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SUMMARY

	 Fibre reinforced polymers, or FRP, are increasingly used in structural engineering applications. Permeating 
the construction field from the aerospace industry, FRP are applied in both the rehabilitation of existing degrading 
structures as well as the conception of new projects such as pedestrian and traffic bridges or building facades. 
The increase of interest and use in FRP in recent decades is driven by the material’s advantageous properties. Its 
tailorable mechanical properties, long-term durability, customizable free-form design, and its light-weight feature 
have engrained FRP as a noteworthy alternative to traditional construction materials such as concrete, steel, or 
timber. This is of paramount importance in light of the climate change challenge facing structural engineers today. 
While the material properties have been extensively investigated over the past decades, the structural use in 
FRP have remained limited to specific applications. As such, FRP, material of the future, has fallen short of its 
aspirations, disappointing its most ardent proponents. A rift is identified between the academic setting of laboratory 
testing and the pragmatic essence of the construction industry. This research situates itself as part of the efforts 
interrogating the industry limits and attempting to bridge these two spheres. It proposes to answer the following 
research question:
  
What strategies capitalize on FRP’s favorable mechanical properties in order to promote formal exploration 
with the material in the preliminary phase of a design considering its durable and sustainable potential?

	 This research proposes a tool that capitalizes on the advantageous mechanical properties of FRP and 
encourages formal exploration in FRP at the conception phase of a design. Considering the climate change threat, 
the stakes of such a catalyst framework are high. The Wilhelminaberg Viewpoint, a landmark project in Landgraaf 
(NL) designed by Ney & Partners, is used as case-study to implement the proposed framework. It also allows to 
draw a contrast between what is structurally feasible in FRP and what is realistically buildable in FRP.

	 To develop such a tool, the research starts with a literature review of FRP’s mechanical properties, durable and 
sustainable performance, and the general elaboration around modern form-finding. As a composite material, FRP 
combines reinforcement (fiber) with a matrix (resin) as its main constituents to form a lamina. Mechanical properties 
of a laminate can then be derived from the properties of its constitutive laminae using the Classical Lamination 
Theory (CLT). Examining the available optimization methods, classical form-finding methods have clearly inherited 
many limitations of the physical methods on which they are based: isotropy, constant material properties, and 
uniform stresses. In contrast, modern form-finding tools allow to investigate new frontiers such as the orthotropic 
nature of FRP. This research extrapolates from the lesson learned from FRP optimization techniques, adapting the 
strategies used in aerospace applications to the construction industry. 
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	 With modern form-finding, shape resistant structures in composites that transfer their loads dominantly through in-
plane forces can be derived. These correspond to structure exhibiting shell-like behavior. As such, formal exploration 
in FRP will capitalize on the material’s strength (in-plane stiffness) with minimal and efficient use of the materials 
(weight). This optimization framework first limits the form-finding to two main objectives: maximizing the structural 
stiffness to generate shape resistant structure and minimizing the weight of the geometry for efficient material 
use. Considering this framework will require both material and geometric parameters, evolutionary algorithms (EA) 
are chosen as a tool to generate optimal structures. Despite their disadvantages, EA offer significant benefits in 
converging to an optimum solution in large and complex search spaces. Following an empirical exploration of the 
available tools for designers, specifically plug-ins in Grasshopper, an optimization framework is developed. 

	 A multi-step single-objective optimization is proposed. First, stiffness for a certain design boundary is maximized. 
Using a brute force algorithm, the first level iterates through all the possible laminate layup combinations to find 
the combination which generates the stiffest structure. The second level of the optimization finds the lightest 
geometries using a genetic algorithm. This suggested framework offers an answer to the research question, 
mentioned hereinabove. Completely integrated in one interface (Grasshopper 3D), the developed tool stimulates 
formal exploration in FRP structures exhibiting shell-like behavior. The user defines the design boundaries, design 
constraints, load-cases, and material properties and implements the framework. 

	 In this research, the tool is applied for the Wilhelminaberg Viewpoint case-study, and run with eight different 
geometric scenarios. These eight geometric scenarios are the combination of three different aspects: triangular 
vs quadrilateral cross-section, symmetric vs. asymmetric geometries, and fixed-deck and cantilevering deck. 
Implementing the tool on the case-study, the following observations are made:

•	 In the first level of the optimization, the stiffest laminate layup combination found reduces the strain energy 
by a factor of 1.2 or a relative difference of 20% when compared to the least stiff laminate combination. 
Similarly, the deflection is reduced by a factor of 2.2 (or a relative decrease of 69%) between the stiffest and 
least stiff laminate layup combination.

•	  The second level optimization finds the lightest geometry that verifies the design constraints. In comparing 
the eight FRP scenarios suggested for the case-study, a weight saving of 35% can be achieved between 
the best and the worst performing structure. Most importantly, the generated FRP structure are about 70% 
lighter than their steel counterparts, highlighting the potential of weight savings with FRP.

	
	 Once run, the research offers a critical post-optimality assessment of the geometries, comparing their performance 
on three distinct levels: computational efficiency, material efficiency, and their production efficiency. This allows to 
address the general production considerations and assess the landscape of the FRP industry. Assessing production 
efficiency proves to be challenging; it requires to work out a construction logic for the structure from production to 
assembly. Thus, a close collaboration with a specialized contractor from the early stages can prove to be beneficial: 
it allows to incorporate manufacturing constraints in the optimization process, rather than only in the post-optimality 
analysis. Other measures are suggested as means to strive towards integrated designs. 

	 This research ends with critical reflections on larger themes relating to the developed tool such as integration in 
structural design, parametric modeling, and free-form architecture in FRP as well as recommendations to users and 
further investigations to improve the proposed tool. 

key words: fiber reinforced polymers - FRP // form-finding // structural optimization // evolutionary algorithm - EA // 
genetic algorithm - GA // alternative materials.
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INTRODUCTION

1

1. Research Motivation

1.1. On Sustainability 
	 Climate change is a prominent challenge facing humanity in the 21st century. Rising sea levels, dramatic increase 
in global temperatures, and alarming rates of resource depletion have marked the last 30 years. Today, studies 
predicting the inevitable catastrophic consequences of climate change have become numerous. The timeline to 
reverse them is all but shortening with every published study. And yet, we can still reverse it [1]. 
	 With the dire consequences already underway, tackling the climate threat requires concerted actions from policy 
makers, researchers, engineers, designers, and educators. Achieving sustainability will require all professionals to 
challenge their existing framework and work holistically beyond their industry limits. The construction industry, in 
particular, has the unique opportunity to assume a central role in challenging the status quo. Recent studies estimate 
the contribution of the construction industry to nearly 36% of global final energy use and nearly 40% of energy 
related carbon emissions [2]. With this significant global impact, the construction industry has the responsibility to 
evaluate its practices and offer solutions, both on the short and long term. 
	 Numerous challenges face structural engineers today. The environmental concern of climate change must 
however be addressed as a priority for the profession. So far, efforts to address climate change have materialized 
through improving the life-cycle performance of our infrastructure, integrating new technologies to reduce buildings’ 
energy consumption, and exploring alternative materials. Nonetheless, mitigating the environmental impact of the 
construction industry will require a wide-scope questioning of the education, principles, and common practices of 
structural engineers. Engineers must be involved in every stage of the design process to enact environmental, 
economic, and social sustainability [3]. 
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1.2 On Alternative Construction Materials
	 Fiber reinforced polymers, or FRP, have permeated the field of construction from the aerospace industry in the 
last decades of the 20th century. In recent times, its performance properties, particularly its claims for durability and 
sustainability, have engrained FRP as the material of the future with its increasing use in infrastructure applications 
such as bridge decks, facade panels, and fiberglass pipes. While the material’s properties have been extensively 
investigated over the past decades in laboratory settings, their applications have remained limited. As such, FRP, 
material of the future, has fallen short of its aspirations, disappointing its most ardent proponents [4], [5], and [6].
Significant research is required to fill the divide between laboratory testing and the construction industry. Further 
research in the following area is required to propel FRP in becoming a prominent and viable material in the 
construction field: 

1.	structural optimization methods proper to FRP
2.	manufacturing processes
3.	durability and sustainability of the material
4.	 joint design (FRP/FRP joints or FRP/other material joints). 

This research positions itself at the boundaries between the pragmatism of the construction industry and the 
innovation of academic investigation, questioning what has limited FRP’s proliferation. 	 Examining available 
structural optimization methods, it becomes evident that form-finding numerical methods have inherited their 
corresponding physical experiments limitations of isotropy, constant material properties, and uniform stresses [7], 
[8]. Designers, such as Ney & Partners, echoed these concerns. Developing a framework for FRP form-finding 
can lead to more exploration with this alternative material in the preliminary stage and use this material’s untapped 
potential. With FRP’s beneficial environmental properties in-mind, the stakes of such a catalyst framework are high. 
This becomes the point of departure for the research.  

	 Recent trends of digital form-finding coupled with the aforementioned sense of environmental awareness has 
revealed new horizons for the built environment. This research situates itself as part of the broad effort interrogating 
the industry’s limits, questioning these new horizons. In particular, the research examines the potential of alternative 
materials, such as fiber reinforced polymers FRP, that have witnessed increased interests in recent decades. 
Through this investigation, the research lends a critical look at the computational tools and digital architecture, 
prominent features in today’s landscape of structural design. 

2. Research Question 

What strategies capitalize on FRP’s favorable mechanical properties in order to promote formal exploration with the 
material in the preliminary phase of a design considering its durable and sustainable potential?

3. Objectives

	 Considering FRP’s durable properties and the urgent threat of climate change, this research exists within 
the profession’s efforts to achieve sustainability. Aiming to highlight the influence of FRP material on the design 
process, this research aims to develop a tool that capitalizes on the mechanical properties of FRP. Developing such 
a framework can lead to more formal exploration with this alternative material. The framework will be implemented 
with a chosen case-study. While practical issue will still need to be resolved, this case study provides insight on 
efficient structural forms in FRP. The research thus highlights the possibilities and ambitions the material has to 
offer while drawing a contrast between what is structurally feasible and what is realistically buildable in FRP. This 
research allows to reflect on additional venues of questioning from computational tools that have become prevalent 
in modern-day structural design and the trends of parametric “free-form” design in general, and in FRP in particular. 
Ultimately, conclusions and recommendations will be given to structural designers looking to design in FRP. 
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II-Optimization tool Case-Study Context & Optimization Framework
Definition of framework: parameters and their scenarios, boundary 
conditions, material properties, load cases, design constraints, 
objective functions, and the chosen optimization algorithms. 

III- Results &
Post-Optimality 
Analysis 

Results of the optimization for the eight different scenarios
Post-Optimality Study: Evaluating the soltutions according to 
different perspectives (computational efficiency, material efficiency,
 and production efficiency) and decides on an optimal design.

Discussions Answer to the research questions, critical reflection on the thesis’ 
main themes, recommendations, shortcomings.,etc.

Introduction Research Motivation, Research Question, Methodology

I-Literature Review 1. FRP, from Constituents to Production
2. Mechanical Properties of FRP 
3. Durability and Sustainability of FRP
4. From Form-Finding to Optimization

Figure I. Outline of this research showing the research framework and the adopted methodology.

4. Research Methodology

Figure I. displays the outline of this research showcasing the adopted methodology. The content of each section is 
then briefly summarized hereinafter.

PART I. LITERATURE REVIEW 

Chapter 1: FRP, from Constituents to Production
Chapter 1 reviews the state-of-the-art on fiber reinforced polymers in terms of knowledge of fibers/reinforcement. 
matrix-resin systems, and the most important production methods. The chapter aims to answer the following sub-
questions: 

-  - What is a composite material?
-  - What are FRP’s main constituents and properties?
-  - What are its main production methods?
-  - What are practical limitations?

Chapter 2: Mechanical Properties of FRP Composites
Chapter 2 provides a framework to understand the anisotropic behavior of FRP through explaining the classical 
lamination theory (CLT) and the failure mechanisms dominating laminae and laminates. The chapter aims to answer 
the following sub-questions: 

-  - How to define FRP’s anisotropic material? 
-  - What are rules of thumb for designing in FRP? 
-  - What are FRP’s failure mechanisms? 
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Chapter 3: Durability & Sustainability of FRP
Chapter 3 highlights the environmental challenges facing structural engineers today and what action courses can 
be taken. It then discusses the sustainability ambitions of FRP in particular and focuses on the in-service properties 
of the composite material (impact, fire resistance, etc.). The chapter aims to answer the following sub-questions: 

-  - What is the environmental challenge facing structural engineers?
-  - What is a proper framework to study sustainability?
-  - What is the definition of durability?
-  - What are the mechanical failure mechanisms of FRP? 
-  - What environmental conditions cause degradation of FRP?

 
Chapter 4: From Form-finding to Structural Optimization

Chapter 4 reviews the state-of-the art on the optimization methods available for form-finding and then focus on 
methods applied for FRP structures particularly those applied at the macroscale (shape and geometry). The chapter 
aims to answer the following sub-questions: 

-  - What physical methods of form-finding are available for engineers? What are their limitations?
-  - What is structural optimization and how can it solve those limitations? 
-  - What specific strategies can be applied for design in FRP? 

PART II. OPTIMIZATION TOOL 

Case-Study Context and Optimization Framework 
Chapter 5 establishes the context of the chosen case-study. It then defines the framework of the developed tool, 
specifying its important aspects: parameters and their scenarios, boundary conditions, material properties, load 
cases, design constraints, objective functions, and the chosen optimization algorithms. The chapter ends with 
recounting the step of the tool development from choosing objectives to deciding on mesh size.

PART III. RESULTS AND POST-OPTIMALITY ANALYSIS
Chapter 6 presents the results of the optimizations run for the described scenarios of the case-study. After presenting 
the results, a post-optimality study evaluates the generated geometries from different perspectives and chooses the 
most integrated structures. 

DISCUSSIONS
The final chapter answers the research question. It then offers critical reflection on the developed optimization tool 
as well as the broader themes of the research such as the role of computational tools in today’s industry, integration 
in architecture, and free-form architecture in FRP. Lastly, it proposes recommendation for structural engineers to 
adopt for designing in FRP. The thesis ends with possible applications of the tool and future investigations with 
respect to the limitations of the design approach. 
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CHAPTER 1
FRP, FROM CONSTITUENTS TO PRODUCTION 
	 In recent years, fiber-reinforced polymers have increasingly permeated the civil engineering 
field from the aerospace and maritime industries. This increasing interest has been driven by 
innovations in FRP systems and the committed involvement of civil engineers to build more 
efficiently and, most importantly, more durably. 
	 Designing and optimizing FRP structural elements requires a baseline understanding of the 
composite material, particularly the properties of its constituents. As such, this chapter introduces 
composite materials and the necessary knowledge to lay the grounds for the optimization 
process that will follow. The chapter outlines the constituents of composite materials (both 
fiber and matrix systems), their respective roles, types, and properties. Brief descriptions of the 
main manufacturing processes of FRP are also presented, already eliciting boundaries for the 
production phase. 

The chapter aims to answer the following sub-questions: 
-  - What is a composite material?
-  - What are FRP’s main constituents and properties?
-  - What are its main production methods?
-  - What are practical limitations?

 PART I. LITERATURE REVIEW 
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1. FRP, A Composite Material

	 Composite materials are defined as a combination of two or more materials that together present better properties 
than those of the individual components. As such, fiber-reinforced polymers are a composite material, made of 
two principal constituents: the matrix and the reinforcement. This two-phase composite material is produced by 
dispersing the reinforcement (primary phase) in the polymer (secondary phase). This combination results in many 
advantages: a higher specific strength, a higher specific stiffness in one direction, and a lighter material density that 
results in lightweight elements [4], [5], [6], [9]. 

An account of the advantages and disadvantages is presented in table 1.1:

Advantages Disadvantages
-  - Light density resulting in weight saving. -  - High costs of raw materials.
-  - Tailorable layup for optimal strength and stiffness for 

the desired application. 
-  - Advanced computational methods often required 

(finite element analysis) for complex load paths. 
-  - Long-durability properties lending to a sustainable 

material.
-  - Limited knowledge of long-term durability properties: 

the material is not fully recyclable. 
-  - Non-corrosive properties (water and chemical 

resistance) resulting in low total maintenance costs.
-  - Undesirable in-service properties, such as risk of 

delamination or low resistance to impact, temperatures, 
or fire. 

-  - Available automated manufacturing processes that 
can reduce assembly time.  
-  - Customizable production for free-form shape. 

-  - Non-competitive means for non-repetitive 
production processes.

-  - High degree of service integration possible.

Table 1.1: Advantages and disadvantages of fiber-reinforced polymers.

The properties of composite material depend on the properties of its constituents:
-  - The types of used fibers and resin and their respective properties. 
-  - The orientation of the fibers in respect to the direction of loading.
-  - The adhesion between the fiber and resin, particularly at the interface between the two constituents. 
-  - It then becomes important to give an overview of the properties and types of FRP’s constituents. 

=+

MATRIX FIBRES COMPOSITE 
MATERIAL

Figure 1.1 FRP’s two main constituents [10].

FRP’s two main constituents are the matrix and reinforcement, as shown in figure 1.1. 
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1.1 Matrix
	 The polymer provides the continuous phase of the composite material. Surrounding the fibers, the polymer is 
also referred to as the matrix and is required to fulfill the following functions:

-  - Fixing the fibers in the required geometrical arrangement (orientation);
-  - transferring the stresses to the fibers efficiently by adhesion and friction; 
-  - Preventing premature failure due to micro-buckling of fibers, in terms of compression; 
-  - Protecting the fibers from environmental impact (corrosion, temperature, UV radiation, moisture, etc.); and
-  - Providing the composite with appropriate fire resistance, toughness, impact and abrasion tolerance. 

	
	 All polymers resins are long chain molecules formed through polymerization, a chemical reaction that combines 
identical structural units (monomers) with covalent bonds. While there are many different polymer matrices that can 
be utilized for composite materials, polymeric matrices are classified in two categories, as either thermoplastic or 
thermosetting polymers [11], [12]. 

 i. Thermoplastic Polymers
Thermoplastic polymer resins do not form any cross-link upon curing; their chains are rather held together by 
weak secondary bonds. With a high-viscosity and high melting points, thermoplastics require considerably high 
temperatures and pressure for curing. They offer however the advantage of short processing cycles as they are not 
chemically crosslinked. 
With no crosslinks, they soften every time they are heated above their melting temperature and regain their solid 
shapes when cooled downed. As such, thermoplastic polymers are tolerant to damage and resistant to low-velocity 
impact; they are good candidates for recycling or repair. As a general class of polymers, thermosets account for 
the majority of polymers produced. However, their behavior prone to creep and their very low-fire resistance have 
hindered their widespread in structural applications. 

ii. Thermoset Polymers
Thermosets start as low molecular weight and low viscosity monomers that are converted into a three-dimensional 
rigid cross-linked structure during the curing process. The curing process is driven by heat generated either 
externally or by the reaction itself (exothermically). They mostly require a longer processing time to form the 
additional crosslinks, needed to form a fully cured resin [4], [6], [13].
As thermoset resins form during curing an intractable solid, they cannot be reprocessed by heating. At high 
temperatures, thermosets disintegrate; their mechanical properties worsen considerably. Due to the high cross-link 
densities needed for high-performance thermosets, they are brittle and additional steps are needed to enhance their 

Polymer before Processing Polymer after Processing

ThermosetLow Molecular Weight Polymer

ThermoplasticHigh Molecular Weight Polymer

Figure 1.2 Thermoset and Thermoplastic Molecular Chains [10].
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toughness. With the improved toughening approaches available today, thermoset exhibit toughness comparable to 
that of thermoplastic systems. The better performance of thermosets in creep and fire-resistance than thermoplastic 
resins has rendered them widely used in the civil engineering industry. Most common types of thermosets are 
polyester resins, vinyl ester resins, epoxy resins, and phenolic resins. A closer attention to each resin is discussed 
in appendix A1.

1.2 Reinforcement
	 The reinforcement constituents of composite materials can be particles, whiskers, or fibers. Without a preferred 
orientation, particles provide minimal reinforcement and only a slight in mechanical properties. Small in both length 
and diameter, whiskers are strong reinforcement but are more difficult to disperse uniformly in the polymer phase. 
As such, fibers become the predominant reinforcement for advanced composites due to their high ultimate strength 
and relatively high stiffness. With a longer axis compared to particles and whiskers and mostly circular, fibers can 
supply the main load-bearing and stiffness functions of an FRP structure [4], [6], [13]. 
	 Fibers are often processed into other product such as strands, yarns, or textiles. A single filament can be 
compactly bundled into a strand. Fibers can be compactly bundled into a parallel strand with twisting, a yarn, 
or without twisting, a roving. Rovings can be chopped into short fiber segments for molding and exhibit higher 
mechanical properties than yarn. Fibers are available in multiple products such as glass fibers, carbon or graphite 
fibers, aramid fibers, and woven fabrics. The application of each depend on a compromise between structural 
properties, available budget, and durability. A more extensive discussion of each of the available fiber type in 
discussed in appendix A2.  

Figure 1.3 Types of reinforcement, from fiber to textile [4].

filament

woven fabric

cut 
fibers

yarn/roving

mat
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 2. Production Methods

	 The choice of a production methods or a combination of multiple production methods is of paramount importance. 
For each product, there exists a delicate balance between knowledge, available technologies, and expected 
outcome. As such, the main criteria driving the choice of production methods are numerous: temperature, pressure, 
curing rate, materials and tools utilized, single or serial production, desired surface quality, used materials, and 
costs. 
	 With the numerous technologies available for composite sections, the choice of production method becomes 
a challenging one. Each of these techniques presents its specific areas of applications as well as its limitations, 
its advantages and disadvantages. Accordingly, an overview of the most commonly used techniques is discussed 
hereinafter, with a specific attention to vacuum infusion, deemed most useful for this form-form structure. The 
production processes are classified in two categories: open and closed-mold technologies [4], [11].  

2.1 Open-mold 
	 As its name indicates, open-mold processes only involved a mold on which the product is made without the 
need to be covered by a second mold or vacuum film during the impregnation. As it is not possible to control the 
pressure during impregnation, emissions of volatile substance are more common in open-mold processes. The two 
most common open-mold processes are two of the simplest production methods, spray-up and hand layup. These 
two methods are considered cost-effective and even low-tech as they only require simple tools and a small number 
of materials. These methods are very labor intensive and can result in resin-starved areas as the impregnation is 
done by hand. 
	 Other open mold processes include filament winding for bodies of revolution. Compression molding or pultrusion 
are other methods of production often use for mass production of components. More extensive descriptions of 
open-mold processes are presented in appendix A3. 

2.2 Closed-mold: Vacuum infusion
	 Vacuum infusion is a closed-mold production method. As such, vacuum-infusion can only be performed with 
a closed-off and air-tight setting: the workpiece is impregnated at atmospheric pressure and air is extracted by a 
vacuum pump. With the process rather simple, large products can be produced with vacuum-infusion. 
In the production process, the workpiece is supported on one side by a mold to avoid any creasing (compressing on 
its plane). A release layer can be added to allow an easy removal after the mold curing. Fibers are then arranged out 
according to specifications The built-up the laminate structure is then sealed with a vacuum film, applying a vacuum 
at one or multiple side of the workpiece. Resin is then infused into the workpiece from a bucket at atmospheric 
pressure. It flows through the dry fiber reinforcement layup. Once the product is fully impregnated, the flow of resin 
is stopped and the product is left to cure. 

Resin
Vaccum Cavity Vaccum Cavity

Mould 

Vacuum Bag

Sealant Tape

Resin drawn across and through 
the reinforcement by vacuum

Figure 1.4 Vacuum infusion technique [10].
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3. Practical Limitations 
The limits of the produced parts are often dictated by 
the production costs of the components and their 
transportation. The transportation of these components 
can be done by water, land, or even water. This 
requirement is sometimes circumvented by having a 
temporary factory by the construction site to limit the 
transportation. 
	 A vehicle in Dutch roads is limited by law to the 
following dimensions: a maximum width of 3.00 m, a 
maximum height of 4.00m, and a length of 22.00m and 
maximal mass of 50,000 kg [15]. Larger vehicles require 
exceptional transport and might need additional permit. 
In order to prevent damages to the road, it is more 
practical to not exceed the weight conditions. Exceeding 
the width and height requirements of the structure is 
not recommended. However, a larger length is less of a 
problem as long as the weight is acceptable. 
	 Exceptional sizes can require innovative means of 
transportation. The Pontresina Bridge in Switzerland is 
an example of structures transported by helicopter. Long 
spans can also be transported in cargo through canals. 
The Dutch company Fibercore has adopted such means 
for its bridges. They produced spans as long as 51m but 
their most competitive bridges remain 15-16m in length. 

Figure 1.5 (left) Pont y Ddraig, or Dragon Bridge, at Sandown, Isle of Wight, UK. 
(right) FRP decks for Pont y Ddraig under construction at AM Structures, Sandown, Isle of Wight [14]. 

	 This production technique can achieve high volume fraction of fibers, up to 55%. However, multiple criteria 
must be closely controlled during the production in order to obtain a successful. That include resin infusion, resin 
flow, pressure, and air discharge. Furthermore, these production methods are also heavy on manual labor. It is 
also costly to prepare the molding of the part to be built. It is thus important to adopt strategies that can minimize 
production costs, as will be explained in the design process chapter 5. An obvious strategy includes making the 
structure symmetric limiting the molding to be able to re-use it.

Figure 1.6 Temporary lightweight pedestrian bridge 
in Pontresina (Switzerland), installed each fall and 

removed in the spring (1997) [16].
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4. Conclusion

This chapter provides answers to the following questions:
-  - What is a composite material?
-  - What are FRP’s main constituents and properties?
-  - What are its main production methods?
-  - What are practical limitations?

	 This chapter offers an introduction to fiber-reinforced polymers as a composite material. FRP is a composite 
material, made of two principal constituents: the matrix and the reinforcement. The properties of the composite 
material depend closely on the properties of its constituents. 
	 The matrix refers to the polymeric resin providing the continuous phase of the composite material. An extensive 
list of the matrix’s role is explored in the previous chapter. The distinction between thermoplastic and thermoset 
polymers is clearly delineated. The better performance of thermosets in creep and fire-resistance than their 
thermoplastic counterparts has rendered them widely used in the civil engineering industry.
	 Reinforcement provide the main load-bearing and stiffness of functions of an FRP structure. It is available 
in many products such as strands, yarns, and textiles. The applications of each type is thus dependent on a 
compromise between structural properties, defined needs, and available budget. In this research, reinforcement will 
be fibers can supply the main load-bearing and stiffness functions of the designed FRP structure. 
	 The choice of production methods is an important and challenging decision. Each techniques presents specific 
applications, benefits, and limitations. Production methods can be classified in two categories: open and closed-mold 
technologies. The research focuses on vacuum infusion, a closed-mold technique, considered most appropriate for 
free-form elements in FRP, the focus of the rest of the research. A taxonomy of the different techniques of production 
is discussed in appendix A3. Concluding, the opportunities offered by the free-form production of vacuum infusion 
are complemented with the limitations brought by cost and transportation. 	
	 The following chapters 2 and 3 delve deeper into the material’s mechanical and durable properties. 





13

CHAPTER 2: 
MECHANICAL PROPERTIES OF FRP COMPOSITES 
	 As discussed in the previous chapter, the mechanical properties of FRP depend not only 
on the properties of its two main constituents, the fibers and the matrix system, but also on the 
directions and volume of the fibers. As such, FRP structure offer the possibility to be optimized 
and their mechanical properties tailored for specific applications. 
	 The failure mechanism of fiber-reinforced polymer composites is complex; it depends on 
multiple factors: the stress state due to the applied loading, the properties of the fiber and matrix, 
and the mesoscale structure of the composite (orientation of the fibers and stacking sequence). 
To better understand the limits of this tailorable behavior, this chapter describes the procedures 
used to predict the macroscopic mechanical properties of FRP composite. At first, it illustrates 
the procedures to predict the stiffness and strength of a lamina from its constituent’s properties 
(the matrix and fibers) and the volume fraction. Then, the classical laminate theory (CLT) is 
explained as the tool to predict the mechanical properties from the laminates and their stacking 
sequences. Having examined the classical laminate theory to approximate the stresses and 
strains, the failure criteria of a unidirectional laminae and then multidirectional laminate are 
explored. 

This chapter answers the following sub-questions 
-  - How to define FRP’s anisotropic material? 
-  - What are rules of thumb for designing in FRP? 
-  - What are FRP’s failure mechanisms? 
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1. FRP, an Anisotropic Material

	 As established in chapter 1, composite material consists of fibers embedded in a polymeric matrix. An FRP 
composite can be studied at three levels: the microscale, the mesoscale, and macroscale [17]. The microscale 
outlines the properties of the reinforcement (fibers) and the matrix (the resin) that constitute a ply (lamina). The 
mesoscale characterizes the behavior of FRP at the ply level, distinguishing between the multiple plies of a laminate. 
The macroscale is related to the behavior of FRP at the laminate level. 
	 As a composite material, FRP presents a heterogeneous behavior at the mesoscale: its constituents, fibers 
and matrix, have different properties. The content of this chapter is limited to the properties of laminated composite 
materials: it first establishes the knowledge of lamina in order to then explain the behavior of laminates. A 
unidirectional lamina (figure 2.1.a) consists of a unidirectional fibers embedded in a matrix while a laminate (figure 
2.1.b) consists of multiple lamina stacked together. 
	 A unidirectional (UD) FRP lamina is often considered homogenous. Unlike other engineering materials such as 
steel or concrete, a unidirectional lamina is however not isotropic. The unidirectional ply material usually is often 
treated as an orthotropic material: fibers are stiffer than the polymeric matrix lending the material to be stiffer in the 
fiber direction.

1.1 Stress-Strain Relationship of a lamina
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Figure 2.1 Unidirectional lamina and laminate

	 General orthotropic materials have three principal orthogonal axes; their behavior can be defined by 9 
independent elastic parameters. In the case of UD, the three directions are the fiber or longitudinal direction (axis 
1), the transverse or width direction (axis 2), and the through-thickness direction (axis 3). The elastic behavior of the 
transverse and through-thickness directions (axes 2 and 3) is assumed to be equal. A unidirectional FRP lamina is 
assumed to be a transversely quasi-isotropic material at the macroscopic level. 
	 Behaving as a transversely isotropic material, UD composites present a more simplified behavior than general 
orthotropic materials with one principal direction, the fiber direction. This reduces the number of elastic parameters 
to five:  E1, E2, G12, G2, v12, and v23. Due to the laminates’ plates planar form, plane stress conditions can be assumed. 
The in-plane stress-strain relationship of an FRP lamina is then represented by the following constitutive equation, 
with only five elastic parameters [10]. 
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Figure 2.2 Material coordinate system (1-2) and global coordinate system (x-y).
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II. Classical Lamination Theory (CLT) 

A laminate is built up from different plies; each with its own set of properties as shown in section 1. The stress-strain 

relationship of laminates with plies the same orientation can be derived with simple calculations. However, calculations 

become more complex when plies are stacked in different directions: the stiffness in a particular direction differs per each 

ply. The differences in the elastic modulus of each ply result in varying stresses caused by the same applied strain [4]. 

Furthermore, due to the material’s layered nature and the orthotropic nature of the plies, torsional deformation coupling 

effects may occur if subjected to axial loading. This coupling results from a mismatch between the load direction and the 

deformation in other directions.  

Classical lamination theory (CLT) was introduced to better estimate the mechanical properties of multidirectional 

laminates from those of its composing laminae and their corresponding stacking sequence. Using extensive linear algebra, 

CLT is useful to compute stresses and strains for each ply under certain loading, calculate the stiffness of a laminates, 

check the elongations, and estimate the coupling effects. CLT is also useful to ultimately check if the structure is at risk of 

failure by comparing the occurring stresses and strains to the respective permitted values, by the defined failure criterion.  

As the strain and stresses depend on the stiffness of a laminate, it is important to calculate the stiffness of the laminate.  

 

Assumptions surrounding the classical lamination theory formulation are [4], [17]: 

48. The laminate and the corresponding laminae are in a state of plane stress (the hypothesis of the 

Kirchhoff–Love plate theory). 

49. The composing laminae are perfectly bonded together. The theory is not valid for delamination.  

50. The properties of the ply are considered “smeared”: their microscopic behavior is not modelled. Theory 

is only valid for macroscopic behavior.  

51. The thickness of the laminate is constant and significantly smaller than its other dimensions. The theory 

is not valid for variation of thicknesses (ply-drops or other thickness jumps). 

52. The laminate is undisturbed. The theory is not valid at corners, edges, or near holes.  

53. The theory is linear-elastic. The displacements are sufficiently small so that second order effects or any 

non-linear behavior are ignored.  

 

A. CLT Steps  

  

A. Stress-Strain Relationship of a lamina 

General orthotropic materials have three principal orthogonal axes; their behavior can be defined by 9 independent 

elastic parameters. In the case of UD, the three directions are the fiber or longitudinal direction (axis 1), the transverse or 

width direction (axis 2), and the through-thickness direction (axis 3). The elastic behavior of the transverse and through-

thickness directions (axes 2 and 3) is assumed to be equal. A unidirectional FRP lamina is assumed to be a transversely 

quasi-isotropic material at the macroscopic level.  

Behaving as a transversely isotropic material, UD composites present a more simplified behavior than general 

orthotropic materials with one principal direction, the fiber direction. This reduces the number of elastic parameters to 5: 

𝐸𝐸", 𝐸𝐸#, 𝐺𝐺"#, 𝜈𝜈"#, and  𝜈𝜈#&. Due to the laminates’ plates planar form, plane stress conditions can be assumed. The in-plane 

stress-strain relationship of an FRP lamina is then represented by the following constitutive equation, with only 5 elastic 

parameters [16].  
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B. Transformation of stresses and strains 

In a unidirectional ply, the fibers’ main orientation does not always coincide with the load direction: if the lamina is 

loaded in an arbitrary direction or the global coordinate system does not coincide with the material’s local coordinate 

system. The ply is in a “rotated” direction in the laminate plane; transformation of stresses is required through the 

transformation matrix, also referred to as rotation matrix T. There are two formulations of the transformation matrix: one 

for stresses and another for strains.  

 
Figure 2.2 Material coordinate system (1-2) and global coordinate system (x-y). 
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B. Transformation of stresses and strains 

In a unidirectional ply, the fibers’ main orientation does not always coincide with the load direction: if the lamina is 

loaded in an arbitrary direction or the global coordinate system does not coincide with the material’s local coordinate 

system. The ply is in a “rotated” direction in the laminate plane; transformation of stresses is required through the 

transformation matrix, also referred to as rotation matrix T. There are two formulations of the transformation matrix: one 

for stresses and another for strains.  

 
Figure 2.2 Material coordinate system (1-2) and global coordinate system (x-y). 

 

1.2 Transformation of stresses and strains 
In a unidirectional ply, the fibers’ main orientation does not always coincide with the load direction: if the lamina is 
loaded in an arbitrary direction or the global coordinate system does not coincide with the material’s local coordinate 
system. The ply is in a “rotated” direction in the laminate plane; transformation of stresses is required through the 
transformation matrix, also referred to as rotation matrix T [10]. There are two formulations of the transformation 
matrix: one for stresses and another for strains as shown in equation (3). 
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2. Classical Lamination Theory (CLT)

	 A laminate is built up from different plies; each with its own set of properties as shown in section 1. The stress-
strain relationship of laminates with plies the same orientation can be derived with simple calculations. However, 
calculations become more complex when plies are stacked in different directions: the stiffness in a particular 
direction differs per each ply. The differences in the elastic modulus of each ply result in varying stresses caused by 
the same applied strain [4]. Furthermore, due to the material’s layered nature and the orthotropic nature of the plies, 
torsional deformation coupling effects may occur if subjected to axial loading. This coupling results from a mismatch 
between the load direction and the deformation in other directions. 
	 Classical lamination theory (CLT) was introduced to better estimate the mechanical properties of multidirectional 
laminates from those of its composing laminae and their corresponding stacking sequence. Using extensive linear 
algebra, CLT is useful to compute stresses and strains for each ply under certain loading, calculate the stiffness of 
a laminates, check the elongations, and estimate the coupling effects. CLT is also useful to ultimately check if the 
structure is at risk of failure by comparing the occurring stresses and strains to the respective permitted values, 
by the defined failure criterion.  As the strain and stresses depend on the stiffness of a laminate, it is important to 
calculate the stiffness of the laminate. 

Assumptions surrounding the classical lamination theory formulation are [4], [18]:
-  - The laminate and the corresponding laminae are in a state of plane stress (the hypothesis of the Kirchhoff–

Love plate theory).
-  - The composing laminae are perfectly bonded together. The theory is not valid for delamination. 
-  - The properties of the ply are considered “smeared”: their microscopic behavior is not modelled. Theory is 

only valid for macroscopic behavior. 
-  - The thickness of the laminate is constant and significantly smaller than its other dimensions. The theory is 

not valid for variation of thicknesses (ply-drops or other thickness jumps).
-  - The laminate is undisturbed. The theory is not valid at corners, edges, or near holes. 
-  - The theory is linear-elastic. The displacements are sufficiently small so that second order effects or any non-

linear behavior are ignored. 

2.1 CLT Steps 
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Figure 2.3 Typical n-ply laminate in the global x-y-z coordinate system.
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	 The central assumption of the classical lamination theory is that the deformation of the laminate can be written 
like that of a thin plate. At any point of the laminate, the strains can be defined by [10]:

	 In a laminate formed of stacked plies, the external forces in the plane have to be in equilibrium with the total ply 
forces. The elongation of each ply is determined by the curvature of the laminate. Behaving like a plate, the stress 
resultants can be computed as distributed membrane forces N and distributed bending moments M. The matrix 
relating the external normal loads N and bending moments M to the strains  and curvatures in the laminate is called 
the ABD matrix, shown in equation (6) [10]. 

  

 
Figure 2.3 Typical n-ply laminate in the global x-y-z coordinate system. 

The central assumption of the classical lamination theory is that the deformation of the laminate can be written like that 

of a thin plate. At any point of the laminate, the strains can be defined by: 

  

𝜀𝜀D = 	 𝛾𝛾ED = 	 𝛾𝛾FD = 0 
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In a laminate formed of stacked plies, the external forces in the plane have to be in equilibrium with the total ply forces. 

The elongation of each ply is determined by the curvature of the laminate. Behaving like a plate, the stress resultants can 

be computed as distributed membrane forces N and distributed bending moments M. The matrix relating the external 

normal loads N and bending moments M to the strains 𝜀𝜀 and curvatures 𝜅𝜅	in the laminate is called the ABD matrix.  
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54. N represents external line loads; it is the resultant normal forces in the global coordinate system.  

55. M represents the resultant moments.  

56. A is the extensional stiffness matrix; it describes the relation between the in-place forces and the in-plane 

strains.  

57. B is the bending-extension coupling stiffness matrix; it describes the relation between the in-plane forces 

and the curvatures as well as moments to in-plane strains. 

58. D is the flexural stiffness matrix; it describes the relation between the bending moments and the 

curvatures and strains.  

The behavior of a homogenous plate is simpler to calculate because of the absence of coupling between bending 

moment and membrane action. The [B] matrix is equal to 0: in-plane deformation causes membrane forces only and pure 

curvature causes bending moments only.  
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54. N represents external line loads; it is the resultant normal forces in the global coordinate system.  

55. M represents the resultant moments.  

56. A is the extensional stiffness matrix; it describes the relation between the in-place forces and the in-plane 

strains.  

57. B is the bending-extension coupling stiffness matrix; it describes the relation between the in-plane forces 

and the curvatures as well as moments to in-plane strains. 

58. D is the flexural stiffness matrix; it describes the relation between the bending moments and the 

curvatures and strains.  

The behavior of a homogenous plate is simpler to calculate because of the absence of coupling between bending 

moment and membrane action. The [B] matrix is equal to 0: in-plane deformation causes membrane forces only and pure 

curvature causes bending moments only.  

