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Abstract

Inverse problems governed by partial differential equations (PDEs) are ill-posed, and responsible use
of their solutions requires quantifying the uncertainty in recovered parameters. Neural operator meth-
ods for inverse problems offer fast surrogates for classical solvers, but placing posteriors over network
weights is intractable at scale. This thesis extends the Inverse Generative Neural Operator (IGNO) to
full Bayesian posterior sampling by adding a normalising flow prior term to the inversion objective and
replacing gradient-based optimisation with the No-U-Turn Sampler (NUTS). The extension requires no
retraining of any network component. We evaluate the method on four inverse problems spanning
Darcy flow, electrical impedance tomography (EIT), and the viscous Burgers equation. On in-domain
test instances, the posterior achieves 93% to 100% empirical coverage at the 95% nominal level across
all four benchmarks and responds appropriately to changes in observation noise and sensor count.
The posterior mean matches or improves on the maximum a posteriori (MAP) point estimate in every
case. A Laplace approximation baseline, which fits a Gaussian posterior at the MAP estimate, fails on
two of the four problems and does not consistently outperform NUTS on the two where it converges.
Because the posterior formulation separates data, physics, and prior into additive terms, physical con-
straints can be incorporated during sampling alongside the data likelihood. Including PDE residuals as
a virtual likelihood is most beneficial when observations alone leave the posterior under-determined,
as demonstrated by EIT, where boundary-only measurements provide no direct information about the
interior conductivity. The uncertainty estimates are unreliable for out-of-distribution coefficient fields.
The learned prior pulls the posterior toward the training distribution, producing credible intervals that
can be both narrow and wrong.
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The following table lists abbreviations used in this thesis.

Abbreviations

Abbreviation

Expansion

Cl

CNN
CRPS
CSRBF
DAIC
DGenNO

Credible Interval

Convolutional Neural Network
Continuous Ranked Probability Score
Compactly Supported Radial Basis Function
Delft Al Cluster

Deep Generative Neural Operator
Dirichlet-to-Neumann

Electrical Impedance Tomography
Evidence Lower Bound
Expectation-Maximisation

Effective Sample Size

Finite Element Method

Generative Adversarial Network
Gaussian Mixture Model

Gaussian Process

Graphics Processing Unit
Hamiltonian Monte Carlo

Inverse Generative Neural Operator
Kullback-Leibler

Maximum A Posteriori

Markov Chain Monte Carlo
Metropolis-Hastings

Normalising Flow

Negative Log-Likelihood

No-U-Turn Sampler
Out-Of-Distribution

Partial Differential Equation
Physics-Informed Neural Network
Relative Root Mean Squared Error
Signal-to-Noise Ratio

Variational Autoencoder

Variational Inference

Wasserstein Generative Adversarial Network




The following table summarises the notation used throughout this thesis.

Notation

Symbol Description Introduced
Domain and spaces
Q Spatial domain Section 2.1
o0 Boundary of the spatial domain Section 2.1
A, U Coefficient and solution function spaces Section 2.1
Latent variables
51 Latent variable for inversion, output of Ey, Chapter 3
B2 Encoded boundary condition, output of Ej, Chapter 3
B = (B1,062) Concatenated latent vector Chapter 3
di, do Latent dimensions of 51 and (32 Chapter 3
Architectural components
FE,, Coefficient encoder, maps a — 1 € [—1,1]% Chapter 3
Es,. Boundary condition encoder, maps bc — 3 Chapter 3
Go, Solution decoder, maps (3, ) — u(x) Chapter 3
G, Coefficient decoder, maps 31 — a field Chapter 3
Fy Normalising flow; models p(3:) as prior for sampling Chapter 3
Objective terms
Fdata Data mismatch term Section 3.3
Fode PDE residual term (virtual likelihood) Section 3.2
Forior Normalising flow prior term Section 3.4
Frec Coefficient reconstruction term Section 3.2
Waata, Wpde, Wrec ~ LOSS weights Section 3.2
Odatas Opdes Orec Noise standard deviations Section 3.2
train Combined training loss Section 3.2
N. Number of collocation points for weak-form residuals Section 3.2
R Set of virtual PDE residual observations Section 3.2
U(B1) Potential energy Section 3.4
PDE operators
No PDE differential operator, parameterised by a Section 2.1
B Boundary operator Section 2.1
F Forward solution operator; maps coefficient to solution fields Section 2.1
Common symbols
Uobs Observed solution data Section 2.1
a Reconstructed coefficient field Chapter 3
a'™e Ground-truth coefficient field Section 4.2
aMAP MAP coefficient estimate Section 4.3
arost Posterior mean coefficient field Section 4.3
U Decoded solution field Chapter 3
utrme Ground-truth solution field Section 4.2
R Set of real numbers
\Y Gradient (V)
V- Divergence (V-)
arg min Argument that minimises a function
Probability and statistics
N(p, o) Gaussian distribution with mean p and variance o
GP(u, C) Gaussian process with mean p and covariance C Section 4.2
E Expectation
p Spearman rank correlation Section 4.3

vi



Introduction

Inverse problems play a central role in scientific and engineering applications where internal proper-
ties of a physical system must be inferred from indirect, incomplete, noisy, or irregularly gridded mea-
surements. Examples arise across diverse domains: seismic imaging seeks to reconstruct subsurface
geological structures from surface sensor readings [1], medical imaging recovers tissue density distribu-
tions from X-ray attenuation measurements [2], material characterisation infers elastic and constitutive
material properties from mechanical test and boundary field measurements [3, 4], and subsurface flow
modelling infers permeability fields from sparse flow measurements [5].

The underlying physical behaviour of these systems is often governed by partial differential equations
(PDEs) that relate unknown coefficient fields' to observable quantities. Recovering these coefficient
fields from observations is fundamentally ill-posed: solutions may be non-unique and sensitive to small
perturbations from measurement noise or model imperfection [8, 9].

Traditional PDE-constrained inversion methods address this challenge by formulating the estimation
problem as an optimisation task that enforces consistency with both measurement data and govern-
ing physical laws [10]. These approaches typically require repeated forward and adjoint PDE solves,
often leading to high computational cost and slow convergence, especially for large-scale problems
or nonlinear models [11, 12]. These optimisation-based approaches produce point estimates without
quantifying the inherent uncertainty in reconstructed coefficient fields. Since many coefficient fields
can fit the observations equally well within measurement error, a single best-fit estimate is insufficient
for responsible decision-making, which requires a full probabilistic characterisation of all coefficient
fields consistent with the data. When model outputs inform decisions affecting health, safety, or the
environment, practitioners have no way to judge whether a prediction is reliable or whether further in-
vestigation is needed. Without a measure of confidence, the cost of an incorrect prediction falls on the
people affected by the decision, not on the model that produced it.

Bayesian inference provides a statistical framework for this characterisation, jointly accounting for mea-
surement noise, modelling error, and prior knowledge to produce a probability distribution over coeffi-
cient fields consistent with the data [8]. In practice, however, each evaluation of this distribution requires
a forward PDE solve, and sampling high-dimensional coefficient field spaces via Markov chain Monte
Carlo (MCMC) demands many such solves [13].

Within scientific machine learning, physics-informed approaches embed physical knowledge directly
into learned models, offering a data-driven alternative to classical solvers. Neural operators learn map-
pings between function spaces and, once trained, provide fast surrogates for PDE solutions that gener-
alise across problem instances [14—16]. Recent lines of work combine operator learning with encoder-
decoder architectures to map forward and inverse problems into low-dimensional latent spaces [6, 7,

"We use the term coefficient field to refer to a spatially varying function that enters the PDE as a coefficient, such as permeabil-
ity or conductivity. These are the spatially distributed unknowns to be recovered from observations; the terminology follows [6,
7].



17, 18]. Reliable uncertainty quantification in this setting remains an open challenge. The Inverse Gen-
erative Neural Operator (IGNO) [7] achieves competitive accuracy on inverse problems requiring only
a small set of coefficient samples and no paired solution data, but does not provide any measure of
uncertainty. Existing approaches to uncertainty quantification in neural operator settings face tradeoffs
between computational cost and calibration quality, as placing posteriors directly over operator weights
is intractable at scale.

This thesis extends IGNO with Bayesian uncertainty quantification. By adding a learned prior term to
the inversion objective and replacing gradient-based optimisation with MCMC sampling, the method
produces a full probability distribution over plausible coefficient fields consistent with both the observa-
tions and the governing PDE, without retraining any network component.

This thesis investigates the following questions:
RQ1. Does Bayesian sampling in IGNQO’s latent space produce well-calibrated uncertainty estimates?

RQ2. What is the effect of including physics information during sampling? In particular, is the physics
already sufficiently encoded in the learned latent representation, or does explicitly enforcing phys-
ical consistency during inference change reconstruction quality?

RQ3. How does the method perform on out-of-distribution coefficient fields, where the learned latent
structure may no longer provide a reliable basis for inference?

We make two contributions: a Bayesian extension of IGNO’s inversion procedure that enables full un-
certainty quantification with no retraining, and experimental validation on four inverse problems span-
ning steady-state and time-dependent PDEs. Chapter 2 provides technical background and surveys
related work. Chapter 3 presents the IGNO framework and our Bayesian extension. Chapter 4 reports
experimental results. Chapter 5 discusses limitations and future directions. Chapter 6 concludes.



Background and related work

This chapter establishes the four foundational topics on which the contribution of this thesis rests: the
structure of ill-posed inverse problems, neural operators as fast surrogates, Bayesian inference for
uncertainty quantification, and normalising flows for encoding learned distributions. It then surveys
how recent work has combined these elements for latent-space Bayesian inversion and identifies the
gap that motivates our approach.

2.1. Inverse problems
We consider PDEs of the general form

Nalul(z) = f(z), z€9Q,
Blul(z) = g(x), x€dQ,

where Q2 C R” is a bounded domain, u € U is the solution, a € A is an unknown coefficient field, f is a
source term, and g specifies the boundary values of » on 0X). Here U/ and A denote appropriate Banach
spaces' over Q. The differential operator A/, depends on the coefficient a, and the boundary operator
B encodes the boundary condition. The forward (solution) operator F : A — U maps coefficients to
solutions viau = F(a). Given complete knowledge of a and appropriate boundary conditions, numerical
methods (e.g. finite element methods) can compute « to desired accuracy [11].

The forward problem is typically well-posed in the Hadamard sense. For a given coefficient field ¢ and
boundary function ¢, the solution © = F(a) exists, is unique, and depends continuously on the input
data [8]. Because N, acts through derivatives, the solution at each point depends only on the coefficient
in a neighbourhood of that point. For time-dependent problems, the solution at time ¢ likewise depends
only on the coefficient history up to ¢ [12].

The inverse problem reverses this map: given observations of the solution field «, infer the coefficient
field a. Although N, acts locally, the inverse map is non-local. The coefficient a at any point influ-
ences the solution throughout €, so local observations carry global information about a. Similarly, in
time-dependent problems, the measurement at time ¢ reflects the integrated history of a, not an instan-
taneous value [12]. In practice, observations are sparse (measured at M sensor locations {xz;}},, with
M <« N,, where N, is the number of degrees of freedom in the discretised coefficient field) and noisy
(corrupted by measurement error & ~ N'(0,02)) [5]. Formally, the inverse problem seeks a such that

uops (i) = Fla)(wi) + &, i=1,...,M.

Figure 2.1 depicts the forward and inverse problem setup.

The PDE coefficient recovery problems we consider involve a nonlinear forward operator. The coeffi-
cient a appears inside the differential operator \V,, so the map a — v = F(a) is nonlinear in a [11]. This

"Loosely speaking, a Banach space is a complete normed space of functions [16].

3



2.1. Inverse problems 4

Forward problem
F observe
Coefficient field a Solution field u = F(a)
A !
" recovera

Inverse problem

Figure 2.1: The forward operator 7 maps a coefficient field a to a solution field «, and the inverse problem seeks to recover
a from sparse, noisy observations ugps. Multiple visually distinct coefficient fields are stacked on the left to emphasise that the
inverse map is not unique, as many different a can produce observations consistent with the same data.

distinguishes coefficient recovery from classical linear inverse problems such as deconvolution, where
F is linear and regularisation methods admit closed-form solutions [19]. For general nonlinear forward
operators, the data mismatch objective is nhon-convex, so gradient-based minimisation may converge
to local rather than global minima [11].

Inverse problems are notoriously ill-posed, typically violating all three Hadamard conditions [8, 9]. Clas-
sical approaches address ill-posedness by augmenting the data mismatch objective with a penalty that
favours certain solution properties. A common instance is Tikhonov regularisation, which seeks

o = argmin { luos ~ F@IF + 5 12l }. @1)

where « > 0 is the regularisation parameter and L is a regularisation operator (e.g., L = V for smooth-
ness). For an appropriate choice of a, it yields stable, unique solutions [19]. However, it produces a
single point estimate with no quantification of uncertainty.

Tikhonov regularisation corresponds to MAP estimation under a Gaussian prior on a. The regularisation
term § | La||? is the negative log-density of this prior, so minimising the Tikhonov objective is equivalent
to finding the MAP estimate under that prior [20]. This connection reveals that regularisation encodes
prior information, and that the regularisation parameter o controls the strength of that prior belief. Chap-
ter 3 identifies this same structure in IGNO’s inversion objective and builds on it by adding a learned
prior term for full posterior sampling.

The Bayesian approach to inverse problems reformulates inversion as computing a posterior measure
over the function space of coefficient fields rather than seeking a single best estimate [8]. Rather than
returning a single coefficient field, the posterior characterises the full distribution of fields consistent
with the observed data, providing both a best estimate and a quantification of the remaining ambiguity.
Section 2.3 formalises this approach. Figure 2.2 illustrates the resulting computational procedure.

Evaluating the likelihood for a single candidate coefficient field requires solving the forward PDE, and
conventional MCMC methods require many such evaluations to adequately sample the posterior [12].
This computational bottleneck motivates the neural operator surrogates described next.
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Propose a’ Solve PDE Evaluate
a > ’
P u= J-'(a') P(Uobs | @ )

A

Accept / reject [«

Figure 2.2: The computational procedure for Bayesian inversion. Each iteration proposes a candidate coefficient field a’, solves
the forward PDE to obtain the predicted solution, evaluates the likelihood by comparing the prediction to observations, and
accepts or rejects the candidate.

2.2. Neural operators

Classical numerical methods solve the forward problem one instance at a time. For inverse problems
requiring thousands of forward evaluations, this becomes computationally prohibitive. A neural operator
is a parametric map Gy: A — U between function spaces that is trained to approximate the solution
operator F across a distribution of problem instances. Once trained, a single neural operator serves all
inputs in the family, enabling forward simulation orders of magnitude faster than classical solvers. The
operator acts on function-space inputs through pointwise evaluations at sensor locations, so it can be
queried at arbitrary spatial resolutions without retraining [16].

The theoretical foundation for neural operators is the universal approximation theorem for operators,
which shows that neural networks can approximate continuous nonlinear operators between function
spaces to arbitrary accuracy [21].

DeepONet [14] splits operator learning into two sub-networks, one that encodes the coefficient function
and one that encodes the query location (Figure 2.3). To approximate u(x) = F(a)(x), a branch
network by: A — R? encodes the coefficient function a, and a frunk network t,, : @ — R? encodes the
query location x, where 6 and v denote the trainable parameters of the branch and trunk networks,
respectively. The output is their inner product:

Go(a)(x) = by(a) "ty(x) = > br(a) tr(). (2.2)

k=1

The branch network processes the coefficient function via pointwise evaluations at N sensors, by ([a(x1), . ..

Training minimises the squared L? error over a dataset {(a("),u(?)} N« of solved PDE instances:

1 Nirain N

0,9 Nirain Z Z

min
i=1 j=1

u (1) — Go (a®) ()|

where {x;} are query points sampled from Q2. A key property is that the trunk network accepts contin-
uous spatial coordinates as input, so u(x) can be evaluated at arbitrary query points « without retrain-
ing. This makes DeepONet discretisation-invariant on the output side. CNN-based operator methods
require both input sensors and output locations to lie on equispaced grids [14], whereas DeepONet
places no constraints on the locations of output evaluations. The branch network, however, requires
the coefficient function to be sampled at a fixed set of sensor locations.

