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There is no branch of mathematics, however abstract, which may not some day be
applied to phenomena of the real world.

Nikolai Lobachevsky

The original source is, of course, Gibbs.
Edward Guggenheim
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Summary
In an attempt to decarbonize industries and support the transition to a sustainable
energy supply, subsurface technologies will play a vital role. Security and
responsible use of the subsurface for a wide range of decarbonizing technologies
require proper understanding and management of all activities. In order to
understand the dynamics of all processes involved while having only limited
information about underground conditions, numerical simulation presents a pivotal
tool for any subsurface operation. Numerical simulation of CO2 sequestration
operations, in particular, aims to model complex multiphase, multiphysics
dynamics and demands advanced simulation technology. The conditions for CO2
injection for storage expose a range of physical phenomena that require careful
thermodynamic and physical modelling. The interaction of CO2 and impurities with
brines and residual hydrocarbons, combined with the rather di!erent operational
conditions from conventional hydrocarbon production, give rise to complex physical
interactions at di!erent scales. To make predictions of subsurface processes whilst
having highly limited physical and geological information, reservoir simulation
becomes a useful tool only if it addresses the uncertainties and representativeness
of the inputs. Despite the availability of more computational e"ciency, however,
the accuracy of prediction from simulation models is only as good as the physical
representation of fluid flow. Accordingly, a greatly improved understanding of
subsurface processes can be achieved by means of advanced fluid modelling.
This entails an e"cient coupling of thermodynamics and fluid flow, an advanced
computational framework that enables modelling of complex physics whilst
handling nonlinearities appropriately.

This dissertation is set out to develop a robust, flexible and e"cient
thermodynamics-based simulation framework that is primarily intended for
modelling of geological CO2 sequestration. Using the Operator-Based Linearization
(OBL) approach, the thermal-compositional formulation that is available in the
existing open-DARTS simulation software is utilized and complex multiphase
physics are solved at only discrete points in the parameter space. The main
benefit of the OBL technique for such simulations is that the computational
burden of thermodynamic calculations is limited and only requires computation of
uncomputed supporting points for (multi-)linear interpolation. Furthermore, partial
derivatives of all terms are readily obtained by performing interpolation. Hence, the
computational load of thermodynamic modelling routines is e!ectively minimized
and the simulation architecture is readily extended to any state specification. The
integration of DARTS-flash into the OBL framework for physical modelling extends
its applicability to model complex multiphase mixtures containing brine, reservoir
fluids, CO2 and impurities.

ix



x Summary

Accurate and consistent thermodynamic modelling, coupled with the mass
and energy conservation equations, is able to capture e!ectively the interplay
of thermal-compositional phenomena at di!erent scales. Through a thorough
review of fundamental thermodynamics, computational techniques and available
branches of thermodynamic models, a computational framework is established to
solve phase equilibria of reservoir mixtures with brine and CO2. Starting from a
geometrical interpretation of the phase equilibrium problem, e"cient initialization
procedures are formulated to perform two- and three-phase equilibrium calculations
that is readily extended to a higher number of phases. In addition, the approach
allows for straightforward use of multiple thermodynamic models together. A
hybrid-EoS model that uses a specific fugacity-activity model for the aqueous
phase and a Van der Waals-type cubic equation of state for the non-aqueous
fluid phases is introduced and validated against experimental data of multiphase
mixtures of brine and reservoir fluids. Similarly, the hydrate equation of state
is added in the same setup to include di!erent hydrate types into the model.
Moreover, the flash procedures are extended to calculate phase equilibria in
PH- and PS-specifications in line with state-of-the-art computational methods for
inner and outer loops of the nested algorithms, including fully analytical partial
derivatives.

The thermal-compositional framework is applied to a set of simulation scenarios
relevant to geological CO2 sequestration. Two conventional targets for CO2
injection – saline aquifers and depleted hydrocarbon fields – are investigated
in terms of typical conditions and dominating physical phenomena. By means
of two recent benchmark studies for CO2 storage in aquifers, the FluidFlower
and SPE11, the combination of DARTS and DARTS-flash is demonstrated to
capture plume migration and capillary trapping, as well as enhanced dissolution
and impurity impacts that is in accordance with experimental data and modelling
e!orts throughout the community. Simulation of CO2 sequestration in depleted
hydrocarbon reservoirs is modelled here in a simplified radial model that mimics
the conditions of the highly depleted Porthos field o! the coast of Rotterdam,
Netherlands. It is, however, a less resolved field of study, as thermal-compositional
e!ects related to expansion cooling and phase changes are much more
pronounced. This introduces additional nonlinearities to the simulation from
thermodynamic, as well as multiphase flow points of view. While a PH-formulation
is able to resolve the former, this matter still requires thorough investigation of
all coupled processes and nonlinearities to come up with appropriate heuristics.
Additionally, the OBL framework is extended to include gas hydrates into the
simulation model. By use of a kinetic description of hydrate formation and
dissociation, a set of core-scale methane- and CO2-hydrate formation experiments
and field-scale dissociation scenarios for gas production is reproduced from
literature.



Samenvatting
In een poging om industriële CO2-uitstoot te verminderen en een transitie
naar een duurzame energievoorziening in te zetten, zullen ondergrondse
technologieën een sleutelrol spelen. Veilig en verantwoord gebruik van de
ondergrond voor uiteenlopende koolstofarme technologieën vereist een grondig
begrip en zorgvuldig beheer van alle ondergrondse activiteiten. Omdat directe
waarnemingen van de ondergrond beperkt zijn, vormt numerieke simulatie
een onmisbaar hulpmiddel om de dynamiek van ondergrondse processen te
doorgronden. Numerieke simulatie van CO2-opslagoperaties, in het bijzonder, is
gericht op het modelleren van buitengewoon complexe meerfasige en multifysische
dynamica. De specifieke omstandigheden tijdens CO2-injectie brengen een breed
scala aan fysische processen met zich die een zorgvuldige thermodynamische
en fysische modellering vereisen. De interactie van CO2, onzuiverheden, zout
water en resterende koolwatersto!en uit geologische lagen, in combinatie met
de afwijkende operationele omstandigheden ten opzichte van conventionele olie-
en gasproductie, leidt tot complexe verschijnselen over verschillende schalen.
Aangezien de fysische en geologische informatie over het reservoir doorgaans
beperkt is, biedt reservoirsimulatie alleen betrouwbare voorspellingen wanneer de
onzekerheden en representativiteit van de input expliciet worden meegenomen.
Hoewel de rekencapaciteit sterk is toegenomen, blijft de nauwkeurigheid van
simulaties afhankelijk van de fysische weergave van het stromingsmodel. Een
beter begrip van ondergrondse processen kan dan ook slechts worden bereikt
door middel van geavanceerde vloeistofmodellering, waarin thermodynamica en
stromingsleer op e"ciënte wijze worden gekoppeld binnen een computationeel
raamwerk dat non-lineariteiten adequaat kan behandelen.

Dit proefschrift richt zich op de ontwikkeling van een robuust, flexibel en e"ciënt
simulatiekader op basis van thermodynamische modellering, dat primair bedoeld
is voor de modellering van geologische CO2-opslag. Er wordt gebruikgemaakt
van de thermisch-compositionele formulering van de open-source DARTS
simulatiesoftware, die de Operator-Based Linearization (OBL) techniek hanteert.
Binnen deze methode hoeven complexe meerfasige fysica slechts te worden
opgelost op discrete punten binnen het domein van het probleem. Het belangrijkste
voordeel van de OBL-techniek is dat de rekenlast van thermodynamische
berekeningen aanzienlijk wordt gereduceerd, aangezien enkel nieuwe steunpunten
voor (multi-)lineaire interpolatie hoeven te worden bepaald. Daarnaast kunnen
partiële afgeleiden van alle termen direct uit de interpolatie worden verkregen.
Hierdoor wordt de rekentijd voor thermodynamische modellering geminimaliseerd
en kan de simulatiearchitectuur eenvoudig worden uitgebreid naar verschillende
toestandspecificaties. Door de integratie van DARTS-flash in het OBL-raamwerk
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xii Samenvatting

wordt de toepasbaarheid voor fysische modellering verder vergroot en kunnen
complexe meerfasige mengsels van zout water, reservoirvloeisto!en, CO2 en
onzuiverheden worden gemodelleerd.

Een nauwkeurige en consistente thermodynamische beschrijving, gekoppeld
aan de massa- en energiebalansvergelijkingen, maakt het mogelijk om de
wisselwerking tussen thermisch-compositionele verschijnselen realistisch weer
te geven. Op basis van concepten uit de fundamentele thermodynamica,
computationele technieken en thermodynamische modellen is een raamwerk
ontwikkeld voor het berekenen van fase-evenwichten in reservoirmengsels
met zout water en CO2. Vanuit een geometrische interpretatie van het fase-
evenwichtsprobleem zijn e"ciënte procedures opgesteld voor twee- en driefasige
evenwichtsberekeningen (flash), die eenvoudig zijn uit te breiden naar systemen
met meer fasen. De voorgestelde aanpak maakt tevens het simultaan gebruik van
meerdere thermodynamische modellen mogelijk. In dit kader is een hybrid-EoS
model (van equation of state, EoS, toestandsvergelijking) ontwikkeld, op basis
van een specifiek fugacity-activity-model (vluchtigheid-activiteit) voor de waterige
fase en een Van der Waals-type kubieke EoS voor de niet-waterige fasen. Dit
model is gevalideerd aan de hand van experimentele data voor mengsels van
zout water en reservoirvloeisto!en. Op vergelijkbare wijze is de gashydraat-EoS
geïntegreerd om verschillende hydraattypen in de modellen op te nemen. De
ontwikkelde flashprocedures zijn uitgebreid om fase-evenwichten te berekenen
onder PH- en PS-specificaties, conform recente computationele methoden voor
geneste algoritmen en inclusief volledig analytische partiële afgeleiden.

Het thermisch-compositionele raamwerk is toegepast op een reeks simulatie-
scenario’s die relevant zijn voor geologische CO2-opslag. Twee conventionele
doelwitten voor CO2-injectie – aquifers en uitgeputte olie- en gasreservoirs –
zijn onderzocht met betrekking tot hun karakteristieke omstandigheden. Aan de
hand van recente studies voor CO2-opslag in aquifers, FluidFlower en SPE11,
is aangetoond dat de combinatie van DARTS en DARTS-flash in staat is
om CO2-migratie en capillaire insluiting, alsook dichtheidsgedreven oplossing
en invloed van onzuiverheden adequaat te reproduceren, in overeenstemming
met experimentele data en andere onderzoeken. De simulatie van CO2-injectie
in uitgeputte olie- en gasvelden is uitgevoerd met een radiaal model dat de
omstandigheden van het gedepleteerde Porthos-veld voor de kust van Rotterdam
benadert. Dit onderzoeksgebied is tot op heden beperkt uitgewerkt, mede
omdat fysische e!ecten zoals expansiekoeling en faseovergangen hier sterker
tot uiting komen. Deze verschijnselen introduceren bijkomende non-lineariteiten,
zowel vanuit thermodynamisch als stromingskundig perspectief. Hoewel een
PH-formulering in staat is het eerste te beschrijven, is verdere analyse nodig om
de gekoppelde complexiteit in detail te karakteriseren en geschikte heuristieken te
ontwikkelen. Daarnaast is het OBL-raamwerk uitgebreid met een beschrijving van
gashydraten. Door toepassing van een kinetisch model voor hydraatvorming en
-dissociatie zijn experimentele waarnemingen voor CH4- en CO2-hydraatvorming
op laboratoriumschaal, alsmede scenarios voor gasproductie van hydraten op
reservoirschaal, succesvol gereproduceerd op basis van literatuurdata.



Preface
Behind us is a long history of climate awareness and over ten years since the Paris
agreement, perhaps the most significant global e!ort to incentivize climate action.
Considerable progress has been made since and society seemed to be making
an encouraging transition away from fossil fuels. Recent worldwide hostilities
have, however, taken over to push these sustainable e!orts to the background. It
has never been so clear that besides environmental concerns, the world would
be better o! being less reliant on oil and gas. It is hardly a question whether
geopolitics would be so complicated and uncertain if it was not for oil interests.
We have come a long way from the Inconvenient Truth regarding human-induced
climate change to having cheaper electricity from renewables than from burning
fossil fuels today. Yet, we should keep pushing in the right direction because the
climate crisis does not resolve by itself.

Behind me, too, is a long journey, filled with a purpose that I somehow had to
serve since the Inconvenient Truth was posed. Finding myself on the boundary
between energy transition and oil and gas industry, it is not easy to separate
the idealism and pragmatism. From a realistic perspective, we are aware that
not all industries are ready to operate free of hydrocarbons and we cannot deny
that greenhouse gases will continue to be emitted. And even if we no longer
actively investigate oil and gas topics, we must appreciate the knowledge from
decades of research in our field that current day developments are building on. If
it was not for the petroleum industry, the progress in many fields of engineering,
thermodynamics and fluid dynamics in particular, would not have been made
nearly as far. A topic that is seemingly directly connected to serve the interests
of fossil giants, however, the idea to sequester CO2 in deep geological layers is
faced with much skepticism from the public. Of course, this research is directly or
indirectly applicable to involve oil production, but we can put it to good use if we
want to. It is a dilemma that comes up in any discussion, be it with friends and
strangers or in public debate and in politics. I believe, however, that we can make
the most e!ective energy transition if we make use of the existing expertise and
infrastructure from oil and gas operations. It is one of the best shots we have to
mitigate a climate disaster.

In front of you is my thesis in which I have tried to outline as complete as possible
the developments of the thermal-compositional simulation framework for geological
CO2 sequestration. It is two-fold, with the development of a consistent and robust
multiphase flash routine as a prerequisite to incorporate any complex physics into
the dynamic simulation. Despite minor, yet crucial modifications to the simulation
framework, the majority of the convergence problems of our simulations was
directly related to errors on the thermodynamics side. Application of the flash to

xiii
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simulations exposes all edge cases, all tricky mixtures and trace compositions that
are obvious to the human eye but extremely tedious for numerical implementation.
Now, I think that it is safe to say that the most pressing of basic bugs and
mistakes for this part of the modelling framework have been resolved. The
simulation technology that we have built over the years is ready to be extended
to investigate realistic fluid flow relevant to field-scale operations of real energy
transition applications. These are famous last words, but at the beginning of my
time at TU Delft I would have signed up for the chance to create such an end
product and to contribute to making the energy transition progress.

Michiel Wapperom
Delft, April, 2026



1
Introduction

Earth’s natural resources have historically provided a sheer inexhaustible driving
force for global human and technological development. Sustained economical
growth has significantly improved living standards, brought extraordinary
technological progress and supported an expansion of global population from
1 billion in 1800 to 8.2 billion in 2025. This economic growth, however, has
traditionally relied on the intensive consumption of resources and energy. We have
come to increasing concerns about reaching physical limits of Earth’s reserves and
harmful interference with ecosystems and global climate. Meanwhile, developing
economies in predominantly Asia and Africa are catching up, leading to inevitable
additional demand for energy and raw materials. To maintain a balance between
prosperous societies and a thriving natural environment, it will be of utmost
importance to adopt a responsible attitude towards making use of Earth’s riches
and protecting the vulnerable ecosystems.

Subsurface development has always been integral to the most basic demands:
resource extraction, energy production and storage, water supply. There is the
advent of sustainable energy sources such as solar, wind and tidal energy.
There is the future promise of nuclear fusion and we are making technological
advancements moving towards circular economies. Despite all that, global demand
for energy and resources cannot be expected to diminish in the foreseeable
future. Moreover, even if we were to reach fully sustainable economies today,
we would have to get rid of excess atmospheric CO2 from preceding industrial
activity regardless. It has become increasingly evident that the accumulation of
greenhouse gases in the atmosphere has come to pass beyond rather irreversible
tipping points in the global ecosystem [1].

Proper management of subsurface activities should be a primary concern. Not
only from a safety perspective, but also from the point of view to undertake all
operations in a productive and energy-e"cient manner. Security and responsible
use of the subsurface will become even more crucial with the advent of a range
of new decarbonizing technologies. To understand the dynamics of all processes
involved while having only limited information about underground conditions,
numerical simulation presents a pivotal tool for any subsurface operation.

1



2 1. Introduction

Reservoir simulation for CO2 sequestration
Numerical tools for reservoir simulation emerged in the 1970s, in a desire to predict
and improve production from hydrocarbon and geothermal reservoirs [2, 3]. Most
early reservoir simulators dealt with relatively simple fluid models. Soon, advanced
simulation codes with coupled multiphysics dynamics of multiphase fluid flow were
being developed for complex systems involving natural gas and oil [4, 5], water-
and steamflooding [6, 7], and gas injection processes [8, 9]. Utilization of di!erent
formulations to resolve representative physics [10] and advances in e"cient linear
and nonlinear solvers for ever-growing grid sizes and physical complexity proved
crucial for practical use of numerical simulation in field applications [11–14]. Later,
purely fluid-flow focused simulation models were extended to include additional
physics such as thermal-compositional e!ects [15, 16], geomechanics [17, 18]
and (geo-)chemistry [19–21], expanding the range of applications to predict
increasingly complex reservoir dynamics.

For numerical simulation of CO2 sequestration operations, in particular,
modelling of complex multiphase, multiphysics dynamics is involved. While
(thermal-)compositional simulation and models for multiphase flow were around for
hydrocarbon production, the conditions for CO2 injection for storage expose a range
of physical phenomena that require careful thermodynamic and physical modelling.
The interaction of CO2 and impurities with brines and residual hydrocarbons give
rise to complex physical interactions at di!erent scales. In addition, operational
conditions are often rather di!erent from conventional hydrocarbon production.
Under cold and depleted conditions, injected CO2 could form a separate liquid
phase and introduce highly nonlinear thermodynamic behaviour. Severe expansion
cooling and phase changes in the wellbore and near-wellbore region can amplify
these conditions, inducing the risk of damage to formation and facilities from
freezing and hydrate formation [22, 23]. In addition, the presence of highly saline
brine could drive complex interactions between the nearly dry CO2 injection stream,
residual water, precipitating salt and capillary backflow [24, 25].

Reservoir simulation entails only a sub-stage of a larger workflow that involves
geophysical exploration and data gathering, geological modelling, well logging
and monitoring. To make predictions of subsurface processes whilst having highly
limited physical and geological information, reservoir simulation becomes a useful
tool only if it addresses the uncertainties and representativeness of the inputs. In
practice, this means that large ensembles of relatively finely discretized geological
realizations are simulated, demanding huge computational resources. Fortunately,
advances in hardware and software design have resulted in extraordinary gains
in computer power, as well as e"cient parallelization of computations on GPU
architectures and AI-based developments for proxy models and preconditioners.
This has opened up possibilities to run ever larger and more complex models.

Despite the availability of more computational e"ciency, however, the accuracy of
prediction from simulation models is only as good as the physical representation of
fluid flow. Accordingly, a greatly improved understanding of subsurface processes
can be achieved by means of advanced fluid modelling. Contrary to the discretized
representation of the reservoir, the accuracy of the multiphysics representation of
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fluid flow at Darcy scale has been mathematically established and provides, to a
certain extent, a physical ground truth. An improved physical and thermodynamic
description thus objectively enhances the quality of a simulation.

Thermodynamic calculations are at the core of compositional simulation. Using
the overall composition formulation for solving the conservation equations, the
thermodynamic relations can be e!ectively decoupled from the mass and energy
balance [10, 26]. This opens up possibilities to model complex phase behaviour
without compromising the linear and nonlinear solvers for flow. However, a
thermodynamic equilibrium is then required in each grid cell and at every nonlinear
iteration of every timestep, quickly growing to amount to a limiting factor in
computational speed. Moreover, a single failure of the thermodynamic modelling
routine may hinder convergence of the global conservation equations or propagate
an error into following timesteps. E"cient use of parallel computation may improve
performance on the level of linear system assembly, but there is not much to
gain by parallelizing the small and dense systems for thermodynamic calculations
themselves. In addition, the severe nonlinearities introduced by phase transitions,
narrow-boiling mixtures and critical points may result in convergence problems
when one uses temperature as a variable. While isothermal flashes are inherently
less complex than other formulations, the convergence problems can be resolved
by using an enthalpy-based specification. This requires a more complex and
perhaps less easily parallelizable isenthalpic flash routine.

Recently, alternative approaches have been proposed to relieve the burden
of complex physics calculation from simulation and essentially decouple
thermodynamics from the flow equations. Voskov and Tchelepi [27] introduced the
concept of Compositional Space Parametrization (CSP), in which the compositional
space was discretized analogous to how geological models are discretized into
a mesh. Phase equilibrium for linear system assembly was then obtained by
interpolation of the thermodynamic state with precomputed values at the discrete
points [9, 16]. Along similar lines, the CSP concept was later extended to
describe full state-dependent terms as they appear in the governing equations and
interpolate the terms and obtain partial derivatives for Jacobian assembly using
the Operator-Based Linearization (OBL) approach [28, 29]. This technique has
been applied to a variety of subsurface energy transition applications [30–32] and
was released as open-source software recently [33].

Still, any continuous or discrete modelling approach for capturing complex
thermodynamic systems relies on robust, e"cient and accurate thermodynamic
modelling routines. Furthermore, the benefits of parametrization techniques may
start to diminish with certain complexity and dimensionality of the problem, as well
as with specific physical problems such as those involving ions and chemistry.
Hence, the development of smart and e"cient solutions for thermodynamic
modelling remains a necessary pillar of any simulation software.



4 1. Introduction

Thermodynamic modelling
The fundamental concepts of classical thermodynamics were developed in the
early industrial age in an attempt to improve the e"ciency of steam engines. From
observed principles, the concepts of internal energy and entropy were introduced
and the first and second laws were formulated, making statements about the total
energy of a system and the direction for processes to occur spontaneously. Despite
these e!orts, the development of heat engines didn’t benefit a lot from the theory
of equilibrium thermodynamics. Nevertheless, the formalization of the fundamental
equation and other thermodynamic state functions by Gibbs in the 19th century
has become fundamental to our understanding of physical phenomena in many
corners of the sciences. In fact, it still forms the basis of most thermodynamic
modelling today.

Before the advent of thermodynamic models for widespread engineering use,
fluid modelling was informed by approximate thermodynamics by means of K-value
charts or PVT-tables. Using distribution coe"cients, K-values, the partitioning of
chemical species among gas and liquid phases could be calculated using the
computational procedures that came to be known as the Rachford-Rice equations
[34, 35]. The development of predictive thermodynamic models gave rise to more
thermodynamically rigorous modelling routines. Equations of state followed on the
pioneering work of Van der Waals to consistently describe the properties of gas
and liquid states and into the critical region. Alternatively, phase-specific models
were developed for purely liquid and solid phases.

However, it wasn’t until the work of Baker et al. [36] that the geometric
interpretation of computational thermodynamics in the spirit of Gibbs was revisited
for engineering applications. While this work discussed the implications of Gibbs’
tangent plane criterion for multicomponent systems only on a conceptual level,
Michelsen [37] provided a computational implementation of the tangent plane
distance (TPD) using an equation of state. By localizing all minima of the
TPD surface, the stability of a mixture could be tested in accordance with the
fundamental thermodynamic principles. In case of instability, a flash calculation
would have to be performed to find the phase split that minimizes Gibbs free
energy [38].

Michelsen’s methods have been instrumental in the field of equilibrium
thermodynamics and are now standard practice in almost any process or reservoir
simulation software. The mathematical framework can be generalized to any
number of phases [39], to free-water assumptions, pure phases and selective
solubility [40, 41]. Formulations for phase equilibria at other state specifications
have been developed, posed as minimization problems of the corresponding
state functions. PT- and VTn-equilibria could be formulated as unconstrained
minimization procedures [38, 42, 43]. Not all constraints can be directly eliminated
for other state specifications and modified objective functions (Q-functions) are
required [44, 45]. Michelsen suggested a direct substitution method, but a more
robust solution procedure was the nested PT-flashes of Agarwal et al. [46] with an
outer loop that locates the root of the specification equation. Recently, Xu et al. [47]
presented a hybrid root-finding method for isenthalpic flashes that builds on this
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approach, utilizing a robust and e"cient combination of derivative-free bracketing
and gradient-based update of the specification equation where possible. The
nested approach can be applied to solve phase equilibria at the most widely used
state specifications, either with a PT- or VTn-based Q-function [45]. An interesting
direction here could be the VTn-based PT-flash, as (complex) equations of state
are naturally formulated in terms of volume and iterative density solvers can be
avoided [48, 49]. Full Newton procedures for the other specifications, on the other
hand, require good initial guesses and have been scarce in literature [50, 51].
In fact, Nichita [52] showed that the mathematical structure of TPD optimization
at all pressure- and volume-based specifications ultimately results in the same
stationary points as the stability test at PT and VTn, respectively, indicating that a
robust nested procedure is a valid choice.

With PT- and VTn-computations at the core of most equilibrium calculations,
many e!orts have been focused on improving these solvers. While successive
substitution methods to solve the stability test and phase split are extremely
robust, the option to switch to Newton methods highly improves performance
by avoiding excessive iterations in di"cult regions or close to the solution. For
VTn-computations, successive substitution does not even guarantee convergence
and Newton solvers must be employed. A standard Newton implementation,
however, does not always guarantee a descent direction. Michelsen [38] mentioned
the use of a modified Cholesky decomposition to preserve positive definiteness of
the Hessian matrix, Petitfrere and Nichita [53] investigated Trust Region methods
to find the magnitude of the correction and a line search procedure can be
employed to check whether the updated variables lie within the feasible region for
a full Newton step and to ensure a decrease in the objective function [43, 49].

The demand for accurate models and increased multiphase complexity in
relation to CO2 storage calls for e"cient computational procedures. Modelling
the interactions of reservoir mixtures with brine, CO2 and impurities requires
higher accuracy compared to the conventional flash routines. Yet, significant
improvements in terms of accuracy, applicability, simplicity and performance may
be found by revisiting the geometrical framework as Gibbs had intended.

Thesis outline
The aim of this work is to develop a robust, flexible and e"cient thermodynamics-
based simulation framework that is primarily intended for modelling of geological
CO2 sequestration. Using a combination of the newly developed DARTS-flash
[54] and the existing OBL approach, we can utilize a thermal-compositional
formulation and solve complex multiphase physics at only discrete points in the
parameter space. The main benefit of the OBL technique for such simulations is
that the computational burden of thermodynamic calculations is limited and only
required to compute uncomputed supporting points for (multi-)linear interpolation.
Furthermore, partial derivatives of all terms are readily obtained by performing
interpolation. Hence, the computational load of thermodynamic modelling routines
is e!ectively minimized and the simulation architecture is readily extended to any
state specification.
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Starting from the fundamentals of equilibrium thermodynamics, Chapter 2
reviews the most important concepts of classical thermodynamics. This serves
to obtain the di!erent state functions, conditions for equilibrium and a consistent
derivation of thermodynamic properties from thermodynamic models. Chapter 3
presents the models utilized in the simulations. These involve Van der Waals-type
cubic equations of state, as well as specific models for aqueous and hydrate
phases. The fundamentals and models are brought together in Chapter 4, where
the concepts of phase equilibrium computations are outlined and applied to
model multiphase equilibria of reservoir mixtures involving brine, gas/liquid and
hydrate phases. A geometric approach to the phase equilibrium problem is
employed, leading to e"cient initialization strategies and flexibility to use di!erent
thermodynamic models in the process. The framework is extended to PH- and
PS-specifications, including fully analytical partial derivatives.

Chapter 5 outlines the conservation of mass and energy in porous media
in partial di!erential equations and in discretized form. The strong dependence
of fluid flow solvers on thermodynamic and transport properties modelling is
emphasized, building a case for the Operator-Based Linearization approach. A
generic OBL framework for reservoir cells and well controls is developed, with a
special remedy for OBL parametrization of multicomponent systems. Sources of
nonlinearities in thermal-compositional are discussed. A generic state specification
can resolve some of these nonlinearities and is readily implemented in the
OBL framework. In addition, a simplified initialization procedure is described to
obtain a (near-)steady-state vertical equilibrium with gravity, capillary and thermal
forces. The solution method involves the OBL approach to linearize the system of
equations and to use a consistent parameter space with the dynamic simulation.

Finally, the full thermodynamics-based simulation framework is applied to a
range of subsurface problems relevant to CO2 sequestration. Chapter 6 involves
simulation of CO2 sequestration in saline aquifers and depleted hydrocarbon
fields. These two types of target reservoirs are typically concerned with rather
di!erent conditions. The dominating physical phenomena in each are discussed,
after which a set of field-scale models is presented. For saline aquifers, two
recently established benchmarks include the FluidFlower and SPE11. As for
depleted hydrocarbon reservoirs, a simplified radial model is employed to mimic
the conditions in the highly depleted Porthos field in the North Sea oshore,
and explore the challenges for these complex multiphase simulations. Chapter 7
introduces gas hydrates into the simulation model. In recent decades, methane
hydrates have gained attention as one of the major sources of hydrocarbons on
Earth. In addition to being a target for gas production, destabilizing hydrates and
thawing permafrost could potentially pose a threat and exacerbate global warming.
Modelling of gas hydrates is also of interest to CO2 sequestration applications,
both as an operational risk and as a possible solution for long-term carbon storage
by forming a seal to trap CO2 or exchange CO2 with guest molecules, mainly CH4,
in existing hydrate deposits. This chapter presents a kinetic model for single-guest
CH4- and CO2-hydrates and applies it to a range of core- and reservoir-scale
simulation cases, setting the stage for further hydrate research.



2
Fundamentalconceptsof

equilibriumthermodynamics
The framework of classical thermodynamics is the theory that is concerned
with the transfer and distribution of energy. It provides the direction of change
towards an equilibrium state and analyzes the conversion of energy for systems
in equilibrium. Classical thermodynamics was initially developed in a desire to
improve the e"ciency of mechanical heat engines, but have become fundamental
to our understanding of chemical equilibria, phase coexistence, solution properties,
electrochemical cells and surface phenomena. Thermodynamics is concerned with
equilibrium states, and because power production is a non-equilibrium process, it
has been said that thermodynamics gained more from heat engines than heat
engines gained from thermodynamics.

Classical thermodynamics is a theory of principle: it is founded in empirically
observed general properties of phenomena. This means that any mathematical
formula that can be deduced from its principles will apply in every case that
presents itself. The two fundamental principles that thermodynamics is built on
state that total internal energy is conserved, and that heat cannot spontaneously
flow from a colder to a hotter body. These observations have historically given rise
to the formulation of the first and second laws of thermodynamics.

The framework of classical thermodynamics in itself does not make any
statements about the nature and structure of materials that it applies to. Statistical
thermodynamics, on the other hand, has provided models for molecular structure
and has supported thermodynamic model development that classical theory does
not provide.

This section gives an overview of the mathematical framework that constitutes
the basis for the majority of multiphase equilibrium calculations. We start from the
first and second laws of thermodynamics and develop the fundamental equation
of Gibbs in terms of entropy and internal energy. From there, the fundamental
equation can be expressed in terms of other thermodynamic potentials (enthalpy,
Helmholtz and Gibbs free energy) and conditions for equilibrium and stability are

7
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introduced. In addition, consistent development and evaluation of thermodynamic
models is based on mainly two state functions: Helmholtz and Gibbs energy.
The second part of this chapter serves to obtain a consistent framework for
thermodynamic property calculations from di!erent branches of thermodynamic
models.

2.1. Thermodynamic state functions and equilibrium
Classical thermodynamics is concerned with a system where changes within
the system are described by state functions. A thermodynamic system is a
physical collection of entities. Entities not belonging to the system are denoted
the surroundings. For the thermodynamic state functions, line integrals are
independent of the path and consequently, the thermodynamic state of the system
is uniquely defined by a set of variables that are time independent and defines the
thermodynamic state at equilibrium.

The framework of classical thermodynamics, as formalized by Gibbs, starts from
the first and second fundamental laws, introducing the state functions of internal
energy and entropy. The formulation of the fundamental equation can then be
transformed to other variables through mathematical principles, as these may be
more accessible. Conditions for equilibrium and stability can be deduced, which
will become the basis of multiphase equilibrium calculations in Section 4.

2.1.1. The first and second laws of thermodynamics
The first law states that the total internal energy of a system and its surroundings
is conserved. The equivalence principle, as formulated by Thomson, states that
when equal amounts of mechanical work are produced from thermal sources or
disappear in thermal e!ects, equivalent amounts of heat disappear or appear [55].

∮
dU = 0 (2.1)

Any change in internal energy of a system U can be formulated in di!erential form
as

dU = dQ + dW (2.2)

where U is defined except an additive constant. Heat Q is defined as the entity that
flows between regions of di!erent temperatures solely because of a temperature
gradient; work W is the energy that originates from any external force that is
applied to the system. The di!erentials dQ and dW are not exact, meaning that∫ 2
1 dQ and
∫ 2
1 dW depend on the path of integration.

The empirical basis of the second law follows from the observation that it is
not possible for heat to flow spontaneously from a colder to a hotter body. It can
be shown that any reversible cyclic process may be represented as the sum of
infinitesimal so-called Carnot cycles, consisting of two adiabatic (dQ = 0, no heat
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exchanged between system and surroundings) and two isothermal (T = constant)
processes. Then holds ∮ dQ

T
= 0 (2.3)

Introducing a state function entropy S, this constitutes the formulation of the
second law for reversible processes:

dS =
dQ

T
(2.4)

Entropy is, like the internal energy, defined except for an additive constant. For an
adiabatic reversible process, the entropy remains constant, and such processes
are therefore referred to as isentropic processes.

For any irreversible process, however, it can be shown that the entropy change
can only be positive. Consider an adiabatic isolated system consisting of two
phases L and M with TL > TM. The change in entropy of the system is equal to
the sum of entropy changes in L and M. If the barrier between the phases allows
heat to pass, heat will flow from L to M. If no external work is done (dW = 0), the
entropy changes can be described by

dS =
dQ

TM
−
dQ

TL
(2.5)

and thus
dS ≥ 0 (2.6)

More generally,

dS ≥
dQ

T
(2.7)

This relationship is known as Clausius’ inequality. The entropy of a system can thus
never decrease. Furthermore, in thermodynamic equilibrium, when all irreversible
processes have been completed, the entropy has achieved its maximum value at
current conditions.

2.1.2. The fundamental equation
The contribution of work W to the internal energy originates from external forces
that are applied to the system. Work from any external force is usually defined so
that the di!erential of the ’work coordinate’ dyj multiplied by its ’generalized force’
Yj gives the work done during a quasi-static change of the system:

dW =
∑

j
Yjdyj (2.8)

Examples of work coordinates are volume work (Yj = −P, dyj = dV), surface
tension (Yj = N, dyj = dA), electrical and magnetic forces (Yj = E, dyj = dP
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for electric field strength and polarization, and Yj = H, dyj = dM for magnetic
field strength and magnetization). All of these work coordinates are adiabatically
freely adjustable. Contributions of gravitational or centrifugal forces are position-
dependent and require specific treatment [55].

On an open system where di!erent chemical substances are free to flow in
and out, additional variables are associated with the quantities of each of the
chemical species. These coordinates are not adiabatically freely adjustable; for
instance, there is work done by compression when one adds molecules to a fixed
volume. However, a general formulation of the second law can be deduced from
the concept of a contact equilibrium for each of the quantities of state, consisting
of an extensive parameter XO with conjugated intensive parameter:

YO =
PS

PXO
(2.9)

For U, it is thermal equilibrium, for V it is pressure equilibrium (mechanical
equilibrium), and for nO it is chemical equilibrium, with an equilibrium of newly
introduced quantity of chemical potentials QO. Thus, for every phase L containing c
components, there exists a function of state

SL = SL(UL, VL, yL2 , . . . , y
L
m,n

L
1 , . . . , n

L
c ) (2.10)

Substituting into (2.2) and (2.4), it is Gibbs’ fundamental equation that gives the
di!erential of the entropy as

dSL =
1

TL
dUL +

PL

TL
dVL −

m∑

j=2

YLj
TL

dyLj −
∑

O

QLO
TL

dnLO (2.11)

and the entropy of the total system is given by

S =
∑

L
SL (2.12)

We find that chemical potential reads

QLO = −T
$PSL

PnLO

%

UL ,VL ,yLj ,n
L
k ̸=n

L
O

(2.13)

If a homogeneous system is not in equilibrium, gradients in the intensive properties
will give rise to the transport of extensive properties.