-  - N represents external line loads; it is the resultant normal forces in the global coordinate system. 
-  - M represents the resultant moments. 
-  - A is the extensional stiffness matrix; it describes the relation between the in-place forces and the in-plane 

strains. 
-  - B is the bending-extension coupling stiffness matrix; it describes the relation between the in-plane forces 

and the curvatures as well as moments to in-plane strains.
-  - D is the flexural stiffness matrix; it describes the relation between the bending moments and the curvatures 

and strains. 

	 The behavior of a homogenous plate is simpler to calculate because of the absence of coupling between 
bending moment and membrane action. The [B] matrix is equal to 0: in-plane deformation causes membrane forces 
only and pure curvature causes bending moments only. 

	 Multidirectional laminates exhibit a more complicated behavior. If made from the same material, the plies then 
present the same matrix in their local coordinate frame. Because of the transformation matrix, the plies thus end up 
with different matrix Q in the global coordinate system. In such a multidirectional laminate, [A], [B], and [ D] matrices 
can be calculated with the equations (7 a, b, and c) with the layer number that stretches from thickness coordinate  
and  the total number of laminae composing the laminate [10]. 

  

Multidirectional laminates exhibit a more complicated behavior. If made from the same material, the plies then present 

the same matrix 𝑄𝑄	in their local coordinate frame. Because of the transformation matrix, the plies thus end up with different 

matrix Q in the global coordinate system. In such a multidirectional laminate, [A], [B], and[ D] matrices can be calculated 

with the equations (7 a, b, and c) with	𝑗𝑗 the layer number that stretches from thickness coordinate 𝑧𝑧Q and 𝑧𝑧QB"	and 𝑛𝑛 the 

total number of laminae composing the laminate.  
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B. Rules of thumb and Recommendations for Designing in FRP 

While laminates present more complicated behavior than typical construction material, designers have developed 

guidelines to simplify their behavior and equate their behavior to regular construction material [4], [10].  

59. Symmetric laminates exhibit no bending/membrane coupling effect. To set the matrix [B] equal to zero, 

for each ply of lamina on one side of the middle plane, there is an identical ply (same thickness) stacked 

at the same orientation and at an equal distance to the mid-plane.  

 

  

 

 

(8) 

60. Balanced laminates exhibit no shear/normal coupling: 𝐴𝐴", = 𝐴𝐴#, = 0. To set the matrix 𝐴𝐴", and 𝐴𝐴#,to 

zero, for each ply at an angle – 𝜃𝜃, there is an identical ply stacked at an angle +𝜃𝜃.	Unlike symmetric 

laminates, the distances to the mid-plane do not need to be equal. A balanced material is only valid for a 

certain global coordinate material; a transformation to another coordinate system may render it 

unbalanced.  
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61. Laminates can be both balanced and symmetric.  
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62. Multidirectional laminates should not exhibit stiffness jumps between plies or sudden thickness jumps. 

Stiffness variation can be limited by restricting the difference between any two plies’ angle orientation to 

60° or by making sure the adhesive is applied to plies at 45° from the main direction.  
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2.2 Rules of Thumb and Recommendations for Designing in FRP
While laminates present more complicated behavior than typical construction material, designers have developed 
guidelines to simplify their behavior and equate their behavior to regular construction material [4], [10]. 

-  - Symmetric laminates exhibit no bending/membrane coupling effect. To set the matrix [B] equal to zero shown 
in equation (8), for each ply of lamina on one side of the middle plane, there is an identical ply (same thickness) 
stacked at the same orientation and at an equal distance to the mid-plane (figure 2.4). 

-  - Laminates can be both balanced and symmetric as shown in figure 2.6 and related in equation 10.
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-  - Multidirectional laminates should not exhibit stiffness jumps between plies or sudden thickness jumps. 
Stiffness variation can be limited by restricting the difference between any two plies’ angle orientation to 60° or 
by making sure the adhesive is applied to plies at 45° from the main direction. 
-  - Designers often use quasi-isotropic laminates if possible. Quasi-isotropic behavior is achieved by 

equal behavior in three different directions. While often heavy, quasi-isotropic behavior is often invariant to 
transformation of coordinate systems. 

(8)

(9)

(10)

Figure 2.4 Symmetric laminate. 

-  - Balanced laminates exhibit no shear/normal coupling: . To set the matrix  and to zero, for each ply at an angle 
, there is an identical ply stacked at an angle  as shown in equation 9. Unlike symmetric laminates, the distances 
to the mid-plane do not need to be equal. A balanced material is only valid for a certain global coordinate 
material; a transformation to another coordinate system may render it unbalanced (

Figure 2.5 Balanced laminate.

Figure 2.6 Symmetric and balanced laminate. 
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3. Failure Mechanisms

	 The failure mechanisms of a multidirectional laminate are harder to predict; there has been continuous effort, 
experiments, and research into the formulation of failure models for composite materials. The failure analysis of a 
laminate requires first evaluating the stresses and strains in each composing lamina of a laminate under the given 
loading conditions (section 2), before evaluating them against the lamina failure criterion (section 3.1 and 3.2) and 
then against the defined laminate failure (section 3.3). 
	 Damage in FRP refers to many failure mechanisms with varying degrees of urgency: fiber cracks, fiber micro-
buckling, matrix cracks, matrix debonding, and delaminations. Defining what a “safe” structure is thus very important. 
Some factors to define the “safety” of a structure or alternatively its “failure” are [19]: 

-  - The service life of a structure: more conservative failure stress levels are applied to structures intended for 
long period of service, compared to structures with a singular usage or short service life.
-  - The cyclical nature of the applied loading: more conservative failure stress levels are applied to structures 

that experience cyclical loads (fatigue or creep) in their service lives, compared to structures that are only 
subjected to static loads. 
-  - The consequences of structural failure: more conservative failure stress levels are applied to structures 

whose failure will cause catastrophic consequences in loss of lives or damage of property, compared to 
structures will less serious consequences. 
-  -

Depending on the three mentioned factors, a consequence class is determined for the structure in question. 

3.1 Intralaminar Failure 
	 The directionality of a unidirectional lamina is paramount in the formulation of the unidirectional laminate’s failure 
criteria. Unlike an isotropic material, a unidirectional lamina does not behave similarly in all directions. Principal 
stresses cannot thus be used for its failure mode as they assume that the material’s behavior is uniform in all 
directions. Consequently, the single expression interactive characterizing the material’s behavior (i.e: Von Mises 
for steel) must be replaced with multiple parameters. Multiple failure criteria have been developed for composite 
laminae. Three methods will be described in-depth hereafter: (1) maximum stress criterion, (2) maximum strain 
criterion, and (3) the Tsai-Wu Criterion [18], [20].

Under in-plane loading, a lamina’s failure criteria are based on the following strength parameters:
-  - The tensile strength in the fiber direction  as well as the transverse direction . 
-  - The compressive strength in the fiber direction  as well as the transverse direction .
-  - The in-plane shear strength .

i.  Maximum Stress Criterion
According to the maximum stress criterion, failure occurs if the stress in either the material’s principal directions 
(longitudinal or transverse directions) exceed the corresponding maximum strengths. The maximum stress criterion 
can be written as follows:

  

63. Designers often use quasi-isotropic laminates if possible. Quasi-isotropic behavior is achieved by equal 

behavior in three different directions. While often heavy, quasi-isotropic behavior is often invariant to 

transformation of coordinate systems.  

III. Failure Mechanisms 

The failure mechanisms of a multidirectional laminate are harder to predict; there has been continuous effort, 

experiments, and research into the formulation of failure models for composite materials. The failure analysis of a laminate 

requires first evaluating the stresses and strains in each composing lamina of a laminate under the given loading conditions 

(section 2), before evaluating them against the lamina failure criterion (section 3.1 and 3.2) and then against the defined 

laminate failure (section 3.3).  

Damage in FRP refers to many failure mechanisms with varying degrees of urgency: fiber cracks, fiber micro-buckling, 

matrix cracks, matrix debonding, and delaminations. Defining what a “safe” structure is thus very important. Some factors 

to define the “safety” of a structure or alternatively its “failure” are [18]:  

64. The service life of a structure: more conservative failure stress levels are applied to structures intended 

for long period of service, compared to structures with a singular usage or short service life. 

65. The cyclical nature of the applied loading: more conservative failure stress levels are applied to structures 

that experience cyclical loads (fatigue or creep) in their service lives, compared to structures that are only 

subjected to static loads.  

66. The consequences of structural failure: more conservative failure stress levels are applied to structures 

whose failure will cause catastrophic consequences in loss of lives or damage of property, compared to 

structures will less serious consequences.  

A. Intralaminar failure  

The directionality of a unidirectional lamina is paramount in the formulation of the unidirectional laminate’s failure 

criteria. Unlike an isotropic material, a unidirectional lamina does not behave similarly in all directions. Principal stresses 

cannot thus be used for its failure mode as they assume that the material’s behavior is uniform in all directions. 

Consequently, the single expression interactive characterizing the material’s behavior (i.e: Von Mises for steel) must be 

replaced with multiple parameters. Multiple failure criteria have been developed for composite laminae. Three methods will 

be described in-depth hereafter: (1) maximum stress criterion, (2) maximum strain criterion, and (3) the Tsai-Wu Criterion 

[17], [19]. 
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with 
In a linear elastic lamina,

  

According to the maximum strain criterion, failure occurs if stress in either the material’s principal directions (longitudinal 

or transverse directions) exceed the corresponding ultimate strain. The maximum strain criterion can be written as follows: 
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The Von Mises criterion for steel can be retrieved from the Tsai-Wu criterion if 𝑓𝑓"[ = 𝑓𝑓#[ = 𝑓𝑓"\ = 𝑓𝑓#\ = 𝑓𝑓F and 𝑓𝑓"# =

𝑓𝑓F/ 3. The Tsai-Wu criterion can also be formulated in the three-dimensional space but becomes quite lengthy.  

B. Discussions of Lamina Failure Criteria  

Both the maximum stress criterion and the maximum strain criterion are conceptually straightforward: comparing 

occurring stresses or strains to their respective ultimate limits. However, they are both computationally inconvenient 

because each criterion relies on multiple sub-criteria. Furthermore, the interaction between the different stresses is not 

considered in the maximum stress criterion and only reflected by the Poisson’s ratio in the maximum strain criterion. The 

Tsai-Wu criterion considers the interaction through a single equation that defines the failure state.  

Since the Tsai-Wu criterion, numerous failure criteria have been developed and tested for fiber-reinforced composites. 

In 1980, Hashin develops a failure criterion that separates the different failure modes. It states that no single expression 

can accurately cover all stress states. The Hashin criteria defines four failure mechanisms: fiber failure (FF) and inter-fiber 

failure (IFF matrix fiber) in tension and compression. As Hashin’s criteria proved to be not too accurate, Puck established 

an improved failure-mode based criteria, the Puck criterion, following the assumptions brought by Hashin’s failure theory 

here is continuous effort to develop failure theories that cover all stress states of unidirectional composite behavior [19], 

[20], [21]. These failure theories such as the Camanho criterion (2015) often involve more complex expressions. 

Nonetheless, with always room for improvement, the Tsai-Wu criterion remains the most popular interactive criterion. 
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ii. Maximum Strain Criterion 
According to the maximum strain criterion, failure occurs if stress in either the material’s principal directions 
(longitudinal or transverse directions) exceed the corresponding ultimate strain. The maximum strain criterion can 
be written as follows:

	 The Von Mises criterion for steel can be retrieved from the Tsai-Wu criterion if  and . The Tsai-Wu criterion can 
also be formulated in the three-dimensional space but becomes quite lengthy. 

3.2 Discussions of Lamina Failure Criteria 
	 Both the maximum stress criterion and the maximum strain criterion are conceptually straightforward: comparing 
occurring stresses or strains to their respective ultimate limits. However, they are both computationally inconvenient 
because each criterion relies on multiple sub-criteria. Furthermore, the interaction between the different stresses 
is not considered in the maximum stress criterion and only reflected by the Poisson’s ratio in the maximum strain 
criterion. The Tsai-Wu criterion considers the interaction through a single equation that defines the failure state. The 
comparison of the discussed criteria is shown in figure 2.7.
	 Since the Tsai-Wu criterion, numerous failure criteria have been developed and tested for fiber-reinforced 
composites. In 1980, Hashin develops a failure criterion that separates the different failure modes. It states that 
no single expression can accurately cover all stress states. The Hashin criteria defines four failure mechanisms: 
fiber failure (FF) and inter-fiber failure (IFF matrix fiber) in tension and compression. As Hashin’s criteria proved 
to be not too accurate, Puck established an improved failure-mode based criteria, the Puck criterion, following 
the assumptions brought by Hashin’s failure theory here is continuous effort to develop failure theories that cover 
all stress states of unidirectional composite behavior [20], [21], [22]. These failure theories such as the Camanho 
criterion (2015) often involve more complex expressions. Nonetheless, with always room for improvement, the Tsai-
Wu criterion remains the most popular interactive criterion.
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3.3 Failure Analysis of a Laminate
There are two limiting design strategies to address the failure of a laminate: the first-ply failure stress or last-ply 
failure stress. 

-  - First-ply failure is a conservative design criterion. With the first-ply approach, the laminate failure stress is 
defined as the effective stress level that initiates a ply failure of any kind. Ply failure results from fiber yielding 
or fracturing in one or more plies. However, through internal force redistribution, the forces taken by the failed 
lamina can be distributed by other laminae. The failed lamina also retains some stiffness due to the constraints 
offered by adjacent plies [23].Furthermore, the ultimate load-capacity of multi-directional laminates is higher 
than the first-ply failure load as new generation composite materials become more ductile. This underscores that 
the first-ply failure criterion is thus overly conservative [19]. However, its use is found appropriate for composite 
structures whose failure will have serious consequences in lives lost and ensuing damage. 

-  - Last-ply failure is a far less conservative criterion. With the last-ply failure, the laminate failure stress 
is defined as the effective stress that leads to the ultimate fracture and failure of the composite structure.  
It is evident that the failure of a lamina reduces its elastic properties: this is due to the fracturing or yielding 
if the ply.  The best way to approximate the contribution of the failed laminae is still debated; the traditional 
approach has remained a discrete reduction of the ply’s stiffness. The procedures following a last-ply failure 
analyses, while widely discussed and available, have been met with a certain degree of skepticism. A first factor 
of this skepticism is the ductile nature of modern composite material systems being often not properly modeled. 
Furthermore, and most importantly, the continuous cracking or delamination render the classical lamination 
theory’s hypothesis invalid (Kirchhoff–Love plate theory) [19]. The last-ply failure criterion is evidently a less 
conservative approach and should be used with caution. Any structural design based on the last-ply failure 
criterion must incorporate generous safety factors. 
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4. Conclusion

This chapter answers the following sub-questions 
-  - How to define FRP’s anisotropic material? 
-  - What are rules of thumb for designing in FRP? 
-  - What are FRP’s failure mechanisms? 

	 While composite materials offer significant advantages, learning to design efficiently in FRP requires an 
understanding of its behavior. The chapter expands on the two-steps the analysis required to determine the 
properties of laminated FPR. The first step consists of determining the behavior of a unidirectional laminae while 
the second step computes the properties of the laminate using the classical lamination theory (CLT). The classical 
lamination theory is introduced to better estimate the mechanical properties, stresses, and strains of multidirectional 
laminates from those of its composing laminae. 
	 After providing the framework to understand the anisotropic behavior of FRP, rules of thumb to simplify the 
design process with FRP are presented. These rules of thumb will guide the optimization framework, developed in 
chapter 5 of this research. 
	 Lastly, failure mechanisms are explored in order to design safely in the composite material, both at the lamina 
and laminate level. At the laminae level, the most important intralaminate failure criteria are explored: the maximum 
stress criterion, the maximum strain criterion, and the Tsai-Wu criterion. While both the maximum stress or 
strain are conceptually straightforward, they are computational inconvenient. In contrast, the Tsai-Wu criterion is 
straightforward to compute with a single equation defining the failure state. At the laminate level, two main design 
strategies are considered: the first-ply failure and the last-ply failure strategies. The first-ply failure is the more 
conservative design strategy while the last-ply failure must be used with caution.  This chapter’s discussion of 
FRP’s behavior, failure criteria at the laminae and laminate levels is important to define the design criteria of any 
optimization framework. 
	 The following chapter contextualizes the discussion around the sustainability and durability of FRP. 
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CHAPTER 3 
DURABILITY AND SUSTAINABILITY OF FRP 
	 Since the end of the twentieth century, fiber-reinforced polymers have witnessed an 
increased interest in civil engineering applications. However, their use has been primarily in 
strengthening and rehabilitations of old structure. In new structures, the use of FRP composites 
has remained limited to a few typologies, principally bridge structures. These limitations are 
seen as the consequence of a widespread design approach that doesn’t exploit the material’s 
most advantageous properties and render it not cost competitive with traditional construction 
materials. 
The following chapter contains a brief overview of the generic form-finding methods, from 
physical model to structural optimization. The inherent limitations of these techniques are then 
discussed in order to broaden the scope of structural shape optimization. An overview of the 
optimization landscape for FRP is then explored in order to uncover this thesis’ focus. 

The chapter aims to tackle the following sub-questions: 
-  - What is the environmental challenge facing structural engineers?
-  - What is a proper framework to study sustainability?
-  - What is the definition of durability?
-  - What are the mechanical failure mechanisms of FRP? 
-  - What environmental conditions cause degradation of FRP? 
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1. Sustainability in Structural Design

	 Human-caused climate change represents one of the greatest environmental challenges of our time.  Affecting 
all regions of the world, climate change’s consequences have been underway for many decades now: rising sea-
levels, rising global temperatures, and the ever more common extreme weather conditions (drought, floods, heat 
waves, etc.). Since the 1960s, studies have warned of the effect of climate change [24]. On a planet with finite 
resources and ever-increasing resource consumption rate per person, the situation is unbalanced [3]. In 1987, 
the Brundtland report defines sustainability as meeting the “needs of the present without compromising the ability 
of future generations to meet their own needs” [25].  Since the framework of sustainability was established, the 
reports and studies eliciting the effects of climate change have multiplied. Today, the need to address this closing 
threat have become widely accepted across professions and governments but the caliber of the response has not 
matched the urgency of the crisis. 
	 An important sector contributing significantly to climate change is the construction industry. Recent studies 
estimate this contribution to nearly 36% of global final energy use and near 40% of energy related carbon emissions 
[2]. This important impact has been mainly driven by the non-sustainable practices entrenched in the profession. 
The industry’s dependence on traditional building materials, most notably steel and cement, drives the important 
greenhouse gases emissions. Future projections models predict a rapid increase in the consumption of steel and 
cement over the next decades if climate policies are not enacted [26]. 
	 Despite the lacking leadership in the field, the urgency of the situation has required structural engineers to 
assume the responsibility of addressing climate change in their practices. Throughout the years, the profession has 
gradually modified the role of the structural engineer manifesting an awareness to the climate change challenged. 
It was only in 1991 that Chrimes defined civil engineering as “directing the great sources of power in Nature for the 
use and convenience of Man” [3], [27]. Since then, structural engineers have become “custodians of the built and 
natural environment” [3] [28] with the American Society of Civil Engineering (ASCE) urging engineers to assume 
their responsibility in the political and public arena. Civil engineers’ societies have increasingly anchored their role 
in creating a sustainable world and enhancing the global quality of life [29]. 

1.1 Solutions for Today 
There exist many opportunities for structural engineers to address the global impact of the construction industry. 
Considerable efforts have been mounted in recent years, particularly in the following fields of research [3]:

-  - Improving life-cycle performance is an important avenue of research. Today’s landscape within the field 
prioritizes minimal initial costs rather than focusing on the whole in-service life of projects. In fact, reframing the 
discussion around costs allows for significant gains in terms of sustainability. A small increase in initial costs can 
reduce life-cycle costs making structures more sustainable [3]. 
-  - Recovering materials from constructions and reusing existing structures have witnessed significant 

traction in recent years. As the finite elements of our planet are depleted, it becomes essential for engineers to 
recover materials. It is essential for the profession to address its role within the current economy which exploits 
non-renewable resources, consumes them, and then discards them. The introduction of circular frameworks has 
become prevalent in recent years with countries, such as the Netherlands, aiming to achieve a circular economy 
by 2050 [30], [31].  Circular building agendas are defined as “the development, use, and reuse of buildings, 
areas, and infrastructures, without avoidable depletion of natural resources, pollution of the environment or 
negatively impacting resources” [30]. Structural engineers have a central role to play in establishing this circular 
framework, and its eventual success. 
-  - New buildings materials are increasingly accepted as potential alternatives for the traditional building 

materials such as steel and cement. Steel and cement will most likely remain the primary construction materials. 
However, structural engineers must continue to investigate alternative building materials with enhanced durable 
and sustainable properties. 
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1.2 Challenges for the Future
	 These proposed solutions are indispensable to address the important global impact of the construction 
industry. However, a systemic questioning of our practices must occur if the profession is to meet the gravity of 
the environmental challenge. Such measures must consider the challenges in three areas: practice, research, and 
education [3]. 
	 In practice, the primary challenge facing the construction industry remains the current incentive structure of the 
sector. Without the introduction of any climate policies, minimizing initiative costs will remain the driving force in 
decision making rather than the overall life cycle costs. Fundamental changes in the practices of structural design 
will require the concerted efforts of governments, researchers, educators, and structural designers at every scale: 
global, national, and regional.  As with the circular vision for the Dutch economy by 2050 [31], construction costs 
must reflect the entirety of the picture. They must include the environmental impact of non-renewable resource 
depletion.  
	 The reform to our practices must be coupled with an investment in research and a questioning of a structural 
engineer’s education. Research’s role is central to fuel the agents of changes through new policies and sustainable 
design. This, of course, comes in addition to the conventional research in structural and computational mechanics. 
In educational settings, curriculums must reflect the new roles of structural engineers: they should value adaptability 
over convention. Any structural analysis of a design must be coupled with an awareness to its social and economic 
impact. 

1.3 The Research within the Larger Context
	 First and foremost, this research attempts to catalyze the use of alternative materials, encouraging formal 
exploration with FRP. In applying FRP, a material with enhanced sustainable and durable properties, this case-study 
allows to improve life-cycle performance of structures. By implication, the research allows to reflect on the most-
common practices in structural design today, such as computational optimization methods.  

2. Sustainability of FRP,  Framework and Evaluation

	 As established, sustainability is a prominent challenge for today’s construction industry. The importance of such 
a challenges has led to an increased interest in understanding building’s sustainability performance. 
	 Recent years has witnessed the rise of sustainability assessment tools. However, quantifying a construction’s 
level of sustainability remains challenging. The most prominent assessment tools on the market today are the 
Building Research Establishment Environmental Assessment Method or BREEAM, the Leadership in Energy 
and Environmental Design (LEED), or German Sustainable Building Council’s standard (DGNB) [30]. Integrating 
economic, social, and environmental standards, each of these standards offer their advantages and limitations. With 
extensive literature comparing these standards in detail, defining sustainability and durability in FRP is paramount 
[32].  

2.1 Sustainability Framework: Life-Cycle Analysis
	 With multiple frameworks defined in recent years, sustainable construction is one that applies the principles of 
sustainable development to the field of building. First framed in the 1987 World Commission on Environment and 
Development, sustainability in the construction aims to sustain and embody the general principles of sustainability 
in all phases of a construction: from mining raw material though the production of construction material, construction 
through execution and usage, destruction trough recycling and waste management [25].
Some criteria to assess a construction material’s sustainability are mainly: a minimum resource use, a low 
environmental impact, a low human and environmental health risks, sustainable site design strategies, and a higher 
material performance . The ideal sustainable material presents a closed circular life, with minimal impacts on all 
three spheres of sustainability: economic, environmental, and social spheres. As such, a life-cycle assessment or 
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analysis (LCA) is an approach used to examine the impact of structure in all phases: production, use, and then end 
of life. Beyond sustainability assessment tool, it includes the inputs and outputs for all phases of material life: raw 
materials acquisition, fabrication/processing/ construction, recycling/ disposal [23], [33]. 

-  - During production, LCA methods determine how much energy, material, water is consumed per component. 
-  - During its use, a structure is regularly inspected and maintained accordingly, consuming further energy and 

materials. 
-  - At end of its life cycle, the structure must find new applications or be demolished/recycled. 

	 Life-cycle assessment are expressed in multiple ways, in tons of CO2 or combined indicators such as Eco and 
MKI score. The energy consumed or harmful substances released during fabrication can be clearly measured. 
However, LCA methods are in large parts based on assumptions to estimate the environmental impacts of a 
structure. For that purpose, life-cycle inventories, a database specifying the environmental impact of each material 
per structure, are often used. 

2.2 Sustainability of Composites
	 The advantages of FRP are well understood. The specific environmental impacts include concerns over health, 
safety, energy consumption, and emissions of volatile organic compounds. The use of crude oil for the fiber-matrix 
constituents of FRP sheds a doubtful light on the sustainability of FRP; nevertheless, when examined over the 
structure’s entire cycle (LCA methods), the sustainable performance of FRP significantly improves. FRP requires 
less energy and present a lower need for replacement. A study by Daniel and Nagtetaal [33] provides evidence 
for the competitiveness of FRP composites in specific applications. Five materials (structural steel, stainless steel, 
glass FRP composites, aluminum, and concrete) were analyzed and compared in terms of energy consumption, 
emissions of air, emissions of water. While structural steel is found to be the least expensive, FRP has the least 
environmental impact in terms of emissions of water and air. 

In general, FRP offers multiple behavioral advantages: 
1.	As long as FRP composites exists no fossil derived CO2 is admitted.
2.	Little water is needed during manufacturing.
3.	The freedom of production allows for lighter structure. In turn, this generally minimizes the need for heavy 
equipment and thus minimizing fuel consumption.

-  - In production, FRP’s sustainability depends more closely on the performance of each of its constituents. A 
closer look at the sustainability of each of its constituents is proposed in appendix B2.

-  - 3During FRP’s service life, composite materials require significantly less maintenance than steel or timber 
structure due to their resistance to environmental conditions. For that reason, FRP has been extensively used 
to extend the life cycle of structure or rehabilitate their damaged parts. Such repairs often entail the removal of 
the damaged parts and applying new layers of reinforcing composite materials. Often done in-situ, such repairs 
are referred to as “cosmetic”; their ability to restore the original strength of a structure is rather limited. 

-  - 	 After its service life, there exists limited to no market for recycling and re-using FRP. There is however 
an increased interest in reducing components easily disassembled, reused, and recycling at the end of their 
product life [34].
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2.3 A Nuanced Picture
	 The life-cycle assessment of FRP leads to draw a nuanced picture. FRP still has to surmount substantial 
challenges if it is to meet its full potential for sustainability. Such tensions between the reality of the present and the 
potential of the future is not a shortcoming of the material. Rather, it is an invitation to capitalize on the material’s 
favorable properties and investigate the exhibited deficiencies. 
	 To evaluate the sustainability of the case-study, attention will be brought to the different phases of construction. 
Through deriving structural form that optimally use material’s properties, the generated geometries will capitalize on 
the known advantages of FRP. Generally, it will be more lightweight and thus more energy efficient. The generated 
structure will be a free-form design. Molding preparation becomes particularly important. Furthermore, it is thus 
important to complement the sustainability of the particular construction with the overall site design strategies. 

Figure 3.1 Environmental Impact of Composite manufacturing processes [31].
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3. Durability of FRP

	 The durability of a material is its ability to retain its original properties under loading and with time.  It is often 
associated with the resistance to environmental-based degradation. Specific to environmental conditions, durability 
in composite material is defined as the material’s ability to resist cracking, oxidation, chemical degradation, 
delamination, wear, and effects of impact under load conditions over a period of time [4], [23], [33], [35].
	 The following describes the current status of durability of FRP, focusing on mechanical and in-service properties 
of the material. While FRP still undergoes degradation in certain properties over its service life, it presents significant 
advantages over conventional materials such as concrete or steel in structural applications.  

3.1 Mechanical Mechanism Failure of FRP
	 Failure mechanisms in FRP is often a sequential process with one failure mechanism leading to another 
failure mechanism. Damage is thus either tied to the composite nature of the material (inter/intra laminar failure 
mechanisms) or result from the in-service properties of the material (fatigue and creep). 

i. Intralaminar and interlaminar failure mechanisms
	 Damage is generally categorized in two main modes: (1) intralaminar and (2) interlaminar failures. 

-  - Intralaminar failure is the failure inside of a single laminae due to the stresses and strains in each 
corresponding ply of the laminate; fiber cracks often occur in the plane perpendicular to the axis of the fiber 
direction and can extend across the entire width of the ply. One common form of fiber failure is the fiber buckling. 
Similarly, to other material, fibers can buckle under compressive loads in the fiber direction. The fiber buckling 
induces bending stresses, reduces the compressive stiffness of the lamina, and can ultimately lead to the failure 
of the fibers. Plies buckling can lead to delamination damage. Buckling can be addressed by using a more 
rigid material or increasing resistance of the structure through smaller unsupported lengths. Intralaminar failure 
criteria are closely examined in Chapter 3. 

-  - Interlaminar failure is the failure between two different adjacent laminae such as delamination, matrix 
cracking, or fiber-matrix debonding [19]. Fractures in a composite material result from the formation of a crack in 
either the fiber or the polymeric matrix. Cracks are far more likely to occur in the matrix as the level of stresses 
required to cause crack growth are much smaller for the matrix. They generally appear in the plane parallel 
to the fiber direction.  Harder to approximate by the classical lamination theory, the interlaminar stresses in a 
composite element can cause the following interlaminar failures:

• 	 Matrix cracks occur in the polymeric matrix, often at a distance from the fiber-matrix interface. 
• 	 Fiber-matrix debonding results from a crack around the periphery of a fiber (the interphase region): the 
load can no longer get transferred from the matrix to the fiber [19]. 
• 	 Splitting cracks run parallel to the fibers in the matrix, through the whole thickness dimension of one or 
more fibers. They often result from in-plane bending or a sheet of laminate are particularly vulnerable. Splitting 
is often avoided by stacking plies with different orientation. 
• 	 Despite resembling splitting, delamination is a crack that occurs between two plies in the plane of the 
laminate. Under loading, different angle-plies present a mismatch in Poisson’s ratio or in the shear coupling 
coefficient inducing transverse stresses (also referred to as free-edge stresses) in order to satisfy the 
deformation compatibility. Near the free edges, the transverse stresses require the development of interlaminar 
shear stresses. The shear stresses near the edges lead to a bending moment, then balanced by interlaminar 
normal stresses. With no reinforcement between two ply layers, the high shear stresses lead to delamination; 
the most vulnerable place is the edge of a sheet. Providing additional layers or avoiding a mismatch in stiffness 
of layers are possible steps to avoid the manufacturing process. 
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ii. Fatigue 
	 When composite structures are subjected to oscillating loads, fatigue can take place and can lead to significant 
damage. Fatigue cracks can appear in laminates, spread in multiple directions, and even join to form larger cracks. 
Fatigue can also occur in combination with other failure mechanism; its effects are further exacerbated when the 
structures are subject to corrosion. 
	 Fatigue in composite structure leads to degradation, extensive damage, or complex failure mechanisms of the 
mechanical properties of fiber-matrix plies. Fatigue can lead to the loss of stiffness of composite materials, creep 
in case of constant fatigue loads (tensile or compressive stress), or even stress relaxation (due to external pre-
tensioning or constant displacement) [4]. 
	 This is not an indication that FRP performs worse under fatigue conditions. To the contrary, specific measures 
can allow composite structure of handling much heavier fatigue loads [4]. Fatigue resistance is increased by 
adapting materials and fiber orientation to the loads: loading is optimized or stresses are decreased by adding more 
layers. 

Four basic failure mechanisms of polymeric composites under fatigue loading can be identified:
-  - Fiber cracking interface debonding;
-  - Matrix cracking;
-  - Interface shear failure with fiber pull-out; and
-  - Brittle failure.

The most pronounced growth area in FRP has been to rehabilitate structural members using externally bonded 
composites. In particular, their strengthening capacities as well as fatigue resistance has led this extensive use of 
FRP. 

iii. Creep
	 FRP can undergo creep and possibly creep-rupture if subjected to long-term permanent loading. Undesired, the 
creep process can lead to the degradation of the composite material mechanical properties reducing its stiffness as 
well as its strength. It can ultimately lead to the material’s failure and as such is often the determining factor of the 
service life of FRP. 
	 Under a constant load over an extended period of time, the matrix component of a composite material assumes 
a visco-elastic behavior and the fibers an elastic one. This difference of behavior causes the transfer of resin 
stress to the stress in the fibers, increasing the strains and deformation in the FRP laminate. Indeed. fibers have 
a stabilizing effect on the composite structure under creep loading due to their very low creep values. Creep will 
consequently also depend on the fiber volume fraction and orientation of the fibers in respect to the applied loads.  
	 Beyond being time-dependent, creep characteristics also depend on the external or environmental factors, such 
as temperature, humidity (moisture content), or presence of corrosive aggressive chemicals. 

Material related factors
-	 the type of resin
-	 the type of reinforcement 
-	 the quality of the interface between the resin and fibers
-	 the volume fraction of the fibers 
-	 the orientation of fibers in regards to the applied loads

Environmental-related factors
-	 Type and duration of loading
-	 Temperature 
-	 Humidity (moisture content)
-	 Presence of corrosive or aggressive chemicals

Table 3.1 Summary of creep determining factors.
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3.2 Environmental Degradation of FRP
	 While all materials undergo degradation due to environmental conditions, composite structures do offer 
particularly durable properties over conventional materials. Their long-term properties have been the center of 
ongoing research; the significant challenge remains the length of time it takes to verify such a behavior [9], [33]. 
The durability of composite material is thus a direct function of the environment in which it is placed. The following 
section offers an overview of FRP’s resistance to each of the major environmental causes. 

i. Moisture
	 Moisture is easily absorbed in organic polymers in FRP. This absorption of the moisture exacerbates the 
microcracks and surfaced defects in fiber, reducing the tensile strength of fibers.  Other mechanisms such as 
swelling, plasticization, saponification, and hydrolysis can also take place modifying the composite’s chemical and 
mechanical properties and creating reversible or irreversible damage. 

Different strategies have been applied to reduce the diffusion of water in composite materials [4].
-  - Applying additives can be the matrix at the time of manufacturing can prove to be an efficient and 

successful method to decrease diffusion in composite materials: silanes (organofunctional trialkoxysslanes) or 
organotitantes are used as a barrier against moisture ingress.
-  - Applying a high-degree of cross-linking has leads to a decrease in the permeability of the matrix. This, in 

turn, leads to a decrease to the diffusion process. 

ii. Corrosion 
	 Corrosion is an important degradation problem of structures in severe environments, particularly in bridges and 
marine structures. Resistance of polymers to chemical attacks highly depends on their chemical compositions, 
particularly the bonding of their monomers. This degradation can either be chemical or physical. Chemical 
degradation refers to the bonds of the polymer being broken due to a chemical reaction with the environment. 	
On the other hand, physical degradation refers to the alteration of a composite material’s properties due to an 
interaction with the environment but without any chemical reaction. 
	 Unlike metals, composite materials do not rust, making them an ideal material where corrosion is a concern. 
Composite materials have consequently been used in lieu of materials that incur high maintenance costs because 
of corrosion. Important applications where composites’ resistance to corrosion is used are: reinforcement bars or 
grids in concrete, cable stays, pipelines, cladding, and structural element exposed to harsh environments.

iii. Thermal effects (temperature and UV-radiation)
	 The properties and performance of a composite materials will change with temperature variation. For that reason, 
the behavior of FRP materials is often defined over a range of temperatures. Indeed, temperature’s influence on 
polymers is thus classified in two categories: short-term and long-term effect. 
	 While short-term effects are often only physical and reversible when the temperatures return to its original 
state, long-term effect are irreversible, more durable, and often include a chemical change. This long-term effect is 
identified as the aging of the material.  

Four effects of temperature are identified in the following: 
-  - The glass transition temperature TG and melting point TM;
-  - The coefficient of thermal expansion CTE;
-  - The thermal conductivity; and
-  - The effect of ultraviolet radiation (even though it is not strictly a temperature property).

Measures to limit their effect on the degradation of polymers are available for designers. They are discussed in more 
detail in appendix B1. 
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iv. Fire 
	 The fire safety of a structure refers to a structure’s ability to withstand in a reliable and economic manner the 
actions and influence during execution and use. The fire resistance of a structure is expressed in minutes referring 
to the time before a structure collapses. 
In fact, the polymer component of composite materials used in civil engineering applications is an organic material; 
composed of carbon, hydrogen, and nitrogen, composite materials are thus considered highly flammable. 
At temperatures above TG, the matrix is in a “rubbery” state. At higher temperatures, both thermosetting and 
thermoplastic polymers burn, destroying the bonding between the fibers. This ultimately leads to failure, especially 
in structures with predominantly compression stress. 
	 However, the major hazard of polymer components becomes the toxic combustion products resulting from 
the burning of the material. The produced smoke can be very hazardous and toxic with a wide array of products 
from combustible gases, vapors, and particulates. The degree of toxicity depends on material factors (component 
system used), the phase of burning (flaming combustion or fully developed combustion), and thermal inertia of 
the boundary conditions (ventilation).  As smoke inhalation is the prominent reason of death in case of fire, smoke 
production and smoke toxicity are very important to control. 
	 As such, measures at multiple levels have been developed to reduce the hazards and risk of combustible 
FRP.  Standards measures can be applied to all structures to ensure fire safety: sprinkler systems, smoke alarms, 
ventilation systems, and escape routes.  Beyond such measures, modification at the material level can also be 
brought. It is important to incorporate these lessons in any case-study in order to reach an integrated design.  

-  - The introduction of additives in the resin. The process of incorporation additives can improve the fire 
resistance of FRP but also can introduce impurities to the composite material, compromising some mechanical 
or in-service properties. 

• 	 Introducing nano-composite particles, for example,  prove to be more efficient but remains far too complex 
and expensive for civil engineering applications [20], [36], [37] . 
• 	 Introducing aluminum trihydrite (ATH) can have a fire-retarding effect. It changes the reaction into an 
endothermic reaction: it withdraws heat from the environment and produced water as a byproduct. 
• 	 Introducing halogens such as chlorine or bromine increases the flashpoint of a resin. However, such 
compounds are generally not environmentally friendly: the released gases are very toxic. 

-  - The application of a fire-resistant coating to the surface. Applying passive fire protection strategy, the 
manufactured composites are covered with an intumescent coating layer that will char and release gases at a 
designed temperature. 
-  - The application of thick laminates. Thick laminates can delay the structural deterioration of elements due to 

their low thermal conductivity coefficients, yielding only superficial fire damage. 
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4. Conclusion

This chapter answers the following sub-questions 
-  - What is the environmental challenge facing structural engineers?
-  - What is a proper framework to study sustainability?
-  - What is the definition of durability?
-  - What are the mechanical failure mechanisms of FRP? 
-  - What environmental conditions cause degradation of FRP? 

