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ABSTRACT

The distortion of turbulence interacting with thick airfoils is analyzed with scale-resolved numerical simulations to elucidate its impact on
leading-edge-noise generation and prediction. The effect of the leading-edge geometry is investigated by considering two airfoils with differ-
ent leading-edge radii subjected to grid-generated turbulence. The velocity field is shown to be altered near the stagnation point, in a region
whose extension does not depend on the leading-edge radius. Here, the deformation of large-scale turbulence causes the amplitude of the
upwash velocity fluctuations to increase in the low-frequency range of the spectrum because of the blockage exerted by the surface.
Conversely, the distortion of small-scale structures leads to an exponential decay of the spectrum at high frequencies due to the alteration of
the vorticity field. The prevalence of a distortion mechanism over the other is found to depend on the size of the turbulent structures with
respect to the curvilinear length from the stagnation point to the location where surface-pressure fluctuations and pressure gradient peak.
This occurs at the curvilinear abscissa where the curvature changes the most. The same high-frequency exponential-decay slope observed for
the upwash velocity is retrieved for surface-pressure spectra in the leading-edge region, suggesting that the airfoil unsteady response is
induced by the distorted velocity field. This physical mechanism can be accounted for in Amiet’s model by using a distorted turbulence spec-
trum as input and accounting for the increased amplitude of the distorted gust in the aeroacoustic transfer function, retrieving an accurate
noise prediction for both airfoils.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0244627

I. INTRODUCTION

Leading-edge noise, also known as inflow-turbulence noise, is a
flow-induced sound source produced by the interaction of incoming
turbulence with an aerodynamic surface. Identified as a sound-
generation mechanism and modeled analytically since the seventies,1–5

several reasons justify the long-lasting interest in academic and indus-
trial research for the analysis of this noise source: the complexity of the
physics involved in the sound production, the successful results
achieved in the reduction of other prevailing noise sources,6,7 and its
relevance in high-speed applications, e.g., propellers and rotors in pro-
pulsive systems,5,8,9 as well as low-speed ones, e.g., fans in cooling sys-
tems or wind turbines.10–12 In all these sectors, the design and
optimization phases depend on the accuracy of the noise prediction
provided by low-fidelity methods to minimize the computational cost.

The first approach to predict leading-edge noise was proposed by
Amiet.2 In this semi-analytical method, the power spectral density
(PSD) of the far-field noise produced by a flat plate in a subsonic tur-
bulent flow is related to the characteristics of the upstream turbulence

by means of a transfer function that models the surface response to a
sinusoidal gust. The agreement with the experimental data was shown
to be satisfactory for flat plates and thin airfoils, in particular for high-
speed flow.3,13 Nevertheless, the accuracy of the method decreases in
the case of thicker aerodynamic surfaces, in particular in the high-
frequency range, as pointed out by Paterson and Amiet.3 Such a dis-
crepancy was attributed to the fact that the model does not take into
account effects due to the real geometry of the blade. The breakdown
of the theory was observed to occur for Strouhal numbers ft=U1 � 1,
with f being the sound frequency, t the thickness of the body, and U1
the free-stream velocity, i.e., for wavelengths of the incoming turbulent
structures smaller than the thickness of the airfoil. Indeed, the defor-
mation undergone by these structures during the interaction with a
thick leading edge is not taken into account in the model, which adopts
as input a canonical turbulence spectrum, such as the von K�arm�an or
the Liepmann ones.

The effects of the airfoil geometry on its aerodynamic and acous-
tic response in the presence of incoming turbulence were confirmed by
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the analytical study of Goldstein and Atassi,14 which was based on the
distortion of a gust, described as a small vortical disturbance, con-
vected by the mean flow. The model showed that the influence of the
airfoil thickness on the streamlines could lead to an additional defor-
mation of the incoming gusts, causing a variation of the unsteady lift
in the high-frequency range. A following experimental investigation of
Olsen and Wagner15 corroborated this result from an acoustic point of
view by reporting a far-field noise attenuation in the high-frequency
range as the thickness increases. Atassi et al.16 and Lockard and
Morris17 extended these findings by noticing that the effects of thick-
ness occurred for gust wavelengths shorter than the airfoil chord and
mostly for downstream observer locations. Glegg and Devenport18

showed that, for blade-vortex interaction, the peak of unsteady lift on
the leading edge due to vortex is reduced when the vortical element is
closer to the surface. Moreover, as the airfoil thickness increases, the
peak diminishes further and moves downstream. In subsequent work,
Glegg and Devenport19 employed a panel method to develop a noise-
prediction model able to capture this high-frequency attenuation due
to the thickness, improving the prediction of Amiet’s model.

Further investigations have been conducted to determine how the
geometrical characteristics of the airfoil impact the distortion of
incoming turbulent eddies and far-field noise. Oerlemans20 found that
the shape of the leading edge, more precisely its sharpness, could affect
noise-generation efficiency, with more rounded airfoils producing less
noise. The same direction was taken by Hall et al.,21 who intervened
on the leading-edge shape by modifying the first 10% of an ad hoc
designed airfoil, observing that the maximum noise reduction was
obtained for reduced frequencies, computed with respect to the
leading-edge thickness, on the order of 1. It was hypothesized that the
changes in the flow incidence affected the noise generation, thus
highlighting the relevance of the pressure distribution over the airfoil
on far-field noise and excluding a unique dependence on the relation
between the incoming turbulence scale and the leading-edge thickness.
The effects of turbulence distortion on noise generation and the role of
airfoil geometry were widely investigated by Chaitanya et al.,22 who
concluded that the airfoil thickness and leading-edge shape are the
main geometrical characteristics affecting the noise-generation effi-
ciency, with the latter being particularly relevant in the high-frequency
range. No significant effect of camber and angle of attack was found in
the case of isotropic turbulence interacting with the airfoil, as also con-
firmed by Devenport et al.23 Gill et al.24 conducted a systematic study
to investigate the role of airfoil thickness and leading-edge radius in
high-frequency noise attenuation. The analysis was carried out using
single-frequency harmonic gusts interacting with several NACA 4-
digit airfoils. Interestingly, the noise mitigation obtained by increasing
the leading-edge radius was shown to be smaller and occurred at
higher frequencies than that obtained for larger thicknesses. In addi-
tion, the noise reduction associated with thicker airfoils was more evi-
dent for downstream observer positions, while an increase was found
in upstream positions in the case of larger leading-edge radii. The
authors attributed these effects to the distortion of the vortical gusts
due to the velocity gradients present in the stagnation region, which
caused the gust wavefront to be smoothed and its amplitude to
decrease. Bowen et al.25 assessed the influence of the turbulence char-
acteristics on the leading-edge noise with the purpose of investigating
the alteration of the velocity field and the surface-pressure distribution
in the stagnation region of an airfoil. The sound-production efficiency

was shown to be directly related to the intensity and to the integral
length scale of the incoming turbulence, which also affects the energy
levels of the surface-pressure spectra on the leading edge. At the same
time, it was concluded that the noise generation at the leading edge
was mainly induced by the flow field in the vicinity of the stagnation
point.

Several approaches have been developed to enhance the accuracy
of leading-edge noise prediction by taking into account airfoil thick-
ness effects. An analytical procedure was followed by Guidati et al.,26

who employed a boundary-element method to model the sound gener-
ated by point vortices convected along the mean-flow streamlines to
formulate a correction to Amiet’s model. Subsequently, Moriarty
et al.13 showed that such a combination was able to provide a satisfying
agreement with the experimental data in terms of the spectrum decay
slope at different angles of attack and Mach numbers, but a tuning
constant of 10 dB had to be added to the prediction. Moreover, a sig-
nificant underestimation was still observed in the high-frequency
range in comparison to the measurements for thicker airfoils.
Gershfeld27 obtained a good agreement with the experimental mea-
surements of Paterson and Amiet3 by implementing an exponential
function to model the effects of airfoil thickness on noise radiation.
The correction was based on a rigid surface Green’s function taking
into account airfoil thickness and the back-scattering due to the airfoil
non-compactness.28 Also, Lysak et al.29 and Kim et al.30 observed the
airfoil thickness to cause an exponential decay in the high-frequency
range for the unsteady response of the blade and the far-field noise,
respectively. In both their works, a correction factor to flat-plate-based
noise-prediction models was developed in the form of an exponential
function of the Mach number, airfoil thickness, and leading-edge
thickness by fitting the respective reference data, with whom a good
agreement was shown.

Recent efforts have focused on describing the alteration of the
turbulent flow field in the interaction with the airfoil to improve low-
fidelity noise-prediction methods. The results of the rapid distortion
theory (RDT) of Hunt,31 which models turbulence interaction with
bluff bodies, were employed to account for turbulence-distortion
effects. Hunt’s formulation built on the works of Ribner and Tucker32

and Batchelor and Proudman,33 extending the analyses of Prandtl34

and Taylor35 on vorticity-field distortion in the contraction section of
a wind tunnel. The RDT computes the distortion of initially homoge-
neous turbulence around a circular cylinder by means of a wavenum-
ber analysis. Velocity spectra and variances were derived in the
asymptotic cases where the turbulence integral length scale Lx is much
smaller or larger than the characteristic dimension of the body a, e.g.,
the radius in the case of the cylinder. The ratio Lx=a between these two
parameters was shown to determine the different mechanisms by
which turbulent structures are deformed. In the case Lx=a � 1, the
prevailing distortion mechanism is due to the blockage caused by the
body. This causes a momentum transfer between the streamwise and
upwash velocity components of a fluid element approaching the cylin-
der stagnation point: the streamwise velocity fluctuations decrease
while the upwash ones increase. For small-scale structures (Lx=a � 1)
or high wavenumbers of the incident turbulence, the vorticity-field
deformation due to the deflection of the streamlines dominates the dis-
tortion mechanism. As vortex lines are convected toward the surface,
they stretch or shorten, causing the streamwise and spanwise velocity
fluctuations to increase and the upwash ones to decrease.
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The work of Mish and Devenport36,37 proved that, in the vicinity
of the stagnation point, the distortion of the turbulence structures
interacting with an airfoil is comparable to that occurring for a circular
cylinder with the same radius as the leading-edge circle. This outcome
allowed the extension of the findings of the RDT from the case of the
cylinder to more relevant applications in the aeroacoustic field, as in
the case of realistic airfoil geometries. Moreau and Roger38 proposed a
modification of the analytical expression of the canonical turbulence
spectrum used as input into Amiet’s model to account for the distor-
tion of small-scale structures caused by the presence of the body: a
correction of the slope of the von K�arm�an spectrum in the high-
frequency range from �5=3 to �10=3, based on the findings of the
RDT, was introduced. A good agreement was achieved with experi-
mental measurements in terms of the high-frequency decay slope of
the far-field noise spectrum and noise levels, but, as specified by the
authors, the validity of the correction was limited to the particular case
in analysis and could not be generalized if the characteristics of the dis-
torted turbulence were not properly modeled. Similar approaches
adopted by Christophe39 and De Santana et al.40 confirmed that the
distortion of the turbulent structures occurring in the vicinity of the
leading edge of non-thin airfoils could play a role in the noise genera-
tion and, hence, could affect noise prediction. This line of research was
continued by dos Santos et al.,41 who proposed an empirical correction
to better predict turbulence spectra in the dissipation range through a
modified von K�arm�an expression. The corrected turbulence spectrum
was then used as input in Amiet’s model to improve the prediction
accuracy in the high-frequency range.42 Nevertheless, the reliability of
the method to predict leading-edge noise depends on the identification
of a representative position in the flow field where the integral length
scale and turbulence intensity, which are needed to scale the corrected
analytical von K�arm�an expression, shall be sampled. An alternative
approach was proposed by Piccolo et al.,43 who applied Amiet’s model
with a turbulence spectrum directly sampled in the vicinity of the stag-
nation point, more precisely at the position along the airfoil surface
where the root mean square of the pressure fluctuation is maximum,
in the case of rod-generated turbulence interacting with a NACA 0012.
This procedure yielded a noise prediction in good agreement with the
results obtained with the Ffowcs-Williams and Hawkings (FWH) anal-
ogy,44 both in terms of sound pressure level (SPL) and directivity pat-
terns, in the particular case of large-scale turbulence characterized by a
tonal component.

