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Sensitivity of Online Feedback Optimization to time-varying parameters

Marta Zagorowska'?, Lars Imsland!

Abstract— Online Feedback Optimization uses optimization
algorithms as dynamic systems to find optimal control in-
puts. The results obtained from Online Feedback Optimization
depend on the setup of the chosen optimization algorithm.
In this work we analyse the sensitivity of Online Feedback
Optimization to the parameters of projected gradient descent
as the algorithm of choice. We derive closed-form expressions
for sensitivities of the objective function with respect to the
parameters of the projected gradient and to model mismatch.
The formulas are then used for analysis of model mismatch in
a gas lift optimization problem. The results of the case study
indicate that the sensitivity of Online Feedback Optimization
to the model mismatch depends on how long the controller
has been running, with decreasing sensitivity to mismatch in
individual timesteps for long operation times.

I. INTRODUCTION

Online Feedback Optimization (OFO) relies on using op-
timization algorithms as dynamic systems to find the optimal
control inputs. However, the parameters of the optimization
algorithm are typically separate from the controlled system,
making analysis of their impact challenging. In this work, we
provide an analysis of the sensitivity of OFO to parameters
of projected gradient descent used as the algorithm of choice,
as well as to time-varying model mismatch.

Sensitivity of optimization-based controllers, such as
Model Predictive Control (MPC), allows shaping the per-
formance of the controller. Sensitivity to MPC parameters
has been provided in [1] and the results were used to find
optimal controller parameters. The sensitivities of MPC with
respect to uncertain model parameters were used to find
a robust controller in [14]. Extending the robustness and
tuning capabilities to Online Feedback Optimization by using
sensitivity analysis is the motivation for this work.

A review of OFO controllers was done in [7]. The
sensitivity of OFO from the perspective of robustness to
model mismatch was demonstrated experimentally [6], [11].
A theoretical analysis of robustness for OFO with relaxed
output constraints was provided in [5]. A more general
approach to sensitivity of optimization-based controllers was
adopted in [9] which indicated conditions for OFO to be con-
tinuously differentiable, without providing explicit formulas
for the sensitivity. In this paper, we use the fact that OFO
with projected gradient descent relies on solving a series
of convex quadratic optimization problems to derive closed
form expressions for sensitivity.
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Online Feedback Optimization is introduced in Section
I. Section III presents the closed-formed expressions for
sensitivity of OFO, which are then numerically validated in
Section IV in a gas lift optimization problem. Section V
concludes the paper and indicates future directions.

1) Notation: This paper follows the notational convention
for vector and matrix derivatives from [8]. In particular, we
have 9% € R™ if y € R™ and 3% € RV if x € R"™.

II. ONLINE FEEDBACK OPTIMIZATION
A. Problem statement

Online Feedback Optimization solves:

min & (u,y) (1a)

U,y
subject to y = h(u) (1b)
Au<b (Ic)
Cy<d (1d)

where @ : R"* x R™ — R is a continuously differentiable
cost function, h : R™ — R™ is a continuously differen-
tiable nonlinear input-output mapping where A € R™e1 * v,
b & R, C € R"%2*" d ¢ R™=2 are constant matrices
[6], and c1, co denote the number of input and output
constraints, respectively. The controller in this work uses
projected gradient descent as the optimization algorithm,
with a constant step size o > 0 [6]:

uk"rl — ’U,k + C(&a(uk,yk) (2)

where y* = h(u”) is the measured system output at time
k, and G, (u*,y"*) solves (superscript ¥ dropped for space
reasons):
0o(u,y) =argmin | |w + GilHT(u)Vbe(u, y)||é (3a)
wER™u
subject to A (u+ aw) <b (3b)

C(y+aVh(uw)w) <d (3c¢)

where H(u)" = [I,, Vh(u)'], w € R™, and G €
R™*™ is a positive-definite scaling matrix. The matrix I,
is an identity matrix of size n, X n,. The formulation (3)
requires only the gradient Vh(u) instead of the full mapping
[6].