	 This chapter first highlights the sustainability challenge facing the construction industry today to emphasize 
the urgency of the situation. It then traces the solutions adopted by structural engineers for the short long-term to 
address the global impact of the industry’s practices. This positions this research within the larger context of these 
efforts. 
	 FRP’s sustainability is assessed through the framework of a life-cycle assessment: from material selection 
to mold preparation, the structural performance of FRP components to their disposal or re-use. The life-cycle 
assessment reveals a nuanced picture. The sustainability promise of FRP must be assessed in a case-by-case 
basis, revealing how much a specific design embodies the principles of sustainability. 
	 FRP’s durability is also assessed in this chapter. Mechanical damage distinguishes between damage due to the 
composite nature of FRP (intra and interlaminar failures) and damage that results from FRP’s in-service properties 
(creep and fatigue). Environmental degradation is also addressed, lending a closer look at moisture, corrosion, 
thermal effects, and fire. The discussion around environmental degradation is centered around possible measures 
to apply in order to limit and even avoid such damage. 
	 The next and final chapter of the literature review traces the development of form-finding methods, from physical 
models to optimization algorithms. Focusing on structural optimization in FRP in particular, this chapter lays down 
the required knowledge to then develop the tool for formal exploration in FRP. 
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CHAPTER 4: 
FROM FORM-FINDING TO STRUCTURAL OPTIMIZATION 
	 Since the end of the twentieth century, fiber-reinforced polymers have witnessed an 
increased interest in civil engineering applications. However, their use has been primarily in 
strengthening and rehabilitations of old structure. In new structures, the use of FRP composites 
has remained limited to a few typologies, principally bridge structures. These limitations are 
seen as the consequence of a widespread design approach that doesn’t exploit the material’s 
most advantageous properties and render it not cost competitive with traditional construction 
materials. 
	 The following chapter contains a brief overview of the generic form-finding methods, from 
physical model to structural optimization. The inherent limitations of these techniques are then 
discussed in order to broaden the scope of structural shape optimization. An overview of the 
optimization landscape in FRP as well as an overview of the available design tools are then 
described in order to uncover this thesis’ main focus, formal exploration in FRP. 

The chapter aims to tackle the following sub-questions: 
-  - What physical methods of form-finding are available for engineers?
-  -  What are their limitations?
-  - What is structural optimization and how can it solve those limitations? 
-  - What specific strategies can be applied for design in FRP? 
-  - What available tools do designers have access do to implement such strategies?
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1. Form-finding, from physical to numerical methods

	 Form-resistant structures have captivated the imagination of architects and engineers alike. This section displays 
an overview of the methods engineers have developed and relied on since the advent of the past century. 

1.1 Physical Methods
	 In the pre-computer age, architects and engineers developed multiple experimental approaches to derive shape-
resistant structures; these approaches are form-finding methods. As the resulting structure defied two-dimensional 
representation in conventional drawings, physical models took a central role in the development and representation 
of these shape-resistant structures. Relying mostly on physical models, three main experimental methods are 
identified: hanging models, tension models, and pneumatic models. 

-  -  Hanging models are usually derived for structures meant to work in pure-compression, such as arches and 
vaults. With certain constraints, this method’s final stage represents an equilibrium state for flexible materials in 
pure tension under their self-weight (and sometimes an additional applied load). Once turned upside down, a 
state of pure compression is realized. Heinz Isler famously applied this approach of hanging models to derive 
the shape of his concrete structures [38] [39] as shown in figure 4.1. 
-  - Tension models are structural systems in a state of self-stress, with as their name indicates, stresses in 

pure tension. The stiffness of the resulting tensile structures results from a system of internal stresses in static 
equilibrium. Often made of soap film or gauze, tension models derive equilibrium shapes with minimal material 
surface. Frei Otto pioneered in the development of tensile structures in order to achieve maximal efficiency of 
structures and materials. In his pursuit of “the architecture of the minimal,” Otto’s experiments in simulation the 
actual stress was highly significant to the development of tent and cable structures [40] as shown in figure 4.2. 
-  - Pneumatic models achieve a state-of-equilibrium of flexible materials under air pressure with stress 

states in pure tension. With a set of applied constraint conditions, pneumatic models achieve minimal 
structures par excellence as just air pressure is required to support them without requiring cables or mats as 
tension models would. With pre-set boundaries, soap films or other membrane piece can be blown in place. 
Isler adopted this method for his concrete shells, most notably the COOP Storage and Distribution Centre 
in Wangen, Switzerland [41]. Otto formulated pneumatic models’ first coherent theory and developed an 
impressive number of structures both realized and never-built, ranging from water towers to grain silos. Most 
remarkable is his work on the never-realized 2km dome the Artic City in the Arctic circle [40] shown in figure 4.3.  

1.2 Modern form-finding
	 There is a clear and fundamental distinction between the aforementioned methods of form-finding and modern 
form-finding [38]. The methods employed by Gaudi, Isler, and Otto, otherwise known as classical form-finding, are 
based on a definition of form as structural shape. “Form follows force” is their guiding principle. Their tools and 
methods were limited to the above physical models such as hanging chains, tension models, and soap films.  
	 The Information Age brought a paradigm shift to what and how architects and engineers design [42]. Today 
most, if not all, of architecture’s practices rely on computational and digital methods. However, since the 1990s, 
a branch of architecture – digital architecture-  has recast itself as the branch of experimentation of forms and 
topologies, “a generative, kinematic sculpting of space” [43] Digital architecture thus refers to the computational 
tools used for form generation. As Kolaveric argues in his paper, such concepts of digital architecture have since 
multiplied: topological architecture, isomorphic surfaces, animate architecture, keyshape animation, and genetic 
algorithms [42]. However, in keeping with the frame of our research, our discourse around digital architecture is 
limited to modern methods of form-finding used by architects and engineers. Unlike classical form-finding, they 
do not follow a singular principle, such as “form follow force.” Modern form-finding includes a plethora of tools, 
processes, and algorithms to generate form such as NURB surface generation, structural optimization tools, and 
parametric design [38]. 



35

Figure 4.2 Study models completed by Frei Otto for the German Pavilion, Montreal, 1967.  

Figure 4.1 (left) The construction of Isler shells in Norwich Sports Park, Norwich England, 1991. 
(right) Physical model made by Isler.

Figure 4.3 (left) Study models by Frei Otto for agricultural use, project 1959. 
(right) COOP Storage and Distribution Centre by Heinz Isler in Wangen, Switzerland.
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1.3 Form-finding numerical methods and their limitations
	 The development of computational techniques saw form-finding processes translated from physical model into 
mathematical ones. Such numerical methods have become the primary tool in generating force-active structural 
systems. In their book Shell Structures for Architecture: Form Finding and Optimization [44], Veenendaal and 
Block identify three families of computational methods corresponding to the aforementioned form-finding physical 
methods: (1) stiffness matrix methods, (2) geometric stiffness methods, and (3) dynamic equilibrium methods. 
Each family consists of multiple numerical method. A more extensive overview of the numerous available method 
can be found in their book. However, beyond the significant prevalence acquired in recent years, the numerous 
computational methods inherited the limitations of the physical methods they sought to simulate. Limitations include 
isotropic material, uniform stresses, and constant material properties during the form-finding process [35]. Such 
restrictions to the numerical methods do not allow exploring some competitive material properties (such as fiber-
reinforced polymers). 

2. Structural optimization

	 The advent of structural optimization techniques however has allowed to account for rising complexity in the 
engineering field. Numerical optimization methods allow to account for additional constraints brought by new 
materials: anisotropy, non-uniform stresses, and variable material properties [7], [8]. Structural optimization is 
defined as the process in which parameters are optimized in order to find the geometry of a structure such that an 
objective function or fitness criterion is minimized or maximized [45]. Computational methods of solving have thus 
risen to prominence in recent years to improve the performance of structures or optimize their behavior defined 
by one or multiple performance objectives. In the following, a quick introduction to such computational methods is 
provided. 

2.1 Optimization Types
Structural optimization can be classified in three distinct categories [45], [46]:  

-  - Size-optimization deals with the cross-sectional areas of the elements to find the optimal solution. 
-  - Shape optimization shifts the boundary of the structural design to find the optimal solution. 
-  - Topology optimization adds and subtracts elements and notes of the geometry to find the optimal solution. 
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	 While the taxonomy of optimization algorithms is difficult to provide, the discussion hereinafter is limited to 
a classification of optimization techniques available to engineers. Many single and multi-objective optimization 
techniques have been developed; each has specific applications, advantages, and disadvantages. The main types 
of optimization are distinguished in the following [38], [47], [48], [49]:

-  - Discrete versus continuous optimization 
Discrete optimization refers to models whose variable can only take on values from a discrete set 
whereas continuous optimization refers to models whose variable can take any real value within 
a defined interval. Continuous optimization problems are generally easier to solve than discrete 
optimization problems. The smoothness of the functions allows to approximate the objective function 
at a point and its neighborhood. 

-  - Global versus local optimization methods
Global optimization refers to finding the optimal solution (global minima or maxima) for a given objective 
function(s) among all the possible solutions of the search space. Differently, local optimization finds 
an optimal value (local minimum or maximum) within the subset of the search space without any 
guarantee that it will correspond to the global optimal value. In local optimization, the defined initial 
state significantly affects the found local optimum. 

-  - Deterministic versus stochastic optimization methods 
Deterministic optimization assumes that data can be known accurately. As such, the output of the 
model fully depends on the parameter values and preset conditions. However, the data cannot be 
accurately determined as the data often relates information about the future. Stochastic programming 
models are thus based on the fact that the probability distribution governing data can be estimated. 
As such, stochastic algorithms possess some inherent randomness. They take in consideration the 
inherent uncertainty of any problem. 

• 	 Direct versus gradient optimization methods
Direct optimization problem is a method that does not use the gradient or higher derivatives of the 
objective function. Diversely, gradient based algorithms are employed with continuously differentiable 
objective functions; they can be faster than direct search algorithms. 

	 The formulation of an optimization problem is perhaps the single most important step of the optimization process; 
it is of paramount importance in obtaining the optimal solution. In other words, can a solution be considered optimal 
if it answers the wrong solution? As such, rather than attempting to summarize the breadth and depth of the 
literature available on each of the topic mentioned hereafter – an ambitious if not impossible task, the following 
section limited to what is deemed relevant to formulate the thesis’ own optimization method. A preliminary look at 
the key aspects of single and multi-objective optimization is deemed necessary to better understand this thesis’ 
developed framework.
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12. The constraints allow to limit the design space. They include performance criteria such as maximum 

stresses, deformation, buckling factors etc. 

13. The parameters refer to the design variables of the geometry to be optimized. They can either be discrete 

or continuous, depending on the definition of the problem. They often relate to the geometry or material 

properties of the structure in consideration.  

14. The objective function is defined in relation to the design parameters. An optimization process can 

contain one or multiple objective function. In a multi-objective optimization, the objective can include non-

structural ones. Subject to constraints, objective functions evaluate the “efficiency” of a structure in order 

to improve its structural properties. The defined objectives are either load dependent properties such as 
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	 Unlike single-objective optimization problems that result in a unique optimal solution, multi-objective optimization 
problems result in multiple solutions. No longer unique, the optimum in multi-objective optimization problems is 
seen as a trade-off or compromise between the different objective function. The most commonly adopted notion of 
optimum is known as the Pareto optimality, first introduced by Francis. Y. Edgeworth in 1881 and generalized by 
Vilfredo Pareto in 1906 [47]. Notions of Pareto optimality are elaborated in more detail in appendix D1. 
	 Plotting all Pareto-solutions reveals a Pareto-front. The Pareto-front must maintain a certain diversity in the 
objective and design space to allow the decision maker to make a value judgment. Difficult to be determined 
analytically, the Pareto front is computed through the generation of as many points in the design space as possible. 
Multi-objective optimizations thus reveal a vicious circularity: the number of iterations is increased to clearly define 
the Pareto-front, which in turn results in too many solutions to choose from. Determining of a single solution for 
multi-objective thus requires a significant effort for post-processing. Many procedures and approaches to narrow 
the solution set of a multi-objective optimization have been/are the topic of ongoing research. The efforts include 
partition clustering, pseudo-ranking or hierarchical algorithms, weighted sum methods, etc. This additional level 
of post-processing allows the designer to narrow the solution set and select a solution representative of the set 
priorities [50], [51], [52], [53]. 
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Fig. 1.4. Pareto front of a problem with two objective functions: cost and efficiency.

Definition 11 (Strict Pareto Optimality). A point x∗
∈ Ω is a strictly Pareto optimal if there is no x ∈ Ω, x ≠ x∗ such that

fi (x) ≤ fi (x∗) for i = 1, . . . , k.

Definition 12 (Kuhn–Tucker Conditions for Non Inferiority). If a solution x to the general multi-objective problem is non
inferior, then there exist wl = 0, l = 1, 2, . . . , k (wr is strictly positive for some r = 1, 2, . . . , k), and λi = 0, i =

1, 2, . . . ,m, such that:

x ∈ Ω (1.10)

and:

k
l=1

wl∇fl (x) −

m
i=1

λi∇gi (x) = 0. (1.11)

These conditions are necessary for a non inferior solution and, when all of the fl(x) are concave and Ω is a convex set, they
are sufficient as well.

Pareto optimal solutions are those which, when evaluated, produce vectors whose performance fi cannot be improved
without adversely affecting another fj, i ≠ j. The Pareto front P F∗ determined by evaluating P ∗ is fixed by the defined
multi-objective problem and does not change. Thus, P ∗ represents the best solutions available and allows the definition of
the global optimum of a multi-objective problem.

Definition 13 (Multi-Objective Global Minimum). Given a function f : Ω ⊆ Rn
→ Rk, Ω ≠ ∅, k > 2, for x ∈ Ω the set

P F∗ � f

x∗

i


> (−∞, . . . ,−∞) is called the global minimum if and only if:

∀x ∈ Ω : f

x∗

i


� f (x) . (1.12)

Then, x∗

i , i = 1, . . . , n is the global minimum solution set (i.e., P ∗), f is the multiple objective function, and the set Ω

is the feasible region. The problem of determining the global minimum solution set is called the multi-objective global
optimization problem.

2. Multi-objective optimization techniques

There have been several attempts to classify themulti-objective optimization techniques currently in use. First of all, it is
quite important to distinguish the two stages inwhich the solution of amulti-objective optimization problemcanbedivided:
the optimization of the objective functions involved and the process of decidingwhat kind of trade-offs are appropriate from
the decision maker perspective (the so-called multi-criteria decision making process). In this section, some of the many
techniques available for these two stages are discussed by analyzing some of their advantages and disadvantages.

Cohon and Marks [5] proposed one of the most popular classification of techniques within the Operations Research
community that focuses on the way in which each method handles the two problems of searching and making decisions:

Figure 4.5 Example of a Pareto-front with two objective function: cost and efficiency [45]. 

x1. In this manner, we may be able to search for a more 
preferred solution. Since we have already found a large number 
of the non-dominated solutions in the first step, it is easy to 
choose nine candidates around x1. We do not need a long 
computation time to search for nine non-dominated solutions 
around x1. This is another advantage of our two-step approach.  

In Fig. 9 and Fig. 10, we show an example of a randomly 
selected solution set with ten solutions for the 4-500 problem. 
It is much easier for the decision maker to choose one of the 
ten solutions in Fig. 9 and Fig. 10 than a single final solution 
from the obtained 220,298 solutions in Fig. 4 and Fig. 6.  
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Figure 9.  Ten candidate solutions randomly selected from the obtained 
220,298 solutions for the 4-500 problem (Objective Subspace). 
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Figure 10.  Ten candidate solutions randomly selected from the obtained 
220,298 solutions for the 4-500 problem (Parallel Coordinate). 

Let us explain solution set selection in a more formal 
manner by assuming that we have a solution set evaluation 
measure I(S) where S is a solution set. We also assume that we 
are interested in choose N solutions. Under these assumptions, 
solution set selection from the obtained non-dominated solution 
set XND is formulated as  

Maximize )(SI ,              (6) 

subject to NDS X�  and NS �|| .            (7)  

As a solution set evaluation measure I(S), we can use the 
hypervolume measure. In this case, the formulated problem in 
(6)-(7) can be viewed as a hypervolume maximization problem.  

However, our approach is totally different from indicator-
based EMO algorithms (e.g., SMS-EMOA and HypE). We first 
search for a large number of non-dominated solutions, which 
are used as the candidate solution set XND. Hypervolume 
maximization is performed by choosing N solutions from XND 
in our approach while the search is performed in the entire 
feasible region in SMS-EMOA and HypE. Since the search 
space is significantly decreased from the entire feasible region 
to the candidate solution set XND, our approach can perform the 
hypervolume maximization more efficiently.  

IV. MULTI-OBJECTIVE FORMULATION  
It is well-known that the hypervolume measure strongly 

depends on the choice of a reference point. Using a different 
reference point in the hypervolume maximization problem, we 
can search for a different solution set. Based on this idea, we 
have formulated a multi-objective hypervolume maximization 
problem in our former study [15] where the number of 
objectives is the same as the number of different reference 
points. For example, let us examine the use of the following 
two reference points for our 4-500 problem: R1 = (0, 0, 0, 0) 
and R2 = (17000, 17000, 17000, 17000). We denote the 
hypervolume for Ri by I(S, Ri). In this case, the single-objective 
formulation in (6) and (7) is rewritten as follows. 

Maximize ),( 1RSI , ),( 2RSI ,             (8) 

subject to NDS X�  and NS �|| .            (9) 

Since we have 220,298 non-dominated solutions for the 4-
500 problem, XND is the set of those 220,298 solutions. An 
arbitrary subset of XND can be denoted by a binary string of 
length 220,298. Let us assume that the decision maker is 
willing to examine up to 100 solutions. In this case, N in (9) is 
specified as 100. Under this setting, our problem is to search 
for non-dominated solution subsets of XND with 100 solutions 
with respect to the hypervolume values for R1 and R2.  

We apply NSGA-II to the two-objective solution selection 
problem in (8) and (9) for our 4-500 test problem. Due to the 
page limitation, we show experimental results of a single run of 
NSGA-II without explaining detailed parameter specifications 
in our computational experiment. The obtained non-dominated 
solution sets are shown in Fig. 11. Each point in Fig. 11 is a 
non-dominated solution set. Solution sets corresponding to the 
three points A, B and C in Fig. 11 are shown in Fig. 12.  

The solution set A in Fig. 11 and Fig. 12 (a) has the best 
hypervolume value for the reference point R2 = (17000, 17000, 
17000, 17000). Since R2 is close to the Pareto front, solutions 
around the center of the Pareto front are selected in Fig. 12 (a). 
The solution set C in Fig. 11 and Fig. 12 (c) has the best 
hypervolume value for the reference point R1 = (0, 0, 0, 0). 
Since R1 is far from the Pareto front, many solutions are close 
to the edge of the Pareto front in the solution set C as shown in 
Fig. 12 (c). If the decision maker wants to examine solutions 
around the center of the Pareto front, we can use the solution 
set A. If he/she wants to examine solutions close to the edge of 
the Pareto front, we can use the solution set B. If he/she wants 
to examine solutions around the center of the Pareto front as 
well as some other solutions close to the edge of the Pareto 
front, we may be able to use the solution set B in Fig. 12 (b).  

3820

x1. In this manner, we may be able to search for a more 
preferred solution. Since we have already found a large number 
of the non-dominated solutions in the first step, it is easy to 
choose nine candidates around x1. We do not need a long 
computation time to search for nine non-dominated solutions 
around x1. This is another advantage of our two-step approach.  

In Fig. 9 and Fig. 10, we show an example of a randomly 
selected solution set with ten solutions for the 4-500 problem. 
It is much easier for the decision maker to choose one of the 
ten solutions in Fig. 9 and Fig. 10 than a single final solution 
from the obtained 220,298 solutions in Fig. 4 and Fig. 6.  

 

f1(x)

f 2(
x)

15000 16000 17000 18000 19000 20000
15000

16000

17000

18000

19000

20000

21000

 
Figure 9.  Ten candidate solutions randomly selected from the obtained 
220,298 solutions for the 4-500 problem (Objective Subspace). 

14500

15800

17100

18400

19700

21000

Objective
1 2 3 4

 
Figure 10.  Ten candidate solutions randomly selected from the obtained 
220,298 solutions for the 4-500 problem (Parallel Coordinate). 

Let us explain solution set selection in a more formal 
manner by assuming that we have a solution set evaluation 
measure I(S) where S is a solution set. We also assume that we 
are interested in choose N solutions. Under these assumptions, 
solution set selection from the obtained non-dominated solution 
set XND is formulated as  

Maximize )(SI ,              (6) 

subject to NDS X�  and NS �|| .            (7)  

As a solution set evaluation measure I(S), we can use the 
hypervolume measure. In this case, the formulated problem in 
(6)-(7) can be viewed as a hypervolume maximization problem.  

However, our approach is totally different from indicator-
based EMO algorithms (e.g., SMS-EMOA and HypE). We first 
search for a large number of non-dominated solutions, which 
are used as the candidate solution set XND. Hypervolume 
maximization is performed by choosing N solutions from XND 
in our approach while the search is performed in the entire 
feasible region in SMS-EMOA and HypE. Since the search 
space is significantly decreased from the entire feasible region 
to the candidate solution set XND, our approach can perform the 
hypervolume maximization more efficiently.  

IV. MULTI-OBJECTIVE FORMULATION  
It is well-known that the hypervolume measure strongly 

depends on the choice of a reference point. Using a different 
reference point in the hypervolume maximization problem, we 
can search for a different solution set. Based on this idea, we 
have formulated a multi-objective hypervolume maximization 
problem in our former study [15] where the number of 
objectives is the same as the number of different reference 
points. For example, let us examine the use of the following 
two reference points for our 4-500 problem: R1 = (0, 0, 0, 0) 
and R2 = (17000, 17000, 17000, 17000). We denote the 
hypervolume for Ri by I(S, Ri). In this case, the single-objective 
formulation in (6) and (7) is rewritten as follows. 

Maximize ),( 1RSI , ),( 2RSI ,             (8) 

subject to NDS X�  and NS �|| .            (9) 

Since we have 220,298 non-dominated solutions for the 4-
500 problem, XND is the set of those 220,298 solutions. An 
arbitrary subset of XND can be denoted by a binary string of 
length 220,298. Let us assume that the decision maker is 
willing to examine up to 100 solutions. In this case, N in (9) is 
specified as 100. Under this setting, our problem is to search 
for non-dominated solution subsets of XND with 100 solutions 
with respect to the hypervolume values for R1 and R2.  

We apply NSGA-II to the two-objective solution selection 
problem in (8) and (9) for our 4-500 test problem. Due to the 
page limitation, we show experimental results of a single run of 
NSGA-II without explaining detailed parameter specifications 
in our computational experiment. The obtained non-dominated 
solution sets are shown in Fig. 11. Each point in Fig. 11 is a 
non-dominated solution set. Solution sets corresponding to the 
three points A, B and C in Fig. 11 are shown in Fig. 12.  

The solution set A in Fig. 11 and Fig. 12 (a) has the best 
hypervolume value for the reference point R2 = (17000, 17000, 
17000, 17000). Since R2 is close to the Pareto front, solutions 
around the center of the Pareto front are selected in Fig. 12 (a). 
The solution set C in Fig. 11 and Fig. 12 (c) has the best 
hypervolume value for the reference point R1 = (0, 0, 0, 0). 
Since R1 is far from the Pareto front, many solutions are close 
to the edge of the Pareto front in the solution set C as shown in 
Fig. 12 (c). If the decision maker wants to examine solutions 
around the center of the Pareto front, we can use the solution 
set A. If he/she wants to examine solutions close to the edge of 
the Pareto front, we can use the solution set B. If he/she wants 
to examine solutions around the center of the Pareto front as 
well as some other solutions close to the edge of the Pareto 
front, we may be able to use the solution set B in Fig. 12 (b).  

3820

Figure 4.6 (right) Selection methods for a small number of non-dominated solutions from the objective subspace 
(left) and the corresponding parallel coordinate [52], [53].
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3. Structural Optimization in FRP

3.1 Parameters and objectives
	 The maturity of materials and development of methods of analysis often leads to the emergence of new 
concepts and systems of design [54]. This claim motivates this thesis’ research in new optimization of FRP form 
finding. As already established, form-finding numerical methods inherited the limitations of their corresponding 
physical experiments. Computational structural optimization techniques have become paramount for dealing with 
the constraints brought by FRP’s anisotropic behavior. 
	 An efficient and optimal FRP design often combines an optimization of the structure’s geometry with an 
optimization of the material at the laminate level (mesoscale). The large number of design variables, both discrete 
and continuous, and large number of design functions make the optimization problems in FRP highly non-linear and 
non-convex. 

According to the literature review of FRP optimization, the most recurrent parameters are:
-  - the three-dimensional free-form shape of a structure;
-  - the number of laminae; 
-  - their respective angle orientation;
-  - their respective thickness; and
-  - the stacking sequence of laminae within the laminate layer. 

Similarly, the most recurrent objectives: 
-  - Optimizing stiffness of the structure (minimizing the compliance);
-  - Optimizing the weight of the structures (minimizing the weight); and 
-  - Optimizing for maximal buckling factor. 

	 The literature review reveals however a significant advancement in the optimization methods at the mesoscale, 
focusing on ply thicknesses, orientation, and stacking sequence. Seeking to achieve structural performance and 
minimum cost, optimization techniques and algorithms have become numerous, ranging from gradient-based 
methods, direct search methods, or genetic and evolutionary algorithms. This section does not attempt to summarize 
all the numerous algorithms available to designers to design optimal structure in composite layups, more extensive 
literature reviews and discussions can be found in [6], [11], [w55], and [56]. However, perhaps more important 
than discussing the findings of these papers is examining what is absent from them. Indeed, a closer look at the 
available optimization techniques reveals more research devoted to optimization at the mesoscale. This is a result 
of FRP being a material more extensively used in the aerospace applications. In the aerospace industry, research 
is focused on minimizing weight and costs and is less interested in formal explorations of FRP.
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buckling is similar, despite the difference in the prediction of the
collapse load.

7.2. CFAO of generic main spar

Continuous fiber angle optimization of the generic main spar
model is considered where the objective is to maximize the collapse
load. Only the biax fiber layers, i.e. the 45° and −45° layers, are
chosen as design variables since these layers are included in the layup
of the main spar for improved buckling resistance. The 0° pack layers
are excluded in the design optimizationwhereby the bending stiffness
is unaffected by the design changes and a compliance constraint is

unnecessary. Only the mid section biax layers for both flanges and
webs are considered in the optimization. Patches, covering larger
areas of the structure, are introduced. Within a patch containing a set
of finite elements only one fiber angle design variable controls the
orientation of the given fiber layer in the finite element set. This is a
valid approach for practical design problems since laminates are
typically made using fiber mats covering larger areas. In the mid
section, 1 patch per meter is utilized for both flanges and webs giving
a total of 180 fiber angle design variables.

Linear buckling optimization and nonlinear buckling optimization
are performed and the optimization histories are collected in Fig. 15.
The optimization problems of the generic main spar have been solved

Design layer 1

Design layer 2

Design layer 4

Design layer 3

Design layer 5

Design layer 6

Fig. 16. Fiber angle results from nonlinear buckling optimization for half of the generic main spar. Numbering the layer stacking from inside out, design layer 1 contains the first layer
for respectively flanges and webs that are chosen as design variables.
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the patches in these shear dominated areas. The DMO convergence
measure, see Eq. (13), is h95 ¼ 0:94.

In the inner layers the distribution of foam material seems
physically reasonable and the fiber material is primarily distrib-
uted in the corners of the plate and in the y-direction in the middle
of the plate. Using such a distribution of fiber material is, of course,
not the way an optimized plate will be manufactured, but the re-
sults provide much insight into the optimal distributions and ori-
entations of the available materials.

5.2. Test case 2

Next case 2 is considered, i.e. the boundary conditions are chan-
ged according to Fig. 1, such that the upper and lower edges are
only fixed in the z-direction. The results can be seen in Fig. 3.

It is seen how this change in boundary conditions affects the
distribution and orientation of the stiff material. A larger amount

of the stiff material is oriented in the y-direction, and most of the
stiff material is distributed in the right half of the plate. The
DMO convergence measure for case 2 is h95 ¼ 0:94. Again a com-
pletely symmetric design through the thickness is obtained, as
expected.

5.3. Test case 3

Finally, case 3 is considered where the upper, lower and right
edges are completely free. The results can be seen in Fig. 4.

In this case the DMO convergence measure is h99:5 ¼ 1:0, i.e. full
convergence is achieved everywhere in the domain. Now as much
stiff material as possible should be distributed in the left part of the
plate and it should be aligned orthogonal to the left clamped
boundary, i.e., at 0�. Close to the right unsupported edge the stiff
material in the outer layers should be oriented at 90�.

Fig. 3. Case 2: Optimized material directions (fiber angles) for maximum buckling
load factor design of an 8-layer plate. The parametrization is similar to case 1, and
the boundary conditions can be seen in Fig. 1. Layer 1 is the bottom layer and layer
8 is the top layer.

Fig. 4. Case 3: Optimized material directions (fiber angles) for maximum buckling
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the patches in these shear dominated areas. The DMO convergence
measure, see Eq. (13), is h95 ¼ 0:94.

In the inner layers the distribution of foam material seems
physically reasonable and the fiber material is primarily distrib-
uted in the corners of the plate and in the y-direction in the middle
of the plate. Using such a distribution of fiber material is, of course,
not the way an optimized plate will be manufactured, but the re-
sults provide much insight into the optimal distributions and ori-
entations of the available materials.

5.2. Test case 2

Next case 2 is considered, i.e. the boundary conditions are chan-
ged according to Fig. 1, such that the upper and lower edges are
only fixed in the z-direction. The results can be seen in Fig. 3.

It is seen how this change in boundary conditions affects the
distribution and orientation of the stiff material. A larger amount

of the stiff material is oriented in the y-direction, and most of the
stiff material is distributed in the right half of the plate. The
DMO convergence measure for case 2 is h95 ¼ 0:94. Again a com-
pletely symmetric design through the thickness is obtained, as
expected.

5.3. Test case 3

Finally, case 3 is considered where the upper, lower and right
edges are completely free. The results can be seen in Fig. 4.

In this case the DMO convergence measure is h99:5 ¼ 1:0, i.e. full
convergence is achieved everywhere in the domain. Now as much
stiff material as possible should be distributed in the left part of the
plate and it should be aligned orthogonal to the left clamped
boundary, i.e., at 0�. Close to the right unsupported edge the stiff
material in the outer layers should be oriented at 90�.

Fig. 3. Case 2: Optimized material directions (fiber angles) for maximum buckling
load factor design of an 8-layer plate. The parametrization is similar to case 1, and
the boundary conditions can be seen in Fig. 1. Layer 1 is the bottom layer and layer
8 is the top layer.
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Figure 4.7 Fiber angle results from nonlinear buckling optimization for half of the generic wind turbine main spar [57].

Figure 4.8 Optimized material directions (fiber angles) for maximum buckling load factor design of an eight-layer 
plate: layer 1 is the bottom layer and layer is the top layer [58].
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3.2 Evaluating the landscape 
	 An optimal composite shape must consider the design space defined by the continuous geometric parameters 
as well as material properties (thickness of laminates, orientation, stacking sequence). A first approach at this non-
linear and complex problem is proposed by Miki and Sugiyama and Fukunaga and Vanderplaats, both in 1991 [59], 
[60]. They suggested a two-tier structural shape optimization that maximizes the stiffness of the structure while the 
weight of the structure is limited. 

-  - the first level generates the optimal geometric shape using lamination parameters (appendix E1) to maximize 
the stiffness of the structure. 
-  - the second level finds the optimum lamination parameters and then the corresponding stacking sequence 

using genetic algorithms. 

It bases heavily on the simplification of the optimization problem brought by the use of lamination parameters. 
More recently, Burgeño and Wu applied the two-tier integrated approach to free-form bridge systems and shells [7], 
[8]. Seeking formal exploration in FRP, they modernize Miki and Sugiyama’s approach with innovative numerical 
algorithms that verify the validity of this two-tier strategy. 
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where h(k) is the fiber orientation of the kth layer in the structural coordinate system, h is the total laminate thickness, zk is
the coordinate position of the top interface of the kth layer, and zk�1 is the coordinate position of the bottom interface of
the kth layer.

As shown in Eq. (5), the lamina invariants U�s are independent of the ply orientation and are determined only by the
reduced material stiffness of a single layer with respect to the material coordinate system. According to Eqs. (6), the lam-
ination parameters V�s are related to the fiber orientations and stacking sequence of layers with respect to the structural
coordinate system (Fig. 3). Therefore, as long as the properties of the FRP lamina are known, the discretized variables
of fiber orientations and stacking sequence can be alternatively represented by continuous variables of the lamination
parameters to determine the section stiffness matrix of FRP laminates.

The convenience of using lamination parameters for optimum design of FRP laminates was shown to be effective by
Miki and Sugiyama [22]. This alternative formulation of the laminated composite material stiffness provides a potential
solution to simultaneously optimize FRP laminates and structural shapes in a two-level uncoupled procedure as first pro-
posed by Yamazaki [26] (Fig. 4(a)). The two levels are:

Level-1: Shape and material-property optimization: to achieve an optimal shape with optimal stiffness properties; and
Level-2: Laminate design optimization: to design the stacking sequence and ply orientation of an FRP laminate that has

the same stiffness properties as those obtained in Level-1.

The above approach is initiated by combining the lamination parameters that determine the section stiffness of the FRP
laminate with the continuous design variables that define the shape of the structure, which are the geometric parameters. The
optimal set of continuous design variables (lamination and geometric parameters) will then be found to maximize the
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Fig. 4. Two-level approach of shape and laminate stacking sequence optimization and its implementation.
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Figure 4.9 Two-level approach of shape and laminate stacking sequence optimization and its implementation as 
developed in Burgeño and Wu’s research [7], [8].
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finite-element analysis using the software ABAQUS �HKS 2001�.
The finite-element model is generated by a custom program for
CAGD. Derivatives for the search algorithm are numerically ob-
tained by the forward finite difference technique using finite ele-
ment analyses �Arora 1989�.

The goal of the Level-2 optimization problem is to find a
laminate stacking sequence that will lead to the optimal lamina-
tion parameters obtained in the first optimization level. However,
practical laminate designs lead to discrete and not continuous
parameters. This implies that a stacking sequence that exactly
matches the optimal parameters being sought does not always
exist �Terada et al. 2001�. The objective function is thus to mini-
mize the discrepancy between the lamination parameters �i.e.,
V1A, V3A, etc.� evaluated in this optimization level and the optimal
lamination parameters obtained from the first optimization level.
The fiber orientations for each of a predefined number of plies, �i,
which define the lamination parameters of a FRP laminate, are
used as discrete design variables. Because balanced symmetric
laminates are used, a pair of balanced off-axis layers can be rep-
resented by the fiber orientation of the top layer in the pair. Thus,
laminates of n layers can be interpreted by n /4 integer design
variables. No constraints are required for this laminate design
optimization problem.

A genetic algorithm �Goldberg 1989� is used to solve the
Level-2 unconstrained optimization problem where the value of
the objective function �discrepancy in lamination parameters� is
used as the fitness value of the design. A single population start-
ing with a random generation of design alternatives is used.
Stochastic universal sampling is employed to produce the new
generation, which consists of the individuals with less discrep-
ancy to the optimal lamination parameters. New generations are
created by means of two-point crossover and multiple-field mu-
tation genetic operators. The process is repeated until a maximum
number of generations without improvement in the best design is

reached. The genetic algorithm just described was implemented in
a custom program using the genetic operators of the generic GA
program GALOPPS �Goodman 1996�.

The dual approach has been validated for the optimization of
FRP laminated shells for different levels of laminate design reso-
lution �i.e., number of plies and fiber orientation angle values or
increments� and is described in detail in Wu and Burgueño
�2005�. This algorithm is used next to realize the previously pre-
sented FRP membrane-based bridges.

Development and Optimization of Membrane-Based
FRP Bridges

Materials, Design Criteria, and Modeling

The laminate designs for the optimized bridge systems are as-
sumed to be from medium-performance carbon/epoxy with
lamina properties taken as: E11=88.253 GPa, E22=48.884 GPa,
G12=4.557 GPa, G13=4.557 GPa, G23=0.456 GPa, and
�12=0.513. The optimization load case consisted of dead load and
vehicular live load �uniform plus design trucks� in accordance
with the AASHTO–LRFD Bridge Design Specifications
�AASHTO 1998�. Unit load factors were used and no dynamic
amplification for truck loads was considered. The placement of
the design truck loads was resolved differently for the CMB and
CMS bridges as noted in their respective sections.

Two design criteria, namely, stress and deflection, were used
for the optimization studies. The stress criterion was implemented
by means of a stress index of first ply laminate failure for each
limit state. From experimental experience, ultimate ply strains of
1, 0.5, and 0.5% were assumed for tension, compression, and
shear strain limits, respectively. Ply strengths could then be de-
fined based on the lamina stiffness values noted above. Laminate
failure was determined by combining the stress limits measured
on the material directions according to a stress criterion. The in-
tegrated optimization procedure used the maximum stress crite-
rion, while more accurate criteria, namely, the Tsai–Hill,
Tsai–Wu, and Azzi–Tsai–Hill models �Tsai and Hahn 1980� were
used in the performance evaluation studies of the optimized sys-
tems. A stress index limit of 5% was used for the optimization
process while limits of 25 and 50% were used for evaluating
performance for the Service-I and Strength-I load combinations
�AASHTO 1998�, respectively. The deflection criteria consisted in
limiting deformations to the recommended level of L /800
�AASHTO 1998�. Although the AASHTO design specifications

Table 1. Design Variable Ranges for CMB Bridges

Bound
w1

�mm�
w2

�mm�
h1

�mm�
h2

�mm�
t

�mm�

Lower 609 609 609 305 6.35

Upper 2438 2438 1219 1219 19.05

Table 2. Level-1 Optimal Results for CMB Bridges

Optimal design Model A Model B Model C

Strain Energy �N m� 83.85 83.85 83.85

�w1 ,w2 ,h1 ,w2 , t� �mm� �1359.0,2184.4,984.3,1219.2,19.05� �1365.2,2184.4,1022.4,1219.2,19.05� �1352.6,2222.4,997.0,1219.2,19.05�
�V1A ,V3A ,V1D ,V3D� �0.81,0.31,−1 ,1� �0.81,0.31,−0.8,0.7� �0.81,0.31,0.75,1�

Fig. 5. History of shape and laminate property optimization for CMB
bridges
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recommend this deflection limit apply for live loads only, this
limit was conservatively used in this work together with the sys-
tem dead load.

In the finite-element analyses the strains on the FRP laminates
and concrete are expected to remain in the linear elastic range.
Furthermore, the approximation of formulating the structure stiff-
ness matrix in the reference �original� configuration during the
shape optimization process is expected to have an error of 10−3

order compared to unity because of the small rotations and dis-
placements under the loads. Thus, material linear elasticity and
geometric linearity were used in the finite-element analyses. With
respect to modeling, actual discretization of the abutments was
not done for simplicity. However, their stiffness was taken into
account by constraining the plane section motion that it imposes
on the rotations and displacements at both ends of the bridge.

Based on the above-mentioned material, modeling and loading
definition for the bridge systems, the integrated optimization ap-
proach was applied to design FRP CMB and CMS bridges start-
ing with the shape and laminate-property optimization �Level-1�
and then followed by the laminate design optimization �Level-2�.

Composite Membrane Beam Bridge

The CMB bridge system considered for optimization was a
10.06 m long simple-span bridge girder with a 1.44 m wide and
203 mm thick concrete deck compression flange �Fig. 2�. For this
system, the optimization load case assumed truck loads to be
placed such as to create the maximum flexural response at mid-
span. This assumption turned out to be adequate as per postopti-
mality analyses discussed later.

Clearly, the shapes that can be obtained from the optimization
process are controlled by the number of the geometric key points
and their degrees of freedom. Considering the high stiffness pro-
vided by double-curvature surfaces, a hyperbolic paraboloid sur-
face was assumed for the membrane shape. Therefore, the CMB
membrane shape was completely defined by spline interpolation
of four shape design variables, that is, the width and depth of the
FRP membrane at the middle �w2 ,h2� and ends �w1 ,h1� of the
bridge component �see the graphic inset in Fig. 5�. The material
constraint was implemented by setting a lower and upper bound
for the geometric design variables that control the geometric di-
mensions and the thickness of laminated FRP composite �Table
1�. The laminate material variables are the lamination parameters
controlling the in-plane �tension� and out-plane �bending� stiff-
ness �V1A, V3A, V1D, and V3D�.

