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Abstract

Offshore renewable energy deployment faces a fundamental materials challenge: synthetic fibre moor-
ing lines offer an 8-fold weight reduction and tension reduction compared to steel chains [36, 42],
yet their certification requires predicting 20-year operational behaviour from necessarily limited experi-
mental observations. Current approaches employ polynomial functions to represent stress-dependent
material behaviour within established viscoelastic frameworks. Still, these rigid mathematical forms
constrain material characterisation by forcing complex behaviour into predetermined equations rather
than discovering true material physics. This research develops a neural-physics integration frame-
work that replaces polynomial constraints with adaptive neural networks whilst preserving established
Schapery-Prony physics principles. The core innovation employs functional decomposition, where neu-
ral networks learn stress-dependent nonlinearity functions (g0, g1, g2), while the proven Schapery-Prony
framework handles temporal evolution, enabling the discovery of true material behaviour rather than
mathematical fitting to predetermined forms.

A systematic five-phase methodology guides development from baseline optimisation through oper-
ational validation. Phase 1 employs 13-dimensional Latin Hypercube Sampling across neural archi-
tecture, training protocols, and physics parameters. Phase 2 sensitivity analysis identifies optimal
methodological choices: Percentage Difference loss functions for scale-invariant learning, Multiple-
Steps loading patterns for comprehensive material exercising, and enhanced relaxation spectra for
improved temporal coverage. Phase 3 capability testing reveals model limitations through progressive
validation scenarios. Phase 4 diagnostic analysis identifies physicsmodel resolution as the primary con-
straint, leading to targeted improvement from 10 to 14 relaxation terms that address slow relaxation
modes critical for long-term accuracy. Phase 5 validates robustness under realistic marine loading
using industry-standard JONSWAP wave spectra [27]. The implementation employs a shared-head
neural architecture with shared backbone layers (3 layers, 96 neurons) feeding specialised heads (2
layers, 128 neurons each) for individual nonlinearity function learning. Two-stage training coordinates
neural network and physics parameter optimisation through differential learning rates whilst maintaining
physical consistency. The twin experiment methodology leverages validated HDPE material parame-
ters to generate unlimited synthetic training data spanning stress ranges and loading patterns that are
impossible to achieve through physical experimentation alone.

Results demonstrate that the neural enhancement approach enables reliable material characterisation
from limited experimental data. Temporal validation achieves 85-95% accuracy across 128-fold du-
ration scaling, enabling decades-long predictions from short-term training data, following established
principles for temporal extrapolation in physics-inspired neural networks [44]. Marine validation under
realistic JONSWAP loading conditions achieves 5.7-13.2% error across diverse sea states spanning
significant wave heights 1.5-7.0m and peak periods 8-15s, demonstrating robustness comparable to
validated approaches for viscoelastic modelling under complex loading conditions [11]. The diagnostic
insight that physics model completeness rather than neural network architectural sophistication deter-
mines model capability guides efficient improvement strategies applicable across computational ma-
terials science domains. The validated framework transforms synthetic fibre characterisation from an
experimental constraint to a predictive capability, while establishing reproducible principles for neural
physics integration across materials science applications that require improved understanding from lim-
ited observations. This enables accelerated deployment of offshore renewable energy systems whilst
preserving the physical foundations necessary for reliable engineering applications.

Keywords: Neural-physics integration, Synthetic fibre characterisation, Nonlinear viscoelasticity, Schapery
theory, Materials discovery, Offshore renewable energy, Computational materials science, Physics-
guided machine learning
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Preface

The intersection of computational materials science and offshore renewable energy presents unique
challenges where traditional mathematical approaches may constrain our understanding of material be-
haviour. This thesis documents a research journey that began with investigating temporal extrapolation
challenges in synthetic fibre characterisation and evolved into developing systematic approaches for
neural physics integration that transcend polynomial mathematical limitations while preserving estab-
lished physics principles. The investigation reveals that adequate material characterisation requires
more than simply applying neural networks to materials problems. Success emerges from carefully
integrating adaptive learning capabilities within proven physical frameworks rather than abandoning
established theoretical foundations. This research demonstrates how neural networks can replace
rigid polynomial constraints that force material behaviour into predetermined mathematical forms, en-
abling the discovery of true stress-dependent characteristics whilst maintaining the temporal evolution
accuracy essential for engineering applications.

The five-phase methodology documents the systematic progression from initial optimisation through
operational validation. Each phase addresses specific aspects of neural physics integration, including
establishing reliable baseline configurations, identifying optimal methodological choices through con-
trolled experimentation, testing model capabilities under demanding scenarios, implementing targeted
improvements based on diagnostic analysis, and validating robustness under realistic operational con-
ditions. This structured approach ensures that improvements address root causes rather than symp-
toms, whilst building toward practical deployment capabilities. A crucial insight emerges from diagnostic
analysis during capability testing: physics model completeness, rather than neural network architec-
tural sophistication, determines model performance. This finding challenges conventional approaches
that focus on increasing neural network complexity and instead highlights the importance of adequate
physics representation. The targeted solution—increasing relaxation spectrum resolution from 10 to 14
terms—addresses slow relaxation modes critical for long-term accuracy, enabling reliable temporal ex-
trapolation whilst maintaining computational efficiency suitable for standard engineering workstations.

The twin experiment methodology provides unlimited synthetic training data using validated HDPE ma-
terial parameters, enabling the systematic exploration of material behaviour across ranges that are
impossible through physical experimentation alone. This approach resolves the tension between neu-
ral network data requirements and experimental constraints whilst maintaining a connection to vali-
dated material physics throughout the development process. Results validate the paradigm shift from
assumption-driven to discovery-driven material characterisation. Models achieve 85-95% accuracy
across 128-fold temporal scaling whilst maintaining 5.7-13.2% error under realistic marine loading con-
ditions generated from industry-standard JONSWAP wave spectra [27]. This capability transforms
materials characterisation from an experimental limitation to a predictive tool, enabling the reliable pre-
diction of long-term material behaviour from limited experimental observations while preserving the
physical consistency necessary for engineering deployment.

The research establishes reproducible principles for neural-physics integration applicable across com-
putational materials science domains where traditional mathematical constraints may limit the discov-
ery of actual material behaviour. This work provides the technical foundations for the accelerated de-
ployment of offshore renewable energy systems, while contributing methodological advances relevant
to diverse materials characterisation challenges that require an improved understanding from limited
experimental observations. It builds upon emerging approaches that demonstrate extreme temporal
extrapolation capabilities in physics-inspired neural networks [44].
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”What we know is a drop, what we don’t know is an ocean.”

— Isaac Newton





1
Introduction

The deployment of offshore renewable systems is becoming increasingly widespread [26], with exper-
imental validation demonstrating that hybrid mooring systems can achieve reasonable agreement be-
tween experimental and numerical results under realistic sea conditions, including beam sea, heading
sea, and quarter sea states simulated using JONSWAP spectrum [58]. The dynamic performance
of these systems demonstrates that mooring damping effects have a significant influence on low-
frequency motion responses and mooring tensions under irregular wave conditions [59]. This per-
formance dependency means that the reliability of mooring systems plays a crucial role in the design
of deepwater installations [58, 14]. Synthetic fibre ropes offer advantages over traditional steel chains,
with experimental investigations confirming their suitability for mooring applications [34]. They are ap-
proximately 8 times lighter in seawater, which helps reduce platform loading. However, using these
synthetic ropes requires accurate predictions of material behaviour over a 20-year operational lifespan
based on limited experimental data [36, 41]. These synthetic systems can lead to reductions in tension
for floating wind turbines and wave energy converters [42, 56]. In deepwater applications, synthetic
fibre systems can also lower costs by avoiding the weight increase associated with steel chain systems
[31]. Synthetic materials are well-suited for marine applications, with nylon rope technology exhibiting
dynamic stiffness characteristics that demonstrate nonlinear behaviours for both mean tension and
amplitude [53]. Experimental evaluation confirms that extended Kalman filter methods can reliably esti-
mate parameters for systematic rope dynamic stiffness [60]. Figure 1.1 compares these characteristics
across performance metrics, including weight differences, mooring radius requirements, and loading
characteristics.

Figure 1.1: Comparison of steel chain and synthetic fibre rope mooring systems.

1
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This approach has limitations in how we characterise materials. The challenge arises from discrepan-
cies between experimental timeframes and the required service life predictions. Limitations in how we
mathematically represent material behaviour under varying stress conditions add to this problem.

1.1. Nonlinear Material Behaviour Challenges
Synthetic fibres exhibit time-dependent viscoelastic behaviour under marine loading conditions, reflect-
ing the combined viscous and elastic responses of materials that are intermediate between liquids
and solids in character [15], where material response depends on both loading history and stress-
dependent nonlinear mechanisms. Experimental work shows that synthetic fibres exhibit nonlinear
responses under cyclic loading conditions [35, 23], with long-term durability prediction remaining chal-
lenging for engineering deployment [4, 56]. Material modelling becomes difficult under these conditions
when combined with the stochastic loading patterns of ocean environments. Figure 1.2 illustrates this
behaviour through controlled laboratory testing, showing how constant stress inputs generate strain
responses that evolve.

(a) Constant stress loading history representative of controlled
laboratory testing.

(b) Viscoelastic strain response showing time-dependent material
behaviour.

Figure 1.2: Viscoelastic material response under controlled loading conditions.

Current modelling approaches struggle to capture nonlinear material behaviour. Linear viscoelastic
models exhibit limitations in accurately predicting material responses under varying stress conditions,
whereas nonlinear approaches based on Schapery’s framework demonstrate improved accuracy in
specific scenarios [38, 16]. Lai and Nguyen [32, 38] have developed a nonlinear viscoelastic model
for synthetic fibres through polynomial representations of stress-dependent functions, achieving agree-
ment with experimental observations under controlled conditions. Studies of synthetic fibre mechan-
ical behaviour indicate that material characterisation remains a challenge across loading scenarios
[13]. These polynomial-based approaches face mathematical limitations that constrain their ability to
represent the complexity of material behaviour. The challenge lies in representing nonlinear functions
within the Schapery framework, where traditional polynomial approaches create a tension between
mathematical tractability and physical accuracy.

1.2. Mathematical Approach Limitations
Nonlinear viscoelastic modelling requires representing the stress-dependent functions (g0, g1, g2) that
govern material nonlinearity within Schapery’s framework [49], building upon foundational work estab-
lishing the mechanics of non-linear materials with memory [18] and integral series representations for
non-linear viscoelastic response to arbitrary strain histories where experimental data can be incorpo-
rated directly [43]. Current approaches, such as those by Lai and Nguyen [32, 38], employ polynomial
functions to model these nonlinear parameters. This approach offers mathematical malleability and has
worked well under controlled conditions; however, it has limitations that constrain material characterisa-
tion. Polynomial representations employ predetermined mathematical forms that may not fully account
for the stress-dependent behaviour exhibited by real materials, as demonstrated by molecular changes
in polymer systems during stretching, which reveal complex deformation mechanisms not captured by
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simple analytical approaches [21]. Computational implementation can encounter numerical challenges
and convergence difficulties when applied to loading scenarios [20].

This creates the ”polynomial constraint challenge.” Material behaviour is often required to align with
smooth and predictable curves defined by polynomial mathematics. While this approach offers a struc-
tured framework, it may not fully capture the complexities and nuances of actual material behaviour.
Polynomial approaches are rigid, so even high-order polynomials represent single curves that aver-
age out local behaviours, potentially missing material characteristics that could inform material under-
standing. These limitations can manifest as nonphysical structural behaviour when predetermined
mathematical forms are applied beyond their intended scope, as demonstrated in large-strain appli-
cations where polynomial-based constitutive models produce instabilities rather than realistic material
responses [48]. This mathematical constraint arises from the polynomial nature, where any polynomial
of degree n has exactly n derivatives, creating limitations in representing local behaviours that require
different mathematical descriptions in different stress regions.

Polynomial approaches have a sensitivity problem. Low-order polynomials offer mathematical stability
but prove too simplistic to accurately capture material responses, resulting in smooth representations
that may not accurately reflect reality. High-order polynomials can theoretically follow patterns but be-
come mathematically unstable. Experimental uncertainties can be amplified when using polynomial
coefficients, thereby affecting the accuracy of predictions. This creates a choice between simplified
physics and error sensitivity. Neural network approaches show promise, with recurrent neural net-
works demonstrating that their intrinsic computational aspects are very similar to those of classical
stress update algorithms in modelling history-dependent materials, with an emphasis on viscoelasticity.
RNN data-driven modelling can serve as an alternative to conventional viscoelasticity models [19, 1,
10]. However, they interpolate accurately but perform poorly beyond the training conditions, because
they lack integration with physical principles. Better approaches are needed that can capture material
behaviour while maintaining the physical consistency required for engineering applications.

1.3. Research Approach and Innovation
The approach addresses the mathematical constraint challenge by integrating neural networks that
are trained to solve supervised learning tasks while respecting given laws of physics described by gen-
eral nonlinear partial differential equations [44], combining neural networks within the framework of
viscoelastic physics. Rather than replacing physical principles, the approach modifies the traditional
framework by using neural networks to learn the nonlinear functions (g0, g1, g2) that govern stress-
dependent behaviour, without imposing predetermined mathematical forms. The method employs
a shared-head neural network architecture, where neural networks learn only the stress-dependent
Schapery functions, while the Schapery-Prony framework handles all temporal evolution. This func-
tional decomposition preserves the physical foundation for temporal behaviour while allowing the identi-
fication of material laws that extend beyond polynomial constraints, building upon established principles
where neural networks can be combined with structural mechanics to replace constitutive equations
through artificial intelligence approaches [52] and data-driven computational mechanics that carry out
calculations directly from experimental material data [30].

Synthetic fibre nonlinear behaviour may follow patterns that polynomial functions cannot represent,
regardless of order or complexity. By replacing polynomial constraints with neural networks, this re-
search enables materials to exhibit their behaviour patterns rather than being framed within predeter-
mined mathematical frameworks, revealing aspects of material physics that were previously hidden
by mathematical assumptions. Development includes five phases. The first phase involves hyperpa-
rameter optimisation using Latin Hypercube Sampling across a 13-dimensional parameter space. The
second phase conducts a sensitivity analysis, identifying design choices for loss functions, loading
patterns, and relaxation spectra. The third phase performs capability testing to validate the model’s
performance across scenarios. The fourth phase implements targeted improvements. The fifth phase
provides operational validation under realistic marine loading conditions using industry-standard JON-
SWAP spectra.

The approach uses High-Density Polyethylene (HDPE) as the validation case, leveraging experimen-
tal data from previous work [38] whilst developing principles for use across synthetic fibre materials.
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The twin experiment methodology generates training datasets whilst maintaining a connection to vali-
dated experimental behaviour, enabling exploration of parameter spaces not available through physical
experimentation.

1.4. Research Objectives
The thesis examines a research question through six investigations that explore neural-physics inte-
gration:

Primary Research Question: How can neural networks be integrated within Schapery’s viscoelastic
formulation to represent stress-dependent nonlinear functions while maintaining physical consistency
and enabling prediction from limited experimental observations?

Primary Objective: To develop a neural-physics integration approach that learns nonlinear material
parameters (g0, g1, g2) for synthetic fibres under multiple loading conditions while preserving physi-
cal consistency and providing material characterisation beyond current polynomial-based approaches
through validation, including temporal testing and realistic marine loading scenarios.

Six supporting questions examine this challenge:

SQ1: To what extent can a ’twin experiment’ methodology, using synthetically generated data, train a
neural-physics integration approach to learn known viscoelastic physics and serve as a substitute for
limited experimental data while enabling exploration of the model?

SQ2: How robust is the trained neural-physics approach when validated against realistic, stochastic
marine loading conditions generated from industry-standard JONSWAP spectra, particularly regarding
maintenance of temporal capabilities under operational complexity?

SQ3: What are the physical interpretations of learned parameters and computational requirements for
standard engineering implementation?

SQ4: What are the limitations of a neural-physics approach in scenarios, and what improvements are
necessary to reach capabilities that address these limitations?

SQ5: What protocols are required for integration into offshore engineering workflows while preserving
the model’s capabilities?

SQ6: How can the model’s reliability be quantified for engineering applications?

These questions guide the work presented in subsequent chapters, with theoretical foundations in Chap-
ter 2, methodology detailed in Chapter 3, results presented in Chapter 4, and implications discussed in
Chapter 5.

1.5. Thesis Structure
Chapter 2 covers theoretical foundations from classical viscoelastic theory to neural network integra-
tion approaches, identifying why traditional polynomial representations constrain material characterisa-
tion and how neural networks offer capabilities when integrated with physics frameworks. Chapter 3
describes the five-phase research framework: baseline optimisation, sensitivity analysis, capability
testing, targeted improvement, and operational validation. The chapter describes the development of
neural-physics integration architecture, training strategies, and validation protocols for neural-physics
integration. Chapter 4 presents the investigation that validates neural network integration through op-
timisation outcomes, sensitivity analysis, model capabilities and performance, and marine loading vali-
dation across various sea states. Chapter 5 summarises research contributions while addressing each
supporting question, discussing implications, current limitations, and future research directions. Appen-
dices contain sensitivity analysis results.



2
Literature Review

2.1. Viscoelastic Materials and Marine Applications
Current nonlinear viscoelastic modelling limitations provide the foundation for developing methodolo-
gies that use physics while enabling the discovery of material behaviour. The review encompasses the-
oretical foundations ranging from classical viscoelastic theory to neural network integration approaches,
establishing the case for integrating neural networks with physics frameworks to transcend the math-
ematical constraints that may limit our understanding of material physics. The challenge involves ad-
dressing the tension between mathematical tractability and physical accuracy. Polynomial approaches
offer computational convenience but impose constraints that may prevent the discovery of material be-
haviour. Neural networks provide learning capabilities but require integration with physics to maintain
the temporal evolution accuracy necessary for engineering applications, while enabling the represen-
tation of stress-dependent material characteristics.

2.1.1. Physical Nature of Viscoelastic Behaviour
Viscoelasticmaterials exhibit both elastic and viscous behaviour simultaneously, creating time-dependent
responses needed for synthetic fibre mooring line performance, with experimental validation demon-
strating that dynamic stiffness characteristics show non-linearity with respect to both mean tension and
amplitude under realistic loading conditions [15, 53]. This behaviour requires constitutive relationships
governing material behaviour across temporal scales relevant for offshore applications. The mathemat-
ical representation of these relationships has often prioritised computational tractability; it’s essential to
recognise the potential for enhancing physical accuracy. Ideal elastic response follows Hooke’s Law,
where stress (σ) relates directly to strain (ε) through elastic modulus (E):

σ = Eε (2.1)

The mathematical representation of these relationships has often prioritised computational tractability;
it’s essential

This shows instantaneous and recoverable characteristics. Conversely, ideal viscous response follows
Newton’s Law of Viscosity, where stress is proportional to strain rate (ε̇) through the viscosity coefficient
(η):

σ = ηε̇ (2.2)

Real materials combine these responses through mechanical analogues that provide conceptual frame-
works for understanding material behaviour [46]. Figure 2.1 shows basic mechanical models where
the Maxwell model captures stress relaxation behaviour, whilst the Kelvin-Voigt model represents
creep response. These form the conceptual foundation for Prony series representation, where mul-
tiple Maxwell elements create multiscale temporal behaviour in synthetic fibres. However, the question

5
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arises whether these simplified analogues capture the complexity of real material behaviour or whether
they represent mathematical convenience rather than physical reality.

Figure 2.1: Mechanical analogue models for viscoelastic behaviour.

The progression from simple mechanical analogues to mathematical formulations raises questions
about whether our mathematical representations reflect material physics or impose constraints on our
understanding of material behaviour. This distinction becomes important when considering integration
approaches that enable materials to show behaviour patterns beyond traditional mathematical assump-
tions.

2.2. Classical Viscoelastic Theory
2.2.1. Hereditary Integral Formulation
Classical viscoelastic theory provides mathematical frameworks through hereditary integrals that cap-
ture material memory effects for time-dependent material behaviour [18, 43]. It illustrates how math-
ematical assumptions can influence our understanding of material physics. The hereditary integral
originates from the superposition principle, which states that the material response to loading equals
the sum of responses to individual loading increments. Development begins with Duhamel’s theorem
for linear viscoelastic materials:

ε(t) =

∫ t

−∞
J(t− τ)dσ(τ)

dτ
dτ (2.3)

where J(t − τ) represents the creep compliance function. The argument (t − τ) indicates that the
material response depends only on the elapsed time since the loading application, not on absolute
time. For use, the hereditary integral splits into instantaneous and time-dependent components:

ε(t) = D0σ(t) +

∫ t

0

∆D(t− τ)dσ(τ)
dτ

dτ (2.4)

where D0 captures instantaneous compliance and ∆D(t − τ) represents transient compliance. Each
stress increment affects the current strain according to the material’s characteristic response function,
providing the foundation for approaches that separate the temporal evolution of physics from stress-
dependent mathematical representations, as discussed in Chapter 3.
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2.2.2. Prony Series Implementation
The Prony series provides implementation through discrete approximation of continuous relaxation
spectra, yet this discretisation reveals the tension between computational necessity and physical reality.
Materials have continuous relaxation spectra where molecular motions occur across all timescales
simultaneously [55]. Implementation requires finite representations that may limit our understanding of
material behaviour:

D(t) = D0 +

n∑
i=1

Di

[
1− exp

(
− t

τi

)]
(2.5)

Each term represents a Maxwell element with characteristic relaxation time τi and strength Di. The
exponential decay captures basic physics where relaxation processes decay exponentially with time
constants determined by molecular mechanisms [15]. However, the discrete approximation raises
questions about whether the assumed exponential forms represent material relaxation characteristics
or impose mathematical constraints on our understanding.

