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Consensus Based Distributed Sparse Bayesian
Learning by Fast Marginal Likelihood Maximization

Christoph Manss Y, Member, IEEE, Dmitriy Shutin

Abstract—For swarm systems, distributed processing is of
paramount importance and Bayesian methods are preferred for
their robustness. Existing distributed sparse Bayesian learning
(SBL) methods rely on the automatic relevance determination
(ARD), which involves a computationally complex reweighted 11-
norm optimization, or they use loopy belief propagation, which
is not guaranteed to converge. Hence, this paper looks into the
fast marginal likelihood maximization (FMLM) method to develop
a faster distributed SBL version. The proposed method has a
low communication overhead, and can be distributed by simple
consensus methods. The performed simulations indicate a better
performance compared with the distributed ARD version, yet the
same performance as the FMLM.

Index Terms—Consensus algorithms, distributed optimization,
sparse bayesian learning.

1. INTRODUCTION

HIS work focuses on a distributed scheme for cooperative
data analysis in swarm systems for exploration. Applica-
tions of such cooperative systems can be found in environmental
monitoring [1], robotic exploration [2], or disaster relief [3].
To be more specific, consider a network of K robotic agents,
each equipped with a sensor, that are able to sense, communicate,
and process data. The data collected by the network of agents is
assumed to agree with the following general linear model

yk::@kw+€k7 kzlaaK (D

Model (1) assumes that every sensor has access only to its
“private” design matrix ®; € RM**N and measurement data
Yy, € RMk_ which is perturbed by an additive noise &, € RMx
that we assume to be a white zero-mean normally distributed
random process with precision parameter A € R . However, all
agents share a common parameter vector w € R” . The estima-
tion of w from individual measurements y,, requires cooperation
between agents or in-network estimation strategies. This work
is concerned with a specific type of in-network algorithms that
results in a sparse estimate of w.

Classical approaches to in-network sparse estimation of w are
often related to a distributed solution of a so-called (LASSO)
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problem [4]-[6] that through enforcing a network consensus
leads to a common sparse estimate at all agents. Alternatively,
the requirement of a global consensus can be relaxed, as in
e.g. [7], [8]. Yet these methods are essentially concerned with
finding parameter values that optimize a certain cost, such as the
mean squared error. The statistics (or confidence) of an estimate
of w is less relevant for these methods. Moreover, the com-
putation of the confidence of the estimated parameters can be
challenging for LASSO problems due to the non-smoothness of
the objective function. There are, however, a class of applications
of distributed sparse estimation where the uncertainty about the
parameters of interest is important and needs to be available.
For instance, if agents are supposed to explore [9], they can
utilize this uncertainty for an active information gathering (see
e.g., [10], [11]).

The approach proposed in this work cooperatively computes
a sparse estimate of the parameter vector w and, at the same
time, a parameter covariance matrix. Specifically, our focus
lies on Bayesian approaches to distributed estimation of w,
and particularly SBL methods [12], [13]. SBL is a family of
empirical Bayes techniques that find a sparse estimate of w
by modeling the weights using a hierarchical gamma-Gaussian
prior [14] parametrized by hyper-parameters that model the
variance of the weight vector elements. This formulation has
been shown to encourage the weight posterior probability mass
to concentrate around the axes in the w-parameter space, which
leads to a sparse weight vector estimate. Then, the estimated
hyper-parameters parametrize the estimated covariance matrix.
Although the latter feature is not utilized in the current paper, the
proposed method provides a basis for active information gather-
ing as in [10], [11], while requiring a network-wide consensus
over the hyper-parameters.

Various (centralized) implementations of SBL are proposed
in the literature [12], [15], [16]. Decentralized variations of SBL.
are proposed in e.g. [17], where a distributed estimate is calcu-
lated by loopy belief propagation. In [18] another version of a de-
centralized SBL method is presented, where an ARD version of
SBL is implemented. Its key feature is guaranteed convergence.
The solution is obtained by optimizing a convex variational
bound via a sequence of LASSO optimization problems. The
latter is then solved distributively using the popular alternating
direction method of multipliers (ADMM) algorithm [5], [6].

The ADMM-based solution to distributed SBL has, however,
several shortcomings. First, this approach includes several opti-
mization loops: an outer loop for inferring the hyper-parameters
that parametrize the hierarchical weight prior and an inner loop
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that involves an ADMM algorithm, which requires multiple
consensus iterations. This slows down the convergence of the
distributed SBL algorithm and increases the communication
load in the network. Second, the ADMM algorithm requires
to specify a regularization parameter for the augmented La-
grangian. This parameter impacts the convergence properties
of the whole distributed solution, and has to be individually
calibrated beforehand [19].