Since entropy constitutes a unique, continuous and di!erentiable function of the
internal energy if all other quantities of state are constant, we can equivalently
state the fundamental equation (dropping the L) as

dU = TdS − PdV +
m∑

j=2
Yjdyj +

c∑

O=1
QOdnO (2.14)
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or
U = U(S,V, y2, . . . , ym, n1, . . . , nc) (2.15)

The relation (2.14) is referred to as the energy representation of the fundamental
equation; (2.11) is the entropy representation. Note that the intensive parameters
in (2.14) are obtained by partial derivatives of the internal energy as YO = PU

PXO
,

rather than from the entropy.
The variables of state in the fundamental equation belong to either of two classes:

extensive parameters, for which the quantities of the subsystems are additive,
and intensive parameters, which are defined by means of contact equilibria. The
fundamental equation is, in both representations, a function which depends on
extensive parameters only. Extensive parameters are homogeneous functions of
the first degree in all independent variables. The intensive parameters can be
represented as a function of the same independent variables as the corresponding
fundamental equation, and these functions are homogeneous and of the zeroth
degree.

In most applications of interest in reservoir engineering, PV-work is the most
important work contribution, although surface tension can become significant in
tight reservoirs, and (electro)chemical equilibria are involved in many applications.
From here onward, however, the expressions will be limited to consider volume
work only.

Importantly, the fundamental equation in both entropy and energy representations
is a characteristic function. It contains all information to uniquely describe its
thermodynamic state. The set of variables for other representations of the
fundamental equation, as discussed in the next section, must be chosen such that
all information is preserved. Any other representation may be useful, but it is not a
characteristic function and thus not equivalent.

Euler’s theorem and the Gibbs-Duhem equation
The fundamental equation is, in both entropy and energy representations, a
homogeneous function of degree one in all independent variables. A homogeneous
function M(E,b) of degree m in the variables b has the property

M(E,Rb) = RmM(E,b) (2.16)

Euler’s theorem states that given this function M(E,b) that is homogeneous of
degree m in variables b, then

mM(E,b) =
∑

O
bO
$PM(E,b)

PbO

%

E
(2.17)

If E is the vector of intensive variables (m = 0) and b is the vector of extensive
variables (m = 1), the internal energy M = U can be written solely in terms of
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extensive properties b = (S,V,n). From (2.17), we can write

U = TS − PV +
c∑

O=1
QOnO (2.18)

This expression, however, has a major limitation for practical applications, because
we cannot calculate an absolute value of the entropy and its derived properties. It
is more useful to perform calculations in terms of changes of the thermodynamic
functions relative to a reference state.

Upon di!erentiation of (2.18):

dU = TdS + SdT − PdV − VdP +
c∑

O=1
QOdnO +

c∑

O=1
nOdQO (2.19)

Comparison of (2.19) with (2.14) yields the following relationship between the
intensive parameters:

SdT − VdP +
c∑

O=1
nOdQO = 0 (2.20)

Analogously, in the entropy representation:

Ud
$1
T

%
− Vd
$P
T

%
+

c∑

O=1
nOd
$QO
T

%
= 0 (2.21)

These relationships are also known as the Gibbs-Duhem equation.

2.1.3. Other thermodynamic state functions
The fundamental equation in entropy or energy representation contains the
maximum possible information thermodynamics can give about a system. However,
due to the fact that only extensive parameters occur as independent variables in
these representations, their practical implementation introduces great di"culties.
Extensive parameters are generally not easily or not at all measurable or
controllable. On the other hand, the intensive parameters can often be conveniently
measured and controlled experimentally by their nature of contact equilibria. The
transformation of the fundamental equation to one with (some) intensive variables,
while preserving all information, is thus desirable.

Such a transformation can be obtained by means of a Legendre transform. A
Legendre transform changes the independent variables in a function by application
of the product rule. The transformation conserves the ’mathematical content’ of the
original function; it reversibly and uniquely assigns points in the original space to
points in the transformed parameter space. The process of transformation can be
performed on a subgroup of primary variables, into a (k+1)-dimensional subspace
of an (n + 1)-dimensional space. For a function y = y(S1, . . . ,Sk, . . . ,Sn) with
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partial derivatives pO = Py
PSO

, its k-fold Legendre transform reads:

Tk = y −
k∑

O
pOSO (2.22)

and thus T = T(p1, . . . , pk,Sk+1, . . . ,Sn). The di!erential dT is

dT = −
k∑

O
SOdpO +

n∑

j=k+1
pjdSj (2.23)

and the partial derivatives of T are
& PT
PpO
= −SO, if O ≤ k,

PT
PSj
= pj, if j > k.

(2.24)

The fundamental equation with quantities of state XO becomes
U = U(XO, . . . , Xr) r ≥ c + 2 (2.25)

with the intensive parameters

PO =
$ PU
PXO

%

Xj
O ̸= j (2.26)

In di!erential form,

dU =
r∑

O=1
POdXO (2.27)

The Legendre transforms of the fundamental equation in the energy representation
yield the general definition of the thermodynamic potentials:

Ek = U −
k∑

O=1
POXO =

r∑

j=k+1
PjXj (2.28)

Di!erentiation of (2.28) and substitution of (2.27) gives

dEk = dU −
k∑

O=1
XOdPO −

k∑

O=1
POdXO = −

k∑

O=1
XOdPO +

r∑

j=k+1
PjdXj (2.29)

It is with the Legendre transforms of the energy representation that characteristic
functions in terms of di!erent sets of variables can be obtained. The most important
thermodynamic potentials (enthalpy, Helmholtz free energy and Gibbs free energy)
are discussed below. Alternatively, the entropy representation can be used to
derive characteristic functions analogous to the thermodynamic potentials, referred
to as Massieu-Planck functions. In addition, other potentials can be derived, such
as the grand potential F(T,V,Q), which has great significance for use in statistical
thermodynamics in relation to the grand canonical ensemble, but it is not in scope
here.
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Enthalpy
The enthalpy H(S, P,n) can be obtained as a first-order Legendre transform that
replaces volume V with its conjugated intensive variable pressure P, as

H = U + PV = TS +
c∑

O=1
QOnO (2.30)

with di!erential
dH = TdS + VdP +

c∑

O=1
QOdnO (2.31)

The partial derivatives of enthalpy are
$PH
PS

%

P,n
= T,
$PH
PP

%

S,n
= V,
$ PH
PnO

%

S,P,nj ̸=nO
= QO (2.32)

If no work is performed on the system except PV-work, the change in enthalpy
equals the heat absorbed by the system at constant pressure. The reversible work
done by a closed system at constant entropy and constant pressure is equal to the
decrease in its enthalpy. Equivalently, the heat introduced into a closed system at
constant pressure is equal to the increase in enthalpy. Enthalpy is a useful quantity
for measurement of thermal processes that occur at constant pressure.

Helmholtz free energy
The Helmholtz free energy A(T,V,n) can be obtained as a first-order Legendre
transform to replace entropy S with its conjugated variable temperature T, as

A = U − TS = −PV +
c∑

O=1
QOnO (2.33)

with di!erential
dA = −SdT − PdV +

c∑

O=1
QOdnO (2.34)

The partial derivatives of Helmholtz free energy are
$PA
PT

%

V,n
= −S,
$ PA
PV

%

T,n
= −P,
$ PA
PnO

%

T,V,nj ̸=nO
= QO (2.35)

In a system that is in thermal equilibrium with a reservoir (constant T), where
system and reservoir together are adiabatically isolated, and the reservoir cannot
do work, the isothermal reversible work done by the system is equal to the
decrease in Helmholtz free energy. The Helmholtz free energy is a useful quantity
for systems where volume can be kept constant easily or for problems that
are primarily concerned with temperature dependence. In addition, volume and
temperature are generally the most accessible fluid properties and therefore often
used as primary variables for PVT-modelling of fluids.
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Gibbs free energy
The Gibbs free energy G(T, P,n) can be obtained as a two-fold Legendre
transform, replacing entropy by temperature and volume by pressure, as

G = U − TS + PV =
c∑

O=1
QOnO (2.36)

with di!erential

dG = −SdT + VdP +
c∑

O=1
QOdnO (2.37)

The partial derivatives of Gibbs free energy are
$PG
PT

%

P,n
= −S,
$PG
PP

%

T,n
= V,
$ PG
PnO

%

T,P,nj ̸=nO
= QO (2.38)

In a system coupled with two reservoirs, one of constant temperature and the
other of constant pressure, the reversible isothermal-isobaric work done by the
system is equal to the change in Gibbs free energy. In the Gibbs free energy, mole
numbers are the only extensive parameters. These are easily measurable and
controllable, and thus the Gibbs free energy, as well as the chemical potentials,
can be computed completely by means of mole numbers.

Expressing thermodynamic properties in terms of other variables
It must be noted that the thermodynamic properties may be written as a function
of any complete set of variables. For instance, the use of internal energy U as a
thermodynamic potential requires the use of entropy S as an independent variable.
Instead, U may be represented as a function of the variables T, V and n, which
gives the di!erential

dU =
$PU
PT

%

V,n
dT +
$PU
PV

%

T,n
dV +

c∑

O=1

$ PU
PnO

%

T,V,nj ̸=nO
dnO (2.39)

Such a function U = U(T,V,n) is, however, not a characteristic function, as the
intensive parameters - pressure and chemical potential - cannot be obtained
from it by di!erentiation as entropy is not uniquely defined. As a result, the two
representations of internal energy are not equivalent.

Expressing quantities as a function of more accessible sets of variables, however,
is extremely useful. By means of converting partial derivatives, experimentally
measurable quantities such as heat capacity at constant volume (CV =

' PU
PT

(
V,n)

or heat capacity at constant pressure (CP =
' PH
PT

(
P,n), can be used to compute

partial derivatives that are not straightforward or impossible to measure directly.
Table 2.1 summarizes the relationship among partial derivatives of thermodynamic
properties with respect to volume, temperature and pressure. Note that some
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expressions, such as
' PU
PP

(
T,n, are left out; all can be computed, but not all are

relevant for our purposes. As will be discussed in Chapter 4, it can be shown that
VUN- and VSN- based equilibrium calculations rely on VTN-based core functions,
while PHN- and PSN-based flashes utilize PT-based properties.

Table 2.1.: Relationship among partial derivatives of thermodynamic properties
with respect to volume, temperature and pressure.

M
' PM
PV

(
T

' PM
PP

(
T

' PM
PT

(
V

' PM
PT

(
P

S
' PP
PT

(
V −
' PV
PT

(
P CV/T CP/T

U T
' PP
PT

(
V − P CV

A −P −S
H V − T

' PV
PT

(
P CP

G V −S

2.1.4. Conditions for equilibrium and stability
It was discussed earlier that an isolated system approaches equilibrium by
increasing its entropy. If any spontaneous process occurs, the increase in entropy
must be larger than the corresponding reversible change done:

US > GSreV (2.40)

The notation U indicates a ’virtual displacement’: an infinitesimal change of
state of the first order, maintaining the general conditions governing the system.
The equilibrium state is a stationary point in the entropy that is reached when
all irreversible processes have been completed, and entropy has achieved its
maximum value at current conditions:

(US)U,V,n ≤ 0 (2.41)

Equivalently, it can be shown that, to be in equilibrium, it is necessary and su"cient
that

(UU)S,V,n ≥ 0 (2.42)
One can also include the secondary conditions into the extremum formulation:

UU −
k∑

O=1
POUXO ≥ 0 (2.43)

where Xj = constant for j > k. Considering only volume work and mole numbers
gives:

UU − TUS + PUV −
c∑

O=1
QOUnO ≥ 0 (2.44)
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The conditions (2.41), (2.42) and (2.43) contain only first-order derivatives and
therefore do not provide information about the nature of the extremum. We can
distinguish three cases:

• A stable equilibrium, where there are virtual displacements G for which
(GS)U,V,n < 0 or (GU)S,V,n > 0, as obtained from the second law

• A neutral equilibrium, where (GS)U,V,n = 0 or (GU)S,V,n = 0

• An unstable equilibrium, where (GS)U,V,n > 0 or (GU)S,V,n < 0

A fourth case, metastable equilibrium, would be an equilibrium that is stable with
respect to infinitesimally near neighbouring states but unstable with respect to
states at a finite di!erence.

Conditions for equilibrium and stability for other thermodynamic potentials
For a system whose intensive parameters PO are fixed and constant, it can be
shown that the condition for equilibrium in terms of any Legendre transform of the
fundamental equation is:

(UEk)PO,Xj ≥ 0, O ≤ k, j > k (2.45a)
For constant pressure, entropy and mole numbers:

(UH)P,S,n ≥ 0 (2.45b)
For constant volume, temperature and mole numbers:

(UA)V,T,n ≥ 0 (2.45c)
For constant pressure, temperature and mole numbers:

(UG)P,T,n ≥ 0 (2.45d)
Furthermore, a stable equilibrium in terms of the thermodynamic potentials requires
the stationary value to be a minimum:

(GEk)PO,Xj > 0 (2.46)
A system will thus approach equilibrium when enthalpy, Helmholtz free energy or
Gibbs free energy is decreasing and equilibrium is a global minimum of the state
function.

These statements are, however, less general than the conditions (2.41), (2.42)
and (2.43). The reason for this is that those statements make no assumptions
about the contact equilibria, while the other thermodynamic potentials do. The
secondary conditions for the extremum principle in terms of US or UU are expressed
fully in terms of extensive parameters, and the intensive parameters have only
been defined for each phase separately. The formulation of the equilibrium
conditions in terms of other thermodynamic potentials, however, implicitly contains
the assumption that the intensive variables have the same value for all coexisting
phases. In many applications, however, the assumptions of a system where the
individual phases are open systems that can exchange energy, work and matter
are valid.
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Phase stability
For a homogeneous phase in the absence of chemical reactions, the internal
energy can be written as

U − TS + PV −
c∑

O=1
QOnO = 0 (2.47)

For a virtual displacement where two phases coexist, the phases denoted by ′ and
′′, three possibilities are:

• U′ + U′′ = U. This is a neutral equilibrium, in which the formation of the
new phase does not change the internal energy as long as the secondary
conditions are obeyed (S′ + S′′ = S,V′ + V′′ = V,n′O + n′′O = nO)

• U′ + U′′ > U. The formation of the new phase increases the internal energy,
a process that cannot occur spontaneously, and the original phase is stable

• U′ + U′′ < U. The formation of the new phase decreases the internal
energy. The original phase cannot exist as such and the system will become
heterogeneous

This constitutes Gibbs’ stability criterion: if, for all fixed extensive parameters,
values of the intensive parameters (T, P, QO) exist such that the internal energy is
lower for a split into more phases, the original phase state is considered unstable.
If the change in internal energy is non-negative, the phase under consideration is
in neutral or stable equilibrium.

Nichita [52] and Michelsen and Mollerup [56] derived phase stability criteria for
di!erent sets of variables. The independent variables are fixed for the total system,
but the formation of a new phase, denoted by ′, results in the transfer of a quantity
U of the extensive property to the new phase. A stable phase satisfies the inequality
corresponding to the independent variables for any virtual displacement:

GU(V,S,n) = (T ′ − T)US − (P′ − P)UV +
∑

O
(Q′O − QO)UnO > 0 (2.48a)

GA(V, T,n) = −(P′ − P)UV +
∑

O
(Q′O − QO)UnO > 0 (2.48b)

GS(P,H,n) =
) 1
T ′
−
1

T

*
UH −
∑

O

)Q′O
T ′
−
QO
T

*
UnO < 0 (2.48c)

GH(P, S,n) = (T ′ − T)US +
∑

O
(Q′O − QO)UnO > 0 (2.48d)

GG(P, T,n) =
∑

O

'
Q′O − QO
(
UnO > 0 (2.48e)
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2.1.5. Gibbs’ phase rule
In an isolated, non-reacting system consisting of several phases, the individual
phases can be considered as open systems that can exchange energy, work and
matter with one another. If we apply the stability conditions to each of these
phases, we have:

⎧
⎨
⎩

UUL = TLUSL − PLUVL +
∑c
O=1 Q

L
O Un

L
O

. . .
UUW = TWUSW − PWUVW +

∑c
O=1 Q

W
O Un

W
O

(2.49)

According to the general condition for equilibrium, total internal energy, entropy,
volume and number of moles for each component O should be fixed:

np∑

j=1
UUj = 0,

np∑

j=1
USj = 0,

np∑

j=1
UVj = 0,

np∑

j=1
UnjO = 0, O = 1, . . . , nc (2.50)

This extremum formulation can be treated by means of Lagrange’s multipliers:

(Tj − R1)USj − (Pj − R2)UVj +
c∑

O=1
(QjO − R3O)Un

j
O (2.51)

If we fix one term in each of the sums such that one bracket vanishes, it follows
that the equation can only be satisfied if all the remaining brackets also vanish. For
each j and O:

R1 = Tj, R2 = Pj, R3O = Q
j
O (2.52)

Therefore, T, P and QO should be uniform throughout the system, which is then in
thermal, mechanical and chemical equilibrium:

Tj = TL, j ̸= L (2.53a)
Pj = PL, j ̸= L (2.53b)

QjO = Q
L
O , j ̸= L and O = 1, . . . , nc (2.53c)

Under these simplest conditions, we have (nc + 2)np independent variables Sj,
Vj and njO and an equal number of equations from (2.53) and secondary conditions
of fixed total entropy, volume and moles. Under other assumptions, however,
other conditions may arise. It may be, for instance, that not all species can be
freely exchanged (semipermeable membranes), which could give rise to osmotic
pressures.

A useful concept is that of Gibbs’ phase rule, which states how many variables
of state can be varied independently for given values of nc components and np
phases. Using the result from (2.53), we have nc + 2 variables and an equation for
each of the phases. The number of freely adjustable variables F is, therefore:

F = nc + 2 − np (2.54)
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Phase diagrams
The implications of the equilibrium conditions in the form of Gibbs’ phase rule can
be related to what we can observe in phase diagrams. Where nc + 2 phases
coexist at equilibrium, the number of degrees of freedom is equal to F = 0 and
these conditions can be found only for a particular set of values for P, T and QO.
This is an invariant equilibrium, represented by a point in an (nc + 1)-dimensional
phase diagram. A univariant equilibrium involves nc+1 phases, and is represented
by a line, or coexistence curve. For conditions where more degrees of freedom are
available, the system is multivariant and the coexistence "curve" becomes a two-
or higher-dimensional shape.

For single-component systems, invariant equilibria correspond to the coexistence
of three phases, known as a triple point. Two-phase equilibria are represented
by a line in a PT-diagram (Figure 2.1). An important result for the coexistence
curve is the Clausius-Clapeyron equation. By definition, Gibbs free energies (and
thus chemical potentials) are equal between the two phases, and equating the
Gibbs-Duhem equations for both phases using (2.53) gives:

−SLdT + VLdP = −SMdT + VMdP (2.55)

As a result:
dP

dT
=

SL − SM

VL − VM
(2.56)

Substituting G = H − TS gives a more useful relation:

dP

dT
=

HL − HM

T(VL − VM)
(2.57)

The enthalpy di!erence is the heat related to the phase change and can be
observed as a discontinuity when plotting the total enthalpy along an isobar or
isotherm.

For nc-component systems, invariant equilibria are associated with conditions
where nc + 2 phases coexist, such as quadruple points for a binary system. The
behaviour of multicomponent mixtures and their phase diagrams is much more
complex than in the single-component case, however. In literature, binary systems
have been most thorouhly studied to understand the nature of multicomponent
systems and general phenomena in phase diagrams [57–59].

Critical phases
Throughout the thermodynamic space, quantities can vary such that two or more
phases ultimately become identical. Such phases are called a critical phase. A
critical phase that does not coexist with other phases has nc − 1 thermodynamic
degrees of freedom.

For single-component systems, critical phases have no degrees of freedom and
are therefore represented by a critical point. Vapour-liquid equilibria always have
a critical point. At temperatures beyond the critical temperature, a continuous
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(a) PT-diagram (b) Enthalpy along isobars

Figure 2.1.: Pure H2O phase diagram and isobars.

transition from vapour-like to liquid-like states occurs. No critical point has ever
been found for solid-liquid equilibria.

For binary and multicomponent systems, nc − 1 degrees of freedom remain.
These degrees of freedom are often used to fix pressure, temperature or
composition variables, and then critical conditions are associated with a single
point again. An interesting phenomenon that occurs in multicomponent systems is
that of retrograde condensation or vaporization, when at temperatures beyond the
critical point, further compression causes the amount of liquid to decrease.

From the phase rule, a normal phase has nc + 1 degrees of freedom. A critical
phase is thus described by two equations. For single-component systems, the
conditions can be easily deduced by considering isotherms on a PV-diagram.
The critical point corresponds to the conditions where the inflection point has a
horizontal tangent: $ PP

PV

%

T
= 0 and
$ P2P
PV2

%

T
= 0 (2.58)

For binary systems, an analogous representation can be obtained from isotherms
on a QS-diagram. A more rigorous thermodynamic criterion for critical phases by
means of "Gibbs determinants" is rooted in thermodynamic stability theory, but
this is of less straightforward direct use [55]. Some e!orts have been made to
apply equations of state to the determinants-based criteria [60, 61], but the Gibbs
determinant conditions were replaced by more e"cient procedures [62–64].
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2.2. Thermodynamic properties
The concepts of classical thermodynamics are used to relate thermodynamic
properties to PVT-behaviour of the system. We discuss ideal and nonideal
behaviour of phases and distinguish ideal and residual contributions to
thermodynamic properties. Analogous to this, the concept of fugacity is introduced,
a property that becomes pivotal in equilibrium calculations. A range of models
exists for which pressure, volume and temperature are explicitly related, and all
thermodynamic properties can be obtained by means of partial derivatives of
the residual Helmholtz function. Conversely, thermodynamic properties can be
calculated using the partial derivatives of the fugacity coe"cient for models that do
not provide a PVT-relation. Lastly, the concepts of activity and activity coe"cients
provide a di!erent means to correlate fluid behaviour.

2.2.1. Ideal and nonideal behaviour
The hypothetical perfect gas state is described with the ideal gas equation of state

P∗ = nRT/V (2.59)

This is hypothetical state, because even in a gas with no attraction forces,
the minimum volume is bounded by the hard-sphere volume of the particles
themselves. In addition, all sorts of attraction and repulsion forces add to the
nonideality. In the most general sense, the equation of state for a real gas can be
described by introducing the compressibility factor Z:

P = ZnRT/V (2.60)

For an ideal gas, the compressibility factor is equal to one. Figure 2.2 shows
the PV-diagram of pure CO2 from the NIST database [65] compared to the ideal
gas curve (a) and the corresponding compressibility factor (b). The gas exhibits
increasingly ideal gas behaviour for lower pressures. Note that for high pressures,
ideal gas behaviour will yield densities below hard-sphere volumes.

(a) Pressure-volume diagram (b) Compressibility factor

Figure 2.2.: Ideal and real gas behaviour of CO2.
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Ideal and residual properties
It was discussed that, within the framework of classical thermodynamics, we
cannot calculate an absolute value of entropy and chemical potentials. We can,
however, measure changes in the extensive properties experimentally, and for
most calculations, fortunately, we are only concerned with changes of properties
relative to an (arbitrary) zero. Often, the choice of zero is the state of a gas at
temperature T0 and zero density and pressure. The property M at (V, T,n) or
(P, T,n) can be calculated by mixing the gases at temperature T0 and zero density
and pressure, then heating the mixture to the temperature T and then compressing
it to the volume or pressure of the state:

M =GM∗ +
∫ T

T0

$PM∗

PT

%

V=∞,n
dT +
∫ V

∞

$PM
PV

%

T,n
dV (2.61a)

M =GM∗ +
∫ T

T0

$PM∗

PT

%

P=0,n
dT +
∫ P

0

$PM
PP

%

T,n
dP (2.61b)

The right-hand sides of these equations can be rearranged to comprise two terms:
one is the property M∗ of an ideal gas at the state (V, T,n) or (P, T,n) over the
chosen zero, and a second term Mr , which is the di!erence between the property
of the real mixture and that of an ideal gas at the same state. For a property
defined at the state (V, T,n),

M = M∗(V, T,n) + Mr(V, T,n) (2.62a)

where

M∗(V, T,n) = GM∗ +
∫ T

T0

$PM∗

PT

%

V=∞,n
dT +
∫ V

∞

$PM∗

PV

%

T,n
dV (2.62b)

and

Mr(V, T,n) =
∫ V

∞

0$PM
PV

%

T,n
−
$PM∗

PV

%

T,n

1
dV (2.62c)

For a property defined at the state (P, T,n),

M = M∗(P, T,n) + Mr(P, T,n) (2.63a)

where

M∗(P, T,n) = GM∗ +
∫ T

T0

$PM∗

PT

%

P=0,n
dT +
∫ P

0

$PM∗

PP

%

T,n
dP (2.63b)

and

Mr(P, T,n) =
∫ P

0

0$PM
PP

%

T,n
−
$PM∗

PP

%

T,n

1
dP (2.63c)
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Ideal gas properties
The ideal gas contribution to total properties, by definition, does not include any
interactions between molecules and thus solely depends on internal degrees of
freedom within the particles (vibrational and rotational modes). The energy state
and partition functions of the di!erent degrees of freedom can be expressed using
statistical mechanical models of molecules, but the number of parameters required
in such calculations grows quickly with the number of atoms. Only an expression
of ideal gas heat capacities at constant volume or pressure is required, commonly
expressed in simple power-series form Passut and Danner [66]:

C∗P (T) = A + BT + CT2 + DT3 + ET4 (2.64)

Alternatively, Aly and Lee [67] derived a functional form of ideal gas heat
capacities that is based on characteristic vibrational and rotational temperatures
from statistical thermodynamic theory:

C∗P (T) = A + B
2 C/T

sinh(C/T)

32
+ D
2 E/T

cosh(E/T)

32
(2.65)

Ideal gas heat capacities at constant volume and pressure are related by:

C∗P = C∗V − R (2.66)

Then, other properties can be obtained by applying the thermodynamic relations.
If the properties are evaluated at (V, T,n), internal energy can be calculated as:

GU∗ =
∫ T

T0
C∗V dT (2.67)

The entropy can be deduced from the fundamental equation (2.11), substituting
dU = C∗V dT and PdV/T = nR/VdV:

GS∗ =
∫ T

T0

C∗V
T
dT +
∫ V

V0

nR

V
dV =
∫ T

T0

C∗V
T
dT + nR ln

V

V0
(2.68)

The Helmholtz free energy follows from the relation:

GA∗ = GU∗ − TGS∗ (2.69)

If the properties are evaluated at (P, T,n), enthalpy can be calculated as:

GH∗ =
∫ T

T0
C∗P dT (2.70)

The entropy can be deduced from the fundamental equation (2.31), substituting
dH = C∗P dT and VdP/T = nR/PdP:

GS∗ =
∫ T

T0

C∗P
T
dT −
∫ P

P0

nR

P
dP =
∫ T

T0

C∗P
T
dT − nR ln

P

P0
(2.71)
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The Gibbs free energy follows from the relation:
GG∗ = GH∗ − TGS∗ (2.72)

The mixture internal energies and enthalpies are calculated by a summation over
all the mole fractions:

H∗(T) =
∑

O
nOH∗

O (T) (2.73)

Entropies, however, contain an additional term that results from (ideal) mixing. As
introduced in Section 2.2.3, the activities of an ideal mixture are defined to equal
the mole fraction. Chemical potentials then read:

QOdO (P, T,n) ≡ QO(P, T) + RT lnSO (2.89)
Its Gibbs free energy is then

GOd(P, T,n) =
∑

O
nOQO(P, T) + RT

∑

O
nO lnSO (2.74)

and from its partial derivative with respect to temperature, we obtain the entropy:

SOd(P, T,n) = −
$PGOd(P, T,n)

PT

%

P,n
=
∑

O
S∗O (P, T,n) − R

∑

O
nO lnSO (2.75)

Residual properties
Residual properties can be obtained from an equation of state describing the
PVT-behaviour of a fluid. By means of thermodynamic relations, all residual
properties can be obtained from the pressure equation and residual Helmholtz
free energy Ar(V, T,n) and partial derivatives. Table 2.2 summarizes the most
important residual properties at volume-based and pressure-based specifications.
Note the di!erence between the sets of volume- and pressure-based residual
properties. The total properties at (V, T,n) and (P, T,n) are equal, but there exists
a di!erence in integration of the ideal gas state from V0 to V and P0 to P [56].

It was discussed that partial derivatives of thermodynamic properties can be
expressed in any set of variables, irrespective of the function being a characteristic
function, and they can be related to other thermodynamic quantities by means of
partial derivatives of the PVT-relation (Table 2.1). The partial derivatives of residual
entropy, enthalpy and Gibbs free energy with respect to P and T, therefore, do not
need to be calculated, and only the partial derivatives of the residual properties
with respect to mole numbers are required. For instance:
$ PSr

Pnk

%

P,T,nj ̸=nk
=
$ P2Ar

PTPnk

%

V,nj ̸=nk
+ R
2
lnZ +

n

Z

$ PZ
Pnk

%

P,T,nj ̸=nk

3
(2.76)

Such partial derivatives require careful implementation, as the expressions contain
secondary properties (P, V, Z) that are a function of mole numbers. Note that
(2.76) does not constitute a chemical potential, as the thermodynamic property is
not an intensive property from a characteristic function of the fundamental equation
as discussed in Section 2.1.3.
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Table 2.2.: Bulk residual properties
(V, T,n) (P, T,n)

Sr −
' PAr
PT

(
V,n Sr(V, T,n) + nR lnZ

Ar −
∫ V
∞

'
P − nRT/V
(
dV Ar(V, T,n) − nRT lnZ

Gr Ar(V, T,n) + PV − nRT Gr(V, T,n) − nRT lnZ
Ur Ar(V, T,n) − TSr(V, T,n) Ur(V, T,n)
Hr Gr(V, T,n) − TSr(V, T,n) Hr(V, T,n)
CrV −T

' P2Ar
PT2
(
V,n CrV(V, T,n)

CrP CrV(V, T,n) + T
' PP
PT

(
V,n

' PV
PT

(
P,n − nR CrP(V, T,n)

2.2.2. Chemical potentials and fugacity
Analogous to the residual properties, the fugacity ƒ̂O of component O in a mixture is
defined as the di!erence between the chemical potential of component O and that
in the hypothetical ideal gas state:

RT ln X̂O(P, T,n) = RT ln
ƒ̂O(P, T,n)

PSO
(2.77)

= QO(P, T,n) − Q∗O (P, T,n) (2.78)

where X̂O = ƒ̂O/PSO is the fugacity coe"cient of component O in the mixture, which is
unity for an ideal gas. Note that this expression is equivalent to the partial molar
Gibbs free energy of component O. Fugacity has units of pressure, and for an ideal
gas, the fugacity of component O in the mixture is equal to its partial pressure.

Fugacity and partial derivatives from PVT-relation
Chemical potentials at QO(V, T,n) and QO(P, T,n) are equal. However, similar to
the other thermodynamic properties, a di!erence exists between the chemical
potential of a hypothetical ideal gas at two states (V, T,n) and (P, T,n):

Q∗O (V, T,n) − Q
∗
O (P, T,n) = −RT lnZ (2.79)

Utilizing this, we can show that the fugacity coe"cient of species O in the mixture
and its partial derivatives can be calculated from the expression of the residual
Helmholtz free energy and its partial derivatives [68, 69]:

RT ln X̂O(P, T,n) =
$PGr(P, T,n)

PnO

%

T,P,nj

= QO(P, T,n) − Q∗O (P, T,n)
= QO(V, T,n) − Q∗O (V, T,n) − RT lnZ

=
$PAr(V, T,n)

PnO

%

T,V,nj
− RT lnZ

(2.80)
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The residual Helmholtz function at state (V, T,n) is obtained from the pressure
equation P(V, T,n) by

Ar(V, T,n) = −
∫ V

∞

$
P −

nRT

V

%
dV (2.81)

and Z is related to P, V and T by (2.60). In many cases, it is more convenient to
use the reduced residual Helmholtz function:

F =
Ar(V, T,n)

RT
(2.82)

Then:

ln X̂O =
$ PF
PnO

%

T,V,nj
− lnZ (2.83a)

$P ln X̂O
PnO

%

P,T
=
$ P2F
PnOPnj

%

T,V
+
1

n
+

1

RT

( PPPnj )T,V,nO(
PP
PnO
)T,V,nj

( PPPV )T,n
(2.83b)

$P ln X̂O
PT

%

P,n
=
$ P2F
PnOPT

%

V,nj
+
1

T
−

V̄O
RT

$ PP
PT

%

V,n
(2.83c)

$P ln X̂O
PP

%

T,n
=

V̄O
RT
−
1

P
(2.83d)

where
$ PP
PnO

%

T,V,nO
= −RT
$ P2F
PVPnO

%

T,nj
+
RT

V
(2.83e)

$ PP
PV

%

T,n
= −RT
$ P2F
PV2

%

T,n
−
nRT

V2 (2.83f)
$ PP
PT

%

V,n
= −RT
$ P2F
PTPV

%

n
+
P

T
(2.83g)

V̄O =
$ PV
PnO

%

T,P,nj
= −
$ PP
PnO

%

T,V,nO
/
$ PP
PV

%

T,n
(2.83h)

As such, all thermodynamic properties can be obtained by calculating the 1st and
2nd order partial derivatives of F with respect to T,V and nO, as summarized in
Table 2.3.
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Table 2.3.: Bulk thermodynamic properties from partial derivatives of F
with respect to V, T and nO

(V, T,n) (P, T,n)
Sr/R −T

' PF
PT

(
V,n − F Sr(V, T,n)/R + n lnZ

Ar/RT F F − n lnZ
Gr/RT F + PV/RT − n Gr(V, T,n)/RT − n lnZ
Ur/RT F − Sr(V, T,n)/R Ur(V, T,n)/RT
Hr/RT Gr(V, T,n)/RT − Sr(V, T,n)/R Hr(V, T,n)/RT
CrV/R −T2

' P2F
PT2
(
V,n − 2T
' PF
PT

(
V,n

CrP/R CrV/R −
T
R

' P2P
PT2
(2
V,n/
' PP
PV

(
T,n − n

Residual properties and partial derivatives from fugacity
Not all thermodynamic models, however, have an explicit expression for P(V, T,n).
For this type of thermodynamic model, residual properties can also be obtained
from the fugacity (coe"cient) and its partial derivatives. As we do not have a
function that is explicit in volume, we limit the use of such models to the residual
properties relevant to pressure-based specifications:

Gr(P, T,n) = RT
∑

O
nO lnXO (2.84a)

Hr(P, T,n) = −RT2
∑

O
nO
$P ln ƒO

PT

%

P,n
= −RT2
∑

O
nO
$P lnXO

PT

%

P,n
(2.84b)

Sr(P, T,n) = (Hr(P, T,n) − Gr(P, T,n))/T (2.84c)

It was discussed that partial derivatives of thermodynamic properties with respect
to P, V and T can be related by means of the partial derivatives of the pressure
function, as presented in Table 2.1. For fugacity models that are not explicitly
formulated in terms of a pressure function, however, one cannot directly obtain
partial derivatives of the PVT-relation and Helmholtz free energy expression. For
such models, partial derivatives of the thermodynamic properties are obtained from
the partial derivatives of ideal and residual properties by means of di!erentiating
(2.70)-(2.75) and (2.84). A look at these expressions indicates that this is trivial,
provided the expressions for first- and second-order derivatives of ln X̂O with
respect to the primary variables P, T and nk .

