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Abstract

Hyperbolic t-SNE extends t-SNE to hyperbolic space, making it well suited
for visualizing hierarchical datasets. However, its computational cost remains
a barrier to scaling. This thesis introduces HIt-SNE, a method that acceler-
ates hyperbolic t-SNE. It does so by adapting the interpolation-based strategy
behind FIt-SNE to hyperbolic geometry. The approach reformulates the un-
derlying gradient computation and partitions the embedding space using a
hyperbolic tiling. Distant interactions are then approximated through local
interpolation, while an exact correction term preserves accuracy for nearby
points. We analyze the runtime and accuracy of the resulting algorithm and
evaluate it on real-world datasets. We find that our algorithm substantially
reduces computational cost relative to the exact method, while keeping ap-
proximation error within a controllable range. These results suggest that
interpolation-based acceleration is a promising direction for making hyper-
bolic dimensionality reduction more scalable.
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Chapter 1

Introduction

Many modern datasets are both high-dimensional and hierarchical, yet many ex-
isting methods for analyzing such data fail to account for this structure. Data is
considered hierarchical when the underlying structure resembles a tree, in the way
that a biological taxonomy organizes species into orders, families, and genera, or
the way a file system organizes files into nested folders. A defining feature of such
hierarchical structures is that the number of nodes tends to grow exponentially with
depth, since a tree where each node has b children has roughly 4 nodes at depth
d. Many real-world high-dimensional datasets have this kind of latent hierarchical
structure even when it is not given explicitly: word embeddings often encode an
implicit hierarchy of semantic categories [13], single-cell RNA sequencing data re-
flects the hierarchical lineage of cell types [2] [22], and collections of scientific papers
cluster into fields, subfields, and individual research topics |7].

One algorithm commonly used to understand high-dimensional data through vi-
sualization is t-SNE [31]. Like other dimensionality reduction algorithms, t-SNE
works by constructing an embedding, a mapping from a high-dimensional dataset
to a corresponding set of points in a much lower-dimensional space, usually two or
three dimensions, chosen so that some meaningful property of the original data is
preserved. For t-SNE specifically, the property preserved is local neighborhood struc-
ture, so that points which are close together in the high-dimensional data remain
close together in the embedding. Once such an embedding has been constructed, it
can be plotted as a scatterplot, making structure that is difficult to see directly in
high dimensions, such as clusters of similar datapoints, visible to the eye.

However, the Euclidean embedding used by t-SNE does not naturally capture
hierarchical structure. FEuclidean volume grows only polynomially with radius,
whereas, as noted above, the number of nodes in a tree grows exponentially with
depth. This mismatch means that a tree embedded in Euclidean space will necessar-
ily either crowd its nodes together or distort their relative distances. One solution
to the problem of visualizing high-dimensional hierarchical data is to extend t-SNE
to hyperbolic space. Hyperbolic space is an alternative to Euclidean space that can
represent hierarchical structures, such as trees, with low distortion, since hyperbolic
volume itself grows exponentially with radius [34], allowing tree-like structures to be
embedded with much lower distortion than is possible in Euclidean space [41]. The
extension of t-SNE to hyperbolic space is known as hyperbolic t-SNE, and several
variants have been proposed in the literature [44] [20] [22] [49]. In this thesis we
primarily focus on the approach of Skrodzki et al. [44].
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Despite this advantage, hyperbolic t-SNE inherits the same computational bot-
tleneck as ordinary t-SNE. Computing the repulsive force between embedding points
requires summing over all (];[ ) pairs of points at every iteration of gradient descent,
giving an O(N?) cost per iteration. For Euclidean t-SNE, this bottleneck has been
addressed by acceleration methods such as Barnes-Hut t-SNE and FIt-SNE,; the
latter of which approximates the repulsive force using polynomial interpolation, re-
ducing the per-iteration cost to O(N) [27] [29]. Skrodzki et al. adapt the Barnes-Hut
strategy to hyperbolic t-SNE [44], but no equivalent interpolation-based accelera-
tion, of the kind used by FIt-SNE, has yet been developed for hyperbolic t-SNE. This
represents a gap in the literature, since FIt-SNE is currently preferred over Barnes-
Hut precisely because of its speed, and an extension of FIt-SNE to hyperbolic space
therefore seems a natural next step.