All the body of work mentioned above has shown that the distor-
tion of turbulent structures in the interaction with a solid body can sig-
nificantly affect leading-edge noise generation and that low-fidelity
methods can benefit from the modeling of these effects. However,
most of the corrective methods currently available in the literature,
despite identifying the use of RDT results as a valid approach to
enhance Amiet’s model accuracy, are limited by the lack of a thorough
physical investigation to support them. As a consequence, the pro-
posed methodologies are hardly generalizable and rely on the empirical
tuning of the input parameters and the choice of a sampling location
to evaluate turbulence characteristics.

Therefore, the present study intends to improve the understand-
ing of turbulence-distortion mechanisms and their impact on sound
radiation by analyzing the velocity field and unsteady surface pressures
in the stagnation region of realistic airfoils. This physical description
represents a key step for the future development of semi-analytical

corrections enhancing low-fidelity methods by employing distorted-
turbulence inputs and calculating them from upstream conditions.
Indeed, the results discussed in the paper indicate that turbulence-
distortion effects, both on the velocity spectrum and the acoustic
response, should be estimated as close as possible to the stagnation
point to achieve accurate modeling of the impact on noise generation.
For this purpose, a numerical set-up has been developed reproducing
the experimental one at the University of Southampton.22 The Lattice-
Boltzmann method (LBM) based software PowerFLOW has been used
to study grid-generated turbulence interacting with two different air-
foils, i.e., a standard NACA 0012 and a NACA 0012-103, the latter
belonging to the NACA modified 4-digit series. This second airfoil has
been considered to investigate the effect of different leading-edge
shapes while keeping the same thickness.

The outline of the paper is the following. In Sec. II, information
regarding the flow solver and the numerical set-ups are reported. The
validation of the numerical simulations is shown in Sec. III, while the
analyses of the flow field for the two configurations and the noise pre-
diction computed with a modified implementation of Amiet’s model
are presented in Sec. IV. Finally, the conclusions are drawn in Sec. V.

II. METHODOLOGY
A. Flow solver

The commercial software Simulia PowerFLOW 6-2021 is used to
compute the flow field. The software is based on the LBM, which mod-
els the motion and the collisions of fluid particles at mesoscopic scales
through particle-distribution functions. Local integration of these func-
tions, aligned with a finite number of predefined directions, allows the
calculation of flow density, momentum, and internal energy.45

The Boltzmann equation is solved on a Cartesian mesh (lattice), with
the discretization performed through 19 discrete velocity vectors
in three dimensions, i.e., D3Q19, using a third-order truncation of the
Chapman–Enskog expansion. This scheme has been shown to be accu-
rate for approximating the Navier–Stokes equation in the case of a per-
fect gas at low Mach numbers and isothermal conditions.46 The
discretized form of the equation reads

Fi x þ VnDt; t þ Dtð Þ � Fi x; tð Þ ¼ Ci x; tð Þ; (1)

where Fi and V i are the particle distribution function and the discrete
particle velocity along the ith lattice direction at position x and time
instant t, respectively.

The collision term Ci is based on the Bhatnagar–Gross–Krook
(BGK) model.47 Despite its limitations48,49 and the development of
various improvements,50,51 this model remains widely used for its sim-
plicity and computational efficiency.52,53 The BGK model indeed sim-
plifies the discrete LB equation by replacing the collision operator with
a single relaxation time s. The model considers that, within this time-
scale, the local distribution function approaches the equilibrium one
Feq
i , which is approximated with a second-order expansion.46 This

means that the same rate is assumed for all the scales of the relaxation
processes, rather than being a function of Fi.

The numerical solver uses a very-large-eddy simulation (VLES)
model to account for unresolved scales of turbulence. A modified two-
equation k� � renormalization group (RNG) turbulence model is
used to calculate the turbulent relaxation time which is added to the
viscous relaxation time54
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seff ¼ sþ Cl
k2=�

ð1þ g2Þ1=2
; (2)

where Cl ¼ 0:09, and g combines local strain, vorticity, and helicity
parameters.55 This mitigates subgrid-scale viscosity so that the resolved
large-scale structures are not numerically damped. This relaxation
time then calibrates the Boltzmann model to the characteristic time
scales of a turbulent flow motion. Reynolds stresses are, hence, an
inherent consequence of the chaotic exchange of momentum driven
by the turbulent flow. The non-linearity of the stresses is correctly cap-
tured by the Chapman–Enskog expansion, making the model suited to
represent turbulence in a state far from equilibrium.56

The LB scheme is solved on a three-dimensional lattice whose
basic element is the voxel, i.e., volumetric pixel, whose size varies by a
factor 2 in adjacent resolution regions. Surface elements discretize solid
surfaces where they intersect voxels. Fluid-particle interaction with the
solid surface is governed by wall-boundary conditions, such as a parti-
cle bounce-back process for no-slip walls and a specular reflection for
slip walls.57 The wall-shear stress is approximated by means of a wall
function applied on the first wall-adjacent voxel. This function is based
on the generalized law-of-the-wall model,58 extended to consider the
effects of pressure gradient and surface roughness.

The FWH analogy, in formulation 1A of Farassat and Succi59

extended to a convective wave equation,60 is used in the present work
to calculate far-field noise. The formulation is implemented in the time
domain using a source-time-dominant algorithm.61 The analogy has
been applied by sampling pressure fluctuations on the airfoil surface,
making it possible to consider a distribution of acoustic dipoles and

monopoles on the surface62 and to neglect other non-linear contribu-
tions, i.e., quadrupole sources.

B. Simulation set-up

The selected test case reproduces the experimental set-up of the
open-jet wind tunnel facility at the Institute of Sound and Vibration
Research (ISVR) at the University of Southampton. A sketch of the
numerical set-up is reported in Fig. 1. The experimental campaign
conducted by Chaitanya et al.22 is considered as a reference.

The airfoils investigated are a NACA 0012 and a NACA 0012-
103 with a chord of c¼ 0.15m and a span of L¼ 0.45m. The airfoil is
placed at a zero angle of attack at the center of the simulation domain,
whose dimensions are 5� 5�5m3. The reference system is defined
with x as the streamwise direction, along which the velocity compo-
nent is u, y as the upwash direction with v as the velocity component,
and z as the spanwise direction with velocity component w. A rectan-
gular convergent nozzle of length 1:35m is positioned 1 chord
upstream of the leading edge of the airfoil. The exit section of the noz-
zle is 0:45m wide and 0:15m high, while the inlet section is a square
of side 1:3m. Upstream of the inlet section, a rectangular duct is added
to assign the inlet boundary condition on the domain boundary, while
two side-plates, with a height equal to 0:225m and length equal to
0:375m, have been placed at the nozzle exit section to the sides of the
airfoil. A rectangular grid, used to generate turbulence and shown in
the detail of Fig. 1, is placed inside the nozzle 0:63m upstream of the
nozzle exit. The grid is made of square rods that are 0:012m thick,
while the distance between the rods is 0:034m, meaning that the

FIG. 1. Sketch of the simulation domain.
The size of the volume is not drawn to
scale. The resolution regions are qualita-
tively represented using dotted lines. The
detail in the bottom right corner depicts a
sketch of the turbulence-generating grid
placed inside the nozzle. The thickness of
the square bars d is equal to 0:012m and
the width W of the gap is 0:034m.
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period of the pattern is 0:046m. The overall dimension of the grid is
0.46� 0.61m2. All the geometrical information regarding the grid is
reported in Table I.

The free-stream velocity is set equal to 60m s�1 (corresponding
to a Reynolds number calculated with respect to the chord equal to
Re ¼ 6:2� 105) at x/c¼�0.033 upstream of the position of the lead-
ing edge in the configuration without the airfoil. This is obtained by
imposing total pressure at the nozzle inlet and accounting for the head
loss through the rectangular grid, calculated using the following
expression from Roach63

Dp
q1

¼ A
1

b2grid
� 1

 !B

;

where the Dp across the rectangular grid, non-dimensionalized with
respect to the upstream dynamic pressure q, is expressed as a function
of the grid porosity bgrid and the coefficients A and B, which are a
function of the Reynolds number, Mach number, and grid geometry.
For the present case, they have been set equal to 0.98 and 1.09, respec-
tively. The friction loss along the nozzle is neglected since the walls are
set as frictionless walls. A static pressure equal to 101325Pa is set on
the other boundaries of the simulation domain, i.e., the inlet around
the nozzle inlet section, the outlet, the ceiling, the floor, and the two
lateral sides of the volume.

In the finest resolution configuration, the simulation volume is
subdivided into 10 refinement regions. As observed in Fig. 1, the reso-
lution is kept constant from the grid to the airfoil to avoid numerical
effects on turbulence convection. Two offsets placed around the airfoil
allow a further decrease in the voxel size, reaching a value of 1:79
� 10�4 m next to the airfoil surface for the finest grid investigated. An
average yþ ¼ 19 is, hence, achieved along the body. The domain for
the finest resolution configuration is discretized with 660� 106 voxels.

For the finest resolution, a physical time step of 3:046� 10�7 s is
employed to carry out the simulation, whose overall duration is
0:167 s. This is set in order to have 10 repetitions of the cycle at the
lowest frequency considered (60Hz). Taking into account the free-
stream velocity and the airfoil chord, the duration of the simulation
corresponds to 67 flow passes. Data have been saved after a transient
of 25 flow passes (0.0625 s), defined by monitoring the convergence of
the total pressure at the nozzle inlet.

Far-field noise is obtained through Ffowcs-Williams and
Hawking’s analogy using the pressure acquired on the airfoil surface.
Data have been saved on the body at a rate of 30 kHz. The same fre-
quency is used to sample quantities in the flow field in the vicinity of
the airfoil. All the PSDs are one-sided and have been calculated using
Welch’s method with a Hanning window characterized by 50% over-
lap to obtain a 100Hz frequency resolution. Eleven direct probes,
shown in Fig. 1 as red dots, have been placed along an arc of radius
R ¼ 1:2m between h ¼ 2p=9 and h ¼ 7p=9 measured from the
downstream direction in the midspan plane of the airfoil and centered
at the leading edge with an angular separation of Dh ¼ p=18.

The two airfoils under analysis are shown in Fig. 2. The first air-
foil is a standard NACA 0012, while the second one is a NACA
0012-103, belonging to the NACA-modified 4-digit series.22,24,64

Following the notation used for this series, a standard NACA 0012
would be indicated as NACA 0012-63, where 6 is the value of a
parameter ridx related to the length of the leading-edge radius
through the relation

rLE ¼ 1:1019
tridx
6

� �2

c;

with t being the thickness of the airfoil. The second digit of the numeri-
cal appendix indicates the position of maximum thickness. As a conse-
quence, NACA 0012-103 will have an increased radius of the leading
edge, being ridx ¼ 10, but the same thickness and same position of
maximum thickness of the other airfoil investigated. The radius of the
leading edge for the standard NACA 0012 is rLE;0012 ¼ 2:4� 10�3 m,
while for NACA 0012-103 is rLE;0012�103 ¼ 6:6� 10�3 m. The geo-
metrical data are reported in Table II. These two airfoils have been
selected to analyze the contribution of a different curvature distribu-
tion on the leading-edge noise generation and turbulence distortion,
keeping the same airfoil thickness.