MultiONet extends DeepONet by aggregating branch-trunk inner products across multiple hidden layers
rather than relying solely on the final layer [6]. For a branch network and trunk network each with [
hidden layers, the MultiONet output is

l
Ga)(w) = 3 3w (b9(a) - £® () + o, (2.3)

k=1

where b(*) and t(*) are the k-th hidden layer outputs of the branch and trunk networks, w(*) are trainable
scalar weights, and b, is a scalar bias. Setting! = 1, w") = 1, and by, = 0 reduces Eq. 2.3 to the original
DeepONet output of Eq. 2.2. Other neural operator architectures exist, notably the Fourier Neural
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Go(a)(z)

\é/

rer—f o

Figure 2.3: Architecture of DeepONet. The branch network by encodes the coefficient function a via pointwise evaluations at
N fixed sensor locations and produces a p-dimensional output. The trunk network t,, encodes the query location = € Q. The
operator output Gy (a) () is obtained as the inner product of the two outputs (Eqg. 2.2).

Operator [15], which learns mappings in spectral space. We use the DeepONet family because its
branch-trunk factorisation is useful for the latent-space generative modelling approach we build upon.

Neural operators provide fast, differentiable forward evaluation, but they are deterministic: for a given
coefficient field, they return a single solution with no measure of uncertainty. One option is to place
Bayesian posteriors over the network weights. Physics-informed neural networks (PINNs) encode PDE
residuals directly into the training loss, enabling forward and inverse problem solving without simulation
data, but they are instance-specific and require retraining for each new coefficient function [22]. Yang
et al. extended PINNs to Bayesian inference (B-PINNs) by placing priors on the network weights and
estimating the posterior via HMC or variational inference (VI) [23], which fits a simpler approximate
distribution to the posterior instead of sampling from it directly [24]. Their experiments show that HMC
produces accurate posterior samples, but VI with an approximate posterior that treats each weight
as independent? yields “unreasonable uncertainties” [23]. Among neural operators, B-DeepONet ap-
plies Langevin sampling, another gradient-based MCMC variant, to the full parameter distribution, but
weight-space inference scales poorly with the number of network parameters [25]. VB-DeepONet uses
VI to reduce computational cost, but mean-field approximations struggle to capture complex posterior
structure, consistent with the limitation Yang et al. observed for PINNs [26]. These results show that
weight-space Bayesian inference in neural operators is computationally feasible only with approxima-
tions that break uncertainty calibration, motivating a different strategy in which the posterior is placed
over a low-dimensional latent representation rather than the network weights themselves.

2.3. Bayesian inference

The inverse problem of Section 2.1 was stated as an optimisation problem. The Bayesian formulation
instead treats the unknown coefficient field a as a random variable. Prior to observing data, our beliefs
about a are encoded in a prior distribution p(a). After observing data uqps, We update our beliefs via
Bayes’ theorem:

p(UObS | a’) p(a’) ) (24)

e

2This is the mean-field approximation: the joint posterior over all parameters is replaced by a product of independent one-
dimensional Gaussians, one per parameter. The resulting distribution cannot represent correlations between parameters and
typically underestimates the true posterior spread [24].
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The denominator is a normalising constant,

Plttaps) = / Puaps | ) pl(a) da,

and the posterior p(a | ueps) is the target density, quantifying the probability of every coefficient field
consistent with both the observed data and prior knowledge.

Assuming independent homoscedastic Gaussian measurement noise at each sensor location, where
Uobs (i) = F(a)(z;) + & with & ~ N(0,03,,), each observation conditioned on a follows

Uobs(T3) | @ ~ ./\/'(]:(a)(xq), Ugata) .

Evaluating the Gaussian density gives the likelihood of a single observation:

= ! (tobs () — F(a)(z;))?
Puobs(4) | @) = \/ﬁexp <_ b ) .

2034ta
Since the noise terms are independent, the joint likelihood over all M observations is the product of the
individual likelihoods:

P(uobs | a) = ﬁ \/2172 (_ |uobs (%) — ]:(a)(a:i)|2> .
i=1 0 Gata

Taking the negative logarithm,

—log p(uops | a) Zlogp Uobs(23) | @)

Uobs :EZ Z; 2
—Z(' e L)

2O-data

M
Z |uobs (2:) — F(a)(xi)|* + 710g(27r0'§ata)' (2.5)

20data i=1

The second term does not depend on « and does not affect optimisation or sampling. The first term is
the weighted sum of squared residuals with weight 1/(202,,,), which is the data mismatch in regularised
inversion.

Taking the negative logarithm of Bayes’ theorem (Eq. 2.4) separates the posterior into independent
terms:
—logp(a | uops) = —log p(ueps | a) —logp(a) 4+ log p(uops)- (2.6)

data mismatch prior

The last term is the logarithm of the normalising constant in Eq. 2.4 and does not depend on a. When
p(a) is Gaussian, minimising Eq. 2.6 recovers the Tikhonov objective of Eq. 2.1.

For optimisation, the prior acts only as a regulariser shaping the loss landscape, but posterior sampling
additionally requires that the prior make the posterior integrable as a probability distribution. If the prior
spreads probability too thinly, the posterior may not integrate to a finite value and therefore cannot be
sampled from [8]. An informative prior simultaneously regularises the inverse problem and guarantees
a well-defined posterior [12]. Its influence relative to the likelihood depends on the data. Sparse or noisy
observations allow the prior to dominate, while abundant, high-quality data concentrate the posterior
near the likelihood peak [8, 12].

Computing the posterior analytically is intractable for nonlinear forward operators, and the normalising
constant p(ugps) involves an integral over all possible coefficient fields. MCMC methods circumvent
this by constructing a Markov chain whose stationary distribution equals the target posterior p(a | uobs),
requiring only unnormalised density evaluations [27, 28]. Even when the prior p(a) and the noise



2.4. Normalising flows 8

model p(uops | a) are both Gaussian, the posterior p(a | uops) < p(uops | @) p(a) is generally non-
Gaussian whenever the forward operator F is nonlinear. The likelihood p(ugps | a) = N(F(a), 03,,1)
is a Gaussian in ugps but a nonlinear, non-Gaussian function of a through the map a — F(a) [8, 29]. A
direct consequence is that methods which parametrise the approximate posterior as a Gaussian family,
including mean-field variational inference and Laplace approximations, are in general misspecified and
tend to underestimate posterior spread, producing overconfident uncertainty estimates [17]. MCMC
methods, by contrast, make no parametric assumption on the posterior shape and are asymptotically
exact; this is the main theoretical motivation for the sampling approach developed in Section 3.4.

2.4. Normalising flows

The previous section established that posterior sampling requires an informative prior with a tractable
density. Normalising flows construct a bijective, differentiable transformation f : R¢ — R¢ that maps
a complex data distribution p,.(x) to a simple base distribution p.(z) [30, 31]. Since f is bijective, the
inverse f~! maps from the base distribution back to the data distribution. Given z = f(z), the change
of variables formula gives the data density:

det a—f(a:)

Pe(x) = po(f(2)) 9

. 2.7)

The map f, its inverse f~!, and the log-Jacobian determinant log | det 0 f/0x| must therefore all be
cheap to evaluate.

Dinh et al. [30] achieve this by constructing f as a composition of K invertible layers, f = fx o---o f1,
each designed so that its Jacobian determinant is cheap to evaluate individually. By the chain rule, the
log-Jacobian determinant decomposes as a sum over layers:

K
= Z log
k=1

where hg = x and hy, = fi(hk—1)- Inthe coupling layer [30], the input is partitioned into two groups. One
group passes through unchanged, while the other is transformed by an arbitrary function conditioned
on the first. Because the first group is an identity mapping, the Jacobian of each layer is triangular, and
its determinant reduces to a product of diagonal entries. Expressivity comes from stacking many such
layers and alternating which group is transformed. The specific coupling layer architecture used in this
work is described in Appendix E.

det

log (hr-1)|,

det g—f(x)

O fk
Ohk_1

Because the change of variables formula provides exact log-likelihoods, a normalising flow with pa-
rameters ¢ can be trained by maximum likelihood. Given samples {z(¥}¥ , from a data distribution,
training maximises the mean log-likelihood:

N

£0) = 3 (108 7a(e) + 1oy

i=1

det %(x@))‘) .

A trained flow supports both exact density evaluation (compute log p..(z) via a forward pass) and sam-
pling (draw z ~ p., compute z = f~1(z)). Both operations are exact, making normalising flows suitable
as learned prior distributions in Bayesian inference [32, 33]. The log-prior density and its gradient with
respect to the input are available in closed form at any point, as required by gradient-based MCMC
samplers. This contrasts with variational autoencoders, where the marginal likelihood requires a lower-
bound approximation and cannot be evaluated exactly [34]. The base distribution and flow architecture
used in this work are described in Appendix E.

2.5. Latent-space approaches to Bayesian inversion

Recent work has explored Bayesian inversion in the latent space of a learned generative model rather
than in the original high-dimensional parameter space. The central motivation, articulated by Meng et
al. [35], is that Bayesian inference in a generative model’s latent space is far more tractable than in the
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original parameter space, because the surrogate compresses the problem to a small number of latent
variables while preserving the structure needed for posterior sampling.

These methods share a common template but differ along two axes that determine the quality of the
resulting posterior, namely how the posterior is approximated and what role physics plays during infer-
ence as opposed to training alone. Table 2.1 summarises the resulting landscape.

Table 2.1: Comparison of latent-space Bayesian methods for PDE inverse problems.

Method Gen. model Prior Posterior Retrain? Phys. in post.?  Exact??
OL-GAN [36] WGAN-GP N(0,I) MH-MCMC No Data only Yes
PI-GAN+MCMC [35] PI-GAN N(0,I) MCMC (NUTS) No PINN/DeepONet Yes
GAN-Flow [32] WGAN-GP GAN NF-VI Yes (NF) Forward model No
iDeepONet [33] Inv. DeepONet GMM Semi-analytic  No Pl-DeepONet No
PDDLVM [17] VAE-like Specified Mean-field VI Partial PDE residual No
Ours IGNO NF MCMC (NUTS) No Weak-form res. Yes

@Refers to whether the inference method is asymptotically exact (MCMC). For GAN-based methods, the generator itself only
approximates the true distribution, so the posterior sampled by MCMC is exact only with respect to the learned model.

Several methods use MCMC to sample the posterior exactly with respect to the learned model. OL-
GAN [36] learns the joint distribution of PDE coefficients and solutions via a Wasserstein GAN with
a DeepONet-style generator, then runs Metropolis-Hastings in the latent space. Physics enters only
through the training dataset of solved forward problem instances, so the governing equations play
no role during posterior inference. Meng et al. [35] take the opposite approach, embedding physics-
informed residuals from a PINN or DeepONet surrogate directly into the MCMC likelihood so that the
PDE is enforced during sampling. Both methods use isotropic Gaussian priors on the latent variables,
which may not capture the true encoded distribution. Their subsequent work replaced MCMC with
normalising flow-based variational inference, improving scalability at the cost of exact sampling [37].
The tractability of latent-space MCMC also depends on the dimensionality of the representation, as
discussed below.

Other methods trade the asymptotic exactness of MCMC for lower computational cost. Dasgupta et
al. [32] use a WGAN as a data-driven prior and fit a normalising flow as a variational approximation to
the posterior. The authors report being “unsuccessful in obtaining convergence of the Markov chains”
when attempting MCMC at 512-dimensional latent spaces, motivating a VI-based approach. While this
sidesteps the convergence issue, the reverse KL divergence objective used for VI is mode-seeking,
potentially missing posterior modes and underestimating uncertainty in tails [24, 32], and the posterior
network must be retrained for each new observation. Kaltenbach et al. [33] make the branch network
of a DeepONet invertible using RealNVP coupling blocks and fit a Gaussian mixture as the prior, ob-
taining a semi-analytic posterior at the cost of restricting it to this parametric family. The Physics-Driven
Deep Latent Variable Model [17] uses mean-field variational inference, which is “known to be overcon-
fident” [17] because the independence assumption cannot represent correlations in the true posterior.
For all three methods, physics enters only during training, not during posterior inference.

To the best of our knowledge, no existing method combines a learned prior, exact posterior sampling,
and physics constraints during inference. We extend IGNO [7] to full Bayesian inference by adding a
normalising flow prior term and replacing deterministic optimisation with MCMC sampling, as detailed
in Section 3.4.



Bayesian IGNO

This chapter describes the architecture, training procedure, and deterministic inversion objective of
IGNO [7], before presenting the Bayesian extension that enables full posterior sampling.

3.1. Architecture

The IGNO architecture is illustrated in Figure 3.1, with the inference configuration shown in Figure 3.2.
The coefficient encoder Ey, maps a coefficient field a € A to a latent representation 5, € R%, where
d; < dim(A) is a problem-dependent hyperparameter (see Appendix F for concrete values). This f; is
the variable we optimise or sample during inversion. The boundary condition encoder FE,, : BC — R4
maps boundary condition information into a fixed-dimensional representation 3, € R?; its form is
problem-dependent and need not be a neural network. Two MultiONet-based decoders reconstruct
physical fields from these latent representations. The solution decoder Gy, predicts the solution u(x)
at spatial location x € (2 given the concatenated latent variable 3 = (3;, 52), mapping R%+92 x 0 — R:

u(x) = Gy, (B,x) = Gy, (51, B2), ®).

The coefficient decoder Gy, : R4 — A reconstructs the coefficient field from the latent representation
via a = Gy, (). Both decoders use the MultiONet architecture and are discretisation-invariant. A
normalising flow Fy : R% — R% learns a bijective mapping between the latent distribution and a fixed
base distribution (see Appendix E for architecture details). In the original IGNO framework, the flow is
used only for initialisation via inverse sampling.

3.2. Training

IGNO is trained on a dataset of coefficient fields {a(i)}f\i’i“” following the probabilistic framework intro-
duced by DGenNO [6]. DGenNO introduces latent variables and derives the training objective from
the variational EM framework [38]. The latent variable 5, defines conditional distributions over both
the coefficient field and the solution field. The coefficient decoder defines a Gaussian likelihood for
continuous problems,

plal|pr) = N(Gﬁa(ﬁl)v U?ecj)’

For piecewise-constant problems where a(x;) € {kiow, knign }, the coefficient decoder instead defines
a Bernoulli likelihood. Let p; = sigmoid(Gy, (51, x;)) denote the predicted probability that location x;
belongs to the high-permeability phase, a(x;) = knign. With binary labels a; = (a(x;) — kiow)/(knigh —
kiow) € {0, 1}, the likelihood is

plal By) = ]pf (1 —p)' . (3.1)
The solution decoder is deterministic, mapping each latent code to a single solution field, formalised as

p(u| B) = d(u(x) — Gy, (B, ).

