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A B S T R A C T

Using the Richards and Wolf formulas for an arbitrary cylindrical vector (CV) beam, we obtain
explicit expressions for all components of the electric and magnetic field strength vectors near the
focus, as well as expression for the energy flux in an aplanatic optical system. Based on such
analytical models, it reveals that the intensity pattern of the magnetic field at the focus can be
tailored by appropriately adjusting the initial phase, peak-centered, doughnut, and flat-topped
magnetic fields can be achieved using this method. For the energy flows, in contrast, they are
almost the same for arbitrary CV beams, which exhibit hollow shaped patterns for both the
transverse and longitudinal components. Unlike the longitudinal component, however, the
hollow shaped pattern of the transverse component is separated into two regions, arriving from
the null transverse energy flow in the focal plane. Besides, the directions of the transverse energy
flow are reversed between these two regions, which are directed inwardly and outwardly along
the radial direction, respectively.

1. Introduction

Cylindrical vector (CV) optical fields, due to the unique polarization and focusing properties, have attracted a great deal of
attention and interest [1]. Two important members of CV beams are radially polarized (RP) and azimuthally polarized (AM) beams. It
has been demonstrated that a RP beam can be focused by a high numerical aperture (NA) objective lens to generate a strong
longitudinally polarized electric field near focus [2–4]. While for an AP beam, it can be used to achieve a hollow-shaped electric field
with pure azimuthal polarization [2–4]. Besides, more fruitful polarization and intensity profiles have also been successfully de-
monstrated for the electric field near the focal region when considering the additional amplitude and phase modulations, including
sharper focus [5–9], multiple focal spots [10–13], optical needle [14–17], flat-top focus [4,18], optical chain [19,20], focal spot array
[21–25], optical channel [26–28], optical cage [29–31], and spherical spot [32–35]. These peculiar properties are useful for many
potential and practical applications such as optical trapping and manipulation of particles [36,37], high resolution microscopy [38],
optical data storage [39], electron acceleration [40]. Moreover, the localized spin angular momentum of RP [41] and AP [42] beams
are demonstrated, and arbitrary spin-orientated and super-resolved focal spot are achieved by the superposition of a RP and AP
beams [43]. For all the above cases, the studies are mainly focused on the focal behaviors of electric field. As a counterpart, the
attempts to target magnetic field shaping as well as energy flux of the CV beams in the aplanatic system have not yet been pursued.

In this paper, we study the magnetic field distributions and energy flux near the focus of the strongly focused CV beams. Using the
Richards and Wolf method for arbitrary CV beams, we obtain explicit expressions for all components of the electric and magnetic field

https://doi.org/10.1016/j.ijleo.2019.03.103
Received 1 February 2019; Accepted 19 March 2019

⁎ Corresponding author at: School of Physics and Optoelectronic Engineering, Shandong University of Technology, Zibo 255049, China.
E-mail address: zsman@sdut.edu.cn (Z. Man).

Optik - International Journal for Light and Electron Optics 185 (2019) 208–214

0030-4026/ © 2019 Elsevier GmbH. All rights reserved.

T

http://www.sciencedirect.com/science/journal/00304026
https://www.elsevier.com/locate/ijleo
https://doi.org/10.1016/j.ijleo.2019.03.103
https://doi.org/10.1016/j.ijleo.2019.03.103
mailto:zsman@sdut.edu.cn
https://doi.org/10.1016/j.ijleo.2019.03.103
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijleo.2019.03.103&domain=pdf


strength vectors near the focus, as well as the energy flux of an aplanatic optical system. Based on such analytical models, it is found
that the intensity pattern of the focal magnetic field highly depends on the initial phase, peak-centered, doughnut, and flat-topped
magnetic fields can be obtained using this method. For the energy flows, in contrast, they are almost the same for arbitrary CV beams
and exhibit hollow shaped patterns for both the transverse and longitudinal components. Unlike the longitudinal component,
however, the hollow shaped pattern of the transverse component is separated into two regions, arriving from the null transverse
energy flow in the focal plane. Furthermore, the directions of the transverse energy flow are reversed between these two regions,
which are directed inwardly and outwardly along the radial direction, respectively.

2. Theory

For any given polarized beam, its state of polarization (SoP) could be mathematically described by the combination of a pair of
orthogonal base vectors. When referring to the generalized CV beam, it can be denoted as follows [1]
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where A0 is a constant, ϕ is the azimuthal angle, ϕ0 is the initial phase, er and el represent, respectively, the unit vectors of right-
handed and left-handed circular polarization, ex and ey are unite vectors of linear polarization along x and y axis, respectively.

