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Abstract

Recent years have seen an increase in studies focusing on data-driven techniques to enhance mod-
elling approaches like the two-equation turbulencemodels of Reynolds-averagedNavier-Stokes (known
as RANS). Different methods have been implemented to improve the results from these simulations. In
particular, the main focus has been on overcoming the limitations implied by the Boussinesq assump-
tion [8]. This has been approached by using machine learning techniques as a way of discovering new
formulations that could overperform when compared to traditional models.

Despite promising results for steady RANS simulations, little has yet been investigated in URANS
applications. In this dissertation, this lack of research will be addressed. The main ideas are then, first,
to see how the available information in URANS simulations can be used to improve the anisotropic
Reynolds stress tensor prediction, and second if and how this can be done by using a sparse regression
technique, whose framework is known as SpaRTA [36]. A procedure involving the triple decomposition
of High-Fidelity velocity fields is applied, aiming at finding a model exclusively for the stochastic compo-
nent of the anisotropy [21]. The test case which is considered is the flow around a cylinder at Re = 3900.
The High-Fidelity data was collected by running Large Eddy Simulations in OpenFOAM, after which the
velocity was split into its different components through Proper Orthogonal Decomposition.

A priori results have shown good performance of the trained models, outperforming the Boussinesq
assumption both in the prediction of turbulence componentiality and also on the values of the single
anisotropy components.
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1
Introduction

As already previewed from the title of the dissertation, this study is focused on turbulence modelling.
Let us first start with a simple question: why are we interested in turbulence? Turbulence is a common
physical characteristic of fluid flows. In wind turbine design, knowledge of the turbulence in the incoming
flow and in the blade boundary layers is important for performance; in internal combustion engines,
vigorous turbulence increases fuel/air mixing, improving overall efficiency and reducing emissions; and
in airplane design, delaying the occurrence of turbulence in boundary layers over the wing surfaces
leads to reduced fuel consumption [10]. It is then of continuous interest to develop techniques to
simulate and predict turbulent flows.

The difficulties in the representation of turbulent motions are due to the broad range of active spatial
and temporal scales involved and to the strong chaotic nature of the phenomenon. The continuous
growth of computer power has enabled direct numerical simulations (DNS) of a number of turbulent
flows. DNS exactly resolve the Navier-Stokes Equations, hence providing a fully resolved velocity field,
where no approximation is introduced. However, this is possible only for simple flows at low Reynolds
numbers. In fact, for example, it would take years to resolve the flow around an airplane by means of
DNS simulations.

This is the main reason why, especially for practical applications, simplified engineering approxi-
mations remain popular and widely used. Among these, Reynolds-averaged Navier-Stokes (RANS)
and large-eddy simulation (LES) approaches are the most common. In this study, particular focus will
be on RANS. These models are constructed using a formal averaging procedure applied to the ex-
act governing equations of motion and require closures to represent the turbulent stresses and scalar
fluxes emerging from the averaging process. The inherent assumptions in the RANS approach and
the process of formulating closure models introduce potential accuracy limitations and, consequently,
reduced credibility in the predictive power of the approach. During the last few years, to overcome such
limitations, research in the use of data-driven techniques has been performed.

Due to improvements in computational power and the increased availability of large data sets, data
science is nowadays implicated in many different disciplines. In addition, significant improvements
in data analytics and machine learning (ML) techniques have paved the way for further and more
widespread use. Different ML techniques are commonly used today in financial and commercial ap-
plications such as stock trading, fraud detection, etc. and scientific applications such as genomics,
astrophysics, fluid mechanics, and natural language processing [11].

Depending on the application, the objectives of the tasks can be a combination of automated cluster-
ing and classification, feature extraction, predictive modelling and improved decision-making. Specif-
ically, in the area of turbulent flows, previous efforts have used Elastic Net Regression and Gene
Expression Programming for the purpose of tensor modelling [36][42], field inversion and neural net-
works (FIML) to extract spatio-temporal model discrepancies and reconstruct the discrepancies into
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functional forms that are embedded within physical models [17], neural networks for learning nonlocal
constitutive models [48], etc.