This leads to the central research question of this thesis:

Can the interpolation-based acceleration strategy of FIt-SNE be extended
to hyperbolic t-SNE?

We break this question down into three sub-questions which will be discussed in
Section after sufficient background information has been given.

We will answer our research question in the following chapters, organized as
such. Chapter [2| provides the mathematical background necessary for understand-
ing our proposed algorithm, including a brief overview of dimensionality reduction
algorithms, t-SNE, hyperbolic geometry, and hyperbolic t-SNE. In Chapter 3| we
describe our algorithm in detail. Chapter {4 lists the experiments we use to test the
performance of our algorithm, and Chapter [5| presents their results, which are inter-
preted further in Chapter [l The thesis concludes in Chapter [7] which summarizes
our findings and gives ideas for future progress. The appendices include derivations
of the parts of the algorithm and verification that our hyperboloid-model gradient
agrees with the existing Poincaré-model formulation.



Chapter 2

Mathematical Background

2.1 Dimensionality Reduction

Dimensionality reduction is the process of taking a high-dimensional dataset and
deriving a lower-dimensional dataset that has similar meaningful properties. Such
properties may include: preservation of pairwise distances, nearest neighbors, or
high-variance features.

In this thesis, we are mainly interested in the application of dimensionality reduc-
tion to visualizing the structure of high-dimensional data. Using a dimensionality
reduction algorithm, a high-dimensional dataset can be reduced to two-or-three-
dimensional space, where it can be visualized in a scatterplot. Some examples of
this approach include understanding the approximately 30 dimensional space of
parameters that describe breast cancer cells [31]. Another application is scientific
literature exploration, where dimensionality reduction is used to make a map of sim-
ilar papers by reducing the 768-dimensional space of paper description embeddings
to 2D [44] [33] [11].

At a high level, dimensionality reduction procedures can be divided into linear
and non-linear algorithms. Linear algorithms reduce the dimensionality of the data
by embedding high-dimensional points into a lower-dimensional linear subspace.
Dimensionality reduction can be highly effective if datapoints in high-dimensional
space actually lie on a low-dimensional manifold. For datasets where the manifold
that the data lies on is not a linear subspace, linear dimensionality reductions will
not work, and non-linear methods are necessary (see Figure .

Figure 2.1: The swiss roll data set in R?. It is evident that the data lies completely on a
2D surface, which is not a linear subspace. In this case, non-linear dimensionality methods
are needed to do dimensionality reduction while preserving the manifold’s structure.
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In the following section, we review linear and non-linear dimensionality reduction
algorithms, in an effort to contextualize t-SNE. Linear algorithms include Principal
Component Analysis (PCA) and classical multidimensional scaling (MDS) and will
be reviewed in Section [31]. Non-linear algorithms include Sammon Mapping,
Isomap, Laplacian Eigenmaps (LE), Uniform Manifold Approximation and Projec-
tion (UMAP), and t-SNE variants (see Section [2.1.2). Since t-SNE and its variants
will be the main focus of the thesis, we will discuss t-SNE in depth in Section

2.1.1 Linear Dimensionality Reduction Methods

PCA is a linear dimensionality reduction technique which preserves the k directions
of greatest variance in the n-dimensional data. Suppose a dataset consists of three
columns, with variable data in the first two columns and near-constant values in
the last column. Then PCA with £ = 2 would preserve the span of the first two
columns and filter out the near-constant last column. PCA can be calculated by
computing a truncated Singular Value Decomposition (SVD) [45]. Specifically, first
one subtracts the mean of each column from the column to create a centered data
matrix where each column has mean zero [45]. Then one takes the SVD of this
centered data matrix, and truncates the n — k smallest singular values [45]. The
result is a k-dimensional representation of the data obtained by projecting onto the
subspace spanned by the top £ singular vectors.

