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Abstract. We consider solutions to linear parabolic SPDEs of the form
du()+ Au(t)dt = g(r)dB, u(0) =0,

where A is a positive, invertible, and self-adjoint operator on a Hilbert space X, f is a one-dimensional
Brownian motion, and g() = x € X. We show that, forall a € [0, %),

ue I2(;w*2(0,T;D(AY%)) ifandonlyif xeD(A%).
In particular, there is a lack of persistence of temporal regularity from the diffusion coefficient g to the
solution, and additional spatial regularity is required to improve time regularity. In particular, this provides

a counterexample to a conjectured time-regularity property for monotone stochastic evolution equations
posed by D. Breit and M. Hofmanovd in [Comptes Rendus. Mathématique 354 (2016)].
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1. Introduction

In this paper, we consider parabolic stochastic evolution equations of the form

du(t)+ Au(t)dt=g(t)dp(r) on]0,T],
u(0) =0,

@

where A is a positive, invertible, and self-adjoint operator on a Hilbert space X, = (f(1)) >0 i@
one-dimensional Brownian motion, g is a progressively measurable process with values in X (or
in a subspace thereof), and T € (0,00) is the time-horizon.

It is a well-known fact in the theory of stochastic evolution equations
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where E denotes the expected value, and the domain of the square root A'/? can be defined via
the spectral theorem for self-adjoint operators. The estimate (2) was first proven by Da Prato
in [6], see also [7, Theorem 6.12(2)] or [2, Theorem 3.13]. It is natural to ask whether the regularity
of the solution u can be improved by assuming additional time regularity of g. Namely, if for
some a € [0, %), the following variant of (2) holds:

E“””W”‘Z(O TD(Al/Z)) "‘aiATE"g”WaZ(O T;X)’ (P)

where W%2(0, T; X) is the (vector-valued) Sobolev-Slobodeckij space defined as the set of all
functions v € L2(0, T; X) such that
1/2

T v(t)—v(s)
Wlwez(o,1;x) = (ff ” = S|1+2a”thds <00, &)

endowed with the natural norm, see e.g., [8, Section 2.5.d]. Of course, the threshold a < % is due
to the pathwise regularity of Brownian motion.

Establishing the validity of (P) is closely linked to the conjectured time-regularity for stochastic
evolution equations in the monotone setting, as proposed by Breit and Hofmanovéa [4] (see
also [19, Section 1.4]), motivated by numerical applications [5]. By using different techniques
and additional assumptions, the time regularity result used in the latter work was proven in [20].
In the current notes, we prove that such additional assumptions are also necessary; see the
comments below Theorem 3. The relationship between our framework and that considered in
the aforementioned work is discussed in Section 1.1 below.

The main result of this manuscript shows that (P) does not hold for all @ > 0.

Theorem 1 (Absence of temporal regularity persistency in parabolic SPDEs). Let A be a positive,
invertible, and (possibly unbounded) self-adjoint operator on a Hilbert space X. Assume that
g(1) = x for some x € X. Then, foralla € [0,1),

ue LZ(Q; w2 (0, T;D(A”Z))) ifand only if x € D(A%).

Moreover, the following norm equivalence holds:

)1/2

(El ullwaz(o rpatz))  ~aAT 1Xlpas.

In particular, (P) does not hold for any a > 0.

The above result, in particular, shows that the conjectured result in [4, Theorem 1.1] cannot be
valid under the assumptions stated therein; see Theorem 3 and the comments below it.

Before going further, let us give some examples for which the above applies. Below we denote
by [-,-] B the complex interpolation, see e.g., [3] or [8, Appendix C]. Of course, many more
examples of operators satisfying the assumptions of Theorem 1 are possible, see Section 1.1
below.

Example 2. Standard examples of operators A to which Theorem 1 applies are:
(1) the (strong) shifted Laplacian Id — A on Lz(Rd) with domain Wz'z([Rd);
(2) the (strong) Dirichlet Laplacian —A on L?(@) with domain W?2(@) n W, *(©), where & is
abounded C2-domain in R,

In the above, d = 1 is a natural number. Note that in the above situations, the stochastic evolu-
tion equation (1) corresponds to a stochastic heat equation with additive noise. Before going fur-
ther, it is worth recalling that the above operators have the so-called bounded imaginary power
property (often abbreviated as BIP, see [10, Definition 15.3.4]). Due to the self-adjointness of the
above operators, the BIP property follows again from [9, Proposition 10.2.23]. For our purposes,
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it is enough to recall that if the A operator on X has the BIP property, then the domain of the
fractional powers can be identified via complex interpolation (see e.g., [10, Theorem 15.3.9]):

D(4% = [X,D(4)], foralle (0,1). @)

The above is convenient, as complex interpolation spaces can often be computed explicitly.

