deflection at x = L(e) can be required in order to obtain a relation between x1 and
x2:

w(L(e)) =w(L(e)) ⇒ (2.81)

⇒ −qzL
(e)4

24
+
qzL

(e)4

6
= −qzL

(e)3

12
x1 −−

qzL
(e)3

12
x2 +

qzL
(e)2

4
x1x2 +

qzL
(e)4

6

⇒ x2 =
L(e)(L(e) − 2x1)

2(L(e) − 3x1)
(2.82)

From Eq.(2.82) therefore, choosing x1, it is possible to obtain the span position x2 for which the
linear inverse element is able to recover the exact tip displacement under a uniform constant
distributed load. It might be important to note that x1 cannot be chosen completely arbitrarily
since x2 ≤ L(e), that is x2 must lie inside the element domain. As a consequence:

L(e)(L(e) − 2x1)

2(L(e) − 3x1)
≤ L(e) ⇒ 2

3
x1 ≤

L(e)

3
− L(e)

6
⇒ x1 ≤

L(e)

4
(2.83)

So the first span position must be at most at a quarter of the element length. Using this
approach, for the previous study case (Figure 2.24) with for example x1 = L(e)/4 and x2 = L(e)

the deformed shape of Figure 2.28 is obtained.
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Figure 2.28: Bending deflection of clamped beam under uniform load: comparison between
analytical results and iFEM with “optimal” sensor positions.

Now also the exact internal shear force variation along the element can be recovered (see shear
diagram of Figure 2.26). Using the 0th order inverse element formulation a constant internal
shear force would be obtained from the equilibrium equations (recall Eq.(2.44)). The value
obtained is the derivative of My(x) and so, using Eq.(2.76):

Vz =
dMy

dx
= −qz

2
(x1 + x2) + qzL

(e) ⇒ qz =
Vz

L(e) − x1 + x2
2

(2.84)

where it is important to note that Vz is known (computed from Eq.(2.44)) and so the value of
qz can be directly obtained. This means that the exact internal shear force distribution can be
known for every span position x as:

Vz(x) = qzL
(e)
(
1− x

L(e)

)
(2.85)

(a) Pressure distribution on wing section. (b) Deformed shape reconstruction: comparison between
iFEM and direct FEM results (Abaqus).

Figure 2.29: Clamped thin-walled wing subjected to uniform pressure.

In order to show some results with this method, consider again the wing studied in Section
2.2.5. Now the strain gauge axial positions are chosen according to Eq.(2.82). In particular,
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x1 = 400mm and x2 = 1634.6mm. With this sensor configuration, the wing has been subjected
to a uniform pressure applied on the bottom skin as shown in Figure 2.29a. Applying iFEM the
bending deformation closely matches the reference one (Figure 2.29b).

Improvements can be seen also for the torsional
behavior. Considering again the wing under
constant pressure (Figure 2.29a), as usual the
reference twist angle has been computed from
the FEM simulation comparing leading edge
and trailing edge displacements. If a constant
internal shear force is used, as it comes from
the 0th order inverse element, then completely
wrong results are obtained (Figure 2.31a). This
can intuitively be explained looking at the
internal shear force diagram (Figure 2.30): the
(constant) internal shear force obtained is much
higher than the real one. As a consequence the
shear stress due to torsion is wrongly assumed
to be smaller leading to a very small twist rate.

Figure 2.30: Comparison of internal shear
force distribution along the beam span between
constant and linear case. The shear-sensitive
strain gauge is positioned at x3.

If however the internal shear force is recovered using Eq.(2.85), then better results are obtained
as illustrated in Figure 2.31b. Since the torsion angle is approximated linearly, a large influence
is also dictated by the position of the shear-sensitive strain gauge. This aspect will be covered
in a later paragraph.

(a) Using the constant internal shear force. (b) Using the recovered linear distribution for the internal
shear force.

Figure 2.31: Twist angle reconstruction for wing under constant pressure.

So far, a single inverse element has always been considered in simulating the wing. Of course,
more elements can be used. The procedure to retrieve a linear shear distribution from a constant
one described before for a single element can be extended to more than one element with only
slight changes (Figure 2.32).
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Figure 2.32: Clamped beam modeled with multiple inverse elements under piece-wise constant
distributed loads, together with the well-known diagrams for the internal shear force and the
internal moment.

On the right and left hand side of the inverse element taken into consideration the presence of
other elements is assumed, each one with its constant load distribution. So, it is possible to

think that on the right of the element there is a constant load q
(+)
z and on the left q

(−)
z (if more

than three elements are present, then q
(+)
z and q

(−)
z can be seen as the average values of the the

elements respectively on the right and left side). Then, the internal shear force distribution on
the element is:

Vz(x) = −qzx+ qzL
(e) + V (+)

z (2.86)

with V
(+)
z = q

(+)
z L(+). And the moment distribution is:

My(x) = −
qz
2
x2 + (qzL

(e) + V (+)
z )x+M(0) (2.87)

with:

M(0) = −qzL
(e)2

2
− V (+)

z L(e) − V (+)
z

L(+)

2
(2.88)

And from My(x) the moment My(x) can be computed as before. Now the integrals of the
moments become:∫∫

My(x)dxdx = − qz
24
x4 + (qzL

(e) + V (+))
x3

6
+My(0)

x2

2
+ C1x+ C2 (2.89)

∫∫
My(x)dxdx =

(
−qz

2
(x1 + x2) + qzL

(e) + V (+)
z

) x3
6
− x1

(
−qz

2
(x1 + x2) + qzL

(e) + V (+)
z

) x2
2
+

+
(
−qz

2
x21 + qzL

(e)x1 + V (+)
z x1

) x2
2

+My(0)
x2

2
+ C3x+ C4

(2.90)
Evaluating Eq.(2.89) and Eq.(2.90) at x = L(e) and equating them, it is possible to obtain that

all the terms related to V
(+)
z can be simplified and the same relation between x1 and x2 can be
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found as in Eq.(2.82). The difference now consists in the computation of qz:

Vz =
dMy

dx
= −qz

2
(x1 + x2) + qzL

(e) + V (+)
z ⇒ qz =

Vz − V (+)
z

L(e) − x1 + x2
2

(2.91)

From which the internal shear force distribution over the element can be known using Eq.(2.86).

It is important to note that V
(+)
z is not known for every element, but just for the last one (the one

with a free end) since in this case V
(+)
z = 0. So, the computation should proceed “backwards”,

from the tip element to the root one. In this way, from a piecewise constant shear distribution
it is possible to retrieve a piecewise linear shear distribution (see Figure 2.33 for an intuitive
representation).

Figure 2.33: The outlined workflow allows using 0th order inverse elements not to obtain a
step-wise constant internal shear force (left), but a step-wise linear one (right).

In order to give a small example, the same wing and loading condition (uniform pressure) as
before are studied here using two inverse elements. This example will be used to highlight the
importance of the position of the shear-sensitive strain gauges used for the torsion sensitivity.
In particular, three different positions have been chosen for these strain gauges as illustrated in
Figure 2.34:

• At the position x3 = x1 = 200mm, that is coincident with the position of the first set of the
gauges used for the bending reconstruction with iFEM.

• In the middle of the each element: x3 = L(e)/2.

• At the position x3 = x2 = 817.3mm, that is coincident with the position of the second set of
the gauges used for the bending reconstruction with iFEM.

Figure 2.34: Wing discretized with two inverse elements, each one with strain gauges at axial
position x1 and x2. The shear-sensitive strain gauges are positioned at x3.

Carrying out the shape sensing study for the uniform pressure load case, the twist angle can be
computed using the piece-wise linear distribution of the shear force as explained before. In this
way the results of Figure 2.35 can be obtained.
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(a) x3 = x1 (b) x3 = L(e)/2 (c) x3 = x2

Figure 2.35: Twist angle reconstruction for strain-sensitive strain gauges positioned at three
different axial positions.

As expected, the results change depending on the gauge positions and using a gauge at the
middle of the element brings the most consistent results given the fact that an “average” twist
rate is used. This statement can actually be easily verified assuming that the beam follows the
de Saint-Venant torsion theory. Considering a constant distributed load, the torsion moment
along the element span is linear, as in Figure 2.36 and given by:

Mx(x) = (L(e) − x)mx (2.92)

withmx the distributed torsional moment.

Figure 2.36: Internal torsional moment for a beam loaded by a constant distributed load and free
end.

The measured value ofMx implies that the moment distribution is assumed constant, since τ t12 is
computed under this assumption (Eq.(2.46)). Furthermore, it can be seen as samplingMx(x) at
x = x3 (Figure 2.36). Therefore Mx = (L(e)−x3)mx, withmx the unknown distributed torsional
moment. The tip torsion angle given by the two distributions is equal if:

∫ L(e)

0

Mx

GJ
dx =

∫ L(e)

0

Mx

GJ
dx ⇒ x3 =

L(e)

2
(2.93)

Furthermore, if directly the quadratic twist angle distribution is needed to be recovered, then it
is possible to see that:

mx =
Mx

L(e) − x3
(2.94)
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and so the twist angle θx(x) can be computed along the element span as:

−GJ d
2θx
dx2

=mx

θx(0) = 0 (zero initial twist)

dθx
dx

∣∣∣∣
x3

=
Mx

GJ
(de Saint-Venant torsional moment)

(2.95)

⇒ θx(x) = −
mx

GJ

x2

2
+
L(e)mx

GJ
x (2.96)

Now, for an element not connected to the free end (that isMx(L
(e)) ̸= 0), then:

Mx(x) = (L(e) − x)mx +M (+) (2.97)

with M (+) the internal torsion moment at the right element end. It follows that:

mx =
Mx −M (+)

L(+) − x3
(2.98)

and so the twist rate along the element can be computed as:

dθx
dx

= −mx

GJ
x+

M (+) + L(e)mx

GJ
(2.99)

from which the twist angle can be derived.

This procedure can be followed for the previous study case of the wing subjected to a distributed
pressure analysed with two inverse elements, giving a smoother behaviour as shown in Figure
2.37.

Figure 2.37: Twist angle reconstruction using a quadratic polynomial for the twist angle for each
inverse element.

Still, the reference and reconstructed twist distribution do not exactly match. This can be
mainly attributed to the fact that, since the torsion applied is relatively small, shear effects are
important and the de Saint-Venant torsion theory gives just an approximation. However, it can
be seen that this effect decreases significantly when torsion becomes more important (and so
also the twist angle increases in magnitude). For example, using the same wing as before and
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the same sensor configuration (two inverse elements with shear-sensitive strain gauges in the
middle of the elements), a distributed pure torsion moment has been applied as shown in Figure
2.38a leading to a far better agreement in the twist angle plot of Figure 2.38b.

(a) Wing geometry and loading condition. (b) Twist angle reconstruction.

Figure 2.38: Pure torsional load applied to the wing and corresponding twist angle reconstruction.

2.3.2 Twist reconstruction with constrained warping

In the twist reconstruction so far the de Saint-Venant assumptions have always been taken for
granted. However, if for example the beam root can be considered as completely constrained
such that dθx/dx = 0, it would be beneficial to take that into account. Furthermore, since
the twist is reconstructed “sequentially” for each inverse element, it is advantageous to have
a very good reconstruction especially near the root in order to avoid the propagation of the errors.

As it is demonstrated in [66] and [43], taking into account warping the governing equation
describing the twist angle becomes:

EΓ
d4θx
dx4

−GJ d
2θx
dx2

=mx (2.100)

where the additional term containing the fourth derivative of the twist angle θx is due to
warping and Γ is the so-called warping constant.

In order to obtain the twist θx an estimate of the warping constant Γ is needed. Here, the focus
will be just on thin-walled closed mono-cell cross-sections, since this is the case mostly analysed
so far. It is assumed that the shear strain due to warping is zero and that it is all due to the
Saint Venant shear strain. Under this assumption, for thin-walled sections it is possible to define
the warping function as [43]:

ωP (s) =

∫ s

0

pP (s)− 1

t(s)

2Ω∮
ds

t(s)

 ds (2.101)

where pP (s) is the distance from a pole P , and therefore it depends on its location, Ω is the
enclosed area, t(s) the thickness and finally s the curvilinear coordinate on the profile. The
warping constant is defined as:

Γ =

∫∫
A
ω2
S dA (2.102)
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where the warping function is evaluated w.r.t. the shear center S. How to compute Γ is very
well detailed in [43] and so here it will be just described which are the steps which have to be
taken in order to compute it, without giving many justifications:

1. Compute the centroid position of the section and the centroidal second moments of area as:

Iz =

∫∫
A
y2 dA ; Iy =

∫∫
A
z2 dA ; Iyz =

∫∫
A
yz dA

where, y, z are the centroidal section coordinates.

2. Compute the warping function as in Eq.(2.101) using as pole the centroid, and starting from
any point on the cross section (where ωC(s = 0) = 0).

3. Normalize the warping function such that

∮
ωCdA = 0. This can be obtained by subtracting

from ωC(s) its “average” value:

ωC ← ωC −

∮
pCωC ds

A
(2.103)

4. Compute the so-called sectorial products of area as:

IωCy =

∫∫
A
ωCz dA

IωCωC =

∫∫
A
ω2
C dA

IωCz =

∫∫
A
ωCy dA

5. Compute the shear center location using the Trefftz definition:

yS =
IyzIyω − IzIzω
IyIz − I2yz

zS =
IyIyω − IyzIzω
IyIz − I2yz

(2.104)

6. Finally, the warping constant can be computed as:

Γ = IωCωC + zSIωCy − ySIωCz (2.105)

At this point it is also possible to obtain the warping function w.r.t. the shear center S. This
can be done from ωC(s) using a simple transformation equation as proved in [43]:

ωS(s) = ωC(s) + zSy − ySz (2.106)

Using as example the airfoil cross section previously introduced, then the values of ωS(s) are
visually reported in Figure 2.39 and it is possible to obtain that Γ = 7.4984e+ 08mm2.
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Figure 2.39: Warping function ωS(s) (blue line) displayed over the airfoil profile (black line).

Now the twist angle can be recovered solving Eq.(2.100). As it is possible to see, four conditions
must be known in order to obtain θx(x). Consider a cantilever beam under a distributed moment
mx as in Figure 2.40, it is desired to reconstruct the twist in x ∈ [0, L(e)]. Then it is possible to
say:

Figure 2.40: Cantilever beam under distributed torsional moment.

� Since the root is restrained:

θx(x = 0) = 0 ;
dθx
dx

∣∣∣∣
x=0

= 0 (2.107)

� The torsional moment at x = L(e) must be in equilibrium with the moment applied for
x > L(e), which here is called M (+). It is possible to demonstrate that in case of restrained
warping the total torsional moment is given by two contributions: the de Saint-Venant part
and a warping torsion moment:

M(x) = GJ
dθx
dx
− EΓ

d3θx
dx3

(2.108)

so this condition states that:

M(L(e)) = GJ
dθx
dx

∣∣∣∣
x=L(e)

−EΓ
d3θx
dx3

∣∣∣∣
x=L(e)

=M (+) (2.109)

� Finally, it is possible to say that at x = L(e) the influence of the restrained warping at the
root is negligible. This means that the so-called bimoment at the tip is null:

−EΓ
d2θx
dx2

∣∣∣∣
x=L(e)

= 0 (2.110)
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Now, every condition which can be applied to θx(x) has been stated and Eq.(2.100) can be
solved. Note that the equation cannot be solved as a initial value problem, since two conditions
are set at x = 0 and the remaining ones at x = L(e). The equation has been solved in MATLAB
with the built-in function bvp4c which solves boundary value problems with finite difference
methods. In order to do so, the equation must be first rewritten as a system of first order ODE.
This can be done defining the following variables:

ϕ1 = θx ; ϕ2 =
dθx
dx

; ϕ3 =
d2θx
dx2

; ϕ4 =
d3θx
dx3

(2.111)

The system of first order ODE to be solved and the corresponding boundary conditions are:



dϕ1
dx

= ϕ2

dϕ2
dx

= ϕ3

dϕ3
dx

= ϕ4

EΓ
dϕ4
dx
−GJϕ3 =mx



ϕ1(0) = 0

ϕ2(0) = 0

EΓϕ3(L
(e)) = 0

−EΓϕ4(L
(e)) +GJϕ2(L

(e)) =M (+)

(2.112)

The snippet of MATLAB code which solves the problem is reported below for completeness.

1 % Notes :
2 % E, Gamma, J = p r op e r t i e s
3 % L = l ength
4 % Mplus = t o r s i o n a l moment at x = L
5

6 % System ODE
7 dphidx = @(x , phi ) [ phi (2 ) ; phi (3 ) ; phi (4 ) ; (m+G*J*phi (3 ) ) / (E*Gamma) ] ;
8 % Boundary cond i t i on s
9 r e s = @( phia , yphi ) [ phia (1 ) ; phia (2 ) ;

10 =E*Gamma*phib (4 )+G*J*phib (2 ) = Mplus ; % equ i l i b r i um
11 =E*Gamma*phib (3 ) ] ; % nu l l bimoment at the t i p
12 guess = @(x ) [ x 0 0 0 ] ; % i n i t i a l guess
13 xmesh = l i n s p a c e (0 ,L , 5 0 ) ; s o l i n i t = bvp in i t ( xmesh , guess ) ; s o l = bvp4c (dydx , res , s o l i n i t ) ;

Generally, a situation similar to the one in Figure 2.41 is expected: the twist angle should be
lower if the root section is restrained, therefore the beam is effectively stiffer.

Figure 2.41: Comparison of twist angle
evolution between de Saint-Venant theory and
the restrained warping case (sometimes named
after Vlasov) with null initial twist rate.

Figure 2.42: Twist angle reconstruction
under the restrained warping assumptions and
comparison with the reference Abaqus results.
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This method can be followed for the previous example of Figure 2.37. The restrained warping
solution has been applied to the first element, while for the second one the already used de
Saint-Venant solution has been kept. In this way, the twist variation of Figure 2.42 has been
obtained.

2.3.3 Application to a more complex load case

Finally, some results are given using the wing
model of the previous section, but applying a
more complex load case.
In particular, a pressure on the bottom skin of
the wing has been applied with parabolic span
distribution and linear along the chord, as in
Figure 2.43.
Several simulations have been carried out: Figure 2.43: Pressure distribution.

� Using two equilength inverse elements (Figure 2.45a-c).

� Using a shorter element near the root (Figure 2.45d-f). In this case the twist angle is largely
affected by the shear distribution near the wing root, which is very different from the one
predicted from the de Saint-Venant theory.

� Using a longer element near the tip (Figure 2.45g-i).

� Using ten equilength inverse elements (Figure 2.45j-l).

Even using a larger number of inverse elements the twist near the root is not exactly recovered
and this ruins the twist distribution all over the wing span. A possible improvement consists in
simply not sampling the shear strain near the wing root.

Figure 2.44: Twist reconstruction without taking measurements near the beam root.

For example in Figure 2.44 the first shear strain measurement has been neglected, taking
into consideration just the one of the second inverse element. In this way a more accurate
representation is obtained. However, it is important to underline that, as mentioned before,
this occurs for a low amount of torsion and so for twist angles very low in magnitude (so with
arguable importance in the reconstruction).
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(a) Deflection along z. (b) Deflection along y. (c) Twist angle.

(d) Deflection along z. (e) Deflection along y. (f) Twist angle.

(g) Deflection along z. (h) Deflection along y. (i) Twist angle.

(j) Deflection along z. (k) Deflection along y. (l) Twist angle.

Figure 2.45: Bending and twist reconstruction using different element numbers and sizes.
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2.4 Shape sensing for tapered beams

In this section the deflection and twist angle reconstruction for tapered beams is discussed.
The main idea consists in applying a similar method to the one used for prismatic beams. The
different geometry however will oblige to estimate the applied loads. This will become evident in
Section 2.4.1 where the bending reconstruction is discussed, followed by an example applied to a
thin-walled tapered wing (Section 2.4.2). Even if the application shown is about a rather simple
structure, that is a monocell wing, the method is general and more complex cross-sections can
be used without incurring in difficulties.
On the contrary, the twist reconstruction for tapered beams of Section 2.4.3 is focused just on
thin-walled monocell structures. It is suggested a simple interpretation in order to compute the
shear stress on tapered beams and just the monocell-case is discussed. For more complex sections
considerations analogous to prismatic beams could be done, but this has not been analysed here.
Finally, in Section 2.4.4 some applications are discussed for the twist reconstruction of tapered
thin-walled wings.

2.4.1 Development of a model from the prismatic beam case for bending
reconstruction

In this section the previous methods are extended for the case of tapered beams. Just a
particular case which is deemed most important will be taken into consideration. That is,
the cross-section is assumed to be scaled uniformly such that the overall shape remains the
same. This is applicable especially to wings since in this way the airfoil profile is maintained.
Consider a tapered beam with rectangular cross-section as in Figure 2.46: the base b(x) and the
height h(x) both vary linearly, while the thickness t remains constant along x. Let the taper
ratio be r, then:

r =
b(L(e))

b(0)
=
h(L(e))

h(0)
(2.113)

And the cross-section dimensions along x can be expressed as:

h(x) = h0 +
h(L(e))− h(0)

L(e)
x

= h0

(
1 +

r − 1

L(e)
x

) ;
b(x) = b0 +

b(L(e))− b(0)
L(e)

x

= b0

(
1 +

r − 1

L(e)
x

) (2.114)

Figure 2.46: Prismatic thin-walled mono-cell beam with rectangular cross-section.
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And so for example the cross-section area in function of x is given by:

A(x) = 2t
(
h(x) + b(x)

)
= 2t

[
h0 + b0 + h0

(
1 +

r − 1

L(e)
x

)
+ b0

(
1 +

r − 1

L(e)
x

)]
= A0

(
1 +

r − 1

L(e)
x

) (2.115)

And similarly for the area moment of inertia:

Iy(x) = 2
1

12
th(x)3 + 2

[
b(x)t3

12
+ b(x)t

h(x)2

2

]
=

(
t

6
h30 +

t

2
b0h

2
0

)(
1 +

r − 1

L(e)

)3

+
t3

6
b0

(
1 +

r − 1

L(e)
x

)
≈ Iy0

(
1 +

r − 1

L(e)

)3

(2.116)

Iz(x) = Iz0

(
1 +

r − 1

L(e)

)3

(2.117)

In the following the factor (r − 1)/L(e) will be named c and so the previous relations can be
summarized as: 

A(x) = A0(1 + cx)

Iy(x) = Iy0(1 + cx)3

Iz(x) = Iz0(1 + cx)3
(2.118)

The Euler-Bernoulli inverse beam element used in the previous sections strictly holds only for
prismatic beams since it was developed starting from the equilibrium equations in the case when
the cross-section properties do not depend on x. Therefore, there would be the need to develop
suitable shape functions for the case of tapered beams. This task has been initially faced in
[25]. However, finding adequate shape functions is not trivial and adds up several problems.
Here, a different approach has been taken along the lines of the ones previously introduced.
That is, the inverse Euler-Bernoulli beam is not modified, but the sensor positions are chosen
with the aim to recover the tip displacement of the tapered beam case for each inverse element.

Consider the tapered beam of Figure 2.47 subjected to a tip load P , modeled with just a
single inverse element (so 5 strain gauges in total in two axial positions x1 and x2 for bending
reconstruction).

Figure 2.47: Tapered beam under tip load modelled with a single inverse element (sensors
positioned at x1 and x2).
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The deflection of the beam w(x), using the Euler-Bernoulli assumptions, can be expressed as:

w(x) = −
∫∫

My(x)

EIy(x)
dxdx = −

∫∫
P (x− L(e))

EIy0(1 + cx)3
dxdx = − 1

EIy0

∫∫
P (x− L(e))

(1 + cx)3
dxdx

(2.119)
Following the intuition given in [21], the quantity:

Meq(x) =
P (x− L(e))

(1 + cx)3
(2.120)

can be seen as the equivalent internal moment of a prismatic beam with constant bending
stiffness EIy0 such that the same elastic line of the tapered beam is recovered. And now,
similarly to what it has been done before, the same tip displacement is required:

− 1

EIy0

∫∫ L(e)

0
Meq(x)dxdx︸ ︷︷ ︸

w(L(e))

= − 1

EIy0

∫∫ L(e)

0
My(x)dxdx︸ ︷︷ ︸

w(L(e))

(2.121)

whereMy(x) is the internal moment linearly distributed coming from the inverse Euler-Bernoulli
beam used:

My(x) =

(
Meq2 −Meq1

x2 − x1

)
(x− x1) +Meq1 (2.122)

where:

Meq1 =
P (x1 − L(e))

(1 + cx1)3

Meq2 =
P (x2 − L(e))

(1 + cx2)3

(2.123)

At this point the integrations of the internal moments can be carried out and give:∫∫
Meq(x)dxdx = P

(
1

2

L(e)

c2(cx+ 1)
+

1

2c3(cx+ 1)
+

ln(cx+ 1)

c3
+ C1x+ C2

)
(2.124)

∫∫
Mydxdx =

(
Meq2 −Meq1

x2 − x1

)(
x3

6
− x1

x2

2

)
+Meq1

x2

2
+ C3x+ C4

= P

[(
M̃eq2 − M̃eq1

x2 − x1

)(
x3

6
− x1

x2

2

)
+ M̃eq1

x2

2
+ C3x+ C4

] (2.125)

where the quantities M̃eq1 and M̃eq2 are simply defined as:

M̃eq1 =
Meq1

P
=

x1 − L(e)

(1 + cx1)3

M̃eq2 =
Meq2

P
=

x2 − L(e)

(1 + cx2)3

The relations between the integrations constants C1, C2, C3, C4 can be found from the boundary
conditions:

dw

dx

∣∣∣∣
x=0

=
dw

dx

∣∣∣∣
x=0

⇒ C3 = C1 −
1

2

L(e)c+ 1

c2
+

1

c2

(2.126)

w(0) =w(0) ⇒ C4 = C2 +
1

2

L(e)

c2
+

1

2c3
(2.127)
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So Eq.(2.121) becomes:

1

2

L(e)

c2(cL(e) + 1)
+

1

2c3(cL(e) + 1)
+

ln(cL(e) + 1)

c3
=

=

(
M̃eq2 − M̃eq1

x2 − x1

)(
L(e)3

6
− x1

L(e)2

2

)
+ M̃eq1

L(e)2

2
+

(
−1

2

L(e)c+ 1

c2
+

1

c2

)
L(e)+

+

(
1

2

L(e)

c2
+

1

2c3

) (2.128)

which is a function of only x1 and x2. One variable cannot be expressed explicitly in function of
the other one in this case, so the equation has to be solved numerically, setting for example x1
and retrieving x2. As it is possible to see in Figure 2.48, in general the solution is not unique.
Note also that the graph of Figure 2.48 is symmetric w.r.t. the bisector, that is (x1, x2) and
(x2, x1) are both solutions, as it should.

Figure 2.48: Set of all possible solutions (x1, x2) for different taper ratios r.

The suitability of the choice of x1 and x2 has been assessed for a tapered beam with rectangular
thin-walled cross-section under tip load P . First, directly the analytical solution has been used
to extract the “experimental” strains. In this case, using the Euler-Bernoulli assumptions, the
deflection is given by:

w(x) = −
∫∫

P (x− L(e))

EIy0(1 + cx)3
dxdx

= − P

EIy0

[
1

2

L(e)

c2(cx+ 1)
+

1

2c3(cx+ 1)
+

ln(cx+ 1)

c3
+ C1x+ C2

] (2.129)

where the integration constants are given by:

dw

dx

∣∣∣∣
x=0

= 0 ⇒ C1 =
1

2

L(e)c+ 1

c2
− 1

c2

w(0) = 0 ⇒ C2 = −
1

2

L(e)

c2
− 1

2c3

(2.130)

Using this solution, the axial strain εx can be computed and used as input for the iFEM
simulation. The properties of the beam are reported in Table 2.5, together with the two axial
positions of the sensors x1 and x2. As shown in Figure 2.49 the tip displacement is correctly
recovered, in the sense that the same tip displacement is reached, as it should.
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h0 30mm
b0 50mm
t 1mm
r 0.25

L(e) 300mm
P 1e4N
E 70e3MPa
ν 0.3
x1 120mm
x2 282.7mm

Table 2.5: Properties of tapered beam with
rectangular cross-section.

Figure 2.49: Deflection of tapered beam
under tip load: comparison between analytical
solution and reconstructed one.

In a second simulation, the strain measurements have been taken from the FEM model of the
tapered beam (Figure 2.50a), so the exact strains from the Euler-Bernoulli beam model are not
used anymore. The details of the FE model are reported in Appendix M. The results are shown
in Figure 2.50b. The FEM solution gives a larger deflection compared to the analytical one and,
since the strains have been taken from the FEM model, the iFEM shape reconstruction does
not agree as before to the analytical deflection. The differences between Euler-Bernoulli model
and FEM results should be attributed both to transverse shear effects and to the fact that the
beam is not so slander. In any case, it is deemed the deflection is relatively well recovered.

(a) Tapered box beam: geometry and load. (b) Deflection reconstruction of tapered beam using as input
the FEM strains.

Figure 2.50: Tapered beam under tip load using FEM model.

So far it has been used only one inverse element. In other words, the element tip was free and
so the internal moment is simply given by My(x) = P (x − L(e)). At this point, it is useful to
extend the model presented when more than one element are used in order to get more accurate
results under complex loads.
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Figure 2.51: Tapered beam discretized using multiple inverse elements and with concentrated
nodal forces.

For the moment just the presence of concentrated nodal forces is studied. Consider the tapered
beam as in Figure 2.51, discretized with several inverse elements. The internal moment of the
highlighted element can be obtained from :

My(x) = −x
∑
i

Pi +
∑
i

Piri (2.131)

with Pi the nodal forces and ri the corresponding distances. So, the equivalent internal moment
becomes:

Meq(x) =
−x
∑

i Pi +
∑

i Piri
(1 + cx)3

(2.132)

which can be used in Eq.(2.121), that is:

− 1

EIy0

∫∫ L(e)

0
Meq(x)dxdx = − 1

EIy0

∫∫ L(e)

0
My(x)dxdx (2.133)

where:

My(x) =

(
Meq2 −Meq1

x2 − x1

)
(x− x1) +Meq1

Meq1 =
−x1

∑
i Pi +

∑
i Piri

(1 + cx1)3

Meq2 =
−x2

∑
i Pi +

∑
i Piri

(1 + cx2)3

So Eq.(2.133) now becomes:

1

2

∑
i Piri

c2(cL(e) + 1)
+

1

2

∑
i Pi

c3(cL(e) + 1)
+

∑
i Pi ln(cL

(e) + 1)

c3
+ C1L

(e) + C2 =

=

(
Meq2 −Meq1

x2 − x1

)(
L(e)3

6
− x1

L(e)2

2

)
+Meq1

L(e)2

2
+ C3L

(e) + C4

(2.134)

And the relations between the integration constants can be obtained as before:

dw

dx

∣∣∣∣
x=0

=
dw

dx

∣∣∣∣
x=0

⇒ C3 = C1 −
1

2

c
∑

i Piri +
∑

i Pi

c2
+

∑
i Pi

c2

(2.135)
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w(0) =w(0)

⇒ C4 = C2 +
1

2

∑
i Piri
c2

+
1

2

∑
i Pi

c3

(2.136)

So Eq.(2.134) finally becomes:

1

2

∑
i Piri

c2(cL(e) + 1)
+

1

2

∑
i Pi

c3(cL(e) + 1)
+

∑
i Pi ln(cL

(e) + 1)

c3
=

=

(
Meq2 −Meq1

x2 − x1

)(
L(e)3

6
− x1

L(e)2

2

)
+Meq1

L(e)2

2
+

[
−1

2

c
∑

i Piri +
∑

i Pi

c2
+

∑
i Pi

c2

]
L(e)+

+

[
1

2

∑
i Piri
c2

+
1

2

∑
i Pi

c3

]
(2.137)

As it is possible to see, the terms related to Pi do not simplify, so the final solution depends on
the loads Pi which are, of course, unknown.

In order to face this problem, the following algorithm could be followed:

1. Install strain gauges with initial guess of x1 and x2.

2. Measure the experimental strains.

3. Interpolate the strain measurements over the beam.

4. Compute
∑

i Pi and
∑

i Piri.

5. Compute the new values of x1 and x2 from Eq.(2.137).

6. From the strain interpolation done at step (3), sample the new values of the axial strains at
the new positions x1 and x2.

7. Carry out iFEM to retrieve the deformed shape.

Let’s consider first point (3), that is the strain interpolation. For the load case which is considered
now (only nodal forces), the axial strain within each element is given by:

εx(x, z) =
−x
∑

i Pi +
∑

i Piri
EIy0(1 + cx)3

z =
A+Bx

(1 + cx)3
z (2.138)

with A and B coefficients to be determined:

A =

∑
i Piri
EIy0

; B = −
∑

i Pi

EIy0
(2.139)

Since on each element two different axial measurements are done, A and B can be easily
computed:

εεx1 =
A+Bx1
(1 + cx1)3

z1

εεx2 =
A+Bx2
(1 + cx2)3

z2

⇒


B =

1

x2 − x1

[
εεx2
z2

(1 + cx2)
3 − εεx1

z1
(1 + cx1)

3

]
A =

εx1
z1

(1 + cx1)
3 −Bx1

(2.140)

It is clear how to deal with point (4), that is the computation of
∑

i Pi and
∑

i Piri. From
Eq.(2.139) it follows that: ∑

i

Piri = AEIy0 ;
∑
i

Pi = −BEIy0 (2.141)

And so now all the steps outlined before can be done.
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As an example, consider the same tapered
beam with rectangular cross-section as before.
This time, two concentrated loads are present
(Figure 2.5a), one at the tip equal to 5e3 N and
one at the middle of the span equal to 1e4 N.
Two inverse elements have been used, each one
150 mm long, with the axial sensor positions
x1 and x2 as in Table 2.6 (recall that x1, x2 are
both expressed in the local element reference
system such that x ∈ [0, L(e)]). The measured
strains have been interpolated as explained
before giving place to Figure 2.52b.

Initial x1 x2
First element 100mm 110mm
Second element 100mm 110mm

Updated x1 x2
First element 100mm 23.5451mm
Second element 31.4125mm 110mm

Table 2.6: Strain gauge positions for initial and
updated configuration.

(a) Tapered box beam: geometry and load. (b) Interpolation of axial strain at the top surface of the
tapered beam. Measurement points highlighted by ×.

Figure 2.52: Deflection reconstruction for tapered beam under two concentrated loads.

From the estimated values of A and B, the new span positions x1 and x2 have been computed
(see Table 2.6) and subsequently the axial strains have been obtained from the interpolation
carried out before. The results from iFEM are shown in Figure 2.53, both using the initial
strain gauge positions (Figure 2.53a) and the updated ones (Figure 2.53b).

(a) Deflection along z with initial strain gauge positions. (b) Deflection along z with updated strain gauge positions.

Figure 2.53: Deflection reconstruction of tapered beam under two concentrated fores.
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It is important to remark that, even though so far just concentrated forces have been considered,
the formulation is the same also in presence of concentrated moments at the nodes. In this case
the internal moment of the highlighted element in Figure 2.54 becomes:

My(x) = −x
∑
i

Pi +
∑
i

(
Piri +Mi

)
(2.142)

and so it is necessary to make the substitution
∑

i Piri ←
∑

i

(
Piri +Mi

)
in all the previous

steps. However, this does not change anything in the method.

Figure 2.54: Tapered beam discretized using multiple inverse elements with concentrated nodal
forces and moments.

So far just the bending in one direction has been discussed. When the nodal forces act in two
different directions, then there is the need to distinguish between My(x) and Mz(x) (Figure
2.55a). Analogously as before, the internal moment for every element can be written as:

My(x) = −x
∑
i

Pyi +
∑
i

Pyiri (2.143)

Mz(x) = −x
∑
i

Pzi +
∑
i

Pziri (2.144)

Since in general My(x) and Mz(x) are different, also the optimal values of x1 and x2 will not
coincide, so the two cases have to be properly distinguished but the procedure to follow is the
same as the one outlined before. The main difference now consists in the interpolation of the
strain field.

