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Introduction

In recent years, isogeometric analysis has been an active topic of research in numerical mathemat-
ics. Using higher regularity finite dimensional spaces for the Finite Element Method, allows for bet-
ter approximation power per degree of freedom (DOF) (Beirdo da Veiga et al., 2011; Sande et al.,
2020). Additionally, this allows the domain to be more accurately imported from Computer Aided De-
sign (CAD) software, which results in a reduction/elimination of domain meshing errors (Cottrell et
al., 2009; Hughes et al., 2005). Isogeometric analysis can be used to solve problems with tools like
(“FEAP”, n.d.). However, at this time, these tools are only used for research purposes. For this reason,
B-splines are commonly used as basis functions. However, these B-splines are unable to be refined
locally. For this reason Truncated Hierarchical B-splines have been developed (Lyche et al., 2018).

One of the tools which can be used to analyse the finite element method is Finite Element Exterior
Calculus (D. N. Arnold, 2018). This approach helps us design and understand why certain methods
work better than others. Finite Element Exterior Calculus concerns itself with the hodge Laplacian.
This is a generalization of the Laplace problem in higher dimensions. The hodge Laplacian shows
up in many problems. One can formulate the hodge Laplace problem as Stokes flow or the Maxwell
equations. In (D. N. Arnold, 2018), they show that the mixed weak formulation of the hodge Laplacian
is consistent, stable and converges, under certain assumption. One of these assumption being, exis-
tence of a commuting projector. A commuting projector is an operator that commutes with the (exterior)
derivative, when mapping from the infinite dimensional complex to the finite dimensional complex. To
give an example, initially projecting a H* function on to the finite dimensional space and then calculat-
ing the divergence must give the same result as first calculating the divergence and then projecting it
onto the finite dimensional space. Lastly, in order for the projector to be efficient in practical use, we
desire the projector to be local. This means that the coefficient of a basis function are only dependent
on function data around the support of the basis function. For these reasons, it is interesting to develop
(or at least show existence of) Local commuting Truncated Hierarchical B-spline projectors. These
projectors do currently not exist in literature. Truncated Hierarchical B-spline projectors exist, see for
example (Giust et al., 2020) and there exists local L? bounded commuting FEEC projectors (D. Arnold
& Guzman, 2021). However, no local commuting Truncated Hierarchical B-spline projectors exist in
academic literature.

In this paper, we introduce a Truncated Hierarchical B-spline projector by extending the local Bezier
projector from (Thomas et al., 2015) to Truncated Hierarchical B-splines. For this, a local notion of
linear independence is required for the Truncated Hierarchical B-spline spaces. Additionally, by using
the same approach as in (Buffa et al., 2011) for the 1D setting, a commuting local Truncated Hierarchical
B-spline projector is constructed. In Chapter 2 the Truncated Hierarchical B-spline space is summarized
followed by an overview of Finite Element Exterior Calculus in Chapter 3. In Chapter 4 the commuting
Truncated Hierarchical B-spline projector is introduced for the univariate case and in Chapter 5 the
Truncated Hierarchical B-spline projector for the multivariate case. Chapter 6 contains numerical results
where we compare our proposed projector to (Giust et al., 2020) in the 1D setting and show that the
theoretical convergence results hold. We conclude with our findings in Chapter 7 of this projector.

1






General Spline Theory

In this chapter we will introduce splines, in particular one-dimensional B-splines. At the end of this
chapter we will expand this notion to higher dimensional splines by taking a tensor product of multiple
one dimensional splines and locally refine these splines spaces to create (T)HB-splines. This section
is highly inspired by (Lyche et al., 2018). Many Theorem are taken from (Lyche et al., 2018), and for
proofs of all the claims in this section, we refer the reader to (Lyche et al., 2018).

2.1. B-spline

Definition 2.1. A knot-sequence § is a sequence of non-decreasing real numbers,

=t =< <én) meN
The elements ¢; are called knots.
Assuming that m > p + 1 = 0, we can define B-splines of degree p over the knot-sequence §:

Definition 2.2. Given a non-negative integer p and an integer j suchthat §; <&,y < - < &jy4q are
p + 2 real numbers taken from a knot-sequence £. Then the jt* B-spline is defined to be zero in the
case §; = {j1p4+1, Otherwise recursively by:

x—&; &; - X
by (X) 1= T2 bjp 1,600 + T b1 o1 (0) (2.1)
E}+p 51 §]+p+1 f]+1
Starting with:
1, ifxe[&, &),
bj,O,f(x) - Jr5j+1

0, otherwise.
Here, the convention is to let the fraction be zero, in case of a zero denominator.
These B-splines have the following properties:

Property 2.3. Given a knot-sequence & of m knots, adegreepand 1 <j <n =m—p — 1. Then the
n B-splines have the following properties:

* Local support. A B-spline is locally supported:
bipg(x) =0, x€&[5;84pr1)

» Non-negativity. All n B-splines are non negative everywhere and strictly positive on the open
local support. Meaning:

bj_p_f(x) > O,X € ]R, bj,p,f(x) > O,X € (fj'€j+p+1)

3
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0.2

Figure 2.1: An example of a B spline. These are second degree B splines defined over the knot-sequence ¢ = {0, 1, 2,3,4,5,6,7}
and j € {1,2,3}.

» Piecewise Structure. B-splines have a polynomial piecewise structure. Specifically, restricting
a B-spline to I; = [§;,&;+1), the B-spline is a polynomial of degree p:

bl (x) = bipg(O), €Pp(ID), 1= j+1,..,j+p
where P, (Q) denotes the space of polynomials of degree up to p defined over domain Q.

» Local Partition of Unity. The B-splines with support on I}, = [&, §x41), forp+1 < k < n, sum
to 1:

k
Z bipg(x) =1, x €I = [§k,Sk+1)
L

i=k—p

* Local Linear Independence. Given a domain I, = [&, ¢41) containing at least p + 1 distinct
points, the set {bi‘p,;(x)}{-‘zk_p forms a basis for the polynomial space P, (I).

An example of B-splines can be seen in Figure 2.1. Here, three B-splines are shown for the knot-
sequence § = {1,2,3,4,5, 6,7} of different degrees.

2.1.1. Smoothness, Differentiation and Integration

B-splines are a way to enforce higher regularity at element boundaries. For example, as we have seen,
B-splines are locally a degree p polynomial and thus, p regular on every subdomain [}, = [, &xi1)-
However, they also exhibit high regularity at boundaries. To show this, the concept of multiplicity is
introduced. This is a counting function u that counts the amount of knots present in the knot-sequence.
It is defined as:

Definition 2.4. The counting function i : R — N is defined as follows:

m, if x appears m distinct times in the knot-sequence ¢,

2.2
0, otherwise. (2:2)

p(x) =

We will also call a knot &, with multiplicity 4 = u(&,,) a knot of multiplicity u.
B-splines exhibit the following regularity at the knots of knot-sequence:

Theorem 2.1. If &, is a knot of the knot-sequence & of multiplicity (&) < p + 1, then:

bjpg € CPTHEM (&), (2.3)
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From this theorem, we deduce that the regularity of B-splines can be influenced by choosing an
appropriate knot-sequence. Additionally, if all knots are chosen to be of multiplicity 1, we see that the
B-splines are p — 1 regular.

Additionally, the derivative of a B-spline can be explicitly described. For this, we denote the right
derivative with D, and the left derivative by D_. In this case, we the derivative is given as:

Theorem 2.2. Given a knot-sequence § and degree p > 1. The right derivative of a B-spline bj ;, £ (x)
is given by:

bjp-1£(x) _ bj+1p-1£(x) ) p>1

2.4
Gion & Gapr1— &t @4

Dibjpe(x) =p (
where fractions with zero denominator are taken to be zero.

2.1.2. B-spline function space

Given a domain Q = [a, b], we can partition this space with a knot-sequence ¢ where §{; =aand &, = b
with m being the number of knots. We will introduce terminology with respect to the knot-sequence,
which is crucial for our study/construction of the B-spline spaces.

Definition 2.5. We call a knot-sequence § of m knots withn =m —p — 1:
* (p+D-regularif & <& pyq forallj=1,..,n.
* (p+ D-basicifitis (p + 1) regular and §,,; < &1, and &, < &yyq.

* (p + 1)-open on an interval [a, b] if itis (p + 1)-regular and the end knots have multiplicity p + 1.
Thus:

a:i=4§ == S;p+1 < €p+2 S <& <&y == En+p+1 =:b

Definition 2.6. Given a knot-sequence § of m knots and a degree p. Then, the B-spline space can be
defined as S, ; of n = m — p — 1 B-splines:

n
Spg = span {bip (), - (25)
Additionally, define the basis of the B-spline space as 8, ; = {b; ¢(x)}{=;-

In practice, we will usually use a (p + 1)-open knot-sequence. In this case, the spline space S, ¢
will be linearly independent. This is a consequence of the following theorem:

Theorem 2.3. (Lyche et al., 2018, Sec. 1.3.1)
If & is (p + 1)-basic, then the spline space S, ; is linear independent over the basic domain.

The spline space S, ; seems arbitrary, but in fact, this space coincides with the space §},(4), the
space of piecewise polynomials of degree p by a given sequence of break points and some prescribed
smoothness. However, for the two spaces to coincide, the knot-sequence must be suitably chosen
from the break points and the smoothness conditions.

The space of piecewise polynomials S;,(A) is defined as follows. Let A := {ny < 17y < -+ < Myyq}
be a sequence of distinct real numbers that describe the bounds of the elements of the piecewise
polynomials. Moreover, let r := (1, ...,1;41) be a vector of integers for which —1 < r; < p and where
each r; describes the regularity at boundary n;. Then the space of piecewise polynomials is defined
as:

Sp(8) :={s : [0, M+1] = Rls € Pp([M:,Mi41)), 0 = 0,..., 1 = 1,

s € Pp([nuMisa])ys € CTE(Me), 0= 1,0, 1.

As stated before, this space S, (4) and the B-spline space S, ¢ are equivalent, given correctly chosen
knot-sequence §, element bounds A and boundary regularity r:

(2.6)
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Theorem 2.4. (Lyche et al., 2018, Thm 6)
The piecewise polynomial space S, (A) is characterized in terms of B-splines by

Sp(A) =Sy

Where the knot-sequence & := {& }?:f *1 with n := dim(S;(4)) is constructed such that

$1 S S8 = Mo Mip1 = $ne1 S S Snapi
and
pP—-11 p-T]

Sp+2r s §n 1= M1y e Ny s 11y ooy M

Next, we will characterize the derivative spline space by the following theorem:

Theorem 2.5. (Lyche et al., 2018, Thm 7) Given a knot-sequence & := {&}1=P**, we have for0 < r < p,
D-T—Sp,f = Sp_r;f‘r
where &, := {§}PT

In practice, we will take the knot-sequence § to be equidistant. So, partitioning the unit interval in
N domains, the knots are spaced /v apart, with the multiplicity of the end knots being p + 1, to form a
(p + 1)-open knot-sequence.

2.1.3. Knot Insertion

Given a knot-sequence & and a real number & such that &, < £ < &,. The sequence & derived from
adding the knot ¢ is again a knot-sequence for which we can define a spline space S, ¢ Additionally,
each element s(x) € S, ¢ can be mapped in to S, ; with the following theorem:

Theorem 2.6. (Lyche et al., 2018, Thm. 10)

Let the (p + 1)-basic knot-sequence § := {¢; ?:f *2 be obtained from the (p + 1)-basic knot-sequence

& := {§}2P*" by inserting one knot & such that &, < & < &,.1. Then,

n n+1

SO = ) Gbipg() = ) Gibpe(), ¥ € [Eprnibneal @7
= i=1
where
Ci, ifi <m-— D,
~ ¢ Sivp—§ . .
G = Sitp-¢; it fi+:—fi G-1 ffm=p<ism, (2:8)
Ci—1, ifi >m.

As the knot-sequence ¢ is derived from the knot-sequence &, by adding new knots. It must be that
§ © &, meaning that by Theorem 2.6, we have that S, < §,;. This process thus creates nested
B-spline spaces.

2.1.4. Choosing appropriate knot-sequences
To show the effect the knot-sequence can have, the following problem is solved with the finite element
method with various different B-spline spaces.

D?u = |sin(2rnx)|, Vu € (0,1)

u(0)=u(1)=0 (2:9)

The results can be seen in Table 2.1. Note that while keeping the number of degree of freedom n the
same for all B-spline spaces, the general trend is that increasing the polynomial degree improves the
solution. However, for case d, the spline space of degree 4 is less accurate than case c, with degree
3. This is a result of the underlying problem. In (2.9), the final solution must be C? regular at the point
x = 1/2. However, the B-spline space in case d is C3 regular. We can improve upon this, by making
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case |p | n '3 error
a 119 {0,0,1/8,1/4,3/8,1/2,5/8,3/4,7/8,1, 1} 0.0837
b |2]9] {0,0,0,1/72/7,3/7,475/7,6/7,1,1,1} | 0.0093
c |39/ {00,006 1/31/272/35/61,1,1,1} | 0.0031
d 4191{000,0,0,1/5,2/5,3/5,4/5,1,1,1,1,1} | 0.0043
e |4]9]{00,0,0,0,1/41/21/23/11,1,1,1,1} | 0.0021

Table 2.1: Problem (2.9) has been solved with various different B-spline spaces of various degrees p and different knot-
sequences & while keeping the number of degrees of freedom n constant. One can see that the error reduces with increasing
degree. However, for p = 4, the error is worse than p = 3. This is due to the fact that solution must be C? regular at the point
x = 1/2. In option e, we have altered the knot-sequence such that the B-splines of the resulting spline space are €2 regular at
the point x = 1/2.

sure that the B-spline space is C? regular at the point x = 1/2 by setting the multiplicity of the knot
&§=12tobe u(é) =p— 2. See case e.

To see the differences in regularity between the cases, in Figure 2.2 one can see the second deriva-
tive for the cases c,d and e. Here it becomes clear that case e is the best option, as it is able to approx-
imate the forcing term the best away from x = 1/2, while also being able to deal with the discontinuous
derivative at x = 1/2.

: :
—— forcing term
——casec

cased
——casee

0.5

Figure 2.2: The second derivative of the solutions to problem (2.9) for cases c,d and e of Table 2.1. Here it is clear that case e
is the best option, as case e is able to approximate the forcing term the best over the whole domain, including the point x = 1/2
where case d has issues with the discontinuous derivative.

2.1.5. Multivariate spline spaces
The multivatiate B-splines are constructed as a tensor product of the previously discussed one dimen-
sional B-splines. Thus, we obtain spline functions B(x, y) that are defined as:

bi’px;fx:].;py:fy (x’ y) = biﬁpx:fx (x) bj;pyﬁfy (y)' (2. 1 O)

and similarly for more variables. Note that p,, p, are the degree of the splines in the x direction and
the y direction. Additionally we denote n,, n,, as the amount of splines in each direction. As there are
multiple knot-sequences, a domain rectangle can be constructed as follows:

R:=[$xp o+t Sxnye1] X [fy,py+1;fy,ny+1]

See Figure 2.3 for an example of a multivariate B-spline. It is clear from the tensor product nature of
the multivariate B-spline spaces that the they inherit all the features of the univariate B-spline spaces.
Additionally, when indexing the elements by e, we can define a mesh regularity constant u,, which is
the ratio of the elements smallest edge, and its diameter h,. In the case of B-splines with equidistant
knot spacing, this constant is the same for every element, as will also be the case for (T)HB-spline
spaces.
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Figure 2.3: A multivariate B-spline constructed as the tensor product of two univariate B-splines.