The curvature of the airfoil is calculated analytically starting
from the formulation of the NACA airfoils using the following
expression

js ¼ €y

1þ _y2
� �3=2 ;

where y represents the ordinate of the curve representing the NACA
airfoil, and the derivation, indicated with the dot, is performed with
respect to the independent coordinate x. Taking into account that
the curvature can be expressed as the inverse of the radius of curva-
ture, js is non-dimensionalized by multiplying it by the radius of the
airfoil leading edge. The non-dimensionalized curvature is indicated
with Cs.

TABLE I. Geometrical information about the rectangular grid.

Width (m) Height (m) Gap, W (m) Rod thickness, d (m) Pattern period, Wþ d (m) Solidity, rgrid (%)

0.46 0.61 0.034 0.012 0.046 55

FIG. 2. Airfoils analyzed in the present work. A standard NACA 0012 is compared
to a NACA 0012-103, part of the modified 4-digit series, which differs only for the
radius of the leading edge.
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III. GRID-INDEPENDENCE STUDY AND VALIDATION
A. Grid-independence study

The grid-independence study was performed for the NACA-0012
case. For this configuration, five simulations with different resolutions
have been carried out. With respect to the coarsest simulation, identi-
fied as “resolution level 1,” the following one, i.e., “resolution level 2,”
is obtained using a refinement factor of 2. The third and the fourth lev-
els of refinement have been achieved by refining the second resolution
level with factors of 1.5 and 2, respectively. The fifth and finest resolu-
tion level is obtained by adding a further refinement region on the air-
foil surface. Convergence is assessed in terms of sound power level
(PWL) and time-averaged lift and drag coefficients of the airfoil, i.e.,
CL and CD, respectively. Table III reports additional information
about the different resolution levels.

The solid formulation of the FWH analogy is employed to calcu-
late the far-field noise at the virtual microphones described in Sec. II B.
The PWL is computed with the expression used in the reference exper-
imental campaign

PWL ¼ LR
q1c1

� � XN�1

i¼1

Spp f ; hið Þ þ Spp f ; hiþ1ð Þ
2

Dh

" #
; (3)

with L being the span of the airfoil, R the radius of the microphone
array, c1 the speed of sound, and q1 the density of air. Sppðf ; hiÞ is
the power spectral density of the far-field acoustic pressure at the posi-
tion hi, while Dh is the angular separation between two adjacent micro-
phones. The procedure is explained in further detail by Narayanan
et al.65 This same expression has been used to calculate the PWL also
in Secs. III B and IV.

The comparison of the PWLs for the different resolution levels is
illustrated in Fig. 3 as a function of Stt, computed with respect to the
airfoil thickness. The Strouhal range from Stt ¼ 0:15 to 1.5 is
highlighted since leading-edge noise dominates in this range.22 The
transparent gray patches in the plots cover the frequency ranges where
background noise (Stt < 0:15) and self-noise (Stt < 1:5) prevail in the

experimental campaign. The trends obtained for the different grid res-
olutions almost overlap up to Stt ¼ 2:5, demonstrating that the results
are grid independent in the range of interest from resolution level 3.
For Stt > 2:5, the effects related to the different resolutions are more
evident, particularly for resolution levels 1 and 2. This is due to the
coarser refinement around the airfoil surface, where the unsteady pres-
sure used to apply the FWH analogy is sampled.

The convergence trends of CL and CD are shown in Fig. 4 with
respect to the total amount of voxels expressed in logarithmic scale.
The trend of the drag coefficient indicates that convergence has also
been reached in terms of aerodynamic forces at resolution level 4.
Conversely, the lift coefficient tends to a constant value as the resolu-
tion increases but does not converge to zero, as it would be expected
for a symmetric airfoil placed at a 0� angle of attack. A small incidence
is likely due to the highly turbulent flow in which the airfoil is
immersed and to the slight upward deflection of the flow at the exit of
the open-jet wind tunnel. This hypothesis is corroborated by the
results of the turbulence characterization in Appendix C, which shows
that the time-averaged upwash velocity component is non-zero at the
airfoil position. However, this effect is deemed negligible, as it corre-
sponds to a variation of the angle of attack estimated from the lift curve
of a NACA 0012 airfoil at the current Reynolds number of approxi-
mately 0.25� and does not affect the analysis presented herein.

In view of the above, it can be concluded that convergence has
already been achieved at resolution level 4. Consequently, this resolu-
tion level has been selected to carry out the investigation for NACA
0012 and for the simulation of NACA 0012-103, considering the
excessively high computational cost required to run a simulation at
resolution level 5.

B. Validation of the numerical simulations

The validation study is performed by comparing the aerodynamic
and acoustic results obtained in the configurations at resolution level 4
of the two airfoils with the data from the reference experimental cam-
paign of Chaitanya et al.22 For the aerodynamic validation, the flow at

TABLE II. Geometrical information of the two investigated airfoils.

Chord,
c (m)

Span,
L (m)

Thickness,
t (m)

LE radius,
rLE (m)

NACA 0012 0.15 0.45 0.018 2:4� 10�3

NACA 0012-103 0.15 0.45 0.018 6:6� 10�3

TABLE III. Comparison of the simulation characteristics for the NACA-0012
configuration.

Resolution
level

Resolution
(rLE/finestvoxel)

Total amount
of voxel (–)

CPU
time (h)

1 3.31 14� 106 0.80� 103

2 6.62 91� 106 7.48� 103

3 9.93 287� 106 24.99� 103

4 13.25 660� 106 44.75� 103

5 26.50 900� 106 96.58� 103

FIG. 3. Grid-independence study in terms of PWL for the different grid resolutions
for the NACA-0012 case.
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the nozzle exit has been assessed in terms of streamwise integral length
scale, turbulence intensity, and turbulence frequency spectrum of the
streamwise velocity component at x=c ¼ �0:033 upstream of the
position of the leading edge. The flow characterization has been carried
out by running a simulation in which the airfoil is removed while
keeping the resolution and the refinement regions unaltered. By sam-
pling the velocity components at this position, a time-averaged
free-stream velocity of U1 ¼ 59:5ms�1 and a turbulence intensity
Tuu ¼

ffiffiffiffiffiffi
u02

p
=U1 of 2.2% are obtained. The streamwise integral

length scale is equal to Lxuu ¼ 6:0� 10�3 m, and it has been estimated
using the expression66

Lmij x; lð Þ ¼
ð1
0
Rm
ij mð Þdl ¼

ð1
0

ui x þ lemð Þuj xð Þ
ui xð Þuj xð Þ dl: (4)

Rm
ij ðxÞ is the correlation coefficient calculated considering a reference

location x, ui, and uj are the turbulent velocity fluctuations compo-
nents in the ith and jth directions, respectively, em is the unitary vec-
tor in the mth direction, and l ¼ l � em is the separation length from
the reference location. is the temporal-averaging operator with the
assumption that the turbulent fluctuations in the open jet are ergo-
dic. The expression has been applied using a discrete integration
with respect to the streamwise velocity component, and the calcula-
tion is independent of the spatial separation between the sampling
points. The values calculated for these quantities are compared with
the results obtained in the reference experimental work of Chaitanya
et al.22 The comparison is reported in Table IV, where a good agree-
ment is shown between the turbulence characteristics of the refer-
ence experimental campaign and those obtained in the present
numerical simulation.

The same values are subsequently used to scale the von K�arm�an
wavenumber spectra for the streamwise and upwash velocity compo-
nents, using the expressions

Huu kxð Þ ¼ 1ffiffiffi
p

p C 5=6ð Þ
C 1=3ð Þ

u2

ke

1

1þ kx=keð Þ2
� �5=6 ; (5)

Hvv kxð Þ ¼ 2
27

ffiffiffi
p

p C 5=6ð Þ
C 7=3ð Þ

v2

ke

3þ 8 kx=keð Þ2

1þ kx=keð Þ2
� �11

6

; (6)

where Cð�Þ is the Gamma function, kx is the wavenumber in the
streamwise direction, and ke is defined as the wavenumber scale of the
largest eddies according to the expression67

ke ¼ p
Lxuu

C 5=6ð Þ
C 1=3ð Þ : (7)

The comparison of the von K�arm�an spectrum scaled with the
quantities sampled at x=c ¼ �0:033 and the turbulence frequency
spectrum acquired at the same position is reported in Fig. 5. The turbu-
lence spectra of the streamwise velocity component have also been
compared with the results provided in the reference experimental work
[Fig. 5(a)]. The sampled spectrum and the analytical computation are
indeed very similar, while the difference with the von K�arm�an spectrum
obtained in the experimental campaign is most likely due to the slight
discrepancy in the integral length scale and turbulence intensity.

The analysis of the upwash velocity component spectrum,
reported in Fig. 5(b), has been carried out considering just the turbu-
lence frequency spectrum sampled at x=c ¼ �0:033 and the von
K�arm�an spectrum scaled with the quantities sampled at this location.
This has been scaled using a value for the turbulence intensity of the
upwash velocity component Tuv ¼

ffiffiffiffiffiffi
v02

p
=U1 equal to 2.8%. No

information regarding the upwash velocity component, either in terms
of the frequency spectrum and turbulence intensity, is reported in the

FIG. 4. Grid-independence study in terms of time-averaged (a) lift coefficient CL and (b) drag coefficient CD for the different grid resolutions for the NACA-0012 case.

TABLE IV. Nozzle open-jet flow characterization. Data are sampled at x=c ¼
�0:033 with respect to the origin of the reference system (coincident with the leading
edge of the airfoil) and compared with the measurements of the reference experimen-
tal campaign by Chaitanya et al.22

U1 (m s�1) Tuu (%) Lxuu (m)

Present (LBM-VLES) 59.5 2.2 6:0� 10�3

Chaitanya et al.22 (Exp.) 60 2.5 7:5� 10�3
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reference experimental work of Chaitanya et al.22 A good agree-
ment is observed between the numerical turbulence spectrum and
the analytical one, in particular for frequencies above 1 kHz. In the
low-frequency range, the von K�arm�an spectrum clearly underesti-
mates the trend of the numerical spectrum. This suggests that the
turbulent flow features a slight anisotropy, which is most likely due
to the strong section contraction in the final part of the nozzle and
to the fluctuations induced in the flow by the two shear layers
developing on the upper and lower sides of the exit section. As the
homogeneity and the isotropy of the incoming turbulence are not
necessary conditions for the present investigation, turbulence char-
acteristics will be further detailed for the sake of completeness in
Appendix C.

The acoustic validation is performed in terms of PWL and overall
sound pressure level (OASPL) directivity patterns. The noise predic-
tion obtained using the FWH analogy along the arc where the direct
microphones are placed has been compared with the experimental
data, which deployed 18 microphones on an arc spanning from
h ¼ p=4 to 3p/4 with a radius R ¼ 1:2m. The comparison of the
PWL is shown in Fig. 6 as a function of the Strouhal number calculated
with respect to the airfoil thickness Stt. Additionally, the computa-
tional aeroacoustics (CAA) results obtained in the work of Chaitanya
et al.22 are shown for the sake of completeness. For both the airfoils,
a 3 dB variation is achieved in the frequency range going from Stt
’ 0:15 to 1.5, where leading-edge noise dominates. An error margin
of 62 dB has been considered for the measurements, as indicated by

FIG. 5. Power spectral density of the streamwise velocity component acquired at x=c ¼ �0:033 with respect to the position of the leading-edge. The spectrum is compared
with the von K�arm�an (vK) spectrum scaled using the integral length scale Lxuu ¼ 6:0� 10�3 m and the turbulence intensity Tuu ¼ 2:2% calculated at the same position. The
streamwise component spectra are also compared with the von K�arm�an spectrum scaled with the results of the reference experimental campaign of Chaitanya et al.22

(Lxuu ¼ 7:5� 10�3 m; Tuu ¼ 2:5%).

FIG. 6. Acoustic validation for the (a) NACA 0012 and (b) NACA 0012-103 configurations in terms of sound power level.
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the authors of the experimental campaign. The slight underprediction
observed can be attributed to the lower values of the turbulence inten-
sity and the free-stream velocity obtained in the simulation with
respect to the experimental values.