The thesis work, that I conducted, places itself in the area of tensor modelling, through the applica-
tion of Elastic Net Regression. Such regression technique has shown the ability to come up with alge-
braic expressions that can be easily implemented as a substitute for the modelled Reynolds stresses.
The novelty of the work here presented comes from the fact that it is not employed for correcting
RANS simulations, but for URANS applications, which means that only the stochastic contribution to
the Reynolds stresses will be modelled through the ML algorithm mentioned above.

The structure of the dissertation is then organised as follows. In Chapter 2, some theoretical no-
tions are introduced, which are necessary to understand this work and the objectives of this research.
Chapter 3 provides a review of past research and works in data-driven turbulence modelling, as well
as highlighting the advantages and disadvantages of specific methodologies. This leads to Chapter 4
where the scientific gaps are pointed out, and so the research questions that will be addressed in this
Thesis are exposed. In Chapter 5, it is explained the test case and the CFD simulations that were run
for collecting the high-fidelity data. Chapter 6 is then the main player of this dissertation since the de-
veloped novel methodology is presented in depth. Last but not least, in Chapter 7 the results obtained
are presented, followed by final conclusions and suggestions for eventual future work.



2
Turbulence Modelling

2.1. Turbulence
2.1.1. What is turbulence?
In our everyday surroundings, there are a lot of opportunities to observe turbulent flows, whether it
be smoke from a chimney, water in a waterfall, or the buffeting of a strong wind. When observing a
waterfall, it can immediately be detected that the flow is irregular, unsteady, seemingly random and
chaotic, and surely the motion of every eddy or droplet is unpredictable.
An essential feature of turbulent flows is that the fluid velocity varies significantly and irregularly in both
space and time. Figure 2.1 shows a typical time history of the velocity of a turbulent flow field at a given
spatial location. The dashed horizontal line shows the mean velocity denoted by U , defined as:

U =
1

T

Z t0+T

t0

U(t) dt (2.1)

It may be observed that the velocity U(t) shows significant fluctuations and the time history features
variations on a wide range of timescales [31].

Figure 2.1: Temporal evolution of a turbulent velocity signal.
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2.1. Turbulence 4

In engineering applications turbulent flows are prevalent. For example in the processing of liq-
uids/gases with pumps, compressors, pipelines, etc., the flows are generally turbulent. Similarly, the
flows around vehicles are mainly turbulent. An important characteristic of turbulent flows is their abil-
ity to better transport and mix fluids when compared to laminar flows. This can be an advantage, for
example when thinking of a combustion chamber, where we want the mixing to be as more efficient
as possible. However, this can also be a disadvantage, because this tendency comes with additional
drag, which we usually want to minimize when designing external aerodynamic surfaces, such as on
cars or on aircraft wings.

2.1.2. Description of turbulent flows
When considering turbulent flows, the first way of providing a categorization is to distinguish between
small-scale turbulence and large-scalemotions. The latter ones are strongly influenced by the geometry
of the flow, hence the boundary conditions. Their nature then depends on the dimensions of the flow
field, its characteristics and/or on external bodies generating flow disturbances. On the contrary, the
behaviour of the small-scale motions is determined almost completely by the rate at which they receive
energy from the large scales, and by the viscosity. They then have a universal character, since they
are somewhat independent of the flow geometry.

When talking about turbulent flows, we have to mention the importance of two quantities of interest:
the turbulent kinetic energy and the anisotropy of the Reynolds stresses. The turbulent kinetic energy
is the mean kinetic energy per unit mass associated with eddies in a turbulent flow. Mathematically, it
is written as follows:

k =
1

2

�
(u0)2 + (v0)2 + (w0)2

�
(2.2)

where the turbulent velocity component u0 is the difference between the instantaneous and the average
velocity. The turbulent kinetic energy is then a quantitative measure that defines the flow behaviour, in
particular, it gives an indication about how turbulent the flow is. If the flow were purely laminar along
all three orthogonal directions, then the turbulent kinetic energy would be zero.