Note that for thermodynamic models that have mole fractions x as a primary
variable, rather than mole numbers n, a chain rule is required to obtain the partial
derivatives with respect to mole numbers:

P lnXO
Pnk

=
∑

m

P lnXO
PSm

PSm
Pnk

(2.85)
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Since SO = nO/nT and nT = Yj, we can write

PSO
Pnk

=
1

Yj
(UOk − SO) (2.86)

and the derivative of the fugacity coe"cient with respect to mole numbers becomes

P lnXO
Pnk

=
1

Yj

0P lnXO
PSk

−
∑

m
Sm

P lnXO
PSm

1
(2.87)

2.2.3. Activity and mixtures
Activity is defined as the ratio of the fugacity of species O in a mixture ƒ̂O over the
corresponding pure component fugacity ƒO at the same pressure and temperature:

ZO(P, T,n) ≡
ƒ̂O(P, T,n)

ƒO(P, T)
(2.88)

For ideal mixtures, a convenient definition is that the activity equals the mole
fraction SO:

QOdO (P, T,n) ≡ QO(P, T) + RT lnSO (2.89)
To account for non-ideality, the activity coe"cient is introduced, defined as

WO(P, T,n) ≡
Z(P, T,n)

SO
=
ƒ̂O(P, T,n)

SOƒO(P, T)
=
X̂O(P, T,n)

XO(P, T)
(2.90)

where the chemical potential can be calculated by

QO(P, T,n) = QO(P, T) + RT lnZO(P, T,n) = QO(P, T) + RT lnWO(P, T,n)SO (2.91)

For pure components, the fugacity equals the pure component fugacity, and
therefore the activity becomes unity. This activity coe"cient is commonly referred
to as symmetric activity coe!cient, where:

lim
nj→0

WO(P, T,n) = 1, j ̸= O (2.92)

The fugacity of species O in a mixture can be calculated by

ƒ̂O(P, T,n) = ƒO(P, T)WO(P, T,n)SO (2.93)

In some cases, a highly diluted solute deviates much more from ideality than the
solvent does, and the pure solute corresponds to a di!erent phase state. A choice
of reference state that includes the partial molar excess Gibbs energy at infinite
dilution, instead, is more appropriate. Rewriting (2.91) to include this term gives:

QO(P, T,n) = QO(P, T) + RT lnW∞O + RT ln
WO
W∞O

SO (2.94)
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where W∞O is the symmetric activity coe"cient at infinite dilution in a solvent of
composition nk , or:

W∞O (P, T, nk) = lim
nO→0

WO(P, T,n), O ̸= k (2.95)

The ratio WO/W∞O can be taken as the definition of the asymmetric activity coe!cient:

W̃O ≡
WO(P, T,n)

W∞O (P, T, nk)
=

X̂O(P, T,n)

X̂∞O (P, T, nk)
(2.96)

where X̂∞O (P, T, nk) is the fugacity coe"cient of component O at infinite dilution in
a solvent of composition nk . The chemical potential formulated in terms of the
asymmetric activity coe"cient then reads:

QO(P, T,n) = QO(P, T) + RT lnW∞O (P, T, nk) + RT ln W̃O(P, T,n)SO (2.97)

Substituting the asymmetric activity coe"cient into (2.93) gives:

ƒ̂O(P, T,n) = ƒO(P, T)W∞O (P, T, nk)W̃O(P, T,n)SO = h∞O (P, T, nk)W̃O(P, T,n)SO (2.98)

where h∞O = ƒO(P, T)W∞O is the definition of Henry’s constant. According to this
definition, Henry’s constants, and their nonlinear pressure-dependent extensions
in the Krichevsky-Kasarnovsky-Ilinskaya correlations [70], are a function of the
solute-solvent interactions in relation to the pure component reference fugacity
ƒO(P, T).

It must be noted that the definition of the asymmetric activity coe"cient and
Henry’s constant can be extended to mixed solvents, replacing nk by nsoVents
in (2.96)-(2.98). However, determination of asymmetric activity coe"cients and
Henry’s constants depends on the specific solute-solvent interactions and,
therefore, application of asymmetric activity coe"cients and Henry’s constants to
mixtures of di!erent solvent compositions requires re-evaluation of the activity
coe"cients. Consequently, Henry’s constants are often regarded as an adjustable
parameter.

Other thermodynamic properties can be obtained from activity coe"cient
models by means of rewriting the expression of fugacities, calculating their partial
derivatives and substituting them into (2.84).
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Thermodynamicmodels

Thermodynamic models can be used as a predictive framework to determine
physical properties of pure components and their mixtures. Models can be broadly
categorized as equations of state (EoS), activity coe"cient models, empirical or
system-specific. In this chapter, three thermodynamic models will be discussed:
classical Van der Waals-type cubic equations of state, Henry’s constant models
for the aqueous phase (empirical) and the Van der Waals-Platteeuw hydrate
equation of state (system-specific). For all models, thermodynamic properties can
be obtained by means of the relations presented in Section 2.2.

Equations of state are generally used for modelling vapour and liquid phases, as
they are also consistent in the critical region. Classic Van der Waals-type cubic
EoS, such as SRK [71] and PR [72], have proven reliable for thermodynamic
calculations of nonpolar mixtures, yet they are not adequate for mixtures of like
and unlike molecules that occurs in brines. The solubility of CO2 in pure water
and brine is an important consideration in modelling CO2 sequestration. Given
the highly saline brines often encountered in the subsurface and the occurrence
of acid and sour gases in these geological reservoirs, the e!ect of salinity and
presence of gases such as CH4, N2, H2S and SO2 on dissolution cannot be
neglected. Furthermore, the accuracy of fugacity calculation becomes important
when thermodynamic models are used in a hybrid flash procedure. This is the case
for equilibrium calculations involving hydrates, where gas solubility has a large
influence on the predicted hydrate equilibria [73].

Cubic models have an attractive and a repulsive term, which together are not
su"cient to predict the interaction between associating molecules. Secondly, they
fail to describe the behaviour close to infinite dilution, at which solute-solvent
interactions dominate. As a result, prediction of gas solubilities in the aqueous
phase using conventional mixing rules may deviate by orders of magnitude.

Modifications to the cubic equations of state have been proposed to improve
phase behaviour prediction. Activity coe"cient models can be applied to model
equilibria in aqueous systems; however, the adjustable parameters hold little
physical significance. Alternatively, highly specific temperature-dependent or
density-dependent binary interaction coe"cients to calculate gas solubility in the

31
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water phase have been used, an approach that has even been extended to salinity-
dependence [74]. However, it is not easy to accurately fit temperature-dependency
for all phases. This forces one to combine di!erent sets of parameters for di!erent
fluid types, which is not physically consistent. With density-dependent interaction
parameters, quantitative agreement has been obtained for hydrocarbon solubilities,
but the representation of the hydrocarbon phases is worse than that obtained with
quadratic mixing rules [75].

A more theoretically sound approach for incorporating association and chain-
forming into an equation was developed in the SAFT family of equations of
state [76–78]. These models have additional terms and use statistical mechanical
perturbation theory to quantify the relationship between molecular bonding site
interactions and bulk fluid behaviour. Nonetheless, despite the increased complexity
of the physical part of the EoS, the mutual solubilities of hydrocarbon-water
systems are still very much dependent on the mixing rules used. This led to
the development of the CPA EoS [79, 80], where the simple physical terms of
a cubic equation of state have been combined with an association term similar
to that used in the SAFT EoS. Yet, a significant drawback of using association
models in pressure-based simulations is that they are explicit in volume. While
cubic equations of state are also volume-based, they can be solved for density
analytically. On the contrary, association terms are implicit and require iterative
solutions for an internal set of composition-dependent variables [81, 82].

Another option is to use a separate thermodynamic model for the aqueous
phase completely. For many polar and strongly non-ideal liquid solutions, activity
models provide an alternative to equations of state. A disadvantage of activity
models is that they are not consistent in the critical region and are thus limited
to application well below the critical temperature of the mixture. This approach
introduces a thermodynamic inconsistency that is most pronounced close to critical
conditions. However, far from critical conditions for brine systems (which is the
case for the conditions of most depleted hydrocarbon fields and aquifers), the
approach should be still applicable. An interesting feature of using a separate
equation for the aqueous phase is the flexibility of modelling the aqueous phase
properties irrespective of the restrictions of the other EoS.

An often used approach for predicting the solubility of gases and hydrocarbons in
aqueous solutions is by means of Henry’s constants. Li and Nghiem [83] presented
multiphase equilibria for mixtures of oil and gas with water and brines based on
Henry’s constants for the aqueous phase. The nonaqueous fluids were modelled
with a cubic equation of state, and Henry’s coe"cients were correlated against
pressure and temperature. Models based on Henry’s constants are essentially
asymmetric activity coe"cient models (Section 2.2.3), where the reference state
is related to the solute-solvent interaction at infinite dilution. Considering the
unlike nature of solvents and solutes, this is a more appropriate standard state
to which solute thermodynamic properties are related. Furthermore, this approach
to describe the dissolution of gases and hydrocarbons in the aqueous phase
is justified, given their limited solubility. An important assumption with Henry’s
constants is that the interaction between solutes in solution is negligible.
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Using di!erent thermodynamic models for aqueous and other vapour and
liquid phases introduces inconsistencies towards the critical region of the brine
phase and yields multiple minima of the Gibbs free energy surfaces in water-rich
compositions. We illustrate these practical challenges through a Gibbs energy
analysis and present strategies for implementing robust and e"cient solution
procedures in Chapter 4. We validate the approach by comparing our phase
equilibrium calculations with an experimental dataset of relevant gas mixtures with
water.

In addition to the brine phase, a separate thermodynamic model is certainly
needed in case one chooses to include hydrates in the thermodynamic modelling
procedure. While this introduces less interference with other thermodynamic
models, it stresses the importance of choosing appropriate models for the fluid
phases to obtain accurate predictions of phase equilibrium.

3.1. Cubic equations of state
Cubic equations of state have evolved from the initial version as developed by
Van der Waals. Two-parameter equations of state that followed mainly introduced
temperature-dependent adjustments to the attractive term to improve agreement
with experimental data. VdW-type EoS can be rearranged into a cubic polynomial
in terms of volume and, as such, can be solved for density analytically.

Later developments focused on volume-, temperature- and composition-
dependent binary interaction coe"cients to correlate mixtures and improved mixing
rules by means of activity coe"cient models to accommodate equilibria of polar
mixtures. Despite the advent of more sophisticated physical models such as SAFT
and CPA, cubic equations of state remain relevant in many reservoir and process
simulators due to their flexibility and computational e"ciency.

Van der Waals-type EoS
In 1873, Van der Waals [84] introduced an equation of state which is most widely
known in the form:

P =
RT

V − b
−

Z

V2
(3.1)

The constant b is related to the size of the hard spheres (repulsive term) and
parameter Z is associated with intermolecular attraction forces.

This form of the VdW EoS can, in fact, be directly obtained from statistical
thermodynamics. From the partial derivative of Helmholtz free energy, A = U− TS,
with respect to volume gives pressure:

P = −
$ PA
PV

%

T,N
= −
$PU
PV

%

T,N
+ T
$ PS
PV

%

T,N
= Peng + Pent (3.2)

In this form, two terms contribute to the pressure: an energetic term with PU/PV
and an entropic term with PS/PV. Both terms can be derived from lattice theory,
with a very simple approximation of a fluid as randomly distributed particles
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and vacancies on a lattice. In reality, however, the distribution between occupied
and unoccupied sites is non-random. If occupied neighbouring sites attract, this
a!ects both entropic and energetic contributions. From statistical thermodynamic
principles, there should exist a temperature dependence of both terms, but such
theoretical model development quickly becomes increasingly complicated.

For engineering use, the VdW EoS is therefore not very accurate. On the other
hand, semi-empirical modifications of the EoS with a temperature dependence
and appropriate choice of volume parameters, such as those by Redlich and
Kwong [85] (RK), Soave [71] (SRK) and Peng and Robinson [72] (PR), have been
successful. A general expression of the cubic equations of state reads

P =
RT

V − b
−

Z(T)

(V − U1b)(V − U2b)
(3.3)

Figure 3.1 shows the PV-diagrams and compressibility factors of CO2 using the PR
EoS for a range of isotherms close to the critical point. It is inside the mechanical
spinodal, denoting the limits of mechanical stability (PP/PV < 0) that VdW-type
EoS exhibit a non-physical state that can safely be ignored.

(a) PV-diagram (b) Compressibility factor

Figure 3.1.: (a) Pressure-volume diagram and (b) compressibility factors Z (2.60)
of CO2.

In accordance with Section 2.2, thermodynamic properties can be obtained from
the residual Helmholtz form of the pressure equation. Substituting (3.3) into (2.81)
yields:

Ar(T,V)

RT
= F
$
b/V,

Z(T)

RTb

%

= − ln(1 − b/V) −
Z(T)

RTb(U1 − U2)
ln
$1 + U1b/V
1 + U2b/V

% (3.4)
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Parametrization of the EoS
At the critical point, the first and second derivatives of pressure with respect to
volume must vanish, and expressions can be obtained for Zc and bc in terms of
critical properties:

Zc =
FZ
Fb

bcRTc = FZ
(RTc)2

Pc
(3.5a)

bc = Fb
Vc
Zc
= Fb

RTc
Pc

(3.5b)

Since the number of unknowns is equal to three (pressure, temperature, volume)
and the equation of state has only two adjustable parameters Z and b, some of the
predicted quantities by the equation of state will likely not match the experimental
values [56]. Often, the equation of state shall match experimental critical pressure
and temperature at the expense of the prediction of critical compressibility factors
Zc. For pure fluids, the critical compressibility ranges from 0.23 (water) to 0.30
(hydrogen); for the original VdW equations of state, Zc equals 0.375.

In the original VdW equation of state, Z and b are constants and retain their
constant values away from the critical point. Based on the temperature dependent
term for Z for subcritical temperatures suggested by Redlich and Kwong [85],
Soave [71] observed a correlation between Z/Zc (obtained from hydrocarbon
vapour pressure data) and T/Tc:

Z(T) = ZcL(Tr,ω) = Zc
'
1 +m(1 −
4
T/Tc)
(2 (3.6)

where m relates to the compound acentric factor ω, which is associated with
the reduced vapour pressure Pr = 10−1−ω at a reduced temperature of 0.7.
Contrary to Soave’s procedure, Peng and Robinson [72] did use experimental
vapour pressure data to find an expression for m. The model-specific parameters
for VdW, SRK and PR EoS are listed in Table 3.1.

Table 3.1.: Parameters of cubic EoS
VdW SRK PR

U1, U2 0,0 1,0 1 ±
(
2

FZ 27/64
'
9( 3
(
2 − 1)
(−1 ≈ 0.42748 (8 + 40ηc)/(49 − 37ηc)

≈ 0.45724
Fb 1/8 ( 3

(
2 − 1)/3 ≈ 0.08664 ηc/(3 + ηc) ≈ 0.0778

m 1 0.480 + 1.574ω − 0.176ω2 0.37464 + 1.54226ω
−0.26992ω2

Zc 0.375 0.333 0.307

ηc = 1/(1 +
3
4
4 +
(
8 +

3
4
4 −
(
8)
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For temperatures above the critical point, experimental data along the critical
isochore, which is the natural extension of the vapour pressure curve, could
be used. However, cubic equations of state do not match the volume at the
critical point, and therefore the correlations for Z(T) developed for subcritical
temperatures are often extrapolated to supercritical temperatures. As T goes
towards infinity, Z(T) should go towards zero, but in the expressions developed for
SRK and PR, Z is equal to zero at a reduced temperature of Tr = (1+ 1/m)2 and
goes towards infinity if temperature is increased further [56].

On the other hand, the temperature dependence of the repulsive constant b
is thermodynamically inconsistent, as it leads to the crossing of isotherms in a
PV-plane [86] and causes negative heat capacities which violate the condition of
thermal stability: T/CV > 0 [55, 56]. Therefore, b is often assumed independent of
temperature.

Mixtures: quadratic mixing rules
For mixtures, the Z and b parameters are replaced by mixture parameters ZmOS
and bmOS. In accordance with the quadratic composition dependence of the second
virial coe"cient for a mixture, the quadratic "Van der Waals mixing rules" have
been used widely. For additional flexibility, empirical binary interaction coe"cients
kOj were added to the expression of ZmOS. A cross-covolume interaction parameter
Oj has also been proposed for bmOS, but these are often considered null [87].

With the quadratic mixing rules, the residual Helmholtz energy for n moles of a
mixture is formulated as:

Ar(T,V,n)

RT
= −n ln(1 − B/V) −

D(T)

RTB(U1 − U2)
ln
$1 + U1B/V
1 + U2B/V

%
(3.7)

where V is the total mixture volume. The mixture parameters B and D are given by:

D = n2ZmOS =
∑

O
nO
∑

j
njZOj (3.8)

with
ZOj = ZjO =
5
ZOOZjj(1 − kOj) (3.9)

and
nB = n2bmOS =

∑

O
nO
∑

j
njbOj (3.10)

with
bOj = bjO =

1

2
(bOO + bjj)(1 − Oj) (3.11)

Derivatives of the residual Helmholtz expression and quadratic mixing rules are
given in Michelsen and Mollerup [56] and have been implemented in DARTS-flash
[54], see Appendix A.
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The cubic nature of cubic EoS
The general form of a cubic EoS (3.3) can be rearranged to be cubic in volume.
Commonly, it is expressed as a cubic polynomial of compressibility factor Z as

ƒ (Z) = Z3 + Z2Z2 + Z1Z + Z0 = 0 (3.12a)

with

Z2 =
6
(U1 + U2 − 1)B − 1

7

Z1 =
6
A + U1U2B2 − (U1 + U2)B(B + 1)

7

Z0 = −
6
AB + U1U2B2(B + 1)

7
(3.12b)

where A =
ZmOSP

R2T2
, B =

bmOSP

RT
and Z =

PV

RT
. Locating the roots of this polynomial

can be done analytically, which is of significant advantage in terms of performance
compared to iterative thermodynamic models. The cubic polynomial (3.12),
depicted in Figure 3.2 for a subcritical and a supercritical temperature for pure
CO2, can have either one or three real roots – of which some might be equal. The
three cases can be distinguished by a simple criterion. Substituting Z = S − Z2/3
eliminates the quadratic term and reduces the cubic polynomial to

S3 + pS + q = 0 (3.13)

with p and q real numbers. The nature of the roots is then determined by the value
of the discriminant D:

D = −
p3

27
−
q2

4
(3.14)

If D > 0, all roots are real and distinct. If D < 0, two roots are complex. If D = 0,
all roots are real and (at least) two roots are equal [88].

In principle, the roots of a cubic polynomial can be obtained analytically using
either Cardano’s method or trigonomic functions, depending on the value of D
[88]. These methods, however, involve computation of algebraic and trigonomic
functions, which may not be very e"cient and might su!er from roundo!
errors.Instead, Deiters and Macías-Salinas [89] developed an iterative solution that
could be more accurate and potentially require less computational e!ort.

Root identification
For simulation, a consistent interpretation of phase types is required to assign
secondary properties such as viscosity, relative permeability and capillary pressure.
The cubic polynomial has three roots, of which either one or three are real. It is only
inside the mechanical spinodal that three real roots can be obtained, the spinodal
denoting the limits of mechanical stability (PP/PV < 0) which coincide at the
mechanical critical point [90]. In the case of three real roots, the smallest volume
corresponds to the liquid phase, and the largest root represents the vapour phase.
For pressures below the mechanical spinodal, the single real root is associated
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(a) At T = 273.15 K (b) At T = 313.15 K

Figure 3.2.: Cubic polynomial of PR EoS for CO2 (a) below and (b) above
critical temperature. Within the mechanical spinodal (a), limited by
the mechanical critical point, three real roots can be obtained. For
temperatures above the spinodal (b), only a single real root exists.

with the vapour phase, whereas at higher pressures the phase is a liquid. We can
identify these roots using the characteristics of the cubic polynomial [91].

For temperatures above the mechanical spinodal, however, this logic is no longer
valid. A completely rigorous method for identifying roots would rely on information
about the mixture critical point. Alternatively, vapour and liquid phases are often
identified through the use of a two-sided initialization procedure [38]. Here, a
vapour-like initial estimate converges to a vapour-like local minimum of the Gibbs
free energy (or tangent plane distance, Section 4.1) rich in lighter components, and
a liquid-like trial phase locates the denser phase. This procedure can be utilized
even outside the two-phase region. Although in this case one of the minima is
not part of the equilibrium state, local minima can be obtained for both vapour
and liquid phases for conditions within the stability test limit locus (STLL) [92].
The convergence locus of the negative flash, where the negative flash obtains
non-trivial solutions, extends further away from the phase boundary and could also
be utilized [92, 93].

Improvements to cubic EoS
The introduction of binary interaction coe"cients of the attractive term kOj to the
quadratic, or Van der Waals, mixing rules could be used to significantly improve
agreement between calculated and experimental results. Temperature-dependent,
as well as composition-dependent binary interaction coe"cients, followed [87].

Other works have applied a volume translation technique proposed by Péneloux
et al. [94] to improve liquid volumes. The original volume correction was chosen
as temperature independent and component specific. Temperature dependence
has been investigated in other studies, but the same thermodynamic inconsistency
arises that was found in temperature-dependent covolumes [95].

Still, the traditional quadratic mixing rules were not able to accurately model
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highly polar systems. Often, activity coe"cient models (AC) were chosen to
represent liquid mixtures of polar and associating molecules, although their range
of applicability being limited to low pressure ranges, and pressure-independence
was often assumed. Most activity coe"cient models [96–99] were developed
based on excess properties of mixing.

Huron and Vidal [100] proposed that improved mixing rules for cubic EoS could
be deduced from activity coe"cient models, equating the excess Gibbs energies
for both EoS and AC:

GE,EoS(Preƒ , T,x,Z/b) = GE,W(T,x) (3.15)

This approach aimed to derive an expression for the unknown parameter Z/b.
Activity coe"cient models were independent of pressure, so a reference pressure
had to be specified. Huron and Vidal [100] proposed infinite pressure. Mollerup
[101] suggested a zero reference pressure, for which later a number of procedures
were developed [102–105]. Alternatively, Wong and Sandler [106] considered the
excess Helmholtz energy instead of excess Gibbs energy, which yields di!erent
mixing rules for the b parameter.

A significant number of mixing rules have been developed based on these
approaches. It is, however, known that both zero and infinite reference pressures
have their drawbacks and inconsistencies for equating the separate contributions
of GE,EoS [107]. Still, EoS/GE implementations can provide highly satisfactory
results, in many circumstances as accurate for phase equilibrium calculations as
modern advanced association models [108].

Meanwhile, improvements to cubic EoS continue to be developed. Lucia [109]
presented the multi-scale Gibbs-Helmholtz constrained (GHC) equation, a new
approach to incorporate molecular-scale Monte Carlo simulations and upscale
them to bulk scale. The method provides an alternative to conventional mixing
rules and has been shown to maintain thermodynamic consistency [110].

3.2. Fugacity-activity models for aqueous phase
Cubic equations of state in their most basic form are not adequate for modelling
polar mixtures. Models based on Henry’s constant for gas solubility and a separate
equation for the water component present an attractive alternative. As described
in Section 2.2.3, Henry’s constants are based on a reference state of infinite
dilution, where solvent-solute interactions dominate. As such, Henry’s constants
can be fitted to experimental data of single solutes accurately and, given the low
solubility of the solutes, can be applied to mixed solutes under most conditions.
In addition, the equation for water fugacity can be purposefully described using
various physical terms.

Clearly, the use of (asymmetric) activity models is limited to describing a liquid
aqueous phase. This implies that no consistent description of the (near-)critical
region for the brine phase is possible when employing an activity model, and its
usage is limited to well below the critical temperature of the mixture. For many
applications of interest, however, conditions remain far from it. More problematic,
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nonetheless, is the occurrence of multiple local minima of Gibbs free energy
surfaces in water-rich compositions. This problem will be addressed in Chapter 4.

In the model employed here, the properties of dissolved gases are calculated
from the approach of Ziabakhsh-Ganji and Kooi [111]. Their model combines
Henry’s constants for nonelectrolyte solutes following Akinfiev and Diamond [112].
Besides, they included an additional term to account for the e!ect of brine salinity
on gas solubilities, which was first proposed by Duan et al. [113] and is based on
excess Gibbs energies in electrolyte solutions [114]. For the fugacity of the solvent,
water, we follow the description of Jager et al. [115]. They derive the deviation of
the chemical potential of H2O from the pure water state, including the contributions
of all molecular and ionic species to water activity.

Henry’s constant asymmetric activity coefficient model for solutes
Using Henry’s constants and an asymmetric activity coe"cient model, the fugacity
of dissolved species can be calculated according to:

ƒ̂O(P, T,n) = h∞O (P, T, nk)W̃O(P, T,n)SO (2.98)

Ziabakhsh-Ganji and Kooi [111] and Zirrahi et al. [116] used this approach
and adopted the correlation of Akinfiev and Diamond [112]. They developed a
virial-EoS-related expression for Henry’s constant h∞O of the dissolved species at
infinite dilution:

lnh∞O = (1 − η) ln ƒ
o
H2O
+ η ln

RT

Mb
coH2O

+ 2coH2O
GB (3.16)

The interaction between dissolved gas components in the aqueous phase is
e!ectively neglected.

The asymmetric activity coe"cient W̃O in this model accounts for the e!ect of ion
interactions with dissolved gases in the brine. The expression used in this model
was first proposed by Duan et al. [113] and is based on excess Gibbs energies in
electrolyte solutions [114]:

lnWO =
∑

c
2mcRO−c +
∑

Z
2mZRO−Z +
∑

c

∑

Z
mcmZdO−c−Z (3.17)

for cations c and anions Z. The parameter RO−Z was assumed equal to zero and
the other parameters RO−c and dO−c−Z are calculated from:

Y(P, T) = c1 + c2T + c3/T + c4T2 + c5/(630 − T) + c6P + c7P lnT

+c8P/T+c9P/(630−T)+c10P2/(630−T)2+c11T lnP, Y = {RO−c,dO−Z−c}
(3.18)

Parameters of (3.18) can be found in [111, 113]. The range of models presented
here can be readily extended to other (similar) species.
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(a) CO2 solubility in NaCl brine (b) CO2 solubility in brine with impurities CH4, N2
and H2S at T = 323.15 K

Figure 3.3.: Solubility of CO2 in brine with salinity (a) and impurities (b). Data
points from (a) Spycher et al. [117] and Duan and Sun [118] and (b)
Ziabakhsh-Ganji and Kooi [111].

(a) H2O solubility in CO2 from pure water (b) H2O solubility in CO2 from NaCl brine at T =
323.15 K

Figure 3.4.: Solubility of H2O in CO2 from pure water (a) and NaCl brine with
di!erent molalities m [mol/kg] (b). Solubility data from Spycher et al.
[117].

Fugacity model for solvent
The activity coe"cient models for solutes must be accompanied by a separate
thermodynamic model for solvent properties. The expression employed by
Ziabakhsh-Ganji and Kooi [111] is based on an equilibrium distribution coe"cient
for the water component proposed by Spycher et al. [117]. While these approaches
obtain good accuracy for the prediction of mutual solubilities of water and gases,
the prediction of water fugacity is rather poor.

The fugacity model from Jager et al. [115], which was integrated into the
developments around hydrate modelling by Ballard and Sloan, Jr. [119], provides
an alternative. The model gives an expression for the chemical potential for each
component O in the aqueous phase. Fugacity can then be derived by relating
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chemical potential to the ideal gas state of pure component O at 1 bar:

ƒZO = ƒOo exp
)QO − gOo

RT

*
(3.19a)

or, in terms of fugacity coe"cient:

lnXO =
QO
RT
−
gOo
RT
− lnSO − lnP (3.19b)

Here, ƒOo is the fugacity of an ideal gas at the reference pressure of 1 bar, which is
equal to 1. The deviation from ideality is then accounted for by the di!erence in
chemical potential QO and the Gibbs energy of component O in the ideal gas state
gOo.

The chemical potential of water can be obtained from an expression analogous
to (2.61). For water, chemical potential is related to the pure water state with the
addition of an activity coe"cient lnZb, which accounts for the e!ect of dissolved
species:

Qb
RT
=
gb0,pere

RT0
−
∫ T

T0

hb,pere

RT2
dT +
∫ P

P0

Vb,pere

RT
dP + lnZb (3.20)

where gb0,pere, hb,pere and Vb,pere are the Gibbs energy at reference conditions
(T0, P0), enthalpy and molar volume of pure water, respectively. The activity
coe"cient accounts for the actual concentration of the solute through short- and
long-range interactions between water, solute molecules and ionic species.

Thermal properties from a fugacity-activity model
As discussed in Section 2.2, thermodynamic properties can be obtained from
the partial derivatives of the fugacity coe"cient. The partial derivatives of the
fugacity-activity model presented here are available in DARTS-flash [54].

To apply the fugacity-activity model in simulation, it is important to assess the
accuracy and consistency of thermal properties evaluated from the thermodynamic
models. The enthalpy and entropy should be monotonically increasing with
temperature, or equivalently, heat capacity must be positive at all conditions [55]:

$PHj

PT

%

P,n
= CPj > 0 (3.21)

Figure 3.5 compares aqueous phase enthalpies and enthalpies of mixing with
experimental data. The enthalpies of pure H2O and H2O-NaCl brines at saturation
pressures have been measured by Pitzer et al. [120], shown in Figure 3.5a. Molar
heat capacities are positive, slightly lowered by the presence of ions and slightly
deviating at higher temperatures.

Figure 3.5b shows the molar enthalpy of dissolution for CO2 at di!erent
temperatures. There exists a sharp transition of CO2 dissolution enthalpy across
vapour- and liquid-state CO2. In addition, note that the process of CO2 dissolution is
exothermic for low temperature and pressure conditions, but becomes endothermic
towards higher temperatures and pressures.
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(a) Enthalpy of NaCl brine (b) Enthalpy of dissolved CO2

Figure 3.5.: Aqueous phase molar enthalpies of (a) solvent at various NaCl
molalities m [mol/kg] and (b) solutes. Data from (a) Pitzer et al. [120]
and (b) Koschel et al. [121].

3.3. Hydrate equation of state
Clathrate hydrates are crystalline solids composed of hydrogen-bonded cages of
H2O in which small molecules are trapped. The formation and dissociation of
hydrates are phase transitions, not chemical reactions, and the composition of
the hydrates is non-stoichiometric. Three types of hydrate structures are generally
known. Type sI consists of 46 water molecules and consists of two small and six
large cages. The unit cell of type sII contains 136 water molecules, consisting
of sixteen small and eight large cages. Hydrates of type sH consist of 34 water
molecules, forming three di!erent cage types, two small ones of di!erent types and
one very large. Each type typically hosts specific sets of molecules: e.g., CH4 and
CO2 in sI-type hydrates, gases like O2 and N2 in type sII and heavier hydrocarbons
in structure H. This is, however, highly dependent on thermodynamic conditions
and structural transitions can take place. Typical cage occupancy corresponds to a
mole fraction of H2O of approximately 0.86 [122]. Figure 3.6 depicts a schematic
representation of the di!erent hydrate structures.

Figure 3.6.: Clathrate structures for sI-, sII- and sH-type hydrates, after [122].
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Van der Waals-Platteeuw formulation
Van der Waals and Platteeuw [123] developed a statistical mechanics framework
to model clathrate structures. Through a canonical partition function Q(T,V,n)
(influence of guests through number of molecules entrapped) and, later, a
semi-grand canonical partition function H(T,V, nhost,Qgeest) (influence of guests
by means of chemical potential), they obtained a description of clathrates as
a mixed crystal structures with cages of host molecules (H2O) occupied by
a guest compound. The partition functions included a representation of the
configurational integral for hosts and guests, analogous to Langmuir adsorption.
From there, macroscopic properties could be obtained by means of the semi-
grand canonical potential E(T,V, nhost,Qgeest). This potential corresponds to a
Legendre transform of the Helmholtz free energy (2.34), replacing mole numbers
of the guest molecules by their chemical potentials [124].

An equilibrium of the hydrate phase with other phases implies an equal chemical
potential of host and guests in the hydrate with the coexisting phases. This was
assumed implicitly so that cage occupancy could be related to the chemical
potential of the guests, which by definition is equal to that in the other phases. The
cage occupancy, therefore, also contributes to the chemical potential of the H2O
molecules in the hydrate lattice, the Gibbs free energy change of water from a
hypothetical empty lattice M to the hydrate phase being:

GQb,H

RT
=
Qb,H

RT
−
gb,M

RT
=
∑

m
νm ln
0
1 −
∑

j
Yjm

1
(3.22)

where gb,M denotes the chemical potential of water in the empty standard hydrate
lattice at a given volume, νm is the number of cavities of type m divided by the
number of water molecules in the unit cell and Yjm is the fraction of available
cages of type m, occupied by component j, or fractional occupancy. A statistical
thermodynamic description of the empty hydrate lattice was lacking, however.
Instead, they avoided explicit calculation of these properties by introducing the
chemical potential change from an empty hydrate lattice to a reference phase L:

GQM−Lb = QMb − Q
L
b (3.23)

The reference phase would be an aqueous or ice phase. The change to
the reference phase could be quantified through parameter estimation for an
expression of the form:

d
$GQM−Lb

RT

%
= −

GHM−L
b

RT2
dT +

GVM−Lb

RT
dP (3.24)

In the end, the chemical potential change of the hydrate due to cage occupancy
and the hypothetical transition from empty lattice to reference phase would be
equal at equilibrium. Utilizing this, the chemical potential of the lattice molecules,
i.e. H2O in the hydrate, could be calculated [125].
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The chemical potential of water in the hydrate can be equivalently formulated in
terms of fugacity:

ƒb,H = ƒb,A exp
8GQb,H − GQb,A

RT

9
(3.25)

Furthermore, by introducing a Langmuir coe"cient Cjm of component j in cage m
to account for the configurational integral, we have an expression for the fractional
occupancy of cage m by component j:

Yjm =
Cjmƒj

1 +
∑

k Ckmƒk
(3.26)

where ƒj is the fugacity of guest molecule j. Hydrate composition can be derived
from (3.26) by:

SOH =

∑
m νmYOm

1 +
∑

m
∑

j νmYjm
(3.27)

and water mole fraction is equal to SbH = 1 −
∑

j SjH.
Implementation of the VdWP model for use in phase equilibrium calculations,

therefore, requires two main ingredients. The first is a description of reference
conditions for the empty hydrate lattice and its fugacity. Secondly, Langmuir
adsorption constants must be derived from the intermolecular potentials that
describe the configurational integral of the hydrate cages. In addition, calculation
of properties in terms of conventional variables (P, T,n) is desirable for use of the
model in flash calculations. This can be done by means of an iterative procedure.

Reference fugacity
In the original VdWP model, the fugacity of a reference phase, water or ice, must
be known. Later works have eliminated this constraint by using an (ideal) gas
phase as reference conditions [126, 127]. The formulation of Ballard and Sloan, Jr.
[127] is convenient:

ƒb,H = ƒOo exp
8Qb,H − gbo

RT

9
(3.28)

Here, ƒOo is equal to 1 bar and gbo is the Gibbs energy of water in the ideal gas
state at 1 bar, and the chemical potential of water in the hydrate Qb,H appears in
(3.22). In order to have a standalone expression for hydrate fugacity, they derived
the Gibbs energy of the hypothetical empty hydrate lattice using pure component
thermodynamics:

gb,M

RT
=
gb0,M

RT0
−
∫ T

T0

hb,M

RT2
dT +
∫ P

P0

Vb,M

RT
dP (3.29)
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Values for gb0,M and expressions have been derived for the standard state. Molar
enthalpy and molar volume of water in the hydrate phase are given by:

hb,M = hb0,M +
∫ T

T0
cpb,M dT with cpb,M = Z0 + Z1T + Z2T

2 + Z3T3 (3.30a)

and

Vb,M = V0 exp[L1(T − T0) + L2(T − T0)2 + L3(T − T0)3 − g(P− P0)] (3.30b)

In addition, Ballard and Sloan, Jr. [127] considered the non-ideality of the hydrate
phase. The inclusion of guest molecules may perturb the cavities from the standard
hydrate lattice, and they accounted for this e!ect through the introduction of an
activity coe"cient. The expression for chemical potential then becomes:

Qb,H

RT
=
gb,M

RT
+
∑

m
νm ln
0
1 −
∑

j
Yjm

1
+ lnWb,H (3.31)

where

lnWb,H =
Ggb0,M

RT0
+
Ghb0,M

R
(1/T − 1/T0) +

∫ P

P0

GVH

RT
dP (3.32)

The perturbed Gibbs energy of formation Ggb0,M and enthalpy of formation
Ghb0,M are assumed to be linear in GVH, which is the di!erence in molar volume
between the standard hydrate and the real hydrate.