The current paper proposes a modification of the algorithm
in [18], which instead uses an incremental optimization of the
SBL objective function. In essence, we propose a distributed
version of the FMLM algorithm [15], [20] for SBL. To the best
of our knowledge, this is the first distributed implementation of
FMLM. In contrast to [ 18], the proposed method does not require
ADMM and is thus free of additional parameters regulating the
convergence. Moreover, a network consensus is required only
once, before the local computations commence. Consequently,
the algorithm converges fast while having a fixed communica-
tion load on the network. As we will show, using simulations
and real data studies, the proposed algorithm performs on par
with the centralized versions in terms of normalized mean
squared error (NMSE) and parameter sparsity, and outperforms
the distributed SBL variant proposed in [18] for homogeneous
learning.

II. SPARSE BAYESIAN LEARNING AND FAST MARGINAL
LIKELIHOOD MAXIMIZATION

In SBL the parameter weights w are modeled with a prior
N
p(w|y) = [,—1 p(wn|yn), where p(wy|v,) = N(0,70), n =
1,...,N,and~v € Rﬂ\_' are the hyper-parameters. For a central-
ized estimator, having access to all M = Z,ﬁil M, measure-
ments, the hyper-parameters -« are estimated by maximizing
a Type II likelihood function p(y|7v) [12], [14] computed as
follows:
wh) = | telwlptwla cEY
P = p(y|w)p(wly)dw = —————,
el . Y 0l (2m) M2 5]
where X =A"'+®T®Tc RMM & =[®],... ®L|"
€ RM*N A = AT € RM*M and T' = diag{~}. By defining
L(y) = —log p(yl|v) the optimal 7 is found as a solution to
A = argmin L(y) = argmin log |Z| + y' = 'y, (3)
YER L veRy
where we ignored the constant terms. Given 4, the weights can
be estimated from the posterior p(w|y,¥) o< N (w, X,,) where

W=, ® Ay, B,=(@TAG+T ) (@

In FMLM, (3) is optimized component-wise. To this end, the
contribution of the n-th component ~,, to L() is studied as
follows (see also [15]). Define 7 = A~ ' + Ei?&n ’yid)iqﬁ;r €
RM*M with the n-th column ¢,, € RM™ of ® removed. Then,
=3+, qbf and its inverse can be computed using the
matrix inversion lemma [21] as
—1 Ts—1
271 — 2:1 _ Eﬁ ¢n¢n Eﬁ . (5)
ot e,
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Algorithm 1: FMLM.
1: Initialize ~:

¥,y = (lonyll/@nll* = 271 /¢

2:  while not converged do

3 forne {1,...,N} do

4: Sn — (9), Q, < (10), 51, qn < (8)

5: if ¢2 > s, and v,, # 0 then >Update
6 Tn = %

7 else if g2 > s, and 7, = 0 then >Add
8 Vo = qi%, and add ¢,, to the model

o: else if ¢> < Spand 7, # 0 then  >Remove
10: ¥n = 0, and remove n-th basis function
11: By — (BTA® +T 1)1

12: return w + X, 3T Ay

Inserting (5) into £(«y) and simplifying the result leads to
Ly, ) = —log [Znl —y"S2ly +1(v).  (6)

where ~v;; € ]Rf ~! is a vector of hyper-parameters v without
the n-th component, and

W) = —log {1 +sa)} + %1‘]12;8”. (7
The parameters s,, and ¢,, in (7) are defined as [15]
where
Sn = Gp AP, — ¢, APT, @ AP, ©)
Qn = ¢ Ay — ¢, AT, " Ay. (10)

The solution to (3) with respect to +y,, can then be found in a
closed form as

ao=Sn i 2
~ { ez 1fqn > Sn, (11)

0, otherwise.

The FMLM algorithm computes (11) for all N components iter-
atively to solve (3) using a coordinate-wise descent. Moreover,
it can be shown [22] that such coordinate-wise optimization
of (3) is equivalent to a coordinate-wise minimization of a
convex upper bound on £(=), which ensures convergence to
the minimizer.

Furthermore, if 74,, = 0 as shown in (11), the corresponding
n-th element w,, in (4) will become zero as well, and, thus,
yielding a sparse estimate. It is also worth noting that the
FMLM algorithm permits adding or removing basis functions
by evaluating (11) (see also [15], [23]). Algorithm 1 summarizes
the key FMLM algorithmic steps.