(a) Discretization with multiple inverse elements. (b) Tapered box beam: geometry and load.

Figure 2.55: Tapered beam under concentrated loads acting in two different planes.

Since the axial strain can be written as:

εx(x, y, z) =
N

EA(x)
− y Mz(x)

EIz(x)
+ z

My(x)

EIy(x)
(2.145)
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and since My(x) and Mz(x) are both linear, εx can be expressed as:

εx(x, y, z) =
ε10

(1 + cx)
+ y

ε20 + ε21x

(1 + cx)3
+ z

ε30 + ε31x

(1 + cx)3
(2.146)

where the constants ε10, ε20, ε21, ε30 and ε31 can be determined from the strain measurements
done over the element solving the corresponding linear system (five strain measurements, five
unknowns). From this solution, the terms

∑
i Pyi,

∑
i Pyiri,

∑
i Pzi,

∑
i Pziri can be determined

as:∑
i

Pziri = EIz0ε20 ;
∑
i

Pzi = −EIz0ε21 ;
∑
i

Pyiri = EIy0ε30 ;
∑
i

Pyi = −EIy0ε31

(2.147)
As an example, to the previous tapered beam a tip load of 5e3N along the the y axis has been
applied, together with the previous loads along z (Figure 2.55b). The reconstructed displacement
along the y axis is shown in Figure 2.56: compared to the direct application of iFEM to the
extracted strains (Figure 2.56a) there is a slight improvement (Figure 2.56b).

(a) Deflection along y with initial strain gauge positions. (b) Deflection along y with updated strain gauge positions.

Figure 2.56: Deflection of tapered beam under concentrated forces acting in two planes.

Before proceeding, another way to estimate the applied loads to feed Eq.(2.137) is explained.
Consider that, using the measured strain values, iFEM is carried out and so a deformed shape is
retrieved. At this point from the displacements obtained the external loads can be estimated. A
simple way to do that consists in building an sensitivity matrix from the analytical displacements
(see Appendix F) and from this obtain the applied loads. Since the solution is based on the
deformed shape obtained with the direct application of iFEM from the strain measurements,
the estimated loads in general will not be very accurate. But in any case an estimate can
be obtained. This will be the method which will be used later on for the case of distributed
loads. It might be argued however why there is the need to carry out iFEM if the loads can be
retrieved. In other words, since the loads are estimated, a direct FEM simulation on the model
would directly give the deformed shape of the beam. The problem with this approach is that in
general the loads, especially for more complex cases, are not very accurate. So estimating the
displacements from a direct simulation using them as an input might not deliver satisfactory
results. On the contrary, it was observed that Eq.(2.137) is not heavily influenced by the terms∑

i Piri and
∑

i Pi. The equation actually depends just upon the quantity
∑

i Piri/
∑

i Pi which
represents a “weighted average” of the applied loads on the beam. So, even a “rough” estimate
would be enough in this context.
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Now, the effect of distributed loads has to be
studied. On the tapered beam with rectangular
cross-section a constant distributed load has
been applied as in Figure 2.57. Using the same
sensor configuration of Figure 2.52, the solution
developed for concentrated nodal loads can be
used. However, as it is possible to see from
Figure 2.58 the results obtained are not more
accurate compared to the ones from the simple
application of iFEM. This is due to the fact
that the solution developed so far has been
derived just from cases in which concentrated
forces are applied.

Figure 2.57: Tapered beam under constant
distributed load qz = 80 N/mm.

(a) Deflection along z with initial strain gauge positions. (b) Deflection along z with updated strain gauge positions.

Figure 2.58: Deflection of tapered beam under constant distributed load using the solution for
concentrated forces.

Therefore, a solution developed for the case of distributed loads seems to be needed. Considering
for the moment a single inverse element, the solution can be developed along the same lines of
the one described before. The details are reported in Appendix D.

Figure 2.59: Solutions (x1, x2) for a single inverse element under constant distributed load.

Even though the relation between x1 and x2 depends on the taper ratio r, the results soon
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converge to the prismatic solution given by Eq.(2.82), as for example in shown in Figure 2.59
(for r = 1). This means that the prismatic solution can lead to acceptable results if the taper
ratio is not too low. Similar results would also hold for the case of more inverse elements. Using
two inverse elements and the prismatic solution (with x1 = 30mm and x2 = 112.5mm) brings
the deflection reconstruction shown in Figure 2.60 which is deemed sufficiently accurate for a
wide range of applications.

Figure 2.60: Deflection reconstruction under constant distributed load for tapered beam using the
prismatic solution.

However, a specific solution can be developed also for this case. This is not only motivated
by an improvement of the shape reconstruction (which apparently is small, if any), but also
by the estimation of the distributed load acting on the beam, as it will be clear in the next
paragraphs. So, consider the tapered beam discretized with several elements and subjected to
a step-wise constant distributed load as in Figure 2.61.

Figure 2.61: Tapered beam discretized by multiple inverse elements under step-wise constant
load.

The internal shear force and moment over the element domain are given by:

Vz(x) = qz(L
(e) − x) +

∑
i+1

qziL
(e)
i (2.148)

My(x) = qz

(
L(e)x− x2

2

)
+

(∑
i+1

qziL
(e)
i

)
x−

∑
i

qziL
(e)
i ri
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note that the summation signs start from different values: one from the element itself (i) and the
other from the next one (i+1). Furthermore, the variable ri stands for the arm of the moment,
which for a constant distributed load is simply the midpoint of each element. The equivalent
internal moment of the beam is simply given by:

Meq(x) =
My(x)

(1 + cx)3
=

1

(1 + cx)3

[
qz

(
L(e)x− x2

2

)
+

(∑
i+1

qziL
(e)
i

)
x−

∑
i

qziL
(e)
i ri

]
(2.149)

and the usual procedure to come up with an equation relating x1 with x2 can be followed. The
expressions are too long to be reported here (see Appendix E) and must be handled with a code
(MATLAB symbolic toolbox). Here it is important to underline that the final equation depends

on the variables qz,
∑

i+1 qziL
(e)
i and

∑
i qziL

(e)
i ri and so they need to be estimated in order to

compute x2 in function of x1 or vice-versa. In other words, an estimate of the distributed loads
qzi is needed. Furthermore, also interpolating the axial strain field is necessary and a similar
procedure as before could be followed. However here a different method is employed which is
deemed to be more consistent and able to deliver more accurate results. Since the internal
moment is quadratic, in theory seven strain measurements over the element would be needed:

εx(x, y, z) =
ε10

(1 + cx)
+ z

ε20 + xε21 + x2ε22
(1 + cx)3

+ y
ε30 + xε31 + x2ε32

(1 + cx)3
(2.150)

A first simplification can be done considering that the beam is experiencing mainly bending, so
the first term can be neglected reducing the unknowns to six. Furthermore, it is also known
that the beam tip is free and so the strain must be zero there. So it is possible to write that:

εx(L
(e), y, z) = z

ε20 + L(e)ε21 + L(e)2ε22

(1 + cL(e))3
+ y

ε30 + L(e)ε31 + L(e)2ε32

(1 + cL(e))3
= 0 ; ∀y, z (2.151)

which holds ∀y, z over the cross-section. Therefore the following equations need to be satisfied:{
ε20 + L(e)ε21 + L(e)2ε22 = 0

ε30 + L(e)ε31 + L(e)2ε32 = 0
(2.152)

So a total of seven equations (and six unknowns) has been derived, which can be solved with
least-squares. For all the internal elements additional equations can be obtained simply setting
the continuity of the strain between the elements. So, at each interface:

z
ε20 + L(e)ε21 + L(e)2ε22

(1 + cL(e))3
+ y

ε30 + L(e)ε31 + L(e)2ε32

(1 + cL(e))3
= zε

(+)
20 + yε

(+)
30 (2.153)

⇒ z

(
ε20 + L(e)ε21 + L(e)2ε22

(1 + cL(e))3
− ε(+)

20

)
+ y

(
ε30 + L(e)ε31 + L(e)2ε32

(1 + cL(e))3
− ε(+)

30

)
= 0

which again holds for every y, z on the cross section, so:
ε20 + L(e)ε21 + L(e)2ε22

(1 + cL(e))3
= ε

(+)
20

ε30 + L(e)ε31 + L(e)2ε32

(1 + cL(e))3
= ε

(+)
30

(2.154)

where the superscript (+) stands for the quantities belonging to the next element. Note that
this means the axial strain needs to be interpolated starting from the tip of the beam, and going
backwards till the root.
Once this is done, as said before the load terms needed could be derived as for the concentrated
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nodal forces case. However, it must be realized that the interpolation might be affected by
errors, giving inaccurate results. So, it has been decided to retrieve the distributed loads qzi
using a common technique for load recovery. The procedure can be explained with the following
steps:

1. Apply a unit distributed load qzi on each element separately and measure the nodal deflection
wi for each node.

2. Build the sensitivity matrix A which is defined such that:

w = Aqz ; w =

w1

w2
...

 ; qz =

qz1qz2
...

 ; A =


∂w1

∂qz1

∂w1

∂qz2
· · ·

∂w2

∂qz1

∂w2

∂qz2
· · ·

...
...

...

 (2.155)

3. Solve the linear system of Eq.(2.155). Since the matrix A is square, the system is determined
and can be solved with common techniques.

For our case, the application of the load qzi on
each element (point 1) can be done analytically
giving a very fast computation of the sensitivity
matrix A. The analytical solution needed for
this part is reported in Appendix G. This
method is deemed to be consistent since all
the procedure developed aims to recover the
deflection at the nodes of the inverse elements,
while no condition is set over the beam domain.
And in the load reconstruction just these values
are used, so theoretically allowing to retrieve a
more accurate load qzi. This is also particularly
important for the twist angle reconstruction as
will be explained later. Once this is done, the
new values of x1 and x2 can be obtained. So,
taking advantage from the strain interpolation
available from before, the strain can be sampled
at x1 and x2 and iFEM can be carried out to
retrieve the deformed shape. Figure 2.62: Step-wise constant load

reconstruction for tapered beams.

This will in turn give new deflections which can be used to estimate again the load qzi, repeating
the whole procedure. The algorithm is illustrated in Figure 2.62, where the tasks which are
related to each other by the corresponding outputs have been color-coded.

Before illustrating some examples, it is important to underline the fact that, similarly to the
previous cases, there are in general multiple solutions of x1 and x2 which can be used. A
suitable choice can be done considering that, in general, the extrapolation of the strain becomes
less accurate far away from the measurement points. So, it is desired to obtain the new values
of x1 and x2 as close as possible to the original positions where the strain gauges are actually
installed. Intuitively, given the solution curves displayed in Figure 2.63 and the initial position
(x10, x20), the solution highlighted (x1, x2) is desired.
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Figure 2.63: Optimal solution for (x1, x2) given the initial position (x10, x20).

This problem can be solved numerically looking for the minimum value of:

min
(x1,x2)

{
f(x1, x2) +

√
(x1 − x10)2 + (x2 − x20)2

}
s.t. 0 ≤ x1, x2 ≤ L(e) (2.156)

where f(x1, x2) is the expression relating x1 and x2.

The method has first been checked using the analytical solution for the usual tapered beam
with rectangular cross-section under a constant distributed load equal to qz = 100 N/mm. Two
inverse elements have been used both with (x10, x20) = (50, 100) mm. The deformed shape of
the first and second iterations are shown in Figure 2.64 and the corresponding estimates of the
distributed load are:

Iteration 1 :

[
qz1
qz2

]
=

[
77.33
104.00

]
; Iteration 2 :

[
qz1
qz2

]
=

[
95.18
100.04

]
; Reference :

[
qz1
qz2

]
=

[
100
100

]
After the second iteration the results remain practically the same. This fact has been observed
also in later simulations, so generally just two evaluations with iFEM have been done. In any
case, comparing Figure 2.64a and Figure 2.64b the shape reconstruction is slightly improved.
As mentioned before, the shape sensing deformation does not gain a considerable improvement,
but a more accurate estimate of the distributed load is recovered.

(a) Deflection along z with initial strain gauge positions. (b) Deflection along z with updated strain gauge positions.

Figure 2.64: Delflection reconstruction of tapered beam under constant load qz = 100N/mm
using analytical input strains.
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Now the FEM model of the beam of Figure 2.57 has again been considered and the strains have
been directly extracted from there. The results for this case are shown below and in Figure 2.65:

Iteration 1 :

[
qz1
qz2

]
=

[
42.07
92.78

]
; Iteration 2 :

[
qz1
qz2

]
=

[
58.49
89.37

]
; Reference :

[
qz1
qz2

]
=

[
80
80

]

(a) Interpolation of axial strain over upper surface. (b) Final deflection reconstruction.

Figure 2.65: Tapered beam deflection reconstruction using strain data from FEM.

Now, especially for the first element the distributed load is not well obtained. Even though this
does not seem to affect the shape reconstruction, this might be due to the fact that near the
root the strain field does not resemble exactly the one given by the Euler-Bernoulli theory. If
the simulation is carried out with a single inverse element this effect cannot be clearly seen since
the element spans the whole beam length. The shape reconstructions of the first and second
iterations are shown in Figure 2.66 where the load goes from qz1 = 93.44 N/mm to qz1 = 85.33
N/mm, closer to the exact solution.

(a) Deflection along z using initial strain gauge positions. (b) Deflection along z using updated strain gauge positions.

Figure 2.66: Tapered beam deflection reconstruction using a single inverse element.
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The methods just developed can of course
be applied also to more complex load cases.
For example, keeping the usual box beam, a
parabolic load has been applied to the FEM
model as in Figure 2.67.
Carrying out several analyses, increasing each
time the number of elements used, the results of
Figure 2.68 have been obtained. Already with 2
inverse elements there is a good reconstruction
of the deflection and increasing the number
of elements (and so strain gauges) there is no
significant improvement.

Figure 2.67: Tapered beam under qz(x) =
2(−x2 + 3002) mN/mm.

(a) 2 inverse elements. (b) 3 inverse elements. (c) 6 inverse elements.

Figure 2.68: Deflection reconstruction for tapered beam under parabolic distributed load.

2.4.2 Application of bending reconstruction to tapered wing

The methods used so far for tapered beams have been applied to a simple wing in order to assess
the results. As study case, the same airfoil as before has been used for a tapered thin-walled
wing whose specifications are reported in Figure 2.69. Some details of the FE model from which
the strains are extracted are reported in Appendix M.

Figure 2.69: Tapered thin-walled monocell wing.

The taper ratio used is equal to 0.35 and the thickness is constant along the span. First, a simple
tip load equal to P = 5e3 N has been applied. Just a single inverse element has been used (Figure
2.70). The results obtained with the methodology outlined before bring accurate results which
agree well with the deflections obtained from the FEM model (Figure 2.71). Notice that the
load has been applied along the z axis, which is not exactly parallel to a principal direction of
the cross-section. Therefore, there will be a deflection along both the z and the y axes.
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Figure 2.70: Load case and sensor positions for tip load using a single inverse element.

(a) Deflection along z. (b) Deflection along y.

Figure 2.71: Deflection reconstruction for tapered wing under tip load.

It is important to note that, in general, the optimal locations for x1 and x2 are not the same
for the deflections along the two principal directions. So, two different simulations should be
carried out, for each principal direction.
Next, a constant pressure of 0.01 MPa on the bottom skin has been applied (Figure 2.72). Two
inverse elements have been used, delivering the results shown in Figure 2.73. The deflection
along y seems to be not exactly well recovered. This might be due to the fact that the wing in
this direction is not slender enough for the Euler-Bernoulli beam theory.

Figure 2.72: Tapered wing under uniform pressure: p = 0.01MPa.
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(a) Deflection along z. (b) Deflection along y.

Figure 2.73: Deflection reconstruction for tapered wing under constant pressure load.

If the constant pressure distribution is substituted by a parabolic one (Figure 2.74), then the
recovered deflection is in general worse, as in Figure 2.75. It is still possible to see the same
trend as before, even if there is a larger error between FEM solution and the reconstructed
displacement.

Figure 2.74: Tapered wing under parabolic pressure: p(x, y) = (−x2 + 25002)10−8MPa.

(a) Deflection along z. (b) Deflection along y.

Figure 2.75: Deflection reconstruction under parabolic pressure load using 2 inverse elements.
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An improvement can be obtained increasing the number of elements, even though still the
deflection along y is not well described, possibly because of the reasons pointed out before. In
Figure 2.76 four inverse elements have been used, leading to a good agreement for the deflection
along z.

(a) Deflection along z. (b) Deflection along y.

Figure 2.76: Deflection reconstruction for tapered wing under parabolic pressure load using 4
inverse elements

70



CHAPTER 2. SHAPE SENSING WITH A BEAM MODEL

2.4.3 Twist reconstruction for tapered beams

Once the bending deformation has been recovered for a tapered beam, it might also be
interesting to reconstruct the twist angle variation along the span, in case torsional forces are
acting on the structure. As before, also in this case the approach used will consist in trying to
decouple the measured shear stress in a contribution due to shear forces and a contribution due
to pure torsion. From the latter, the twist angle can be derived.

There is the need then to obtain the distribution of the shear stress along the beam span under
shear forces. The problem turns out to be more complicated compared to the prismatic case.
Several studies have been carried out for tapered beams with rectangular cross-sections. For
example, [24] gives a good and simple overview of the problem. In [46], an extended version
of the Jourawski formula is derived and a similar task is also carried out in [34]. The issues of
this particular problem come mainly from the fact that the shear stress distribution is highly
influenced by the taper which couples the stress distribution with the internal moment of the
beam. In order to intuitively explain this effect, consider a tapered beam with rectangular cross
section subjected to a tip load, as in Figure 2.77. The axial equilibrium of the highlighted stress
element results in:

τb = b

∫ B

A
σdz − b

∫ D

C

(
σ + dσ

)
dz (2.157)

with b the beam width. Now, for a prismatic beam the two integrals are carried out over the
same area and therefore the σ term disappears. This is not the case for a tapered beam and
this causes the shear stress distribution to be dependent on the internal moment My(x).
Following the procedure just described, a solution for a tapered rectangular beam can be derived
and this has been widely studied in open literature.

Figure 2.77: Axial equilibrium for stress element of tapered beam.

Here, the focus has been restricted just on thin-walled structures which greatly simplifies the
problem. In order to conceive a solution, consider how the shear stress is usually computed for
prismatic beams. In particular, looking at a stress element (Figure 2.78), the axial equilibrium
gives: (

σx +
∂σx
∂x

δx

)
δs− σxδs+

(
τ +

∂τ

∂s
δs

)
δx− τδx = 0 (2.158)

which neglecting higher order terms simply reduces to:

∂τ

∂s
+
∂σx
∂x

= 0 (2.159)

The differential equation can be easily solved knowing the distribution of the internal moment.
Now, since the direct stress σx is influenced by the taper (due to the variation of the second
moment of area), a simple way to consider that is to account for it in the expression of σx.
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Figure 2.78: Axial equilibrium for prismatic beams.

Consider the clamped beam of before with tip load equal to P and that the second moment of
area varies with a cubic polynomial. Then:

σx =
My(x)

Iy(x)
z(x) =

P (L− x)
Iy0(1 + cx)3

z(x) (2.160)

Note also the coordinate z(x) is dependent on x due to the taper. Since the hope is to apply
the method to relatively complex thin-walled cross-sections such as airfoils, there is the need to
express z(x) and its derivative in a simple way. In order to do that, it is possible to discretize the
cross-section in small segments (Figure 2.79). Considering the j segment, it can be expressed
with a parametric expression γj(t) as follows:

γj(t) =
(
y1 + t(y2 − y1), z1 + t(z2 − z1)

)
; t ∈ [0, 1] (2.161)

Figure 2.79: Generic thin-walled cross-section discretized in several segments.

where s = t lj and the nodal coordinates are function of x as:

z1(x) = z10(1 + cx) ; z2(x) = z20(1 + cx)

y1(x) = y10(1 + cx) ; y2(x) = y20(1 + cx)

where (y10, z10) and (y20, z20) are the corresponding coordinates at the root. So, coming back
to our case, the variable z(x) can be written as:

z(x) = z1(x) + t
(
z2(x) + z1(x)

)
(2.162)
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And so the derivative of σx w.r.t. x in Eq.(2.159) becomes:

∂σx
∂x

=
∂

∂x

(
My(x)

Iy(x)
z(x)

)
=

∂

∂x

[
P (L− x)
Iy0(1 + cx)3

[
z1(x) + t

(
z2(x) + z1(x)

)]]
=
−P (3Lc− 2cx+ 1)

Iy0(1 + cx)4
[z1 + t(z2 − z1)] +

P (L− x)
Iy0(1 + cx)3

c[z10 + t(z20 − z10)]

(2.163)

Using this expression, the value of τ can be obtained from simple integration. Note that:

� The integration should be performed over s. Expressing the integral in t:

τ =

∫ s

0
−∂σx
∂x

ds = lj

∫ t

0
−∂σx
∂x

dt (2.164)

� The integration can be started anywhere on the cross-section, but the initial value of τ is
in general unknown (for a simple open cross-section the situation is different and will be
considered later). The usual approach followed for prismatic beams is to set τ = 0 where
the integration starts, as if the closed cross-section were “cut” there. From the integration
the so-called “basic” shear stress is obtained (τb). Then, a constant shear flow is added
(non-basic shear stress τnb) such that the resulting stress distribution gives an equivalent
(torsional) moment to the one applied on the cross section. Taking the moment center to
coincide with the line of action of the applied load, it is possible to obtain that [63]:

τnb = −
1

2Ω

∮
pτbds = −

1

2Ω

∑
j

pi

∫ lj

0
τbj(s)ds (2.165)

where Ω is the enclosed area by the cross-section, p is the arm defined in Figure 2.79 and the
integral

∮
can be computed from the sum performed on each segment j.

The approach just outlined can be applied to a simple thin-walled beam with rectangular
cross-section, shown in Figure 2.80. A concentrated load is acting at the tip and the taper
ratio used is r = 0.5.

Figure 2.80: Tapered box beam.

The shear stress distribution has been computed over three different cross-sections (Figure 2.81),
respectively at x = 250mm, x = 150mm and x = 50mm in order to show its evolution along
the span. The shear stress is plotted along the profile following the ordering of Figure 2.80.
Several points have to be pointed out, such as:
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� Towards the tip, the solution obtained resembles the reference one: the shear stress is linear
in the upper and lower panels, and parabolic in the webs.

� Proceeding along the root, the shear stress distribution in the webs deeply changes, resulting
in a change of convexity as illustrated in Figure 2.81c.

� At the corners of the cross-section, the shear stress distribution seems discontinuous.

(a) x = 250 mm (b) x = 150 mm

(c) x = 50 mm

Figure 2.81: Shear stress distribution for tapered box beam at three different cross-sections.

Let us start from the last point, that is the
discontinuity observed in the distribution. This
effect is related to the fact that the beam is
tapered and can be explained from a simple
equilibrium along the axial direction. Looking
closely at a corner of the cross section, the
situation shown in Figure 2.82 occurs.
From the equilibrium along x it is possible to
write:

Figure 2.82: Axial equilibrium at a corner of
the tapered box beam.
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τ1δx− τ2δx− σxδx tan δ1 − σxδx tan δ2 = 0 ⇒ τ2 = τ1 + σx(tan δ1 + tan δ2) (2.166)

therefore, there is a discontinuity in τ given by the term σx(tan δ1 + tan δ2), which as expected
becomes null for the prismatic case since δ1 = δ2 = 0.

From Figure 2.81 it is also clear that the solution of Eq.(2.159), even though considers the
presence of tapering (through σx), is not enough and apparently is not able to take into account
some factors. It is interesting to observe that along the upper and lower panels the solution
obtained is relatively accurate, while most of the error occurs in the webs. It is possible to think
then that Eq.(2.159) should contain an additional term which is null in the upper and lower
panels and appears when the integration is carried out along the webs. Following this intuition,
consider an infinitesimal element belonging to a tapered beam. Due to taper, it can be drawn
as in Figure 2.83.

Figure 2.83: Axial equilibrium for stress element of tapered beam.

From axial equilibrium, it is possible to write:

−σxδs+
(
σx +

∂σx
∂x

δx+
∂σx
∂s

δs

)
δs+

(
τ +

∂τ

∂s
δs

)
δx cos δ − τ cos θδx = 0 (2.167)

⇒ ∂σx
∂x

+
∂τ

∂s
cos θ +

∂σx
∂s

δs

δx
= 0

Now, the term δs/δx can be seen as the corresponding derivative and related to the tapering
angle δ, so δs/δx = tan δ and so Eq.(2.167) becomes:

∂σx
∂x

+
∂τ

∂s
cos δ +

∂σx
∂s

tan δ = 0

solving the equation by simple integration, it
is possible to obtain the shear stress τ . For
closed cross-sections this will be however just
the so-called basic shear stress, since it will not
satisfy the equivalence of the moments on the
cross-section. As pointed out before, a constant
shear stress has to be added. For tapered
beams however it is important to realize that
the situation is slightly different compared to
the prismatic case. Considering for example
Figure 2.84, it is clear that in the moment
equivalence a role is played also by the direct
stress σx.

Figure 2.84: Stress distribution at generic
cross-section of tapered beam.
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Taking the moment center to coincide with the line of action of the applied loads, it is possible
to modify Eq.(2.165) as: ∮

pτbds+ 2Ωτnb +

∮
pσx(l · u)ds = 0 (2.168)

⇒ τnb = −
1

2Ω

(∮
pτbds+

∮
pσx(l · u)ds

)
with l the tangent vector to the cross-section profile and u the direction along which σx is acting.

The shear stress distribution which can be obtained in this way has been tested first on a rather
simple case, that is a thin-walled tapered strip subjected to a tip force. In Figure 2.85 the strip
is shown and, from the FEM simulation, it is possible to qualitatively see the distribution of the
shear stress along the span.

Figure 2.85: Shear stress distribution for a tapered strip under tip load.

Since in this case the cross-section is open, no
additional shear stress has to be added (τnb).
However, it is important to understand that
the shear at the upper and lower edges is not
zero, even though the edge is free. Similarly to
the case of the rectangular cross section, this is
simply caused by the taper angle, as shown in
Figure 2.86. Therefore, the initial value to be
given to τ is σx(x, z) tan δ. Figure 2.86: Axial equilibrium for an edge

stress element of the tapered strip.

Now the shear stress can be computed. In order to do that, the cross-section has been divided
into small segments even though it consists just of a straight line. This is advantageous because
the angle δ depends on s and, for sufficiently small segment lengths lj , it can be considered to
be constant δ(s) ≈ δj , rendering the integrations simpler to carry out. So, the stress on the j
segment can be written as:

τbj =
1

cos δj

∫ s

0
−∂σx
∂x
− tan δj

∂σx
∂s

ds

=
lj

cos δj

∫ t

0
−∂σx
∂x
− tan δj

∂σx
∂s

dt

(2.169)

For tip loads the direct stress σx is:

σx =
My(x)

Iy(x)
z(x) =

P (L− x)
Iy0(1 + cx)3

[
z1(x) + t

(
z2(x)− z1(x)

)]
(2.170)
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And so Eq.(2.169) becomes:

τbj =
lj

cos δj

∫ t

0

P (3Lc− 2cx+ 1)

Iy0(1 + cx)4
[
z1(x) + t

(
z2(x)− z1(x)

)]
− P (L− x)
Iy0(1 + cx)3

c
[
z10 + t

(
z20 − z10

)]
+

− tan δj
li

P (L− x)
Iy0(1 + cx)3

(
z2(x)− z1(x)

)
dt

=
lj

cos δj

[
P (3Lc− 2cx+ 1)

Iy0(1 + cx)4
[
z1(x)t+

t2

2

(
z2(x)− z1(x)

)]
− P (L− x)
Iy0(1 + cx)3

c
[
z10t+

t2

2

(
z20 − z10

)]
+

− tan δj
lj

P (L− x)
Iy0(1 + cx)3

(
z2(x)− z1(x)

)
t

]
+ τbj,0

(2.171)
with τbj,0 the shear stress for t = 0. The shear stress distribution has been computed in Figure
2.87 at two different span positions, bringing to a good correlation with the FEM reference
solution.

(a) x = 250 mm (b) x = 50 mm

Figure 2.87: Shear stress distribution for the tapered strip at two different x positions.

Now the method can be applied also to the box tapered beam introduced before (Figure 2.80).
Contrarily to the tapered strip, this beam is more complicated to study because, being closed,
there is the need to take into account the non-basic shear stress τnb. Eq.(2.168) has to be
evaluated, substituting the expression of the basic shear stress (Eq.(2.171)) it is possible to
obtain:

τnb = −
1

2Ω

[∑
j

ljpj

∫ 1

0
τbj dt+

∮
σx(l · u)p ds

]

= − 1

2Ω

[∑
j

ljpj

[
lj

cos δj

[
P (3Lc− 2cx+ 1)

Iy0(1 + cx)4

(
z1
2

+
1

6
(z2 − z1)

)
+

− P (L− x)
Iy0(1 + cx)3

c

(
z10

1

2
+

1

6
(z20 − z10)

)
− tan δj

lj

P (L− x)
Iy0(1 + cx)3

(z2 − z1)
1

2

]
+ τbj,0

]
+

+

∮
σx(l · u)p ds

]
(2.172)

Using this method, the shear stress has been computed on the rectangular cross-sections shown
before and obtaining the results of Figure 2.88. As it is possible to see, there is a significant
improvement compared to the previous solutions and a good correspondence with the FEM
reference solution.
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(a) x = 250 mm (b) x = 150 mm

(c) x = 50 mm

Figure 2.88: Shear stress distribution for tapered box beam using the analytical method introduced.

To further explore the results which can be obtained with this method, consider again the
tapered thin-walled wing of Figure 2.69. This case, being much more complicated compared to
the previous one, allows to assess the method for a relatively complex cross-section. The results,
shown as usual at three different span positions, are illustrated in Figure 2.89. In general
there is a good correspondence, apart near the root. However, this is expected since there the
highest bending moments are induced. In any case, the general behaviour has still been captured.

It has been also observed that the results depend greatly on the point where the tapered beam
is converging. For the wing used in Figure 2.89 this was lying on the leading edge. In Appendix
H it has been slightly moved, but leading to significant changes in the shear stress distribution.

The method developed so far can also be easily extended to a more general internal moment
distribution. Consider for example that the beam has been discretized in elements and that the
internal moment My(x) can be written as (as in Eq.(2.148) ):

My(x) = qz

(
L(e)x− x2

2

)
+

(∑
i+1

qziL
(e)
i

)
x−

∑
i

qziL
(e)
i ri (2.173)

then it is possible to derive that:
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(a) Shear stress over airfoil profile at x = 2200 mm. (b) Shear stress along airfoil profile at x = 2200 mm.

(c) Shear stress over airfoil profile at x = 1250 mm. (d) Shear stress along airfoil profile at x = 1250 mm.

(e) Shear stress over airfoil profile at x = 200 mm. (f) Shear stress along airfoil profile at x = 200 mm.

Figure 2.89: Shear stress distribution for the tapered wing at three different cross-sections.
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∂σx
∂x

= −3

2

c(2L(e)qzx− qzx2 + 2
(∑

i+1 qziL
(e)
i

)
x− 2

∑
i qziL

(e)
i ri

Iy0(1 + cx)4
[
z1 + t(z2 − z1)

]
+

+
1

Iy0(1 + cx)3

[
qz

(
L(e)x− x2

2

)
+

(∑
i+1

qziL
(e)
i

)
x−

∑
i

qziL
(e)
i ri

]
c
[
z10 + t(z20 − z10)

]
(2.174)∂σx

∂s
=

1

lj

∂σx
∂t

=
1

lj

1

Iy0(1 + cx)3

[
qz

(
L(e)x− x2

2

)
+

(∑
i+1

qziL
(e)
i

)
x−

∑
i

qziL
(e)
i ri

]
(z2 − z1)

(2.175)
and so the basic shear stress of the j segment becomes:

τbj =
lj

cos δj

∫ t

0

[
−∂σx
∂x
− tan δj

∂σx
∂s

]
dt

= − lj
cos δj

[
−3

2

c
(
2L(e)qzx− qzx2 + 2

∑
i+1 qziL

(e)
i x− 2

∑
i qziL

(e)
i ri

)
Iy0(1 + cx)4

(
z1t+

t2

2
(z1 − z1)

)
+

+
1

Iy0(1 + cx)3

[
qz

(
L(e)x− x2

2

)
+
∑
i+1

qziL
(e)
i x−

∑
i

qziL
(e)
i ri

]
c

(
z10t+

t2

2
(z20 − z10)

)
+

+
tan δj
l

1

Iy0(1 + cx)3

[
qz

(
L(e)x− x2

2

)
+
∑
i+1

qziL
(e)
i x−

∑
i

qziL
(e)
i ri

]
(z2 − z1)t

]
+ τbj,0

(2.176)
Eq.(2.176) can be integrated to obtain the non-basic shear stress using Eq.(2.168).

(a) Tapered wing under constant distributed load.

(b) Shear stress at x = 2200 mm. (c) Shear stress at x = 1250 mm. (d) Shear stress at x = 200 mm.

Figure 2.90: Shear stress distribution for the tapered wing.
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Using the same wing as before, a constant distributed load qz = 1 N/mm has been applied, as in
Figure 2.90a, and the corresponding results are displayed in Figure 2.90b-d. For this load case,
a worse correlation with the reference FEM results is observed. Apart from the approximate
method used, this is also due to the fact that in the FEM model the load has been applied
directly on the skin with a set of concentrated nodal forces which approximate the distributed
load.

Having at disposal an estimate of the shear stress distribution over the section induced by
shear forces, it is possible to derive the angle of twist of the beam along its span. Similarly as
before (Section 2.2.1), the main idea consists in comparing the experimental shear stress with
the analytical one given by just shear forces. The difference will be due to torsional forces from
which the angle of twist can be derived.

First of all, it is important to know the shear stress due to a unit torsional moment at the position
where the shear-sensitive strain gauge is positioned (τ t12). This can be done either analytically or
numerically with FEM, for example using as model a simple extrusion of the cross-section. For
tapered beams however in theory this should be done for every section where a shear-sensitive
strain gauge is positioned. It would be convenient to know which relation occurs between the
shear stresses due to torsion at different sections for tapered beams. In other words, looking at
Figure 2.91, the problem consists in finding how τ̃ t12 is related to τ t12.

Figure 2.91: Tapered wing with shear-sensitive strain gauges at two different cross-sections.

Considering that between the two sections the linear dimensions are reduced by a factor r, then
it is possible to write:

dÃ = r2dA ; ỹ = ry ; z̃ = rz (2.177)

where the sign •̃ refers to the section where τ̃ t12 is present. Since the sections are homologous,
the shear stresses will have the same distribution given by the generic function f(y, z). So it is
possible to write:

τxz = Txzf(y, z)

τyz = Tyzf(y, z)

τ̃xz = αTxzf(ỹ, z̃)

τ̃yz = αTyzf(ỹ, z̃)

(2.178)

where Tij stands for the magnitude of the shear stress and the factor α is the unknown factor
of proportionality. Since both sections are under a unit torsional moment Mx:

Mx =

∫∫
A

(
τxzy − τxyz

)
dA =

∫∫
Ã

(
τ̃xz ỹ − τ̃xy z̃

)
dÃ (2.179)
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and substituting Eq.(2.177) and Eq.(2.178) it is possible to obtain that α = 1/r3. Now, if the
skin thickness is considered to be constant along the span, then dÃ = r dA and as a consequence
α = 1/r2.