Anisotropy is also a quantity that tells us about the type of turbulence. In particular, it is a measure
of the degree of departure from the ideal isotropic turbulence. The scaled Reynolds stress anisotropy
bij is derived from the Reynolds stress tensor �ij according to the formula:

bij =
u0

iu
0
j

2k
� �ij

3
; �ij =

(
1; if i = j

0; if i 6= j0
(2.3)

The Reynolds stress anisotropy tensor is the most trustful entity to characterize the turbulence and
to ground the hypotheses which are made in classical theoretical development [9]. In fact, its second
and third mathematical invariants describe the possible states of realizable turbulence by means of the
anisotropic invariant map or the Lumley triangle.

Related to the turbulent kinetic energy, is the concept of energy cascade. As a first step, the kinetic
energy enters the turbulence at the largest scales of motion. By inviscid processes, this energy is then
transferred to gradually smaller scales until, at the smallest scales, the energy is dissipated by viscous
action. Such procedure is represented in Figure 2.2. The large eddies take energy from the mean flow
via the Reynolds stresses, through velocity gradient or shear, and feed it down a cascade. This energy
transfer proceeds until the local Reynolds number is sufficiently small that the eddy motion is stable,
and molecular viscosity is effective in dissipating the kinetic energy into thermal energy. The Reynolds
number is a non-dimensional quantity that relates the amount of inertial forces to viscous forces. It is
defined as:

Re =
uL

�
=

�uL

�
(2.4)

where

• � is the density of the fluid (kg/m3)
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Figure 2.2: Energy transfer from the largest scales to the smallest ones (taken from [39]).

• u is the flow speed (m/s)

• L is the characteristic length (m), which for example for the flow around the cylinder is the diameter
D

• � is the dynamic viscosity of the fluid (kg/(m � s))

• � is the kinematic viscosity of the fluid (m2/s)

When the Reynolds number is small it means then that the viscous forces are dominating over the
inertial forces, and hence the main action is the one from the dissipating molecular viscosity.

The smallest scales were identified by Kolmogorov [20], who developed a theory based on three
hypotheses. The assumptions are the following [31]:

• Kolmogorovôs hypothesis of local isotropy. At sufficiently high Reynolds number, the small-
scale turbulent motions (l � l0) are statistically isotropic, where l0 is the scale of the largest
eddies, comparable to the flow scale L.

• Kolmogorovôs first similarity hypothesis. In every turbulent flow at a sufficiently high Reynolds
number, the statistics of the small-scale motions (l < lEI ) have a universal form that is uniquely
determined by � and �, which are respectively the kinematic viscosity and the rate of dissipation
of turbulent kinetic energy.

• Kolmogorovôs second similarity hypothesis. In every turbulent flow at a sufficiently high
Reynolds number, the statistics of the motion of scale l in the range l0 � l � � have a uni-
versal form that is uniquely determined by �, independent of �.
� is the so-called Kolmogorov length scale and defined as (�3/�)1/4. It is the scale of the finest
pulsations, whose energy is directly dispersed into heat energy due to viscosity.

Based on these hypotheses, the following subdomains are defined:

Figure 2.3: Subdivison of lengthscales (taken from [31]).
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The lengthscale lEI is then the demarcation between the anisotropic large eddies and the isotropic
small eddies. As the energy goes through the cascade, the directional information and the information
about the geometry of the large eddies are lost. That is why we say that the statistics of the small-scale
motions are universal, similar in every high Reynolds number turbulent flow.
An additional separation was introduced with the second hypothesis. A length scale where viscous
effects are negligible and in Figure 2.3 titled as inertial subrange. As a consequence, the eddies in this
range are independent of �, and only motions in the dissipation range experience viscous effects and
hence they are responsible for all the dissipation.

In this dissertation, incompressible flows are considered. Such type of flows are governed by a
set of differential equations, whose solution defines the variation of each field variable with respect
of space and time. The main equation we need to consider is the momentum equation. Based on
Newton’s second law, it relates the fluid particle acceleration DU/Dt to the surface forces and body
forces experienced by the fluid. In general, surface forces are described by the stress tensor �ij , which
is symmetric (�ij = �ji). Concerning the body forces, the one of interest is gravity. Defining 	 as the
gravitational potential, the body force per unit mass is

g = �r	 (2.5)

The surface and body forces together cause the fluid to accelerate according to themomentum equation