A similar satisfactory agreement between the numerical simula-
tions and the measurements is observed in Fig. 7, where the OASPL
directivity patterns are shown. The OASPL has been determined by
integrating the frequency range going from Stt ¼ 0:15 to 1.5.

IV. RESULTS
A. Analysis of the velocity field

The behavior of the turbulent field approaching the airfoil and
the extension of the region where distortion occurs can be identified
by considering the root mean square of the velocity components along

the stagnation streamline. Figure 8 shows the trends for the streamwise
and upwash velocity components u and v for the NACA 0012 and the
NACA 0012-103 airfoils (the spanwise velocity component w is not
shown, as its fluctuations remain constant, as also confirmed by
Hunt31). As the flow approaches the stagnation point, the blockage
induced by the body causes the streamwise velocity fluctuations to
abruptly decrease and the upwash fluctuations to increase.31 This dis-
tortion mechanism prevails in the case of large-scale turbulence, i.e.,
when the ratio of the scale of the incoming turbulence to the character-
istic dimension of the body, identified in the literature as the airfoil
leading-edge radius (see Sec. I), is greater than 0.5.68 This is the case
for two airfoils under investigation: Lxuu=rLE amounts to 2.5 and 1 for
NACA 0012 and NACA 0012-103, respectively.

Notably, the trends of the root mean square of the velocity com-
ponents along the stagnation streamline coincide both far away and in

FIG. 7. Acoustic validation for the (a) NACA 0012 and (b) NACA 0012-103 configurations in terms of noise-directivity pattern.

FIG. 8. Comparison of the root mean
square of the spanwise-averaged (a)
streamwise and (b) upwash velocity com-
ponents along the stagnation streamline
for the two airfoil configurations. The
dashed lines highlight the position corre-
sponding with one leading-edge radius
upstream of the leading edge for both
cases.
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the vicinity of the stagnation point, despite the significant difference
between the two leading-edge radii. The variation due to the presence
of the body occurs at a distance from the stagnation point that appears
unrelated to the leading-edge radius. These findings differ from those
of Mish and Devenport36,37 and De Santana et al.,40 according to
whom turbulence-distortion effects are detected within 1rLE from the
stagnation point, and challenge the relevance of this geometrical
parameter in the alteration of the velocity field.

Further indications about the alteration of the velocity field due
to the deformation of the turbulent structures are provided by the
velocity spectra at different positions along the stagnation streamline.
Figure 9 reports the spectra of the streamwise velocity componentHuu

at six different upstream locations from the stagnation point, listed in
the legend of the figure. Data are spatially averaged in the spanwise
direction. The turbulence frequency spectra for both airfoils overlap
up to x=c ’ �5� 10�3, while, for smaller distances, the effects caused
by the presence of the body start to be apparent, i.e.,Huu decreases for
all the frequencies.

The same analysis is also repeated for the upwash velocity com-
ponent, whose turbulence frequency spectra Hvv are reported in
Fig. 10. Notably, for both airfoils, the variation ofHvv approaching the
stagnation point differs from that of the spectra of the streamwise
velocity. In this case, the amplitude of the low-frequency part increases,
whereas that for the high-frequency part decreases. These two different
trends depend on the ratio Lx=a, which is related to the leading-edge
geometry, as explained in Sec. I. The crossover frequency between the
two trends thus indicates the wavelength at which they balance each
other, corresponding to turbulent structures similar in size to the char-
acteristic dimension of the obstacle. This explains why the crossover
frequency is observed at Stt ’ 1 in the case of NACA 0012
[Fig. 10(a)], which features a sharper leading edge, while it is slightly
lower, around Stt ’ 0:6, for the more rounded NACA 0012-103
[Fig. 10(b)]. Finally, at locations along the stagnation streamline where
turbulence is already distorted, the low-frequency part of the spectrum

does not change significantly with the decreasing distance from the
surface, while the slope of the high-frequency part keeps increasing.

Since the high-frequency attenuation has been identified as the
most significant effect on the airfoil aerodynamic and acoustic
response in the presence of a realistic airfoil geometry, it is worth
focusing on the decay slopes of the spectra at different distances
from the leading edge, also depicted in the plots of Fig. 10. For large
distances from the leading edge, i.e., jx=cj > j � 0:015j, the decay
slope is �5=3, as foreseen by the linearized theory for the inertial
subrange.67 For the spectrum sampled at x=c ¼ �0:015, it is still
close to �5=3 but progressively decreases as the stagnation point is
approached. At x=c ¼ �5� 10�3, Hvv is characterized by a decay
slope of �10=3 for both airfoils. This value is predicted by the RDT
for spectra in the vicinity of the leading edge but for angular posi-
tions away from the stagnation streamline.31 The spectra sampled
closest to the body for both airfoils feature a steeper exponential
decay slope, for which the following expression derived by Hunt31

for the normalized Hvv in the immediate vicinity of the stagnation
point reads

Hvv

u02Lx
’ G1 a=Lxð Þ�2

3j�
7
3e�

1
2pj; (8)

with j ¼ a kx being the wavenumber non-dimensionalized with
respect to the characteristic size of the body and where

G1 ¼
55� 0:1955� p

1
2C

1
3

� �
C

5
3

� �

36p� 4p� 3
4

� �5
3

C
11
6

� � ¼ 0:0566:

In this case, the characteristic size of the body a has been set equal to
the geometrical parameter ldis, which will be introduced in the subsec-
tion Sec. IVC. For further details about the analytical derivation of this
expression, the reader can refer to Secs. 5 and 6 of Hunt.31

FIG. 9. Turbulence frequency spectra of the streamwise velocity component along the stagnation streamline at different distances from the airfoil leading edge for the (a) NACA
0012 and the (b) NACA 0012-103. All the spectra are spatially averaged in the spanwise direction.
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Interestingly, in the frequency range of analysis, this exponential decay
can be approximated by a linear decay with a slope of�20=3.

The spanwise evolution of turbulence as the airfoil leading edge is
approached is analyzed in terms of spanwise coherence length lzðxÞ
using Eq. (A13), which is linked to the inflow-turbulence noise produced
by the airfoil, as shown in Eq. (A12). The coherence of the upwash veloc-
ity component in the spanwise direction is calculated at the locations
listed in the legend of the figure along the stagnation streamline. Results,
which are reported in Fig. 11, show that the lzðxÞ values in the low-
frequency range increase as the stagnation point is approached, whereas

the high-frequency range is not affected by the turbulence distortion and
does not vary with the increasing proximity to the leading edge.

B. Turbulence-distortion effects on unsteady surface
pressure

Relevant indications about the noise-generation mechanism and
effect of airfoil geometry can be inferred by looking at the pressure dis-
tribution on the airfoil surface. The root mean square of the spanwise-
averaged surface-pressure fluctuations, which are normalized by the

FIG. 10. Turbulence frequency spectra of the upwash velocity component along the stagnation streamline at different distances from the airfoil leading edge for (a) NACA 0012
and (b) NACA 0012-103. All the spectra are spatially averaged in the spanwise direction.

FIG. 11. Spanwise coherence length of the upwash velocity component along the stagnation streamline at different distances from the airfoil leading edge for (a) NACA 0012
and the (b) NACA 0012-103.
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free-stream dynamic pressure q1, is shown for both airfoils in Fig. 12.
The distributions, reported as a function of the curvilinear abscissa s,
are compared to the spatial derivative with respect to s of the time-
averaged pressure coefficient Cp along the surface. For both airfoils, the
position along the surface at which the pressure fluctuation is maxi-
mum occurs downstream of the stagnation point, in agreement with
the results of Zamponi et al.69 More precisely, the point of maximum
surface-pressure fluctuations is slightly downstream of the position
where the pressure gradient peaks. This result suggests a direct relation
between the pressure gradient along the airfoil, which is associated
with the mean flow around the body, and the spatial distribution of
the surface-pressure fluctuations, which are connected with the noise-
generation efficiency of the body.43

The distributions of these quantities are also compared with the
spatial derivative of the non-dimensional curvature Cs with respect to
the curvilinear abscissa s [Figs. 12(c) and 12(d) for NACA 0012 and
NACA 0012-103, respectively]. As expected, the pressure gradient is
maximum where the curvature changes more abruptly, i.e., at the posi-
tion where the derivative of the curvature reaches its utmost. This

observation identifies in the variation of curvature, which is related to
the sharpness of the leading edge, a relevant geometrical feature for
noise-generation efficiency, as also shown by Lockard and Morris,17

Oerlemans,20 Moriarty et al.70 Indeed, even though the far-field noise
spectra for the two airfoils are comparable (see Fig. 6), a slight noise
reduction of around 5 dB occurs for NACA 0012-103, which is charac-
terized by a more rounded leading edge, for Stt > 0:6. This is attrib-
uted to the lower peak (around 80%) of the surface-pressure
fluctuations with respect to that induced on NACA 0012 (see Fig. 12),
confirming that the shape of the leading edge has an impact on the
sound-radiation efficiency of the airfoil even when the thickness is
kept constant, in agreement with Gill et al.24 In addition, the pressure-
gradient intensity, associated with the variation of curvature in the
front part of the airfoil, seems to affect the distortion of the turbulent
structures as they accelerate along the surface, as also concluded by
Gershfeld.27

The impact of the alteration of the velocity field due to turbulence
distortion on the noise generation is investigated by analyzing the fre-
quency spectra of the pressure fluctuations at different positions along

FIG. 12. Analysis of the surface pressure. The root mean square of the surface-pressure fluctuations is compared with the time-averaged pressure gradient and the derivative
of the curvature of the leading edge of the airfoil for (a)–(c) NACA 0012 and (b)–(d) NACA 0012-103.
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the surface of the airfoils and averaged in the spanwise direction
(Fig. 13). The five sampling locations are set as multiples of the curvi-
linear abscissa of the point of maximum pressure fluctuations with
respect to the stagnation point, defined as ldis. The purpose is to ana-
lyze the variation of surface-pressure characteristics in the surround-
ings of the point where the noise source is maximum. For both NACA
0012 and NACA 0012-103, the surface-pressure spectra in the vicinity
of the leading edge feature an exponential decay slope in the high-
frequency range. Such decay is caused by the pileup of the vortical
structures on the stagnation point, which leads to a more effective can-
celation of the pressures induced by the eddies with respect to other
positions around the body.71 At the stagnation point and in the high-
wavenumber asymptotic limit, which describes the effects on the sur-
face pressure caused by the distortion of small-scale structures, this
physical mechanism can be modeled by71

Hpp / a=Lxð Þ�2
3 Lxj=að Þ�7

3e�pjQ: (9)

Here, Q is a factor derived from the expansion of Lighthill’s drift func-
tion72 computed on the surface boundary, which the linearized theory
estimates to be Oð1Þ. This parameter has been determined by match-
ing the exponent to that of the high-frequency exponential decay of
the upwash velocity spectrum identified by Hunt,31 resulting in
Q¼ 0.6 for both airfoils. Under this assumption, Fig. 13 shows that the
analytical calculations correctly approximate the surface-pressure spec-
tra sampled at the closest positions to the stagnation point for both air-
foils, proving that, in the vicinity of the leading edge, the unsteady
surface pressure in the high-frequency range decays as the upwash
velocity. Moreover, similarly to the velocity field, the exponential roll-
off characterizing the high-frequency range of the surface-pressure
spectrum is very close to a linear decay with a slope of �20=3. This
result agrees with the experimental findings of Bowen et al.,25 who
showed that the high-frequency slope of the surface-pressure PSD in
the vicinity of the stagnation point of a NACA 0012 scales

approximately with the 7th power of the frequency. As the surface-
pressure spectra are sampledmore downstream, a significant reduction
in the absolute value of the decay slope and amplitudes at high fre-
quencies is observed, whereas the levels in the low-frequency range
increase up to the location of maximum surface-pressure fluctuations
and then decrease.