The Level-1 shape and laminate-property optimization process
�strain energy minimization� for the CMB bridge is shown in Fig.
5. The stability of the optimization approach was validated by
searching for the optimal CMB bridge design from three different
initial designs �details in Wu 2004�, which converged to the same
solution, i.e., strain energy �stiffness�, geometry, and in-plane
lamination parameters �in-plane stiffness� as shown in Table 2.
However, the out-of-plane lamination parameters �V1D and V3D�
were different. This does not significantly disturb the solution
since the strain-energy minimization process leads to a system
dominated by in-plane stress resultants, i.e., bending resultants
become negligible �Wu and Burgueño 2005�. Therefore, the out-
plane lamination parameters, which determine the flexural stiff-
ness, have little influence on the optimization process.

For the Level-2 optimization, an optimal laminate was sought
by minimizing the difference between the lamination parameters
of the searched laminate and the optimal values from the Level-1
optimization. A maximum error of 1% was considered acceptable.
Symmetric and balanced laminates with eight- and 48-layers were
considered. A large number of plies was used to minimize bend-

Fig. 6. History of laminate stacking sequence optimization for CMB
bridges

Fig. 7. History of shape and laminate-property optimization for CMS
bridges

Fig. 8. History of laminate stacking sequence optimization for CMS
bridges
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compared to the zero in-plane response of the initial structures. Contours of the force (SF1) and moment (SM1) section
stress resultants for the initial and optimal structures are also compared in Fig. 11. Fig. 11 makes evident that bending
behavior is minimized while in-plane behavior becomes dominant. Additionally, the results in Fig. 11 show that the section
stress resultants tend to be uniformly distributed throughout the entire structure.

Fig. 9. Shape optimization process of [45�/�45�/�45�/45�]6s laminated FRP shell.

Fig. 10. Shape optimization process of [0�/90�/90�/0�] laminated FRP shell.

Table 2
Summary of strain energies and displacements of optimal shells

Optimal shape Strain energy (N m) Max U3 (mm)

Shell 1 49.60 0.78

Shell 2 72.76 1.23

Shell 3 92.98 1.59

Shell 1: Shape and material optimized laminated FRP shell.
Shell 2: Shape-only optimized [45�/�45�/�45�/45�]6s laminated FRP shells.
Shell 3: Shape-only optimized [0�/90�/90�/0�] laminated FRP shells.
U3: Displacement in vertical 3-axis.
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Figure 4.10 (right) First-level optimization of the shape and laminate property optimization (left) and second-level 
optimization of the stacking sequence optimization for CMB bridges as developed in Burgeño and Wu’s research [7] . 

Figure 4.11 (right) Shape optimization process of [45°/-45°/-45°/45°]6s laminated FRP shell and (left) shape 
optimization process of [0°/90°/90°/0°] laminated FRP shell as developed in Burgeño and Wu’s research [8].

	 It is however paramount to mention that the generated structures in these research remain simple with a small 
number of geometric continuous parameters [7], [8], [59] and [60]. More complex free-form architecture requires 
then to alter the two-tier approach. Furthermore, the optimal stacking sequences generated in the second-tier 
optimization include lamina orientation beyond the standard and widely available angles such as 0°, 30°, 45°, 
60°, and 90°. While such sequences result in lighter and thus more “optimal” structures, the adopted approach 
seem to disregard any practical considerations within the civil engineering industry. They are not in line with the 
manufacturing of large free-form structures which often include production methods such as hand layup and vacuum 
infusion. Therefore, this research’s suggested optimization must adapt the methodology developed by Miki and 
Sugiyama and extended by Burgeño and Wu. It should extend its core principles to fit more complex geometries 
exhibiting shell-like behavior as well as more realistic production methods of such free-form structures. An example 
of formal exploration found in typology optimization framework is found in the research of Smits, Gkaidatzis, Blok, 
and Teuffel [61]. 
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4. Formal Exploration in FRP

	 Every optimization problem presents unique challenges and must be treated as such. The nature of this design 
problem depends on the design variables, constraints, criteria, and objectives. With each optimization technique 
having its advantages and disadvantages, choosing a structural optimization method becomes a compromise 
between the different aspects of the problem. Formulating the optimization problem is arguably the most important 
step in finding optimal solutions. Simply put, obtaining the right answers depends on asking the right questions to 
begin with. This requires a proper formulation of the challenge to answer (parameters, constraints, and objectives) 
as well as the availability of tools in the market.

4.1 Framework Ambitions 
	 As described in the introduction of this research, this research’s proposed tool aims to catalyze formal exploration 
in FRP. Considering the advantageous FRP properties in durability and sustainability, it aims to encourage structural 
designers to view FRP as a viable option to design with. As summarized in the first chapters, FRP’s leading qualities 
are its inherent in-plane stiffness and strength and its main liability is its weakness through the thickness direction. 
Using modern form-finding tools, shape resistant structures in composites that transfer their loads dominantly 
through in-plane forces can be derived. Formal exploration in FRP will capitalize on the material’s strength (in-plane 
stiffness) with minimal and efficient use of the materials (weight). 
	 To underscore geometric exploration, the proposed optimization tool must be easy to use and implement to 
different geometries. To facilitate geometry generation of structure exhibiting shell-like behavior, the 3D modeler 
Rhinoceros is used with the parametric algorithm . This allows for quick generations of FRP geometries and their 
consequent assessment. The next section of this chapter focuses on the search spaces defined in such geometric 
exploratory problems before addressing algorithms fit to search the size and complexity of those search spaces.  

4.2 Complex Search Spaces
	 This research’s suggested framework focuses primarily on geometry generation for structure exhibiting shell-
behavior. The design boundaries of the considered structure must be first set. The geometric parameters of the 
cross-sections (width, depth, slenderness, etc.) as well as material parameters (thickness, laminate layup, etc.) 
are the parameters defining a certain design. The design’s performance (fitness) is then evaluated according to a 
single or multiple objectives. Such geometric explorations for structures result in large and complex search spaces 
because of the numerous continuous parameters. Detecting local or global optima becomes challenging. Using 
brute force algorithm, iterating between all available solutions of the design space, is unrealistic in terms of required 
time.	  
	 The increasing complexity of problems has fueled 	interest in nature inspired algorithms to find global optimum 
[62]. Nature inspired algorithms refer to optimization algorithm emulating biological phenomenon. Various stochastic 
optimization techniques exist under the umbrella of nature-inspired algorithms. In particular, metaheuristics 
techniques refer to a family of stochastic tools that aim to efficiently explore a search space. Considered as 
“higher level frameworks” [62], they are more efficient than direct algorithms in finding a global optimum solution. 
These algorithms include both nature-inspired techniques such as Evolutionary Algorithms (EA), Particle Swarm 
Optimization (PSO), Simulated Annealing (SA), Ant Colony Optimization (ACO), etc. 
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In his dissertation [63], Brownlee identifies six main categories of nature-inspired algorithms:
1.	Stochastic algorithms, introducing randomness into heuristic methods; 
2.	Evolutionary algorithms, emulating the process of natural selection;
3.	Physical algorithms, imitating physical and social systems;
4.	Particle Swarm algorithms, inspired by the “collective intelligence” of agents (flocks of bird, colonies of 
ants, schools of fish); 
5.	Immune algorithms, reproducing the adaptive mechanism of the immune system; and 
6.	Neural algorithms, copying the plasticity and adaptive nature of the nervous system.

	 Each type of algorithm has expansive literature that discusses its applications, advantages, as well as its 
limitations. When discussing the suitability of an optimization algorithm for a certain problem, it is worth introducing 
the no free lunch theorem (NFLT) developed by Wolpert and Macready. The no free lunch theorem underscores that 
the performance of any optimization algorithm depends on the formulation of the problem [64]. Differently said, the 
theorem states that there is no global optimization algorithm that can be applied to all problems to find the optimal 
solution. However, there are algorithm types that are more fitting for the defined search spaces. 

4.3 Evolutionary Algorithms
	 This research focuses on evolutionary algorithms among Brownlee’s six nature inspired algorithm categories. 
The evolutionary algorithms are considered most appropriate to use with complex and large design spaces to find 
global designs. While significantly more time-consuming than others, evolutionary algorithms retain “a sufficiently 
large populations of designs covering more effectively the complete design space and increasing the likelihood of 
detecting different local optima” [65]. Emulating Darwinian principle of “survival of the fittest,” evolutionary algorithms 
are defined as population-based algorithms. They generate solutions or individuals: the variable defining a solution 
are encoded in its genome (as genes) and its performance is evaluated by a fitness function. The algorithm will then 
evolve towards the fittest solution through crossover (crossing genetic material), random mutation (the descendent 
individuals to increase diversity), and natural selection. 
	 In particular, genetic algorithms are optimization methods inspired by the process of natural selection and 
belong to the larger family of evolutionary algorithms. They are initially introduced by John Holland in the 1960s 
and extended by his student David. E. Goldberg in 1989 [38]. Today, they constitute an important field of research 
encompassing many sectors: biomedical, aeronautical, architectural, and structural design to name a few.  

In table 4.1, a comprehensive picture of the advantages and disadvantages of GA are summarized. 

   Table 4.1 Advantages and disadvantages of Genetic Algorithms (GA) [66], [67], [68]

Advantages of GA Disadvantages of GA
-	 In principle, GA allow to find global optimum.
-	 GA are flexible and can be applied to a wide range 

of problems. 
-	 GA have a progressive run-time with intermediate 

solutions that can be harvested at any point of the 
process. 

-	 GA are transparent. They uniquely allow for inter-
action with the users and a high degree of speci-
ficity for each problem. 

-	 GA can be used with both single or multi-objective 
optimization. 

-	 Characteristically, GA are slower than other opti-
mization tools.

-	 GA require users to define the convergence of the 
problem in terms of run-time or generation in order 
to effectively reach a solution. 

-	 GA might require a significant amount of testing 
and repetition in order to ensure that the global 
optimum has been obtained and avoid pre-mature 
convergence. 
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	 Recalling the no free lunch theorem, other optimization algorithms can also be deemed fit for searching large 
and complex search spaces. Specifically, Particle Swarm Optimization algorithms are powerful in finding a global 
optimum [63]. However, the wide availability of GA plug-ins I (both single and multi-objective algorithms) and the 
general popularity of GA has lead this research to focus specifically on GA [62]. 

4.4 Available Plug-ins
	 In order to be easily implemented by engineers at the preliminary stage, the developed framework must be 
based on an empirical exploration of the available tools for designers at the conception phase [66]. As such, the 
considered tools are limited to the plug-ins used in Grasshopper 3D to facilitate implementation. Genetic solvers in  
are Galapagos, Octopus, Wallacei. 

-  - Galapagos is one of the first evolutionary solver plug-ins implemented for Grasshopper 3D The tool provides 
two metaheuristic algorithms: a genetic algorithm (GA) and a simulated annealing (SA) [69]. 
-  - Octopus is an evolutionary solver introduced for multi-objective evolutionary algorithms, producing multiple 

optimal solutions that define the Pareto-front. Octopus employs SPEA-2 and HypE algorithms from ETH Zurich 
[70], [71].
-  - Wallacei is a newly introduced evolutionary solver allowing to run multi-objective optimization in Grasshopper, 

also generating a Pareto-front. Wallacei employs NSGA-2 algorithm as well as multiple comprehensive selection 
methods including algorithm clustering to better understand the results at the Pareto-front. The tool is special in 
providing the user with many tools to reconstruct and analyze solutions after any optimization [72], [73]. 

	 Choosing a specific plug-in requires the comparison of the different aspects of the tools. Besides converging 
on the global optimum in a reasonable amount of time, it is fundamentally important for the structure to be easy 
to use and implement to new geometries. Beyond the limitation of the adopted algorithm, the advantages and 
disadvantages of the three genetic solvers are summarized in table 5.2. 

Galapagos Single objective 
optimization: Genetic 
Algorithm (GA) + 
Simulated Annealing (SA) 

Advantages: 
-	 Implementing the tool is straightforward and simple. 
-	 Visualization of results is possible in separate tab.
Disadvantages: 
-	 Additional attention must be brought to export data.  

Octopus Multi-objective 
optimization: 
SPEA-2 + HypE

Advantages: 
-	 Implementing the tool is straightforward and simple. 
-	 Visualization of results is possible in separate tab.
Disadvantages: 
-	 Additional attention must be brought to export data. 
-	 Significant post-processing is required to cluster and/or 

rank the solutions at the Pareto-front. 
Wallacei Multi-objective 

optimization: 
NSGA-2 

Advantages: 
-	 Implementing the tool is straightforward and simple.  
-	 Visualization of results is possible in separate tab.
-	 Accessing the solutions is possible whether it is 

selecting, reconstructing, and analyzing solutions in 
post-optimization.

Disadvantages: 
-	 As a new tool, some experimentation is still required to 

accrue popularity. 

   Table 4.2 Advantages and disadvantages of the different EA plug-ins available in Grasshopper 3D  [69], [70], 
[71], [72], [73].
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5. Conclusion

This chapter answers the following sub-questions:
-  - What physical methods of form-finding are available for engineers? What are their limitations?
-  - What is structural optimization and how can it solve those limitations? 
-  - What specific strategies can be applied for design in FRP? 
-  - What available tools do designers have access to implement such strategies?

	 The chapter introduces the physical methods structural designers have developed over the past century to 
derive form-resistant structures. These methods include hanging, tension, or pneumatic models used by Gaudi, 
Isler, and Otto. The advent of the computational age has expanded classical form-finding methods beyond 
their guiding principle of “form follows force.” In fact, they allowed structural designers to overcome some of the 
limitations of physical methods such as isotropy, uniform stresses, and constant material properties. 
	 Computational methods include many structural optimization tools and algorithms. Structural optimization 
in particular includes three main categories: size, shape and topology; each has its specific applications. This 
chapter does not offer a full taxonomy of optimization methods available for the engineer; it however distinguishes 
between the main types of optimization: discrete versus continuous, global versus local, deterministic versus 
stochastic optimization methods, direct versus gradient based optimization. Most importantly, the chapter 
contrasts single-objective and multi-objective optimization. Unlike single-objective optimization that result in 
a unique optimal solution, multi-objective optimization results in multiple solutions, known as Pareto solutions 
requiring significant post-processing to select the most-optimal. 
	 Lastly, this chapter evaluates the landscape of optimization in FRP in order to define the most common 
parameters and objectives. It identifies pivotal studies for FRP form-finding and extrapolate the knowledge 
to define a new framework that encourages formal exploration specifically in FRP. The proposed framework 
favoring geometric exploration entails numerous parameters resulting in large and complex search spaces. 
Nature-inspired algorithms are briefly investigated as tools proper to deal with the size and complexity of those 
search spaces. In specific, the wide availability of GA tools and their overall popularity in structural design have 
made the choice of algorithm for this research.  The various plug-ins available in Grasshopper 3D are then laid 
out, each with their advantages and limitations.
	 The next chapter of the research establishes the context of the chosen case-study. It traces the development 
of the suggested tool, before implementing it on the chosen case-study. 
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CHAPTER 5:
CASE-STUDY CONTEXT AND OPTIMIZATION FRAMEWORK
	 This thesis aims to develop a framework for structural form-finding of FRP shells. To clearly 
explain the suggested framework, the Wilhelminaberg Viewpoint designed by Ney & Partners 
is chosen as the case-study. The Wilhelminaberg Viewpoint has the potential to become 
the manifesto project of FRP. It capitalizes on the advantages that render FRP a promising 
construction material as well as the aspects that have limited its proliferation. The conditions of 
the site as well as the vision of the Parkstad Limburg further extend the structure’s ambitions. 
	 The following chapter elicits the vision of the IBA initiative in Parkstad Limburg in general 
and the Wilhelminaberg Viewpoint in particular. The context of the project is central to the 
structure’s ambitions. After describing the context of the case-study, this chapter traces back the 
development of the optimization framework. It defines the important aspects of the optimization: 
geometry generation, finite-element analysis, parameters, design criteria, and used algorithms/ 
plug-ins. Specifically, each aspect is illustrated with the example of the Wilhelminaberg Viewpoint. 
With the cornerstone of the optimization tool laid out, the limitations of the suggested framework 
are finally discussed. 

The chapter aims to answer the following sub questions:
-  - What is the context of the chosen case-study? Why was it adopted?
-  - What were the steps in the development of this tool?
-  - What are the objectives, design criteria, constraints of this optimization? 
-  - What are the limitations and restrictions of the suggested framework?

II. OPTIMIZATION TOOL
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1. Case-Study
 

1.1 The IBA Context
	 The Wilhelminaberg Viewpoint is part of the first International Building Exposition IBA in the Netherlands, set 
in the Parkstad Limburg region. The Internationale Bauausstellungen (IBA) was initiated in 1901 in Germany as 
a celebration of modern construction and a demonstration of the state of the art in architecture [74]. Since its 
inception, the IBA has continuously redefined its mission and expanded its reach. From celebrating technological 
innovation in the early 20th century, the IBA’s objective is to restore the social and political relevance of architecture 
and urban development. Each IBA iteration is created in a specific region and answers a specific geographic, 
historic, economic, and social context. The involved stakeholders identify the needs of a certain region. Programs 
and projects are then proposed to enact the structural change required to revitalize the region. In the newest 
formulation of its mission, the IBA experiments with broadening its reach to create projects that have a strong halo 
effect on their surrounding areas.

Figure 5.1 Different IBA iterations in different cities from different phases.  
(top) 1957 IBA Berlin.  (middle) 1989-1999 IBA Emscher Park. (bottom) 2006-2013 IBA Hamburg.
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1.2 The IBA Parkstad
	 The Parkstad region in Limburg is the first formulation of the IBA in the Netherlands. Comprised of eight 
municipalities with a shared history, the Parkstad has undergone important social and economic change since the 
closure of its mining industry in 1969. With a high unemployment and human capital flight, even the government’s 
effort van zwart naar groen (from black to green) were insufficient to revitalize the area. Since 2013, the Parkstad 
IBA initiative has been focusing on reviving the former mining region, inviting urban renewal, and stimulating the 
economy. Through a series of innovative and creative projects, it is focused on celebrating the green and sustainable 
version of the entire region. 

Figure 5.2. (left) Bicycle bridge in Onderbanken. (right) Center Court in Kerkrade to Gravenrode [74]. 

1.3 The Wilhelminaberg Viewpoint
	 Extending the longest staircase in the Netherlands, the Wilhelminaberg Viewpoint is a proposal to mark both 
physically and metaphorically the orientation of the area recovering from its industrial past as shown in figure 5.3 
and 5.4. The Wilhelminaberg Viewpoint, by Ney & Partners, is an iconic landmark proposal, to celebrate innovation 
of form and technology. The viewpoint takes the shape of an oloid, a three-dimensional structure consisting of two 
intersecting circles (first discovered by Swiss sculptor and mathematician Paul Schatz [75]. 
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Figure 5.4 The Wilhelminaberg Viewpoint renders by Ney & Partners  [76].

1.4 Wilhelminaberg Viewpoint Renders
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1.5 An FRP Manifesto?
	 Ney & Partners designed a steel structure in order to prove the construction’s viability. Two intersecting rings 
connected with steel cables, topped with a cladding mesh surface as shown in figure 5.5. This steel design fits 
traditional means of construction and is innovative in it application of steel. However, the used material leads to a 
heavy design. In light of the site’s limited accessibility, the poor soil condition in the heavily mined area, and the 
seismic nature of the area, it becomes interesting to study alternative material options. 
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Figure 5.5 Structural system of the Wilhelminaberg Viewpoint (steel proposal).

	 For those same reasons, an FRP design is particularly interesting. Furthermore, the vision of IBA Parkstad 
2020 extend further the aspiration to design a light, durable, and sustainable structure. As part of a project that 
celebrates innovation, technology, and sustainability, the Wilhelminaberg Viewpoint can become a manifesto project 
for composite structures. It capitalizes on the advantages that render FRP a promising construction material such 
as long-durability properties, tailorable mechanical properties, customizable production for free-form design, and a 
light weight design. The case-study will also allow to highlight the aspects that have limited its proliferation such as 
the need for advanced computational methods, non-competitive methods for repetitive production processes, and 
the limited knowledge in some of its long-term durability properties. 
	 The framework to be developed is intended as an exploration tool used in the preliminary design stage. It 
generates structures that utilize the properties of FRP. In the post-optimality structure, the research allows to 
assess the difference between the potential of FRP and the realities of what’s buildable in FRP. The remaining 
of this chapter will first describe the development of the framework before describing the different aspects of the 
optimization (objectives, parameters, constraints, etc.) 
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Equation (3) reveals that the total strain energy U decreases as the structural stiffness [K] increases for a given 
equivalent load {R}. 

ii. Weight Minimization
	 Minimizing the weight of the generated geometry is the objective of the second level optimization A lighter 
structure generally translates in less energy expended during transportation and installation.

2.2 From a Multi-Objective to a Single-Objective Design
	 A first approach consists in combining the two objectives of minimizing weight with maximizing stiffness in a 
multi-objective optimization. Combining these objectives leads to light structures that exhibit an optimal performance 
of the composite material FRP. The initial multi-objective optimization framework is tested for a simplified geometry 
of the case-study. The simplified design case considers a straight non-curved design with a span of 106m, equal 
to the rolled-open span of the considered segment of the Wilhelminaberg Viewpoint. Using table 4.2, the multi-
objective optimization uses Octopus rather than Wallacei. While straightforward and simple, implementing the tool 

2. Tool Development 

	 Retroactively explaining the development of the framework is an ambitious task. The process of developing 
the optimization tool was not a linear but rather circular requiring constant fine-tuning and iterating. Implementing 
structural optimization techniques to shell-like materials is an interesting topic of research. Different techniques 
have been applied to optimize the size, shape, and topology of shells. The research develops a framework for 
optimization of FRP shells, revisiting where the Miki/Sugiyama or Burgeño/Wu studies had left off [7], [8]. The 
process has to be significantly modified to account for more complex geometries in structural engineering. Beyond 
extending the already developed frameworks in the literature review, the development of this thesis’s framework 
requires testing of the different design strategies and tools available for structural designers. 

2.1 Optimization Objectives 
	 Clearly defining the objective of an optimization is a difficult, but central task, of developing an optimization 
framework. As mentioned in the previous chapter, obtaining the right solutions depends on asking the right questions 
to begin with. Through the literature review, FRP’s inherent in-plane stiffness and strength constitutes the material’s 
main strength. Its main liability is its weakness through the thickness direction. With modern form-finding, shape 
resistant structures in composites that transfer their loads dominantly through in-plane forces can be derived. 
These correspond to structure exhibiting shell-like behavior. As such, formal exploration in FRP will capitalize on 
the material’s strength (in-plane stiffness) with minimal and efficient use of the materials (weight). This optimization 
framework first limits the form-finding to two main objectives: maximizing the structural stiffness to generate shape 
resistant structure and minimizing the weight of the geometry for efficient material use. 

i. Stiffness Maximization  
	 Maximizing the global stiffness of a structure, an objective of the suggested framework, is equivalent to 
minimizing its compliance. Defined as the sum of the strain energy of all its elements, the compliance of a structure 
is a measure of its overall flexibility or stiffness [8], [78] . 
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Figure 5.6 Pareto-front generated in the multi-objective optimization of the straight quadrilateral beam. 

	 As discussed in chapter 4 of the literature review, each optimization scenario in a multi-objective framework 
results in numerous “optimal solutions” rather than a singular solution as shown in figure 5.6. This renders the 
post-optimality analysis quite laborious and unproductive: extensive post-processing is required to organize and 
rank the solutions (figure 5.7). The post-optimality analysis required for a multi-objective optimization is a significant 
weakness of this approach. This significant amount of post-processing is antithetical to the research’s main 
objective, to encourage formal exploration in FRP. 
	 Formal exploration at the conception phase entails running multiple structural optimization for various geometric 
scenarios. If one solution requires substantial post-processing, a multi-objective optimization is counter-productive. 
Furthermore, once a structure verifies all the design criteria, obtaining the stiffest design is not necessarily 
advantageous. Minimizing the weight of the structure becomes a more relevant objective. In the next section, the 
proposed framework is explained. 

in Wallacei requires additional attention when compared to Octopus. The results of the multi-optimization approach 
are discussed in depth in appendix F1. 

Figure 5.7 Significant post-processing required to rank the “optimal” solutions on the Pareto Front. 
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2.3 Multi-Step Single Objective Optimization
A new optimization framework is configured. Moving away from a multiobjective optimization, combining both 
material and geometric variables in one-step renders any search space too large and complex. Rather, the new 
framework uses multiple steps of single-objective optimization. The suggested tool verifies the objective of the 
research: it prioritizes exploration of form and geometries while utilizing FRP’s advantageous properties. The 
resultant of the suggested multiple step framework is a single optimal structure. This allows to implement the tool 
on different geometric scenarios and explore the design space.  
Based on the available literature study and an empirical exploration of the available tools, 
the proposed design space is organized in two-levels:

-  - Level 1: using brute force algorithm (a deterministic and direct algorithm), the first level finds the laminate 
layup that maximizes the stiffness of the structure, using material properties as parameters. 
-  - Level 2: using a genetic algorithm (stochastic and direct algorithm), the second level generates the optimal 

cross sections using geometric parameters defining the section of the structure and its thickness.

	 This succession of the two levels (maximizing stiffness first and then minimizing weight) allows the optimization 
process to explore the largest part of the solution space. For a specific geometry, the maximization of the stiffness 
of the structure requires finding the optimal material properties. Differently stated, for a certain shape or design 
boundaries, the stiffness of a structure will always be greatest for the same material parameters regardless of its 
geometric parameters. This is based on empirical exploration of the available tools. In order to make the proposed 
framework most efficient, the first level optimization finds the material properties for a certain design boundary 
that maximize the stiffness. As such, the second level optimization becomes more efficient by only considering 
geometries with the stiffest material properties. 

3. The Proposed Framework
-  - 	 The first level of the optimization maximizes the stiffness through iterating through the optimal material 

properties. This step allows to capitalize on an important advantage of the FRP: its alterable material properties 
over a single structure. The total structure can be divided into multiple sub-spans to allow material properties to 
change for each sub-span.
-  - 	 The second level optimizes the weight through a genetic algorithm that considers geometric parameters. 

Shown in figure 5.8, the framework is organized as follows: 
1. Geometric and material parameters are defined. The geometry is generated in Rhinoceros using a 
parametric model coded in Grasshopper 3D A mesh is generated. 
2. Support conditions, load-cases, and load areas are specified. A structural analysis of the generated mesh 
is completed in Karamba 3D, a finite element plug-in of Grasshopper 3D
3. Design constraints are defined. 
For each design boundary, 
4. step 1 of the optimization is run once. The employed brute force algorithm iterates through the different 
material properties to maximize the stiffness of the structure. The material properties correspond to the 
different laminate layups. 
For each different scenario, 
5. step 2 of the optimization is run. The defined fitness function (weight of the structures) evaluates the 
quality of the solution; a penalty is defined if the design constraints are not verified. The lightest structure is 
found using a genetic algorithm. The chosen genetic algorithm is not scripted by the author but is a plug-in 
(Galapagos) to Grasshopper 3D taken from the available algorithms as described in table 4.2. 
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To better understand the developed structural optimization framework, the next section defines the important 
aspects of the proposed tool. Each notion is the illustrated using the case-study, the Wilhelminaberg Viewpoint. 

First, in order to implement the framework to any structure, the user must define the following:
1. Design boundary
2. Geometric parameters
3. Material parameters 
4. Load-cases and applied loads
5. Support conditions
6. Design constraints  

Then, the user must run the two-levels of the optimization: 
7. Stiffness optimization
8. Weight optimization

	 Figure 5.8 Proposed Optimization Framework.
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	 3.1 Design Boundary
	 The proposed framework requires first defining a general design boundary of the geometry. The design boundary 
refers to the bounding box of a specific design.  The different scenarios to be explored must be defined next. 
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        The initial geometry is taken from Ney and Partners. Focusing on the most critical part of the structure allows 
to restrict the scope of the project. The most critical part of the structure is defined as the longest unsupported span 
of the structure. It consists of the slanted ring of 106m and excludes the columns for now.
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Figure 5.9 Diagram of the Wilhelminaberg Viewpoint with hinged supports at the considered span. 
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3.2 Geometric Parameters 
	 Within the suggested framework, the geometry of a structure is set up in Rhinoceros 3D, a Computer Aided 
Design (CAD) software [79]. A generative algorithm is defined in Grasshopper: the structure is set up parametrically 
[80]. A model made of shell-like elements is generated in Grasshopper 3D with the defined geometric parameters of 
each scenario. The model is then connected to a finite element analysis that will allow to define the materials to be 
used, the load cases and corresponding applied loads, the design criteria, and evaluate the structural performance 
of the model. Karamba 3D, a plug-in for Grasshopper 3D, is used for structural analysis. At a preliminary stage of the 
design process, it is fully embedded in the parametric environment of Grasshopper 3D In turn, other plug-ins can be 
utilized for the optimization process keeping all the components in a singular interface.
The design variables concerning the geometry or shape of the structure are the continuous geometric parameters 
defining the shape. These can be the coordinates, key geometric points, width at critical sections and height. They are 
chosen from the initial geometry of the structure and are controlled by implementing an upper and lower constraints. 
The developed framework is intended to be used as a preliminary tool to explore different geometries for a structure 
in FRP. As such, choosing the parameters is an important task in achieving the goal of the optimization. Different 
geometric scenarios, each with their own set of parameters, are defined to encourage formal exploration in the 
preliminary stage.  Once the parameters of a scenario are decided, determining the upper and lower constraint of 
each variable are important to make sure the search space of the optimization framework is defined correctly. 

Case-Study: The Wilhelminaberg Viewpoint
	 Different scenarios are envisioned in order to explore different geometric forms for the case-study. These 
scenarios are defined relating to three aspects: the cross-section typology, the symmetry of the cross-section and 
span, and the cross section’s top flange (holding the deck). The combination of these three aspects result in eight 
different scenarios for this design problem, summarized in table 5.1. Each scenario’s design space is different 
resulting from each scenario’s different parameters and their different corresponding constraints.  Thus, the proposed 
optimization framework, steps 1 through 5, will run eight times. Once all the optimization iterations are run, eight 
optimal structures will be generated. Post-optimality analysis will evaluate the generated geometries in terms of 
their structural, computational, and production performance. Each scenario yields advantages in certain fields and 
disadvantages in others. For example, a symmetric design might lead to a significantly smaller computational energy 
and easier manufacturing. However, the structure’s weight might be considerably higher.  An asymmetric cantilevering 
design might be lighter than a symmetric fixed-width deck design. However, its manufacturing and detailing might be 
considerably more complex. Exploring multiple scenarios is thus essential in order to not limit the design possibility 
at the preliminary stage. Designers ultimately advise if any of the FRP structure should be studied further than a 
preliminary design.  
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i. Defined Scenarios
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Figure 5.10 Triangular versus Quadrilateral Sections.
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Figure 5.11 Symmetry in the shape and section of the structure.

-  - The symmetry of the cross-section and span distinguished between the symmetrical geometries (S) or 
asymmetrical geometries (A), both at the cross-section level as well as at the overall span as shown in figures 
5.11 and 5.12; 

Triangular
Section

Quadrilateral
Section

Symmetric 
Section

Asymmetric 
Section Fixed Deck

Cantilevering 
Deck

TSF x x x

TSC x x x

TAF x x x

TAC x x x

QSF x x x

QSC x x x

QAF x x x

QAC x x x

Table 5.1 Summary of the eight generated scenarios, each scenario is given a three-letter acronym. 

Each scenario is identified by a three letter acronym, relating to each of the three aspects.
-  - 	 The cross-section type distinguishes between triangular sections (T) or quadrilateral sections (Q), as 

shown in figure 5.10. 
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Figure 5.12 Asymmetry in the section of the structure.
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Figure 5.13 Fixed-width deck (2.8m) versus Cantilevering Sections. 

-  - The cross-section top flange distinguished between the cross sections with fixed-width deck (F) equal 
to 2.8m (value taken from the original design 2.8m) and cross sections that can present a cantilevering deck 
sections (C) as shown in figure 5.13. 
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ii. Geometry Generation
	 In the Wilhelminaberg viewpoint, the geometry for each scenario is generated using parameters defining the 
sections at the supports and middle section of the span. A continuous and smooth surface is generated using the 
loft function in Grasshopper 3D The process is visualized in figure 5.14. The parameters of scenario QSF are 
shown in figure 5.14. The parameters for the rest of the scenarios are shown in appendices G1 through G8. Once 
the variables of the optimization are decided, determining the upper and lower constraint of the variables is equally 
important. These bounds define the search space of the optimization framework. 

-  - For the height of the sections, the upper limit of the interval is derived from the original design of the 
Wilhelminaberg Viewpoint. The lower limits are set to 0. This creates large search spaces. It is however 
considered appropriate to make sure the algorithm explores all possible solutions within the design space. 
Increasing the lower limit might otherwise disregard viable and “fitter” solutions. 
-  - For the fixed deck options, a deck width is fixed at 2.8m, similarly to the original design. 
-  - The cantilevering deck option is an added design iteration. The width of the deck was limited by manufacturing 

possibilities. To avoid technical problems in the production of the beam, the minimum width of the cross-section 
is to be equal to at least one-third of the entire 2.8m deck allowing for a realistic connection between the 2.8m 
wide cantilevering deck and the beam. 
-  - The thickness of the cross-section is an important parameter. Its interval is defined between 5.0 and 10.0cm. 

The lower limit is empirically defined to avoid local buckling. The upper limit is defined at 10.0cm to avoid 
thick shell behavior. Below a thickness of t=10.0cm, material properties of FRP calculated with the classical 
lamination theory (CLT) are still valid. The thickness is constant for all walls of the cross-section and through 
the entire span. 
-  - The search space for each parameter consists of all values with one decimal between the upper and lower 

limit. 
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Depending on the chosen scenario, define the parameters of the sections at the supports and mid-section. 
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Figure 5.14 Geometry and mesh generation framework. 
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3.3 Material Parameters
	 Designing in FRP requires to consider certain parameters proper for FRP in particular. These are thickness 
of laminates, orientation, and stacking sequence. In order to not turn into a complex and non-linear problem, the 
framework proposes a simplified approach more fit for structural engineering applications as well as form exploration 
at the preliminary stage. Instead of iterating between all possible lamina orientation and stacking sequence (as in 
the Miki/Sugiyama and Burgeño/Wu studies), the suggested framework iterates in its first step between a series 
of established stacking sequences that utilize widely available angles such as 0°, ± 45°, and 90° (figure 5.15). As 
such, the adopted approach is more in line with the manufacturing of large free-form structures as well as level of 
required detailing at the laminate level. Once the composite material is chosen, the properties of different laminate 
layups are derived using the classical lamination theory as well as the rules of thumbs mentioned in chapter 2 of the 
literature review. 

AS4 IM6 IM7

Longitudinal Modulus (E1, GPa) 142 172 156
Transverse Modulus (E2, GPa) 10.3 10.0 10.8
Shear Modulus (G12, GPa) 7.2 6.2 6.0
Poisson’s Ratio (v12) 0.27 0.29 0.30
Longitudinal Tensile Strength (Xt, MPa) 2280 2760 2860
Longitudinal Compressive Strength (Xc, MPa) 1440 1540 1875
Transverse Tensile Strength (Yt, MPa) 57 50 49
Transverse Compressive Strength (Yc, MPa) 228 152 246
Shear Strength (S, MPa) 71 124 83

ii. Laminate Selection
	 IM6 is chosen: it has a Vf= 60%, appropriate for vacuum infusion production. Using this material, different 
laminate layup combinations are generated:  their properties are determined using CLT. As long as the thickness of 
the shell-like element is limited to 10.0cm, the properties remain true. For thick shells, the assumptions behind CLT 
no longer hold. This research uses an online available, based on CLT, to generate the properties of the different 
laminate layups [83] (figure 5.17); these properties can also be calculated manually using matrices of CLT. In 
this case-study, the considered laminate layup combinations are summarized in table 5.3 and the laminate layup 
sections are visualized in figure 5.16. The percentage of each lamina in any specific direction is at least 12.5% for 
manufacturing constraints. The calculation verifying the results are shown in appendices H1 and H2.
  

Laminate Layup Combinations
E1

(GPa)
E2

(GPa)
G12

(GPa)
v12 σ1

(MPa)
σ2

(MPa)
τ12

(MPa)

C1 0˚/62.5%;45˚/12.5%; 90˚/12.5%; -45˚/12.5% 118.7 40 15.6 0.3 1425 480 250
C2 0˚/12.5%; 45˚/12.5%; 90˚/62.5%; -45˚/12.5% 40 118.7 15.6 0.1 480 1425 250
C3 0˚/12.5%; 45˚/37.5%; 90˚/12.5%; -45˚/37.5% 47.7 47.7 35 0.5 572 572 560
C4 0˚/25%; 45˚/25%; 90˚/25%; -45˚/25% 65.9 65.9 25 0.3 791 791 400
C5 0˚/50.0%; 45˚/12.5%; 90˚/25.0%; -45˚/12.5% 100 60.4 15.6 0.2 1200 724 250
C6 0˚/25.0%; 45˚/12.5%; 90˚/50.0%; -45˚/12.5% 60.4 100 15.6 0.12 724 1200 250
C7 0˚/37.5%; 45˚/12.5%; 90˚/37.5%; -45˚/12.5% 80 80 15.6 0.15 960 960 250

Table 5.3 Properties of the different laminate layup combinations. 

Table 5.2 Composite Materials and their corresponding properties. Tabulated material properties for the materials options 
to conduct this research. AS4/APC2: carbon-PEEL; IM6/3501-6: carbon-epoxy; IM7/8552: carbon-epoxy [81], [82]. 

Case-Study: The Wilhelminaberg Viewpoint

i. Material Selection
	 The material for a specific laminate will be chosen for either low, medium, or high performance. Value for E11, E22, 
G12, G13, G23, and v12 are specified. Material options are the high performing carbon/epoxy options shown in table 5.2. 
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Figure 5.15 The considered laminate layups (0°, ± 45°, and 90°), widely available in structural applications. 

Figure 5.16 Sections of the different considered laminate layup combinations.

Figure 5.17 Screenshot from the online tool generating the [A], [B], [D] matrices for a laminate using CLT [83].
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3.4 Load-cases and Applied Loads
	 Choosing the appropriate load-cases and corresponding applied loads is an important step in any structural 
design. For certain structures, wind or earthquake loads might be critical load-cases and corresponding load-areas 
for their structural optimization. For other structures, applying the loads asymmetrically might be more critical. 
Obtaining an optimal design directly depends on the ability to formulate the most critical load cases and corresponding 
loads area. The optimization process however can be easily modified to include as many load cases as necessary 
such as wind or earthquake loads. 

Case-Study: The Wilhelminaberg Viewpoint

i. Load-Cases
	 For the preliminary design stage of the Wilhelminaberg Viewpoint, two load cases are taken into account during 
the optimization of the structure. They correspond to the ultimate limit state and serviceability limit state, deemed 
most critical for the structure. the two considered load cases are defined in table 5.4. They correspond to the loads 
classified as a class consequence CC3 structure. With DL referring to the dead load and LL to live load, the loads 
are taken similarly to the values adopted by Ney & partners to allow for a fair comparison in the post-processing of 
the results. 

ii. Applied Load-Areas
	 Defining the corresponding load areas is equally important. A study of all possible load-area combinations was 
conducted in order to find the most critical situation (figure 5.18). The most critical load-area was found for the load 
over the entire structure (appendix I1). 

ULS Load-case 1.3DL + 1.65LL
SLS Load-case 1.0DL+1.0LL

     Table 5.4 The chosen load-cases. 

-  - The live load on the rings is taken as LL= 2.5kN/m.2

-  - The dead load takes in consideration the weight of the FRP structure and the dead load of the deck. The 
weight of the structure in FRP is taken with a 15% contingency for connections and additional work. The 
calculation behind the dead weight is shown in table 5.5. 