2.2. Hierarchical B-Spline Spaces

A big disadvantage of the multivariate B-spline spaces, is that the accuracy has to be determined in a
global sense (see for example Figure 2.4). Here, we desire higher accuracy in the lower left corner, and
additional knots have been inserted to accomplish this. However, the top left and bottom right corners
also have increased knots, and thus an undesired increase of accuracy. This increased accuracy
comes at the cost more degrees of freedom of the final spline space, and will thus have a negative
impact on computation time.

Figure 2.4: Given a domain rectangle R and the knot-sequences §, = §,, = {0,1/2,1,3/2,2, 3,4, 5}. This choice of knot-sequences
allows the resulting multivariate B splines complex allows for higher accuracy in the lower left quadrant of the domain rectangle.
However the top left and bottom quadrants are also higher accuracy as a result. This might not be desired since this will require
additional resources.

To remedy the undesired increase in inaccuracy / degrees of freedom, a hierarchical B-spline space
will be introduced. These splines will initially be introduced in the univariate case, but can be extended
to the multivariate case very naturally.

2.2.1. Univariate Hierarchical B-Spline Spaces

In order to locally refine the mesh (and thus locally increase the accuracy), we will define a sequence
of domains, Q; forl =1, ...,L and Q;,; < Q,. See Figure 2.5a for such a collection of domains. These
refinement domains, must be chosen such that they are a collection of present mesh elements e. For
example, Q, in Figure 2.5a is the second, third, fourth and fifth element of the B-spline space S, ¢, .

Additionally, on each domain, we will define a (p+1)-open knot-sequence &, that refines the previous
level knot-sequence §;_; by splitting every element in two equal parts. This results in a nested knot-
sequence:

§1céccéy
See Figure 2.5b for an example of nested knot-sequences. Additionally, as a result from Theorem 2.6,
the associated B-spline spaces are nested:

Sp, ©Spg, © S Spg,
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fg,gp,§3 [ e s s s
- RQLQQLAOA
EZ’SD,fZ
Q, } <
$18ps, b } } } }
Q } <
(b) A hierarchical set of knot-sequences and their B-spline
(a) A hierarchical set of domains. basis functions.

Figure 2.5: A set set of hierarchical domains of three levels and the knot-sequences defined on each level. Note that the knot-
sequences are nested, and the next level of knot-sequences is defined by splitting all elements of the previous level in two.

The way to construct the hierarchical B-spline space, is to pick the right splines from all these B-spline
spaces of different levels, such that on domain Q;, the level [ B-spline whose support is entirely con-
tained in Q;, are present. For this, denote the collection of sub domains as Q := {Q4,Q,, ..., Q; }, which
we will refer to as the domain hierarchy. On this domain hierarchy, a finite element space can defined,
see Definition 2.7.

Definition 2.7. Given a domain hierarchy Q, the corresponding basis set of HB-splines is denoted by
Hq, and defined recursively as follows:

(i) 3y := {b;1(x) € B,g, : supp (b;1(x)) # 0}
(ii) forl =2,...,L:

#H, = HE UK.
where
HE = {bjx(x) € Hj_4 : supp (b;;(x)) € U},
HF = {bj(x) € Bpg, : supp (b;;(x)) S Q}.
(ili) Hg = 7.

Additionally, the hierarchical B-spline space is defined as Hg, := span (Hg)

To summarize this definition, for the initial level we take all the splines of B, that have non vanishing
support on Q;. Next, for every recursive level | > 1, we take all the splines from the previous level
H,_1 whose support is not entirely contained in ;. To this set, add all the splines of B; whose support
is entirely contained in ;. In Figure 2.6, the resulting HB-spline space can be seen from the example
Domain Hierarchy from Figure 2.5.

2.2.2. Multivariate Hierarchical B-Spline Spaces

For the Multivariate case, notice that Definition 2.9 can be extended to any number of dimensions, by
replacing all univariate B-spline spaces with multivariate B-spline spaces. By doing so, the domain
hierarchy is also extended to the multidimensional case, and we obtain a multidimensional mesh. See
Figure 2.7 for an example. In this example, the lower left corner is refined.

2.2.3. Properties
HB-spline spaces have the following properties:

Property 2.8. Given a Hierarchical B-spline space Hy, the function space has the following properties:
» Local support. An HB-spline is locally supported.

* Non-negativity. All HB-splines are non-negative everywhere and strictly positive on the open
local support.

» Piecewise Structure. HB-splines have a polynomial piecewise structure.
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Figure 2.6: The resulting hierarchical B-spline space Hg, resulting from the domain hierarchy from Figure 2.5.

Figure 2.7: Local refinement possible by using hierarchical domains.

* Global Linear Independence. Over the entirety of the domain (1, the collection of all HB-splines
are linearly independent.

Of this list of properties, only the global linear independence is non-trivial. See (Lyche et al., 2018)
for a proof. Comparing this list to the list of properties of B-splines, two things stand out. First, the
HB-spline space is only globally linearly independent than locally on every element. Secondly, the
HB-spline space no longer has the partition of unity property. To obtain a Hierarchical B-spline space
that does have the partition of unity property, the Hierarchical B-spline spaces are altered to create a
Truncated Hierarchical B-spline space.

2.3. Truncated Hierarchical B-splines spaces

Truncated Hierarchical B-spline spaces are an altered Hierarchical B-spline space, such that the space
has the partition of unity property. For this space, we will first introduce the truncation operator defined
over level [:

trunc, g ¢ Sp, ¢, = Spep (2.11)
n
trunc,q Z ¢ub () | = Z ¢ 1y (). (2.12)
j=1 Jisuppq (b1 (X)€Y

This truncation operator, when refining to level [, disregards all information belonging the basis functions
of S, ¢, which are elements of the intermediary HB-spline basis. Additionally, as for the construction of
the B-spline spaces, we have that:
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Figure 2.8: The resulting Truncated Hierarchical B-spline space Ty, resulting from the domain hierarchy from Figure 2.5.

S C§p‘€2 CCS

pé1 pSL

The truncation operator can be extended to all B-spline spaces of level [ and lower. This truncation
operator can be used to construct Hierarchical B-spline spaces that have the partition of unity property.
To see why, when a level | — 1 B-spline is projected into the level | B-splines, we obtain the following

linear combination:
n;

b1 () = ) coyabu(0, €0, (2.13)

j=1

It can happen that the lower level B-spline b;;_; (x), is dependent on a level [ B-spline b;;(x), thatis an
element of the HB-spline basis. Then, the unit sum of all HB-spline basis functions up to level [, must
be equal or greater then 1 + ¢; ;;b;,;(x) > 1. Note that for the level | B-spline space, these c; ;; can be
calculated. Clearly, this can happen for many level | B-splines. However, by truncating all the lower
level HB-splines, these additional components, c; ;,;, vanish. Doing this in for every intermediary level
in the HB-spline space construction, we obtain the Truncated Hierarchical B-spline space:

Definition 2.9. Given a domain hierarchy Q the corresponding set of THB-splines basis functions is
denoted by T, and defined recursively as:

(i) 71 := {bj,1(x) € By : suppy(b;1(x)) # B}
(i) forl =2,...,L:

T =T uTf,
where
T¢ := {truncy g (b (%)) : bjx(x) € T_1, suppg (bj (%)) € 4}
Fi= {bj(x) € B, : suppy, (b, (x)) € O}
(iii) T =71,

Then, the space of Truncated Hierarchical B-splines is given by Tq, := span {7,}.

Note that from the definition of the truncated hierarchical B splines, the number of basis functions
is the same as the number of basis functions for the hierarchical B splines. See Figure 2.8, for an
example of a Truncated Hierarchical B-spline space.

2.3.1. Properties
THB-spline spaces have the following properties.

Property 2.10. Given a Hierarchical B-spline space Hy,, the function space has the following properties:
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» Local support. A THB-spline is locally supported.

* Non-negativity. All THB-splines are non negative everywhere and strictly positive on the open
local support.

» Piecewise Structure. THB-splines have a polynomial piecewise structure.
+ Partition of Unity. All the basis functions of 7, sum to the unit function over ;.

* Global Linear Independence. Over the entirety of the domain Q,, the collection of all THB-
splines are linearly independent.

2.4. Bernstein Polynomials

Additionally, a particular set of B-splines will be introduced, namely the Bernstein polynomials. These
are a special subset of B-splines for which the inverse Gramian matrices are known. The Bernstein
polynomials are defined as:

byp(x) = <i f 1) O A-0", i={,2,..,p+1},x€[0,1]. (2.14)

See Figure 2.9 for an example of degree 4 Bernstein polynomials.

Figure 2.9: Degree 4 Bernstein polynomials over a unit interval.

As stated before, the Bernstein polynomials are a special set of B-splines. They are defined for the
knot-sequence ¢ := {0, ...,0, 1, ..., 1}, where both knots have multiplicity p + 1. We will proof this with
induction. This clearly holds for p = 0. For the induction step, assume that b; ,_; (x) = bi,p—1.§,,_1(x)-
Then, we have:

x—&; $japr1 — X
bine (1) = ——2 b1 () + =L T po e (x 2.15
],p,fp( ) Ej+p _ f] Jp 1,{1;( ) fj+p+1 _ Ej+1 j+1,p 1,fp( ) ( )
= xbj_1 16, , () + (L= 0bjp_1g, , () (2.16)
-1\ . . ~1\ . .
- x<’? )x1-2(1 — )P 4 (1 — x)<? >x1-1(1 — )P (2.17)
j—2 j—1
(P Pt — it 4 (P Dimi = it (2.18)
j—2 j—1 '
_ (J ’ 1>xj—1(1 it (2.19)
— b, (%) (2.20)

The B-splines are renumbered, since the degree p — 1 knot-sequence, has two knots less. Addi-
tionally, the binomial recursion equation has been used. Lastly, for certain j, the fractions do not exist.
However, exactly for those fractions, the binomial coefficients do not exist as well. These terms are
interpreted to be zero. The relation will thus still hold.
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For a product of Bernstein polynomials over the unit interval, we have the following result:

! 1 20 \ (b \[ P
fo bip (1B p (¥)dx = 2p + 1<i +j— 4) (i - 2)(] - 2) (2.21)

From this result, the Gramian matrix can be constructed:

1
(6], = fo bip (1) p (V) dx (2.22)

And the entires of the inverse of the Gramian matrix are given by:

1

[671],; =™ [(i ! z)@ : 2)]_ "

min(i-1,j-1) (2.23)
Z 2k — 1 p—k—-1\(p—k—-1\( p+k ptk
( )p—i—Z p—j—2/\p—i—-2/\p—j—2
k=1
See (Juttler, 1998), for proofs of these statements.

2.5. Supplemental theory

We will finish this chapter with some external results for splines. Starting with the following lemma from
(Bazilevs et al., 2006), which is an approximation result for a given B-spline space S and an element
e, on the support extension é. The support extension is defined as:

Definition 2.11. The support extension é of an element e, is the union of the supports of all splines
of some spline space S with non-empty support on e:

é:= U supp(b; (x)). (2.24)
b(x)eP
Qfcsupp(b(x))

Then, we can approximate v € H!(Q?) by the following lemma:

Lemma 2.7 (Lemma 3.1, (Bazilevs et al., 2006)). Let k and | be integer indices with 0 <k <1 <p+1.
Given e, and support extension é, v € H' (Q¢), there exists an s € S such that:

v — SlHk(Qé) < Chle_kllel(Qé)- (2.25)

Here h,, is the diameter of element element e and C is a constant independent of h,, but possibly
dependent on L, k and p, the mesh shape constant.

Additionally, on an element e, the local L? projection onto the Bernstein polynomials, with the help
of the Gramian matrices introduced in Section 2.4, can be bound by the following lemma from (Thomas
et al., 2015).

Lemma 2.8 (Lemma A.5, (Thomas et al., 2015)). For each element e, the local Bernstein coefficient
vector ¢ associated with the local L?-projection of a function f € L? (Q¢) onto the space of polynomials
of degree p satisfies the inequality:

C
18110 <27z If lizcac, (2.26)

where C, is a constant only dependent upon the polynomial degree p.






Finite Element Exterior Calculus

Finite Element Exterior Calculus (FEEC) concerns itself with choosing appropriate finite dimensional
spaces for the so called abstract Hodge Laplace problem. This is a generalization of the Laplacian
problem, which in 1D is given by the problem of finding u(x) € HZ([0, 1]):

2

d
—Eu@ =f(), x€ (O, (3.1)
u(0) =u(l) =0.

For a given forcing function f(x) € L?([0,1]). One way to solve this problem, is by writing the problem
in the mixed weak form, where we look for the function pair (u, o) € L([0,1]) x H1([0, 1]):

1 1y
f T(x)o(x)dx — f —1(x)u(x)dx = 0, vT(x) € H1([0,1]),
0 o dx

1
)
In this formulation, the Dirichlet boundary conditions are implicitly enforced in the formulation. When
we solve this problem with Galerkin’s method, a choice has to be made for which finite dimensional

spaces to use. Depending on this choice, the method might be stable, or unstable. For example, for a
given partition A of the unit domain, we can define the local piecewise polynomial spaces:

1 (3.2)
v(x)dd—xo'(x)dx = fo v(x)f (x)dx, vv(x) € L2([0, 1]).

Fpt :={v € 12([0,1]) : v, (x) € Pp(I), VI € A} (3.3)

Then, in Figure 3.1, two choices are shown. The left graph shows the solution to u and the right graph
the solution for ¢. In both graphs, three lines are plotted, a blue line which represents the analytical
solution, and two solutions, shown with green and red lines. Both represent a different choice of finite
dimensional spaces. In the case of the green solution, u is approximated in the space F; 1, and o in the
space F{ 1. This choice approximates the analytical solution (the blue line is almost perfectly covered
by the green line in the right graph). The red solution, where the space F; ! is used for u, and F; ! for o,
performs a lot worse, despite, theoretically, allowing for better approximations. Finite Element Exterior
Calculus concerns it self with this issue.

We will first introduce the Hilbert Complex. This is a collection of function spaces, coupled by
the exterior derivative (in practice, these are regular derivatives, or vector derivatives like grad and
curl). On this Hilbert Complex, we will introduce the abstract Hodge Laplacian, which is (as we will
see) a generalization of the (vector) Laplace problem. Next, the abstract Hodge Laplace problem will
be formulated as a mixed weak formulation. Similarly as was done for the example. For the mixed
weak formulation, we will see that the abstract Hodge Laplacian, under three requirements on the finite
dimensional spaces, are well posed and stable. We will end this Chapter by looking closer at what kind
of function spaces the Hilbert Complex is made of, introduce some polynomial Finite element spaces,
and see what the current state of THB-splines used in FEEC is.

15
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...........................................................