�
DUj

Dt
=

@�ij

@xi
� �

@	

@xj
: (2.6)

If we restrict the study to flows of constant-property Newtonian fluids, we have that the stress tensor is
given by the expression

�ij = �P�ij + �

�
@Ui

@xj
+

@Uj

@xi

�
(2.7)

where P is the pressure and � is the dynamic viscosity coefficient. By substituting this expression into
the momentum equation (2.6), and reminding that � and � are uniform and that r � U = 0, we obtain
the so-called Navier-Stokes equations

�
DUj

Dt
= �

@2Uj

@xi@xi
� @P

@xj
� �

@	

@xj
(2.8)

In addition, by defining the modified pressure p as

p = P + �	

the equation simplifies to
DU

Dt
= �1

�
rp + �r2U (2.9)

where � � �/� is the kinematic viscosity. In conclusion, the behaviour of constant property fluids,
both laminar and turbulent flows, is described by the Navier-Stokes (N-S) equations together with the
solenoidal condition r � U = 0 derived from mass conservation.

It has to be remarked that the N-S equations are valid when the continuum hypothesis is valid,
which means that the mean free path of the molecules is very small relative to the smallest physical
length scale [39]. This validity is controlled by the Knudsen number Kn = �/l where � is the mean
free path, while l is the smallest geometric length scale. When Kn � 1, and this is the case since
even the smallest turbulent lengthscales exceed the molecular scales, the flow can be considered as
a continuous matter, which obeys the laws of conservation presented above.

All the equations governing turbulent flows were presented, specifically the Navier-Stokes equations.
When they are directly solved, without anymodelling introduced, it is said to be running Direct Numerical
Simulations (DNS). However, this is possible only for simple flows. In fact, as the number of cells and
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the Reynolds number increase, it becomes computationally too expensive to resolve them explicitly.
In order to simulate flows for more complex applications, for example, flows around cars, planes, etc.,
some simplifications have to be introduced, which we will see in the next section.

2.1.3. Turbulence modeling and RANS
The simplest way of resolving/modeling turbulence is by introducing the Reynolds decomposition [32].
Such procedure leads to the split of the velocity U(x; t) into its mean U(x; t) and the fluctuation u

0
(x; t),

such that we have
U(x; t) = U(x; t) + u0(x; t) (2.10)

Let us see now how we can obtain the most basic equations, which govern the mean velocity field
U(x; t). We can start by taking the mean of the momentum equation, which is not straight-forward,
because of the nonlinear convective term. Applying the averaging operator to the substantial derivative
in conservative form, we obtain:

DUj

Dt
=

@Uj

@t
+

@

@xi
UiUj (2.11)

At this point, we then substitute the Reynolds decomposition (equation (2.10)) for Ui and Uj ,

UiUj =
�
Ui + u0

i

� �
Uj + u0

j

�
= Ui Uj + u0

iUj + u0
jUi + u0

iu
0
j

= Ui Uj + u0
iu

0
j :

(2.12)

The velocity covariances u0
iu

0
j are known as the Reynolds stresses. By injecting equation (2.12) into

equation (2.11), we come to the following:

DUj

Dt
=

@Uj

@t
+

@

@xi

�
Ui Uj + u0

iu
0
j

�
=

@Uj

@t
+ Ui

@Uj

@xi
+

@

@xi
u0

iu
0
j

(2.13)

where we get to the second step by using the continuity equation r � U = 0 and hence @Ui/@xi = 0.
It is possible to re-express the obtained result by introducing the mean substantial derivative

D
Dt

� @

@t
+ U � r (2.14)

Generally speaking, for any quantity Q(x; t), DQ/Dt represents its rate of change following a point
moving with the local mean velocity U(x; t). By using the derivative from equation (2.14), equation
(2.13) can be contracted and rewritten as

DUj

Dt
=

D
Dt

Uj +
@

@xi
u0

iu
0
j (2.15)

It can be readily seen that the mean of the substantial derivative DUj/Dt does not match the mean
substantial derivative of the mean D Uj/Dt. In fact a new term appeared, which is the derivative of the
covariances of the velocity fluctuations. Since the other terms in the momentum equation are linear
in U and p, it is now easy to take the mean of the momentum equation. The result is the well known
Reynolds-averaged Navier Stokes (RANS) equations