Multidimensional Scaling (MDS) is a dimensionality reduction technique that
seeks a set of low-dimensional points whose pairwise distances closely match those
of the original high-dimensional data [25|. Let x; denote a datapoint and let d;; =
||z; — ;]| be the distance between points x; and x;. If y; and y; are the corresponding
low-dimensional embeddings, then their distance is given by ||y; — y;||. Let

vi
T
Y
Y= |7
Un
denote the matrix whose rows are the low-dimensional embeddings. MDS deter-
mines Y by minimizing a cost function, S, known as the stress [25]:

S(Y) =D (dij — lyi — y5l1)*
i<j

An interesting and surprising result is that the two most popular linear dimen-
sionality reduction algorithms PCA and MDS are in fact mathematically identical
[30]. This reveals that PCA, like MDS, is primarily driven by preserving large pair-
wise distances between datapoints, often at the cost of local structure. Because
nearby points contribute comparatively little to the objective, local neighborhoods
can be distorted in the embedding. This motivates nonlinear dimensionality reduc-
tion methods, which explicitly prioritize preserving local structure instead.

2.1.2 Non-linear Dimensionality Reduction Methods

Sammon mapping is a non-linear dimensionality reduction technique that amends
classical MDS by introducing a distance-dependent weighting into the stress func-

7
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tion, thereby placing greater emphasis on preserving small pairwise distances. The
Sammon cost function is given by

1 (dig = llyi — y;11)?
2y i dij

which is typically minimized using pseudo-Newton methods [30].

Isomap is a non-linear dimensionality reduction technique which modifies MDS
by using geodesic distances instead of Euclidean distances [46]. The geodesic dis-
tance dg(z;, ;) between datapoints z; and z; is computed as follows. First, the
k-nearest neighbor graph with adjacency matrix W is constructed, where W;; =1
if z; and z; are k-nearest neighbors and 0 otherwise. The geodesic distance is then
defined as the shortest path distance between z; and x; along the graph W, with
edge weights given by d;;:

oY) =

dg(xi,l’j) = min E dkh
PiTi—T;

(k,l)ep

where the minimum is taken over all paths p connecting x; and x; along edges of
W. In practice this is computed efficiently using a shortest-path algorithm such as
Floyd—Warshall |46]. Using these geodesic distances in place of Euclidean distances,
Isomap then proceeds as standard MDS, minimizing the stress function:

2
B(Y) = 3 (dalziz3) — lly — w5])*
i<j
Isomap is often unreliable due to its strong assumption that the topology of the
k-nearest neighbor graph resembles the topology of the manifold the data lies on
[30].

Laplacian Eigenmaps (LE) is a non-linear dimensionality reduction method which
uses a k-nearest neighbor graph W of the high-dimensional dataset to provide a fil-
ter to focus on local behaviour [4]. In particular, LE minimizes the following cost
function:

oY) = llys — y;I’Wi,
i

which can be interpreted as minimizing the distance in the embedding between a
datapoint’s k nearest neighbors [30]. The “Laplacian” in the name refers to the fact
that this cost function can be rewritten as

#(Y) =tr(YTLY),

where L is the graph Laplacian of W. Justification for the use of the graph Lapla-
cian, in terms of its relationship to the Laplace-Beltrami operator and the latter’s
properties, is given in [4]. Additionally, “eigenmap” refers to the fact that the solu-
tion to the minimization of ¢ corresponds to the eigenvectors with smallest non-zero
eigenvalues [4].