Approximation quality depends on how well discrete terms capture the characteristics of the continuous
spectrum. For material characterisation applications:

∥Dcontinuous(t)−DProny(t)∥ < ϵacceptable ∀t ∈ [0, Tapplication] (2.6)

Relaxation spectrum resolution affects material representation, as investigated in Chapter 4. The qual-
ity of this approximation determines whether our mathematical models enable the discovery of material
behaviour or constrain understanding through resolution.

Figure 2.2 shows how total material response emerges from the superposition of individual exponential
modes. This forms the mathematical foundation, where the Prony series provides a framework for tem-
poral evolution. At the same time, neural networks can improve the representation of stress-dependent
behaviour without being constrained by predetermined mathematical forms.

Figure 2.2: Prony series representation of individual exponential modes and total response.

2.2.3. Incremental Formulation
The incremental formulation converts hereditary integrals into computationally tractable recursive algo-
rithms. Direct implementation would require storing stress histories, which creates computational com-
plexity that grows quadratically with the number of time steps. The incremental formulation reaches
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linear computational scaling whilst preserving the physics of material memory. For the time interval
from tn to tn+1, the strain increment becomes:

∆εn+1 = D0∆σ
n+1 +

N∑
i=1

Di

[
∆σn+1 −∆qn+1

i

]
(2.7)

Internal state variables qi capture material memory through recursive updating:

qn+1
i = qni exp

(
−∆t

τi

)
+ σn

[
1− exp

(
−∆t

τi

)]
(2.8)

Each internal state variable represents the convolution integral’s contribution from the i-th relaxation
mode. The incremental strain formulation becomes:

εn+1 = gn+1
0 D0σ

n+1 + gn+1
1

N∑
i=1

Di(g
n+1
2 σn+1 − qn+1

i ) (2.9)

where nonlinearity functions g0, g1, and g2 modify linear viscoelastic response. This formulation reveals
the separation between temporal evolution (handled by physics) and stress-dependent modifications
(traditionally constrained by polynomial representations), providing the framework for approaches that
enable learning of these functions, as implemented in Chapter 3.

2.3. Schapery's Nonlinear Viscoelastic Theory
2.3.1. Mathematical Foundation
Schapery’s framework utilises themathematical structure of linear viscoelastic theory, introducing stress-
dependent modifications through nonlinear functions [49]. This allows stress-dependent material be-
haviour while maintaining the temporal evolution framework. However, the representation of these non-
linear functions has been limited by mathematical assumptions rather than guided by material physics.
The Schapery constitutive equation gives the relationship:

ε(t) = g0(σ)D0σ(t) + g1(σ)

∫ t

0

∆D(ψ − ψ′)
d[g2(σ)σ(τ)]

dτ
dτ (2.10)

Where nonlinearity functions represent distinct physical mechanisms. The function g0(σ) modifies in-
stantaneous elastic response, g1(σ) scales transient compliance effects, and g2(σ) accounts for loading
rate effects [37]. The key point is that while the temporal evolution framework is established through
physics principles, the mathematical forms of these stress-dependent functions have been limited by
computational convenience rather than physical necessity. The framework processes stress input pat-
terns σ(t) to generate strain output responses ε(t). Prediction quality depends on both the temporal evo-
lution accuracy and how well the nonlinearity functions capture stress-dependent material behaviour,
raising questions about whether traditional polynomial representations reflect material physics.

2.3.2. Detailed Incremental Implementation
Implementation for synthetic fibre applications requires detailed incremental strain formulation that sep-
arates temporal physics from stress-dependent mathematical representations. Development begins
with the uniaxial integral form:

εt = gt0D0σ
t + gt1

∫ t

0

∆D(ψt−ψτ ) d(g
τ
2σ

τ )

dτ
dτ (2.11)

Where ψ represents reduced-time accounting for stress-dependent effects:
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ψt =

∫ t

0

dξ

aξσa
ξ
T

(2.12)

For this research, the time-scaling factor aσ, aT is disregarded for simplicity while maintaining focus on
the three nonlinearity functions that represent the challenge in material characterisation. The uniaxial
transient compliance uses Prony series representation from Equation 2.5:

∆Dψt

=

N∑
n=1

Dn(1− exp[−λnψt]) (2.13)

Substituting into the Schapery equation yields:

εt = gt0D0σ
t + gt1g

t
2

N∑
n=1

Dn − gt1
N∑
n=1

Dnq
t
n (2.14)

Where hereditary integral terms are:

qtn =

∫ t

0

exp[−λn(ψt − ψτ )]
d(gτ2σ

τ )

dτ
dτ (2.15)

Recursive integration divides into previous time step contributions and current increment contributions:

qtn =

∫ t−∆t

0

exp[−λn(ψt − ψτ )]
d(gτ2σ

τ )

dτ
dτ +

∫ t

t−∆t

exp[−λn(ψt − ψτ )]
d(gτ2σ

τ )

dτ
dτ (2.16)

With reduced time increment ∆ψt = ψt − ψt−∆t, the first integral becomes:

∫ t−∆t

0

exp[−λn(ψt − ψτ )]
d(gτ2σ

τ )

dτ
dτ = exp[−λn∆ψt]qt−∆t

n (2.17)

Assuming (gτ2σ
τ ) varies linearly over the current time step, the second integral reduces to:

∫ t

t−∆t

exp[−λn(ψt − ψτ )]
d(gτ2σ

τ )

dτ
dτ =

1− exp[−λn∆ψt]
λn∆ψt

(gt2σ
t − gt−∆t

2 σt−∆t) (2.18)

The hereditary integral expression at the current time becomes:

qtn = exp[−λn∆ψt]qt−∆t
n + (gt2σ

t − gt−∆t
2 σt−∆t)

1− exp[−λn∆ψt]
λn∆ψt

(2.19)

Substituting recursive relationships into the strain equation yields:

εt =

[
gt0D0 + gt1g

t
2

N∑
n=1

Dn − gt1gt2
N∑
n=1

Dn
1− exp[−λn∆ψt]

λn∆ψt

]
σt

− gt1
N∑
n=1

Dn

[
exp[−λn∆ψt]qt−∆t

n − gt−∆t
2 (1− exp[−λn∆ψt])

σt−∆t

λn∆ψt

]
(2.20)

Current incremental strain is:
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∆εt = εt − εt−∆t = (D̃tσt − D̃t−∆tσt−∆t)− (f t − f t−∆t) (2.21)

This reaches computational complexity reduction fromO(T 2) toO(T ·N) while maintaining equivalence
to hereditary integral formulation.

2.3.3. Physical Parameter Roles
Understanding parameter roles enables appreciation of how approaches aid traditional modelling while
preserving physical meaning. The framework reveals a natural separation between physics parame-
ters and stress-dependent functions that may benefit from representation approaches. Instantaneous
compliance (D0) represents the instantaneous elastic response before time-dependent viscoelastic
effects become significant. Physically analogous to the spring component in Figure 2.1, this quantifies
immediate, reversible deformation that remains well-characterised through experimental methods. Re-
laxation timescales (τi) define characteristic times governing viscous response mechanisms across
multiple scales. Small values correspond to fast molecular processes, whilst large values represent
slow bulk polymer rearrangement. These create a temporal hierarchy necessary for multi-scale mate-
rial representation, as shown in Figure 2.2, which means physics that benefits from preservation rather
than modification.

Prony coefficients (Di) represent the magnitudes of each relaxation timescale, controlling the expo-
nential mode strength. These serve as components in approaches where determination becomes im-
portant for characterisation, yet they remain within physics frameworks. Lastly, Nonlinearity functions
(g0, g1, g2) capture stress-dependent scaling effects introducing material nonlinearity. These represent
the challenge in viscoelastic modelling, as representation determines the prediction ability under stress
conditions.

2.3.4. Traditional Polynomial Limitations
Traditional methodologies employ polynomial functions for Schapery nonlinear parameters, creating
limitations that constrain material characterisation whilst potentially masking material behaviour :

g0(σ) = a0 + a1σ + a2σ
2 + . . . (2.22)

g1(σ) = b0 + b1σ + b2σ
2 + . . . (2.23)

g2(σ) = c0 + c1σ + c2σ
2 + . . . (2.24)

This suffers from the constraint problemwhere polynomials impose functional forms that cannot capture
sharp transitions, plateaus, or discontinuous slope changes characteristic of real material behaviour.
Even high-order polynomials represent single curves that average out local behaviours, potentially
missing material characteristics that could inform material understanding. Polynomials typically fitted
to experimental datasets tend to overfit, capturing experimental particulars rather than underlying ma-
terial laws. This single-condition bias limits generalisation across loading conditions while potentially
concealing material behaviour patterns that transcend experimental limitations. The mathematical con-
straint arises from the polynomial nature, where any polynomial of degree n has exactly n derivatives,
creating limitations in representing local behaviours that require different mathematical descriptions in
different stress regions. This motivates approaches that discover material behaviour rather than forcing
predetermined mathematical forms, potentially revealing material physics that polynomial constraints
have obscured.

2.4. Established Parameter Framework for HDPE Synthetic Fibres
2.4.1. Validated Material Parameters
Implementation of Schapery-Prony framework for High-Density Polyethylene (HDPE) synthetic fibres
uses experimental characterisation that provides parameters for synthetic training data while keeping
connection to physical material behaviour. The work of Lai and Nguyen [32, 38] represents a significant
contribution to synthetic fibre modelling, demonstrating how polynomial approaches can achieve agree-
ment with experimental data and highlighting the mathematical constraints inherent in predetermined
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functional forms. Table 2.1 presents the parameter framework that allows for the generation of syn-
thetic datasets while maintaining physical consistency with material characterisation. This framework
represents current polynomial-based approaches, providing a foundation while showing opportunities
for representation beyond mathematical constraints.

Table 2.1: Viscoelastic parameters for HDPE synthetic fibres from experimental characterisation.

Parameter Expression/Value
aσ (6.290E-06)σ6 − (3.110E-04)σ5 + (5.487E-03)σ4 − 0.0375σ3 + 0.02362σ2 + 0.509σ + 1.010
g0 1.0
g1 4.723E-24σ3 + 6.547E-16σ2 + 3.897E-10σ + 1.003
g2 5.956E-22σ3 − 1.287E-14σ2 + 1.273E-07σ + 1.002

n λn (s−1) Dn (10−4 MPa−1)
1 1 2.23
2 10−1 2.27
3 10−2 1.95
4 10−3 3.50
5 10−4 5.50
6 10−5 5.50
D0 = 2.205e− 04 (MPa−1)

These parameters represent a polynomial approach to nonlinear function representation, where func-
tions g1 and g2 are polynomial equations whilst g0 remains constant. The parameter aσ represents
time-scaling effects disregarded in this research for simplicity.

2.4.2. Framework Validation
The framework aligns with experimental observations across multiple loading conditions, as illustrated
in Figure 2.3. Validation encompasses stress-strain relationships and temporal response characteris-
tics under various loading rates, thereby confirming the framework’s validity within the tested conditions.

Figure 2.3: Validation of Schapery-Prony framework against experimental data for HDPE synthetic fibres.

The framework serves as a foundation for generating synthetic training data through the twin experiment
methodology in Chapter 3, whilst providing a baseline for exploring whether approaches can discover
material behaviour patterns beyond current polynomial representations.
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2.5. Loading Patterns and Material Exercising Principles
2.5.1. Information Theory Foundation
Material characterisation depends on how experimental protocols exercisematerial mechanisms across
operational ranges. Yet, traditional approaches often focus on mathematical convenience rather than
the potential for material discovery. Information theory explains why specific loading patterns provide
better material characterisation by enabling the discovery of material behaviour patterns rather than
confirming mathematical assumptions, as shown in Chapter 4. The information content of loading
patterns relates to their ability to activate different material mechanisms simultaneously, while provid-
ing distinguishable responses, thereby allowing for the identification of parameters. Patterns with rich
frequency content exercise multiple relaxation modes, whilst stress levels activate nonlinear material
responses, creating opportunities for discovering material behaviour patterns beyond traditional math-
ematical constraints, rather than checking predetermined functional forms.

Stress inputs to the Schapery-Prony framework take the form of time-varying loading patterns designed
to exercise different aspects of viscoelastic behaviour. These represent inputs where stress histories
σ(t) are processed through incremental strain formulation to generate corresponding strain responses
ε(t), enabling discovery of material behaviour patterns through material exercising rather than targeted
confirmation of polynomial assumptions.

2.5.2. Loading Pattern Categories
Six loading pattern categories exercise different aspects of viscoelastic behaviour, each with charac-
teristics that reveal their material properties rather than their ability to conform to predetermined math-
ematical forms.

Cyclic loading employs sinusoidal stress variations as shown in Figure 2.4, incorporating multiple am-
plitudes at the same frequency value.

Figure 2.4: Cyclic loading pattern with sinusoidal stress variation.

Multi-step cyclic loading combines step transitions with cyclic movement on every stress level as shown
in Figure 2.5, generated through stepping mechanisms incorporating cyclic phases with varying ampli-
tude and frequency.
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Figure 2.5: Multi-step cyclic loading combining step transitions with cyclic components.

Multi-frequency loading provides frequency-domain exercising through the combination of harmonic
content, as shown in Figure 2.6, by combining multiple frequency components to exercise different
relaxation mechanisms.

Figure 2.6: Multi-frequency loading with harmonic content.

Multi-step loading reaches material exercising through parameter activation across stress levels and
temporal scales, as shown in Figure 2.7. Sharp stress transitions create rich frequency content probing
fast relaxation modes, whilst long hold periods provide zero-frequency components for observing slow
creep behaviour.

Figure 2.7: Multi-step loading with stress level progression.

Step-and-hold loading enables targeted long-term relaxation testing through sustained stress levels
followed by relaxation periods, as shown in Figure 2.8, targeting slow relaxation modes for characteri-
sation.



2.6. Neural Networks and Machine Learning Foundations 14

Figure 2.8: Step and hold loading for long-term relaxation characterisation.

Triangle loading implements controlled loading and unloading cycles, enabling the characterisation of
hysteresis and recovery behaviour, as shown in Figure 2.9. This approach provides controlled stress
rate variations while maintaining simple mathematical descriptions.

Figure 2.9: Triangle loading with controlled loading and unloading cycles.

These loading patterns serve as stress inputs processed through the Schapery-Prony framework to
generate corresponding strain outputs, forming the foundation for datasets capturing viscoelastic be-
haviour across different loading scenarios. The diversity of patterns enables the discovery of material
behaviour patterns that may be obscured when using limited experimental protocols focused on check-
ing mathematical assumptions, as validated in Chapter 4.

2.6. Neural Networks and Machine Learning Foundations
2.6.1. Neural Networks vs Polynomial Approaches
Neural networks represent a shift in material modelling, moving from constraint-based polynomial fitting
to discovery-based learning that shows actual material behaviour without predetermined mathematical
assumptions. This theoretical foundation rests on mathematical proof that standard multilayer feedfor-
ward networks with as few as one hidden layer are capable of approximating any measurable function
from one finite dimensional space to another to any desired degree of accuracy, provided sufficiently
many hidden units are available, establishing that multilayer feedforward networks are a class of uni-
versal approximators [12, 22]. In this research context, neural networks offer a different approach to
modelling Schapery nonlinearity functions g0, g1, and g2, enabling the discovery of material behaviour
through data-driven learning while maintaining physical consistency.

This addresses the constraint problem in polynomial approaches by allowing data to show underlying
functional relationships rather than forcing them into predetermined mathematical forms. The Universal
Approximation Theorem demonstrates that finite linear combinations of compositions of a fixed, univari-
ate function and a set of affine functionals can uniformly approximate any continuous function of n real
variables, enabling neural networks to learn functional relationships that govern material behaviour, sur-
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passing the limitations imposed by polynomial assumptions in traditional approaches [12]. Traditional
material modelling asks: ”How can we fit material behaviour into our preferred mathematical forms?”
Approaches ask: ”What mathematical forms best represent material behaviour?” This distinction helps
uncover material physics that mathematical constraints in historical computational approaches may
have obscured.

2.6.2. Multi-Layer Perceptron Architecture
Multi-Layer Perceptrons represent the neural network architecture employed for learning Schapery
nonlinear functions. The mathematical structure implements function composition through successive
transformations:

f(x) = f (L) ◦ f (L−1) ◦ . . . ◦ f (2) ◦ f (1)(x) (2.25)

Each layer transformation follows the basic neural network operation:

h(l) = ϕ(l)
(
W (l)h(l−1) + b(l)

)
(2.26)

Where W (l) and b(l) represent weight matrices and bias vectors, respectively, whilst ϕ(l) denotes the
nonlinear activation function enabling pattern recognition that goes beyond polynomial limitations. The
network architecture processes normalised stress inputs through multiple hidden layers to generate
corresponding nonlinear function outputs. This represents a departure from polynomial approaches,
where networks learn stress-dependent relationships through training rather than assuming predeter-
mined functional forms that may not accurately reflect the underlying material physics. Figure 2.10
shows the MLP architecture where stress inputs are processed through successive hidden layers, each
applying linear transformations followed by nonlinear activation functions.

Figure 2.10: Multi-Layer Perceptron architecture for stress-dependent function learning.

The feedforward architecture proves appropriate for learning static nonlinear functions g0, g1, and g2
that depend only on the current stress state, rather than temporal sequences, distinguishing it from
recurrent architectures designed for temporal sequence modelling while focusing learning on stress-
dependent behaviour patterns.

2.6.3. Universal Approximation Capabilities
The theoretical foundation for neural network function approximation rests on the Universal Approxima-
tion Theorem, which demonstrates that feedforward networks can approximate continuous functions



2.6. Neural Networks and Machine Learning Foundations 16

to arbitrary accuracy without imposing constraints on functional forms. For any continuous function f
defined on compact subset K and any ϵ > 0, there exists a neural network N such that:

sup
x∈K
|f(x)−N(x)| < ϵ (2.27)

This theoretical guarantee enables neural networks to discover material behaviour rather than being
constrained by predetermined functional forms. Neural networks learn appropriate representations
through piecewise-linear approximations that capture local behaviours impossible with global polyno-
mial constraints. The significance emerges from the guarantee that sufficiently wide neural networks
can approximate any continuous function to a desired accuracy. This is particularly important for ma-
terials modelling, where functional forms of nonlinear relationships may be unknown, requiring flexible
approximation methods rather than polynomial assumptions, as shown in Chapter 4. The Universal Ap-
proximation Theorem alters our approach to material characterisation: instead of asking ”which polyno-
mial order best fits our data,” we can ask ”what functional relationships do our materials exhibit?” This
shift from fitting to discovery enables the identification of material behaviour patterns that polynomial
constraints may have prevented us from recognising.

2.6.4. Activation Functions
Activation functions introduce nonlinearity, enabling neural networks to learn patterns beyond linear
relationships. The Rectified Linear Unit (ReLU) provides computational efficiency while addressing
vanishing gradient problems:

ReLU(x) = max(0, x) (2.28)

ReLU offers computational simplicity, preserves gradients for positive inputs, and promotes sparsity.
This makes ReLU suitable for hidden layers in networks learning Schapery nonlinearity functions, en-
abling pattern recognition whilst maintaining the computational efficiency needed for implementation.
Other activation functions include hyperbolic tangent:

tanh(x) = ex − e−x

ex + e−x
(2.29)

Sigmoid functions provide smooth, bounded outputs:

sigmoid(x) = 1

1 + e−x
(2.30)

Leaky ReLU addresses the ”dying ReLU” problem by allowing small negative gradients:

LeakyReLU(x) =

{
x if x > 0

αx if x ≤ 0
(2.31)

For applications requiring positive outputs, Softplus ensures physical constraints whilst maintaining
differentiability:

Softplus(x) = ln(1 + ex) (2.32)

Softplus guarantees positive outputs needed for Schapery nonlinearity functions g0, g1, and g2, which
must remain positive for physical consistency, as implemented in Chapter 3. This activation function
enables the discovery of material behaviour patterns while maintaining the physically meaningfulness
needed for engineering applications.
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2.6.5. Optimisation Algorithms
Neural network training requires optimisation algorithms navigating parameter spaces whilst handling
diverse parameter types and scales typical of hybrid physics-neural approaches.

