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Abstract—In this paper, a piece-wise linearized transformer 
winding model is proposed for transient internal voltage 
distribution computations. In particular, the model is based on 
the linearization of the primitive non-linear, frequency 
dependent and invariant matrix of voltage distribution factors. 
This primitive matrix is utilized as a pattern from which, for any 
specific switching event and its frequency spectrum, the piece-
wise linearized matrix of voltage distribution factors can be 
computed. In this manner, a unified black-box to lumped-
parameters combined transformer model successfully bypasses 
the need of geometrical data. The computations are also 
significantly reduced. The model is verified by measurements on 
a three-phase distribution transformer. 

Index Terms-- Lumped-parameters model, overvoltages, internal 
voltage distribution, transformer, transients, modelling. 

I. INTRODUCTION 
Cigre Joint Working Group (A2/C4.39) concluded that 

when the natural frequency of a surge impulse matches the 
natural frequency of the system in which the transformer 
participates, a resonance in the system occurs [1]-[15]. As a 
consequence, very high internal overvoltages and finally 
insulation failures may occur when the surge impulses at 
transformer terminals cause internal transformer resonances 
[8], [9]. Generally, three types of transformer models are used 
for switching transient events; the white-box models, the grey-
box models and the black-box models.  

The white-box models can be classified as transmission 
line and lumped-parameters models. Transmission line models 
require very detailed design information of the transformer, 
they are time consuming and are considered as an approach 
for very fast transients and voltage propagation studies [16]-
[20]. The lumped-parameter models are based on transformer 
geometrical data, which can be used for the simulation of 
lightning impulses [21]-[24] and switching fast transients [8], 
[25]-[28]. Moreover, they are used to study the interaction of 
the transformer with the surrounding network and to evaluate 
the internal voltage distribution [8], [29]. By contrast, the 
parameters of the black-box models are computed by using 

external input and output data. They are used to analyze the 
transformer interaction with the system and to study 
transferred overvoltages between terminals. They are based on 
frequency measurements of the terminals admittance matrix 
[4]-[6], [10]-[15], [30]. If an internal into the winding 
measuring point is provided, this modelling approach can be 
used for internal voltage computation [31]. The grey-box 
approach compromises the above concepts and the parameters 
are determined by using geometrical and measured data. 

The idea to combine black box transformer terminals 
models, already implemented into EMTP-based simulators, to 
suitable lumped-parameter transformer winding models for 
wide band terminal and internal switching transient 
overvoltage studies is a promising method for a unified 
transformer model [32], [33]. The terminal voltages computed 
from a black box model are used as inputs for the lumped-
parameter winding model. Nevertheless, although there is no 
need for geometrical data of black-box model, the drawback 
for detailed geometrical data remains in order to define the 
lumped parameters of the winding model. Moreover, the 
computation time could be significant because in the first step, 
the solution of the black-box model provides terminal currents 
and voltages and in the next step, the solution of the lumped-
parameters model provides internal voltages. In order to 
overcome these disadvantages, a method for direct internal 
voltage distribution computation has been established, which 
is based on the matrix of voltage distribution factors in [34]. 
That matrix reflects the non-linear frequency dependency of 
the winding’s parameters. Hence, it needs to be determined for 
each particular frequency vector that stands during a particular 
switching event. However, the winding follows the time-
invariance property. Consequently, the frequency dependency 
pattern remains unchangeable, no matter what the frequency 
vector of the switching event is. The time-invariance property 
of the winding allows the piece-wise linearization of the 
matrix that consists the voltage distribution factors, for which 
a piece-wise linearized transformer winding model is based 
upon.    

In this paper, a piece-wise linearized transformer winding 
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model is developed. In particular, the matrix of voltage 
distribution factors in [34] is re-defined as a primitive matrix 
determined over an arbitrary primitive frequency vector. Any 
other voltage distribution factors matrix over the frequency 
vector that governs a particular switching event is computed 
by linearizing the primitive matrix. In this manner, the need of 
detailed geometrical data for the unified black-box to lumped-
parameters models is avoided as long as the primitive matrix 
is known through a valid method. The second advantage is 
that the unified model computations are significantly reduced. 
The method is verified by laboratory measurements performed 
on a three-phase distribution transformer. 