B. OFO as a function of parameters

For simplicity, we introduce p = [ps]s=o,... k. Ps € R,
as the parameter whose changes affect the objective at time
k and thus ®F := ®(u*(p),y*(p),p) The parameters p
may include the elements of matrices A, b, C, d, as well
as parameters of the derivatives Vh and V®. Usually, G in
(3) is chosen as a constant matrix and will be treated as a
parameter together with a.
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At every iteration k, the constraints (3b) and (3c) are linear
Ax

CaVh(u¥)
LZ éuk} € R" where 71 = Ne, +Ne, denotes

with respect to w: Aw < b with A = €

]Rﬁxnu , z —
the total number of constraints in the optimization problem.
Then we rewrite the objective functlon (3a) to get a quadratic
formulation ||w + G~ 1HTV<I>TH =tw Gutw'é+M
where G := 2G preserves the positive definite and symmetric
properties of G, & := 2H 'V®T € R™. We note that M :=
(GT'HT'V®T)THTV®T is constant and independent of w
so it is omitted and (3) becomes

min ~w' Gw +w' & (4a)
weR?u
subject to  Aw < b (4b)

where the arguments u, y are omitted for space reasons. The

Lagrangian of (4) is L(w) = fwTGw—i-w ¢+ Z Aj(ajw—

H“

5») where @, is the j-th row of the matrix A b; is the j-th

element of b,ﬁand A >0,5=1,...,

The matrix G is positive definite, thus the problem (4) is
convex and the KKT conditions give optimality:

n are dual variables.

Vol(w) =Gw + & + Z /\ﬁ;—r =0

(5a)

j=1
Gw—b; <ONi=1,...,7 (5b)
Ni(@w —b;) =0,Vi=1,...,7 (5¢)
>0Vi=1,....7n (5d)

For the remainder of the paper we will assume that the QP
in (4) is non-degenerate in the sense introduced by [4] and
thus (5) has a solution. Following [2], we will use (5) to find
the sensitivity of OFO.

III. SENSITIVITY OF ONLINE FEEDBACK OPTIMIZATION

A. Sensitivity to problem parameters

The matrices A, b, ¢, and G change with iterations s
because they depend on current measurements «°, y°, or on
the parameters ps. At time k£ we want to find:

ook 0%k (OBE 00F oyFN b L,
Ops  Ops ouk Oyt ouk ) Op,
(6)
for s = ., k. From (2), we see that u* and y*

depend only on ps for s = 0,...,k — 1, and hence

ook | gok  oy* auk . ok
(auk oyF T ouF ) T opr = 0 in (6). As a result, o

Opy,
corresponds to computing instantaneous sensitivity of ®*
with respect to parameter p¥, which is unaffected by OFO

and will be omitted from further analysis

We also see that M)k + k gzk

in (6) is independent of

s and thus we can write in matrix form:

" uP
Ipr = 1 Op— . 1
ok d
apk,g _ Hk ® a@k + a@k 8yk . 8;0: 2 (7)
: ouk " oyF  ouk :
ok ouk
dpo 9po

where ® denotes the Kronecker product.
From (7) we obtain the total derivative of ® at time k:

k
Z 02 ®)

where dp; are individual increments at time .

B. Derivative of u

From (7), we need a“ e Rm*" s=0,...,k—1. As
« and ug are mdependent of p, we get:
k—1 ;
ouF ow’
=« )
Ips — Ops
for s =0,...,k — 1. In matrix form, we obtain:
du” Awk 1 0
Opk—_1 Opi—1 ) I
ouF wr 1! Awk 2 0 Np
81)1f LN aplf—z Opr—2 (10)
. ) . . ]In
uk Swk—1 Hwk—2 Sw° P
dpo 9po 9po 9po
Thus, we obtain a total derivative du”* as:
k—1k—1 ;
du® _a;) Z e (11)

The result from (11) corresponds to the formulas provided
by [15] for backpropagation in time.