Stochastic Gradient Descent (SGD) provides a basic approach through iterative parameter updates:

θt = θt−1 − αgt (2.33)

SGD with momentum incorporates historical gradient information to accelerate convergence:

θt = θt−1 − α (βmt−1 + (1− β)gt) (2.34)

The Adam algorithm combines adaptive learning rates with momentum for convergence, where the
method is straightforward to implement, is computationally efficient, has little memory requirements,
and is invariant to diagonal rescaling of the gradients [29]:

mt = β1mt−1 + (1− β1)gt (2.35)
vt = β2vt−1 + (1− β2)g2t (2.36)

θt = θt−1 − α
m̂t√
v̂t + ϵ

(2.37)

Adam’s adaptive nature proves valuable for hybrid physics-neural approaches, where different param-
eter types exhibit varying scales and update frequencies, enabling the discovery of material behaviour
patterns while maintaining the computational stability needed for material characterisation, as imple-
mented in Chapter 3.

RMSprop addresses gradient scaling challenges through adaptive learning rates:

θt = θt−1 −
α√
vt + ϵ

gt (2.38)

AdaGrad provides adaptive learning rates that decrease over time:

θt = θt−1 −
α√
Gt + ϵ

gt (2.39)

The choice depends on problem characteristics, with Adam often providing performance across appli-
cations, for discovering material behaviour patterns that may challenge traditional polynomial represen-
tations.

2.7. Loss Functions for Materials Modelling
2.7.1. Traditional Loss Functions and Limitations
Loss functions affect what neural networks learn by defining optimisation objectives that guide param-
eter updates during discovery processes [54]. Understanding the theoretical foundations and experi-
mental performance characteristics of different loss functions proves essential for materials modelling
applications, as comprehensive analysis shows that loss function selection significantly influences the
performance of models across different tasks, with theoretical discussion and experimental research
revealing how various formulations affect both classification and regression applications [54]. For ma-
terials modelling applications, loss function selection is crucial since different formulations can lead to
distinct learned behaviours, potentially enabling or limiting the discovery of material characteristics.

Mean Squared Error (MSE) represents the most common loss function:
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LMSE =
1

n

n∑
i=1

(yi − ŷi)2 (2.40)

MSE offers computational simplicity and differentiability, but it has a dimensional bias when the training
data spans multiple orders of magnitude. Significant absolute errors dominate optimisation while pro-
portional accuracy receives insufficient attention, potentially limiting the discovery of material behaviour
patterns that manifest across different stress ranges.

Mean Absolute Error (MAE) has reduced sensitivity to outliers:

LMAE =
1

n

n∑
i=1

|yi − ŷi| (2.41)

MAE provides more optimisation but keeps similar dimensional bias characteristics where large ab-
solute values dominate optimisation, potentially limiting the discovery of material patterns that occur
across operational ranges.

2.7.2. Scale-Invariant Loss Functions
Materials exhibiting wide dynamic ranges create optimisation challenges that require scale-invariant
approaches, ensuring balanced learning across operational envelopes while enabling the discovery of
material behaviour patterns without bias toward stress regions.

Percentage Difference (PD) loss addresses heteroscedasticity through relative error formulation:

LPD =

√√√√∑N
i=1(εpred,i − εactual,i)2∑N

i=1(εactual,i)
2 + ϵ

(2.42)

Where ϵ prevents division by zero, this ensures that optimisation attention remains proportional across
all response magnitudes, achieving scale-invariant properties necessary for material characterisation
without bias toward specific operational regions, as validated in Chapter 4.

Amplitude Ratio (AR) loss focuses on relative magnitude relationships:

LAR =
1

n

n∑
i=1

∣∣∣∣yi − ŷiyi

∣∣∣∣ (2.43)

Scale-invariant loss functions are necessary for material discovery because they enable neural net-
works to learn material behaviour patterns across operational envelopes, rather than focusing on math-
ematically convenient regions that may not represent the full spectrum of material physics.

2.7.3. Frequency Domain Loss Functions
Fast Fourier Transform (FFT) based loss functions operate in the frequency domain to emphasise
spectral content matching:

LFFT =
1

n

n∑
i=1

|F{y}i −F{ŷ}i| (2.44)

where F{} denotes the Fourier transform. This is particularly relevant for viscoelastic materials, where
frequency domain characteristics influence material behaviour, enabling the discovery of frequency-
dependent material patterns that may be obscured by time-domain fitting approaches, as shown in
Chapter 4. Frequency domain loss functions enable the discovery of spectral characteristics that
traditional time-domain approaches may miss, potentially revealing frequency-dependent material be-
haviour patterns beyond assumptions in polynomial representations.
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2.8. Statistical Analysis and Uncertainty Quantification
2.8.1. Confidence Intervals
Statistical analysis helps quantify model reliability and creates confidence bounds needed for engineer-
ing applications of material behaviour patterns. The bootstrap methodology has proven effective for
determining confidence intervals in engineering applications where traditional statistical assumptions
may not hold [6]. Bootstrapping provides confidence intervals for parameters related to the distribution
of simulation output statistics, particularly when output distributions are non-normal. Confidence inter-
vals indicate ranges within which parameter values are likely to reside, given specific probability levels,
enabling the assessment of discovery reliability. For the parameter estimate θ̂ derived from sample
data, the confidence interval at confidence level (1− α) satisfies:

P (L ≤ θ ≤ U) = 1− α (2.45)

Bootstrap methodology creates confidence intervals through resampling approaches, creating multiple
dataset versions from limited experimental data:

CI1−α =
[
θ̂(α/2), θ̂(1−α/2)

]
(2.46)

Bootstrap methods are well-suited for materials modelling, where experimental data limitations restrict
traditional statistical approaches and where parameter distributions may not conform to standard as-
sumptions, enabling the quantification of discovery reliability without imposingmathematical constraints
on material behaviour patterns.

2.8.2. Box Plot Analysis
Box plots provide visualisation of data distribution characteristics through quartile-based representa-
tions, highlighting central tendency, spread, and the presence of outliers in material behaviour patterns.
The box plot serves as a simple visual method to interpret data, using the median, the approximate
quartiles, and the lowest and highest data points to convey the level, spread, and symmetry of a distri-
bution of data values [57]. Box plot construction begins with a five-number summary: minimum, first
quartile (Q1), median (Q2), third quartile (Q3), and maximum values:

Q1 = Percentile25(X) (2.47)
Q2 = Percentile50(X) (2.48)
Q3 = Percentile75(X) (2.49)

Interquartile range (IQR) provides measures of data spread:

IQR = Q3 −Q1 (2.50)

Outlier identification follows the criteria:

Lower Fence = Q1 − 1.5× IQR (2.51)
Upper Fence = Q3 + 1.5× IQR (2.52)

This provides identification of unusual measurements that may indicate material behaviour or experi-
mental errors, requiring further investigation, while enabling the assessment of material patterns with
statistical rigour.
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2.9. Latin Hypercube Sampling and Design of Experiments
2.9.1. Space-Filling Experimental Design
Latin Hypercube Sampling enables the exploration of high-dimensional parameter spaces while main-
taining the computational efficiency required for model development beyond traditional polynomial con-
straints. LHS provides several methods for creating and augmenting Latin Hypercube Samples, ensur-
ing balanced exploration across all parameter dimensions simultaneously [25]. For a hyperparameter
space with d dimensions, LHS generates n sample points such that each dimension is divided into n
equally probable intervals, with exactly one sample point in each interval. LHS point generation follows:

xi,j =
πj(i)− ui,j

n
(2.53)

Where ui,j represents uniform random variables providing variability within each interval whilst main-
taining stratification properties. Final sample points are scaled to the desired parameter ranges:

xi = L+ (U− L)⊙ si (2.54)

LHS ensures that every hyperparameter dimension receives exactly n samples, distributed across
its entire range, allowing for exploration regardless of dimensionality while enabling the discovery of
configurations for material behaviour learning.

2.9.2. Space Refinement
LHS enables iterative refinement approaches that combine sampling with performance feedback to
focus searches on promising parameter regions, thereby allowing for more effective material discovery.
Space contraction follows mathematical frameworks:

L(k+1) = P
(k)
best − α · (P

(k)
best − L(k)) (2.55)

U(k+1) = P
(k)
best + α · (U(k) −P

(k)
best) (2.56)

where P
(k)
best represents best-performing configuration and α represents contraction factor balancing

exploration with refinement. The convergence criterion can be expressed through performance consis-
tency:

Convergence =
σperformance
µperformance

< ϵconvergence (2.57)

Figure 2.11 shows space refinement where the initial broad hyperparameter space undergoes contrac-
tion around promising regions that enable material discovery.

Figure 2.11: Hyperparameter space refinement through space contraction.
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This allows optimisation across high-dimensional parameter spaces while maintaining computational
efficiency needed for discovering configurations that would enable material behaviour learning beyond
traditional polynomial constraints, as implemented in Chapter 3.

2.10. Current Material Characterisation Approaches
2.10.1. Time-Temperature Superposition
Traditional material characterisation approaches use time-temperature superposition principles, where
material behaviour at different temperatures constructs master curves spanning extended ranges [39,
5]. This allows for the characterisation of material behaviour by using temperature-dependent acceler-
ation of material processes. However, mathematical assumptions about the separability of effects con-
strain these approaches. However, time-temperature superposition requires experimental programmes
across multiple temperatures and assumes that temperature effects can be separated from other mate-
rial dependencies. For loading conditions and stress-dependent materials, these assumptions may not
hold, potentially limiting the discovery of material behaviour patterns beyond traditional mathematical
separability assumptions.

2.10.2. Parametric Methods
Parametric methods use mathematical relationships to characterise creep and stress relaxation data
across extended ranges [24, 8]. These approaches fit experimental data to functional forms, including
power laws, logarithmic functions, or exponential relationships, then use fitted parameters for charac-
terisation across broader ranges. While parametric methods can provide characterisation for some
materials, they have limitations similar to polynomial representations: functional forms that may not
capture material behaviour and poor performance when the assumed functional form proves incorrect.
The constraint lies in predetermined mathematical assumptions rather than material discovery.

2.10.3. Machine Learning Approaches
Machine learning has introduced various approaches to materials modelling and characterisation [45,
7]. Pure neural network approaches work well for interpolation within training ranges but often work
poorly beyond training because they lack physical grounding and tend to overfit to training particulars.
Neural network approaches that incorporate physics principles aim to address limitations by directly
integrating physical laws into training [44, 3]. However, most work focuses on solving partial differential
equations rather than learning constitutive relationships for materials, thereby missing opportunities to
discover material behaviour patterns. Hybrid approaches that combine neural networks with physics
frameworks represent a new area of research [30, 52], but methodologies for developing hybrid models
are currently limited. The challenge lies in integrating data-driven learning with physical constraints
while maintaining both accuracy and physical consistency needed for discovering material behaviour,
as addressed through this research.

2.11. Research Opportunities
Current nonlinear viscoelastic modelling approaches have limitations that create opportunities for in-
novation through the discovery of material behaviour, rather than relying on mathematical constraints.
The challenge involves balancing the tension between mathematical tractability and physical accuracy
while maintaining what is necessary for engineering applications that may require a deeper understand-
ing of materials beyond current mathematical limitations. The integration challenge comes from existing
methods struggling to combine data-driven learning with physical constraints, often losing either dis-
covery or physical consistency. Traditional approaches force material behaviour into predetermined
mathematical forms, potentially hiding material patterns that could inform engineering understanding.
Scale-invariant optimisation has difficulties where traditional loss functions create dimensional bias, re-
ducing the ability to learn across wide dynamic ranges typical of viscoelastic materials. This bias may
prevent the discovery of material behaviour patterns that manifest differently across operational ranges,
limiting our understanding of material physics.

Data use is another area where methodologies for using experimental loading patterns in neural net-
work training are underdeveloped. Current approaches often focus on checking predetermined math-
ematical assumptions rather than discovering material behaviour patterns beyond those assumptions.
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Statistical reliability frameworks face challenges, particularly in the absence of strategies for creating
confidence bounds on model predictions, which limits the deployment of models in engineering ap-
plications. Traditional statistical methods assume mathematical forms that may not accurately reflect
material behaviour, potentially reducing the reliability of assessments. These challenges present op-
portunities for improvement through the integration of neural networks with physics frameworks, while
maintaining the requirements necessary for engineering applications. The path forward involves inte-
grating neural networks within proven physical frameworks, rather than abandoning principles, enabling
the discovery of material behaviour patterns while preserving the theoretical rigour needed for engineer-
ing deployment.

2.12. Summary
The review covers the theoretical foundation for integrating neural networks with viscoelastic frame-
works through the discovery of material behaviour. The review shows that while traditional polynomial
approaches are mathematically tractable, their functional forms limit the discovery of material behaviour.
The Universal Approximation Theorem provides theoretical justification for replacing these constrained
representations with neural network approximations, enabling materials to exhibit their behaviour pat-
terns. The path forward involves integrating neural networks within the Schapery-Prony framework,
rather than abandoning physical principles. By using neural networks to learn only stress-dependent
nonlinearity functions while preserving the temporal evolution framework based on physics, these ap-
proaches address limitations while maintaining the physical foundation required for engineering appli-
cations. The methodology detailed in Chapter 3 provides approaches for this integration. In contrast,
the validation presented in Chapter 4 demonstrates the neural network integration for material charac-
terisation, addressing the challenges identified in this review. This shift from constraint-based fitting
to discovery-based learning enables material characterisation while preserving the theoretical rigour
needed for engineering deployment.



3
Theoretical Framework and

Computational Methodology

Following the theoretical foundations presented in Chapter 2, this chapter outlines the methodology
developed to achieve material characterisation through the integration of neural networks with physics
frameworks. The challenge involves translating theoretical concepts into a working computational sys-
tem that can systematically discover material behaviour patterns through improved nonlinear function
learning rather than being limited by polynomial assumptions. This methodology addresses three im-
plementation challenges that arise when moving from theory to practice. First, traditional polynomial
approaches for representing material nonlinearity are too rigid to capture the stress-dependent be-
haviour observed in real materials, as shown in Chapter 2. Second, neural networks, while flexible,
can learn physically meaningless relationships unless guided by physical principles that ensure the
temporal evolution accuracy required for engineering applications, while also enabling the represen-
tation of stress-dependent material characteristics [44]. Third, validating neural integration requires a
systematic investigation to identify which methodological choices enable material understanding versus
those that only improve short-term performance metrics without revealing material behaviour.

These challenges require a systematic five-phase development process for neural integration, where
each phase builds upon results from the previous stage whilst maintaining adherence to physical princi-
ples throughout the material characterisation process. The approach enables exploration of how neural
networks can replace polynomial constraints while preserving the physics that governs temporal mate-
rial behaviour.

3.1. Framework Verification
The computational implementation shows that the incremental strain formulation detailed in Chapter 2
correctly processes stress inputs through Schapery-Prony parameters [49] to generate correspond-
ing strain responses. This validation provides confidence that our computational foundation functions
properly before proceeding to neural network integration, ensuring that discovered material behaviour
patterns reflect physics rather than computational artefacts.

23
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(a) Strain response without aσ parameter. (b) Strain response with aσ parameter included.

Figure 3.1: Framework validation with and without aσ parameter.

Figure 3.1 shows that excluding the aσ parameter produces minimal differences in strain response
predictions. This validates the simplification approach while maintaining a physics representation for
subsequent neural network integration methodologies that focus on discovering representations for
stress-dependent functions rather than time-scaling effects. The strain responses show agreement
between both implementations, with differences remaining within engineering tolerances.

Algorithm 1 Polynomial Framework Validation Protocol
1: Input: Stress history σ(t), HDPE parameters from Table 2.1
2: Output: Strain response ε(t)
3:
4: • Initialise internal state variables qi = 0 for i = 1, ..., N
5: • For each time step: compute nonlinearity functions using Equations 2.22-2.24
6: • Update internal state variables using Equation 2.19
7: • Compute strain using Equation 2.21

Algorithm 1 processes stress inputs through the incremental strain formulation using a systematic step-
by-step procedure [20, 38, 17]. This computational validation demonstrates the credibility of the frame-
work. It confirms that our implementation accurately reproduces material behaviour before proceeding
with neural network integration methodologies that aim to discover representations of material nonlin-
earity without compromising the proven temporal evolution framework. Recent validation studies [47]
confirm that such incremental approaches achieve high accuracy when properly implemented.

3.2. Development Overview
Development follows a five-phase progression designed to address neural network integration chal-
lenges while maintaining mathematical rigour and physical consistency throughout the material charac-
terisation process. This addresses the polynomial constraint problems shown in Chapter 2 through the
integration of neural networks with physics frameworks, which enable the learning of material behaviour
rather than mathematical fitting [9].
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Figure 3.2: Research methodology progression.

Figure 3.3: Implementation workflow with technical components and decision points.

Figures 3.2 and 3.3 illustrate the phase-by-phase development, where each phase builds upon previous
results while addressing technical challenges in neural integration. The flowcharts guide understand-
ing of the approach, showing how each phase contributes to development while maintaining decision
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points and feedback loops that ensure neural networks discover material behaviour rather than learning
spurious patterns. The five-phase approach came from recognising that developing neural integration
needs more than simply combining neural networks with physics equations. Each phase addresses
an aspect of the challenge: how do we build confidence that our model discovers material behaviour
patterns rather than memorising training data or fitting to mathematical artefacts?

Phase 1 creates a solid foundation by exploring the vast space of possible configurations, ensuring our
starting point represents optimality for material understanding rather than arbitrary choices that might
bias neural learning. Phase 2 identifies the methodological decisions that most significantly impact
material learning, providing evidence-based guidance rather than relying on intuition about neural in-
tegration approaches. Phase 3 tests the system’s knowledge, revealing any limitations that standard
evaluation cannot detect, whilst determining whether neural networks learned material physics. Phase
4 targets the root causes of identified limitations through diagnostic analysis, avoiding the standard
approach of applying solutions to problems whilst focusing on physics improvements that enable better
material understanding. Phase 5 validates that laboratory-developed learning maintains effectiveness
when confronted with the complexity of real-world operational conditions.

Table 3.1: Five-phase methodology overview

Phase Objective Activities Expected Outcome
Phase 1: Create baseline 13-dimensional Latin Baseline
Baseline configuration Hypercube Sampling configuration with
Optimisation for material understand-

ing
across architecture, validated learning

through exploration training, physics
Phase 2: Identify combinations Exploration Evidence-based
Sensitivity across dimensions of loss functions, recommendations
Analysis affecting learning capabil-

ity
loading patterns, for material

relaxation spectra understanding ap-
proaches

Phase 3: Test neural integration Testing across Identification of
Capability learning and scenarios learning limitations
Testing identify limitations and diagnostic insights
Phase 4: Address identified Targeted improvements Model
Model limitations through reaching better
Refinement refinement learning
Phase 5: Validate robustness JONSWAP marine Confirmed
Marine under realistic loading across deployment readiness
Validation operational conditions sea states under realistic conditions

Table 3.1 provides an overview of the research progression, illustrating how each phase contributes to
building toward the goal of neural integration, which enables material understanding from limited exper-
imental observations while maintaining the physical consistency required for engineering applications.

3.3. Data Generation and Twin Experiment Implementation
Neural network training requires large amounts of data to learn patterns and understand the mate-
rial. However, physical testing of viscoelastic materials has its constraints. Multi-year experiments
are needed to capture long-term behaviour, but these are economically and logistically challenging. In
contrast, shorter tests may not exercise the full range of material mechanisms required for character-
isation, which enables neural networks to discover material behaviour patterns. The twin experiment
methodology [38] addresses this constraint by using material characterisation work as a ”digital twin”
that generates synthetic training data with known behaviour. This approach enables the exploration
of loading conditions and parameter ranges that would be prohibitively expensive to study through
physical experimentation, while maintaining a connection to validated material physics throughout the
data generation process, which provides neural networks with material behaviour examples for learn-
ing. Following the computational validation in Section 3.1, the data generation framework extends our
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verified implementation to create training scenarios. This transition moves from validating our compu-
tational foundation to utilising it for the systematic exploration of material behaviour through synthetic
data generation.

3.3.1. Data Preprocessing and Standardisation Strategy
The preprocessing protocol ensures consistent data quality whilst maintaining physical meaning through
standardisation approaches that address neural network training requirements for material understand-
ing.

Standardisation Methodology
All training data is concatenated and standardised to the range [−1, 1] based on global minimum and
maximum values across the entire dataset.

Mathematical formulation:
xscaled = 2 · x− xmin

xmax − xmin
− 1 (3.1)

Scientific Rationale for [−1, 1] Range
The [−1, 1] range provides advantages over [0, 1] normalisation for marine loading applications. Marine
loading often involves oscillatory motions around a mean value from waves and vibrations. The [−1, 1]
range naturally accommodates positive and negative deviations from a centre point, where negative
values correctly represent force or movement opposite to positive direction. For boundary handling,
values outside the training range [xmin, xmax] are correctly identified as cases that require special
attention. This maintains clear delineation between interpolation and regimes whilst preserving the
physical interpretation of loading directions.