For the above cases, Theorem 1 implies the following (see Section 1.2 below for the unex-
plained notation).

(1) ue?(Qw*2(0, T; WH2(R?)) if and only if x € W2*2(RY).

(2) For a # 1, we have u e L(Q; W*2(0, T; W, *(©))) if and only if

1’
W% ©) forae(},1).

In the above, we used that (4) and [15] yield

{Wza'z(@’) for a < 4
X€

2a,2 l
[L20), W?2(0) n W} (©)], = {W ©) fora<i,

W) forae(},1),

where WA2(0) denotes the Bessel potential spaces on @, and WOﬁ 20) subspace of
WF2(@) such that u|,, = 0 with f € (3, 3). In particular, the exceptional case a # ; is due
to the application of the results in [15]. However, Theorem 1 still ensures the equivalence
between u € L?(Q; W*2(0, T; W, *(0))) and x € [L2(©), W?2(@) n W, *(©)],,,, but we are
not able to compute explicitly the latter.

Before going further, let us mention that in many situations the solution to (1) is known to
satisfy mixed space-time regularity results. For instance, from [14] it follows that for a large class
of operators A (including the positive, invertible, and self-adjoint operator on a Hilbert space [9,
Proposition 10.2.23]), for progressively measurable processes g, one has

ge (%0, T;X) = uel*(Q;W**(0,T;D(AY* ™)) forallac [0,3). (5)

Moreover, in the latter paper, appropriate versions of the above are proven in an LP-setting. For
further details on the LP-setting, the reader is referred to [2, Section 3] and the references therein.

1.1. Counterexample of time regularity in the variational setting

Before discussing the implications of Theorem 1 for the conjectured result in [4, Theorem 1.1], we
briefly comment on the variational setting for SPDEs. For a more detailed exposition, the reader
is referred to, e.g., [1,11,12]. Let V and H be Hilbert spaces such that V — H densely. Then,
identifying H with its dual H’, it follows that the pairing (u, Wyy =Ww,v)gforveVandue H
uniquely induces an embedding H — V' (in other words, (V, H, V') forms a Gelfand triple). The
variational setting for SPDEs, in particular, includes equations of the form

{du+a¢udt=93(u(t))d/3(t) on [0, T], ©)

u(0) = uo,

where «/: V — V' is a positive invertible symmetric variational generator (see e.g., [7, Sec-
tion A.4.2]), i.e., there exist a continuous bilinear form a: V x V — R and a constant « > 0 such
that

o (Ju,vy=—a(u,v)forall u,veV;
e —a(w,v)zalv|? forallve V;
o a(u,v)=a(v,u)forall u,veV.
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Moreover, the variational setting for SPDEs typically allows for nonlinear diffusions B such that,
forall v, we H,

Bw)eH and |BWw)-Bw)|,;<NQ1+lv-wln). @)
Of course, the assumptions above can be further generalized (see, for example, [1,11,12]); how-
ever, the latter set of assumptions falls within the framework of [4], within which we aim to dis-
cuss the implications of our results. The important point here is that no further mapping proper-
ties on 48 are required in [4]. In the previous reference, the authors conjectured

ue *(Q;W**(0,T;V)), ac(0,3). ©)

The following shows that (C) cannot hold in a special case that satisfies the above conditions.

Theorem 3. Let V — H — V' as above, and let o/ : V — V' be a positive invertible symmetric
variational generator. Fix a € [0, %) Assume that B(v) = h for some h € H. Then one has

ue L*(Q;W*2(0,T;V)) ifandonlyif he[H, V], (complex interpolation).