Langmuir constants and cell potentials
The Langmuir adsorption constant describes the potential interaction between the
encaged guest molecules and the water molecules surrounding it:

Cjm =
4h

kBT

∫ RcZge

0
exp
:
−
ωjm(r)

kBT

;
r2dr (3.33)

Van der Waals and Platteeuw [123] originally used a spherically symmetrical
Lennard-Jones-type potential, but many modifications have been proposed to this
approach. The spherically symmetrical potential yielded better results for more
spherical molecules, but poorer performance for non-spherical, rod-like molecules.
Some have used a square-well potential [125, 128], but the Kihara potential has
been most widely used:

ωjm(r) = 2εjzm
: N12j
R11m r

)
U10jm +

Zj
Rm

U11jm
*
−

N6j
R5mr

)
U4jm +

Zj
Rm

U5jm
*;

(3.34)

with
UNjm =

1

N

:)
1 −

r

Rm
−

Zj
Rm

*−N
−
)
1 +

r

Rm
−

Zj
Rm

*−N;
(3.35)
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The model from Ballard and Sloan, Jr. [127] utilizes a multilayered Langmuir
coe"cient expression (3.33) with three shells to represent the interaction between
guest and host molecules more accurately. This accommodates better aspherical
molecules.

Figure 3.7 shows the hydrate equilibrium curves for pure CH4 and CO2 in
brine-gas systems with di!erent salinities. The presence of ions acts as an inhibitor
for hydrate formation. Note how the transition between liquid and gaseous CO2
causes the equilibrium curves to change slope drastically.

(a) CH4-hydrate equilibrium pressures (b) CO2-hydrate equilibrium pressures

Figure 3.7.: Hydrate equilibrium pressures of (a) CH4 and (b) CO2 with NaCl brine
of di!erent salinities. Salinity denoted (a) in M [mol/kg] and (b) in
weight %. Data from (a) Jager et al. [129] and (b) Aghajanloo et al.
[23].

Calculation of hydrate fugacities
In the form presented here, the equation of state is a function of the fugacity of
the guest molecules, rather than composition. The iterative procedures of Cole
and Goodwin [130] and Michelsen [131] make it possible to evaluate component
fugacities in the hydrate phase as a function of composition, as in ordinary
thermodynamic models. Cole and Goodwin [130] rearranged the equations of the
VdWP model to be able to evaluate component fugacities in a hydrate phase
as a function of overall composition. Michelsen [131] simplified this procedure,
ultimately solving a single equation.

After obtaining the iterative solution, partial derivatives of the fugacity coe"cients
to calculate hydrate thermodynamic properties require implicit di!erentiation of
the iterative procedure with respect to the primary variables P, T and Sk . This
procedure has been implemented in DARTS-flash [54].





4
Multiphaseequilibrium

Phase equilibrium calculations are at the core of reservoir simulation. Accurate
physical modelling requires robust multiphase flash routines. For di!erent
applications and conditions, the phase equilibrium problem may have to be
posed with di!erent specifications. For simulation of CO2 sequestration problems,
specifically, a PT-formulation is not adequate for resolving complex thermal e!ects,
and a PH-formulation is preferred. Nevertheless, such PH-calculations heavily rely
on PT-flashes, calling for robust and e"cient solvers for both specifications.

4.1. The phase equilibrium problem
In Section 2.1, the general conditions for equilibrium and phase stability were
obtained for di!erent state specifications. Criteria of phase stability were discussed,
where virtual displacements of the independent variables would be transferred
from the original phase to a new phase.

4.1.1. A geometric interpretation of phase equilibria
The simplest illustration of phase equilibrium and stability involves a mixture
at constant P and T. For this problem, Gibbs free energy is the choice of
thermodynamic potential. For any (infinitesimal) transfer of material between
phases L and M, the virtual displacement reads:

UG = (QLO − Q
M
O )UnO (4.1)

At equilibrium, Gibbs free energy must be minimized, and any virtual displacement
departing from the equilibrium state can only be non-negative:

(UG)P,T,n ≥ 0 (2.45d)

Equality of chemical potentials, therefore, is a necessary condition for equilibrium.
It is, however, only a necessary condition for equilibrium, as the correct solution
corresponds to the global minimum of Gibbs free energy.

49
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The more general condition considers the formation of an infinitesimal amount
of a new phase Ue with composition y, transferred from the original phase with
composition z, and then:

UG = Ue
nc∑

O=1
yO(QO(y) − QO(z)) (4.2)

Phase stability according to this condition corresponds to the general stability
criterion for isothermal-isobaric equilibrium (2.48e).

From the condition of equal chemical potentials, we find that the equilibrium
state corresponds to a point on an nc-dimensional hyperplane that is tangent to
the single-phase molar Gibbs free energy surface at the equilibrium compositions.
For a binary system, the hyperplane is consequently a line that is tangent to the
single-phase surface. The Gibbs free energy surface is a function of the mole
fraction z of the first component:

g(z) = zQ1 + (1 − z)Q2 (4.3)

The molar Gibbs energy of mixing is an equivalent but more convenient choice for
graphical interpretation (Figure 4.1):

gmOS(z) = z(Q1 − Q1,pere) + (1 − z)(Q2 − Q2,pere) (4.4)

(a) Gibbs free energy (b) Tangent plane distance

Figure 4.1.: (a) Gibbs free energy surface and (b) tangent plane distance function
for binary mixture C1-nC4 at P = 40 bar and T = 300 K. Tangent plane
distance is evaluated from a feed composition of SC1 = 0.35.

Figure 4.1a depicts the hypothetical single-phase surface for a binary mixture
of C1-nC4. For a feed composition of SC1 = 0.35, the tangent plane to the
single-phase surface (black) intersects the blue vapour-phase curve, which is an
indication that the feed is not stable as a single-phase state. Figure 4.1b represents
the tangent plane distance, the distance of the Gibbs energy curve to the tangent
plane at the feed composition. A negative minimum exists around SC1 = 0.93,
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which gives an appropriate estimate of the equilibrium phase at SC1 = 0.90. In
the two-phase region, the red line tangent to the Gibbs free energy curve can be
constructed between the two points on the surface that denote the compositions of
the equilibrium phases. Any point on this line corresponds to a linear combination
of the two phases, a linear combination that results in the lowest possible Gibbs
free energy for any composition in consideration. Solutions that are located outside
of the region bounded by the two equilibrium compositions, however, would result
in at least one of the two phases being present in negative quantities. Hence,
these compositions correspond to a single-phase equilibrium state.

Tangent plane criterion
The stability of a phase state can be assessed by constructing a tangent
hyperplane to the Gibbs free energy surface at the particular feed composition z.
If this tangent hyperplane intersects anywhere the single-phase surface, we are
certain that the tested phase state does not correspond to the global minimum of
Gibbs free energy. The same holds for testing the stability of a multiphase state
consisting of a linear combination of points on the tangent hyperplane that touch
the single-phase Gibbs free energy surface.

The tangent plane distance function represents the vertical distance from the
tangent hyperplane to the Gibbs free energy surface at the tested composition z
to the Gibbs energy curve at composition y. For any point y, the tangent plane
distance (tpd), becomes

tpd(y) = g(y) − tz(y) =
∑

O
yO(QO,y − QO,z) (4.5)

If the tpd is non-negative for all y, this means that the tangent line does not
intersect the Gibbs energy for any y, indicating that the investigated phase is
stable. If it is negative somewhere, it means that the Gibbs energy can be reduced
by forming another phase. This yields the same condition as equation (2.48e). The
tangent plane criterion is thus a su"cient condition for stability.

Writing chemical potential in terms of fugacity and substituting in (4.5), we can
obtain the stability criterion from the reduced tangent plane distance:

tpd(y) =
∑

O
yO
'
lnyO + ln X̂O(y) − dO

(
≥ 0 (4.6)

with dO = ln zO + ln X̂O(z). Stationary points of the tpd-function are found where
the tangent hyperplane to the Gibbs energy curve is parallel to the tangent at
z. Equivalently, the stationary points are characterized by a constant di!erence
between chemical potential or fugacity at the compositions y and z [56].

Tangent plane criteria have also been formulated for other state specifications
based on the fundamental equation [52, 56]. Nichita [52] discussed in detail the
implications of stability testing at other state specifications, which were shown to
ultimately reduce to the stationary points of either PT-stability for pressure-based
specifications and VTn-stability [42, 43] for volume-based stability testing.
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A geometric interpretation of Gibbs’ phase rule
Gibbs’ phase rule was introduced in Section 2.1.5, dictating that at any equilibrium
state, the number of degrees of freedom follows F = nc + 2− np. This implies that
a pure-component system exhibits:

• np = 1: two degrees of freedom (a region in a PT-diagram)

• np = 2: one degree of freedom (a line in a PT-diagram)

• np = 3: zero degrees of freedom (a point in a PT-diagram)

Equality of Gibbs energies of two phases at fixed pressure (or temperature) can
thus only occur for certain temperatures (pressures). Three-phase equilibrium
exists at a single point of pressure and temperature.

As analysed by Baker et al. [36], we can observe these conditions in
compositional Gibbs energy diagrams as well. Let us analyze a binary mixture first,
as depicted in Figure 4.2. For two-phase conditions in the PTS-space, we are free
to vary two out of pressure, temperature and composition. The system can be in
equilibrium with a third phase if the hyperplane is tangent to three local minima of
the Gibbs energy surface. Such conditions leave only a single quantity of state
to be varied independently. Alignment of four local minima occurs only at specific
values of P, T and S at the quadruple point.

The number of local minima is thus not necessarily limited to two, as the phase
equilibrium problem may involve any number of phase types: vapour and multiple
liquid phases (VLE, VLLE and more), as well as other phases such as ice, minerals
and hydrates. The same principles for tangent plane criteria apply as discussed
before, but non-negativity of all local minima must be confirmed to verify stability.

Figure 4.2.: Gibbs energy surfaces or binary system H2O-nC5 system at P = 10 bar
and T = 387.8 K. Local minima are located at nC5-rich (V), H2O-rich
compositions (Aq) and an intermediate composition for the L phase.

Generalizing for any number of components nc, a PT-flash exhibits a maximum
number of np = nc phases. Any solution with np = nc phases is located within
a tie-simplex, which is the nc-dimensional equivalent of a tie-line. For any phase
state for which np < nc, the tangent hyperplane is no longer uniquely described by
the fixed equilibrium compositions and tie-simplices reduce to lower-dimensional
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shapes. For instance, in a ternary system (Figure 4.3), three phases coexist inside
the tie-triangle and tie-lines exist in two-phase regions outside of the tie-triangle.

The tangent hyperplane must be found that does not intersect the hypothetical
single-phase surface anywhere. A false solution of the phase equilibrium problem
may be obtained by a tangent hyperplane to a wrong set of phase compositions.
The false solution does satisfy the material balance and equifugacity conditions,
but is intersected by the single-phase surface in some places, and thus a lower
minimum of the Gibbs free energy can be obtained.

Figure 4.3.: Gibbs energy surfaces for ternary system nC4-CO2-C1 at P = 10
bar and T = 200 K. The two diagrams represent the vapour-like and
liquid-like roots of the cubic EoS, respectively.

Critical phases
The occurrence of critical phases can also be observed in Gibbs energy diagrams.
At a critical point, equilibrium phase compositions and densities of two or more
phases become identical. As the critical point is approached, equilibrium phase
properties become increasingly similar. The local minima of the tpd-function move
together until they degenerate into one local minimum at the critical point [56].

4.1.2. State specifications and state function minimization
It was discussed in Section 2.1 that thermodynamic equilibrium corresponds to
a maximization of entropy S at the given extensive parameters (U, V, n, . . .),
or minimization of internal energy U. By means of defining other thermodynamic
potentials, the state of a system is also completely and uniquely described by any
of the other surfaces (H,S, P,n), (G,T, P,n) and (A, T, V,n). A phase equilibrium
problem can thus be specified with di!erent state variables, as listed in Table 4.1.
Equilibrium can be found by minimizing the corresponding state function. For
instance, for a PH-flash, find Hj and nOj for which:

max S(P,H,n) ≡
∑

j
Sj(P,Hj,nj) (4.7a)
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Table 4.1.: State specifications and state function to be minimized
State specification V,S V,U V, T P, S P,H P, T

Minimized state function U −S A H −S G

subject to

P = Pspec,
∑

j
Hj − Hspec = 0,

np−1∑

k=0
nk = z (4.7b)

However, thermodynamic models are solved at (P, T,n) or (V, T,n), and not at
(P,H,n). The constraint of specified enthalpy is not linear in the independent
variables and therefore cannot be eliminated explicitly. It is only with PT- and
VTn-specifications that we can perform the flash as an unconstrained minimization
problem [38, 43]. Other state specifications can be solved as a constrained
optimization. For PH-flashes specifically, direct maximization of entropy has been
investigated by Brantferger et al. [7] and Sun et al. [50]. Paterson et al. [51]
performed a constrained optimization and a partial Newton approach.

Recall that, from the second law (Section 2.1), it follows that in open systems
between which heat is allowed to flow, entropy can be increased by redistributing
energy such that the temperature of each phase is equal. This result was also
obtained from (2.53). At the global minimum for a PH-flash, the phases are thus
in thermal equilibrium. The phase equilibrium calculations may then be formulated
with temperature as an independent variable. Michelsen [44] introduced a modified
objective function that involves the Gibbs energy, which can formally eliminate the
enthalpy constraint. Similarly, modified objective functions have been defined for
the isentropic (PS) flash, as well as for volume-based UV- and SV-specifications
[45]. In fact, it has been shown by Nichita [52] that by solving the nonlinear
equation in temperature, the stationary points of the tpd-functions for (P,H,n)-
and (P, S,n)-specifications are equivalent to those obtained in PT, while (V,U,n)-
and (V,S,n)-based stability testing reduces to (V, T,n)-stability.

Minimization of Gibbs free energy
For a PT-flash specification with any number of phases, the minimization
formulation can be expressed as:

min G(P, T,n) ≡
∑

j
Gj(P, T,nj) (4.8a)

subject to

P = Pspec, T = Tspec,
np−1∑

k=0
nk = z (4.8b)

The material balance constraint can be eliminated by using the relation
nnp−1 = z −
∑

k ̸=np−1 nk such that the calculation can be performed as an
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unconstrained minimization. The dimensionless Gibbs free energy is given by:

G = G/RT =
np∑

k=1

nc∑

O=1
nOk ln ƒ̂Ok (4.9)

with nOk the number of moles of species O in phase k. Minimizing (4.9) with respect
to mole numbers, we have that the chemical potential for each component is the
same throughout all phases, or, equivalently, that the fugacities of the individual
components are equal. Denoting one reference phase by using the material
balance constraint, the mole numbers in one phase are dependent variables, and
this gives nc relations for all but one phase:

ln ƒ̂Oj(T, P,nj) − ln ƒ̂OR(T, P,nk) = 0, O = 1, . . . , nc (4.10)

Any tangent hyperplane to one or more phase compositions that does not
correspond to any negative phase fractions obeys the equal fugacity and material
balance relations. The system is, however, at equilibrium if and only if the total
Gibbs energy is at its global minimum We are therefore required to find the specific
combination of phases for which no further reduction in Gibbs energy can be
realized.

Modified objective functions
Michelsen [44] introduced modified objective functions Q for PH- and PS-flashes
that eliminate the enthalpy or entropy constraint. For an isenthalpic flash,

QH(P, T,z) =
G(P, T,z) − Hspec

T
(4.11a)

The independent variables are T and nj. The gradient vector of Q then reads

PQH

PnOj
=
1

T
(QOj − QO0) (4.11b)

PQH

PT
= −

1

T2
(H − Hspec) (4.11c)

Note that the gradient of QH with respect to temperature essentially reduces to the
enthalpy specification equation. Similarly, for the isentropic specification:

QS(P, T,z) = G(P, T,z) + TSspec (4.12a)

with the gradient vector
PQH

PnOj
= QOj − QO0 (4.12b)

PQS

PT
=
$PG
PT

%

P,z
+ Sspec = −S + Sspec (4.12c)
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At the solution, the gradient of Q with respect to the independent variables are
zero. However, the second derivative of Q with respect to temperature is negative:

P2QH

PT2
=

2

T3
(H − Hspec) −

1

T2

$PH
PT

%

P,z
=

2

T3
(H − Hspec) −

CP
T2

(4.13a)

P2QS

PT2
= −
$PS
PT

%

P,z
= −

CP
T

(4.13b)

As a result, the solution corresponds to a saddle point, and the Hessian matrix is
not positive definite. Michelsen [44] modified the Q-functions by adding a quadratic
term that transforms the problem to an unconstrained minimization, but it was
reported that this is not entirely unproblematic. Later, Michelsen [45] extended the
set of Q-functions to formulate any of the state specifications with Gibbs energy
G or Helmholtz energy A as core functions (Table 4.2). It is only for the PT- and
VT-specifications that the solution corresponds to a minimum in the Q-function.
For other specifications, the stationary points of the Q-functions at the solution are
saddle points. They have a positive curvature in the composition directions and a
negative curvature in the pressure and/or temperature direction.

The volume-based PT-flash [48, 49] could be an attractive option for PT-flashes,
as volume is an independent variable in most (complex) thermodynamic models
and no explicit volume root calculation is required. Volume-based thermodynamics
have been used in critical point calculations as well [62].

Table 4.2.: Modified objective functions with G and A as core functions
State specification G-based Q A-based Q

P, T G A + VPspec
P,H (G − Hspec)/T (A + VPspec − Hspec)/T
P, S G + TSspec A + TSspec + VPspec
T, V G − PVspec A
U,V (G − Uspec − PVspec)/T (A − Uspec)/T
S, V G + TSspec − PVspec A + TSspec

A nested approach for PT- and VTn-based state specifications
It is possible to optimize the Q-function using second-order methods. By nesting a
PT-flash calculation with a maximization with respect to the remaining one or two
independent variables (T and, in some cases, P), we can solve the specification
by maximizing Q. For instance, for the PH-flash, QH = QH(T) becomes a function
that can be optimized for temperature:

max
'
(GmOn − Hspec)/T

(
(4.14)

where GmOn is the minimum Gibbs energy at current (P, T,n). Then, the gradient
g(T) (4.11c) and Hessian g′(T) (4.13a) are required for the determination of the
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maximum. The maximum of Q can be obtained by locating the zero gradient
g(T) using a root-finding method [46, 47]. This approach can be executed for
any number of phases, which requires only multiphase PT-procedures. Evaluation
of g′(T) of the specific Q-function with respect to temperature requires partial
derivatives of the PT-flash procedure. These derivatives will be developed in 4.2.3.

Alternatively, derivative-free root-solving methods have been applied to find
the solution of temperature to the specification equation [47]. Along an isobar,
the enthalpy and entropy increase monotonously with temperature. Therefore,
bisection or more clever derivative-free methods, such as Brent’s method [132],
are very robust. Moreover, these methods can be combined with gradient-based
updates of temperature for the specification equation. Under di"cult conditions,
the inner loop of PT-flashes may take many iterations to converge, and therefore,
a Newton step for temperature can greatly reduce the number of PT-flash calls.

4.2. Computational methods for multiphase
equilibrium at PT

In this section, we develop methods for solving phase equilibrium problems at
PT-specification. It was discussed that the isothermal flash can be performed as an
unconstrained minimization. Most implementations of a Gibbs energy minimization
procedure involve a sequential approach of stability testing, indicating whether or
not a mixture is stable at specified conditions, and a multiphase split algorithm,
where material balance and fugacity relations are solved. In this section, we
explore computational methods for phase stability testing, phase split calculation,
and solving the Rachford-Rice equations to satisfy the material balance.

4.2.1. Phase stability testing
The stability criterion for a PT-specification was obtained in terms of the reduced
tangent plane distance:

tpd(y) =
∑

O
yO
'
lnyO + ln X̂O(y) − dO

(
≥ 0 (4.6)

with dO = ln zO + ln X̂O(z). The optimization of the reduced tangent plane distance
is subject to the constraint that y represents a valid phase composition (yO ≥ 0)
and mole fractions yO sum to 1. To find the stationary points of the tpd-function,
the optimization can be formulated by means of a Lagrange multiplier R [56]:

L(y,R) =
∑

O
yO
'
lnyO + ln X̂O(y) − dO

(
− R
'∑

O
yO − 1
(

(4.15)

At all stationary points (i.e., minima, maxima, saddle points):

PL
PyO
= lnyO + ln X̂O(y) − dO + 1 − R = 0, O = 1, . . . , nc (4.16)
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Based on this result, Michelsen [37] introduced variables YO = exp(−k)yO, where
k = R − 1. The stationarity criterion then becomes:

lnYO + ln X̂O(Y) − dO = 0, O = 1, . . . , nc (4.17)

The YO can formally be treated as mole numbers (yO = YO/
∑

j Yj), with
X̂O(Y) = X̂O(y). Then, the di!erent but equivalent stability criterion based on the
variables YO reads:

tpd∗(Y) = 1 +
∑

O
YO
'
lnYO + ln X̂O(Y) − dO − 1

(
≥ 0 (4.18)

where no constraints on the YO except YO > 0 are required. At the stationary points,
tpd∗ satisfies

Ptpd∗

PYO
= lnYO + ln X̂O(Y) − dO = 0, O = 1, . . . , nc (4.19)

The stationary points of the modified tangent plane distance, as well as their sign,
are the same as those of the original function. Stability of a mixture is therefore
indicated by non-negative values of tpd∗ for any trial phase composition Y.
Equivalently, k ≥ 0 or

∑
O YO ≤ 1.

The composition z also represents a stationary point of the tangent plane
distance function, referred to as a trivial solution. A trivial solution is a minimum
of the tpd-function if the curvature is positive in all directions of composition
(indicated by a positive-definite Hessian matrix, i.e., all eigenvalues are positive).
If, on the other hand, the tangent plane distance can become negative arbitrarily
to z, the mixture is intrinsically unstable. The trivial solution is not a minimum but
a local maximum or a saddle point (Hessian matrix has one or more negative
eigenvalues). In case of a maximum, at least two minima in the Gibbs free energy
surface exist, corresponding to compositions other than the feed.

Successive substitution
The gradient vector reads:

gO =
Ptpd∗

PYO
= lnYO + ln X̂O(Y) − dO (4.20)

A successive substitution iteration (SSI) is obtained from F lnY = −g(n) and
therefore [133]:

lnYO = dO − ln X̂O(Y) (4.21)
This procedure will converge to a local minimum of the modified tangent plane
distance if the eigenvalues of the Hessian are smaller than 1, which is the case
in the vast majority of applications. When the fugacity coe"cients are weakly
dependent on composition, convergence is rapid. In the vicinity of a mixture
critical point, however, one eigenvalue will approach 1. The rate of convergence of



4.2. Computational methods for multiphase equilibrium at PT 59

successive substitution iterations may become extremely slow [37, 56]. In addition,
divergence of the SSI procedure has been observed in certain cases that exhibit
strong negative deviations from ideal solution behaviour, such as polymer solutions
and gas hydrates [134]. In such cases, improved methods are required.

Newton’s method with mole numbers Y or lnY
To calculate a Newton iteration HFY = −g, the Hessian matrix is [37]:

HOj =
PgO
PYj
=
UOj
YO
+
P lnXO
PYj

(4.22)

If the nonlinear system of equations g(Y) = 0 is solved with lnYO as independent
variables, the Newton iterations are [133]:

JF lnY = HU−1F lnY = −g (4.23)

where
JOj =

PgO
P lnYj

= UOj +
P lnXO
PYj

(4.24)

The elements of matrix U and its inverse are UOj = UOj/YO and U−Oj 1 = UOjYO, and
F lnY = UFY. The Jacobian matrix is non-symmetric, but the system can be solved
by applying a Cholesky decomposition of H, such that F lnY = −UL−TL−1g
[133]. It was found that this is the best choice of independent variables [135].

Newton’s method with L
Alternatively, Michelsen [37] proposed the use of LO = 2

5
YO as independent

variables. Newton’s method normally converges relatively fast, but in cases where
the Hessian matrix is near-singular or has negative eigenvalues, the desired
solution may take several steps to converge or may not be found. From (4.22), it is
clear that when the variable YO reaches lower values, the diagonal of the Hessian
matrix may have significantly high values. This makes the condition number not
proper for the solution search. In a Newton procedure with L as independent
variable, the Hessian matrix will have its diagonal elements close to one for small
values of YO. The matrix will thus be well-conditioned, since the best condition for a
matrix is achieved when it is close to an identity matrix. In this method, the gradient
is given by:

gO =
PD

PLO
= gO
4
YO (4.25)

The Hessian matrix:

HOj =
P2D

PLOPLj
= UOj +

1

4
LOLj

P lnXO
PYO

+
1

2
UOjgO (4.26)

The last term can be neglected without any e!ect on the rate of convergence since
it vanishes at the solution.
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Advanced computational methods for stability testing
In case the Hessian is not positive definite, a descent direction of the objective
function is not guaranteed by the Newton step and Cholesky factorization will fail.
A switch back to SSI can be performed instead, which leads to a decrease of the
objective function in the vast majority of cases. More advanced methods involve
the application of a correction to the Hessian to yield a positive-definite matrix and
ensure a descent direction of the objective function:

(H + E)Fd = −g (4.27)

where E is a diagonal matrix. Michelsen [38] mentioned the use of a modified
Cholesky decomposition [136]. Petitfrere and Nichita [53] investigated Trust Region
methods to find the magnitude of the correction. In addition, a line search
procedure can be employed to check whether the updated variables lie within the
feasible region for a full Newton step and to ensure a decrease in the objective
function [43, 49].

4.2.2. Multiphase split
The aim of multiphase split calculations is to satisfy the material balance
and equifugacity constraints. For this, the dimensionless Gibbs energy (4.9) is
minimized with respect to mole numbers nOk . The gradient vector reads:

(gO)k =
PG

PnOk
= ln ƒOk − ln ƒOR = lnSOk + lnXOk − lnSOR − lnXOR

= lnKOk + lnXOk − lnXOR
(4.28)

The solution procedure is initialized with a set of initial guesses for equilibrium
constants lnK. Phase fractions and compositions can be calculated by
means of the Rachford-Rice equations, which are obtained by substituting the
material balance constraints. Subsequently, fugacities can be obtained from the
thermodynamic models to instantiate the Gibbs energy minimization procedure.

Material balance: the Rachford-Rice equations
A material balance for each component yields

np∑

j=0
YjSOj = zO, O = 1, . . . , nc (4.29)

Finally, mole fractions in the di!erent phases j must sum to unity, yielding

nc∑

O=1
SOj = 1 (4.30a)
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or
nc∑

O=1
(SOj − SO0) = 0, j = 1, . . . , np − 1 (4.30b)

Utilizing Y0 = 1 −
∑np−1

j=1 Yj and introducing KOj = SOj/SO0, (4.29) can be written as

SO0

0
1 +

np−1∑

j=1
Yj(KOj − 1)
1
= zO, O = 1, . . . , nc (4.31)

Substituting (4.31) into (4.30) gives a generalized Rachford-Rice equation [34, 35]:

ƒj(Y) =
nc∑

O=1

zO(KOj − 1)

1 +
∑np−1

k=1 Yk(KOk − 1)
= 0, j = 1, . . . , np − 1 (4.32)

The solution to the RR equation yields the set of independent phase fractions
Yj. The phase compositions can subsequently be obtained from (4.31) and the
equilibrium constants KOj. Note that at a solution of equal fugacities, by definition

KOj = SO0/SOj = XOj/XO0 (4.33)

For two phases, equation (4.32) represents a monotonically decreasing function
within the negative flash window, that is, the region characterized by all
non-negative phase compositions [137]. Alternatively, the two-phase RR equation
can be solved using convex transformations and restricted solution windows,
leading to a significant increase in solution speed [138, 139].

For multiphase systems, recursive equation solving approaches have been
developed [140, 141]. However, the minimization approach from Michelsen [39],
which was later extended to negative flashes [142–144], is preferred.

Successive substitution
A successive substitution iteration is obtained from F lnK = −g(n) [133], which
corresponds to updating the equilibrium constants lnKOk by:

lnKOk = lnXOR − lnXOk (4.34)

With the updated equilibrium factors, the material balance is satisfied by solving
the RR equation (4.32) for the set of independent phase fractions Yk .

The SSI method is extremely robust, but it might require large numbers of
iterations in the vicinity of phase boundaries and critical regions [38]. The use of
a Newton procedure can obtain quadratic convergence near the solution, but this
requires a good initial guess. Generally, calculations are initialized with a number
of SSI iterations and switch to the second-order method close to the solution.
When second-order Newton-Raphson methods are used, either component mole
numbers nOk or equilibrium constants lnKOk are selected as independent variables.
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Newton’s method with mole numbers n
Taking the component mole numbers as independent variables, the Newton step
is HFn = −g [53]. For an arbitrary number of phases, the Hessian reads:

'
HOj
(
kp =

P2G

PnOkPnjp
=

P

Pnjp

'
lnKOk + lnXOk − lnXOR

(

=
'
UOj
(
kp +
'
Oj
(
kp

(4.35a)

This can be expressed as the sum of two symmetric matrices H = U + G [38, 145].
With SOk = nOk/Yk , the elements of U (which is always positive semi-definite) read:
'
UOj
(
kp =

P lnKOk
Pnjp

=
P

Pnjp

'
lnnOk − lnYk − lnnOR + lnYR

(

= Ukp
$ UOj
nOk
−

1

Yk

%
+

UOj
nOR
−

1

YR

(4.35b)

The non-ideal contribution G:
'
Oj
(
kp =

P2GE

PnOkPnjp
= Ukp

P lnXOk
Pnjp

−
P lnXOR
PnjR

PnjR
Pnjp

= Ukp
P lnXOk
Pnjp

+
P lnXOR
PnjR

(4.35c)

The dimensionality of the problem is nc × (np − 1) and the Hessian has a block
structure of (np − 1)× (np − 1). For two phases, the reference phase fraction can
be expressed as Y0 = 1− Y1. Substituting nOk = YkSOk , matrix U reduces to [133]:

UOj =
P lnKO
Pnj1

= UOj

0 1

Y1SO1
+

1

(1 − Y1)SO0

1
−
0 1
Y1
+

1

1 − Y1

1

=
1

Y1(1 − Y1)

0 UOjzO
SO1SO0

− 1
1 (4.36)

We can use the symmetry of H e"ciently by solving the Newton step with
a Cholesky factorization of the Hessian H = LLT (or H = LDLT ), such that
Fn = −LTL−1g [38, 145]. In addition, Michelsen [38] suggested selecting for
each component the phase with the largest molar amounts as reference phase
such that the Hessian is better conditioned.

Newton’s method with equilibrium constants lnK
Taking lnKOk as primary variables instead, the Newton iteration becomes
JF lnK = −g, where F lnK = UFn and J = HU−1 = H + GU−1. For two-phase
equilibrium, the inverse of matrix U (4.36) is given by Petitfrere and Nichita [133]:

U−1Oj =
PnOV
P lnKj

= VLeO

0
UOj +

ej
s

1
(4.37)
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where s = 1 −
∑
O eO and eO = SOyO/zO. For multiphase equilibria, it is less

straightforward to invert matrix U (4.35b) analytically. The elements of U−1 are
given by Petitfrere and Nichita [145].

The variables lnKOk are much better scaled than the mole numbers nOk ,
improving the condition number of J as compared to H, and unlike nOk , they are
unbounded. The Jacobian matrix J is non-symmetric, but we can take advantage
of the symmetry of matrices G and U−1 in constructing it. The Newton step can be
performed using an LU decomposition. The use of lnKOk does, however, require
the solution of the RR material balance equations (4.32). Alternatively, one can
solve the system HFn = −g with a Cholesky decomposition of the Hessian, and
then update the equilibrium factors through F lnK = UFn.

Petitfrere and Nichita [146] developed a linear system structure to update the
equilibrium ratios lnK and phase fractions Y simultaneously, whilst making use
of symmetry such that a Cholesky decomposition can be used. In this way, the
solution of the RR equations in the inner loop can be avoided.

Choice of variables
In constructing the matrices for each of the independent variables discussed
above, one can make use of symmetry. In addition, in Newton iterations with
mole numbers n or when solving F lnK = UFn, one can perform a Cholesky
decomposition in n3/3 floating point operations, while an LU decomposition
requires 2/3n3 flops. This di!erence becomes increasingly large with the number
of components and phases. The Jacobian, however, is much better conditioned
than the Hessian, especially near phase boundaries (and mole numbers become
small). Therefore, Petitfrere and Nichita [145] recommended using lnK using the
Cholesky decomposition, and switching to lnK whenever any value of n becomes
small or if phase compositions become similar, which indicates one is in the vicinity
of a critical point.

Analogous to phase stability calculations, advanced methods are available to
improve the robustness of the phase split algorithm and ensure descent direction
of the objective function in case of a non-positive definite Hessian matrix. A switch
back to SSI, modified Cholesky decomposition [38, 136], Trust Region methods
[53], and line search [43, 49] can be applied.

4.2.3. Partial derivatives of phase equilibrium at PT
To use gradient-based methods of the nested P-based phase equilibrium algorithm,
evaluation of the partial derivatives of the PT-flash is required. Furthermore, in
case the phase equilibrium calculations are integrated into a compositional flow
and transport or process simulator, the partial derivatives of the flash procedure
with respect to the primary variables in the simulation may be required. The
partial derivatives can be obtained by implicit di!erentiation of the thermodynamic
and material balance relations (4.10), (4.29), and (4.30), which comprise the
multiphase isothermal-isobaric equilibrium procedure. The partial derivatives for
isenthalpic and isentropic flashes can be calculated by applying the chain rule.
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Partial derivatives of PT-flash
The thermodynamic and material balance relations read:

ln ƒ̂Oj(T, P,nj) − ln ƒ̂O0(T, P,n0) = 0, O = 1, . . . , nc, j = 1, . . . , np − 1 (4.10)

np−1∑

j=0
YjSOj = zO, O = 1, . . . , nc (4.29)

nc∑

O=1
(SOj − SO0) = 0, j = 1, . . . , np − 1 (4.30)

Together, these make up for np(nc + 1) equations for the np phase fractions and
npnc phase compositions. The primary variables of this set of equations are P, T
and zO.

Implicit di!erentiation of the fugacity relations with respect to state variable
ω = {P, T, zk} yields:

P lnXO0
Pωk

+
1

SO0

PSO0
Pωk

−
P lnXOj
Pωk

+
1

SOj

PSOj
Pωk

= 0, O = 1, . . . , nc, j = 1, . . . , np − 1
(4.38)

The derivative of the fugacity coe"cient is calculated by using the chain rule:

P lnXOj
Pωp

=
)P lnXOj
Pωp

*
ωk ̸=ωp

+
nc∑

k=1

)P lnXOj
Pnkj

*
P,T

Pnkj
Pωp

(4.39)

where PnOj
Pωk
= PYj

Pωk
SOj+

PSOj
Pωk

Yj. The first term on the right-hand side in (4.39) defaults
to zero for partial derivatives with respect to overall composition zk .