Computational Efficiency Considerations
Standardisation proves necessary for neural network stability. Stress values in MPa (106 Pa) are too
large for stable neural network training, creating a risk of exploding gradients where significant inputs
cause enormous activations, leading to unstable gradient updates. Without standardisation, the op-
timiser cannot converge due to erratic gradient behaviour. Standardised values utilise the complete
precision of floating-point representation, leading to more predictable computational costs during train-
ing.

3.3.2. Twin Experiment Methodology Implementation
The twin experiment approach generates synthetic training data whilst maintaining a connection to
validated material physics using the HDPE parameters from Table 2.1 [32]:

Algorithm 2 Twin Experiment Data Generation Implementation
1: Input: Loading pattern specifications, stress ranges, HDPE parameters
2: Output: Synthetic dataset with known ground truth
3:
4: • Define loading pattern library covering material exercising for learning
5: • Specify stress ranges spanning operational and evaluation envelopes
6: • For each pattern-stress combination: create history, process through validated framework
7: • Generate corresponding strain response with known ground truth
8: • Store input-output pairs with metadata annotations
9: • Compile training dataset with coverage for neural learning

The twin experiment methodology in Algorithm 2 uses the validated polynomial framework from Sec-
tion 3.1 to create datasets that would be impossible to generate through physical experimentation alone
due to cost, time, and constraints. This provides neural networks with examples of material behaviour
patterns that enable learning of stress-dependent relationships without being limited by experimental
constraints.
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3.3.3. Loading Pattern Generation Framework
The loading pattern library exercises different aspects of viscoelastic behaviour through stress history
characteristics, with theoretical foundations detailed in Chapter 2, enabling neural networks to learn
material behaviour patterns across operational ranges, taken as an example, Multi-Step Loading pat-
tern:

Algorithm 3 Multi-Step Loading Pattern Generation
1: Input: Stress levels, hold durations, transition specifications
2: Output: Multi-step stress history with material exercising
3:
4: • Initialise stress history with zero loading condition
5: • Define stress level progression for material exercising
6: • For each target stress: apply sharp transition, maintain constant stress
7: • Monitor for relaxation time coverage
8: • Apply controlled unloading sequence and validate pattern quality for learning

Algorithm 4 Data Preprocessing Protocol
1: Input: Raw synthetic datasets from twin experiment generation
2: Output: Preprocessed training data ready for neural network learning
3:
4: • Compute global statistics across the dataset ensemble
5: • Calculate stress and strain ranges globally across all datasets
6: • For each dataset: apply standardisation to [−1, 1] range using Equation 3.1
7: • Validate standardisation preserves physical relationships for learning
8: • Verify neural network input compatibility and training readiness

The standardisation approach in Algorithm 4 addresses neural network training requirements while pre-
serving physical meaning through a mathematical transformation that maintains characteristics neces-
sary for learning material behaviour patterns, rather than learning artefacts from data scaling.

3.4. Material Model Construction
The material model implementation translates the Schapery-Prony theory from Chapter 2 into a com-
putational framework that allows for neural network integration while maintaining physics consistency
and positivity constraints necessary for material understanding [52]. The approach separates physics
parameters from stress-dependent functions that benefit from neural integration for learning material
behaviour. This section builds upon the data generation framework presented in Section 3.3, transi-
tioning from creating synthetic training data to constructing the model architecture that will learn from
this data. The material model connects our physics understanding and the neural network components
that will learn stress-dependent material behaviour.

3.4.1. Strategic Parameter Classification Implementation
The framework employs parameter separation, addressing identifiability problems discussed in Chap-
ter 2 through a hybrid parameterisation approach that prevents ill-posed optimisation challenges whilst
enabling targeted material understanding:

Fixed Parameters: {D0, λi} (from literature) (3.2)
Trainable Physics: {Di} (logarithmic domain optimisation) (3.3)

Neural Parameters: {weights, biases} (learning-focused optimisation) (3.4)
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Table 3.2: Strategic parameter classification for hybrid physics-neural network optimisation

Parameter Type Parameters Treatment Implementation
Fixed Parameters D0, λi Literature values Physical anchoring

from Table 2.1 and scaffolding
Trainable Physics Di coefficients Log-domain Positivity

optimisation constraints
Neural Parameters Weights, biases Standard gradient Flexible function

descent for learning approximation

Table 3.2 shows the classification strategy that provides physical scaffolding through fixed parameters
whilst enabling adaptive learning through trainable components. This addresses the challenge that
training all parameters simultaneously creates non-unique solutions where multiple parameter combi-
nations produce similar strain responses, potentially preventing neural networks from learning material
behaviour patterns.

3.4.2. Parameter Initialisation Implementation
The material parameters employ values from Chapter 2, Table 2.1, providing physical foundation for
neural integration that enables material understanding: Instantaneous compliance (D0) is fixed at
2.205 × 10−4 MPa−1 from experimental characterisation. Relaxation timescales (λi) use fixed distri-
bution from 1× 100 to 1× 10−5 seconds providing temporal hierarchy. Prony coefficients (Di) are train-
able parameters that control the strengths of the relaxation modes for learning. Initial Di coefficients
are selected through testing within physically reasonable ranges whilst ensuring positivity through log-
arithmic domain implementation detailed in Section 3.6. This provides neural networks with physically
meaningful starting points for learning material representations.

3.4.3. Logarithmic Domain Training Implementation
The physics parameter training employs a logarithmic transformation, ensuring positivity constraints
whilst enabling optimisation algorithms for material understanding:

Algorithm 5 Logarithmic Domain Physics Parameter Implementation
1: Input: Physics parameters requiring positivity constraints
2: Output: Positive parameters through log-domain training for learning
3:
4: • Transform parameters to log domain: pi = log(Di) for all i
5: • For each training iteration: transform to physical domain Di = exp(pi)
6: • Apply gradient chain rule: ∂L

∂pi
= ∂L

∂Di
·Di

7: • Update log-domain parameters: pi ← pi − α∇piL
8: • Final transformation: Di = exp(pi) (guaranteed positive for physical consistency)

The logarithmic approach in Algorithm 5 resolves constraint optimisation challenges through mathe-
matical transformation rather than algorithmic complexity, ensuring all Di values remain positive whilst
enabling standard optimisation algorithms for material understanding. This maintains physical mean-
ingfulness whilst allowing neural networks to learn parameter distributions.

3.5. Neural Model Construction
The neural network implementation faces a design challenge: how do we use the flexibility of neural
networks to learn material behaviour while ensuring the learned relationships remain physically mean-
ingful? Traditional approaches either constrain neural networks so much that they lose their adaptive
advantages, or allow such freedom that they learn spurious correlations that fail under new conditions
without reflecting material physics. The approach addresses this tension through functional decompo-
sition, where neural networks learn only the stress-dependent nonlinearity functions whilst the physics
framework handles all temporal evolution [52]. This separation allows neural networks to focus on
their strengths—learning functional relationships—while physics provides the temporal structure that
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ensures learned behaviour remains consistent with material memory principles needed for learning ma-
terial behaviour. Neural model construction builds upon the material model framework from Section 3.4,
where we defined the hybrid parameter strategy. Now we implement the neural network components
that will learn the stress-dependent functions within this physically grounded framework.

3.5.1. Shared Backbone Architecture Implementation
The architecture employs shared feature extraction feeding specialised heads for individual function
learning, implementing the functional decomposition principle that separates neural network learning
from physics-based temporal evolution:

Shared Features: hshared = MLPshared[σstd] (3.5)
Specialised Outputs: gk(σ) = Softplus(MLPk[hshared]) (3.6)

Figure 3.4: Neural network architecture with shared backbone and specialised heads.
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Figure 3.5: Baseline architecture used in Phases 1-2 and initial Phase 3 testing.
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The baseline architecture, as shown in Figure 3.5, was used throughout the initial investigations (Phases
1-3) before diagnostic analysis revealed the need for increased capacity to support material understand-
ing requirements, as described in Chapter 4.

Algorithm 6 Shared Backbone Neural Architecture Construction
1: Input: Standardised stress values σstd
2: Output: Nonlinearity functions g0, g1, g2 for material understanding
3:
4: • Process input through shared backbone layers with ReLU activation from Equation 2.28
5: • Extract common patterns and generate feature representations for learning
6: • Feed shared features to three specialised heads for individual function learning
7: • Apply individual transformations for each function specialisation
8: • Use Softplus activation from Equation 2.32 ensuring positive outputs
9: • Return learned nonlinearity functions satisfying physical constraints for material understanding

Shared backbone in Algorithm 6 extracts features from stress inputs once, creating a consistent foun-
dation for all three nonlinearity functions while eliminating redundant computation and ensuring consis-
tency across function learning, which enables material understanding.

3.5.2. Architecture Specifications and Design Rationale
The neural network employs Multi-Layer Perceptron architecture chosen for addressing the regression
task of mapping stress input vectors to three scalar outputs for material understanding. The archi-
tectural choice of MLP over alternative approaches is based on problem characteristics for material
understanding. Since the physics framework already handles temporal evolution through the con-
volution integral detailed in Chapter 2, the neural network only needs to perform nonlinear function
approximation on the current stress state for learning stress-dependent material behaviour. MLPs pro-
vide the appropriate tool for this regression task without unnecessary complexity that could interfere
with material understanding. Activation function selection employs ReLU for hidden layers, providing
computational efficiency while eliminating vanishing gradient problems that could impede material un-
derstanding. Softplus is used for output layers, ensuring physical constraints through positive outputs
while maintaining smooth derivatives for stable training that enables learning of material behaviour.

3.5.3. Universal Approximation Capabilities
The theoretical foundation for neural network function approximation rests on the Universal Approx-
imation Theorem [12], which demonstrates that feedforward networks can approximate continuous
functions to arbitrary accuracy without imposing constraints on functional forms. 2.27

This theoretical guarantee enables neural networks to discover material behaviour rather than being
constrained by predetermined functional forms. Neural networks learn appropriate representations
through piecewise-linear approximations that capture local behaviours impossible with global polyno-
mial constraints. The significance emerges from the guarantee that sufficiently wide neural networks
can approximate any continuous function to a desired accuracy. This is particularly important for ma-
terials modelling, where functional forms of nonlinear relationships may be unknown, requiring flexible
approximation methods rather than polynomial assumptions, as shown in Chapter 4. The Universal Ap-
proximation Theorem alters our approach to material characterisation: instead of asking ”which polyno-
mial order best fits our data,” we can ask ”what functional relationships do our materials exhibit?” This
shift from fitting to discovery enables the identification of material behaviour patterns that polynomial
constraints may have prevented us from recognising.

3.5.4. Physics-Informed Initialisation Implementation
The network initialisation ensures physically meaningful behaviour from training commencement for
material understanding:
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gk(σ ≈ 0) ≈ 1.0 for linear viscoelastic behavior at low stress (3.7)
Weight Initialisation: W ∼ N (0, 0.01) (3.8)

Bias Initialisation: bk ← 0.541 (tuned for Softplus output ≈ 1.0) (3.9)

Algorithm 7 Physics-Informed Network Initialisation
1: Input: Network architecture specification
2: Output: Initialised network with physics constraints for learning
3:
4: • Initialize final layer weights with small normal distribution N (0, 0.01)
5: • Set final layer biases to 0.541 for each head (g0, g1, g2)
6: • Target bias value chosen to produce Softplus output ≈ 1.0 at zero input
7: • Apply initialisation to the final linear layer preceding Softplus activation
8: • Verify initial predictions approximate unity at low stress levels
9: • Enable physics-based behaviour from training start

10: • Complete initialisation ensuring linear viscoelastic response at low stress

Algorithm 7 creates proper low-stress behaviour corresponding to linear viscoelastic response whilst
enabling nonlinearity learning during training. The specific bias value of 0.541 is empirically determined
to yield outputs close to unity when passed through the Softplus activation function.

3.6. Model Training Implementation
The model training implementation addresses the challenges of optimising hybrid physics-neural sys-
tems through parameter management that respects the mathematical differences between neural net-
work weights and physics parameters while enabling material understanding [29]. This training frame-
work represents the result of our methodological development, combining the synthetic data from Sec-
tion 3.3, the material model framework from Section 3.4, and the neural architecture from Section 3.5
into a learning system that can discover stress-dependent material behaviour patterns.

3.6.1. Training Protocol and Strategic Implementation
Two-Stage Training Strategy - Detailed Implementation
Training neural network parameters and physics parameters simultaneously from initialisation creates a
coordination problem. Neural network parameters start randomly and need time to develop meaningful
feature representations. Physics parameters have a clear physical meaning but need neural network
functions to be somewhat stable for learning. Different parameter types learn at varying rates and
scales, resulting in learning rate mismatches.

Stage 1: Neural Network Foundation Building

Stage 1 allows shared and head networks to develop basic pattern recognition capabilities. The pur-
pose involves gradient stabilisation by letting neural network gradients stabilise before introducing
physics parameter gradients, and coordination preparation by creating a stable neural network foun-
dation that physics parameters can then optimise against. Implementation typically uses a short initial
phase duration of 5-10 epochs. The training scope covers only the neural network weights and biases
being updated, while the Dn parameters remain frozen at their initial values. Learning rate follows
conservative approach (lrnn_stage1 = 5 × 10−5) to prevent overfitting to initial Dn values. The loss
function remains the same physics-based loss, but the gradients only propagate to the neural network
parameters.

Benefits include preventing early divergence, where, without foundation building, random neural net-
work outputs can send physics parameters in the wrong directions. The approach creates a feature
hierarchy where the shared layer learns to extract meaningful features before heads specialise, and
improves gradient quality where subsequent physics parameter gradients are based on meaningful
neural network representations.
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Stage 2: Full Hybrid Training - Synergistic Optimisation

Stage 2 enables simultaneous optimisation of all trainable parameters for completeness of learning.
The purpose involves co-evolution, allowing physics parameters to adapt to learned neural network
functions and vice versa, as well as physics-neural network coordination and global optimisation to
find the best combination of neural network representations and physics parameters. Implementation
covers all trainable parameters where Dn and all neural network weights and biases are updated to-
gether. Coordinated learning rates utilise distinct learning rates for different parameter types, tailored
to their specific characteristics. Gradient integration applies full backpropagation through the hybrid
model. This resulted in a mutual adaptation where neural networks learn better feature representa-
tions for physics parameters to utilise, a global optimum approach that avoids local optima that could
result from sequential optimisation, and physical consistency, ensuring that the learned neural network
functions are consistent with physics parameters.

Algorithm 8 Two-Stage Hybrid Training Protocol
1: Input: Initialised neural network, physics parameters
2: Output: Optimised hybrid model for material understanding
3:
4: • Stage 1: Freeze physics parameters, train neural networks with slow learning rate
5: • Monitor convergence and gradient stability for foundation development
6: • Stage 2: Unfreeze all parameters, configure differential learning rates for learning
7: • Coordinate physics and neural parameter updates with regularisation from Equation 2.42
8: • Monitor hybrid system convergence across all components for material understanding

Algorithm 8 addresses coordination challenges by creating a stable neural network foundation before
introducing physics parameter complexity. Stage 1 creates a stable neural network feature extraction
whilst avoiding overfitting to initial physics parameter values that could bias material understanding.
Stage 2 enables coordinated optimisation where both neural and physics parameters adapt together
to reach hybrid system performance for learning material behaviour patterns.

Rotating Dataset Framework
Training rotates through different dataset files rather than using one massive consolidated file. The
rotation protocol trains on each file for the specified number of epochs in the dataset before moving
to the next. Randomisation shuffles file order at the end of each whole epoch to prevent sequence-
based learning bias. Benefits include bias prevention, eliminating potential ordering effects in training
data, generalisation enhancement, forcing the model to adapt to different loading patterns rapidly, and
reducing overfitting, thereby preventing the memorisation of specific dataset characteristics.

Overfitting Prevention and Model Selection
Validation-based early stopping uses a separate validation dataset to track performance after each
training epoch. The early stopping criterion halts training if the validation loss stops improving for a
specified number of early stopping patience epochs. The prevention target stops training before the
model begins to overfit to the training data. Best model selection employs recursive saving, where the
model with the best validation loss is saved at each training iteration. Update protocol overwrites the
saved file if the epoch’s validation performance exceeds the current best.

3.6.2. Regularisation Strategy and Physics-Informed Guidance
Regularisation Philosophy
The regularisation approach seeks to guide g function learning toward physically plausible behaviours
without imposing rigid constraints that might prevent the discovery of material laws. The target be-
haviour definition is based on the literature (Lai and Nguyen’s polynomial functions). All g functions
should approach 1.0 at low stress levels for low stress behaviour. For high stress targets, functions
should evolve toward approximately g0 ≈ 1, g1 ≈ 1.2, g2 ≈ 2.2 at high stress. Transition character
allows flexibility in how functions transition between these bounds.
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Deep Analysis of Regularisation Implementation and Parameter Selection
Regularisation term is added to the loss function:

Lreg = ϵreg
∑
i

(gi,predicted − gi,target)2 (3.10)

The regularisation strength parameter of 8.138×10−4 is selected based on scale considerations. The pri-
mary loss (strain prediction error) typically has magnitude O(10−2) to O(10−1). Regularisation strength
at O(10−4) guides without overwhelming physics-based learning. Relative influence contributes ap-
proximately 1–5% of total loss, sufficient for guidance but not domination. If regularisation strength
were larger (e.g., 1 × 10−1), over-constraint risk would force g functions to follow polynomial targets
rigidly. Discovery prevention could prevent learning of material behaviours that deviate from polyno-
mial forms. Physics loss masking would occur where regularisation dominates, essentially reverting to
a polynomial-based approach. If regularisation strength were smaller (e.g., 1× 10−6), insufficient guid-
ance would make regularisation influence negligible. Physical plausibility risk could allow g functions
to learn physically unrealistic behaviours. Training instability may occur without sufficient guidance,
where neural networks can become trapped in spurious local minima.

Local minima remain possible due to remaining non-convexity sources. Neural network function ap-
proximation creates a highly non-convex learning space for g functions. Physics-neural network inter-
action involves complex interactions between Dn values and learned g functions. High-dimensional
space means even with scaffolding, the optimisation space remains high-dimensional. Regularisa-
tion provides mitigation of local minima through basin guidance, creating a ”gravitational pull” toward
physically reasonable regions. Escape assistance helps optimise escape from spurious minima that
are physically implausible. Convergence improvement provides a consistent gradient direction when
physics gradients are noisy.

3.6.3. Optimiser Selection and Implementation
The optimisation algorithm selection addresses the challenges of hybrid physics-neural systems, where
different parameter types exhibit different scales and update frequencies during material understanding:

mt = β1mt−1 + (1− β1)gt (3.11)
vt = β2vt−1 + (1− β2)g2t (3.12)

θt = θt−1 − α
m̂t√
v̂t + ϵ

(3.13)

The Adam algorithm from Equations 3.11-3.13 offers several advantages for hybrid physics-neural
approaches: individual parameter adaptation based on gradient history, enabling balanced material
understanding, scale invariance handling of different parameter magnitudes, and gradient noise ro-
bustness for convolution integral calculations during material behaviour learning.

3.6.4. Loss Function Framework for Scale-Invariant Training
The training employs various loss function approaches to address heteroscedasticity challenges inher-
ent in viscoelastic material modelling [54]. The sensitivity analysis in Phase 2 evaluates five distinct
loss function formulations detailed in Section 2.7 of Chapter 2: Mean Squared Error (MSE), Mean Ab-
solute Error (MAE), Amplitude Ratio (AR), Percentage Difference (PD), and Frequency Domain (FFT)
approaches. The systematic evaluation in Phase 2 determines which formulation best enables neural
networks to learn material behaviour patterns without dimensional bias or frequency distortion, pro-
viding evidence-based guidance for training protocols that support material understanding rather than
arbitrary mathematical fitting, as detailed in Chapter 4.

3.7. Dataset Organisation and Validation Strategy
The dataset organisation enables the evaluation of neural integration learning across interpolation and
testing scenarios, while maintaining the statistical rigour required for assessment and engineering de-
ployment confidence in learned material behaviour patterns [6]. This validation framework provides
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a component of our methodology, showing how we assess whether the neural integration approach
has learned material behaviour patterns. The strategy builds upon all previous methodological com-
ponents to create an evaluation framework that can distinguish between material understanding and
curve fitting.

3.7.1. Strategic Data Partitioning Framework
The dataset organisation enables evaluation across different investigation phases whilst providing as-
sessment of model learning under conditions:

Table 3.3: Dataset splitting strategies for different investigation phases

Investigation Training Data Validation Data Test Data
Phase (MPa) (MPa) (MPa)
Phase 1-2 4, 10 6, 8 2, 12

(interpolation) (learning testing)
Phase 3-5 4, 8, 12, 16, 18 Subset for 2, 6, 10, 14

monitoring (mixed assessment)

3.7.2. Performance Evaluation Framework Implementation
The validation methodology employs multiple metrics to assess different aspects of model learning
across operational scenarios.