II. THE LINEARIZED MODEL 

A.  Equivalent circuit of the winding non-linear model 
The transformer winding model is derived with respect to 

winding geometry and other structural features such as earthed 
points and winding’s adjacency with the core [35]. In Fig. 1, 
the final circuit is presented as a connection of lumped-
parameter blocks. Each block represents a division of the 
winding that could be one turn or a group of turns of the 
winding. The values of the lumped parameters of the blocks 
are computed by suitable methods as those given in [36]. For 
the equivalent circuit in Fig. 1, Lsi, Csi and Rsi, Ysi are the self-
inductance, series capacitance and the associated series 
resistance and conductance as well as Cshi and Yshi are the 
associated shunt capacitance and conductance to "reference" 
of the ith block. The mutual inductive components are not 
shown in the figure for simplicity. Usually, in order to avoid 
matrices of extremely large dimensions and long computation 
times, one division corresponds to a number of winding’s 
turns e.g. one coil. 

B. Model analysis description 
The winding model analysis is based on the usage of the 

amplification factor as it is presented in [34]. The 
amplification factor depends on the angular frequency  and 
the winding structure. It can be computed in terms of the 
impedance matrix of the equivalent circuit shown in Fig. 1. 
The amplification factor N1i,1( ) between the nodes "1" and 
"i" in respect to the input at terminal "1" is determined as  

( ) ( )
( )

1
1 ,1

11

1 i
iN

Ζ
= −

Ζ
                                (1) 

where Zi1( ) and Z11( ) are elements of the nxn impedance 
matrix ( )ijZ  (i=1,..,n and j=1,…,n) of the winding model 
illustrated in Fig.1. In the same manner, the amplification 
factor Nnm,n( ) between the nodes "n" and "i" with respect to 
the input at terminal "n" is determined as 
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The internal node voltage vector ( )ie  is computed by 

( ) ( ) ( ) ( )
( )

1
,1 ,i i i n

n

e
e T T

e
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for i=2,…,n-1 and where ( ) ( )1
T

ne e  is the transposed 
input vector at terminals "1" and "n" according to Fig.1. The 
elements in the (n-2)x1 size matrices ( ),1iT  and ( ),i nT  

of the (n-2)x2 ( ) ( ),1 ,i i nT T  transformation matrix 

are functions of the non-linear frequency depended 
amplification factors, which can be computed through the 
elements of the nxn impedance matrix ( )ijZ  of the 

equivalent model in Fig.1. The ( ) ( ),1 ,i i nT T  matrix 

is called as the matrix of voltage distribution factors and 
expresses the voltage distribution at the internal n-2 nodes 
along the winding in respect of the two input voltages e1( ) 
and en( ) [34]. 

C. Computation of the matrix of voltage distribution factors 
The computation of the voltage distribution factors’ matrix 

is accomplished through successful computation of the 
impedance matrix of the equivalent circuit in Fig. 1. In [36], 
an extensive investigation about the role of lumped parameters 
shown in Fig. 1 is presented. The magnetic core influence, 
with both frequency dependent or constant parameters, and the 
method of zero magnetic flux penetration into the core are 
compared. The comparison, as it is presented in [36]  in terms 
of the winding terminal impedance from terminals"1" and "n", 
indicates that the assumption of zero magnetic flux penetration 
into the core is valid from some tens of kilohertz and above. 
Hence, the impedance matrix is computed as 

( ) ( ) ( )( ) 1

ij ij ijZ
−

ω = Β ω + Γ ω                  (4) 

where the matrices ( )ijΒ  and ( )ijΓ  are given by 

( ) ( )tanij ijj CΒ ω = ω δ + ω                          (5) 

 ( ) ( ){ } 1
2

02ij ij ij ijk d j L k
− Τ

Γ ω = ω σμ + ω .       (6) 

In (5) and (6), tan  is the loss tangent of the insulation 
dielectric losses factor, ijC  is the nodal capacitances matrix, 

ijk  is Kron's invariant transformation matrix. ijL  is the 
inductances matrix in which core effects are included, d is the 
distance between the turns of the same coil,  is the conductor 
conductivity and 0 is the magnetic permeability in vacuum. 
The computation of the nodal capacitance matrix and the 
inductance matrix is based on [35]. 
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D. Linearization of the matrix of voltage distribution factors 
The most heavy computation load in the above model is 

focused on the computation of the voltage distribution matrix. 
The winding model in Fig.1 is topologically invariant. In 
addition, the dependency of the elements of the voltage 
distribution matrix follows the same pattern no matter what 
the angular frequency spectrum is [34]. However, although the 
pattern remains the same, because the frequency spectrum of 
the input voltages depends on each particular switching event 
behaviour, the elements of the voltage distribution matrix 
must be computed accordingly. This is computationally costly 
and from modelling perspective means that one does not 
efficiently use the advantage of the above characteristics of 
invariance of the model.     