Obviously, the SoP described by Eq. (1) only depends on the azimuthal angle ϕ, thus its local SoPs are variant only in the
azimuthal direction. Further, the two components in term of horizontal and vertical polarizations are always in phase, hence the local
SoPs are all linearly polarized, as can be seen in Fig. 1, which depicts the polarization distributions of five kinds of CV beams with
ϕ0= 0, π/8, π/4, 3π/8, π/2. For ϕ0= 0 and π/2, they represent, respectively, RP and AP beams, which are two extreme cases of CV
beams. For other values of ϕ0, they are generalized CV beams. The electric and magnetic fields of strongly focused optical field can be
calculated using the Richards and Wolf method [44]. When the incident optical field is denoted by Eq. (1), the corresponding three-
dimensional electric and magnetic fields near focus can be derived in cylindrical coordinate system (r, φ, z) as [44]
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Here, the wavenumber k=2π/λ, where λ is the wavelength in free space; f is the focal length of the focusing objective lens; the
maximum tangential angle α=arcsin(NA/n), where NA and n are the numerical aperture and the refractive index in the image space
that we take as 0.95 and 1, respectively;θ and ϕ denote, respectively, the tangential angle with respect to z axis and the azimuthal
angle with respect to x axis; ME and MH represent the propagating electric and magnetic polarization vectors in the image space;
k0= (―sinθcosϕ,−sinθsinϕ, cosθ) is the unite vector of the wave vector; r=(rcosφ, rsinφ, z) is the polar vector of arbitrary point in
the image space; l(θ) is the relative amplitude of the input optical field at the entrance pupil plane, which we consider the Bessel-
Gaussian beam that given by [2]
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where β is the ratio of the pupil radius and the beam waist, which we take as 1 in our configuration; and J1 is the first-order Bessel
function of kind one.

In Eq. (2), the electric and magnetic polarization vectors in terms of ME and MH can be respectively derived as
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where, ε and μ denote the dielectric constant and the magnetic permeability of the image space. Apparently, the distributions of the

Fig. 1. Polarization distributions of five kinds of CV beams with ϕ0= (a) 0, (b) π/8, (c) π/4, (d) 3π/8, and (d) π/2, respectively.
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magnetic polarization vector described in Eq. (5) is much different from that of the electric polarization vector denoted in Eq. (4). In
terms of the three-dimensional electric and magnetic field vectors, the energy current can be defined by the time-averaged Poynting
vector [44]:

∝ ×c
π

P E H
8

Re ( *), (6)

where the asterisk denotes complex conjugation. We can calculate the magnetic fields and energy flow in the focal region of strongly
focused CP beams using Eqs. (2)–(6).

3. Results and discussion

We now investigate the magnetic field distributions in the focal region of the high-NA focusing system, which might be useful in
magnetic resonance microscopy [45], magneto-optical data storage [46], atom trapping [47], and all-optical magnetic recording
[48]. The calculated intensity distributions of the magnetic fields in the focal and through-focus planes of five kinds of CV beams with
ϕ0= 0, π/8, π/4, 3π/8, and π/2 are presented as Fig. 2. As proved in Fig. 1, all these beams exhibit perfect rotationally symmetric
polarization distributions. Therefore, their focal magnetic fields show good circularly symmetric intensity distributions in the focal
plane depicted in the first three rows in Fig. 2. However, they are much different. To be specific, it is an on-axis energy null and
annular intensity distribution for the total field [Fig. 2(c) and (d)] when ϕ0= 0, which is totally contributed by the transverse
component [Fig. 2(a)]. By the contrary, the on-axis hot spot plays the dominate role for the total field [Fig. 2(s) and (t)] when ϕ0= π/
2, which is mainly contributed by the longitudinal component [Fig. 2(r)]. Besides, we can see the on-axis field is primarily con-
tributed by the longitudinal component, whereas the outer part of the field is contributed by the transverse component. Moreover, the
longitudinal component grows greatly with an increase in ϕ0, whereas the transverse component weakens.

The trend that the longitudinal component becomes stronger than the transverse component has been proved in Fig. 2. For giving