Before proceeding, it is also useful to know how the torsional constant J = J(x) changes along
the tapered beam span. Considering as usual that the linear dimensions change linearly and
that the thickness remains constant, for thin-walled cross-sections the following holds:

J(x) = 4Ω2

/∮
ds

t
(2.180)

Using the usual notation:

Ω(x) = Ω0(1 + cx)2 ;

∮
ds(x) =

∮
ds

∣∣∣∣
x=0

(1 + cx)

and therefore it is possible to write that:

J(x) = J0(1 + cx)3 (2.181)

At this point, we can start the discussion assessing first the twist angle reconstruction in presence
of tip concentrated loads. Consider a tapered beam which has been discretized in several
elements, in each of them a shear-sensitive strain gauge is present and the torsional moment is
constant along the element span (Figure 2.92). Assuming that the torsional moment Mx has
been recovered comparing the experimental shear stress and the one computed analytically due
to only shear forces, the twist angle θx is given by:

Figure 2.92: Tapered wing with step-wise constant torsional moment Mx.

dθx
dx

=
Mx

GJ(x)
⇒ θx(x) =

Mx

GJ0

∫ x

0

1

(1 + cx)3
dx (2.182)

θx(x) =
Mx

GJ0c

[
− 1

2(1 + cx)2
+

1

2

]
+ C

where the constant of integration can be computed imposing continuity with the previous
element:

θx(0) = θx0 ⇒ C =
1

2
+
θx0GJ0c

Mx
(2.183)

In order to show some results, consider again the thin-walled tapered beam with rectangular
cross-section, loaded as shown in Figure 2.93a and discretized with a single inverse element. The
beam is loaded by concentrated forces and moments at the tip and the twist angle has been
reconstructed installing the shear-sensitive strain gauges respectively at x = 50mm, x = 150mm
and x = 250mm. In all cases a good reconstruction is possible. However, it is important to
underline that the shear stress due to the tip force is much smaller compared to the one coming
from the torsional moment applied. Therefore, small inaccuracies in the computation of the
shear stress due to shear forces have a negligible effect. For lower values of the torsional moment
in general a worse correlation is expected.
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(a) Tapered beam under concentrated tip loads.

(b) x3 = 250 mm (c) x3 = 150 mm (d) x3 = 50 mm

Figure 2.93: Twist angle reconstruction for tapered box beam under concentrated fores at the tip
using different positions x3 for the shear-sensitive strain gauge.

2.4.4 Application of twist reconstruction to tapered wing

Consider now the usual tapered wing, loaded at the tip as in Figure 2.94. Also in this case, three
different positions of the shear-sensitive strain gauges have been tested. They are located at 1/4
of the local chord length (from the trailing edge), while along the wing span at x = 200mm,
x = 1250mm and x = 2200mm.

Figure 2.94: Tapered wing under tip load with off-set from shear center.
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(a) x3 = 2200 mm (b) x3 = 1250 mm (c) x3 = 200 mm

Figure 2.95: Twist angle reconstruction of tapered wing under tip load using three different
positions for the shear-sensitive strain gauges.

Looking at the results of Figure 2.95, it might be surprising to see that for the case x3 = 2200 mm
the error in the twist reconstruction is larger compared to sampling the strain at x3 = 1250 mm.
The shear stress is actually better reconstructed from the analytical model at x3 = 2200mm
than at x3 = 1250mm, as it is clear from Figure 2.96.
These results can be explained looking at the strain field where the shear-sensitive strain gauges
have been positioned. In Table 2.7 the axial (εx) and in-plane transversal (ε2) strain at each
location has been extracted from the FEM model. From beam theory the in-plane transversal
strain ε2 should be given by −νεx. However, due to the load introduction, at x3 = 2200
mm a large difference is present w.r.t. this value, as it is possible to see. This highlights the
unsuitability to use the experimental strain sampled there to recover the shear strain, and in
turn to recover the twist angle.

(a) x = 2200 mm (b) x = 1250 mm

Figure 2.96: Comparison of analytical and reference shear stress distribution at two different
cross-sections. The red line shows the position on the airfoil where the strain is measured.

Axial position εx ε2 −νεx |ε2 + νεx|/ε2
x = 2200mm −2.44e− 3 1.27e− 3 7.32e− 4 42%
x = 1250mm −3.05e− 3 1.08e− 3 9.156e− 4 15%
x = 200mm −2.55e− 3 8.69e− 4 7.66e− 4 12%

Table 2.7: Axial and transversal strain at the locations where the shear-sensitive strain gauges
have been positioned.
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Now consider a more general scenario, that is in case of constant distributed loads. Similarly to
what was done for prismatic beams, the torsional moment along the beam span can be expressed
as:

Mx(x) = (L(e) − x)mx +M (+)
x (2.184)

with M
(+)
x the torsional moment at the beam element end. Assuming that Mx has been

computed at x = x3, then:

mx =
M ε

x −M
(+)
x

L(e) − x3
(2.185)

with M ε
x the measured value, and so the twist angle along the beam span can be obtained as

usual:

θx(x) =

∫ x

0

Mx(x)

GJ(x)
dx

=

∫ x

0

(L(e) − x)mx +M
(+)
x

GJ0(1 + cx)3
dx

= −1

2

L(e)cmx − 2cmxx+M
(+)
x c−mx

GJ0c2(1 + cx)2
+ C

(2.186)

where the integration constant C is determined from θx(0) = θx0.

As an example, the usual tapered wing has been subjected to a constant distributed load with
an offset from the shear center. In this case, four inverse elements have been considered and in
the middle of each one a shear-sensitive strain gauge has been positioned at the mid-chord on
the upper skin (Figure 2.97). Three different load cases have been considered:

1. Load case 1: A constant distributed load of 1 N/mm applied at 70% of the chord on the
bottom skin. The load, in the FE model, has been applied with a set of concentrated nodal
forces (Figure 2.98a).

2. Load case 2: A constant distributed load of 1 N/mm applied at the trailing edge (Figure
2.98b).

3. Load case 3: Two sets of constant distributed loads, respectively of 1 N/mm on the trailing
edge and 0.5 N/mm on the leading edge (Figure 2.98c).

Figure 2.97: Tapered wing discretized with four inverse elements.
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(a) Load case 1. (b) Load case 2. (c) Load case 3.

Figure 2.98: Load cases: the same bending moment is applied, but the torsional moment changes
among the configurations.

(a) Twist for load case 1. (b) Twist for load case 2. (c) Twist for load case 3.

Figure 2.99: Twist angle reconstruction for tapered wing under constant distributed load.

In this way, the overall torsional moment applied is increased, but the applied bending moment
remains the same. The results are shown in Figure 2.99 where the twist angle has been plotted.
In general it is possible to observe a not negligible error in all cases, but with some improvements
of the performance increasing the torsion applied to the wing. Considering Figure 2.98b as the
reference, the sources of error can be classified follows:

1. From the iFEM analysis, the magnitude
of the distributed loads is derived from
the bending deflection (Figure 2.100). In
this case qz = 1 N/mm, but due to
the not prefect reconstruction (and the
simple Euler-Bernoulli beam theory to model
the wing) the load is only approximately
recovered, obtaining over the elements the
following:

qz =


element #1: 0.27
element #2: 1.12
element #3: 0.85
element #4: 1.13

 N/mm

Figure 2.100: Bending reconstruction.

2. The strain over the wing follows only approximately the beam theory assumptions. Looking
at the axial and in-plane transversal strains of the FEM model at the shear-sensitive gauge
locations, it is possible to obtain Table 2.8.
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εx ε2 −νεx |ε2 + νεx|/ε2
#4 element −1.03e− 4 3.39e− 5 3.08e− 5 9%
#3 element −4.48e− 4 1.46e− 4 1.34e− 4 8%
#2 element −7.46e− 4 2.43e− 4 2.24e− 4 8%
#1 element −9.51e− 4 3.33e− 4 2.85e− 4 14%

Table 2.8: Axial and in-plane transversal strain at the locations where the shear-sensitive strain
gauges have been positioned.

In general a relatively close correspondence between ε2 and −νεx is present, so this source of
error is not expected to play a major role.

3. The axial strain is interpolated over the shear-sensitive strain gauges in order to obtain the
shear strain at those positions.

4. The shear stress due to the shear forces has been computed analytically as explained before.
The solutions however contain errors (see Figure 2.90).

The weight on the final solution of points (1), (3) and (4) can be assessed using as input for the
twist angle reconstruction directly the FEM results. In other words, both the shear stress due
to shear forces and the actual shear stress have been extracted from FEM. The results following
this approach are shown with a cyan line in Figure 2.101, together with the ones previously
obtained.

Figure 2.101: Twist reconstruction for load case 2 using the exact shear stress values.

As it is possible to see, the situation has improved but still a not negligible error is present. This
is deemed to be due to the fact that the simple de Saint-Venant assumptions have been used,
but at the wing root the section seems to be stiffer. Therefore, a possible better approximation
would take this into account by setting dθx/dx|x=0 = 0. However, this would mean extending
the restrained warping theory to tapered beams and it has not been studied here.
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2.5 Development of a beam model for the ISTAR demonstrator
wing

In this section the model of the ISTAR wing demonstrator is described in detail (Section 2.5.1).
Furthermore, is derived the beam model used to retrieve the bending deformations of the wing
and it will be assessed using different load cases, in particular a simple tip load (Section 2.5.2),
a constant pressure load (Section 2.5.3) and a parabolic pressure load (Section 2.5.4). Just the
bending reconstruction will be considered since from Section 2.4.4 it was observed that the twist
reconstruction can lead to quite approximate results. Therefore, it has been decided not to
investigate the twist reconstruction for this more complex study case.

2.5.1 Model specifications and simplifications

(a) Top view. (b) Isometric view.

(c) Front view. (d) Lateral view.

Figure 2.102: ISTAR demonstrator wing FE mesh.

The wing FE mesh is represented in Figure 2.102 using different views for clearness. The
geometry of the wing is rather complex, not only because it is swept and tapered at the same
time, but also because its profile is changing along the wing span. In particular, in Figure 2.102a
three sections have been highlighted. The corresponding wing profiles used are represented in
Figure 2.103 using the same chord length.
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Figure 2.103: Airfoils used for the ISTAR demonstrator wing.

The wing has been manufactured with a fiber-glass composite layup which makes the skin of the
wing. Below this rather thin skin, some layers of foam, separated by layers of fabric, have been
inserted. An overview of the layup is shown in Figure 2.104, while in Table 2.9 more details are
given. Note that the fabric plies in Table 2.9 have been considered as two different plies with
perpendicular orientation and half the thickness.

Figure 2.104: Layup of demonstrator skin.

#ply Thickness Orientation

1 3.5e− 5m 0◦

2, 3 8.525e− 6m 0◦/90◦

4, 5 5.456e− 5m 0◦/90◦

6, 7 5.456e− 5m −45◦/45◦
8, 9 5.456e− 5m 45◦/− 45◦

10, 11 5.456e− 5m 90◦/0◦

12 (foam) 0.0015m 0◦

13, 14 1.67e− 5m −45◦/45◦
15 (foam) 0.0015m 0◦

16, 17 1.67e− 5m −45◦/45◦
18 (foam) 0.0015m 0◦

19, 20 1.67e− 5m −45◦/45◦

Table 2.9: Ply sequence.

The material properties of the plies are reported in Table 2.10 and the plies orientation w.r.t
the wing is displayed in Figure 2.105.

E1 E2 ν12 G12 G13 G23

fiber-glass ply 41.75GPa 12.94GPa 0.26 4.96GPa 4.13GPa 4.13GPa
foam 0.092GPa 00926GPa 0.4 0.029GPa 0.024GPa 0.024GPa

Table 2.10: Material properties of fiber-glass plies.
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Figure 2.105: Ply orientations with respect to the wing geometry.

In order to build a beam model for the wing, some simplifications have to be introduced. First,
the wing model at the root is characterized by a straight part, after which the wing is swept
backwards. This part is actually below the fuselage itself and effectively will not be modeled.
Regarding the sweep angle, a constant angle has been extracted from the model locating the
position at the quarter chord at the root and at the tip. A value of ψ = 26.08◦ will be used.
Since the wing profile is changing along the span, the wing axis has been divided into two parts,
connecting the corresponding centroids of the sections. In order to do so, the centroid should
be computed for a section perpendicular to the beam axis, which is considered to be inclined
by the sweep angle ψ. It would be incorrect to take as centroid the one of the cross section in
the (x, z) plane of Figure 2.102a due to the sweep angle. After having computed the centroid
position in the cross-section plane, it has been projected over the (x, z) plane. This is illustrated
in Figure 2.106.

Figure 2.106: Cross-section to be analyzed considering the sweep angle ψ.

This has been repeated for the three sections highlighted in Figure 2.102a. Regarding the
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computation of the centroid itself, the cross-section has been discretized in FE, computing
all the section properties with the in-house code briefly described in Section 2.2.2. Since the
material changes significantly between the outer part and the inner part of the skin, it has been
decided to take this into account by using the so-called modulus-weighted properties [66]. That
is, the cross-section has been divided into two parts, with two different elastic moduli. These
have been computed from the equivalent elastic moduli of the two layups (Figure 2.107) as
explained in Appendix I.

Figure 2.107: Cross-section of the layup and equivalent elastic moduli.

At this point, since the wing cross-section is not homogeneous, its properties have been computed
with a modulus-weighted differential area:

dÃ =
E

Er
dA

where E is the elastic modulus of the part of the cross-section with area dA and Er is a the
reference elastic modulus, which in this case is the one of the skin (Er = 22.4 GPa). In this way,
for example, the centroid position given by:

yC =

∫∫
Ã
y dÃ

Ã
; zC =

∫∫
Ã
z dÃ

Ã

does not depend on the ratio E/Er, but other properties, such as the area moments of inertia
do. The three cross-sections identified before and the corresponding centroids and shear center
positions are represented in Figure 2.108.

(a) Profile 1 (b) Profile 2 (c) Profile 3

Figure 2.108: Cross-sections of demonstrator ISTAR wing.

At each cross-section the corresponding centroid location has been identified, allowing to retrieve
the centroidal beam axis (Figure 2.109). It is important to know its position since the strain
measurements must be referred to that. It is easy to relate the strain gauge positions in the
global reference system (Oxyz) to the ones in the centroidal reference system.
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Figure 2.109: Identified centroidal beam axis of the demonstrator ISTAR wing.

This can be defined by three unit vectors e1, e2 and e3 which for this application are defined as
follows:

� e1 along beam axis.

� Let t = [−1 0 0]⊤, then:
e3 =

t× e1
∥t× e1∥

� Finally:

e2 =
e3 × e2
∥e3 × e2∥

Given the strain gauge positions X in the global reference system, the corresponding one x in
the local beam reference system is simply given by:

x =
[
e1 e2 e3

](
X −X0

)
= R

(
X −X0

) (2.187)

with X0 the first node of the beam element in the global reference system and R =
[
e1 e2 e3

]
the rotation matrix.

Looking at Figure 2.109, it is possible to find that the two centroidal axes which have been
identified are not exactly aligned. Therefore, it is necessary to relate the local inverse beam
degrees of freedom to some global ones in order to retrieve the displacements. The problem
which arises at this point is that the inverse beam elements used so far do not have any torsional
degree of freedom. However, it is necessary to have three rotations in the global reference system
in order to correctly relate the local degrees of freedom with the global ones. The problem can
be solved introducing in the inverse Euler-Bernoulli element the θx rotation, but adding just
zeros in the corresponding entries of the strain-displacement matrices. So, the B matrix simply
becomes (compare to Eq.(2.26)):

B =

B1

B2

B3

 (2.188)
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B1 =

[
− 1

L(e)
0 0 0 0 0

1

L(e)
0 0 0 0 0

]
(2.189)

B2 =

[
0 0 − 1

(L(e))3
(12x− 6L(e)) 0

1

(L(e))2
(6x− 4L(e)) 0

0 0
1

(L(e))3
(12x− 6L(e)) 0

1

(L(e))2
(6x− 2L(e)) 0

] (2.190)

B3 =

[
0 − 1

(L(e))3
(12x− 6L(e)) 0 0 0 − 1

(L(e))2
(6x− 4L(e)) 0

1

(L(e))3
(12x− 6L(e)) 0 0 0 − 1

(L(e))2
(6x− 2L(e))

] (2.191)

Now the element K(e) matrix and load vector f (e) can be put in the global reference system as:

K(e) = T⊤k(e)T (2.192)

F (e) = T⊤f (e) (2.193)

and assembled with the usual procedure. Taking into account the boundary conditions, the
system KU = F needs to be solved. To these equations it is necessary to add the constraint
that the torsion angle in the local beam reference system must be null. So, for each node the
following equation can be written:

θx = 0 ⇒ R11Θx +R12Θy +R13Θz = 0 (2.194)

with Θx, Θy, Θz the degrees of freedom in the global reference system. Adding these equations
to the system KU = F an overdetermined linear system is obtained which can be solved with
least-squares.

Using this approach, the wing has been divided into two inverse beam elements, thus requiring
10 axial strain gauges in total. The nodal positions are the ones illustrated in Figure 2.109.
Due to the geometry of the wing, the taper is not constant. Furthermore, also the airfoil shape
changes along the beam axis and so it would not be optimal to simply say as before that the
linear dimensions change along the span by the factor (1+ cx) with c = (r− 1)/L(e) (with r the
taper ratio). As a consequence, it has been decided to compute the value of c directly from the
moments of area of the cross-sections at the nodal positions:

Ã(x) = Ã0(1 + cAx) ; Ĩz(x) = Ĩz0(1 + cIzx)
3 ; Ĩz(x) = Ĩz0(1 + cIzx)

3 (2.195)

with Ã, Ĩy, Ĩz the modulus weighted cross-sectional properties. And so:

Ã(x = L(e)) = Ãf = Ã0(1 + cAL
(e))3 ⇒ cA =

1

L(e)

 3

√
Ãf

Ã0

− 1

 (2.196)

Ĩy(x = L(e)) = Ĩyf = Ĩy0(1 + cIyL
(e))3 ⇒ cIy =

1

L(e)

(
3

√
Ĩyf

Ĩy0
− 1

)
(2.197)

Ĩz(x = L(e)) = Ĩzf = Ĩz0(1 + cIzL
(e))3 ⇒ cIz =

1

L(e)

 3

√
Ĩzf

Ĩz0
− 1

 (2.198)
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Now all the properties of the wing have been defined and the shape sensing analysis can be
carried out.
The strain gauge positions have been defined directly from the FEM wing model. In particualr,
two different configurations will be taken into consideration as in Figure 2.110.

(a) Strain gauge configuration 1. (b) Strain gauge configuration 2.

Figure 2.110: Strain gauge positions for ISTAR demonstrator wing.

Furthermore, three different load cases will be studied (Figure 2.111): a concentrated tip load
(Figure 2.111a), a constant pressure (Figure 2.111b) and a parabolic-varying (along the span)
pressure field (Figure 2.111c).

(a) Tip load: P = 100 N.

(b) Constant pressure:
p(x, y) = 1e4 Pa.

(c) Parabolic pressure:
p(x, y) = 1e5[−(y − 0.0856)2 + 0.55972] Pa.

Figure 2.111: Load cases applied on the ISTAR demonstrator wing.
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2.5.2 Tip load

The wing tip has been subjected to a concentrated load and the strain gauge positions used are
shown in Figure 2.110a. In Figure 2.112 the deflection reconstruction along z is reported for
the first two iterations. The first one consists simply in applying iFEM with the original strain
gauge positions, while for the second one the strain has been sampled at the locations found
from Figure 2.112b and 2.112c. As it is possible to see, the two solutions give similar answers,
and the same holds if further iterations are carried out.

(a) Comparison between reconstructed
and reference deformation.

(b) First element (x1, x2). (c) Second element (x1, x2).

Figure 2.112: Deflection reconstruction under tip load using strain configuration 1.

This however is not always the case. For example, if the strain gauges are moved as in Figure
2.110b, then the second iteration brings a considerable improvement as it is possible to see in
Figure 2.113.

(a) Reconstructed deformation. (b) First element (x1, x2). (c) Second element (x1, x2).

Figure 2.113: Deflection reconstruction under tip load using strain configuration 2.

2.5.3 Constant pressure

The wing has been subjected to a constant pressure on the bottom skin equal to 10 MPa. The
strain gauge positions used are the ones of Figure 2.110a. In Figure 2.114 the obtained results
are shown, while in Figure 2.115 a tri-dimensional representation is given.
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(a) Reconstructed deformation. (b) First element (x1, x2). (c) Second element (x1, x2).

Figure 2.114: Deflection reconstruction under constant pressure.

(a) Top view. (b) Isometric view.

(c) Front view. (d) Lateral view.

Figure 2.115: Reconstructed deflection (blue line) and reference deformed shape (red mesh) for
constant pressure case.

2.5.4 Parabolic pressure

Finally, the wing has been subjected to a parabolic pressure distribution applied on the bottom
skin, again with strain gauge positions of Figure 2.110a. The results are reported in Figure
2.116, while in Figure 2.117 a tri-dimensional representation is given. Similar results to the ones
obtained for the constant pressure case can be observed.
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(a) Reconstructed deformation. (b) First element (x1, x2). (c) Second element (x1, x2).

Figure 2.116: Deflection reconstruction under parabolic pressure.

(a) Top view. (b) Isometric view.

(c) Front view. (d) Lateral view.

Figure 2.117: Reconstructed deflection (blue line) and reference deformed shape (red mesh) for
parabolic pressure case.

97



CHAPTER 2. SHAPE SENSING WITH A BEAM MODEL

2.6 Summary of the chapter

In this chapter the shape sensing problem has been studied with a beam model. Using the
framework of iFEM and in particular the so-called 0th order element (so assuming a linear
moment variation inside the element domain) some improvements are suggested. In particular,
the twist can be estimated with an additional strain measurement, computing the shear strain
and deriving just the component due to torsion. Furthermore, in order to limit the amount
of strain measurements needed, it is suggested to measure the axial strain in appropriate axial
locations such that an overall good bending reconstruction can be achieved also under complex
load cases.
These ideas have then been applied to tapered beams which however require an estimate of
the applied loads in order to choose the axial positions for the strain measurements. Two
methods have been proposed, either from the interpolation of the axial strain or from an iterative
solution of the system deriving the load as a superposition of step-wise constant distributed
loads. Regarding the twist reconstruction, an analytical method to compute the shear stress in
thin-walled monocell tapered beams is suggested. This can be used to uncouple the measured
shear stress from the shear force contribution and so deriving the twist rate.
Overall, this approach seems to give a satisfactory bending representation of the beam, while the
twist suffers from errors occurring especially near the beam root since they propagate linearly
till the tip.
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Shape sensing with shell models

The aim of this chapter is studying the shape reconstruction from strain measurements using
two- and three-dimensional models such that there is a recovery of the entire displacement field.
In order to do so, two methods will be taken into consideration: the Modal Method (MM) and
the inverse Finite Element Method (iFEM). The chapter is structured as follows:

� In Section 4.1 the methods which will be used are briefly described.

� Section 3.2 is focused on pre-extrapolating the strain measurements in order to obtain an
estimate of the strain field over the whole structural domain. This will be a fundamental step
in the shape sensing analysis with iFEM.

� Section 3.3 represents the central part of the chapter. It aims at studying in-depth the results
obtained with iFEM and to compare them with the ones from MM.

� Finally, Section 3.4 completes the previous section studying how uncertainty in the strain
measurements and model errors can affect the shape sensing study. The focus is again on
comparing iFEM with MM.

Contrarily to Chapter 1, now the applications will be almost exclusively based on the ISTAR
demonstrator wing, using the strain measurements of the FEM model to feed the shape sensing
methods. In order to study a broader range of cases, similarly as done for the beam model,
three load cases will be analyzed, that is:

� A concentrated tip load.

� A constant pressure field applied on the bottom skin.

� A parabolic-varying along the span pressure field, again applied on the bottom skin.

For the exact field distributions refer to Figure 2.111. It is deemed that in this way a more
in-depth study can be done, giving more confidence in the results obtained and in the conclusions
which will be drawn.
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3.1 Theoretical background

The aim of this section is to give some theoretical background which will be used in the
following studies.

In Section 3.1.1 a common shape sensing method is presented under the name of Modal Method.
It is simply based on reconstructing the deformed shape of the structure as a combination of
mode shapes. It has been widely used in open literature for several applications and in the
following it will be used also in the scope of the thesis.

In Section 3.1.2 the inverse Finite Element Method (iFEM) developed to describe two- and
three- dimensional structures will be reviewed. In particular, the focus will be just on the
four-node element (called iQS4). Even though this is a common formulation used in literature
which was proved to give good and reliable results, it is not the only one. Other elements have
been developed, for example a three-node plate element (iMIN3) [7] and an eight-node shell
element (iCS8) [3]. However, they will not be described here.
One of the assumptions behind the inverse quadrilateral element used is the simple First Order
Shear Deformation theory. Therefore, the applicability is restricted to rather thin structures,
where transverse shear effects are negligible. If this is not the case, other theories should
be applied. For example, an inverse formulation of the so-called Zig-Zag theory for thick
composites and sandwich has recently been developed [45].

In Section 3.1.3 the so-called Smoothing Element Analysis (SEA) is reviewed. Since for real
applications having a relatively dense set of strain measurements might be unfeasible, it is
important to be able to give an estimate of the strain over the structure also where no gauge is
present. In this way inverse elements without any physical strain gauge could be instrumented.
Since their measure would be fictitious though, a lower weight should be used so that they would
weight less in the minimization of the error functional with the actual strain measurements. This
procedure is commonly referred to as strain pre-extrapolation. In this context SEA is used to
interpolate the strain field over the structural domain with the aim to improve the shape sensing
capability of iFEM.

3.1.1 Modal Method

It is known that the modal coordinates r can be related to the actual degrees of freedom of the
system u as:

u = Φr (3.1)

where Φ is the mode shape matrix. Analogously, for the strains a similar relation holds:

ε = Ψr (3.2)

whereΨ is the so-called matrix of strain modes which contains the strains for each corresponding
deformation mode. Since from experimental measurements the strain values can be obtained, it
is necessary to relate ε (vector containing the experimental strains) with u. At first sight, this
might be done simply seeing that r = Ψ−1ε and therefore:

u︸︷︷︸
N×1

= Φ︸︷︷︸
N×p

Ψ−1︸︷︷︸
m×p

ε︸︷︷︸
m×1

(3.3)

where the dimension of each component is highlighted: N is the number of degrees of freedom of
the system, p the number of mode shapes considered andm the number of strain measures taken.
As it is possible to see, in order to compute u it is required that the matrices used are square,
or in other words that the number of strain measures m equals the number of modes used p.
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However, this is not always the case. Therefore, Eq.(3.2) can be solved using the pseudo-inverse
matrix as [49]

r =
(
ΨTΨ

)−1
ΨTε (3.4)

And so substituting in Eq.(3.1) it is possible to obtain:

u = Φ
(
ΨTΨ

)−1
ΨT︸ ︷︷ ︸

DST

ε (3.5)

which gives the value of all the degrees of freedom in which the structure has been discretized.
The matrix which relates u with r is commonly referred to as DST, the displacement-strain
transformation matrix.

Several applications have been studied with this method, bringing in general satisfactory results.
The main drawback consists in the fact that the mode shapes have to be known in advance.
Since these are generally computed with FEM, the material and geometrical properties of the
structure have to be precisely known. Alternatively, experimental mode shapes could also be
used.

3.1.2 Inverse Finite Element Method with shell elements

From the First Order Shear Deformation theory the following relations for the kinematic
variables hold: 

ux(x, y) = u+ zθy

uy(x, y) = v − zθx
uz(x, y) = w

(3.6)

where u and v are the mid-plane displacements, θx and θy the rotations about the x and y axes
and w the out-of-plane displacement (constant across the thickness). The in-plane strains can
be computed as:

εx =
∂ux
∂x

=
∂u

∂x︸︷︷︸
εx0

+z
∂θy
∂x︸︷︷︸
κx0

εy =
∂uy
∂y

=
∂v

∂y︸︷︷︸
εy0

−z ∂θx
∂y︸︷︷︸
κy0

γxy =
∂ux
∂y

+
∂uy
∂x

=
∂u

∂y
+
∂v

∂x︸ ︷︷ ︸
γxy0

+z

(
∂θx
∂x
− ∂θy

∂y

)
︸ ︷︷ ︸

κxy0

(3.7)

which can be written as:  εxεy
γxy

 =

 εx0εy0
γxy0

+ z

 κx0κy0
γxy0


= e(u) + zk(u)

(3.8)

where e represents the membrane strain measures, k the curvatures and u =
[
u v w θx θy

]⊤
the kinematic variables. Similarly, also the transverse shear strain can be expressed as:

g(u) =

[
γxz
γyz

]
=


∂w

∂x
+ θy

∂w

∂y
− θx

 (3.9)
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It is possible to obtain experimentally the values of the strain measures e and k. Imagine that
on both sides of the shell a strain rosette has been installed as in Figure 3.1.

Figure 3.1: Strain rosettes installed on both sides of a plate in order to measure membrane
strains and curvatures.

Then, taking for example just the εx strain measurement, it is possible to write:
ε+x = εx0 +

h

2
κx0

ε−x = εx0 −
h

2
κx0

(3.10)

where + stands for example for the measurement of the top of the plate and − for the one
on the bottom. Summing the two equations the membrane strain measurement can be easily
computed:

εx0 =
1

2

(
ε+x + ε−x

)
(3.11)

Subtracting the two equations:

κx0 =
1

h

(
ε+x − ε−x

)
(3.12)

Repeating the procedure for the other components it is possible to finally obtain the experimental
values for the membrane strain measures and curvature:

eε =

 εεx0εεy0
γεxy0

 =
1

2

ε+xxε+yy
γ+xy

+

ε−xxε−yy
γ−xy


kε =

 κεx0κεy0
κεxy0

 =
1

h

ε+xxε+yy
γ+xy

−
ε−xxε−yy
γ−xy


(3.13)

At this point, iFEM can be applied. The error functional to be minimized for the element (e)
is expressed as:

Φ(e)(u(e)) = we∥e(u(e))− eε∥2 + wk∥k(u(e))− kε∥2 + wg∥g(u(e))− gε∥2 (3.14)

where u(e) are the element degrees of freedom, we, wk and wg are scalar weight whose role is
described below and the norms are expressed as:∥∥∥e(u(e))− eε

∥∥∥2 = 1

n(e)

∫∫
A(e)

n(e)∑
i=1

[
e(u(e))i − eεi

]2
dxdy

∥∥∥k(u(e))− kε
∥∥∥2 = h2

n(e)

∫∫
A(e)

n(e)∑
i=1

[
k(u(e))i − kε

i

]2
dxdy

∥∥∥g(u(e))− gε
∥∥∥2 = 1

n(e)

∫∫
A(e)

n(e)∑
i=1

[
g(u(e))i − gε

i

]2
dxdy

(3.15)
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where n(e) is the number of strain measurements done on the element (e) domain. Note that the
norm related to k has been multiplied by the thickness h for dimensional consistency. Before
proceeding it is important to point out that it is not always possible to obtain experimental
measures for every inverse element. This is already clear thinking about the transverse shear
strain measurement gε which cannot be measured directly. In these cases there is the need to
maintain the connectivity between the elements and this is done modifying the definition of the
error functional and acting on the weights we, wk and wg. When no strain measurement is
present on an element, so that eε or kε or gε is missing, the norm definition becomes:∥∥∥e(u(e))

∥∥∥2 = ∫∫
A(e)

e(u(e))2dxdy∥∥∥k(u(e))
∥∥∥2 = h2

∫∫
A(e)

k(u(e))2dxdy∥∥∥g(u(e))
∥∥∥2 = ∫∫

A(e)

g(u(e))2dxdy

(3.16)

and the corresponding weights assume relatively small values (≈ 10−5 from literature).
Intuitively this means that the minimization done with iFEM is very little affected by these
components so that just the errors created from the actual experimental measurements are
minimized. At the same time, in this way not only there is the possibility to neglect the
transverse shear component (which is the case for thin shells), but also to define so-called
strainless elements where no strain measurement is done and which allow to estimate the
displacement field also where no instrumented element is present.

Now, the displacement field needs to be interpolated using suitable shape functions. A four-node
inverse element has been developed in [4], called iQS4. It was built with a drilling rotation
degree of freedom which allows to model also complex shell structures. Therefore, for each node
6 degrees of freedom are present (3 translations and 3 rotations). The kinematic variables are
interpolated in the following way:

u(x, y) =
4∑

i=1

Niui +
4∑

i=1

Liθzi ; v(x, y) =
4∑

i=1

Nivi +
4∑

i=1

Miθzi (3.17)

w(x, y) =
4∑

i=1

Niwi −
4∑

i=1

Liθxi −
4∑

i=1

Miθyi

θx(x, y) =

4∑
i=1

Niθxi ; θy(x, y) =

4∑
i=1

Niθyi

(3.18)

where Ni (i = {1, 2, 3, 4}) are linear Lagrangian shape functions and Li, Mi are developed to
take into consideration the interaction of in-plane translations with the drilling degree of freedom
(see Eq.(3.17) ) and at the same time to have a so-called anisotropic interpolation in Eq.(3.18)
(see discussion below and [4] for the detailed expressions of the shape functions). In Appendix
J some background information about anisotropic interpolation has been reported.
The in-plane displacements u(x, y) and v(x, y) in Eq.(3.17) are interpolated following [55], while
the out-of-plane displacement in Eq.(3.18) w and the rotations θx, θy take advantage from the
anisotropic interpolations. For the four-node quadrilateral element this has been developed in
[10]. The deflection w is interpolated biquadratically and the rotations bilinearly resulting in the
element in Figure 3.2. To achieve a simpler four-node configuration, the mid-edge wi degrees
of freedom are then condensed imposing that the transverse shear must the continuous and
constant along each edge, that is:
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Figure 3.2: iQS4 before and after condensation [10].

∂γsz
∂s

=
∂

∂s

(
∂w

∂s
+ θn

)
= 0 with s = {ξ, η} ; n = {η, ξ} (3.19)

This will result in four equations which can give the expressions of the mid-edge wi degrees of
freedom in function of the others. So, a four-node element can be developed in this way. The
shape functions used in the interpolation are illustrated in Figure 3.3.

Figure 3.3: Shape functions used for iQS4.

The interpolation of the kinematic variables chosen can be used in the strain-displacement
relations to get:  εxεy

γxy

 = e(u(e)) + zk(u(e)) = Bmu(e) + zBbu
(e) (3.20)

[
γxz
γyz

]
= g(u(e)) = Bsu

(e) (3.21)

where the element degrees of freedom vector u(e) is built as u(e) =
[
u
(e)
1 u

(e)
2 u

(e)
3 u

(e)
4

]⊤
with u

(e)
i =

[
ui vi wi θxi θyi

]⊤
the nodal degrees of freedom. The explicit expressions of the
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strain-displacement matrices Bm, Bb and Bs can be obtained from [4].