C. Derivative of w

To obtain (11), we need to calculate % € IR”“X”P
Taking into account that at time k the matrices A b, ¢, G
depend on the inputs and the outputs up to s = k — 1, and
the parameters up to s = k, we compute % ‘9“’ — using the chain
rule:

owk
= KS
Ops ~~ +

dws=dy, b+ dwzdy, A + dwzdy, &+ dwzd,, G

=0 for s=k
(12)

where K* = dw + dwi +dws + dwé. From [2], the terms
dw dw , dws, and wg are obtained by differentiating (5):

¢ i ,[dwx]:
D(\)A D(Aw* —b)| L[dAx

p— — :T
dGw* +dé+dA X*
D(\*)dAw* — D(\*)db

(13)
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whege D(x) creates a diagonal matrix with entries z, X €
{b, A,¢,G}. We now need to compute derivatives of A, b, ¢,

G with respect to the parameters p,. For instance, we have:

b uk, yk
,yk): ( Yy ) +

Ips
—_———
=0 for s=0,..., k—1
Ob(ut,yh) | Ob(uty*) oyt out
Oouy, ouy, Ops
The formulas for dpsj € RPmwne, d, & € RMXm,
d,,G € R™*"u" are obtained analogously.

oYk
We can now write:

dpj’(uk

(14)

=0 for s=k

dw* L,
oo . a?az;
e =[[§ Hk;K] i (15)
Sk :
where K = KE+K§+K5+K5 and Ky =
dwy (28X 48X . 90 X € {5, 4,5 G}.

Inserting (15) into (10) and subsequently into (7), we
obtain closed-form expressions for sensitivity of the objective
function ® at time k to the parameter p.

D. Sensitivity to OFO parameters

We will now present sensitivities with respect to parame-
ters of OFO: G, «, and uyg.

1) Sensitivity to G: The sensitivity of the control input
and the objective function to the matrix G can be obtained
from in Section III-A by taking ps; = vec(G).

2) Sensitivity to o: When computing the sensitivity with
respect to «, the formulas (7) and (15) remain as in Section
II-A. To obtain the equivalent to formula (10), we notice

from (2) that:
k—1
k _ uO + Zasws
s=0

where for the ease of notation we took o = «; as a time-
varying parameter. Assuming that u° is independent of a

and taking the derivatives of (16) at time k£ with respect to
k—1

0 we get 2 8u = w4+ Z Qs dal, which can be used to

(16)

obtain the equlvalent to (10)

3) Sensitivity to ug: In this subsection we assume that
the starting point for OFO at time & = 0 is u’ = v and
analyse the sensitivity to its value at time k& > 1. From (7),

we get that ?;ik = 0 for s = 1 ,k — 1 and therefore

-4 -2 o 2 4

Fig. 1: The objective (18a) and the mapping (18b) with the
optimum (circle) and the upper bound of wg (square)

where 1,,, = [1] € R™. Finally, to obtain gﬁ’o in (17), we
notice that the matrices from (4) are independent of ug in
a direct way, so the solution w* at time &k will depend on

ug through u*~1 and y*~!. Thus, from (15) we get 5 aw =
K- ou”

auo

IV. NUMERICAL RESULTS

A. Validation with finite differences

To validate the formulas obtained in Section III, we com-
pared the derived sensitivities with the computations based
on finite differences for a one-dimensional optimization
problem adapted from [13] (Fig. 1):

min  0.1(u?y — 4uy + 5u) + 5 (18a)
u,y
subject to y = u? + 4u (18b)
uel,yeY,i=1,2 (18¢c)
where Uy = )Y = [-5,5], Us = [—2,2]. The validation

was done for o € [0.0001,0.025] with Ao = le — 4 for
finite differences (G = 1, up = —0.63), G € [0.5,40] with
AG = 5e—2 (o = 0.01, ug = —0.63), and uy € [—4,0.156]
with Aug = 5e — 3, (G = 1, a = 0.01), for three simulation
times Tr € {50,100, 150}.