Figure 3.1: The solution to the mixed weak problem in (3.2). The left graph shows the solution of function « and the right graph
shows the solution to the ¢ function. In both graphs, three lines. The blue being the analytical solution. The red and green being
solutions for a particular choice of finite element spaces. The green solution belongs to the choice of F;* for u, and F{* for
o, while the red solution belongs to the choice of F;* for u, and F;* for o. Even though, the red solution should have better
approximation power, the red solution performs a lot worse. Image taken from (D. N. Arnold et al., 2010).

3.1. Hilbert Complex
We start by introducing a Hilbert complex:

Definition 3.1. A Hilbert complex is a sequence of Hilbert spaces W* and a sequence of closed
densely defined linear operators d* from W¥ to W**1 such that R(d*) c N (d**1).

We call the linear operator d* the exterior derivative and the exterior derivative has the property
that R(d¥) c N (d¥*1) implies that d**! o d* = 0. The simplest example of a Hilbert complex can be
constructed in 1D as follows:

Example 1. In one dimension, we take the domain to be the unit interval Q = (0,1). Let W° be the
Hilbert space L?(Q) and W = L?(Q). Let the exterior derivative d° be the classical derivative. Then
the Hilbert complex is given by:

12(Q) —%5 12(0)

Note, that in this case, since there is only one exterior derivative (namely ¢/dx), the required property
d**1 o d¥ = 0 is always satisfied.

Note that in the previous example, there is only one exterior derivative. The requirement that
R(d¥) c M (d¥*1), is thus always satisfied. However, we can construct complexes where this require-
ment plays a role. For example, the following complex in three dimensions, for the three dimensional
unit cube Q = (0,1)3:

2@ £ 2R - 20;R%) -2 12(0)

Due to the vector identities curl(grad(f)) = 0 and div(curl(g)) = 0 and a density argument, we find
that this is in fact, a Hilbert complex.

Due to the closed dense property of the exterior derivative, the whole space is not the domain of
the exterior derivative. For this, we can additionally define the domain complex, as:

Definition 3.2. Given a Hilbert complex W* and the exterior derivatives d* : Wk — W**1, define the
domain complex as:

vk := D(d¥). (3.4)
Where D(d*) is the domain of the operator d* in Wk,
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Given a Hilbert and a domain complex, note the similar structure for both:

N 77 L N e (3.5)
d k-1 _ 4 k_d k+1 _ 4
=ty ket Ly e Dy ki 4y (3.6)

Example 2. The three dimensional L? de Rham complex. Given the three dimensional Hilbert complex,
the domain complex is given by:

HY@Q) 2% B curl) —2N H(Q, div) —Y 12(0) (3.7)

Here H(Q,curl) are the L?(Q, R®) functions such that the curl exists and is an element of L?(Q, R3).
Similarly, H(Q, div) are the L?(Q, R®) functions such that the divergence is an element of L2(Q).

3.1.1. The adjoint of the exterior derivative

Since by definition, d* is a densely defined linear operator from W* to Wk*! we may define an un-
bounded linear operator from W**1 to W* called the adjoint of d*, which we denote by dj, ,. To define
the adjoint, consider any w € Wk*1. Then, since every W¥ is a Hilbert space, we can take the inner
product to define a linear mapping D(d*) — R:

v (w,d*v) 1, vED) (3.8)

Next, we consider the set of w € Wk*1 for which the above linear functional (3.8) is bounded in the W*
norm. For example, the elements of w € Wk** for which there exists a c,,, such that:

(W, @0}y | < cullvlln,  ¥v € D(@¥)

Define this set of w € W**1 as the domain of dj,,, denoted by D(d},,). For any of such w € D(dj,,),
we can extend (3.8) to a bounded linear functional over the whole domain W, since D(d¥) is dense
in Wk. By now applying the Riesz representation theorem, there must exist a unique element x € W*
such that:

(w,d"v)w,@r1 = (x, v}k, Vv eED(")
Then we define the adjoint dy,,, by setting d; ,;w = x. Meaning:
(dsaw,v) e = (W, d* V)i (3.9)

And the domainw € D(d} ) is exactly those elements of W¥*1, for which there exists a unique element
of x € Wk. This element x fuffills the above equation for dj,,,w = x.

Example 3. In the 1D case, the adjoint of the exterior derivative 4/ax, is again given by d/ax. The
domain of the adjoint is Hg ([0, 1]), where the subscript 0 denotes zero boundary information. To see
that this is a bounded adjoint, take v € H* ([0,1]) and w € H ([0, 1]), then:

dv _
W dx -
L2([0,1])

1 dvd
0wdxx

jl dwd
Ovdx x

< [Wllarqoap Ivilz qo,p-

(Integration by parts)

Then, we have that ¢,, = [[w||y1([0,1)- Note, the domain of the adjoint cannot be larger than Hi ([0, 1]).
For instance, if we allow boundary information, by integration by parts, we obtain a term that is unable
to be written in the regular L? norm. Likewise, if we take w € L? ([0, 1]), we can not perform integration
by parts, meaning that the r.h.s. is bounded by ||dv/dx”Lz([0’1D, which is not the regular L? norm.
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3.1.2. The dual complex

The notation of the adjoint suggests that we can also create a Hilbert complex, where the adjoint
operators map in the reversed direction. This is indeed the result of the following two theorems. The first
shows that the adjoints are closed densly defined operators, while the second relates the range/kernel
of d* to the kernel/range of the adjoing dj. See (D. N. Arnold et al., 2010) for proofs.

Theorem 3.1. If d* is a closed densely defined unbounded operator from W* to Wk*1, then dj,,, is a
closed densely defined operator from W**1 to Wk,

Theorem 3.2. Given d* a closed densely defined operator W¥ to Wk*1. Then
-'R(dk)l =N (di41) ]V(dk)l = R(dj+1), iR(dZ+1)l z-ﬁf(dk)' ]V(d;+1)l = R(d¥) (3.10)
As a direct result of Theorem 3.2, we find that R(d},,.,) © NV (d}). This is shown as follows:
R(dj11) © R(djry) = N(@9)* € R = V(d})

Combining these results, we find that we can define the dual complex of a Hilbert complex denoted by
w,d"):

e WKL Wk e Rkt (3.11)

" " "
i1 d Aiey1 Aiera

And the dual domain complex:

i |7 i Vv <
B k=1 S k S
iy dy, diys

Vi, —— .. (3.12)

A2

where V; = D(dy).

Example 4. Given the domain complex for the three dimensional L? de Rham complex, the dual com-
plex is given by:

L(Q) 47— H(Q,div) A H(Q, curl) .grﬁ A1(Q) (3.13)

The small circles, denote reduced boundary information. For H*((), this means that the functions have
zero boundary information. For H(Q, curl), the functions have zero in tangential boundary information.
Lastly, for £ (0, div), the functions have zero normal boundary information. To see that the divergence
is the adjoint of the gradient, we can integrate div (fg) with f € H'(Q) and § € H(Q,div). Then by
stokes, we find:

f grad(f) - gdv +f fdiv(g)dv = f A-(fg)dS
Q Q a0

In case that g vanishes at the boundary, the right hand side disappears and it becomes obvious
that the divergence is the adjoint of the gradient. For a more extensive argument, on why these are the
adjoints, see (D. N. Arnold, 2018, section 3.4).

3.2. The (abstract) Hodge Laplacian problem

Now, we are able to define the abstract Hodge Laplacian, which, as we will see is a generalization of
the Laplace operator. Given a closed Hilbert complex (W, d), we can define an operator L : W - W
called the (abstract) Hodge Laplacian as follows:

Ly = djy, d*u + d¥dju, (3.14)
Where the (abstract) Hodge Laplacian is defined on the space:
D(LF) :={ueVvknV;:dueV,, duevki} (3.15)

A major subject within FEEC are the numerical solutions to the Hodge Laplace problem L¥u = f for a
given f € Wk,
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Example 5. In the case of k = 0 and the L? de Rham complex. (3.14) is equivalent to the ordinary
scalar Laplace problem:
LPu=—-Au=f, feL*Q) (3.16)

For the case of k = 1, we have:
LY = dydii + d°djii = curlcurlil — grad divii = f, f € L2 (;R3). (3.17)

This example also shows us why studying the numerical solution to the Hodge Laplace equation is
relevant. Many pde’s have components based on the abstract Hodge Laplace operator. For example
stokes flow and the Maxwell equations.

The abstract Hodge Laplace problem can be written in three different formulations:
» The strong formulation
» The primal weak form
* The mixed weak form

All three formulations are equivalent. However, for designing numerical methods, the mixed weak
form is the preferred choice. For the mixed weak form, one can proof consistency and stability for the
Galerkin method. The mixed weak form is given as the following problem:

Given f € Wk, find o € V¥=1,u € V¥ and p € $* such that:

(o,7) — (w,d¥t) =0, TEVk-1,
(d¥a,v) + (d*u, d*v) + (p,v) = (f,v), v evVk (3.18)
(u,q) =0, q € H*.

Here the space $* is defined as $* := N (d*) u R(d*"1)*. In the case of a closed Hilbert complex
(as we have assumed) this space is in fact isomorphic to the cohomology space H* see (D. N. Arnold
et al., 2010) for more details. Note that in this formulation, only the exterior derivative d* appears. The
dj, terms are treated weakly in this formulation.

3.3. Approximating Hilbert Complexes

The next step in creating a numerical method, is to choose finite element sub-spaces for the spaces V*
and $*. However, note that the space $* is by definition dependent on the spaces V* and the exterior
derivative:

S =N@HYUR@ Dt ={ueVk:d*v=0,v LduvueVk1}

Thus, when we approximate V¥ c V¥, we construct the finite element space for $* by:
S =fueVf:dv=0,vLduvuevi1}

However, for this choice, it might happen that % ¢ $*. If this is the case, the discretization introduced
is not a standard Galerkin discretization, but a generalized Galerkin method. For a generalized Galerkin
method, the exact solution u to (3.18) does not satisfy the general Galerkin discretization. However,
often it is the case that $¥ = $* = 0 (as we will assume from now on), meaning that we can use the
standard Galerkin discretization:

Given a f € WX, find o, € V1, u,, € V¥ and p, € ¥ such that:

{op, T) — (uh,dkr) =0, TE V,’f'l,
d¥oy, v) + (d*uy, dv) + (p, v) = (f, V), v e Vk, 3.19
h
(uh.l q) = 01 q € g’}’i

This Galerkin discretization is consistent and stable given the following three properties:
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3.3.1. Approximation property

The first property, the approximation property, is straightforward. We require that in order for the solu-
tions gy, u,, of (3.19) to approximate the exact solutions g, u of (3.18), the finite dimensional sub spaces
V¥ must approximate the full spaces V*. For example, we might require that for any k:

lim inf [lw —v||,k =0, weVk (3.20)
h=0 peyk

3.3.2. Subcomplex property

For the second property, we require that dV¥~* < V. In this case, we find that the finite dimensional
spaces, form a Hilbert complex:

k-2 k-1
d g ak i

k
k— k_d k+1
. — W > Vi > Vy

- (3.21)

3.3.3. Bounded cochain projections

Requiring the same structure for the finite dimensional complex and the original Hilbert complex, is a
very natural property. However, the two complexes are not “linked” so to say. For this, we require a
bounded cochain projection property. Here, we require the existence of projectors between the complex
(3.6) to the finite dimensional complex (3.21). Denote these projectors as I1¥. The full complex and the
sub-complex can now be combined in to the following diagram:

\Lnﬁ‘l ' \Lnﬁ \Ln;‘l“ o (3.22)
k-1

Additionally, we require that the projectors commute with the exterior derivatives:

dkink-ly = kdkty, vvevkl (3.23)

The commuting property means that in the diagram in (3.22), it does not matter in which order one
moves within the diagram. For example, going from V*=1 to V¥, both the top path and bottom path
return the same result.

3.4. Differential forms

Uptill now, the function spaces V¥ have been assumed to be abstract spaces, or given examples in
1D and 3D of scalar/vector spaces. The vector approach, can be used to give useful examples in 2D.
However, for generating an n-dimensional approach, we will have to introduce differential k-forms.

3.4.1. Alternating multilinear forms
Given a finite dimensional vector space U and a non negative number k, we consider the vector space

Alt“U consisting of all k-linear maps:

k times

———t—
w:UX-xU->R.
And that changes sign, when interchanging two variables:
w(Uq, .., U;, e Uj, wo ) = —w(uy, e Ujy ey Ui, woUg), 1<i<j<n, u,..u, €U

Example 6. The Alt'U space is in fact the dual space of U. Any element w € Alt'U, applied to an
element u € U must be a real number w(u) € R, and w must be linear functional.

Definition 3.3. The exterior product of w € Al U and UueE AItU is given by:

(@AWY (U, ooy Ujpg) = Z sign(@)w(ug,, -, u,,j),u(uakﬂ, ...,u,,].+k), (3.24)

g

Where the sum is over all o = (ay, ..., 04 ) for which gy < -+ < g; and gj4; < -+ < 0j 4.
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The exterior product satisfies the anticommutativity law:
wAp=CFD)*urw, we AltjU,u € Alt“D.

Basis for Alternating multilinear forms
Let {u;} be a basis for U and let {u'} be the corresponding dual basis. Thengiven1 < g, < --- < g}, < n,
the element of Alt*U which takes the k-tuple (u,,, ..., us,) to 1 and all other k-tuples with increasing
indices to O is:

u%t A Aulk, (3.25)

The set of all these elements, form a basis for AltU. Any element w € AItkU, can thus be written as:

® = Z au%t A - AUk, (3.26)
(o2

with a; € R. In the case U = R", the obvious choice for the basis is the canonical basis e, ..., e, € R™.
As notation for the dual basis, instead of the previous introduced notation e?, we will use the notation
dx?, ...,dx™. From the definition of the canonical basis, it becomes clear that dx! assigns to each vector
u € R™ its ith component. In this case, (3.26) becomes:

w = Z agdx® A« Adxk,
g

3.4.2. Differential forms

Given a manifold Q of dimension n. At each point x € Q, we can define the tangent space T,Q. The
tangent space is also a space of dimension n, and the collection of pairs (x,v) with x € Q and v € T, Q
defines the tangent bundle, a manifold of dimension 2n. Coming back to the exterior algebra introduced
in the previous section, define the kth exterior power of the cotangent bundle as the pairs (x, 1) with

uEe AItkaQ. Then, we define the differential k-forms as the functions from Q to an element of AItkaQ:
wy(Uqg, .., Ug) ER, Vx € Quy,...,u, €ET,Q, (3.27)

In the case that Q is a sub domain of R™, we can identify the tangent space with R", and thus use the
previously discussed notation dx' as the basis for the tangent space:

w= Z agdx® A« Adxk,

g

where a, is a real valued function on Q.

We will denote these functions as A¥(Q) for the general functions of this form. When we would like
to specify the degree of smoothness of a function, we will designate this by appending the required
smoothness in front of A¥(Q). For example, if we want to denote the continuous functions we denote
this space by CA¥(Q) and the continuously differentiable functions by C*A*(Q).