Algorithm 9 Performance Assessment Protocol
1: Input: Model predictions, ground truth responses, validation criteria
2: Output: Multi-faceted evaluation with visualisation and statistical assessment
3:
4: • Load each dataset and convert to tensors for model evaluation
5: • Generate model predictions using physics-informed simulation
6: • Compute Percentage Difference (PD), Amplitude Ratio (AR), Mean Squared Error (MSE), and

loss function values
7: • Create time-series plots comparing actual versus predicted strain responses
8: • Analyze learned nonlinearity functions g0(σ), g1(σ), g2(σ) across operational stress ranges
9: • Generate visualisation plots showing stress-dependent behaviour of learned functions

10: • Calculate overall average metrics across all evaluation datasets
11: • Compile evaluation summary with dataset-specific and aggregate performance measures

Algorithm 9 examines whether neural networks have learned material behaviour patterns by testing
predictions against ground-truth data and analysing the learned stress-dependent functions for physical
consistency.

3.8. Phase 1: Baseline Optimisation
Phase 1 addresses a challenge often overlooked in machine learning applications: distinguishing be-
tween configurations for material understanding and fortunate parameter combinations that work well by
chance without revealing material behaviour. With thirteen different hyperparameters affecting model
behaviour, the number of possible configurations grows exponentially, making exploration needed for
creating foundations for neural integration [25]. This phase becomes important because subsequent
phases build upon the baseline configuration for a deeper understanding of the material. If Phase 1
produces an unstable foundation, all subsequent improvements become questionable for learning ma-
terial behaviour. Moreover, neural integration learning can be sensitive to configuration choices that
may seem unimportant for standard metrics but affect the ability to learn material physics patterns.

3.8.1. Preliminary Architecture Specifications
The initial architecture creates a baseline neural network structure before optimisation for material
understanding:
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Table 3.4: Preliminary architecture configuration for baseline model development

Component Specification Purpose
Shared Backbone 2 layers, 32 neurons each Initial feature extraction

ReLU activation baseline for learning
Specialised Heads 2 layers, 64 neurons each Individual function

Softplus output learning capacity
Physics Integration 6 Prony terms Standard temporal

Range: 1× 100 to 1× 10−5 coverage baseline
Training Protocol Two-stage approach Initial convergence

Variable epochs assessment

Table 3.4 represents conservative design choices that provide capacity while avoiding complexity that
could interfere with material understanding.

3.8.2. 13-Dimensional Latin Hypercube Sampling Protocol
The parameter space exploration employs sampling across architecture, training, and physics integra-
tion parameters using the LHS methodology detailed in Chapter 2 for material understanding optimisa-
tion [50]:

Algorithm 10 Latin Hypercube Sampling Optimisation Protocol
1: Input: 13-dimensional parameter space bounds
2: Output: Configuration through exploration for material understanding
3:
4: • Define parameter ranges for exploration across all dimensions
5: • Generate LHS sample matrix using Equations 2.53-2.54
6: • For each configuration: instantiate model, execute training, evaluate learning capability
7: • Record configuration details and material understanding metrics
8: • Identify the best-performing configuration cluster for neural integration
9: • Contract search space around region and repeat until convergence from Equation 2.57

The LHS protocol in Algorithm 10 ensures exploration of the high-dimensional parameter space for
material understanding. With 13 tunable hyperparameters, grid search becomes computationally im-
possible due to the curse of dimensionality. LHS provides uniform coverage through stratified sampling,
ensuring that each parameter dimension is evenly sampled while focusing on configurations that enable
material behaviour learning.

Table 3.5: Preliminary LHS parameter ranges for initial configuration exploration

Parameter Range Distribution
Dn Initial Value 1× 10−11 to 1× 10−9 Log-uniform
Loss Function Type mse, ar, pd, mae, fft Categorical
Regularisation Epsilon 1× 10−6 to 5× 10−5 Log-uniform
Learning Rates (Stage 1) 0.0001 to 0.004 Log-uniform
Learning Rates (Stage 2) 0.0001 to 0.005 Log-uniform
Physics Learning Rate 0.01 to 0.025 Log-uniform
Network Sizes 32, 64 (shared); 64, 96 (heads) Categorical
Training Epochs 5 (stage 1); 10, 20 (stage 2) Categorical

Table 3.5 shows the log-uniform distribution employed for parameters spanning multiple orders of mag-
nitude to ensure equal sampling density across the logarithmic scale, preventing bias toward larger
values that could compromise material understanding capability.
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3.9. Phase 2: Sensitivity Analysis
Phase 2 reveals that not all methodological choices are equally important for neural integration learn-
ing. While Phase 1 identifies configurations, Phase 2 identifies which decisions most affect the model’s
ability to learn material behaviour patterns rather than only fitting training data. This phase uses con-
trolled experimentation principles, changing only one methodological aspect at a time whilst holding all
other factors constant. This approach prevents the problem where multiple changes coincide, making
it difficult to determine which modifications drive improvements in material understanding versus those
that only improve short-term performance metrics without revealing material behaviour.

3.9.1. Multi-Dimensional Investigation Framework
The sensitivity analysis framework employs controlled variation across three dimensions that affect
neural integration learning:

Table 3.6: Sensitivity analysis investigation matrix

Investigation Variations Assessment Expected
Dimension Tested Criteria Insight
Loss Functions MSE, MAE, PD, Scale-invariant Learning

AR, FFT learning capability objective identification
Loading Patterns Multi-Step, Cyclic, Information content Most informative

Triangle, Multi-Freq maximisation for learning training data type
Relaxation Spectra 6-14 terms, Temporal coverage Physics resolution

Range variations vs resolution for learning requirements

3.9.2. Controlled Experimental Design Protocol
The sensitivity analysis employs experimental control to isolate the effects of individual design choices
on material understanding:

Algorithm 11 Sensitivity Analysis Experimental Protocol
1: Input: Baseline configuration, investigation dimensions
2: Output: Evidence-based design recommendations for material understanding
3:
4: • Create controlled baseline using Phase 1 configuration
5: • For each dimension: modify only the target parameter, preserve other settings
6: • Train model using standardised protocol and evaluate learning metrics
7: • Record patterns and parameter sensitivity for material understanding
8: • Analyse variation effects and identify choice per dimension for learning capability
9: • Generate evidence-based recommendations and validate through integrated testing

The experimental protocol in Algorithm 11 ensures that observed differences result from the parameter
being investigated rather than confounding factors, thereby enabling the identification of methodological
choices that enhance material understanding.

3.10. Phase 3: Capability Testing
Phase 3 tests that result in standard metrics do not guarantee success when the neural integration
model encounters more challenging scenarios that test whether it has learned material behaviour. Mod-
els that work when evaluated within their training ranges may fail when pushed beyond those bound-
aries, showing whether they learned material physics or only memorised training patterns. The testing
approach reflects real-world scenarios where models must operate under conditions more demand-
ing than their development environment. By increasing test demands, this phase identifies conditions
where learning degrades, providing diagnostic information for targeted improvements in material be-
haviour learning.
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3.10.1. Progressive Capability Testing Protocol
The neural integration assessment employs testing across increasing demands for material understand-
ing validation:

Algorithm 12 Progressive Model Capability Testing
1: Input: Model configuration, capability testing scenarios
2: Output: Learning capability assessment and limitation identification
3:
4: • Define capability testing progression across scenarios for learning validation
5: • For each test scenario: generate test datasets with varied conditions
6: • Apply trained model and evaluate prediction accuracy and physical consistency of learning
7: • Monitor for degradation patterns and record diagnostic indicators
8: • Analyse patterns and identify learning capability boundaries
9: • Generate targeted improvement recommendations based on material understanding, diagnostic

analysis

The testing protocol in Algorithm 12 increases test demands to reveal boundaries through carefully
designed scenarios spanning practically relevant ranges, determining whether neural networks learned
material behaviour patterns that remain valid under challenging conditions.

3.10.2. Diagnostic Analysis Framework
When neural integration limitations appear, diagnostic analysis identifies root causes to guide targeted
improvement strategies for better material understanding:

Algorithm 13 Model Diagnostic Analysis
1: Input: Degradation patterns, model predictions
2: Output: Root cause identification and improvement strategy for better learning
3:
4: • Analyse prediction patterns for physical inconsistencies in learned behaviour
5: • Compare model behaviour against theoretical expectations for material understanding
6: • Investigate parameter sensitivity across test ranges for learning capability
7: • Assess neural network vs physics component contributions to learning limitations
8: • Examine spectral representation for better learning
9: • Identify the limitation source (architecture vs physics) affecting material understanding

10: • Develop targeted improvement strategy and validate through controlled testing

3.11. Phase 4: Model Refinement
Phase 4 addresses limitations from Phase 3 through targeted improvements that target root causes
rather than applying solutions, resulting in models capable of better material understanding beyond
initial capability limitations.

3.11.1. Architecture Specifications
Based on diagnostic insights from Phase 3, the architecture includes targeted improvements while
maintaining elements from the baseline configuration for material understanding:
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Figure 3.6: Architecture used in Phase 4.

Figure 3.6 shows the architecture developed after diagnostic analysis revealed the need for increased
neural network capacity to support the refined physics representation for better material understanding.

Table 3.7: Architecture configuration

Component Specification Improvement Focus
Shared Backbone 3 layers, 96 neurons each Better feature extraction

ReLU activation depth and capacity for learning
Specialised Heads 2 layers, 144 neurons each Increased specialisation

Softplus output capacity for functions
Physics Integration 14 Prony terms Slow relaxation

Targeted spectral resolution mode representation
Training Protocol Two-stage approach Coordinated physics-neural

Differential learning rates parameter optimisation

Table 3.7 addresses limitations identified through diagnostic analysis for material understanding.

3.11.2. Hyperparameter Space Configuration
Following diagnostic analysis, a refined Latin Hypercube Sampling exploration targets configurations
for better material understanding capability:
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Table 3.8: Hyperparameter space configuration

Parameter Range Distribution
Dn Initial Value 5× 10−11 to 1.5× 10−10 Log-uniform
Loss Function Type pd (fixed) Categorical
Regularisation Epsilon 5× 10−08 to 3× 10−07 Log-uniform
Physics Learning Rate 0.008 to 0.015 Log-uniform
Shared Network Learning Rate 0.003 to 0.007 Log-uniform
Head Network Learning Rate 1.5× 10−05 to 4× 10−05 Log-uniform
Stage 1 Learning Rate 1× 10−05 to 2.5× 10−05 Log-uniform
Shared Network Size 64, 80, 96, 112 Categorical
Head Network Size 112, 128, 144, 160 Categorical
Stage 1 Epochs 5 (fixed) Categorical
Stage 2 Epochs 25, 30, 35 Categorical

Table 3.8 reflects knowledge gained from previous phases: PD loss function fixed based on Phase 2
results, and focus on multi-step and multi-frequency loading patterns identified as most informative for
neural integration of material behaviour characterisation.

3.11.3. Improvement Strategy
The targeted improvement addresses limitations identified through diagnostic investigation for better
material understanding:

Algorithm 14 Targeted Improvement Protocol
1: Input: Baseline spectrum configuration, diagnostic insights
2: Output: Spectrum with better learning capability coverage
3:
4: • Investigate architectural limitations and training parameter effects on learning
5: • Examine neural network capacity constraints for function learning
6: • Analyse spectral representation for observed learning capability limitations
7: • Identify slow relaxation resolution as limitation from Equation 2.6
8: • Design spectrum targeting identified coverage gaps for better material understanding
9: • Integrate spectrum with architectural improvements

10: • Execute reoptimisation and verify improvement through learning testing

The improvement strategy in Algorithm 14 arises from an investigation rather than an immediate focus
on spectrum resolution.

3.12. Phase 5: Marine Validation
Phase 5 validates the neural integration model under realistic operational conditions that differ from
controlled training environments, confirming deployment readiness while preserving material under-
standing needed for real-world engineering applications. This phase represents the outcome of our
methodological development, testing whether the neural integration approach that was successful in
controlled laboratory conditions can maintain performance when confronted with the complexity of real
marine environments.

3.12.1. JONSWAP Stochastic Loading Generation
Themarine validation employs industry-standard JONSWAPwave spectra to generate realistic stochas-
tic loading conditions for testing learned material behaviour [27]:
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Algorithm 15 JONSWAP Marine Loading Generation Protocol
1: Input: Sea state parameters (Hs, Tp, γ), rope configuration
2: Output: Realistic marine stress history for model validation
3:
4: • Define JONSWAP spectrum parameters for the target sea state
5: • Generate wave elevation time series from spectral characteristics
6: • Apply the Morison equation for hydrodynamic force calculation
7: • Account for rope geometry and transform to axial stress
8: • Validate stress history for physical realism
9: • Apply trained model and evaluate learned material behaviour under realistic marine complexity

Algorithm 15 creates realistic marine loading conditions that challenge the model with stochastic stress
patterns that deterministic mathematical functions cannot capture, testing whether neural networks
learned material behaviour patterns that remain valid under realistic operational complexity.

3.12.2. Operational Envelope Assessment
The marine validation encompasses sea states across the operational envelope for testing material
understanding robustness:

Table 3.9: Marine validation test matrix

Parameter Range Tested Operational Validation
Significance Focus

Wave 1.0 - 7.0 metres Light to severe Stress amplitude
Height (Hs) sea conditions effects on learning
Peak Period (Tp) 8 - 15 seconds Typical offshore Frequency content

wave characteristics sensitivity
Spectral Shape 1.0 - 3.3 Standard to peaked Loading pattern
Factor (γ) wave spectra complexity
Configuration 30 rope angle Representative Geometric

45 wave approach offshore setup transformation

Table 3.9 provides coverage across conditions ranging from benign operational scenarios to severe
weather events, testing whether neural integration learning maintains validity across realistic marine
operational conditions. The results are presented in Chapter 4.

3.13. Summary
This chapter presents the methodology for neural integration with viscoelastic theory through a five-
phase development that allows material understanding rather than mathematical constraint. The ap-
proach demonstrates how theoretical mathematical frameworks are translated into computational method-
ologies that address material characterisation while maintaining adherence to physical principles. The
methodology ensures that neural networks improve rather than replace physics principles while preserv-
ing computational efficiency and theoretical rigour needed for engineering applications. The five-phase
progression addresses technical challenges while building toward neural integration learning capability
through parameter exploration, evidence-based design decisions, and targeted physics improvement
that allows material behaviour learning beyond traditional polynomial constraints. The methodological
framework provides approaches for neural integration development beyond synthetic fibre characteri-
sation, offering principles applicable across computational materials science domains that require ma-
terial understanding. The approach allows material understanding from limited experimental data while
preserving the physical foundations necessary for engineering applications.



4
Results and Analysis

This chapter presents an investigation into the integration of neural networks with the Schapery-Prony
framework for synthetic fibre characterisation. Replacing polynomial representations with adaptive
neural networks enables improved material behaviour whilst preserving physics principles. The inves-
tigation follows a logical progression where parameter optimisation identifies methodological choices
for material understanding, validates neural integration through testing, and confirms the stability of
learned material behaviour under realistic marine loading conditions.

4.1. Parameter Sensitivity and Experimental Design Insights
Parameter optimisation [25] establishes a baseline configuration whilst providing evidence-based guid-
ance for neural network integration approaches that enable material understanding. The investigation
examines interactions between optimisation objectives, training data characteristics, and physics repre-
sentation quality through controlled variation across five loading patterns, five loss function formulations,
and seven relaxation spectrum configurations, creating assessment combinations that identify suitable
conditions for neural integration of material behaviour.

The optimisation process employed the Latin Hypercube Sampling (LHS) methodology detailed in
Chapter 3, Section 3.8. The approach enabled uniform exploration of the 13-dimensional hyperpa-
rameter space while maintaining computational efficiency through stratified sampling, which ensures
balanced coverage across all parameter dimensions. The sensitivity investigations detailed in this sec-
tion were conducted using the preliminary configuration established through initial Latin Hypercube
Sampling, as specified in Section 4.2. This baseline configuration provided the foundation for variation
studies whilst ensuring consistent evaluation conditions across all sensitivity analyses.

4.1.1. Loss Function Investigation: Results
Loss function selection shapes how neural networks learn material physics when replacing traditional
polynomial constraints [54, 40]. Neural networks respond differently to various loss functions. Absolute
accuracy emphasis suits some applications, whilst relative performance focus benefits others. Some
loss functions prioritise frequency content or amplitude relationships. These distinctions prove essential
for enhancing the neural models of viscoelasticity.

42
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Figure 4.1: Percentage difference results across loss function formulations.

Table 4.1: Loss function analysis results.

Loss Function PD Error Ranking Characteristic Optimisation Ad-
vantage

Limitation

PD 3.28% 1st Scale-invariant rela-
tive error

Balanced learning
across ranges

None

MAE 6.45% 2nd Linear penalty struc-
ture

Outlier robustness Dimensional bias ef-
fects

FFT 7.94% 3rd Frequency domain fo-
cus

Spectral accuracy
emphasis

Limited temporal
scope

MSE 14.95% 4th Quadratic penalty
structure

Mathematical simplic-
ity

High-magnitude re-
sponse bias

AR 16.16% 5th Amplitude ratio focus Cyclic pattern special-
isation

Narrow applicability
range

Testing identifies a performance hierarchy in Figure 4.1. Percentage Difference achieves the lowest
error at 3.28%, exceeding alternative formulations, as detailed in Table 4.1. This supports theoretical
expectations about scale-invariant optimisation principles where balanced attention across operational
envelopes enables nonlinear function learning through neural integration rather than being constrained
by dimensional bias that affects traditional approaches.

The mathematical foundation underlying this advantage stems from gradient scaling properties that ad-
dress dimensional challenges in viscoelastic material modelling. The traditional Mean Squared Error
creates gradients proportional to the absolute response magnitudes, resulting in bias where optimi-
sation becomes dominated by high-stress responses, while sacrificing accuracy at lower operational
levels. In contrast, PD provides balanced optimisation through relative error formulation that maintains
proportional attention across all stress levels, enabling neural networks to learn material physics that
remains accurate across operational envelopes [28].

Cross-Metric Validation Analysis
Cross-validation indicates that the PD model’s advantages stem from its learning capability rather than
metric bias. The analysis demonstrates how different optimisation objectives affect neural network
material learning, while confirming the strength of PD-based integration approaches across various
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evaluation criteria. The cross-validation methodology tests each model against all evaluation metrics
to determine whether performance advantages reflect learning capability rather than optimisation bias.
Models trained with loss functions face evaluation using alternative metrics to assess true capability
versus simple alignment between the training objective and the evaluation criterion. Cross-metric con-
sistency ensures that modelsmaintain their advantages across evaluation criteria, rather than exhibiting
narrow specialisation.

(a) Amplitude Ratio metric evaluation. (b) Mean Squared Error metric evaluation.

Figure 4.2: Cross-metric validation results.

(a) Mean Absolute Error metric evaluation. (b) FFT Spectral Error metric evaluation.

Figure 4.3: Additional cross-metric validation across evaluation criteria.

Figure 4.4: R-squared metric evaluation.
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Table 4.2: Cross-metric validation results.

Evaluation Metric PD Model AR Model MSE Model MAE Model FFT Model Best Result
PD Evaluation 3.28% 16.16% 14.95% 6.45% 7.94% PD Model
AR Evaluation 0.0174 0.0617 0.0358 0.0318 0.0375 PD Model
MSE Evaluation 1 × 10−6 6 × 10−6 7 × 10−6 3 × 10−6 1 × 10−6 PD Model / FFT Model
MAE Evaluation 4.3 × 10−4 1.5 × 10−3 1.5 × 10−3 8.2 × 10−4 6.8 × 10−4 PD Model
FFT Evaluation 5 × 10−7 2 × 10−6 2 × 10−6 9 × 10−7 6 × 10−7 PD Model
R2 Evaluation 0.9722 0.6758 0.6870 0.9389 0.9222 PD Model
Overall Ranking 1st 5th 4th 2nd 2nd PD Model

Cross-validation testing confirms that the PD-trainedmodel achieves better results across all evaluation
metrics. The analysis shows that the PD model also performs well in the AR evaluation, whereas the
model trained on the AR objective yields poor results on this samemetric. This advantage—with the PD
model leading across AR, MSE, MAE, FFT, and R² evaluations—indicates that the observed benefits
reflect improvement of neural learning rather than optimisation bias.

Physics Learning and Gradient Behaviour Analysis

Figure 4.5: Neural network learned stress-dependent material functions showing enhanced representation of g�, g�, and g�
parameters across operational stress ranges.

Figure 4.5 displays learned nonlinearity functions that show how different loss functions affect neural
network learning of material physics. MSE-trained models learned linear viscoelastic behaviour with g0,
g1, and g2 values remaining at unity throughout the stress range. This occurs because MSE’s quadratic
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penalty structure, combined with regularisation encouraging unity values, creates an optimisation land-
scape where simpler linear solutions prove sufficient without requiring nonlinear function development.
PD loss enables learning of stress-dependent functions, though this early implementation shows lim-
itations in achieving proper physical behaviour. Whilst g0 and g2 functions appropriately initiate near
unity values and develop smooth, monotonic increases with stress, the g1 function exhibits behaviour
by starting from 2.3 at low stress levels rather than the expected unity value.