10
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The third component is a virtual likelihood for PDE residuals, following the construction introduced
by Kaltenbach and Koutsourelakis [39] and extended by Rixner and Koutsourelakis [40]. The weak-
form residuals r,, (a, @) are computed via the ParticleWNN framework [41], which replaces strong-
form collocation with integration against compactly supported test functions; full derivations for each
benchmark appear in Appendix A. The coefficient field a enters the integrand only as a pointwise
multiplier, so no derivatives of a are required and a may be discontinuous. The residuals 7, (a, @),
where @ = Gy, (8, x), are treated as data virtually observed to equal zero, written Ry = {t; = O}é\’;l.
Each residual is modelled as an independent observation of zero under a Gaussian noise model with

variance Ugde’ giving the virtual likelihood
Nc
p(RM | aaﬂl) = p(rj =0 | a7u)
j=1
N, )2
1 (@
= ————exp (—Twé(iu)) , (3.2)

j=1 QTI'Ugde Opde

where wpge = 1/(20§de) and u is a deterministic function of 5,. Together with the reconstruction likeli-

hood and prior, this defines a joint probability that requires marginalising over ;:

p(a, Rar) = / p(Bar | a, B1) pla | B2) p(Br) dBh. (3.3)

Rather than optimising a variational distribution for each training instance, the encoder maps coefficient
fields to a single latent point via the degenerate posterior ¢(8; | a) = §(81 — Ep,(a)) [6]. Training
maximises log p(a, Ry). Since the integral in Eq. 3.3 is intractable, DGenNO uses ¢(5; | a) as an
auxiliary density, following the variational EM framework [38], to derive the training objective:

logp(a,RM) > E, |log

p(Rus | a,B1) pla | B1) p(B1)
q(B1 | a)

=E, {bgp(l%M | a, 1)| +Eqllogp(a | )] = KL(g(B1 | @) [| p(B1)) - (3:4)

Under the degenerate posterior ¢(81 | a) = 6(51 — Ep,(a)), each expectation collapses to a point
evaluation at 8; = Fy_(a). Under a uniform prior on 3;, Zang et al. argue that the KL term does not
depend on the network parameters and drops from the optimisation® [6]. Each remaining termin Eq. 3.4
is then a log-likelihood evaluated at the point mass 3, = Ej,(a). The reconstruction likelihood is the
Gaussian density N'(Gy, (81), 04.1), which satisfies

p(a | B1) o eXp(_wrecHa - Gy, (51)H2) )

where wrec = 1/(202,) and the proportionality constant, the Gaussian normalisation, does not depend
on f3; or the network parameters. The term Frec = wrec|la — G, (81)]]? is therefore a weighted squared
L? reconstruction error. Similarly, the virtual likelihood (Eq. 3.2) satisfies

Nec
p(RM | a, 51) X €Xp | —Wpde Z Tw; (av ﬂ)z ;
j=1

SO Fpde = Wpde Zévz“l T, (a, @)? is a weighted sum of squared weak-form residuals. Combining these,
the training loss is
Etrain = ]:pde + ]:rem

1Strictly, KL (62 ||p) is infinite for a point mass against any continuous density. The continuous prior assigns probability zero to
the singleton on which the point mass concentrates all its mass, so the KL divergence is infinite. The ELBO in Eq. 3.4 is therefore
not finite. However, since the KL term does not depend on the network parameters, the infinite term is identical for all parameter
values and has no effect when comparing objectives. What is effectively optimised is the joint log-likelihood evaluated at the
encoder output.
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Figure 3.1: IGNO training. The coefficient encoder Ey, maps each training coefficient field a to a latent code 31, and the
boundary condition encoder Ey, . maps boundary conditions to 32. The concatenated latent 3 = (81, 32) is passed to the
solution decoder Gy, , which produces 4 (x) at query location = € Q. The coefficient decoder Gy, reconstructs a(x) from 51
alone. Dashed arrows indicate loss computation: Frec measures the reconstruction error between a and the true a, while Fyqe
evaluates weak-form PDE residuals using the true a in the PDE integrand. All components are trained jointly. The normalising
flow Fy learns the distribution of encoded 3; values via a bijective mapping to the base variable z.

be Latent representation

where a = Gy, (f1), & = Gy, (8,x), and 81 = Ey, (a). Minimising Liain is equivalent to maximising the
bound in Eq. 3.4. Substituting the definitions of Fpqe and Frec,

N,
Lirain = Wpde Z Tw; (a; 'a>2 + ’wrecHa - GOQ (ﬂl)”2

=1

In practice, this objective is a weighted sum of PDE residual and reconstruction losses, optimised
jointly via Adam over all encoder and decoder parameters rather than the alternating VB-EM updates
of DGenNO [6]. Because the PDE residual provides supervision through the governing equations
themselves, training requires no precomputed solutions.

IGNO extends DGenNO in two ways [7]. First, it introduces the boundary condition encoder Ej, , en-
abling problems where the data are not pointwise solution observations but operator-valued measure-
ments. In such problems, multiple boundary conditions are applied to the domain, and the observed
data are the resulting boundary responses. The encoder maps each boundary condition to a latent
representation (., so that a single trained model can process all boundary conditions by varying 3
while sharing the same coefficient latent 5; (see Section 4.1 for a concrete instance). Second, it adds
a normalising flow F, trained on the encoded latent representations (see Appendix E).

The trained components form a generative system in which ; is not merely a compressed represen-
tation of « in the sense of a dimensionality reduction « — 3; — a. Instead, 5; acts as a shared
generator of both a and u, with the decoders jointly mapping a single latent code to a physically consis-
tent coefficient—solution pair through the bidirectional structure a «+ $; — u [6]. The normalising flow
F4 models the distribution of 8; values induced by the training data, which IGNO uses to produce a
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statistically informed initialisation for inversion by drawing many samples from the flow and taking their
mean,

s
1 _
Brinit = 5 > F Nz, 2z~ e
s=1

This mean-of-samples initialisation differs from the single-sample draw described in the original IGNO
algorithm [7] and provides a more stable starting point by averaging out flow sampling noise. After train-
ing, all components are fixed and no retraining occurs when solving new inverse problems. Inversion
thus reduces to finding the 3; whose decoded outputs best match the observed data.

3.3. Deterministic inversion

Given observations uqps, IGNO seeks j3; via gradient-based optimisation. The objective combines data
mismatch and PDE residual:

pi = argémin Faata(B1) + Fpde(B1), (3.5)
where
M
fdata(ﬁl) = Wdata Z |uobs(mi) _ G9u (Ig’ mL)‘Z ’ (36)
=1
N
Fode(B1) = Wpde erj (&,ﬂ)Q.
j=1

The weak-form residuals r,,; in Fpq4e are as defined in Section 3.2, with the coefficient and solution
fields now provided by @ = Gy, (31) and @ = Gy, (3,z) evaluated at the current 3,. Optimisation
proceeds via Adam with gradients computed through automatic differentiation [42]. The full algorithm
and per-problem hyperparameters are given in Appendix F.

Since both a and @ are deterministic functions of 5; (with g5 determined by the boundary conditions),
the likelihoods from Section 3.2 simplify during inversion. The data likelihood depends on 3, through 4,
and with wgata = 1/(2a§ata) as in Eq. 2.5, we have p(ugps | £1) x exp(—Fgata(B1)). The virtual likelihood
(Eg. 3.2), which conditions on both a and 3; during training, reduces during inversion to depend on 3;
alone since a = Gy, (81), with p(Ras | 81) x exp(—Fpde(f1))-

After optimisation, IGNO returns j7, the inferred coefficient a* = Gy, (57), and predicted solution
u*(x) = Gg,(B*,x). This is a single point estimate with no uncertainty quantification. The inference
diagram in Figure 3.2 illustrates the Bayesian extension. The deterministic case follows the same data
flow but without the flow prior term Fyior, @and with 5, optimised rather than sampled.

3.4. Posterior formulation

We now extend the inversion to full Bayesian posterior sampling by adding an explicit prior from the
normalising flow and replacing optimisation with MCMC, using IGNQO’s already-trained components
with no retraining.

The inversion objective in Eq. 3.5 inherits probabilistic structure from IGNO’s training framework. As
established in Section 3.3, both the data likelihood and the virtual likelihood (Eq. 3.2) depend on 5,
alone during inversion, with p(ueps | 51) o exp(—Fdata(51)) and p(RM | B1) o< exp(—Fpde(51)). Under a
uniform prior on g1, the inversion objective is equivalent to maximum likelihood estimation over these
two terms. Since 3; € [—1, 1]% by construction, a uniform prior on this bounded domain already yields
a well-defined posterior. However, such a prior is uninformative, treating all latent codes as equally
plausible regardless of whether they correspond to physically realistic coefficient fields.

We obtain a proper prior from IGNO’s already-trained normalising flow. Applying the change-of-variables
formula (Eq. 2.7) to F}, gives an exact prior density on :

p(B1) = p=(Fp(B1)) |det Jr, (B1)],
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Figure 3.2: Bayesian inference. All network components are pre-trained and fixed. The latent variable 3, is sampled via MCMC.
The data loss Fyata compares the predicted solution @ against observed data uqps at sensor locations, while F,4e enforces PDE
consistency using the decoded coefficient a. The flow prior Fyior evaluates the learned normalising flow density at the current
1. Coefficient and boundary condition encoders are not used during inversion.

where p. is the base distribution density (see Appendix E) and Jg,(51) = %(61) is the Jacobian.
Taking the negative logarithm yields:

fprior(ﬂl) == logpz(F¢(,81)) — log |det JF¢ (/81)| .
This is the only new term we add to IGNO’s objective for Bayesian sampling.

In IGNO, the flow served only for initialisation (Section 3.3), contributing no prior term to the objective.
For MCMC sampling, we repurpose it as a prior. Adding Fyrior replaces the uninformative uniform prior
with a learned density that concentrates mass on the region of latent space where realistic coefficient
fields live, regularising /5, towards the training distribution and improving MCMC mixing.

3.5. Full posterior derivation

The preceding section established three probabilistic components, namely the data likelihood p(uops |
1), the virtual likelihood p(Ry; | $1), and the normalising flow prior p(5;). These combine into two
natural posterior formulations depending on whether one conditions on PDE residuals in addition to
the observations [6].

The first formulation conditions only on the observed data. By Bayes’ theorem,

P(B1 | tobs) o< p(ucps | B1) - p(B1)- (3.7)

MCMC requires the posterior only up to its normalisation, so the potential energy is defined as the
negative log of the unnormalised posterior in Eq. 3.7 [28]. Substituting the proportional form of the data
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likelihood and Fyrior = —log p(81) gives the data-only potential energy

Udata(ﬁl) = ]:data(ﬂl) + ]:prior(ﬁl)y

so that p(B1 | uobs) = ﬁ exp(—Udata(81)) With Zgata = [ exp(—Ugata(B1)) dB1. This formulation relies
solely on the observation likelihood and the learned prior, without enforcing PDE consistency during
sampling.

One can also condition on the virtual observables R,;, incorporating PDE residuals as an additional
constraint. The joint posterior is

P(B1 | Uobs, Bar) o pluops | B1) - p(Rar | B1) - p(B1),

where p(]?M | B1) is the virtual likelihood from Eq. 3.2. Including this term, the full potential energy is
U(ﬂl) = }—data(ﬂl) + ]'—pde(ﬂl) + ]'-prior(ﬂl),

so that p(B1 | uobs, Rar) = + exp(—U(B1)) with Z = [exp(~U(51)) dBs.

Both formulations give valid, well-posed posteriors. The data-only formulation avoids the cost of eval-
uating PDE residuals at each MCMC step, while the joint formulation additionally enforces physical
consistency during sampling. The relative accuracy and calibration of the two formulations depends
on the problem setting and is evaluated empirically in Chapter 4.

Both posteriors are well-posed under the conditions for Bayesian inverse problems established by
Stuart [8]. The first condition is that the normalisation Z is finite and positive, so that the posterior is a
proper probability distribution. This holds because 3, is restricted to [-1,1]% (Appendix E) and each
termin U is a loss computed from neural network outputs, so we integrate a finite-valued function over a
finite volume. Positivity of Z follows from exp(—U(8;)) > 0 for all 3. The second condition is that small
perturbations in the observed data produce at most proportionally small changes in the posterior. This
holds because only Fyata depends on uqps, and since Fyqatq is @ squared difference between predictions
and observations (Eq. 3.6), a small change in uqps produces a correspondingly small change in the
potential. These conditions hold even under a uniform prior on [—1, 1]%, since the potential is bounded
and the domain is finite. The flow prior’s value is not well-posedness but informativeness. A uniform
prior assigns equal density to all latent codes in the hypercube, including regions far from the training
distribution where the decoded fields are unreliable. The flow prior concentrates mass on the manifold
that the training data actually occupies, producing better-calibrated posteriors and faster MCMC mixing.

We do not need to compute Z for MCMC sampling. Our goal is to generate samples {ﬂf)}f\il from
this posterior. These samples encode the full uncertainty. Decoding each 6@ via @) = Gy, (ﬁp) and
@D (-) = Gy, (B, By, ) yields an ensemble of plausible coefficient and solution fields consistent with
observations and prior knowledge.

We sample with NUTS [43]. Each NUTS step requires Vg, U, which decomposes into the gradients of
the individual terms and is computed via automatic differentiation. The full sampling procedure is given
in Algorithm 1.



Experiments

4.1. Problem formulation

We apply our method to four benchmark inverse problems spanning three measurement modalities
(Table 4.1), following the experimental setup of [6, 7]. In solution-based problems, we observe v at M
sensor locations corrupted by additive Gaussian noise at a given signal-to-noise ratio (see Eq. 4.2). In
operator-based problems, we observe operator-valued data such as Dirichlet-to-Neumann maps from
multiple boundary conditions. In all cases, synthetic test observations are generated by solving the
governing PDE with a finite element method and adding noise at the specified level.

The first two benchmarks are Darcy flow problems governed by
~V - (k(x)Vp(z)) = f(x), =eQ=[0,1>, p=00ndQ,

where k is the unknown permeability field, p is the pressure, and f = 10 is a constant source term.
Measurements consist of pressure values at M/ = 100 randomly placed interior sensors. In the continu-
ous variant, permeability fields are k(z) = 2.1 + sin(wix1) + cos(wawz) With (w1, ws) ~ U(0, 77 /4)%. For
OOD evaluation, (wy,ws) ~ U(7r/4,27)2. In the piecewise-constant variant, k € {5,10} with phase
geometry determined by a thresholded Gaussian process GP(0, (—A + 91)~2)'. The OOD test set
draws phase geometry from GP (0, (—A + 161)~2), producing finer-scale patterns with the same co-
efficient values. For this variant, the coefficient field is binary, and the coefficient decoder models it
as a classification problem trained with a cross-entropy loss rather than predicting permeability values
directly. Both Darcy variants and their coefficient distributions follow [6, 7], with the coefficient encoder
receiving the permeability field evaluated on a 29 x 29 uniform grid.

The third benchmark is the electrical impedance tomography (EIT) problem, an inverse problem with
an indirect observation model:

—V - (y(x)Vu(x)) =0, =<cQ=][0,1]? u = gon o, @.1)

where v > 0 is the unknown conductivity. Unlike the Darcy problems, where the solution field p is
observed at interior sensors, EIT recovers v from measurements taken only at the domain boundary.
The measurement procedure works as follows: a voltage g is applied on the boundary, this boundary
condition together with the interior conductivity v determines the electric potential « throughout the
domain via Eq. 4.1, and the resulting electrical current leaving the boundary is recorded at sensor
locations. Mathematically, this boundary current is vVu - 77, where i is the outward unit normal. The
mapping from an applied boundary voltage g to the resulting boundary current defines the Dirichlet-
to-Neumann map, A,: g — y%bﬂ. Because different conductivity fields route current differently, the
DtN map encodes information about the interior conductivity . To extract sufficient information, L = 20
distinct voltage patterns are applied, each defined as g;(x) = cos(27(x1 cosf; + x2 sin 6;)) with angles

A random field is sampled from the GP and thresholded at zero: k(x) = 10 where the sample is positive, k(z) = 5
otherwise [6, 15].

16
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Table 4.1: Dataset summary for each benchmark. Ny, is the number of training coefficient fields, d; is the latent dimension of
B1,and M is the number of sensor locations per observation. Latent dimensions were chosen empirically per problem.

Problem Nirain d; Encoderinput M (sensors)

Darcy continuous 1000 6 29 x29grid 100
Darcy piecewise 10000 200 29 x 29 grid 100

EIT 1000 6 32x32grid 124 x 20 BCs
Burgers 1000 16 128 points 100
6, =ml/20forl =1,...,20, and the current response to each pattern is recorded at M = 124 uniformly

spaced boundary sensors.