Fig. 2. Calculated magnetic field intensity distributions in the focal and through-focus planes of five kinds of CV beams with ϕ0= 0, π/8, π/4, 3π/8,
and π/2 (columns 1–5, respectively). The transverse, longitudinal, and total fields in the focal plane are shown in the first, second, and third row,
respectively. The last row is total magnetic field intensity distribution in the through-focus plane. All the intensities are normalized to the maximum
intensity near focus for each input beam mode. The intensity profiles along coordinate axises are also presented for each image.
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a detailed and quantitative studies, Fig. 3 depicts the ratio of the maximum intensities of the longitudinal and transverse components
versus the initial phase ϕ0, which is 0, 0.0120, 0.0483, 0.1094, 0.1964, 0.3106, 0.4537, 0.6270, 0.8320, 1.0692, 1.3375, 1.6334,
1.9498, 2.2749, 2.5911, 2.8762, 3.1051, 3.2540, and 3.3057 for 180ϕ0/π=0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 60, 65, 70, 75,
80, 85, and 90, respectively. Meanwhile, it is calculated to be about 43.61° for ϕ0 when the maximum intensities of the transverse and
longitudinal components are equal, as depicted in Fig. 4(a). Most importantly, a flat-topped magnetic field can be obtained by
carefully tailoring the parameter ϕ0, as shown in Fig. 4(b). Under this situation, the ratio of the maximum intensities of the long-
itudinal and transverse components is calculated to be about 1.3262, and ϕ0 is approximately 49.80°.

The study of energy flow in the focal region of an aplanatic optical system has always attracted research interest [49–53] due to
the potential applications like manipulating and transporting absorptive particles. In absorbing a certain portion of the beam energy,
the absorptive particles simultaneously obtain the associated portion of its energy flow, which causes the motion of the particle with
trajectory coinciding in direction with the Poynting vector. Fig. 5 shows the corresponding energy flow in the through-focus plane of
the aforementioned CV beams in Fig. 1. The upper and lower rows display, respectively, the transverse and longitudinal components
of the normalized Poynting vectors. Different from their focal magnetic field behaviors that are closely related to the initial phase ϕ0,
CV beams always generate nearly the same energy flows for both the transverse and longitudinal components. The longitudinal
energy flow, which exhibits a hollow shaped pattern, is much stronger than that of the transverse one. Additionally, no transverse
energy flows can be found in the focal plane (z=0) and on axis (r=0), they all located in the four quadrants and have a reversed
direction before and after the focal plane.

For giving a deep understanding of energy flow, Fig. 6 shows the calculated Poynting vectors of aforementioned CV beams in the
planes perpendicular to the optical axis. The first and second rows illustrate the transverse component of the normalized Poynting
vector in the planes with z=−0.5λ and 0.5λ, respectively. The last row depicts the longitudinal component of the normalized
Poynting vector in the focal plane (z=0). It is obvious that they all exhibit doughnut-shaped patterns. Interestingly, the transverse
energy flows before and after the focal plane are both along the radial directions, but being directed inwardly and outwardly,
respectively, which means the absorptive particles may be transported to the optical axis or away from it that is controlled by the
location where the particles are trapped.

4. Conclusions

To summarize, we have proposed a simple method to manipulate the magnetic field and energy flow near the focus using CV

Fig. 3. Ratio of the maximum intensities of the longitudinal and transverse components versus the initial phase ϕ0 when NA=0.95.

Fig. 4. Calculated magnetic field intensity profiles in the focal plane when (a) the ratio of the maximum intensities of the longitudinal and transverse
components is equal and when (b) a flat-topped magnetic field is obtained.
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beams. Based on the Richards and Wolf method, we obtain explicit expressions for all components of the electric and magnetic field
strength vectors near the focus, as well as the energy flux of arbitrary CV beams in an aplanatic optical system. Based on such
analytical models, it is found that the intensity pattern of the focal magnetic field highly depends on the initial phase, peak-centered,
doughnut, and flat-topped magnetic fields can be obtained by appropriately adjusting the initial phase. For the energy flows, in
contrast, they are almost the same for arbitrary CV beams and exhibit hollow shaped patterns for both the transverse and longitudinal
components. Unlike the longitudinal component, however, the hollow shaped pattern of the transverse component is separated into
two regions, arriving from the null transverse energy flow in the focal plane. Further, the directions of the transverse energy flows are
reversed between these two regions, which are directed inwardly and outwardly along the radial direction, respectively. Overall, the
proposed method may be help in applications like magnetic recording, magnetic resonance microscopy, and optical micro-
manipulation.

Fig. 5. Calculated Poynting vectors of the strongly focused CV beams with ϕ0= 0, π/8, π/4, 3π/8, and π/2, respectively. The upper and lower rows
depict, respectively, the transverse and longitudinal components of the normalized Poynting vectors in the through-focus plane. The direction of the
transverse energy flow is shown by the black arrows.

Fig. 6. Calculated Poynting vectors of the strongly focused CV beams with ϕ0= 0, π/8, π/4, 3π/8, and π/2, respectively. The first and second rows
illustrate the transverse component of the normalized Poynting vector in the planes perpendicular to the optical axis with z= –0.5λ and 0.5λ,
respectively. The last row depicts the longitudinal component of the normalized Poynting vector in the focal plane (z=0). The direction of the
transverse energy flow is shown by the black arrows.
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