Exterior derivative
The exterior derivative, which maps A (Q) into A**1(Q) is the fundamental operator of exterior calculus.
Given w € A*(Q), the exterior derivative is defined as:

k
(d)y (U, o, ) = Z(—1)iauij(u0, ey i) (3.28)
=0

Where #; indicates that this vector is removed. This is well defined, given all partial differentials exist.
Additionally, since w € A¥(Q), w only takes k tangent vectors, while the left hand side of (3.28) is de-
fined over k + 1 tangent vectors, as is required for an element of AK*1(Q).
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In the case when Q is a sub domain of R", (3.28) becomes:

= da, . .
dw = ZZ —dx? Adx% A--- A dxC%k.
4 ax]
o j=0

Example 7. In the case of k = 0, the exterior derivative on a subdomain of R™ becomes:

n
da .
dw = Z —dx/
4 axJ
Jj=1

If we identify the 1-form with the vectors of R", we can see that the exterior derivative becomes the
vector gradient.

Lastly, we introduce the space HA*(Q). HA¥(Q) is the space of w € LZA*(Q), such that dw €
L2A¥*1(Q). Clearly, it must be that HA*(Q) c HAK(Q).

3.5. Finite element differential forms

Next, we will introduce finite dimensional differential forms. These are based on polynomials. In this
section, we will introduce two spaces, namely the regular polynomial complex and the space of trimmed
polynomials. The latter being a subspace of the former, but with better properties.

Definition 3.4. The space of polynomial differential forms P,.A¥(Q) are the differential forms w which
can be written as:

® = Z Dedxt A A dxCk (3.29)
a
with p, € P,.(Q) where P,.(Q) is the space of all polynomials up to degree r over the domain Q. Here
we define P,.A*(Q) to be zero when r < 0.

Remark 1. The exterior derivative maps P,.A*(Q) into P,_;A¥*1(Q). Clearly, the derivative operator
maps P, into P,_;. This is thus a direct result from (3.28).

The space of polynomial differential forms is a Hilbert complex where the polynomial degree de-
creases as the index of the complex increases:

PAY(Q) —25 P_AY(Q) —25 . L P_ARQ) (3.30)

Next we will introduce the space of trimmed polynomials. For this space, we will first define the
Koszul operator k, which is defined as:

(K)o (Ug,y ooy Ug—q) = Wi (6, U, ooy Up—1), X E QUq, ..., Up—q ER™, (3.31)

The Koszul operator turns out to map P,.A¥(Q) into P,.,;A*~1(Q) and is thus the reverse of d. We can
now define space of trimmed polynomial differential forms:

Definition 3.5. The trimmed space of polynomial forms of degree r is defined as:
Py A¥(Q) := P,_ A¥(Q) + kH,_ AFT1(Q), (3.32)
where H,. Ak (Q) is the space of k-forms with homogeneous polynomial coefficients of degree .

Just like the space of polynomial forms, the space of trimmed polynomial forms, is also a Hilbert
complex:

P;AY(Q) —25 PrAL(Q) —25 ... —%% PrAR(Q) (3.33)

Note that in contrast to the polynomial forms, the trimmed polynomial forms do not decrease in degree.
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3.5.1. Canonical Projections
Lastly, we will define the canonical projection 54" : CAK(Q) — Py A¥(Q) which is defined by the re-
quirement that:

f trp(w—TEMW) Ap =0, Vu€Py g AYK(), VFEMT), n=d=k (3.34)
f

Since these are all the degrees of freedom to functions in Py A*(Q), the canonical projection I, is well
defined. The following theorem allows us to extend this definition to a Sobolev space:

Theorem 3.3. (D. N. Arnold, 2018, Thm. 7.6) Denote by I, the canonical projection of I, : CA*(Q) —
Py A*(Q). Let1 < p < w and (n-K)fp < s < r+1. Then II5*™ extends boundedly to W;s A¥(Q), and there
exists a constant C independent of h such that:

lw — M 0|l p k) < Chslwlngk(Q), w € WA (Q). (3.35)

However, this theorem is not perfect. For example, we cannot project from L>A* (Q)), as then p =
2,s = 0 which requires k > n. Which is impossible. A practical argument to see that this is impossible,
is to consider the case that f is a single vertex x € Q, then ff try(w) is the point evaluation of w at x,

which is in issue for w € L2A¥(Q). This means that bounded commuting projectors, that are defined on
the entirety of L?A¥(Q), are still needed/desired.

3.6. Remarks on FEEC and Splines

Returning to THB-splines, when we desire a numerical method for the abstract hodge laplace problem,
which is consistent, stable, accurate and efficient, we desire a couple properties. First of all, the ap-
proximation property of THB-spline is a result of the fact that THB-splines are locally refined B-splines.
Furthermore, for B-spline, it has been shown by (Sande et al., 2020) that B-spline have a better approx-
imation power per degree of freedom than regular linear basis functions. This means that THB-splines
are a good choice for finite element spaces, and the accuracy and efficiency requirements are imme-
diately satisfied.

Additionally, we require the space to obey the subcomplex property. Here, we will restrict our efforts
to exact complexes. These are complexes for which the range of d* is equal to the kernel of d*+1:

R(d¥) = N (d*+1). (3.36)

On the unit domain Q = [0, 1]™, Table 3.1 shows for which spline spaces there are assumptions, under-
which the spline space is exact. Here, the additional spline spaces, T-splines, LR-splines and simplex
splines are mentioned. Even-though, they are not been covered, they have been added for complete-
ness.

Dimension 1 2 3 N
B-spline v v v/ (Buffa etal., 2011) -
(T)HB-spline | v v:(Evans et al., 2020) - -
v

v

T-splines v:(Buffa et al., 2014) - -
LR-splines v:(Johannessen et al., 2015) - -
simplex splines - - -

\

Table 3.1: Exactness of the L? De Rham complex for a unit square domain Q = (0,1)™. Here a - means that no literature has
been found on the matter.

Lastly, a set of commuting projectors needs to exist. In Table 3.2, one can see for which space
commuting projectors exist in academic literature. Additionally, there are columns to indicate whether
they are local or not.
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Dimension 1 local 2 local 3 local local
B-spline v v v v v :(Buffa et al., 2011) v -
(T)HB-spline | v -  X':(Evansetal., 2020, p. 465) - - - -
T-splines v - - - - - -
LR-splines v - - - - - -
simplex splines | v - - - - - -

Table 3.2: Existence of (local) commuting cochain projectors.



Univariate Projector

Our proposed projector consists of two steps. Initially, the target function f € L? (Q) is projected into
intermediary function space F, a C° smooth locally polynomial space by the projector F. The second
step is to project Ff onto the desired THB-spline function space T by the projector T. Then, the final
projector THB-spline projector is given by I1 = TF.

n F @.1)

The projector is dependent on the following three assumptions on the THB-mesh.

Assumption 1. Every refinement domain is given by the union of lower level spline supports. So for
l=0,..,L:
Q= | supp (b)) (4.2)
bi,l(x)ES
ForasubsetS c 85,5,

Assumption 2. Element grading. Only THB-splines from two consecutive refinement levels are present
on any element e. Thus any element e has splines from:

* either level [, or
« eitherlevel [ and level [ + 1, or
« either level [ and level [ — 1.

Assumption 3. The THB-spline space is maximally smooth, meaning that, all the knots, besides the
border knots, have a multiplicity of 1 for the required B-spline spaces S, ¢,

Both Assumption 1 and Assumption 2 appear in academic literature. Assumption 1 appears in
(Evans et al., 2020) as one of the assumptions to proof exactness of the THB-spline complex in 2D.
Assumption 2 appears in a stronger form in (Giust et al., 2020). In (Giust et al., 2020) the requirement
of two consecutive levels is required for the supports of all the spline basis functions”.

Additionally, the projector developed in this section, will allow for multiple choices of the projector F
on to the intermediary space F (this space is fixed, but the projector F can be chosen). We will develop
assumptions for F, and for this paper we have chosen a projector that conforms to these assumptions.

Since each (TH)B-spline is defined on at least p + 1 consecutive elements.

25
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4.1. Projection elements

In the case of B-splines, on every element there are p + 1 B-splines which are all linearly independent.
This means that there is a well defined mapping from a p + 1 linearly independent polynomial space
onto the B-splines. However, in the case of THB-splines, certain elements might have more than p + 1
THB-splines, and in this case, these THB-splines will be linearly dependent. We call these elements
overloaded. See Figure 4.1, where both a polynomial space and a THB-spline space of degree two can
be seen. The fourth element from the left contains more THB-spline basis functions than the required
three basis functions. This is an issue, because if we would try to map a function from the polynomial
space P onto the THB-spline basis functions on this element, there is an extra degree of freedom
that can be chosen arbitrarily. This means that this projection step is not well posed. To get around
this issue, multiple elements will be grouped to form projection elements, so that on every projection
element, this mapping is well posed.

overloaded element

Figure 4.1: Two function spaces over a THB-mesh. The top space is a polynomial space of degree two over all elements. The
bottom space is a THB-spline space. Note that for the THB-spline space, there are four THB-splines on one of the elements.
This is an issue, as for any linearly independent polynomial space of degree two, there should be exactly three basis functions.
We call these elements overloaded elements.

From Assumption 2, there are either elements with a single level of THB-splines, or elements with
THB-splines from two levels. From the local Polynomial structure of the (TH)B-splines, the former ele-
ments are well defined. This is a result, from the fact, that on elements with a single level, the restriction
of the THB-splines are B-splines. Every HB-spline, starts as a B-spline, and is only truncated on an
element, if there is a refined HB-spline, from a different level. This is clearly not the case for elements
with THB-spline from a single level. Meaning that the mapping from a polynomial space on to the
THB-splines (for this element) is well posed. We will refer to these elements as projection elements
of type 0.

For those elements with THB-splines from different levels, displayed in Figure 4.1, the THB-spline
basis functions might be overloaded. Due to this overloading, the THB-spline space to map into is
linearly dependent. To remedy this, the elements that contain splines from different levels, will be
grouped to form multiple, bigger projection elements. These projection elements will be called projec-
tion elements of type 1. From Assumption 1 and Assumption 2, we will first show that these projection
elements of type 1 can be chosen to be the first p mesh elements on the refined side of the boundary,
which splits the coarse and refined domain. Secondly, we will show that this choice of type 1 projection
elements results in a set of THB-splines which are linearly independent, which is required for a well
posed projection.

4.1.1. Construction of projection elements of type 1

To see which elements have splines from two levels, we refer to the construction of the THB-spline
space and in particular, the truncation step. In the truncation step, the HB-splines are initially mapped
into the space of the refined B-splines over the entire domain. This results in the HB-splines being a
linear combination of the refined B-splines. In Figure 4.2, a THB-spline space and a refined B-spline
space can be seen. The basis functions of the refined B-spline space are colored red for those basis
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functions that are added in the refinement step, and the other B-spline basis function are colored blue.

contains both blue and red fine B-splines

Figure 4.2: Two spline spaces of degree p = 2. In the bottom graph, a THB-spline space T with two levels of refinement. In
the top graph, the B-spline space S of the level 2 refined spline of the bottom graph. In the top graph, the B-spline have been
colored red, to indicate that these are also elements of T, or blue to indicate that they have not been added. Note that there are
2 elements, on which both red and blue splines have support.

When a HB-spline is truncated, the components that are from the red finer B-spline basis functions,
are discarded. The truncated HB-splines are a linear combination of the blue B-spline basis functions
from Figure 4.2. These blue B-splines are the basis functions that are not entirely contained in the
refinement domain. Since the support of B-splines is at most p + 1 consecutive elements, the greatest
amount of elements these blue B-splines can reach in the refinement domain, are the first p consecutive
elements, and by extension, the truncated HB-splines as well. For this reason, we define the projection
elements of type 1 to be the first p consecutive refined elements from every refinement border.

However, up till now, we have only assumed that there are only two different levels. A coarse and
a refined level. However, because of Assumption 2, only splines of two levels can be present in any
given mesh element, and by extension of the above argument, on any type 1 projection element. Sec-
ondly, the case when the refined domain has two boundaries with the coarse domain, a left and right
boundary, the two projection elements, related to the two boundaries, do not overlap. This is a direct
consequence of Assumption 1, as the refinement domain contains at least a coarse spline. This means
that the refinement domain must be at least p + 1 coarse elements, and in turn, the refinement domain
has 2p + 2 elements. Since the two projection elements of type 1 consist of p consecutive elements,
they are separated by at least two projection elements of type 0.

From the same counting argument, on every type 1 projection element, there are p coarse THB-
splines and p fine THB-splines. Clearly, from Assumption 1, we can restrict our attention to a single
boundary between a coarse and a refined domain. For this single boundary, there are p (H)B-splines
that have non-empty support on the refined domain. These (H)B-splines must have non-zero compo-
nents of the blue B-splines in Figure 4.1, thus after truncation, there are still p coarse THB-splines.
For the refined THB-splines, there must be p, as every element can be associated with a refined THB-
splines as an edge of its support. This means that on every type 1 projection element, there are a total
of 2p THB-splines with non-empty support. Contrast this with the p(p + 1) polynomials basis functions
with non-empty support on the type 1 projection element of F (the piecewise polynomial function space
of degree p over every element).

4.1.2. Linear independence

For a well-posed projection, the set of THB-splines with non-empty support will need to be linearly
independent over the projection element. For this we will first proof Lemma 4.1, which states that for
any type 1 projection element, there is a single element on which the THB-splines with non-empty
support are linearly independent. With the help of this Lemma, we can show linear independence over
the full projection element in Theorem 4.2.

Lemma 4.1. For a univariate THB-spline space conforming to Assumption 1 and Assumption 2. For all
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type 1 projection elements, the element e of the type 1 projection element that intersects the boundary,
which separates two levels. The THB-splines with non-empty support on e are linearly independent on
element e.

Proof. Let the two levels on element e be denoted by [ — 1 and [. Then, element e can be denoted
as 0° = [& 1, k+1,1] with knots from the knot-sequence from level . Assume that the boundary that
separates level [ from level [ — 1 is given by &, ;. Over element e there are p + 1 B-spline from level [
with non-empty support, b;;(x) for j = 1, ...,p + 1. Additionally, before adding the B-splines from level
L, there are p + 1 B-splines from level [ — 1 with non-empty support, b;;_,(x) for j = 1, ...,p + 1. During
the construction of the HB-spline space, in the step of refinement of level [, these B-splines cannot be
truncated by Assumption 2. This means that the B-splines from level [ — 1, are linearly independent on
element e. Since the knot-sequence of level [ is derived from the knot-sequence of level [ — 1, all the
B-splines from level [ — 1 can be written as a linear combination of the p + 1 B-splines from level I:

p+1

Biua () = ) Gubu(), X € [§pbinnid J=Lowp+ 1, (4.3)

i=1

From the assumption that the boundary that separates level | — 1 and [ is given by & ; and from
Assumption 1, in the construction of the HB-spline space, the B-spline by, (x) is removed from the
HB-spline basis, and is replaced by the B-spline b, ,,(x). However, locally, on element e, these two
functions coincide up to a scaling factor. This is the result of the linear combinations in (4.3). Even
though these linear combinations only hold on element e, the B-splines b;;_; (x) can be written to be a
linear combination over the entire domain. This linear combination, restricted to element e, reproduces
the combinations from (4.3). However, since the support of by, ;1,1 S [$k,, 1], this linear combination
can only depend on B-splines of level [ with b;; < [, 1], as these B-splines are linearly independent.
So, on element e we have:

bpi11-1(x) = abpiq(x),  x € [Ep Err ] (4.4)

Note, a # 0, as both splines are non-zero on e. But then the following spans are equivalant and of the
same rank:

Span{bll 1(%), s bpy1i- 1(x)} —span{bll 1(%), s bp -1 (%), bp+1l(x)} (4.5)

Thus, the HB-splines over element e are linearly independent. Additionally, the level [ — 1 B-splines
can be truncated, as follows:

u 1(x) = b1 (x) — @ibpy1,(x) = bj;—1(x) = —bpr11-1(%), X € [§1€ks1], @i ER (4.6)

But this redefinition of the level | — 1 splines, is again a linear combination, and thus an element of the
span. Meaning that:

span{by ;1 (x), . p+1l 1(0)} = Span{bll 1(%), - pl 1(x), bp+1l(x)} X € [ Sk1,t] 4.7)

Again, both sides must have the same rank. From (4.6), these linear combinations can never map to
zero by the linear independence of the level [ — 1 B-splines. Additionally, in (4.7), the basis for the
r.h.s. are the THB-splines with non-empty support on e. Thus proofing the linear independence. For
the case when &, is the boundary, the proof can be altered by first showing that by ;_; (x) = ab; ;(x),
and then showing that the altered spans are again all full rank. O

Theorem 4.2. Given a univariate THB-spline space of degree p that conforms to Assumption 2 and
Assumption 1. THB-splines with non-empty support on a type 0 or 1 projection element are locally
linearly independent on that projection element.