Conductivity fields take the form v(x) = Ele exp(cy, sin(kmzy) sin(knaz)), where K is drawn uniformly
from {1,2,3,4} and ¢, ~ U[—1,1]. For OOD evaluation, ¢;, ~ U[1, 1.5]. This benchmark follows [7], with
the coefficient encoder receiving the conductivity field on a 32 x 32 uniform grid.

The fourth benchmark is the viscous Burgers equation:

2

% +u% = A%, zel[-1,1],t€[0,1],  u(£l,t)=0,
with viscosity A = 0.1/7. The unknown is the initial condition a(x) = u(x, 0), sampled from GP(0, 49%(— A+
4971)~2) via a truncated sine series a(r) = Zle ¢ sin(kmrz). For OOD evaluation, initial conditions are
drawn from GP(0, 36%(—A + 361)~2), which yields different smoothness and amplitude characteristics.
Observations consist of M = 100 solution values at randomly sampled space-time locations (x;, ;).
The boundary conditions « = 0 at x = £1 are enforced by a mollifier, and the coefficient encoder takes
the initial condition evaluated at 128 uniform spatial points as input [6]. Reference solutions are com-
puted with the Chebfun spectral solver [44] rather than FEM. In contrast to the steady-state problems
above, the inverse problem here requires recovering an initial condition from partial observations of the
solution over time.

The observation noise level is characterised by the signal-to-noise ratio

1M )2
SNR = 10logy, (MZ—;“(””)) : 4.2)

where oyata IS the noise standard deviation. For EIT, noise is applied independently to each of the L
boundary condition responses. Model architectures, hyperparameters, and optimisation configurations
for each problem are detailed in Appendix F.

4.2. Experimental setup

For each benchmark, we run 4 NUTS chains initialised at the mode of the learned prior, F(;l(o), where
z = 0 is the mode of the base distribution (details in Appendix E). Per-problem warmup lengths,
sampling configurations, and mass matrix choices are given in Table B.1 in Appendix B.

For the baseline and physics-constraint experiments, we evaluate on three randomly selected test co-
efficient fields. The noise and sensor-count sensitivity analyses fix a single test instance to isolate the
effect of each varied quantity. To account for variability from observation noise realisations, sensor
placement, and MCMC trajectory randomness, every experiment is repeated with three random seeds.
Because the pre-trained neural networks are approximate forward models, o44ta must account for model
discrepancy as well as measurement noise (discussed further in Chapter 5). We calibrate o445 per prob-
lem using either the MAP residual at sensor locations or short pilot MCMC runs with coverage-based
selection. Per-problem values and the full calibration procedure are given in Appendix B. Reported
metrics are cross-instance means + standard deviations, where each instance value is first averaged
over the three seeds. Reconstruction quality is measured by the relative root mean squared error

E = ZZ( (xl) a u (wz))
II{,MS \/ a true 2

i(atrue(mi))Z ’
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for the continuous Darcy, EIT, and Burgers problems, and by the cross-correlation indicator 1., [7]
for the piecewise-constant Darcy problem. Given reconstructed and true fields rescaled to {0, 1} via
a = (a — 5)/5, the indicator is

I Zi(dtme(-’ﬂz))z(( ))
corr \/Z atrue \/E &

where the sums run over all grid locations. For each posterior sample, the coefficient decoder outputs
logits that are mapped through a sigmoid and thresholded at O 5 to obtain a binary coefficient field
i) (2;) € {kiow, knign}. The posterior mean field a(z;) = + >°°_ a*)(x;) is then thresholded at the
midpoint (kow + knign) /2 to obtain the final binary reconstruction, and I..,, is computed on this field. For
the Laplace MAP estimate, the same sigmoid-and-threshold pipeline is applied to the single decoded
output.

Uncertainty quantification is assessed through four metrics. The continuous ranked probability score
(CRPS) [45] is a strictly proper scoring rule? that jointly penalises bias and lack of sharpness, with lower
values indicating better calibrated predictions. For S posterior samples at grid location x;, the CRPS
is estimated as

S
CRPS; = %Z‘d(s>(rﬂj)—a“ue x ’ 557 ZZ‘ RICHECRICHI

s=1 s=1s'=1

where @(*) denotes the coefficient field reconstructed from the s-th posterior sample. The first term mea-
sures the mean absolute error against the truth and the second measures the spread among posterior

samples. The reported CRPS is the spatial average % Z;V:l C/R\st.

Let @,(x;) denote the p-th quantile of the posterior samples at grid point ;. The empirical credible
interval coverage at level 1 —« is the fraction of grid points for which the truth falls inside the equal-tailed
credible interval,

1 N
Cl—a = N Zl(Qa/Q(wj) = truc(mj) < Ql a/Q(:B]))
j=1

and the mean credible interval width at the same level is
1 N
Wi_a = N Z (Ql—a/Q(xj) - Qa/Q(wj)) .
j=1

We report Cy.95 and Wy g5 (i.e., « = 0.05) as the primary coverage and width metrics. The nominal
coverage level 1 — « is the target fraction of grid points that should fall inside the credible interval if
the posterior is perfectly calibrated, while the empirical coverage C,_,, is the fraction actually observed.
The calibration curve evaluates coverage at K nominal levels,

Cal = {1 — o, Cl*ak)}é{:l )

with K = 10 levels equally spaced from 10% to 95%. A well-calibrated posterior lies on the diagonal
where empirical coverage equals the nominal level.

Two additional diagnostics assess the quality and consistency of the posterior. The mean Gaussian
negative log-likelihood (NLL) over the spatial evaluation grid,

N

a x;) — atrue x; 2 )
NLL = zlv;( ( )zazm»)( P yloa(me(e).

where 62(x;) denotes the pointwise posterior variance and N is the number of grid points, is a strictly
proper scoring rule [45]. The first term penalises prediction errors inversely weighted by the posterior
variance, so underconfident posteriors (large 62) reduce this penalty but inflate the second term, while

2A scoring rule is strictly proper if the only way to achieve the best possible expected score is to report the true predictive
distribution. This guarantees that improving the score always means improving the quality of the uncertainty estimate.
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overconfident posteriors (small 52) do the opposite. The NLL is therefore minimised only when the
posterior variance matches the true squared error, rewarding both accurate point predictions and well-
calibrated uncertainty. For the piecewise Darcy problem, where the coefficient field is binary, the Gaus-
sian log score is replaced by a Bernoulli NLL. Each posterior sample is decoded and thresholded at the
midpoint (kiow + knign) /2, Yielding the per-pixel probability p(z;) = & Zle 1(a'®) () > (Kiow + knign)/2)
and the binary ground truth y; = (a"™°(x;) — kiow)/(knigh — kilow) € {0,1}. The mean Bernoulli negative

log-likelihood,
N

NLLpmouts =~ O (41 08 5(2:) + (1~ yi)log(1 — p(z)). (43)
=1

is also a strictly proper scoring rule [45]. The Spearman rank correlation p between the pointwise
absolute error |a(x;) — a*™¢(x;)| and the posterior standard deviation 6(x;) measures whether the
posterior uncertainty is spatially aligned with the reconstruction error.

MCMC convergence is monitored via three diagnostics. The split-R statistic assesses convergence by
comparing within-chain and between-chain variance [46]. Each chain is split in half, and m denotes
the total number of resulting half-chains, each of length n [47]. The statistic is

- ‘;3\1"+(61,k)7
w

where f; ; is a single latent component, W = % Z;.":l s? is the pooled within-chain variance, B =

3T (Buky — Buk)? is the between-chain variance, and vai" (1) = "=2W + 1B. At conver-
gence W ~ var~ and R — 1. Values below 1.01 indicate adequate convergence?® [48]. The effective
sample size (ESS) estimates the number of independent samples equivalent to the correlated chain,
computed by dividing the total sample count by the integrated autocorrelation time [48]. We report the
minimum ESS across all d; latent dimensions as the bottleneck diagnostic, with ESS,,,;;, > 50 indicating
adequate sampling and ESS,,;;, < 10 indicating that the chains have not explored the posterior. Diver-
gent transitions signal that the sampler failed to accurately simulate Hamiltonian dynamics in regions

of high curvature [49].

As a baseline for uncertainty quantification, we compare NUTS against a Laplace approximation [24],
which fits a Gaussian ¢(31) = N (B1yap, H ') at the MAP estimate by approximating the negative log-
posterior as locally quadratic. Full details of the MAP optimisation, Hessian computation, and sampling
procedure are given in Appendix C. The MAP point estimate aMAP shown in field plots throughout this
section is the mode of the Laplace approximation, obtained by the deterministic inversion procedure
described in Appendix F.

4 .3. Posterior inference

We first examine whether Bayesian IGNO produces meaningful uncertainty estimates on in-domain
test instances. All field plots and per-instance diagnostics in this section correspond to a single repre-
sentative test instance; a full posterior gallery covering additional instances appears in Appendix D. All
experiments in this section use noiseless observations.

For the continuous Darcy problem (Figure 4.1, Figure 4.2), the posterior achieves 97% coverage at
the nominal 95% level (Table 4.3), with the posterior narrowing Cl widths by a factor of 6 relative to
the unconditional prior distribution*. The Spearman rank correlation between pointwise absolute error
and posterior standard deviation is p = 0.31 (Table 4.4), indicating weak spatial alignment between
uncertainty and error.

For the piecewise-constant Darcy problem (Figure 4.3, Figure 4.4), the posterior mean yields I¢or = 0.91
after thresholding, with 100% coverage and a mean CI width of 4.3 on a field taking values in {5,10}.

3A chain that “mixes well” traverses the full support of the target distribution within a reasonable number of iterations, so that
successive samples are nearly independent. Poor mixing means the chain remains trapped in a subregion of the posterior and
has not yet converged to the stationary distribution.

4The unconditional prior distribution is the distribution over coefficient fields obtained by drawing latent samples from the flow
prior and decoding them through Gy, , without conditioning on any observed data. It represents the variability of the model’s
reconstructions before any measurements are incorporated.
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Figure 4.1: Continuous Darcy ground-truth fields. Ground-truth permeability a**"® and pressure field »**"® with sensor locations

(black dots).
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aPost, and pointwise absolute error |aP°st — at*¥¢|. Bottom row: unconditional prior standard deviation and posterior standard
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Table 4.2: Effect of coefficient contrast ratio on posterior inference for the piecewise Darcy problem. All variants use the same
architecture, latent dimension, and 100 sensors. The 20:1 and 200:1 models were trained with 2x and 3x the baseline training
epochs respectively. Values are cross-instance means + standard deviations across three test instances, each averaged over
three seeds. At 200:1 contrast the posterior collapses to the prior, with Cl width spanning the full coefficient range.

Contrast Tcorr CRPS Cov. 95% Clwidth  ngy
2:1 0.91+0.067 0.414+0.27 1.00£0.00 4.3+£0.41 0

20:1 0.73+0.13 17+6.3 0.99+0.003 81+29 310
200:1 0.69+0.15 210+£18 1.00£0.00 99540.0 13

The unconditional prior Cl width is 5.0 (the full range of the binary field), so the posterior narrows only
modestly.

The large Cl width is expected for a binary field. At any pixel where posterior samples disagree on the
phase, the sample-averaged field takes intermediate values between 5 and 10, and the 95% credible
interval covers most of the [5, 10] range. Pointwise summaries such as the posterior mean and credible
interval are therefore misleading for this problem, because the underlying uncertainty is discrete rather
than continuous. The sample gallery in Figure D.4 is more informative. Individual samples decode to
sharp binary fields, but the phase boundaries shift from sample to sample, so the posterior uncertainty
is better understood as uncertainty over boundary locations than over pixel values.

The Spearman correlation between pointwise error and posterior standard deviation is the strongest
across all four benchmarks (p = 0.94, Table 4.4), consistent with the spatial structure of the binary phase
problem. Regions near phase boundaries are both harder to reconstruct and carry more posterior
uncertainty, so error and uncertainty concentrate in the same locations. The Spearman correlation
should therefore not be taken as informative for this problem, since it is driven by the binary contrast
between flat interior regions and phase boundaries.
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Figure 4.3: Piecewise-constant Darcy ground-truth fields. Ground-truth binary permeability a**¢ € {5,10} and pressure field
u'T1€ with sensor locations (black dots).

We also train and evaluate piecewise Darcy variants at coefficient contrasts of 20:1 (k € {5,100}) and
200:1 (k € {5,1000}), keeping all other settings identical. The forward model progressively fails to
learn the higher-contrast PDE. The relative L2 error of the solution decoder on held-out test data rises
from 0.025 at 2:1 contrast to 0.59 at 20:1 and 0.96 at 200:1, despite doubling and tripling the number
of training epochs respectively. At 200:1 contrast, the decoder effectively cannot predict the solution
field.

The posterior metrics mirror the training-stage degradation (Table 4.2). At 20:1 contrast, I, degrades
from 0.91 to 0.73 and NUTS produces approximately 310 divergent transitions per run on average,
indicating that the posterior geometry becomes difficult to explore. At 200:1 contrast, the posterior
collapses to the prior: the ClI width of 995 equals the full range of the {5, 1000} coefficient field, and the
relative L2 error of the posterior-mean solution field is 0.95. The sampler itself remains healthy at both
contrast levels, with ESS,.;, > 8000 and R < 1.001. The degradation reflects the solution decoder’s
inability to forward-solve the high-contrast PDE, not a failure of the MCMC sampling.

For EIT (Figure 4.5), the posterior concentrates sharply, with a 33x reduction in Cl width relative to
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Figure 4.4: Piecewise-constant Darcy coefficient reconstruction and uncertainty. Top row: Laplace MAP estimate aMAFP | poste-
rior mean aP°st, and unconditional prior standard deviation. Bottom row: posterior standard deviation. High standard deviation
near phase boundaries reflects the sensitivity of the decoded binary field to small latent perturbations.

the unconditional prior (Table 4.3). Coverage is 98% at the nominal 95% level. The posterior standard
deviation increases towards the interior of the domain, and the standard deviation at each grid point
correlates strongly with its distance to the nearest boundary sensor (Pearson r = 0.94, Figure 4.6). The
Spearman correlation between pointwise error and posterior standard deviation is p = 0.29 (Table 4.4).

For the Burgers problem (Figure 4.7), the posterior achieves 93% coverage at the nominal 95% level
(Table 4.3), with credible intervals narrowing by a factor of 10x relative to the prior. The Spearman
correlation between pointwise error and posterior standard deviation is p = 0.27 (Table 4.4), indicating
weak spatial alignment. Cross-instance variance is the highest of any benchmark (Table 4.3), consistent
with the more complex posterior geometry of the time-dependent PDE and its larger latent dimension.

Because Burgers is the only benchmark with a one-dimensional coefficient field, the prior standard
deviation can be visualised directly as a function of = (Figure 4.7c). The characteristic double-hump
shape is consistent with the sine-series representation of the training distribution: each basis function
sin(kwz) equals zero at x = 0 and x = +1 for every k, so all training initial conditions pass through
zero at these three points and the prior variance vanishes there. The variance peaks near z ~ +0.5,
where the low-frequency sine modes that dominate the GP have their largest values. The learned prior
reproduces this structure, confirming that the normalising flow and coefficient decoder together capture
the training distribution.

The Laplace approximation produces valid uncertainty estimates on two of the four problems, is un-
reliable on a third, and fails entirely on the fourth (Table 4.3). For piecewise Darcy, the Hessian is
non-positive-definite, so no Laplace samples can be drawn. For Burgers, the Laplace approximation
succeeds on most runs with coverage of 0.99, but at least one run per test instance produces a non-
positive-definite Hessian, making the method unreliable in practice. On continuous Darcy, the Laplace
posterior achieves comparable or better pointwise metrics than NUTS, with lower CRPS (0.029 vs
0.047) and narrower Cl widths (0.34 vs 0.38), though NUTS achieves a better NLL (—2.0 vs —1.4).
The large cross-seed variance on this problem (Table 4.3) means neither method dominates conclu-
sively. For EIT, the Laplace posterior achieves full coverage but is oversmoothed, with Cl widths of 0.61
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Table 4.3: Posterior inference metrics from sampling. Post. mean is the reconstruction error of the posterior mean field, obtained
by decoding each posterior sample and averaging in function space. CRPS is the continuous ranked probability score (lower
is better). NLL is the mean Gaussian log score (lower is better), except for piecewise Darcy which uses the Bernoulli log score
(Eq. 4.3). All error values are rRMSE (lower is better) except piecewise Darcy, which reports Icorr (higher is better). Values are
cross-instance means + standard deviations across three test instances, each averaged over three seeds. NUTS matches or
outperforms Laplace on NLL across all problems where Laplace converges, while Laplace fails entirely on piecewise Darcy.