The effects of the distorted velocity field on the surface-pressure
distribution are now studied in terms of coherence c2v0p0 between the
surface pressure and the upwash velocity sampled at two different loca-
tions along the stagnation streamline using Eq. (A14). Figure 14
shows the c2v0p0 distribution along the airfoil using as reference points
x=c ¼ �0:5 and �1.5� 10�3, i.e., the furthest and closest positions
with respect to the leading edge among those previously considered.
Higher coherence between the surface pressure on the leading edge
and the upwash velocity component is obtained when the velocity is
taken very closely to the stagnation point, particularly in the high-
frequency range. In agreement with Bowen et al.25 and Zamponi
et al.,69 the highest c2v0p0 values are found slightly downstream of the
stagnation point, specifically at the location where the root mean
square of the surface-pressure fluctuations is maximum, i.e., at the
position where the curvature changes more abruptly. The high coher-
ence between the surface pressures and upwash velocity fluctuations in
the vicinity of the stagnation point confirms that sound-production
mechanisms are affected by the alteration experienced by the velocity
field due to the distortion of the turbulence structures. Consequently,
the investigation of the surface pressure can provide meaningful
insight into the deformation mechanisms experienced by the incoming
turbulence, as will be demonstrated in Sec. IVC.

C. Description of turbulence-distortion mechanisms
and influence of airfoil geometry

The turbulence-distortion mechanism is now further elucidated
in view of the results of the analyses of the surface pressure and the

FIG. 13. Surface-pressure spectra at different positions along the airfoil surface for (a) NACA 0012 and (b) NACA 0012-103. All the spectra are spatially averaged in the span-
wise direction.
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velocity field. As shown in Sec. IVA, the frequencies marking the
crossover between the large-scale distortion behavior (low-frequency
part of the spectra) and the small-scale one (high-frequency part of the
spectra) differ for the two airfoils. This finding hints at an effect of the
leading-edge geometry on the distortion mechanisms of the incoming
turbulent structures, which are dictated by the conditions Lx=a � 1
and Lx=a � 1.

What remains to be elucidated yet is which geometrical parame-
ter a determines these different behaviors. The evolution of the
surface-pressure fluctuations provides a valuable indication for it.
Indeed, if turbulence distortion, as well as noise generation, is affected
by the flow accelerating along the airfoil surface, it is reasonable to
assume that the relative size of the eddies with respect to the space
available for accelerating is also relevant in determining the deforma-
tion mechanism the eddies will experience in the interaction with the
leading edge. As previously mentioned, this distance ldis can be esti-
mated from the geometrical characteristics of the airfoil, being this
parameter comparable to the arc length going from the stagnation

point to the position of maximum variation of curvature. This location
also coincides with the point where the airfoil geometry at the leading
edge starts diverging from the curve of the osculating circle, i.e.,
ldis ¼ hdisrLE, with hdis being the angular position along the leading-
edge circle associated with the point of the maximum derivative of the
airfoil curvature (Fig. 15).

By employing a Strouhal number Stldis defined with this quantity,
the impact of ldis on the distortion of the incoming turbulence struc-
tures can be assessed. The turbulent spectra of the upwash velocity
component at three different distances from the stagnation point are
shown in Fig. 16 for both airfoils. Using Stldis , the spectra collapse for
all the considered distances, suggesting that the distortion length ldis is
the geometrical parameter to consider to evaluate the turbulence-
distortion effects and legitimate the extension of the RDT results to air-
foil applications. This is also a further indication that the leading-edge
radius indirectly plays a role in the identification of the turbulence-
distortion mechanisms via the length of the arc from the stagnation
point to the position of maximum curvature. Interestingly, in the case

FIG. 14. Coherence between the surface pressure and the upwash velocity sampled at (a) x=c ¼ �0:5 and (c) x=c ¼ �1:5� 10�3 for NACA 0012 and at (b) x=c ¼ �0:5
and (d) x=c ¼ �1:5� 10�3 for NACA 0012-103. In the FIGS, the position where the upwash velocity is sampled is shown with a dot, while the dotted line depicts the position
along the airfoil where surface-pressure fluctuations peak.
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of NACA 0012, the value of ldis almost coincides with the leading-edge
radius, supporting the literature results outlined in Sec. I that consid-
ered rLE as the characteristic dimension of the airfoil noise dictating
the turbulence distortion.

D. Turbulence-distortion effects on leading-edge noise
prediction

The results of the analysis of the velocity field in the vicinity of
the leading edge and the unsteady surface pressure on the airfoil allow
the assessment of turbulence-distortion effects in low-fidelity models.
A first attempt to account for these effects in Amiet’s model is carried
out by using Eq. (A9), which relates the far-field noise to the cross-
spectral density of the surface pressure on the airfoil by means of
Curle’s analogy. This has been solved by using an in-house routine
implemented in MATLAB by MathWorks. The outcome of this imple-
mentation of Amiet’s model compared to the noise prediction
obtained with the solid formulation of FWH analogy is shown in
Fig. 17 in terms of SPL, whose calculation considers the observer above

the leading edge (h ¼ p=2) at a distance of R ¼ 1:2m. The noise pre-
diction obtained with Amiet’s model coincides with the results of the
FWH analogy, correctly estimating the noise levels and the decay slope
in the range of interest, up to the frequency associated with the sam-
pling spatial resolution of the surface pressures in Amiet’s model.
Indeed, this resolution was kept significantly lower than that employed
by PowerFLOW for the FWH analogy due to the excessive computa-
tional cost required by solving Eq. (A9) in MATLAB. This results in
an insufficient characterization of destructive interference effects,
which explains the discrepancy observed at very high frequencies.

The comparison, on the one hand, shows that the analytical
model of Amiet is able to accurately predict inflow-turbulence noise
also for the case of airfoils with non-negligible thickness but, on the
other hand, is not particularly interesting from an applicative point of
view since its implementation requires the knowledge of the surface
pressure field on the whole airfoil. The advantage of using a low-
fidelity method to decrease the computational cost would be, hence,
lost.

The most relevant and practically useful formulation of Amiet’s
model is that of Eq. (A10), which allows the calculation of the far-field
noise starting from the characteristics of the incoming turbulence by
using a transfer function to model the response of the airfoil to the per-
turbation. Given the results obtained in the previous section regarding
the modification of the velocity field in the vicinity of the surface, a
possible approach to account for the turbulence-distortion effects in
the noise prediction by means of Amiet’s model is to consider turbu-
lence characteristics in the vicinity of the stagnation point. The simpli-
fied version of Eq. (A12) is employed to consider the turbulence
spectrum along the stagnation streamline as input. In particular, the
HvvðxÞ acquired in the closest position to the airfoil leading edge
(x=c ¼ �1:5� 10�3) is used in the equation. The spanwise coherence
length lzðxÞ is calculated at the same position. The noise prediction
obtained using this low-fidelity method is compared to the results of
the FWH analogy in terms of SPL and PWL. For the calculation of the
SPL, the observer location has been considered to be right above the
leading edge (h ¼ p=2) in the midspan plan, at a distance of
R ¼ 1:2m.

The comparison in SPL between the analytical prediction and the
FWH analogy is reported in Fig. 18, while Fig. 19 shows the

FIG. 16. Comparison of the upwash velocity component spectra for the two airfoils
as a function of the Strouhal number defined using the quantity ldis, which repre-
sents the arc length along the surface for which the airfoil is approximated as a
circle.

FIG. 15. Geometry of the leading edge of (a) NACA 0012 and (b) NACA 0012-103 with highlighted the parameter ldis, geometrically comparable to the distance along the airfoil
surface between the stagnation point and the position of maximum curvature variation.
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corresponding PWL. Amiet’s model using as input the turbulence
spectrum sampled 1:5� 10�3 c upstream of the leading edge, indi-
cated with Hvv;dis, is compared with the prediction using a spectrum
sampled far upstream as input, i.e., at 0:5 c from the stagnation point,
expressed as Hvv;ups. In agreement with the literature findings, the
canonical application of Amiet’s model, i.e., considering a spectrum
representing the undistorted conditions, correctly estimates the noise
level in the low-frequency range up to Stt ¼ 0:35, while overpredicts it
for higher frequencies, for which the decay slope of the spectrum is not
correctly calculated. Conversely, the prediction of Amiet’s model using
the distorted spectrum features the same trend as that computed with

the FWH analogy, including the correct decay slope in the high-
frequency range. A general overestimation in the entire frequency
range is obtained, though. This overestimation is traced back to the
results of the velocity-field analysis in the stagnation region, where the
upwash velocity spectrum increases in the low-frequency range and
decreases in the high-frequency one, and depends on the fact that the
aeroacoustic transfer function in Eqs. (B7) and (B8) have not been
modified accounting for the distortion effects. Given the crucial role
played by the transfer function in the quantitative prediction of the
emitted noise levels, Sec. IVE will be dedicated to investigating these
effects.

FIG. 18. Sound pressure level in the far-field calculated for an observer placed at R ¼ 1:2m and h ¼ p=2, with the angular position computed with respect to the downstream
direction, for (a) NACA 0012 and (b) NACA 0012-103. Amiet’s implementation using spectra sampled far upstream Hvv;ups and in the distorted region of the flow field Hvv;dis is
compared to the calculation provided by the FWH analogy. The reference pressure used to calculate the SPL is 2� 10�5 Pa.

FIG. 17. Sound pressure level in the far-field calculated for an observer placed at R ¼ 1:2m and h ¼ p=2, with the angular position computed with respect to the downstream
direction, for (a) NACA 0012 and (b) NACA 0012-103. Amiet’s implementation using surface pressure cross-PSD as input is compared to the calculation provided by the FWH
analogy. The reference pressure for the SPL calculation is 2� 10�5 Pa.
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The consequences of incorporating turbulence-distortion effects
into Amiet’s model are now evaluated by varying the sampling posi-
tion of the turbulence spectrum across the entire stagnation region.
The analysis involves calculating the difference in the overall sound
pressure level DOASPL between Amiet’s model using the distorted
spectrum as input and the results provided by the FWH analogy. The
difference between these two noise predictions has been calculated in
the frequency range in which leading-edge noise prevails, i.e.,
0:15 < Stt < 1:5.

It is useful to combine such analysis with the assessment of the dif-
ference in decay slope in the high-frequency range jDmj between the
spectrum obtained with the FWH analogy and Amiet’s model with dif-
ferent positions where Hvv is sampled. The decay slopes of the sound
power levels in the range going from Stt ¼ 0:4 to 2 are taken as refer-
ence. Figure 20 reports the contour plot of both these quantities for the
two airfoils. On the one hand, the results for the DOASPL in Figs. 20(a)
and 20(b) demonstrate that a substantial increase in terms of noise levels
up to 6dB in comparison with the numerical simulations is obtained by
samplingHvv closer to the stagnation point. On the other hand, the dif-
ference in decay slope between Amiet’s model and FWH shown in Figs.
20(c) and 20(d) indicates that a significant improvement is achieved in
the high-frequency range with respect to the canonical application of
Amiet’s model, with Dm tending to zero when the turbulence spectrum
is sampled at the airfoil stagnation region.

E. Aeroacoustic transfer function modification for
distorted-turbulence input

In view of the above, the effects of turbulence distortion on the
velocity field must be taken into account in the physical modeling of
the noise-generation mechanism at the basis of low-fidelity noise-pre-
diction methods. The constant noise overestimation across the entire
frequency range, however, indicates that the effects of turbulence dis-
tortion have not been fully accounted for. Indeed, the comparison with
the accurate prediction obtained implementing Eq. (A9), which does

not require a transfer function to relate the unsteady loading distribu-
tion to the incoming turbulence characteristics, suggests that potential
distortion effects on the airfoil response modeling must be assessed.