 In order to take full advantage of the invariance 
characteristics of the model, the voltage distribution matrix is 
linearized by following the method of linear interpolation. Let 
us suppose a primitive vector of angular frequencies p

k for 

which min max,p p p
k ∈  and all discrete values differ a 

constant angular frequency step pΔ . By using the vector 
p
k , the corresponding primitive vectors of (n-2)x1 for the 

voltage distribution factors when the input is at the terminals 
"1" and "n", respectively, as ( ),1

p p
i kT  and ( ),

p p
i n kT , are 

considered to be known for all the values in p
k . These 

primitive matrices are used to define any other ( ),1iT  and 

( ),i nT  in respect to any vector of angular frequencies [ ]  
of a switching event. 

By following the linear interpolation approximation, one 
may derive that the ith elements in ( ),1iT  and ( ),i nT  
matrices are computed respectively as 

( ) ( ) ( ) ( ),1 ,1 1 ,1 ,1

p
p p p p p pk

i i k i k i kpT T T T+
−

= − +
Δ

       (7) 

( ) ( ) ( ) ( ), , 1 , ,

p
p p p p p pk

i n i n k i n k i n kpT T T T+
−

= − +
Δ

.     (8) 

In this pattern, the voltage distribution factors Ti,1 and Ti,n  are 
still frequency depended but automatically piece-wise 
linearized along each particular vector of angular frequencies 
[ ]  of a switching event. 

III. MEASUREMENTS AND RESULTS 
The one line diagram of the measuring setup is shown in 

Fig. 2. For the voltage measurements at transformer terminals, 
150 pF capacitive dividers with a ratio of 2500 are used. The 
voltages are measured by a 22 channel/14 bit transient 
recorder at 10Msample/s. Cable and load data as well as the 
switch-on and switch-off operations of the vacuum circuit 
breaker (VCB) case studies for the conducted measurements 
are presented in [35]. The supplied by the vacuum circuit 
breaker (VCB) and the cable core-type three-phase 
transformer has ratings of 3.75MVA, 36.59/0.65 kV, delta-
wye. The primary side windings consist of 13 coils and each 
coil has approximately 90 foil-type turns. Measuring points 
exist on transformer terminals, at both HV and LV sides. 
Additionally, each primary winding is equipped by a special 
measuring point at the 90th turn. The most important 
geometrical parameters of the transformer windings are 
summarized in Table I. In view of Fig. 1, the 13 coils compose 
an equivalent circuit of n=14 nodes where nodes "1" and "14" 
are the terminal input nodes. at transformer terminals and at 
the 90th turns of the high voltage (HV) windings. 

 

Figure 2.  The simplified one line diagram of the measuring setup. 

 

TABLE I.  TRANSFORMER DATA 

 Geometrical data Low voltage winding High voltage winding 
Turns sum 12 1170 

Coils 1 13 
Turns per coil 12 90 

Inner diameter [mm] 376 655 
Outer diameter [mm] 450 751 

Strip [mm] 1.600x1200 0.400x71 

 
Figure 1.  The equivalent circuit of the transformer winding model represented by “n” identical blocks. The mutual coupling between the blocks is not 

shown for simplicity. 

������������������������ 



A dedicated code has been written in Matlab for the 
computations. The primitive vector of angular frequencies 

p
k for which 3

min 2 10 Hzp −= , 7
max 2 10 Hzp =  and 

1000 HzpΔ = . For this vector, the primitive vectors 

( ),1
p p

i kT  and ( ),
p p

i n kT  are also computed.  

Time-domain voltage measurements at the winding 
terminals and at the 90th turn in each winding were recorded 
during three-phase closing and opening operations of the 
VCB. The measured time domain input terminal waveforms 
must be transformed in frequency domain in order to define 
the vector of the angular frequencies [ ]  and the input vector 

( ) ( )1
T

ne e  for the computations. When the correct 
vector of the angular frequencies has been determined, using 
(7) and (8) the matrix of voltage distribution factors 

( ) ( ),1 ,i i nT T  is computed and finally the internal 

voltages are computed using (3). Thereafter, inverse Fourier 
transform is applied to transfer the results in time-domain. 
One case of closing operation of the VCB is presented next. 