1) Analysis for unconstrained optimum: We first validate
the formulas from Section III for inactive constraints. Figure
2 shows a comparison of the derivatives from Section III-D
(solid line) and finite differences (circles). For every time
Tr, the results obtained from the formulas in Section III
reflect the results from finite differences. This indicates the
potential of using the sensitivities to locally approximate the
objective as a function of the parameters without multiple
runs required for finite differences.

We note that the sensitivities to the parameters change
depending on the time horizon 7. Figure 2a indicates that
the sensitivities for o« > 0.175 are close to zero. This
is because such « allows reaching the optimum of (la),
driving the derivatives with respect to v and y to zero in

s R (6). However, the smaller the value of «, the more time

oot _ (92t | oot Oy To obtain 24- .
oug — \ oun oyn  oun ) 8u0 0 obtain oug W€ use  the controller needs to reach the optimum [16]. As a result,
(16) and assume that « is independent of ug to obtain: the values a < 0.1 lead to high sensitivity because the
i controller does not reach the optimum and the derivatives
du* o+ az (17) of the objective at Tr remain non-zero. The behaviour is
3“0 further confirmed by the negative sign of the derivative in
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| Der, TF=150)
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Sensitivity

7D, TF=50
100 |- |2 Der, TF=50
FD, TF=100
©_ b Troi0g
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=2 ber Teo159

0.000 0.005 0.010 0.015 0.020 0.025

(a) Sensitivity to «, o € [0.0001, 0.025]

0
B
\J 3
¢
\,/ 757
/ © _ ber, TF=50
FD, TF=100
° Der, TF=100| 1
o D, TF=150
Der, TF=150)
ol

-500

-1000

Sensitivity

~1500

~2000

(b) Sensitivity to G, G € [0.5,40]

30 40 -4 -3 -2 -1 o
uo

(c) Sensitivity to ug, ug € [—4,0.156]

75, 7750
. ber Trs0

0, TF=100
° Der, TF=100|

o, TF=150
° Der, TF=150|

@ FD, TF=150

Der, TF=150)

0.005 0.010 0015 0.020 0.025 ) 10

(d) Sensitivity to a, a € [0.0001,0.025]

20

(e) Sensitivity to G, G € [0.5,40]

G

30 40 -20 -15 -1.0 -05 0.0

(f) Sensitivity to uo, uo € [—4,0.156]

Fig. 2: Comparison of the formulas from Section III-D (Der) to finite differences (FD) for different T

Fig. 2a, indicating that the objective (la) is a decreasing
function of a.

The relationship between G and « has been analysed in
[16]. The sensitivity of the objective to the scaling parameter
G in Fig. 2b indicates that the value of the objective increases
with G. Conversely to the sensitivity to o, G < 2 allows
reaching the optimum, driving the sensitivities to zero.

Figure 2c indicates increased sensitivity for the initial
condition close to the boundary of the region of attraction
of the sought minimum. An explanation for this increased
sensitivity is provided by Fig. 1 and analysis of formula (3)
from the perspective of V®. The objective function in (18a)
(blue in Fig. 1) has a local maximum at 0.156 and thus V& =
0 in (3) for ug in the neighbourhood of the maximum. As
a results, the solution w ~ 0 yielding slow increments in u
from (2) leading to small changes in y from (18b). For shorter
time periods, Tr = 50 and T = 100, the slow changes in
u and y have little impact on the objective, thus keeping
% smaller. Longer time periods, Tr 150, allow OFO
to escape the neighbourhood of the local maximum without
reaching the optimum, leading to increased sensitivity of
®(ur,, yry) to up. The optimum is reached if the final time
is increased, T = 300, making the objective less sensitive.
These results emphasise the importance of the choice of the
time as well as the step size a.

2) Analysis for constrained optimum: The formulas from
Section III remain valid if the constraints are active, as long
as the KKT conditions (5) are nondegenerate. In particular, if
the objective function (1a) becomes constant when either the
input or the output constraints become active, the sensitivity
becomes zero (Fig. 2d, 2e, 2f).