Once the strain-displacement matrices have been defined, similarly to what has been done for the
beam inverse elements, the expressions of the strain measures in function of the nodal degrees of
freedom can be substituted in the error functional and the resulting relation has to be minimized
with respect to u(e):

∂Φ(e)(ue)

∂u(e)
= 0 ⇒ K(e)u(e) = f (e) (3.22)

where:

K(e) =
1

A(e)

∫∫
A(e)

[
we(Bm)⊤Bm + wkh

2(Bb)
⊤Bb + wg(Bs)

⊤Bs

]
dA(e) (3.23)

f (e) =
1

A(e)

∫∫
A(e)

[
we(Bm)⊤eε + wkh

2(Bb)
⊤kε + wg(Bs)

⊤gε

]
dA(e) (3.24)

Some important notes are listed below:

� The error functional Φ(e) has been introduced as it was described in the original formulation,
that is, rewriting the expression for convenience:

Φ(e)(u) = we∥e(u)− eε∥2 + wk∥k(u)− kε∥2 + wg∥g(u)− gε∥2

And as it is possible to see different weights are assigned to respectively membrane, curvature
and transverse shear part. In some cases it might be more useful to further distinguish between
the different components of the strain measures. For example, it might be possible that the
membrane strain is measured only in one direction (say εx0) , and so there would be the need
to give a lower weight to εy0 and γxy0. So, introducing a single vector ē which contains all
the strain measures:

ē =
[
εx0 εy0 γxy0 κx0 κy0 κxy0 γxz γyz

]⊤
(3.25)

It is possible to define a more “flexible” definition of the error functional as:

Φ(e) =

8∑
k=1

wk

∫∫
A(e)

(
ēk(u

(e))− ēεk
)2
dxdy (3.26)

From which the expressions of K(e) and f (e) become:

K(e) =
1

A(e)

∫∫
A(e)

8∑
k=1

wkB
⊤
k Bk dxdy

f (e) =
1

A(e)

∫∫
A(e)

8∑
k=1

wkB
⊤
k ē

ε
k dxdy

(3.27)

where Bk (k = {1, ..., 8}) is a row of the matrix
[
Bm Bb Bs

]⊤
defined by Eq.(3.20) and

Eq.(3.21).

� The integrals of Eq.(3.27) are computed numerically with Gauss quadrature and in general it
is common to place a single strain gauge sensor in the centroid of the element. It has been
observed (see for example [37] and [36]) that penalizing the Gauss points where no strain
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measurement is taken results in more accurate results. So the expressions of K(e) and f (e)

become:

K(e) =
1

A(e)

8∑
k=1

n(g)×n(g)∑
i=1

wkχiB
⊤
k Bk dxdy

f (e) =
1

A(e)

8∑
k=1

n(g)×n(g)∑
i=1

wkχiB
⊤
k ē

ε
k dxdy

(3.28)

where n(g) is the number of Gauss points used and χi = 1 if the Gauss point is centroidal
(that is coincident with the strain gauge), otherwise χi = 10−4 [36].

� So far it was assumed that the element local reference system coincided with the global one.
If this is not the case, for example in three dimensional problems, a suitable rotation has to be
carried out as explained for example in [32]. For the case of a four-node element, the element
local reference system can be defined by the following vectors:

n =
X31 ×X42

∥X31 ×X42∥
; p =

X31 +X42

∥X31 +X42∥
; l = p× n (3.29)

where Xij = Xi −Xj and xi is the nodal position in the global reference system. Then the

transformation matrix τ =
[
l p n

]⊤
can be used to build the following:

T (e) =



τ 0 0 0 0 0 0 0
0 τ 0 0 0 0 0 0
0 0 τ 0 0 0 0 0
0 0 0 τ 0 0 0 0
0 0 0 0 τ 0 0 0
0 0 0 0 0 τ 0 0
0 0 0 0 0 0 τ 0
0 0 0 0 0 0 0 τ


(3.30)

which enables the rotation of the iFEM matrices similarly as in the direct FEM formulation:

K(E) = (T (e))⊤K(e)T (e) ; f (E) = (T (e))⊤f (e) (3.31)

where the superscript (E) stands for the element formulation in the global reference system.

In order to give more insight into the performance of the method, consider a simple cantilever
plate under uniform pressure. Distributing the sensors all along the bottom edge, the results in
Figure 3.4 have been obtained.
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Figure 3.4: Instrumented elements over clamped plate.

(a) Deformed shape reconstruction with iFEM. (b) Direct FEM with Abaqus.

Figure 3.5: Comparison of the results between iFEM and direct FEM.

Overall, a good correspondence if found. The strainless elements help in defining the
displacement field also where no strain gauge is placed. A bit of accuracy is lost away from
the strain measurement points, but overall it is quite negligible for this load case. It is
useful to assess how the results vary if the gauge configuration is changed. In Figure 3.6
the case already analyzed is plotted as a reference, while in Figure 3.7 the number of strain
measurements is decreased. As it is possible to see, the results are very dependent on the
sensor positions. This has been observed for example in [54] where several configurations are
studied and in general it is given the advice to have continuous patterns of sensors over the plate.

A possible remedy to this issue is given for example in [19] where some solutions are developed.
So far the strainless elements did not have any influence on the error minimization and their
only usefulness was to extend the knowledge of the displacement field also where no sensor is
present. A better technique consists in giving to these elements an estimate of one or more strain
measurements. Since these fictitious strain measurements are just estimates, a lower weight will
be given to them. But this will help in obtaining a better reconstruction of the displacement
field. This need leads to the technique explained in the next section.
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(a) Instrumented elements. (b) Deflection along bottom edge.

Figure 3.6: Reference solution continuously instrumenting the whole bottom edge.

(a) Instrumented elements. (b) Deflection along bottom edge.

Figure 3.7: iFEM results and comparison with direct FEM.

3.1.3 Smoothing Element Analysis

As the name itself suggests, the Smoothing Element Analysis (SEA) is a technique used in order
to smoothen discrete data over a certain domain. Initially, the method was mainly devised in
order to recover C1 continuous stresses from direct FEM simulation so that a posteriori error
estimates were possible. However, the input of the method is not confined to stress alone, but
it might any scalar field which needs to be interpolated over a domain. The main advantage
of this method (compared to other smoothing techniques, such as polynomial fitting) is that
it uses the same framework of FEM so that SEA becomes extremely versatile and applicable
to geometries of any form. The interest in this method has given light to several works which
explore SEA, such as [5], [11], [30], [6].

The procedure followed resembles under several points of view the iFEM. Also here the aim is
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to minimize an error functional which for the element (e) is expressed as:

Φ(e) =

(1)︷ ︸︸ ︷
1

N

n(e)∑
i=1

[
εεi − ε(xi)

]2
+α

(2)︷ ︸︸ ︷∫∫
A(e)

[(
∂ε

∂x
− θx

)2

+

(
∂ε

∂y
− θy

)2
]
dA(e)+

+ βA(e)

∫∫
A(e)

[(
∂θx
∂x

)2

+

(
∂θy
∂y

)2

+
1

2

(
∂θx
∂y

+
∂θy
∂x

)2
]
dA(e)

︸ ︷︷ ︸
(3)

(3.32)

Three terms build up the functional Φ(e):

(1) The first term represents the squared error between the smoothed field ε(x) (computed
at the sampled point i) and the sampled field εεi (which is our case will be the strain
experimental value taken from a strain gauge). The variable N represents the total input
strains and is introduced simply as a normalization parameter, while n(e) is the number of
strain measurements inside the element domain.

(2) The second term represents a penalty factor whose weight is tuned by the scalar parameter
α. In this term ∂ε/∂x, ∂ε/∂y represent the derivatives of the strain field with respect to the
Cartesian reference system used, while θx, θy are independent variables corresponding to the
derivatives of the smoothed field (function of the nodal degrees of freedom). As it is possible
to see, for large values of α a C1 field is obtained since:

θx →
∂ε

∂x
; θy →

∂ε

∂y

(3) The third term has been introduced just in later works and represents a regularization term.
It contains the derivatives of θx, θy, that is the curvatures of the smoothed field. Therefore,
this term imposes a constraint on the curvature of the field whose severity is governed by
the magnitude of β. For example, as stated in [11], if the sampled data εεi are affected by a
substantial error, then larger values should be used to further smoothen the field. As reported
in [19], its influence is however much less important than the one of α and, from literature, a
value equal to 10−4 will generally be used in the following.

After having defined the functional to be minimized, the framework of FEA can be set up to
find a proper solution. The maximum derivative appearing in Φ(e) is of order one, therefore a C0

continuous shape functions can be used to interpolate ε, θx and θy. An important observation
consists in realizing that this functional has a similar expression to the one used for shear
deformable beams and plates. For example, for a shear deformable beam of length L the strain
energy U can be written in function the deflection w and rotation θ as [64]:

U(w, θ) =
1

2

Eh3

12

[∫ L

0

(
dθ

dx

)2

dx+ κ
12G

Eh2

∫ L

0

(
dw

dx
− θ
)2

dx

]
(3.33)

where the second term has the same structure of (2) in Eq.(3.32) highlighted above. Therefore,
it has been decided to use also in this case anisotropic shape functions which limit the effect of
locking. In particular, for SEA a three node element has been developed and the same shape
functions of the three-node inverse element (iMIN3) have been used. They are reported here for
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convenience:

ε(ξ, η) =
3∑

i=1

Li(ξ, η)si +
3∑

i=1

(Qiθxi +Riθyi)

θx(ξ, η) =

3∑
i=1

Li(ξ, η)θxi

θy(ξ, η) =

3∑
i=1

Li(ξ, η)θyi

(3.34)

where:
L1 = 1− ξ − η ; L2 = ξ ; L3 = η

Qi =
Li

2
(ajLk − akLj) ; Ri =

Li

2
(bkLj − bjLk)

with: ai = xk − xj ; bi = yj − yk
i = {1, 2, 3} ; j = {2, 3, 1} ; k = {3, 1, 2}

The element outlook is presented in Figure 3.8 where as it is possible to see three degrees of
freedom per node are used. It is important to highlight that the variable ε used here can be an
arbitrary scalar field. This also means that different interpolations have to be carried out for
the different components of the strain field (such as εx, εy and γxy) since the SEA holds for just
one component.

Figure 3.8: SEA 3-node element in local reference system and parent domain.

In the following, the element degrees of freedom will be referred to with the following vectors:

s =

s1s2
s3

 ; sx =

θx1θx2
θx3

 ; sy =

θy1θy2
θy3

 ; u(e) =

 s
sx
sy


L =

[
L1 L2 L3

]
; Q =

[
Q1 Q2 Q3

]
; R =

[
R1 R2 R3

]
And so the interpolation of the variables involved in the formulation can be written as:

ε = Ls+Qsx +Rsy

θx = Psx

θy = Lsy

(3.35)

The element matrices coming from the minimization of the functional can be obtained from each
term separately:
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(1) Consider the first term:

Φε =
1

N

n(e)∑
i=1

[
εεi − ε(u(e))

]2
=

1

N

n(e)∑
i=1

[
εεi −

[
L(xi) Q(xi) R(xi)

]︸ ︷︷ ︸
N

u(e)

]2

=
1

N

n(e)∑
i=1

[
(εεi )

2 + (u(e))⊤N⊤Nu(e) − 2εεiNu(e)

]
(3.36)

which can be rewritten as:

Φε

2
=

1

2
(u(e))⊤Kεu

(e) − f ε +
1

2N

n(e)∑
i=1

(εεi )
2 (3.37)

where:

Kε =
1

N

n(e)∑
i=1

N⊤N ; f ε =
1

N

n(e)∑
i=1

εεiN (3.38)

And finally, minimizing:
∂Φε

∂u(e)
= 0 ⇒ Kεu

(e) = f ε (3.39)

(2) Consider the second term:

Φα = α

∫∫
A(e)

[(
∂ε

∂x
− θx

)2

+

(
∂ε

∂y
− θy

)2
]
dA(e)

= α

∫∫
A(e)

[[
∂L
∂x

(
∂Q
∂x −L

)
∂R
∂x

]
︸ ︷︷ ︸

B1

u(e)

]2
+

[[
∂L
∂y

∂Q
∂y

(
∂R
∂y −L

)]
︸ ︷︷ ︸

B2

u(e)

]2
dA(e)

= α

∫∫
A(e)

(u(e))⊤B⊤
1 B1u

(e)dA(e) + α

∫∫
A(e)

(u(e))⊤B⊤
2 B2u

(e)dA(e)

(3.40)

and minimizing analogously as before:

Kαu
(e) = 0 (3.41)

where:

Kα = α

∫∫
A(e)

[
B1 B2

] [B1

B2

]
dA(e) (3.42)

(3) Consider the third term:

Φβ = βA(e)

∫∫
A(e)

[(
∂θx
∂x

)2

+

(
∂θy
∂y

)2

+
1

2

(
∂θx
∂y

+
∂θy
∂x

)2
]
dA(e)

= βA(e)

∫∫
A(e)

[(
∂L

∂x
sx

)2

+

(
∂L

∂y
sy

)2

+
1

2

(
∂L

∂y
sy +

∂L

∂x
sy

)2]
dA(e)

= βA(e)

∫∫
A(e)

[
sTx

(
∂L

∂x

)⊤(∂L
∂x

)
sx + s⊤y

(
∂L

∂y

)⊤(∂L
∂y

)
sy+

+
1

2

[(
∂L

∂y
sy

)2

+

(
∂L

∂x
sy

)2

+ 2
∂L

∂y
sx
∂L

∂x
sy

]
dA(e)

(3.43)
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Now, minimizing with respect to the degrees of freedom:

∂Φβ

∂s
= 0 (3.44)

is identically null.

∂Φβ

∂sx
= βA(e)

∫∫
A(e)

[
2

(
∂L⊤

∂x

∂L

∂x

)
sx +

(
∂L⊤

∂y

∂L

∂y

)
sx +

∂L⊤

∂y

∂L

∂x
sy

]
dA(e)

= βA(e)

∫∫
A(e)

[
0 ∂L⊤

∂x
∂L
∂x + 1

2
∂L⊤

∂y
∂L
∂y

1
2
∂L⊤

∂y
∂L
∂x

]
u(e)dA(e) = 0

(3.45)

Analogously:

∂Φβ

∂sy
= βA(e)

∫∫
A(e)

[
0 1

2
∂L
∂y

∂L⊤

∂y
∂L
∂y

1
2
∂L⊤

∂x
∂L
∂x

]
u(e)dA(e) = 0 (3.46)

And so summing up:

βA(e)

∫∫
A(e)


0 0 0

0 ∂L⊤

∂x
∂L
∂x + 1

2
∂L⊤

∂y
∂L
∂y

1
2
∂LT

∂y
∂L
∂x

0 1
2
∂L
∂y

∂L⊤

∂y
∂L
∂y

1
2
∂L⊤

∂x
∂L
∂x

dA(e)u(e) = 0 (3.47)

From which it is possible to define:

Kβ = βA(e)

∫∫
A(e)


0 0 0

0 ∂L⊤

∂x
∂L
∂x + 1

2
∂L⊤

∂y
∂L
∂y

1
2
∂L⊤

∂y
∂L
∂x

0 1
2
∂L
∂y

∂L⊤

∂y
∂L
∂y

1
2
∂L⊤

∂x
∂L
∂x

dA(e) (3.48)

In literature the argument of the integral in Eq.(3.48) is usually written as:
0 0 0

0 ∂L⊤

∂x
∂L
∂x + 1

2
∂L⊤

∂y
∂L
∂y

1
2
∂LT

∂y
∂L
∂x

0 1
2
∂L
∂y

∂L⊤

∂y
∂L
∂y

1
2
∂LT

∂x
∂L
∂x

 =


0 0 0

∂L
∂x 0 ∂L

∂y

0 ∂L
∂y

∂L
∂x


⊤ 1 0 0

0 1 0
0 0 1

2




0 0 0

∂L
∂x 0 ∂L

∂y

0 ∂L
∂y

∂L
∂x


(3.49)

Finally, the relation which determines the element degrees of freedom is obtained summing the
contributions of the three terms derived above:

(Kε +Kα +Kβ)u
(e) = f ε (3.50)

which can be assembled following the usual rules of the standard FEM. It is important to
highlight though that a set of boundary conditions is not mandatory in this case.
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(a) Strain gauge positions. (b) Strain field εx(x, y) pre-extrapolation with SEA.

(c) Instrumented elements. (d) Deflection along bottom edge.

Figure 3.9: iFEM results and comparison with direct FEM.

Pre-extrapolating the strain field before applying iFEM is in general beneficial to obtain better
estimations of the deformed shape. Considering again the clamped plate of Section 3.1.2, the
strain measurements have first been used as input for SEA. In this case, both the upper and
lower side of the plate have been instrumented since otherwise the SEA system of equations
becomes very ill-conditioned. Using the results of SEA as input of iFEM together with the
actual strain measurements leads to a considerable improvement in the determination of the
deformed shape (Figure 3.9).
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3.2 Strain pre-extrapolation on ISTAR demonstrator wing

Considering that on the wing a few strain measurements are taken, in order to apply iFEM it
is necessary first to pre-extrapolate the strain field all over the structural domain. It is possible
to see that, if this preliminary operation is not carried out, the iFEM results are quite poor.
The problem so consists in fitting a strain field consistent with the strain measurements. Note
that, since in general are required three strain components (εx, εy and γxy), three different
fits are needed. For simple domains a polynomial interpolation could be used. However,
for relatively complex shapes such as a wing this might bring several issues concerning the
parametrization of the wing surface. It is possible to overcome this problem using SEA, and
this will be the approach used in the following. In particular, in Section 3.2.2 the strain
pre-extrapolation is carried out using the three-node element available in literature and
described in Section 4.1. Due to some difficulties, SEA with a quadrilateral element will be
developed (Section 3.2.2) and it is suggested a method to choose suitable parameters for the
interpolation.

The case study for all the following analyses will be the FE model of the ISTAR demonstrator
wing. It has been decided to use a rather sparse sensor configuration, but at the same time to
measure the strain homogeneously over all the skin. So 20 different positions have been chosen
as in Figure 3.10 at which the strain field is measured. It has been observed that especially
iFEM requires an estimate of the full strain field and not just a component. Therefore, at the
measurement locations it is as if a strain rosette has been installed, so measuring the three
components of the strain field. The detailed positions of the virtual strain rosettes are reported
in Appendix M.

(a) Isometric view. (b) Top view.

Figure 3.10: Strain rosette positions used to recover the deformed shape of the ISTAR
demonstrator wing.

3.2.1 Strain pre-extrapolation with SEA 3-node elements

Since the three-node SEA elements described in Section 3.1.3 have been developed mainly for
two-dimensional problems, there is the need to add a “drilling” degree of freedom in order to
allow a proper rotation to the global reference system. In direct FEM this can be accomplished
in several ways, for example [44]:

� Inserting an arbitrary stiffness coefficient kθz such that in local coordinates the following
equation holds: kθzθzi = 0. This leads to a well-behaved system without occurring in
ill-conditioning problems.
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� A more consistent approach consists in adding to the element total potential energy Π a
contribution due to the drilling part as:

Π← Π+

∫
A(e)

αE(θz − θz)2dA(e)

with θz the mean out-of-plane element rotation and α a scalar coefficient to tune.

In the framework of SEA however the second
option would be hardly possible to implement
since the functional to be minimized does not
represent a total potential energy, but is based
on a penalized discrete least-squares variational
principle with the experimental measurements.
Therefore, it has been decided to simply add
a fictitious drilling stiffness to each element.
The effect of this choice will be analysed
in the following. The element K(e) matrix
therefore for the triangular element looks like
the one in Figure 3.11, where the variable s =[
s1 s2 s2

]⊤
stands for the generic scalar field

to be smoothed, θx, θy for the gradients of the
field and finally θz for the additional drilling
degrees of freedom.

Figure 3.11: Element K(e) matrix.

As in direct FEM, this matrix should be properly defined in the global reference system with a
transformation matrix T as: T⊤K(e)T .

Before looking at some results, it is important to discuss the influence of the parameter α in
SEA. The functional to be minimized can be written as:

Φ(e) = Φε + αΦα + βΦβ (3.51)

where Φε depends on the strain measurements and Φα, Φβ are the regularization terms. In
general Φβ is introduced just to obtain a well-conditioned system, but has a negligible influence
compared to the other terms and so it will be neglected in the following discussion. A major role
is played instead by Φα and the corresponding parameter α. For convenience the expressions of
Φε and Φα are reported below:

Φε =
1

N

n(e)∑
i=1

[εεi − ε (xi)]
2

Φα =

∫∫
A(e)

[(
∂ε

∂x
− θx

)2

+

(
∂ε

∂y
− θy

)2
]
dA(e)

(3.52)

As it is possible to see, for low values of α, Φ(e) mainly depends on Φε and so the functional
is dominated by this term. This means that the resulting field to be smoothed ε(x) will be
very close to the strain measurements εεi nearby xi, while the rest of the domain hardly plays
any role, leading to a quite discontinuous field. For larger values of α the regularization term
becomes more important and in the limit α → +∞ a C1 continuous field is obtained. At the
same time, in general this will result also in a larger deviation from εεi at xi.

It is therefore necessary to tune the parameter α such that a good compromise between the
two terms Φε and Φα is reached. Here, a simple method sometimes followed in the solution
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of least-squares problems will be applied [16]. That is, the residual Φε is plotted over Φα in a
log-log plot. This will result in a curve which generally presents a distinct corner. For this point
the parameter α is chosen. The method is intuitive and simple to implement, but heuristic.
Therefore the choice of the regularization parameter α will be checked computing the error
w.r.t. the reference strain field.

Using triangular SEA elements several simulations have been carried out applying a simple tip
load to the wing. With suitable parameters, a relatively good approximation of the strain field
can be found. For example, in Figure 3.12 it is shown εx over the wing surface using kθz = 1e−4,
α = 1e − 2 and β = 1e − 4 (as stated before, β has a lower impact compared to α and in the
following the value 1e− 4 will be used).

(a) Interpolated εx field over wing skin. (b) Reference εx field from direct FEM.

Figure 3.12: SEA with three-node elements.

However, the results seem to be very dependent on α and kθz in a not well defined way. For
example, using kθz = 1e − 8 in Figure 3.13a the residuals are plotted for different values of α
and the corresponding L2-norm error of the strain field in Figure 3.13b.

(a) Residuals for different values of α. (b) Relative L2-norm error of the strain field εx.

Figure 3.13: Example of difficulty in choosing the regularization parameter α.

As it is possible to see, the corner of the curve (×) of the residuals does not correspond to a
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minimum in the error of the strain field. Furthermore, using different values for kθz the results
seem to largely depend on this parameter. This is illustrated in Figure 3.14.

(a) Residuals for different values of α and kθz . (b) Relative L2-norm error of the strain field εx.

Figure 3.14: Dependence of the results in function of the drilling stiffness kθz .

Therefore, it seems that using three-node SEA elements is hardly possible to identify an optimal
configuration for the parameters in order to obtain a consistent strain field from the strain
measurements. A different situation occurs using quadrilateral elements as it will described in
the next section.

3.2.2 Strain pre-extrapolation with SEA 4-node elements

In this section the SEA has been applied using quadrilateral elements. The study case that will
be analyzed is again the wing instrumented as before. In order to use quadrilateral elements the
functional to be minimized has been slightly modified compared to the one used in literature
because of the different element formulation:

Φ(e) =
1

N

n(e)∑
i=1

[
εεi − ε(xi)

]2
+ α

∫∫
A(e)

[(
∂ε

∂x
+θy

)2

+

(
∂ε

∂y
− θx

)2
]
dA(e)+

+ βA(e)

∫∫
A(e)

[(
∂θx
∂y

)2

+

(
∂θy
∂x

)2

+
1

2

(
∂θx
∂y

+
∂θy
∂x

)2
]
dA(e)

(3.53)

The shape functions of the iQS4 element have been used and the following analogy can be done
between the displacement field and the scalar field ε to be interpolated:

w ↔ ε

γxz ↔ ∂ε

∂x
+ θy

γyz ↔ ∂ε

∂y
− θx

Following what it has been done in iFEM, the interpolation used in reported below:

ε = Ns−Lsx −Msy

θx = Nsx

θy = Nsy

(3.54)
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with N , L, M the corresponding shape function matrices of the iQS4 element. And now the
element matrices can be derived along the same lines of the procedure outlined in Section 3.1.3:

� For the first term:

Φε =
1

N

∑
i

[
εεi − ε(u(e))

]2
=

1

N

∑
i

[
εεi −

[
N −L −M

]︸ ︷︷ ︸
Ñ

u(e)
]2

=
1

N

∑
i

[
(εεi )

2 + u(e)⊤Ñ
⊤
Ñu(e) − 2εεiÑu(e)

]
(3.55)

And minimizing w.r.t. u(e) is is possible to obtain:

Kεu
(e) = f ε (3.56)

where:

Kε =
1

N

∑
i

Ñ
⊤
Ñ ; f ε =

1

N

∑
i

εεiÑ (3.57)

� For the second term:

Φα =

∫∫
A(e)

[(
∂ε

∂x
+ θy

)2

+

(
∂ε

∂y
− θx

)2
]
dA(e)

=

∫∫
A(e)

[∂N∂x −∂L
∂x

(
−∂M

∂x +N
)]︸ ︷︷ ︸

B1

u(e)


2

+

[∂N∂x (
−∂L

∂x −N
)
−∂M

∂x

]︸ ︷︷ ︸
B2

u(e)


2

dA(e)

(3.58)

And carrying out the same steps as before it is possible to obtain:

Kαu
(e) = 0 (3.59)

with:

Kα =

∫∫
A(e)

(
B⊤

1 B1 +B⊤
2 B2

)
dA(e) (3.60)

� Finally, for the last term:

Φβ =

∫∫
A(e)

[(
∂θx
∂y

)2

+

(
∂θy
∂x

)2

+
1

2

(
∂θx
∂y

+
∂θy
∂x

)2
]
dA(e)

=

∫∫
A(e)

[(
∂N

∂y
θx

)2

+

(
∂N

∂x
θy

)2

+
1

2

(
∂N

∂y
θx +

∂N

∂x
θy

)2
]
dA(e)

=

∫∫
A(e)

[
θ⊤x

(
∂N

∂y

)⊤ ∂N

∂y
θx + θTy

(
∂N

∂x

)T ∂N

∂x
θy+

+
1

2

((
∂N

∂y
θx

)2

+

(
∂N

∂x
θy

)2

+ 2
∂N

∂y
θx
∂N

∂x
θy

)]
(3.61)

∂Φβ

∂s
= 0 (3.62)
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∂Φβ

∂sx
=

∫∫
A(e)

[
2

(
∂N⊤

∂y

∂N

∂y

)
θx +

(
∂N⊤

∂y

∂N

∂y

)
θx +

∂N⊤

∂y

∂N

∂x
θy

]
dA(e)∫∫

A(e)

[
0
(
∂N⊤

∂y
∂N
∂y + 1

2
∂N⊤

∂y
∂N
∂y

)
1
2
∂N⊤

∂y
∂N
∂x

]
u(e) dA(e)

(3.63)

∂Φβ

∂sy
=

∫∫
A(e)

[
2

(
∂N⊤

∂x

∂N

∂x

)
θy +

(
∂N⊤

∂x

∂N

∂x

)
θy +

∂N⊤

∂y

∂N

∂x
θx

]
dA(e)∫∫

A(e)

[
0 1

2
∂NT

∂y
∂N
∂x

(
∂N⊤

∂x
∂N
∂x + 1

2
∂N⊤

∂x
∂N
∂x

)]
u(e) dA(e)

(3.64)

And so:
Kβu

(e) = 0 (3.65)

with:

Kβ =

∫∫
A(e)


0 0 0

0 3
2
∂N⊤

∂y
∂N
∂y

1
2
∂NT

∂y
∂N
∂x

0 1
2
∂N⊤

∂y
∂N
∂y

3
2
∂N⊤

∂x
∂N
∂x

 dA(e) (3.66)

As before, also in this case it is necessary to add the degree of freedom θz for shell structures
with a corresponding drilling stiffness kθz .

Using this type of element the wing has been analysed, applying as before a tip load. Smoothing
the axial strain field εx gives, for various values of α, the results presented in Figure 3.19.

This time it is possible to see that indeed a
value close to the optimum can be found at the
corner of the residual curve. This point has
been identified from the maximum curvature
of the curve. In Figure 3.18 the sampled
residual curve has been plotted together with
the corresponding relative L2-norm error for
each strain component (εx, εy and γxy) for the
tip load case. The highlighted points represent
the locations of the highest curvature. As it
is possible to see from the plot of the relative
L2-norm error, they are very close to the actual
optimum point. The correspondent values are
reported in Table 3.1.

α L2-norm error

εx Sampled 0.032 0.21
Max curvature 0.034 0.21

εy Sampled 0.1 0.30
Max curvature 0.03 0.3

γxy Sampled 0.1 0.47
Max curvature 0.01 0.49

Table 3.1: Error of interpolated strain field
using optimal values for α, either from
the sampled values and from the maximum
curvature of the residual curve.

Regarding the sensitivity on the choice for kθz , this time a far lower dependence on this parameter
can be seen. For example, in the case of εx for the tip load case the graphs of Figure 3.15 can
be obtained. There is an almost perfect overlap for the different values of kθz apart from very
low values of α, which in any case are far away from the corner of the residual curve.
For completeness, some results are presented in Figure 3.16 and Figure 3.17 below for two other
load cases, that is a constant pressure applied on the bottom skin and a parabolic one. Again,
just the results for the axial strain εx are shown. Regarding the dependence on kθz it is basically
possible to observe a situation similar to the previous case. Furthermore, again the lower error
values are located towards the corner of the residual curve, which therefore can be used to
identify a suitable value for α. Plots analogous to Figure 3.18 for the constant and parabolic
pressure cases are reported in Appendix K for completeness.
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(a) Residuals of εx. (b) Relative L2-norm error for εx.

Figure 3.15: Dependence of the results on kθz for tip load case.

(a) Residuals of εx. (b) Relative L2-norm error for εx.

Figure 3.16: Dependence of the results on kθz for constant pressure load case.

(a) Residuals of εx. (b) Relative L2-norm error for εx.

Figure 3.17: Dependence of the results on kθz for parabolic pressure load case.
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(a) Residuals of εx for different values of α. (b) Relative L2-norm error of εx strain field.

(c) Residuals of εy for different values of α. (d) Relative L2-norm error of εy strain field.

(e) Residuals of γxy for different values of α. (f) Relative L2-norm error of γxy strain field.

Figure 3.18: Interpolation of strain field with SEA for the tip load case.
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(a) α = 1e− 6 (b) α = 1e− 5 (c) α = 1e− 4

(d) α = 1e− 3 (e) α = 1e− 2 (f) α = 1e− 1

(g) α = 1 (h) α = 1e+ 1 (i) α = 1e+ 2

(j) α = 1e+ 3 (k) α = 1e+ 4 (l) α = 1e+ 5

Figure 3.19: Interpolated strain field εx for different values of α.
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It is possible to develop a simple algorithm in order to find the corner of the residual curve,
similarly to what it has been done in [53]. Suppose that some points have been sampled using
different values of α and that the corner is inside the identified range (from the minimum to the
maximum value of α used). Furthermore, let η = log(Φε) and ρ = log(Φα). Then it is possible
to follow the algorithm below:

1. Interpolate with cubic splines the points (ηi, αi) and (ρi, αi) such that the expressions of
ρ = ρ(α) and η = η(α) are available.

2. Compute the maximum curvature of the interpolated residual curve from:

κ(α) =
ρ
′
η
′′ − ρ′′

η
′(

(ρ′)2 + (η′)2
)3/2 with •′ = d/dα

3. Use the value of α found for the maximum curvature point to evaluate the residuals ρ and η
at that point.

4. Repeat from (1) until convergence.

As an example, for the case of a tip load and considering the measurement of γxy, the algorithm
has been started with 4 initial guesses. From these, convergence is reached after 5 iterations as
shown in Figure 3.20. Compared to Figure 3.18e, with a far smaller number of evaluations it is
possible to obtain a good estimate of α.

(a) Iterations on the residual curve.

(b) Interpolation of η = η(α) for the
different iterations.

(c) Interpolation of ρ = ρ(α) for the
different iterations.

(d) Curvature κ = κ(α) for the
different iterations.

Figure 3.20: Example of the applicability of the algorithm to retrieve a suitable value of α in a
few iterations.
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3.3 Shape sensing for ISTAR demonstrator wing

In this section the aim is to retrieve the three-dimensional deformed shape for the ISTAR
demonstrator wing. The strain sensor configuration used will be the one shown in Section
3.2, so it is as if 20 strain rosettes have been applied on the outer surface of the wing skin.
Furthermore, in order to assess the results in a broader context, similarly as before three
different load cases will be considered: a concentrated tip load, a constant pressure filed applied
on the bottom skin and a parabolic one.

In Section 3.3.1 iFEM is applied taking advantage from the preliminary strain pre-extrapolation
carried out as explained before in Section 3.2. Then, the results will be compared with the
ones obtained from the beam model (Section 3.3.2) and with the ones coming from the Modal
Method (Section 3.3.3).

3.3.1 Application of SEA and iFEM

In this section the results obtained from SEA will used as an input for iFEM in order to
reconstruct the wing deflection. Before proceeding, two points are highlighted:

� Only the strains on the upper surface are measured. Therefore, since no information of the
curvature of the shell is known, it is assumed that the inverse shell elements are subjected
mainly to membrane strains. This is consistent with the fact that the wing is a beam-like
structure and is a common assumption also done in other studies in this context (see for
example [37]).

� The strain is measured according to the material reference system, as if the strain rosettes are
aligned with the direction of the outer ply. Therefore, it is necessary to rotate the measured
strain in the local element reference system. The element local reference system has been
defined as follows:

(a) Local element reference systems. (b) Material reference system in which the
strain is measured.

Figure 3.21: Need to refer the measured strain in the element reference system.

n =
X31 ×X42

∥X31 ×X42∥
; e1 =

X31 +X24

∥X31 +X24∥
; e2 = −e1 × n

(color-coded w.r.t. Figure 3.21a) where Xij = Xi −Xj , with Xi, Xj the nodal positions in

the global reference system. So the transformation matrix is T =
[
e1 e2 n

]⊤
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In Figure 3.21 the element reference system and the one from which the strain is extracted
are shown, and the two differ especially near the wing root. Therefore, the measured strain
needs to be rotated in the element reference system in the usual way: εxεy

γxy

 =

 cos2 θ sin2 θ sin θ cos θ
sin2 θ cos2 θ − sin θ cos θ

−2 sin θ cos θ 2 sin θ cos θ cos2 θ − sin2 θ

 εεxεεy
γεxy

 (3.67)

with
[
εεx ε

ε
y γ

ε
xy

]⊤
the measured strains,

[
εx εy γxy

]⊤
the ones in the local element reference

system and θ the angle between the two reference systems.

In order to assess the iFEM model, first the
full strain field from the direct FEM analysis
will be used as input. This is of course a limit
case (in the sense that it would not be feasible
to obtain strain measurements for every inverse
element), but it is useful to check the model and
understand which is the “maximum” accuracy
which could be reached if every element were
instrumented. This has been done for all the
three load cases, obtaining the results of Table
3.2.

Load case
∥ŵ − w∥L2

∥w∥L2

Tip load 0.0195
Constant pressure 0.0166
Parabolic pressure 0.014

Table 3.2: Relative L2-norm error of the
vertical displacement field w.r.t. the reference
solution for three different load cases.

The error shown in Table 3.2 comes mainly from two sources: the discretization in inverse
elements and the element formulation. Regarding the second point, it is important to recall
that the elements used (iQS4) are based on the simple First Order Shear Deformation theory.
The wing is made from a stiff outer skin, but also the inner presence of the foam material has
some influence. However, due to the very low elastic modulus of the foam, the usage of iQS4
elements seems to be a suitable choice also for this study case.

In general, a good reconstruction of the deflection is obtained. For example, for the tip load case
the reconstructed geometry is shown in Figure 3.22 together with the reference solution from
the direct FEM simulation.

(a) Front view. (b) Isometric view.

Figure 3.22: Comparison of reconstructed and reference (red mesh) deflection for tip load case
using the full strain field as input for iFEM.
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Next, the strain measurements have been limited to the configuration shown in Figure 3.10.
Directly applying iFEM (setting as usually done in literature a weight of 1e− 5 to the strainless
elements), a poor reconstruction of the deflection is obtained as shown in Figure 3.23 where the
reference deflection extracted from the direct FEM simulation is also plotted. The deformed
shape is in general much stiffer compared to the true, similarly as also observed before for the
simple clamped plate of Section 3.7.

(a) Front view. (b) Isometric view.