Construction Material Weight kN/m2

Finishing Steps
(t=10cm)

Ultra-high strength con-
crete

2500 kg/m3 2.75
(10% contingency)

Finishing Coat
(t=8mm)

Polyurethane resin with 
infused carbon granules

2300 kg/m3 0.184

Added Surface Net filing 0.4 kN/m2 0.4
Deck Dead Weight 3.334

Handrail 0.5kN/m

Table 5.5 Dead weight of the deck. 

	 The Grasshopper 3D plug-in Karamba 3D is utilized to evaluate the structural performance during the 
optimization process through first and second order analysis. It allows to introduce loads and evaluate stresses, 
deflections, buckling load factors, and natural frequency [80], [84].
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Figure 5.18 The different load-areas tested to find the most critical load-area.

Figure 5.19 The dead load applied on the structure. 
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iii. Pre-Stressed Cables
	 The Wilhelminaberg Viewpoint presents a complex-structural system combining the rings (originally designed in 
steel) and pre-stressed cables (figure 5.5). The effect of the cables must be incorporated in the structural analysis. 
The cables contribute to the global stability of the structure. They must be modeled as such and cannot be simplified 
as simple forces. The considered span has about 46 cables (figure 5.20).

Figure 5.20 The arrangement of the cables of the considered span. 
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3.5 Design Constraints 
	 Multiple design criteria can be defined to verify the structural performance and structural safety of the generated 
geometry. These allow to limit the design space. They include performance criteria such as maximum stresses, 
deformation, buckling factors. 

Case-Study: The Wilhelminaberg Viewpoint
For the chosen case-study, the following are the adopted design criteria: 

1.	FRP stress criterion for laminae and laminate
2.	Deflection
3.	Buckling load-factor 

	 In order to accelerate the structural analysis of any particular solution and render any optimization more time-
efficient, it was sought to simplify the effect of the cables into a smaller amount of cables Significant experimentation 
took place in order to model the effect of the cables as close as possible to reality. The experimentation proved first 
the effect of the cables on the stability of a structure. A Grasshopper 3D code was developed to simplify the many 
cables over the considered span into a smaller number of cables with equivalent pre-stress loads. The smaller 
number of cables must be equivalent to the more complex situation of the Wilhelminaberg Viewpoint. Systems of 
forces are considered equivalent if they have the same magnitude and direction and produce the same moment 
about any point O.

In Grasshopper 3D, the stress in each cable is input manually, then the cables are divided in 7 groups and for 
each group a cable with an equivalent force and moment are generated (figure 5.21). This is done twice for both 
the ULS and SLS load cases. While this approximation saves time, it leads to some discrepancy between the real 
situation and the equivalent one. The division in 7 groups is not arbitrary. Grouping the cables in 7 cables was found 
to accurately model the effect of the cables over the considered span: an error less than 10% is found in both ULS 
and SLS. This allows to expedite the modeling process significantly (appendix I2).
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Figure 5.21 Simplification of the cables into 7 cables, in which an equivalent force and moment are generated. 



69

i. FRP stress criterion for laminae and laminate
	 Positioned as the new icon of the area and symbol of the region’s green efforts, the Wilhelminaberg Viewpoint 
is conceived as a structure that celebrates technology and innovation. It is classified as a class consequence CC3 
structure. With this status in mind, insuring the safety of the structure over its service life is of paramount importance. 
Referring to chapter 3 (sections 3.2 and 3.3), the first-ply failure criterion will be adopted as a conservative approach 
that safeguards the structure’s safety. 

	 The failure of a laminate according to this criterion follows the procedure [12], [85] based on the laid-out 
knowledge of in chapter 2:

-  - Determine the mechanical properties E11, E22, G12, v12 and v23 of each lamina. 
-  - Calculate the stiffness matrix for each lamina in the local coordinate system according to equations (1, 2a, 

2b, 2c). Transform the stiffness matrix of each lamina from the local to the global coordinate system according 
to equations (3, 4a, 4b). 
-  - Calculate the stiffness matrix  of the laminate according to (6a, 6b) and (7a, 7b, 7c).
-  - Calculate the stress state of each lamina under a specific load. Or note the stress state from a finite element 

program.
-  - Check the stress state against a selected failure criterion (the Tsai-Wu failure or maximum stress criterion) 

to see if any ply has reached the failure criterion. 
-  - The laminate is then evaluated whether it reached failure according to the defined first-ply criterion.

	 In this free-form design, the steps 1 through 4 allow to obtain the stress state of the laminate structure are 
accounted for the finite-element analysis. It is important however to check for the appropriate failure criterion for a 
lamina and laminate as done in steps 6 and 7. 

• 	 The Tsai-Wu Failure Criterion 
	 Referring to the discussion in chapter 3 (section 3.2), the Tsai-Wu criterion is adopted as it considers the 
interaction through a single equation that defines the failure state. It is formulated as follows:
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for the finite-element analysis. It is important however to check for the appropriate failure criterion for a lamina and laminate 
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Deflection of the generated structure is limited to L/350 where L is the span of L=106m.  
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force algorithm plug-in, Collibri, is used to iteration through all the possible combinations. Brute force is chosen over a 

genetic algorithm. Simple measures can be defined to limit the search space, rendering brute force algorithm possible 

and more efficient than genetic algorithms. Genetic algorithms are not beneficial to employ to find the optimal structure 

especially considering some of the disadvantages of genetic algorithm such as its slowness to converge and the required 

testing and repetition to avoid pre-mature convergence.  

After iterating through the kn laminate options, the data must be analyzed to choose the combination of laminate option 

that results in the stiffest structure.   
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3.6 Stiffness Optimization
	 The first level of the optimization maximizes the stiffness through iterating through the optimal material 
parameters. As stated, this steps allows to capitalize on an important advantage of the FRP: its alterable material 
properties over a single span. The total structure can be divided into sub-spans to allow material properties to 
change for each sub-span. Modifying the laminate layup allows to increase the torsional and bending stiffness. 
	 Dividing the structure in n number of spans increases substantially the number of possible laminate layup 
combination. For the first level optimization, each of the n sub-span can adopt one of the k laminate layups. 
This results in kn possible laminate layup combinations. The first level optimization is run once for each design 
boundary (bounding box of the structure) iterating through all kn laminate options for a geometry is thus reasonable. 
Each laminate lay-up is defined by their derived mechanical properties as shown in table 5.3. All the different 
combinations of laminate layup must then be defined using parametric tools in Grasshopper. A brute-force algorithm 
plug-in, Colibri, is used to iteration through all the possible combinations [87]. Brute force is chosen over a genetic 
algorithm. Simple measures can be defined to limit the search space, rendering brute force algorithm possible and 
more efficient than genetic algorithms. Genetic algorithms are not beneficial to employ to find the optimal structure 
especially considering some of the disadvantages of genetic algorithm such as its slowness to converge and the 
required testing and repetition to avoid pre-mature convergence as shown in table 4.1.  
In iterating through the kn laminate options, the data must be recorded and the analyzed to choose the combination 
of laminate layup that results in the stiffest structure, as shown in figure 5.22. 
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Figure 5.22 Schematic representation of the level 1 stiffness optimization. 

	 Limiting kn from become too large of a number, both components k and n should be constrained: 
-  - Since the proposed framework is interested in formal exploration in the conception phase, the number of 

divisions n of sub spans can be restricted in the early stages. At later stages of the design when a specific 
scenario is chosen to focus on, the structure can then be divided in multiple sub-spans. 
-  - As mentioned in material parameters, numerous laminate layup combination can be considered. It is 

worthwhile limiting the number of laminate layup options to the ones that provide extreme values for E1, E2 and 
G12 should be considered. 

	 Special attention should be given to modeling orthotropic material. In Grasshopper 3D, modeling an orthotropic 
material requires defining the longitudinal (x) and through-thickness direction (z). This is particularly important 
in curved structures in which the longitudinal direction is constantly changing. Realistically, the laminate fiber 
angle cannot continuously change over a specific span; the coordinate system needs to be simplified to take in 
consideration manufacturing constraints. 
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Figure 5.23 (left) Division of the 106m span into 5 sub-spans (right) Division of the 106m in 10 sub-spans for 
future improvement in the design. 

	 In order to limit the number of possible laminate layup combinations, the number of laminate layups for each 
span (k) is limited: the laminate layup options that provide extreme values for E1, E2 and G12 are considered. The 
chosen options are summarized in table 5.6.

support foundation2 rings resting 
on each other

0

500

1000

1500

2000

2500

3000

0 100 200 300 400 500 600

W
EI

G
HT

 (k
N)

STRAIN ENERGY (kNm)

span L=106m

span L=106m

Wilhelminaberg 
Viewpoint

+ =

Initial simplification
(arrows indicate cable and not only
force, with same direction as the first 
part of the cables in the original structure) 

front view back view

PE
R

FO
R

M
AN

C
E

STRAIN 
ENERGY

GRAVITY
FORCE

hi
gh

lo
w

C1 C2 C3 C4

#5 #6 #7

1. 2. 3. 4. 5. 1. 2. 3. 4. 5. 6. 7. 8. 9. 10.

1. 2. 3. 4. 5.

 + 0 °
 + 0 °
 + 0 °
 + 0 °
 + 0 °

 + 45 °
+ 90 °
- 45 °

 + 0 °
 + 45 °
 + 45 °
 + 45 °
 + 90 °
 - 45 °
 - 45 °
- 45 °

 + 0 °
 + 45 °
 + 90 °
 + 90 °
 + 90 °
 + 90 °
+ 90 °
- 45 °

 + 0 °
 + 0 °

 + 45 °
 + 90 °
 + 90 °
 + 90 °
 + 90 °
- 45 °

 + 0 °
 + 0 °
 + 0 °

 + 45 °
 + 90 °
+ 90 °
+ 90 °
- 45 °

 + 0 °
 + 0 °
 + 0 °
 + 0 °

 + 45 °
 + 90 °
+ 90 °
- 45 °

 + 0 °
 + 0 °
 + 0 °
 + 0 °
 + 0 °

 + 45 °
+ 90 °
- 45 °

 + 0 °
 + 45 °
 + 45 °
 + 45 °
 + 90 °
 - 45 °
 - 45 °
- 45 °

 + 0 °
 + 45 °
 + 90 °
 + 90 °
 + 90 °
 + 90 °
+ 90 °
- 45 °

 + 0 °
 + 0 °

 + 45 °
 + 90 °
 + 90 °
 + 90 °
 + 90 °
- 45 °

 + 0 °
 + 0 °
 + 0 °

 + 45 °
 + 90 °
+ 90 °
+ 90 °
- 45 °

 + 0 °
 + 0 °
 + 0 °
 + 0 °

 + 45 °
 + 90 °
+ 90 °
- 45 °

70 meters

106 meters

106 meters

106 meters

70 meters

 + 0 °
 + 0 °

 + 45 °
 + 45 °
 + 90 °
 + 90 °
 - 45 °
- 45 °

 + 0 °
 + 0 °

 + 45 °
 + 45 °
 + 90 °
 + 90 °
 - 45 °
- 45 °

Rhinoceros Interface

3. GEOMETRIC GENERATION
4. MESH GENERATION

I. PARAMETRIC MODEL

OPTIMAL GEOMETRY

RANKING MATRIX
- sustainability
- natural frequency 
- amounts of joinery
- buckling factor
- aesthetics

etc. 

Parameter Input defining the depth 
at the supports and the mid-section 

G
EN

ES

2. GEOMETRIC PARAMETERS
- at supports.
- at mid-section.
- thickness.

1. SPECIFIC SCENARIO
- triangular or quadrilateral section.
- symmetric or asymmetric section.
- cantilevering or non-cantilevering deck.

III. MATERIAL CHOICE OPTIMIZATION MAXIMIZING STIFFNESS
- Defining the orthotropic material & properties.
- Defining all possible layup laminates. 
- Using brute-force, iterating through all possible 
laminate lay-up combinations. 

COLIBRI 2.0 // Brute-force plug-in

IV. GEOMETRY OPTIMIZATION MINIMIZING WEIGHT
- Genes are the geometry parameters
- Fitness function: Weight
- Penalty if not all design constraints are met. 

GALAPAGOS // GA plug-in

V. VERIFYING GLOBAL OPTIMUM VERIFYING OPTIMUM
- Inputting the converged design as starting point
- Running a local optimization algorithm 
 

GOAT // Algorithm plug-in

DEFINING:II. STRUCTURAL ANALYSIS
- supports.
- loadcases and applied loads.
- cable pre-stress.
- design constraints.

KARAMBA 3D // FEA plug-in

GRASSHOPPER // parametric modeling

fS1=

fM=

fS1=fS1=

fS1=

fM=

fS1=fS1=

Parameter Input defining the thickness 
of each membrane of the structure. 

Fitness Value of the GA
If one of the design constraints is not 

verified, a penalty is applied.

k Laminate 
Lay-up Options

k = 4

kn  possible laminate 
lay-up combinations

over the 5 sub-spans.
The structure is divided in n sub-spans. 

n = 5

+

Colibri plug-in iterates 
through the kn combinations

recording strain-energy,
deflection, buckling factor, etc.

ANALYSIS
(ranking the kn combinations to 
find the stiffest laminate lay-up 

option). 

1

2

3

4 5

1

2

3

4 5

Section  
at support 1

Section  
at support 2symmetry 

axis
symmetry 

axis

symmetry 
axis

symmetry 
axis

Section Symmetry Shape Symmetry 

Section  
at support 1

Section  
at support 2

Section Asymmetry  Shape Asymmetry 

Quadrilateral SectionTriangular Section

Quadrilateral SectionTriangular Section

Curved StructureStraight Structure

At the given section, an asymmetric section is produced by shifting 
the bottom corner for a triangular section or the mid-point for a 
quadrilateral section by a factor f.

Cantilever Deck Fixed-width Deck

Division in 10 sub-spansDivision in 5 sub-spans

#1 #2 #3 #4

#5 #6 #7 #8

#9 #10 #11 #12

#13 #14 #15 #16

#17 #18 #19 #20

#25 #26 #27 #28

#21 #22 #23 #24

#29 #30 #31 #32

connection (a) 
between the walls of the cross-section

connection (b) 
between the sub-spans

connection (c) 
between the cross-section 

and cantilevering deck 

106 m 106 m

Y S

A

B

C

D

At the support S1, fS1  =B/A 

At the support S2, fS1  =E/F 

At mid-span M,fM =D/C

E

F

A

B

C

D

E

F

symmetry = same section

asymmetry = different sections

-1 -0.5 0 0.5 1-1 -0.5 0 0.5 1

-1 -0.5 0 0.5 1

-1 -0.5 0 0.5 1

-1 -0.5 0 0.5 1-1 -0.5 0 0.5 1

-1 -0.5 0 0.5 1

-1 -0.5 0 0.5 1

2.8m 2.8m 2.8m 2.8m2.8m 2.8m

Feq
Meq Feq

Meq

xy
z

xy
z

xy
z

xy
z

xy
z

xy
z

steel rings

network 
of steel cables

supports 

non structural 
cladding (mesh)

PARETO FRONT

+ 0 °
+ 0 °
+ 0 °
+ 0 °
+ 0 °

+ 45 °
+ 90 °
- 45 °

+ 0 °
+ 45 °
+ 90 °
+ 90 °
+ 90 °
+ 90 °
+ 90 °
-  45 °

+ 0 °
+ 45 °
+ 45 °
+ 45 °
+ 90 °
- 45 °
- 45 °
- 45 °

+ 0 °
+ 0 °

+ 45 °
+ 45 °
+ 90 °
+ 90 °
- 45 °
- 45 °

+ 0 °
+ 0 °
+ 0 °
+ 0 °

+ 45 °
+ 90 °
+ 90 °
- 45 °

+ 0 °
+ 0 °

+ 45 °
+ 90 °
+ 90 °
+ 90 °
+ 90 °
- 45 °

+ 0 °
+ 0 °
+ 0 °

+ 45 °
+ 90 °
+ 90 °
+ 90 °
- 45 °

C1 C2 C3 C4

+ 0 ° + 90 ° + 45 ° - 45 °

C5 C6 C7

xy

z

Wilhelminaberg 
Viewpoint

	 For the first level optimization, each sub-span can adopt 1 of 4 layups. The structure is divided in 5 sub-spans, 
this lends to 45=1024 possible combinations. Finding the optimal layup combination is done through brute-force, 
iterating through all of the possible combinations. After iterating through the kn  laminate options, the data is analyzed 
to choose combination of laminate option that results in the stiffest structure (minimal strain energy and minimal 
deflection). For a certain design boundary, the stiffness of the structure is always maximal with the same laminate 
layup combination over the five sub-spans. This was an empirical observation of the suggested framework.

Case-Study: The Wilhelminaberg Viewpoint

i. Modeling the Orthotropic Material in Grasshopper 3D and Karamba 3D 
In order to highlight the alterable properties of FRP, it is advisable to divide the structure into multiple sub-

spans. The structure is divided in a series of smaller spans. In this case, the 106m structure is divide into n=5 parts 
of approximately 20 meters, the maximum span that fits in a transportation truck. In the case of the Wilhelminaberg 
Viewpoint, 5 is deemed as an appropriate simplification. Increasing the number of division will significantly increase 
the number of required iterations to find the stiffest structure by brute force. Investigations at a later stage can take 
in consideration manufacturing and productions constraints in dictating the size of each sub-span. 
	 The orthotropic material is defined in Grasshopper 3D and Karamba 3D. This required defining the local axis 
of the material and inputting the correct properties. For each sub-span, the direction of the fibre is simplified for the 
entire sub-span as the direction of the center point as shown in figure 5.23.   

Laminate Layup Combinations E1
(GPa)

E2
(GPa)

G12
(GPa) v12

σ1
(MPa)

σ2
(MPa)

τ12
(MPa)

C1 0˚/62.5%;45˚/12.5%; 90˚/12.5%; -45˚/12.5% 118.7 40 15.6 0.3 1425 480 250
C2 0˚/12.5%; 45˚/12.5%; 90˚/62.5%; -45˚/12.5% 40 118.7 15.6 0.1 480 1425 250
C3 0˚/12.5%; 45˚/37.5%; 90˚/12.5%; -45˚/37.5% 47.7 47.7 35 0.5 572 572 560
C4 0˚/25%; 45˚/25%; 90˚/25%; -45˚/25% 65.9 65.9 25 0.3 791 791 400

Table 5.6 Properties of the chosen laminate layup combinations with the extreme values for E1, E2 and G12. 



72

3.7. Weight Optimization
	 Following the stiffness optimization, the stiffest laminate option that results. For each design boundary, the 
laminate layup combination that results in the stiffest structure is set. The designer can start the weight optimization. 
This consists of finding the lightest structure using a genetic algorithm plugin: a lighter structure generally translates 
in less energy expended during transportation and installation. 

I. Fitness Function and Penalty
	 The fitness computation step is the interface between the genetic algorithm and the optimization process [68]. It 
is however a fundamental step in an evolutionary design: a fitness function measures the quality, or “fitness” in the 
solution space. As such, the fitness function is simple or complex depending on the optimization problem at hand.  
Most approaches aim to minimize or maximize a certain criterion.  The fitness function in this proposed framework 
is the weight of the resultant structure. 
	 One must however account for the applied constraints of any optimization process. These reduce significantly 
the solution space of a structure. Constraints make any optimization problem harder to solve: they modify fitness 
landscapes and can lead to unstable typologies (figure 5.24). Such constraint can be incorporated in the genetic 
algorithms through different strategies: constrain functions, death penalty, penalty functions, repair approaches, 
or decoder functions. A more detailed discussion of each method can be found in Kramer’s Genetic Algorithm 
Essentials (chapter 5)  [68]. This research focuses on penalty functions. Among the different strategies to handle 
constraint, penalty functions are the easiest to implement and to control. They decrease the fitness of unfeasible 
solutions. A choice of the penalty function depends on the specific problem. 

Figure 5.24 (left) Phase space and their corresponding fitness landscapes. 
(right) Common fitness landscapes. [88]

 	 A typical penalty function penalizes the fitness value of a solution through a penalty factor whose magnitude 
is proportional to the constraint violation. In the proposed framework, a structure is generated and analyzed in the 
finite element plug-in (Karamba 3D). With the fitness value being the weight of the structure, If the structure doesn’t 
verify all of the design constraints, its structural performance is unsatisfactory. A penalty must thus be included in the 
outputted objective to be optimized, here the weight of the structure. However, the proposed framework presents a 
binary situation: a structure can either verify all the constraints or not. In other words, it is unimportant if a structural 
almost verifies the constraint. As such, a penalty of 5000 kN is given for the weight of structures that do not verify 
all constraints. In the post-processing of the results, the solutions with the 5000 kN penalty can be disregarded. It 
is worth mentioning that the penalty can be altered easily by the user to reflect a different set of priorities and pre-
requisites. 
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ii. GA Algorithm: Galapagos
	 In order to run the second level optimization and find the lightest geometry, a genetic algorithm is run using a 
Grasshopper 3D plug-in: Galapagos. The choice of the plug-in is motivated by the comparison laid out in table 4.2.  
In the following, Galapagos’ settings are discussed. 
	 The geometry of the structure is generated through a parametric code in Grasshopper 3D This research’s 
framework uses a genetic algorithm to optimize the geometry. Multiple Grasshopper 3D plug-ins are available for 
designers to choose from: Galapagos, Octopus, and Wallacei. Factors affecting the choice of a genetic algorithm 
plug-in are primarily (1) whether it is a single or multiple objectives optimization and (2) whether the framework is 
intended to find a global or local optima. 
	 The developed framework employs Galapagos evolutionary solver. The Grasshopper 3D plug-in is deemed fit 
for a single-objective optimization searching for a global optimum. As shown in figure 5.25, the required inputs for 
Galapagos are:

-  - Genes defining the geometry generated. In this framework, the genes are the geometric parameters defining 
the sections.
-  - The fitness value evaluating the quality of the generated geometry. 
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Figure 5.25 Screenshot of the Grasshopper 3D code showing the GA algorithm, Galapagos. The genome is the set of 
variables defining the geometry. The fitness value is the weight of the corresponding structure (with penalty if required).

  

a structure can either verify all the constraints or not. In other words, it is unimportant if a structural almost verifies the 

constraint. As such, a penalty of 5000 kN is given for the weight of structures that do not verify all constraints. In the post-

processing of the results, the solutions with the 5000 kN penalty can be disregarded. It is worth mentioning that the penalty 

can be altered easily by the user to reflect a different set of priorities and pre-requisites. op 
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GA algorithm: Galapagos 

In order to run the second level optimization and find the lightest geometry, a genetic algorithm is run using a 

grasshopper plug-in: Galapagos. In the following, Galapagos’ settings and limitation are discussed.  

(1) Galapagos settings 

The geometry of the structure is generated through a parametric code in Grasshopper. This research’s framework uses 

a genetic algorithm to optimize the geometry. Multiple Grasshopper plug-ins are available for designers to choose from: 

Galapagos, Octopus, and Wallacei. Factors affecting the choice of a genetic algorithm plug-in are primarily (1) whether it 

is a single or multiple objectives optimization and (2) whether the framework is intended to find a global or local optima.  

The developed framework employs Galapagos evolutionary solver. The Grasshopper plug-in is deemed fit for a single-

objective optimization searching for a global optimum. The required inputs for Galapagos are: 

- Genes defining the geometry generated. In this framework, the genes are the geometric parameters 
defining the sections.  

- The fitness value evaluating the quality of the generated geometry.  

 
Figure 5.21 Screenshot of the Grasshopper code showing the GA algorithm, Galapagos. The genome is the set of 
variables defining the geometry. The fitness value is the weight of the corresponding structure (with penalty if required). 
 

Further information must be provided for the interface before the genetic algorithm can run. These include: 

- Generic information:  
o Minimizing or maximizing the fitness value.  

o Enabling or not run-time limitations and a corresponding maximum duration.  

Further information must be provided for the interface before the genetic algorithm can run (figure 5.26). These 
include:

-  - Generic information: 
• 	 Minimizing or maximizing the fitness value. 
• 	 Enabling or not run-time limitations and a corresponding maximum duration. 

-  - Evolutionary information set-up:
• 	 Population: the number of individual that form a population.
• 	 The initial boost: the multiplication factor of the first generation.
• 	 The maximum stagnant limit: the required number of consecutive generations without finding an improved 
solution before which the genetic solver terminates. The maximum stagnant limit is the stopping criteria of the 
genetic algorithm. 
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• 	 The maintain percentage: percentage of solutions of a generation that can be transferred to the next 
generation).
• 	 The inbreeding percentage: a value of -100% is used for fully zoophilic and the value of 100% for fully 
incestuous.

The default values of these input settings according to the Galapagos developers are summarized in figure 5.26. 
The input settings used in this research’s framework are also shown in figure 5.26.   

Figure 5.26 (left) Default Galapagos Settings. (right) Modified Default Settings. 

	 They correspond in most cases to the default setting with two differences: the population size was set to 100 and 
the maximum stagnant limit to 30 generations. These changes allow the genetic algorithm to cover a larger part of 
the solution space. They were dictated by an empirical testing of the tool. 

-  - A generation size of 100 individuals is driven by the need to increase population size to better capture the 
solution space. With many unfeasible solutions, a significant fraction of the solutions of a generation have a 
penalty. 
-  - The maximum stagnant limit was decreased from 50 to 30. In testing the genetic algorithm in this framework, 

the largest interval of consecutive generations before an improved solution is generated is 21. Additionally, the 
number of solutions in one generation was doubled, from 50 to 100. A value of 30 was thus deemed conservative 
enough for the maximum stagnant limit. 

	 If this proposed framework is to be adopted for another problem (different general shape), the input settings 
of Galapagos can and should be modified accordingly. Consequently, this requires some initial testing of the tool. 
Otherwise, using the default settings (or more conservative) settings is considered appropriate.
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4. Limitations

4.1 Genetic Algorithm Limitations
	 As elaborated in chapter 4, genetic algorithms have limitations and disadvantages. Genetic algorithms are 
characteristically slower than other optimization tools. This is true for Galapagos, and especially in our framework 
where the search space is very large and complex. There is theoretically not a guarantee that the reached design 
is a global optimum. There are multiple approaches to deal with this drawback of genetic algorithms. 

-  - A first approach is to repeat the genetic algorithm multiple times, without limiting the run-time of each GA. 
-  - A second approach is to use the GA for a global optimum. A local optimization can then be implemented 

with the reached solution as a starting point. This approaches allows to conclude whether the optimum of the 
GA can be confidently considered the fittest possible solution [89]. 

	 In our developed framework, a significant amount of testing was run to verify that the converged design 
corresponds to a global optimum. The first approach was implemented in the early stages of tool development. The 
same second level optimization was run for the TSF scenario from 5 different starting points. Repeatedly, the GA 
converged on the same optimal geometry (figure 5.27).
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Figure 5.27 Convergence of GA on the same optimal solution, initiated from 5 different starting points. 

	 The second approach was also implemented. The plug-in GOAT was used as a second level local optimization. 
In all cases, the solution found in the GA was confirmed to be the fittest possible solutions [90]. 
	 Furthermore, the converged design can be confidently considered the fittest possible solution as the stopping 
condition in the GA was not defined in-term of run-time but population convergence. However, it is worth repeating 
that concluding that a solution is a global optimum can only be guaranteed or verified by brute force algorithms. In 
the complex and very large spaces defined by geometric parameters, brute force algorithms would be very time 
consuming. For example, the smallest search space defined for the Wilhelminaberg Viewpoint would require about 
352 years of constant computing to go through all possible solutions using brute force algorithms with only 30 
seconds for each solution. 
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4.2 Generative Modeling

i. On Mesh Size 
	 Mesh size is an important aspect of finite element analysis. Defining the mesh density of an analysis is thus a 
compromise between accuracy of results and computational time. Bigger mesh elements lead to results with large 
errors while smaller elements increase significantly the computational time. Furthermore, it is hard to predict where 
exactly a chosen mesh size is on that scale but it can be estimated. Running a mesh density analysis is thus central 
to determine the mesh size and obtain accurate enough results with an acceptable computational time [86], [91] .
A mesh density analysis requires to perform a chosen analysis multiple times for different mesh sizes. The data of 
each should be recorded: number of elements, number of nodes, the computation time, the outcome (deflection, 
buckling factor, etc.) of the model. A similar mesh analysis, as related in appendix K1, was run to determine the 
mesh size of this framework.  A size of 0.5m was chosen. 

ii. On Mesh Type
	 There exists two different type of 2D meshes: triangular and quadrilateral, each with benefits and limitations. 
Triangular elements (either TRI3 or TRI6) may behave too rigidly due to the fact that they are triangles with TRI6 
behaving better than TRI3 meshes. Quadrilateral elements (either QUAD4 or QUAD8) are decent but can become 
computationally heavy, especially with QUAD6 [86]  [92].  
	 The FEA plug-in used in Karamba 3D is TRI3. This is a limitation to the proposed optimization framework. The 
framework however remains valid. It can be easily modified using other Grasshopper 3D plug-ins or other FEA 
processors. Furthermore, the limitation is accepted as the research pertains to preliminary design and will need to 
be verified with multiple FEA software in its next advanced stages. 
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5. Conclusion

The chapter aims to answer the following sub questions:
-  - What is the context of the chosen case-study? Why was it adopted?
-  - What were the steps in the development of this tool?
-  - What are the objectives, design criteria, constraints of this optimization? 
-  - What are the limitations and restrictions of the suggested framework?

	 This chapter provides an in-depth description of the case-study, the Wilhelminaberg Viewpoint, and its general 
context, as part of the IBA Parkstad initiative. Launched in 2013, the IBA Parkstad sets out to transform the former 
mining region and stimulate its economy. Since the mines’ closure in 1969, the area has suffered significantly with 
high unemployment and human capital flight despite the government’s van zwart naar groen efforts (from black to 
green) to revitalize the area. Among the proposed projects, the Wilhelminaberg Viewpoint is a landmark to mark, 
both physically and metaphorically, the orientation of the area recovering from its industrial past. Ney and Partners 
create an iconic landmark atop the mountain, one that celebrates innovation of form and technology. The case-
study will allow to critically assess the characteristics that render FRP a promising construction material: long-
durability properties, tailorable mechanical properties, customizable production for free-form design, and a light 
weight design. 
	 Extending the literature review established in previous chapters, a new framework is established for FRP 
optimization. The developed framework encourages exploration of forms at the preliminary stage of the design 
process. This chapter examines the important steps of this framework’s development, highlighting the important 
choice of the objectives. A critical step in the development of the suggested framework is simplifying a multiobjective 
optimization to a multiple-step single objective optimization. This allows the user to get one optimal solution for each 
optimization rather than multiple Pareto-optimal solutions with the multi-objective optimization. 
	 The chapter then defines the important aspects of the optimization framework: geometry generation, finite-
element analysis, geometric parameters, material parameters, design criteria, load-cases, applied loads, and used 
plug-ins. After implementing the proposed framework to the case-study, the chapter concludes with a discussion on 
the limitations of the framework, and how they were addressed. 
	 The following chapter presents the results of the optimization. After running the optimization for the eight 
proposed scenarios, a post-optimality discussion is elaborated to evaluate the different generated structures.
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Chapter 5 introduced in detail the case-study of this research (the Wilhelminaberg Viewpoint) 
and its general context. The development steps of the proposed optimization framework are 
then laid out and applied to the case- study. Different scenarios are suggested to encourage 
formal exploration at the preliminary stage. 
This chapter presents the results of the optimization study and evaluates their performance in 
the post-optimality study. 

1. Results 
The eight different geometries generated for the eight different proposed scenarios of the 
case-study are presented. These geometries are the lightest structures generated within 
their corresponding parameters. 
2. Post-Optimality Study 
The post-optimality study evaluates the generated geometries from different perspectives: 
computational efficiency, material efficiency, and production efficiency. This allows to 
discuss the structures according to different criteria to eventually decide on an optimal 
design. 
The chapter concludes on a single structure, considered the best at meeting the ideals of 
an integrated design [65]. It also concludes on the feasibility of such a structure and the 
line of work that must follow this research. 

CHAPTER 6
RESULTS AND POST-OPTIMALITY ANALYSIS

III. RESULTS AND POST-OPTIMALITY ANALYSIS
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1. Results

1.1 Level 1 of the Optimization: Maximizing Stiffness
	 With the parametric model set up in Grasshopper 3D and the structural analysis set-up in Karamba-3D, the first 
step of the optimization is run. In order to highlight the alterable properties of FRP, the structure is divided in 5 sub-
spans as shown in figure 6.1 The first step of the optimization consists in finding the optimal laminate layup for each 
sub-span. In other words, the first step of the optimization finds the combination of optimal laminate layups for the 
sub-spans, in order to maximize the stiffness of the overall structure. 
	 The four considered laminate layups are presented in figure 6.2; this leads to 45=1024 possible combinations 
over the 5 sub-spans of each geometry. As discussed in the chapter 5, initial exploration of the available tools 
revealed that for a specific overall shape (boundaries of the design), the stiffness of the structure is always greatest 
for the same combination of laminate layups. Otherwise stated, no matter the considered cross-section, the stiffness 
of the structure is always maximal with the same laminate layup combination. This was an empirical observation of 
the suggested framework. 
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Figure 6.1 Division of the structure in 5 sub-spans.

Figure 6.2	  (top) The four considerate laminate. (bottom) The four considered laminate layup combination 
in this structural optimization framework. 
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Numerous geometries were generated at random. Then, through prescribing properties to each of the sub spans, 
the 1024 combination of layup-laminations were tested for each geometry. For each combination, the strain energy 
value is recorded to allow for comparison of structure’s stiffness. This test was run more than 25 times with more 
than 25,000 generated geometries. The different layup combinations are ranked according to their strain energy 
allowing to evaluate their stiffness. 

The following observation can be made across geometries:
-  - The order of laminate layup combinations from highest stiffness to lowest stiffness is consistently similar 

across all generated geometries. While there are always variations in the exact ranking order of the laminate 
layup combination. In comparing the 100 stiffest laminate layup combination for each geometry, 90 of the 100 
laminate layup combinations reappear for each generated geometry. 

-  - In ranking the 1024 possible laminate layup combination. The top three performing laminate layup 
combinations are repeatedly the same, as shown in figure 6.3. 

-  - The stiffest solution is significantly stiffer than the worst performing structure (in terms of strain energy and 
deflection). As shown in figure 6.4, the strain energy of the stiffest layup combination is, on average, 1.2 smaller 
than the strain energy of the least stiff combination or a relative decrease of 23%. Similarly, the deflection of the 
stiffest layup combination is, on average, about 2.1 smaller than the deflection of the least stiff combination or 
a relative decrease of 69%. 
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Figure 6.3 The three laminate layup combination generating consistently the stiffest structures.
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Figure 6.4 Comparison of the strain energy and deflection of the best performing (stiffest) and worst performing 
(least stiff) laminate layup. Each dot is for a diffrent geometry. 
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In step 2 of the optimization, the structure is given the layup combination with the stiffest properties (rank 1), as 
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Figure 6.5 The laminate layup combination used in step 2 of the optimization framework.
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1.2 Level 2 of the Optimization: Minimizing Weight
	 Once the material properties of the structure are determined, the second step of the optimization framework is 
run: minimizing the weight. 
	 For each scenario, a genetic algorithm is run to optimize the weight of the structure. The recorded data is then 
processed to remove non-viable solutions (with a penalty) as they do not verify the design constraints. The clean 
data is transferred to spreadsheets using the Google drive plug-in Leafcutter. The processed data is then analyzed 
to visualize the genetic algorithm. For each scenario, the following graphs are produced:

-  - A graph of the fitness function convergence in function of generations: for each generation, the 
average, minimum value, maximum value, and standard deviation of the fitness function values are computed. 
This graph allows to visualize the convergence of the genetic algorithm on the fittest solution through all the 
generations of solutions. 
-  - A graph of the fitness function convergence in function of individual solutions: only viable solutions 

(with no penalty) are considered. This graph allows to visualize the convergence of the genetic algorithm on the 
fittest solution through all the generated (viable) solutions. 
-  - A parallel coordinate plot of the genomes for the top 10 lightest generated geometries. 

For the eight scenarios discussed in chapter 5, the generated geometries in step 2 of the optimization are verified 
to be the fittest possible with the local optimization plug-in GOAT. The generated geometries and the three graphs 
are presented in the next pages hereinafter. 
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i. Triangular Symmetric Fixed-width Deck (TSF)
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ii. Triangular Symmetric Cantilevering Deck (TSC) 
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iii. Triangular Asymmetric Fixed-width Deck (TAF)
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iv. Triangular Asymmetric Cantilevering Deck (TAC)
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v. Quadrilateral Symmetric Fixed-width Deck (QSF)
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vi. Quadrilateral Symmetric Cantilevering Deck (QSC) 
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vii Quadrilateral Asymmetric Fixed-width Deck (QAF)
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viii. Quadrilateral Asymmetric Cantilevering Deck (QAC)
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2. Post-optimality Study

Two main objectives motivated the start of this research:
-  - Encouraging formal exploration in FRP through a framework that capitalizes on the possibilities and 

ambitions of FRP.
-  - Drawing a contrast between what is structurally feasible and realistically buildable.  

	 Developing the optimization framework achieved the first objective. The comparative framework must thus 
address the feasibility of the generated FRP structures. In the next section, we propose multiple frameworks 
to evaluate the different generated geometries. Developing comparative criteria is by no means an easy task. 
Quantifying the performance of a structure is a challenging task especially when it comes to themes like efficiency, 
manufacturing, or aesthetics. Developing each criterion can be the topic of a research of its own. 
	 In The Tower and the Bridge, Billington popularized the term “structural art” as the integration of efficiency, 
economy, and elegance in any construction [93]. Today, the terms “structural art” invites to be reinterpreted to reflect 
contemporary challenges. As addressed in the introduction to this research, the urgent and eminent challenge for 
the world, in general, and the construction industry in particular, is sustainability. If the gravity of this threat is truly 
understood, the framework of assessing structures must be modified to reflect these new incentives. Efficiency 
can no longer only mean minimal materials and economy can no longer mean minimal costs. Sustainability must 
become an important pillar of evaluating any design. As such, three main avenues of comparisons are identified 
to evaluate the sustainability of a design. In no particular order of importance or impact, the three criteria are: (1) 
computational efficiency, (2) material efficiency, and (3) production efficiency. In fact, the three criteria are defined 
in relation to the phases of a construction: efficient geometry generation (criteria 1), minimal resource use for a 
structurally sound performance (criteria 2), and low environmental impact through its manufacturing and execution. 
	 In the following, the framework and results of each comparative criterion are elaborated before making a value 
and holistic judgment on a single efficient solution. 
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2.1 Computational Efficiency

i. Framework
	 Computational efficiency refers to the minimum computational power or energy required to run an analysis. It is 
an interesting criterion to compare as it allows to minimize the energy costs and running time associated with long 
computational algorithms. Even though the computational energy has already been spent running these genetic 
algorithms, the form exploration is not complete. As a design in the preliminary phase is constantly changing, it is 
considered productive to focus down on specific scenarios. In deciding which scenarios should be explored further, 
an important criterion becomes the running time associated with the corresponding GA. 
	 Computational efficiency can be evaluated by comparing the convergence rates for genetic algorithms. In fact, 
the convergence rate of genetic algorithms depends on multiple factors: parameter properties such as the number 
of genes and their corresponding search space, or genetic algorithm settings such as the crossover rate, the 
mutation rate, or selection rate. Additionally, there is always an inherent randomness in every genetic algorithm that 
contributes to its convergence rate. 

ii. Results
 For each scenario, the number of genes, total search space, and convergence rate are recorded. The design 
optimization used a computer with an Intel Xeon processor with a CPU E5-1620 v3 with 3.50 GHz. The calculations 
of the search spaces and their corresponding convergence rates are shown in appendix L1. The convergence 
rates are visualized in figure 6.6. The results are summarized in table 6.1 and ranked in table 6.2 from quickest 
convergence to slowest convergence. Examining the results of tables 6.2 and 6.3 contributes to the following 
observations:
	 The larger the size of the search space the longer the GA takes to converge. There is an exception among 
the generated results: the search space for the TAC case is smaller than those of QAF and QAC, but the genetic 
algorithm takes longer to converge. Considering the eight scenarios have the same GA settings, this inconsistency 
must be to the randomness inherent to any genetic algorithm.
	 According to the suggested definition of computational efficiency, scenario TSF is most efficient with the smallest 
number of genes, the smallest search space, and the quickest convergence rate.
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Figure 6.6 Convergence of the genetic algorithms for the eight generated geometries (appendix L2).