Problem Method Post. mean CRPS NLL Cov. 95% Cl width
Darcy continuous  NUTS 0.033-+£0.042 0.047+0.058 ~2.0+1.5  0.97+0.04  0.38+0.36
Y UoUS | aplace  0.024--0.010 0.0294+0.010  —1.440.37 1.00+0.00  0.34+0.093

b . . NUTS 0.91+0.067 0.4140.27 0.2840.15  1.00+0.00  4.3+0.41

arcy piecewise | jijace - _ _ _ -

ET NUTS  0.0054+0.0002 0.012+-0.0002 —2.4+0.023 0.98+0.026 0.11+0.015
Laplace  0.010+£0.0024  0.037+0.0036 —0.94+0.10 1.00+£0.00  0.61+0.053
BUrgers NUTS 0.12+0.068  0.0086+0.0030 —3.1+0.36 0.93+0.023 0.062--0.014
g Laplace  0.11+0.024  0.0124+0.0033 -2.6+0.26  0.99+0.00  0.14+0.032
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Table 4.4: Spearman rank correlation p between pointwise absolute error and posterior standard deviation. Higher values in-
dicate stronger spatial alignment between uncertainty and reconstruction error. Values are cross-instance means + standard
deviations. NUTS achieves positive spatial alignment on all four benchmarks, whereas Laplace produces anti-correlated uncer-
tainty on EIT.

Problem NUTS p Laplace p

Darcy continuous  0.314+0.083 0.534+0.22
Darcy piecewise  0.94+0.091 —

EIT 0.29+0.017 —0.49+0.064
Burgers 0.27+0.071 0.21+0.076

versus 0.11 for NUTS and a worse NLL (—0.94 vs —2.4). Overall, the Laplace approximation is orders
of magnitude faster than NUTS but is unreliable on two of the four problems, and where it succeeds, it
does not consistently outperform NUTS across all metrics.

Figure 4.8 shows the Spearman rank correlation between pointwise absolute error and posterior stan-
dard deviation across three of the four problems (Table 4.4). Figure 4.9 shows that the two Darcy
problems exhibit overcoverage at all nominal levels, with the piecewise variant showing extreme over-
coverage (empirical coverage exceeds 85% even at the 10% nominal level). This conservatism is
preferable to the overconfidence of variational approaches [17]. The EIT and Burgers calibration curves
track the ideal line closely.
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4.4. Sensitivity analysis
If the posterior is well calibrated, it should respond to the quantity and quality of the observations. We
test this by varying the SNR (Eq. 4.2) and the number of sensors M.

For the noise sensitivity analysis, we sweep SNR € {50, 35,25, 15} dB across all four problems. The
noise sweep evaluates a single test instance with per-instance og4,t, calibration rather than the per-seed
calibration across three test instances used in Section 4.3, so the clean-condition metrics do not match
the baseline in Table 4.3. Darcy piecewise, EIT, and Burgers converge reliably across all noise levels
(R < 1.01, ESS > 400 for every seed). Continuous Darcy exhibits intermittent convergence difficulties,
with individual seeds exceeding these thresholds at several noise levels. The most severe case is at
50 dB, where one seed fails to converge (R = 1.2, ESS < 10). Because the table reports three-seed
means, these per-seed failures are partially masked by the averaging. Calibration curves are shown
in Figure 4.10.
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Figure 4.10: Noise sweep calibration curves. The dashed line indicates ideal calibration. Calibration remains stable across
noise levels for all four benchmarks, confirming that the posterior responds appropriately to increasing observation noise.

For the continuous Darcy problem (Table 4.5), coverage remains near 100% across all noise levels
while Cl width grows only modestly from 0.33 to 0.37, indicating that the posterior overcovers uniformly
across the sweep.

For the piecewise Darcy problem (Table 4.5), coverage remains at or above 99% at all noise levels, and
the Cl width is nearly constant (varying by less than 3%). At 15dB the reconstruction accuracy (Icor)
degrades modestly from 0.84 to 0.78, but the posterior does not sharpen or widen. The insensitivity to
noise is expected. The parameter ogata controls the width of the Gaussian data likelihood and is set to
the MAP residual for this problem (Section 4.2). Because the MAP residual (c4ata =~ 0.012) exceeds the
observation noise at every sweep level (including 15dB, where o,4sc ~ 0.010), o4ata does not change
across conditions, and the data likelihood that enters the posterior is nearly identical at every noise
level. For EIT and Burgers, by contrast, the observation noise exceeds oyatq at 25dB, producing the
noise sensitivity visible in Table 4.5.
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Table 4.5: Noise sweep metrics (3-seed mean). For continuous problems, accuracy is rRMSE. For piecewise Darcy, it is Icorr-
EIT and Burgers show clear sensitivity to noise, with Cl widths widening to maintain coverage, while piecewise Darcy is insensitive
because oyat, is dominated by model discrepancy.

Problem SNR (dB) Accuracy CRPS Cov.95% Cl width
Darcy continuous Clean 0.015 0.024 1.00 0.33
50 0.016 0.024 1.00 0.34
35 0.017 0.026 1.00 0.35
25 0.017 0.026 1.00 0.35
15 0.018 0.029 0.99 0.37
Darcy piecewise  Clean 0.84 0.71 1.00 4.6
50 0.84 0.71 1.00 4.6
35 0.84 0.71 1.00 4.6
25 0.83 0.74 1.00 4.6
15 0.78 0.86 0.99 4.5
EIT Clean 0.0054 0.012 0.99 0.12
50 0.0054 0.012 0.99 0.12
35 0.0066 0.015 0.97 0.13
25 0.015 0.034 0.96 0.27
15 0.039 0.084 0.97 0.76
Burgers Clean 0.080 0.0052 0.95 0.045
50 0.081 0.0052 0.94 0.045
35 0.088 0.0056 0.94 0.046
25 0.14 0.0084 0.91 0.052
15 0.20 0.012 0.92 0.076

For the EIT problem (Table 4.5), reconstruction error grows by roughly 7x across the sweep, but the
posterior widens in response, maintaining coverage at or above 95% throughout. The posterior remains
well calibrated even at high noise levels, with the flow prior regularising towards the learned latent
distribution as the data likelihood becomes diffuse.

The Burgers problem (Table 4.5) shows a different pattern. At baseline the posterior achieves 95%
coverage, consistent with the nominal level. As noise increases, reconstruction error grows from 0.080
to 0.20 while Cl width widens from 0.045 to 0.076, and coverage remains between 91% and 95% across
all conditions. The posterior thus responds to observation noise by widening appropriately, maintaining
calibration throughout the sweep.

Table 4.6: Sensor sweep metrics. For continuous problems, accuracy is rRMSE. For piecewise Darcy, itis Icorr. Darcy piecewise,
EIT, and Burgers converge across all sensor counts. Continuous Darcy shows per-seed convergence failures, particularly at
M = 25 and M = 50. Continuous Darcy and Burgers show the expected trend of improving accuracy and narrowing Cls with
more sensors, while piecewise Darcy is largely insensitive.

Problem M Accuracy CRPS Cov.95% CI width
Darcy continuous 25 0.046 0.063 1.00 0.72
50 0.021 0.032 1.00 0.48
100 0.0094 0.019 1.00 0.29
Darcy piecewise 25 0.78 0.84 1.00 5.0
50 0.81 0.75 1.00 4.9
100 0.83 0.68 1.00 45
EIT 31 0.0040 0.0096 1.00 0.10
62 0.0057 0.012 0.96 0.076
124 0.0049 0.011 0.99 0.11
Burgers 25 0.13 0.0085 0.99 0.085
50 0.099 0.0065 0.99 0.061
100 0.080 0.0054 0.97 0.049

We next vary the number of observation locations across all four problems (Table 4.6). The three
solution-based problems (continuous Darcy, piecewise Darcy, and Burgers) use M < {25,50,100}
interior sensors, while EIT uses M € {31, 62, 124} boundary sensors per excitation pattern.
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Figure 4.11: Credible interval width as a function of sensor count (3-seed mean). CI width narrows consistently with sensor
count for continuous Darcy and Burgers, while piecewise Darcy remains dominated by the flow prior.

For continuous Darcy and Burgers, Cl width narrows consistently with sensor count (Table 4.6, Fig-
ure 4.11), and both problems maintain coverage near the nominal 95% level across all sensor counts.
For EIT, Cl width drops sharply from M = 31 to M = 62 but widens at M = 124. Because ogats IS
recalibrated via pilot chains at each sensor count (Section 4.2), the selected value roughly doubles
from 0.1 at M = 62 to 0.2 at M = 124, widening the data likelihood enough to offset the additional
observations. Piecewise Darcy shows only marginal narrowing across the sweep (Cl width 5.0 to 4.5),
with the posterior remaining close to the prior width of 5.0, consistent with the insensitivity observed
in the noise sweep. As discussed in Section 4.3, Cl width is a misleading summary for this binary
field problem, since the underlying posterior uncertainty reflects disagreement over phase boundary
locations rather than continuous variation in pixel values.

4.5. Role of the physics constraint

We compare sampling from a data-only posterior, which omits the PDE residual term, against the full
posterior that incorporates the virtual likelihood (Table 4.7). To ensure a controlled comparison, ogats IS
tuned once per test instance and held fixed across both conditions and all seeds, so that any difference
in performance reflects the physics term alone. This tuning differs from the per-seed calibration in
Section 4.3, and the data-only metrics in Table 4.7 therefore do not match the baseline NUTS results
in Table 4.3.

For the continuous Darcy problem, the effect of including Fpqe is inconsistent across test instances
(Table 4.7). On average, the data-only posterior converges adequately (Rma.x = 1.02 = 0.016), while
the physics-informed posterior has a higher mean Rinax (7.9 + 12) due to one test instance where the
sampler fails to converge (Rmax = 22). ESS is comparable between conditions (900 + 560 data-only
versus 560 + 560 physics). Divergent transitions are slightly lower with physics (15 £+ 19 versus 24 +
24). Coverage and reconstruction accuracy are similar between conditions, but the physics-informed
posterior produces wider credible intervals (0.544+0.21 versus 0.38 +0.36). The corresponding posterior
standard deviation maps are shown in Figure 4.12. The high cross-instance variance makes it difficult
to draw conclusions about the physics constraint on this problem.

For the piecewise-constant Darcy problem, including the physics constraint degrades sampler con-



45. Role of the physics constraint 31

1.0 0.168 1.0 0.168
1.0 !
0.150 0.150 v 00032
0.8 0.132 0.8 0.132 08 00024
: 0.0016
0.114 0114
0.6 0.6 I 1 | 10.0008
0.096 0.096 0.6 0.0000
0078 0078
0.4 0.4 04l 1| 1-0-0008
0.060 0.060 00016
02 0042 02 0.042 oal 1 | —0.0024
0.024 0.024 ‘ —0.0032
~0.0040
0.006 0006
.0 0.2 0.4 0.6 0.8 1.0

o9 %90 02 04 06 08 L0 990 02 04 06 08 10

(a) Data-only 6 P (x) (b) Physics-informed 6 2% () (c) Difference

Figure 4.12: Posterior standard deviation maps for the continuous Darcy problem under data-only and physics-informed poste-
riors, and their difference.

vergence (Table 4.7). The data-only posterior converges reliably (ESS 15,000 + 4,400, Rimax = 1.00,
zero divergent transitions), while the physics-informed posterior shows reduced ESS (4,200 + 6,700),
elevated Ry, (1.08 & 0.070), and 83 + 105 divergent transitions. The large standard deviations under
physics indicate that one test instance accounts for most of the degradation. Including physics narrows
the Cl width from 4.4 & 0.51 to 3.4 £ 0.48, suggesting that F,qe does provide additional information for
this problem, but the resulting posterior geometry is more difficult for the sampler to explore. Coverage
remains near nominal under both conditions.

For EIT, the physics constraint provides the clearest benefit across all metrics (Table 4.7). The data-
only posterior exhibits convergence failures on some test instances (Rmax = 3.9+ 2.6, ESS 3,000 +
2,200, divergent transitions 5.2 +6.3), while the physics-informed posterior converges reliably across all
instances (Rmax = 1.00, ESS 7,200+ 1,200, zero divergent transitions). Including physics also improves
reconstruction accuracy (0.0048 +0.00050 versus 0.011+0.0062) and tightens credible intervals (0.077 +
0.019 versus 0.17 £+ 0.095). Coverage is similar between conditions (0.94 £ 0.056 versus 0.95 £ 0.060).

For the Burgers problem, the physics constraint has no measurable effect (Table 4.7). Both conditions
produce nearly identical metrics: reconstruction accuracy (0.12 + 0.068 data-only versus 0.12 + 0.069
physics), coverage (0.93 + 0.021 both), Cl width (0.062 + 0.014 both), and convergence diagnostics
(ESS above 6,000, Ruax = 1.00, zero divergent transitions). This insensitivity is consistent with the
observation from the noise and sensor sweeps that the Burgers posterior is driven almost entirely by
the data likelihood at the baseline configuration. The calibration curves for all four problems are shown
in Figure 4.13.

Table 4.7: Data-only versus physics-informed posterior metrics across all four benchmarks. Accuracy is rRMSE for continuous
problems and Icorr for piecewise Darcy. Values are cross-instance means + standard deviations across three test instances,
each averaged over three seeds. Including physics improves all metrics for EIT but degrades convergence for piecewise Darcy
and is neutral for Burgers.

Problem Condition Accuracy Cov. 95% Cl width ESS..in Riax

Darcy continuous Data-only 0.03340.042 0.97+0.043 0.38+0.36 9004560 1.02+0.016
y Physics 0.0544-0.034 0.97+0.044  0.544-0.21 5604560 7.9+12

Darcy piecewise Data-only 0.90+0.065 1.00+0.00 4.4+0.51 15,000+4,400 1.00+0.00
yp Physics 0.86+0.10 0.9940.015 3.4+0.48 4,200+6,700 1.084+0.070

Data-only ~ 0.011+0.0062  0.95+0.060 0.17+0.095  3,000+2,200 3.9+2.6

EIT Physics 0.0048+0.00050 0.94+0.056 0.077+0.019 7,200+£1,200  1.00+0.00
Buraers Data-only 0.12+0.068 0.93+0.021 0.062+0.014  6,000+950 1.00+0.00
9 Physics 0.12+0.069 0.93+£0.021 0.062+0.014  6,200+670 1.00+0.00

These results indicate that the effect of including physics during inference is problem-dependent. For
EIT, the physics constraint provides a clear and consistent improvement across all metrics, eliminating
convergence failures, improving accuracy, and tightening credible intervals. For the continuous Darcy
problem, the effect is inconsistent across test instances: physics reduces divergent transitions on aver-
age but can destabilise the sampler on individual instances, producing convergence failures that do not
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Figure 4.13: Physics constraint calibration curves. Data-only and physics-informed posteriors are shown for each problem. The
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occur under the data-only posterior. For the piecewise-constant Darcy problem, the physics constraint
degrades sampler convergence while narrowing credible intervals, suggesting that the additional infor-
mation from Fpq4e Creates a more complex posterior geometry. For Burgers, the physics constraint has
no measurable effect, with both conditions producing identical metrics.

4.6. Out-of-distribution robustness

A method that produces uncertainty estimates should ideally recognise inputs that lie outside its training
distribution. We test this by comparing in-domain and out-of-distribution test instances under the data-
only posterior, using the OOD variants defined in Section 4.1.