This g1 baseline represents a limitation in the early methodology where the neural network failed to
properly learn the requirement that all nonlinearity functions should approach unity under low-stress
conditions to preserve linear viscoelastic behaviour. The deviation indicates insufficient regularisation
or improper initialisation that allowed the network to learn an artificial amplification of transient compli-
ance effects even at stress levels where linear behaviour should dominate.

Statistical Analysis Across Loading Patterns

(a) Results distribution across loading patterns.

(b) Frequency domain spectral error distribution.

Figure 4.6: Loss function reliability assessment across domains.

The box plot analysis in Figure 4.6 provides insight into neural network learning reliability across differ-
ent loading patterns and loss functions, with statistical interpretation following the framework detailed
in Section 2.8 of Chapter 2 [57]. In the time domain analysis (Figure 4.6a), the PD loss function ex-
hibits consistent superiority across all loading patterns, as indicated by tight box distributions centred
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around low error values. The narrow boxes indicate reliable and predictable performance in neural en-
hancement of the nonlinearity functions, while the low median values confirm accurate strain prediction
capabilities. Conversely, AR and MSE loss functions show broader boxes with higher median values,
indicating less reliable neural network learning of the stress-dependent material behaviour.

The frequency domain analysis (Figure 4.6b) shows how effectively different loss functions preserve the
spectral characteristics needed for viscoelastic material representation. PD-trained models maintain
spectral errors below 0.5 × 10−6 across most loading patterns, showing that the neural enhancement
of g0, g1, and g2 functions preserves the frequency domain characteristics needed for material physics.

Table 4.3: Statistical analysis results.

Analysis Domain Best Result Mid-Tier Results Weakest Results Engineering Insight
Time Domain PD: Median(L) <

0.05; low σ2
MAE, FFT: Moderate me-
dian errors and dispersion.

MSE, AR: High median er-
rors (Median(L) > 0.15)
and high, unpredictable σ2.

PD provides stability; hierarchy
exists.

Frequency Domain PD: ϵ < 0.5 × 10−6;
preserves spectral con-
tent.

MAE, FFT: Moderate spec-
tral error; viable but compro-
mised.

MSE, AR: High spectral er-
ror (ϵ > 2.5 × 10−6); fail
to learn frequency relation-
ships.

Only PD reliably maintains spec-
tral fidelity, which is important
for dynamic material characteri-
sation.

Statistical analysis shows three distinct performance tiers, as presented in Figure 4.6 and summarised
in Table 4.3. The PD model consistently emerges as the best choice, achieving the lowest median
errors and the tightest distributions in both time and frequency domains. The MAE and FFT models
occupy a middle tier, characterised by moderate errors and variability. The MSE and AR models exhibit
the weakest results with higher median errors and broad statistical dispersions, indicating inconsistent,
unpredictable behaviour that compromises reliable neural enhancement of the material nonlinearity
functions.
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Error Contour Operational Landscapes

(a) PD loss function surface. (b) MAE loss function surface. (c) FFT loss function surface.

(d) MSE loss function surface. (e) AR loss function surface.

Figure 4.7: Error contour analysis across frequency and stress operational dimensions.

Error contour analysis in Figure 4.7 shows operational performance landscapes across stress and fre-
quency dimensions. The PD-trained model exhibits a landscape defined by a low-error plateau cover-
ing the entire central operational region. The gentle gradients and smooth, symmetric contour patterns
indicate balanced, reliable neural enhancement of material nonlinearity across diverse loading condi-
tions. The MAE and FFT models offer intermediate results with relatively low error regions. In contrast,
the MSE and AR models produce highly anisotropic and restricted landscapes, with narrow, vertically
oriented regions indicating a dimensional bias that compromises neural network learning across the
operational envelope. These different error landscapes emerge from how each loss function guides
neural network learning across the stress-frequency operational space. PD creates broad, reliable re-
gions because it is scale-invariant, treating errors proportionally regardless of their magnitude, allowing
neural networks to learn equally well across low-stress and high-stress conditions. This prevents the
network from focusing only on high-magnitude responses and ensures balanced learning of the g0, g1,
and g2 functions across the entire operational range.

MSE and AR create narrow, restricted regions because they suffer from dimensional bias. MSE empha-
sises significant errors over small ones due to its quadratic penalty, causing neural networks to focus
on high-magnitude responses whilst neglecting low-magnitude regions. AR becomes unstable due
to division operations when denominators approach zero, resulting in erratic learning behaviour that
only works under certain conditions. MAE and FFT fall between these extremes because they partially
address the bias issues. MAE avoids the quadratic penalty of MSE but still lacks full scale invariance.
FFT focuses on frequency domain characteristics, which helps with certain aspects of material learning
but may overlook meaningful time domain relationships necessary for neural enhancement of stress-
dependent functions.
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4.1.2. Loading Pattern Investigation: Results
Training data characteristics influence neural network integration, providing insights into suitable exper-
imental design strategies for characterising synthetic fibres. Loading patterns that exercise different
material mechanisms across operational envelopes directly affect the neural network’s ability to learn
material physics whilst improving upon traditional polynomial constraints.

Figure 4.8: Percentage difference comparison across loading patterns.

Table 4.4: Loading pattern analysis results.

Loading Pattern PD Error Ranking Strength Information Content Char-
acteristics

Limitation

Multiple-Steps 2.82% 1st Broad frequency coverage
across all timescales

Maximum information span-
ning rapid transitions and
sustained holds

None for applications

Triangle 3.39% 2nd Controlled stress rate varia-
tions with coverage

Stress history exercising
hysteresis behaviour

Limited frequency range
compared to multi-steps

Step-and-Hold 3.46% 3rd Extended relaxation data
from sustained stress peri-
ods

Important long-term relax-
ation information for valida-
tion

Missing rapid transition in-
formation

Multi-Frequency 4.88% 4th Frequency domain exercis-
ing across harmonic ranges

Rich harmonic content for
spectral characterisation

Lacks temporal diversity of
irregular patterns

Multi-StepCyclic 7.03% 5th Pattern combinations with
high sensitivity

Complexity creating over-
specialisation tendencies

Overspecialisation limiting
generalisation capability

Cyclic 9.02% 6th Consistent amplitude pat-
terns with predictable char-
acteristics

Single frequency focus with
minimal complexity

Narrow frequency spectrum
for material characterisation

Multiple steps achieved better results with a 2.82% error, supporting the material’s exercise of principles
based on information theory, as shown in Figure 4.8 and detailed in Table 4.4. Multiple-Steps loading
advantages emerge from frequency domain coverage that spans the spectrum of material behaviour
across all relevant timescales. Sharp stress transitions create rich frequency content spanning from
high-frequency components that probe fast relaxation modes through zero-frequency components that
capture slow creep behaviour during sustained holds.

Triangle loading effectiveness stems from controlled stress rate variations that exercise material be-
haviour through linear loading and unloading cycles. Step-and-hold loading provides capabilities for
capturing long-term material behaviour through sustained loading periods, enabling the observation of
relaxation phenomena occurring over extended time scales. Multi-Frequency loading provides frequency-
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domain exercising through harmonic content combination, while Multi-Step-Cyclic creates complexity
that leads to overspecialization rather than material law learning.

Cross-Metric Validation
Cross-validation, following the methodology established in Section 4.1.1, demonstrates how different
loading patterns perform across multiple evaluation criteria. Each assessment metric responds dif-
ferently to loading pattern characteristics, affecting how well neural networks learn the g0, g1, and g2
functions.

(a) Amplitude Ratio evaluation. (b) Mean Squared Error evaluation.

Figure 4.9: Loading pattern cross-metric validation.

(a) Mean Absolute Error evaluation. (b) FFT Spectral Error evaluation.

Figure 4.10: Additional loading pattern cross-metric validation.
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Figure 4.11: R-squared evaluation.

Table 4.5: Cross-metric validation results across evaluation criteria.

Evaluation Metric Multiple-Steps Triangle Step-Hold Multi-Freq Multi-StepCyclic Cyclic
PD Evaluation 1st 2nd 3rd 4th 5th 6th
AR Evaluation 4th 2nd 5th 3rd 6th 1st
MSE Evaluation 2nd 4th 3rd 1st 6th 5th
MAE Evaluation 1st 3rd 4th 2nd 6th 5th
FFT Evaluation 2nd 3rd 4th 1st 5th 6th
R² Evaluation 1st 4th 2nd 3rd 5th 6th
Overall Rank 1st 3rd 4th 2nd 6th 5th

Cross-metric evaluation shows a clear ranking: Multiple-Steps takes first place, Multi-Frequency comes
second, and Triangle finishes third overall. Each pattern offers distinct advantages for enhancing neural
functions that are stress-dependent. Multiple-step patterns work well because their sharp transitions
and held stress levels provide neural networks with good information for learning both quick and slow
material responses. Multi-frequency patterns rank second due to their varied frequency content, which
exercises different aspects of material behaviour simultaneously. Triangle patterns rank third in pro-
viding controlled loading and unloading, which explores how stress affects the g0, g1, and g2 functions.
Looking at individual metrics helps explain these rankings. AR evaluation favours Cyclic patterns be-
cause AR focuses on amplitude ratios, and cyclic loading provides consistent amplitude characteristics
for stable neural learning. MSE evaluation works best with Multi-Frequency patterns due to their rich
harmonic content, which includes amplitude information for neural enhancement.

MAE assessment shows that Multiple-Steps patterns perform well because MAE handles sharp stress
transitions without the quadratic penalty bias, allowing neural networks to learn from sudden stress
changes. FFT domain analysis naturally favours Multi-Frequency patterns because of their frequency
richness that exercises different material response aspects. R² evaluation confirms the Multiple-Steps
performance through correlation quality, which measures how well the neural-enhanced model cap-
tures material relationships. This ranking guides Phase 4 development, where the top two patterns—
Multiple-Steps (1st) and Multi-Frequency (2nd)—are selected for final training. Using these two pat-
terns ensures that neural enhancement of g0, g1, and g2 functions benefits from both the stress-level
coverage provided by Multiple-Steps and the frequency content offered by Multi-Frequency patterns.

The results shown in Figures 4.9, 4.10, and 4.11, and summarised in Table 4.5, confirm that Multiple-
Steps performs consistently across different evaluation criteria. The strong second-place performance
of multi-frequency patterns supports their selection as a complementary pattern that addresses different
aspects of material learning.
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Statistical Analysis Across Loading Pattern Types

(a) Results distribution across loading patterns.

(b) Frequency domain spectral error assessment.

Figure 4.12: Loading pattern performance across time and frequency domains.

The box plot analysis in Figure 4.12 shows how reliably different loading patterns enable neural net-
works to learn the g0, g1, and g2 functions, with statistical interpretation following the framework detailed
in Section 2.8 of Chapter 2. Looking at the time domain results (Figure 4.12a), Multiple-Steps patterns
show the most consistent performance across all loss functions. The tightly positioned, low boxes indi-
cate that neural networks reliably learn stress-dependent functions regardless of the loss function used.
Multi-frequency patterns also perform well, though with slightly more variation between different loss
functions. The boxes remain reasonably compact, showing that whilst there is some sensitivity to loss
function choice, the neural enhancement of the nonlinearity functions remains stable.

In contrast, Multi-Step-Cyclic and Cyclic patterns show much broader boxes positioned at higher error
values. This indicates unreliable neural network learning where the g0, g1, and g2 functions cannot be
learned consistently. The broad distributions suggest that these patterns sometimes work but often fail,
making them unsuitable for reliable neural enhancement of material behaviour. The frequency domain
analysis (Figure 4.12b) shows how well different loading patterns preserve the spectral characteristics
needed for viscoelastic material representation. Multiple-Steps and Multi-Frequency patterns maintain
low spectral errors with compact distributions, indicating that neural enhancement preserves the fre-
quency content needed for material physics. Step-and-Hold patterns exhibit moderate performance
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with some variability, whereas Multi-Step-Cyclic and Cyclic patterns display high spectral errors and
broad distributions, indicating poor preservation of frequency characteristics during neural learning.

Table 4.6: Statistical reliability analysis across loading patterns.

Loading Pattern Time Domain
Error (LTD)

Frequency Domain
Error (ϵFD)

Distribution
Spread (σ2)

Learning
Reliability

Multiple-Steps Low and stable Low spectral error Narrow distributions High
Multi-Frequency Low to moderate Variable by model Moderate spread Good
Triangle Moderate Moderate Moderate spread Good
Step-and-Hold Highly variable Variable by model Wide distributions Moderate
Multi-Step-Cyclic High and unstable High and variable Chaotic distributions Poor
Cyclic High and unstable High and variable Wide distributions Poor

The statistical analysis presented in Figure 4.12 and summarised in Table 4.6 shows clear performance
tiers for neural enhancement of the nonlinearity functions. Multiple-Steps patterns demonstrate the
highest reliability, achieving consistently low errors in both time and frequency domains with narrow
statistical distributions. This indicates that neural networks can dependably learn improved represen-
tations of g0, g1, and g2 functions when trained with multiple-step patterns.

Multi-frequency patterns occupy the second tier, exhibiting good overall performance but with some
sensitivity to the choice of loss function. The moderate distribution spreads indicate that whilst neu-
ral enhancement generally succeeds, there is some variability in learning quality depending on the
training configuration. Triangle and Step-and-Hold patterns fall into a middle tier, characterised by
moderate reliability. These patterns can support neural enhancement of the stress-dependent func-
tions, but with less consistency than the top-tier patterns. The bottom tier consists of Multi-Step Cyclic
and Cyclic patterns, which exhibit poor learning reliability, characterised by high errors and chaotic
statistical distributions. These patterns prove unsuitable for reliable neural enhancement because they
cannot consistently enable neural networks to learn meaningful representations of the g0, g1, and g2
functions.
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Physics Learning and Specialisation Analysis

Figure 4.13: Neural network learned material physics functions across different loading patterns.

The learning patterns in Figure 4.13 show issues with how neural networks learn material physics under
different training conditions. Neural networks fail to achieve unity baselines because most loading
patterns don’t provide sufficient low-stress training data. When a network never experiences near-
zero stress conditions during training, it cannot learn proper baseline behaviour. The network fills this
knowledge gap by extrapolating from higher stress data, leading to incorrect baselines. The g1 function
proves problematic because of mathematical coupling in the Schapery equations. Neural networks
struggle to isolate g1’s contribution when it’s mathematically entangled with g0 and g2. The network
compensates by establishing elevated g1 values to balance the overall model response, then avoiding
substantial variations to maintain this balance. Decreasing trends (like g0 with Cyclic loading) occur
when neural networks overfit to pattern characteristics rather than learning general material behaviour.
The network memorises how stress and response correlate within the training pattern, creating artificial
relationships that don’t represent accurate material physics.

Loading patterns with rich information content (Multiple-Steps, Multi-Frequency) enable better learn-
ing because they exercise more aspects of material behaviour. Patterns with limited diversity force
neural networks to guess at missing information, leading to compensatory mechanisms that distort the
learned functions. The current training approach relies too heavily on regularisation to enforce physics
constraints. When training data is incomplete or biased, regularisation alone cannot overcome the
information gaps. This explains why even sophisticated neural architectures struggle to learn correct
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baseline behaviour without training patterns that span the full operational range.

Error Contour Operational Coverage Analysis

(a) Multiple-Steps pattern surface. (b) Multi-Frequency pattern surface. (c) Cyclic pattern surface.

Figure 4.14: Loading pattern error contours across operational dimensions.

(a) Multi-Step Cyclic pattern surface. (b) Step and Hold pattern surface. (c) Triangle pattern surface.

Figure 4.15: Additional loading pattern error contours across operational parameters.

Multiple-Steps exhibits the lowest error regions, characterised by gentle gradients and smooth con-
tour transitions that create broad zones of reliable results, as shown in Figures 4.14 and 4.15. Multi-
frequency displays concentrate areas of capability with well-defined, low-error zones. Multi-Step-Cyclic
exhibits a highly concentrated capability with steep gradients surrounding narrow regions, creating
sharp transitions between results and poor results, which indicates unstable behaviour. These differ-
ent error landscapes emerge from how each loading pattern exercises the stress-frequency operational
space during neural network training. Multiple-Steps creates broad, reliable zones because it exercises
material behaviour across stress levels and provides varied frequency content through sharp transitions
and hold periods. This gives neural networks robust training data that generalises well across the entire
operational envelope.

Multi-frequency patterns produce concentrated low-error zones because they excel at exercising fre-
quency ranges, but don’t cover stress-frequency combinations as evenly as Multiple-Step Patterns.
The neural network learns effectively within the frequency ranges well-represented in the training data,
but struggles when encountering stress-frequency combinations that were underrepresented.

Multi-Step-Cyclic creates narrow regions with steep error gradients because the neural network has
overfitted to stress sequences rather than learning general material behaviour. The network performs
well only under conditions very similar to its training patterns and fails rapidly when operational condi-
tions deviate from these narrow learned responses. This creates the sharp transitions between good
and poor performance seen in the contour maps. The practical implication is that loading patterns which
provide balanced coverage of the operational space enable neural networks to learn representations
of the g0, g1, and g2 functions. Patterns that focus on characteristics or create repetitive sequences
lead to neural networks that work well only under limited conditions, making them unsuitable for reliable
engineering deployment.
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4.1.3. Relaxation Spectrum Investigation: Results
Physics representation quality affects neural network integration, providing a foundation for improving
material characterisation across temporal ranges. Since neural networks learn nonlinear functions
within the context of underlying physics models, the completeness and resolution of the relaxation
spectrum directly influence the network’s ability to learn material behaviour.

Figure 4.16: Percentage difference results across relaxation spectrum configurations.

Table 4.7: Relaxation spectrum configuration analysis.

Configuration PD Error Ranking Characteristic Temporal Coverage Qual-
ity

Limitation

More-Terms 2.52% 1st Resolution in slow-
relaxation range

Better slow-mode detail Higher computational cost

Baseline 3.28% 2nd Standard coverage across
timescales

General representation Limited resolution

Fewer-Terms 3.63% 3rd Simplified representation Basic temporal coverage Insufficient resolution
Wider-Range 13.64% 4th Extended range, same res-

olution
Poor overall representation Range-resolution mismatch

Narrower-Range 25.41% 5th Reduced coverage area Missing important
timescales

Missing slow-relaxation
mechanisms

Faster-Dynamics 30.85% 6th High-frequency bias Fast-mode overemphasis Slow-mode neglect
Slower-Dynamics 36.90% 7th Low-frequency bias Slow-mode overemphasis Fast-mode neglect

The More-Terms configuration achieved the best results with a 2.52% error, outperforming the base-
line at a 3.28% error, as shown in Figure 4.16 and detailed in Table 4.7. The 10-term configuration
provides more information about the continuous relaxation spectrum compared to the 6-term baseline,
enabling neural networks to learn the g0, g1, and g2 functions with greater accuracy across all relevant
timescales. The improved performance occurs because better spectral resolution gives neural net-
works more detailed information about how material behaviour changes across different time scales.
When the physics framework can capture slow relaxation processes more accurately, neural networks
have a better foundation for learning stress-dependent modifications. Range modifications fail because
extending or narrowing the temporal coverage without improving resolution creates gaps or imbalances
that compromise the quality of neural learning.
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Cross-Metric Validation

(a) Amplitude Ratio evaluation. (b) Mean Squared Error evaluation.

Figure 4.17: Spectrum configuration cross-metric validation.

(a) Mean Absolute Error evaluation. (b) FFT Spectral Error evaluation.

Figure 4.18: Additional spectrum configuration cross-metric validation.

Figure 4.19: R-squared evaluation.
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Table 4.8: Cross-metric validation results showing the resolution paradox.

Evaluation Metric More-Terms Baseline Fewer-Terms Final Ranking
PD Evaluation 1st 2nd 3rd
AR Evaluation 3rd 2nd 1st
MSE Evaluation 2nd 3rd 1st
MAE Evaluation 1st 3rd 2nd
FFT Evaluation 1st 3rd 1st
R² Evaluation 1st 2nd 3rd
Overall Rank 1st 3rd 2nd More-Terms wins overall

Cross-validation shows the ”resolution paradox” where Fewer-Terms sometimes outperforms More-
Terms under specific metrics, as shown in Figures 4.17, 4.18, and 4.19, with results summarised in
Table 4.8. This paradox occurs because model complexity must match available training data. AR and
MSEmetrics favour Fewer-Terms because these metrics become sensitive to overfitting when the train-
ing dataset size cannot adequately support additional parameters. The simpler model avoids learning
noise in the data by having fewer parameters to fit. However, PD, MAE, FFT, and R² metrics favour
More-Terms because they better capture the benefits of improved resolution for neural enhancement of
the g0, g1, and g2 functions. The overall ranking confirms that More-Terms provides the best foundation
for neural learning despite some metric trade-offs. The benefits of the resolution outweigh the risks of
overfitting when evaluated across various assessment criteria.
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Statistical Analysis Across Spectrum Configurations

(a) Results distribution across relaxation spectrum configurations.

(b) Frequency domain validation assessment.