2 )1/2

Moreover, the norm equivalence holds (EII ull W20, T:)

Sa,o,T 1AlH, V)20 -

In particular, the previous result indicates that, in general, one cannot expect time smoothness
in the variational setting unless the diffusion operator 28 is spatially sufficiently smooth. As Ex-
ample 4 below shows, in some situations and for some value of «, time smoothness also requires
boundary conditions for 28 at the boundary. Consequently, if u € [? (Q; w2, T; V)), then the
conditions (i)—(ii) at the end of [4, p. 34] cannot, in general, be met. In the works [20,21], sharp
time-regularity results for (variants of) the stochastic p-Laplacian were proven by employing ad-
ditional regularity assumptions and boundary conditions on the diffusion 8. Theorem 3 ensures
that such additional conditions are also necessary for such a result to hold.

In the following, we elaborate on the consequences of Theorem 3 for the so-called weak
Laplace operator, which is a standard example in the theory of variational SPDEs.

Example 4. Let V = Wol’2 (©) and H = [2(@), where @ is a bounded Lipschitz domain. It is
clear that V — L2 and the natural pairing (v, w) = (v, w) 12) = Jo f&dx yields the identification
V' = W=12(0) (see e.g., [1, Example 2.1]). In particular, the weak Dirichlet Laplacian can be
defined as <ofp : Wol’2 (©): V—V'givenas (pv,w) =— [, Vv-Vwdx forall v,we Wol'z(@’). Due
to the Poincaré inequality, o/p is a symmetric variational generator. It follows from Theorem 3
that forall a € (0,1) \ 1, the solution u to (6) with () = x satisfies

W2a,2 (5] , fi < l,
uELZ(Q;WWZ((),T;WOLZ(@))) ifand onlyif xe 2612( ), fora 41 1
Wy (@), forae(y,3).

As in Example 2, the exceptional case a # % is due to the application of the results in [15] to
compute the complex interpolation [H, V1,4, and not a limitation of Theorem 3.

Remark 5 (The case of nonlinear diffusion). Fix a € (0,3). Using a standard bootstrap ar-
gument, it is possible to show that the unique solution u € I? (Q;L2 o, T; V)) to (6) satisfies
ue L*(Q;W*2(0, T; V) if in addition to (7) one assumes

B(v) € [H, V], and ||=%’(V) || (H, V] = C(L+1vla,vis)

forall ve [H, V],4, where C > 0 is a constant independent of v.

1.2. Notation

In this subsection, we collect some basic notation, with additional conventions introduced as

needed later in the text. We write A<, , BorAz, . B incase there existsa constant C

depending only on the parameters p;,..., p, such that A <CBor A=CB.
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Probabilistic set-up. § = ((1)),., denotes a one-dimensional Brownian motion on a filtered
probability space (Q, A, (Fy), P). Moreover, E[X] = fQ X dP denotes the expectation of a random
variable X.

Function spaces. For a domain €& < RY (note that @ = R? is allowed), W*9(@) for k € N and
g € [1,00] denote the usual Sobolev spaces. For 6 € (0,1), we let W%?(@) denote the Sobolev-
Slobodeckij space, i.e., the set of f € L%(@) such that

1/2

fO-fyf
[f] wo2(@) = (\/% ;. W dxdy <00, 8)

endowed with the norm

||f||W6,2(@) =1fl2@ +f] Wo2(6)-
We emphasize that the formulation via (8) is not proper in the extreme cases 6 € {0,1}. For
instance, if = 1, then W2 (®) is the above-mentioned Sobolev spaces of functions in f € L?(0)
suchthatVf e wl?(@; [R{d), where derivatives are understood in the distributional sense.

For 6 € (0,1), we denote by W(f 2 (0) the closure of C{°(0) in w92(0). 1t is well-known that, for
6€ (o, %), the spaces are equivalent W%2(@) = W(?'z(@); while for 6 € (%, %), it holds that Wg'z(@) is
the subset of f € w2 (0) having zero trace on 00 in the Sobolev sense (see [16,18] and references
therein for further details). Taking into account higher-order traces, analogous results are also
available in the case 6 > %; however, these will not be needed here.

Finally, for details on vector-valued Sobolev spaces such as the one introduced in (3), the
reader is referred to [10, Chapter 14].

2. Proof of Theorems 1 and 3

In this section, we prove the main results of this manuscript. We start by proving Theorem 1.

2.1. Proof of Theorem 1

Let us begin by recalling that under the assumptions of Theorem 1, the solution to (1) is given by
the stochastic convolution

t
u(t) :f e~ N AxdB(r), )
0
where (e~/4) ;5o denotes the semigroup generated by the operator — A.