For the continuous Darcy problem (Table 4.8), reconstruction error increases by roughly an order of
magnitude under OOD inputs (rRMSE from 0.011 to 0.12). The posterior broadens in response, with
mean standard deviation rising from 0.033 to 0.36 and Cl width from 0.13 to 0.95, though not enough
to maintain 98% coverage, which falls to 91%. The calibration curve for the OOD case falls below the
line of perfect calibration at all nominal levels (Figure 4.14), indicating that the posterior partially detects
the distributional shift by widening but underestimates the true increase in reconstruction uncertainty.

For the piecewise-constant Darcy problem (Table 4.8), coverage remains at 100% for both in-domain
and OOD inputs, and all other metrics are essentially unchanged (I 0.89 versus 0.90, CRPS 0.44
versus 0.42). The wide posterior associated with the piecewise-constant latent structure and the flow
prior drives inference in both cases, so the distributional shift has no measurable effect.

For EIT (Table 4.8, Figure 4.15), coverage drops from 97% in-domain to 23% under the OOD conduc-
tivity field. The posterior standard deviation for OOD inputs (0.041) is higher than in-domain (0.026),
yet the posterior remains far too narrow to cover the greatly increased reconstruction error (rRMSE
from 0.0050 to 0.076). The calibration curve falls well below the line of perfect calibration at all nominal
levels (Figure 4.14).

For Burgers (Table 4.8, Figure 4.14), OOD inputs produce metrics indistinguishable from in-domain
inputs (rRMSE 0.12 in both cases, coverage 0.97 versus 0.93, identical Cl widths).

Table 4.8: In-domain vs out-of-distribution metrics (data-only posterior). Values are cross-instance means + standard deviations
across three test instances, each averaged over three seeds. For continuous problems, accuracy is rRMSE (lower is better).
For piecewise Darcy, it is Icorr (higher is better).

Problem Setting Accuracy CRPS Cov. 95% Cl width g
Darcy continuous In-domain ~ 0.011 £ 0.0019 0.014 £+ 0.0031 0.98 +0.019 0.134+0.096  0.033 £ 0.024
OO0D 0.12 £0.037 0.21 £ 0.069 0.91 £ 0.076 0.95£0.16 0.36 £0.12
Darcy piecewise  In-domain 0.90 + 0.068 0.42 +0.25 1.00 £ 0.00051 4.4+0.51 1.7+0.24
00D 0.89 £ 0.048 0.44 £0.20 1.00 £ 0.0010 4.0+1.1 1.6 £0.42
EIT In-domain  0.0050 £+ 0.00095  0.011 + 0.0017 0.97 £ 0.025 0.10£0.016  0.026 £ 0.0041
OO0D 0.076 £ 0.0086 0.14 £0.025 0.23 £0.22 0.15 £ 0.069 0.041 £ 0.020
Burgers In-domain 0.12 £ 0.069 0.0084 + 0.0030 0.93£0.017  0.060 £ 0.015 0.015 =+ 0.0038
00D 0.12 £+ 0.053 0.0071 + 0.0012 0.97 £0.023 0.060 £ 0.016  0.015 £ 0.0040

The OOD coverage results vary substantially across problems. Continuous Darcy shows partial detec-
tion of distributional shift, piecewise Darcy and Burgers are insensitive to it, and EIT fails to maintain
coverage. For EIT, the coverage failure has two contributing factors. The flow prior penalises latent
codes that lie outside the learned distribution, pulling posterior samples toward in-domain regions of
latent space. Simultaneously, the coefficient decoder constrains what fields the posterior can repre-
sent at all. Without an ablation that removes the flow prior term, the relative contribution of each factor
cannot be isolated from these experiments alone. The severity of the failure likely depends on the
interaction between the two: if the OOD field lies far from anything the decoder can express, the prior
concentrates density on the nearest representable field rather than broadening to reflect the model’s
limitations.
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Figure 4.14: OOD calibration curves. The dashed line indicates ideal calibration.
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Figure 4.15: EIT out-of-distribution results. From left to right: ground-truth OOD conductivity, Laplace MAP estimate, posterior
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Discussion

5.1. Calibration and model discrepancy

Across the four benchmarks, point prediction quality is mixed: the Laplace posterior mean is closer to
the truth on continuous Darcy, NUTS is substantially better on EIT, and the two are similar on Burgers
(Table 4.3). The value of full MCMC therefore lies in calibrated uncertainty rather than improved point
estimates. The latent-space potential energy U(51) = Fgata + Fpde + Fprior IS NON-cOnvex in §; because
the decoders Gy, and Gy, are multi-layer neural networks. Although Fyata measures a squared error,
it does so after passing 3 through Gy, , whose nonlinearity creates multiple local minima in the loss
landscape. The same reasoning applies to Fyqe and Fprior. The Adam optimiser used for MAP estima-
tion can therefore settle in a suboptimal local minimum, while MCMC explores the full posterior and the
posterior mean draws on probability mass from regions that Adam never visits.

The calibration curves (Figure 4.9) split the four benchmarks into two groups. EIT and Burgers track
the diagonal closely, indicating well-calibrated posteriors at the likelihood settings used. Both Darcy
problems overcover at all nominal levels, but for different reasons. For continuous Darcy, the pos-
terior is informative (Cl width narrows 6x relative to the prior) yet wider than necessary, consistent
with og4ata €xceeding the combined measurement and surrogate error. The approximation error frame-
work of Kaipio and Somersalo [50] formalises this: the total observation error decomposes as o101 =
Enoise + (F(x) — f(x)), where F is the true forward map and f the neural network surrogate, soO o4ata
should reflect the combined standard deviation rather than the measurement noise alone. We have not
measured F(x) — f(z) directly, but the overcoverage pattern and the near-constant Cl width across the
noise sweep (Table 4.5) are consistent with o441, absorbing the surrogate error with margin to spare. Be-
cause MCMC does not introduce its own approximation bias, the overcoverage traces to the likelihood
specification and can be corrected by tightening og4ata. For piecewise Darcy, overcoverage reflects an
uninformative rather than a miscalibrated posterior: Cl width is 4.3 out of a possible range of 5.0, the
noise and sensor sweeps show near-complete insensitivity (Table 4.5, Table 4.6), and the posterior is
dominated by the flow prior across all experimental conditions.

The Laplace approximation (Table 4.3) fails outright on piecewise Darcy and is unreliable on Burgers,
while on EIT it produces oversmoothed posteriors with anti-correlated uncertainty. Only on continuous
Darcy does Laplace converge reliably, where it achieves better CRPS and narrower credible intervals
than NUTS, though NUTS still achieves a better NLL. The large cross-instance variance on this problem
means neither method dominates conclusively. The computational cost of full MCMC is justified by the
consistently well-calibrated posteriors it produces across all four problems.

5.2. Physics constraints during posterior sampling

The effect of including Fyq4e during sampling is problem-dependent (Table 4.7), and the pattern across
benchmarks reveals that the physics constraint is not a universal benefit but rather one whose effective-
ness depends on the interaction among observation model, posterior geometry, and hyperparameter
calibration. For EIT, the physics constraint provides an unambiguous improvement: it eliminates con-

35
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vergence failures, improves reconstruction accuracy, and tightens credible intervals. Because EIT
recovers the interior conductivity from boundary-only measurements, the data likelihood leaves sub-
stantial ambiguity in the interior field, and the PDE residual provides gradient information in precisely
those regions. For continuous Darcy, where dense interior sensors already constrain the posterior, the
physics term is at best redundant and at worst destabilising, with one test instance exhibiting sampler
failure under physics that does not occur under the data-only posterior. For piecewise Darcy, includ-
ing physics narrows credible intervals but degrades sampler convergence, with divergent transitions
and reduced ESS suggesting that F,qc reshapes the posterior geometry into a form that the sampler
struggles to explore. For Burgers, the physics constraint has no measurable effect.

The physics constraint helps when data alone leaves the posterior under-determined, but the benefit is
sensitive to how opqe interacts with the data likelihood. In our experiments, opqe Was tuned per-problem
and held fixed across test instances, yet the effect of including Fpqe varied substantially even within a
single benchmark, with one continuous Darcy instance exhibiting sampler failure under physics that did
not occur under the data-only posterior. The practical value of including Fpqe during sampling therefore
depends less on whether physics is available than on whether the noise scale can be appropriately
calibrated, motivating more systematic approaches to selecting opqge jointly with ogata.

Across the four benchmarks, this pattern is consistent with the conditioning of each data-only inverse
problem. Where observations are direct and dense, as in continuous Darcy with interior solution
measurements and Burgers with spatiotemporal observations, the data likelihood already constrains
the posterior tightly, and the PDE residual provides gradient information along directions that are al-
ready well-determined by the data. The solution decoder was itself trained with a PDE loss, so for
in-distribution latent vectors it already produces physically consistent solution fields, and the explicit
physics term adds little beyond what the decoder has learned. In this regime, the physics term does
not reduce uncertainty but does reshape the posterior, and we hypothesise that this additional curva-
ture is what destabilises the sampler in the continuous Darcy instance where convergence fails under
physics. Where observations are indirect and leave large portions of the domain unconstrained, as
in EIT with boundary-only measurements, the PDE residual provides gradient information in precisely
the under-determined directions, producing the clearest improvement. Piecewise Darcy falls between
these extremes, as the physics term narrows the posterior, indicating that it carries information the
data likelihood does not, but the mixed-formulation PDE residual for this problem involves the coeffi-
cient values directly (Appendix A), so its sensitivity differs between the two phases, creating a posterior
geometry that the sampler struggles to explore. The physics term therefore appears most useful when
the data likelihood leaves the posterior under-determined, and counterproductive when it reshapes an
already well-constrained posterior into a form that is harder to explore.

5.3. Learned prior limitations

A learned prior is valid only within its training distribution, so posterior estimates for OOD inputs are
not guaranteed to reflect the true uncertainty. Our experiments confirm this (Table 4.8). The flow prior
penalises any (3, that deviates from the learned latent distribution, pulling samples towards regions of
latent space that the encoder would produce for in-domain coefficient fields. When the true coefficient
field lies outside the training distribution, the posterior concentrates on the nearest representable field
rather than broadening to reflect the model’'s limitations. The severity depends on how far the true
input is from anything the decoder can represent. When the OOD input is only mildly different from the
training data, the posterior widens somewhat but not enough to maintain coverage. When the OOD
input is qualitatively unlike the training data, the posterior collapses onto the wrong in-domain field with
high confidence, producing uncertainty estimates that are both narrow and wrong (Table 4.8). This
failure mode is distinct from the well-documented phenomenon of deep generative models assigning
high likelihood to OOD data [51, 52]. In our setting, the prior correctly assigns low density to OOD
latent vectors but uses that density to pull the posterior towards the learned manifold.

The OOD scenarios tested in Section 4.6, such as higher frequencies and larger amplitudes, repre-
sent mild distributional shift where the training and test distributions share the same functional form.
In practice, the gap between synthetic training data and real-world observations is more severe. The
coefficient fields used for training, smooth Gaussian random fields or simple binary geometries, are
drastically simpler than real subsurface systems. Real geological formations exhibit multiscale hetero-
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geneity and irregular structures far beyond what these synthetic distributions can represent [53]. When
the training data cannot represent the complexity of the true coefficient field, the posterior will concen-
trate on the nearest in-domain field regardless of how different it is from reality, and the flow prior offers
no indication that this has occurred.

The piecewise Darcy problem is the exception to this pattern. Coverage remains at 100% for both in-
domain and OOD inputs, but this likely reflects the method’s inability to produce informative posteriors
for this problem rather than successful OOD detection. The posterior is dominated by the flow prior
across all experimental conditions (Table 4.8, Table 4.5, Table 4.6), Cl widths barely narrow from the
unconditional prior, and the OOD and in-domain I, values show no statistically significant difference.
The maintained coverage is coincidental rather than indicative of reliable uncertainty quantification.

This dependence on the training distribution limits the method’s applicability as a black-box uncertainty
quantifier. If the input may lie outside the training distribution, the posterior will underestimate uncer-
tainty without any indication that it is doing so.

5.4. Limitations

The posterior is conditional on the pre-trained encoder, decoder, and normalising flow networks, so
it quantifies uncertainty about the coefficient field but does not account for uncertainty in the network
parameters themselves. The coefficient decoder Gy, constrains what the posterior can represent. If
the decoder cannot express a particular field structure, no latent-space posterior will recover it. This
limitation is inherent to latent-space Bayesian methods such as those of [35, 36], and differs from weight-
space approaches [23] that integrate over network parameters. More generally, healthy convergence
diagnostics do not guarantee that the posterior is informative, since they measure only whether the
sampler has explored the target distribution, not whether that distribution is itself useful.

Most training-stage choices are inherited from the original IGNO implementation [7] without ablation.
These include the per-problem loss weights wqata @and wpge, the encoder and decoder architectures,
and the normalising flow configuration (Appendix F). The motivation behind these choices is not doc-
umented, and we do not know whether they were tuned or chosen by convention. The one change
we made was reducing the latent dimension from 128 to between 6 and 16, after observing that most
dimensions in the original configuration were effectively inactive, with standard deviations below 0.01.
These dead dimensions caused the normalising flow to converge to degenerate solutions rather than
capturing the structure of the active dimensions. This change was necessary for the normalising flow to
function as a meaningful prior, but the reduced dimensions were chosen empirically rather than through
a structured search.

The sampling procedure adds further hyperparameters on top of the inherited training configuration:
the likelihood noise scale oyata, the PDE noise scale opqe, the number of warmup and sampling steps,
the mass matrix structure, and the target acceptance probability. Our experiments vary the problem
conditions under which sampling is performed, such as noise level, sensor count, and whether physics
constraints are included, but do not ablate the sampling hyperparameters themselves. oyat, is calibrated
automatically per instance, and all other sampling settings are fixed across experiments for a given
problem. Because training-stage and sampling-stage choices interact, a proper ablation would require
retraining the IGNO model under each candidate setting and re-running the full downstream pipeline
for each problem, test instance, and seed, which is prohibitively expensive. The effect of these choices
on posterior quality therefore remains an open question.

The baseline and physics-constraint experiments evaluate on three test instances with three random
seeds each, while the sensitivity sweeps fix a single test instance to isolate the effect of each varied
quantity. Three test instances provide some coverage of instance-to-instance variability, but do not
constitute a statistical evaluation across the test distribution. Evaluating across a larger test set would
require running the full MCMC procedure for each instance, which is currently prohibitive. Wall-clock
times per method and benchmark are reported in Appendix G. In particular, the noise and sensor-count
sweep curves reflect the behaviour of a single test instance, so the variability of these trends across
the test distribution is unknown. Repeating the full sweep grid across multiple test instances was not
computationally feasible.
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The piecewise-constant Darcy benchmark uses permeability values & € {5,10}, a 2:1 contrast ra-
tio inherited from the DGenNO and IGNO experiments. This is at the mild end of the range found
in computational studies of subsurface flow, where 12:1 contrasts appear in comparable Bayesian
geometric inverse problems [5]. Real geological contrasts are far larger, with hydraulic conductivity
varying over approximately thirteen orders of magnitude across common rock and soil types [53]. Our
experiment is therefore a proof of concept for discrete-field posterior inference rather than a realistic
subsurface scenario. The higher-contrast experiments confirm this limitation (Table 4.2). At 20:1 and
200:1 contrast, the solution decoder’s test error rises from 0.025 to 0.59 and 0.96, meaning the for-
ward model progressively fails to learn the PDE. The difficulty traces to the conditioning of the operator:
for piecewise-constant coefficients, the conditioning of the discrete system scales with the contrast
ratio kmax/kmin [54]. The PDE residual (Appendix A) inherits this conditioning, so training gradients
are dominated by errors in regions where k takes its larger value while remaining insensitive to errors
elsewhere. This is visible in the training dynamics. The PDE loss fails to converge at 20:1 and 200:1
contrast while the data loss, which measures coefficient classification independent of the PDE operator,
converges normally regardless of contrast. The loss weight wpge Was also held constant across con-
trast levels, which further exacerbated this problem. Scalar rescaling alone cannot resolve the internal
ill-conditioning since it preserves the eigenvalue ratio within the PDE loss. Whether contrast-aware
weighing could extend the method to realistic contrast ratios remains an open question.