Number of 
Genes

Search 
Space

Number of generations 
before convergence

TSF 3 1.54E+05 44
TSC 5 2.60E+07 54
QSF 5 2.60E+07 73
QSC 7 2.11E+09 83
TAF 7 9.74E+10 122
QAF 10 2.14E+14 291
QAC 13 1.56E+17 279
TAC 10 7.10E+13 335
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Table 6.2 Ranked geometries from quickest to longest convergence (in terms of number of generations before 
convergence). 

iii. Discussion
	 Limiting the number of parameters or their corresponding search space is a successful method at limiting 
the computational energy and time required for a genetic algorithm. However, such measures limit the formal 
exploration at the preliminary stage. Therefore, the opportunity cost of decreasing the search space size must be 
measured against its benefits. If the structural designer and architect have a clearly delineated form (shape and 
section) of the geometry in mind and are looking only for the optimal dimensions, then limiting the parameters is 
not necessarily restrictive. However, if the architect-engineer team is still not decided on a particular form in the 
early stages of a design, the conception stage is considered essential for formal exploration. The opportunity cost 
of limiting the search space would then be significant in such a case. 
	 In light of this discussion, the most computationally efficient structure is not necessarily the best design. Other 
perspectives must be compared. One of those perspective, material efficiency, is studied next. 

 
Number of 

Genes
Search 
Space

Number of generations 
before convergence

TSF 3 1.54E+05 44
TSC 5 2.60E+07 54
TAF 7 9.74E+10 122
TAC 10 7.10E+13 335
QSF 5 2.60E+07 73
QSC 7 2.11E+09 83
QAF 10 2.14E+14 291
QAC 13 1.56E+17 279

Table 6.1 Variables to evaluate the computational efficiency of the generated geometries. 
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2.2 Material Efficiency 

i. Framework
	 Material efficiency is the closest to the notion of efficiency as used by Billington. It refers to the minimum material 
use. Generally speaking, lighter structures translate in less energy expended during production, transportation, 
and installation. Furthermore, it can be complemented by structural performances deemed important in assessing 
a design. In this research, natural frequency is considered an important structural criterion. However, as shown in 
appendix L3, no solution presents a significant advantage over the others when it comes to natural frequency. It will 
thus not be discussed hereinafter. 

ii. Results
	 The weights of the eight structures are summarized in table 6.3, ranked from lightest to heaviest. A factor f is 
calculated to quantify how much a structure is lighter than the worst (of the best) performing structure. 

Force of 
Gravity (kN)

Weight (tons) Relative 
Difference

QAC 750.2 76.5 35.13 0.70
QSC 753.1 76.8 34.75 0.70
TAC 812.0 82.8 27.40 0.76
TSC 831.4 84.8 25.08 0.78
QAF 954.0 97.3 11.45 0.89
QSF 968.6 98.8 9.94 0.91
TAF 1025.4 104.6 4.24 0.96
TSF 1069.9 109.1 0.00 1.00

Table 6.3 Ranked geometries from heaviest to lightest structure.  

Force of 
Gravity (kN)

Weight 
(tons)

QAC 750.2 76.5
QSC 753.1 76.8
QAF 954.0 97.3
QSF 968.6 98.8

Table 6.4 Ranked geometries with quadrilateral 
sections from heaviest to lightest structure.

Force of 
Gravity (kN)

Weight 
(tons)

TAC 812.0 82.8
TSC 831.4 84.8
TAF 1025.4 104.6
TSF 1069.9 109.1

 Table 6.5 Ranked geometries with triangular 
sections from heaviest to lightest structure.  
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Table 6.3 Ranked geometries from heaviest to lightest structure.   

 Force of Gravity (kN) Weight (tons) 
QAC 750.2 76.5 
QSC 753.1 76.8 
QAF 954.0 97.3 
QSF 968.6 98.8 

Table 6.4 Ranked geometries with quadrilateral sections from heaviest to lightest structure. 

 

 Force of Gravity (kN) Weight (tons) 
TAC 812.0 82.8 
TSC 831.4 84.8 
TAF 1025.4 104.6 
TSF 1069.9 109.1 

 Table 6.5 Ranked geometries with triangular sections from heaviest to lightest structure.   

 

Examining the results of table 6.4 through 6.6 contributes to the following observations summarized in figure 6.7. 

14) Scenario QAC generates the lightest structures with 76.5 tons in weight, closely followed by the geometry of 

scenario QSC with a 76.8 tons in weight.  

 Force of Gravity (kN) Weight 
(tons) 

Relative 
Difference 

𝒇𝒇 

QAC 750.2 76.5 35.13 0.70 
QSC 753.1 76.8 34.75 0.70 
TAC 812.0 82.8 27.40 0.76 
TSC 831.4 84.8 25.08 0.78 
QAF 954.0 97.3 11.45 0.89 
QSF 968.6 98.8 9.94 0.91 
TAF 1025.4 104.6 4.24 0.96 
TSF 1069.9 109.1 0.00 1.00 
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wQAC  < wQSC ; wQAF  < wQSF ; wTAC  < wTSC ; wTAF  < wTSF ; 

-  - For both triangular and quadrilateral sections, the asymmetric geometries (QAC and QAF for triangular 
sections, TAC and TAF for quadrilateral sections) are always lighter than its corresponding symmetric geometries 
(QSC and QSF for triangular sections, TSC and TSF for quadrilateral sections).

Examining the results of table 6.4 through 6.6 contributes to the following observations summarized in figure 6.7.
-  - Scenario QAC generates the lightest structures with 76.5 tons in weight, closely followed by the geometry of 

scenario QSC with a 76.8 tons in weight. 

-  - For symmetric or asymmetric sections, both cantilevering and fixed width-deck, the quadrilateral scenario is 
consistently lighter than its triangular equivalent. This means that the quadrilateral scenario is able to verify the 
design constraint more efficiently than the equivalent triangular section (in material use). 

wQAC  < wTAC ; wQSC  < wTSC ; wQAF  < wTAF ; wQSF  < wTSF ; 

wQAC  < wQAF ; wQSC  < wQSF ; wTAC  < wTAF ; wTSC  < wTSF ; 

-  - For both triangular and quadrilateral sections, the cantilevering geometries (QAC and QSC for triangular 
sections, TAC and TSC for quadrilateral sections) are lighter than the geometries with the fixed width-deck of 
2.8m (QAF and QSF for triangular sections, TAF and TSF for quadrilateral sections).

iii.Discussion
	 The eight generated geometries are part of efforts of formal exploration at the preliminary stage of the design. 
These scenarios combine different cross-sections (quadrilateral or triangular), symmetry or asymmetry of the cross-
sections, symmetry or asymmetry of the span, and finally cantilevering decks above the generated section or 
fixed-width decks. Looking at minimal resource use, scenarios QAC and QSC become most efficient. However, 
these designs are 0.7 lighter than the heaviest solution (design QSF). Stated differently, the relative difference 
between the lightest and the heaviest designs is of only 35%. This 35% improvement can become significant 
because of the expensive nature of the chosen material. In appendix L4, the material costs of each geometry are 
estimated based only on the carbon-fiber use(reinforcement). This comparison reveals the significant impact of 
a 35% of material saving between the lightest and heaviest geometry of the eight scenarios. Such costs will only 
increase when labor, manufacturing, transportation, and assembly costs are considered. As such, these structures 
designed with carbon-fiber are not cost-competitive yet [94], [95]. Cost-effective production methods and form-
resistant structures are some methods that render the material more efficient and competitive when compared to 
the traditional counterparts. 
	 As discussed, the weights of these structure and their corresponding costs are not enough to comprehensively 
decide on the most efficient or integrated design. There are two sides to compare. First, the weight of FRP must be 
compared to the steel counterpart in order to understand the complete picture. Second, the benefits of lightness and 
material efficiency of such solutions can be counterweighed by the manufacturing constraints of free-form design in 
FRP. 

iv. Comparison with steel
	 In order to compare FRP to steel, the same scenarios are run again in the optimization framework, this time using 
steel S355. The choice to run the optimization again in steel is considered more appropriate than to compare the 
FRP geometries to the geometry of Ney & Partners, generated within a different framework (different optimization, 
more load-cases, etc.). The proposed framework in FRP can be easily simplified to become a form-finding tool in 
steel. Without material parameters (laminate layups), the optimization framework for steel form-finding becomes 
a single-step optimization. The optimization framework for steel form-finding is run for the eight scenarios with the 
same parameters and their corresponding boundaries. The obtained weights of the steel geometries are shown in 
figure 6.8.  FRP geometries present a weight reduction between 72% and 78% when compared to the corresponding 
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	 Figure 6.8 Graph comparing the weights of the steel structures to the weights of the FPR structures.	

Figure 6.7 Graph of the weights of the generated geometries in FPR.

steel structure; the average weight decrease is of 74%. Although generated within a different framework, the steel 
structure designed by Ney & Partners presents a weight in the same order of amplitude of the steel geometries 
generated with this tool. This significant decrease in weight between steel and FRP is thus noteworthy when 
discussing energy and costs savings. However, it is worth highlighting that the weight savings of the FRP structures 
might be reduced due to the significant amount of connections required. 2.3 
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2.3  Production Efficiency 

i. Construction  
	 In order to assess the production efficiency of the generated geometries, a construction proposal for building 
a structure like the Wilhelminaberg Viewpoint in FRP must be addressed. This depends on many factors such as 
transportation, site accessibility, budget constraints, etc. The following section constitutes thus only one construction 
proposal. Different construction proposal can be inferred depending on the different set of factors. 
	 As discussed in the first chapter of the literature review, vacuum infusion will be used for the production of the 
generated geometries because of the free-form design. Because of the land-locked nature of the site in Landgraaf, 
the structure can either be transported by air (helicopter) or land (vehicle). The maximum weight one helicopter 
can transport is around 20 tons [96]. With the weight of the eight generated geometries significantly higher than 
20 tons, it is clear that this structure cannot be manufactured and transported to site in one piece by helicopter, as 
the Pont y Draig Bridge in the UK or the Pontresina bridge in Switzerland. Dividing the structure in five sub-spans 
as implemented for this case-study in chapter 5 (section 3.6.i) does not render each sub-span transportable by 
helicopter either. Table 6.6 shows the weight of each of the sub-spans shown in figure 6.9. In every generated 
geometry, at least two sub-spans exhibit weights higher than 20 tons. 

	 As such, the structure must be transported by land. As discussed in chapter 1(section3), acceptable dimensions 
for vehicle transportation are equal to a width of 3.0m, a height of 4.0, and a length of 22.0m; the maximum mass is 
of 50 tons. Exceeding those dimensions is not impossible. However, it requires additional attentions such as permits. 
In contrast, exceeding the weight conditions is more critical as it can cause damage to roads. A Grasshopper 3D 
code is developed to fit each sub-span in a box with minimal dimensions. Table 6.7 described the dimensions of 
these boxes fitting each sub-span. The dimensions of the generated boxes slightly exceed, in some instances, 
the acceptable dimensions of vehicle transportation in the Netherlands. However, none of the sub-spans’ weights 
exceed the maximum weight, the more critical criterion. The transportation by vehicle is thus not impossible but 
requires additional attention. There are means to render this transportation even more efficient; one example is to 
locate the manufacturing warehouse close to the construction site.

	 Considering the scale and dimensions of the generated geometry, the closed-sections cannot be manufactured 
in a singular piece. Rather, each sub-span of the generated geometries is built from FRP curved walls that exhibit 
shell-like behavior, an essential characteristic for the generated geometries to exhibit their intended optimal 
behavior. To manufacture these curved walls efficiently, lessons can be learned from the boat production process. 
The connections of the FRP walls of each sub-span is of paramount importance to ensure they act as one closed 
section. Furthermore, special attention should be brought to the connection between each of the five sub-spans to 
ensure they are acting as one singular structure. A temporary structure must be built in order to place and connect 
the sub-spans on site. With the construction logic explained, next section introduces two units to measure the 
production efficiency of the generated geometries 
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Figure 6.9 Division of the generated geometries in 5 sub-spans.
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TSF TSC TAF TAC QSF QSC QAF QAC
S1 (ton) 26.8 24.9 23.3 21.7 22.6 20.5 19.9 20.8
S2 (ton) 19.3 13.2 18.8 12.8 18.3 12.9 18.0 13.5
S3 (ton) 17.0 8.7 17.6 10.1 17.0 9.9 17.8 10.4
S4 (ton) 19.3 13.2 19.5 14.2 18.3 12.9 19.2 12.5
S5 (tom) 26.8 24.9 25.4 24.1 22.6 20.5 22.4 19.5

Total 
(ton) 109.1 84.8 104.6 82.8 98.8 76.8 97.3 76.5

Table 6.6 Weight of each sub-span of the generated geometries. 

TSF TSC TAF TAC QSF QSC QAF QAC
S1 h (m) 4.2 3.7 3.3 3.2 2.9 3.3 2.6 2.9

w (m) 4.2 4.5 4.2 4.0 4.2 3.4 4.2 3.8
d (m) 20.7 20.3 20.7 20.3 20.7 20.3 20.7 20.2

S2 h (m) 2.5 2.4 2.0 2.3 2.0 2.1 2.0 2.4
w (m) 4.3 3.2 4.3 2.8 4.3 2.8 4.3 2.6
d (m) 20.7 20.4 20.7 20.3 20.7 20.3 20.7 20.2

S3 h (m) 1.1 1.1 1.4 1.3 1.4 1.4 1.8 1.6
w (m) 4.3 2.6 4.3 2.6 4.3 2.5 4.3 2.5
d (m) 20.7 20.4 20.9 20.3 20.7 20.3 20.7 20.2

S4 h (m) 2.2 2.4 2.3 2.4 2.0 2.1 2.4 2.2
w (m) 4.3 3.2 4.3 3.3 4.2 2.8 4.3 2.5
d (m) 20.7 20.4 20.7 20.3 20.7 20.3 20.7 20.2

S5 h (m) 4.2 4.1 3.7 4.1 2.9 3.3 3.2 2.8
w (m) 4.3 4.5 4.3 4.1 4.2 3.4 4.2 3.5
d (m) 20.7 20.4 20.7 20.3 20.7 20.3 20.7 20.3

Table 6.7 Dimension of the smallest box fitting each sub-span of the generated geometries. 
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ii. Production efficiency
	 Unlike computational and material efficiency that can be easily quantified, production efficiency is more 
challenging to estimate. As such, production efficiency is defined as the limitation of waste of energy in the 
manufacturing of a design. In this framework, production efficiency is defined in terms of (1) opportunities for 
repetitions in the manufacturing process (molding/ formwork) as well as (2) the amount of connection between the 
different parts of the structure. More efficient productions will most likely contribute to sustainability as well as costs 
reduction due to time and labor savings. A general ranking of production costs and for the generated solutions 
can thus be inferred from the ranking of production efficiency. However, the following section does not attempt 
at estimating the production costs as they depend on too many variables, unknown at the preliminary stage of a 
design. Estimating costs is thus certainly productive and useful; however, it falls beyond the scope of this research. 

iii. Manufacturing 
	 As discussed, the closed-section of each sub-span is built-up from curved FRP walls presenting shell-like 
behavior. According to each scenario, different levels of efficiency can be achieved in the production process. 
More efficient structure will present more opportunities for repetitions in the manufacturing process.  With the 
current landscape of FRP production, an estimate of the number of molding required for each scenario is made. 
Figures 6.10 and 6.11 show the opportunities for repetition in each scenario for both the triangular and quadrilateral 
geometries, thus increasing manufacturing efficiency. The following observations are made:

-  - The triangular cross-section geometry requires three FRP walls to make a closed triangular section. With 
five sub-spans, the total number of FRP walls for the entire generated geometry is 15. Similarly, quadrilateral 
cross-section geometries will require 20 FRP walls to build-up the entire generated geometry. As such, triangular 
sections require significant less energy in production as the total number of FRP walls to be produced is less 
than the number of FRP walls required for the quadrilateral sections.

-  -  Among the symmetric and asymmetric geometries, structures with the uniform width deck of 2.8m (TSF, 
TAF, QSF, QAF) allow for a higher level of repetition as the top wall of the cross-section, uniform across the 
structure of the deck. In contrast, geometries with the cantilevering deck (TSC, TAC, QSC, QAC) offer limited 
opportunities for repletion in the production of the top wall of the cross section

-  - Geometries with symmetry (TSF, TSC, QSF, QSC) across their span and their sections offer opportunities for 
repeated formwork in their mold. Their production can be considered more efficient. It allows at least to utilize 
the formwork defining the curvature of the FRP walls. In contrast, Geometries without any symmetry (TAF, TAC, 
QAF, QAC) across their span and their section offer limited opportunities for repetition in their production. 
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connect the walls of the closed 
section  (structural resistance).
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connect the walls of the closed 
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connect the FRP diaphragm 
to the section walls.

FRP free-form wall, 
vacuum infusion produced. 

FRP sheet inserted in a
singular piece to act as an 
internal diaphragm.

Hollo-bolts inserted to
connect the FRP connecting
plates to the walls of the section.

FRP connecting plates
inserted to connect the two 
sub-spans.

hybrid connections are used to 
connect the walls of the section at the 
corners, using adhesive for water and 
air tightness and hollo-bolts for ease of 
assembly.  

TSF, TSC, TAF, TAC

QSF, QSC, QAF, QAC

an FRP wall is inserted every x 
distance to enforce the four walls of 
the cross-sections are acting as one 
closed section.The inserted FRP walls 
act as internal diaphragms.

provides a manufacturable solution to 
produce the generated geometries, 
ensuring that the walls act as a single 
closed section. 

SYSTEM 1

SYSTEM 1

SYSTEM 2

SEQUENCE

SYSTEM 2 COMBINED SYSTEM

+ =

The edges of the two 
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overlap at the corners when 
they are connected. The 
overlapping surfaces at the 
corners are indicated in red; 
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connection (adhesive for 
water/air-tightness and 
hollo-bolts for ease of 
accessibility).

 FRP connecting plates are 
introduced in order to connect 
the two sub-spans over the 
entirety of the cross section 
and not just the corners. They 
will be mechanically connected 
to the structure. Special 
attention should be brought to 
the number bolts and 
bolt-holes used in these 
connections. 

- FRP connecting plates are 
first connected to one 
sub-span using hollo-bolts. 
This can be done in a 
controlled setting, allowing 
bolt-holes to be determined in 
advance. 
- The FRP connecting plate will 
then project outside the span 
and can then be connected to 
the second sub-span. 
- Special attention should be 
brought to connecting the 
second sub-span: this will be 
done on site and will require 
the bolt-holes to include 
placement tolerance. 
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x
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ensuring that the walls act as a single 
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	 Figure 6.10 Number of molding/framework required for the production of the triangular geometries. 
For each scenario, a different color indicates a singular mold. 

Figure 6.11 Number of molding/framework required for the production of the quadrilateral geometries. 
For each scenario, a different color indicates a singular mold.
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	 The summary of the assumption and the estimates of number of molding for each scenario can be summarized 
in table 6.8. In contrast with the “.” that refers to a neutral situation, the “+” sign refers to an advantageous situation 
with opportunities for repletion and efficient production.

iv. Connections
As discussed earlier, the structure will be made of 5 sub-spans; each sub-span is built-up from curved FRP walls. 	
There are then two types of connections important for the generated structures, shown in figure 6.12. First, it is of 
paramount importance to correctly connect the FRP walls of each sub-span to ensure they act as a single closed-
section (figure 6.12, left). Second, special attention must be brought to connecting the five sub-spans to ensure they 
act as one single structure (figure 6.12, right). 
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Figure 6.12 Two types of connections important for the suggested design.  (left) Connection between the walls of 
the closed section. (right) Connection between the sub-spans of the structure. 

Triangular vs. 
Quadrilateral

Section

Symmetry vs. 
Asymmetry

Fixed-Width Deck vs.
Cantilevering Deck

Production

TSF + + + + + +

TSC + + . + +

TAF + . + + +

TAC + . . +

QSF . + + + +

QSC . + . +

QAF . . + +

QAC . . . .

Table 6.8 Opportunities for efficient production according to the different design categories.  

	 Estimating the amount of energy for each requires detailing of each connection. The proposed preliminary 
details are hybrid connections, mixing both adhesive and mechanical joints. 
1. The connection between the walls of a cross-section (connection type A) can be made off-site in a controlled 
environment. The sub-span is then transported to site as discussed in section 3.1. As shown in figure 6.13, the 
connection of the FRP walls of the section exhibit a hybrid connection. The adhesive contributes to the structural 
stiffness of the cross-section but its main function is to ensure water and air tightness of the cross-sections. Hollow 
bolts allow to mechanically connect the cross-section at their corner. Furthermore, to ensure the walls of the cross-
section form a closed section, diaphragm FRP walls are added to the design. These diaphragm walls will contribute 
in additional weight; they are placed in a singular piece and repeated every x distance. They are mechanically 
connected using hollo-bolts [97]. 

2. The connection between the sub-spans (connection type B) requires intricate detailing. As shown in figure 
6.14, the two sub-spans are interlocked: this allows to connect the sub-spans at the corners. FRP connecting plates 
are introduced to connect the two walls of the sections. They are mechanically connected to the structure. 
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hybrid connection
- adhesive (red) predominantly 
for water and air tightness. 
- hollo-bolts to mechanically 
connect the walls of the closed 
section  (structural resistance).

hybrid corner connection 
- adhesive (red) predominantly 
for water and air tightness. 
- hollo-bolts to mechanically 
connect the walls of the closed 
section (structural resistance).

Hollo-bolts inserted to
connect the FRP diaphragm 
to the section walls.

FRP free-form wall, 
vacuum infusion produced. 

FRP sheet inserted in a
singular piece to act as an 
internal diaphragm.

Hollo-bolts inserted to
connect the FRP connecting
plates to the walls of the section.

FRP connecting plates
inserted to connect the two 
sub-spans.

hybrid connections are used to 
connect the walls of the section at the 
corners, using adhesive for water and 
air tightness and hollo-bolts for ease of 
assembly.  

TSF, TSC, TAF, TAC

QSF, QSC, QAF, QAC

an FRP wall is inserted every x 
distance to enforce the four walls of 
the cross-sections are acting as one 
closed section.The inserted FRP walls 
act as internal diaphragms.

provides a manufacturable solution to 
produce the generated geometries, 
ensuring that the walls act as a single 
closed section. 

SYSTEM 1

SYSTEM 1

SYSTEM 2

SEQUENCE

SYSTEM 2 COMBINED SYSTEM

+ =

The edges of the two 
sub-spans are designed to 
overlap at the corners when 
they are connected. The 
overlapping surfaces at the 
corners are indicated in red; 
they exhibit the same hybrid 
connection (adhesive for 
water/air-tightness and 
hollo-bolts for ease of 
accessibility).

 FRP connecting plates are 
introduced in order to connect 
the two sub-spans over the 
entirety of the cross section 
and not just the corners. They 
will be mechanically connected 
to the structure. Special 
attention should be brought to 
the number bolts and 
bolt-holes used in these 
connections. 

- FRP connecting plates are 
first connected to one 
sub-span using hollo-bolts. 
This can be done in a 
controlled setting, allowing 
bolt-holes to be determined in 
advance. 
- The FRP connecting plate will 
then project outside the span 
and can then be connected to 
the second sub-span. 
- Special attention should be 
brought to connecting the 
second sub-span: this will be 
done on site and will require 
the bolt-holes to include 
placement tolerance. 

x

x

x

Figure 6.13 Schematic drawing of the connection type A, between the walls of the closed section. This highlights 
the systems of the connection and not the sequence of assembly.
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they are connected. The 
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first connected to one 
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This can be done in a 
controlled setting, allowing 
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then project outside the span 
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x
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x

Figure 6.14 Schematic drawing of the connection type B, between the sub-spans of the generated geometries. 
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	 Correctly detailing the connections of these geometries will require significant research as well as collaboration 
with contractors. One way to estimate the amount of work required for such details is to measure the length of 
the corresponding connections. A preliminary estimate of the length of each connection allows to compare which 
designs will require more detailing. The corresponding lengths of the connections between the walls of a section 
(connection type A) and the length of the connection between the sub-span (connection type B) are shown in table 
6.9. They take in consideration knowledge shown in appendix L6. 

Length for the 
connection A between 
the walls of a section 

(m)

Length for the 
connection B between 

the sub-spans (m) 

Total
(m) 

TSF 302 29 331

TSC 302 21 323

TAF 302 29 331

TAC 302 21 323

QSF 403 29 432

QSC 403 22 425

QAF 402 31 433

QAC 403 22 424
Table 6.9 Length estimates of the different connection types for the different 

generated designs. 

The following observations can be made:
-  - Triangular sections are more efficient than quadrilateral sections (connection type A). This is inherent to the 

nature of the section: the quadrilateral closed sections are built-up of four FRP walls instead of three walls to build 
up the triangular section. 

-  - For both triangular and quadrilateral sections, geometries with a cantilevering deck (TSC, TAC, QSC, QAC) 
are more efficient than the geometries with fixed-width deck of 2.8m (TSF, TAF, QSF, QAF) for connection type B.  

-  - Combining the estimates of detailing for both connections (A&B), the ranking of efficiency in production is 
visualized in table 6.10. The biggest distinction is between triangular and quadrilateral cross-section, the improved 
performance of cantilevering deck when compared to fixed-width deck is only marginal.

Combined length of 
connections (m)

TSC 323
TAC 323
TSF 331
TAF 331
QAC 424
QSC 425
QSF 432
QAF 433

Table 6.10 Total lengths of connections for the different generated designs. 
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3. Integrated design

3.1 Towards an Integrated Design
Integration of different facets of a design is a central discussion in the construction industry. Today, new computational 
tools such as BIM (Building Information Modeling) among many have streamlined the generation, construction, 
and management aspect of new structures in an effort to create comprehensive and integrated designs. With the 
concept of integration becoming mainstream in the building field, definitions of the term have multiplied. In his essay 
“Structural Honesty”, Arup interprets the notion of structural integration and defines it on two separate levels:  

“-The integration of the architectural and structural idea, achieved by intimate collaboration between architect 
and engineer. 
- The integration of the structural idea and the method of construction, achieved by pooling the knowledge 
of the economics of contracting and manufacturing processes. This can best be achieved by an early 
collaboration in the design stage with a nominated contractor. [98]”   

	 Arup’s notion of structural integration borrows from his original notion of “total architecture” [98], a philosophical 
set of principles for engineers and architects as well as all involved parties in a construction project [99]. Seeking 
“artistic wholeness or excellence,” integrated design is a northern star that “can never – or only very rarely- be fully 
realized in practice” [98].  This discussion of integration preoccupied Arup over his long career. Arup made sure not 
to oversimplify the industry landscape; he is aware of the increasing complexities and multiplication of inputs in a 
design process. In another lecture, Arup acknowledges the manifest schism between design and construction, one 
that plagues the construction industry “unparalleled [to] any other industry.” He refers even to the building industry 
as “a battleground for sectional interests than a meeting place for a combined effort to find the best solution” [98].
In the framework of structural integration, any design decision calls for the different facets of a design to be 
evaluated and weighted against each other. The following section applies the context of integrated design to the 
Wilhelminaberg Viewpoint. The efficiency criteria evaluated in the previous section are weighed against each other. 
This will motivate the decision behind a singular optimal design. 
	 In the previous section, in an attempt to evaluate the generated structures, three main criteria of efficiencies are 
identified to evaluate the design’s sustainability: (1) computational efficiency, (2) structural or material efficiency, 
and (3) production efficiency. These three criteria are defined in relation to the phases of a construction, from 
conception through production. Each criteria reveals a specific ranking. However, the difference in the geometries’ 
performances is lost. Comparing the overall performances of the eight structures thus requires to weight the 
influence of each criteria and sub-criteria [100] and make a value judgment motivated by the project’s ambitions 
and vision. 
	 Indeed, the results of the three criteria are summarized in figure 6.15. Appendix M1 presents the same graph 
separately for each scenario. However, figure 6.15 does not allow to understand the level of improvement within 
each criteria. An improvement factor f is calculated again for each criterion to understand how the eight geometries 
compare to the worst performing one in each specific criterion. Figure 6.16 visualizes the improvements of a certain 
geometry when compared to the worst performing structure in the considered criteria. A more efficient structure 
translates in closer factors f to zero. Appendix M2 presents the same graph separately for each design.
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Figure 6.15 Graph summarizing the performance of the eight generated geometries for the 3 criteria. 
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Figure 6.16 Graph summarizing the performance of the eight generated geometries for the 3 criteria, using the 
improvement factor f. 

Number of 
Generations

before 
convergence

factor

Weight 
factor

Production 
factor

Connection 
factor

1.0

0

1.0

0

1.0

0

1.0

0

Number of 
Generations

before 
convergence

factor

Weight 
factor

Production 
factor

Connection 
factor

1.0

0

1.0

0

1.0

0

1.0

0

w1= w2 = w3

CASE 1 CASE 2 CASE 3

w1=  w3
w2 =  2w1

w1 = w2 
w3= 2w1

5.0

3.7

4.45

2.91

3.56

2.13

QSF

QSC

QAF

QAC

TSF

TSC

TAF

TAC

TSC

QSF, TAF

TAC

QAC
QAF

QSC

TSF

TSF, TSC

QSC, QSF

TAF

QAF

QAC

TAC

TSC

QSF
TAF

TAC

QAC

QAF

QSC, TSF

TSF
TSC

better 
performance

 

worse
performance

 

better 
performance

 

worse
performance

 

better 
performance

 

worse
performance

 

Number of 
Generations

before 
convergence

Production 
(molds)

Connection 
Length

433 m

323 m

20 molds

7 molds

109 t

77 t

335 gen

44 gen

Weight 

w1= w2 = w3

CASE 1 CASE 2 CASE 3 CASE 4

w1=  w3
w2 =  2w1

w1 = w2 
w3= 3w1

5.0

3.7

wa = wb 
wc= 2wa

5.5

2.9

4.2

3.0

3.53

2.0
T1T1

T3

Q2

Q3

T4

Q4

Q1
T2

T2

Q2

T3

T4
Q4

Q3

T1

Q1

T1T1

T2

Q2

T4

Q3

Q4

Q1
T3

T1T1, T2

T3

T4
Q3

Q4

Q2
Q1

QSF

QSC

QAF

QAC

TSF

TSC

TAF

TAC
QSF

QSC

QAF

QAC

TSF

TSC

TAF

TAC

QSF QSC QAF QACTSF TSC TAF TAC

better 
performance

 

worse
performance

 

better 
performance

 

worse
performance

 



116

3.2 Post-Optimality Assessment
	 Depending on the weight given to each criteria, a different ranking of the structures can be achieved. A structure 
can then be chosen as most integrated design. Numerous cases can be considered to reflect different priorities 
for the involved parties (architect, engineer, or contractor). Experimenting with the criteria and their corresponding 
weights is thus an interesting approach to illustrate the many factors influencing the design and construction of 
a structure. However, no framework can reflect all the forces at play. The full picture is constantly evolving and 
changing. Any chosen framework and the resulting structure reflects a compromise of certain driving forces, 
reconciling the objectives of the parties involved. In collaboration with the architect or contractor, the designer must 
assess what are the important factors and decide on the best method to estimate or quantify such a performance. 

	 Defining those cases and the corresponding weights is arguably hard to complete at such an early stage of the 
design. However, doing so will provide insight into the factors influencing the performance of a design and how to 
achieve integration.  In light of the three types of efficiencies, figure 6.17 considers three distinct cases

• 	 Case 1: all criteria are given the same weight of importance. 
• 	 Case2: material efficiency is more important than the other two criteria, reflecting the high price of carbon-
fiber. 
• 	 Case 3: production efficiencies are more paramount than the other two criteria, reflecting the high price of 
producing such a structure. 

	 Across the three defined cases shown in figure 6.17, the most integrated designs are TSF (Triangular Symmetric 
Fixed-width deck) and TSC (Triangular Symmetric Cantilevering deck). The best performing structures are visualized 
in figure 6.18. 

-  - TSF (Triangular Symmetric Fixed-width deck) is most computationally efficient. With the smallest number of 
parameters and the smallest corresponding search space, geometry TSF was fastest to converge. This property 
of computational efficiency is particularly important for further exploration in the steps past the preliminary 
stage. This includes geometry exploration for different aesthetics or incorporating different structural concerns 
such as additional load-cases and design constraints. TSF is also most efficient in production (manufacturing 
and connections) because of its fixed-width deck as well as its symmetry of its section and span. Production 
efficiency could translate in significant energy savings.

-  - TSC is second best performing geometry in both computational and production efficiency. Furthermore, 
it presents significant savings in weight: 25% weight savings when compared to TSF. This can translate in 
significant material costs savings. However, the cantilevering aspect of the design introduces additional 
production issues that will require significant attention in detailing the deck attached to the FRP.  
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Figure 6.17 Multiple cases generated with different weights to assess the overall efficiency of the geometries. 
w1, w2, w3 are the weights for computational, material, and production efficiency respectively.

Figure 6.18 Graph highlighting the top performing structure among the eight generated geometries. 
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4. Conclusion 

	 This chapter implements the proposed optimization framework in chapter 5 with the Wilhelminaberg Viewpoint 
case-study. The framework is run for eight different scenarios, generating eight different geometries. 
The first-level of the optimization finds the optimal laminate layup combination over the 5 sub-spans of the structure. 
When compare to the least stiff design, the stiffest combination reduces the strain energy by a factor of 1.2 or 
a relative decrease of 23% and the deflection by a factor of 2.2 or a relative decrease of 69%. Laminate layup 
combinations with high percentages of 0° laminates are located in sub-spans where bending stiffness is required. 
Similarly, laminate layup combinations with a high percentage of ± 45° are located in sub-spans where torsional 
stiffness is required.
The laminate layup combination generating the stiffest structure is chosen and the second-level optimization 
is run for the eight scenarios. In post-optimality, the eight generated geometries are analyzed in terms of their 
computational efficiency, material efficiency, and their production efficiency. A framework to assess each of these 
criteria is developed in this chapter highlighting a few of the factors at play in evaluating a structure. 

-  - Computational efficiency is evaluated in the convergence rate of the genetic algorithm. Scenarios with the 
least number of parameters and smallest search spaces converge the quickest.
-  - Material efficiency is evaluated by the lightness of the generated geometry. In fact, in the Wilhelminaberg 

Viewpoint, the relative decrease between the lightest and the heaviest designs is of 35%. However, when 
compared to the same designs run in steel, the weight reduction increases to 74% in weight reduction. 
-  - Production efficiency is evaluated in terms of manufacturing and connection efficiency. Assessing the 

production efficiency requires determining the construction logic of the considered structure. In the Wilhelminaberg 
Viewpoint case-study, the manufacturing of the cross-section is assessed in terms of the number of molding 
required to producing the structure. Similarly, details of the connections are suggested for connecting the walls 
of a closed-section as well as the 5 sub-spans; they are quantified in terms of the respective lengths. 

	 The chapter concludes with a framework to evaluate the integration aspect of the generated geometries. The 
integration of the design is assessed with weights given to each criterion. While any framework will fail to reflect all 
the forces at play with weights, experimenting with the criteria and their corresponding weights provides insight into 
the factors assessing the performance of a design.   

	 The next and final chapter of the thesis starts with answering the research question. Then, discussions and 
reflections relating to the research’s main topics are elaborated. The final chapter concludes with recommendations 
and potential future research directions. 
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DISCUSSIONS

1. Answer to the research question

	 Numerous challenges face the construction industry today. However, the environmental challenge is undoubtedly 
a priority for the profession. Efforts to address the environmental impact of the construction industry will require a 
wide-scope re-evaluation of the principles and practices of the profession. This research situates itself as part of the 
broad efforts interrogating the industry’s limits. In particular, the research examines the untapped potential of FRP, 
an alternative material that has permeated the construction field in recent decade because of its advantageous in-
service properties (durability and sustainability. This thesis intended to answer the following research question:

What strategies capitalize on FRP’s favorable mechanical properties in order to promote formal exploration 
with the material in the preliminary phase of a design considering its durable and sustainable potential?

	 The previous chapters of the thesis elaborated a tool for structural form-finding in FRP. Organized in a multi-step 
optimization framework, the developed tool reflects the specificity of the material’s behavior, primarily its orthotropic 
nature and alterable laminate layup. Furthermore, it capitalizes on the advantageous mechanical of FRP, such as 
its stiffness and lightness. The tool defines an optimization process for FRP allowing the designer to explore forms 
and geometries in FRP. The research then proposes a post-optimality framework to evaluate the efficiency and 
integration of their designs. Multiple criteria are defined to assess each geometry: computational efficiency, material 
efficiency, and production efficiency. This provides designers and engineers insight on the factors affecting the 
overall performance of a structure. It also allows them to gage the feasibility of their structures in the preliminary 
stages of the design process.  

	 The optimization framework and post-optimality assessment are implemented with a case-study: the 
Wilhelminaberg Viewpoint, a structure designed by Ney & Partners. General lessons about efficient structural forms 
in FRP, conclusions on the landscape of construction in FRP, and reflections on parametric design and modern 
form-finding are drawn from the case-study. These topics are discussed in the next section. 
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2.  Critical Reflections
	 Following the literature review, this research establishes the framework for the geometric optimization. Chapter 
5 elaborates the steps involved in the development of the structure: it defines the parameters, scenarios, design 
constraints, and objective function of the optimization as well as tracing the steps of the framework’s development. 
Chapter 6 first presents the results of the framework implemented with the adopted case-study, the Wilhelminaberg 
Viewpoint case-study; before it expands a post-optimality framework to compare the performance of the different 
generated geometries.
	 This research allows the pursuit of additional avenues of questioning. Primarily, the thesis allows to reflect on 
seeking integration in construction, the computational tools that have become prevalent in modern-day structural 
design, and the feasibility of “free-form” design in FRP in particular. The next section expands on relevant discussions 
relating to the developed tool, the case-study, as well as larger themes that are adjacent to the research.