Figure 3.23: Comparison of reconstructed and reference (red mesh) deflection for tip load case
with the direct application of iFEM using a sparse configuration for the strain sensors.

Therefore, there is the need to pre-extrapolate the strain field before applying iFEM. Using for
SEA the optimal values of α found from Table 3.1 the results of Figure 3.24 have been obtained.
In particular, a relative L2-norm error of 0.096 can be computed w.r.t the reference displacement
along z.

(a) Front view. (b) Isometric view.

Figure 3.24: Comparison of reconstructed and reference (red mesh) deflection for tip load case
pre-extrapolating the strain field with SEA before applying iFEM.

After these preliminary results, the influence of two important parameters need to be assessed
on the final solution, that is the weight given to the strainless elements in the functional
minimization and how the displacement reconstruction is affected by the preliminary SEA
analysis (so, in other words, what is the influence of α on the final results).
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Influence of weight given to strainless elements

It is often found in literature the statement that inverse elements without strain measurements
should be given a lower weight in the minimization of the error functional. This in general brings
about better results since it is given higher “importance” to the minimization of the error of the
actual strain measurements. However, considering that the strainless elements are fictitiously
instrumented by SEA, the strain measures given as input to the inverse elements are in general
approximations of the true strain field and therefore it is useful to understand how the choice
of the weights affects the final results.
Consider the graphs of Figure 3.25 where the error of the reconstructed displacement field is
plotted versus the weight given to the strainless elements. Decreasing the weight at first there
is an improvement in the overall solution. However, at some point the error starts to rise
again. This can be explained in the following way. Initially, the error decreases because the
minimization of the functional allows to match the “real” strain measurements. At some point,
however, it has been observed that very low weights used for strainless elements result in a
bad-conditioned linear system which reduces the accuracy and causes the error to rise. In any
case, the range which can be used for the weights of the strainless elements is apparently quite
broad and is consistent with what usually suggested in literature (≈ 10−5). As a final note, from
Figure 3.25 no particular difference can be spotted from the three different load cases presented.
In the following, in general a weight of 10−4 will be used.

(a) Relative L2-norm error for tip load case. (b) Relative L2-norm error for constant pressure load case.

(c) Relative L2-norm error for parabolic pressure load case.

Figure 3.25: Influence of the weights given to strainless element on the final shape reconstruction
for three different load cases.
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Influence of SEA α coefficient on iFEM

It is also important to assess how the choice of the regularization parameter α influences the
iFEM reconstruction of the displacement field. Therefore, a few parametric studies have been
carried out as illustrated in Figure 3.26 where, as before, the three load cases have been analyzed.
For each one the identified optimum values of αopt from SEA have been replaced by the quantity
c αopt, with the coefficient c displayed on the x axis.

(a) Relative L2-norm error for tip load case. (b) Relative L2-norm error for constant pressure load case.

(c) Relative L2-norm error for parabolic pressure load case.

Figure 3.26: Influence of the SEA regularization coefficient α on the final shape reconstruction
for three different load cases.

The plots show a relatively flat region towards the minimum, meaning that, at least in that
region, the results are quite insensitive on the choice of α. This is especially true for the range
higher than the identified optimum values of α (1 < c < 103).

3.3.2 Comparison with beam model

It is interesting to compare the performance of the wing shell model just developed with the
beam model previously studied. This can give insight on how the algorithm performs in case of
a very sparse strain gauge configuration as the one used for the beam model.
Therefore, the SEA analysis and the subsequent iFEM one has been repeated using as input
strains the ones from the beam model of Figure 2.110a. Again, the usual three different load
cases have been studied and the results are reported in Figure 3.27 (tip load), Figure 3.28
(constant pressure) and Figure 3.29 (parabolic pressure). The wing shell model results to be quite
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inaccurate compared to the beam one. This implies that the very sparse strain measurements
used are simply not sufficient for iFEM which would require more information to recover a better
deformed shape.

(a) iFEM. (b) Beam model.

Figure 3.27: Comparison between iFEM and beam model for the wing under tip load.

(a) iFEM. (b) Beam model.

Figure 3.28: Comparison between iFEM and beam model for the wing under constant pressure.

(a) iFEM. (b) Beam model.

Figure 3.29: Comparison between iFEM and beam model for the wing under parabolic pressure.
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3.3.3 Comparison with Modal Method

In this section the results from iFEM of Section 3.3.1 will be compared to the ones obtained from
the so-called Modal Method. In the implementation of the Modal Method, the first six modes
of the model have been considered. They are reported in Figure 3.30 for completeness. From
the seventh onwards, the modes become more and more shell-related and have been neglected
in the shape reconstruction.

(a) fn = 38.68Hz (b) fn = 139.03Hz (c) fn = 272.28Hz

(d) fn = 285.78Hz (e) fn = 311.82Hz (f) fn = 430.25Hz

Figure 3.30: First six modes of the wing and corresponding natural frequencies fn.

Since the deformation of the wing will be mainly bending-related, the first few modes will have
the highest importance in reconstructing the displacement field. However, it was also seen that
mode 6 slightly contributes to the shape sensing analysis. A quantitative method to assess the
number of modes needed in the shape sensing analysis was proposed by [49] using a reference
static deformed shape U . Knowing that in general U = Φr with r the modal coordinates and
Φ the mode shape matrix, then:

r =
(
Φ⊤Φ

)−1
Φ⊤U (3.68)

which are the modal coordinates that can best represent, in a least-square sense, the static
deformed shape. Now, the strain energy of the i mode shape is given by:

Er =
1

2

(
Φiri

)⊤
K
(
Φiri

)
=

1

2
rTi Φ

⊤
i K

(
Φiri

)
(3.69)

with ri the i
th modal coordinate and Φi the i

th mode shape. Comparing Er to the strain energy
due to the static deformation given by:

E =
1

2
U⊤KU (3.70)

it is possible to assess the weight of each mode in the final shape sensing result. Of course,
in general U is not known (otherwise there would be no reason to carry out the shape sensing
study) and just an estimate should be used. In the following however the reference deformed
shape from FEM will be directly used for U . For the three load cases, in Figure 3.31 is shown
both the modal selection study and the relative L2-norm error of the vertical displacement field
w in function of the number of modes used.
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(a) Mode strain energy for tip load case. (b) Shape sensing error for tip load case.

(c) Mode strain energy for constant pressure load case. (d) Shape sensing error for constant pressure load case.

(e) Mode strain energy for parabolic pressure load case. (f) Shape sensing error for parabolic pressure load case.

Figure 3.31: Shape sensing with Modal Method for three different load case and comparison with
iFEM.

As it is possible to see, in general the Modal Method performs better compared to iFEM even
if the reconstruction seems to be quite case sensitive. However, so far no uncertainties have
been introduced in the system. This important topic will be addressed in the next section again
comparing how iFEM performs w.r.t. the Modal Method.
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3.4 Uncertainty quantification and Reliability-based shape
reconstruction

In this section some simulations have been carried out with the aim to assess the influence of
uncertainties on the shape sensing analysis. Assuming a Gaussian probability density function
of the input variables, a Monte Carlo (MC) Simulation is carried out: each input variable is
randomly sampled and iteratively computing the output it is possible to obtain the resulting
distribution.
In this specific case the output of the simulation is represented by the L2-error norm of the
reconstructed displacement w. The input variables on the other hand depend on the shape
sensing scheme used. Since iFEM is solely based on strain-displacement relations, it will be
affected just by measurements errors, while the Modal Method also by the uncertainties in the
material properties of the structure, because the mode shapes are needed. In the following these
two types of uncertainties will be studied separately, respectively in Section 3.4.1 (measurement
uncertainty) and in Section 3.4.2 (material uncertainty). A similar study can be found in [38]
where also iFEM and MM are compared to each other.

Beside the “brute force” Monte Carlo analysis, also other means have been taken into account
in order to quantify uncertainty. For example, the so-called Polynomial Chaos Expansion
(PCE) is a well-known method based on expressing the random variable of interest as a sum
of orthonormal polynomials whose coefficients have to be determined appropriately sampling
the model. Without explaining here the details (which can be found for example in [42] and
[20]), in general this method has the significant advantage to allow retrieving the distribution of
the quantity of interest with a limited number of evaluations. However, the number of samples
required increases dramatically with the number of input random variables (sometimes referred
to as the curse of dimensionality). In our case, with 20 strain rosettes, there are 60 random
variables to be taken into account. From the simulations carried out, it has been seen that in
this context PCE does not offer significant advantages on the computational side compared to
the MC with Latin Hypercube Sampling. For example, Figure 3.32 displays a typical output
which has been observed, where the mean and standard deviation of the shape sensing error is
plotted versus the number of evaluations of the model. Being the results quite similar, it has
been decided to simply carry out the MC simulation.

Figure 3.32: Comparison of mean µ and standard deviation σ of relative error between Monte
Carlo Simulation with Latin Hypercube Sampling (MC) and Polynomial Chaos Expansion
(PCE).

As a final note, the study of the performance of PCE, the sampling of the model and the
sensitivity analysis later reported have been done through UQLab, a MATLAB toolbox for
uncertainty quantification [57].
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3.4.1 Measurement uncertainty

The strain measurements are assumed to be affected by an error normally distributed, with mean
µ the deterministic measurement value. Two simulations have been carried out increasing the
variance from 5%µ to 10%µ, so the so-called Coefficient of Variation (CoV= σ/µ) is respectively
0.05 and 0.1.

Tip load

Figure 3.33: Probability density function of relative L2-norm error of vertical displacement
estimated with Monte Carlo Simulation from Modal Method with tip load.

Figure 3.34: Probability density function of relative L2-norm error of vertical displacement
estimated with Monte Carlo Simulation from iFEM with tip load.

µ σ σ/µ (µ− exact)/exact

CoV = 0.05 iFEM 0.073 0.01 0.137 −0.001
MM 0.011 0.006 0.54 1.30

CoV = 0.1 iFEM 0.073 0.02 0.27 0
MM 0.022 0.013 0.65 3

Table 3.3: Comparison of Modal Method and iFEM for tip load case.

The results of iFEM show a lower CoV w.r.t. the Modal Method one. Furthermore, the mean
value of the resulting distribution µ almost coincides with the value unaffected by errors (exact).
On the other hand, the Modal Method is relatively more affected by the input errors, but it is
still able to deliver the best results in absolute value.
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Constant pressure

Figure 3.35: Probability density function of relative L2-norm error of vertical displacement
estimated with Monte Carlo Simulation from Modal Method with constant pressure load.

Figure 3.36: Probability density function of relative L2-norm error of vertical displacement
estimated with Monte Carlo Simulation from iFEM with constant pressure load.

µ σ σ/µ (µ− exact)/exact

CoV = 0.05 iFEM 0.062 0.012 0.2 0.13
MM 0.012 0.006 0.6 1.0

CoV = 0.1 iFEM 0.062 0.022 0.4 0.13
MM 0.021 0.013 0.65 2.2

Table 3.4: Comparison of Modal Method and iFEM for constant pressure load case.

Also for the constant pressure load case similar features to the ones highlighted before can be
observed. The Modal Method still performs better and is more affected by the input errors.
Differently from before however, the mean of the distribution of the error from iFEM tends to
be slightly higher compared to the value without input noise. This is basically due to the fact
that the distribution approaches zero, but since the error cannot take negative values, the mean
must move to higher values.
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Parabolic pressure

Figure 3.37: Probability density function of relative L2-norm error of vertical displacement
estimated with Monte Carlo Simulation from Modal Method with parabolic pressure load.

Figure 3.38: Probability density function of relative L2-norm error of vertical displacement
estimated with Monte Carlo Simulation from iFEM with parabolic pressure load.

µ σ σ/µ (µ− exact)/exact

CoV = 0.05 iFEM 0.046 0.013 0.28 0
MM 0.018 0.00578 0.31 0.28

CoV = 0.1 iFEM 0.048 0.023 0.5 0.05
MM 0.026 0.013 0.51 0.83

Table 3.5: Comparison of Modal Method and iFEM for parabolic pressure load case.

Again, similar comments might be done in this case as before. Now however iFEM seems to
perform better since the difference from the error given by the Modal Method is in general
reduced.
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Sensitivity analysis

Finally, a sensitivity study has been carried out in order to assess the dependence of the
displacement reconstruction w.r.t. the strain measurement positions. The study has been carried
out through UQLab using the so-called perturbation method [23]. In summary, the variance due
to the contribution of each input random variable Xi is estimated from a first-order expansion

of the model as: σ2(Xi) =

(
∂∥ŵ − w∥L2)/∥w∥L2

∂Xi

∣∣∣∣
µ

)2

σ2i and so a sensitivity index ηi can be

built dividing by the total variance: ηi =
σ2(Xi)∑
i σ

2(Xi)

Using this approach, for each load case the
sensitivity indices have been computed and
the comparison between iFEM and MM is
shown in Figure 3.40. The results shown are
related only to the axial strain measurements
εx since it was seen that the sensitivity indices
of the other strain components are negligible
in comparison. Furthermore, they have been
grouped into five different sections, depending
on the span position (Figure 3.39). Figure 3.39: Section numbering.

(a) Sensitivity for tip load case. (b) Sensitivity for constant pressure load case.

(c) Sensitivity for parabolic pressure load case.

Figure 3.40: Sensitivity analysis for measurement uncertainty.
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In general, it is possible to say that the Modal Method shows an higher sensitivity due to the
strain input noise (as also was seen before), apart for the measurements near the root where
iFEM seems to be more sensitive.

3.4.2 Material uncertainty

Since iFEM is based just on strain-displacement relations, it is unaffected by any uncertainty
on the material properties. This is not the case for the Modal Method and therefore in this
section this aspect in analysed. In other words, the aim is to see how much the uncertainly
on the material affects the MM results and whether in this context a larger or lower error
compared to iFEM is obtained.

In order to assess the uncertainty on these parameters, they have been given a normal
distribution with mean value the reference value and variance respectively 5-10%µ. The
stochastic material which can be created in this way is then used as an input for MM carrying
out a Monte Carlo Simulation. The work-flow is briefly summarized in Figure 3.41. First the
stochastic material is created starting from the reference values of the deterministic one. Then,
the mass M and stiffness K matrices are computed based on this input. This has been done
externally with the help of the FEM package Abaqus. How to obtain the structural matrices
directly from the commercial package used is briefly reported in Appendix L.
At this point, the mode shapes and strain mode shapes can be obtained and so the final
displacement can be retrieved. This procedure is repeated iteratively in order to estimate the
final PDF of the shape sensing error.

Figure 3.41: Work-flow to assess how material uncertainty affects the results of MM.

The variables used to create the
stochastic material are shown in Table
3.6. Here, t is the ply thickness, ρ the
material density and θ the ply angle.

µ σ

E1, E2, ν12, G12, G13, G23, ρ, t nominal (0.05µ) k
θ (ply angle) nominal 2◦ k

Table 3.6: Stochastic material parameters.
Furthermore, k = {1, 2} so that two different iterations are done increasing the uncertainty
level.
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Figure 3.42: Probability density function of relative L2-norm error of vertical displacement
estimated with Monte Carlo Simulation for Modal Method with tip load.

Figure 3.43: Probability density function of relative L2-norm error of vertical displacement
estimated with Monte Carlo Simulation for Modal Method with constant pressure load.

Figure 3.44: Probability density function of relative L2-norm error of vertical displacement
estimated with Monte Carlo Simulation for Modal Method with parabolic pressure load.

The results are shown in Figure 3.42, Figure 3.43 and Figure 3.44 for each load case. The
Modal Method appears to be relatively sturdy to this type of uncertainty with the mean value
of the resulting distribution never approaching the error obtained with iFEM.
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The effect of the uncertainty which has been introduced in this section can be also assessed
looking at the distribution of the eigenfrequencies of the wing. From Figure 3.45 they result
to be quite spread around the nominal value. This means that, even if the estimate of the
eigenfrequencies of the system is not good, still the displacement reconstruction is satisfactory.

Figure 3.45: Distribution of natural frequencies under the uncertainty of the material properties.

Finally, similarly as before, a sensitivity analysis has been carried out looking for the properties
that most affect the results. From Figure 3.46 it is the thickness of the plies which has the
highest influence on the final displacement reconstruction.

(a) Sensitivity for tip load. (b) Sensitivity for constant pressure load.

(c) Sensitivity for parabolic pressure load.

Figure 3.46: Sensitivity analysis for material uncertainty.
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3.5 Summary of the chapter

The full displacement field of the deformation has been retrieved using two common shape
sensing methods, that is iFEM and MM. Using the demonstrator ISTAR wing as main
study case, the performances of the methods have been assessed in case of a rather sparse
strain gauge configuration. In particular, iFEM has been improved with a preliminary strain
pre-extrapolation using SEA with a newly developed 4-node element. This allows in general to
obtain a better reconstruction, but worse compared to the one delivered by MM. The results
have been confirmed also through an uncertainty quantification study, that is introducing noise
and uncertainty both in the measurements and in the system.
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Chapter 4

Load reconstruction

This chapter is focused on the external load reconstruction. In particular, the load will be
expressed as a pressure field whose distribution will be be retrieved both in space and time.

The common approach used in literature consists in retrieving the external loads directly from
the strain measurements, choosing the superposition of forces which allows to obtain the same
measured strains (Figure 4.1). These methods will be referred to as “sensitivity matrix methods”.
Once the loads are recovered, it is easily possible to find the resulting deformed shape from a
direct FEM analysis. Here, a different approach will be studied, trying to apply similar methods
starting from the displacement field obtained from the shape sensing study (either MM or iFEM).

Figure 4.1: Relations between experimental strains, external loads and displacement field.

There are significant differences between the two approaches:

� In general the number of strain measurements is lower compared to the number of variables
used to describe the external load. This implies that the linear system used to retrieve the
load is under-determined, that is with infinite possible solutions.

� On the contrary, having at disposal the full displacement field from the shape sensing analysis
leads in general to an over-determined system.

� In computing the load from the strain values only measurement errors will affect the results.
On the other hand, using the displacement field on the final reconstruction will weight also
the error coming from the shape sensing study.

Therefore the aim of this chapter is investigate the performances of the two approaches. It is
structured as follows:
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� In Section 4.1 some brief notes are presented about classical approaches used in literature for
load reconstruction. Furthermore, the basis of regularization tools are explained in order to
cope with ill-conditioned systems.

� In Section 4.2 the external pressure field is reconstructed for static cases, using both the
displacement field (from MM and iFEM) and the strain measurements. Furthermore, the
effect of measurements errors on the final reconstruction will be assessed.

� Finally Section 4.3 is focused on the dynamic load reconstruction. Three different methods
will be applied, both in time and frequency domain.

The methods explained will be applied to the ISTAR demonstrator wing instrumented as in
Figure 3.10. For the static analysis three different load cases will be studied: a constant pressure
field, a parabolic one (along the span) and “parabolic-linear” (that is, parabolic-varying along
the span and linearly along the chord). They are all applied on the bottom skin and as a
reference are reported in Figure 4.2.

(a) Constant pressure field:
p(x, y) = 104 Pa.

(b) Parabolic pressure field:
p(x, y) = [−(y − 0.0856)2 + 0.55972]105 Pa.

(c) Parabolic-linear pressure field:
p(x, y) = [(y−0.0856)2+0.55972](1.318x−0.3y−1)106 Pa.

Figure 4.2: Reference pressure field distributions.

For the dynamic study it will be considered the parabolic and parabolic-linear load cases. Both
pressure fields will constantly maintain their shape in space and only their magnitude will change
in time.
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4.1 Theoretical background

This brief section aims at giving the required background needed for the following studies. In
particular, in Section 4.1.1 some difficulties in the load reconstruction are highlighted and the
common methods based on a linear superposition of elementary loads are presented. Next, in
Section 4.1.2 the regularization of ill-posed system is briefly touched. In particular, the focus
will be on the well-known Tikhonov regularization which will become an important tool in the
upcoming load reconstruction.

4.1.1 Difficulties in load reconstruction and sensitivity matrix methods

Having at disposal the full displacement field from the shape sensing study, at first sight it is
possible to recover the external loads directly from the multiplication of the stiffness matrix
of the system and the displacement vector. Sorting the degrees of freedom in the ones where
external forces can be applied (uu) and the ones where reaction forces take place (uk), then:[

Kuu Kuk

Kku Kkk

] [
uu

uk

]
=

[
fu

fk

]
(4.1)

assuming that uk = 0, it simply follows that:

Kuuuu = fu (4.2)

However, it was observed that the reconstructed load is quite poor even when the errors
affecting uu are negligibly small. A few attempts are reported below trying to improve the
results following this line of thinking.

It is possible to help the load recovery analysis dividing the degrees of freedom vector uu between
a part where external forces are known to be applied (ua) and a part where it is known that
external forces are not applied (un). So Eq.(4.2) can be rewritten as:[

Kuua Kuuan

Kuuna Kuunn

] [
ua

un

]
=

[
fa

0

]
(4.3)

From the second equation it follows that
[
ua un

]⊤
belongs to the null space of the matrix[

Kuuna Kuunn

]
so that is is possible to write:

Nc =

[
ua

un

]
with N the null space and c an unknown coefficient vector which can be computed in a
least-squares sense as:

c = (N⊤N)−1N⊤
[
ua

un

]
(4.4)

At this point, the displacement vector uu can be expressed in modal coordinates as:

uu = Φr (4.5)

with Φ the mode shape matrix. Therefore it is possible to obtain:

r = Φ†Nc (4.6)
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from which uu can be computed using 4.5.
Now, substituting in Eq.(4.3) it is possible to
obtain the external loads as:

fa =
[
Kuuaa Kuuan

]
ua (4.7)

using the new value for uu. Following this
approach the external pressure on the bottom
skin of the ISTAR demonstrator wing was
computed. A constant pressure of 1e4 MPa
has been applied but, as it is possible to see
in Figure 4.3, the results are not satisfactory,
leading to a field completely different from the
applied constant one.

Figure 4.3: Erroneous external pressure
reconstruction.

Another possible way to recover the external loads consists in applying the so-called Partial
Modal Matrix Method developed in [26]. After having computed the modal coordinates as
r = Φ†u, the load is simply recovered as:

Λr = Φ⊤F

⇒ F = (Φ⊤)†Λr

with Λ defined as:

Λ =

(ω
(1)
n )2

. . .

(ω
(N)
n )2


This approach was applied on the same
study case as before, obtaining the equally
unsatisfactory results of Figure 4.4.

Figure 4.4: Another erroneous external
pressure reconstruction.

Methods which have gained more success in literature are based on reconstructing the external
load as a linear superposition of elementary load cases [59]. Therefore, the load identification
is based no more directly on the equation of motion. For example, let the measured strains be
collected in the vector εε. Then, the contribution of the load Fi to εε is:

εε (i) = αiFi

with αi is a vector of influence coefficients which provide the strains at the gauge locations for
unit load Fi. In other words:

αi =

[
∂ε

ε(i)
1

∂Fi

∂ε
ε(i)
2

∂Fi
· · ·
]⊤
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Then, assuming linear superposition holds:

εε =
∑
i

εε (i) =
[
α1 ... αN

]
F (4.8)

The unknown vector of applied loads F can be obtained minimizing the squared norm between
experimental strains and analytical ones:

∥εε −αF ∥2 =
m∑
i=1

εεi − n∑
j=1

αijFj

2

(4.9)

where n is the number of loads considered and m the strain measurements taken. Using
least-squares:

F = (α⊤α)−1α⊤εε (4.10)

and in this way an approximation of the external loads acting on then structure is obtained.
Several studies with the method just outlined have been carried out. For example, in [1] and
[2] a wing and a composite spar are simulated and the load is reconstructed with a finite set of
both concentrated and distributed forces.

Following a similar line of reasoning, in [39] based on the method proposed in [61] the goal is
to reproduce to pressure distribution acting, for example, on a lifting surface. In order to do
so, the surface where the pressure distribution is applied is discretized in FE. Applying a unit
load on each element and recording the corresponding strains, it is possible to build a sensitivity
matrix and to relate measured strains with applied pressure as:

εε = Sεp (4.11)

with Sε a matrix basically containing the sensitivity of the strain measurements on the pressure
variations, that is: ε

ε
1
...
εεn

 =


∂εε1
∂p1

· · · ∂εεn
∂pn

... · · ·
...

∂εε1
∂p1

· · · ∂εεn
∂pn


p1...
pn

 (4.12)

The matrix Sε can be easily computed iteratively solving FE simulations of the model under
consideration. Applying a unit pressure load pi = 1 at the ith element and recording the strain
measurements, it is possible to build Sε column by column. After this operation is completed,
the whole external applied pressure can be computed from the pseudo-inverse:

p = S†εε (4.13)

This is in summary the approach followed in [39]. In the following, the load reconstruction will
be based on a similar method.

4.1.2 Regularization of ill-posed problems

The load reconstruction usually leads a bad-conditioned over-determined system of equations.
If it is directly solved with least-squares generally the results are quite poor. This is basically
due to the high condition number of the system matrix. As a consequence, even small variations
in the input vector cause large differences in the final output. Therefore in this section a few
techniques used to face this problem will be reviewed . All the methods outlined are usually
referred to as regularization methods. This topic is covered in detail in [51].
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Consider the ill-posed problem whose discrete version is expressed in the general form:

Ax = b (4.14)

with A ∈ Rm×n. Most of the regularization methods available, at least in their simplest form,
take advantage from the Singular Value Decomposition (SVD) of A which is expressed as:

A =
n∑

i=1

ui σi v
⊤
i (4.15)

it is easily possible to obtain the following standard relations:

b =
n∑

i=1

(u⊤
i b)ui (4.16)

x =
n∑

i=1

u⊤
i b

σi
vi (4.17)

Considering that the input vector b is affected by a certain level of error, the terms of Eq.(4.17)
most affected by the noise will be the ones corresponding to the smallest singular values.
Therefore, the main idea in many regularization methods is to recover the solution using just
certain components of the SVD, while neglecting or putting less weight to others.

The simplest approach consists in the so-called Truncated SVD which approximates the solution
x truncating the summation of Eq.(4.17) until the kth component in order to discard the terms
related to the smallest singular values:

x =
k∑

i=1

u⊤
i b

σi
vi (4.18)

The method which however has been among the most successful is the so-called Tikhonov
regularization based on computing the solution to the initial problem Eq.(4.14) as:

min
x

{
∥Ax− b∥22 + α2∥x∥22

}
(4.19)

where:

� The term ∥Ax− b∥22 controls how well the solution x predicts the (noisy) data b.

� The term ∥x∥22 controls the norm of the solution avoiding that x becomes noisy due to the
error which affects b.

� Finally, the scalar coefficient α, also called regularization parameter, controls the balance
between the previous two terms: for smaller values more weight is given to fit the noisy data,
on the other hand for higher values more weight is given to the minimization of the solution
norm.

Eq.(4.19) can be recast as a linear least-squares problem as:

min
x

∥∥∥∥[AIα
]
x−

[
b
0

]∥∥∥∥
2

(4.20)

whose solution is:
x = (A⊤A+ α2I)−1A⊤b (4.21)
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Substituting the SVD of matrix A it is possible
to compute after a few steps [51]:

x =
n∑

i=1

σ2i
σ2i + α2

u⊤
i b

σi
vi (4.22)

Comparing to Eq.(4.17) it is clear presence of
the additional factor which acts as a filter for
the SVD components related to the smallest
singular values (Figure 4.5).

Now, the question is how to choose a suitable
regularization parameter α in order to suppress
the noisy components but to retain the ones
important to reconstruct the solution.

Figure 4.5: Filter factor for Tikhonov
regularization.

Several techniques have been proposed (again, see for example [51]) but the only one which
will be considered in the following is based on the so-called L-curve criterion ([50], [53]). This
method has been applied successfully in several contexts, it easy to implement, computationally
inexpensive and does not require any knowledge of error affecting the problem. On other hand,
it is an heuristic criterion and it does not always work as expected. The main idea behind is to
find a good balance between the two norms of Eq.(4.19). Let:

x(α) = ∥Ax− b∥22
y(α) = ∥x∥22

(4.23)

It is possible to write the solution norm as:

y(α) =
∑
i

(
σ2i

σ2i + α2

u⊤
i b

σi

)2

=
∑
i

σ2i (u
⊤
i b)

2

(σ2i + α2)2
(4.24)

While the norm of the residual can be expressed as:

x(α) =
∑
i

[(
1− σ2i

σ2i + α2

)
u⊤
i b

]2
+ ∥r⊥∥22 =

∑
i

[(
α2

σ2i + α2

)
u⊤
i b

]2
+ ∥r⊥∥22

=
∑
i

α4(uib)
2

(σ2i + α2)2
+ ∥r⊥∥22

(4.25)

with ∥r⊥∥2 = ∥b−U⊤b∥2 the norm of the components of b which lie outside from the column
space of A.

It is easily possible to compute that [50]:

dx

dα
= 4α3

∑
i

(u⊤
i b)

2σ2i
(σ2i + α2)2

;
dy

dα
= −4α

∑
i

σ2i (u
⊤
I b)

2

(σ2i + α2)3
(4.26)

dy

dα
=

dy

dx

dx

dα
⇒ dy

dx
=

dy

dα

(
dx

dα

)−1

(4.27)

And so:
dy

dx
= − 1

α2
(4.28)
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which means that plotting y over x a strictly decaying function is obtained. The curve is of
interest because it shows how the regularized solution changes as α changes. Plotting the curve
in loglog scale, because of the large range of values covered by the norms, it is usually possible
to identify two distinct parts: for low values of α the curve is almost vertical, while for higher
values it is almost horizontal. In the first case the solution is dominated by the errors coming
from the noise (under-regularized solution). In the second one on the contrary the solution is
called over-regularized and it does not predict well the data b. In between these two regions it
usually possible to find a corner which represents a good compromise between the minimization
of the two norms. Therefore, α can be chosen for example as the point of maximum curvature
of the curve. As it is possible to see, the criterion is heuristic but seems to work for a broad
range of problems. A visual representation of the L-curve and its different regions is shown in
Figure 4.6.

Figure 4.6: Representation of a the usual shape of the so-called L-curve.

Two points which are important to mention have to be highlighted:

� In general, there is no guarantee that a distinct corner is present. This depends on the problem
and on the type of error affecting the data.

� Also, there is no guarantee that the corner is unique, rendering the choice of α sometimes
ambiguous. This problem will be encountered in the following sections and a few possible
solutions will be suggested.

As a final note, the implementation of the regularization in MATLAB has been done also with
help of the pre-existing toolbox (Regularization Tools) described in detail in [52].
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4.2 Static analysis

In this section the load reconstruction will be limited to studying static cases. First, in Section
4.2.1 it is suggested how to improve the load reconstruction based on a preliminary interpolation
of the load. Then, in Section 4.2.2 a few approaches are described in order to choose a suitable
value of the regularization parameter. Finally, in Section 4.2.3 it is studied the effect of
measurement errors on the final load reconstruction. The load will be computed both from
the reconstructed displacement field and from the strain measurements

4.2.1 Pressure reconstruction using measured strains and recovered
displacements

Section 4.1.1 was concluded briefly stating how to recover the pressure field from the measured
strains using the sensitivity matrix Sε. However Eq.(4.13) deserves a few comments. The
system which needs to be solved is in general under-determined, meaning that the number of
strain measurements is lower compared to the number of variables used to describe the pressure
distribution. Therefore, solving the system with the pseudo-inverse matrix S† certainly delivers
the minimum norm solution, but there is no guarantee that this solution, among all the others,
is the one which best represents the load. For example, the pressure distribution has been
reconstructed using this method for three different load cases and the results are presented in
Figure 4.7.

(a) Constant pressure (pressure on black elements is
out-of-range).

(b) Parabolic pressure.

(c) Parabolic-linear pressure.

Figure 4.7: Load reconstruction using strain measurements from the pseudo-inverse.
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The load is approximately recovered, even though it is far from being a good representation
of the exact one. It is possible to improve the reconstruction adding an intermediate step and
transforming the system from being under-determined to be over-constrained. This can be done
interpolating the load and so expressing it with a limited number of variables. In particular,
it has been chosen to express the load p with a certain distribution of control points using the
so-called inverse distance weighting [65]. These basically act as interpolation points such that
the pressure value at a certain position x can be expressed as:

p(x) =

∑
iwi(x)ρi∑
iwi(x)

(4.29)

with ρi the value of the ith control point
and wi(x) a weighting function monotonously
decreasing away from the control point. In the
following, a function of the form:

wi(x) = e
−

r(x)
λ

2

(4.30)

will be used, with r the distance from the
control point and λ a scalar coefficient. This
has a similar meaning of the so-called shape
factor for radial basis functions [17].

Figure 4.8: Control point locations.

The locations of the control points placed on the wing skin is displayed in Figure 4.8. As a
consequence, it is possible to write that:

p =


w1(r1)∑
iwi(r1)

· · · wn(rm)∑
iwi(r1)

... · · ·
...

w1(r1)∑
iwi(rn)

· · · wn(rm)∑
iwi(rn)


ρ1...
ρm

 = Wρ (4.31)

And so substituting in Eq.(4.11):
εε = SεWρ (4.32)

Now, the system is overconstrained and could be solved with least-squares. However, it is
possible to observe that often after the interpolation the condition number of the matrix SεW
increases dramatically. As a consequence, it is useful (and sometimes necessary) to apply a
regularization scheme to the system in order to retrieve ρ. Using the Tikhonov regularization
together with the L-curve criterion, the results of Figure 4.9 have been obtained which show a
very good load reconstruction.

Before proceeding it is instructive to think about the role of regularization in this context.
As briefly mentioned in Section 4.1.2, all the framework of regularization is built in order to
minimize the effect of input noise and errors on the ill-posed system. However, at the moment
apparently no error has been added to the strain measurements so it would be questionable why
it is necessary to regularize the system. The reason is that introducing the interpolation scheme
with W we are effectively modifying the system such that:

εε = εεexact + e

SεWρ = εεexact + e
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with εεexact the strain measurements for example defined as minρ ∥pexact −Wρ∥2 and e the
strain mismatch w.r.t. the measured values for the best combination of ρ. Introducing the
interpolation scheme is equivalent to solving an ill-conditioned over-determined linear system
with a certain “noise” e. This motivates in the following the use of the L-curve to recover the
load from the strain even when the exact strain measurements are used as input.

(a) Constant pressure. (b) Parabolic pressure.

(c) Parabolic-linear pressure. (d) Typical L-curve used to choose the regularization
parameter.

Figure 4.9: Load reconstruction using strain measurements with pressure interpolation.

A completely analogous procedure can be applied using as input not the strain measurements,
but the recovered displacement field from the shape sensing analysis. So Eq.(4.32) now simply
becomes:

u = SWρ (4.33)

where the matrix S contains the derivatives of the displacements w.r.t. the pressure load and
is again obtained iteratively solving the FE model. Using both the displacement field from MM
and from iFEM the pressure load has been recovered for the three load cases. The results
are summarized in Table 4.1 and compared with the ones obtained before from the strain
measurements.
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Pressure distribution: Constant Parabolic Parabolic-linear

MM shape sensing error 0.05% 0.12% 0.23%
pressure error 4.1% 2.3% 7.8%

iFEM shape sensing error 6.18% 4.54% 3.5%
pressure error 9.1% 20.9% 18.0%

From strain pressure error 0.78% 0.42% 0.49%

Table 4.1: Relative L2-norm error of reconstructed pressure field for three different load cases
using either strain measurements and displacements as input.

A few comments can be done as follows:

� The pressure reconstruction from the strain measurements performs better compared to the
other methods.

� Despite the relatively large errors of the displacement field, iFEM is still able to give a
reasonable estimate of the pressure field.

� Reconstructing the load from the diplacement field, it has been observed that sometimes it is
not clear how to choose the optimal regularization parameter.