In the classical numerical analysis sense, conditioning is a property of the mathematical problem, not
the algorithm used to solve it, while stability is a property of the algorithm. If a problem is ill-conditioned,
no algorithm, however stable, will produce an accurate answer. Several of the limitations above fall
on the conditioning side: the contrast-ratio scaling of the PDE operator and the decoder’s inability
to represent certain field structures are intrinsic to the problem formulation and cannot be resolved
by improving the inference algorithm. The sampler convergence difficulties fall on the stability side
and could in principle be addressed with a better algorithm or better hyperparameter choices. This
conditioning-versus-stability distinction directs future effort, since algorithmic improvements can only
address stability-side limitations.

5.5. Future directions

The OOD experiments show that the posterior does not reliably detect distributional shift, and the gap
between synthetic training distributions and real-world coefficient fields is likely far larger than anything
tested here. Closing this gap is the main obstacle to using the method on real data. Fine-tuning the pre-
trained networks on a small set of real or high-fidelity observations is one way forward. The Bayesian
framework is well suited to guide this process, since posterior diagnostics such as poor convergence
or wide credible intervals can flag when the learned representations are inadequate for a given set of
observations.

The posterior formulation used in this work decomposes into independent data, physics, and prior terms.
The additive decomposition extends naturally to settings where the observation process involves more
than sparse sampling of the solution field. The EIT benchmark already demonstrates this to some
extent, as it recovers interior conductivity from boundary voltage measurements rather than direct field
observations. In many practical inverse problems, the gap between the physical field and the observed
data is wider, as it involves additional simulation stages. Replacing F,qe With a differentiable simulation
of the full observation process requires only that the pipeline supports gradient computation with respect
to B;. Complex observation models also introduce additional uncertainty sources that a point estimate
cannot capture but that the posterior can integrate over if they are encoded in the likelihood.

The computational overhead of MCMC relative to point estimation is substantial, ranging from approx-
imately 16-fold for EIT to over 450-fold for piecewise Darcy (Appendix G), and limits the method to
problems where the latent dimension is small enough for efficient mixing. Prior work reports MCMC
failure at 512 dimensions [32]. A conditional normalising flow trained to approximate p(5; | uops) directly
could provide fast initial posterior estimates at the cost of a single forward pass, with MCMC reserved
for cases requiring higher accuracy or guaranteed convergence. Reducing the effective sampling di-
mension through automatic identification of the latent dimension [6] or hierarchical latent structures [7]
would further extend the range of problems accessible to full posterior sampling.



Conclusion

PDE-constrained inverse problems are ill-posed, and responsible use of their solutions requires quan-
tifying the uncertainty in recovered parameters. Neural operator methods such as IGNO achieve ac-
curate deterministic reconstructions but produce only point estimates, leaving practitioners without a
measure of confidence in the result. This thesis extended IGNO’s inversion procedure to full Bayesian
posterior sampling by adding a normalising flow prior term and replacing gradient-based optimisation
with the No-U-Turn Sampler. The extension requires no retraining of any network component.

The experimental evaluation on four benchmark inverse problems addressed the three research ques-
tions posed in the introduction. For RQ1, Bayesian sampling in IGNO’s latent space produces well-
calibrated uncertainty estimates on in-domain problems, with empirical coverage between 93% and
100% at the nominal 95% level across all four benchmarks. The posterior mean matches or improves
on the Laplace MAP point estimate in every case, and sensitivity analyses confirm that the posterior
responds appropriately to changes in noise level and sensor count. The Laplace approximation, which
is orders of magnitude cheaper, fails on two of the four problems and does not consistently outper-
form NUTS where it succeeds. For RQ2, the effect of including the PDE constraint during sampling is
problem-dependent. The decoder was trained with a PDE loss and already produces physically con-
sistent fields for in-distribution inputs, so the explicit physics term adds little when observations are
dense. The physics constraint is most beneficial when observations alone leave the posterior under-
determined, as demonstrated by EIT, where boundary-only measurements leave the interior field un-
constrained and including the PDE residual eliminates convergence failures, improves accuracy, and
tightens credible intervals. For RQ3, the method does not reliably detect out-of-distribution coefficient
fields. The flow prior pulls the posterior toward the learned latent manifold, producing narrow credible
intervals that miss the true field. The severity varies across problems, from partial detection of dis-
tributional shift on continuous Darcy to the failure seen on EIT, where coverage drops from 97% to
23%.

The method’s main limitation is its dependence on the training distribution. Because the flow prior ac-
tively concentrates the posterior on the learned manifold, the uncertainty estimates are reliable only
when the true coefficient field is representable by the decoder. The most pressing open problem is
the gap between synthetic training data and real-world observations. Fine-tuning the pre-trained com-
ponents on limited real data, or replacing them with more expressive generative architectures, are
two routes worth pursuing. More broadly, the fundamental components of the inference procedure,
a low-dimensional latent space, a differentiable decoder, and a trainable density model on the latent
representation, are not unique to IGNO. Investigating whether the same posterior sampling approach
transfers to other encoder-decoder architectures is a natural direction for future work.
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Weak-form PDE residuals

This appendix derives the weak-form PDE residuals used in Fpqge for each benchmark problem. All
four benchmarks use the Particle Weak-form Neural Network (ParticleWNN) framework [41], which
replaces strong-form collocation with integration against compactly supported test functions.

A.l. ParticleWNN framework

The ParticleWNN approach distributes N, collocation points {wj}évz“l within the domain 2 and asso-
ciates each with a compactly supported radial basis function (CSRBF) test function w; centred at x;
with support radius R;. The test functions are Wendland CSRBFs, which are smooth, non-negative,
and vanish outside B(z;, R,) [41, 56]. For a PDE of the form N,[u] = f, the weak-form residual
against test function w; is obtained by multiplying both sides by w; and integrating over the support ball
B(zx;, R;). The weak residual for collocation point j is

1
Tw, (a,u) = | Zi(a,u;z) dz,

B(zj, Rj)| JB(a,,r,)

where Z; denotes the PDE-specific weak-form integrand obtained by multiplying the PDE by w; and,
where applicable, integrating by parts. The integrand depends on the specific PDE. The normalisation
by |B(xz;, R;)| ensures residuals are comparable across support balls of different sizes. Integration is
approximated by quadrature on an ngig X ngiq Uniform grid within each support ball.

A.2. Continuous Darcy flow

The strong-form PDE is —V - (kVp) = f on Q = [0, 1]? with p = 0 on 9. Multiplying by test function w;
and integrating by parts (using that w; vanishes on the boundary of its support ball) yields

/ kVp-Vw;dx = fw;de,
B; B;

where B; = B(xz;, R;). The weak-form residual is
1
ruy(hop) = 1 [ 69V = fuy) e (A1)
|Bjl| /5,

with k = Gy, (81) and p(x) = Gy, (B, ). This formulation requires only first-order derivatives of p, which
the MultiONet architecture provides via automatic differentiation. Quadrature uses ngig = 9.

A.3. Piecewise-constant Darcy flow

For piecewise-constant permeability, the strong-form PDE —V - (kVp) = f involves a discontinuous co-
efficient £ € {5,10}. The IGNO implementation uses a mixed formulation with auxiliary stress variables
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A.4. Electrical impedance tomography 47

s = (s1, s2) to handle this:

s =kVp,
_vS:f

Two separate MultiONet stress decoders Go,, and Gy, predict the stress components. The weak-form
PDE residual combines a constitutive residual and a divergence residual. The constitutive residual
penalises disagreement between the predicted stress and £Vp:

12 ps) = [ s~ k| de
! |Bj| JB,
The divergence residual enforces the PDE via integration by parts:
div 1
T (8) = —/ (s-Vw; — fw;)de.
! |Bj| J,

The total weak-form residual combines both: r,,, = reonst /N, rdV_ Quadrature uses Ngrid = 7-

'U)J' w 5 -

A 4. Electrical impedance tomography

The strong-form PDE is —V - (yVu) = 0 on Q = [0, 1]? with u = g on 99, where > 0 is the conductivity.
Since the source term vanishes, integrating against w; and applying integration by parts yields

/ v Vu-Vw;de = 0.
B

The weak-form residual is

Tw, (7, 1) v Vu - Vw; dz, (A.2)

 |Bj| Jg,

with v = Gy, (f1) and u(x) = Gy, (8, x). For EIT, the residual is evaluated for each of the L = 20

boundary conditions, with 3 = (51, él)) for the [-th boundary pattern. The total PDE residual averages
over all boundary conditions. Quadrature uses ngig = 7.

A.5. Burgers equation

The strong-form PDE is 0yu + udyu = Adg,u0on @ € [—1,1], t € [0, 1] with u(£1,t) = 0 enforced by the
mollifier m(x) = sin(wx/2+ w/2) applied to the decoder output. The solution decoder predicts @(z, t; 3)
and the physical field is « = @ - m(z). Distributing the PDE over the mollified field and multiplying by
a 1D Wendland test function w,; centred at (z,,t;) with radius R;, then integrating over the support
interval [z; — R;,z; + R;], yields the weak-form integrand

Ti(uyx,t) = Opu - wj + uOyu - wj + AOyu - dywj,

where integration by parts has been applied to the viscosity term (using that w; vanishes at the boundary
of its support). The weak-form residual is

1 l‘]’+R]’
Tw, (W) = Li(u;x,t;)dx.
s () lzj — Ry, + Ryl Ja; g, (1)

Integration uses 1D Wendland test functions with ngiq = 10 quadrature points per support interval. The
collocation points (z;,t;) are sampled uniformly over [—1, 1] x [0, 1] at each training iteration.



MCMC implementation details

This appendix describes the MCMC sampler used in Section 3.4 and reports convergence diagnostics
for all experiments.

B.1. Hamiltonian Monte Carlo

Hamiltonian Monte Carlo (HMC) achieves faster mixing than random-walk Metropolis-Hastings by in-
corporating gradient information [28]. HMC expresses the target density through a potential energy
U(q), with p(q) x exp(—U(q)), and introduces auxiliary momentum variables p with kinetic energy
K(p) = p" M~1p/2, where M is a mass matrix. Each iteration draws fresh momentum from A/(0, M)
and simulates Hamiltonian dynamics on H(q,p) = U(q) + K (p) using the leapfrog integrator, proposing
a new state far from the current one. Because the dynamics approximately conserve energy, these
distant proposals are accepted at high rates, avoiding the slow diffusive exploration of random-walk
methods. A Metropolis correction step ensures the chain has the exact target distribution as its sta-
tionary distribution despite the finite step-size discretisation error. In practice, HMC requires tuning two
parameters: the leapfrog step size ¢ and the number of integration steps L per proposal.

B.2. No-U-Turn Sampler

A critical challenge in HMC is choosing the trajectory length Le. NUTS adaptively sets trajectory length
by simulating forward and backward in time until the trajectory begins to return towards its starting point
(a U-turn condition). NUTS uses a binary tree structure to efficiently detect this. It also adapts the step
size e during a warmup phase via dual averaging, targeting a desired acceptance rate (typically 0.8).
This automatic tuning makes HMC practical without extensive hyperparameter search.

Algorithm 1 summarises the full posterior sampling procedure built on top of NUTS. The algorithm
takes as input the pre-trained IGNO networks and a set of observations, constructs the potential energy
function from the terms defined in Section 3.4, and returns an ensemble of plausible coefficient and
solution fields.
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B.2. No-U-Turn Sampler 49

Algorithm 1 Posterior sampling via NUTS in IGNO latent space

Input: Pre-trained networks Gy, , Gy, , Fy; observations ueps; noise scale oqata; PDE noise scale opge
(optional); warmup iterations N,,; sampling iterations N,; number of chains C
Output: Posterior coefficient fields {a(?)}<" " and solution fields {a ()}

Define potential energy:

U(ﬁl) — fdata(ﬁl? G(fua Uobs Udata) + ]:prior(ﬁl; Fqi))
if PDE constraints included then

U(B1) <= U(B1) + Fpde(B1; G, Go,» Opde)
end if

Initialise:
B F;1(0) > NF mode point

Warmup (N, iterations): adapt step size ¢ and mass matrix M via NUTS [43]

Sample:
forc=1,...,C in parallel do
fori=1,...,N,do
B NUTS(U, Vi, U, B9 e, M)
end for
end for

Decode: ‘
for each sample ,BY’C) do

a9 Gy, (8"

a9 () + Go, (B, Ba. -)
end for
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B.3. Implementation notes

Our implementation uses automatic differentiation (JAX framework) to compute gradients of the poten-
tial energy U (1) through IGNO’s fixed neural networks [57]. The NUTS step size, trajectory length, and
mass matrix are all adapted during warmup. For problems with d; < 10 (continuous Darcy and EIT), a
full dense mass matrix is adapted, while problems with d; > 10 (Burgers and piecewise-constant Darcy)
use a diagonal mass matrix. The target acceptance probability is 0.85 for most configurations and 0.95
when the observation noise is small (c4ata < 0.02). For the high-dimensional piecewise-constant Darcy
problem (d; = 200), the target acceptance probability is reduced to 0.65 and the maximum tree depth
to 8.

Table B.1: MCMC sampling configuration per benchmark problem.

Problem Warmup Samples/chain Chains Total samples
Darcy continuous 5,000 2,000 4 8,000
Darcy piecewise 15,000 5,000 4 20,000
EIT 5,000 2,000 4 8,000
Burgers 5,000 2,000 4 8,000

For the physics-constrained Burgers posterior (Section 4.5), the sampling count is increased to 3,000
per chain (12,000 total) to improve effective sample size under the more complex posterior geometry
introduced by the PDE residual term. The piecewise-constant Darcy problem uses sequential rather
than parallel chain execution due to the memory requirements of NUTS at d; = 200.

The observation noise scale o4,1, is selected per problem using one of two methods. Because the
pre-trained neural operator acts as an approximate forward model, o4ata Mmust account for model dis-
crepancy in addition to measurement noise [50]. For piecewise-constant Darcy, the MAP prediction
achieves low residual error at sensor locations, so oy4at5 is set to the RMSE of the MAP forward-model
prediction at those locations, floored at the known measurement noise level. This captures the residual
observation uncertainty after optimisation and adapts automatically to each test instance. For contin-
uous Darcy, EIT, and Burgers, o4ata is selected from a problem-specific candidate grid via short pi-
lot MCMC runs. Each pilot runs 2 chains for 2,000 warmup and 500 sampling iterations, initialised
at the flow mode. Posterior samples are decoded to coefficient fields and the empirical 95% cred-
ible interval coverage is computed. The candidate whose coverage is closest to the nominal 95%
level is selected, with an asymmetric loss that penalises overcoverage twice as heavily as undercov-
erage. Candidates with minimum effective sample size below 20 are excluded. The candidate grids
are {0.005,0.01,0.02,0.04,0.08,0.15} for continuous Darcy and {0.1,0.2,0.3,0.4,0.5,0.6} for EIT, and
{0.001, 0.002,0.003,0.005, 0.007,0.01} for Burgers, reflecting the different observation scales. Table B.2
reports the selected values. For the pilot MCMC method, the selected o4aq Can vary across seeds
because each seed produces a different posterior geometry.

Table B.2: Selected observation noise scale ogaa per benchmark (seed 42 baseline). For problems using pilot MCMC selection,
the value can differ across seeds.

Problem Selection method  oygata
Darcy continuous  Pilot MCMC 0.08
Darcy piecewise  MAP residual 0.012
EIT Pilot MCMC 0.3

Burgers Pilot MCMC 0.002




Laplace approximation baseline

The Laplace approximation constructs a Gaussian posterior centred at the MAP estimate, using the
local curvature of the negative log-posterior as the precision matrix [24]. It provides a computationally
cheap uncertainty baseline that assumes the posterior is approximately Gaussian.