D Uj

Dt
= �r2Uj �

@u0
iu

0
j

@xi
� 1

�

@p

@xj
(2.16)

Equations (2.9) and (2.16) look very similar, with the crucial difference that the RANS equations have
the term involving the Reynolds stresses. This term is important, since it is the reason why the RANS
equations cannot be solved directly.
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It is recognized as the closure problem, since such set of equations is said to be unclosed. The
reason is that there are more unknowns than equations. The RANS equations can in fact be written
as three momentum equations for the three velocity components, and one mean continuity equation,
so four equations in total. These equations need to be solved for U and p, but also for the Reynolds
stresses u0

iu
0
j .

When discussing turbulence modelling, much of it revolves around the modelling of these Reynolds
stresses. In the next chapter, further details about various turbulence models are given.

2.2. URANS: Unsteady Reynolds Averaged Navier Stokes
2.2.1. Governing equations
In the previous section, the RANS equations have been introduced (equation (2.16)). The peculiarity
comes from the fact that they are solved for the mean velocity field U . In order to treat the unsteady
version of the Reynolds Averaged Navier Stokes equations, we recall the triple decomposition of the
velocity [4], which performs an additional split on the fluctuating quantity u

0
(x; t) (equation 2.10):

U(x; t) = U(x)| {z }
mean component

+ eu(x; �(t))| {z }
deterministic component

+ u00(x; t)| {z }
stochastic component

(2.17)

where the mean component is independent of time and the deterministic part is phase-dependent. If
we merge these two quantities together we can rewrite the triple decomposition as follows:

U(x; t) = eU(x; t)| {z }
resolved fluctuation

+ u00(x; t)| {z }
modelled turbulent fluctuation

(2.18)

The same decomposition can also be applied to the values of pressure, and hence: p(x; t) = eP (x; t) +

p
00
(x; t).

For simplicity we now refer to eUi(x; t) and u00
i (x; t) as eUi and u00

i respectively, and similarly for the
pressure terms.

In order to obtain the Unsteady Reynolds Averaged Navier Stokes equations, we substitute the
decomposition proposed above into the incompressible Navier Stokes equations, which, as a reminder,
are the following:

@Ui

@xi
= 0 (2.19)

@Ui

@t
+ Uj

@Ui

@xj
= �1

�

@p

@xi
+ �

@2Ui

@xj@xj
(2.20)

The first equation represents the continuity equation, while the second one, the momentum equation.
Now, by substituting the decomposition of the velocity into the Navier Stokes equations reported

above, we retrieve:
@(eUi + u

00

i )

@xi
= 0 (2.21)

@(eUi + u
00

i )

@t
+ (eUj + u

00

j )
@(eUi + u

00

i )

@xj
= �1

�

@( eP + p
00
)

@xi
+ �

@2(eUi + u
00

i )

@xj@xj
(2.22)

Making use of the product rule we can rewrite the second term on the left handside as follows:

(eUj + u
00

j )
@(eUi + u

00

i )

@xj
=

@(eUj + u
00

j )(eUi + u
00

i )

@xj
� (eUi + u

00

i )
@(eUj + u

00

j )

@xj| {z }
= 0

(2.23)

From the continuity equation, we have that the last term cancels out, and hence:

@(eUi + u
00

i )

@t
+

@(eUj + u
00

j )(eUi + u
00

i )

@xj
= �1

�

@( eP + p
00
)

@xi
+ �

@2(eUi + u
00

i )

@xj@xj
(2.24)
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If we now split the terms of the above equation and we apply an averaging operation, we obtain:

@ eUi
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+
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00
i

@t|{z}
= 0

+
@ eUi

eUj

@xj
+

@ eUiu
00
j

@xj| {z }
= 0

+
@u

00
i
eUj

@xj| {z }
= 0

+
@u

00
i u

00
j

@xj
= �1

�

@ eP
@xi

� 1

�

@p00

@xi|{z}
= 0

+�
@2 eUi

@xj@xj
+ �

@2u
00
j

@xj@xj| {z }
= 0

(2.25)

where the time derivative of the fluctuating term cancels out since its average is zero, while the terms
multiplying a deterministic component by a stochastic one are cancelled because of their uncorrelation.
Finally, rearranging some of the terms and making use of the averaging properties, we obtain the
URANS equations:

�

"
@ eUi

@t
+ eUj

@ eUi

@xj

#
= � @ eP

@xi
+

@

xj

 
�

@ eUi

@xj
� �u

00
i u

00
j

!
(2.26)

If we compare them to the RANS equations (2.16), we can see that they are essentially the same
equations, with the difference that the resolved velocity is now time-dependent, so also some fluc-
tuations are being resolved, and the modelled Reynolds Stresses are based only on the turbulent,
stochastic fluctuations.

In the figure below, the different combinations of modelled and resolved turbulence are represented
for RANS, URANS, LES and DNS simulations in the energy cascade.

Figure 2.4: Spectrum for turbulent kinetic energy overlaid by turbulence modelling techniques with ranges of resolved and
modelled turbulence. Horizontal dashed grey lines: modelled turbulence; solid black lines: resolved turbulence (taken from [3]

and modified).

Both RANS and URANS do not resolve turbulence. In fact, it is from the first dashed line that
turbulence is being resolved, in the range of -5/3 decay [31]. LES simulations do this in part. Unsteady
motions are, however, resolved by URANS simulations, but not by RANS.
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2.2.2. Eddy-viscosity models
In Section 2.1 we introduced the problem of turbulence closure. As a reminder, when we apply the av-
eraging operation to the Navier Stokes equations, a new term appears, which is the Reynolds Stresses.
At this point, there are fewer equations available than the number of variables, so some sort of modelling
has to be implemented in order to resolve the RANS/URANS equations.

With regard to closing the RANS equations, it is possible to apply the same idea behind the Newto-
nian closure for the viscous stress tensor. In that case, the viscous stress tensor is linked to the fluid
motion using a flow property called molecular viscosity �.
A similar parallel is referred to as the Boussinesq assumption [8]. Such approximation tries to relate the
Reynolds stresses to the fluid motion by introducing a new term called ”eddy” or ”turbulent” viscosity.
According to this,

�ij = u0
iu

0
j = ��t

�
@Ui

@xj
+

@Uj

@xi

�
+

2

3
�ijk (2.27)

where �ij is known as the Reynolds Stress Tensor. Given the turbulent viscosity field �t(x; t), the
equation above yields a closure for the RANS equation, which can now be resolved in terms of U and
p. The fluctuations are hence being represented by an averaged quantity coupled to the mean flow.

The problem with using such an approximation is that for many flows the accuracy of the hypoth-
esis is poor. That is why RANS equations are generally low in terms of precision. However, for fast
calculations and preliminary assessments at an industrial level, RANS simulations are the most widely
used.

If the turbulent viscosity hypothesis is accepted as an adequate approximation, what remains is to
come up with an appropriate specification of the turbulent viscosity �t(x; t). Such term is treated as a
scalar quantity which can be written as the product of a turbulent velocity scale u�(x; t) and a length
scale l�(x; t):

�t = u�l�

There are different ways of prescribing u� and l� and hence of closing the eddy viscosity. In algebraic or
zero equation eddy viscosity models (EVM), l� is specified on the basis of the geometry of the flow. In
one equation EVM’s one transport equation for a turbulent quantity is solved, while the other turbulent
quantity is obtained from an algebraic expression. In two equation EVM’s, two turbulent quantities are
solved from two transport equations. In the next section, we will explore the details of a specific two-
equation EVM, known as k � ! SST model, which is the most widely used as it has shown over the
years better general prediction capabilities.

2.2.3. k � ! SST Model
Before talking about the k � ! SST model, a brief introduction to other two two-equation models must
be done. These models are the k � � and k � ! models. The quantities involved are k, the turbulent
kinetic energy, �, the rate of dissipation of turbulent kinetic energy, and !, which is the specific rate of
dissipation of turbulent kinetic energy into thermal energy. Both these models come with advantages
and limitations.
For example, the k � ! model is preferred in the logarithmic part of the boundary layer, since it has
been shown to be superior in equilibrium adverse pressure gradient flows and in compressible flows
[31]. However, in the wake region of the boundary layer, the k � � model shows better behaviour,
mainly because of its lower sensitivity to the arbitrary freestream values !f specified for ! outside the
boundary layer.