Regarding the last point, an example is illustrated in Figure 4.10. The L-curve does not show
a unique corner and more than one solution could be identified. Heuristically, this would mean
that there are more than one configurations which can give a good compromise between the
minimization of the residual and solution norm. For the cases analysed this indeed happens
especially reconstructing the load from iFEM whose displacement field has the largest error
compared to the actual one. As a consequence several pressure fields are identified. In Section
4.2.2 some possible solutions to this problem are suggested.

Figure 4.10: Example of L-curve with not well defined corner using iFEM for parabolic-linear
pressure distribution.

Another important aspect which needs to be assessed is the performance of the method in case
the pressure field domain covers the whole wing surface, as it is in usual flight conditions. So far,
the external load was applied only on the bottom skin. Now, a pressure distribution is applied
also on the top skin. This represents a far more challenging situation given the fact that there
might be several different pressure distributions which cause nearly the same deformation but
which act differently on the top and bottom skin surface. Two cases have been studied. In
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the first one (Figure 4.11), a parabolic pressure has been applied on the bottom skin, while a
constant one on the top skin. In the second one (Figure 4.12), two identical pressure distributions
have been applied on the top and bottom skin (parabolically varying along the span and linearly
along the chord), but with one double in magnitude compared to the other.

(a) Upper skin. (b) Lower skin.

Figure 4.11: Reconstructed pressure field from MM: constant (upper skin) and parabolic (lower
skin)

(a) Upper skin. (b) Lower skin.

Figure 4.12: Reconstructed pressure field from MM: parabolic and linear on both upper and lower
skin, but with different magnitudes.

Pressure: Parabolic / Constant Parabolic linear / Parabolic - linear

MM shape sensing error 0.04% 0.08%
pressure error 7.8% 10.7%

iFEM shape sensing error 5.4% 3.7%
pressure error 14.2% 21.9%

From strain pressure error 3.89% 0.77%

Table 4.2: Relative L2-norm error of reconstructed pressure field for two different load cases
using either strain measurements and displacements as input.
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Quantitatively, the results obtained from both recovered displacements and measured strains
are shown in Table 4.2. Similarly as before, even if iFEM perform worse, relative-wise it seems
to deliver sturdier results given the error coming from the shape sensing analysis.

As a final study for this section, it is reported a brief analysis done in order to understand
the influence of the shape factor λ in the interpolation of the pressure field. It is a measure
of the influence of each control point and the decrement of the radial functions used depends
on λ which defines the magnitude of the corresponding radius of influence. The effect of this
parameter has been studied for the parabolic-linear pressure case introduced before. In general,
the idea is to avoid too low values since this would lead to a situation similar to the one shown
in Figure 4.13a. Changing λ iteratively, the L2-norm error of the resulting pressure field has
been plotted in Figure 4.13b. Apart from relatively small values, the result seem to be quite
independent on the choice of the parameter.

(a) Pressure reconstruction for low values of α. (b) Relative L2-norm pressure field error in function of α.

Figure 4.13: Study on the influence of α on the final pressure reconstruction.

However, it is important to note that this is heavily dependent on the distribution of the load
applied. For the one considered until now, the pressure distribution is relatively smooth and
there are not high gradients in the pressure field. A different situation of course occurs if this
is not the case. As an example, a constant pressure distribution has been applied as shown in
Figure 4.14a. For a relatively small value of λ = 0.05 m the discontinuity in the pressure field
is approximately captured (Figure 4.14b), while it is completely lost using λ = 0.5 m (Figure
4.14c).

(a) Pressure application region. (b) Pressure reconstruction with low λ.(c) Pressure reconstruction with high λ.

Figure 4.14: Effect of the choice of λ for an highly discontinuous pressure field.
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From this small set of simulations, it is possible to state that if the pressure field is relatively
smooth, then the shape factor should be chosen to be at least more than the average distance
between control points. If, on the other hand it is important to capture steep gradients in the
field, then a small value of λ would yield better results.

4.2.2 Choice of the regularization parameter using the L-curve criterion

It was observed in Figure 4.10 that the L-curve criterion might give more than one option in
choosing a suitable regularization parameter. Therefore, in this section some suggestions are
presented in order to either limit the choice to a smaller set or to identify a unique parameter.

Comparison of experimental and recovered strain measurements

The reconstructed pressure load can be used in a direct FEM analysis to compute the
corresponding pressure field. This in turn allows to obtain the strain field and so to compare
these values with the experimental measurements. For example, in Figure 4.15 several values of
the regularization parameter α have been used to build a curve representing the error w.r.t. the
strain measurements (Figure 4.15a). Correspondingly, in Figure 4.15b the error of the pressure
field is plotted. The minimum value of 4.15a indeed corresponds to a minimum in Figure 4.15b,
so giving the possibility to identify a suitable regularization parameter. However, the method
has several disadvantages:

� The range covered by α is quite large and carrying out these types of simulations for a sufficient
number of cases might be computationally expensive.

� For low values of the regularization parameter α the error w.r.t. the strain measurements
levels off. This happens because the identified pressure field matches very well the input data,
but the resulting identified load is under-regularized. So, the minimum of the strain error
curve might not correspond to a minimum error of the pressure field.

(a) Error curve w.r.t strain measurements. (b) Error of pressure field.

Figure 4.15: Strain and pressure error in function of the regularization parameter.
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Figure 4.16: Algorithm to find a suitable regularization parameter.

Therefore, a better choice might consist in the following algorithm (Figure 4.16):

1. Identify all the possible corners on the L-curve, which become the candidates for the
regularization parameter choice. These can be easily found looking for the local maxima
of the curvature of the L-curve. For the example of Figure 4.10, it is shown in Figure 4.17.

Figure 4.17: Curvature of the L-curve. The local maxima correspond to the identified corners.
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2. For each value found from the previous point, recover the load and in turn the displacement
field.

3. Compute the corresponding strain field and the error w.r.t. the strain measurements, for
example as: ∑

i εi − εεi∑
i ε

ε
i

with εεi the experiential stain measurements and εi the recovered ones.

4. Plotting the strain error together with the L-curve, it is possible to identify the region where
the strain error starts to increase. The corner closest to this point should represent a good
regularization parameter choice. The obtained situation is represented in Figure 4.18, where
also the error of the reconstructed pressure field is shown.

Figure 4.18: Identification of the optimal corner of the L-curve.

Interpolation with polynomial expansion

Another approach consists in realizing that the building blocks of the L-curve are as many as
the singular values of the system. It is clear that the L-curve can be thought as the sum of the
components corresponding to all the singular values. For example, in Figure 4.19 it has been
plotted adding iteratively all the terms of the sum which built up the expressions of x(α) and
y(α). As it is possible to see, the first singular values build the horizontal branch of the curve,
while the smallest ones the vertical branch.
In general, lowering the dimensionality of the column space of the system matrix A will lead
to fewer possible corners on the L-curve. This could make it easier to identify a suitable
choice for the regularization parameter. In this context, using the inverse distance weighting as
interpolation scheme would not be a good idea anymore: a very few number of control points
would not provide a good interpolation over the whole domain. Instead, it might be beneficial
to opt for a polynomial interpolation of low degree.
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Figure 4.19: L-curve built adding sequentially the components of the SVD.

(a) First corner of the L-curve. (b) Resulting pressure field.

Figure 4.20: Pressure reconstruction using the first corner of the L-curve.

(a) First corner of the L-curve. (b) Resulting pressure field.

Figure 4.21: Pressure reconstruction using the first corner of the L-curve.
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For example, it is possible to interpolate the pressure field along the span with:

u = SWρ ; W =


y31 y21 y1 1
y32 y22 y2 1
...

...
...

...
y3N y2N yN 1

 (4.34)

In this way the matrix A = SW has at most rank equal to 4 and this should help in lowering
the number of corners in the L-curve.
Using again the displacement field from iFEM and this interpolation scheme, as it is possible
to see from Figure 4.20 and Figure 4.21 the L-curve presents just 2 corners. Even though
the problem now again consists in choosing the right regularization parameter between
the two choices, compared to before the situation has improved. Now, just two solutions
have to be compared and the user can easily find out which is the most likely solution given
the large difference between the two. This method will be also used later for the dynamic studies.

So far, the pressure field has been interpolated just along the span (Eq.(4.34)), even though
the actual pressure applied pressure field changes also along the chord (parabolic-linear pressure
case). Introducing a quadratic interpolation along the chord with:

W =


y31 y21 y1 x21 x1 1
y32 y22 y2 x22 x2 1
...

...
...

...
...

...
y3N y2N yN x2N xN 1

 (4.35)

also in this case two possible candidates can be observed from the visual inspection of the L-curve
(Figure 4.22a and Figure 4.23a). The corresponding pressure fields are shown in Figure 4.22b
and Figure 4.23b. Similarly as before, the two identified solutions are very different and only
the first one is closer to the true pressure field.

(a) First corner of the L-curve. (b) Resulting pressure field.

Figure 4.22: Pressure reconstruction using the first corner of the L-curve.
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(a) First corner of the L-curve. (b) Resulting pressure field.

Figure 4.23: Pressure reconstruction using the first corner of the L-curve.

Least squares with constraints

Another way to avoid ending up in the uncertainty of choosing a suitable regularization
parameter consists in directly avoiding the regularization framework and in solving the
least-squares problem. As was pointed out before however, in general this would not lead
to meaningful results. Therefore, it is necessary to add further constraints to the problem, so
basically solving a constrained linear least-squares problem. The prior knowledge of the load
might be quite limited, but it is reasonable to assume that the pressure field has the same sign
over all the structural domain under consideration. In other words, the problem becomes:

min
ρ
∥u− SWρ∥22 subject to ρi > 0 (4.36)

These problems have been studied in several applications. For example, in [13] two approaches
have been considered:

� Again apply Tikhonov regularization and choose the lowest regularization parameter for which
the condition ρi > 0 is satisfied.

� Directly solve the least squares problem and enforce the non-negativity condition with the
algorithm developed in [16].

The first approach can often lead to over-regularized solution and furthermore there is no
guarantee that the regularization parameter found in this way gives a good compromise between
the residual norm and the norm of the solution vector. Therefore, the second choice has been
studied here. The algorithm mentioned has already been implemented in the MATLAB
optimization toolbox in the function lsqnonneg.

For the study case under consideration, the results have been reported in Figure 4.24, together
with the reference pressure field for visual comparison (Figure 4.24c)
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(a) Solution from least-squares. (b) Solution from constrained
least-squares.

(c) Reference pressure field.

Figure 4.24: Comparison of reconstructed pressure field using least-squares and constrained
least-squares.

The solution computed from lsqnonneg gives an error equal to 0.31, higher compared to the
one obtained before, but it is still capable to convey the main features of the reference pressure
field. There is a clear improvement compared to the simple least squares solution (Figure 4.24a),
having a relative error of 0.64 and furthermore the main advantage of this approach is that there
is no parameter to tune as in the regularization methods.
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4.2.3 Measurement errors

In all the simulations of the previous sections the exact strain values were used. Since this is not
the case for real applications, it is useful other than interesting to analyze the results when the
strain measurements are affected by errors. To each strain measurement it will be given a normal
distribution whose mean µ is the noise-less value and with variance 0.025µ and 0.05µ (so with
respectively coefficient of variations CoV = 0.025 and CoV = 0.05). These values will be used
for a Monte Carlo simulation and the load will be reconstructed both from the full displacement
field (from the shape sensing study) and directly from the strain measurements as explained
before. The three usual load cases are discussed and the results are reported in summary in
Table 4.3 (constant pressure), Table 4.4 (parabolic pressure) and Table 4.5 (parabolic-linear
pressure). In general, the following comments can be done:

� The best results are again obtained recovering the pressure field directly from the strain.
However, this is also the approach which is most affected by the input noise looking at how
much the mean of the error increases w.r.t. the noiseless value.

� Looking at the mean of the error distribution, the results from the MM are in general better
compared to the ones from iFEM, except for the constant load case. However, they are also
much more spread (higher CoV) compared to iFEM which gives more stable results.

CoV = 0.025 CoV = 0.05
µ σ σ/µ (µ− exact)/exact µ σ σ/µ (µ− exact)/exact

MM 0.096 0.060 0.63 1.34 0.152 0.096 0.63 2.7
iFEM 0.091 0.022 0.24 0 0.098 0.044 0.45 0.077
From strain 0.042 0.019 0.45 4.38 0.079 0.037 0.47 9.13

Table 4.3: Distribution of the pressure field error retrieving the external load from the
displacements and from the strains for constant pressure load case.

CoV = 0.025 CoV = 0.05
µ σ σ/µ (µ− exact)/exact µ σ σ/µ (µ− exact)/exact

MM 0.115 0.045 0.39 4.0 0.1434 0.059 0.41 5.21
iFEM 0.200 0.014 0.07 −0.04 0.202 0.029 0.14 −0.03
From strain 0.047 0.021 0.45 9.95 0.090 0.022 0.24 20.97

Table 4.4: Distribution of the pressure field error retrieving the external load from the
displacements and from the strains for parabolic pressure load case.

CoV = 0.025 CoV = 0.05
µ σ σ/µ (µ− exact)/exact µ σ σ/µ (µ− exact)/exact

MM 0.097 0.053 0.55 3.22 0.167 0.104 0.622 6.26
iFEM 0.189 0.0166 0.088 0.05 0.186 0.032 0.17 0.03
From strain 0.038 0.016 0.42 6.76 0.055 0.024 0.44 10.31

Table 4.5: Distribution of the pressure field error retrieving the external load from the
displacements and from the strains for parabolic - linear pressure load case.
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Constant pressure

Figure 4.25: Probability density function of relative L2-norm error of pressure field using MM
for constant pressure load.

Figure 4.26: Probability density function of relative L2-norm error of pressure field using iFEM
for constant pressure load.

Figure 4.27: Probability density function of relative L2-norm error of pressure field using directly
the strain measurements for constant pressure load.
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Parabolic pressure

Figure 4.28: Probability density function of relative L2-norm error of pressure field using MM
for parabolic pressure load.

Figure 4.29: Probability density function of relative L2-norm error of pressure field using iFEM
for parabolic pressure load.

Figure 4.30: Probability density function of relative L2-norm error of pressure field using directly
the strain measurements for constant pressure load.
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Parabolic - linear pressure

Figure 4.31: Probability density function of relative L2-norm error of pressure field using MM
for parabolic - linear pressure load.

Figure 4.32: Probability density function of relative L2-norm error of pressure field using iFEM
for parabolic - linear pressure load.

Figure 4.33: Probability density function of relative L2-norm error of pressure field using directly
the strain measurements for parabolic - linear pressure load.
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4.3 Dynamic analysis

In this section the external dynamic loads applied on the ISTAR demonstrator wing will be
reconstructed. The results of this type of analyses have been assessed with two load cases. In
both a pressure field has been applied just on the bottom skin with a relatively steep step in
time as in Figure 4.34. For the first case a parabolic pressure field has been used, while for the
second one a parabolic-linear (as before).

Figure 4.34: Time-dependency of applied load.

The pressure field will be reconstructed with different methods. In Section 4.3.1 the static
solution is extended to take into account inertia forces. In Section 4.3.2 a more consistent
method is used based on deconvolution. Finally, in Section 4.3.3 the load is reconstructed first
in frequency domain and then expressed in time domain.
In all cases, the studies have been carried out recovering the pressure field both from the
displacements and from the strain measurements.

4.3.1 Correction of inertia forces

In order to reconstruct the elastic deformed shape in time, the same procedure described in
the Chapter 3 can be used either for iFEM or the Modal Method since these methods are time
independent.

For the load recovery part some modifications need to be introduced compared to the static
case. The sensitivity matrix which is computed iteratively solving the FEM model is derived
from simple static analyses. For non-stationary cases also the inertia forces should be taken
into account in order to correctly obtain the external forces acting on the structure. This can
be done realizing that the force vector computed from the sensitivity matrix approach F̃ for
dynamic cases is equal to:

F̃ = F −Mẍ = Kx

with F the actual load vector due to external forces (the damping has been neglected in the
previous equation). The acceleration vector ẍ can be computed from the shape sensing analysis
using finite differences as:

ẍ(ti) =
x(ti+1)− 2x(ti) + x(ti−1)

∆t2

and so the actual load vector due to external forces can be derived from:

F = F̃ +Mẍ (4.37)
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The main steps to carry out are reported below in more details:

1. First, the pressure field Wρ recovered from the sensitivity matrix approach must be converted
to the corresponding load vector. This can be easily carried out as usually done in FEM. That
is, expressing the kinematic variables in function of the element degrees of freedom u(e) with
the shape function matrix N as:

u = Nu(e)

then:

f (e) =

∫∫
A(e)

N⊤p dA(e)

where:

u =



u
v
w
θx
θy
θz

 ; p =



0
0

p(e)

0
0
0


2. The correction of the inertia forces must be introduced adding the term Mẍ to the load

vector. This in general is just an approximation (see comments below).

3. Now, it is necessary to recover the pressure field starting from F . This is a step which
introduces a certain error in the final results. The following strategy has been used. For each
element, the corresponding degrees of freedom of the load vector F are extracted. Considering
only the translational degrees of freedom (because we are interested in recovering the pressure
field which acts only in these dof), a rotation to the local element reference system needs to be
carried out. Now the out-of-plane degrees of freedom should be considered and it is assumed
that the nodal forces of each node equally contribute to the element pressure (Figure 4.35).
As a consequence, the total out-of-plane force acting on the element is simply the sum of
forces found at each node divided by 4 times the element area (since each node is shared by 4
elements). Of course, for elements on the boundary small modifications need to be introduced.
Dividing by the element area, the (constant) pressure on the element can be recovered.

Figure 4.35: Pressure field reconstruction from load vector.

As a first example, the parabolic pressure field has been applied. The results have been computed
from both MM and iFEM and are reported respectively in Figure 4.36 and Figure 4.37. Note
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that, contrarily from before, in this case the L2-norm of the absolute error has been plotted,
and not the corresponding relative quantity. This because if either the displacement w or the
reference pressure field p become zero, the relative error is not a good indicator anymore.

(a) Error of reconstructed displacement over time. (b) Error of reconstructed pressure field over time.

Figure 4.36: Parabolic time-varying pressure reconstruction from MM.

(a) Error of reconstructed displacement over time. (b) Error of reconstructed pressure field over time.

Figure 4.37: Parabolic time-varying pressure reconstruction from iFEM.

For the second load case, it has been applied a pressure field parabolically varying along the
span and linearly along the chord. The results are shown in Figure 4.38 and Figure 4.39.

As it is possible to see, the error of the resulting pressure field changes during the simulation
time. This is due to two reasons:

� The error of the recovered displacement field is not constant. Since it is used as an input for
the load sensing study, it affects the final results.

� The inertia forces play a role. They have been corrected as explained before, but in doing so
some approximations are introduced.
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(a) Error of reconstructed displacement over time. (b) Error of reconstructed pressure field over time.

Figure 4.38: Parabolic-linear time-varying pressure reconstruction from MM.

(a) Error of reconstructed displacement over time. (b) Error of reconstructed pressure field over time.

Figure 4.39: Parabolic-linear time-varying pressure reconstruction from iFEM.

Regarding the second point, it is important to realize that the method used is an approximation.
In general, the term Mẍ brings to a fully populated vector even if the load is applied only on a
certain region of the structural domain (the bottom skin in this case). So, the reconstructed load
vector F contains non-null components also where a force is not applied. These components
have been neglected in the previous results.

As a final note, the discussion so far was focused on the load reconstruction from the displacement
field with the shape sensing study (either MM or iFEM). Computing the load directly from the
strain measurements gives results completely analogous to the ones from the MM.

4.3.2 Deconvolution

It is possible to recover the external load for dynamic cases recalling that the response of a linear
system can in general be computed with the convolution integral as:

x(t) =

∫ t

0
h(t− τ)f(τ) dτ (4.38)
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with h the impulse response function. This is an approach often used in literature (see for
example [22]). Since the displacements x(t) are assumed to be known from the shape sensing
study, the aim is to recover the force f(t). Furthermore, it is assumed that the system is
fully known, so the impulse response function h(t) can also be computed. By discretizing the
convolution integral it is possible to write Eq.(4.38) as [35]:

x1

x2
...

xN

 =


T 1 0
T 2 T 1
...

...
. . .

TN TN−1 · · · T 1


︸ ︷︷ ︸

T


f0

f1
...

fN−1

 (4.39)

where the subscripts are referred to the corresponding time step and the matrices T k are given
by:

T k =

h11(k) · · · h1n(k)
...

...
...

hm1(k) · · · hmn(k)

 (4.40)

where m is the number of measured displacements and n the number of applied forces on
the system. Since T is in general rectangular, it is possible to retrieve the force vector by
least-squares as:

F =
(
T⊤T

)−1
T⊤T

However, given the high condition number of T , this method is usually not advisable.
Instead, it is necessary to first regularize the system. In the following, generally the Tikhonov
regularization will be used.

Given the fact that the matrix T must contain the system impulse response for each time step, it
is possible to understand that it becomes quickly difficult to simulate relatively long simulation
times, especially for large systems since the matrix dimensions increase dramatically. Therefore,
it might be a good idea to split the whole simulation in smaller intervals and to recover the
force in each of them independently. In this way much quicker computations can be achieved.
It is important to note however that the intervals should be “chained” together. Looking at
Eq.(4.39), the index of the displacement goes from 1 to N , while for the force from 0 to N − 1.
So the intervals should share a time step as illustrated in Figure 4.40.

Figure 4.40: Force reconstruction by deconvolution in shorter time intervals.
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In order to illustrate some features of the proposed approach, consider a simple single degree of
freedom system. The system is excited by a simple force, linear in the first part and constant
afterwards. The system response in plotted in Figure 4.41.

(a) SDOF. (b) System response and applied force.

Figure 4.41: Simulation of a SDOF system.

Now, consider that x(t) is known. For this simple case, the actual response will be used, but
later the results coming from the preliminary shape sensing analysis will become the input. The
simulation time as been divided into 10 intervals. Consider the temporal response in [t⋆, t⋆+T ],
then it is possible to write:

x(t) =

∫ t⋆

0
h(t− τ)f(τ) dt+

∫ t⋆+T

t⋆
h(t− t⋆ − τ)f(τ) dt (4.41)

We are interested just in the second integral, which contains the force f(t) we are looking. At
first sight it might be necessary to evaluate also the first convolution integral. This approach
however does not help in making the solution more computationally efficient. It is therefore
important to realize that this integral corresponds to just the free response of the system, with
initial conditions the ones reached at t = t⋆. Since the displacement is assumed to be known, it
is easy to compute the system free response which will be called x⋆(t) (in the following the free
response is computed from modal analysis). As a consequence now it is necessary to solve:

x(t)− x⋆(t) =
∫ t⋆+T

t⋆
h(t− τ)f(τ) dt (4.42)

where the free response for this single degree of freedom system is simply given by:

x⋆(t) = Ae−ζωnt sin(ωdt+ ϕ) (4.43)

with A and ϕ depending on initial displacement and velocity. Eq.(4.42) can be recast in matrix
form as: 

x1 − x⋆1
x2 − x⋆2

...
xN − x⋆N

 =


h1 0
h2 h1
...

...
. . .

hN hN−1 · · · h1




f0
f1
...

fN−1

 (4.44)

Solving for f(t) the results of Figure 4.42a have been obtained.
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(a) Force reconstruction for SDOF system without
regularization.

(b) Force reconstruction for SDOF system with
regularization.

Figure 4.42: Simulation of a SDOF system.

It is important to understand what happens when the system of Eq.(4.44) is regularized. So
far, no noise or any sort of error was introduced. So no regularization was necessary. However,
in general this is a fundamental step since allows to obtain a much more stable solution when
the input (that is, the displacement) is affected by some error. For the moment, the system is
regularized but no error is introduced. This is done in order to understand how the regularization
affects the force reconstruction. The Tikhonov regularization has been applied with α = 1e− 2.
Then, it is possible to obtain the results of Figure 4.42b. The reconstructed force is largely
affected the introduction of the regularization, especially at the ends of each time interval in
which the simulation has been divided. This effect can be explained realizing that, because of the
regularization, the smaller singular values are damped out. These components are also the ones
which contribute most to the loads reconstruction at the ends of the intervals. It is possible to see
this simply solving the system using the Truncated SVD instead of the Tikhonov regularization.
This renders the situation more clear since in this way just some components of the SVD
decomposition are used, while using the Tikhonov regularization actually all components have
a certain weight, even though the higher ones are filtered out. In Figure 4.43 some cases of load
reconstruction are presented, using different values for the truncation parameter of the TSVD.
As expected, increasing the truncation parameter k the load reconstruction becomes better and
better, even though the error at the ends of the intervals takes longer to drop compared to the
one in the middle of the intervals.

(a) k = 10 (b) k = 50 (c) k = 90

Figure 4.43: Force reconstruction using TSVD for different truncation levels k.

A possible approach to solve this problem consists in applying the load reconstruction two times
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in parallel. The only difference being that between the two simulations the windows used for
the intervals are shifted. This is illustrated in Figure 4.44a and Figure 4.44b, while the final
results are in Figure 4.44c.

(a) Load reconstruction with first time window. (b) Load reconstruction with first time window.

(c) Final load reconstruction.

Figure 4.44: Load reconstruction for SDOF system correcting for regularization errors.

The same procedure, with limited modifications, can also be applied to multi-degrees of freedom
systems. The main difference here consists in the fact that the force is again interpolated in
space with the use of the control points as for the static case. Therefore, the deconvolution
system becomes:

x1

x2
...

xN

 =


T 1 0
T 2 T 1
...

...
. . .

TN TN−1 · · · T 1



W

W
. . .

W




ρ0

ρ1
...

ρN−1

 (4.45)

Considering again the ISTAR wing demonstrator, here just the load case with parabolic pressure
along the span (and constant along the chord) will be studied. Furthermore, only two intervals
will be used to illustrate some results. Using the Modal Method for the shape sensing part,
which delivers a very good approximation of the displacement field (compare to Figure 4.36a),
the error of the resulting pressure field over time is shown in Figure 4.45 for the two time windows
used and for the final result merging the previous ones.
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(a) Pressure error with first time window. (b) Pressure error with second time window.

(c) Final pressure error over time. (d) L-curve and regularization parameter choice.

Figure 4.45: Load reconstruction for ISTAR wing under parabolic pressure load from MM shape
sensing results.

(a) Steady-state pressure field reconstruction using MM. (b) Steady-state pressure field reconstruction using iFEM.

Figure 4.46: Deconvolution from shape sensing results.

Compared to Figure 4.36b, now the error is much more stable, without the oscillations which
appeared before. However, it is also clear that in magnitude it is much larger. This is due to
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the fact that near the root the pressure field is not well reconstructed, as it is possible to see in
Figure 4.46a.
The situation is even worse using the shape sensing results from iFEM (Figure 4.46b) where the
parabolic distribution of the pressure is mostly lost. Furthermore, in Figure 4.45d it is shown
the corresponding L-curve (which is almost the same for both the intervals): the corner in not
precisely well defined and this brings some uncertainty in the choice of a suitable regularization
parameter. Iteratively retrieving the load for different regularization parameters taken around
the corner, it has been seen that this affects quite significantly the load reconstruction.

From this small set of simulations a few conclusions can be drawn:

� Dividing the simulation in smaller time intervals seems to be an efficient way to recover the
load, without the need to carry out the deconvolution on the whole time domain in a single
step.

� The deconvolution allows to correctly take into consideration the inertia forces, in a way much
more consistent compared to the one used in the previous Section 4.3.1. However the results
are acceptable only if the displacement field is really accurate, as for example using MM for
this particular study case.

� If the error coming from the shape sensing study is larger, as it is happening for iFEM in this
study case, the resulting pressure field can be very different from the real one and completely
erroneous.

� Some uncertainty in the choice of the regularization parameter has been observed. This will
be even more significant in the experimental results presented in Chapter 5.

The difficulties related to the last point can be seen as due to the fact that quite a few control
points have been placed on the wing surface. This means that there is a (relatively) large number
of free variables on which the pressure field depends. Following the same reasoning which has
motivated Section 4.2.2, it is possible to think to reduce the number of independent variables.
So, instead of applying the so-called inverse distance weighting, now it has been decided to
represent the load as a simple polynomial expansion of order N in the form:

p(y) =
[
yN yN−1 · · · y 1

]

aN
aN−1
...
a1
a0

 (4.46)

Introducing the dependence just on the wing span coordinate (y axis in this case), the weighting
matrix becomes:

W =


yN1 yN−1

1 · · · y1 1

yN2 yN−1
2 · · · y2 1

...
...

...
...

...
yNn yN−1

n · · · yn 1

 (4.47)

with n is the number of applied forces on the system. This new weighting matrix should be now
substituted in the discrete form of the convolution integral (Eq.(4.45)), reported here again for
convenienece: 

x1

x2
...

xN

 =


T 1 0
T 2 T 1
...

...
. . .

TN TN−1 · · · T 1



W

W
. . .

W




a0

a1
...

aN−1

 (4.48)
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In this way at each time step the pressure field is uniquely defined by just N + 1 free variables.
Considering again the wing under the parabolic pressure load and using a quadratic polynomial
(so N = 2), the new L-curve which can be obtained is represented in Figure 4.47a. Compared to
before, now the possible values of the regularization parameter are much more well defined by
the points of maximum curvature. On the other hand, it is also clear that two choices would be
possible. In order to pick the right one, a general knowledge of the load is required. In any case,
once the right corner is identified, the corresponding range for the regularization parameter can
be set so automating the process and discarding the wrong corner of the L-curve without any
user intervention. In this case, the solution we are looking for is the one in the corner highlighted
in Figure 4.47a.

(a) L-curve using a quadratic polynomial interpolation. (b) Error of pressure field for different orders of polynomial
interpolation.

Figure 4.47: Deconvolution from shape sensing results using low order polynomial interpolations.
Note that the error occurring at the ends of the intervals has not been corrected.

Consider again just two intervals, without getting rid of the solution near the edges since
this would involve just repeating the simulation on a different window, which would not
add anything to the discussion. In Figure 4.47b the error of the resulting pressure field is
shown: increasing the polynomial order N a better representation of the pressure field can be
obtained. However, as it is possible to guess, this also brings to a similar problem encountered
before employing the control points. For example, using N = 10 the L-curve becomes as in
Figure 4.48: the choice of a good regularization parameter becomes more difficult and uncertain.

So far the load reconstruction with deconvolution has been obtained from the full displacement
field of the shape sensing study. Using directly the strain measurements εε a completely similar
procedure can be followed, so Eq.(4.45) becomes:

ε1
ε2
...
εN

 =


T 1 0
T 2 T 1
...

...
. . .

TN TN−1 · · · T 1



W

W
. . .

W




ρ0

ρ1
...

ρN−1

 (4.49)
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Figure 4.48: Difficulty in choosing the regularization parameter for higher order polynomial
interpolation.

where now the matrices T k contain the strain responses due to an external impulse. Furthermore,
note that even though now we are directly using the strain responses, also the displacement is
needed in order to limit the simulation on smaller intervals as done before. In the following,
the displacement field will be computed using the Modal Method. The load distribution has
been recovered directly from the pseudo-inverse since it has been observed that the choice of
the regularization parameter from the L-curve was not clear. Two interpolation schemes were
considered:

� Using the control point interpolation, the results obtained are not satisfactory as shows Figure
4.49a.

� Using a polynomial interpolation, there is an improvement but still, compared to before, the
results obtained are worse as shown in Figure 4.49b.

(a) Pressure field error using inverse distance weighting
interpolation.

(b) Pressure field error using polynomial interpolation.

Figure 4.49: Load reconstruction with deconvolution from strain measurements. Note that the
error occurring at the ends of the intervals has not been corrected.
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4.3.3 Frequency domain method

The analysis carried out so far has been done exclusively in time domain. In this section the
aim is to analyze how a frequency domain reconstruction would perform for our study cases.
These types of methods have been extensively studied in literature. See for example [62].

The most common approach consists in realizing that, in the frequency domain, the measured
displacement field (obtained from the shape sensing study) and the external forces can be related
knowing the frequency response function matrix H(ω) as:

X(ω) = H(ω)F (ω) ⇒ F (ω) =
(
H(ω)

)−1
X(ω) (4.50)

withX(ω) the Discrete Fourier Transform of the displacement field, F (ω) the one of the external
loads and finally for MIMO systems (as the ones we will be analyzing) the frequency response
function matrix given by:

H(ω) =


H11(ω) H12(ω) · · · H1n(ω)
H21(ω) H22(ω) · · · H2n(ω

...
...

...
Hn1(ω) Hm2(ω) · · · Hmn(ω)

 (4.51)

with n the number of external forces and m the number of measured responses.

At first sight, it might be possible to be tempted to express the inverse of H(ω) as a function
of the structural matrices, that is:

H(ω)−1 = −ω2M + iωC +K (4.52)

in this way, the external forces could be computed directly from a simple matrix multiplication
with no need to invert H(ω) at every frequency step. However it has been seen that this
approach does not allow to take into account the presence of errors in X(ω) and in general
a poor force estimation would be obtained also for negligible errors in the displacement
field. Intuitively, this would correspond in statics to multiplying the stiffness matrix with the
displacement field. And, as it has been pointed out before, this approach does not yield good
results.

A better approach consists in expressing directly H(ω). In this way, computing its inverse in
order to retrieve the external loads, it is possible to apply the same framework of the Tikhonov
regularization used before. This will allow to take into account errors in the displacement field
and in finding a regularized solution.
In the following the frequency response function matrix H(ω) has been computed from modal
analysis. Expressing the modal coordinates as r(t) = R(ω)eiωt and the modal forces in the same
manner fm(t) = Fm(ω)eiωt, then:

R(ω) =


1

−ω2 + 2ζ1ωω
(1)
n + (ω

(1)
n )2

. . .
1

−ω2 + 2ζNωω
(N)
n + (ω

(N)
n )2


︸ ︷︷ ︸

Σ

Fm(ω) (4.53)

with ζi the modal damping of the ith mode and ω
(i)
n its natural frequency. Going back to physical

coordinates:
X(ω) = Φ̄R(ω) = Φ̄ΣFm(ω) = Φ̄ΣΦ̃

T︸ ︷︷ ︸
H(ω)

F̃ (ω) (4.54)
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where •̄ stands for the degrees of freedom related to the measured m responses, while •̃ for the
n excited input degrees of freedom. In both cases, this implies just taking the specified rows of
the correspondent matrix.
Now, it is possible to regularize the system:

X(ω) = H(ω)F̃ (ω) (4.55)

in order to compute F̃ (ω). Similarly as done before, it has been noticed that it is beneficial to
interpolate the load vector. In the following, only a polynomial interpolation will be used and
so Eq.(4.55) becomes:

X(ω) = H(ω)Wa(ω) (4.56)

with a(ω) the vector containing the (unknown) polynomial coefficients.

A few observations can be done as follows:

� Eq.(4.56) is in general computationally cheaper compared to the convolution matrix.

� Differently from before, the quantity which can be retrieved now it directly the load vector
F̃ (ω) and not the pressure on each element. Therefore, in order to retrieve the external
pressure field, it is necessary to carry out a similar operation to the one illustrated in Section
4.3.1.

� The main difference consists in the fact that the system needs to be inverted for every
frequency under consideration. Before, on the contrary, the solution on an entire time interval
was obtained.

Once a(ω) has been retrieved, the load vector can be obtained as F̃ (ω) = Wa(ω) and the
Inverse Fourier Transform can be exploited to obtain again the external forces as a function of
time. The whole procedure is briefly summarized in Figure 4.50.

Figure 4.50: Work-flow for load reconstruction in frequency domain.

This method has been applied to recover the parabolic pressure distribution on the ISTAR wing.
Similarly as done for the deconvolution approach, also here a cubic distribution is chosen along
the span. However, now locating a suitable choice for the regularization parameter using the
L-curve is much more challenging. The L-curve has to be computed for every frequency of
interest and its shape changes significantly. Some results are reported below in Figure 4.51.
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(a) (b) (c) (d)

Figure 4.51: Examples of L-curves for some frequencies.