Implicit di!erentiation of the overall mass balance gives:
np∑

j=0

PYj
Pωk

SOj +
PSOj
Pωk

Yj =
PzO
Pωk

, O = 1, . . . , nc (4.40)

where the right-hand side equals zero for pressure and temperature derivatives,
and

PzO
Pzk

=

<
1 − zO, if O = k
−zO, otherwise

Finally, the contribution of the mole fraction relations (4.30) to the system of
equations is:

nc∑

O=1

)PSO0
Pωk

−
PSOj
Pωk

*
= 0, j = 1, . . . , np − 1 (4.41)

Following Nichita and Leibovici [147], the expressions (4.39)-(4.40) can be
reorganized such that the left-hand side of the system of equations is expressed
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as a set of linear combinations of all terms Gn = {Gn0
T , . . . ,Gnnp−1

T} making
up system J · Gn = f:

J =

⎛
⎜⎜⎝

JA,00 · · · JA,0n
... . . . ...

JA,m0 · · · JA,mn
JBO0 · · · JBOn

⎞
⎟⎟⎠ (4.42a)

where A denotes the fugacity relation and B is the overall mole fraction relation.

JAOjk =
P ln ƒ̂Oj
Pnkp

−
P ln ƒ̂O0
Pnkp

(4.42b)

JBOj =
PnOj
Pnkp

(4.42c)

The right-hand side:

f =
$
ƒA
ƒB

%
(4.43a)

ƒAOj =
P ln ƒ̂Oj
Pωk

−
P ln ƒ̂O0
Pωk

(4.43b)

ƒBO =
PzO
Pωk

(4.43c)

For pressure and temperature derivatives, this comprises vector ƒ where ƒBO = 0
and for composition, it is matrix F with Fjk =

PFj
Pzk

. This matrix contains mostly zeros
as FAOj = 0.

Using this approach to obtain the derivatives for a PT-flash, we can solve partial
derivatives of the flash using the same matrix A irrespective of which set of partial
derivatives with respect to P, T or zk is chosen.

Partial derivatives of secondary properties from PT-flash
The derivative

' PM
Pωk

(
ωj ̸=ωk

of any secondary property M at equilibrium with respect
to any of the primary PT-flash variables ω = {P, T,z} can be formulated by means
of a chain rule of the primary variables of the property T = {P, T,n}:
$ PM
Pωp

%

ωj ̸=ωp

=
$ PM
Pωp

%

Tj ̸=ωp

+
∑

k

$ PM
Pnk

%

P,T,nj ̸=nk

$ Pnk
Pωp

%

ωj ̸=ωp

(4.44)

The first term vanishes for any derivatives with respect to zk as it is not a primary
variable for the property calculation. The summation term reflects the dependency
of the property to composition changes and therefore involves derivatives of the
flash.
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4.3. Strategies for multiphase equilibrium at PT
In general, one does not know in advance how many phases coexist at
thermodynamic equilibrium, and a sequence of stability testing and phase split
procedures has to be performed to find the equilibrium phases.

If it is known how many phases can coexist and good initial guesses are
available, a negative flash procedure can be used to determine the phase state
[93]. The domain of the Rachford-Rice equations (4.32) is bounded by the set of
phase fractions Yk that yield all non-negative phase compositions, which is larger
than the physical domain. While the material balance and equifugacity equations
may be satisfied in a negative flash, the solution clearly doesn’t yield physically
valid phase fractions. More importantly, a negative flash corresponds to a saddle
point in the Gibbs energy surface, rather than a minimum [137].

Nonetheless, the negative flash can be useful for phase-state identification in
a multiphase flash. In a two-phase system, Y can take any value between the
asymptotes YmOn = 1/(1 − KmZS) and YmZS = 1/(1 − KmOn). In systems that are
known to form two phases at maximum, converging to a non-trivial solution with
a negative flash indicates the single-phase stability of the feed with the same
certainty as a traditional phase stability test [137].

In multiphase systems, however, phase-state identification based on negative
flash is not su"cient. If one knows the maximum number of phases, the solution
of the flash procedure can only be confirmed for all positive phase fractions,
i.e., it cannot confirm the phase state of a single- or two-phase mixture with
a three-phase negative flash. Additional two-phase negative flash computations
would be required to identify the equilibrium state, because the phase behaviour
outside the three-phase region may be di!erent from the results of the negative
flash [140, 148]. Complemented with the parametrization technique, the negative
flash approach can still be used for robust evaluation of complex multiphase
systems [149].

For some applications of interest, such as subsurface gas production and
storage, sequestration of supercritical CO2 in saline aquifers and geothermal
energy production, the assumption of a maximum of two phases is reasonable. In
these cases, a two-phase negative flash approach initialized with K-values based
on Henry’s constants may be an appropriate choice. This approach is limited to
liquid water conditions and cannot handle the transition from liquid water to steam.
In addition, this simplification is not valid in more complex multiphase systems, and
a full Gibbs energy minimization procedure is required.

4.3.1. A systematic approach to phase equilibrium problems
When knowledge of the number of phases at equilibrium is not available, most
strategies to find the compositions of coexisting phases at equilibrium rely on a
sequential combination of stability testing and phase split calculations [37, 38,
150]. If a phase state is not at the global minimum of Gibbs energy, a stability
test will indicate its thermodynamic instability. Starting from various points in the
thermodynamic parameter space to ensure a high degree of certainty, all stationary
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points (local minima) of the tangent plane distance function are located. Stability of
a phase is indicated by a non-negative value in all stationary points of the tangent
plane function. In addition, the stationary points can be used to provide an initial
guess for further phase split calculations [37].

For vapour-liquid systems, Michelsen [37] suggested initial estimates that are
located on opposite sides of the feed composition. These initial estimates of trial
phase compositions Y were based on ideal equilibrium constants from Raoult’s
law (at low pressures) or Wilson’s correlation [151]:

{YstZbO } = {SO · KWOson
O ,SO/KWOson

O } (4.45)

This approach works well for a two-phase vapour-liquid system, but it is less
adequate for liquid-liquid or three- and multiphase equilibria. Li and Firoozabadi
[152] proposed a general strategy for vapour-liquid (VLE), liquid-liquid (LLE) and
vapour-liquid-liquid equilibria (VLLE) in particular. They suggested an extended set
of initial guesses as

{YstZbO } =
C
SO ·KWOson

O ,SO/KWOson
O ,SO · 3
D
KWOson
O ,SO/

3
D
KWOson
O , YpereOj

E
(4.46a)

Here, YpereOj are defined as ’pure’ phases of component j according to:

YpereO=j = ypere, YO ̸=j = (1 − ypere)/(nc − 1) (4.46b)

with ypere = 0.9. In their approach, they generally pick the lowest tpd from a
stability test over each of the phases to initialize phase split calculations, and
repeat this cycle until no instabilities of the reference phase(s) occur.

In principle, however, the information about the local minima of Gibbs free
energy in the compositional space is readily available from the tangent plane
distance evaluation. This information can be used to initialize multiphase split
calculations directly and skip an unnecessary multi-stage procedure. In addition,
while non-negativity is important to indicate whether or not a mixture is at an
equilibrium state, none of the stationary points (tpd negative or positive) can, in
principle, be neglected. It may be the case that the equilibrium compositions can
be found by starting split calculations, including the stationary point that exhibits a
tpd that is not the most negative or even positive. Thus, in principle, all feasible
sets of stationary points must be considered for a phase split.

A geometric approach to initialization
Generally, we can distinguish a few outcomes from a stability test:

1. All minima of the tpd function are non-negative

2. The trivial solution is a minimum (or in the edge case, a saddle point), and at
least one negative minimum exists

3. The trivial solution is a maximum, and at least two negative minima exist
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This does not imply anything for the nature of the stationary points that correspond
to the equilibrium phases. These could equally exhibit positive tpd.

The implications of this geometric approach are most easily illustrated for a
binary system. Consider the binary mixture of CH4-H2S at T = 190 K [37], in
Figure 4.4. At P = 40 atm (b), three distinct phases could be stable: an H2S-rich
liquid phase, a vapour phase rich in CH4 and an ’intermediate’ liquid phase around
10% H2S. It was discussed in Section 4.1 that the equilibrium state in a binary
system corresponds to a one-dimensional tangent hyperplane (i.e., a line) that is
below the hypothetical single-phase Gibbs energy surface everywhere.

An evaluation of stationary points for the tpd-function at P = 40 atm indicates
there are three local minima, i.e., two liquid and one vapour. In the conventional
approach [152], the lowest tpd value and feed composition are used to initialize
phase split calculations. Along the composition axis, however, the global minimum
of the tpd-function does not necessarily correspond to an equilibrium phase.
Moreover, equilibrium phases do not always exhibit a negative tpd value during
initialization. In addition, the single-phase Gibbs energy surface is concave for a
large range of compositions [153]. Initialization of the flash calculations with two
local minima instead is inherently closer to any solution.

Michelsen [37] analyzed this particular problem for another reason. With a poor
selection of trial phase compositions, it may be di"cult to detect the two local
minima in methane-rich compositions. The utilization of additional initial guesses,
e.g. (4.45) in combination with a few "pure" component trial phases, may lead to
convergence to such "shielded" compositions as well. Michelsen and Mollerup [56]
mention that choosing pure trial phases for lightest and heaviest components is
usually su"cient to locate all minima.

The logic can be easily extended to multicomponent systems. Figure 4.5 shows
the Gibbs energy surfaces of the ternary mixture nC4-CO2-C1. The green point
indicates the stationary points of the tangent plane distance relative to a feed
composition of z = {0.4,0.5,0.1}, while the red line denotes the tie-line of the

(a) Pressure-composition diagram (b) Gibbs energy surfaces at P = 40 atm

Figure 4.4.: Binary mixture H2S-CH4 at T = 190 K. (a) Pressure-composition
diagram. (b) represents Gibbs energy surfaces at P = 40 atm.
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Figure 4.5.: Gibbs energy surfaces of vapour-like and liquid-like roots of cubic EoS
and stationary points (green) of ternary mixture nC4-CO2-C1 at P =
10 bar and T = 200 K. These are the same conditions as depicted
in Figure 4.3. Notice how three stationary points are obtained from
the reference composition z = {0.4,0.5,0.1}, but two equilibrium
phases (red) exist. The third stationary point has a positive tpd in this
example, but is associated with one of the equilibrium phases in the
three-phase region.

equilibrium phases. Note that these are the same conditions that were displayed
in Figure 4.3, in which the tie-triangle was plotted. The third stationary point
corresponding to the vapour phase is found in the stability test, but it is not one of
the equilibrium phases for this particular feed composition.

An improved initialization strategy based on stationary points
Assuming the set of initial guesses for stability testing leads to all of the stationary
points of the tpd-function and the stability test indicates instability, one can
proceed to generate initial estimates for the phase split calculations. From the total
set of stationary points that present a minimum, any feasible combination satisfies
two basic conditions: the number of trial phases is not larger than the number of
components (np ≤ nc) and at least one stationary point exhibits a negative tpd.

Any feasible combination must, in principle, be considered, but in specific cases,
one can make a good judgment about which of the combinations is most likely
leading to the equilibrium state. When the number of stationary points is larger
than the number of components, the compositions that make up a tie-simplex
within which the feed composition is located are good candidates. This can be
evaluated by means of barycentric coordinates. Any combination for which the
feed composition is not inside its tie-simplex is likely to yield negative flashes.
Secondly, a negative flash of a higher-dimensional flash can generally be used to
select the proper initial guess for a subsequent lower-dimensional flash.

Huang et al. [154] presented an initialization strategy for multiphase flashes
of CO2-hydrocarbon mixtures based on the use of multiple stationary points
of the tpd-function. They used all compositions of minima with negative tpd
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to identify a possible three-phase equilibrium, leading to the elimination of a
number of two-phase splits and stability analyses. This approach leads to some
improvements, but we can improve it further by using all information available
from the stability test [155]. Firstly, the feed composition is only considered as
a feasible composition for a phase split if it represents a local minimum (i.e.,
Hessian is positive definite). After all, the equilibrium phases at the global minimum
all correspond to local minima. Secondly, stationary points with a positive tpd
can, as long as at least one negative minimum is included, equally lead to the
global minimum and can therefore also be considered. The phase split can be
terminated after a few iterations in case a negative flash is obtained, avoiding
high computational cost. The improved multiple initialization (IMI) algorithm that
we propose (Figure 4.6, Heringer et al. [155]) follows the sequential stability and
phase split logic using all information available from the stability test. Algorithm 1
describes how to generate K-values for multiphase split calculation using the IMI
approach.

Figure 4.6.: Flow chart of general flash algorithm with IMI initialization.

(Augmented) free-water flash methods and partial solubility
The occurrence of pure phases or phases where the solubility of certain
components is very small or even zero requires specific treatment in phase
equilibrium calculations. The former is encountered for many equilibria with solids,
such as ice, minerals or wax precipitation, while the latter is commonly found
in equilibria with aqueous or hydrate phases. Michelsen [38] discussed the
simplification of linear systems for flash calculations in the case of partial solubility,
a simplification that requires reformulation of the material balance and objective
functions. Many subsequent works have developed procedures to handle the water
phase using the Free-Water Flash (FWF, H2O is the only component in the water
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Algorithm 1 Improved multiple initialization (IMI) strategy
1: while global minimum not confirmed do
2: if reference phase composition corresponds to a minimum then
3: Add reference phase composition(s) to set of stationary points
4: end if
5: For each trial phase xj, run stability test. Append distinct stationary points.
6: if negative tpd then
7: Sort nsp stationary points according to tpd from most negative value.
8: if nsp ≤ nc then
9: Generate K-values from all stationary points.

10: else
11: Generate K-values from nc most negative stationary points.
12: end if
13: Solve np-split. If negative phases, perform (np − 1)-split.
14: else
15: Global minimum found. Exit.
16: end if
17: end while

phase) and Augmented Free-Water Flash concepts (AFWF, selected number of
components dissolved). In Heringer et al. [156], we presented a general method
for AFWF using both SSI and Newton iterations.

The implications of a reduction in dissolved components are easily translated
into geometry. All present components correspond to one compositional dimension,
and therefore, the Gibbs energy extends along the full space if all components are
dissolved. For components that are not present, the dimension reduces to nOj = 0.
For instance, if we consider a ternary system with a phase that only contains two
components, the Gibbs energy reduces from ternary to binary surface. For pure
phases, the Gibbs energy always reduces to a single point. From this perspective,
it is straightforward to develop an algorithm for phase stability testing using the
AFWF concept and extend the geometrical initialization strategy to a general
method for any phase equilibrium with partial solubility.

Robust and efficient PT-flash algorithms for use in simulation
Many works in literature validate their presented computational methods using a
familiar set of benchmark mixtures. A dynamic simulation, however, requires an
e"cient and, most importantly, consistent solution to the flash for all (unexpected)
states and compositions. With regard to flash calculations for simulation, common
techniques involve a bypass of stability testing for states that are (likely)
single-phase and the use of results of a previous or nearby two-phase state to
initialize the two-phase flash directly [157]. While this is good practice for reservoir
cells far away from wells, most things can go wrong close to the well. Here,
the transient e!ects are most pronounced and composition changes are large.
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More so, injected fluids of high purity imply dealing with trace compositions of
certain components that are tedious for numerical implementation. Discussion of
such flash problems is limited in literature [47, 158]. From experience, however,
finding the equilibrium phases in these conditions consistently is vital to obtain
convergence in simulations. The following techniques have been applied in
DARTS-flash to increase robustness, consistency and performance:

• Run flash with compositions that are above a certain threshold (e.g.,
zO > 10−4) to generate an initial guess of equilibrium phases for the full
composition. By evaluating the global minimum of Gibbs energy in the
reduced compositional space, we obtain a state that is located very near the
global minimum for the full composition. This improves the condition number
of the problem, which can be very large for near-zero compositions.

• Set lower bound to compositions (e.g., zmOn = 10−8) and normalize
compositions to run flash with. After convergence to the global minimum,
recalculate the phase fractions and compositions with the actual composition,
using the K-values of the final state. The minimum composition value should
be low enough that it can be assumed that K-values do not change noticeably
below this composition. This logic takes away the smallest compositions from
the flash procedure and guarantees conservation of mass.

• Use trial compositions of strict vapour and liquid roots for stability test. This
enables the stability test to locate two local minima in case V- and L- minima
are of similar composition. Such conditions may occur close to a phase
boundary of a near-pure phase, where all initial guesses may otherwise
converge to a trivial solution, and the flash mistakenly misses the phase split.

4.3.2. A hybrid-EoS implementation
In their most basic form, cubic equations of state have proven to be reliable for
thermodynamic calculations of nonpolar mixtures, but are not adequate to predict
the interaction between associating molecules in aqueous solutions and fail to
describe the behaviour close to infinite dilution. Using a hybrid-model approach,
thermodynamic models can be combined to represent di!erent phase types. The
implementation of a separate model for the aqueous phase (Section 3.2) maintains
the simplicity of solving phase equilibrium problems with cubic EoS while obtaining
an accurate thermodynamic description of the aqueous phase.

The cubic equation of state is valid for all compositions, but the aqueous
fugacity model is limited to a H2O-rich phase. For a practical implementation of
mixed models for aqueous systems, it is important to distinguish the vapour- and
liquid-like roots of the cubic EoS to correctly identify the minima of the Gibbs
energy surfaces in water-rich compositions. We can identify these roots using the
characteristics of the cubic polynomial [91]. Furthermore, one can take advantage
of the convexity of the Gibbs energy surface that the aqueous phase model exhibits

Parts of this chapter have been submitted to Gas Science and Engineering
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throughout the relevant range of compositions. We therefore have only a single
local minimum of the Gibbs energy, which allows the use of a specific initial guess
for the aqueous model. The hybrid-model approach introduces a thermodynamic
inconsistency that is mostly pronounced close to critical conditions. Far from brine
criticality, however, we obtain robust, accurate, and e"cient solution procedures.

The hybrid-EoS approach is best illustrated by utilizing Gibbs energy diagrams
with surfaces for each of the di!erent equations of state. In Figure 4.7, the Gibbs
energy surfaces for a binary system H2O-CO2 at given pressure and temperature
of the vapour(-like) root, liquid(-like) root and aqueous fugacity model are shown.
The cubic EoS is valid for all compositions, but the fugacity model for the aqueous
phase is limited to H2O-rich compositions.

(a) P = 30 bar, T = 450 K (b) P = 80 bar, T = 280 K

Figure 4.7.: Gibbs energy of mixing surfaces of H2O-CO2 mixture at (a) P = 30 bar
and T = 450 K and (b) P = 80 bar and T = 280 K. Aq is aqueous phase
fugacity model, CEOS − V and −L denote the vapour- and liquid-like
roots (if present) of the cubic EoS, sj and sjj are the hydrate EoS. The
red line in (a) is tangent to the Gibbs energy surface at the equilibrium
phases. Feed compositions between the red dots split into two phases.

Root selection and range of validity
From Figure 4.7, it can be observed that at H2O-rich compositions, there can be a
minimum of both the liquid(-like) root of the cubic EoS and aqueous fugacity model.
Nonetheless, they both describe the liquid water phase. We thus need to identify
the root types of the cubic EoS, ignore any water-rich liquid(-like) root and select
the vapour-like root instead.

From a consistency point of view, a thermodynamically consistent equation of
state is capable of describing the continuity of fluid between gas and liquid phase
states beyond the critical point. When choosing di!erent thermodynamic models
for aqueous and other fluid phase types, however, there is no such continuous
transition, and no critical point exists. Therefore, it is not possible to identify
the criticality of water-rich phases, and the accuracy of the hybrid-EoS approach
decreases in the vicinity of solvent criticality and beyond.
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Stability test and phase split
Contrary to the equation of state, the fugacity model for the aqueous phase
has been developed only to describe a water-rich liquid phase. Furthermore,
the model’s Gibbs energy surface is convex throughout the relevant range of
compositions. We therefore have only a single local minimum of the Gibbs energy,
which allows us to use a specific initial guess. In addition, for problems where
fugacity coe"cients are only weakly dependent on the phase composition, the SSI
procedures for stability testing and phase split converge rapidly [38]. The use of
a Newton procedure may not even improve performance, as the computational
cost of evaluating derivatives and solving the linear system is relatively large. In
addition, it is important for both the stability test and phase split updates to check if
aqueous composition remains within the specified range.

4.3.3. Results of PT-flash calculations
The models considered in this study have been extensively validated with
experimental data for binary systems of water or brines with a single solute at
moderate temperatures [111, 113]. We apply the hybrid-EoS framework to gas
mixtures of interest to extend this range of conditions: H2O-CO2 at near-critical
conditions [159], and a set of gas mixtures in contact with brine [160–162].

H2O-CO2 mixture
Tödheide and Franck [159] measured phase equilibria of the H2O-CO2 system at
near-critical conditions for the solvent. Although it is known that the hybrid-model
approach is not able to describe criticality, Figure 4.8 shows that we can reproduce
experimental results accurately up to conditions relatively close to critical conditions.
The colour scheme indicates aqueous phase fractions, and the data points are
measured dew- and bubble point curves. Notice that at temperatures too close to
the critical temperature, the logic for root selection is no longer adequate.

(a) P = 200 bar (b) P = 500 bar

Figure 4.8.: TS-diagram for H2O-CO2 mixture. Colour scheme indicates the
aqueous phase fraction in the two-phase region. Data from [159].
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H2O-CO2-CH4 mixture
Qin et al. [160] measured vapour-liquid equilibria of the H2O-CO2-CH4 ternary
system at temperatures of 324 K and 375 K and pressures from 100 to 500 bar.
They reported solubility data of the pure gases and mixtures of CO2 and CH4.
Figure 4.9 displays the results of the hybrid-EoS approach for gas solubility at 375
K and a range of pressures. The ternary diagrams show only the water-rich end of
compositions, from 97% to 100% H2O. The dots indicate the solubilities, and the
tie-lines represent feed compositions for which the same equilibrium phases will
be obtained.

(a) P = 107 bar (b) P = 205 bar (c) P = 303 bar

(d) P = 402 bar (e) P = 499 bar

Figure 4.9.: Ternary diagram for H2O-CH4-CO2 mixtures at 375.6 K, zoomed in
to 97-100% H2O. Black lines are phase boundaries, red lines are
tie-lines. Solubility data from Qin et al. [160].

H2O-CH4-CO2-H2S mixture
Huang et al. [161] reported solubility and phase boundary data of two CH4-CO2-
H2S mixtures with water over a wide range of temperatures and pressures. Two
gas compositions are considered, the first rich in CO2 and the second rich in H2S.
This results in the appearance of a three-phase region with a dense CO2-rich
and H2S-rich phase, respectively. The PT-diagrams of the mixtures (Figure 4.10a
and e) show the single-, two- and three-phase regions with Aq, V and L phases.
Note that the change from vapour-like to liquid-like phases beyond the three-phase
envelope is not an actual phase change, but originates from phase labelling.
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(a) Mixture 1: 0.50/0.15/0.30/0.05

(b) CH4 solubility for mixture 1

(c) CO2 solubility for mixture 1

(d) H2S solubility for mixture 1

(e) Mixture 2: 0.50/0.05/0.05/0.40

(f) CH4 solubility for mixture 2

(g) CO2 solubility for mixture 2

(h) H2S solubility for mixture 2

Figure 4.10.: PT-diagram and solute solubility in aqueous phase for H2O-CH4-
CO2-H2S mixtures. Dew point (V/Aq, blue), three-phase boundary
(L/LH2S, pink, and V/LH2S, green) and solubility data from [161].
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Figure 4.10 also shows the solubility curves of the two mixtures along the
isotherms indicated in each of the PT-diagrams. The solubility of gases heavily
depends on gas composition. The y-axes for each of the components are equal
between mixtures 1 and 2, but the variation in gas composition creates a di!erence
in solubility of up to an order of magnitude. This e!ect may play a significant role
in the dynamics of subsurface applications. Furthermore, note that the slopes of
the solubility curves are altered across phase boundaries. This occurs along the
isotherms of 37.8 ◦C (311 K) and 65.6 ◦C (339 K) for mixture 2, at pressures
where the three-phase boundary with the H2S-rich liquid is crossed.

Brine-CO2-H2S mixture
Savary et al. [162] studied the solubility of CO2-H2S mixtures in pure water and
2 molal NaCl solution (moles of solute per kg of pure solvent, denoted M) at a
temperature of 393.15 K. The results of the hybrid-EoS approach for gas solubility
in 0M and 2M brines of gas mixtures with di!erent compositions, indicated by
the ratios, are shown in Figure 4.11. Under these high temperature conditions,
no three-phase conditions occur. The experimental study reported di"culties with
measurements of ternary mixtures at high pressures, leading to uncertainties, in
part due to the toxicity of H2S. Nonetheless, the data and results clearly show a
salting-out e!ect of the gases as a result of brine salinity.

(a) CO2 solubility with mNJCl = 0 M

(b) H2S solubility with mNJCl = 0 M

(c) CO2 solubility with mNJCl = 2 M

(d) H2S solubility with mNJCl = 2 M

Figure 4.11.: Solubility of CO2 and H2S in brine for H2O-NaCl-CO2-H2S mixtures
with di!erent NaCl molalities [mol/kg] at T = 393.15 K. Ratios indicate
mole fraction ratios of CO2 to H2S in the feed. Data from [162].
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4.4. Multiphase equilibrium at PH and PS
In many cases, enthalpy or entropy is a better choice than temperature for use as
a nonlinear unknown in reservoir simulation [163]. This requires thermodynamic
equilibrium to be performed at isenthalpic or isentropic conditions. While a PT-flash
can be performed as an unconstrained minimization, the constraints of specified
state variables cannot all be eliminated explicitly in the case of an isenthalpic or
isentropic state specification [44, 45].

4.4.1. A nested approach for P-based specifications
As discussed in Section 4.1, it is possible to optimize the Q-function using
second-order methods. Agarwal et al. [46] suggested nesting a PT-flash calculation
with a maximization with respect to T. For the PH-flash, QH = QH(T) becomes a
function that can be optimized for temperature:

max
'
(GmOn − Hspec)/T

(
(4.14)

where GmOn is the minimum Gibbs energy at current (P, T,n). The maximum
of Q can then be obtained by locating the zero gradient g(T) =

' PQ
PT

(
using a

root-finding method.

Root-finding methods for solving the state specification equation
The outer loop of the nested algorithm consists of solving the temperature for which
the state specification equation is satisfied. By definition, the enthalpy or entropy
increases monotonically with temperature. In case of a phase transition, H(T) or
S(T) may exhibit a sharp nonlinearity that is di"cult to capture in the PT-domain.
However, consistent bracketing of the lower and upper temperature bounds for the
solution, combined with a robust PT flash in the inner loop, guarantees the location
zero of (4.11c) or (4.12c), even in the limiting case of a discontinuity at a singular
transition temperature T∗ in the objective function [163]. These conditions occur
when an nc-component mixture encounters an (nc+ 1)-phase state. Gibbs’ phase
rule dictates that at such a phase boundary, only one degree of freedom remains,
and either temperature or pressure becomes a dependent variable. A PT-flash
may find either of two states Z and b with equal Gibbs free energies [50]:

GZ(P, T∗,z) = Gb(P, T∗,z). (4.47)

Along an isobar (or isotherm), the total enthalpy or entropy of the system exhibits
a discontinuity due to the transition from state Z to state b. The temperature (or
pressure) of the system is invariant and can only change when the energy variable
has su"ciently increased or decreased. The phase state that does satisfy the
specified state Xspec is described by a linear combination of two PT-flashes at
values XZ and Xb with weights M and (1 − M):

Xspec = MXZ + (1 − M)Xb, (4.48a)
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where

M =
Xspec − Xb

XZ − Xb . (4.48b)

In this work, we follow the procedure for nested isenthalpic flashes by Xu
et al. [47], using a hybrid approach of derivative-free and Newton methods. Under
di"cult conditions, both the inner loop of PT-flashes, as well as the outer loop
of temperature updates, may take many iterations to converge and therefore a
gradient-based update of temperature can improve performance. To do this, they
combined Brent’s method [132] and, if the curvature of the objective function
allows, a Newton step can be safely performed to improve convergence. The
convergence criterion for a Newton step is given by

g(T) · g′′(T) > 0, (4.49)

where the second derivative of the objective function g′′(T) is approximated using
numerical derivatives.

Evaluation of g′(T) of the specific Q-function with respect to temperature
requires the derivatives of the PT-flash procedure:
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In addition, Xu et al. [47] suggested an extrapolation method to estimate
compositions for PT-flash initialization after a temperature update, using the partial
derivatives of the previous PT-flash with respect to temperature:

nest ≈ n +
Pn

PT
stry. (4.51)

The value of stry should be determined iteratively.

Robust and efficient PH- and PS-flash algorithms for use in simulation
It was discussed in the previous section that smooth convergence of simulations
relies on a robust flash algorithm. Most importantly, states with near-zero
compositions are often encountered in near-well cells, states that require careful
numerical implementation. In the inner loop of PT-flashes, we can use the
techniques discussed earlier. In addition, the specification equation for PH-
and PS-specifications can be tricky for near-zero compositions. Temperature
is a secondary variable in these specifications, but it must be determined to
high accuracy to ensure smoothness of the properties for simulation. This is
especially crucial at transition temperatures or near phase boundaries. Near-zero
compositions, however, introduce additional degrees of freedom to the system. As
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a result, transition temperatures are extended to occur over a small temperature
interval in which the flash has to distinguish between two almost identical phases.
To improve robustness and performance for all conditions, DARTS-flash employs
a few techniques:

• Run flash with compositions that are above a certain threshold (e.g.,
zO > 10−2) to determine an initial guess of temperature for the full
composition. Brent’s root-finding method is generally able to quickly bracket
the final temperature within a few iterations. In addition, phase compositions
from the reduced composition evaluation can be utilized to initialize the new
PT-iteration.

• Switch to locate the phase boundary when temperature bounds have
converged to within a certain tolerance (e.g., TmZS − TmOn < 10−1) to
prevent excessive bracketing. This can be done by solving (4.47). In case of
a transition temperature (i.e., two di!erent (nc + 1)-phase states are found
on both sides), the solution corresponds to the condition of equal Gibbs
energies and can be quickly located by a root-finding algorithm. In case of a
disappearing phase, locating the phase boundary temperature improves the
root-finding procedure by ensuring a smooth function within the temperature
bounds. The temperature of the phase boundary can be located by applying
Brent’s method with an inner loop of negative flashes.

4.4.2. Partial derivatives of phase equilibrium at PH and PS
Away from transition temperatures
The partial derivatives of the primary quantities of isenthalpic and isentropic
phase equilibrium calculations with respect to primary variables T, as well as
any secondary properties, can be calculated by applying the chain rule to the
PT-results ω:
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For this, one needs to calculate the derivative of temperature T with respect
to the primary variable of the PH- or PS-flash T:

' PT
PTk

(
Tj ̸=Tk . For any function

F(S, y, z) = 0, the following relationship between the partial derivatives holds:
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= −1 (4.53)

Consequently, one can formulate the function F(P, T, X,z) = 0 with X = {H,S}
and use the relationship in (4.53) to obtain the partial derivatives required for the
chain rule (4.52). For instance:

$PT
PP

%

H,z
= −
$PH
PP

%

T,z
/
$PH
PT

%

P,z
(4.54)
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At transition temperatures
At a transition temperature, the phase split is described by (4.48a). As described
by Sun et al. [50], one needs to find the partial derivatives of the weighted flash
results M (4.48a) with respect to the primary flash variables T to obtain the
derivatives of the isenthalpic or isentropic flash at transition temperatures:

$ PM
PTk

%

Tj ̸=Tk
= M
$PMZ

PTk

%

Tj ̸=Tk
+ (1 − M)
$PMb

PTk

%

Tj ̸=Tk
+ (MZ − Mb)
$ PM
PTk

%

Tj ̸=Tk
(4.55)

In the partial derivatives of flashes at Z and b, the derivative of temperature with
respect to the primary variables in (4.52) is replaced by the partial derivative of
the transition temperature. This partial derivative is obtained by evaluating the
sensitivity of the equilibrium conditions (4.47):

$ PT
Pωk

%

ωj ̸=ωk

= −
2PGZ − Gb

Pωk

3

ωj ̸=ωk

/
2PGZ − Gb

PT

3

P,z
(4.56)

In addition, the partial derivatives of the weight M with respect to the primary
variables T are required:

$ PM
PTk

%

Tj ̸=Tk
= −

1

XZ − Xb

2
M
$PXZ

PTk

%

Tj ̸=Tk
+ (1 − M)
$PXb

PTk

%

Tj ̸=Tk

3
(4.57)

The partial derivatives of XZ and Xb are also obtained by applying the chain rule:
$PXZ

PTk

%

Tj ̸=Tk
=
$PXZ

PTk

%

ωj ̸=Tk
+
$PXZ

PT

%

P,z

$ PT
PTk

%

Tj ̸=Tk
(4.58)

4.4.3. Extension of hybrid-EoS approach to P-based
specifications

The hybrid EoS approach is an interesting candidate for nested PH- and PS-flashes
of mixtures with brine. Firstly, the thermodynamic models considered in this work
are evaluated at P, T and composition at low computational cost during PT-flash
calls, while they maintain their accuracy for phase equilibrium calculations. In
addition, we demonstrate that the use of the models considered in our approach
is consistent and accurate for the evaluation of thermal properties, thus validating
the extension of the hybrid-EoS approach to any P-based state specification.

Accuracy and consistency of the hybrid-EoS approach for P-based
equilibrium calculations
To apply the hybrid-EoS framework to PH- and PS-specifications, it is important
to assess the accuracy and consistency of thermal properties evaluated from the
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thermodynamic models. Enthalpy and entropy should monotonically increase with
temperature. Equivalently, heat capacity must be positive at all conditions [55]:

$PHj

PT

%

P,n
= CPj > 0 (4.59)

Standalone thermal properties from the fugacity-activity model have been shown
in Figure 3.5 in Section 3.2. Enthalpies of CO2 dissolution into the aqueous phase
were reported by Koschel et al. [121], shown here for a temperature of 323.15 K in
Figure 4.12b. The y-axis has been inverted; a negative enthalpy of mixing for CO2
dissolution indicates the exothermic nature of the process. The enthalpy of mixing
reaches a plateau at the solubility limit of CO2 into H2O at the specific pressure,
and any additional CO2 does not dissolve into the aqueous phase. Total enthalpies
of mixing across the entire composition range have been measured by Chen
et al. [164], Figure 4.12c. The distinct linear shapes of these curves, compared to
smooth enthalpies of mixing for gas mixtures, result from the two-phase behaviour.

(a) Enthalpy of dissolution at T = 323.15 K (b) Enthalpy of mixing at T = 523.15 K

Figure 4.12.: Enthalpies of dissolution and mixing for CO2-H2O systems. Data
from (a) Koschel et al. [121] and (b) Chen et al. [164].

4.4.4. Results of PH- and PS-flash calculations
We extend the application of the hybrid-EoS framework to PH- and PS-flashes.
It is not straightforward to validate isenthalpic and isentropic phase equilibria
with experimental data, and, as a result, not many experimental benchmarks are
available. We compare the results of two-phase envelopes in PH- and PS-domains
for pure H2O with those obtained from the IAPWS-95 reference EoS for water
and steam [165]. In addition, we reproduce the numerical benchmark of the
H2O-nC5 (pentane) mixture [46, 166] and investigate its behaviour throughout the
compositional domain. Finally, we explore the nature of isenthalpic phase equilibria
to a ternary mixture of H2O-CO2-CH4, which is pivotal for modern
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H2O phase envelopes
Figure 4.13 shows the two-phase envelopes where liquid water and steam coexist
in the PH- and PS-space, as modelled with the IAPWS-95 reference EoS for pure
water and steam [165]. At enthalpies below and above the two-phase region, the
system is in a single-phase liquid water and steam state, respectively. Using a
consistent equation of state such as IAPWS-95, the saturation curves coincide at
the critical point, which for H2O is around 220 bar and 647 K. As stated before, the
use of di!erent thermodynamic models for aqueous and vapour phases introduces
an inconsistency towards the critical point, and that is evident towards higher
pressures and temperatures.