III. DISTRIBUTED FAST MARGINAL LIKELIHOOD
MAXIMIZATION

The original FMLM algorithm is centralized. To implement
it in a distributed fashion, let us first assume that /' agents
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Cooperative Distribute average
to neighbors
Distribute
P, AD;, Ay, Compute J
to neighbors average

D, c
y

Local FMLM
Initialize v,, with (14). Use (13) instead of (9) and (10).

Fig. 1.  Flowchart of the proposed algorithm — DFMLM.

form a strongly connected network [24, Sec. 6]. Inspecting now
Algorithm 1, we note that the FMLM computations are centered
around the quantities .S,, and @Q,, in (9) and (10), respectively.
These can be computed using averaged consensus [25]. It is
known that for strongly connected networks average consensus
converges to an averaged value of the quantity of interest after a
certain number of consensus iterations /.., that depend on the
network topology. Thus, we define

K K
D22"A® =) ®[A®;, c2d"Ay=>) &/ Ay,,
k=1 k=1
(12)

which can be computed using average consensus [25], if K is
known to all agents. Now, we define a selection vector e,, € RY,
which is zero everywhere except at the n-th position where it
equals 1. Once the quantities in (12) have converged, each agent
can evaluate (9) and (10) locally as

S, =el'(D—-DX,D)e,, Q, =el(c—DZ,c), (13)

with ¥, = (D + I‘_l)’l. Thus, using (13), S,, and @,, become
known to the network, and (8) can be used to estimate 7,,,
Vn=1,...,N as in (11). Moreover, each agent has then an
estimate of the weight covariance matrix X,,. By assuming a
network wide consensus over D and ¢, we thus ensure that both
7 as well as X, are the same for all agents. As such, no more
communication is required. The flowchart in Fig. 1 summarizes
the distributed FMLM (DFMLM). DFMLM is an iterative opti-
mization technique that requires appropriate initialization. In a
distributed setting, we utilize the initialization proposed in [15]
using D and ¢ computed with average consensus. Specifically,
we compute

limit] _ |Dnyll/lldnll* =2~ A(/\fibfy)/(hﬁfcﬁn) -

! EXE +ndn
MLt it /D], > 0!
— Dl n/ [ Hln.n ’ a4
0, otherwise.

where [-]; and [-],; denote the k-th element of a vectorora (k, 1)-
th element of a matrix, respectively. Each agent evaluates (14) for
all N components. Then, the component with the highest value
of 'y,[init] is set as an initial value for ~,,. The remaining hyper-
parameters -y;; are set to zero. The corresponding component
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- ’ —< RARD
w =0 —— DFMLM
= 2 D-R-ARD
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Fig.2.  (left) NMSE of all algorithms for different signal-to-noise ratio (SNR).

(right) the number of nonzero coefficients of all algorithms for different SNR.

can then be added to the model during the FMLM iterations (see
Algorithm 1).

IV. SIMULATIONS

Here, we test the algorithm by using a two-dimensional scalar
field f(x), withx € R% The design matrices @5,k = 1,..., K,
are constructed using /N Gaussian basis functions of the form
bn(x) = exp(—(x — w,,)/(20?)) centered at predefined loca-
tions p,, € R? and having a width of 02 > 0. By constructing
a vector ¢(x) = [¢1(x),. .., on(x)]T € RN, we form &), =
[@(x1),...,¢(xar)]T, k=1,..., K. We assume that all p,,
are regularly sampled on a grid, and that the measurement
positions of each agent k are sampled uniformly at random. We
will also assume that a network with K agents is strongly con-
nected, and a broadcast communication protocol is used during
consensus; we also assume no data loss during the transmission.

Asbenchmark algorithms we use the centralized FMLM algo-
rithm [15] and the centralized reformulated automatic relevance
detection (R-ARD) algorithm [16]. Also, we will compare the
performance of the proposed algorithm to a distributed version
of R-ARD - the distributed R-ARD (D-R-ARD) [18] applied to
the model (1). As mentioned earlier, the D-R-ARD algorithm
uses an ADMM algorithm to estimate the hyper-parameters
via a sequence of several LASSO problems, which are solved
over the network. The benchmark version, presented here, uses
the distributed LASSO (DLASSO) algorithm from [6] for this
purpose. The required regularization parameter p € R for the
augmented Lagrangian in the DLASSO algorithm is set to p =
2.5. The algorithms are evaluated by means of the NMSE defined
ase = =20 @l yhere £ = [f(x1), ..., f(zv)]T € RV with

71
V € N validation points and ®y = [¢(z1),...,P(zy)]T €

RVY>*N_ The validation points are drawn uniformly at random
from the support of f (). All simulations are averaged over 100
Monte Carlo runs.