Proof of Theorem 1. We begin by noticing x € D(A%) implies u € L?(Q; W%?(0, T; D(A'?))) fol-
lows from (5) applied to g, = A%*x. Indeed, from (5) it follows that

t
AZu(p) = A%—“f e" "N 4g, (1) dB(r) € L2(Q; W2(0, T; X)).
0

From the invertibility of A, we conclude that u € L2(Q; W®?2(0, T; D(A'/?))), and the results of [14]
also yield the estimate

Elul}yaz (o 700412 Sa,7 161D
provided x € D(A%). It remains to prove the opposite direction, that is, the main contribution of
these notes. In the rest of the proof, we focus on the case a € (0, %), which will be fixed below. If
a =0, then one can use the argument in (12) below. For the missing implication in Theorem 1, it
is enough to show the following claim.
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Claim. There are constants cq,04,7 > 0 such that, for all x € D(A),

E[u)?

Wwaz(o r:pavy = Teall A%xI% = TOq,rllxI%, (10)

where u is given via the stochastic convolution (9), and lim7_.», 04,17 = 0.

Before proving the claimed estimate (10), we first prove that it implies the remaining impli-
cation in Theorem 1. To this end, it is enough to show that the inequality (10) extends to all
x € D(A%). This will be achieved via approximation, see [9, Proposition 10.1.7]. To this end, sup-
pose that

ue 2(Q;W*2(0, T; D(AY%)).
Let u;, be the solution with x replaced by x, = n(n + A)1x. From (9), it follows that u, =
n(n+ A)~'u. Since — A is a semigroup generator, it follows that

sup|[n(n+A) 7|4y y<oco and  n(n+A)~'y— yforeachye X,
nx=1

see e.g., [9, Example 10.1.2 and Proposition 10.1.7(1)]. In particular, the previous implies u, — u

in L2(Q; W*2(0, T; D(A2~9))) via the dominated convergence theorem and the definition of the

Sobolev-Slobodeckij seminorm (3). Applying (10) to the differences u, — u,, and x, — x,, and

letting m, n — oo gives that the sequence (A%x,),>1 is Cauchy, and hence convergent. Since

X, — x, the closedness of A% implies that x € D(A%) and moreover, (10) extends to x € D(A%).
Now, we turn to the proof of (10). Note that for ¢ > s, one can write

s t
A”Z(u(t) _ u(s)) — f Al/z(e—(t—r)A _ e—(s—r)A)xdﬁ(r) +f A”Ze_([_r)Axd,B(r).
0 N
From the orthogonality in L%(Q; X) of the two terms on the right-hand side of the above, we have

t 2
E|AY2(u(t) - u(s))|% =B U A2 (=A% dB(r)
N

X
13
:f | AY2e~ (=D Ax |12 dr (Itd isometry)
N
t
:f (Ae 2 N4y x)xdr (self-adjointness)
N
:ftl(ie_z(t_rmx,x) dr
s 2\dr X
1
= 3 (x—e 2945 v X (fundamental theorem of calculus)

where (-,-)x denotes the scalar product in X. In particular, it holds that (x — e 2(=94x, x) x > 0.
From (3) and the symmetry of the integrand, we have

[ (x—e 20-9Ax x)\

W®2(0,T;D(A12)) 2[ (f — s)2a+1

(x—e 4% x)x
f f — Zarl a7 dsds

(*)T T2 (x—e 254, x)x
s2a+1

E[ul? dsdt

(11)
ds,

B _j»OO (x— e*ZSAx x)Xd _me (x—e’ZSAx,x)X ds,

= S
82a+1 2 T2 SZUH—I

where in (*) we used the positivity of the integrand. To proceed, recall that e~/ is contractive

on X. Indeed, for x € D(A), we have % I e’tAxllg( = —2(Ae~"x, e "4 x)x < 0 by the self-adjointness
and the positivity of A. Integrating the latter identity, one obtains le"*x|x < |lxllx for all
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x € D(A) € X. By density, the previous yields contractivity of the semigroup e~*4. For the second
term on the right-hand side of (11),

f"" (x—e 2%, x)x

2
g2a+1 dSSHa'T"X”X,

T/2
where 0,17 — 0 as T — oco. To estimate the first order term in (11), we use the following
consequence of Komatsu’s formula [13, Theorem 6.1.6] for the fractional powers:

o y_g Sy B

f —ds:KﬁA x forall € (0,1) and x € D(A),
o sP+1

where Kg := [5° IS%T ds. Note that the above integral is a well-defined Bochner integral in X, as

xeD(A)and x—e $4x = fos Ae " xdr. Thus, for x € D(A) and a < %, we find

0o (x_ e_ZSAx,x)X o 00y _ e—SAx
—— ——ds=2 ———ds, x
o s2a+l 0 s2a+l ’