(a) PH-diagram with IAPWS-95 EoS (b) PH-diagram with hybrid-EoS

(c) PS-diagram with IAPWS-95 EoS (d) PS-diagram with hybrid-EoS

Figure 4.13.: Comparison of pure H2O PH- and PS-diagrams from hybrid-EoS
approach with IAPWS-95 EoS [165].

H2O-nC5 mixture
Agarwal et al. [46] and Zhu and Okuno [166] investigated isenthalpic flashes of an
equimolar mixture of water and pentane along an isobar of 10 bar. The results for
this binary mixture using the proposed approach are shown in Figure 4.14. From
the temperature-composition diagram (Figure 4.14a), it is evident that the isobars
cross di!erent phase states for di!erent compositions. The nC5-rich mixture starts
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from Aq − L conditions, then crosses a small V − L region and then enters the
single-phase vapour state. The other compositions cross a region of Aq− V, rather
than V − L. In all cases depicted here, the three-phase boundary of Aq − V − L
states is crossed. By definition, such a three-phase transition for a binary system
occurs at a single transition temperature T∗.

The phase transitions also appear in the total enthalpies along the isobars
(Figure 4.14b). Within regions, enthalpies increase smoothly, but at any phase
transition, the slopes are discontinuous. At the transition temperature of 387 K,
total enthalpy jumps from Aq − L to V − L/Aq − V states, as prescribed by (4.47).

Figure 4.14c shows the phase equilibria for the H2O-nC5 mixture under the same
conditions, but now in the enthalpy-composition domain. The isobars represent the
same temperature ranges, but because reference enthalpies for each component
are di!erent, such a diagram is skewed and less straightforward to analyze.
Still, the same phase regions can be observed while moving along the enthalpy
axis. Contrary to the temperature-composition diagram, however, the three-phase
boundary now appears as a region of constant temperature that must be crossed
for temperature to change again.

(a) Temperature-composition diagram (b) Total enthalpy along isobar for a range of
compositions

(c) Enthalpy-composition diagram

Figure 4.14.: Isothermal and isenthalpic flashes for H2O-nC5 mixture at 10 bar.
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H2O-CH4-CO2 mixture
A simple representation of CO2 sequestration in depleted gas fields involves a
ternary mixture of H2O-CH4-CO2. In such CO2 injection operations, high-purity
CO2 is injected into a depleted gas reservoir, often at relatively low pressure
conditions with large saturations of CH4 gas.

Figure 4.15a-c present ternary diagrams of this mixture at a pressure of 70 bar
and three di!erent temperatures (280-290-300 K), close to the critical point of pure
CO2. Under these conditions, which are not unlikely in CO2 injection processes
into depleted gas reservoirs, a three-phase region of Aq − V − LCO2 exists. It is
under these circumstances that simulation models which employ a PT-formulation
will struggle to converge.

This is, again, illustrated by the shape of the total enthalpies along isobars.
Figure 4.15d is a quasi-binary temperature-composition diagram with mole fractions
of H2O-CH4 at a constant ratio – along the blue dotted lines in Figures 4.15a-c.
This can be thought of as being the original composition of the depleted gas
reservoir, into which pure CO2 is injected. The temperature-composition diagram
clearly shows the presence of the three-phase envelope that degenerates at the
critical point for pure CO2. Notice that the blue dotted line crosses the three-phase
region at very di!erent feed compositions throughout the increase from 280 to 300
K, which indicates how sensitive this system is to changes in thermodynamic state.

(a) T = 280 K (b) T = 290 K (c) T = 300 K

(d) Temperature-composition diagram (e) Total enthalpy along isobar for a range of
compositions

Figure 4.15.: Isothermal flashes for H2O-CH4-CO2 mixture at 70 bar.
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The phase transitions also appear in the total enthalpies along the isobars
(Figure 4.15e). The curves are shown for di!erent compositions, corresponding
to the lines in Figure 4.15d. In this ternary mixture, we do not observe
phase transitions where an (nc + 1)-state would occur, and thus no transition
temperatures exist as such. Yet, the curves show an increasingly nonlinear trend
when approaching pure CO2 conditions, which will reduce to the V − L transition at
pure CO2. These nonlinearities are problematic for PT-based simulation models.

Hydrate systems
Figure 4.16a shows the temperature-composition diagram of a binary system
containing H2O and CO2 at a pressure of 100 bar. Under these conditions and
with su"cient CO2 in the system, a hydrate phase is stable for temperatures up
to 284 K. The total enthalpy along isobars (Figure 4.16b) clearly exhibits the
transition temperature at the hydrate equilibrium temperature, where the three
phases coexist. Note that the jump is largest near the small region of single-phase
hydrate state around SH2O = 0.86. This is where the largest ratio of gas and brine
is converted to form hydrates.

(a) Temperature-composition diagram (b) Total enthalpy along isobars

Figure 4.16.: Isothermal flashes for a binary mixture of H2O-CO2 at P = 100 bar.



5
Reservoirsimulation

Reservoir simulators are an essential tool in any reservoir engineering project.
With only limited information available about the subsurface, reservoir simulation
aims to describe the flow of mass and energy throughout a geological model over
time. Over a discrete mesh in space, we approximate the conservation of mass
and energy. These di!erential equations account for how much matter and energy
is flowing in and out of a volume and how much is accumulating inside over time.
Generally, no analytical solution exists for these equations. Compositional models
commonly solve the conservation equations in a fully implicit manner for reasons
of numerical stability. This approach relies on variables from the future state that is
being solved and therefore requires an iterative solution.

In this chapter, the thermal-compositional framework is outlined. In DARTS [33],
we utilize the Operator-Based Linearization technique, an approximation of the
continuous physical parameter space that allows straightforward implementation
of complex physical modelling. Consistent implementation of the OBL framework
will be discussed, including extrapolation at the edge of the compositional domain,
a generic state specification and approximate equilibrated initialization procedures.

5.1. Compositional simulation
5.1.1. Governing equations
For a domain with volume F, bounded by surface K, the mass and energy
conservation can be expressed in a uniformly integral way, as

P

Pt

∫

F
McdF +
∫

K
Fc·ndK =
∫

F
QcdF (5.1)

Here, Mc denotes the accumulation term for the cth component (c = 1, . . . , nc,
indexing for the mass components and c = nc + 1 for the energy quantity); Fc
refers to the flux term of the cth component; n refers to the unit normal pointing
outward to the domain boundary; Qc denotes the source/sink term of the cth
component.

87
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In this formulation, fluid flow is governed by advective and di!usive fluxes and
the source term contains source/sink terms for wells and kinetic reactions. The
energy accumulation term contains both the fluids and rock, and the flux term for
energy accounts for the energy fluxes that result from advective and di!usive mass
fluxes as well as conduction.

The mass accumulation term collects each component distribution over np fluid
phases in a summation form,

Mc = k
np∑

j=1
Scjcjsj, c = 1, . . . , nc (5.2)

where k is porosity, sj is phase saturation, cj is phase density [kmol/m3] and
Scj is molar fraction of c component in j phase.

The energy accumulation term contains the internal energy of fluid and rock,

Mnc+1 = k
np∑

j=1
cjsjUj + (1 − k)Ur (5.3)

where U indicates specific fluid internal energy [kJ/kmol], Ur indicates the rock
internal energy [kJ/m3]. The rock is assumed compressible and represented by
the change of porosity through:

k = k0
'
1 + cr(p − pref)

(
(5.4)

where k0 is the initial porosity, cr is the rock compressibility [1/bar] and pref is the
reference pressure [bar].

The mass flux of each component is represented by the summation over np fluid
phases,

Fc =
np∑

j=1

'
Scjcjj + sjJcj

(
, c = 1, . . . , nc (5.5)

Here the velocity j follows the extension of Darcy’s law to multiphase flow,
including gravitational and capillary e!ects,

j = −K
krj
Qj
(∇pj − Wj∇z) (5.6)

where K is the permeability tensor [mD], krj is the relative permeability of phase
j, Qj is the viscosity of phase j [mPJ · s], pj is the pressure of phase j [bar],
W = cTg is the specific weight [N/m3] and z is the depth vector [m]. Due to
capillary forces, a pressure di!erence arises between wetting and non-wetting
phases j and k as a function of (non-wetting phase) saturation. If hysteresis e!ects
are not present, the capillary pressure curve often is a function of the form:

pc,jk(Sk) = pk − pj (5.7)
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The Jcj is the di!usion flux of component c in phase j, which is described by Fick’s
law as

Jcj = −kDcj∇(cjScj) (5.8)
where Dcj is the di!usion coe"cient [m2/day].

The energy flux includes the thermal fluxes associated with advection and
di!usion, and conduction terms

Fnc+1 =
np∑

j=1

'
Hjcjj + kgjsj∇T

(
+ (1 − k)gr∇T (5.9)

where Hj is phase enthalpy [kJ/kmol] and gj is thermal conductivity for phase j
[kJ/m.dJy.K].

Note that the energy accumulation term consists of the total internal energy in a
control volume and the energy fluxes has enthalpy contributions. From Chapter 2,
the first law of thermodynamics states that a change in internal energy in a closed
system equals the heat absorbed by the system and the work done on the system:

dU = dQ + dW = TdS − PdV +
∑

O
QOdnO (2.14)

The enthalpy equals the internal energy minus the PV-work contribution:

H = U − V
$PU
PV

%

S,n
= U + PV (2.30)

The advective energy fluxes therefore only account for the flow of heat and do not
include PV-work.

Combining all terms, the mass and energy conservation equations can be
written in residual form as

P

Pt

)
k

np∑

j=1
cjsjScj
*
+ ∇ ·
) np∑

j=1
Scjcjj

+ sjcjJcj
*
+

np∑

j=1
Scjcmjqj +

nk∑

k=1
Vckrk = 0 c = 1, ..., nc (5.10)

and

P

Pt

)
k

np∑

j=1
cjsjUj + (1− k)Ur

*
+ ∇ ·
) np∑

j=1
Hjcjj − g∇T
*
+

np∑

j=1
hjcjq̂j = 0 (5.11)

The nonlinear equations (5.10)-(5.11) are discretized using finite volume
discretization with a two-point flux approximation and upstream weighting in space
and a backward Euler approximation in time [29]. For each reservoir block O:

RcO = VO
)
Mc
O (ωO)−Mc

O (ω
n
O )
*
−Gt
)∑


AFc (ω)+VOQ

c
O (ω)
*
= 0, c = 1, . . . , nc+1

(5.12)
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Fluid thermodynamic and transport properties
At each timestep and for each grid cell, a consistent evaluation of thermodynamic
equilibrium and phase properties is required. The thermodynamic modelling
procedure is used as input to evaluate the fluid properties in the di!erent terms
of the conservation equations. Phase densities, viscosities and enthalpies are
calculated based on the phase compositions. Some of these properties are
available directly from the equations of state.

In multiphase systems, consistent phase identification is important to assign flow
properties (relative permeabilities, capillary pressure curves, etc.) and keep track
of the di!erent possible phases during simulation. In the hybrid-EoS approach,
the identification of the aqueous phase is straightforward. For the non-aqueous
phases, however, one needs to distinguish vapour(-like) and potentially multiple
liquid(-like) phases. In our approach, we can take advantage of the characteristics
of the cubic polynomial to determine the phase type at a given composition [91].

For phases that are calculated with an equation of state that has an expression
for P = (V, T,n), densities can be obtained directly from the EoS. It was described
in Section 2.2 how thermodynamic properties are calculated from the residual
Helmholtz free energy Ar(V, T,n) [56, 68, 69]. For cubic EoS (Section 3.1),
the expression for Ar(V, T,n) can be derived from the pressure equation. For
other phases, enthalpies can be calculated from their respective thermodynamic
models (Section 2.2.2). In some cases, density can also be obtained from the
thermodynamic model. Alternatively, correlations can be employed.

By conserving phase enthalpies and internal energies consistently, the simulation
implicitly accounts for energy and temperature changes related to mixing and
dissolution, phase transitions, and isenthalpic compression and expansion (also
referred to as Joule-Thomson e!ect). Figure 5.1a shows the enthalpy of pure CO2 in
the PT-domain. The phase boundary (white line) separates liquid and vapour states
of the CO2. Beyond the critical point, there is no noticeable transition between
liquid-like and vapour-like states. The three curves describe isenthalpic pressure
drops, conditions where no heat is exchanged with surrounding cells. Such a

(a) PT-diagram (b) PH-diagram

Figure 5.1.: Isenthalpic expansion of pure CO2 in PT- and PH-diagrams.
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pressure drop is accompanied by a significant decrease in temperature. This is the
result of a combined e!ect of expansion cooling in single-phase conditions and
a phase transition when the phase boundary is reached. Notice how the initial
conditions of the three curves correspond to very di!erent initial temperatures, but
drop to the same values upon encountering the phase boundary. Furthermore,
observe that across the phase transition, a small change in temperature causes a
large change in enthalpy. A pressure-enthalpy diagram (Figure 5.1b) can capture
the discontinuity across the two-phase region. As discussed in Section 4.4, the
isotherms in the PH-diagrams are nearly horizontal (exactly horizontal for any
(nc + 1)-phase state). While these conditions are generally slightly smoothed in
multicomponent systems, near-pure phases are common in well modelling and
injection processes. Such phase transitions can exhibit sharp nonlinearities in
the parameter space. Such narrow-boiling conditions introduce di"culties in the
PT-domain and an energy-based formulation is preferred [51, 158].

5.1.2. Operator-based linearization
The Operator-Based Linearization (OBL) approach significantly simplifies the
solution of a discretized nonlinear system of equations (5.10)-(5.11) by introducing
algebraic operators that capture all complex physics and nonlinear terms.
Instead of keeping track of each property and its derivatives with respect to
nonlinear unknowns, abstract algebraic operators representing the physics can be
constructed and assembled into the set of Jacobian and residuals defined at each
iteration [28, 167]. In the described approximation method, pressure, temperature
and overall composition are taken as the state variables in a given control volume.
Upstream weighting of the physical state is used to determine the flux-related
fluid properties determined at the interface . The discretized mass conservation
equation in operator form for each grid block reads

Vk0[Lc(ω) − Lc(ωn)] − Gt
∑

∈L(O)

np∑

j=1

6
KMcj(ω

e)GTj + K

dW


j(ω)Gχcj
7

+ GtVUc(ω) = 0, c = 1, . . . , nc (5.13)

Here we define the following state-dependent operators:

Lcƒ (ω) =
)
1 + cr(p − preƒ )

* np∑

j=1
Scjcjsj, c = 1, . . . , nc (5.14a)

Mcj(ω) = Scjcjkrj/Qj, c = 1, . . . , nc, j = 1, . . . , np (5.14b)
Wj(ω) =
)
1 + cr(p − preƒ )

*
sj, j = 1, . . . , np (5.14c)

χcj(ω) = DcjcjScj, c = 1, . . . , nc, j = 1, . . . , np (5.14d)

Uc(ω) =
np∑

j=1
Vcjrj(ω), c = 1, . . . , nc (5.14e)
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The phase-potential-upwinding (PPU) strategy for OBL parametrization is applied
to model the gravity and capillary e!ect [30, 167]. The potential di!erence of phase
j on the interface  between block 1 and 2 can be written as:

GTj = p1 − pcj (ω1) − (p2 − pcj (ω2)) −
cj(ω1) + cj(ω2)

2
g(z2 − z1) (5.15)

where pcj is the capillary pressure.
The discretized energy conservation equation in operator form can be written as:

Vk0[Leƒ (ω) − Leƒ (ωn)] − Gt
∑

∈L(O)

np∑

j=1
[KMej(ω

e)GTj + K

dWj(ω)Gχej] + GtVUe(ω)

+ (1 − k0)[V[Ler(ω) − Ler(ωn)] − Gt
∑


KdgrLer(ω)Gχer] = 0

(5.16)
where:

Leƒ (ω) =
)
1 + cr(p − preƒ )

* np∑

j=1
cjsjUj (5.17a)

Mej(ω) = hjcjkrj/Qj, j = 1, . . . , np (5.17b)
χej(ω) = gjTj, j = 1, . . . , np (5.17c)

Ue(ω) =
nj∑

j=1
Vejrej(ω) (5.17d)

In this form, most nonlinear parts of the system are defined only in terms of
physical state-dependent functions. The values of these functions are uniquely
determined in the parameter space of the simulation problem with the set of
primary unknowns.

Importantly, operator values are calculated only in supporting points comprising
the discretized parameter space and stored in (nc + 1)-dimensional tables.
Operator values for a specific state are obtained by multi-linear interpolation of
tabulated values of the operator. Partial derivatives, required for the assembly
of the Jacobian matrix, can be evaluated directly as interpolation coe"cients.
However, to delineate the nonlinear behavior in the system, especially strong
nonlinearity, it is necessary to select a reasonable OBL resolution to characterize
the physical space. Too coarse OBL resolution may lead to large errors in the
solutions [28].

Rather than calculating at the pre-processing stage, Khait and Voskov [30]
modified the original approach to adaptively evaluate the approximation interpolants
at each required point in the discrete parameter space. In addition, caching of
previously generated operator tables potentially improves simulation performance
greatly, especially for simulations involving complex physics.
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Operator-based well controls
In reservoir operations, the only control one has over the dynamics of the
reservoir is by injecting or removing fluids through wells. In general, the options to
control the conditions at the wellbore are limited to BHP- (bottom-hole pressure)
and rate-controlled, where an injection well also has the freedom to control the
temperature and composition of the injected fluid. A production well has no control
over the temperature and composition of the produced fluid.

At the connection between the wellhead and the wellbore, the mass balance is
specified to converge to the exact conditions that constitute the prescribed well
control. The composition of the injected or produced fluids is specified and taken
from the upstream well block, respectively, while the thermodynamic state must
comply with pressure or rate controls. For a pressure-controlled well, a control
equation is defined at the ghost well block:

P − Pspec = 0. (5.18)

For a rate-controlled well, another control is defined:

Kmbctr
j (ω)GP − Qspec = 0. (5.19)

Injection temperature:
T − Tspec = 0 (5.20)

Analogous to the governing equations in reservoir blocks, the specification
equations for well controls can be formulated in operator form. Introducing
operators mbctr for BHP-, and phase mass-, volume- and molar-rate controlled
specifications:

mbhp = P (5.21a)

mmZss
j =

cj(ω)kr,j(ω)

Qj(ω)
(5.21b)

mVoeme
j =

kr,j(ω)

Qj(ω)
(5.21c)

mmoZr
j =

cmj (ω)kr,j(ω)

Qj(ω)
(5.21d)

In addition, an operator is required for temperature control:

mbht = T (5.21e)

The pressure and temperature operators are trivial when they are in the state
specification, but for other state specifications, this operator serves to translate
injection pressure and temperature to the OBL parameter space. It may be
possible to control the enthalpy of injected fluid at constant pressure. However, as
enthalpy is an extensive parameter, this won’t work for rate-controlled wells, and
temperature is a more accessible (intensive) variable.

A similar set of operators is used to initialize the well head state.
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A note on OBL parametrization for multicomponent systems

In multicomponent systems, a multilinear interpolation strategy for OBL may
require evaluation of supporting points for which the composition of the last
component is negative. This is the case for compositions that are located in an
interpolation hypercube that is intersected by the edge of the compositional space
where znc = 0. For these compositions, one supporting point corresponds to a
coordinate where the nc − 1 independent mole fractions sum up to a value greater
than unity. Such a state is non-physical, and therefore a di!erent approach must
be used to evaluate operator values at these supporting points. Figure 5.2 shows
how the (nc − 1)-dimensional compositional domain of the OBL discretization at
the edge of the physical parameter space for (a) three- and (b) four-component
simulations. In the hypercubes that are intersected by znc = 0, some of the
supporting points correspond to znc > 0 (blue), some are located exactly on the
edge (green) and a few lie outside of the physical space (red, orange, yellow).

(a) Three-component space (b) Four-component space

Figure 5.2.: Hypercubes in multicomponent compositional space.

A solution to obtain consistent values for interpolation lies in the linear nature
of the parameter space within each hypercube. Using this property, the OBL
implementation for these hypercubes requires extrapolation of the operator values
in the physical coordinates to calculate the corresponding operator values in the
non-physical supporting point. Mathematically, this is described as a hyperplane
that goes through the physical supporting points. In the (nc − 1)-dimensional
compositional subspace with the additional dimension of operator value, this
corresponds to the set of points y = (S1, . . . ,SN) in RN with N = nc. The equation
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for a hyperplane in RN through point p with normal vector n is given by

N∑

n
Zn(yn − pn) = 0 (5.22)

or
N∑

n
Znyn = −d (5.23)

where d = −n · p.
One can extrapolate the operator values at the physical points to the non-physical

coordinate by determining the equation of the hyperplane. This can be done by
finding the null vector h of matrix P that contains the coordinates of the N known
coordinates pN and operator values LN:

⎛
⎝
z11 . . . z1,nc−1 L1 1

... . . .
zN1 . . . zN,nc−1 LN 1

⎞
⎠ (5.24)

After performing a Gaussian elimination of the matrix (5.24), the extrapolated
operator value can be found by substituting the non-physical coordinate into the
obtained equation of the hyperplane.

By definition of the linear nature of the hyperplane, interpolated values at the
edge of the physical domain are linearly interpolated between the supporting points
that correspond to znc = 0. As a result, any interpolated states at a composition
with znc = 0 that should be zero by being located at the edge of the composition
domain, are indeed zero.

For the three-component problem (Figure 5.2a), extrapolation always occurs in
the three-dimensional subspace. In the four-component space (and up), however,
more varieties of cases exist. In case all nc − 1 compositions are nonzero, the
extrapolation relies on a di!erent set of supporting points in the red and orange
states (Figure 5.2b). If the extrapolation concerns a state where one or more of the
compositions are zero, one of the axes degenerates and an the problem reduces
to nc − 1 dimensional extrapolation (yellow).

5.1.3. Reservoir simulation at generic state specification
The primary variables in the compositional formulation described in the previous
section are often straightforwardly chosen P, T and composition, which are simple
with regard to thermodynamic equilibrium modelling. It was shown in Chapter 4
that a PT-flash is an inherently simpler problem than an isenthalpic or isentropic
flash, which cannot be performed as an unconstrained minimization.

For many applications, however, alternative state specifications may be preferred.
It is the case for solving the governing equations for reservoir simulation, where
the conserved quantity is total energy, and the choice of temperature as a primary
variable is inferior to using an enthalpy-based formulation. In certain regions of the
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thermodynamic space, small changes in pressure, temperature and/or composition
may result in large changes in thermodynamic behaviour. Most notably, under
narrow-boiling conditions and in the vicinity of phase boundaries or mixture critical
points, severe convergence problems may arise for PT-based formulations.

The governing equations can be solved using any thermodynamically consistent
state specification. In an energy-based formulation, the discontinuities and
nonlinearities encountered in the PT-domain are naturally captured. The main
consequence of such formulation is that the complexities now have to be
resolved in the flash calculations, which have to be performed at the given state
specification. For instance, a PH-formulation needs an isenthalpic flash routine.
Earlier developments in single-component geothermal reservoir simulation had
already employed formulations based on di!erent state specifications, including
PH and UV [168–170]. The single-component formulation encounters some of the
challenges posed to thermal-compositional simulation, but additional nonlinearities
of a full compositional simulation require more careful heuristics and analysis.

Nonlinearities in thermal-compositional simulation
The fully implicit scheme that is employed in DARTS is unconditionally stable with
regard to timestep selection. However, it requires an iterative approach to solving
the nonlinear system of equations. Heuristics are available to improve convergence
of Newton’s method in fully implicit simulation by locally and/or globally damping
large jumps in primary variables [10, 171, 172]. Nonlinearities associated with
complex multiphase flow can introduce inflection points [173]. Compositional
changes, gravitational e!ects, and countercurrent flow, resulting from capillarity,
can severely increase complexity for the nonlinear solver [174, 175].

In thermal simulations, complex thermodynamics related to condensation
and phase changes represent additional sources of nonlinearity. Negative
compressibility e!ects have been reported in geothermal and steam flooding
simulators [3, 4, 176]. This occurs when liquid flows into a gas-saturated grid block,
triggering a temperature and pressure drop in the cell while vaporizing the liquid.
In addition, narrow-boiling behaviour introduces large sensitivity of enthalpies with
pressure, temperature and composition. By using enthalpy as a primary variable,
however, this complexity is handled by the thermodynamic modelling procedure
and does not hinder nonlinear convergence [177].

Operators for generic state specification
Pressure and temperature are involved in many physical terms in the governing
equations, both directly (e.g., potential di!erence, capillary pressure, rock
compressibility, rock energy and heat conduction terms) and by means of
secondary properties calculated at the current P, T and composition. In addition,
well controls are commonly specified in terms of pressure and temperature.

A small adjustment to the OBL approach prepares the simulation framework to
be used at any state specification. Pressure and temperature are always primary
or secondary variables of the phase equilibrium. For the generic state specification,



5.2. Vertical equilibrium 97

two additional operators are required to keep track of pressure and temperature.
For the assembly of the linear system, pressure and temperature are evaluated
from these interpolated operators, rather than taking the values from the solution
vector directly.

5.2. Vertical equilibrium
A simulation can be initialized from a previous run or from an initial equilibrium
state of the reservoir. For the latter case, an initialization procedure is required.
Over geological time, a balance between gravity and chemical forces with thermal
gradients may have been established along vertical and lateral directions in a
reservoir, resulting in heterogeneous fluid distributions [178]. Composition variation
can be the result of many factors, such as gravity segregation of lighter and heavier
components, thermal di!usion (which generally has the opposite e!ect), thermally
induced convection or background aquifer flow, solid precipitation, biogenic activity
or regional variations.

A full thermodynamic equilibrium procedure could include the e!ects of
gravitational field (sedimentation equilibrium), capillary forces and thermal
gradients [55, 179–181]. Compositional grading algorithms have been proposed to
solve (thermo)di!usive equilibrium for reservoir simulation of hydrocarbon fields
[178, 182, 183]. Nonetheless, equilibrium may not have been reached as the
time required for di!usive fluxes to equilibrate over large distances could require
millions of years. Moreover, vertical and lateral distributions often exhibit seemingly
uncorrelatable variations, and modelling of the complex equilibria is impossible
due to a lack of physical and chemical understanding of the problem, unknown
boundary conditions or a lack of physical and geological data to build appropriate
models [178].

For simulation purposes, however, it is important that the initial state is su"ciently
close to a stationary state. If it is not, the system will quickly equilibrate and
redistribute its mass, and defining features such as a liquid-gas contact or the
bottom of hydrate stability zone may change their position. A stationary state
implies that the partial derivatives of (5.10)-(5.11) with respect to time are zero.
Depending on the boundary conditions, this corresponds to a balanced in- and
outflow of mass and heat in each cell in the discretized spatial domain. It is
with some simplifying assumptions that we can find an initial state for which
mass fluxes are near steady state. Note that the procedure holds only for simple
two-phase systems; a more sophisticated setup is required for more advanced
multicomponent systems with complex capillary transition zones. This topic covers
decades of reservoir simulator development [2].

A simplified gravity-capillary-thermal equilibrium
Generally, gravity, capillary and thermal equilibrium have established relatively
rapidly, but di!usive fluxes require much larger timescales to be in full chemical
equilibrium. Ignoring di!usive fluxes and background in- and outflow, a gravity-
capillary-thermal equilibrium with zero convective mass fluxes can be fully defined
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for a system that contains nc = np components. In the end, the di!usive fluxes
in depleted hydrocarbon fields have most likely not equilibrated fully, and this
simplified procedure could su"ce.

From the discretized mass conservation equations (5.13), the convective and
di!usive fluxes at a stationary state would result in net zero mass fluxes. Ignoring
the di!usive fluxes, the convective flux q of phase j through connection  is
described by:

qj, = T
$cjkrj

Qj

%


GTj (5.25)

The condition of zero convective flux can be satisfied by at least one of the
conditions:

T = 0, kr,j = 0, or GTj = 0 (5.26)

In case of zero transmissibility, there is no flow for any of the phases and potential
di!erences GTj can exist even if relative permeabilities are nonzero. For nonzero
transmissibilities, conditions must be so that phases are not flowing. In other
words, either phase mobility or the potential di!erence, which obeys gravitational
and capillary forces, must be zero:

GTj = p1 − pcj (ω1) − (p2 − pcj (ω2)) −
cj(ω1)cj(ω2)

2
g(z2 − z1) (5.15)

It must be noted that the pressure gradient only depends on continuous phases,
i.e., phases that are able to exert a hydrostatic gradient and are not residually
trapped. Therefore, the specific gravity term in the potential di!erence only includes
contributions from phases for which Sj > Sj,r . Note also that, in the presence
of capillarity, a phase saturation below residual values is not favorable, and
capillary backflow is strong. Convective heat fluxes also reduce to zero when
convective mass fluxes are absent. In addition, energy is transported along with
molecular di!usive fluxes. Furthermore, geothermal gradients arise from (steady
state) conductive heat flux from below, but this is often simplified to a linear
temperature gradient.

Cell-wise initialization
To solve the stationary state, one must know the thermodynamic conditions at
a reference depth. At the reference depth, the thermodynamic state of nc + 1
primary variables is described by providing an equal number of equations.
Given initial values of primary variables (state specification, overall composition)
and/or secondary variables (phase saturations, phase composition, etc.), the
thermodynamic state ω at the reference depth can be determined. Specification
equations must be provided to account for the number of primary variables. For
a completely defined state, nc + 1 linearly independent specifications must be
defined:

res = {XO − Xspec
O , . . . , Yj − Yspecj , . . .}T (5.27)
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where XO denotes the Oth primary and Yj the jth secondary specification.
As implied by Gibbs’ phase rule (2.54), pressure and temperature are

independent variables if the number of phases does not exceed the number of
components. One degree of freedom remains if the number of phases equals
nc + 1, and such conditions can only occur at the (nc + 1)-phase boundary. Thus,
for a state where np ≤ nc, both state specifications can be specified, while for
np = nc + 1, only one of pressure or temperature is independent. In fact, resolving
such a state requires an isenthalpic flash. The set of equations is solved similarly to
the conservation equations during simulation. Using the OBL technique, assembly
of the Jacobian and residuals is done through interpolation of (5.27) in the same
discrete parameter space.

From the reference depth, the entire vertical column can be solved in a cell-wise
manner. There is one equation (5.25) for each phase, and the geothermal gradient
provides an additional relation, adding up to np + 1 equations. This means that in
a system for which nc > np, the vertical equilibrium is not uniquely described if
we do not consider a full thermodynamic modelling procedure. We can close the
system of equations by providing additional primary or secondary specifications,
such as saturations or phase compositions, which are not fully in equilibrium from
a thermodynamic perspective, but it does allow for solving zero convective flux
conditions.

Initialization of a hydrate-bearing system
In addition to the gravity-capillary-thermal equilibrium, correct initialization for the
simulation of hydrate systems requires equilibrium of the hydrate phase with the
fluid phases. Failure to initialize properly will drive the system to redistribute rapidly
upon simulation, resulting in di!erent equilibrium conditions elsewhere on the
hydrate equilibrium curve. Given initial distributions of pressure, temperature and
phase saturations, the initial conditions for (5.27) can be determined by solving a
set of specification equations, with the addition of equality of fugacity between fluid
and hydrate phases. As implied by the Gibbs phase rule, all three phases can only
coexist at the three-phase boundary. Thus, either P or T is a dependent variable,
whereas both are independent in brine-hydrate or vapour-hydrate conditions. For
the three-phase conditions, this gives:

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

X = Xspec

S1 = Sspec1
S2 = Sspec2
ƒb,j = ƒb,H

(5.28)

with X either P or T. Alternatively, for two-phase conditions:
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

P = Pspec

T = Tspec

S1 = Sspec1
ƒb,j = ƒb,H

(5.29)
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sequestrationapplications
Geological carbon sequestration (GCS) is considered one of the principal options
for mitigating excessive emissions of greenhouse gases into the atmosphere
and the associated negative impacts on climate change. Field pilots of CO2
sequestration in sedimentary formations, such as saline aquifers or depleted oil
and gas reservoirs, have been operating for a few decades [184, 185]. While saline
aquifers globally o!er the greatest potential for carbon sequestration in terms of
capacity, targeting depleted gas reservoirs for CO2 sequestration in particular has
major advantages. Injected CO2 can replace the volumes of hydrocarbons still
in place, and, due to the compressibility of gas in particular, pressures required
to maintain injection flow rates are lower than in aquifers [186]. The injection of
supercritical CO2 has been applied in enhanced oil and gas recovery processes
(EOR/EGR) to displace the fluids in place in full or partial miscibility [186, 187].
To date, most CO2-EOR projects have used CO2 produced from natural sources
and have been optimized for oil production rather than CO2 sequestration volumes,
which could unveil large additional storage potential [184]. In addition to the
technical aspects of depleted hydrocarbon fields in comparison to aquifers, the
ability to re-use a field’s existing facilities and knowledge of its geological settings
and containment integrity for gas storage gives a significant cost advantage [188].

The injection of CO2 into depleted hydrocarbon reservoirs poses some
challenges related to the thermodynamic properties of CO2. Typically, the injected
CO2 is in a supercritical, liquid-like state. However, adiabatic expansion in the
wellbore and into the lower-pressured reservoir can result in significant cooling.
Temperatures can drop by more than 20 ◦C, which may result in sub-zero
conditions [189]. In addition, the combined pressure and temperature decrease
may be su"cient to enter the two-phase region, where the reduction in temperature
is even more pronounced due to phase transitions [22, 190]. Such low temperatures
could be su"cient to trigger ice and hydrate formation, limiting well injectivity, and
thermal stresses could damage the near-wellbore region.

101
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Furthermore, upon CO2 injection into a formation, connate water will slowly
evaporate into the CO2-stream. Even though the solubility of H2O into the CO2-rich
phase is relatively low, a continuous injection stream of dry CO2 can lead to almost
complete dry-out in the near-wellbore region. As a result, dissolved solids in the
saline residual brine may start to precipitate [24, 25]. This e!ect is even more
pronounced in heterogeneous rock due to capillary back-flow [191, 192].

This section explores the main characteristics of CO2 sequestration in saline
aquifers and depleted hydrocarbon fields with regard to thermodynamic interactions.
The two recent studies of FluidFlower and SPE11, which will be covered in
Section 6.1, have established important benchmarks for numerical modelling
of CO2 sequestration in saline aquifers. The topic of numerical simulation for
CO2 sequestration in depleted hydrocarbon fields, on the other hand, has been
less widely resolved to date. More advanced physical modelling capabilities are
required to handle such problems. A set of simple test cases for depleted fields is
presented in Section 6.2.

6.1. CO2 sequestration in saline aquifers
Permanent subsurface storage of CO2 relies on a range of trapping mechanisms,
which involve di!erent physical aspects related to the characteristics of reservoirs
and fluids: structural trapping, residual trapping of immobile free gas CO2 due to
capillary forces, dissolution trapping in brine and mineral trapping.

Several analytical models and semi-analytical approaches were developed to
quantify some of these e!ects [193–195]. Riaz and Tchelepi [196] presented an
analysis based on perturbation theory, which predicts the convective instability of
dissolved CO2 and enhanced dissolution rates for a small-scale homogeneous
domain. This model was further improved and validated against experimental
results by Neufeld et al. [197]. Another attempt to connect simulation with
experiments has been performed by Farajzadeh et al. [198]. Subsequently, the
analytical model was enhanced to account for capillary transition e!ects [199],
realistic density [200], and viscosity variations [201]. Moreover, the influence of a
simplified layer cake heterogeneity was addressed by Ghorbani et al. [202].

These models attempt to address the important geological and residual trapping
mechanisms linked to CO2 sequestration at relatively short time scales after
injection (tens to hundreds of years) but have been hampered to date by the lack
of geologically realistic input models that capture key heterogeneities of interest
across length-scales. Furthermore, it is infeasible that any combined analytical
model will be capable of representing all phenomena together for a range of
realistic parameters relevant to industrial CO2 sequestration projects with realistic
geological heterogeneity. Numerical modeling is essential for such representation.
At longer time scales (hundreds to thousands of years), however, numerical
models, too, only approximately represent the dissolution trapping that dominates
in the reservoir. This is a concern given the discrepancies between di!erent
modern simulation approaches, as reported in the benchmark study by Nordbotten
et al. [203]. This benchmark study also illustrates the high sensitivity of the existing
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models to the physical assumptions, even under conditions of simplified geological
properties.