Proof. The type 0 projection elements are all THB-splines from a single level. These THB-splines can-
not be truncated, else there are splines from a higher level present, but then this projection element
would be part of a type 1 projection element. Moreover, HB-splines from a single level over a single
element must be B-splines, and thus locally linearly independent.
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Given a type 1 projection element, the domain can be denoted by [$y ;, §x+p,]- From Lemma 4.1,
we know that there are p THB-splines b;;_; (x) with non-empty support. Over the p element of the type
1 projection element, an additional p (TH)B-splines from level [ are with non-empty support, b; ;(x). Let
them satisfy the following equation for the coefficients c;;_4, ¢j;:

p

14
D Guaba @+ ) Gub () =0, x € [§u el (4.8)
=1

=1
From Lemma 4.1, we must have that by the linear independence on one of the elements of the type 1
projection element, thatc;;_, = 0 forj = 1, ..., p. However, the level [ THB-splines are B-splines on this
type 1 projection element, and thus from the local linear independence of the B-splines, we have that
¢j; = 0forj=1,..,p. This shows the linear independence of the THB-splines with non-empty support
on the type 1 projection elements. O

Lastly, we will differentiate projection elements from mesh elements. Let € be the projection element
index, belonging to the projection element {ey, ..., e,} =: E,, where E_ is the set of mesh element indices
that make up the projection element €. The projection element indices are denoted by ¢, and the set
of all projection element indices is denoted by Y = {¢, ..., €,,,} for a THB-spline space with m projection
elements.

4.1.3. Notation and Element extensions
The notion of element support extensions has been introduced in Section 2.5. Here, the element
support extension of a mesh element with index e for a B-spline space S is given by:

de = U supp (b(x)). (4.9)

b(x)es
Q¢csupp(b(x))

Where S is the basis of the B-spline space S. Here, we additionally define é = {eq, ..., e;,}, so that:
Qe = um, Q¢ (4.10)

We eernd this notation to any subset U c E, so that we have QU = u,c,Q°¢. Then, we have that
Q¢ = Qe. Additionally, in a similar fashion, we can create an extension based on projection elements:

Definition 4.1. The projection extension é of a mesh element index e, is the union of the projection
elements, on which a spline has support of some spline space S with non-empty support on e:

é:= U{eEEE:VEEY,aEEE} (4.11)

acé

The same notation can be used for the domain of the support extension and the projection extension.
Lastly, we can also define the support extension of a projection extension (or any combination), by
taking the union of the support extension of the individual elements of the projection extension:

5= Ua. (4.12)

Note that, we have not explicitly used the spline space S in the definition. It should be obvious from the
context, over which spline space S the extension is performed.

4.2. Sub projection F

The first projection, F, is a local projection on to the space F. This function space is the space of C° ()
functions, that locally, on every element e, are Bernstein polynomials.

F:={seC’(Q):sl|, €P,(Q°),Ve € E}. (4.13)
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Figure 4.3: The space F, of ¢° smooth local polynomial functions of degree p = 2.

See Figure 4.3 for an example of degree p = 2. The projection F : L? () — F is an altered least
square projection on every element on to the local Bernstein polynomial basis, where the boundary
Bersntein polynomials are averaged based on a weighting scheme. The first step of F, is to perform
the following integration’s:

e ::f fOOBE,()dx, i={1,2,..,p+1}, e€E. (4.14)
QE

Here, b7, (x) is the Bernstein polynomial b; , (x) (see Section 2.4) scaled and translated, so that instead
of having domain [0, 1], it has domain Q¢. The integration can be done with various different numerical
methods. We have used Legendre-Gauss Quadrature where the number of nodes N has to be chosen
such that the error is on the level of machine precision. This is done by increasing N until it has no
more effect on the accuracy. Then, on each element, the projection onto the local Bernstein basis is
given by:

_ 1
Qe

fei=—G1[ff ff -~ f4], Ve€E. (4.15)
Where |Q¢| is the size of element e, and G~ is the inverse Gramian Matrix given in (2.23). The local
projection on element e is then given by:

p+1

se(x) = Z BEBE (), x € Q°. (4.16)
i=1

In order to make sure that the projection is C° smooth, we will have to regularize the projection on
the element boundaries. Notice that in (2.14), only b, ;(x) is non-zero on x = 0, and thus is b7, (x)
the only polynomial that is non-zero on the left boundary on e. Likewise, by, ,(x) and by, ,(x) are
the only polynomials that are non-zero on x = 1 and the right boundary. Now, let e; and e, be two
subsequent elements such that e, is to the left of e,. Denote the size of e; as |Q°t| and the size of e,
as |0°|. Then, we replace both the values B;1, and ;2 by:

[Qet| Bty + Q22| Br2
Beye, i= e r0e] (4.17)

This forces the splines on e; and e, to coincide on the border between the two elements?. We repeat
this step for all borders between two mesh elements. The combination of these two steps, the local
projection, and the regularization over all element boundaries, defines the projector F for any element
e, with “left” border element e;, and “right” element border e,:

p
$°0) = ey eb$p () + D BEOG, () + Bog, Byur p(3), X € Q°. (4.18)

i=2
Additionally, since S, ., is a linear combination with positive weights, it can be estimated as follows:

|Be, e, | < max{IBial, 18171} (4.19)

2Note that this regularization step differs from the basis functions seen in Figure 4.3. In this space, the basis functions are C°
smooth. However, in this proposed projector, we have set the values of the boundary functions to a weighted average. In theory
this does not matter, as the resulting regularity is the same. However, the implementation is different as we have extra degrees
of freedom. However, these extra degrees of freedom, assist in notation.
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4.2.1. Estimates
For the projector F proposed, we will show some local estimate results. For this, we need the interme-
diary result:

Lemma 4.3. We have:
”Fv”Lz(Qe) =< Cbern”v”LZ(Qé)' (420)

Where C,, is only dependent on mesh regularity u and polynomial degree p and the support extension
is taken from the spline space F.

Proof. Given:

2

14
1F01Z2 0y = |[Beve @) B1CO + D B () 0:0) + B, () Bps () (4.21)
=2 12(0)
2
p+1
< B @I || vio) (4.22)
i=1 12(0°)
2
= 1Q°| max {|Be, el 1B5 ], -\ IBE], Bee, |} (4.23)
e e e e e ez
< 1Q°| max {|Bpi1l, 1BS 1 1BS ], s 1BE 1 1Bpaal 1B} (4.24)
< Crernllvlizz g2 (4.25)

Here, we used that the Bernstein polynomials sum to one, the estimates from (4.19) and in the last step
we used Lemma 2.8. Do note that the coefficient Cy.,y, is the coefficient C,, of Lemma 2.8, multiplied
by the difference in size of the mesh elements e;, e, compared to e. This is solely dependent on the
dimension, as these elements can at most differ by one level. O

Corollary 4.3.1. For each element e, the local Bernstein coefficient vector Ee over the support exten-
sion & associated with the altered local L?-projection of a function f € L? (Q°) onto F, the space of
polynomials of degree p over the projection element satisfies the inequality:

N Cp
1Bl S 18757 1f iy (4.26)

Here, |Q¢| is the mesh size of element e. C,., IS @ constant only dependent upon the polynomial
degree p and mesh regularity p.

Using this lemma, we can show the following local error estimate result:

Proposition 4.4. Letk and | be integers with0 <k <l <p+1andl < a+ 1. Then for each element
e we have:
v — Fv|grgey < Chle_kllel(Qé), vv € H* (Qé). (4.27)

where h, is the diameter of element e. C is independent of h,, but possibly dependent on shape
reqularity, polynomial degree, continuity and k, L.

Proof. Note that the space F is a B-spline space S where every internal knot has multiplicity p. Given
sasinLemma 2.7:

IV—FUIHk(Q_E) = |17—S+S—FU|Hk(Qe) (428)
< |v = slukqey + IF (v = 5) k(e (4.29)
<I+1I. (4.30)

Then, with C,,,, the constant from Lemma 2.7:

< Cromhl™ 171l t(2): (4.31)
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The standard inverse inequality for polynomials yields:
11 < Conph2*IIF (v = 5) ll2(qe)- (4.32)
And with Lemma 4.3 and Lemma 2.7 we find:
II'< Ciny CoernCiemllni(az)- (4.33)
Thus the proposition holds with C = Cjop, (1 + CinyCpern)- O

Lastly, we will show that the projector preserves all v € FF:

Proposition 4.5. The projector F preserves all elements in F:
Fv=v, VveF (4.34)

Proof. Given a v € F, on any element e, the local representation is given by:

p+1
v, = ) BEBE, ). (4.35)
i=1
Then, the intermediary integrals v; are:
p+1
v = Z Be fﬂe by (X)B;  (X)dx = [Gﬁe]j. (4.36)
i=1

Here G is the Gramian matrix. Now, the resulting projection (before regularization) is given by the
vector: .
u=G6"10=G"1Gpe. (4.37)

Where [ﬁe] = Bf. However, before regularization, the projection is the exact initial smooth function.
l

Thus, the regularization step does not alter the coefficients. This means that the projection preserves
veF. O

4.3. Sub projection T

The second projector, T : F — T is defined in two steps. Initially, on every projection element, the
local polynomials are projected on to the THB-splines with non-empty support. This produces a local
projection. However, for THB-splines that span multiple projection elements, these THB-splines will
have multiple coefficients, each linked to a particular projection element. These different coefficients
are combined by a weighted average to obtain a single final coefficient for each THB-spline basis func-
tion.

For the first step, let € € Y be a projection element index and let E. c E be the set of elements that
make up the projection element with index €. Let J. be the index set of all THB-splines with non-empty
support on €. Since the THB-splines are local polynomials on all e € E,, the THB-splines can be written
as a linear combination of local polynomials expressed as bernstein polynomials:

p+1

Ble= ) D Cog, (0, Vi (4.38)

e€E¢ i=1

Here, b;(x)|c is the restriction of THB-spline j to the projection element €. In this case, by choosing an
ordering of e € E., a matrix C¢ can be constructed, where every column represents a THB-spline j € J.
and where the coefficients represent the linear combination given in (4.38). Thus, given a y€ of a linear
combination of THB-splines j € J. with non-empty support on ¢, this representation can be mapped to
the local polynomial space F, restricted to € by:

B"e = C€ - (4.39)
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In the case of T, we desire to map the space of local polynomials in to the space of THB-splines with
non-empty support on €. In the case of type 0 projection elements, there are p+1 THB-splines and local
polynomials on €. For the case of type 1 projection elements, there are 2p THB-splines and p(p + 1)
local polynomials on €. Then the matrix C¢ is a matrix of size m x n, with m > n. Additionally, as
a consequence from Proposition 4.2, the columns of C€ are linearly independent. This means that a
Moore-Penrose pseudo-inverse exists and is given by:

-1
ceti=(c"ce) el (4.40)
The Moore-Penrose pseudo-inverse is the solution to the following minimization problem:
x = argmin g, |[v— C€ull, = C* " v, veR™ (4.41)

By constructing the vector Ef from §¢, e € E. in the same order as C¢, such that the i*" index of f¢ and
the it" row of C€ correlate to the same local polynomial function defined over ¢, the local projection on
projection element € is given by:
7e:=cCcet fe, ve€E.. (4.42)
The vector 7€ is a local THB projection on a projection element €. Thus on projection element ¢, the
local projection is given by:
s@)|. = Z yEb;(x). (4.43)
J€Je

Here, yf(x) are the THB-splines indexed by J. that have support on €. In order to obtain a global
projection for a given THB-spline j, all the coefficients that are related to the THB-spline j will need
to be combined. For this, letY; = {€;,€;,...,€,} © Y be the set of projection elements on which the
THB-spline j has non-empty support. Then, the final coefficient y; for THB-spline j is given by:

yj = Z w]-eyje. (4.44)

Where the weights wf are given by:
. Jqe bj(x)dx

W = (4.45)
J fQ bj(x)dx
This produces the global THB-spline projection:
s(x) = z yb; (). (4.46)
j

4.3.1. Construction of the local projection matrices

The €€ matrices can be constructed by knot insertion, see Section 2.1.3. Since the Bernstein poly-
nomials are B-splines defined over a (p + 1)-open knot-sequence with only two distinct knots (the
boundaries), we can write all (T)(H)B-splines as local Bernstein polynomials by knot inserting all ele-
ment boundaries till they have a multiplicity of p + 1. However, in the case of (T)HB-splines, we have
splines of multiple levels. Fortunately, all the splines are of at most two different levels on every pro-
jection element. Next to that, on the type 1 projection elements, the coarse THB-splines are already
a known linear combination of the finer splines (as this is what the truncation process does). And on
type 0 projection elements, the THB-splines are all locally B-splines. This means that on any projection
element, the THB-splines are a linear combination of B-splines, all from the same level. Then, add all
element boundaries of the projection element until the knots have multiplicity p + 1. See Figure 4.4 for
an example on a type 1 projection element.

This process relates any THB-spline j with non-empty support on € to the local Bernstein polyno-
mials. Doing this for all THB-splines with non-empty support, the matrix C¢ can be constructed. In the
case of type 0 projection elements that are at least p elements away from the global boundary, the
eigenvalues of the Moore-Penrose pseudo-inverse are given in Proposition 4.6.
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Write THB-splines as refined B-splines

—_< ===

Insert knots till multiplicity is p + 1

Figure 4.4: The construction process of C€ for the only type 1 projection element over this THB-spline space. Initially, write all
THB-splines with non-empty support as a linear combination of the refined B-splines. Secondly, alter these linear combination
coefficients with knot insertion untill all the knots on the projection element have multiplicity p + 1. By raising the multiplicity of
the element boundaries, the knot-sequence on every element becomes p + 1-open, and thus the B-splines over the elements
are the local Bernstein polynomials.

Proposition 4.6. Given an equidistant knot-sequence & and an element e which is at least p elements
away from the global border, the projection matrix C€ * over the type 0 projection element € over ele-
ment e, from the local Bernstein polynomials to the B-splines with support on element e has the p + 1
eigenvalues 1,p,p - (p — 1), ..., pL.