As outlined in Appendix A, Amiet’s model relies upon the rela-
tion between the pressure distribution on the airfoil surface (specifi-
cally, a flat plate) and the upstream incident gust that induces the
unsteady loading. The analytical expression for this relation [Eq. (A2)]
is obtained in the assumption of monochromatic sinusoidal gust with
amplitude v0 [Eq. (A1)], which introduces the transfer function
gðx; kx; kzÞ. Employing a transfer function based on the response of a
flat plate is equivalent to following a quasi-steady theory, which is
based on the hypothesis that the only effect of turbulence added to the
incoming flow is a small change in the angle of incidence and magni-
tude of the upstream velocity.71 This corresponds to assuming the sur-
face pressure on the flat plate to be induced by undistorted large-scale
turbulence. Nevertheless, it has been shown in Sec. IVA that, for both
airfoils, the realistic geometry effects entail a variation of the turbulent
velocity as the stagnation point is approached due to the blockage
caused by the surface (see Fig. 8). This variation in the energy content,
which can also be interpreted as an increase in the perturbation ampli-
tude, supports the increase in the low-frequency range observed for
upwash-velocity spectra sampled in the stagnation region, which is
related to the distortion of large-scale turbulent structures. However,
the original formulation of the transfer function does not encompass
this energy increase, explaining the observed overestimation once the
altered turbulence spectrum is used in the prediction. This can be
shown by applying the same analytical procedure followed by Amiet
but considering a sinusoidal gust vdisðx; zÞ with amplitude scaled of a
factor adis with respect to the upstream undistorted one v0 as input

vdis x; zð Þ ¼ adisv0ð Þei kx U1t�xð Þ�kzz½ 	 ¼ adisv x; zð Þ: (10)

In the framework of the quasi-steady theory, this distorted gust is con-
sidered to be mathematically related to the altered turbulence spectrum
that accounts for distortion effects.

FIG. 19. Sound power level in the far-field for (a) NACA 0012 and (b) NACA 0012-103. Amiet’s implementation using spectra sampled far upstream Hvv;ups and in the distorted
region of the flow field Hvv;dis is compared to the calculation provided by the FWH analogy. The reference power used to calculate the PWL is 10�12 W.
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Note that the terms of the aeroacoustic transfer function do not
feature a dependence on the gust amplitude and are not directly
affected by its variation. Indeed, as detailed in Appendix B, v0 cancels
out in the calculation of leading-edge term L1 [Eq. (B7)] and the
trailing-edge one L2 [Eq. (B8)] by substituting the pressure terms

induced by the sinusoidal perturbation [Eqs. (B1) and (B2)] in the
expression for gðx; kx; kzÞ [Eq. (B6)]. This indicates that the intensity
of the aerodynamic and acoustic response of the airfoil depends on the
amplitude of the gust term in Eq. (A2) and the turbulence spectrum
once the formulation is expressed in statistical quantities. This passage

FIG. 20. Difference in overall sound pressure level DOASPL and in slope Dm of the PWL between the noise prediction from the FWH analogy and from Amiet’s model using
different sampling positions for the turbulence spectrum. These quantities are shown respectively in (a) and (c) for NACA 0012 and in (b) and in (d) for NACA 0012-103. For
the DOASPL, the observer is placed at R ¼ 1:2m and h ¼ p=2, with the angular position computed with respect to the downstream direction. The slope is calculated in the
range Stt ¼ 0:4–2.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 125183 (2024); doi: 10.1063/5.0244627 36, 125183-18

VC Author(s) 2024

 30 D
ecem

ber 2024 16:16:36

pubs.aip.org/aip/phf


from time and space-dependent expressions to statistical operators is
worth a more detailed analysis. The cross-PSD of the surface pressure
in Eq. (A6) is indeed retrieved from Eq. (A5) through

SQQ x1; x2; z1; z2;xð Þ ¼ lim
T!1

p
T
hDp̂ x1; z1;xð ÞDp̂† x2; y2;xð Þi; (11)

with h�i indicating the expected-value operator and the superscript y

identifying the complex conjugate. At this point, once Eq. (A5) with
the distorted gust as input is substituted into Eq. (11), the only non-
deterministic quantity is the Fourier transform of the gust
^̂vR;disðkx; kzÞ. Taking all the other terms out of the expected value
yields

h^̂vR;dis Kx; kzð Þ^̂v †R;dis Kx; kzð Þi ¼ R
p
Uvv;dis Kx; kzð Þ; (12)

where the distorted turbulence spectrum used as input in the model
appears. Considering Eq. (10) and the linearity of the expected-value
operator, which allows the amplitude-variation factor adis to be
brought outside, it follows that

a2disUvv Kx; kzð Þ ¼ Uvv;dis Kx; kzð Þ; (13)

the expected value of the magnitude squared of ^̂vRðKx; kzÞ being the
upstream turbulence spectrum UvvðKx; kyÞ. This equation indicates
that substituting the undistorted turbulence spectrum with an altered
one to account for the effects of turbulence distortion introduces an
increase in the energy content of the turbulence term in input. This
variation is due to the distortion of the energy-containing scales in the
stagnation region and is not encompassed in the original formulation
of Amiet’s model, which indeed overestimates the radiated noise by a
constant offset across the entire frequency range compared to FWH. A
modification of the turbulence term without accounting for this mech-
anism thus yields a noise prediction corresponding to the interaction
of an undistorted perturbation featuring increased amplitude with the
aerodynamic surface.

The validity of this discussion also holds for the simplified formu-
lation of Amiet’s model [Eq. (A12)], implemented in the present study,
where HvvðxÞ and lzðxÞ are used in place of the wavenumber spec-
trum. Indeed, in the case of large airfoil spans, it is shown that

Uvv Kx; 0ð Þ ¼ U1
p

Hvv xð Þlz xð Þ (14)

since the dependency on kz of both the aeroacoustic transfer function
and the wavenumber upwash-velocity spectrum becomes negligible.

Amiet’s analytical procedure can be resumed from Eq. (12),
which leads to Eq. (A6). This relates the cross-PSD of the surface pres-
sure SQQðx1; x2; g;xÞ to the wavenumber spectrum UvvðKx; kzÞ via
the transfer function gðx;Kx; kzÞ. Taking into account Eqs. (13) and
(14), through Eqs. (A9) and (A10), the following formulation for a
distortion-corrected equation of Amiet’s model is derived

Spp x; y; 0;xð Þ ¼ xyq1c
2c1r20

� �2

pU1
L
2
jLdis x;Kx; 0ð Þj2Hvv;dis xð Þlz xð Þ;

(15)

with Ldis indicating the corrected aeroacoustic transfer function
defined to account for the increase in the gust amplitude due to the
turbulence distortion at the stagnation region, whose expression is

Ldis x;Kx; kzð Þ ¼ 1
adis

L x;Kx; kzð Þ

¼
ðL=2
�L=2

1
adis

g x0;Kx; kzð Þe�ixx0 M�x=rð Þ=c1b2 dx0: (16)

Indeed, considering the factor adis as a scaling coefficient for the aeroa-
coustic transfer function is justified by the fact that the pressure jump
on the airfoil surface, which produces the noise radiation, is caused by
the altered velocity field in the stagnation region, as shown in Sec.
IVB. Therefore, the local turbulence characteristics, described by the
distorted spectrum sampled in that region, should be considered as
they are, and the aerodynamic and acoustic response of the airfoil
should be scaled accordingly as a consequence of incorporating the
altered turbulence conditions. This strategy, which allows the gust
amplitude in gðx; kx; kzÞ to be scaled, is consistent with the approach
proposed by Christophe39 and De Santana et al.,40 which is based on
the modification of the von K�arm�an model considering a different
decay slope of the upwash velocity spectrum and imposing the conser-
vation of the turbulent kinetic energy.

A straightforward approach to model the energy variation with
respect to upstream conditions, owing to the same assumption of
large-scale turbulence interacting with the aerodynamic body, is by
using the RDT analytical expressions for the asymptotic case Lx=a � 1
to evaluate the evolution of the root mean square of the velocity com-
ponents along the stagnation streamline. The outcome of this quasi-
steady calculation reads31

ffiffiffiffiffiffi
u02

p
¼

ffiffiffiffiffiffiffi
u021

q
1� 1

1� x
a

� �2

0
B@

1
CA; (17)

ffiffiffiffiffiffi
v02

p
¼

ffiffiffiffiffiffi
v021

q
1þ 1

1� x
a

� �2

0
B@

1
CA: (18)

The trends of the two velocity components as a function of the charac-
teristic dimension of the body are valid close to the stagnation point.73

While the asymptotic analysis confirms the results discussed in Fig. 8,
the root mean square of the undistorted upwash component near the
body surface is amplified by a factor 2. Consequently, since the upwash
velocity spectrum is sampled in the immediate vicinity of the surface,
the amplitude-scaling factor adis is taken equal to 2.

It is important to stress that, in the case of thicker aerodynamic
surfaces, the quasi-steady approach may no longer be representative of
the acoustic response of the airfoil, leading to deviations of the gust-
amplitude variation along the stagnation streamline from the large-
scale behavior predicted by the linearized theory.

F. Distortion-corrected leading-edge noise prediction

As explained in Sec. IVA, the assumption of large-scale turbu-
lence can be considered valid for the two airfoils under investigation.
This means that the corrected expression of the model of Eq. (15),
using the altered aeroacoustic transfer function Ldis and the turbulence
spectrum sampled as close as possible to the leading edge Hdis, can be
applied and used to draw a comparison with the results of the FWH
analogy.
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The outcomes of the above analysis are shown in terms of SPL,
PWL, and far-field noise directivity patterns in Figs. 21, 22, and 23,
respectively. For the latter investigation, two different frequency ranges
of integration are selected: a low-frequency range Stt ¼ ½0:15; 0:35	
and a high-frequency one Stt ¼ ½0:35; 1:5	, i.e., the part of the spec-
trum where the noise levels are correctly estimated by the canonical
application of Amiet’s model and that where they are overestimated
because of the wrong prediction of the spectrum decay slope.

The results of the SPL and the PWL show that this distortion-
corrected formulation of Amiet’s model leads to an overall good

agreement with the noise prediction yielded by the FWH analogy in
terms of high-frequency decay slope and noise levels, demonstrating
that the proposed approach correctly encompasses the physical mech-
anisms that are responsible for leading-edge noise generation. The
necessity to account for a gust amplitude correction in the aeroacoustic
transfer function is also confirmed by the directivity patterns. Indeed,
in the low-frequency range for both airfoils [Figs. 23(a) and 23(b)], a
constant overestimation is found for the application of Amiet’s model
using only the spectrum sampled close to the stagnation point as input.
Also, in the high-frequency range, a similar trend is found for NACA

FIG. 21. Sound pressure level in the far-field calculated for an observer placed at R ¼ 1:2m and h ¼ p=2, with the angular position computed with respect to the downstream
direction, for (a) NACA 0012 and (b) NACA 0012–103. Amiet’s model implementations using spectra sampled in the distorted region of the flow field Hvv;dis and the one also
with the corrected transfer function Ldis are compared to the calculation provided by the FWH analogy. The reference pressure used to calculate the SPL is 2� 10�5 Pa.

FIG. 22. Sound power level in the far-field for (a) NACA 0012 and (b) NACA 0012-103. Amiet’s model implementations using spectra sampled in the distorted region of the flow
field Hvv;dis and the one also with the corrected transfer function Ldis are compared to the calculation provided by the FWH analogy. The reference power used to calculate the
PWL is 10�12 W.
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FIG. 23. Far-field noise directivity patterns in the low-frequency range Stt ¼ ½0:15; 0:35	 for (a) NACA 0012 and (b) NACA 0012-103 and in the high-frequency range
Stt ¼ ½0:35; 1:5	 for (c) NACA 0012 and (d) NACA 0012-103. Amiet’s model implementations using the distorted spectrum as input with and without the corrected transfer func-
tion are compared with the FWH results.
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0012 and NACA 0012-103, as reported in Figs. 23(c) and 23(d),
respectively. Once the correction of the transfer function is included in
the formulation, a good agreement is obtained with the numerical sim-
ulations for both airfoils in the two considered frequency ranges,
although a slight discrepancy is still present in the range
�p=3 < h < p=3.