Recently, attempts to assess the predictive capabilities of simulation models
have been made. The FluidFlower benchmark [204, 205] was carried out as a
blind study for numerical simulation groups to model CO2 sequestration based
on physical experiments. Although conducted at atmospheric conditions, the
performance, accuracy and numerical convergence of simulators could be tested
against a physical ground truth. The SPE11 Comparative Solution Project [206,
207] was initiated as a subsequent simulation study in which reservoir conditions
were considered. This study presents a benchmark that is by now well established
for numerical investigation of CO2 storage problems in aquifers.

6.1.1. Description of the physics in saline aquifers
Trapping mechanisms for storage of CO2

Permanent subsurface storage of CO2 relies on a range of trapping mechanisms,
which involve di!erent physical aspects related to the characteristics of reservoirs
and fluids. Structural trapping, analogous to the trapping of oil and gas, occurs
when buoyant CO2 is held in place by geological structures, overlain by a
low-permeability layer [185, 208]. In addition, the low-permeability rock can create
a capillary barrier to further invasion of the non-wetting CO2. Residual trapping
occurs when the CO2 plume migrates due to buoyancy. In this process, CO2 at the
tail of the plume is immobilized due to capillary forces at the pore scale as the
wetting phase is imbibed back into the pores [209, 210].

In the shorter time scale, structural and residual trapping mechanisms are
expected to dominate, while dissolution and mineral trapping occur over longer
time scales [211]. During solubility trapping, CO2 dissolves into the aquifer water.
This molecular di!usion process occurs slowly and is enhanced by the convective
mixing of brine and CO2 [197]. Convective mixing starts at the interface between
CO2 and water. Density-driven currents are induced as CO2 dissolves into the
brine. This, in turn, increases the dissolution rate. In the slow process of mineral
trapping, CO2 reacts with other chemical species to form solids [19, 212, 213].

Density-driven enhanced dissolution
At the interface between a CO2 gas cap and aquifer, CO2 slowly di!uses into
the undersaturated brine. As CO2 dissolves into the brine, density-driven flow is
induced. With the growing contact area of density-driven currents, the process
of dissolution trapping accelerates. The onset of convective mixing, however, can
occur over thousands of years [212, 214, 215]. To accurately capture this process,
numerical convergence of CO2 storage simulations should be obtained with grid
resolutions in the range of analytic wavelengths and approached onset times [214,
216]. Figure 6.1 shows the results of density-driven enhanced dissolution from a
stationary gas cap of pure CO2 into pure water.
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Figure 6.1.: Density-driven enhanced dissolution of CO2 into aquifer.

Salinity and impurities
The formation water in geological reservoirs generally contains minerals,
electrolytes and small quantities of thermogenic methane that have dissolved into
the brine over geological time. Brine composition and salinity have a significant
impact on CO2 dissolution, which cannot be ignored in predictions of the reservoir
dynamics in GCS operations. Figure 6.2 shows how the presence of salt reduces
the capacity to dissolve CO2 and, as a result, delays the onset and relative
magnitude of enhanced dissolution.

In addition, CO2 is often co-injected with small fractions of other gases, such
as methane and hydrogen sulfide [217, 218]. The injection of such impurities can
have significant implications for phase behaviour and fluid properties that control
CO2-plume dynamics and storage capacity [219].

Figure 6.2.: Enhanced dissolution with NaCl brine salinity of 2 mol/kg H2O.

Formation dry-out
Drying out of saline formations upon dry gas injection, accompanied by precipitation
of salt dissolved in brines, is another important phenomenon in CO2 sequestration
applications [24, 25]. Ott et al. [191, 192] have addressed this issue in a series
of experimental and numerical studies. Following their experiments, we illustrate
the mechanism of salt precipitation from residual brine, which is vaporized by the



6.1. CO2 sequestration in saline aquifers 105

dry CO2 injection stream. The approach taken in Figure 6.3 has been simplified
to exclude the e!ect of counter-current capillary backflow, which could allow
accumulation of solid salt beyond the brine’s original local salt content and lead
to severe reductions in pore volume available for fluids. All parameters in the
simulation follow the experimental setup from Ott et al. [191].

The importance of accurate treatment of salinity in the activity model for the
aqueous phase should be emphasized, as this a!ects the solubility of H2O in the
CO2-rich phase. This ultimately controls evaporation and thus the propagation of
the trailing shock.

Figure 6.3.: Simulation of formation dryout and NaCl precipitation in sandstone
core.

6.1.2. FluidFlower benchmark
The FluidFlower study [205] considers the injection of CO2 into brine-saturated

formations at atmospheric conditions. The dominating trapping mechanisms under
these conditions rely to a large extent on capillary e!ects and properties related to
a mutual dissolution of CO2 and water: solubility, density di!erences, and di!usion.
The accuracy of the modeling of these physical phenomena and the corresponding
computational grid determines to what extent the dynamics of the FluidFlower can
be captured in simulation.

One of the aims of the benchmark study was to assess the predictive capabilities
of the reservoir simulation community. The workflow we put up for making such
predictions was threefold. From the tracer test data provided by the experimental
group [204], we performed a history-matching procedure in order to populate
the di!erent sand facies with permeabilities and anisotropy [221]. Then, a most
representative model run, with best estimates of physical properties and (relatively)
fine resolution, had to be defined and reported through a series of spatial
distributions and other metrics over the course of the simulation, and finally, an
estimate of the uncertainty around the reported metrics had to be given.

Parts of this chapter have been published in Transport in Porous Media 151 (2024) [220].
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The high nonlinearity and unconventional conditions for reservoir simulation,
however, introduced challenges for linear and nonlinear solvers. Most notably,
the failure of the CPR preconditioner for the benchmark conditions, related to
a large contrast between densities and viscosities, and permeable layers in the
benchmark, is a main factor significantly increasing the computational cost of
benchmark simulation. We have discussed issues related to solvers and numerical
convergence, discretization and uncertainty quantification in detail [220].

Physical properties at atmospheric conditions
We considered a binary system with H2O and CO2 that distributes between a
vapor and an aqueous phase using the hybrid-EoS approach (Section 4.3.2), in
which the e!ect of salinity is neglected. We have validated the properties of the
separate fluid phases at atmospheric conditions against experimental data [220].
A remark on the use of the OBL technique under these conditions; with the low
solubility of CO2 in water, it is crucial to apply an OBL resolution that is su"ciently
fine to capture the solubility limit of CO2 in brine [32].

For capillary pressure curves, data on entry pressures at residual water
saturation were provided for the di!erent sand facies. The model response is
extremely sensitive to capillary pressure curves, as the injected gas rapidly
migrates upwards due to large density di!erences, leading to low gas saturation
reaching the capillary barrier. The coarse resolution of the grid is then unable to
impose the capillary trapping mechanism, leading to a CO2 plume that is crossing
the capillary barriers. In our initial submission, we applied a constant capillary
pressure function, equal to the reported values of entry pressure [204], and we
keep the same strategy in this study.

Lastly, di!usion is an important driver behind gravitational instabilities at
the interface between CO2-saturated brine and pure brine, followed by the
development of density-driven fingering. Consequently, di!usion coe"cients are
a determining factor for finger onset time and wavelength [214]. However, data
on binary di!usion coe"cients for CO2 and water in the aqueous phase under
atmospheric conditions is not well studied. We included the uncertainties around
reported binary di!usion coe"cients into the uncertainty quantification.

Computational grid
The FluidFlower rig comprises a heterogeneous sand pack assembled within a
thin, slightly curved filled Hele-Shaw cell of 2.8m wide by 1.3m high. Figure 6.4
presents a digitized version of the geometry, constructed from high-resolution
images [204]. The setup contained variations in thickness from the intended
constant 25mm, as reported by the experimental group. The boundaries of the rig
are closed on the bottom, left, and right sides, and the top is open and in contact
with the atmosphere, with a free water table at a fixed level.

Two ports for CO2 injection, referred to as I1 and I2, are installed in the reservoir.
The location of the injection ports, as well as that of two pressure sensors and
three boxes, which are related to the comparison metrics related to CO2 distribution
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used in the benchmark study, are marked in Figure 6.4. The rig has been filled with
six di!erent sand types, from finest to coarsest, labeled as ESF, C, D, E, F, and
G, subdivided into four regions with specific Corey-related parameters (Table 6.1).
During the experimental runs, CO2 was injected from the first injection port for 5:00
hours at a constant rate of 10 mL/min; injection from the second well starts after a
2:15 hours delay and runs for 2:45 hours, at the same volumetric rate.

Figure 6.4.: Digitized FluidFlower geometry from high-resolution images [204]. j
refers to injection ports, S refers to pressure sensors, and the boxes
are used in the reporting of various comparison metrics.

Table 6.1.: Petrophysical properties for di!erent sand types
Type ESF C D E F G
k [-] 0.43 0.44 0.44 0.45 0.45 0.44
k [D] 44 473 1110 2005 4259 9580
nb [-] 2.0 2.0 2.0 2.0
ng [-] 1.5 1.5 1.5 1.5
sbc [-] 0.11 0.12 0.14 0.32
sgc [-] 0.06 0.08 0.10 0.14
krbe [-] 0.80 0.93 0.93 0.71
krge [-] 0.85 0.95 0.95 0.75
pe [mbar] 15 3 1 -
kz/kS [-] 0.75 0.8 0.9 1
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From the digitized geometry, we generated unstructured grids of di!erent
resolutions, with refinement around the well locations. A thickness correction was
applied to the mesh according to a spline interpolation of the provided thickness
map in the benchmark description. The constant pressure boundary condition at
the top was mimicked by placing a production well connected to the top cells at
atmospheric pressure. In addition, we accounted for the anisotropy in some layers
(ESF, C, and D) for which internal layering, due to the manual filling of the rig, is
observable in the images. The properties of the separate layer types are estimated
through a history matching and uncertainty quantification procedure [220, 221].

Effects of discretization
While Cartesian grids are often used in enhanced dissolution studies with certain
convergence in the numerical results achieved [216], it is still unclear how the
structured nature of the grid a!ects the numerical results of enhanced dissolution
problems. On one side, the Two-Point Flux Approximation (TPFA) applied on a
structured grid is fully consistent and K-orthogonal. However, a structured grid
introduces a strong orientation grid e!ect, which may in turn a!ect the numerical
results. More importantly, Cartesian grids are not suitable for capturing the
complex geometry of the FluidFlower rig. For a non-K-orthogonal unstructured
grid, a multi-point flux approximation (MPFA) is a fully consistent choice. However,
MPFA is usually more expensive to solve and can significantly add to the already
prohibitive time of the simulation. In addition, the simulation conditions of the
benchmark posed some further challenges to the use of MPFA, which has
been discussed [220]. Finally, it was found that performing simulations under the
atmospheric benchmark conditions required one to adjust the linear solver and
time-stepping strategies [220].

We compared Cartesian and unstructured grids using the conventional TPFA
at di!erent resolutions. We use grids with characteristic mesh size and a number
of grid cells shown in Table 6.2, such that the number of degrees of freedom at
the two resolutions is comparable. Finer resolution demonstrates a prohibitive run
time, and we decided not to include it in this study. It must be noted that, for all
unstructured models, we keep a locally refined mesh near injection ports with a
characteristic mesh size of 0.003 m. The Cartesian grids cannot provide this
refinement.

Table 6.2.: Grids and resolutions for comparison
Resolution Grid type Mesh, m # DOF
Coarse Cartesian 0.019×0.018 11,250
Fine Cartesian 0.0095×0.0091 45,000
Coarse Unstructured 0.03 11,250
Fine Unstructured 0.015 47,731
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The results of simulation after 1 and 5 days on the Cartesian and unstructured
grids for coarse and fine resolutions are shown in Figure 6.5. It can be observed
that on the unstructured grids, the coarse resolution is not able to capture the
distribution from the fine grid, the CO2 plume extending less far into the domain.
Remarkably, the final distribution of CO2 for the fine resolution resembles more
closely the outcomes of the experimental runs, although we assumed a constant
thickness for this setup as opposed to our e!orts in the main benchmark, where a
variable thickness has been applied. On Cartesian grids, the distribution of CO2
deviates significantly from the results obtained on unstructured grids and from
reported experimental outcomes. Coarse and fine resolutions show similar spatial
distributions, and a much finer resolution is required to converge to accurate
results.

Another source of di!erences between unstructured and Cartesian grids is the
pattern of gravity-driven fingers. On the unstructured meshes, the onset time of
convective mixing and the wavelength of the fingers show less sensitivity to the
resolution. On the other hand, there exists a notable di!erence in the fingering
patterns between coarse and fine resolutions for the Cartesian grids, which is most
evident in wavelength. In Figure 6.6, the temporal evolution of the total quantities
of CO2 in di!erent forms (free gas and dissolved in brine) in Boxes A and B are
shown. The amounts of CO2 accumulating in both boxes is often higher in the
structured models. Furthermore, the inflow and outflow of CO2, either through flow
or dissolution of free gas into the brine, exhibits a smooth pattern in unstructured
grids, while it is much less smooth in structured ones. This resembles the
grid-dependent numerical e!ect reported by some groups that used a Cartesian
grid in the benchmark study when the water-gas contact coincides with cell faces
and bursts the dissolution [205].

The significant di!erences in spatial and temporal quantities in the results arise
from several factors. They include grid type, mesh resolution, and thickness of the
rig for the benchmark problem. That explains a significant divergence of reported
values between di!erent groups in the main simulation benchmark [205]. Notice
that these results do not even consider uncertainties in the physical modeling.

A study on the resolution and comparison of unstructured and Cartesian
gridding reveals a high sensitivity of the overall distribution of CO2 throughout
the domain to gridding choices. Based on these modeling decisions alone, large
di!erences occur in the main benchmark’s reporting metrics, especially for Box B.
Overall, the physical phenomena associated with the main trapping mechanisms
for CO2 sequestration can be captured relatively well. However, the wavelength
of gravity-driven instabilities shows deviations between Cartesian grids of di!erent
resolutions. Furthermore, the shape of the fingers illustrates the grid orientation
e!ect of the Cartesian grid, at least at early times. Concluding, it can be seen that
the grid resolution plays quite an important role in FluidFlower modeling, and a
finer grid is needed for a fully numerically converged solution. This conclusion is
also supported by an analytic evaluation of the first unstable wavelength mode at
the benchmark parameters.
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(a) Cartesian coarse at t = 1 day

(b) Cartesian fine at t = 1 day

(c) Unstructured coarse at t = 1 day

(d) Unstructured fine at t = 1 day

(e) Cartesian coarse at t = 5 days

(f) Cartesian fine at t = 5 days

(g) Unstructured coarse at t = 5 days

(h) Unstructured fine at t = 5 days

Figure 6.5.: Spatial distribution of CO2 concentration in brine [kg/m3] on Cartesian
and unstructured grids for coarse and fine resolutions, at t = 1 day and
t = 5 days.
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(a) Free gas CO2 in Box A (b) Free gas CO2 in Box B

(c) CO2 dissolved in brine in Box A (d) CO2 dissolved in brine in Box B

Figure 6.6.: Evolution of total mass [g] of free gas CO2 and CO2 dissolved in brine
in Box A (left) and Box B (right) for Cartesian and unstructured grids
for coarse and fine resolutions over time.

6.1.3. SPE11 benchmark

The SPE11 Comparative Solution Project [206, 207] followed up on the FluidFlower
benchmark. This study consisted of three modelling scenarios that resembled the
FluidFlower geometry. SPE11a assumed atmospheric conditions, while SPE11b
and -c comprised subsurface conditions and a realistic reservoir-scaled grid.
Furthermore, SPE11c extended into three dimensions, with an anticlinal structure.
In addition, while FluidFlower was assumed to be isothermal, thermal e!ects were
taken into account in SPE11 to consider realistic field-scale GCS operations. We
will discuss the results of our benchmark submission for SPE11b. Hadjisotiriou
et al. [222] went into more detail with a convergence study and assessed the
impact of impurities (C1, H2S) that are often present in the CO2 injection stream.

Table 6.3 lists the seven di!erent facies that are defined in the 11b reservoir
models. Facies 1 represents the storage complex and serves as a capillary barrier
to migrating CO2. Facies 2 through 5 consist of permeable reservoir sands, while
Facies 6 corresponds to fault infill. Finally, Facies 7 forms an impermeable barrier.
The spatial distribution of facies for the 11b model is shown in Figure 6.7. The
vertical permeability of each of the facies is one-tenth of its horizontal permeability.
For all simulations, a structured mesh is constructed and populated according to
the facies descriptions.
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Figure 6.7.: SPE11b geometry with reporting boxes and well locations [206].

Table 6.3.: Facies properties of 11b.

Facies no. Permeability
kS, mD

Porosity
k sb,imm gs, Wm−1 K−1

1 0.101 0.10 0.32 1.90
2 101 0.20 0.14 1.25
3 202 0.20 0.12 1.25
4 507 0.20 0.12 1.25
5 1013 0.20 0.12 0.92
6 2027 0.25 0.12 0.26
7 0 0 0.10 2.00

SPE11b

Temperatures are fixed at the top and bottom boundaries, while all boundaries are
impermeable and the boundary volumes are increased to 5 × 104Gz. No CO2 is
present in the system before injection. A geothermal gradient of 25 ◦Ckm−1 is
applied along with a temperature of 70 ◦C maintained at the bottom boundary. The
initial reservoir pressure is hydrostatic and measured from datum. Injection starts
in well 1 at t = 0 and continues for 50 years. Well 2 starts injection after 25 years,
lasting for 25 years. The injection rate is equal to 3024 kg/day at a temperature of
10 ◦C. In the post-injection period, the simulation continues until 1000 years. We
used a 600K-cell grid for simulation of the SPE11b scenario.

The spatial distributions of temperature and gas saturation after 300 years are
shown in Figure 6.8. Interestingly, the colder injected CO2 initially moves downward
due to its higher density compared to the surrounding reservoir water. However, as
the CO2 equilibrates with the reservoir temperature, it migrates upwards due to
buoyancy. Subsequently, the majority of CO2 accumulates beneath the capillary
barrier and begins lateral migration, while a portion migrates via the adjacent fault
to the upper sand units. As the CO2 plume migrates upwards to Box B, residual
trapping takes place. Figure 6.9 shows that in Box A, CO2 di!uses into the capillary
barrier and enhanced dissolution into the aquifer below initiates (Section 6.1.1).
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(a) Temperature

(b) Gas saturation

Figure 6.8.: Temperature and gas saturation after 300 years.

(a) 50 years

(b) 300 years

(c) 600 years

Figure 6.9.: CO2 fraction in aqueous phase post-injection.
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6.2. CO2 sequestration in depleted hydrocarbon fields
Depleted oil and gas reservoirs are often regarded as the primary candidates
for large-scale CO2-storage. They o!er several benefits over saline aquifers,
allowing the re-use of infrastructure, facilities and existing knowledge of geological
conditions and sealing capacity. In addition, the fluids in place are compressible
and, therefore, lower injection pressures are needed to maintain reasonable flow
rates.

The complexity of thermal-compositional e!ects upon injection of CO2 into
a depleted hydrocarbon field, however, is much larger compared to aquifers.
Depleted fields are often at conditions close to the critical point of CO2 or at
lower pressures, where densities and enthalpies of the injected CO2-rich phase
can change rapidly. At the onset of injection, rapid expansion of injected CO2 into
the well and reservoir causes severe cooling near the wellhead [189]. As such,
the temperature of the injected fluid into the reservoir may be much lower than
desired, leading to the risk of hydrate formation and freezing in the wellbore and
near-wellbore region. A good understanding of these dynamics is therefore vital for
planning and operating a field for CO2 injection.

6.2.1. Description of the physics in depleted fields
Adiabatic expansion
Often referred to as the Joule-Thomson e!ect, an adiabatic expansion refers
to a pressure drop in which no heat is exchanged with the surroundings
(i.e., at constant enthalpy). This expansion and pressure decrease are typically
accompanied by a significant temperature change. It can occur upon the injection
and expansion of CO2 into the lower-pressure surroundings of a well. The
temperature change accompanied by the pressure drop is often quantified in terms
of the Joule-Thomson coe"cient

GT

GP
≈
$PT
PP

%

H
= QJT (6.1)

For most common gases at conditions of interest, QJT is positive, and consequently,
the temperature decreases with a pressure drop. The Joule-Thomson coe"cient
is not used directly in the governing equations, but it indicates the significance
of an adiabatic pressure drop on temperature. The single-phase Joule-Thomson
coe"cient is calculable from partial derivatives of the reduced residual Helmholtz
energy [56, 69]. It can be calculated for multiphase states as well, using the partial
derivatives of the flash calculation [147].

Figure 6.10 shows the results of the four-cell simulation setup proposed by
Oldenburg [22] for pure CO2 and various mixtures of CO2-C1. In this simulation,
a pressure drop occurs across a low-permeability block in between two large
volumes such that gas flows from left to right, and the temperature change is
recorded. We use a cubic EoS [72]. Experimental values are obtained from the
NIST database [65]. Note that the temperature drop is most pronounced for
systems under vapour-like conditions.
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(a) Pure CO2 (b) Mixture CO2-C1

Figure 6.10.: Joule-Thomson coe"cient measured using four-cell simulation [22].

Phase transitions and narrow-boiling behaviour
In addition, operational conditions may be such that phase boundaries can be
encountered. Upon a pressure drop under adiabatic assumptions, the enthalpy
change associated with the phase transition induces a temperature decrease.
Figure 6.11 shows the PH-diagrams of (a) pure CO2 and (b) a mixture of 90%-10%
CO2-C1. Outside of the two-phase region, cooling follows the Joule-Thomson
coe"cient. Moving into the two-phase region, the slope of the isotherms changes,
and any state change is associated with a gradual mass transfer between vapour
and liquid phases. The strongly nonlinear thermodynamic behaviour under such
conditions is commonly referred to as narrow-boiling behaviour. Total enthalpy
exhibits large changes for small changes in pressure and temperature, with the
limiting case of a discontinuity at transition temperatures (Section 4.4).

The thermal e!ects of CO2 expansion into the surroundings can be observed in
sandstone core experiments. Figure 6.12 shows the results of liquid CO2 injection
(64 bar, 296 K) into a gaseous CO2-saturated core (20 bar, 296 K, close to the

(a) Pure CO2 (b) Mixture 90%-10% CO2-C1

Figure 6.11.: Phase envelopes of CO2-rich gas mixtures in the PH-domain.
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vapour-liquid boundary). The liquid, displacing the gas initially in place, slightly
expands, and at some distance into the core, it reaches the vapour-liquid boundary.
Temperature along the front follows the phase boundary along the pressure drop
and some of the liquid at the tip of the front starts to evaporate. Simulation of these
conditions requires the PH-specification.

Figure 6.12.: Injection of liquid CO2 into core saturated with gaseous CO2.

Multiphase flow
For mixtures involving CO2, conditions close to the critical point of CO2 potentially
give rise to a separate CO2-rich liquid phase. Depending on the reservoir
and injection conditions, su"cient cooling can bring the system to three-phase
conditions (Figure 6.13). Due to the complex coupled thermal processes, this
phenomenon could be triggered even at gas conditions for CO2. In such systems,
the CO2-rich phase should be modeled using a three-phase relative permeability
model and other phase-related properties. As such, the displacement front will
follow more complex three-phase characteristics [223, 224]. In literature, many
works have focused on the mathematics of three-phase displacement in porous
media for oil-gas-water systems, as well as CO2-EOR applications [225–228].

(a) T = 270 K (b) T = 280 K (c) T = 290 K

Figure 6.13.: Gibbs energy of mixing surfaces for H2O-CO2-C1 mixtures at 60
bar. The red lines indicate the three-phase region (Aq-V-LCO2 ), which
degenerates with increasing temperature.
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6.2.2. CO2 sequestration in depleted gas field
In this model, we investigate typical conditions for CO2 injection into depleted
fields. We consider a depleted gas reservoir saturated with CH4 and residual brine.
This model is inspired by the Porthos project in the Netherlands o!shore of the
North Sea [229]. A simple radial reservoir model with a high-permeable strike
(100 mD) and a lower-permeable zone (20 mD) is considered, with impermeable
over- and underburden. We simulate the injection of CO2 into the reservoir at
di!erent temperatures to compare the characteristics of the injection process under
vapour(-like) and liquid conditions. In addition, we use two scenarios: a simplified
binary model when in-situ methane is represented by gaseous CO2 and a ternary
representation (H2O-CO2-CH4) of the fluids with CH4-H2O originally in place.

Injection of gaseous CO2 into depleted gas field
In this example, we inject gaseous CO2 into the depleted field. The reservoir is
depleted to 20 bar and uniformly saturated with brine at a residual saturation
of 25%. Pure CO2 is injected with a pressure of 60 bar. The 3D radial plots of
pressure and temperature in the ternary model after one year of injection with a
temperature of 310 K are presented in Figure 6.14. The expansion of CO2 and
corresponding cooling below the injection temperature can clearly be observed.

(a) 3D view of pressure profile (b) 3D view of temperature profile

Figure 6.14.: 3D view of pressure and temperature profile after one year of
simulation (lower half of the reservoir).

Figure 6.15 shows the 2D profiles in logarithmic scale for the binary and ternary
system simulation after one year of injection with an injection temperature of 305
K. The simulation shows a pronounced cooling front in the reservoir due to the
CO2 expansion seen in the density plot. A temperature drop of more than 20 ◦C
can be observed with most of the cooling at the tip of the thermal front. The
saturation profile reflects non-uniform distribution due to the layer heterogeneity
structure. Despite the significant temperature drop along the CO2-plume, the
injected fluids remain in a vapour-like state. Surprisingly, the simulation results
in the binary representation (Figure 6.15a) are remarkably similar to the ternary
system (Figure 6.15b) with only insignificant changes in the saturation profiles.
This is due to the similar properties of the gas mixtures at these extremely depleted
conditions. In a less depleted state, this di!erence will become more pronounced.
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(a) Binary representation H2O-CO2

(b) Ternary system H2O-CO2-CH4

Figure 6.15.: Simulation results after one years of pure CO2 injection at 60 bar into
radial depleted gas reservoir with TOnj = 305 K.

(a) Binary representation H2O-CO2

(b) Ternary system H2O-CO2-CH4

Figure 6.16.: Simulation results after one years of pure CO2 injection at 60 bar into
radial depleted gas reservoir with TOnj = 300 K.
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Figure 6.16 shows the 2D profiles for the binary and ternary system simulation
after one year of injection with an injection temperature of 300 K. These conditions
are close enough to the phase boundary and some of the injected CO2 is converted
to liquid. This phase transition occurs some distance into the reservoir, after it has
su"ciently expanded and cooled down to reach the transition temperature. Not
all CO2 is turned to liquid, but it is enough to have an impact on phase mobility.
Although the displacement fronts reach roughly the same distance out into the
reservoir here compared to Figure 6.15, more rigorous multiphase flow models
must be implemented to appropriately characterize the e!ect of condensed CO2.
In addition, the plume migration of binary and ternary representations starts to
deviate more significantly. This is expected, because the methane content alters
the phase envelope of the gas mixture.

Injection of liquid CO2 into depleted gas field
If the temperature of the injected CO2 is slightly lower compared to previous
examples, it is injected in a liquid state. Figure 6.17 shows the results of CO2
injection at a temperature of 295 K after one year. The injection stream takes a
distinct liquid form, driving an e"cient displacement of the in-situ gas, and any
compositional e!ects within the CO2-plume are less pronounced. This results in
relatively small di!erences between binary and ternary systems. In addition, notice
how density contrasts between liquid and gas phases are reflected in density
profiles over depth.

(a) Binary representation H2O-CO2

(b) Ternary system H2O-CO2-CH4

Figure 6.17.: Simulation results after one years of pure CO2 injection at 60 bar into
radial depleted gas reservoir with TOnj = 295 K.
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Considerations for a realistic field-scale simulation model
It must be noted that the simulations presented here merely serve as a proof-of-
concept for the PH-specification within the OBL framework. This is an important
step towards a simulation model that can handle narrow-boiling conditions and
capture the complex coupled thermal and multiphase e!ects. However, there are
a few important considerations for future work in order to establish a realistic
field-scale simulation model for this application.

The characteristics of three-phase flow has not been investigated much in
relation to CO2 sequestration applications. Besides, the cooling of the field
depends on the particular reservoir geometry and structure, which need to be
considered for a practical dynamic simulation. Laboratory experiments could
provide insights into the complex thermal-compositional multiphase flow dynamics
on Darcy scale. In addition, the experiments can be used to validate the predictive
capabilities of the simulation model with regard to these conditions. Furthermore,
the thermodynamic conditions that we can encounter upon CO2 injection into
depleted gas fields may introduce gas hydrates and precipitated salt, further
complicating the flow characteristics.

Finally, a simulation model of CO2 sequestration is not complete without an
accurate model for flow inside the wellbore. Most transient e!ects and nonlinear
behaviour take place inside and in the vicinity of the wellbore. Some simulations
have indicated strong thermal e!ects and sub-zero temperatures that span
timescales in the order of seconds [189], yet these are enough to cause significant
damage to the wellbore and near-well reservoir.
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Gas hydrates are crystalline solids, composed of hydrogen-bonded water,
stabilized by small non-polar guest molecules [122]. The hydrate cages exist in a
stable thermodynamic state at su"cient pressure and low-temperature conditions,
yet above the freezing point of water. Hydrates are a well-known challenge in
subsurface engineering, hydrocarbon production, and pipeline transport [230].
With the advent of carbon sequestration in depleted or low-pressure oil and gas
fields, the potential for CO2-hydrate formation has become an operational concern.
Injection of dense-phase CO2 into depleted reservoirs introduces additional
hydrate risks. A temperature decrease due to JouleThomson cooling and phase
transitions during expansion in combination with the availability of water in the
reservoir can drive near-well CO2-hydrate formation, severely impairing injectivity
[22, 23].

Methane (CH4) is the most commonly occurring guest molecule in natural
hydrate deposits, found typically in continental margin sediments and shallow
permafrost [232]. Estimates of gas in place in the form of hydrates range over a
few orders of magnitude, but even in the most modest estimates, they represent a
substantial portion of mobile carbon on the earth [233]. Perturbations of hydrate
stability and thawing of permafrost caused by ocean and atmospheric warming
may lead to CH4 being released into overlying sediments or water columns,
which could exacerbate greenhouse warming. There is no conclusive evidence
that hydrate-derived CH4 is reaching the atmosphere now, but more observational
data and improved numerical models will better characterize the climate-hydrate
synergy in the future [234].

From another perspective, naturally occurring hydrate deposits are also
recognized as a vast potential energy resource [235]. Recovery of natural
gas from hydrate reservoirs relies on common production technologies such
as depressurization, thermal stimulation, inhibitor injection and guest molecule

This chapter has been published in Energy Conversion and Management: X 30 (2026) [231].
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exchange. The first three methods are aimed at destabilizing the hydrate by
prohibiting hydrate formation conditions. The latter is rooted in the improved
thermodynamic stability of a mixed hydrate phase over single-component hydrates
and has the benefit of maintaining the structural integrity of the hydrate-bearing
geological formation [236]. Furthermore, this process o!ers potential for carbon
sequestration in hydrate deposits.

The interest in CO2-hydrates, on the contrary, has primarily emerged from
operational concerns in CO2 sequestration [23]. Beyond operational risks, however,
the formation of CO2-hydrates in subsurface environments has attracted increasing
attention as a promising pathway for long-term carbon storage. Hydrate-based
CO2 sequestration takes advantage of the fact that under su"cient pressure
and low-temperature conditions, CO2 can form thermodynamically stable hydrates
in marine and permafrost sediments [237, 238]. Compared to conventional
supercritical CO2 storage at higher temperatures and depths, hydrate-based
storage o!ers additional safety through solid-phase trapping and reduced leakage
potential [122, 239]. Geological assessments have indicated that the hydrate
stability zone (HSZ) in marine sediments can extend several hundred meters below
the seafloor, providing a large volume for potential CO2 immobilization [240].

Field data from geological surveys aimed at identifying the occurrence and
properties of gas hydrate reservoirs have provided a wealth of information
regarding CH4-hydrates in porous media. Furthermore, several short-term field
pilots have been carried out in permafrost- and marine hydrate deposits, such as
the Ignik-Sikumi field trials at the Alaska North Slope [241]. These particular tests
involved depressurization, as well as the guest molecule exchange of CH4 with
the injected CO2-N2 mixture. However, controlling operating conditions in hydrate
reservoirs is challenging due to complexity of interpretation of the field tests.
Moreover, the dynamics of hydrate dissociation and formation, heat exchange due
to the endothermic nature of hydrate phase behaviour and potential formation of
ice upon hydrate production add to the operational complexities and have restricted
short-termed field tests to typically days or weeks [242]. Therefore, numerical
investigation of hydrate systems is essential to evaluate the production potential
and develop strategies for the commercial use of hydrate reservoirs. This will lead
to a better understanding of the dynamics of hydrate-bearing geologic media.

The majority of the existing literature on hydrates in porous media focuses on
CH4-hydrates. Historically, it has been the most common type of guest species,
in oil and gas production and as a naturally occurring carbon source. As a
consequence, the comparison and benchmarking of a numerical model for gas
hydrates in porous media is limited to mostly single-component CH4-hydrates.
Nevertheless, single-component hydrates of CH4 and CO2 share a common
thermodynamic basis. Therefore, only a few adjustments allow the use of the
numerical model presented in this study for CO2-hydrates as well.

Numerical studies on the simulation of gas hydrate systems in porous media
are limited. The TOUGH+HYDRATE (T+H) simulator [243] is capable of simulating
CH4-hydrate formation and dissociation under kinetic and equilibrium conditions,
involving the various production techniques destabilizing the hydrate. Other
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simulators that use a kinetic description of CH4-hydrate formation and dissociation
include CMG STARS [244] and MH21-HYDRES Konno et al. [245]. Furthermore,
with the STOMP-HYDT-KE simulator [246], an attempt has been made to develop
and demonstrate kinetic models representing the CH4-CO2-N2 guest molecule
exchange process that is presumed to have occurred during field tests [241]. More
recently, the Full Implicit Simulator of Hydrate (FISH) has implemented a fully
coupled thermal-hydraulic-chemical (THC) framework specifically for CO2-hydrates
and reproduces core-scale pressure, temperature, and hydrate-mass profiles
within 10% deviation [247]. However, most models mentioned here assume that
hydrate formation and dissociation are driven by a pressure di!erence relative to
the hydrate equilibrium curve, rather than a thermodynamic (non-)equilibrium state.
This assumption is limited to regions in the thermodynamic space where three
phases (vapour-aqueous-hydrate) can coexist. Without excess water or with low
gas concentrations, hydrate formation is still possible, but the required pressure
can be above the equilibrium curve. Furthermore, the modelling of the hydrate
phase equilibria under equilibrium assumptions in T+H is based on tabulated
equilibrium constants [243].

This chapter is structured as follows. First, we develop the workflow for
thermodynamic calculations for hydrate systems under kinetic assumptions. We
analyze the Gibbs energy surfaces of each of the fluid and hydrate phases to
confirm that, in the limit, kinetic assumptions would yield the same conditions
as equilibrium thermodynamics. Then, we benchmark the simulation model for
formation and dissociation of CH4- and CO2-hydrates against T+H through several
test cases Yin et al. [235], Li et al. [247] and Kowalsky and Moridis [248].