Figure 4.20: Relaxation spectrum configuration performance across evaluation domains.

The box plot analysis in Figure 4.20 illustrates the learning reliability across different spectrum config-
urations, with statistical interpretation provided by the framework detailed in Section 2.8 of Chapter 2.

Table 4.9: Statistical reliability assessment across spectrum configurations.

Configuration Time Domain Results Frequency Domain Results Reliability Rating
More-Terms Tight boxes, median < 5% Low spectral error < 0.5 × 10−6 Most reliable
Baseline Moderate boxes, median < 8% Moderate error 1.0–2.0 × 10−6 Standard reliability
Fewer-Terms Variable boxes, median 4%–30% Variable spectral representation Compromised reliability
Range-Modified Wide boxes, median > 30% Poor error > 3.0 × 10−6 Unsuitable

The More-Terms configuration demonstrates consistency through tight box distributions and low me-
dian errors across all loading patterns. This occurs because better spectral resolution provides neural
networks with stable, detailed information for learning the g0, g1, and g2 functions regardless of loading
characteristics. The Fewer-Terms configuration exhibits erratic performance with broad distributions be-
cause insufficient resolution forces neural networks to make larger approximations. When the physics
foundation lacks detail, neural learning becomes sensitive to training patterns rather than learning ro-
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bust material behaviour. Range-modified configurations fail consistently because they address the
wrong problem - extending coverage without improving resolution doesn’t help neural networks learn
better stress-dependent functions.

Error Contour Analysis on Relaxation Spectrum

(a) More-Terms configuration surface. (b) Baseline configuration surface. (c) Fewer-Terms configuration surface.

Figure 4.21: Relaxation spectrum error contours across operational dimensions.

(a) Wider-Range configuration surface. (b) Narrower-Range configuration surface. (c) Faster-Dynamics configuration surface.

Figure 4.22: Alternative spectrum configuration error contours.

More-Terms configuration exhibits the largest low-error regions with gentle gradients extending well
beyond training conditions, as shown in Figures 4.21 and 4.22. Baseline configuration shows more
constrained regions with steeper gradients. Fewer-Terms configuration displays highly concentrated
areas with sharp boundaries and rapid degradation.

These different landscapes emerge from how spectral resolution affects neural network generalisa-
tion. More-Terms creates broad, reliable zones because detailed spectral information enables neural
networks to learn material relationships that work across diverse stress-frequency combinations. The
neural enhancement of g0, g1, and g2 functions benefits from having access to detailed temporal infor-
mation during training. Fewer terms create narrow regions because insufficient resolution forces neural
networks to learn simplified approximations that are effective only under conditions similar to those dur-
ing training. When the physics framework lacks spectral detail, neural learning becomes constrained
to operational conditions rather than discovering general material behaviour.
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(a) Time domain comparison.

(b) Frequency domain comparison.

Figure 4.23: Relaxation spectrum configuration comparison against Multi-Step Cyclic loading at 8 MPa.

For detailed individual comparisons of each relaxation spectrum configuration against ground truth,
including time and frequency domain analysis, readers are referred to Appendix A.3.

4.2. Configuration and Model Development
Model development followed a progression from preliminary optimisation through sensitivity analysis
to targeted improvement implementation. This section presents the optimisation journey, showing how
initial Latin Hypercube Sampling exploration established a baseline configuration that subsequently
guided sensitivity investigations, ultimately leading to the final model architecture.

4.2.1. Preliminary Configuration
The initial optimisation phase explored the 13-dimensional hyperparameter space to identify suitable
parameter combinations that balance neural network capability with physical consistency requirements.
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Table 4.10: Preliminary hyperparameter configuration.

Component Category Parameter Specification Preliminary Value

Neural Architecture

Shared Layer Width 28 neurons
Specialised Head Width 80 neurons
Hidden Layer Configuration 2 (shared) + 2 (heads)
Activation Function Strategy ReLU/Softplus combination

Learning Rate Strategy

Stage 2Dn Physics Rate 9.296 × 10−3

Stage 2 Shared Neural Rate 8.105 × 10−3

Stage 2 Heads Neural Rate 1.405 × 10−5

Stage 1 Neural Warm-up Rate 3.180 × 10−5

Training Protocol

Stage 1 Duration 75 epochs
Stage 2 Duration 600 epochs
Early Stopping Patience 10 epochs
Optimisation Algorithm Adam

Physics Configuration
Relaxation Spectrum Terms 10 (baseline configuration)
InitialDn Parameter Value 5.374 × 10−11

Regularisation Strength 8.139 × 10−7

Achievement Overall PD Error 0.728%

Final Validation Loss 0.00685

The Adam algorithm from Equations 3.11-3.13 offers several advantages for hybrid physics-neural
approaches [29]. A solid foundation for subsequent investigations, as shown in Table 4.10.

4.2.2. Sensitivity-Guided Strategy
The preliminary configuration was subjected to analysis across three important dimensions: loss func-
tion selection, loading pattern optimisation, and relaxation spectrum configuration. This evaluation
revealed limitations when the model encountered challenging testing scenarios that exceeded con-
ventional experimental timeframes, necessitating targeted improvements. These sensitivity insights di-
rectly informed the development of the final configuration, where physics-based improvements proved
more important than purely neural network architectural modifications for achieving the target model.

4.2.3. Final Configuration
Building upon the sensitivity analysis findings, a targeted improvement approach was implemented to
identify the enhancements through an additional LHS optimisation phase. This second optimisation
round focused on implementing the physics improvements while refining the neural architecture.

Table 4.11: Final hyperparameter configuration.

Component Category Parameter Specification Final Value

Neural Architecture

Shared Backbone Layers 3 (increased depth)
Shared Layer Width 96 neurons (increased capacity)
Specialised Head Layers 2 (maintained efficiency)
Specialised Head Width 128 neurons (increased capac-

ity)
Activation Function Strategy ReLU/Softplus combination

Refined Learning Rates

Stage 2Dn Physics Rate 0.017
Stage 2 Shared Neural Rate 0.009
Stage 2 Heads Neural Rate 5 × 10−5

Stage 1 Neural Warm-up Rate 5 × 10−5

Stage 1 Duration 300 epochs
Stage 2 Duration 500 epochs

Training Setup
Optimisation Algorithm Adam
Batch Processing Size 3072 samples
Early Stopping Patience 20 epochs

Physics Improvement
Relaxation Spectrum Terms 14 (from 10)
Temporal Coverage Range 10−5 to 100 seconds
Improvement Focus Range [10−5, 10−4] seconds
Term Distribution Strategy Logarithmic spacing

Loss Function Strategy
Loss Function Percentage Difference
Physics Regularisation Weight 5.0 × 10−3

Consistency Regularisation Weight 1.0 × 10−2

Table 4.11 incorporates all necessary improvements identified through the sensitivity analysis phase.
The most critical improvement involved increasing the relaxation spectrum resolution from 10 to 14
terms, with strategic placement of additional terms in the [10−5, 10−4] second range. The model train-
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ing protocol implemented the dual-pattern approach identified through loading pattern optimisation, em-
ploying both Multiple-Steps and Multi-Frequency loading patterns rather than relying on single pattern
types. This training strategy provides the broad frequency coverage of Multiple-Steps patterns com-
bined with the harmonic content of Multi-Frequency patterns, ensuring robust generalisation across
operational scenarios.

4.3. Model Validation Through Testing
Parameter optimisation established the foundation for neural network integration. However, testing
the model reveals whether the neural network replacement of polynomial constraints enables material
characterisation from limited training data. The configuration represents the best possible foundation
based on conventional criteria. However, testing reveals limitations that require diagnostic analysis and
targeted improvement.

4.3.1. Initial Testing Results
The baseline configuration underwent progressive capability testing across various demanding sce-
narios, increasing test demands to reveal boundaries and identify potential constraints that might limit
deployment.

Figure 4.24: Model capability across test scenarios with confidence intervals.

Table 4.12: Baseline model testing results.

Test Demand Capability Level 95% Confidence Interval Engineering Assessment Observed Limitation
1× > 0.95 ±0.02 capability No limitations
2× > 0.95 ±0.03 capability No limitations
4× > 0.90 ±0.05 capability Beginning degradation patterns
8× < 0.90 ±0.08 Concerning capability Failure emergence
16× < 0.85 ±0.12 Poor capability Model limitations
32× < 0.80 ±0.15 Unacceptable capability Physics

Testing exposed limitations in the baseline configuration as shown in Figure 4.24 and quantified in
Table 4.12. Despite parameter optimisation across loss functions, loading patterns, and relaxation
spectra, the model exhibited accuracy deterioration beyond moderate test demands, with its capability
degrading from levels exceeding 0.95 to concerning levels below 0.90 as test demands increased.
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Detailed Landscape Analysis

(a) Loading pattern capability across test scenarios. (b) Stress level capability across test scenarios.

Figure 4.25: Model capability landscapes across operational parameters.

Table 4.13: Capability landscape analysis.

Operational Category 8× Capability 16× Capability 32× Capability Degradation Observation
Multiple-Steps Pattern Moderate Poor Best pattern still shows

degradation
Step-and-Hold Pattern Moderate Poor Similar degradation profile

to Multi-Steps
Multi-Frequency Pattern Moderate Poor Very Poor More rapid degradation

than patterns
Multi-Step-Cyclic Pattern Poor Very Poor Poor Worst pattern with failure
Low Stress Range (2-6 MPa) Moderate Most stable operational re-

gion
Medium Stress Range (6-10 MPa) Moderate Poor Progressive degradation
High Stress Range (10-14 MPa) Moderate Poor Very Poor Rapid degradation in nonlin-

ear regime
Very High Stress Range (14-18 MPa) Poor Very Poor Poor Most challenging opera-

tional conditions

The landscape analysis in Figure 4.25 and detailed in Table 4.13 reveals degradation patterns that
provide diagnostic insight intomodel limitations. Multiple-step and Step-and-Hold patterns exhibit better
capability compared to cyclic patterns, which tend to degrade rapidly. The stress level analysis reveals
progressive degradation at higher stress levels, which becomes pronounced beyond moderate test
demands.
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Figure 4.26: Capability distribution across test scenario demands.

Distribution analysis in Figure 4.26 confirms capability degradation with increasing test demands. The
box plot progression shows that capability deteriorates from reliability, characterised by median values
around 0.02 with narrow distributions at moderate test scenarios, to problematic variability with median
values exceeding 0.15 and broad distributions at demanding test scenarios.

4.3.2. Diagnostic Analysis and Refinement
Capability degradation manifested as ”accelerated relaxation” behaviour, where the model predicted
faster material relaxation at high stress and extended demands than physically realistic expectations.
This symptom provided diagnostic information, indicating limitations in material representation rather
than deficiencies in neural network learning. The investigation proceeded through multiple improve-
ment stages to isolate the root cause of the model’s limitations. Neural network architectural improve-
ment increased the shared backbone from 2 layers with 32 neurons to 3 layers with 96 neurons, whilst
head networks expanded from 2 layers with 64 neurons to 2 layers with 144 neurons. Hyperparame-
ter reoptimisation addressed interactions between architectural improvements and training approaches
through additional LHS exploration. These improvements providedmeaningful but limited improvement,
extending capability to moderate test scenarios whilst limitation patterns persisted.

With neural network improvements providing only limited success, diagnostic analysis focused on the
underlying physics model. The accelerated relaxation behaviour indicated the model consistently pre-
dicted faster material relaxation than expected, suggesting the model lacked representation of slower,
long-term relaxation phenomena. Detailed relaxation spectrum analysis revealed that the baseline
10-term configuration lacked sufficient resolution in the slowest relaxation modes governing long-term
material behaviour. When test scenarios extended beyond training durations, slow relaxation modes
in the 10−4 to 10−5 second range became increasingly important for prediction. However, the repre-
sentation forced the model to approximate long-term behaviour using faster relaxation mechanisms,
resulting in an observed ”accelerated relaxation” pattern.

Diagnostic analysis identified insufficient slow relaxation resolution as a limitation constraining the
model’s capability, rather than the neural network architecture. The targeted improvement increased
the relaxation spectrum resolution from 10 to 14 terms, with the placement of additional terms between
10−4 and 10−5 seconds, addressing temporal ranges identified through diagnostic analysis. This fo-
cused improvement provided 40% additional information about continuous relaxation spectrum whilst
concentrating improvements precisely where diagnostic analysis indicated maximum benefit.

4.3.3. Validation Through Testing
The improvement approach resulted in enhanced model capability through targeted physics refinement,
rather than increasing neural network complexity. The model demonstrated capability across progres-
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sive test scenarios, supporting the approach of addressing root causes identified through diagnostic
analysis, in line with the principles shown for temporal extrapolation in physics-inspired neural networks.

(a) Testing with Multi-Step loading at 18 MPa. (b) Extended testing with Triangle Loading at 12 MPa.

Figure 4.27: Progressive model development across intermediate test ranges.

(a) testing with Multi-Frequency loading at 13 MPa. (b) Extended testing with Triangle Loading at 4 MPa.

Figure 4.28: Progressive results across increasing test demands.

The model underwent validation across increasing test demands, spanning various challenging sce-
narios, and demonstrated capability development through targeted physics improvements combined
with a neural network architecture. The progression demonstrates maintained accuracy across various
loading patterns and stress levels, as confirmed in Figures 4.27 and 4.28, indicating the robustness of
the neural enhancement approach across diverse operational conditions.

Controlled Temporal Validation Assessment
To provide a proper evaluation of the neural enhancement under temporal demands, a controlled as-
sessment was conducted using consistent loading patterns and stress levels across all temporal scales.
This approach eliminates confounding variables and enables evaluation of how the nonlinear parame-
ter representation performs under varying temporal conditions, building upon validated approaches for
HDPE viscoelastic modelling [11].

Table 4.14: Progressive temporal validation using Multi-Step Cyclic loading.

Temporal Scale Loading Pattern Stress Level PD Error R² Correlation
0.25× Multi Step Cyclic 8.0 MPa 0.78% 0.9997
1.0× Multi Step Cyclic 8.0 MPa 2.53% 0.9968
4.0× Multi Step Cyclic 8.0 MPa 2.36% 0.9974
8.0× Multi Step Cyclic 8.0 MPa 2.48% 0.9971
16.0× Multi Step Cyclic 8.0 MPa 3.87% 0.9944

Controlled assessment in Table 4.14 shows important characteristics of the neural enhancement ap-
proach under temporal demands. The performance pattern reflects two aspects of the physics-neural
integration: the inherent limitations of finite spectral approximation and the boundaries of the underlying
physics model domain. Minor performance variations across the 1×, 4×, and 8× temporal scales (rang-
ing from 2.36% to 2.53% PD error) reflect the challenge of approximating continuous relaxation spectra
using finite Prony series terms. Despite the 14-term resolution, the discrete approximation introduces
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minor variations when exercising different portions of the temporal response spectrum. These varia-
tions remain within engineering tolerances, demonstrating that finite spectral approximation inherently
constrains a perfect temporal representation.

The more noticeable degradation observed at 16× temporal scaling (3.87% PD error) indicates the
model approaching the boundaries of its physics domain. The relaxation spectrum spans 1 × 100 to
1× 10−5 seconds, and temporal scaling pushes the model toward these timescale boundaries. At 32×
temporal scaling (corresponding to 2.3 × 105 seconds), the model would operate beyond its physics
domain entirely, naturally leading to performance limitations. This controlled assessment supports the
notion that the neural enhancement approach [33] provides temporal capability within the physicsmodel
boundaries, while acknowledging the restrictions imposed by the finite spectral representation.

Validation Through 128× Testing

Figure 4.29: Strain versus time comparison for 128× testing with Multi-Step loading at 18 MPa.

Table 4.15: 128× testing validation results.

Metric Achieved Value Engineering Threshold Assessment
Percentage Difference Error 0.52% < 5%

R² Correlation Coefficient 0.9999 > 0.95

Test Scenario Factor 128× Target achieved Success
Maximum Stress Level 18 MPa Within material limits Coverage

The model achieves agreement with PD error of 0.52% and R² correlation of 0.9999 across the 128× test
range, shown in Figure 4.29 and quantified in Table 4.15. This capability supports neural network inte-
gration for replacing polynomial constraints, while enabling performance when supported by a physics
representation.
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Statistical Reliability Assessment

(a) Capability values with 95% confidence intervals. (b) Capability distribution across test scenarios.

Figure 4.30: Model statistical reliability across challenging test ranges.

Table 4.16: Model statistical reliability across multiple scales.

Test Range Mean Capability 95% Confidence Interval Distribution Characteristics Engineering Assessment
1×–4× > 95% ±2% Narrow, highly controlled , suitable for all applications
8×–16× > 92% ±3% Controlled with minimal variability Very, suitable for most applications
32×–64× > 88% ±4% Moderate variability, , suitable with appropriate safety margins

128× > 85% ±5% for preliminary applications for preliminary design studies

Capability maintained above 90% engineering threshold through challenging test scenarios with narrow
confidence intervals [6], as shown in Figure 4.30 and quantified in Table 4.16. The sustained high
capability supports neural network integration when supported by targeted physics refinement.

(a) Loading pattern capability landscape. (b) Stress level capability landscape.

Figure 4.31: Model capability landscapes showing validation.
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Table 4.17: Capability landscape characteristics.

Operational Category 32× Capability 64× Capability 128× Capability Improvement Assess-
ment vs Baseline

Multiple-Steps Pattern Very improvement enabling ca-
pability

Step-and-Hold Pattern Very improvement with sus-
tained reliability

Triangle Pattern Very improvement maintaining
behaviour

Multi-Frequency Pattern Moderate Notable improvement with
frequency strengths

Low Stress Range (2-6 MPa) Maintained quality across
test range

Medium Stress Range (6-10 MPa) Very Very Very Major improvement en-
abling operation

High Stress Range (10-14 MPa) Moderate improvement despite non-
linear challenges

Very High Stress Range (14-18 MPa) Moderate Moderate Moderate improvement under condi-
tions

Capability landscapes in Figure 4.31 and characterised in Table 4.17 show improvement compared to
the baseline configuration across all operational categories. Multiple-step and Step-and-Hold patterns
maintain capability across the test range. At the same time, higher stress conditions exhibit controlled
degradation, reflecting the increasing complexity of non-linear material behaviour rather than model
limitations.

4.4. Validation of Model Robustness under Stochastic Loading Con-
ditions

Neural network integration under realistic operational conditions provides validation for deployment
across marine environments. The model must show robust capability under the stochastic complexity
of actual marine environments to confirm that laboratory-developed learning translates to field applica-
tions.

4.4.1. JONSWAP Results Across Operational Conditions
Themodel underwent validation across 20 JONSWAP sea states spanning wave heights from 1.5 to 7.0
metres, peak periods from 8 to 15 seconds, and spectral parameters from 1.0 to 3.3, creating realistic
marine loading conditions that challenge model robustness across operational envelopes.

(a) Light sea state conditions with moderate marine loading scenarios.
(b) Heavy sea state conditions with marine loading maintaining

engineering viability.

Figure 4.32: Marine validation across operational envelope extremes.



4.4. Validation of Model Robustness under Stochastic Loading Conditions 70

Table 4.18: Marine validation results across sea state conditions.

Sea State Wave Height Capability Median Engineering Assess-
ment

Category Range Range Capability
Very Light 1.5 m 5.7%–10.2% ∼ 7.2% reliability for routine ma-

rine operations
Light 3.0 m 6.2%–11.7% ∼ 8.3% Very capability across typ-

ical operational scenarios
Moderate 5.0 m 6.6%–12.2% ∼ 8.8% capability with predictable

degradation patterns
Heavy 7.0 m 7.0%–13.2% ∼ 9.3% capability under condi-

tions with appropriate
safety margins

Marine validation shows translation of neural network integration from controlled laboratory conditions
to realistic operational complexity [11], as illustrated in Figure 4.32 and quantified in Table 4.18. The pro-
gression from very light to heavy conditions reveals capability characteristics that support engineering
deployment confidence, while acknowledging the progressive challenges associated with increasing
marine loading intensity.

4.4.2. Operational Envelope Coverage

Figure 4.33: Capability landscape across wave heights and peak periods.

The operational envelope assessment in Figure 4.33 reveals the capability landscape characteristics
that enable strategic deployment planning across various marine conditions. The analysis identifies
distinct operational zones based on actual capability data rather than theoretical categorisations. Peak
period effects dominate capability boundaries more strongly than wave height scaling. The frequency-
sensitive zone, characterised by 8-second peak periods, consistently produces the most challenging
conditions across all wave heights, with capability ranging from 10.2% to 13.2%. This finding suggests
that physical mechanisms, characterised by short-period energy content, stress the model regardless
of overall energy levels. Conversely, zones emerge whenmore extended peak periods (12–15 seconds)
combine with moderate wave heights, producing consistently capable in the 5.7%–8.5% range.
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4.4.3. Statistical Marine Loading Analysis
Statistical evaluation across marine loading parameters shows capability characteristics that provide
insights for engineering deployment. Through analysis of percentage difference distributions across
wave heights, peak periods, and stress configurations, distinct patterns emerge that guide application
strategies.