This renders the choice of a suitable regularization parameter relatively hard and difficult to
automate. Also for this reason, the error of the resulting pressure field which has been obtained
now is more noisy. Choosing the corner of the L-curve corresponding to the lowest regularization
parameter, the error and the steady-state load distribution are shown in Figure 4.52.

(a) Error pressure field. (b) Distribution of nodal forces along z at steady state.

Figure 4.52: Pressure field reconstruction for ISTAR demonstrator wing with frequency domain
methods.

A similar approach in frequency domain can
also be carried out starting directly from the
strain measurements. In this case it is possible
to write:

εε(ω) = ΨΣΦ̃F̃ (ω) (4.57)

with εε(ω) the strain measurements in
frequency domain and Ψ the corresponding
strain mode shapes. In order to recover
the load it has been simply computed the
pseudo-inverse since, as before, a polynomial
interpolation has been used, rendering the
condition number of the system to invert
relatively low. However, the results obtained
turn out to be not satisfactory, with errors
in general higher than the ones obtained
from the displacement field as in Figure 4.53,
where a quadratic polynomial interpolation
was employed.

Figure 4.53: Error pressure field for load
reconstruction from strain measurements using
the frequency domain method.
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4.4 Summary of the chapter

In this chapter the external load acting on the structure has been recovered under the form of
a pressure field.
For static applications a technique based on the superposition of “primitive” loads has been
chosen. The building block of the load reconstruction is represented by a constant pressure
applied on the element domain to which it is associated a column of the so-called sensitivity
matrix. In this context, using a preliminary interpolation of the pressure field it is possible
to obtain better results compared to the ones available in literature. The method has been
assessed using as input both the strain measurements and the full displacement field from the
shape sensing study. The first approach gave the best results, even though it is quite sensitive
to noise and uncertainties.
The reconstruction of time-varying loads has been carried out with three different methods. The
first one, based on correcting the static solution, is able to give a reasonable estimate of the load
only for relatively low dynamics. The other two are more consistent, but suffer from higher
errors especially due to the difficulty encountered in the regularization of the system.
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Experimental validation

In this chapter some results regarding the experimental activity are presented. The primary aim
has been to apply the methods studied numerically in the previous chapters and use them on a
real study case. In doing that, a cantilever beam has been taken into consideration. Its simplicity
has allowed to easily study different configurations and to monitor the main structural responses.

The chapter is structured as follows:

� In Section 5.1 the study case is presented together with the applied sensors.

� Section 5.2 applies the beam model to reconstruct simple bending deflections of the beam
under concentrated loads.

� It has been observed that the flexibility of the beam root plays a major role in the deflection
reconstruction and a clamped boundary condition might deliver unconservative results.
Therefore, in Section 5.3 it is reviewed a method to estimate the rotational stiffness at the
beam root and it is assessed for the study case.

� In Section 5.4 the beam has been subjected to a combined bending and torsional load case.
The deflection will be retrieved with the beam model, with iFEM and with MM.

� Finally, in Section 5.5 some dynamic tests have been carried out with the aim to retrieve the
external load both in space and in time with the methods presented in Chapter 4.
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5.1 Geometry and sensors

The geometry of the structure used for the experimental set-up is shown in Figure 5.1: it consists
of a simple prismatic aluminum beam, thin-walled with rectangular cross-section. The beam
root is welded to a square aluminium plate as shown in Figure 5.2.
More details about the structure can be also found in another study [69].

Figure 5.1: Beam geometry and dimensions.

Figure 5.2: Picture of experimental set-up.

The beam has been instrumented with several sensors (Figure 5.3):

� 24 axial strain gauges.

� 3 strain gauges oriented with 45o w.r.t. the beam axis.

� 3 angle sensors, each one measures both bending and torsion angles.

� 3 wire sensors measuring the beam deflection.

� 1 load cell to measure the load applied.

The sensors (with the exception of the strain gauges, automatically calibrated by Simcenter

Testlab) have been calibrated as reported in the Table 5.1. Some examples of the measurements
carried out in order to estimate the sensors sensitivity is reported in Figure 5.4 and Figure 5.5
for respectively the wire sensors and the load cell.
All the measurements have been acquired with the help of Simcenter Testlab. The beam
geometry given to the software is reported in Figure 5.6.
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Figure 5.3: Sensors installed on the beam.

Figure 5.4: Measurement of wire-sensor
sensitivity.

Figure 5.5: Measurement of load cell
sensitivity.

Figure 5.6: Geometry of aluminum
beam in Simcenter Testlab.

Sensor Sensitivity

Wire sensor # 1 −0.0162mV/cm
# 2 −0.0161mV/cm
# 3 −0.0161mV/cm

Load cell 8.0015e− 07mV/kg
Angle sensor # 1 bending 308.58mV/◦

# 1 torsion −
Angle sensor # 2 bending 307.81mV/◦

# 2 torsion 306.27mV/◦

Angle sensor # 3 bending 309.36mV/◦

# 3 torsion 310.9mV/◦

Table 5.1: Sensor sensitivities.
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5.2 Pure bending tests with beam model

5.2.1 Tip load

The beam has been loaded with incrementally higher loads at the tip, pulling it upwards. The
axial strain history and the extracted values are shown in Figure 5.7. Five different steps have
been considered, with an increment of the tip load from the first to the last one.

(a) Strain gauge history. (b) Strain values along beam span for the identified 5 steps.

Figure 5.7: Axial strain gauge values for tip load case.

All the strain gauges show a linear behaviour along the beam span (Figure 5.7b), apart from
the ones at the root where a much higher value is observed. This effect is closely related to the
clamping of the beam, as it has also seen from the corresponding FE model (Figure 5.8).

(a) Root of the beam. (b) Axial strain from FE model.

Figure 5.8: Higher strains occurring at the beam root.

Since this is a local effect, not related to the beam behaviour, it has been decided not to
consider these values in the following shape sensing analysis. As a consequence, the beam has
been discretized with two inverse elements. The results for the first step are shown in Figure
5.9, where the iFEM results, the direct FEM and the experimental ones are shown. For the
other steps completely analogous results have been observed. The direct FEM results have been
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obtained applying a tip load with magnitude equal to the corresponding value of the load cell.
Furthermore, in the FE model the beam root has been completely clamped.

(a) Vertical deflection. (b) Rotation.

Figure 5.9: Deflection for step 1.

As it is possible to see, even though the iFEM results agree well with the Nastran ones, the
experimental values show a discrepancy common to all the cases analysed. This is deemed to
be due to the fact that the beam root is not exactly clamped, but shows some stiffness, also
because of the attachment with the square aluminium plate. Simplifying this attachment with
a rotational spring attached to the beam root, it is possible to estimate this stiffness from the
experimental rotational angle measurements close to the root. Since the load applied is known,
the rotational stiffness has been computed simply dividing the internal moment at the beam
root by the measured angle and the graph of Figure 5.10b has been obtained. For low values of
the load, the rotational stiffness seems to be relatively constant, but decreases significantly for
higher loads.

(a) Clamping of the beam. (b) Estimated rotational stiffness.

Figure 5.10: Study of the rotational stiffness at the beam root.

Using the experimental value of the rotational spring stiffness at the root, it is possible to correct
the results given by iFEM. In particular, the following approach can be followed:
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1. The internal moment can be written as:

My(x) = −x
∑
i

Pyi +
∑
i

Pyiri (5.1)

So, interpolating the axial strain as:

εx(x, y, z) = ε10 + y
(
ε20 + ε21x

)
+ z
(
ε30 + ε31x

)
(5.2)

the loads can be obtained as: ∑
i

Pziri = EIz0ε20∑
Pzi = −EIz0ε21

(5.3)

2. Considering the element at the beam root, the initial angle θy0 can be computed as:

θy0 =

∑
i Pziri
krot

(5.4)

3. At this point, iFEM can be carried out where, however, it is important to set as boundary
condition for θy the value of θy0. This can be done dividing the degrees of freedom in prescribed
and not, as follows: [

Kuu Kuk

Kku Kkk

] [
uu

uk

]
=

[
fu

fk

]
(5.5)

⇒ uu = K−1
uu

(
fu −Kukuk

)
where, at the beam root:

uk =
[
0 0 0 θy0 0

]⊤

(a) Vertical deflection. (b) Rotation.

Figure 5.11: Corrected deflection for step 1.

The results obtained with the beam model from iFEM can also be compared to the ones coming
from the Modal Method, also using a beam model, together with a rotational spring at the beam
root.
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(a) Mode shapes of beam with elastic root. (b) Deflection with Modal Method.

Figure 5.12: Beam model for Modal Method.

The obtained deflection, again for just for the first step, is shown in Figure 5.12. Overall, it is
close to the measured values, even if increasing the number of mode shapes does not stabilize
the deflection which keeps “oscillating” around the experimental measurements.

5.2.2 Two concentrated loads

The beam has been loaded by two concentrated loads, respectively at the tip and at the mid-span.
The loading device used allows to equally distribute the load between the two points (Figure
5.13). Also in this case the beam has been loaded in different steps (Figure 5.14). Just the
results for the first step will be shown, since for the others analogous observations hold.

The beam deflection has been recovered in
two ways. First, two inverse beam elements
have been used. Since the loads are applied
at their nodes, this should be the optimal
configuration. Then, a single element is used
but taking advantage from the formulation
based on distributed loads. That is, from the
experimental measurements the axial strain is
interpolated over the beam span as:

εx(x, z) = ε10 + z
(
ε20 + xε21 + x2ε22

)
(5.6)

and then is sampled at (x1, x2) as specified in
Chapter 2. In particular, in this case it was
considered (x1 = L/4, x2 = L), with L the
beam length. The results obtained have been
corrected with the root rotational stiffness and
are reported in Figure 5.15.

Figure 5.13: Beam loaded at mid-span and tip.
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(a) Strain gauge history. (b) Strain values along beam span for the identified 5
steps.

Figure 5.14: Strain values along beam span for the identified 3 steps.

In general there is a close correspondence between the deformations found with the two
approaches, meaning that for an unknown loading condition it is safe to act following the method
presented for distributed loads which, as a consequence, represents the most general case that
can be used to model unknown loading conditions with good results.

(a) Vertical deflection obtain with 2 inverse elements. (b) Vertical deflection obtained with a single inverse
element.

Figure 5.15: Comparison between experimental and reconstructed deflections for the beam loaded
by two concentrated forces.
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5.3 Assessment of root stiffness estimation

Since the root rotational stiffness plays an important role in the deflection reconstruction of a
beam, it is important to obtain an estimate of it in case it is not possible to directly obtain the
initial rotation angle as done before. A simple method has been proposed by [27] and in this
section the aim is to apply it in order to gain confidence in its applications for shape sensing
purposes.

Considering a freely vibrating mechanical system, the equation of motion can be written as:

−ω2Mx+Kx = f (5.7)

The degrees of freedom of the structure can be divided in the ones at the boundary (xb, subjected
to the reaction forces f b) and the ones within the structure (xr, where no external force is
applied). Let D = K − ω2M , then the system can be rewritten as:[

Dbb Dbr

D⊤
br Drr

] [
xb

xr

]
=

[
f b

0

]
(5.8)

And combining the two equations:(
Dbb −DbrD

−1
rr D

⊤
br

)
xb = f b (5.9)

At the same time the (unknown) reaction forces can be expressed from the boundary stiffness
matrix Kb:

Kbxb = −f b (5.10)

And so summing Eq.(5.10) and Eq.(5.9):(
Kb +Dbb −DbrD

−1
rr D

⊤
br

)
xb = 0 (5.11)

If the boundary is elastic, then xb is a non-zero vector and therefore the coefficient matrix must
be singular: ∣∣Kb +Dbb −DbrD

−1
rr D

⊤
br

∣∣ = 0 (5.12)

This equation should hold for every mode and so gives to possibility to estimate the entries ofKb.

In our case, the beam root can be modelled as in Figure 5.16 and so:

Figure 5.16: Beam with elastic root.

Kb =

[
k1 0
0 k2

]
At this point, the values of (k1, k2) which satisfy Eq.(5.12) for every mode will represent the
root stiffness.
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It is therefore necessary to obtain
experimentally the values of the natural
frequencies of the system. This has been
done with an impact hammer test. The beam
has been instrumented with accelerometers
sensors placed along three rows along the
beam span. The obtained mode shapes and
the corresponding frequencies are reported in
Figure 5.18.

Figure 5.17: Accelerometer sensor on
aluminum beam.

(a) Mode 1: 10.51 Hz (b) Mode 2: 26.52 Hz (c) Mode 3: 67.48 Hz

(d) Mode 4: 174.92 Hz (e) Mode 5: 184.31 Hz (f) Mode 6: 207.75 Hz

(g) Mode 7: 339.14 Hz

Figure 5.18: Experimental mode shapes.

Since the problem is in our case two-dimensional, we are interested only in the modes oscillating
in the vertical plane, so modes 1, 3, 5, 7 (mode 6 is a torsional mode and will be neglected). The
results are reported in Figure 5.19 showing that, due to experimental errors, the curves related
to the different characteristic equations do not exactly intersect at the same point. However, all
the intersection points seem to be reasonably close to 2.4 108 Nmm/rad, that is the measured
value of the root stiffness for low moments applied. A possible approach could be to simply take
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the average value among all the intersections which would bring to a stiffness estimation close
to the measured one.

(a) Curves from characteristic equation. (b) Experimental value of root stiffness in function of root
internal moment.

Figure 5.19: Root stiffness estimation.
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5.4 Combined bending and torsion test

The beam has been subjected to both bending and torsion applying as in Figure 5.20b a
concentrated force at the tip through a rod.

(a) Experimental set-up. (b) Geometry from FE model.

Figure 5.20: Aluminum beam under bending and torsion.

(a) Strain gauge history.

(b) Axial strain values along beam span. (c) Strain values at 45◦ along beam span.

Figure 5.21: Axial strain gauge measured values.
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The deformed shape will be reconstructed in three different ways: with the beam model (Section
5.4.1), with iFEM (Section 5.4.2) and with the Modal Method (Section 5.4.3). The beam has
been loaded in two steps. The history of the axial strain gauges output is shown in Figure 5.21.
As it is possible to see, the strain measurements near the tip do not follow the expected linear
behavior. This is mainly due to how the load has been introduced and it has been verified with
FEM (Figure 5.22). Since these values are not representative of the beam behavior, they have
been neglected in the bending deflection reconstruction for the beam model, considering for the
axial strains just the values highlighted in Figure 5.21b.

(a) Axial strain values over beam span. (b) FEM model of the beam under
combined bending and torsion.

Figure 5.22: Comparison between experimental and FE strains.

5.4.1 Beam model

For the twist angle reconstruction part,
the beam has been divided into three
equi-length sections, each one containing one
shear-sensitive strain gauge. The shear stresses
due to unit shear forces and unit torsion
moment applied on the section have been
recovered directly from FEM giving the results
reported in Table 5.2.

Shear stress

τ z12 −3.66 10−3 MPa/N
τ t12 −2.69 10−5 MPa/Nmm

Table 5.2: Shear stresses due to unit internal
loads

(a) Bending reconstruction. (b) Twist reconstruction.

Figure 5.23: Shape sensing with beam model for step 1.
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The reconstructed deformations are shown in Figure 5.23. As it is possible to see, the
shear-sensitive strain gauge near the tip is not representative of the torsional behaviour of the
beam and is not able to recover the twist angle in that region.

5.4.2 iFEM

The beam deflection has also been recovered using inverse shell elements together with the help
of a preliminary SEA pre-extrapolation of the strain field.

Given the measured strain, first SEA has been applied. In Figure 5.24 and Figure 5.25 the
variations of the residuals Φα and Φε are shown. While for the axial strain measures the
graph shows a quite distinct corner (Figure 5.24a) from which the value of α has been chosen
(α = 31.66), for the strain measured at 45◦ the value of Φε seems to be fairly independent on
the choice of α (Figure 5.25a). This is certainly due to the fact that this strain measure has
been sampled just on one side of the beam, not providing sufficiently measurements over the
whole surface. In the following, the value of α = 0.1 has been used for this strain field.

(a) Residuals curve. (b) Pre-extrapolated axial strain field εx.

Figure 5.24: SEA for axial strain field.

(a) Residuals curve. (b) Pre-extrapolated strain field ε1.

Figure 5.25: SEA for strain field measured by strain gauges at 45◦.

Now that the strain field has been pre-extrapolated, iFEM can be applied. It is important to note
that in this experiment no measurement of the transverse strain (εy) is done. This is necessary

195



CHAPTER 5. EXPERIMENTAL VALIDATION

because, in order to recover the shear strain, three measurements along three different directions
are needed. Since the structure in this case behaves like a beam, it is therefore assumed that
ε2 = −νε1. However, the strain is not actually measured in three different directions in the same
place, but generally there is a combinations of actual strain measurements and pre-extrapolated
strain fields. This affects the choice of the weights which have to be given to the different strain
measures. The following scheme has been used:

� For fully un-instrumented elements:

w =

[
10−4︸︷︷︸
εx0

10−4︸︷︷︸
εy0

10−4︸︷︷︸
γx0

10−4︸︷︷︸
κx0

10−4︸︷︷︸
κy0

10−4︸︷︷︸
κxy0

10−5︸︷︷︸
γxz

10−5︸︷︷︸
γyz

]
� For the elements in which the strain measurement at 45◦ lies, again the same weight w has
been used. This because, even though there is a real strain measurement, the computation of
the shear strain mixes the contributions of pre-extrapolated measurement and the actual one
as:

γxy =
εε − εSEA

x cos2 β + νεSEA
x sin2 β

cosβ sinβ

with εε the value of the actual strain measurement.

� For elements in which the axial strain measurements lie:

w =

[
1︸︷︷︸
εx0

10−4︸︷︷︸
εy0

10−4︸︷︷︸
γx0

1︸︷︷︸
κx0

10−4︸︷︷︸
κy0

10−4︸︷︷︸
κxy0

10−5︸︷︷︸
γxz

10−5︸︷︷︸
γyz

]
it is assumed that the panels on which the strain is measured undergo mainly a membrane
strain condition. For this reason the weight related to κx0 has been set to unity.

For the first step, the reconstruction of the displacement is shown in Figure 5.26 (magnified by 50
times). The effect of the elastic root has been corrected simply adding the corresponding initial
angle to the vertical deflection. In general it is possible to say that the results are completely
analogous to the beam model (Figure 5.27). This is also due to the fact that the transverse
strain was set equal to −νεx. The results for the second step are analogous and have not been
reported here.

Figure 5.26: Deformed shape obtained from iFEM (magnified).
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(a) Vertical deflection. (b) Twist reconstruction.

Figure 5.27: Shape sensing with iFEM for step 1.

5.4.3 MM

Finally, also the Modal Method has been used, obtaining the results of Figure 5.28 for the first
step. While for the bending deflection similar results to the previous cases can been observed,
for the twist one a different behaviour is reconstructed. Overall, now the twist is recovered also
near the tip, even though there is a larger error w.r.t. the first measurement.

(a) Vertical deflection. (b) Twist reconstruction.

Figure 5.28: Shape sensing with MM for step 1.

A total of 15 modes have been used for these analyses. The effect of the addition of the modes
is shown in Figure 5.29 for the first step. For a larger number, basically no difference has been
observed.
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(a) Vertical deflection.

(b) Twist reconstruction.

Figure 5.29: Effect of number of modes used for shape sensing with MM.
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5.5 Dynamic tests

A shaker has been mounted at the tip of the beam (Figure 5.30) and three different load cases
have been considered, with a sinusoidal tip force of frequency 1 Hz, 15 Hz and 20 Hz respectively.
The time histories of the measured tip force and deflections are reported in Figure 5.31.

Figure 5.30: Experimental set-up for dynamic tests.

(a) 1 Hz (b) 15 Hz

(c) 20 Hz

Figure 5.31: Measured tip deflection and applied forces for the three different load cases.
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Considering first just the shape sensing part, it is possible to compare the results obtained by
iFEM and by MM. Defining the displacement error as:

Error =

√√√√ 3∑
i=1

(
v
iFEM/MM
i − vεi

)2
where viFEM/MM is the vertical deflection reconstructed either by iFEM or MM at the ith

positions where the displacement is measured by a wire sensor (for a total of 3 sensors), then
for the 1 Hz load case the results of Figure 5.32 have been obtained. For the other load cases
similar results have been observed. In general, iFEM seems to perform better. However, it is
important to notice that the relative difference is actually relatively small.

Figure 5.32: Error of reconstructed displacement for iFEM and MM.

Furthermore, a few comments have to be done over the possibility to have a real time
displacement reconstruction with the methods used. The following situation has been observed:

� For MM, at each time step ti a simple matrix multiplication is necessary. That is:

ui = DST εεi

For the current study case, this takes around 2.7193e− 04 s.

� Using iFEM instead for each time step much more computations are required. In particular:

– SEA: assembly of the input vector f εx related to the axial strain measurements.

– SEA: computation of the axial strain field as: εx = K−1
εx f εx

– SEA: assembly of the input vector f ε45 related to the strain measurements at 45◦.

– SEA: computation the corresponding strain field as: ε45 = K−1
ε45f ε45

– iFEM: assembly of the input vector f from real and interpolated strain measurements.

– iFEM: computation of the displacements at time ti as: ui = K−1
iFEMf

For the current study this takes around 1.586 s.

In the current load recovery analysis therefore just the results coming from the MM will be
used, since much quicker to obtain. No particular difference was observed using iFEM, also
given the fact that a very simple load case is considered.
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Since the primary goal is to correctly recover the force in terms of magnitude and phase, for the
moment the point of application of the load will be considered as known. So, no interpolation
needs to be defined and instead the external pressure has been located just on the elements at
the tip where the force was actually present (Figure 5.33). In the next sections the methods
introduced in Chapter 4 will be applied to this study case.

Figure 5.33: Elements used for the reconstruction of the external pressure considering as known
the point of application of the external force.

5.5.1 Correction for the inertia forces

Using the approach outlined in Section 4.3.1, the results for the load case at 1 Hz and at 20 Hz
are respectively reported in Figure 5.34.

(a) Results for 1 Hz load case. (b) Results for 20 Hz load case.

Figure 5.34: Reconstructed total force applied correcting the static results for the inertia inertia
forces.

A few observations can be done as follows:

� In Figure 5.34a, the load seems to be approximately recovered. Even if the magnitude is not
perfectly obtained, the measured and reconstructed forces are in-phase.

� For the 20 Hz load case however, not only the magnitude of the force is wrong, but even
the phase shift (note that the frequency is higher than the first natural frequency) is not
recovered.
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From this small example it is therefore possible to see that when the inertia forces become
significant, the approach used here does not seem to deliver satisfactory results.

5.5.2 Deconvolution

In order to get better results, the method based on deconvolution has been used. First the
results obtained from the reconstructed displacement field with MM will be shown. Then, the
ones from the strain measurements.

The impulse response functions of the beam have been computed from the FEM model with
modal dynamics. For the three load cases the corresponding L-curves used to solve the
regularized system and the root shear force versus time have been plotted in Figure 5.36.
As it is possible to see, the load reconstruction works well for the cases at 1 Hz and 20 Hz, while
for the 15 Hz case a significant error is present. In order to explain that, it is important to
understand that the impulse response functions used to recover the load have been computed
from the FEM model of the clamped beam, that is with the root completely clamped (see Figure
5.33 for the mesh representation). Comparing the model natural frequencies with the measured
ones, it is possible to see that the values are not perfectly in accordance, as reported in Table
5.3. Since 15 Hz is relatively close to the first eigenfrequency of the beam, this is likely the cause
of the error. It is possible to improve the model adding the presence of the plate at the beam
root, as shown in Figure 5.35.

Figure 5.35: Mesh giving a better representation of actual model.

In this way, the new natural frequencies match a bit better with the experimental values (Table
5.3) and the new reconstructed load is shown in Figure 5.37. It is important to note that this
correction is possible just with the MM since for iFEM no measured strain would be available
on the root plate.

mode 1 mode 2 mode 3 mode 4 mode 5 mode 6

Hammer test fn 10.51 26.52 67.48 174.92 184.31 207.75
ζ 0.0167 0.0155 0.0106 0.0081 0.0056 0.0054

FEM clamped beam fn 12.0 36.0 73.197 192.12 195.20 217.56

FEM beam with plate fn 11.2 25.52 69.19 174.98 187.32 210.78

Table 5.3: Comparison of the natural frequencies of the beam.
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(a) 1 Hz: L-curve. (b) 1 Hz: Load reconstruction.

(c) 15 Hz: L-curve. (d) 15 Hz: Load reconstruction.

(e) 20 Hz: L-curve. (f) 20 Hz: Load reconstruction.

Figure 5.36: Load reconstruction using deconvolution.
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(a) 15 Hz: L-curve. (b) 15 Hz: Load reconstruction.

Figure 5.37: Load reconstruction at 15 Hz using improved model.

So far, the load reconstruction has been carried out performing the deconvolution on the whole
time domain in a single step. This was feasible since the load was looked for just on two elements.
If on the other hand it is desired to reconstruct the load on a larger surface, then it is necessary
to follow the method developed in Chapter 4, that is dividing the simulation in smaller intervals
and carrying out the deconvolution in each of them independently.

(a) First window. (b) Second window.

(c) Combination.

Figure 5.38: Reconstructed total vertical force for 20 Hz load case.
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The deconvolution has been done in parallel
using two windows shifted w.r.t. each
other (see Figure 5.38a and Figure 5.38b).
Combining the two results, the plot of Figure
5.38c was obtained which is in quite a good
agreement with the actual measured force.

At this point, the information of the location
of the applied force is dropped. That is, the
load is looked for on the whole upper surface
of the beam. In doing this, some control points
have been introduced as shown in Figure 5.39.

Repeating the analysis similarly as before, the
results of Figure 5.40 have been obtained.

Figure 5.39: Control points for pressure
interpolation over beam upper surface.

(a) First window. (b) Second window.

(c) Combination.

Figure 5.40: Reconstructed total vertical force for 20 Hz load case with load application region
the whole beam upper surface.
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The final results for the total vertical force are in good agreement with the actual applied load,
however a few comments have to be done:

� The resulting pressure distribution, even though it is concentrated near the tip where the
actual load is applied, it quite smeared over the whole upper surface as it is possible to see
in Figure 5.41. This is also a consequence of the usage of the control points in the solution
methodology which cause the load to be interpolated over a larger region. In order to limit
this effect, a relatively low shape factor of λ = 50 mm has been used.

Figure 5.41: Example of pressure distribution at particular time step.

� The choice of the regularization parameter is quite ambiguous in this particular case since the
resulting L-curve for each interval looks usually like the one reported in Figure 5.42.

Figure 5.42: Typical L-curve obtained from deconvolution.

where the choice of the regularization parameter used corresponds to the last corner of the
L-curve, even if it is far less pronounced compared to the others. If a less regularized solution is
chosen (that is, with a lower regularization parameter α), the resulting pressure field diverges
from the actual applied load. As an example, choosing the corner shown in Figure 5.43a, the
pressure field obtained looks like the one in Figure 5.43b. This results in a total shear force
at the root almost null (Figure 5.44a), while the moment still follows that actual applied one
(Figure 5.44b).
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(a) Choice of the L-curve corner. (b) Resulting pressure distribution at a particular time step.

Figure 5.43: Results for another choice of the regularization parameter.

(a) Total vertical force. (b) Root bending moment.

Figure 5.44: Comparison with experimental values with wrong choice of the regularization
parameter.

� Other ways to compute the regularization parameter have been used, such the the so-called
Generalized Cross Validation [51], but in all cases an under-regularized solution has been
obtained, leading to a very poor load reconstruction.

It is possible to make easier the choice of the regularization using a low order polynomial
interpolation as done in Chapter 4. Also here, the pressure field is expressed as a cubic
polynomial, only function of the z coordinate. The limited number of degrees of freedom renders
the L-curve corner very easy to identify, as already mentioned for the ISTAR wing. Furthermore,
again similarly to what happened for the wing, also here two possible candidates occur and it is
necessary that the user chooses the most suitable value (in this case, the one highlighted). The
results obtained from the polynomial expansion are quite good, as shown in Figure 5.45a where
the total vertical force is compared with the measured one (note that the error occurring at the
edges of the intervals has not been corrected as explained before).
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(a) L-curve obtained with low order polynomial interplation. (b) Total vertical force.

Figure 5.45: Load reconstruction using a low order polynomial interpolation.

Finally, the deconvolution has been applied using as input directly the strain measurements
instead of the recovered displacement field. Interpolating the pressure field using the control
points, again a similar situation to the one encountered before has been obtained (Figure 5.46a),
with an L-curve at each time interval which does not clearly show a single suitable choice for
the regularization parameter. For example, choosing the corner highlighted in Figure 5.46a, the
pressure field looks like in Figure 5.46b.

(a) Wrong choice for regularization parameter. (b) Corresponding pressure field at particular time step.

Figure 5.46: Load reconstruction using control point interpolation from strain measurements.

In order to improve the results, a polynomial interpolation has been employed. Using a third
order polynomial (to make a comparison with the previous case where the displacement field
was used as input), the corresponding L-curve is shown in Figure 5.47. In general, the choice
of a suitable regularization parameter is more ambiguous compared to before. This is likely due
to the fact that in this case fewer inputs are given and therefore more load cases would give a
good compromise between a low residual norm and a low norm of the regularized solution. The
regularization parameter which would give the best results is the one at the corner highlighted,
and the pressure field at a particular time instant in reported in Figure 5.47b as an example.
The total vertical force is compared with the applied one in Figure 5.48a, showing in general a
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relatively good match, even though the peaks are higher than the real ones. The root bending
moment is shown in Figure 5.48b. Furthermore, note that the simulation has been divided into
smaller temporal intervals, but the error at the edges has not been corrected with a second
simulation.

(a) L-curve and corner chosen. (b) Pressure reconstruction at particular time step.

Figure 5.47: Load reconstruction using low order polynomial interpolation from strain
measurements.

(a) Total vertical force. (b) Root bending moment.

Figure 5.48: Comparison with experimental values of load reconstruction from strain
measurements.

5.5.3 Frequency domain

In this section, the dynamic load on the aluminum beam is reconstructed using the frequency
domain method introduced in Chapter 4. In the following just the load case at 20 Hz will be
considered and the load will be derived using both the displacement field from MM and the
strain measurements.
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(a) L-curve. (b) Total vertical force.

Figure 5.49: Load reconstruction from displacement field with frequency domain method and load
application region only the beam tip.

(a) L-curve. (b) Total vertical force.

(c) Example of force distribution at a particular time step.

Figure 5.50: Load reconstruction from displacement field with frequency domain method and load
application region the whole upper beam surface.
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If the load is looked for just at the tip, then the load reconstruction proceeds without any
difficulty: the L-curve presents a sharp corner which makes it easy to identify a suitable
regularization parameter (Figure 5.49a) and the results are in good agreement with the
measurements (Figure 5.49b).

Next, the load is looked for on the entire upper surface similarly as done before. A fourth order
polynomial has been used to build the weighting matrix W . The L-curve presents two sharp
corners and, even though it changes throughout the simulation, always the higher regularization
parameter has been picked (Figure 5.50a) from which the load distribution can be obtained. The
total vertical force is more noisy (Figure 5.50b) compared to the one obtained with deconvolution,
probably due to the not optimal choice of the regularization parameter at each frequency. The
load is still quite smeared over the surface, even though it concentrates towards the tip. As
an example, the load distribution is reported in Figure 5.50c. Note that the magnitude of the
nodal vertical forces has been drawn, not the pressure distribution. This just to highlight the
difference w.r.t. the previous method: before the pressure distribution was directly retrieved,
while now the load vector is the quantity which is actually computed.
So far, the input used for the load reconstruction has always been the reconstructed displacement.
Now, the strain measurements will be used to directly recover the load in the frequency domain.
Again, only the 20 Hz load case will be analyzed.
Starting as before concentrating the load just at the tip, the framework explained in Chapter
4 has been used. The L-curve shows a clear choice for the regularization parameter and
correspondingly there is a relatively good load reconstruction in time (Figure 5.51).

Figure 5.51: Load reconstruction from strain measurements with load application region only the
beam tip.

A different situation occurs looking for the load on the whole upper surface. In general (and again
similarly as before) the L-curve shows two possible candidates for the regularization parameter,
as in Figure 5.52a. However, either choosing the smallest (Figure 5.52a) or the highest one
(Figure 5.52b), the reconstructed load does not seem to be satisfactory. This is probably due to
the fact that it is not clear which regularization parameter to pick at each frequency, and just
restricting the choice on smaller / higher values as done here does not lead to good results.
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(a) Typical L-curve.

(b) Total vertical force using the lower regularization
parameter.

(c) Total vertical force using the higher regularization
parameter.

Figure 5.52: Load reconstruction from strain measurements with frequency domain method and
as load application region the whole upper beam surface.
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5.6 Summary of the chapter

The aluminum beam used as case study has allowed to apply the methods described in the
previous chapters on a relatively simple structure but which offers some interesting features.
The most relevant for the shape sensing framework is the finite stiffness of the root. This
parameter has been both measured experimentally and estimated theoretically with a method
available in literature. Correcting for the root stiffness, simple static tests have been done. The
bending deflection is in general well recovered, while the twist angle reconstruction is highly
influenced by how the load is introduced. This affected particularly the beam model and iFEM
with iQS4 elements.
In the last part of the chapter, some dynamic tests have been used to reconstruct time-varying
loads. The correction of the static solution seems to work only for the low-frequency case,
giving completely erroneous results for higher dynamics. The deconvolution and the frequency
domain method on the other hand are able to give correct answers if the load is reconstructed
only in time. However, if the spacial reconstruction is added, the situation is more challenging.
This is mainly due to the difficulty in choosing a suitable regularization parameter. Similar
cases have been observed either recovering the load from the measured strains and from the full
displacement field.
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Chapter 6

Conclusions

6.1 Main conclusions and answers to research questions

The work presented has been divided into three main parts, which correspond to the research
questions that were initially posed. All the studies illustrated have contributed to the main
research objective of the work, that is retrieving the deformed shape of the structure and in
turn the external loads with a limited number of strain measurements.

Is it possible to develop a simple beam model which requires the minimum amount
of input strain data, but which allows to obtain the deformations of relatively
complex beam-like structures?

To answer this question, the framework of iFEM has been exploited and a simple beam model
to recover both bending and torsional deformations has been discussed.
Regarding the reconstruction of the bending displacements, it is suggested the idea to sample
the strain where it is more “convenient” such that the deflection is overall captured without
the need to use additional gauges. In this way a very limited amount of input strain data
is necessary. This method is extended to tapered beams, therefore making it suitable also
for relatively complex geometries. The main disadvantage in this context is the necessity to
estimate the external loads. Two methods have been proposed, either from the interpolation of
the strain field or from a linear superposition of a step-wise constant distributed loads.
The reconstruction of the twist angle on the other hand is simply done piece-wise on each
element domain. From the bending deflection, the shear stress due to just torsional forces is
derived and this in turn allows to compute the twist rate.
Overall, in this framework for each element just 6 strain measurements are needed (5 axial
for bending reconstruction and 1 with a certain angle w.r.t. the beam axis for the twist
reconstruction). Relatively complex beam-like structures have been simulated, including the
ISTAR demonstrator wing. In general the bending deflections were retrieved also for the most
complex geometries, while the twist accuracy decreases for tapered beams.

How does iFEM perform in case of sparse strain measurements in comparison
with the Modal Method? And which approach is advisable for the shape sensing
monitoring of wing-like structures under real measurement conditions?