A. Artificial Data Simulations

Similar to [12], we used f(x) = sinc(zp) + 0.1z, for ana-
lyzing the algorithms presented in the current paper. The free
parameters were set as V' = 225, N = 225, M, =9, K = 10,
and o = 1.5. The left of Fig. 2 shows the performance of the
algorithms as a function of SNR. All algorithms perform almost
equally with except D-R-ARD, which has a higher NMSE for
a higher SNR. This behavior can be explained by the impact of
the fixed parameter p in ADMM on changing SNR values, as it
is here fit for a lower SNR. Similar behavior can be seen on the

Authorized licensed use limited to: TU Delft Library. Downloaded on August 26,2021 at 08:14:15 UTC from IEEE Xplore. Restrictions apply.



2122

112.5
100.5
88.5
76.5
64.5
52.5
40.5
28.5
16.5
4.5

magnetic field [¢T]

y in [m]

Fig. 3.

0.5 \

The magnetic field strength in 1T in our laboratory.

—< RARD

04 1400
w = —— DFMLM
203 El D-R-ARD

) 200 > FMLM
0.2
0 20 30 40 0 20 30 40
SNR in [dB] SNR in [dB]

Fig. 4. (left) NMSE vs. SNR of all algorithms. (right) number all algorithm’s
nonzero coefficients for different SNR.

right of Fig. 2, where the D-R-ARD yields the lowest sparsity.
FMLM and the proposed DFMLM have the same performance,
as expected.

B. Real Data Simulations

Fig. 3 shows the magnetic field strength in our laboratory,
which is used to test our algorithm on real data. Here we set
V =560, N =560, M} =24, K =10, and o = 0.25. The
performance with respect to SNR is shown in Fig. 4 on the left.
Again, the performance of D-R-ARD is worse compared to the
other algorithms.

The sparsity of the estimated signals is shown in the right panel
of Fig. 4. D-R-ARD again performs poorly due to a fixed choice
of the ADMM regularization parameter. Yet, this parameter is
chosen to achieve a lower NMSE instead of a higher sparsity for
low SNR. Additionally, we show in Fig. 5 the estimates of all
algorithms for a particular run at 10 dB SNR, where a black cross
represents the mean of a basis function with non-zero weight.
Comparing FMLM and DFMLM, we see only a slight difference
in the location of estimated components; yet in general both
algorithms perform equivalently. In the case of D-R-ARD, the
ADMM parameter again has a strong influence on the sparsity
of the estimated representation.

C. Communication Load for DFMLM

As can be observed in Fig. 1, the DFMLM algorithm has
only a single consensus step at the beginning for the computa-
tion of the covariance Zf: | ®{ A®, and the cross-correlation
Zle &7 Ay, which are used to compute D and ¢ in (12).
Exploiting the symmetry of D, the consensus requires to
exchange N (N + 3)/2 values per consensus iteration; thus,

IEEE SIGNAL PROCESSING LETTERS, VOL. 27, 2020

magnetic field [;T]

19.5

Fig. 5. Estimated magnetic field strength. A black cross represents the mean
of a Gaussian basis function with non-zero weight.

in total IconsN(N + 3)/2 values are exchanged. The D-R-
ARD [18] that uses the ADMM algorithm to estimate the
hyper-parameters also requires the computation of the matrix
D at the initialization stage. The algorithm itself includes Iarp
iterations, each of which requires NV X I.ons/apym exchanges
to solve the LASSO problem distributively (eq. (11) in [16]),
where I.ons and Iapyy are the number of consensus and
ADMM iterations, respectively. A simple analysis shows that
for, e.g., a fully connected network (i.e., when I..,s = 1) the
D-R-ARD requires (Iarplapmm — 1)N more values to be
exchanged compared with the DFMLM algorithm.

Note that for SBL the amount of exchanged data scales as
O(N?) since covariance information is used to estimate the
sparsity pattern. In cases when only a sparse estimate of w
without its covariance is of interest, the communication load
typically scales with O(NN'). Comparisons in this case are more
involved and vary depending on the particular implementation of
the algorithm: cases can be found when slow convergence leads
to multiple O (V) exchanges that will eventually dominate over
the Toons N (N + 3)/2 exchanges for the DFMLM.

V. CONCLUSION

In this paper, we presented a distributed version of the FMLM
—the DFMLM algorithm — that estimates a sparse parameter vec-
tor along with its covariance information in a distributed fashion.
The proposed algorithm has only a single consensus step with
fixed communication overhead. Simulations with artificial and
real data indicate that DFMLM is superior in terms of sparsity
and accuracy compared to another distributed implementation
of the SBL algorithm namely D-R-ARD which depends on an
additional free parameter that impacts the convergence.
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