Proof. The projection matrix €€ satisfies both of the following two equations.

+

||M+ =

% (4.47)

p+1

Cce
Z yibi(x) = i
' =1 ]

[ce+ Bib(x), x €QF. (4.48)

Since both the B-splines and the Bernstein polynomials satisfy the partition of unity, 1 must be an
eigenvector with eigenvalue 1. For the other eigenvectors and values, we will integrate a p — 1 degree
B-spline/Bernstein polynomial vector. The operator that maps I, : S,_;; — SM“ by integration is
given by the p + 1 X p matrix:

1 fi+p - ‘fi
Ip = fz+p $i €l+p+1 $it1 (4.49)
'fz+p 51 €l+p+1 'fz+1 fi+p+2._ §i+2

Here, i is chosen such that when element e is given by Q° = [§,, §ne1], We have that &, = &g
This integral operator corresponds to integrating the spline functions with the condition that the function
is zero at the left boundary. Now note that in the case of B-splines, for which the element is at least
p elements away from the border, we must have that all elements of (4.49) are p|Q°|. Likewise, in
the case of the Bernstein Polynomials, all elements are |Q¢| because ., = iypr1 = * = pyq @Nd
§i = = &iyp-1 = &m. This means that if we distinguish the integral operators for the B-splines as I},’
and for the Bernstein polynomials as 15, we have that I} = pI}.

The last step to obtain all the eigenvectors arld eigenvalues, is to keep integrating the k’th dimen-
sional vector 1, to the degree p spaces. Clearly, 1, € S, ¢ corresponds (by partition of unity) to the unit

3Since the Bernstein polynomials are a special case B-spline space, we only have to do the derivation for the B-spline case.
4Strictly speaking, the knot-sequence needs to be altered, as the initial and last knots must appear exactly p + 1 times. However,
since the degree is known, we will assume that it is implied.
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function, and likewise for the Bernstein polynomials. So we must have that:

P

B = 1_[1{’ 1., (4.50)
=k
)4 |4 |4

Ve = 1_[1{’ i, = Huf i, = 1_[1 Be. (4.51)
=k =k =k

However, both vectors must describe the same function, as we are integrating the unit function p — k
times in both cases. From this we conclude that g, is an eigenvector with eigenvalue ]'[fzk l. O

For the other type 0 projection elements, no expression has been found. However, from numerical
experiments the largest eigenvalue seems to coincide with p!. Likewise, for the type 1 projection ele-
ments, no bounds have been found. However, since the THB-splines and Bernstein polynomials are
invariant under translation and scaling, these matrices should be independent on location and element
diameter h,, but can depend on spline degree p, shape regularity of the mesh and continuity.

4.4. Local estimates of full projector

In this section, we will show that the combination I1 = TF is locally stable. For this we will first require
that the initial projector conforms to the following assumptions:

Assumption 4. The initial projector F : L?(Q) — F conforms to the following assumptions forany e € E.
Here we have that the coefficients g€ are the coefficients related to b{ (x) that represent the projected
coefficient on element e.

Fs =5, Vs, € F, (continuous polynomial preserving) (4.52)

4 Cstab ; "
18N < Igeall/: lIsll 2 (a2), vs € 12 (Q°). (local stability property) (4.53)
Where Cs:qp r is @ constant independent on [Q¢| and the support extension is taken in the F spline
space.

Note that the projector F in Section 4.2 conforms to this assumption by Corollary 4.3.1 and 4.5.
However, any other projector conforming to these assumptions can also be chosen.

Then, the full projector 11 is locally stable over the domain e* := &, the support extension of the
projection extension (see Section 4.1.3). Here, the projection extension is taken over T and the support
extension over F. Now, from the construction of FF, the support extension is equivalent to the collection
of all elements neighbouring and including é. For this element, we have the following result:

Lemma 4.7. Let k and | be integer indices with 0 < k <1 < p + 1. Given e, and support extension &,
v € H' (Q¢"), there exists an s € T such that:

IU _SlHk(Qe*) < Cinthé_klvlyl(ge*)- (454)
Where C;,,; is a constant independent on element diameter h,,, but possibly on p, k, L, .

Proof. The above proof relies on Lemma 2.7. However, this Lemma requires a B-spline space. For
this, we will construct a B-spline space that is locally contained in T, and for which the local B-splines
defined over e* are independent on level of refinement e.

For this, note that e* consists of splines of at most 6 levels. To see why, note e has at most 2
levels by Assumption 2. Then, the projection extension can have splines of at most 4 levels, as each
projection element can also have at most two levels of splines. The final support extension brings it up
to at most 6 different levels. By taking [ to be this lowest level, all the b; ¢, (x) € S5, with support on
e*, are elements of T.
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Next, there must be a level [ element e; such that e is contained in e;. Then, the support extension
é; might contain e*. If it does, the s € Spé, from Lemma 2.7 proofs the lemma. If it does not, we can
remove knots of §; to construct a new knot-sequence = and B-spline space S;z < Sz,

When we remove knots that correspond to boundaries strictly within &;, the underlying mesh changes.
This means that there is a new element ez that contains e, but crucially, this must also contain e¢;. Thus
the support extension éz contains ¢;. By increasingly removing knots, the support extension éz will
contain e* at some point. Also, note that the amount of elements (which is related to the number of
internal knots) is bounded by some function of p. Then, choose s € S;z according to Lemma 2.7. Then
we have that s € Sz C S;¢. Additionally, all the level I B-splines from s with support on e* can be

7
reproduced in T, so s € T. O

Additionally, as a direct consequence of the local stability property:

Lemma 4.8. Given a projector F as in Assumption 4, the local stability over a projection element is
bounded by:

N Cstan .
1B lo < ﬁusuﬁmg), Vs € L2 (QF). (4.55)

Where Q€ s the smallest mesh element of €.

Proof. This is a direct result from the local stability property in Assumption 4. Note that by construction
of the projection element ¢, all the mesh elements e € E. have the same size |Q%€]. O

Then, the full projector IT1 = TF has the following two properties:

Proposition 4.9. We have:

[Is =5, Vs eT (spline-preserving property)  (4.56)
IMlli2cae) < CtanllVllz(qery, vv € L1?(Q°),Ve €E (local stability property)  (4.57)

Here, e*, is the support extension of the support extension of e. C,;q), iS @ constant independent of h,
but possibly dependent on the shape regularity of the mesh, polynomial degree and continuity.

Proof. The spline-preserving property holds trivially as the splines are also elements of F, so F pre-
serves them by Assumption 4. For T, the correct spline is given by the optimal pseudo inverse solution.
This means that T preserves the splines. Hence, what remains to prove is the local stability property.
Given any element e and f € L? (Q€"), denote the set J, as the set of THB-spline indices, which have
non-empty support on Q°:

Je :={j : Q¢ c supp (b;(x))} (4.58)
Then we have that:
leG) = > | > wfyi () |0 (4.59)
J€Je EEYJ'

Here, wjf are the weighting coefficients of the recombination set that are all non negative and sum
to one for any given splines j. Lastly, y; (f) are the local THB-spline projection coefficients defined as:

7N = ¢
Where ¢ is the local THB-spline projection matrix and ﬁe(f) the local Bernstein coefficients over

projection element € as a result of F. Since the projection matrices cet only depend on p, shape
regularity and continuity and by Lemma 4.8, we have:

. G
17Dl = 1e7z 1z 02)



4.4. Local estimates of full projector 37

Here, |Q, | is the size of the smallest element of €, and €, a constant which only depends on the
polynomial degree p and the shape regularity of the parametric mesh. Next, similar as in (Thomas
et al., 2015), we have that:

nreol< D7D efrs (0|5 (4.60)
J€Je EEY]'
C
|2, 2. e hegan) | i) (4.61)
J€Je EEY]'
C
<max| > ez || ) @) (4.62)
€ EEYj Jj
Ca
<max| > oot I (oo (4.63)
¢ EEYj
G
< Wﬂf”y(ge*) (4.64)

Here, e” is the projection extension of e. The constant C; does absorb some constants that relate the
size of |Q°] to all the sizes of |Q%€], but this is solely dependent on the mesh regularity u and p and the
maximal difference in levels (which is 6). Integrating over e we find:

1/2
C*
”Hf”LZ(QL’) < W”f”l‘z(gg*) (jﬂe 12dx> = Cz”f”LZ(Qe*) (4.65)
]

The local approximation error is then given by:

Theorem 4.10. Let k and | be integer indices with 0 < k <1 < p + 1. For each mesh element e, the
following inequality holds:

If = Ifllukcaey < Capphb ™ Ifllyigaery  VF € HL(QS), (4.66)

where h,, is the element diameter of e, e* is the support extension of the support extension of e, and C;;
is a constant independent of h,, but possibly dependent on the shape regularity of the mesh, polynomial
degree, number of refinement levels L, continuity, and the parameters k and .

Proof. Let s be as in Lemma 4.7. Then, by Proposition 4.9:

|'U - HUlHk(Qe) = |'l7 —S+s5s— HUIHk(Qe) (467)
= v —s+1[s — v]|ykqe) (4.68)
< |U—S|Hk(9_e) + |H[U—S]|Hk(9_e)- (469)

Note that the second term is a polynomial (because of the projection) on element e. Thus by a standard
inverse inequality for polynomials (see for example (Bernardi et al., 2007)), we get:

N[ = 5] grcaey < CinvheIM[v = s]1l 2 (ae) (4.70)
< CinwCstapha“llv — Sll;z(qery  (Proposition 4.9) 4.71)
< CinVCStabCinthé_k”v”Hl(Qe*)' (Lemma 47) (472)

The first term can immediately be estimated by Lemma 4.7, to obtain the result where,
Capp = Cint (1 + Cinsttab)

which only depends on k, I, p, u. O
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4.5. Commutativity

To construct a commuting projector, a similar approach that was introduced in (Buffa et al., 2011) will
be used. Given the following diagram:

H () —Z3 12 (Q)

I, I
b, b

d

To % T

4.73)

Here, T° and T* represent the THB-spline spaces on which to project. The first THB-spline space
T° has degree p, and the second THB-spline space T! has degree p — 1. Secondly, we have the inter-
mediate spaces F° and F! where the former is of degree p and the latter of degree p — 1. Additionally,
F° and T° are the sub projectors derived in previous sections. For F!, we can define the commuting
projector F* inspired by (Buffa et al., 2011) as follows:

d X
UG 1= o F° [ | f(s)ds] ) (4.74)
dx 0
Lemma 4.11. The projectors F° and F* commutes with the exterior derivative.
Lpopop Ly rent(a (4.75)
dx dx’’ | ’
Proof. Let f € H' (), then:
F1d —dFOJXd d 4.76
dx’  dx def(s)s (4.76)
d
— R0
dxF [f +C] (4.77)
d d
= — 0 _
dxF f+ dxC (4.78)
d
— o
dxF f (4.79)

Here, C is a constant. The projector F° does not alter constants, since the projector F° does not alter
splines. Since this was for an arbitrary f € H! (Q), we conclude it holds for all f € H* (Q0). O

Likewise, the commuting projector T? is constructed as T1[f](x) := dT° [foxf(s)ds] (x). Yet, since

the domain of this projector is a finite dimensional function space, the local integral operator can be
explicitly calculated (see equation (4.49)). However, this integral operator only acts locally. Fortunately,
the functions in IF® are C° continuous. So, for any function f € F°, after integrating %f, we again obtain
a €° smooth function. For this reason, by working from the left to right, we add constants on each
element until the local integral matches the left integral on the border. Denote this finite dimensional

integral operator by I, resulting in:
THf1(x) :=dT° [If] (x) (4.80)

These projectors also commute.
Lemma 4.12. The projectors T° and T* commute with the exterior derivative.

d d
—T0 = 1__ 0
—T°f =T'—f, feF (4.81)
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The proof of this lemma is equivalent to the proof of lemma 4.11. Combining these results, we can
construct local THB-spline projectors as:

Nof(x) :=T°F°f(x), Vfe€H(Q) (4.82)
d X
Mf(x) := aTOF0 U f(s)ds] x), VfEeEL*(Q) (4.83)
0
And these projectors also commute with the exterior derivative.

Theorem 4.13. The local THB-spline projectors T1° and II* commute with the exterior derivative:

d d

Proof. The theorem is the direct result from Lemma 4.11 and Lemma 4.12. O






Multivariate Bezier Projector

The multivariate projector is again structured in two subsequent projectors, starting with a local projector
F on a Bernstein polynomial space F and followed by a subsequent THB-spline projector T on to T.
For the multivariate case, both will be an extension of the univariate projectors. Let Q be a domain in
n-dimensions, then the final projector I1 := TF is defined over the diagram:

n F (5.1)

First, we will extend the notion of projection elements to higher dimensions. Followed by the construc-
tion of F and T. We will end this chapter with estimates for the projector II in the multivariate setting.

5.1. Projection elements

In the multivariate setting, there will be more types of projection elements, instead of the two types for
the univariate case (see Section 4.1). For an n-dimensional domain, we will have n + 1 different pro-
jection elements, ranging from type 0 to type n projection elements. We will first introduce a process to
determine generator elements. These are the elements from which a projection element is generated.
These projection element generators will also aid us in proofing linear independence, and are thus a
useful concept.

By Assumption 2, it suffices to look at a refinements from level [ — 1 to level [. Then, all refined
elements e of level [, which intersect the boundary 9Q,;\9(Q,, are projection element generators and will
be assigned a type. This will be done by looking at the refined B-splines that are inserted in the refine-
ment step. Clearly these level [ B-splines, are from the B-spline space S;¢,. In the B-spline space S;¢,,
there are B-splines that have support on the element e, of which a subset is inserted in the refinement
step to level . See Figure 5.1 for an example with degree 5 = (2,2). Here, for different elements e,
the B-splines of the B-spline space S;,, are marked in the center of their support. They are marked
with either a x for a level [ B-splines that is not inserted, or denoted with a o if they are inserted to the
THB-spline basis. See the construction of the HB-spline space in Section 2.2.

Byathe tensor product structure of the B-spline space, these B-splines can be denoted by a vector
index i:

[ = (i1, i) s i), = by e (X) € S5, such that Q¢ < supp (b5, (). (5.2)

Here each i; can be (up to) p,; + 1 different values. Note that the collection of these indices will create

a hyper-rectangle (see Figure 5.1, where the marked B-splines define a rectangle). Now, given some

41
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(0]
X | X|X
X

4

Figure 5.1: Given p = (2,2) and a THB-spline space. For three different refined elements, that neighbour the border 9Q;\0Q,
(colored red, orange and blue), the nine B-splines of level | — 1 that have support on each element. These B-splines have either
been marked with a o to denote that they are inserted in to the THB-spline basis, or by x when they are not. Here the x or o is
placed in the center of the support of the B-spline. Note that for = (2, 2) the B-splines have a support on a collection of 3 x 3
elements of level 1.

{ and a dimension d, we can a create set of pq + 1 different indices I; ;, that only differ in the d’th
component. Here the d’th component runs over all the possible i;, such that these indices conform to
(5.2). Note that in Figure 5.1, this corresponds to either a row or column of possible indices.