The implementation of this correction proves that modifying the
term describing the turbulence characteristics in Amiet’s model allows
the distortion effects due to the realistic airfoil geometry to be
accounted for in the turbulence term. The physical modeling of the
noise generation is thus enhanced without requiring significant modi-
fications in the analytical formulation of the airfoil acoustic response,
at least for Lx=a > 1. Indeed, a correct estimation of the noise levels
can be achieved through the flat-plate-based formulation of the aeroa-
coustic transfer function, which must be scaled accordingly to consider
the effects of the altered perturbation, associated in turn with the
increase in the energy content of the distorted upwash velocity compo-
nent in the stagnation region.

V. CONCLUSIONS

A numerical investigation is carried out to enhance the accuracy
of low-fidelity methods for predicting leading-edge noise. The charac-
teristics of turbulence distortion are analyzed with a focus on the
airfoil-geometry effects. Two airfoils, i.e., NACA 0012 and NACA
0012-103, having equal thickness but different leading-edge shapes, are
considered in the interaction with grid-generated turbulence to assess
the role of the leading-edge curvature on the noise-production
efficiency.

The analysis of the velocity field in the vicinity of the stagnation
point has excluded any dependence on the leading-edge geometrical
characteristics of the extension of the region where the effects of turbu-
lence distortion are detected, challenging, in particular, the relevance
of the leading-edge radius in the definition of the distortion mecha-
nisms. These correspond to a progressive alteration of the turbulence
velocity spectra as the stagnation point is approached. Notably, an
exponential decay of the upwash velocity component spectrum in the
high-frequency range is observed at very small distances from the lead-
ing edge, consistently with the analytical findings of the linearized the-
ory of Hunt.31

This same exponential decay seen for the turbulent velocity also
characterizes the high-frequency behavior of surface-pressure spectra
near the stagnation point, suggesting that noise is produced by a pres-
sure distribution induced by the distorted velocity field in the vicinity
of the leading edge. In addition to this, the noise-generation efficiency,
quantified in terms of surface-pressure fluctuations, is shown to be
related to airfoil curvature by means of the intensity of the pressure
gradient along the leading edge. Indeed, the arc length ldis extending
from the stagnation point to the position of maximum curvature varia-
tion, which corresponds to the space available for the turbulent struc-
tures to accelerate along the airfoil leading edge, is found to be the
geometrical parameter dictating the turbulence-distortion mechanism.
As a result, the low- and high-frequency distortion behaviors observed
in the analysis of the distorted turbulence spectra are univocally
defined by using a Strouhal number calculated with respect to this
characteristic length. This finding legitimates the extension of the
results of the rapid distortion theory to realistic geometries. Further
investigations in future work involving additional airfoils and loading
configurations would be valuable.

The effects of turbulence distortion on the noise prediction are
assessed by using as input in Amiet’s model an upwash velocity spec-
trum acquired very close to the stagnation point. With respect to the
canonical implementation of the model, the trend and, particularly,
the decay slope are correctly predicted in the whole frequency range of
interest, but a constant overestimation in the SPL and PWL is obtained
throughout the spectrum. Such a deviation is caused by the higher
amplitude of the distorted gust, related to the increase in the root
mean square of the upwash velocity component in the stagnation
region, which is not taken into account in the flat-plate-based formula-
tion employed for the transfer function.

The aforementioned overestimation is not retrieved for the alter-
native formulation of Amiet’s model computing far-field noise directly
from the unsteady-pressure distribution on the airfoil surface, which
does not employ a transfer function to relate the airfoil loading to the
incoming turbulence. The impact of the turbulence distortion on the
airfoil aerodynamic and acoustic response, i.e., the aeroacoustic trans-
fer function, must be included to enhance the accuracy of the model in
the case of thick airfoils. Indeed, the transfer function can be corrected
by accounting for the gust-amplitude variation in the immediate vicin-
ity of the airfoil leading edge with respect to upstream undistorted con-
ditions. In the assumption of large-scale turbulence, which is
considered valid in the case of the two airfoils under investigation, this
variation can be modeled using the analytical trends of the root mean
square of the velocity component predicted by the linearized theory. A
corrected Amiet’s model expression can be, hence, formulated and
compared to the prediction provided by the FWH analogy. The overall
good agreement obtained in terms of PWL and directivity patterns of
the far-field noise proves that both physical mechanisms and their
consequent analytical modeling are correctly identified in the present
methodology.

Further advancements are still required in the correction of the
surface acoustic response to generalize the above results to cases char-
acterized by smaller values of Lx=a. Indeed, the modification of the
transfer function implemented in the present work is valid in the
asymptotic case of very large turbulence, meaning that a different for-
mulation will likely be necessary when this condition does not hold,
i.e., for a ratio Lx=a close to 1. However, the proposed approach sug-
gests a promising development for the characterization of the airfoil-
geometry effects in low-fidelity noise-prediction methods by proving
that, for Lx=a > 1, the airfoil-geometry effects are fully encompassed
by modifying the input term describing the turbulence characteristics.
This conclusion entails the evaluation of the frequency spectrum of the
upwash turbulent velocity in the immediate vicinity of the surface and,
in turn, allows the high-frequency decay characterizing the surface-
pressure spectra at the leading edge to be correctly captured.

The results of this study thus identify an improved and more
robust methodology for the development of corrections aiming at the
enhancement of Amiet’s model through the description of turbulence-
distortion effects. The paper has indeed shown that the alteration of
the turbulence spectrum and the resulting effects on the aerodynamic
and acoustic response shall be calculated at the stagnation point, over-
coming the necessity of identifying a sampling position that is repre-
sentative of the distorted turbulence characteristics, as currently
proposed in the literature. Indeed, the closer to the stagnation point
the upwash velocity spectrum is considered, the more accurate the
modeling of the distortion effects on the leading-edge noise generation
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will be. For instance, under the RDT assumptions, the solution of the
linearized theory has already proven to accurately describe the changes
experienced by a turbulent inflow that interacts with an airfoil by only
taking the turbulence intensity and integral length scale of the incom-
ing flow and the characteristic dimension of the body, i.e., its distortion
length, as inputs.74 In this context, no direct measurement or high-
fidelity simulation would be required to assess the alteration of the
flow field in the stagnation region, which could be predicted knowing
the upstream, undistorted turbulence characteristics and the airfoil
geometrical features.

In conclusion, the enhanced understanding gained in this paper
paves the way for a semi-analytical method that extends the applicabil-
ity of Amiet’s model and constitutes a significant step forward in
improving the accuracy of the leading-edge noise-prediction methods.
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APPENDIX A: AMIET’S MODEL FOR LEADING-EDGE
NOISE PREDICTION

A brief summary of Amiet’s theory is provided hereafter. The
notation used is consistent with that employed by Amiet,2 but the
axes (and consequently the notation for the velocity components)
are changed to be consistent with the previously defined reference
system (see Sec. II B). The model relies upon two simplifying

hypotheses: the turbulence is supposed to be frozen while convect-
ing and impinging on the leading edge, and the blade is considered
to be an infinitely-thin flat plate of chord c and with large span L,
thus neglecting the effects of thickness, camber, and angle of attack.
These hypotheses allow the incident gust, with which the flat plate
is interacting, to be modeled as a two-dimensional upwash velocity
gust with amplitude v0 and transverse wavenumbers kx and kz,

v x; zð Þ ¼ v0e
i kx U1t�xð Þ�kzz½ 	; (A1)

U1 being the free-stream velocity. The pressure jump across the flat
plate will be, hence, expressed as

Dp x; z; tð Þ ¼ pq1U1cv0gðx; kx; kzÞei kzz�kxU1tð Þ; (A2)

where gðx; kx; kzÞ is the transfer function between the turbulent velocity
and pressure jump, and q1 is the density. The pressure jump due to all
the wavenumber components will hence be indicated by

Dp x; z; tð Þ ¼ 2pq1U1
ð ð1

1
^̂vR kx; kzð Þg x; kx; kzð Þei kzz�kxUtð Þdkxdkz

(A3)

with

^̂vR kx; kzð Þ ¼ 1

2pð Þ2
ð ðR

�R
v x; zð Þe�i kxxþkzzð Þ: (A4)

The variable R, large but finite, was employed in the original formu-
lation to prevent convergence difficulties in the integration. By per-
forming the Fourier transform with respect to time, it follows that

Dp̂ x; z;xð Þ ¼ 2pq1

ð1
1
^̂vR Kx; kzð Þg x;Kx; kzð Þei kzzð Þdkz; (A5)

with T ¼ R=U and Kx ¼ �x=U1 and taking into account that

lim
T!1

ðT
�T

eintdt ¼ 2pd nð Þ:

Amiet showed that the cross-spectral density SQQ of the pressure
jump between two points on the surface with coordinates ðx1; z1Þ
and ðx2; z2Þ can be expressed as a function of the two-dimensional
wavenumber component Uvvðkx; kyÞ via the transfer function
gðx; kx; kyÞ,

SQQ x1; x2; g;xð Þ ¼ pq1cð Þ2
ðþ1

�1
g† x1;Kx; kzð Þg x2;Kx; kzð Þ

� Uvv Kx; kzð Þeikzg dkz: (A6)

g†ðx; kx; kzÞ is the complex conjugate of the transfer function
gðx; kx; kzÞ, whereas g ¼ z2 � z1 is the non-dimensionalized span-
wise separation of the two points on the surface.

The cross-spectral density of the surface pressure can then be
related to the far-field sound using the theory of Curle,62 according
to which the acoustic response of an airfoil can be obtained by con-
sidering a distribution of dipoles on the surface with the same
strength of the force acting on the surface itself. If the far-field pres-
sure produced by an elementary force Fðx0; z0;xÞeixtk acting in the
point x0 ¼ ðx0; 0; z0Þ is indicated with p1ðx; y; z;x; x0; z0Þ, this can
be expressed as
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p1 x; y; z;x; x0; z0ð Þ ¼
ixzF xo; z0;xð Þ

4pc1r2
e
ix tþM x�x0ð Þ�r

c1b2
þxx0þzz0b

2

c1b2r

h i
; (A7)

where M is the free-stream Mach number, and c1 is the speed of
sound. The effects of convection are accounted for in the variable r,
whose expression is

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x � x0ð Þ2 þ b2 y � y0ð Þ2 þ z � z0ð Þ2

h ir
; (A8)

with b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�M2

p
being the compressibility factor. The observer

position is located at x ¼ ðx; y; zÞ.
By integrating the cross-spectral density of the pressure jump

on the whole surface, the loading acting on the airfoil is related to
the far-field acoustic pressure Spp through

Spp x;xð Þ ¼ xz
4pc0r2

� �2 ð ð ð ð
SQQ x1; x2; g;xð Þ

� e
ix
c0

b�2 x1�x2ð Þ M� x
rð Þþyg

r½ 	 dx1dx2dy1dy2: (A9)

By substituting Eq. (A6) in Eq. (A9), the far-field acoustic pressure
as a function of incoming turbulence spectrum can be expressed as

Spp x;xð Þ ¼ xyq1c
2c1r2

� �2

pU1
L
2

�
ðþ1

�1

sin2
L
2

kz þ xz
c1r

� �	 


kz þ xz
c1r

� �2

p
L
2

� jL x;Kx; kzð Þj2Uvv Kx; kzð Þdkz: (A10)

L is the total aeroacoustic transfer function, retrieved from the
transfer function gðx;Kx; kzÞ through

L x;Kx; kzð Þ ¼
ðL=2
�L=2

g x0;Kx; kzð Þe�ixx0 M�x=rð Þ=c1b2 dx0: (A11)

In the case of a flat plate, this function can be calculated analytically,
while, for thicker airfoils, numerical methodologies must be carried
out.75 The formulation employed in this study implements the deri-
vation of de Santana et al.40 and de Santana et al.,76 detailed in
Appendix B, which derives the aeroacoustic transfer function as the
sum of the leading-edge term L1 and trailing-edge term L2. These
two contributions express the noise emitted by the scattering of the
incoming turbulence at the leading edge and the back-scattering
correction77 of that incident field at the trailing edge, respectively.