2.2 t-SNE

t-SNE is a non-linear gradient-based dimensionality reduction algorithm, and is
popular for visualization as it produces an easily interpretable cluster structure (see

8
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(a) MNIST datapoints in R23%28 — R784 [42]

(b) t-SNE embeddings of MNIST datapoints in
R? [43)

Figure 2.2: (a) The MNIST dataset consists of 10k handwritten grayscale digits and is
commonly used as a test dataset in machine learning. (b) Using t-SNE to embed the
datapoints into 2D, a scatterplot of the embeddings can be made and labels for the digits
added. Each color corresponds to a digit 0-9, and strong clustering is evident.

Figure [31]. t-SNE works by optimizing an information-theoretic cost function
that will be described in Section [2.2.1} The cost function is optimized using gradient
descent, and can be thought of as comprising three sequential phases:

1. Initialization
2. Early exaggeration
3. Normal gradient descent.

In the initialization phase, embedding points are placed according to one of various
methods, which will be discussed in Section 2.2.2] In the next phase, early exag-
geration, gradient descent is performed but the attractive force between points is
artificially increased to aid cluster separation (see Section . The last phase
consists of gradient descent with the original levels of repulsive force, refining the
shape of the clusters (see Section [2.2.2)).

2.2.1 t-SNE Cost Function

The cost function for t-SNE encourages the high-dimensional neighbors of a data-
point in the dataset to correspond to the low-dimensional neighbors of the embedded
point.

The similarity pj; of datapoints z; and x; is given by

= R = 202)
S e~ — a?/207)

and represents the conditional probability that point x; would choose point z;
as a neighbor, if neighbors were selected proportional to the density of a Gaussian
with mean x; and standard deviation o; [31]. The probabilistic interpretation can

9
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be difficult to understand, so it may be easier to view the Gaussian density as
a similarity kernel which turns pairwise distances into a value pj;, € [0, 1], where
values close to zero imply dissimilarity and values close to one are highly similar.

t-SNE roughly tries to mimic methods which attempt to preserve the k-nearest
neighbors graph. An effective neighbor of z; in t-SNE can be thought of as a
datapoint x; where p;; is a non-negligible value. The analog of k from k-nearest
neighbors is the perplezity hyperparameter. Perplexity is defined as

Perp(P;) = 2H(F)
where H(P;) represents the Shannon entropy of P; measured in bits [31]:

H(P) == pjjilogs(psp)-

The perplexity gives a continuous analog to the value k in k-nearest neighbors. In
fact, in the case where a datapoint has k effective neighbors that are equidistant,
then pj|; is a uniform distribution over these neighbors and the perplexity is exactly
k:

One issue with preserving the k-nearest neighbor graph is that datapoints in
dense regions may have many more than k effective neighbors while datapoints in
sparse regions may have far fewer than k effective neighbors. In order to adjust
for the neighborhood density, the parameters o; are assigned to each datapoint to
control the number of effective neighbors. For x; in dense regions a small ¢; is chosen
and for sparse regions a large o; is chosen. For each datapoint, t-SNE selects a o;
through binary search, finding a value of o; where 277 = p_ Here p is a fixed
perplexity hyperparameter (usually between 5 and 50) [31].

Similarly to the similarity between the high-dimensional datapoints, the embed-
ding points also have a measure of similarity. Specifically, the similarities ¢;; between
embedding points y; and y; are given by

~1
0 = (X + v — i)
iy 1
>kt (L llye — will?) '

Note that the formulation for ¢;; is similar to p;;, but with two notable differences: g;;
is symmetric by construction and the Student’s t-distribution density is used instead
of the Gaussian density. The use of the t-distribution is an improvement over the
previous algorithm SNE which used a Gaussian density for both the datapoints and
the embedding.