X
=22 Ky (A% x, X)x

= call A%xI%,
where in the last step we used the self-adjointness of A again.

It remains to derive the norm equivalence stated in the theorem. For this, it remains to
prove the lower bound =. We have already proved (10). Next we will prove a lower bound for

E| ulli2 (0,T:D(A12))" The It6 isometry and the self-adjointness yield
17212 Tt a2 —-na_y2
EIA " ul 20 1.x) =f0 fo A2 =D Ax% drdr
T pt
=f / (Ae 2%, x) x dsdt
o Jo
T 117
=Lz -1 f (e 2y, x)x dt (12)
2 2 Jo
T 1-e21°
= (5 - T)leH%(
= Cs,rllxl%,
-2T6
where § > 0 satisfies [[e”“4|lx_x < 7!, and Cs 1 = % - 1‘35” (note Crs >0as 1—-x< e *

for x > 0). Under our assumptions, the exponential decay of le~ 4| x_x is known to experts.
However, for the reader’s convenience, we include some details. Recall that A is invertible
by assumption, and thus A~'? = (A~1)!”2 is bounded (for the fractional powers of bounded
operators, see e.g. [13, Chapter 4]). Let 6 = 3| A™'/2||%_ . Note that ((A-8)x,x) = | AY2x[3 -
8lxl% = 31AY?x|1% = 0 for all x € D(A). Since the self-adjointness of A— & follows from the one
of A, the argument below (11) applies to A—§ and yields [ 4= x_x < 1.
Therefore, for every € € (0, 1],
E|l u”%/va,Z (0,T;D(A12)) = E[u]iva,z (0,T;D(A1/2)) +E| u”iz (0,T;D(A1/2))

2 2
= EE[U] Wa,2 (O,T;D(Al/z)) + E” u”L2 (0,T;D(A”2))

2 2 2
z e[ Tcall A%XN% — TOq, Tl xl% ] + Cs,7llxI%

=eTcallA%xI% + (Cs,7 — €T0q, 1)l x11%-

Thus the desired result follows by choosing € = min{ Z?ZZT , 1}. O
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2.2. Proof of Theorem 3

In this final subsection, we derive Theorem 3 from Theorem 1.

Proof of Theorem 3. We begin by recalling that solutions to (6) exist, and are unique in the class
of progressively measurable processes with a.s. paths in I2(0,T;V), see e.g., [12, Chapter 4].
Let o/ be a positive invertible symmetric variational generator. The operator o naturally

restricts on H, leading to an operator A, which is defined as:

e D(A)={veV: a(v,) is continuous in the topology of H};

o a(v,w)=(Av,w)y forallveD(A) and we V.
One can check that A is a positive, invertible, and self-adjoint operator on H, see e.g., [7,
Proposition A.12]. Moreover, it follows from [17, Proposition 1.10, Chapter 8] that

DAY =V, (13)

Recall that (u) = h for some h € H. Thus, from (2) and the uniqueness of (6) mentioned at
the beginning of this proof, it follows that the unique (6) with a.s. paths in L(0, T; V) is given by
the stochastic convolution u(#) = f; e”*"94hdp(s), and therefore is a solution to (1) where A is
the induced operator induced by «/ on H. In particular, Theorem 1 and (13) ensures that, for all
acl0,3),

ue > (Q;W%*0,T;V)) ifandonlyif heD(A%). (14)
To conclude, it remains to show that, forall a € (0, 1),
D(A") = [H, V]za. (15)

As commented above (4), as A is self-adjoint, the identification (4) holds. Thus, from the
reiteration of complex interpolation (see [3, Theorem 4.6.1]), it follows that, for all a € (0, %),

DAY @ [H,DW)], = [HDA)],, ® [H, V.

The claim of Theorem 3 follows by combining the above with (14). O
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