A simplified formulation of Amiet’s model is implemented in
the present work. Indeed, Eq. (A10) can be simplified by assuming a
large span and considering a listener at the midspan plane of the
airfoil

Spp x; y; 0;xð Þ ¼ xyq1c
2c1r20

� �2

pU1
L
2
jL x;Kx; 0ð Þj2Hvv xð Þlz xð Þ;

(A12)

where Hvv is the PSD of the upwash velocity fluctuations, and lz is
the spanwise coherence length of the velocity fluctuations impinging
on the airfoil. This is calculated considering the spanwise

distribution of the upwash velocity component in the same posi-
tions where the frequency spectrum is sampled using the following
expression41,42,77

lz xð Þ ¼
ð1
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2v0v0 x; zð Þ

q
dz; (A13)

with c2 being the magnitude square coherence defined as

c2s1s2 xð Þ ¼ jHs1s2 xð Þj2
Hs1s1 xð ÞHs2s2 xð Þ ; (A14)

s1 being a reference time signal and s2 a generic one, Hs1s1 and Hs2s2
the respective power spectral densities and Hs1s2 the cross-spectral
density of the two variables.

APPENDIX B: AEROACOUSTIC TRANSFER FUNCTION

The aeroacoustic transfer function L is implemented following
de Santana et al.40 and de Santana et al.,76 where it is obtained as
the sum of the two contributions L1 and L2. The two terms are
retrieved by calculating the pressure distribution induced by the
sinusoidal perturbation, whose expressions are

p1 x; 0; z; tð Þ ¼ q1U1v0

e�ip=4 kxc

2b2
� j

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p

kxc

2b2
� j

� �
kxc
2

� �2

þ kzc
2

� �2
" #

2x
c

vuut
� e

i xt� kxc
2b2

�j
� �

=b�kx
� �

x�kzz
� �

(B1)

for the leading-edge term and

p2 x; 0; z; tð Þ ’ �q1U1v0
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p
kxc
2

� �2

þ b2j

" #vuut
� 1� 1þ ið ÞE
 2j 2� 2x

c

� �� �	 


� e
i kx c

2b2
M2

� �
2x
c�p=4þxt�kzz

� �
(B2)

for the trailing-edge one, with j2 ¼ l2 � kzc=ð2b2Þ, and
l ¼ kxcM=ð2b2Þ. The function E
ðxÞ is a combination of the
Fresnel’s integrals C2 and S2 with the following expression

E
 xð Þ ¼
ðx
0

e�itffiffiffiffiffiffiffi
2pt

p dt ¼ C2 xð Þ � iS2 xð Þ; (B3)

with

C2 xð Þ ¼ 1ffiffiffiffiffi
2p

p
ðx
0

cos tð Þffiffi
t

p dt; (B4)

and

S2 xð Þ ¼ 1ffiffiffiffiffi
2p

p
ðx
0

sin tð Þffiffi
t

p dt: (B5)

These expressions, valid in the case of supercritical gust (j2 > 0),
are then substituted into gðx; kx; kzÞ, which is retrieved by rearrang-
ing Eq. (A2) as
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g x; kx; kzð Þ ¼ Dp x; z; tð Þei kxU1t�kzzð Þ

pq0U1cv0
: (B6)

L1 and L2 are then obtained by substituting the resulting expres-
sions into Eq. (A11), yielding

L1 x; y; z; kx; kzð Þ ¼ 1
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

kxc
2 þ b2j

� �
h1

vuut E
 2h1ð Þeih2 ; (B7)

and

L2 x; y; z; kx; kzð Þ

’ eih2

ph1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

kxc
2

þ b2j

� �s

� i 1� e�2ih1ð Þ þ 1� ið Þ E
 4jð Þ �
ffiffiffiffiffi
2j
h3

r
e�2ih1E
 2h3ð Þ

" #( )
;

(B8)

where h1 ¼ j� lx=r0; h2 ¼ lðM � x=r0Þ � p=4; h3 ¼ j þlx=r0.

APPENDIX C: TURBULENCE CHARACTERIZATION

The characteristics of the grid-generated turbulence at the exit of
the open-jet wind tunnel are further investigated by assessing the flow
anisotropy and homogeneity. The analysis of the turbulence characteris-
tics at the nozzle exit, carried out in terms of turbulence intensity of the
velocity components and turbulence spectra, has highlighted a slight
anisotropy of the flow. More specifically, the fluctuation of the upwash
velocity component appears to be larger than that of the streamwise
velocity component. This is consistent with the known behavior of tur-
bulent structures experiencing a distortion caused by a contraction,
which leads indeed to an increase in vorticity along the axis of the con-
traction and a consequent decrease in the two normal directions. This
causes the energy to redistribute from the streamwise to the upwash
and spanwise velocity fluctuations.8,33,78,79 As shown by Batchelor and
Proudman,33 the energy redistribution is proportional to the contrac-
tion ratio, which is related to the section variation in the final part of
the nozzle. Considering the dimensions of the grid-generating turbu-
lence and the nozzle exit section, the contraction is equal to 4.16. This
value is significantly larger than those commonly employed in the liter-
ature to adjust the flow anisotropy downstream of a grid, which are on

the order of 1,78–80 and explains the higher fluctuation observed for the
upwash velocity component with respect to the isotropic state observed
in Sec. III B.

The variations of the ratio between the root mean square of the
velocity-components fluctuations in the streamwise direction,
shown in Fig. 24, are a further confirmation of the hypothesis
formed above. These trends, showing the evolution of the flow from
x=c ¼ �1:5 to 0, indicate that the upwash velocity component and
the spanwise velocity one feature increasingly similar fluctuations,
larger than those characterizing the streamwise velocity component.
An ancillary x axis is reported to indicate the variation of the ratios
with respect to the distance from the turbulence-generating grid,
expressed in terms of the mesh size W.

However, this analysis only provides information on the isot-
ropy of the energy-containing scales. As emerged from the study of
the turbulence frequency spectrum of the upwash velocity compo-
nent [Fig. 5(b)], the anisotropy characterizes mostly the large scales
of turbulence. The following relations for the velocity derivatives are
more representative of the behavior and characteristics of small-
scale structures80

@u0

@z

� �2

¼ 2
@u0

@x

� �2

; (C1a)

@w0

@x

� �2

¼ 2
@u0

@x

� �2

; (C1b)

� @u0

@z

� �
@w0

@x

� �
¼ 1

2
@u0

@x

� �2

: (C1c)

Figure 25 reports these relations in the form of ratios with respect

to ð@u0@x Þ2 . Satisfactory isotropy levels are observed as the flow devel-
ops in the streamwise direction, with the curves of Eqs. (C1a) and
(C1b) overlapping with the asymptote at 2 and that of Eq. (C1c)
very close to 1/2.

Skewness Sk and kurtosis Kr of the streamwise velocity compo-
nent along the stagnation streamline have also been investigated to
assess the similarity of the probability density function (PDF) of
this fluctuating velocity component to a Gaussian distribution.81,82

The results are reported in Fig. 26. The skewness and kurtosis of the
upwash and spanwise velocity components are omitted in this study
since they show very similar behavior to that of the streamwise
velocity. Both Sk and Kr stay within the ranges specified in the litera-
ture to indicate the isotropy of the flow, equal to ½�1; 1	 for the
skewness and to ½2; 4	 for the kurtosis.

FIG. 24. Ratios of the root mean square
of the three velocity components along the
stagnation streamline between x=c ¼
�1:5 and 0.
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Further information on the turbulent flow after the distortion
occurring in the final part of the nozzle is obtained by analyzing the
anisotropy invariant map, also known as Lumley triangle.83–85 This
technique provides insight into the return to isotropy of grid-
generated turbulence by using the second and third invariants of
the anisotropy tensor, whose non-dimensional form is

bij ¼
u0iu0j
2kt

� 1
3
dij; (C2)

with dij being the Kronecker delta and kt ¼ u0iu
0
i=2 the turbulent

kinetic energy, related to the trace of the Reynolds stress tensor. For
incompressible flows, the invariants I; II, and III are retrieved by
the anisotropy tensor terms through the expressions

I ¼ bkk ¼ 0; (C3)

II ¼ bijbji
2

; (C4)

III ¼ bijbjnbni
3

; (C5)

which are used to create a coordinate system ðIIIÞ; ðIIÞ.86 The range
of invariants, and hence the possible states of turbulence, must fall
within the boundaries shown in Fig. 27: one-dimensional turbulence
(III ¼ 2=27 and II ¼ 1=3) in the right-hand corner, two-component
axisymmetric turbulence (III ¼ �1=108 and II ¼ 1=12) in the left-
hand corner, and isotropic turbulence (III ¼ 0 and II ¼ 0) at the
origin of the plot. Turbulence in the left region has one component
smaller than the other two, as in the case of an axisymmetric con-
traction,86 and is defined as “disk-like” or “pancake-shaped” turbu-
lence. In the right region, turbulence has one component of the
turbulent kinetic energy higher than the other two, as occurs for

axisymmetric expansion, and is defined as “rod-like” or “cigar-
shaped”.85 The anisotropy tensor invariants are calculated at six
positions equally spaced along the streamwise direction between
x=c ¼ �1:5 and 0 in the midspan plane (y¼ 0, z¼ 0), thus yielding
six points in the invariant map. The results, reported in Fig. 27,
indicate that turbulence slightly tends to the left-hand side of the
triangle, consistently with the distortion mechanism occurring in a
converging section, but is close to the isotropic condition.

Finally, flow homogeneity at the nozzle exit is assessed by ana-
lyzing the spanwise distribution of the time average and the root
mean square of the three velocity components. These distributions

FIG. 26. Skewness and kurtosis of the
streamwise velocity component along the
stagnation streamline between x=c ¼
�1:5 and 0.

FIG. 25. Ratios of the second-order veloc-
ity derivative moments of Eq. (C1) along
the stagnation streamline between x=c ¼
�1:5 and 0.

FIG. 27. Anisotropy invariant map for six positions along the streamwise direction
(indicated in the plot) at y¼ 0 and z¼ 0. The position where the airfoil will be
placed is reported as a reference in the plot below.
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are shown from z=c ¼ �0:36 to 0.36 in Figs. 28(a), 28(c), 28(e), and
Figs. 28(b), 28(d), 28(f), respectively. The time-averaged values of
the streamwise velocity component show a progressive acceleration
at the exit of the nozzle, as expected. For the upwash velocity

component, whose distribution can be considered homogeneous in
the spanwise direction, a small increase below 2% of the free-stream
streamwise velocity is found. The spanwise velocity component
remains equal to zero.

FIG. 28. Spanwise distribution of the (a), (c), (e) time-average and (b), (d), (f) root mean square of the three velocity components at six different positions along the stagnation
streamline between x=c ¼ �1:5 and 0.
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As regards the spanwise distribution of the root mean square
of the velocity fluctuations, all three components exhibit a progres-
sive decrease in the streamwise direction. At the upstream locations
inside the nozzle, a spanwise periodicity still characterizes the distri-
butions of the upwash velocity component and, mildly, the spanwise
one. This indicates that the coalescence of the wakes generated by
the rectangular grid, whose collection constitutes the turbulent flow
field,87 is still ongoing in the last part of the nozzle. This periodic
pattern reduces as the distance from the nozzle exit increases, and a
homogeneous condition is reached at the most downstream posi-
tion, where the airfoil is placed.
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