2.1 On the developed Framework and its Limitations
	 This research traces back the development and rise of FRP as an alternative material in infrastructure 
applications, in general, and rehabilitating existing structures in particular. With the challenge of climate change 
weighing on engineers, this alternative material has gained further momentum for its sustainable and durable 
properties. Despite this interest, there remains a split between the material’s studied behavior in the laboratory and 
its use in the construction industry. As such, this research was motivated by the aspiration to encourage exploration 
in FRP and better understand the material’s limitation.
	 The research is set to develop an optimization framework fit for structural designers. This framework allows to 
utilize FRP’s mechanical properties at both, the mesoscale and macroscale. Devised as a multiple-step framework, 
the developed tool encourages formal exploration at the preliminary stage. Special structures in general and free-
form structures exhibiting shell-like behavior in particular would benefit most from implementing the proposed 
framework. The framework is developed and tested around a specific case-study, but can be easily implemented 
to new projects. Adopters of the frame must thus first determine the general boundaries of a design (the overall 
shape) that exhibits shell-like behavior. Then, the parameters within that geometry must be determined. The design 
variables can be coordinates, key geometric points, width and height at critical sections, thickness, etc. For a 
specific project, it is worth defining multiple scenarios of different sets of parameters. This encourages formal 
exploration at the preliminary stage.
	 This thesis’ proposed framework employs technical concepts and notions familiar to structural engineers. While 
this research motivates the decision behind the tool’s development, possessing technical knowledge is important 
for running the optimization. Implementing the tool requires clearly defining the structural constraints, load cases, 
and support conditions before running the optimization. In processing the framework’s results, the tool user must 
critically assess the structural performance of the generated geometries. The tool can also be used by architects 
working in close collaboration with structural designers: the technical aspects must be defined and verified by a 
structural engineer, then an architect with some structural skill can also use this tool.
	 The tool is defined in one interface Rhinoceros 3D alongside Grasshopper’s parametric modeling. Multiple 
plug-ins are employed in Grasshopper 3D such as Karamba 3D, Galapagos, and GOAT. All the used programs 
and plug-ins are widely available on the market; however, structural engineers must be familiar with parametric 
modeling in order to implement this framework to new projects. Fundamentally, structural designers must be familiar 
with Rhinoceros and Grasshopper 3D. This is central to define the parametric geometry generating code (first and 
essential phase of the framework). It is advantageous if the structural designers are familiar with the various plug-
ins used in this framework; it is not disqualifying if they are not. Coded within the Grasshopper 3D environment 
and using Grasshopper’s language, these plug-ins are easy to learn and code with. Furthermore, the important 
settings of Karamba 3D, Colibri, Galapagos, Leafcutter, and GOAT are laid out in this research to provide guidance 
in implementing the framework, in addition to the existing manuals and tutorials. 
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	 The developed framework utilizes both brute force and genetic algorithm to generate optimal solutions. This 
renders the process quite time-consuming. This is certainly a limitation in the overall process; nonetheless, there 
are ways to avoid these shortcomings. Structural designers can utilize more powerful computers or even multiple 
computers to expedite the process. This might be costly in terms of required Rhinoceros, Grasshopper 3D, and 
Karamba 3D licenses. In testing the framework with the chosen case-study, eight scenarios were defined. Up to four 
scenarios were run at the same time. In a few days, eight optimal geometries were generated; more than 120,000 
solutions are generated. The richness of solutions produced with this optimization is thus a double-edged sword. 
Favorably, the framework allows for significant exploration of the search space; Unfavorably, it requires significant 
running-time and post-processing of the collected data. 

2.2 On Integration in Structural Design
	 Recounting Arup’s essay “Structural Honesty”, there are two types of integration: between structural engineer 
and architect, and between structural engineer and contractor [98]. The proposed tool is intended for preliminary 
design exploration, specifically with FRP. As such, the developed tool helps achieve Arup’s first level of integration. 
The formal expression of the chosen project must extend the architectural vision. This can only result from a 
collaboration between engineer and architect in the preliminary stages of a design. In fact, special structures often 
display an intrinsically close relation between architecture and structure; the two becoming indistinguishable in 
works of “structural art” [93].
	 The proposed tool does not directly incorporate aspects relating to construction. The tool does not directly fulfill 
Arup’s second type of integration. It is only in post-optimality analysis that the research addresses construction 
concerns. In post-optimality, efficiency criteria for evaluating the performance and buildability of the generated 
geometries are suggested. These criteria rely in part on the knowledge exposed in the literature review. Even though 
they expose the main concerns and possibilities of designing in FRP, these criteria are not all encompassing. As 
will be discussed in reflections on parametric modeling and free-form design, computational tools are very powerful 
but should only provide “a sense of structure. [98]” They can never reflect all the forces at play in a design. To best 
assess the buildability of a structure in FRP, further investigation might be necessary. A close collaboration with 
a specialized contractor from the early stages can prove to be beneficial: it allows to incorporate manufacturing 
constraints in the optimization process, rather than only in the post-optimality analysis. It will allow to increase the 
cost-efficiency and cost-competitiveness of the generated geometry. This will ultimately yield geometries that get 
closer to both ideals of structural integration. 

2.3 On Parametric Modeling
	 The advent of the Information Age has fundamentally changed how architects and engineers approach the 
design and construction of the built environment. It has even led some theorists to proclaim a revolution, “the end 
of a cycle of around 5000 years of architecture, stretching from the age of the cavemen to the Postmodern” [101]. 
Revolution or not, today’s architecture practices rely heavily on computational and digital methods throughout 
all phases of a design. This thesis is no exception. In fact, this research’s ambitions are to encourage formal 
explorations with alternative materials such as FRP. The research highlights the potential of computational tools, in 
general, and digital form-finding, in particular, to exploit the advantageous and sustainable properties of alternative 
materials. However, to offer a nuanced and critical picture of these new tools available for designers, it is worth 
elaborating on their potential shortcomings. 
	 Notably, the most important limitations of parametric modeling are designers relinquishing their decision making 
process in favor of a series of computerized procedures. A way to mitigate this potential shortcoming is for designers 
to critically question the results of computational methods. Rejecting the tyranny of the results, the designer can 
develop an intuition, “a sense of structure.” Arup famously stated that engineering problems are “under-defined” 
with many possible solutions, both good and bad; arriving to a specific solution becomes a creative process that 
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involves “imagination, intuition, and deliberate choice” [98]. These statement remain true with the advent of new 
computational methods. The designer using such tools must not lose sight that they are the means to an end and 
not the end in itself. 

2.4 On Free-Form Architecture in FRP
	 This research focuses on developing a tool of form-finding in FRP, in the aim to catalyze formal exploration 
with this alternative material. As discussed in reflections on integration, the proposed tool does not consider 
manufacturing constraints in its formulation; rather, such restrictions are included in the post-optimality analysis. In 
doing so, the research is able evaluate the divide that exists between the potential of FRP and its manufacturing 
limitations.
	 The tool allows to generate free-form structures that optimally utilize the material’s property. Furthermore, 
minimizing the weight of the generated geometries translate in less energy consumed during production, 
transportation, and installation. At face value, the tool generates sustainable designs. However, the post-optimality 
analysis reveals a much more nuanced picture. Free-form architecture still has a ways to go to prove its sustainable 
ambitions. While the generated designs are light and stiff, their production presents many challenges that question 
its sustainability aspirations. As explained in chapter 6, quantifying manufacturing efficiency is challenging and 
estimating costs even more so. Assessing the sustainability performance of FRP, in design and production, becomes 
more complex. FRP is thus best suited for recurring free-form design, a design that includes repetitive geometries 
that can be constructed from the same mold. 
	 Possible avenues to remedy this limitation of FRP include research in production methods for FRP. Such 
efforts are being undertaken in steel with 3D printing efforts and concrete with 3D printing efforts and flexible 
mold preparation. In FRP, these efforts can lean in two distinct directions. Already underway, the first class of 
efforts moves towards standardization and mass-customization of FRP panels. Such efforts freeze architectural 
imagination and move away from free-form structures: “The tailor-made job tends to be replaced by the ready-to-
wear article” [98]. The second class of efforts develop more efficient production methods (i.e. flexible molds and 3D 
printing), allowing to efficiently build free-forms in FRP [102]. It will take a concerted effort on all fronts for FRP to 
become cost-competitive with traditional building materials and proliferate further in the construction industry. 

2.5 On the Case-Study
	 As one of the projects of the first Dutch IBA iteration at Parkstad, - The Wilhelminaberg Viewpoint proves to be 
a very valuable case-study. Its complex geometry and overall vision makes it an ideal candidate to capitalize on 
the properties that make FRP a promising material: sustainable and durable properties, customizable free-form 
production, and tailorable mechanical properties. Through this case study, the research evaluates the landscape to 
conclude in what type of projects FRP is most cost-competitive with traditional material.
	 For this case-study, multiple scenarios are generated; each scenario yields advantages in certain fields and 
disadvantages in others. This is an important step to define in any case-study to explore the different formal 
opportunities. The eight generated geometries are then evaluated in post-optimality analysis according to different 
efficiency criteria. The post-optimality analysis allows to determine the most efficient and buildable structure as 
well as assess its construction feasibility. From the eight generated geometry, the symmetric triangular sections 
with the fixed-width deck (TSF) or cantilevering deck (TSC) are found to be the most integrated designs. While 
the TSF geometry is not the lightest of the eight geometries, it is most efficient in computational and production 
efficiency, rendering it more competitive than the other geometries. TSC exhibits significant weight reduction due 
to the cantilevering deck aspect of the design. The weight reduction in combination with the geometry’s good 
performance in computational and production efficiency render TSC an integrated design. 
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Between ambition... 
	 The Wilhelminaberg viewpoint is introduced in this research as a possible manifesto project for FRP. In 
concluding, the research verifies the promise of the material in terms of strength, stiffness, and weight reduction. 
The FRP designs are significantly lighter than their steel counterparts. This research was completed in light of 
the climate change challenge facing structural engineers today. In light of this imminent threat, it is important to 
investigate all avenues of action. With the material’s potential for durability, sustainability, and lightness, building a 
structure of this scale in FRP will push the boundaries of the material, expanding the scope of what is feasible and 
possible to build in FRP. Furthermore, using FRP for this structure echoes the ambition of the wider IBA project that 
celebrates innovation and technology. Despite some of the issues still to be resolved, such a project can become 
the precursor and catalyzer for the much needed research in alternative materials. The amplitude of the challenge 
of climate change requires bold, large-scale, and ambitious projects.

… and limitations. 
	 In order to provide a nuanced and comprehensive picture of the landscape, important limitations for an FRP 
design are discussed hereinafter. First, it is undeniable that FRP has never been used at this scale with such 
large cross-sections; Further research and investigations will be needed to realize such a structure, particularly for 
correctly connecting the walls of the section and the sub-spans. Additionally, carbon-fiber, an expensive material, 
is used to generate the geometries of this research. The cost of this project will also increase because of the 
required amount of mold preparation. Multiple strategies can be investigated to increase the cost-competitiveness 
of FRP structures. This research minimizes weight thus optimizing material costs. Additional steps include reducing 
the costs of labor associated with the production and assembly. As discussed in reflections on free-form design 
in FRP, it will take both intensive research and investment in the field to make FRP production methods more 
energy efficient whether through standardization, mass-customization, or development of flexible molds. In general, 
projects could benefit from increasing the repetition in the geometry; designing the entire Wilhelminaberg Viewpoint 
as two identical circles where the half-circle spans are repeated is a beneficial route to investigate. 
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3. Conclusions

3.1 On the Proposed Framework
	 Regarding the developed framework, the following general conclusions can be made:

-  - The developed tool is not restricted to a specific shape but can be applied to any structure with shell-like 
behavior. The boundaries of the design must be determined and the geometry to be optimized must be defined 
in terms of geometric parameters. 
-  - The structural designer, in close collaboration with the architect, can define the design constraints, load 

cases, and material properties. 
-  - With the entire framework integrated in one interface (Grasshopper), the developed tool encourages 

formal exploration at the preliminary stage. The user can test out multiple scenarios for one structure. With the 
developed tool, designers can generate structures that optimally use FPR properties, maximized stiffness and 
minimized weight. 
-  - The developed framework allows for integration of architecture and structural concerns. In post-optimality, 

integration related to construction can be incorporated. The designer must identify the most important forces 
at play for a project. The post-optimality analysis defines three levels of efficiency and weighs them against 
each other: computational, material, and production efficiency. In collaboration with a contractor, the structural 
engineer can weigh the efficiencies against each other.

•	  Computational efficiency is achieved when the search space of an iteration is limited, allowing the GA to 
converge rather rapidly. There is thus a benefit to limiting the parameters of a design, and its corresponding 
search space. The opportunity cost of limiting the search space is less formal exploration in the conception 
phase. 
•	 Material efficiency refers to the minimal material use. This translates in a lighter structure which in turn 
reduces expended energy during transportation and installation. 
•	 Production efficiency refers to limiting waste of energy in manufacturing and assembly of a design; it is 
hard to quantify without early involvement of a contractor. 

-  - Through the post-optimality analysis, the structural designer is able compare the different generated 
geometries and compare their performance. Further analysis focuses on a single specific scenario and the 
corresponding geometry. Following the preliminary phase of the design, the structural engineer can assess the 
feasibility of the design by investigating details, connections, and production methods. 

3.2 On the Case-Study

i. Qualitative Conclusions
-  - Eight different geometries are generated for the structure in FRP. Each geometries presents its advantages 

and limitations. Quadrilateral sections verify the design constraints more efficiently than the triangular sections. 
However, in both triangular and quadrilateral sections, the asymmetric sections are lighter than their symmetric 
counterparts and the cantilevering decks are lighter than the fixed-width deck designs. The asymmetry and 
cantilevering-deck aspects allow for more specificity in the designs, removing weight where not needed. 
-  - The post-optimality analysis allows to compare the efficiency of the structures beyond their material efficiency 

(lightness). It is quantified in terms of number of required molds as well as the length of the connection needed 
for the structure.  

•	 Triangle cross-sections reduce the number of required formwork for the production. They also require a 
significantly smaller amount for connection, especially between the different walls of the closed-section.
•	 Symmetry in the section and span of the geometries render the structure more efficient in manufacturing: 
it introduces opportunities for repetition in the formwork of the structure. 
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•	 Production efficiency (manufacturing and connection) is highest for this triangular symmetric fixed-width 
and cantilevering decks. 

-  - The chosen case-study highlight the potential of FRP in terms of structural performance but also the limits 
in terms of production constraints:

•	 In generating possible geometries in FRP, this case-study highlights the potential of FRP. Despite its 
many complexities, this alternative material presents important and valuable properties. Its durable and 
sustainable properties, its adjustable mechanical properties, and its lightness offers considerable benefits 
and opportunities. In a world fighting climate change, the construction industry must change its incentive 
structure to reflect these new priorities. 
•	 As shown in appendix L4, the material cost of carbon-fibers is significantly high and will only increase 
when additional costs relating to labor, manufacturing, transportation, and assembly are considered. This 
renders FRP structures less cost-efficient than other building material [94], [95] in the current framework of 
construction. However, changing the incentive structure to include life-cycle costs is important to reframe the 
discussion and consider FRP structures as a viable and efficient material. 

-  - As outlined in the introduction to the thesis, significant research is required to propel FRP and heal the divide 
between the myth of laboratories and the realities of the construction field. 

ii. Quantitative Conclusions
The framework is implemented with the Wilhelminaberg Viewpoint case-study. This allows to quantify some of the 
behavior of FRP. 

-  - The first level of the optimization finds the laminate layup combination that maximizes the stiffness of the 
structure. Using a brute force algorithm, the first level iterates through all the possible laminate layup combinations 
to find the one generating the stiffest structure. 

•	 The stiffest laminate layup combination reduces the strain energy by a factor of 1.2 or a relative decrease 
of 23% when compared to the least stiff laminate combination.
•	 Similarly, the stiffest laminate combination reduces the deflection by a factor of 2.2 or a relative decrease 
of 69% when compared to the least stiff laminate combination. 
•	 Laminate lay-up combinations with high percentages of 0° laminates are located in sub-spans where 
bending stiffness is required. Similarly, laminate lay-up combinations with a high percentage of ± 45° are 
located in sub-spans where torsional stiffness is required.

The second level of the optimization finds the lightest geometries using a genetic algorithm. 
•	 Defining multiple scenarios for the second level optimization is important for formal exploration in FRP, 
especially when comparing the different efficiencies of the structure. In comparing the eight generated 
geometries, the relative decrease between the lightest and the heaviest designs is of 35%. This weight 
reduction could become important because of significant material costs savings associated with carbon-
fiber.
•	 However, when compared to the same designs run with steel, the weight reduction increases to a 74% 
weight reduction. However, it is worth noting that this significant decrease in weight due to the FRP design 
might be reduced to the connections required for such a structure.   



126

4. Recommendations
Following the research, recommendations can be made to structural designers and builders in the construction 
industry and research and educator at academic institutions. 

4.1 Structural Designers, Architects, and Contractors
It is recommended that structural engineers and designers:

-  - consider implementing the proposed framework in the early stages of a design for geometries who exhibit 
shell-like behaviors. The tool is meant for formal explorations; structural designers should consider defining 
multiple scenarios with different parameters. 
-  - cooperate closely with architects to reach the ideals of integrated design. First, they must inspire the clients 

by informing them about the formal opportunities and benefits of this alternative material. They must also 
cooperate in the conception phase to define the different scenarios of geometry generation. 
-  - consider running multiple iteration simultaneously in order to increase computational efficiency. Another 

option to reduce running time is using a more powerful computer or even running the iterations on multiple 
computers. 
-  - use the default settings of the genetic algorithm if they are not familiar with the suggested plug-ins. Otherwise, 

structural engineers should test and verify the validity of any modified settings. Specifically, they must make sure 
there is no pre-mature convergence in the genetic algorithm. 
-  - assess the results of the proposed tool. Beyond the suggested post-optimality analysis, designers must 

apply common sense laws to the generated geometries. 
-  - work closely with FRP contractor to assess the feasibility of a certain design in FRP. This can be from the 

early stages of the design conception or at latest at the level of post-optimality analysis. In turn, contractors of 
FRP must start a dialogue with the aviation and boat building industries. There is significant knowledge to learn 
in efficient FRP manufacturing. 
-  - incorporate repetition in order to generate more efficient geometries in FRP.

4.2 Researchers and Educators
-  - It is recommended that educators introduce students to alternative materials, in general, and FRP, in 

particular. In highlighting the benefits and opportunities of the material, students will be encouraged to explore 
with this new material. 

It is recommended that researchers:
-  - Investigate FRP manufacturing methods. With standardization and mass-customization methods already 

underway, efforts to make free-form architecture in FPR more efficient are paramount. This can become 
particularly important to make FRP competitive with traditional building material on all fronts. 
-  - Investigate the durability and sustainability properties of FRP, in order to increase its life-cycle performance 

as well as in-service properties. This includes research in organic applications in FRP. 

4.3 The construction Industry
	 All involved parties in the construction industry must cooperate together to address the threat of climate change: 
governments, educational institutions, designers, researchers, and contractors. The incentive structure of the 
industry must be modified to reflect the priorities and challenges of the 21st century. It is no longer about efficiency 
and cost-reduction during construction but the overall life-cycle costs of materials.  
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5. Further Investigations

Multiple steps will be required to further improve the framework as well as the resulting design. These efforts include:
-  - Fine-tuning the framework to better account for lamination layup variations. In determining the laminate 

layup combination that generates the stiffest structure (level 1 of the optimization), the proposed framework 
considers that all the walls of one sub-span section have the same laminate layup combination. An improvement 
of the first level optimization can include allowing the walls of a sub-span to have different laminate properties. 
This renders the material use more efficient and might increase the weight savings of a structure. 
-  - Fine-tuning the framework to better account for geometric exploration. In the second-level optimization, 

a genetic algorithm is run to find the lightest geometry for each scenario. As defined now, the defined framework 
limits the number of geometric parameters and uses a constant thickness over the entire structure. The 
geometric optimization can be expanded with introducing more geometric parameters and making the thickness 
a variable parameter design instead of constant over the cross-section. This can lead to lighter and thus more 
“optimal” structures.  
-  - Fine-tuning the framework for better finite-element modeling. The framework can also be improved by 

plugging-in another FEA software to address some of the limitations of Karamba 3D. The logic and reasoning 
of the tool can be easily applied.  
-  - Further investigation in optimization tools. The research of optimization tool can be expanded beyond 

only evolutionary algorithm plug-ins. This allows to compare more of Brownlee’s nature-inspired algorithms 
(discussed in chapter 4, section 4.3). 
-  - Further development of the post-optimality framework to better account for laminate properties. 

Significant investigations must be run in order to verify the correct behavior of laminate properties, such as: 
verifying laminate specific behavior (inter and intra-laminate failure, debonding), determining the stacking 
sequence of the laminate layups, and solving the progression or blending of the different laminate layup from 
one sub-span to the next. These do not necessarily need to be included in the optimization framework but must 
be addressed past the preliminary phase of the design. 
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Appendix A 

A1. Thermoset Polymers

The most important distinction between thermoset and thermoplastic is made in Chapter 1. With thermoset polymers 
mostly used in structural application. Closer attention is brought to the most widely used thermosets hereinafter. 

1. Polyester resins are commonly used in commercial applications such as yacht building or automobile 
manufacturing. They consist often of 3 ingredients: a polyester, a cross-linking agent, and an imitator. An 
important advantage is the processing versatility with curing possible either at room or elevated temperatures. 
However, their curing process is also marked by a high rate of shrinkage, a clear disadvantage. While 
displaying easy workability and lower cost than epoxies, polyester resins exhibit lower mechanical properties, 
lower temperature capabilities, and an inferior environmental resistance.

2. Vinyl ester resins are commonly used in applications that require a higher chemical resistance than 
polyester. They are very similar to polyesters in their molecular configuration but with reactive groups at the 
end of the molecular chains. Exhibiting lower crosslinks densities, vinyl ester resins are tougher than their 
polyester counterparts: they are more resistant to degradation from water and moisture. While vinyl esters’ 
mechanical properties outperform polyesters’, they remain lower than those of epoxy resins [1]. 

3. Epoxy resins remain the most common matrix material for high-performance composites (i.e: wind 
turbines blades) and adhesives due to their advantageous properties. Their properties combine strength, 
adhesion, low shrinkage, processing versatility, and high fatigue strength. These commercial epoxy matrices 
can be as simple as a single epoxy and a single curing agent. Many matrices however combine a major 
epoxy, multiple minor epoxies and curing agents. The minor epoxies are added in many cases to improve 
properties, mainly: a lower moisture absorption, higher elevated temperature properties, as well as an 
upgraded toughness. Such enhanced properties combined with the matrix’s price competitiveness have 
allowed epoxy resins to out-perform other resins. 

4. Phenolic resins are often used in circuit boards or interior components of trains and aircrafts. This is 
mostly due to their good fire and smoke resistance properties: they do not burn, melt, or lose their properties 
at elevated temperatures. Their weak mechanical properties, brittleness, and release of water and volatile 
substance s in the curing process are among factors limiting their use. 
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A2. Fibers Types

The most frequently used fiber types in structural application are discussed hereinafter. They may be used separately 
or as a hybrid of two or even three different types. Hybrid systems are used when fiber type are combined to reach 
certain properties of strength and stiffness. 

1. Glass Fibers are extensively used in commercial composite applications. With a basis in silica (SiO2), 
glass fibers are generally low in cost with advantageous properties, mainly: a high tensile strength paired 
with a high impact and environmental resistance. Although many types of glass fiber manufactured, three 
main types of glass fibers used are most broadly used: E-glass, S-glass and Quartz. Other types include 
C-glass (chemically resistant), D-glass (low dielectric). 
E-glass is the most common and least expensive option. E-glass is characterized by a good combination of 
tensile strength (3.5 GPa) and elastic modulus (70GPa).
S-glass is also extensively used but slightly more expensive that S-glass. Typically stiffer and 40% stronger 
than E-glass at room temperature, S-glass has a tensile strength of 4.5 GPa and an elastic modulus of 87 
GPa. Additionally, it retains its properties at high temperature and exhibits good corrosion resistance. This 
higher performance renders it more expensive [2].
Quartz is the most expensive of the three options due to the ultrapure silica glass that it uses. It is frequently 
used in electrical applications. 

2. Carbon and Graphite Fibers are extensively used in high-performance composite structure. Producible 
with a wide range of properties, they generally exhibit both superior compressive and tensile strength, a high 
moduli of elasticity, as well as excellent fatigue and creep resistance. Carbon and graphite fibers display a 
strong resistance to corrosion and environmental impacts. If the optimal material is defined as combining 
high strength, stiffness, and toughness with a low weight, then carbon fibers meet such criteria more than 
any other material. 

Despite their near-ideal behavior, carbon and graphite fiber still present some disadvantages Extremely 
anisotropic, the transverse strength and modulus of the fibers are significantly smaller than the longitudinal 
values. Furthermore, significant disadvantage worth mentioning are its low impact resistance, low strains-
to-failure, a brittle behavior, lower compression strength than tensile strength, and its higher cost than glass 
fibers [1]. 

3. Aramid Fibers are organic fibers with properties intermediate to those of glass and carbon fibers, in terms 
of stiffness, strength, and costs. 

Its advantages include its light weight, high tensile strength and modulus, and superior toughness. Their 
abilities to undergo plastic deformation in compression or to defibrillate during tensile fracture are also main 
benefit of aramid fibers [41] . They can absorb large amounts of energy during fracturing due to their high 
strain-to-failure. Their extreme toughness and wear resistance have rendered them ideal for applications 
such as stay-cables or ballistic protection. Contrary to glass and carbon fibers, aramid fibers exhibit a 
structure that allows for a ductile, non-brittle, failure. Furthermore, its aromatic structure (aromatic rings) 
contribute to its excellent thermal stability and flame resistance; its durability is also underlined with the 
resistance of the tensile strength is resistant to effect of moisture. 
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Some limitations of the material are its sensitivity to short-term creep even at room temperature, despite 
performing better than glass fibers for long-term creep. Furthermore, its lack of adhesion to the matrix results 
in a poor longitudinal compression, transverse tension, and inter-laminar shear strengths. Unlike their glass, 
carbon, or graphite counterparts, no surface treatment has been developed for aramid fibers. Aramid fibers 
can be processed in relatively most textile because of their flexibility and non-brittleness [3]. 

4. Textile
Fibers and fiber bundles are often processed to form a textile. 

4.1 Woven Fabrics
Unlike other types of fiber, woven products are two-dimensional with different fiber orientation usually at 0° 
and 90°, but ± 45° can also be achieved. Woven fabrics often combine different fibers such as carbon or 
glass. They are tailored to obtain specific properties whether exploiting aramid’s toughness by mixing it with 
carbon or reduce costs by mixing glass with carbon fibers.  
Weaves are often classified by the pattern of interlacing; the two most used ones in high-performance 
composites are the plain and the satin weaves. 
The plain weave is the simplest pattern. With more interlaces per unit area than any other type of weave, 
plain weaves are considered as the tightest basic fabric design and the most resistance to in-plane shear 
movement. Its disadvantages lie in its difficulty to wet-out during impregnation or its “waviness” that can 
reduce the strength and stiffness of the composite [3]. 
Satin weaves have a minimum of interlacing. This results in reducing less resistance to in-plane shear 
movement and have the best drapability. 

4.2 Reinforced Mats
Reinforced mats are made of either chopped strands or continuous strands organized in a swirl pattern. 
They are often used for medium-strength parts having uniform cross sections, such surfacing mats or veils 
available in various weights and dimensions. 

4.3 Chopped Fibers 
Often used to reinforced thermoplastic parts, chopped fibers exhibit higher strength in compression and 
in-injection molded parts. Their availability ranges from 3.2 to 50mm and are often blended with resins and 
other additives to prepare compression molding compounds or injection molding. 

4.4 Prepeg Manufacturing
Prepeg refers to “pre-impregnated” composite fibers, either unidirectional or woven clothes, with a controlled 
amount of resin. The resin in the prepeg is either staged or advanved (B-stage) to the point where it becomes 
a semisolid layer at room temperature. It is the most prevalent product form used in advanced composite 
manufacturing. During curing, the B-stage advanced resin remelt from its semisolid state and flows. 
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A3. Manufacturing Processes

1. Spray-up or hand lay-up
Generally applied for large projects or as coating for marine or civil construction, spray up is a low-tooling cost and 
low-technology process. It is carried using a spray pistol to apply a mixture of short fibers and a low-viscosity liquid 
resin onto a mold with little attention to fiber direction. 

Similarly, to spray-up, hand lay-up is also straightforward with little equipment requirement. Also referred as wet 
lay-up, they are often used to make very large parts with minimal associated tooling costs. 
It is carried out by manually applying the loose plies for reinforcement onto the mold and then applying liquid resin 
with a roller or brush. The labor-intensive of the process needed to prevent the plies from shifting is an important 
limitation of the project. Another constraint is due to the impregnation by hand of the process that can result in resin-
starved or resin-starved areas. 

2. Filament Winding
Filament winding is an application-specific process used to fabricate any body of revolution: cylinders, cones, 
spheres, or shafts. In use since the mid-1940s, it is a highly repetitive technique ideal for controlling the local 
thickness of structures as well as reach an excellent fiber density. It is a continuous process consisting of two 
concurrent steps: positioning the fibers and applying the resin. It applies continuous rovings around a rotating 
mandrel in order to form large and thick-walled structures; there exist multiple filament winding patterns: helical, 
polar, or hoop. Such filament winding processes control the angle of winding to obtain the optimal circumferential 
stiffness and strength [1]. 

3. Pultrusion
Applied since the 1950s, pultrusion is a technique capable of making a wide variety of structural shapes. The term 
“pultrusion” is the combination of the verb “to pull” and noun “extrusion” [3]. Extrusion is used with materials such 
as steel or aluminum to create profile. The shape of the profile is generated through compressing the material in the 
mold. As composite materials cannot be pushed through a mold, reinforcement is pulled from bundles and brought 
together gradually in a resin bath. The reinforcement is thus impregnated with liquid resin and transferred through 
the mold. Relying on simple machinery and advanced degree of automation, this repetitive and continuous process 
yields low production costs. While it is possible, in principle, to produce infinitely long profiles, the process becomes 
semi-continuous with profiles sawn to length. 

Other limitations, however, also stem from its repetitive and automated nature. The process is restricted by rather 
long and labor intensive setting up and the production is limited by a narrow selection of cross-sections. Furthermore, 
the reinforcement oriented primarily in the longitudinal direction is a limitation for the stiffness and strength. 
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Appendix B

B1. Thermal Effects on FRP

While short-term effects are often only physical and reversible when the temperatures return to its original state, 
long-term effect are irreversible, more durable, and often include a chemical chance. This long-term effect is 
identified as the aging of the material.  

1. Glass transitions TG and melting point TM

The glass transition temperature refers to the temperature below which the physical properties of an amorphous or 
amorphous/crystalline polymer vary in a similar manner to a solid phase (brittle or glassy state) and above which it 
behaves in a “rubbery” state. 
The physical properties of thermoset polymers are intrinsically linked to the intermolecular cross-links for their 
strength. Below TG, polymers are rigid and have both stiffness and strength. As temperature nears the TG value, 
the matrix will soften yielding soft or viscous state polymers, that don’t have any stiffness and strength above TG.

2. Coefficient of thermal expansion
The coefficient of thermal expansion refers to the change in unit rise in temperature. The CTE of polymer materials 
are of the order 100x10-6, an order higher than traditional civil engineering materials. This property is particularly 
important when connecting a polymer composite to a different material.  The CTE of thermosetting polymers is 
primarily influenced by the degree of cross-linking of the molecules of polymer and the overall stiffness of the units 
between those cross-linkages. 

3. Thermal conductivity 
The thermal conductivity is a measure of the ease with which temperature is transmitted through a material. The 
thermal conductivity of all polymers is low making them good heat insulators. This property is particularly relevant 
for structure exposed to direct sunlight. 
Steps can be taken to influence the thermal conductivity of a polymer. While using the material in its foam form can 
reduce the thermal conductivity, metallic filler can be added to the resin at the time of polymerization to increase the 
thermal conductivity value.

4. Ultraviolet radiation
Ultraviolet radiation from the sun-radiation is strong enough to split up covalent bonds in an organic material such 
as composite polymers. This leads to a degradation of the composite material, yielding weakening, embrittlement, 
and yellowing of the structure. A surface layer containing an additive to the composite matrix can be added to FRP 
structures in harsh environment or long weather exposure. Such UV stabilizers include adding pigmented gel coat 
or a UV inhibitor; the composite material is then protected from degradation through impeding UV infiltration. It is 
important to note that designers must seek the manufacturer’s input regarding the UV-resistance of an intended 
construction. 
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B2. Sustainability of Constituent Materials

Following the established life-cycle assessment, a closer look at the resource use of composite materials, evaluating 
the environmental impact of the different types of the matrix-fiber constituents. 

Table B2.1 Summary of strengths and weaknesses of the different types of fiber constituents [4].

Strengths Weaknesses

Epoxy + high mechanical strength
+ low viscosity
+ low shrinkage rates
+ overall environmental durability

- Relatively expensive in comparison to other 
polymers. 
- Irreversible curing process (impossibility to 
recycle)

M
at

rix

Polyester + low cost
+ high corrosion resistance
+ uncomplicated processing 

- Low temperature tolerance
- Shrinkage from cross-linking
- Potential health problems 

Vinylester + fast and simple cross-linking of unsaturated 
polyester
+ corrosion resistance
+ durability in alkaline environments

- Fewer crosslinks of unsaturated polyesters
- Irreversible curing process (impossibility to 
recycle)

Fi
be

r

C a r b o n 
Fiber

+ high tensile strength 
+ high modulus of elasticity
+ tolerance to high temperatures 
+ corrosion resistance

- Petroleum based
- Greatest environment impact 
- High energy demand

Glass Fiber + high strength
+ tolerance to high temperatures
+ corrosion resistance

- High temperature needed for manufacturing 
- High energy demand
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Appendix C

C1. Micro-Mechanics of a Lamina 
	 Different methods have been developed to account for the orthotropic of composite materials. A first step in 
doing so is estimating the stiffness of a laminate based on the stiffness/strength values of the reinforcement and 
resin used as well as the volume fraction. The rules of mixture, either in parallel or series, are often used to 
approximate the stiffness in the main directions. The parallel model is generally used to approximate the longitudinal 
stiffness. It assumes that the fibers and the matrix deform compatibly when subjected to uniaxial loading in that 
direction. Following the rules of mixtures:
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The same applies to the in-plane shear stress in the fibres and that in the matrix. The in-plane shear modulus of lamina 
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Experimental studies show that the rules of mixture are more precise in determining the longitudinal modulus 𝐸𝐸$. of the 

composite material using a parallel system (equation 1). The rules of mixture assuming a system in series is less reliable: 

the accuracy in evaluating the transverse elastic modulus 𝐸𝐸$0 and 𝐺𝐺$0	(equations 2 and 3). Research shows that the 

assumptions of equal transverse stresses adopted in deriving equations 2 oversimplify the real behavior at the interface 

between a fiber and the matrix. Indeed, the equations are derived on the assumption that the fibers are uniformly distributed 

in matrix; in practice, fibers are often randomly distributed with some in contact and others not (Jones, 1999). Another 

issue is the non-uniformity of stress of the matrix when a lamina is subjected to transverse loading. More complicated 

models have been developed to take these complexities in account.  
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The parallel model is generally used to approximate the longitudinal stiffness. It assumes that the fibres and the matrix 
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The series model is generally used to approximate the transverse stiffness. Under uniaxial loading, the transverse normal 
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The same applies to the in-plane shear stress in the fibres and that in the matrix. The in-plane shear modulus of lamina 

can be given by: 

 
𝐺𝐺$0 =

𝐺𝐺'0𝐸𝐸)
𝐺𝐺'0𝑉𝑉) + 𝐸𝐸)𝑉𝑉'

 (4) 

Experimental studies show that the rules of mixture are more precise in determining the longitudinal modulus 𝐸𝐸$. of the 

composite material using a parallel system (equation 1). The rules of mixture assuming a system in series is less reliable: 

the accuracy in evaluating the transverse elastic modulus 𝐸𝐸$0 and 𝐺𝐺$0	(equations 2 and 3). Research shows that the 

assumptions of equal transverse stresses adopted in deriving equations 2 oversimplify the real behavior at the interface 

between a fiber and the matrix. Indeed, the equations are derived on the assumption that the fibers are uniformly distributed 

in matrix; in practice, fibers are often randomly distributed with some in contact and others not (Jones, 1999). Another 

issue is the non-uniformity of stress of the matrix when a lamina is subjected to transverse loading. More complicated 

models have been developed to take these complexities in account.  
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Appendix D

D1. Pareto Optimality
The concept of optimum is changed in multi-objective optimization problems. Unlike single-objective optimization 
problems that often result in a unique optimal solution, multi-objective optimization problems result in multiple 
solutions. No longer unique, the optimum in multi-objective optimization problems is seen as a trade-off or 
compromise between the different objective function. The most commonly adopted notion of optimum is known 
as the Pareto optimality, first introduced by Francis.Y.Edgeworth in 1881 and generalized by Vilfredo Pareto in 
1906 1906 [5]. Notions of Pareto optimality are elaborated in short to better understand how to select the optimal 
solutions of a multi-objective optimization. 

The following definitions are based on definitions of Pareto notions applied to structural optimization, from the 
authors’ initial applications in political economy [5].

1. Pareto optimality
A solution  is considered Pareto optimal within  if there exists no feasible vector for a certain variable  in the entire 
variable design space  which would improve some criterion without negatively affecting at least another criterion. 
The vector refers to the objective vector as defined in equation (2). Pareto optimal solutions are referred to as non-
inferior, admissible, or efficient; their vectors referred to as non-dominated. They form the Pareto Optimal Set .
In mathematical terms, a vector is considered to dominate another vector if and only if  is partially less than ; it is 
written as: 
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In mathematical terms, a vector 𝑢𝑢	is considered to dominate another vector 𝑣𝑣	if and only if 𝑢𝑢 is partially less than 𝑣𝑣; it is 

written as:  

 𝑢𝑢 = (𝑢𝑢., … , 𝑢𝑢?)  

 𝑣𝑣 = (𝑣𝑣., … 𝑣𝑣?)  

 ∀𝑖𝑖	 ∈ 1, …	, 𝑘𝑘 , 	𝑢𝑢C 	≤ 𝑣𝑣C ∧ 		∃𝑖𝑖 ∈ 1, …	, 𝑘𝑘 ∶ 𝑢𝑢C < 𝑣𝑣C (23) 

Pareto optimality is the written as: 

 𝒫𝒫∗ ≔ {	𝑥𝑥 ∈ 	Ω | ∃𝑥𝑥K ∈ 𝐹𝐹 𝑥𝑥K ≤ 𝐹𝐹(𝑥𝑥)} (24) 

ii. Pareto Optimal Front 

When plotted in the solution space, the non-dominate vectors form the Pareto front 𝒫𝒫𝒫𝒫∗. It is often very difficult if not 

impossible to determine it analytically. As such, the Pareto front is often computed through generating as many points of 

the design space as possible. When a sufficient number of solution 𝑥𝑥 is generated, non-dominated objective vectors are 

produced by evaluating every possible solution.  

In mathematical terms, Pareto optimal front 𝒫𝒫𝒫𝒫∗	is written as:  

 𝒫𝒫𝒫𝒫∗ ≔ {	𝑢𝑢 = 𝐹𝐹 𝑥𝑥  |  | 𝑥𝑥	 ∈ 𝒫𝒫 ∗} (25) 

iii. Selecting solutions 

Multi-objective optimization problems provide the decision maker with a significant but limited number of solutions. These 

solutions reveal non-dominated vectors in the objective space and their corresponding variables (parameters) in the 

decision space. They correspond to the Pareto optimal solutions and thus define the Pareto front. They must maintain a 

certain diversity in the objective and design space to allow the decision maker a judgment.  

Comparisons of different multi-objective optimization solutions have revealed that evolutionary algorithms (EA) 

are particularly suited to capture the multiple Pareto-optimal solutions. Research has complexified such a statement by 

generating a hierarchy of the different evolution-based techniques: algorithms incorporating elitism become more favorable 

in capturing multiple Pareto-optimal solutions, and generating the Pareto Front [5].  
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Appendix E

E1. Lamination Parameters
	 The constitutive relations presented in the classical lamination theory discussed in section 2 include the design 
variables defining a laminate behavior in the  term, whether it is the orientation angle or the thickness of layers. 
[A], [B], and [D] matrices are very important in assessing a laminate’s behavior in an optimization problem. With 
the numerous variables included in these matrices, Tsai and Hahn introduced in 1980 a more convenient way in 
representing the matrices: lamination parameters (LP) [7]. Laminations parameters are non-dimensional through-
the-thickness integration of the layer orientation. Lamination parameter allow to parametrize a composite material: 
12 lamination parameters and 1 thickness are sufficient to fully describe any laminate layup. Since stiffness matrices 
are most important in describing a laminate behavior, lamination parameters can be used as design variables. This 
simplification will become particularly useful in the optimization process of laminate behavior. 

We can define the material invariants as:
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The lamination parameters related to the laminate in-plane, out-of-plane and couples responses are respectively denoted 

by VkA, VkD, VkB  with k=1,2,3,4. LPs can also be calculated for a N-ply laminate as show below; they are defined as the 

integral of the layer angles over the thickness z. 
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Table D1.1 Lamination parameters. Numerical evaluation for constant ply thickness. 