The symmetrical construction of the winding leads to 
symmetrical impedance matrix. Hence, the matrix 

( ),
p p

i n kT is symmetrical to ( ),1
p p

i kT  and the matrix 

( ),i nT  is symmetrical to ( ),1iT [34].  The elements of 

the 12x1 size matrices ( ),1
p p

i kT  and ( ),1iT  are presented 

in the Fig. 3. The elements of the ( ),1iT  matrix fit very 

well to the elements of ( ),1
p p

i kT  matrix in the whole 

frequency spectrum. Hence, the matrices ( ),i nT and 

( ),1iT  are valid to be used for further computation of the 
transient voltage waveforms. The computed internal voltage 
waveforms for the three windings are presented in Fig. 4. The 
co-instantaneously measured waveform in the 90th turns are 
also presented for comparison in the Fig. 5. There is a good 
agreement between the computed waveforms with the 
measured waveforms for each of the three windings. In 
particular, the computed rate of rise of the voltage is in good 
agreement with the measured rate of rise as well. However, 
slight differences, observed as noise, are due to the 
electromagnetic compatibility issues because of the adjacency 
of many measuring wires. Moreover, differences between 
computed and measured values are because all measuring 
points cannot be reached directly onto the turn. A connection 
between the turn and the outside taps exists which is not 
reflected into the equivalent circuit in Fig. 1. A detailed 
analysis of the load influence on the switching transient in the 
presence of a VCB one can find in [35]. 

IV. DISCUSSION 
For this particular case study, for each particular angular 

frequency p
k  the size of the primitive matrix 

( ) ( ),1 1 ,1
p p p p

i k i kT T+ − is 12x2. That is because we define two 

Figure 3.  Comparison of the primitive elements (black lines) to the piece-
wise linearized elements (red lines) of the twelve Ti,1 voltage distribution 
factors in respect to terminal “1”: (a) the amplitudes and (b) the phases. 

Figure 4.  The computed internal voltage waveforms for the winding 
between: (a) “a” and “b” phases, (b) “b” and “c” phases and (c) “c” and “a” 
phases. The yellow coloured waveforms shown the measured values in the 

90th turns of the windings. 
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input terminal nodes for the winding and twelve internal 
nodes. The number of internal nodes defines the number of 
rows of the primitive matrix and depends on the discretization 
of the transformer winding. The elements of the primitive 
matrix can be determined by using analytical formulas as in 
this case study. The case of using sweep frequency response 
analysis is under examination as well. It is also important to 
consider the sampling step pΔ . The sampling step defines 
the number of the factors values at each particular node for the 
whole frequency spectrum of min max,p p p

k ∈ . In this 
manner, a number of primitive matrices reveals which is equal 
to the number of elements in the vector min max,p p . In our 
case study, this is reflected by the 12x2x200.000 three-
dimensional matrix, which is easily handled in Matlab. An 
investigation of the sampling influence on the model 
performance is under examination too. In this case study, the 
input terminal voltages at nodes "1" and "14" have been 
determined by measurements. A suitable black-box 
transformer model in a future investigation should compute 
these input voltages. Moreover, the windings connections 
might be important to be taken into account depending on the 
formulation of the state equations of black-box transformer 

model. This conceptual integration of the winding model to 
the transformer model accommodates the development of a 
unified transformer model.   

V. CONCLUSIONS 
In this paper, a robust method for the combination of black 

box transformer models to suitable lumped-parameters 
winding models for direct computation of the internal voltage 
distribution is presented. The successful combination demands 
fast and direct voltage computations, especially after the 
computation of the input terminal voltages, as well as the 
avoidance of parameters determination from geometrical 
transformer data. The method is based on the linearization of 
the primitive matrix of the voltage distribution factors. The 
primitive matrix can be considered as a characteristic quantity 
for each transformer. It can be computed either by analytical 
formulas or could be defined by the manufacturer through 
measurements. The computed from the black box model 
terminal voltages might be used as inputs on which the 
linearized matrix of the voltage distribution factors applies and 
the vector of internal voltages results. The comparison of 
measured with the computed waveforms verifies the high 
accuracy of the applied method for analyzing internal transient 
voltages during switching operations.  
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