The t-distribution is used as it alleviates the crowding problem [31]. The crowd-
ing problem is that points crowd together and collapse into highly discrete and
non-smooth clusters. The crowding problem is a result of the geometry of high-
dimensional space and the choice of the Gaussian density as a low-dimensional dis-
tribution. In high-dimensional space the distribution of distances from a datapoint
to its neighbors is highly concentrated around a moderate distance. The Gaus-
sian, however, assigns negligible probability to moderate distances leading to a lack
of repulsive forces between the embedding points, causing crowding. The solution
proposed by t-SNE is to use a t-distribution which has fatter tails than Gaussian,

10
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(a) Magnitudes of repulsive forces of SNE and  (b) Tails of Gaussian (¢ = 0.5) and t-
t-SNE. distribution (v =1).

Figure 2.3: (a) Using a Gaussian for the low-dimensional probability distribution (SNE)
leads to moderate distances d;; contributing negligible force, in distinction to the t-
distribution (t-SNE). The repulsive force using a Gaussian is dl-je*dlzj whereas the repul-
sive force using a t-distribution is oc d;;(1 + dfj)_z. (b) The t-distribution has fatter tails
than the Gaussian.

allowing points at a moderate distance to have non-negligible repulsive forces (see
Figure .

Note that the high-dimensional similarity is not symmetric, i.e p;; # p;; in
general due to the normalization factor and also the fact that in general o; # o;.
t-SNE uses symmetrized similarities which serve to make the final cost function
gradient simpler, and also experimentally produce slightly improved visualizations
[31]. Symmetrized similarities p;; are calculated as

_ Djli + D
i = T

where n is the number of datapoints. This normalization factor % ensures that
2 iz Dij = 1.

Both p;; and ¢;; define joint probability distributions between pairs, and their
discrepancy is used as a cost function C. Specifically, the discrepancy is measured
using Kullback-Leibler (KL) divergence:

C=KL(PP|Q) = Zprlogp”

The KL Divergence strongly penalizes embedding points missing true neighbors,
while weakly penalizing having false neighbors. In the case of missing true neighbors,
pi; will be large and ¢;; will be small. Therefore the term p;; log(p =23 will also be
large. In the case of having false neighbors, p;; is small but g;; is la;ge. Therefore
Dij log(p Z? ) will be small. The KL divergence is a member of a family of so-called
f- dlvergences, which measure the difference of one probability distribution from the
other. The KL Divergence, in particular, has been found to excel in revealing the
cluster structure of data [21].

11
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Laplacian Eigenmaps Stronger attraction Stronger repulsion t-SNE (o= 1)

p=100 p=30 p=4 @' p=1
o Y,
N ,"\ - Vel - T 0
N ATde )\ hele WP
. Lid
Eig 1 7\
UMAP
L
 J
i

Figure 2.4: Attraction-repulsion spectrum of t-SNE for varying exaggeration factors p on
the MNIST dataset [5].

2.2.2 Initialization and Gradient Descent

In the initialization phase, for each datapoint a corresponding point is chosen in
the low-dimensional embedding space. The initialization method mentioned in the
original paper was to generate random points in a small radius around the origin
by sampling from a zero-mean isotropic Gaussian with small variance [31]. Later
research has found that using PCA embeddings as the initial embedding points
is superior to random initialization, since some semblance of the global structure
is preserved [23]. When using PCA for initialization, the PCA features are often
scaled to have a standard deviation of 107 |23].

After initialization, the embeddings are optimized using gradient descent. The
gradient is given by the expression (see Appendix [A]),

V,.C = 42(}%’3’ — qi5)(1+ d?j)*l(yz' —Yj),

J

where d;; = ||y;i—y;||. Then for the gradient descent the original authors proposed
to add an additional momentum term to speed up convergence. The gradient update
is given as follows:

g =y —V,C+ alt) (y® -yt ),
where 7 is the learning rate and «(t) is the momentum factor. For implemen-
tation details, we refer to scikit-learn, a widely used open-source machine learning
library for Python [35]. The momentum factor a(t) slightly varies between that
of the original paper and the scikit-learn implementations [32] [35]. In scikit-learn
the momentum term is implemented as being a low-value for the early exaggeration
phase and a higher value for the normal gradient optimization phase:

) 0.5, t <250 (early exaggeration),
(8% —=
0.8, ¢t>250 (normal gradient steps).