The idea behind the k � ! SST model was then to switch between the two and use the best char-
acteristics from each model. It was introduced by Menter [29] and the combined implementation of the
two models is done by introducing a blending function F1. In the following steps, we will see how the
new model is derived, and how the standard k � � equations will be transformed to a k � ! formulation.
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The original k � ! model is:
D�k

Dt
= �ij

@ui

@xj
� ���!k +

@

@xj

�
(� + �k1�t)

@k

@xj

�
(2.28)

D�!
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1
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�ij

@ui

@xj
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@

@xj

�
(� + �!1�t)

@!

@xj

�
(2.29)

while the transformed k � � model:

D�k
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= �ij
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@xj

�
(� + �k2�t)
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�
(2.30)

D�!
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@xj

�
(� + �!2�t)

@!

@xj

�
+ 2��!2

1

!

@k

@xj

@!

@xj
(2.31)

As we can see, an additional cross-diffusion term appears in the ! equation and themodelling constants
are different.

Now we multiply equations (2.28) and (2.29) by F1, and equations (2.30) and (2.31) by (1-F1), after
which the corresponding equations of each set are added together to lead to the new model:

D�k

Dt
= �ij

@ui

@xj
� ���!k +

@

@xj

�
(� + �k�t)

@k

@xj

�
(2.32)

D�!
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@xj
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@

@xj
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(� + �!�t)

@!

@xj

�
+ 2� (1 � F1) �!2

1

!

@k

@xj

@!

@xj
(2.33)

The function F1 is then designed to be equal to 1 in the sublayer and logarithmic region of the boundary
layer and to gradually switch to 0 in the wake region. The new k � ! SST model is then based on a
k � ! formulation, with the original Wilcox model [44] activated in the near wall region and the standard
k � � model activated in the outer wake region and in free shear layers.

The blending of two different models is not the only novelty introduced by the k �! SST formulation.
In fact, the acronym SST stands for Shear-Stress Transport. While Reynolds-stress models feature a
transport equation for the turbulent shear stress � , based on Bradshaw’s assumption that the shear
stress in a boundary layer is proportional to the turbulent kinetic energy k:

� = �a1k (2.34)

in two-equation eddy viscosity models, the shear stress is computed as:

� = �t
 (2.35)

with 
 = ( @u
@y ). For two-equation models, the relation above can be rewritten as

� = �

s
Productionk

Dissipationk

a1k (2.36)

as derived in [28]. However, the problem here is that when we are dealing with adverse pressure
gradient flows the ratio of production to dissipation can be a lot larger than one, which would lead to an
overprediction of � when using equation (2.36). In order to satisfy equation (2.34) within the framework
of an eddy-viscosity model, the eddy viscosity is redefined as:

�t =
a1k

max (a1!; 
F2)
(2.37)

where F2 is a new blending function, equal to one for boundary layer flows and to zero for free shear
layers. For example, in an adverse pressure gradient boundary layer, the production of k is larger than
its dissipation (
 > a1!), so equation (2.37) guarantees that equation (2.34) is satisfied; on the contrary,
for the rest of the flow (when 
 < a1!) the original formulation �t = k/! is used.

If we denote any constant in the original model as �1 and any constant in the transformed k � �

model as �2, the relation to find the corresponding constant � of the new model is:

� = F1�1 + (1 � F1) �2 (2.38)
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2.3. Bluff-bodies Flow
In this chapter, we are going to introduce a particular class of flows, which is the wakes behind bluff
bodies. In aerodynamics, a ”bluff body” is characterised by a large region of separated flow, a high
value of the coefficient of drag, and last but not least, the phenomenon of vortex shedding.