 

 

Since layer orientations in laminates do not vary in laminates, the laminate stiffness matrices can be expressed as linear 

functions (summations) of the materials invariants, as follows: 

 𝐴𝐴 = ℎ	(	Γl + Γ.𝑉𝑉.X + Γ0𝑉𝑉0X + ΓSVSR + ΓT𝑉𝑉TX) (2) 
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We can define the material invariants as: 

The lamination parameters related to the laminate in-plane, out-of-plane and couples responses are respectively 
denoted by VkA, VkD, VkB  with k=1,2,3,4. LPs can also be calculated for a N-ply laminate as show below; they are 
defined as the integral of the layer angles over the thickness z.
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We can define the material invariants as: 

Γl = 	
𝑈𝑈. 𝑈𝑈T 0
𝑈𝑈T 𝑈𝑈. 0
0 0 𝑈𝑈q

 Γ. = 	
𝑈𝑈0 0 0
0 −𝑈𝑈0 0
0 0 0

 Γ0 = 	
0 0 𝑈𝑈0/2	
0 0 𝑈𝑈0/2	

𝑈𝑈0/2 𝑈𝑈0/2 0
 

ΓS = 	
𝑈𝑈S −𝑈𝑈S 0
−𝑈𝑈S 𝑈𝑈S 0
0 0 −𝑈𝑈S

 ΓT = 	
0 0 			𝑈𝑈S
0 0 −𝑈𝑈S
𝑈𝑈S −𝑈𝑈S 0

 

 

Lamination parameters are bound by the values of -1 and +1.  

 −1 ≤ 𝑉𝑉CX ≤ 1	(i=1, …, 4) (5) 

 

In order to generate meaningful laminate stiffness matrices, lamination parameters are constrained by an allowable 

combination of 𝑉𝑉CX and 𝑉𝑉Cf.  The acceptable domain for the in-plane lamination parameters was defined in 1997 by Hammer 

et al. The feasible region of arbitrary set of lamination parameters is a convex and closed surface in ℝ. (Grenestedt 1991).  

 2𝑉𝑉.X0 1 − 𝑉𝑉SX + 2𝑉𝑉0X0 1 + 𝑉𝑉0X + 𝑉𝑉SX0 + 𝑉𝑉TX0 − 4𝑉𝑉.X𝑉𝑉0X𝑉𝑉TX ≤ 1 (6) 

Design problems, as the one of the Wilhelminaberg Viewpoint, require the optimization of a both extensional and flexural 

structural behavior. Limiting our design to balanced and symmetric laminates, the equation above becomes: 

 𝑉𝑉0X = 𝑉𝑉TX = 0 (7) 

 𝑉𝑉SX ≥ 2𝑉𝑉.X0 − 1 (8) 

 𝑉𝑉Sf ≥ 2𝑉𝑉.f0 − 1 (9) 

The allowable combination domains of lamination parameters can be depicted graphically in the form of the following 

diagrams. While ply orientations can take any value from -90° to +90°, practical applications often limit orientations angles 

to the following angle sets 0°, 30°, 45°, 60°, and 90°. This results in laminates not being the most optimal applications from 

a structural point of view but reflect an approach more aware of manufacturing limits.  

While the diagram represents the convex and closed surface of lamination parameters, either in-plane or out-of-plane, 

further feasible domains for the lamination parameters can be defined within that surface for specific combination of the 

lamina orientation. Points along the parabola correspond to laminates made of a single fiber orientation. A line between 

two points then refers to the lamination parameters that result from the combination of the two corresponding fiber 

orientation. Similarly, any point in an area defined by 3 or more points must correspond to lamination parameters of 

laminates with fiber orientations of the vertices of the area. These sub-domains for laminate designs composed of laminae 

of [0°, ±45°,±90°], [0°,±30°,±60°], [±30°,±45°,±60°], and even [0°,±30°,±45°,±60°,±90°] are illustrated in the figure D1.1.  
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Figure D1.1 In-plane lamination parameter 
diagrams and feasible domains for discrete angle 
ply laminates. (a) Laminates from 0°, 30° and 60° 
angle plies, (b) laminates from 0°, 90° and 45° 
angle plies, (c) laminates from 30°, 45° and 60° 
angle plies, and (d) laminates from 0°, 30°, 45°, 
60° and 90° angle plies [8]
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Appendix F

F1. Tool Development: Multi-objective Optimization
Initial definitions of the framework used a multiple objective optimization. In order to test the efficiency of a multi-
objective optimization, the structure was simplified with an unrolled straight structure of also 106m. The two defined 
objectives are strain energy and weight. 

Figure F1.1 (top) Unrolled straight structure, L=106m in length. (bottom) Parameters defining the geometry.
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	 As shown in figure F.2, the multi-objective optimization results in many optimal solutions at the Pareto-front for 
one scenario. Each scenario requires significant amount of processing in order to rank their structure once the multi-
objective optimization is run. 

Figure F1.2 Pareto-front generated in the multi-objective optimization of the straight quadrilateral beam. 

Figure F1.3 Significant post-processing required to rank the “optimal” solutions on the Pareto Front.

 Considering the scope of this research is to encourage formal exploration in FRP, multi-objective optimization is 
dropped in favor of single-objective optimization. The explication of the rational is closely described in chapter 5 of 
the research. 
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Appendix G

G1. Parameters of Scenario 1: Triangular Symmetric Fixed-width Deck (TSF)

150

106 m

t

Xs              

Ys                   

XM   

YM

t

 

1.4 

[0.1 - 8.0]

1.4

[0.1 - 4.0]

[5.0 - 10.0]

Width at sections S1 & S2 

Depth at sections S1 & S2

Width at section M

Width at section M

Thickness

(m)

(m)

(m)

(m)

(cm)

XS

t
t

Y S Y S

Y M

Xs XM

Section S1
at support 1

Section S2 
at support 2

Section M
at middle span

2.8m 2.8m 2.8m

symmetry = same section

106 m

t

Xs              

Ys                   

XM   

YM

t

 

1.4 

[0.1 - 8.0]

1.4

[0.1 - 4.0]

[5.0 - 10.0]

Width at sections S1 & S2 

Depth at sections S1 & S2

Width at section M

Width at section M

Thickness

(m)

(m)

(m)

(m)

(cm)

XS

t
t

Y S Y S

Y M

Xs XM

Section S1
at support 1

Section S2 
at support 2

Section M
at middle span

2.8m 2.8m 2.8m

symmetry = same section

106 m

t

Xs              

Ys                   

XM   

YM

t

 

1.4 

[0.1 - 8.0]

1.4

[0.1 - 4.0]

[5.0 - 10.0]

Width at sections S1 & S2 

Depth at sections S1 & S2

Width at section M

Width at section M

Thickness

(m)

(m)

(m)

(m)

(cm)

XS

t
t

Y S Y S

Y M

Xs XM

Section S1
at support 1

Section S2 
at support 2

Section M
at middle span

2.8m 2.8m 2.8m

symmetry = same section

PARAMETERS

PLAN VIEW

SIDE VIEW

SECTIONS

VARIABLES DEFINITION VALUE/BOUNDARY UNITS



G2. Parameters of Scenario 2: Triangular Symmetric Cantilevering Deck (TSC)
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G3. Parameters of Scenario 3: Triangular Asymmetric Fixed-width Deck (TAF)
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G4. Parameters of Scenario 1: Triangular Asymmetric Cantilevering Deck (TAC)
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G5. Parameters of Scenario 1: Quadrilateral Symmetric Fixed-width Deck (QSF)
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G6. Parameters of Scenario 1: Quadrilateral Symmetric Cantilevering Deck (QSC)
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G7. Parameters of Scenario 1: Quadrilateral Asymmetric Fixed-width Deck (QAF)
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G8. Parameters of Scenario 1: Quadrilateral Asymmetric Cantilevering Deck (QAC)
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 Appendix H

H1. Material Properties: Summary

1. Material Selection
The material for a specific laminate will be chosen for either low, medium, or high performance. Value for E11, E22, 
G12, G13, G23, and   are specified. Material options are the high performing carbon/epoxy options shown in table H1.1. 

AS4 IM6 IM7

Longitudinal Modulus (E1, GPa) 142 172 156
Transverse Modulus (E2, GPa) 10.3 10.0 10.8
Shear Modulus (G12, GPa) 7.2 6.2 6.0
Poisson’s Ratio (v12) 0.27 0.29 0.30
Longitudinal Tensile Strength (Xt, MPa) 2280 2760 2860
Longitudinal Compressive Strength (Xc, MPa) 1440 1540 1875
Transverse Tensile Strength (Yt, MPa) 57 50 49
Transverse Compressive Strength (Yc, MPa) 228 152 246
Shear Strength (S, MPa) 71 124 83

Table H1.1 Composite Materials and their corresponding properties. Tabulated material properties for the 
materials options to conduct this research. AS4/APC2: carbon-PEEL; IM6/3501-6: carbon-epoxy; IM7/8552: 

carbon-epoxy [9], [10]. 

2. Laminate Selection
IM6 is chosen: it has a Vf= 60%, appropriate for vacuum infusion production. Using the layups shown in figure H1.1, 
the following laminate layup combinations (figure H1.2) are designed. The derived properties are summarized in 
table H1.2. They are derived in the next section using the CLT online tool. 
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Laminate Layup Combinations
E1

(GPa)
E2

(GPa)
G12

(GPa)
v12 σ1

(MPa)
σ2

(MPa)
τ12

(MPa)

C1 0˚/62.5%;45˚/12.5%; 90˚/12.5% ; -45˚/12.5% 118.7 40 15.6 0.3 1425 480 250
C2 0˚/12.5%; 45˚/12.5%; 90˚/62.5% ; -45˚/12.5% 40 118.7 15.6 0.1 480 1425 250
C3 0˚/12.5%; 45˚/37.5%; 90˚/12.5% ; -45˚/37.5% 47.7 47.7 35 0.5 572 572 560
C4 0˚/25%; 45˚/25%; 90˚/25% ; -45˚/25% 65.9 65.9 25 0.3 791 791 400
C5 0˚/50.0%; 45˚/12.5%; 90˚/25.0% ; -45˚/12.5% 100 60.4 15.6 0.2 1200 724 250
C6 0˚/25.0%; 45˚/12.5%; 90˚/50.0% ; -45˚/12.5% 60.4 100 15.6 0.12 724 1200 250
C7 0˚/37.5%; 45˚/12.5%; 90˚/37.5% ; -45˚/12.5% 80 80 15.6 0.15 960 960 250

Figure H1.1 The considered laminate layups (0°, ± 45°, and 90°), widely available in structural applications. 

Figure H1.2 Sections of the different considered laminate layup combinations.

Table H1.2 Properties of the different laminate layup combinations.

Figure H1.3 The four chosen laminate layup combinations with the extreme values for E1, E2 and G12. 
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H2. Material Properties: Derivation

C1 0˚ 45˚ 90˚ 45˚

% 62.5 12.5 12.5 12.5

Figure H2.1 Screenshot from the online tool 
generating the [A], [B], [D] matrices for a 
laminate using the online CLT tool [11].

A11 1.96E+06 N/mm

A22 6.60E+05 N/mm

A12 2.00E+05 N/mm

A66 2.50E+05 N/mm

E1 118.7 Gpa

E2 40.0 GPa

G12 15.6 GPa

v12 0.30  

v21 0.10  

σ1 1425 MPa

σ2 480 MPa

τ 250 MPa

Table H2.1 Properties of the laminate 
layup combinations C1.

C2 0˚ 45˚ 90˚ 45˚

% 12.5 12.5 62.5 12.5

Figure H2.2 Screenshot from the online tool 
generating the [A], [B], [D] matrices for a 
laminate using the online CLT tool [10].

A11 6.60E+05 N/mm

A22 1.96E+06 N/mm

A12 2.00E+05 N/mm

A66 2.50E+05 N/mm

E1 40.0 GPa

E2 118.7 GPa

G12 15.6 GPa

v12 0.10  

v21 0.30  

σ1 480 MPa

σ2 1425 MPa

τ 250 MPa

Table H2.2 Properties of the laminate 
layup combinations C2.
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C3 0˚ 45˚ 90˚ 45˚

% 12.5 37.5 12.5 37.5

Figure H2.3 Screenshot from the online tool 
generating the [A], [B], [D] matrices for a 
laminate using the online CLT tool [10].

A11 1.01E+06 N/mm

A22 1.01E+06 N/mm

A12 5.00E+05 N/mm

A66 5.60E+05 N/mm

E1 47.7 GPa

E2 47.7 GPa

G12 35.0 GPa

v12 0.50  

v21 0.50  

σ1 572 MPa

σ2 572 MPa

τ 560 MPa

Table H2.3 Properties of the laminate 
layup combinations C3.

C4 0˚ 45˚ 90˚ 45˚

% 25 25 25 25

Figure H2.4 Screenshot from the online tool 
generating the [A], [B], [D] matrices for a 
laminate using the online CLT tool [10].

A11 1.16E+05 N/mm

A22 1.16E+05 N/mm

A12 3.50E+05 N/mm

A66 4.00E+05 N/mm

E1 65.9 GPa

E2 65.9 GPa

G12 25.0 GPa

v12 0.30  

v21 0.30  

σ1 791 MPa

σ2 791 MPa

τ 400 MPa

Table H2.4 Properties of the laminate 
layup combinations C4.
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Figure H2.5 Screenshot from the online tool 
generating the [A], [B], [D] matrices for a 
laminate using the online CLT tool [10].

A11 1.64E+06 N/mm

A22 9.90E+05 N/mm

A12 2.00E+05 N/mm

A66 2.50E+05 N/mm

E1 100.0 GPa

E2 60.4 GPa

G12 15.6 GPa

v12 0.20  

v21 0.12  

σ1 1200 MPa

σ2 724 MPa

τ 250 MPa

Table H2.5 Properties of the laminate 
layup combinations C5.

C2 0˚ 45˚ 90˚ 45˚

% 25 12.5 50 12.5

Figure H2.6 Screenshot from the online tool 
generating the [A], [B], [D] matrices for a 
laminate using the online CLT tool [10].

A11 9.90E+05 N/mm

A22 1.64E+06 N/mm

A12 2.00E+05 N/mm

A66 2.50E+05 N/mm

E1 60.4 GPa

E2 100.0 GPa

G12 15.6 GPa

v12 0.12  

v21 0.20  

σ1 724 MPa

σ2 1200 MPa

τ 250 MPa

Table H2.6 Properties of the laminate 
layup combinations C6.
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Figure H2.7 Screenshot from the online tool 
generating the [A], [B], [D] matrices for a 
laminate using the online CLT tool [10].

A11 1.31E+06 N/mm

A22 1.31E+06 N/mm

A12 2.00E+05 N/mm

A66 2.50E+05 N/mm

E1 80.0 GPa

E2 80.0 GPa

G12 15.6 GPa

v12 0.15  

v21 0.15  

σ1 960 MPa

σ2 960 MPa

τ 250 MPa

Table H2.7 Properties of the laminate 
layup combinations C7.
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Appendix I

I1. Determining Load-Areas

	 Defining the corresponding load areas is equally important. A study of all possible load-area combinations was 
conducted in order to find the most critical situation. The most critical load-area is defined as the one that renders the 
smaller buckling factor, least stiff (maximum strain energy), and largest deflection. 

The load areas are tested with 5 different geometries. Consistently, the most critical load was found for the load over 
the entire structure, load area 32.  In the following, the ranking of the load areas are presented for the geometry with 
Xs= 1.7m; Xm=0.6m; Ys=1.8m; Ym=1.8m; t=10cm. 

Figure I1.1 The different load-areas tested to find the most critical load-area.
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RANK
Buckling factor

(ranked from smallest to largest)
Number of corresponding

 load area
1 8.86 32
2 8.91 30
3 9.19 27
4 9.23 23
5 9.27 31
6 9.33 20
7 9.59 29
8 9.63 26
9 9.65 19
10 9.69 9
11 9.81 25
12 9.86 24
13 9.87 22
14 9.97 28
15 10.04 10
16 10.07 18
17 10.14 16
18 10.21 17
19 10.28 14
20 10.38 8
21 10.50 12
22 10.57 5
23 10.61 21
24 10.66 7
25 10.76 15
26 10.78 13
27 10.83 4
28 11.19 11
29 11.27 6
30 11.30 3
31 11.85 2
32 11.94 1

Table I1.1 Ranked Load areas for buckling load factor, small smallest to largest. 
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RANK
Deflection (cm) 

(ranked from smallest to largest)
Number of corresponding

 load area
1 26.78 32
2 26.53 30
3 26.53 31
4 26.27 20
5 25.87 27
6 25.84 25
7 25.61 23
8 25.61 26
9 25.59 24

10 25.59 22
11 25.44 29
12 25.35 9
13 25.33 8
14 25.19 19
15 25.19 18
16 24.93 16
17 24.92 17
18 24.67 14
19 24.66 15
20 24.53 28
21 24.51 21
22 24.41 4
23 24.28 10
24 24.27 12
25 24.25 13
26 24.25 7
27 24.02 5
28 23.99 3
29 23.58 11
30 23.33 6
31 23.33 2
32 23.07 1

Table I1.2 Ranked Load areas for occurring deflection, small smallest to largest.
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RANK
Strain Energy (kNm)

(ranked from smallest to largest)
Number of corresponding

 load area
1 1471.50 32
2 1459.43 31
3 1459.11 30
4 1447.10 20
5 1422.57 25
6 1421.60 27
7 1411.69 24
8 1410.60 22
9 1410.45 23

10 1409.95 26
11 1405.25 29
12 1399.78 8
13 1398.86 9
14 1394.10 18
15 1393.80 19
16 1382.72 16
17 1375.06 17
18 1364.61 15
19 1364.33 14
20 1360.88 21
21 1359.95 28
22 1353.94 4
23 1350.93 7
24 1349.85 13
25 1349.74 10
26 1349.23 12
27 1339.97 3
28 1339.09 5
29 1317.97 11
30 1308.45 2
31 1308.19 6
32 1298.73 1

 Table I1.3 Ranked Load areas for occurring deflection, small least stiff to stiffest. 
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I2. Approximating Cable-effect in the case study

The Wilhelminaberg Viewpoint presents a complex-structural system combining the rings (originally designed in 
steel) and pre-stressed cables. The effect of the cables must be incorporated in the structural analysis. The pre-
stress of the cables cannot be simplified to the effect of forces; the cables contribute to the global stability of the 
structure. These cables will be pre-stressed and participate in increasing the stiffness of the structure. 

Figure I2.1 Structural system of the Wilhelminaberg Viewpoint.

	 The values of the tension in the cables under ULS and SLS are taken from the Ney & Partners. Significant 
experimentation took place in order to model the effect of the cables as close as possible to reality. The experimentation 
proved first the effect of the cables on the stability of a structure.  A grasshopper code was developed to simplify the 
many cables over the considered span into a smaller number of cables with equivalent pre-stress loads. Eventually, 
modeling 7 cables was found to accurately model the effect of the cables over the considered span: an error less 
than 10% in both ULS and SLS (Table I2.3). This allows to expedite the modeling process significantly.  

In Grasshopper, the stress in each cable is input manually, then the cables are divided in 7 groups and for 
each group a cable with an equivalent force and moment are generated. This is done twice for the ULS and SLS 
load cases While this approximation saves time, it leads to some discrepancy between the real situation and the 
equivalent one. 

Figure I2.3 Simplification of the cables into groups of 7 cables.
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3. GEOMETRIC GENERATION
4. MESH GENERATION

I. PARAMETRIC MODEL

OPTIMAL GEOMETRY

RANKING MATRIX
- sustainability
- natural frequency 
- amounts of joinery
- buckling factor
- aesthetics

etc. 

Parameter Input defining the depth 
at the supports and the mid-section 

G
EN

ES

2. GEOMETRIC PARAMETERS
- at supports.
- at mid-section.
- thickness.

1. SPECIFIC SCENARIO
- triangular or quadrilateral section.
- symmetric or asymmetric section.
- cantilevering or non-cantilevering deck.

III. MATERIAL CHOICE OPTIMIZATION MAXIMIZING STIFFNESS
- Defining the orthotropic material & properties.
- Defining all possible layup laminates. 
- Using brute-force, iterating through all possible 
laminate lay-up combinations. 

COLIBRI 2.0 // Brute-force plug-in

IV. GEOMETRY OPTIMIZATION MINIMIZING WEIGHT
- Genes are the geometry parameters
- Fitness function: Weight
- Penalty if not all design constraints are met. 

GALAPAGOS // GA plug-in

V. VERIFYING GLOBAL OPTIMUM VERIFYING OPTIMUM
- Inputting the converged design as starting point
- Running a local optimization algorithm 
 

GOAT // Algorithm plug-in

DEFINING:II. STRUCTURAL ANALYSIS
- supports.
- loadcases and applied loads.
- cable pre-stress.
- design constraints.

KARAMBA 3D // FEA plug-in

GRASSHOPPER // parametric modeling

fS1=

fM=

fS1=fS1=

fS1=

fM=

fS1=fS1=

Parameter Input defining the thickness 
of each membrane of the structure. 

Fitness Value of the GA
If one of the design constraints is not 

verified, a penalty is applied.

k Laminate 
Lay-up Options

k = 4

kn  possible laminate 
lay-up combinations

over the 5 sub-spans.
The structure is divided in n sub-spans. 

n = 5

+

Colibri plug-in iterates 
through the kn combinations

recording strain-energy,
deflection, buckling factor, etc.
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find the stiffest laminate lay-up 
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Vector
magnitude Vector coordinates

VECTOR 1 3246.65 {1509.17, -2687.18, 1020.88}
VECTOR 2 3779.58 {388.07, -3708.61, 617.16}
VECTOR 3 5866.55 {-1635.81, -5633.039819, -96.79}
VECTOR 4 4866.91 {-3093.47, -3618.69, -1011.10}
VECTOR 5 4948.21 {-4157.00, -2118.06, -1648.60}
VECTOR 6 5049.68 {-4619.81, -588.01, -1952.14}
VECTOR 7 7353.42 {-6401.07, 2300.05, -2794.43}

Table I2.1 Equivalent vector coordinates in ULS.

Vector
magnitude Vector coordinates

VECTOR 1 2561.142 {1195.67, -2116.00, 807.70}
VECTOR 2 2946.612 {301.43, -2891.51,480.45}
VECTOR 3 4507.149 {-1244.44, -4331.43, -67.26}
VECTOR 4 3750.759 {-2368.257988,-2805.159764,-768.521418}
VECTOR 5 3956.781 {-3322.983149,-1697.68689,-1315.962622}
VECTOR 6 4034.190 {-3689.523941,-489.957171,-1556.29174}
VECTOR 7 6175.053 {-5394.116019,1874.853372,-2349.407835}

Table I2.2 Equivalent vector coordinates in ULS.

x y z
Error ULS (%) 10.140 4.820 5.650
Error SLS (%) 6.080 4.610 6.940

Table I2.3 Equivalent error between equivalent loads and errors, (x,y,x) are the coordinate of the vector. 
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Appendix K

K1.  Determining Mesh Size 
	 Mesh size is an important aspect of finite element analysis. Defining the mesh density of an analysis is thus a 
compromise between accuracy of results and computational time. Bigger mesh elements lead to results with large 
errors while smaller elements increase significantly the computational time. Furthermore, it is hard to predict where 
exactly a chosen mesh size is on that scale but it can be estimated. Running a mesh density analysis is thus central 
to determine the mesh size and obtain accurate enough results with an acceptable computational time [12], [13] .
	 A mesh density analysis requires to perform a chosen analysis multiple times for different mesh sizes. The data 
of each should be recorded: number of elements, number of nodes, the computation time, the outcome (deflection, 
buckling factor, etc.) of the model. A similar mesh analysis is run to determine the mesh size of this framework. In 
order to determine the mesh size, a singular geometry under a load is run multiple time with decreasing mesh size. 

	 The mesh density analysis is run for multiple geometries. Comparing the values of the buckling load factor, the 
accuracy of the mesh size is evaluated. Taking a structure with an unrolled length of 106m, the mesh sizes vary 
between 0.25m and 1.25m. For each mesh analysis, graph visualizing the buckling load factor in function of 1/N 
are plotted. The buckling load factor is determined as 1/N approaches 0. Then the error in % is plotted in function 
of mesh size and time of calculation. This allows to visualize the compromise of accuracy and computational 
efficiency. It is found that the mesh size of 0.5m gives a good enough accuracy, evaluated at 10%. 

Mesh Analysis 1:

Parameters Mesh Size 
Res. (m)

Number of 
Elements E

Number of
 Nodes N Time (ms) Buckling 

Factor 
Buckling 
error (%)

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
0.50 8501.00 4283.00 8134.00 5.81 8.10

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
0.60 6061.00 3065.00 3416.00 5.81 8.12

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
0.70 4309.00 2177.00 2177.00 6.18 15.14

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
0.80 3742.00 1890.00 2454.00 6.12 13.99

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
0.90 2645.00 1342.00 - 6.60 22.81

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
1.00 2377.00 1206.00 1235.00 6.69 24.62

Table K1.1 Mesh analysis 1.
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Figure K1.1 Buckling Load-factor vs. 1/N.
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Figure K1.2 Buckling Load-factor error vs. calculation time (ms).

Figure K1.3 Buckling Load-factor error vs. calculation size (cm).
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Mesh Analysis 2:

Parameters Mesh Size 
Res. (m)

Number of 
Elements E

Number of 
Nodes N Time (ms) Buckling 

Factor 
Buckling 
error (%)

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
25 4.928 4.928 4.928 4.928 1.0442

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
50 5.272 5.272 5.272 5.272 5.8635

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
75 5.639 5.639 5.639 5.639 13.2329

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
100 6.0084 6.0084 6.0084 6.0084 20.6506

(Xs=18; Xm=9; 
Ys=2.5; Ym=2.5; 

t=7.5)
125 6.546 6.546 6.546 6.546 31.4458

Table K1.2 Mesh analysis 1.
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Figure K1.4 Buckling Load-factor vs. 1/N.
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Figure K1.5 Buckling Load-factor error vs. calculation time (ms).

Figure K1.6 Buckling Load-factor error vs. calculation time (cm).
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Appendix L

L1. Search Spaces for the 8 Scenarios

The search space corresponds to all the values that a variable can take. For each scenario, the following tables 
presents the number of values that a parameter can take to finally compute the total search space. In case 

Table L1.1 Parameters of the TSF, with the corresponding search space. 

TSF XS XM Ys YM t 

MIN 1.4 1.4 0.1 0.1 5

MAX 1.4 1.4 8 4 10

INTERVAL 0 0 7.9 3.9 5

POSSIBILITY - - 79 39 50

SEARCH SPACE: 1.54 E+05

TSC XS XM Ys YM t 

MIN 0.1 0.1 0.1 0.1 5

MAX 1.4 1.4 8 4 10

INTERVAL 1.3 1.3 7.9 3.9 5

POSSIBILITY 13 13 79 39 50

SEARCH SPACE: 2.60E+07 

Table L1.2 Parameters of the TSC, with the corresponding search space.

TAF XS1 
(m)

XS2 
(m)

XM 
(m)

YS1 
(m)

YS2 
(m)

YM 
(m)

F1 
(m)

F2 
(m)

F3 
(m)

t 
(cm)

MIN 1.4 1.4 1.4 0.1 0.1 0.1 -1 -1 -1 5

MAX 1.4 1.4 1.4 8 8 4 1 1 1 10

INTERVAL 0 0 0 7.9 7.9 3.9 2 2 2 5

POSSIBILITY - - - 79 79 39 20 20 20 50

SEARCH SPACE: 9.74E+10

Table L1.3 Parameters of the TAF, with the corresponding search space.

TAC
XS1 
(m) XS2 

XM 
(m)

YS1 
(m)

YS2 
(m)

YM 
(m)

F1 
(m)

F2 
(m)

F3 
(m)

t 
(cm)

MIN 0.5 0.5 0.5 0.1 0.1 0.1 -1 -1 -1 5

MAX 1.4 1.4 1.4 8 8 4 1 1 1 10

INTERVAL 0.9 0.9 0.9 7.9 7.9 3.9 2 2 2 5

POSSIBILITY 9 9 9 79 79 39 20 20 20 50

SEARCH SPACE: 7.10E+13

Table L1.4 Parameters of the TAC, with the corresponding search space.
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QSF S1.X1 S1.X2 MX1 MX2 SY MY t 

MIN 1.4 0.1 1.4 0.1 0.1 0.1 5

MAX 1.4 1.4 1.4 1.4 8 4 10

INTERVAL 0 1.3 0 1.3 7.9 3.9 5

POSSIBILITY - 13   - 13 79 39 50

SEARCH SPACE: 2.60E+07

Table L1.5 Parameters of the QSF, with the corresponding search space. 

QSC S1.X1 S1.X2 MX1 MX2 S1-Y MY t 

MIN 0.5 0.1 0.5 0.1 0.1 0.1 5

MAX 1.4 1.4 1.4 1.4 8 4 10

INTERVAL 0.9 1.3 0.9 1.3 7.9 3.9 5

POSSIBILITY 9 13 9 13 79 39 50

SEARCH SPACE: 2.11E+09

Table L1.6 Parameters of the QSC, with the corresponding search space. 

QAF S1.X1 S1.X2 S2.X1 S.2X2 MX1 MX2 S1-Y S2-Y MY FS1 FS2 FM

t 
(cm)

MIN 1.4 0.1 1.4 0.1 1.4 0.1 0.1 0.1 0.1 -1 -1 -1 5

MAX 1.4 1.4 1.4 1.4 1.4 1.4 8 8 4 1 1 1 10

INTERVAL 0 1.3 0 1.3 0 1.3 7.9 7.9 3.9 2 2 2 5

POSSIBILITY - 13 - 13 - 13 79 79 39 20 20 20 50

SEARCH SPACE: 2.14E+14

Table L1.7 Parameters of the QAF, with the corresponding search space. 

QAC S1.X1 S1.X2 S2.X1 S.2X2 MX1 MX2 S1-Y S2-Y MY FS1 FS2 FM

t 
(cm)

MIN 0.5 0.1 0.5 0.1 0.5 0.1 0.1 0.1 0.1 -1 -1 -1 5

MAX 1.4 1.4 1.4 1.4 1.4 1.4 8 8 4 1 1 1 10

INTERVAL 0.9 1.3 0.9 1.3 0.9 1.3 7.9 7.9 3.9 2 2 2 5

POSSIBILITY 9 13 9 13 9 13 79 79 39 20 20 20 50

 SEARCH SPACE: 1.56E+17

Table L1.8 Parameters of the QAC, with the corresponding search space. 
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Number 
of Genes

Search 
Space

Number of generations before 
convergence

T1 3 1.54E+05 44
T2 5 2.60E+07 54
T3 7 9.74E+10 122
T4 10 7.10E+13 335
Q1 5 2.60E+07 73
Q2 7 2.11E+09 83
Q3 10 2.14E+14 291
Q4 13 1.56E+17 279

Table L1.9 Variables to evaluate the computational efficiency of the generated geometries. 
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L2. Convergence of Graphs
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  Figure L2.1 Convergence of the genetic algorithms for the triangular geometries. 
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  Figure L2.2 Convergence of the genetic algorithms for the quadrilateral geometries.
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  Figure L2.3 Convergence of the genetic algorithms for the eight generated geometries.
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L3. Natural Frequency of the 8 structures.  

	 Initial investigations within the design space revealed that 
minimizing the weight of the structure lead to the significant reduction 
of the natural frequency of the structure. As the Wilhelminaberg 
Viewpoint structure is classified as a pedestrian bridge, it is 
important to avoid resonance and verify comfort requirements. 
According to paragraph 5.7 in EN 1991-2:2003, Eurocode 1: 
Actions on Structures, Part 2: Traffic Loads on Bridges, a minimum 
natural frequency of at least 3 Hz is required [14]
	 Initial investigations reveal that imposing a minimum frequency 
of 3 Hz as a design constraint reduces significantly the solution 
space, with some iterations not returning any results. Research as 
well as discussions with the engineers and designers revealed that 
the problem of resonance and comfort levels can be solved with 
tuned mass damper.  Another approach is thus adopted for the 
issue of vibration. The design constraint for natural frequency is 
relaxed. Natural frequency will be incorporated in evaluating the 
optimal design in the post-optimality analysis.

Natural 
Frequency 

(Hz)
TSF 1.804
TSC 2.228
TAF 1.776
TAC 2.118
QSF 1.792
QSC 2.108
QAF 1.766
QAC 2.074

Table L3.1 Natural frequency of 
the 8 generated geometries. 

	 There is no scenario that present significant advantage in natural frequency (<3Hz) over the other. They will all 
require significant attention to solve the vibration issue. 

L4. Cost Estimates 

	 Estimating the cost price of a structure is a complex process. It 
requires to take in consideration materiel, labor, transportation, and 
assembly costs. In the suggested design, carbon-fibers are used 
for the reinforcement. That will be the driving cost of the structure. In 
order to gage a general idea, the following suggests cost estimates 
based only on materials, specifically the reinforcement. 
	 The material price of the reinforcement alone in FRP (carbon-
fiber) is of 20€ per kilogram [15], [16]. The total price of used 
reinforcement will thus be calculated by multiplying Vf, the fiber 
volume fraction, by the unit price of carbon fiber. The cost of the 
resin can be neglected in comparison to the price carbon fiber. The 
price of the carbon fiber required for each structure is summarized 
in table L4.1. 

Force 
of 

Gravity 
(kN)

Weight 
(tons)

Carbon-
Fiber 

Weight 
(tons)

Price in 
millions 
of Euro

TSF 1069.85 109.09 65.46 1.31
TSC 831.39 84.77 50.87 1.02
TAF 1025.41 104.56 62.74 1.25
TAC 812.041 82.80 49.68 0.99
QSF 968.57 98.76 59.26 1.19
QSC 753.08 76.79 46.07 0.92
QAF 953.98 97.28 58.37 1.17
QAC 750.20 76.50 45.90 0.92

Table L4.1 Cost estimates of the required carbon-
fiber, with a fiber volume fraction =60%. 	 It is worth noting that this pricing does not include the price of 

manufacturing, transportation, or assembly. It becomes clear that 

the 35% difference between the best of the eight geometries and the worst of the eight might become very important and 
a determining factor in choosing a single structure. 
 	 While carbon-fiber is still not as cost-competitive as traditional building methods, it is becoming more and more cost-
efficient. Cost-effective production methods and form-resistant structures only are means to render the material more 
widespread. Furthermore, increased use of carbon-fibers renders the material more competitive. 
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L5. Production Methods
	 For comparison purposes, the following attempts at estimating the number of mold each scenario would require. 
The following assumptions are made:

-  - Triangular sections have less shell-like element to produce (5 sub-spans with 3 walls, 15 pieces to produce 
and connect). 
-  - Quadrilateral sections have less shell-like element to produce (5 sub-spans with 5 walls, 20 pieces to 

produce and connect). 
-  - Top piece of the section:

- For symmetric and asymmetric sections with a fixed-width deck of 2.8m (T1, T3, Q1, Q3), 1 mold is 
required the 5 top pieces. 
- For symmetric sections with a cantilevering deck (T2 and Q2), 3 mold are required the 5 top pieces. 
- For symmetric sections with a cantilevering deck (T4 and Q4), 5 mold are required the 5 top pieces. 

-  - For the side pieces:
- For shape symmetric triangular sections (T1, T3), 6 molds are required for the side pieces. 
- For shape symmetric quadrilateral sections (Q1, Q3), 10 molds are required for the side pieces. 

-  - Bottom piece of the section:
- Triangular sections have no bottom piece. 
- For symmetric quadrilateral sections (T1 and T2), 3 mold are required the bottom 5 pieces. 
- For asymmetric quadrilateral sections (T3 and T4), 5 mold are required the bottom 5 pieces

Number of mold- 
top piece

Number of mold- 
side pieces

Number of mold- 
bottom pieces

Total number of 
mold

TSF 1 6 - 7
TSC 3 6 - 9
TAF 1 10 - 11
TAC 5 10 - 15
QSF 1 6 3 10
QSC 3 6 3 12
QAF 1 10 5 16
QAC 5 10 5 20

Table L5.1 Number of molds for each design scenario.  
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L6. Joint Design
Bonding is an important aspect of designing in FRP. The main principles of FRP connections are elaborated 
hereinafter as it will become important to configure viable connections between the different FRP elements. 
Further research and analysis will be required past the preliminary study phase. Two categories are 
distinguished in FRP: adhesive and mechanical. 

1. Joint Design
Adhesive joints depend strongly on the design as well as good preparation. Examples of good and bad 
designs are shown in figure E1.1.  

- A good adhesive is thus parallel and symmetrical to the line of action of the force acting on it, 
avoiding eccentricity. 

- Good adhesive joints are generally loaded in shear. 
- Stresses perpendicular to the adhesive joint, known as peel stresses, are to be prevented. 
Caused by perpendicular forces or secondary bending moment, they rely on the limited tensile 
strength of the joint.  

- An adhesive joint depends on the length of the joint: the larger the design, the better. 
- An adhesive joint also depends on the thickness. Generally, a fraction of millimeter thin, thicker 
adhesive layers (t>0.5mm) can be used for bridges or wind turbine blades. A thicker layer allows to 
distribute stress concentration better internally. They are however more difficult to apply because of 
low viscosity of adhesives. Thicker adhesive joints can be a weakness in the design rendering the 
structure weaker. 
- Peak stresses often occur at the edges of the adhesive joint because of the stiffness transition from 
the adhesive to the structural members. Such stiffness transitions can be reduced by matching the 
stiffness of the adhesive to the laminate as closely as possible. However, a flexible adhesive has the 
advantage of redistributing peak stresses faster [3]. 

Figure L6.1 Schemes illustrating good and bad joint designs [3]. 
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2. Failure of adhesive joints
The failure of an adhesive mechanism is either related to high stresses occurring or poor design. A distinction is 
made between adhesive and cohesive failure. It is however often that a mix of failures occurs. 

- Adhesive failure occurs at the level of bonding, between the adhesive and the structural components to be 
bonded. An adhesive failure is identified if the connected components do not show any residual adhesive 
upon failure. Preventive measures can be applied to the adhesive layer, they include cleaning, drying, and 
degreasing the adhesive layer. 
- A cohesive failure fracture occurs in the adhesive itself. The cohesion strength of a joint is determined by 
the type of adhesive, curing shrinkage, porosity of the adhesive layer due to solvent evaporation, entrapped 
air, and homogeneity and correct ratio of components. A cohesive failure indicates that the adhesive is 
weaker than the joint connecting the adhesive and structural component. 

Figure L6. 2 Failure Types (from top to bottom) cohesive, adhesive, cohesive-adhesive [3].

3. Choice of adhesive joint:
Important factors in deciding types of adhesive are: mechanical properties, processing methods, costs, and whether 
the adhesive is suited to the surfaces to be bonded. 

- Three adhesive types are identified:
- Thermoplastic adhesives
- Mixed or two-component adhesives 
- Adhesive solutions

Referred to as “pin-loaded hole,” mechanical loaded joints require no adhesive. The introduction of holes in 
composite structures is consequential.  This is mostly due to the surface pressure the pin can exert on the hole 
edge when loaded in the plane of the laminate. Stress concentrations also occur in the laminate, by a factor from 
1.5 and as high as 7. 
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Appendix M

M1. Performance Graphs

Figure M1.1 Graph summarizing the performance of the triangular cross-section geometries.
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Figure M1.2 Graph summarizing the performance of the quadrilateral cross-section geometries.
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M2. Performance Graphs, using improvement factor
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Figure M2.1 Graph summarizing the performance of the triangular cross-section geometry, 
using improvement factor. 
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Figure M2.2 Graph summarizing the performance of the quadrilateral cross-section geometry, 
using improvement factor.
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