B. Usage

1) Gas lift optimization: The objective it to max-
imise the cumulative output of two floating oil platforms

maxyy y1(u) + y2(u), u = [ufi=1,...5Y = [Vili=12
connected to two y;(u) fi(u) + fa(u) and three
wells ya(u) = f3(u) + fi(u) + f5(u) where fi(u) =
Z?:O sq—ju; 7 describes the characteristics of the i-th well
as a function of the amount of natural gas, w;, injected
into the well to facilitate oil extraction. The characteristics
used in this work are shown in Fig. 4 (obtained from [3]
using [12]). Both the inputs and the outputs are bounded
u; € [yi,ﬂi]izl ,,,,, 5, Yi € [yivyi}izlg. The case study is
put in the OFO framework (1) with ®(u,y) = —y;(u) -
y2(u), h(u) = [fi(u) + fa(u)  f3(u) + fa(u) + f5(u)] ,

and input constraint matrices:

1 0 0 0 0] [ 9576 |

-1 0 0 0 O —1157

0 1 0o 0 O 11745

o -1 0 0 O —6819

0 0 1 0 0 5972

A= o 0 -1 0 O b= —2714

0o 0 O 1 0 7377

o 0 0 -1 o0 —2399

0o 0 0 O 1 9043

|00 0 0 —1] | —4125 ]
The outputs are also bounded, 0 < y; < 150,
¢ = 1,2. The initial condition was set ug =

[2500.0, 7000.0, 4500.0, 4500.0, 4500.0] Sm3day .

2) Sensitivity to gradient mismatch: We use the formulas
from Section III to analyse the impact of the mismatch in
the gradients Vh: VA" (u¥, y*) = Vh(u*, y*)+ B, where
s B D 070

o0 B B B
was chosen to emulate estimation error for every gradient
separately. The code is available on github https://github.
com/mzagorowska/Publications-/tree/ECC2025.

The additive mismatch
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Fig. 3: Online Feedback Optimization for gas lift optimization over time (in iterations)

/

2500 5000 7500 10000
Gas rate

Fig. 4: Characteristics of the wells adapted from [3] (oil and
gas rates in Sm3day 1)

a) Total sensitivity: The total sensitivities of the objec-
tive function (8) for the first platform at time k£ are shown
in Fig. 3c. The sensitivities to the mismatch are primarily
influenced by how far from their respective optima the inputs
are (Fig. 3a and Fig. 4). The value of the objective is sensitive
to B2 in the initial period (k < 200). This sensitivity is due
to the “steep” characteristics of the second well (orange in
Fig. 4) around the initial guess (u3 = 7000 Sm3h~1). This is
because the platform with output y; reached the maximum
of the well number two, bringing the derivative gz; close to
zero in (6), and thus reducing the impact of the mismatch on
the objective. Conversely, Well 1, 4 and 5 are operating away
from their optima in Fig. 4, so the sensitivities are large.

b) Instantaneous sensitivity: Figure 5 show the instan-
taneous sensitivities of the objective with respect to 52 and
54, which were chosen as the most representative. In both
cases, the largest absolute values are shown in dark blue
(bottom left) and indicate that at the beginning of OFO, for
small k, the objective changes under the influence of the
mismatch. Conversely, for large k (right hand-side of the

figure), the impact of the mismatch at a single time step j is
small (yellow going into red). Such relationship between the
objective function and the mismatch suggests that for large
enough k£ OFO is insensitive to mismatch in a single time
step. The transition from dark blue to yellow and red for
large k also suggests that for large enough £ OFO becomes
less sensitive to the initial mismatch. This in turn implies
that iterative learning algorithms may be used for gradient
estimation as long as their accuracy improves with iterations.