For a given dimension d, we call that dimension refined on element e, if there is a vector { for which
the set I , contains exactly one B-spline of level [ that is inserted in to the THB-spline basis. See for
example the red arrows in Figure 5.1. To recap, a dimension d of element e is refined if:

3i:3le Ly supp( (x)) c . (5.3)

Let e be a refined element of level [ that intersects the boundary 0Q;\0Q,. Element ¢ is a type-k
projection element generator, if there are exactly k refined dimensions. In figure 5.1, the red and
orange elements are type-2 generators, and the blue element is a type-1 generator.

[1] |

N R ==

Figure 5.2: For the THB-spline space in Figure 5.1, the different types of projection element generators, for all the elements
that intersect the refinement boundary dQ,;\09Q,. Additionally, the projection elements generated by the colored elements from
Figure 5.1 are drawn in color.

These generator elements will generate projection elements. A type-k projection element is a rect-
angular collection of elements in the directions of the refined dimensions. If the dimensions d;, ..., dj
are refined, then one B-spline of level [ that must be inserted. This B-spline is either the first or the last
for a given set If.dl' If it is the first, d; will be extended into the —1 direction, while if it is the last, it will

be extended into the +1 direction. Starting from element e, the first p; refined elements’ of level [ in

"Note that the existence of a single refined B-spline in I
space.

iq,> Means that all these elements are in fact elements of the THB-spline
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Figure 5.3: The projection elements for the THB-spline space of Figure 5.1. Here the red projection elements, are projection
elements of type-2, the blue projection elements are type-1 and the remaining elements are all type-0.

the extension direction of d; are added. Then, the first p, refined elements of level [ in the extension
direction of d, are added. This process is repeated until this has been done for all refined dimensions.
Finally, the minimum amount of elements are added, to create a rectangular collection of refined ele-
ments of level [.

In Figure 5.2, the projection elements generated by the colored generator elements of Figure 5.1
are shown. From this Figure, it becomes clear that some projection elements can/will overlap. For
example, in Figure 5.2, the red projection element is a type-2 projection element, and will contain two
projection elements of type-1. In this case, we will remove the lower type projection elements?. Ad-
ditionally, if instead p = (2,5) would have been chosen, the two type-2 projection elements overlap
(see the red and orange projection elements in Figure 5.2). In the case that two projection elements of
the same type overlap (after first removing all the contained lower type projection elements), the proof
presented below for linear independence, fails. For this reason, we will require that the mesh does not
produce these kind of projection elements. See the following assumption.

Assumption 5. Given a THB-spline mesh, after removing lower type projection elements, no projection
elements of the same type overlap.

The notion of removing lower type projection elements that are contained in higher type projection
elements, is quite natural. For example, in Figure 5.2, the red type-2 generator is next to two type-1
generators. These type-1 generators must have a dimension that does not contain a row (or column)
with a singular refined B-spline. In fact, they have rows (or columns) with either none, or with two. For
those rows (or columns) with two, the exact same row (or columns) in the next element over, contains
a single refined B-spline. Thus, this dimension is refined in the next element over. This is the case for
our type-2 starting element. For this reason, the type-2 projection element is in someway an extension
of the type-1 elements that are removed. However, in the proof of linear independence, these type-1
projection element generators are still useful. Lastly, all the remaining elements that are not covered
by any type-k with k > 1 projection elements, are all individual type-0 projection elements. In Figure
5.3 the final projection elements can be seen.

5.1.1. Linear independence

Linear independence is proven in multiple steps. We will first introduce some definitions which will lead
to a local description of which B-splines are inserted and which are removed. Following this, we will
proof that the projection element generators have a linearly independent set of basis functions with
support on the generator. From this, we will show that the THB-splines with support over the rest of
the projection element, are linearly independent.

We start with the introduction of the complement support of any projection element generator:

2From the construction, these lower types of projection elements that get removed, are always full contained in a projection
element of a higher type.
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Figure 5.4: An example of a support complement of an element e.

Definition 5.1. Given a generator element e, related to the refinement of level [ — 1 to level . The
complement support e is given by the collection of elements from level [ — 1 such that they intersect
e:

eC:={a € E"1:Q°n Q% noq, # 0} (5.4)

And for the projection element € related to the generator element e, the complement support of a
projection element:
e :={a e E"1: QN Q% N30, + 0} (5.5)

See Figure 5.4 for an example of a complement support. This definition coupled with Assumption
5, allows us to characterise the B-splines that are removed, by whether they have support on the
complement support of a projection element:

Lemma 5.1. Given a projection element e in a THB-spline space conforming to Assumptions 1, 2 and
5. A level | — 1 B-spline still has support on € after refinement and truncation to level I, if and only if it
has support on €€.

Proof. Clearly, if b;;_;(x) has support on €€, its support is not entirely contained in Q;, and this spline
will be truncated. After truncation, it is a linear combination of level | B-splines whose support is not
entirely contained in Q;, and will thus still have support on €.

However, if b;;_1(x) has no support on €€, it is not directly obvious that it will be removed, or
truncated until it has no support on €. If it is removed, we are done, so let b;;_, (x) be a spline with no
support on €, that is not removed. Then, by the construction of the THB-spline space, it must have
support on some level [ — 1 elements e, ..., e, that border the boundary 0Q;\00Q,:

3ej € EV1 s supp (b -1 (x)) N QT # 0. (5.6)

However, these elements must all border projection elements, and this produces some list of projection
elements €, ..., €, on which b; ;_; (x) also has support.

supp (bi;—1(x)) N QST = 9. (5.7)

But then, when we truncate b; ,_; (x), it becomes a linear combination of level [ B-splines that must
have support on some level [ — 1 elements, and whose support is a subset of the support of b; ;_; (x).
This forces these level [ B-splines to only have support on the projection elements €4, ..., €;,.

supp [trunc (bu_l(x))] nQ; €O uyU--UQm, (5.8)

However, by Assumption 5, the r.h.s. does not intersect the original projection element €. So, when
b;;-1(x) has no support on €¢, and is not entirely contained in Q;, the truncation of b;;_,(x) has no
support on €. O

Next, we proof that for any type-k generator element e, the THB-splines with support on e are linearly
independent.
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Lemma 5.2. Given an n-dimensional THB-spline space that conforms to Assumptions 1, 2 and 5,
then for any type k projection element, generated by element e, the THB-splines with support on e are
linearly independent.

Proof. Let the projection element e contain THB-splines from level [ -1 and [ (by Assumption 2). Then,
the generator element e = e’ is a mesh element of refinement level I, which must be contained in some
level I — 1 mesh element e!~1. In the refinement step to level I, we start with a collection of B-splines of
level [ — 1 (at least, they must locally be B-splines on element e!~1, as this element will be refined). But
then, this set of B-spline must be linearly independent on element e!~* (and thus also e') by properties
of the B-splines:

{bi1-1(0)}. (5.9)

This set of B-splines will be split in two. Those level | — 1 B-splines that get removed, as they are fully
contained in Q;, and those that remain, and will be truncated. Now, note that the B-splines that get
removed, cannot have any support on the support complement of e, e by Lemma 5.13. So we can
denote the B-splines of level [ — 1 that are to be removed, by whether they have support on e¢:

¢
n-np_,

nlé—1
{Bra ), = (b ) U Bl ) (5.10)

Here, superscript C denotes the splines with support on e, and ¢ if they have no support on e¢ and
nl‘/_1 is the number of splines without support on e¢. The latter set will be removed and replaced by
level | B-splines that also have no support on e¢. Additionally, since both sets are B-spline spaces,
where the level [ — 1 B-splines that are removed and the level | B-splines have the same requirement
of not having support on e€, they must consist of the same number of splines. So we have:

"lé—1 nzé
{bﬁ_i(x)Lzl‘ = (] (5.11)

So n?‘_1 = n{f = n?. Next, since we have that Sse_, € Sp¢,, the removed B-splines bi“fl_l(x) can be

written as a linear combination of level [ B-splines. However, again because of the support argument
over e¢, we must have that:

nt

¢ _ ol P ¢ e
b1, (x) = cijbj(x), vi=1,.,n°% x€Q° (5.12)

j=1
But then, the map between the two sets must be full rank since none of these B-splines is zero over
element e. Thus, we must have that the following set is linearly independent over element e:

n—né é
o), u{ph@)}

To find the THB-spline basis, we have to truncate the B-spline of the first set by removing a linear
combination of the second set. But this does not alter linearly independence. So we conclude that the
THB-splines over the element e are linearly independent.

x € Q€. (5.13)

n
. ’
=1

O

Note that the previous lemma only shows that the projection element generator is linearly indepen-
dent. However, from the construction of a type-k projection element, it contains lower type projection
elements. This allows us to partition the level [ — 1 THB-splines with support on € as follows:

k k
b, = [ e} = [ e (5.14)

m=1 m=1

3Strictly speaking, some level I — 1 B-splines do not get removed. However, by truncation, they no longer have support on .
The result is still the same, these splines get removed from the set of B-splines with support on €.
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Where b]";_, (x) is a level [ — 1 B-spline that has support on a type-m generator element in ¢, but not on
any generator element of a type higher than m. To proof that the THB-splines on the projection element
are linearly independent, we will show that for any linear combination of THB-splines that is zero:

k np n
Z cm_ b (x) + Z cuibii(x) = 0. (5.15)

=1j=1 i=1
That the coefficients c” , and ¢;; are all zero. Clearly, by Lemma 5.2, all ¢{,_; are zero. Next, showing
that sequentially all ¢ z , are zero with firstm = k — 1 downto k = 1, the first sum vanishes. Then,

since the second sum is over non truncated B-splines from level [, which must be linearly independent
on these elements, we find that c;, are all zero. This is the outline for the proof of linear independence
over the projection elements.

To show this, we will call all the projection elements of type m with m < k, in a type-k projection
element, a sub projection element of type-k. These are exactly the removed projection elements in
the construction of the type-k projection elements. Next, introducing the concept of restricted linearly
independence:

Definition 5.2. A sub projection element generator e of type 1 < m < k of a projection element with
splines of level [ — 1 and level [ of type k is called restricted linearly independent, if it is linearly
independent over the following set:

B, U {by (%) : Q¢ < supp (b, (x)) € O} (5.16)
Here Bp,, are the elements of B, that have support on Q°.

Then, the following lemma shows that the boundary elements of € that intersect the border 90, are
restricted linearly independent.

Lemma 5.3. Let € be a projection element of type k in a THB-spline space conforming to Assumptions
1, 2 and 5 with splines of level -1 and l. The sub projection elements of type 1 < m < k are restricted
linearly independent.

Proof. This lemma is proven with induction. The base case of m = k, is proven by Lemma 5.2. Only
the induction step remains to be proven. That is, if the Lemma holds for sub projection elements of
type-m + 1, ..., k, then it holds for sub projection elements of type-m. Assume that the sub projection
elements of type-m +1, ..., k are all restricted linearly independent. Now, let e be the generator element
of one of the sub projection elements of type-m. Then, over e, before refinement to level [, there are n
B-splines of level [ — 1 defined over element e:

(b ), - (5.17)

This set must be linearly independent on element e. Now, we can split this set in two parts, those
B-splines that will be truncated to THB-elements of the sets B, .4, ..., Bx, and the complement:

k

(b1 (0}, = {bju_1(x) : trunc (b, () € U Ba (U {BI_ (O} (5.18)

a=m+1

To show restricted linear independence, only the latter set is of importance. The B-splines of the latter
set come in two flavours. Those B-splines that are entirely contained in ; (and will thus be removed),
or those B-splines that have support on e, but must also have support on the complement support e¢
by Lemma 5.1. This means the latter set can be split in two:

é
Br )™ = pre ) EHASTS (5.19)
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The latter set is replaced by a set of level [ B-splines, entirely contained in ;. Denote these splines
by bfl(x). For these level | B-splines, we must have that they are linearly independent, and span the

same space as bfl_l(x) (these are a bigger set then the level [ — 1 B-splines in (5.19)). Thus we have:

span {bfl_l(x)}izl = span {bfl(x)}izl, x € Q°. (5.20)

Nm
Next, both bases are linearly independent. But then, since {b{'l"_él(x)}, L is a subset of the l.h.s. of
' i

(5.20), we must have that the following set of splines are linearly independent over element e by the
splitting of (5.19):

o nt
{sz.rll'—C1(x)}i:1 U {bgz(x)}izl- (5.21)

By now truncating the level [—1 B-splines in (5.21), the first set of (5.21) becomes the grade m restricted
truncated THB-splines of level [ — 1, restricted to those splines with non-empty support on element e:

¢
n
Breslo u b)) _ - (5.22)

As stated before, the truncation operations do not affect the linear independence of this set, as they
produce new linear combinations that span the same space. This proves the restricted linear indepen-
dence of grade m. So, by the induction hypotheses, this holds for allm =1, ..., k. O

We can now proof linear independence over the entire projection elements:

Proposition 5.4. Given a THB-spline space conforming to Assumptions 1, 2 and 5 and let € be a
projection element of type k. Then this projection element is linearly independent.

Proof. Split the THB-splines over € in the truncated level [ — 1 THB-splines and the level [ B-splines.
Then, given a linear combination that sums to zero:

n

m
z Cig—1bij—1(x) + ¢jibj (x) =0, x€Q°. (5.23)
: =

=1

From the splitting in (5.14), the first sum can be rewritten to be:

k ny m
DD b0+ ) k() =0, x€Qc, (5.24)
m=1i=1 j=1

Starting with m = k, and any bi’fll (x), this B-spline has support on some type-k generator element by
definition. By Lemma 5.3 the coefficient c;_; = 0. This holds for all b},_, (x) € By. But then, the same

argument holds for all b{fl‘_ll € Byx_, by Lemma 5.3. Repeat this to find that all the c];_; = 0. Resulting

In:
m

Z Guby () =0, x€QF. (5.25)

j=1

However, these THB-splines are unaltered B-splines of level [, forcing the coefficients to be zero by
the linear independence of the B-splines. This means that the THB-splines with support on € are linear
independent. O

5.2. Sub projection F

Given the mesh element e, the local Bernstein projection F is given by the tensor product of the one
dimensional projection with a regularization step. This can be done since the mesh elements are all
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higher dimensional rectangles that can be written as a tensor product of one dimensional domains. In
this case, the local Bernstein polynomials basis is given by a tensor product:

Pii=P P, @ @P, (5.26)

And thus, the basis functions are associated with the index vector i = (iy, iy, ..., ip)” given by:
n
by (X1, e 2p) 1= nbid,pd(xa), biypa(Xa) € Ppy- (5.27)
d=1

These i are generated by taking tensor products of the index set per dimension. Given dimension d of
degree py, there are p; + 1 local Bernstein polynomials and denote I; := {1, 2, ..., pgz + 1} as the index
set of these Bernstein polynomials. Then, take I :=1, ® I, ® -+ Q I, to be the multivariate index set.
In the two dimensional case, with p = (3,2), these can be associated with nodes on the domain as in
Figure 5.5.

Py Py
@ @

(1, 3) (2, 3) (3, 3) (4, 3)
12 ‘2 ‘62 a2
1. 1) *2.1) *3.1) 4, 1)

Figure 5.5: Nodal points of a degree p = (3,2) 2D Bernstein polynomial space over some element e.