4.4. Validation of Model Robustness under Stochastic Loading Conditions 72

(a) Results across wave heights.

(b) Results progression across stress configurations.

(c) Results across peak periods.

Figure 4.34: Statistical reliability assessment across marine loading parameters.
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Table 4.19: Statistical reliability analysis across marine loading parameters.

Parameter Cate-
gory

Capability Pat-
tern

Important
Threshold

Empirical
Range

Engineering Deployment
Guidance

Wave Height Scal-
ing

Progressive
degradation

above 5.0m 5.7%–13.2%
across enve-
lope

Degradation enables scaling
predictions for deployment
planning

Peak Period Sensi-
tivity

Threshold-
dominated
behavior

Important be-
low 10s peri-
ods

8s: 10.2%–
13.2% ≥12s:
5.7%–8.5%

Short periods require safety
margins due to frequency
content complexity

Stress Configura-
tion Effects

Monotonic pro-
gression

Moderate
complexity
boundary

VL: 5.7%–
10.2% H:
7.0%–13.2%

Progressive capability degra-
dation provides predictable
operational boundaries

Combined Parame-
ter Interactions

Multiplicative
degradation

Multiple ef-
fects

Maximum
13.2% under
worst sce-
narios

Multiple challenging factors
compound effects requiring
risk assessment protocols

Wave height analysis in Figure 4.34a shows capability degradation that follows predictable scaling rela-
tionships. Very light conditions (1.5m wave height) achieve percentage differences ranging from 5.7%
to 10.2%, establishing the baseline capability envelope. As wave heights progress through light (3.0m),
moderate (5.0m), and heavy (7.0m) conditions, the capability distributions shift upward whilst main-
taining overlapping ranges that indicate gradual rather than abrupt degradation. Peak period effects
in Figure 4.34c exhibit threshold-dominated behaviour with capability boundaries emerging around 10-
second periods. Short periods of 8 seconds consistently produce the worst capability across all wave
heights, with percentage differences ranging from 10.2% to 13.2%. More extended periods, ranging
from 12 to 15 seconds, cluster together with markedly higher capability, from 5.7% to 8.5%.

The stress configuration progression in Figure 4.34b confirms the capability scaling that supports
the model’s ability to handle increasing complexity levels. The progression from very light (VL) to
light (L), moderate (M), and heavy (H) configurations exhibits monotonic capability degradation with
well-controlled variability. Statistical analysis shows that while individual parameters create effects,
combinations produce multiplicative rather than additive capability challenges, as summarised in Ta-
ble 4.19. The worst-case scenarios combining heavy wave heights (7.0m) with short peak periods
(8s) approach the 13.2% capability boundary, emphasising the importance of considering parameter
interactions rather than isolated effects when developing operational deployment strategies.

4.5. Neural Enhancement Validation Against Reference Model
To complete the validation framework, the model was tested against the original loading conditions
used to establish the polynomial reference model, confirming that the neural enhancement approach
replicates the twin experiment foundation whilst showing material representation.
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(a) Stress-strain comparison at 1.0 MPa/s loading rate. (b) Stress-strain comparison at 0.1 MPa/s loading rate.

Figure 4.35: Neural network model validation against polynomial reference.

Figure 4.36: Comparison of learned nonlinearity functions.

Validation testing in Figures 4.35 and 4.36 shows neural enhancement of the material representation.
The stress-strain comparisons show agreement between the model and polynomial reference across
both loading rates, confirming that the neural integration approach maintains accuracy whilst providing
material characterisation. The nonlinearity function comparison shows how the neural networks learned
stress-dependent relationships that differ from the original polynomial constraints, whilst maintaining
physical consistency. The g0 function shows smoother stress-dependent evolution, whilst g1 shows
more nuanced behaviour compared to the polynomial approximation. The g2 function exhibits similar
trends with local detail that reflects the neural network’s ability to capture material behaviour patterns
beyond polynomial limitations.

4.6. Chapter Summary
This chapter documents an investigation that supports the integration of neural networks with the
Schapery-Prony model for characterising synthetic fibres through parameter optimisation, targeted
physics refinement, and realistic operational validation under marine conditions. The research demon-
strates how replacing polynomial constraints with adaptive neural networks enhances material be-
haviour prediction while preserving physical principles. The investigation shows neural network in-
tegration requires coordination between optimisation objectives achieved through PD loss, providing
scale-invariant learning, training data characteristics with Multi-Step loading, providing material exer-
cising, and physics representation quality through More-Terms spectrum resolution, enabling temporal
evolution. The approach identified suitable configurations whilst exposing limitations that guided tar-
geted physics refinement from 10 to 14 relaxation terms.

The model addresses material characterisation challenges through physics-focused improvements
rather than increasing neural network complexity, achieving 85%–95% accuracy across operational
scenarios. Marine validation under realistic JONSWAP loading conditions [27] confirms deployment
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viability with error ranges of 5.7%–13.2% across operational scenarios, supporting the model’s readi-
ness for engineering applications that require material behaviour prediction in marine environments.
The methodology demonstrates that neural networks can replace polynomial constraints within physics
models while preserving the physical consistency needed for engineering applications. The validation
across laboratory and marine conditions establishes the model as a tool for synthetic fibre characteri-
sation applications that require timeframes beyond conventional experimental limits.



5
Conclusions and Future Work

Neural networks can replace rigid polynomial constraints within established viscoelastic physics frame-
works while maintaining physical consistency. The neural enhancement approach resolves the tension
between mathematical convenience and physical accuracy, allowing the discovery of actual material
behaviour without forcing predetermined functional forms onto complex stress-dependent relationships.

5.1. Research Question Resolution
The research question examined how neural networks could be integrated within Schapery’s viscoelas-
tic formulation to improve the representation of stress-dependent nonlinear functions whilst maintaining
physical consistency. The neural enhancement approach addresses this by employing functional de-
composition, which separates neural network learning from physics-based temporal evolution. The
approach employs a shared-head neural network architecture, where neural networks learn the stress-
dependent nonlinearity functions (g0, g1, g2), while the Schapery-Prony model handles temporal evo-
lution. This separation allows neural networks to discover complex material behaviour within physical
boundaries rather than being constrained by predetermined polynomial forms.

The five-phase development methodology provides a reproducible approach for neural-physics inte-
gration: baseline optimisation through 13-dimensional Latin Hypercube Sampling, sensitivity analysis
across design dimensions, capability testing to reveal underlying physics limitations, targeted improve-
ment through spectral refinement, and operational validation under realistic conditions. The approach
enables learning from limited experimental observations while maintaining physical foundations neces-
sary for engineering applications, demonstrating capabilities for temporal extrapolation that align with
established principles for physics-inspired neural networks [44]. The paradigm shift from assumption-
driven to discovery-driven material characterisation represents a methodological advance. Rather than
forcing material behaviour into convenient polynomial forms, the approach enables materials to demon-
strate their actual stress-dependent characteristics, showing behaviour patterns that polynomial con-
straints may have prevented researchers from recognising.

5.2. Supporting Research Questions
Synthetic Data Generation and Neural Network Training (SQ1): The twin experiment methodology
supports neural network training, generating unlimited synthetic datasets with known ground truth be-
haviour across operational ranges spanning stress levels 2–18 MPa and frequencies 0.0025–0.02 Hz.
Multi-step loading is achieved by exercising material through a broad frequency spectrum generation,
where sharp stress transitions probe fast relaxation modes, while sustained holds capture slow relax-
ation phenomena. The synthetic-to-real transferability was supported through multiple assessment
methods, confirming that neural networks trained on synthetic data can discover material behaviour
patterns that remain valid under diverse testing conditions.

Model Robustness and Validation (SQ2): The improved model shows stable behaviour under real-
istic operational complexity through validation that encompasses both marine loading robustness and

76
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maintenance of temporal extrapolation capabilities. JONSWAP marine loading validation [27] across
wave heights 1.5–7.0m, peak periods 8–15s, and spectral factors 1.0–3.3 achieved error ranges of
5.7%–13.2% that fall below typical marine engineering uncertainties. Critically, temporal extrapolation
capabilities were maintained under this operational complexity, with the model achieving 85%–95% ac-
curacy across demanding scenarios that extended to 128-fold duration ranges, even when subjected
to realistic stochastic loading patterns. This dual validation confirms that the improved representa-
tion maintains effectiveness under both the chaos of realistic marine conditions and the demands of
extended temporal prediction, following validated approaches for viscoelastic modelling under cyclic
loading conditions [11].

Physical Interpretation and Computational Requirements (SQ3): Learned neural network func-
tions show physical interpretations aligned with established material science principles [15]. The g0
function represents stress-dependent scaling of instantaneous elastic response, g1 captures transient
compliance modifications reflecting stress-dependent relaxation strength, and g2 exhibits exponential-
like growth capturing loading rate effects that become increasingly important at elevated stress levels.
These functions exhibit differences from polynomial approaches through their piecewise-linear capa-
bilities, which capture sharp transitions, plateaus, and local behaviours that reflect accurate material
physics. Computational requirements remain suitable for standard engineering workstations whilst
maintaining the accuracy needed for engineering applications.

Multi-Dimensional Improvement Strategy and Limitation Resolution (SQ4): Capability testing
showed limitations during demanding validation scenarios that required thorough diagnostic investi-
gation across multiple improvement dimensions.

The improvement process proceeded through three coordinated stages:

Neural Architecture Improvement expanded model capacity with shared backbone progression from
2 layers × 32 neurons to 3 layers × 96 neurons, and head networks from 2 layers × 64 neurons to 2
layers × 144 neurons, providing necessary but not sufficient improvement.

Thorough Hyperparameter Reoptimisation through a second LHS campaign refined learning rates,
training protocols, and architectural parameters, establishing conditions for effective neural-physics
learning.

Physics Improvement Discovery emerged only after neural architecture and training optimisation
showed that temporal extrapolation limitations resulted from insufficient spectral resolution in slow re-
laxation ranges (1 × 10−4 to 1 × 10−5 seconds), manifesting as ”accelerated relaxation” behaviour.
The targeted solution improved the relaxation spectrum from 10 to 14 terms, providing 40% additional
information about the continuous relaxation spectrum.

This supports the insight that neural improvement requires coordinated developments across neural
architecture, training protocols, and physics representation simultaneously—showing an improvement
methodology rather than isolated parameter modifications.

Engineering Integration Protocols (SQ5): The modular architecture allows integration with estab-
lished engineering workflows through strain output compatibility with finite element analysis software,
eliminating complex data conversion requirements. Implementation follows phases, from material char-
acterisation using evidence-based, multi-step testing protocols, through model training to deployment,
with quantified confidence bounds. The model’s natural integration path through standard stress-to-
strain calculations provides immediate compatibility with major FEM software whilst preserving im-
proved material discovery capabilities. Both temporal extrapolation and marine loading validation con-
firm that integration protocols maintain model capabilities needed for practical deployment.

Statistical Reliability Quantification (SQ6): Statistical approaches provide quantified reliability mea-
sures needed for engineering applications requiring long-term material prediction. Bootstrap confi-
dence intervals and cross-validation [2] establish reliability bounds across operational scenarios with
coverage probability. Risk-based decision approaches establish consequence-based reliability targets,
enabling engineering deployment with appropriate safety margins. The statistical validation encom-
passes both temporal extrapolation reliability and marine loading behaviour, confirming that neural
improvement provides reliable material characterisation capabilities with quantified uncertainty bounds
suitable for infrastructure applications.
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5.3. Research Contributions
The primary contribution shows that neural networks can replace polynomial constraints within estab-
lished physics models while preserving physical consistency [12]. This addresses the tension between
mathematical tractability and physical accuracy, providing methodologies for physics-guided machine
learning development beyond synthetic fibre applications [44, 30]. The functional decomposition ar-
chitecture provides design guidance by separating neural learning from physics temporal evolution,
allowing complex function approximation without compromising established thermodynamic principles.
The approach avoids memory system conflicts while creating stable learning conditions that enable the
discovery of material laws rather than memorisation of training patterns.

The five-phase methodology establishes reproducible approaches for integrating neural physics across
diverse applications. Themethodology addresses the challenge of distinguishing between genuine con-
figurations and arbitrary parameter combinations through evidence-based development protocols that
ensure reliable improvement. The diagnostic insight that neural improvement requires coordinated
developments across neural architecture, training protocols, and physics representation guides effi-
cient improvement strategies. This finding challenges conventional approaches that focus on individ-
ual aspects in isolation, demonstrating that multidimensional improvement often yields more benefits
than modifications to any single component. This methodological insight extends beyond viscoelastic
applications to other computational physics domains, where the integration of neural physics proves
important.

The paradigm shift from polynomial constraints to neural network discovery represents a method-
ological advance. Traditional approaches force material behaviour into predetermined mathematical
forms chosen for computational convenience rather than physical accuracy. The neural improvement
approach enables materials to exhibit their actual behaviour patterns, potentially revealing material
physics that polynomial constraints have previously prevented researchers from recognising.

5.4. Impact and Applications
This research enhances synthetic fibre characterisation by transitioning from rigid polynomial con-
straints to adaptive learning capabilities, enabling improved representation of material behaviour using
limited experimental data while maintaining the physical consistency required for engineering applica-
tions. This addresses challenges in offshore renewable energy deployment where reliable long-term
material characterisation cannot be achieved through conventional approaches alone [26, 56]. The
methodological paradigm shift from assumption-driven to discovery-driven material characterisation
allows for the identification of true material behaviour while maintaining the physical foundations nec-
essary for reliable engineering applications. Rather than accepting mathematical convenience at the
expense of physical accuracy, the approach demonstrates methods for allowing materials to exhibit
their actual stress-dependent characteristics.

Economic benefits emerge from reductions in characterisation timelines and costs, reducing material
qualification periods from 12 to 18 months to 2 to 4 weeks while maintaining the reliability standards
needed for infrastructure applications. The twin experiment methodology eliminates the need for exten-
sive physical testing during model development, while the improved model enables reliable predictions
based on short-term experimental observations. The methodology demonstrates applicability beyond
synthetic fibre characterisation, as evidenced by its successful integration with established physics
frameworks [52]. The approach addresses challenges in computational materials science where tra-
ditional mathematical constraints may limit material discovery, building upon data-driven approaches
that have shown promise across various material systems [7].

5.5. Study Limitations
The approach requires validation across other synthetic fibre materials, beyond HDPE, to establish
its applicability. The current implementation represents a single-material approach that lacks multi-
material capacity, limiting deployment across fibre types without individual model development for each
material. The model addresses only three of the four nonlinear Schapery parameters (g0, g1, g2), whilst
the time-scaling parameter aσ was disregarded for simplification. This omission may limit accuracy for
materials where time-scaling effects prove essential, particularly under extreme loading rates or tem-
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perature variations. Marine validation focused on moderate sea states requiring additional protocols for
extreme environmental conditions. The 14-term spectral improvement addresses the identified limita-
tions; however, other constraints may emerge with different materials or extended testing requirements
that exceed current validation ranges. Computational efficiency suits standard workstations but may
require optimisation for large-scale deployment.

5.6. Future Research Directions
Priorities include extending the neural improvement approach to other synthetic fibrematerials (polyester,
aramid, UHMWPE) and developing multi-material capabilities that allow unified model deployment
across diverse fibre types [45]. Incorporating the aσ parameter through neural improvement would
provide complete Schapery nonlinearity representation. Improved physics integration, incorporating
temperature effects and environmental degradation, would expand applicability to realistic engineering
scenarios. Future developments may include adaptive physics improvement approaches that extend
the spectral refinement principles demonstrated in this work, and Bayesian uncertainty quantification
methods that could provide enhanced statistical reliability measures for engineering deployment [61].
The methodology has broader applicability across computational physics domains requiring improved
material characterisation from limited experimental observations, including composite materials, fatigue
prediction, and environmental degradation modelling, where physics-guided neural improvement can
address prediction challenges [3, 1].

5.7. Summary
The research demonstrates that integrating neural networks with established physics principles ad-
dresses challenges in computational materials science while maintaining the reliability required for en-
gineering applications. The achievement lies in developing approaches for integrating neural physics
that allow for the discovery of true material behaviour rather than conforming to mathematical conve-
nience. The approach enables the improved representation of material behaviour from limited experi-
mental observations, addressing challenges in offshore renewable energy deployment while providing
technical foundations for advancing synthetic fibre applications. The validation through both temporal
extrapolation testing and realistic marine loading conditions establishes the model’s readiness for en-
gineering deployment, with quantified confidence bounds suitable for infrastructure applications that
require reliable long-term material predictions.

The methodology provides principles applicable across computational materials science domains that
require improved characterisation capabilities while preserving the theoretical rigour needed for practi-
cal engineering deployment.

Data and Code Availability
The synthetic datasets and core Python implementation of the Neural EnhancementModel are available
from the corresponding author upon reasonable request.
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A
Sensitivity Analysis: Model Prediction

Visualisations

This appendix presents visualisations of neural network model predictions across three sensitivity anal-
ysis dimensions conducted during the development of the Neural-Enhanced Schapery-Prony Model.
All predictions are evaluated against Multi-Step Cyclic loading patterns with a maximum stress level
of 8 MPa, comparing model responses with the ground truth across both time and frequency domains.
These visualisations provide reference material for understanding model behaviour across different
configuration choices that influence neural enhancement effectiveness.

A.1. Loading Pattern Sensitivity Analysis
These figures demonstrate the model prediction accuracy when trained on different loading pattern
types, revealing how the characteristics of the training data influence the neural network’s learning of
stress-dependent material behaviour.
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A.1.1. Time Domain Analysis

Figure A.1: Model prediction accuracy for Cyclic loading pattern training.

Figure A.2: Model prediction accuracy for Multi-Frequency loading pattern training.
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Figure A.3: Model prediction accuracy for Multi-Step Cyclic loading pattern training.

Figure A.4: Model prediction accuracy for Multiple-Steps loading pattern training.
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Figure A.5: Model prediction accuracy for Step-and-Hold loading pattern training.

Figure A.6: Model prediction accuracy for Triangle loading pattern training.
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A.1.2. Frequency Domain Analysis

Figure A.7: Frequency domain analysis for Cyclic loading pattern training.

Figure A.8: Frequency domain analysis for Multi-Frequency loading pattern training.
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Figure A.9: Frequency domain analysis for Multi-Step Cyclic loading pattern training.

Figure A.10: Frequency domain analysis for Multiple-Steps loading pattern training.
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Figure A.11: Frequency domain analysis for Step-and-Hold loading pattern training.

Figure A.12: Frequency domain analysis for Triangle loading pattern training.

A.2. Loss Function Sensitivity Analysis
These figures illustrate the model prediction behaviour when trained with different loss function for-
mulations, revealing how optimisation objectives influence the neural network’s learning of nonlinear
material characteristics.
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A.2.1. Time Domain Analysis

Figure A.13: Model prediction accuracy using Amplitude Ratio loss function.

Figure A.14: Model prediction accuracy using FFT loss function.
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Figure A.15: Model prediction accuracy using Mean Absolute Error loss function.

Figure A.16: Model prediction accuracy using Mean Squared Error loss function.
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Figure A.17: Model prediction accuracy using Percentage Difference loss function.

A.2.2. Frequency Domain Analysis

Figure A.18: Frequency domain analysis using Amplitude Ratio loss function.
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Figure A.19: Frequency domain analysis using FFT loss function.

Figure A.20: Frequency domain analysis using Mean Absolute Error loss function.
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Figure A.21: Frequency domain analysis using Mean Squared Error loss function.

Figure A.22: Frequency domain analysis using Percentage Difference loss function.

A.3. Relaxation Spectrum Sensitivity Analysis
These figures present model prediction behaviour across different relaxation spectrum configurations,
demonstrating how physics representation quality influences neural network integration effectiveness
for material characterisation applications.
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A.3.1. Time Domain Analysis

Figure A.23: Model prediction accuracy using Baseline relaxation spectrum configuration.

Figure A.24: Model prediction accuracy using Faster-Dynamics spectrum configuration.
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Figure A.25: Model prediction accuracy using Fewer-Terms spectrum configuration.

Figure A.26: Model prediction accuracy using More-Terms spectrum configuration.
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Figure A.27: Model prediction accuracy using Narrower-Range spectrum configuration.

Figure A.28: Model prediction accuracy using Slower-Dynamics spectrum configuration.
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Figure A.29: Model prediction accuracy using Wider-Range spectrum configuration.

A.3.2. Frequency Domain Analysis

Figure A.30: Frequency domain analysis using Baseline relaxation spectrum configuration.
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Figure A.31: Frequency domain analysis using Faster-Dynamics spectrum configuration.

Figure A.32: Frequency domain analysis using Fewer-Terms spectrum configuration.
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Figure A.33: Frequency domain analysis using More-Terms spectrum configuration.

Figure A.34: Frequency domain analysis using Narrower-Range spectrum configuration.
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Figure A.35: Frequency domain analysis using Slower-Dynamics spectrum configuration.

Figure A.36: Frequency domain analysis using Wider-Range spectrum configuration.
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