2.2.3 Early Exaggeration

Ignoring momentum, the embedding points move in the direction of the negative
gradient. This expression for the negative gradient can be divided into two terms,
one which attracts point y; to y; and the other which repels point y; from y;:

12
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“VuC=dpYy L+ d) i —yy) +4) ay(L+d) yi—y).  (21)

attractive force repulsive force

In early exaggeration (for scikit-learn this is the first 250 iterations) the attractive
force is multiplied by an exaggeration factor p > 1, resulting in widely separated
tight clusters [31] [35]. The choice of p determines the character of the embedding:
increased attraction (i.e, large p values) leads to discrete and clearly separated clus-
ters, whereas decreased attraction (i.e, small values of p) leads to continuous clusters
with fuzzier borders [5]. Other non-linear dimensionality algorithms can be viewed
as fitting on an attraction-repulsion spectrum, where UMAP roughly behaves as
t-SNE with p = 4 and Laplacian Eigenmaps resembles the limiting case of t-SNE
where p — oo (see Figure 5]

2.3 Related work on t-SNE

In this section we will discuss improvements of and variations on the t-SNE algo-
rithm.

2.3.1 Barnes-Hut acceleration

Barnes-Hut t-SNE is an acceleration scheme for t-SNE reducing the computational
complexity of t-SNE from O(N?) to O(N log N) [29]. As shown in Equation (2.1,
the t-SNE gradient decomposes into an attractive and a repulsive term:

Vy,c ( attr,e Frep,i)-

The Barnes-Hut t-SNE algorithm accelerates each term separately, using a different
approximation strategy for each part.

Attractive forces. The attractive force is given by

attrz szj 1 + d2 ( yj)‘

Since p;; depends only on the (static) high-dimensional datapoints rather than on
the (moving) embedding, it needs to be computed only once and can be cached for
the remainder of the optimization. Moreover, because p;; decays exponentially with
distance, only the nearest neighbors j of a point ¢ contribute meaningfully, so the
sum over all NV points can be truncated to a sum over the £ nearest neighbors:

me 1+d2 pr 1+d2 ( yj)'

JEN;

Empirically, & = |3p] is a good choice, where p is the perplexity hyperparameter
[29]. This k-nearest-neighbor search is performed efficiently via a depth-first search
on a vantage-point tree [29]. Since p;; has only O(p/N) nonzero entries once precom-
puted, evaluating the attractive force at each iteration costs O(pN). This leaves the
repulsive force as the remaining bottleneck.

13
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Figure 2.5: Illustration of a quadtree from [29|. Here the dataset consists of nine points,
labeled by letters. The colored nodes in the tree correspond to the outlined square cells.
The centers of mass of the cells are drawn as unfilled circles.

Repulsive forces. The repulsive force is given by,

replz Z%] 1+d2 ( _yj)v

and can alternatively be written as
> aZy
J
where Z is the normalization constant given by

Z = Zqij-

i#]

The key idea behind accelerating the repulsive force is that distant points make
near-identical contributions to one another. Concretely, if y; is far from a cluster
of points y;,...,ys, and those points are close to one another, then ||y; — y;|| ~
|ly: — ykl|, so each point in the cluster contributes almost the same repulsive force
to y; [29]. Rather than summing these near-identical contributions individually, the
whole cluster can be summarized by its center of mass y..; and its point count N,
so that for all 7 in the cluster,

Z qisz(yi - yj) ~ Neell Qicell Z (?Jz - yceu),
J

with Z approximated in the same way.