To construct the full dimensional projector G, let G,, be the the one dimensional projector for di-
mension d, see (2.23). Then, the full dimensional local Bernstein projector is given by a tensor of the
1D projection matrices:

Gs:=Gp, QGp, R Gp, (5.28)

Additionally, the integrals are given by:

f;? = jne b;,ﬁ(xl, v X ) f (x4, oy X)) d g -+ dxy (5.29)

These are again calculated numerically by Legendre-Gauss Quadrature, where the number of nodal
points will need to be chosen as such, that they have no effect on the accuracy of the later projections.
Denote the full collection of all of these elements as fe. The local Bernstein polynomial projection is
then given by:

B¢ = Gfe (5.30)

5.2.1. Regularization

Secondly, the projection is regularized over the element boundaries, to produce a C° smooth projec-
tion. This smooth space F, will be a particular THB-spline space. Until now, we have assumed that the
B-spline spaces used to construct the THB-spline spaces are (p + 1) open, where all knots (besides
the border knots) have multiplicity 1, see Assumption 3. This produces a maximally smooth THB-spline
space. However, if we create a different THB-spline space, where the B-spline spaces are again (p+1)
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open, but all the interior knots have multiplicity p, we obtain the desired C° smooth space F.

This THB-spline space is C° smooth, since all the basis functions are C° smooth. Additionally, any
basis function of one of the B-spline spaces is a local Bernstein polynomial on most elements. The
case where all knots have multiplicity p + 1, is proven in Section 2.4. However, if we decrease the
multiplicity, and thus increase the regularity from ¢! to C° on any element, only the B-spline on the
borders are combined. However, these B-splines that are combined, must coincide on the border, and
are thus not altered. This immediately means that any non truncated THB-spline in F, restricted to any
mesh element e, is a Bernstein polynomial. This is not the case for the truncated THB-splines, as on
some elements, they are truncated/altered. However, since we desire a C° smooth space, we cannot
expect this to be the case, as on the border between two levels, the refined Bernstein polynomials have
more degrees of freedom. See Figure 5.6, here on the red and blue edges. The C° smooth functions
imply that some of basis functions of FF, cannot be a local Bernstein polynomial, but must instead be
some linear combination.

Figure 5.6: A grid of local Bernstein polynomial degrees of freedom. They have been shifted inwards, as otherwise degrees of
freedom will overlap. Notice that on the border between the coarse and refined domain, the degrees of freedom only partially
coincide.

Now, on any mesh element e, these THB-splines are in fact linearly independent. Any element
of level [ that does not intersect any refinement boundary 9Q;\09,, is obvious by the local Bernstein
polynomial structure. For any element that does intersect a refinement boundary Q;\9Q,, the splines
can be split whether they have support on this refinement boundary or not. Clearly, those without are
linearly independent, and must be linearly independent to any spline with support on the boundary.
The splines on the boundary, restricted to the boundary, must be Bernstein polynomials from level [ — 1
restricted to the boundary. They are thus linearly independent on the boundary, and hence on the
element.

This means that we can do a Bezier projection from the local Bernstein polynomial space to this
THB-space F. As shown above, on any element e, the THB-splines of F are linearly independent, and
we can thus do an element wise projection:

je=ce ' ge. (5.31)

Where the columns of matrix C¢ describe any basis function on element e of f7(x) € F as a linear
combination of Bernstein polynomials b{ (x). Secondly, this mapping is regularized as:

— eqe e._fefj(x)dx
A=) ofaf, of = T (532)

Hence, we find an element s € F:

s(x) = Z Lf(0). (5.33)
j
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This element can be mapped back to the local Bernstein polynomials on any element e by multiplying
the coefficients by €¢. This is useful, as the actual THB projector T maps from the local Bernstein
polynomial basis.

5.2.2. Estimates

We desire this projector to conform to the requirements of Assumption 4.

Proposition 5.5. The projector F : 12(Q) — F conforms to the following properties for any e € E.
Let the coefficients ¢ be the coefficients related to b (x) that represent the projected coefficient on
element e.

Fs =s, Vs € F, (continuous polynomial preserving) (5.34)
stab,F

C 5 .
151 < e lIsll2(q2), vs € L? (Q°). (local stability property) (5.35)

Where Cs.qp r is @ constant independent on h. The support extension is taken in the F spline space.

Proof. The continuous polynomial preserving property is trivial. It clearly holds on the initial local ele-
ments projections, and in the regularization steps, for s € F, it must be continuous, and thus coincide
on every element boundary. This means that the regularization step does not alter the initial local pro-
jection.

To show the local stability property:

Cstab F
Q]2

180 < fllizgaey, VS € 17 (0°). (5.36)

We again start from Lemma 2.8, this bounds all the pre-regularized coefficients over all elements e, by:
e o 5.37
15%Mes < Tz a7z 1 iz cae: (5.37)

In the regularization step, a Bezier projection is performed, where the local projection matrices C¢ -
of (5.31) must be independent of element size, possibly dependent on p and mesh regularity u. But
then, the regularized coefficients 1¢ are bounded:

> C
12Nl o= Wllfllmney (5.38)

Where this constant C is dependenton C,,, p and u. Taking a weighted average, the resulting coefficients
must be bounded by all of these A¢ and hence, the local stability property follows. O

5.3. Sub projection T

The second projector T is defined the exact same way is in the univariate setting (see section 4.3).
In the multivariate case, we have more types of projection elements. However, every type is simply
a collection of mesh elements, on which the THB-splines with support on the projection element, are
linearly independent (see Lemma 5.2). Given some element e, all the THB-splines b;(x) can be written
as a linear combination of Bernstein polynomials over e, denoted by bje:

by(x) = Z cebe(x), x € QF. (5.39)
J
We can extend this over any projection element E, = {ey, ..., e, }:

bi(x) = Z Z e8¢ (x) = z cEbE(x), x € QF. (5.40)

e€Ee j
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Then, locally on projection element €, we project to the THB-spline basis with the pseudo inverse:

cet = (ceT CG)CGT. (5.41)
To obtain a local representation:
S0 ) b, x €0 (5.42)
i
Finally, a recombination step produces the final projection for any THB-spline i:
vi= ) Wy, (5.43)
EEY]'

Where the weighting coefficients are given by:

. Jae bi(x)dx

Wi = fﬂ-o b;(x)dx" (5:44)

This produces a final THB-projection:

Ts = Z vibi(x), x €Qy,s €F. (5.45)
i
Note, this is exactly the same as in Section 4.3.

5.4. Estimates
Defining the multivariate projector I1 := TF. This projector has the following estimate result:

Theorem 5.6. Let k and | be integer indices with 0 < k < | < p + 1. For each mesh element e, the
following inequality holds:

If = f ko) < Capphé  IIf lli(aery,  Vf € H (Q7), (5.46)

where h, is the diameter of the element e. e* is the support extension of the support extension of
e. Cint IS @ constant independent of h,, but possibly dependent on the shape regularity of the mesh,
polynomial degree, number of refinement levels L, continuity, and the parameters k and L.

Proof. The proof and required lemmas from Theorem 4.10 also hold in the multivariate case.






Numerical Results

The proposed projector has been implemented in Matlab for both the univariate and multivariate case.

6.1. Univariate Projector
For the univariate projector, we have the following test cases:

f(x) = sin(nx), (6.1)
g(x) =2|x—1/2|, (6.2)
h(x) = cos(20mx), (6.3)
z(x) = sin(8mx) + 2. (6.4)

6.1.1. Accuracy

The above mentioned test cases have been used to compare our proposed projector IT against a global
THB-spline projection’ and a different THB-spline projector introduced in (Giust et al., 2020). This was
done for p = 2 in Figure 6.1 and for p = 4 in Figure 6.2. The first function f(x) was chosen as a simple
function to see how the projectors deal with the different levels of refinement. The second g(x) was
chosen to see how they would deal with C° smooth functions and h(x) was chosen in such a way that
the coarse splines will have difficulty capturing the finer details. In all cases, a THB-spline spaces was
generated where the coarse spline space partitions the unit domain in sixteen elements, of which the
middle eight have been refined.

410 Error Error for f(x) 0025 Error Error for g(x) , Error Error for h(x)

0.02

|

0.015 | |
[ W \/

0.01 | VYV

0.005 L
| ‘ -0.5

Figure 6.1: p=2, THB local is projector introduced in (Giust et al., 2020)

"The second step in I1, T has been replaced by a global THB projection, instead of the local projection element projections. This
represents an “optimal” T projector.

53
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In the case of p = 2 in Figure 6.1, there is not much difference between the proposed projector
and the projector of (Giust et al., 2020). In the case of p = 4 in Figure 6.2, the differences become

more pronounced. For the sin (nx) case, the projector of (Giust et al., 2020) seems to struggle with
the refinement boundaries at x = i and x = z. In the case of 2 |x - %l our proposed projector has a
larger error at x = % while the projector of (Giust et al., 2020) has a bigger overshoot. This indicates
that neither one is better, but each excel for different problems.

5 %107 Error Error for f(x) 0.025 Error Error for g(x) 15 Error Error for h(x)

0.02

I
3 I | 0.015

Figure 6.2: p=4, THB local is projector introduced in (Giust et al., 2020)

Additionally, convergence for both 1° and I1? are shown in Figure 6.3. To show this, we have a THB-
spline space for which the middle is refined. The error is calculated for different element diameters h
in order to check Theorem 4.10, which states that for z(x) = sin(8rwx) + 2, the projections should
converge as O(hP*1) for 11°. To see this, the theoretical slopes have also been plotted. For I1%, no
theoretical results on convergence are given, but the solution seems to converge as O(hP).

H() Hl

2(2) — (@) |

G W N
"

107 10"

Figure 6.3: Convergence of the univariate projectors IT1° and IT* for target function z(x) = sin(8mx) + 2, over different element
diameters and degrees. Here a THB-spline mesh is used where the middle half of the domain is refined. Additionally, the optimal
convergence slopes are also plotted. Note that due to Theorem 4.10, only optimal convergence slopes for I1° are known, the
slopes for IT* are the slopes that fit the best. Additionally, note that for IT*, we project in to T*, but the degree denotes the degree
of the THB-spline space T°.

6.1.2. Commutation
The commuting property of the projector has also been numerically confirmed in Figure 6.4. Here
the function f(x) = cos (4mx) is first projected on to the local Polynomial space F° as is proposed in

Section 4.2. In Figure 6.4, the error between %TOFOf(x) and T?! %Fof(x) is shown. Only commutation
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has been checked for T, as in F, the integrals have to be calculed analytically, thus the two to project
function, differ by a constant. The commutation result is more involved for the projector T. The Figure
shows that the second projector T° and T! commute with the derivative, and that the error is close
to the order of machine precision for both the cases of p = 2 and p = 4. The not-exactly machine
precision error is most likely a result of the numerical errors propagating through the projector T.

14 p =2 13 p =4
2><10 T T r T T 1 10 T I T

05 [ [

ATOF f(2) — T L FOf(x)

1
dr
C
dz
S
IS

05 \ | Vo N 04r 7
| \ |

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
h h

Figure 6.4: Given the projection of the function f(x) = cos (47x) in to the space F° of (4.73). On the left the error between
d%TOFOf(x) and Tld%FOf(x) for p = 2 and on the right for p = 4.

6.2. Multivariate projector
For the multivariate projector I1, we have the test case f(x, y):

f(x,y) = sin(nx) sin(wy). (6.5)

6.2.1. Convergence

In order to check convergence, a B-spline space will be used. Clearly, the L? error is mainly determined
by the coarsest level. For this reason, analysing B-spline spaces, will give a better result. In Figure
6.5, the L? error for the function f(x,y) = sin(nx) sin(my) can be seen for various degrees p = 1, ..., 5
over different element diameters h.

From Theorem 5.6, the error should converge as O(h?*1). In Figure 6.5, for p = 1, ..., 4, the pro-
jection converges optimally. However, for p = 5, the accuracy of the projection halts, for h = 6 - 1071,
This is most likely the result of the numerical errors propagating through the projector.

Additionally, a similar Convergence plot has been made for THB-spline spaces for the function
g(x,y) = sin(2rx?) sin(2my?). Due to the squares in the function, the domain [0.5, 1] x[0.5, 1] contains
more detail and will benefit from refinement. The convergence of the error is given in Figure 6.6. In
this Figure, it becomes clear that even for the THB-spline space, the convergence is optimal according
to Theorem 5.6. But the optimal convergence rates require a minimal element diameter in order to
converge properly.
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[[f(z,y) = TLf (2, 9)|| 2

Lo o w wn

10‘107 L \ . R S S N A |
102 107 10°

Figure 6.5: Projection error on to a B-spline space of the function f(x,y) = sin(nx) sin(rry). For the degree valuesp = 1, ..., 5,
the error is calculated over different element diameters h. Additionally, the optimal p + 1 slope lines are shown.

Flo ot we
T B

10°

Figure 6.6: Projection error of g(x,y) = sin(2mx?) sin(2my?) in a THB-spline space. The mesh is refined for a single level on
the domain [0.5, 1] x [0.5, 1], see the domain. The horizontal axis shows the element diameter h of the coarsest level. The error
is given for p = 1, ..., 4 and the optimal convergence slope lines p + 1 are also shown.



Conclusion

Within the research field of Finite Element Exterior Calculus, that concerns it self with solving the ab-
stract Hodge Laplacian problem numerically, one requires that the finite element complex has good
approximation power, shares the underlying structure of the continuous complex, and the existence of
a commuting projector. That is to say, an projector which commutes with the exterior derivative. THB-
spline spaces are a natural choice for a finite element space/complex. They exhibit better approximation
power per degree of freedom, compared to the regularly used linear basis functions. Additionally, they
can be refined on subsets of the main domain to an arbitrary level or refinements. While local THB-
spline projectors exist in literature, no commuting THB-spline projector exists.

Our proposed projector requires a local set of linearly independent THB-splines. Compared to B-
splines, THB-splines can be overload on certain elements, which means that on certain mesh elements,
the set of THB-spline basis functions with non-empty support are linearly dependent. To get around
the overloaded elements, projection elements were introduced, that are collections of mesh elements
for which we have shown that the set of THB-spline basis functions with non-empty support are linearly
independent.

The local THB-spline projector I1 consists of two sub-projectors, namely F and T. First, on every
mesh element, the target function is projected on to a local Bernstein polynomial basis, which is then
regularized to obtain a C° smooth projection. The second sub-projector is a Bezier projection over the
projection elements. In this Thesis we have chosen the initial projector to be a L? projection on every
element. However, this initial projection can be chosen, as long as they conform to Assumption 4.

Additionally, for the univariate setting, a set of commuting projectors was constructed. This was
done by constructing a commuting set of sub-projectors. However, to show commutation for the sec-
ond sub-projector, the intermediary space was required to be C° smooth, hence a regularization step.
Unfortunately, this approach did not extend to the multivariate setting.

Lastly, the local estimates were proven for both the univariate and mutlivariate projectors. These
estimates were numerically verified, as was the commutation property for the univarite case.

However, the projector does require various assumptions. Some of these appear in literature, like
Assumption 1 and 2, which are used to show that THB-spline spaces are exact in 2D, or are necessary
for other local THB-spline projectors. Additionally, we require that the THB-spline space is maximally
smooth and that non of the projection elements overlap.
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