7.1. Thermodynamic description of hydrate systems
Hydrates can form in any system that contain water and the presence of small,
non-polar guest molecules, either undersaturated in aqueous solution or as a free
phase. The hydrate pseudo-reaction is given by:

G + nHH2O←→ G ·nHH2O (7.1)

The hydration number nH corresponds to the number of water molecules bound
to each guest molecule G. Hydrates are non-stoichiometric substances, i.e., they
have no set chemical composition. Full cage occupancy of sI-hydrate corresponds
to 8 guest molecules per 46 H2O molecules and would yield a hydration number of
5.75. In reality, full cage occupancy is not a thermodynamically favourable state,
and the composition of the hydrate phase varies with thermodynamic conditions.

The conditions for hydrates to exist then require rather low temperatures, though
not necessarily sub-zero, and su"ciently high pressures. However, formation
conditions, (non-stoichiometric) composition, and structure type (sI, sII, sH) of
hydrates are highly dependent on fluid composition. As a result, mixed guest
hydrates introduce a very nonlinear thermodynamic behaviour which cannot be
easily understood without considering a full thermodynamic equilibrium approach
including hydrate phases.
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For single-guest hydrates, such as nearly-pure CH4-hydrates in natural hydrate
deposits or natural gas pipelines or CO2-hydrates in carbon sequestration
operations, a thermodynamic model using a kinetic description for the hydrate
phase is, in many cases, a better approximation of the dynamics. This holds
especially for hydrate systems in porous media, where nucleation highly depends
on local conditions and pore-scale geometry limits transport of matter to the
hydrate surface and governs the ability to sustain the growth process [248].

In this section, we discuss the thermodynamic model for single-component CH4-
and CO2-hydrates. We limit ourselves to a two-component system containing H2O
and CH4 or CO2, which are limited to partition into non-aqueous (V/L), aqueous
(Aq) or sI-hydrate (H) phases. According to Gibbs’ phase rule, the degrees of
freedom at equilibrium amount to F = C − P + 2. This implies that a three-phase
equilibrium can only occur at the phase boundary (the hydrate equilibrium curve),
where pressure (or temperature) behaves as a dependent variable. By means
of a Gibbs energy analysis, we demonstrate that both kinetic and equilibrium
approaches yield the same equilibrated conditions given enough time. In the mass
balance equations (5.10), however, the hydration number is often fixed. An aspect
that is not easily captured using a kinetic model with a set hydrate composition
is the variability in gas ’stoichiometry’ throughout the equilibration process. This
phenomenon is relatively harmless for single-component hydrates, but becomes
crucial for modelling of mixed hydrates [249].

Thermodynamic description of kinetic model
A kinetic description of the hydrate phase requires a flash procedure for solving
thermodynamic equilibrium only between the fluid phases. The assumption of
instantaneous thermodynamic equilibrium is not applied to the hydrate phase, and
a separate mass balance equation for the hydrate pseudo-component is added.
The kinetic pseudo-reaction of the hydrate phase is then driven by the di!erence in
fugacities of water between fluid and hydrate phases:

rk ∝ Gƒb (7.2)

The process of formation or dissociation results in a net exchange of mass
between hydrate and non-hydrate phases to minimize Gibbs energy and restore
thermodynamic equilibrium between all phases.

The proposed thermodynamic framework for kinetics consists of two stages.
Firstly, a two-phase flash procedure yields the thermodynamic equilibrium between
the fluid phases. Secondly, the hydrate reaction rate is determined from the
fugacity di!erence between the fluid and hydrate phases. We demonstrate that the
conditions of the equilibrated system obtained with kinetic assumptions are, in the
limit, equivalent to those obtained from equilibrium assumptions.

For the fluid phases, we rely on the hybrid-EoS framework with the fugacity-
activity model for the aqueous phase and cubic EoS for non-aqueous fluid phases
from Chapters 3 and 4. In practice, hydrate calculations are limited to a narrow
range of temperature and a wide range of pressure, and the inconsistencies toward
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critical conditions of the brine phase by using separate equations of state are
therefore not a concern [115]. An accurate evaluation of aqueous phase properties
is particularly important for hydrate modelling, where gas solubility and component
fugacities have a large influence on predicted hydrate equilibria [73].

It must furthermore be noted that, albeit the Peng-Robinson EoS [72] is often
preferred because of improved (critical) compressibility factors, predictions of
hydrate structures and equilibrium pressures obtained with the Soave-Redlich-
Kwong EoS [71] are more satisfactory. This is due to the fact that the improvement
in volumes is at the expense of the (critical) fugacity coe"cient [73].

To calculate hydrate fugacity and determine the magnitude of the thermodynamic
driving force (7.2), the common procedure in the literature relates to the hydrate
equilibrium curve. In this work, however, we evaluate the fugacity of water in the
hydrate phase from the modified Van der Waals-Platteeuw hydrate equation of
state [123] following Ballard and Sloan, Jr. [127] (Section 3.3).

Gibbs energy analysis of kinetic assumptions
Contrary to equilibrium assumptions, where the hydrate phase is incorporated
into a multiphase flash procedure, the kinetic model assumes a thermodynamic
non-equilibrium between the fluid and hydrate phases. In the limit, however, both
tend to the direction of minimum Gibbs energy. We demonstrate this by analyzing
the Gibbs energy surfaces of the three phases. Figure 7.1 shows the dimensionless
Gibbs energy of mixing for the H2O-CH4 system at a temperature of 277.6 K,
typically encountered at the sea floor [122]. Note that the surfaces are only plotted
for relevant ranges of composition (i.e., CH4-rich for the vapour, H2O-rich for the
aqueous phase). The composition of the hydrate phase is physically limited to the
range between empty (zH2O = 1) and full cage occupancy (zH2O ≈ 0.85).

The fugacity of each separate component can be calculated from its intersection
with the y-axis at pure composition. The guest molecule fugacity is taken from
the fluid-phase equilibrium. The stability of the hydrate at specified conditions is
indicated by whether the hydrate fugacity is above or below fluid-phase equilibrium.

Three di!erent pressures are considered: below hydrate equilibrium pressure
(P = 10.0 bar), exactly at the three-phase coexistence curve (P = 40.79 bar)
and above equilibrium pressure (P = 70.0 bar). At thermodynamic equilibrium
between any number of phases, the chemical potential of each component is equal
throughout all equilibrium phases. In the Gibbs energy diagram, this corresponds
to a common tangent to the surface at each of the equilibrium phase compositions.
Observe that the Gibbs energy surface of the hydrate phase for the three
pressures is above, exactly at and below the Gibbs energy surface for two-phase
equilibrium, respectively. Using the fugacity of CH4 in the fluid phases to calculate
the hydrate fugacity, the tangent to the hydrate surface indicates that total Gibbs
energy would be decreased by either hydrate formation (P > Peq : ƒk > ƒH) or
dissociation (P < Peq : ƒk < ƒH). Through the consumption or release of gas
upon formation or dissociation, respectively, the system decreases or increases its
pressure accordingly to return to equilibrium.
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From the Gibbs energy analysis, we find that, as was implied by Gibbs’ phase
rule, three-phase equilibrium in a binary system occurs only at the phase boundary
between the three phases, which corresponds to the hydrate equilibrium curve.
In single-phase fluid conditions – either when the brine is undersaturated with
dissolved methane or all water is evaporated – we would find that increasingly
large pressures are necessary to sustain a stable hydrate phase.

Aside from finding equilibrium conditions of the hydrate phase, note that the
phase equilibrium conditions also determine the composition of the hydrate phase.
It corresponds to the tangent line to the hydrate surface, which varies from low
cage occupancy in brine-hydrate conditions to high concentrations of CH4 in the
vapour-hydrate region.

Figure 7.1.: Gibbs energy surfaces of mixing of H2O-CH4 mixture at T = 277.6
K for conditions below equilibrium pressure (P = 10.0 bar), at the
three-phase boundary (P = 40.79 bar) and above equilibrium pressure
(P = 70.0 bar). The solid lines are the Gibbs energy of mixing surfaces
for hypothetical single-phase mixtures and the dashed lines are the
Gibbs energy of mixing of two-phase equilibrium, and of the hydrate
phase at the given two-phase equilibrium.

7.2. Results
In this section, we apply the modelling framework to simulate gas hydrates in
porous media. We first reproduce hydrate formation the numerical experiments
for CH4 [235] and CO2 [247]. Then, we investigate test cases for dissociation of
natural CH4-hydrate deposits as studied by [248]. The reaction models for each
case have been summarized in Table 7.1. Note that we adopt the same kinetic
rate parameters, porosity-permeability relationships, spatial grids and boundary
conditions as in the original publications, since the primary goal here is to
reproduce the reported behavior.
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Table 7.1.: Hydrate formation/dissociation kinetic models and parameters employed
in numerical studies.

Study Kinetic model and parameters

CH4-hydrate formation
[235]

r = Kƒ As exp
0
−
EZ
RT

1 '
ƒHb − ƒ kb
(

Kƒ = 3.6 × 104 mol PJ−1 m−2 s−1

EZ = 8.1 × 104 Jmol−1

nH = 6.1

As = 0.879FA(t)
1 − k
rp

S2/3H

rp =
8 45k

(1 − k)2 k3
91/2

FA = 0.23

CO2-hydrate formation
[247]

r = 3Kƒ0 exp
0
−
EZ
RT

1
SMA(1− SH)M

1 − k
rp

S2/3G

'
ƒHb − ƒ

k
b

(

Kƒ0 = 8.4 × 1011 kgm−2 PJ−1 s−1

EZ = 1.0288 × 105 Jmol−1

M = 5.3
nH = 6.0

No separate As; geometric factor is inside the rate.

rp = 1.645 × 10−4 m

CH4-hydrate
dissociation [248]

r = Kd As exp
0
−
EZ
RT

1 '
ƒHb − ƒ kb
(

Kd0 = 3.6 × 104 kgPJ−1 m−2 s−1

EZ = 8.1 × 104 Jmol−1

nH = 6.1

As and rp same as CH4-hydrate formation study

FA = 1.0
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7.2.1. Formation of CH4- and CO2-hydrates
Authors of Yin et al. [235, 250] analysed numerically earlier experimental studies
that involved CH4-hydrate formation and dissociation in a small reactor filled with
a sandy porous medium. Their study aimed to investigate the hydrate reaction
kinetics and phase distribution heterogeneity throughout core samples in such
laboratory studies. In a similar setup, we simulate a CO2-hydrate formation
experiment under a semi-batch, constant-pressure configuration [247]. The core
properties for both experiments are summarized in Table 7.2.

Table 7.2.: Reactor and porous medium properties for formation experiments.
Parameter CH4 CO2

Internal height of reactor 120.0 mm 160.0 mm
Internal diameter of reactor 102.0 mm 101.6 mm
External height of reactor 170.0 mm 164.0 mm

External diameter of reactor 132.0 mm 116.0 mm
Thickness of reactor wall 15 mm 7.2 mm

Porosity k 0.44 0.312
Permeability k 3.83 D 30.0 D

Density of rock cr 2650 kg/m3 2075.5 kg/m3

Thermal conductivity of dry rock gd 0.30 W/m.K 2.2 W/m.K
Thermal conductivity of wet rock gb 1.65 W/m.K N.A.

Heat capacity of rock cp,r 1400 J/kg.K 745 J/kg.K
Thermal conductivity of Steel gs 16.0 W/m.K 13.4 W/m.K

Heat capacity of Steel cp,s 500 J/kg.K 468 J/kg.K

CH4-hydrate formation
The CH4-hydrate formation experiment describes a 1.0L cylindrical reactor,
blanketed by a cooling jacket that circulates a heat exchange fluid. A stainless-steel
wall surrounds the porous medium and is used for cooling via the external bath; in
the model, the wall is treated as an impermeable layer with zero porosity (no mass
flow through the wall). A water injection point is located at the top of the reactor.
Pressure sensors record pressure at the top and bottom, and thermal sensors Z
and b are installed at radii of 25 and 38 mm.

The core is initially pressurized by pure CH4. Then, three sequences of water
injection (I), stabilization (S) and hydrate formation (F) stages followed, allowing the
system to equilibrate. We model the first stage of hydrate formation F1. The bath
temperature and pressure initially measure 288.2 K and 95.0 bar and are practically
uniform. The cooling fluid starts circulating the boundary, its temperature slowly
reduced to 274.5 K (reached at t = 0.66 hr). The temperature at the boundaries
is maintained constant for the remainder of 24 hours. This is su"ciently low to
create hydrate formation conditions. The rate of hydrate formation is described in
Table 7.1.
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Figure 7.2 shows the temporal and spatial evolution of pressure (a), temperature
(c) and phase distributions (e). The high porosity and permeability of the sand
result in a practically uniform pressure distribution at all times. The temperature
distribution is heterogeneous at early times, caused by the combined e!ect of the
cooling boundary and the exothermic nature of hydrate formation. The temperature
drop at the boundary spreads into the core by means of thermal conduction,
then increases due to the heat released upon hydrate formation and becomes
uniform after 4 hours. A similar heterogeneous distribution of hydrates to Yin et al.
[235] can be observed. They recorded a hydrate saturation of 0.49 at the cooling
boundary and a saturation of only 0.10 at the center of the core. In our simulations,
the distributions are slightly di!erent. Notice that the pattern of hydrate distribution
heavily depends on the kinetic parameters and thermal properties of the medium.

(a) Pressure vs. time (b) Pressure – spatial distributions at 2 h, 3 h, 5 h

(c) Temperature vs. time (d) Temperature – spatial distributions at 2 h, 3 h, 5 h

(e) Hydrate mass vs.
time

(f) Hydrate saturation – spatial distributions at 2 h, 3 h, 5 h

Figure 7.2.: Results for CH4-hydrate formation experiment after 6 hours of
simulation. (Left) Time evolution of (a) pressure, (c) temperature at
sensors a and b and (e) total mass of H2O, CH4 and MH components.
(Right) Spatial distributions of (b) pressure, (d) temperature and (f)
hydrate saturation. Markers show reference points from [235].
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Under hydrate-forming conditions, the system pressure and temperature
gradually decrease as the boundary cools. The pressure-temperature trajectories
at sensors A and B (Figure 7.3) show that both locations follow a cooling path
that progressively departs from the equilibrium curve as hydrates begin to form.
The deviation below the equilibrium line indicates the consumption of free gas and
water for hydrate generation, while the subsequent pressure stabilization reflects
the slowing of formation as the system approaches equilibrium.

Figure 7.3.: Pressure-temperature trajectories at sensors Z and b during hydrate
formation, compared with the CH4-hydrate equilibrium curve. Markers
indicate system conditions at 0, 2, 3, and 6 hours.

CO2-hydrate formation
We reproduce the semi-batch/constant-pressure configuration (run 3) of the
CO2-hydrate formation experiment reported by Li et al. [247]. Initial conditions
correspond to a uniform T = 1.95 ◦C and P = 3.20MPJ. In the sand bed,
SA = 0.25, SG = 0.75. The gas cap is void (k = 0.99) that is saturated with
nearly pure CO2. All steel walls (side, top, bottom) are impermeable to flow
and held isothermal at the external bath temperature (Tb = 1.0 ◦C). The core
is pressurized from the gas cap by pressure-controlled CO2 injection at POnj =
3.20MPJ and TOnj = 1.0 ◦C. The rate of formation follows the CO2-specific kinetic
law [251] mentioned in Table 7.1. Capillary pressure, relative permeability, and
porosity-permeability relationships are taken from Li et al. [247].

Figure 7.4 shows the evolution of pressure and temperature at di!erent locations
in the core. While pressure remains virtually constant, the temperature strongly
increases at early stages due to the exothermic process of hydrate formation. The
temperature increase is more pronounced at the top and middle sensors, indicating
that the amount of hydrate formed in these regions is larger than in the bottom,
where no cooling is applied. After equilibration, a uniform temperature distribution
is restored due to conductive fluxes from the cooling bath inward.
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(a) After 2 hours (b) After 24 hours

Figure 7.4.: Pressure and temperature at sensors at bottom, middle, top and gas
cap over time from simulation of CO2-hydrate formation experiment.

(a) t = 3 min

(b) t = 20 min

(c) t = 60 min

Figure 7.5.: Spatial distribution of pressure, temperature and gas/hydrate satura-
tions from simulation of CO2-hydrate formation experiment.
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The features that show up in the time data can be recognized in the spatial maps
from Figure 7.5. In addition, it can be observed that the cooling bath enforces low
temperatures from the outside, and the temperature increase that accompanies
the formation process is suppressed in the outer region. The strongest driving
force for hydrate formation is thus induced at the outermost cells, resulting in a
non-uniform final hydrate saturation.

7.2.2. Dissociation of CH4-hydrates
Here, we run test cases of hydrate dissociation in hydrate-bearing sedimentary
layers. We follow two scenarios from Kowalsky and Moridis [248]. Both cases are
concerned with so-called Class 3 type radial reservoirs, hydrate accumulations that
are underlain and overlain by impermeable layers [252]. Case A considers thermal
stimulation to induce hydrate dissociation by providing a heat source at the well
at the centre of the reservoir to bring the temperature above hydrate equilibrium
conditions. In case B, hydrate dissociation is driven by depressurization, where the
pressure at the well is reduced below the hydrate equilibrium pressure. We use 1D
radial domains for both cases in which the size of the grid blocks increases in the
radial direction, starting from 5 cm at the well radius rb = 7.5 cm, to 100 m at the
outer radius. Table 7.3 lists the specifics. The dissociation of CH4-hydrates follows
a similar kinetic model as the formation case listed in Table 7.1.

Table 7.3.: Parameters for simulation of dissociation test cases A and B.
Parameter Case A Case B
Thickness 10 m 10 m

Radius 1000 m 10000 m
POnOt 40 bar 90 bar
TOnOt 1.0 ◦C 11.0 ◦C
Pbe 40 bar 27 bar
Tbe 45.0 ◦C N/A
Sh,OnOt 0.5 0.5
SZ,OnOt 0.5 0.5

Porosity k 0.30
Permeability k 296 mD

Thermal conductivity of dry/wet rock gd/gb 0.5-3.1 W/m.K
Heat capacity of rock cp,r 1000 J/kg.K

Case A: thermal stimulation
Initially, two-phase brine-hydrate equilibrium exists with Sh = SZ = 0.50,
T = 274.15 K and P = 40.0 bar, uniform throughout the domain. The pressure at
the well is kept at the initial pressure, and production is initialized by increasing the
temperature at the well to the specified Tb = 45 ◦C.
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The results of test case A after 30 days of simulation time are displayed in
Figure 7.6. A fine OBL resolution of 4000 points has been used. Figures (a) and (b)
show the spatial distributions of pressure and temperature and phase saturations,
respectively. A temperature front propagates into the reservoir, resulting in a small
zone behind which the hydrates have completely dissociated. In the simulations,
the temperature rapidly decreases from well temperature Tb = 45◦C into the
near-well region, in part due to the endothermic nature of hydrate dissociation and
the increasingly large area of dissociating hydrates outwards. The largest pressure
can be found in the dissociation zone, leading to fluid flow in both the inward and
outward directions. The amount of gas produced in the early stages, however, is
insignificant. Ahead of the dissociation front, secondary hydrate formation occurs
as a result of the increased pressure associated with gas release from dissociation.

(a) (b)

Figure 7.6.: Results for case A after 30 days of simulation. Spatial distributions
of (a) pressure and temperature and (b) saturations of V, Aq and H
phases. Markers show reference points from [248].

Case B: depressurization
The second test case is very similar to case A, but now dissociation is triggered
by constant pressure at the well. Initial saturations are again uniformly distributed
Sh = SZ = 0.50 with T = 284.15 K and P = 90.0 bar. Production is initialized with
a constant pressure control at 27.0 bar.

The spatial distributions of pressure and temperature (a) and phase saturations
(b) after 30 days of simulation time are displayed in Figure 7.7. An OBL resolution
of 400 points has been used. It can be observed that depressurization results in a
wide region of dissociating hydrates, unlike in case A. Temperature drops due to
the e!ect of endothermic dissociation and expansion cooling of the released gas.
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(a) (b)

Figure 7.7.: Results for case B after 30 days of simulation. Spatial distributions
of (a) pressure and temperature and (b) saturations of V, Aq and H
phases. Markers show reference points from [248].

7.2.3. Discussion on simulation results
A simulation model for hydrate formation and dissociation must be able to capture
the competing physical phenomena – a sharp decrease in temperature due to
the boundary conditions, adiabatic cooling, exothermic hydrate formation reaction,
and a reaction rate highly sensitive to hydrate surface area – which result in
highly nonlinear simulation problems. This requires an appropriate resolution of
the OBL mesh. A coarse resolution of the OBL mesh is not fully able to resolve the
nonlinearities introduced by the kinetic reaction. A very fine resolution would be a
limiting performance factor, thereby losing the advantages of the OBL approach.

In our paper, we go into more detail on the advantages and trade-o!s of an OBL
implementation for complex physics such as the hydrate model. We illustrate how
OBL- and grid resolution a!ect scaling and performance. In general, OBL statistics
show that Jacobian assembly increasingly dominates the runtime with finer OBL
resolution. This is due to a higher amount of points to be generated, while the
number of interpolations remains of the same order of magnitude. In addition,
a grid convergence study indicated a good scalability of the OBL technique
with grid resolution. This is due to the fact that the number of interpolations
increases rapidly with the number of primary unknowns, while the amount of
points generated remains orders of magnitude less. This presents a significant
computational advantage over conventional simulators that utilize analytical or
numerical derivatives for Jacobian assembly, which scale poorly with the number of
unknowns. A similar conclusion was drawn from a comparison between TOUGH2
and open-DARTS for modeling of fractured reservoirs [253].
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Conclusion

This work aimed to develop a robust, flexible and e"cient thermodynamics-
based simulation framework for modelling of geological CO2 sequestration.
The existing open-DARTS simulation software was provided with robust and
accurate thermodynamic modelling routines. The integration of DARTS-flash into
the Operator-Based Linearization framework for physical modelling extended its
applicability to model complex multiphase mixtures involving brine, reservoir fluids,
CO2 and impurities. By the nature of the OBL technique, the computational load
of thermodynamic calculations is limited and only required to compute missing
supporting points for interpolation. As partial derivatives of all terms are readily
obtained by performing interpolation, an extension of the OBL framework to
solve with any state variables is straightforward and greatly improves simulation
robustness.

CO2 sequestration processes involve a wide range of physical interactions at
di!erent scales. Accurate and consistent thermodynamic modelling, coupled with
the mass and energy conservation equations, is able to capture e!ectively the
interplay of thermal-compositional phenomena. Through a thorough review of
fundamental thermodynamics, computational techniques and available branches of
thermodynamic models, a computational framework was established to solve phase
equilibria of reservoir mixtures with brine and CO2. Starting from a geometrical
interpretation of the phase equilibrium problem, e"cient initialization procedures
were formulated to perform two- and three-phase equilibrium calculations that is
readily extended to a higher number of phases. In addition, the approach allows
for the straightforward use of multiple thermodynamic models together.

A hybrid-EoS model that uses a specific fugacity-activity model for the aqueous
phase and a cubic equation of state for the non-aqueous fluid phases was
introduced and validated against experimental data of multiphase mixtures of
brine and reservoir fluids. Similarly, the hydrate equation of state was added
in the same setup to include di!erent hydrate types into the model. Moreover,
the flash procedures were extended to calculate phase equilibria in PH- and
PS-specifications in line with state-of-the-art computational methods for inner and
outer loops of the nested algorithms.

135
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The thermal-compositional framework was applied to a set of simulation
scenarios relevant to geological CO2 sequestration. Two conventional targets for
CO2 injection – saline aquifers and depleted hydrocarbon fields – have been
investigated in terms of typical conditions and dominating physical phenomena. By
means of two recent benchmark studies for CO2 storage in aquifers, the FluidFlower
and SPE11, the combination of DARTS and DARTS-flash has been demonstrated
to capture plume migration and capillary trapping, as well as enhanced dissolution
and impurity impacts that is in accordance with experimental data and modelling
e!orts throughout the community. Simulation of CO2 sequestration in depleted
hydrocarbon reservoirs was modelled here in a simplified radial model that mimics
the conditions of the highly depleted Porthos project in the North Sea o!shore.
It is, however, a less resolved field of study, as thermal-compositional e!ects
related to expansion cooling and phase changes are much more pronounced.
This introduces additional nonlinearities to the simulation from thermodynamic, as
well as multiphase flow points of view. While a PH-formulation was developed
to resolve the former, this matter requires thorough investigation of all coupled
processes and nonlinearities to come up with appropriate heuristics. Additionally,
the OBL framework was extended to include gas hydrates into the simulation
model. By use of a kinetic description of hydrate formation and dissociation, a
set of core-scale methane- and carbon-dioxide-hydrate formation experiments and
field-scale dissociation scenarios for gas production could be reproduced from
literature.

Recommendations for further research
With the e"cient coupling of thermodynamic modelling and fluid flow solvers
using the OBL approach, improvements to the thermal-compositional simulation
framework can still be sought in both areas. By means of a PH-specification, most
thermodynamic nonlinearities for fluid flow can be e!ectively resolved. However,
an investigation of the nonlinear solver behaviour with respect to the change
of variables from temperature to enthalpy is required to develop appropriate
heuristics for the Newton solver. This may be particularly important in relation to
multicomponent systems, where mixture enthalpy is highly influenced by the pure
component enthalpies.

The nonlinearities associated with multiphase dynamics are another source
of convergence problems. It has been reported that complex multiphase flow
introduces inflection points, which can be amplified by compositional changes,
gravitational e!ects and capillarity. Advanced numerical techniques to improve the
robustness of the nonlinear solver, such as Trust-Region-based methods, may
provide a robust solution.

From the thermodynamic modelling point of view, improvements can be made
in terms of computational e"ciency and physical complexity of the mixtures. By
utilizing a generalized selective solubility, which is in essence an extension of
the augmented free-water flash concept to any phase, nonlinearity of solution
procedures for the flash, as well as linear system sizes, can be significantly
reduced. In addition, it opens up possibilities to e"ciently handle complex
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thermodynamics related to pure phases, hydrates, ions and aqueous chemistry to
model bio- and geochemical processes.

Finally, with the option of OBL to use any state specification, it may be worth
investigating if the simulation performs well with a volume-based formulation.
Simulation of unsteady-state pipeline flow, for instance, is often solved using
internal energy and volume. Most complex thermodynamic models, in the end, are
formulated in terms of volume.

An outlook for modelling and understanding CO2 sequestration processes
The path towards sustainable future relies heavily on safe and e"cient usage of the
subsurface. Given that the available data for exploration, operation and monitoring
for any project is very limited, numerical simulation provides an important tool to
understand the ongoing dynamics.

Numerical simulation of CO2 sequestration, in particular, involves the modelling
of complex physical processes at multiple scales. In order to gain an understanding
of the physics, it is important to develop models that are able to reproduce
observations from core-scale laboratory experiments and extrapolate their
applicability to field-scale operations. Yet, on an intermediate scale, such as in
the FluidFlower, it nonetheless proved to be challenging to capture all dynamics
accurately, and such benchmark studies can help to advance in the right direction.
Only when a converged solution to these problems is obtained, we can be
su"ciently confident in our ability to design, monitor and intervene in such complex
operations appropriately.

Furthermore, the ability to convincingly demonstrate to the public what
subsurface processes look like by means of such benchmark studies will help to
build trust and support pragmatic decision-making in the combat of climate change
and energy security. While political pragmatism and economic incentives have not
yet reached the desired urgency, the first field-scale pilots have been undertaken,
technologies have started to mature, and, most of all, the time to make the right
decisions to continue to support research and act appropriately is now.
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A
DARTS-flashlibrarystructure

A.1. C++
The cpp folder in DARTS-flash is divided into subfolders:

• eos: EoS implementations
– aq: Fugacity-activity models for aqueous phase
– helmholtz: Helmholtz-form EoS
– iapws: IAPWS-95 and IAPWS-Ice EoS
– solid: PureSolid EoS for Ice, NaCl, CaCl2
– vdwp: VdWP hydrate EoS

• flash: Flash implementations and related data structures

• global: Global functions and data structures

• maths: Math tools

• phase-split: Phase split implementations

• pybind: Binding code for Python exposure

• rr: Rachford-Rice implementations

• stability: Stability test

A.1.1. EoS
EoS base class
The eos folder contains the EoS definition in the root. The EoS base class defines
virtual (abstract) methods:

• init_PT(P,T): initialize EoS computations at given P, T
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• solve_PT(n): solve EoS at given P, T, n. Switch for second-order
derivatives calculation

• lnphii(i), dlnphii_d⁎(i), d2lnphii_d⁎(i): fugacity coef-
ficient of component O, first- and second-order partial derivatives

• G(P,T,n), H(P,T,n), S(P,T,n): total Gibbs energy, enthalpy and
entropy. Partial derivatives with respect to P, T, n are evaluated from
dY_dX(P,T,n)

Implementations of the EoS class are provided for Helmholtz-form models,
fugacity-activity models for aqueous phase (Section 3.2), pure solid EoS and
VdWP hydrate EoS (Section 3.3). All implementations of EoS child classes have
analytical partial derivatives. Note that some thermodynamic models are explicit in
mole fractions and compositional derivatives must consequently be converted to
partial derivatives with respect to mole numbers.

HelmholtzEoS base class
In addition to the PT-based computations from the EoS, HelmholtzEoS
implementations contain additional logic for volume-based EoS:

• init_VT(V,T): initialize EoS computations at given V, T

• solve_VT(n): solve EoS at given V, T, n. Switch for second-order
derivatives calculation

• F(), dF_d⁎(), d2F_d⁎(): residual Helmholtz free energy, first- and
second-order partial derivatives

• P(), dP_d⁎(): pressure function and partial derivatives, required in
VTn-based computations

• V(), dV_d⁎(): volume solver and partial derivatives, required in PT-based
computations

• zeroth_order(), first_order(), second_order(): wrap-
pers for solving volume-dependent terms as called in solve_PT() and
solve_VT(), option to skip second-order

• G(X,T,n), H(X,T,n), S(X,T,n), A(X,T,n), U(X,T,n): total
Gibbs energy, enthalpy, entropy, Helmholtz energy, internal energy at either
PT- or VTn-based specification

Implementations of the HelmholtzEoS are provided for CubicEoS in
eos/helmholtz/cubic.⁎pp (see Section 3.1) and IAPWS95 in
eos/iapws/iapws95.⁎pp.
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A.1.2. Flash
The Flash base class contains generic methods for stability and phase split
computations:

• evaluate(p,T,z): Main function to evaluate flash at state specification
• run_stability(), run_split(), run_loop(): Flash sub-

routines
• get_flash_results(): Function to wrap flash results into

FlashResults object
The base implementation is a sequential stability and phase split algorithm
for multiphase PT-flashes. Figure A.1 shows a flow chart describing the logic
behind the sequential flash loops. The NegativeFlash class uses only
run_split() and checks for negative flashes. The PXFlash class uses an
inner loop of PT-flashes using base Flash functionality with an outer loop to
solve specified enthalpy or entropy.

Figure A.1.: Structure of flash loop.

FlashResults
The FlashResults struct collects the flash results from a Flash call,
including partial derivatives of the flash with respect to all primary variables if
required (Section 4.2.3). In case of a PH- or PS-flash, the FlashResults of
two flashes on both sides of the bracketing strategy are stored, such that the flash
results can be combined in case the state is at a transition temperature. Partial
derivatives of the PH- and PS-flashes are calculated using chain rules or by the
dedicated logic at transition temperatures, as described in Section 4.4.2.
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A.1.3. Stability, PhaseSplit and RR
The stability, phase split and Rachford-Rice procedures are organized in similar
structures. Stability and BaseSplit have a similar solution procedure
(Section 4.2):

• run(): Main function to run stability test or phase split

• perform_⁎(): Perform SSI/Newton steps with specified variables

• construct_⁎(): Construct matrices and inverse

Phase split has a TwoPhaseSplit and a MultiPhaseSplit implement-
ation.

The rr folder contains solvers for two-phase and multiphase Rachford-Rice
equations (Section 4.2). For two phases, the RR_EqConvex2 equation
solving algorithm using convex transformations is the preferred choice, while
the multiphase Rachford-Rice is best solved using the minimization approach of
RR_Min.

A.1.4. Data structures: CompData, FlashParams and EoSParams
The user can set component data, parameters and tolerances for flash and
EoS-specific input through CompData, FlashParams and EoSParams.

CompData
The CompData struct is located in global/components.hpp. It contains
component-specific data, such as properties Tc, Pc, Mb and ideal heat capacity
coe"cients, CubicEoS-specific parameters Zc (acentric factor) and binary
interaction coe"cients kOj. For ions, charges are stored.

FlashParams and EoSParams
TheFlashParams andEoSParams structs are defined inflash/flash_params.hpp.
Flash-specific parameters are stored in FlashParams:

• EoSParams object for each EoS

• Tolerances and number of iterations for phase split and RR solvers

• Choice of variables for stability test and phase split

• Parameters for PXFlash
• Methods to perform property calculations over all phases

EoS-specific parameters for each employed EoS object are defined in
EoSParams:

• Pointer to EoS object
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• root_order and rich_phase_order define order of phase types
in FlashResults

• Tolerances and number of iterations for stability test

• Initial guesses for stability test

A.2. Python
The Python interface of the DARTS-flash package provides an e"cient way
to perform flash computations over a user-specified parameter space. The
DARTSFlash base class is a wrapper for C++-based functions, some typical
fluid mixtures are predefined in mixtures.py and some common phase
diagram plotting functionality is included in plot.py.

A.2.1. DARTSFlash
The DARTSFlash class is a Python wrapper for C++-based functionality of
DARTS-flash. To properly define and initialize a Flash object, the user should
make the following function calls:

• DARTSFlash() constructor

• DARTSFlash.add_eos() adds EoS object and EoS-specific paramet-
ers to EoSParams object

• DARTSFlash.init_flash() passes the flash-specific parameters.
It wraps the defined EoS, EoSParams and FlashParams objects to create an
instance of the specified Flash type

After initialization of the DARTSFlash object, it can perform single- and
multicomponent flashes, hypothetical single-phase properties (thermodynamic
potential and PVT-properties) as well as equilibrium properties based on the flash
results.

A.2.2. Mixtures
The mixtures.py file contains predefined DARTSFlash classes for a
number of typical mixtures:

• IAPWS: pure H2O at V-L and V-L-Ice conditions

• VL: single EoS V-L mixtures

• VLAq: (hybrid-EoS) implementation of mixtures involving Aq and V-L phases

• VLAqH: extension of VLAq class to include hydrate phase(s)
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A.2.3. Diagram and Plot
The Diagram base class contains methods for drawing line, surface and contour
plots. TernaryDiagram generates a ternary diagram with scatter, line or
contour plots. Predefined plotting functionality for common phase diagram types
include:

• PlotEoS and PlotProps: EoS and phase property plotting

• PlotFlash: PT-, PH-, PS-, compositional and ternary phase diagrams
and solubility curves

A.3. Tests
The test suite in the tests folder is designed to run consistency tests and
test partial derivatives for EoS, unit tests of math tools, and integration tests
of stability/phase split/RR subroutines and full flash algorithms. There is a set
of C++-side tests in tests/cpp using ctest and Python-side tests in
tests/python using pytest.

C++
The cpp/unit folder contains the following test files:

• test_eos.cpp: EoS consistency and partial derivatives tests

• test_flash.cpp: Tests of Flash and NegativeFlash (PT) including
partial derivatives of the flash for di!erent mixtures and conditions

• test_maths.cpp: Unit tests for math tools

• test_phflash.cpp: Tests of PXFlash implementation (PH) including
partial derivatives of the flash for di!erent mixtures and conditions

• test_rr.cpp: Tests of RR implementations

• test_split.cpp: Tests of standalone PhaseSplit (Two-/Multi-) routines

• test_stability.cpp: Tests of standalone Stability routines

Python
The Python tests in the python folder make use of xarray testing functionality.
The results of EoS and Flash computations are compared with reference data in
the ref folder. The python folder contains the following test files:

• test_api.py: Test of DARTSFlash API consistency

• test_eos_properties.py: Tests of EoS properties at PT and VTn

• test_flash_⁎.py: Tests of V-Aq NegativeFlash, pure H2O, V-L,
V-L-Aq and V-L-Aq-sI flashes
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