The results in Fig. 5 allow us also to see the impact of the
mismatch for individual wells. For instance, the mismatch
affecting well 2 (Fig. 5a) has a significantly larger impact at
the beginning (k close to zero, bottom left) than at the end
of the chosen time horizon (k close to 500, right). This result
indicates that the characteristics of well 2 should be accurate
to capture the impact of well 2 on the objective. Conversely,
the instantaneous sensitivity (7) of well 4 changes less from
k = 0to k = 500 (from left to right in Fig. 5b). At the
same time, we see that the sensitivity of the objective for
k = 500 depends on the timesteps, with a larger impact of
mismatch in the initial time steps (light green, bottom right),
getting close to zero with iterations (light orange, top right).
Combining the transition from left to right and bottom to top
suggests that while sensitivity to the mismatch in individual
timesteps decreases, the final value is affected by mismatch
in all past timesteps, in particular those far from the optimum.

c) Impact of coupling constraints: The matrices in
Section IV-B.1 describe a case where the amount of gas
available for injection to the platforms is unlimited, and the
platforms have oversized capacity, which means that there
is no coupling between any two wells. We now analyse the
sensitivity to the mismatch if the amount of gas is limited
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(a) Instantaneous sensitivity of (b) Instantaneous sensitivity of
® to the mismatch 8 in Well 2 ® to the mismatch 3 in Well 4

Fig. 5: Instantaneous sensitivity (7) with respect to the mis-
match in Well 2 and 4, with three examples, Q1: 9®' /91,
Q2: 99%1°/9Bi ., Q3: 9P50/9B%,,, i = 2,4, without
coupling constraints

1 and

by a coupling constraint Z?:o u; < 26000 Sm3day—
the first platform has a decreased capacity, y; < 130.
The results of OFO for the case with coupling constraints
are shown in the bottom row of Fig. 3 and the corresponding
sensitivities are in Fig. 3f. As long as no constraints are
active, k < 120, the sensitivities in Fig. 3f are identical to
the unconstrained case. When the coupling constraint on the
amount of gas becomes active, we note discontinuity in time
is the sensitivity. This discontinuity is caused by the impact
of active constraints on the solutions of the projection QP (4),
shown in Fig. 3e for the first platform. The QP is solved at
discrete iterations, so there is no assumption about continuity
in time. Therefore, as the sensitivity of the objective depends
on the sensitivity of all solutions in individual timesteps, we
see the discontinuities in Fig. 3f. A similar discontinuity in
the sensitivities is observed at & = 200 when the output
constraint in the first platform becomes active, which is also
caused by a discontinuity in the solutions from 3e.
d) Impact of constant gradients: The sensitivities (8)
can be used to estimate how the objective will change if the
mismatch changes. We treat ¢ as a function of S:

0d
op?

For the gas lift case study, we chose h = Vh(uo,y(uo))
because the approximation at the initial condition was
shown to work in practice [10], and in consequence we got
ABY = [0,-0.04,—0.005, —0.001, —0.007], corresponding
to the largest mismatch in absolute values. The maximal
absolute value of the sensitivities is [507, 718, 153, 287, 556].
Plugging the values into (19) yields ®(8) — ®(0) > —32.6
which means that we can expect a decrease of up to 14%
if the constant A is used. Because of taking the maximum
values for the sensitivity and the mismatch, this is a conser-
vative estimate, as also indicated in Fig. 3b where the actual
decrease is 6.1%.

5

(B) —2(0) ~ Y

i=1

AB

19)

V. DISCUSSION AND CONCLUSIONS

The objective of the paper is to facilitate the analysis of
Online Feedback Optimization controllers with respect to

their parameters. The importance of analysing the impact of
the parameters of an optimization-based controller has been
shown and used for traditional controllers, such as Model
Predictive Control, but the analysis for Online Feedback Op-
timization remains under-explored. This paper addresses this
gap by providing closed-form expressions for the sensitivity
of Online Feedback Optimization to its parameters.

The formulas in this paper were derived by setting a con-
stant final time and treating online Feedback Optimization
as a parametrised system of equations. This assumption is
equivalent to discretizing a continuous gradient flow algo-
rithm with a constant time step [6]. A natural extension to
the sensitivity analysis will now be to consider the impact
of time, both as time step and the final time. In the future,
the sensitivities can be used for tuning of the parameters
of the controller, as well as checking robustness to model
mismatch.
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