The iFEM capabilities have been significantly improved coupling it with a preliminary strain
pre-extrapolation carried out with the help of SEA. This allows to apply iFEM also in case
of sparse strain measurements, otherwise its results would be completely meaningless. In this
context, for the SEA analysis a 4-node element has been used which appeared to perform better
compared to the already available 3-node one. Comparing MM with iFEM using the ISTAR
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demonstrator wing as study case however, shows that MM still is able to perform better giving
the most accurate results. This has been assessed also through an uncertainty quantification
study from which the error distribution with MM is lower compared to the one from iFEM. So,
at least for the case study analyzed, it can be concluded that for sparse strain measurements
MM gives a good estimate of the deformation and that, unless the material properties of the
structure are completely unknown and untrustworthy, it can be considered to be a reliable
shape sensing method.

Can the external loads be reconstructed from the deformed shape computed with
the selected shape sensing scheme? And how do the results compare with the load
reconstructed directly from the measured strains?

The external loads have been reconstructed under the form of a pressure field. The existing
approaches based on a load superposition were considered the most promising and they have
been improved introducing a preliminary interpolation of the pressure field followed by a
regularization of the system. The procedure is basically the same either if it is carried out
from the strain measurements or from the displacement field. Reconstructing the pressure field
with the strain data has given the most accurate results, even if it showed to be quite sensitive
because of the input noise in the strain measurements. In this context, the load reconstruction
with iFEM was the most stable method, but not the best considering the absolute value of the
error.

After having completed the study for static loads, also dynamic loads have been considered.
Reconstructing time-varying loads has proved to be a much more challenging task. Among
the methods used, the deconvolution seems to give the most consistent results. It has been
improved to be able to simulate relatively long time intervals, but it generally suffers from the
fact of choosing a suitable regularization parameter.

6.2 Recommendations for future work

Regarding the beam model, the main limitation consists in the poor twist reconstruction for
the most complex geometries. A possible improvement which has not been studied in this work
would consist in developing an analytical solution of the twist angle variation for tapered beams
under constrained warping. This would give significantly better results for cases where the
beam root can be considered to be completely restrained since, being the twist reconstructed
sequentially, a small variation at the root has in general large effects for the twist angle at the
tip.
Furthermore, an uncertainty quantification study in this context is still missing in order to
determine the impact of measurement and system uncertainties.
Another important point to mention is that the beam model used should be assessed also
for more conventional wings since the application studied has been just about a simple
load-carrying composite skin wing filled with foam.

Similarly, for the shape sensing part using shell elements a future extension of the present work
is certainy represented by the assessment of the results for more classical wings in case of sparse
strain measurements.

Finally, the study which certainly requires the largest improvements is the load reconstruction
of time-varying loads. Using the framework which has been used in this thesis, the main issue
consists in finding a suitable regularization parameter. Therefore, further studies in this direction
are necessary.

215



Appendix A

Hermite polynomials derivation

When both the function and its first derivative have to be assigned at each interpolation point,

then the polynomial is called Hermite and is generally defined with the notation H
(N)
ki , with N

the number of derivatives to be interpolated, k an index going from 0 toN and i the interpolation
point.
As explained in [60], the Hermite polynomials have the following property:

drH
(N)
ki

dxr

∣∣∣∣
xp

= δipδkr

where i = {1, 2}, p = {1, 2}, k = {0, ..., N}, r = {0, ..., N} and xp is the coordinate of
the interpolation point. Considering a two point interpolation (as for the 0th order inverse
Euler-Bernoulli beam element), then from the previous relation the explicit expression of the
Hermite polynomials can be easily obtained:

� For the case N = 0 (that is only the function and not its derivatives are interpolated) the
expression results to be the same of a Lagrange polynomial. It follows that:

H
(0)
0i (xp) = δipδ00 = δip

For i = 1, then: {
H

(0)
01 (x1) = 1

H
(0)
01 (x2) = 0

For i = 2, then: {
H

(0)
02 (x1) = 0

H
(0)
02 (x2) = 1

Setting x1 = 0 and x2 = Le the usual Lagrange polynomial expressions can be derived.

� For the case N = 1 (both the function and its first derivative are interpolated) then:
H

(1)
ki (xp) = δipδk0

dH
(1)
ki

dx

∣∣∣∣
xp

= δipδk1
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For example, using i = 1 and k = 0, then:

H
(1)
01 (x1) = 1

H
(1)
01 (x2) = 0

dH
(1)
01

dx
(x1) = 0

dH
(1)
01

dx
(x2) = 0

Since four conditions are given, the polynomial can be written with a cubic expression as:

H
(1)
01 (x) = a1 + a2x+ a3x

2 + a4x
3

And using the previous equations the coefficients a1, a2, a3 and a4 can be easily determined.

Analogously, the same procedure can be followed to obtain H
(1)
02 , H

(1)
11 and H

(1)
12 .

For the case of a three point interpolation, the situation remains similar. The Hermite
polynomial becomes of fifth degree and so:

H
(1)
ki = a1 + a2x+ a3x

2 + a4x
3 + a5x

4 + a6x
5

and for example to obtain H
(1)
01 the following equations have to be satisfied:

H
(1)
01 (0) = 1

H
(1)
01 (L(e)/2) = 0

H
(1)
01 (L(e)) = 0

dH
(1)
01

dx

∣∣∣∣
x=0

= 0

dH
(1)
01

dx

∣∣∣∣
x=L(e)/2

= 0

dH
(1)
01

dx

∣∣∣∣
x=L(e)

= 0

The following expressions can be obtained:

H
(1)
01 (x) = 1− 23

(L(e))2
x2 +

66

(L(e))3
x3 − 68

(L(e))4
x4 +

24

(L(e))5
x5

H
(1)
0m(x) =

16

(L(e))2
x2 − 32

(L(e))3
x3 +

16

(L(e))4
x4

H
(1)
02 (x) =

7

(L(e))2
x2 − 34

(L(e))3
x3 +

52

(L(e))4
x4 − 24

(L(e))5
x5

H
(1)
11 (x) = x− 6

(L(e))
x2 +

13

(L(e))2
x3 − 12

(L(e))3
x4 +

4

(L(e))4
x5

H
(1)
1m(x) = − 8

(L(e))
x2 +

32

(L(e))2
x3 − 40

(L(e))3
x4 +

16

(L(e))4
x5

H
(1)
12 (x) = − 1

(L(e))
x2 +

5

(L(e))2
x3 − 8

(L(e))3
x4 +

4

(L(e))4
x5
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Appendix B

Analytical Euler - Bernoulli
derivations

Considering a clamped beam under tip load as in Figure B.1, from the Euler-Bernoulli beam
theory the following equation holds:

EI
d4w

dx4
= q

with q the distributed load. In this case q = 0 and so, integrating four times it is possible to
obtain:

w(x) =
c1
6
x3 +

c2
2
x2 + c3x+ c4

Figure B.1: Cantilever beam under tip load using Euler-Bernoulli beam theory

The coefficients c1, c2, c3, c4 can be determined from the boundary conditions. In particular,
knowing that the curvature is given by:

κ(x) = −d2w

dx2
=
M(x)

EI

It is possible to write: 

w(0) = 0
dw

dx

∣∣∣∣
x=0

= 0

M(0) = −Fl
M(l) = 0

From which it is possible to obtain:

w(x) =
F

6EI
x3 − Fl

2EI
x2

Then, knowing that M(x) = F (x− l) and that:

σx(x, z) =
M(x)

I
z
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it follows that:

εx(x, z) =
M(x)

EI
z =

F (x− l)
EI

z

Considering now a distributed load, the procedure is analogous:

EI
d4w

dx4
= q ⇒ w(x) =

q

EI

x4

24
+ c1

x3

6
+ c2

x2

2
+ c3x+ c4

Figure B.2: Cantilever beam under tip load using Euler-Bernoulli beam theory

From the boundary conditions:

w(0) = 0
dw

dx

∣∣∣∣
x=0

= 0

V (l) = 0 ⇒ −EI d
3w

dx3

∣∣∣∣
x=l

= 0

M(l) = 0 ⇒ −EI d
2w

dx2

∣∣∣∣
x=l

= 0

From which it follows that:

w(x) =
q

EI

(
x4

24
− l

6
x3 +

l2

4
x2
)

And knowing that the internal moment is given by:

M(x) = q

(
x2

2
− lx+

l2

2

)
then:

εx(x) =
M(x)

EI
z =

q

EI

(
x2

2
− lx+

l2

2

)
z
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Appendix C

Analytical shear stress for
thin-walled box beam

The shear flow q = τt along the cross section
shown in Figure C.1 can be obtained first
“opening” the cross section (for example at 1)
and computing the “basic” shear flow qb. Then,
the constant shear flow qs,0 can be obtained.
Since the section has double symmetry, it
is possible to obtain the following general
expression [63]

qb(ξ) = −
Vz
Iy

∫ ξ

0
tzdξ + (shear flow at ξ = 0)

Then, for each panel starting from 1:

Figure C.1: Rectangular thin-walled
cross-section.

1-2)

qb(ξ) = −
Vz
Iy

∫ ξ

0
−th

2
dξ =

Vzth

2Iy
ξ

2-3)

qb(ξ) = −
Vz
Iy

∫ ξ

0
t

(
ξ − h

2

)
dξ +

Vzthb

4Iy
=
Vzt

Iy

(
−ξ

2

2
+
hξ

2
+
hb

4

)
3-4)

qb(ξ) = −
Vz
Iy

∫ ξ

0

th

2
dξ +

Vzthb

4Iy
=
Vzt

Iy

(
−h
2
ξ +

h

4
b

)
4-5)

qb(ξ) = −
Vz
Iy

∫ ξ

0
t

(
h

2
− ξ
)
dξ − Vzthb

4Iy
= −Vzt

Iy

(
h

2
ξ − ξ2

2

)
− Vzthb

4Iy

5-1)

qb(ξ) = −
Vz
Iy

∫ ξ

0
−ht

2
dξ − Vzthb

4Iy
=
Vzht

Iy

(
ξ

2
− b

4

)

At this point, the constant shear flow qs,0 can be computed as: qs,0 = −

∮
pqbdξ

2Ω
= 0

where p is the distance from then shear center and Ω the area enclosed by the section. Therefore:
q = tτ = qb.
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Appendix D

Deflection of tapered beam under
constant load (single element)

The internal moment can be easily computed and is given by:

My(x) = −
qz
2
x2 + qzL

(e)x− qz
2
L(e)2 (D.1)

And so using the Euler-Bernoulli assumptions the deflection can be computed as:

w(x) = −
∫∫

My(x)

EIy(x)
dxdx = − 1

EIy0

∫∫
1

(1 + cx)3

(
−qz

2
x2 + qzL

(e)x− qz
2
L(e)2

)
dxdx (D.2)

Figure D.1: Tapered beam under constant distributed load.

The linear moment which comes from the inverse element used can be expressed as (Figure D.1):

My(x) =

(
My2 −My1

x2 − x1

)
(x− x1) +My1 (D.3)

and so its deflection is:

w(x) = −
∫∫

My(x)

EIy(x)
dxdx (D.4)

Integrating it is possible to obtain:

dw

dx
=

qz
4

−2 ln(cx+ 1)c2x2 + L(e)2c2 − 4L(e)c2x− 4 ln(cx+ 1)cx− 2L(e)c− 4cx− 2 ln(cx+ 1)− 3

c3(cx+ 1)2
+ C1

(D.5)
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APPENDIX D. DEFLECTION OF TAPERED BEAM UNDER CONSTANT LOAD
(SINGLE ELEMENT)

w(x) = qz

[
−1

4c4(cx+ 1)
− 1

2

ln(cx+ 1)x

c3
+

1

2

x

c3
− 3

2

ln(cx+ 1)

c4
+

1

2c4
− 1

2

L(e)

c3(cx+ 1)
+

− L(e) ln(cx+ 1)

c3
− 1

4

L(e)2

c2(cx+ 1)

]
+ C1x+ C2

(D.6)

dw

dx
=
qz
4

L(e)2c− 4L(e)cx+ 2cxx1 + 2cxx2 − cx1x2 − 2L(e) + x1 + x2
c2(cx+ 1)2

+ C3 (D.7)

w(x) = − qz
4c3(cx+ 1)

[
4L(e) ln(cx+ 1)cx− 2 ln(cx+ 1)cxx1 − 2 ln(cx+ 1)cxx2 + L(e)2c+

− cx1x2 + 4L(e) ln(cx+ 1)− 2 ln(cx+ 1)x2 + 2L(e) − x1 − x2
]
+ C3x+ C4

(D.8)
Applying the boundary conditions:

dw

dx

∣∣∣∣
x=0

=
dw

dx

∣∣∣∣
x=0

⇒ C3 =
qz
4

[
L(e)2c2 − 2L(e)c− 3

c3
− L(e)c− cx1x2 − 2L(e) + x1 + x2

c2

]
+ C1

(D.9)

w(0) = w(0)

⇒ C4 = qz

[
1

4c4
− L(e)

2c3
− L(e)2

4c2
+
L(e)2c− cx1x2 + 2L(e) − x1 − x2

4c3

]
+ C2

(D.10)

And so now it can be obtained the equation which relates x1 and x2 from:

w(x = L(e)) = w(x = L(e)) (D.11)

and which can be solved numerically.
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Appendix E

Deflection of tapered beam under
constant load (multiple elements)

As reported in the text, the internal moment of the element is given by:

My(x) = qz

(
L(e)x− x2

2

)
+

(∑
i+1

qziL
(e)
i

)
x−

∑
i

qziL
(e)
i ri (E.1)

And so the equivalent moment is:

Meq(x) =
1

(1 + cx)3

[
qz

(
L(e)x− x2

2

)
+

(∑
i+1

qziL
(e)
i

)
x−

∑
i

qziL
(e)
i ri

]
(E.2)

IntegratingMy and My(x) it is possible to obtain the deflection:

dw

dx
= −1

2

qz ln (cx+ 1)

c3
+

1

2

qz L

c2 (cx+ 1)2
+

1

2

∑
i qziL

(e)
i ri

c (cx+ 1)2
+

+
1

2

∑
i+1 qziL

(e)
i

c2 (cx+ 1)2
+

1

4

qz

c3 (cx+ 1)2
− qz L

c2 (cx+ 1)
−
∑

i+1 qziL
(e)
i

c2 (cx+ 1)
− qz

c3 (cx+ 1)
+ C1

(E.3)

w(x) = −qz L ln (cx+ 1)

c3
−
∑

i+1 qziL
(e)
i ln (cx+ 1)

c3
− 3

2

qz ln (cx+ 1)

c4
+

− 1

2

qz L

c3 (cx+ 1)
− 1

2

∑
i qziL

(e)
i ri

c2 (cx+ 1)
− 1

2

∑
i+1 qziL

(e)
i

c3 (cx+ 1)
− 1

4

qz
c4 (cx+ 1)

+

− 1

2

qz ln (cx+ 1)x

c3
+ 1/2

qz x

c3
+

1

2

qz

c4
+ C1x+ C2

(E.4)

dw

dx
=

1/2x2 − x1 x
x2 − x1

·

·
(
qz
(
Lx2 − 1/2x2

2
)
+
∑

i+1 qziL
(e)
i x2 −

∑
i qziL

(e)
i ri

(cx2 + 1)3
+

−
qz
(
Lx1 − 1/2x1

2
)
+
∑

i+1 qziL
(e)
i x1 −

∑
i qziL

(e)
i ri

(cx1 + 1)3

)
+

+

(
qz
(
Lx1 − 1/2x1

2
)
+
∑

i+1 qziL
(e)
i x1 −

∑
i qziL

(e)
i ri

)
x

(cx1 + 1)3
+ C3

(E.5)
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(MULTIPLE ELEMENTS)

w(x) =
1/6x3 − 1/2 x1 x2

x2 − x1
·

·
(
qz
(
Lx2 − 1/2x2

2
)
+
∑

i+1 qziL
(e)
i x2 −

∑
i qziL

(e)
i ri

(cx2 + 1)3
+

−
qz
(
Lx1 − 1/2x1

2
)
+
∑

i+1 qziL
(e)
i x1 −

∑
i qziL

(e)
i ri

(cx1 + 1)3

)
+

+ 1/2

(
qz
(
Lx1 − 1

2 x1
2
)
+
∑

i+1 qziL
(e)
i x1 −

∑
i qziL

(e)
i ri

)
x2

(cx1 + 1)3
+

+ C3x+ C4

(E.6)

The relations between the integration constants can be obtained from the boundary conditions:
dw

dx

∣∣∣∣
x=0

=
dw

dx

∣∣∣∣
x=0

w(0) = w(0)

(E.7)

And so the equationw(L(e)) = w(L(e)) delivers the sought for relation between x1 and x2 which
can be solved numerically.
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Appendix F

Analytical solution of tapered beam
under concentrated load

Figure F.1: Tapered beam under concentrated load P at x = l.

The tapered beam shown in Figure F.1 is loaded by a concentrated force P at x = l. So the
internal moment My(x) is given by:

My(x) =

P (x− l) ; x ≤ l

0 ; x > l
(F.1)

And the deflection can be computed from:

w(x) = −
∫∫

My(x)

EIy(x)
dxdx = − 1

EIy0

∫∫
My(x)

(1 + cx)3
dxdx (F.2)

The results are reported below:

� x < l:

w(x) = − P

EIy0

(
−1

2

2 ln(1 + cx)cx+ lc+ 2 ln(1 + cx) + 1

c3(1 + cx)
+ C1x+ C2

)
(F.3)

where from w(0) = 0 and w
′
(0) = 0 it follows that:

C1 = −
1

2

cl − 1

c2
; C2 =

1

2

lc+ 1

c3

� x ≥ l:
w(x) = C3x+ C4 (F.4)

where from the continuity of w(x) and w
′
(x) at x = l with the previous case it follows that:

C3 = −
1

2

cl + 1

c2(1 + cl)2
+ C1

C4 = −
1

2

2 ln(1 + cl)cl + cl + 2 ln(1 + cl) + 1

c3(1 + cl)
+ C1l + C2 − C3l

225



Appendix G

Analytical solution of tapered beam
under locally constant load

Figure G.1: Tapered beam under locally constant load qz.

Consider a tapered beam subjected to a constant load qz between x = l and x = l + L (Figure
G.1). The internal moment along the beam span is given by:

My(x) =


qzLx− qzL

(
l +

L

2

)
; x < l

qzL

[
x− 1

L

(
x2

2
− lx

)]
− qz

(
L2

2
+
l2

2
+ Ll

)
; l ≤ x < l + L

0 ; x ≥ l + L

(G.1)

And so the deflection can be computed from:

w(x) = −
∫∫

My(x)

EIy(x)
dxdx = − 1

EIy0

∫∫
My(x)

(1 + cx)3
dxdx (G.2)

The results are reported below:

� x < l:

w(x) = −1

4

qz L (4 ln (cx+ 1) cx+ Lc+ 2 lc+ 4 ln (cx+ 1) + 2)

c3 (cx+ 1)
+ C1x+ C2 (G.3)
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where:

C1 = −
1

4

qzL

c2
(Lc+ 2cl − 2)

C2 =
1

4

qzL

c3
(Lc+ 2lc+ 2)

� l ≤ x < l + L

w(x) = −qz L ln (cx+ 1)

c3
− qz l ln (cx+ 1)

c3
− 3

2

qz ln (cx+ 1)

c4

− 1

4

qz L
2

c2 (cx+ 1)
− 1

2

qz Ll

c2 (cx+ 1)
− 1

4

qz l
2

c2 (cx+ 1)

− 1

2

qz L

c3 (cx+ 1)
− 1/2

qz l

c3 (cx+ 1)
− 1

4

qz

c4 (cx+ 1)

− 1

2

qz ln (cx+ 1)x

c3
+

1

2

qz x

c3
+ 1/2

qz
c4

+ C3x+ C4

(G.4)

where:

C3 =
qz (2 ln (c l + 1) + 2Lc+ 6 c l − L2 c2 + 3 c2 l2)

4 c3 (c l + 1)2
+

+
qz(4 c l ln (c l + 1) + 2Lc2 l + 2 c2 l2 ln (c l + 1) + 3)

4 c3 (c l + 1)2
+

− Lqz (Lc+ 2 c l − 2)

4 c2
− Lqz (2 c l − Lc+ 2)

4 c2 (c l + 1)2

C4 = l

[
Lqz (Lc+ 2 c l − 2)

4 c2
+
Lqz (2 c l − Lc+ 2)

4 c2 (c l + 1)2
+

− qz (2 ln(c l + 1) + 2Lc+ 6 c l − L2 c2 + 3 c2 l2 + 4 c l ln(c l + 1)

4 c3 (c l + 1)2

]
+

− qz(2Lc
2 l + 2 c2 l2 ln(c l + 1) + 3)

4 c3 (c l + 1)2

]
+

+
Lqz (Lc+ 2 c l + 2)

4 c3
− L l qz (Lc+ 2 c l − 2)

4 c2
+

− Lqz (4 ln(c l + 1) + Lc+ 2 c l + 4 c l ln(c l + 1) + 2)

4 c3 (c l + 1)

+
qz (6 ln(c l + 1) + 2Lc− 2 c l + L2 c2 − c2 l2 + 4Lc ln(c l + 1)

4 c4 (c l + 1)(
+

+
qz(12 c l ln(c l + 1) + 2Lc2 l + 6 c2 l2 ln(c l + 1) + 4Lc2 l ln(c l + 1)− 1)

4 c4 (c l + 1)

� x ≥ l + L:
w(x) = C5x+ C6 (G.5)
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CONSTANT LOAD

C6 = l
L qz (Lc+ 2 c l − 2)

4 c2

− qz (2 ln(c l + 1) + 2Lc+ 6 c l − L2 c2 + 3 c2 l2 + 4 c l ln(c l + 1) + 2Lc2 l + 2 c2 l2 ln(c l + 1) + 3)

4 c3 (c l + 1)2
+

Lqz (2 c l − Lc+ 2)

4 c2 (c l + 1)2
)− (L+ l) (

Lqz (Lc+ 2 c l − 2)

4 c2
+

− qz (2 ln(c l + 1) + 2Lc+ 6 c l − L2 c2 + 3 c2 l2 + 4 c l ln(c l + 1) + 2Lc2 l + 2 c2 l2 ln(c l + 1) + 3)

4 c3 (c l + 1)2
+

+
Lqz (2 c l − Lc+ 2)

4 c2 (c l + 1)2
)+

+ (L+ l)
qz (2 ln(c (L+ l) + 1) + 2Lc+ 2 c l − L2 c2 + 4 c (L+ l)

4 c3 (c (L+ l) + 1)2
+

+
−c2 l2 + 2 c2 ln(c (L+ l) + 1) (L+ l)2

4 c3 (c (L+ l) + 1)2
+

+ (L+ l)
qz(4 c ln(c (L+ l) + 1) (L+ l) + 4Lc2 (L+ l) + 4 c2 l (L+ l)− 2Lc2 l + 3)

4 c3 (c (L+ l) + 1)2
+

− qz (2 ln(c l + 1) + 2Lc+ 6 c l − L2 c2 + 3 c2 l2 + 4 c l ln(c l + 1) + 2Lc2 l + 2 c2 l2 ln(c l + 1) + 3)

4 c3 (c l + 1)2
+

+
Lqz (Lc+ 2 c l − 2)

4 c2
+
Lqz (2 c l − Lc+ 2)

4 c2 (c l + 1)2
)+

+
Lqz (Lc+ 2 c l + 2)

4 c3
+

− qz (6 ln(c (L+ l) + 1) + 2Lc+ 2 c l − 2 c2 (L+ l)2

4 c4 (c (L+ l) + 1)
+

+
qz(L

2 c2 − 4 c (L+ l) + c2 l2 + 2 c2 ln(c (L+ l) + 1) (L+ l)2)

4 c4 (c (L+ l) + 1)
+

− qz(8 c ln(c (L+ l) + 1) (L+ l) + 4Lc ln(c (L+ l) + 1)

4 c4 (c (L+ l) + 1)
+

+
qz(4 c l ln(c (L+ l) + 1)

4 c4 (c (L+ l) + 1)
+

+
qz(2Lc

2 l + 4Lc2 ln(c (L+ l) + 1) (L+ l) + 4 c2 l ln(c (L+ l) + 1) (L+ l)− 1)

4 c4 (c (L+ l) + 1)
+

+
qz (6 ln(c l + 1) + 2Lc− 2 c l + L2 c2 − c2 l2 + 4Lc ln(c l + 1) + 12 c l ln(c l + 1)

4 c4 (c l + 1)
+

+
qz(2Lc

2 l + 6 c2 l2 ln(c l + 1) + 4Lc2 l ln(c l + 1)− 1)

4 c4 (c l + 1)
+

− L l qz (Lc+ 2 c l − 2)

4 c2
− Lqz (4 ln(c l + 1) + Lc+ 2 c l + 4 c l ln(c l + 1) + 2)

4 c3 (c l + 1)
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C5 =
qz [2 ln (c l + 1) + 2Lc+ 6 c l − L2 c2 + 3 c2 l2

4 c3 (c l + 1)2
+

qz[4 c l ln (c l + 1) + 2Lc2 l + 2 c2 l2 ln (c l + 1) + 3]

4 c3 (c l + 1)2
+

− qz [2 ln (c (L+ l) + 1) + 2Lc+ 2 c l − L2 c2 + 4 c (L+ l)− c2 l2 + 2 c2 ln (c (L+ l) + 1) (L+ l)2

4 c3 (c (L+ l) + 1)2
+

− qz[4 c ln (c (L+ l) + 1) (L+ l) + 4Lc2 (L+ l) + 4 c2 l (L+ l)− 2Lc2 l + 3]

4 c3 (c (L+ l) + 1)2
+

− Lqz (Lc+ 2 c l − 2)

4 c2
− Lqz (2 c l − Lc+ 2)

4 c2 (c l + 1)2

where all the integration constant have been obtained setting that w(0) = 0, w′(0) = 0 and C1

continuity at x = {l, l + L}.
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Appendix H

Shear stress for tapered wing
converging towards its shear center

In this example, the point at which the wing is converging has been set on the shear center of
the tip cross-section (in Figure H.1).

Figure H.1: Tapered wing converging towards its shear center.

A load of 1 N has been applied at the tip shear center and the shear stress has again been
recovered at the three span locations of Figure H.1.

(a) x = 2200 mm (b) x = 1250 mm (c) x = 200 mm

Figure H.2: Shear stress distribution at three different cross-sections.

As it is possible to see from Figure H.2, a small geometrical variation has led to significant
differences on the behaviour of the shear stress, especially towards the leading edge where a
high peak appears. With the method developed, these differences are well captured as it is
possible to see comparing with the reference FEM solution.
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Appendix I

Computation of laminate elastic
properties

Considering a plane-stress configuration, for each ply k the stress and strain vectors can be
related as: σ1σ2

τ12

 =

Q11 Q12 0
Q21 Q22 0
0 0 Q66


︸ ︷︷ ︸

Q(k)

 ε1ε2
γ12

 (I.1)

where:

Q11 =
E11

1− ν12ν21
; Q22 =

E22

1− ν12ν21
; Q12 =

ν12E22

1− ν12ν21
; Q21 = Q12 ; Q66 = G12

The ply stiffness matrix Q(k) is expressed in the ply reference system. In order to express it in
the laminate reference system, a transformation can be applied following the standard tensor

rotations and so obtaining the stiffness matrix Q
(k)
xy .

At this point the laminate A, B and D matrices can be computed as:

A =
∑
k

Q(k)
xy

(
zk − zk−1

)
B =

∑
k

1

2
Q(k)

xy

(
z2k − z2k−1

)
D =

∑
k

1

3
Q(k)

xy

(
z3k − z3k−1

) (I.2)

with zk the coordinate of the ply interfaces measured from the laminate mid-plane. So, the
ABD matrix can be obtained as:

ABD =

[
A B
B D

]
(I.3)

whose inverse is:

abd =

[
A B
B D

]−1

(I.4)

And now the laminate stiffness properties can be directly computed. For example, the membrane
elastic modulus is given by [14]:

Exx =
1

habd(1, 1)
(I.5)

with h the laminate thickness and abd(1, 1) the corresponding component of the abd matrix
(MATLAB notation).
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Appendix J

Anisotropic interpolation

As pointed out in [64], an enormous amount of effort has been devoted to the development of
finite elements for the bending of plates. In particular, the main problem consists in finding
elements capable of giving good predictions over wide range of thicknesses without incurring
in the so-called shear locking. This means that for thin beams (and correspondingly plates)
overly stiff elements are obtained. An intuitive explanation of this phenomenon can be found in
[64], but more insight is probably given in [9]. It is well known that the difference between the
bending rotation θ and ∂w/∂x gives the shear angle β:

β =
∂w

∂x
− θ (J.1)

Now, if the shear is negligible it follows that:

θ =
∂w

∂x
(J.2)

Consider now that, for example, both w and θ are interpolated linearly along the element as:

w = a0 + a1ξ

θ = b0 + b1ξ
(J.3)

with ξ = x/L(e). That is, just for the purpose of illustration, the element in Figure J.1 in
considered.

Figure J.1: Two-node element for illustrating how an anisotropic interpolation works

Now, computing the coefficients from w(0) = w1 and w(1) = w2 (and analogously for θ) it is
possible to obtain:

w = w1 + (w2 − w1)ξ

θ = θ1 + (θ2 − θ1)ξ
(J.4)

And imposing the condition for negligible shear:

∂w

∂ξ
= θ ⇒ (w2 − w1) = θ1 + (θ2 − θ1)ξ (J.5)
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APPENDIX J. ANISOTROPIC INTERPOLATION

Therefore, since there is no reason why the linear combination of θ1 and θ2 should be identically
equal to zero, Eq.(J.2) cannot be enforced continuously over the element and this causes
problems when the thickness is small compared to the other dimensions.

The solution proposed by [64] is probably the most widespread and well-known. It consists
simply in using a one point Gauss quadrature for the transverse shear stiffness term. To exactly
integrate the term, a two point quadrature should be required, and therefore using just one point
this method is effectively under-integrating the shear energy term. This helps in preventing
overly stiff behaviours resulting in shear locking. Another approach consists in using the same
order of interpolation for ∂w/∂x and θ. In other words, w should be interpolated with a
polynomial of one order higher than θ. This procedure is referred to as “interdependent variable
interpolation” or more commonly as anisotropic interpolation.
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Appendix K

Optimal SEA parameter

For the uniform pressure load case, the results from the SEA analysis are reported in Table K.1
and in Figure K.1. In general, the position found on the residual curve with the maximum
curvature is very close to the configuration which gives the lowest error for every strain
component.

α L2-norm error

εx Sampled 0.0099 0.19
Max curvature 0.0099 0.19

εy Sampled 0.032 0.33
Max curvature 0.01 0.33

γxy Sampled 0.005 0.49
Max curvature 0.01 0.487

Table K.1: Error of interpolated strain field using optimal values for α, either from the sampled
values and from the maximum curvature of the residual curve for uniform pressure load case.

For the parabolic pressure load case, the corresponding results are reported in Table K.2 and in
Figure K.2. Again, the position found on the residual curve with the maximum curvature seem
to give a suitable interpolation for every component of the strain field. An exception is given
this time by εy, whose minimum does not exactly correspond to the identified corner. However,
the difference in the error is relatively small.

α L2-norm error

εx Sampled 0.01 0.1942
Max curvature 0.0062 0.1946

εy Sampled 0.0001 0.3668
Max curvature 0.0084 0.3896

γxy Sampled 0.01 0.419
Max curvature 0.0039 0.424

Table K.2: Error of interpolated strain field using optimal values for α, either from the sampled
values and from the maximum curvature of the residual curve for parabolic pressure load case.

234



APPENDIX K. OPTIMAL SEA PARAMETER

(a) Residuals of εx for different values of α. (b) Relative L2-norm error of εx strain field.

(c) Residuals of εy for different values of α. (d) Relative L2-norm error of εy strain field.

(e) Residuals of γxy for different values of α. (f) Relative L2-norm error of γxy strain field.

Figure K.1: Interpolation of strain field with SEA for the constant pressure load case.
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APPENDIX K. OPTIMAL SEA PARAMETER

(a) Residuals of εx for different values of α. (b) Relative L2-norm error of εx strain field.

(c) Residuals of εy for different values of α. (d) Relative L2-norm error of εy strain field.

(e) Residuals of γxy for different values of α. (f) Relative L2-norm error of γxy strain field.

Figure K.2: Interpolation of strain field with SEA for the parabolic pressure load case.
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Appendix L

Computation of structural matrices
from Abaqus

The stiffness and mass matrix can be easily extracted from the FEM software package without
the need to built it yourself. In particular, Abaqus has been used and this can be obtained
modifying the input file creating an additional step as:

* STEP, NAME = CreateMatrices

* MATRIX GENERATE, STIFFNESS, MPC = NO

* MATRIX OUTPUT, STIFFNESS, FORMAT = COORDINATE

* End Step

which returns, as .mtx files, the mass and the stiffness matrix of the model. It is important to
note two points:

� MPC=NO suppresses the automatic elimination of independent degrees of freedom (in case in
the model are present constraints). In this way the matrices which will be obtained will have
as size the total number of degrees of freedom.

� FORMAT = COORDINATE renders the output files much easier to read, since they are written in
the format (row)-(column)-(value), for each matrix entry.

The matrix obtained is ordered using the Abaqus numbering of the degrees of freedom:

u(e) =
[
u v w θx θy θz

]⊤

237



Appendix M

Details of FEM models

Prismatic airfoil beam

Main geometric parameters (Figure M.1) and the FE model (Figure M.2) for the prismatic
beam with thin-walled airfoil cross-section. The positions of the strain gauges from Table M.1
correspond to the discretization with a single inverse element. In general, when more elements
have been used, just the axial positions has been changed.

Figure M.1: Geometry and reference system.

Figure M.2: FEM model of prismatic airfoil beam.

# Elements 177707 (S4R)

Strain gauge (X,Y, Z)

#1 (33, 12, 501) mm
#2 (33.,−16, 501) mm
#3 (175, 0, 501) mm
#4 (34, 12, 2001) mm
#5 (33,−16, 2001) mm
#6 (175, 0, 2001) mm

Table M.1: Strain gauge positions.

Box tapered beam

Main geometric parameters (Figure M.3) and the FE model (Figure M.4) for the tapered box
beam. The positions of the strain gauges from Table M.2 correspond to the discretization with a
single inverse element. In general, when more elements have been used, just the axial positions
have been changes and the strain gauges have been moved according to the taper ratio of the
beam.
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APPENDIX M. DETAILS OF FEM MODELS

Figure M.3: Geometry and reference system.

Figure M.4: FEM model of box tapered beam.

# Elements 4560 (S4R)

Strain gauge (X,Y, Z)

#1 (−12, 11, 120) mm
#2 (−12,−11, 120) mm
#3 (12,−11, 120) mm
#4 (−5, 4, 283) mm
#5 (5, 4, 283) mm

Table M.2: Strain gauge positions.

Tapered airfoil beam

Main geometric parameters (Figure M.5) and the FE model (Figure M.7) for the tapered
beam with thin-walled airfoil cross-section. The positions of the strain gauges from Table M.3
correspond to the discretization with a single inverse element. In general, when more elements
have been used, just the axial positions have been changes and the strain gauges have been
moved according to the taper ratio of the beam.

Figure M.5: Geometry and reference system.
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APPENDIX M. DETAILS OF FEM MODELS

Figure M.6: FEM model of airfoil tapered beam.

# Elements 49949 (S4R)

Strain gauge (X,Y, Z)

#1 (104, 21, 498) mm
#2 (102,−37, 498) mm
#3 (350,−7, 498) mm
#4 (63, 15, 1500) mm
#5 (211, 0, 1500) mm

Table M.3: Strain gauge positions.

Strain rosettes on ISTAR demonstrator wing

Figure M.7: FEM model of ISTAR demonstrator wing with highlighted the positions of the
elements from which the strain field is sampled.
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