The MAP estimate is obtained by running the deterministic inversion procedure in Algorithm 2 with the
hyperparameters from Table F.1.

Given f1y4p, the Hessian of the MAP inversion objective is computed via automatic differentiation,
symmetrised, and regularised with \I (A = 10~%). If the regularised matrix is not positive definite, its
eigenvalues are clipped to a small positive floor and the matrix is reconstructed. Posterior samples

are drawn from /\/(BlMAP, H~1') and clipped to [-1, 1] to respect the tanh support. The sample count
matches the NUTS baseline.
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Additional experimental results

D.1. Darcy continuous
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Figure D.1: Posterior sample gallery for the continuous Darcy baseline. The left panel shows the ground truth coefficient field.
The six right panels show decoded coefficient fields a(*) = Go, (BY)) from independent posterior samples.

Atrue Uops (Clean) Uobs SNR=50dB Uobs SNR=35dB Uobs SNR=25dB Uobs SNR=15dB
1.0 8 g 1.0 0.486 1.
0432 0.504
08 08 0378 0432
0324 0.360
0.6 0.6 0.270 0.288
0216 0216
o4 o4 0162 0.144
0.108 0.072
02 02 0.054 0.000
0.000 —
00 0. 000 0. 000 o, 00 00 .0 o072
000 025 050 075 1.00 000 025 050 075 1.00 000 025 050 075 1.00 0.00 025 050 075 1.00 000 025 050 075 1.00 000 025 050 075 1.00

Figure D.2: Observation fields for the continuous Darcy noise sweep at each SNR level. Columns show the solution field «
corrupted with increasing noise.
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Figure D.3: Posterior standard deviation fields across sensor counts for the continuous Darcy sensor sweep.
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Figure D.4: Posterior sample gallery for the piecewise Darcy baseline. The left panel shows the ground truth coefficient field.
The six right panels show decoded coefficient fields () = Gy, (BY)) from independent posterior samples.
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Figure D.5: Observation fields for the piecewise Darcy noise sweep at each SNR level. Columns show the solution field «
corrupted with increasing noise.
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Figure D.6: Posterior standard deviation fields across sensor counts for the piecewise Darcy sensor sweep.
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Figure D.7: Posterior sample gallery for the EIT baseline. The left panel shows the ground truth conductivity field. The six right
panels show decoded conductivity fields a(*) = Gy, (61”) from independent posterior samples.
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Figure D.8: Posterior standard deviation fields across sensor counts for the EIT sensor sweep.
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D.4. Burgers

Figure D.9: Posterior sample gallery for the Burgers baseline. Each panel shows a sampled initial condition &(i)(az) =
Gy, (,BY), (z,0)) - m(x) overlaid on the true initial condition.
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Figure D.10: Observation fields for the Burgers noise sweep at each SNR level. Panels show the solution u(z, t) corrupted with
increasing noise.
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Figure D.11: Posterior standard deviation across sensor counts for the Burgers sensor sweep.
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Normalising Flow Architecture Details

E.1. Base Distribution

The normalising flow Fj; : R — R% maps the learned latent distribution to a Beta(«, ) base distribu-
tion rescaled to [—1,1]%. The latent space (3 is constrained to [—1,1]% by the tanh activation in the
coefficient encoder Ey,. Using a bounded base distribution provides better support matching than an
unbounded distribution with infinite support, since the Beta density concentrates probability within the
bounded region where valid latent representations exist, avoiding wasted probability mass outside the
support and ensuring the flow learns the density structure within the physically meaningful region.

The symmetric Beta distribution on [0, 1] has density

Za—l(l _ Z)a—l
DBeta(2; @, @) = W
where B(a,a) = Egg()j) is the beta function. To rescale to [—1, 1], we apply the affine transformation

2/ = 2z — 1, yielding the base distribution density on [—1,1]%. The multivariate base density is the

product of marginals:
(11
1 zi +1
p=(2) = jl;[l ipBeta <J27 Q, 04) .

The shape parameter « differs across problems. Continuous Darcy and EIT use a = 8, piecewise-
constant Darcy uses o = 5, and Burgers uses « = 10. All four benchmark problems use this Beta base
distribution.

E.2. Neural Spline Flow Architecture

All four benchmark problems use neural spline flow coupling layers, which replace affine transforma-
tions with monotonic rational-quadratic splines [58]. This provides more expressive element-wise trans-
formations while retaining tractable Jacobian computations.

In each coupling layer, the input z € R¢ is split into two groups: z = (24, z5). The layer applies two
sequential transformations: first, each element of zp is transformed by a monotonic rational-quadratic
spline whose parameters are predicted by a conditioner network taking z4 as input; then z4 is trans-
formed by a second spline whose parameters are predicted by a conditioner taking the updated zg as
input. This double-sided structure ensures all dimensions are transformed in every layer. Each spline
is defined by K = 5 bins on a bounded interval [—B, B], with K + 1 knot points and K + 1 derivative
values at the knots. Monotonicity is enforced by requiring positive derivatives, implemented via a soft-
plus transformation. Since each half-transformation has a triangular Jacobian, the log-determinant of
the full layer is the sum of log-derivatives from both spline passes.

The number of coupling layers and conditioner hidden dimension are problem-dependent. Continuous
Darcy uses 2 coupling layers with conditioner hidden dimension 32. Piecewise-constant Darcy uses
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3 coupling layers with hidden dimension 128. EIT uses 3 coupling layers with hidden dimension 32.
Burgers uses 3 coupling layers with hidden dimension 56. Each conditioner is a two-hidden-layer fully
connected network with SiLU activations. The partition of dimensions alternates between coupling
layers to ensure all dimensions are transformed.



Implementation Details

All experiments were run on NVIDIA A40 GPUs provided by DAIC [55]. The software stack uses JAX
0.4.35 with CUDA 12 for automatic differentiation and JIT compilation [57], NumPyro 0.19 for the NUTS

sampler [59], Flax 0.8 for neural network modules, and Optax 0.2 for the Adam optimiser used in training
and MAP estimation.

This appendix provides problem-specific architectural and optimisation details for the four benchmark
inverse problems. The latent dimension d; differs across problems. Continuous Darcy and EIT use
di; = 6, piecewise-constant Darcy uses d; = 200, and Burgers uses d; = 16.

Algorithm 2 summarises the deterministic inversion procedure. All network parameters are fixed af-
ter training; only the latent code 3, is optimised. The learning rate follows a step decay schedule,
reducing by a factor v every S iterations. Table F.1 gives the per-problem hyperparameters. This pro-

cedure serves as both the MAP initialisation for NUTS sampling and the point estimate for the Laplace
approximation.
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Algorithm 2 Deterministic inversion via latent optimisation

Require: Pre-trained networks Gy, , Gy, , Fy; observations ueps; learning rate no; decay factor v; step

size S; total iterations T'

1: Draw N = 1000 samples {z(™}N_, from the base distribution and map through the inverse flow:
Y =F )

2: Initialise 8; « & SN, g™

3: Initialise Adam optimiser with learning rate 7y

4. fort=1,...,T do

5:  Decode fields: a = Gy, (1), u(x) = Gy, (8, )

6: Compute objective F(31) = Fyata(51) + Fpde(51)

7. Update 3, with Adam using Vg, F

8: ift mod S =0 then

9 n<vy-n

10: end if
11: end for

12: return G}, recovered coefficient a* = Gy, (87), predicted solution @*(x) = Gy, (8%, x)

Table F.1: Deterministic inversion hyperparameters for each benchmark. All problems use the Adam optimiser with step-decay
learning rate scheduling. ng: initial learning rate; S: decay step size; ~: decay factor; T total iterations; M: number of
observations.

Problem Mo S ~ T Wdata / Wpde M
Darcy continuous 0.01 125 0.8 1000 50/ 1 100
Darcy piecewise 01 200 0.1 1000 1/1 100
EIT 0.01 125 0.25 1000 100/ 1 124
Burgers 0.01 125 0.8 1000 50/1 100

F.1. Continuous Darcy flow

The coefficient encoder Ey, takes the permeability field evaluated on a 29 x 29 uniform grid as input. It
consists of a convolutional neural network (CNN) with three hidden layers (64 output channels, kernel
size 3 x 3, stride 2) followed by a fully connected network with hidden layers of 128 and 64 neurons.
SiLU activations are used in all hidden layers, with a tanh activation on the output layer to constrain
p1 € [—~1,1]%. Since the boundary condition is fixed (p = 0 on 952), the boundary encoder is omitted

and 3 = ;.

Both the solution decoder Gy, and coefficient decoder G, use the MultiONet architecture with 6 hidden
layers of 100 neurons each in both branch and trunk networks. The activation function is TanhSin(z) =
tanh(sin(7mx 4+ 7)) + . A mollifier f(x) = sin(7x1) sin(7wz,) is applied to the solution decoder output to
enforce the homogeneous Dirichlet boundary condition automatically.

The weak-form PDE residual (Eq. A.1) uses N, test functions on an ngi¢ = 9 quadrature grid per
support ball.

IGNO training uses Adam with initial learning rate 5 x 10~* and weight decay 10~4, halved every 400
epochs, a batch size of 50, and a total of 2,000 epochs. The loss weights are Apge = 1.0 and Agata = 0.25.
The normalising flow is trained jointly with a loss weight of 0.0125. In addition to the weighted loss terms,
training includes a top-k penalty that sums the largest squared residuals within each batch to improve
robustness to outlier collocation points. The number of penalised residuals and relative weighting are
problem-dependent.

F.2. Plecewise-constant Darcy flow

The coefficient encoder Ey_ is a fully connected network. The 29 x 29 coefficient image is flattened
into a vector and passed through two dense layers with 448 and 224 neurons respectively, with SiLU
activations and a tanh output.
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The solution decoder uses the MultiONet architecture with 5 hidden layers of 100 neurons each and
TanhSin activation. The coefficient decoder outputs logits for per-pixel binary classification using the
MultiONet architecture with 5 hidden layers of 256 neurons each. The trunk network uses the activation
SiLU_Sin(xz) = SiLU(sin(rz 4+ 7)) + «, and the branch network uses SiLU_ld(z) = SiLU(z) + z. A
sigmoid activation maps the logits to predicted probabilities p; € [0,1] for each grid point, and the
reconstruction loss is the binary cross-entropy corresponding to the Bernoulli likelihood in Eq. 3.1. At
inference time, a threshold of 0.5 is applied to obtain binary coefficient values a(x;) € {kiow, knign }-

Two additional stress decoder networks G(,Sl and GHSZ predict the auxiliary stress variables used in
the mixed weak-form formulation. Each stress decoder uses the MultiONet architecture with 5 hidden
layers of 100 neurons each. The weak-form PDE residual uses ngiq = 7 quadrature points per support
ball.

IGNO training uses Adam with initial learning rate 5 x 10~* and weight decay 10—, halved every 200
epochs, a batch size of 25, and a total of 1,000 epochs. The loss weights are Apge = 1.0 and Agata = 1.0.
The normalising flow is trained separately for 2,000 epochs with Adam at learning rate 103.

F.3. Electrical impedance tomography

The coefficient encoder Ey, takes the conductivity field on a 32 x 32 uniform grid. It consists of a CNN
with four hidden layers (64 output channels, kernel size 3 x 3, stride 2) followed by a fully connected
network with one hidden layer of 32 neurons, with SiLU activations and a tanh output.

The boundary encoder Ej, uses one-hot encoding: for boundary condition g;, the latent vector 5, =
e; € R?°, where ¢; is the I-th standard basis vector. This enables IGNO to handle the L = 20 boundary
voltage patterns efficiently.

Both the solution decoder and coefficient decoder use the MultiONet architecture with 5 hidden layers
of 100 neurons each and TanhSin activation. A mollifier f(x) = sin(7z;) sin(7z2) enforces boundary
conditions: @ = Gy, (3, x) - f(x) + g/(x).

The weak-form PDE residual (Eq. A.2) uses ngig = 7 quadrature points per support ball, evaluated for
each of the . = 20 boundary conditions.

IGNO training uses Adam with initial learning rate 5 x 10~* and weight decay 10—, halved every 200
epochs, a batch size of 100, and a total of 2,000 epochs. The loss weights are A\pge = 1.0 and Agata = 1.0.
The normalising flow is trained separately for 2,000 epochs with Adam at learning rate 103.

F.4. Burgers equation

The coefficient encoder Ey, takes the initial condition field a(x) = u(z, 0) evaluated on a uniform spatial
grid as input. It is a fully connected network with layers [nmesh, 128, 64, 16], ELU activations in hidden
layers, and a tanh output activation to constrain 3; € [—1,1]'¢. Since the boundary conditions are fixed
(u = 0 at x = +1), the boundary encoder is omitted and 3 = ;.

The solution decoder Gy, uses the MultiONet architecture with 6 hidden layers of 100 neurons each
in both branch and trunk networks, with a TanhSin activation. It takes space-time coordinates (z,t) €
[-1,1] x [0, 1] as input and the latent code /3, as the branch input. The mollifier m(z) = sin(rx/2+7/2)
is applied to the decoder output to enforce zero boundary conditions at x = +1. Unlike the Darcy
and EIT problems, Burgers has no separate coefficient decoder; the initial condition is recovered as

a(r) = u(z,0; B1) = Go, (b1, (2,0)) - m(x).

The normalising flow uses a neural spline flow with 3 coupling layers and conditioner hidden dimension
56, with a Beta(10, 10) base distribution on [—1, 1]1°.

IGNO training uses Adam with initial learning rate 10~2 and weight decay 10—, decayed by a factor of
1/3 every 1,000 epochs, a batch size of 50, and a total of 5,000 epochs. The loss weights are A\pge = 1.0
and Agata = 10.0. The normalising flow is trained separately for 300 epochs with Adam at learning rate
1073,



Wall-clock computational times

Table G.1: Wall-clock times (seconds) per test instance for each inference method and benchmark. MCMC columns report
the time for MAP initialisation (shorter optimisation for NUTS starting point), NUTS warmup, and posterior sampling. Laplace
columns report MAP estimation (Table F.1), Hessian computation, and sampling from the Gaussian approximation. Piecewise
Darcy Laplace entries are absent because all instances had negative Hessian eigenvalues. Each cell reports the mean +
standard deviation across three seeds, where each seed’s value is the average over three test instances. MCMC with physics
is 2—4 x slower than data-only MCMC, while Laplace is 30-100x faster than data-only MCMC overall.

MCMC (data-only) MCMC (with physics) Laplace
Problem MAP Warmup Sampling MAP Warmup Sampling MAP Hessian Sampling
Darcy continuous 8.8 £0.064 400 + 260 130 £ 72 8.24+0.17 4400+ 560 1700+210 11+0.048 4.440.0020 0.67 & 0.0068
Darcy piecewise 124+1.2 3900 £260 1600+310 4.3+0.055 13000+34 4400+190 15414 n/a
EIT 12+ 0.89 140 £+ 22 37+28 10 £0.22 190 £ 3.7 40+4.5 14 £0.43 5.6+£0.15 0.70 £ 0.015
Burgers 8.4 +0.55 440 £ 54 190+29 7.2+£0.034 560+ 71 350+54 9.2+0.032 3.3+£0.043 0.68+0.011
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Reproducibility statement

All source code for the methods and experiments presented in this thesis is publicly available at https:
//github.com/lhenrypage/b-igno.

All randomness is managed through JAX’s functional pseudorandom number generator [57], which
carries no global mutable state. A single integer seed determines the full sequence of random opera-

tions in both training and posterior inference, and all experimental results are evaluated across three
independent seeds.

TF32 arithmetic is disabled, 64-bit mode is enabled, and matrix multiplication precision is forced to full
float32 to prevent numerical discrepancies in PDE gradient computations. Same-seed runs on identical
hardware reproduce identical results.
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