Bluff body wakes are complex, they involve the interactions of three shear layers in the same prob-
lem, i.e. a boundary layer, a separating free shear layer, and a wake [45]. The basic problem is still
the one that was recognized about two centuries ago in the D’Alembert paradox, which is to ”predict”
the drag of a bluff body. In particular, probably the most widely known bluff-body is the circular cylinder.
Such a body has been used extensively for research purposes, both due to its engineering significance
and the simplicity of setting up such an arrangement in an experimental or computational laboratory. In
fact, in a laboratory setting, it is readily available as piping or tubing, structurally convenient for mounting
and for pressure tapping, and it can be rotated around its axis [33].

The engineering significance comes from the fact that the alternate shedding of vortices in the near
wake induces large fluctuating pressure forces in a direction transverse to the flow and thesemay cause
structural vibrations, acoustic noise, or resonance, which in some cases can lead to failure.

Another body to study could have been the sphere, instead of the cylinder. However, although
its similar appeal, it would be less convenient to investigate in a laboratory environment. Also, from
such bluff bodies, it is particularly interesting to see the ”vortex shedding” which is more prominent in
two-dimensional flow, hence it would be ruined by three-dimensional effects when using a sphere.

The behaviour of the flow in the wake of the cylinder can be described by four main states, as pro-
posed by Zdravkovich [46], which are represented in Figure 2.5. It shows the whole wake development
from fully laminar to fully turbulent. The first transition flow, Figure 2.5(a), is when 3D distortions hap-
pen in the wake of the cylinder, which makes the laminar vortices in the wake become turbulent. In
the subsequent stage, the free shear layers also get turbulent. We can see there is an initial laminar
region (L) where two boundary layers are attached to the surface of the cylinder, and then transition-
ing to turbulent (Tr). The third transition state (c) is characterised by a complex interaction between
the separation and transition before the boundary layers become fully turbulent along the separation
line. In the last transition state, the shear layers upstream of the separation point get turbulent. As the
Reynolds number increases, the shear layers get turbulent even up to the stagnation point. After this
last transition, we have a wide downstream region of separated flow, called the wake.

Figure 2.5: History of transition to turbulent state, as Reynolds number increases (taken from [46]).

Another way of categorizing the different flow regimes is through the base suction coefficient (�Cpb),
as proposed byWilliamson [45]. Such coefficient is defined by using the pressure at a point 180 degrees
from the stagnation point. The plot in Figure 2.6 shows the coefficient as the Reynolds number varies.
The different flow regimes can be easily distinguished, and hence summarized as follows:

• up to point A, the wake is made of a steady and symmetric flow with two stationary vortices behind
the cylinder, called laminar steady regime

• region from A to B is where the vortex shedding starts appearing, with periodic oscillations, and
is known as laminar vortex shedding

• from B to C is the 3D wake transition regime
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• from regime C to D there is an increasing disorder in the fine-scale three-dimensionalities, which
causes a reduction in the two-dimensional Reynolds stresses, a consistent reduction in base
suction and an increasing length of the formation region

• region D to E is denominated as Shear-Layer transition regime, and it goes from Re = 1000 to
200000. Due to the developing instability of the separating shear layers from the sides of the
body, the 2-D Reynolds stress level increases

• from regime E to G is the asymmetric reattachment regime (or critical transition)

• regime G to H is known as symmetric reattachment regime, while H to I is called boundary-layer
transition regime

Figure 2.6: Suction coefficient evolution in function of Reynolds number (taken from [45]).

Regardless of the different methods for classifying the different regimes, we can summarize them as
follows: the shedding generally starts at a Reynolds number of about 35-49, the wake is 2-dimensional
up to Reynolds number equal to 200, while after Reynolds of 1000 the wake becomes turbulent and
complex.

The regime that I will investigate in this research is the one associated with the range of Reynolds
number from 103 to 105. The rise in base suction and drag (from D to E in Figure 2.6) was associated
with forward movement of the ”turbulent-transition point” in the separating free shear layers [33]. Re-
sponsible for the turnaround in base suction is the development of Kelvin-Helmholtz instability in the
shear layers. Such phenomenon is a fluid instability that happens when there is a velocity shear in a
single continuous fluid or a velocity difference across the interface between two fluids. K-H instabilities
can be nicely observed in the atmospheres of planets and moons, as also in cloud formations on Earth
(see Figure 2.7).
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