The Barnes-Hut algorithm identifies these clusters by building a quadtree over
the current embedding. Each non-leaf node is a rectangular cell split into four
quadrants; each leaf node contains zero or one embedding point. Every node stores
the center of mass and point count of the embedding points beneath it. The quadtree
has O(N) nodes and can be constructed in O(N) time [29].

14
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Whether a given cell is summarized as a single unit for a target point ¢, rather
than descended into further, is decided by the Barnes-Hut stopping criterion:

Tcell Q,
||?Ji - yce11||

where 7. is the diagonal length of the cell (zero for individual datapoints), and 6
is a parameter controlling the coarseness of the approximation [3| [29]. Intuitively,
a cell can be summarized once it is small relative to its distance from y;: at 0 = 0,
only zero-width cells (i.e., individual datapoints) satisfy the criterion, recovering the
exact, unapproximated method [29].

Complexity. For a well-distributed set of points, each target point interacts with
roughly O(log N) cells, so the repulsive force computation costs O(N log N) overall.
This approximation introduces only a small error in practice; increasing 0 trades a
coarser approximation (larger error) for a faster runtime.

2.3.2 Other related methods

Here we will discuss methods which are superficially related to our goal of t-SNE
acceleration, but for reasons which will be explained are not relevant.

Hierarchical-SNE (HSNE) computes t-SNE on a subset of the data, called land-
marks, and interpolates the positions of the remaining points relative to these land-
marks [36]. Despite the name, the “hierarchy” in HSNE refers to a multi-scale strat-
egy for wisualizing the data rather than any claim that the underlying data itself
has hierarchical structure, which is the assumption motivating hyperbolic t-SNE in
this thesis. A related, non-hierarchical landmark technique, Landmark-tSNE, was
already proposed by van der Maaten and Hinton [31], which selects landmarks and
estimates similarities between them via random walks on the k-nearest-neighbor
graph.

A-tSNE accelerates the computation of the attractive forces through approx-
imation, using a Forest of Randomized KD-Trees to compute fast, approximate
k-nearest-neighbors for constructing the similarity probabilities pj; [37]. This is
useful during the initialization stage but is not directly relevant to this work, which
instead accelerates the repulsive force computation.

GPGPU-tSNE is a GPU-based t-SNE approximation that achieves O(N) com-
plexity by estimating the repulsive forces between datapoints through kernel-texture
splatting [38]. Rather than computing the force between each pair of points sepa-
rately, GPGPU-tSNE constructs a vector field V, representing the repulsive force,
and a scalar field S, used to compute the normalizing constant Z. Each datapoint
contributes to these fields by drawing a precomputed kernel texture centered on
its position, through GPU textured-rectangle rendering with additive accumulation
[38]. The resulting field values are then interpolated back to the datapoints also
via the GPU rendering pipeline. While asymptotically efficient, this approach is
optimized specifically for GPU hardware rather than the CPU, making it a poor fit
for a CPU-based implementation. Additionally, the rendering pipeline is optimized
for Euclidean operations, and may not be amenable to hyperbolic space.

FMM-tSNE accelerates t-SNE using the Fast Multipole Method [14]. Van der
Maaten originally considered applying FMM to t-SNE for its favorable accuracy and
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error bounds, but noted that it was not known whether the Student-t kernel used
by t-SNE admits an expansion suitable for FMM [29]. Later it was shown that such
an expansion does in fact exist [14], but this result was published only after we had
already committed to a FIt-SNE-based acceleration scheme, and so this thesis does
not build on it. Furthermore the method of [14] is not yet established, and as such
it may be premature to extend it to hyperbolic space.

2.3.3 FIt-SNE

We chose to base our t-SNE acceleration off of the widely used Fast Fourier Transform-
accelerated Interpolation-based t-SNE (FIt-SNE), and in this section we will describe
the algorithm in detail [27]. FIt-SNE accelerates t-SNE by combining polynomial
interpolation with the Fast Fourier Transform, reducing the per-iteration cost of
computing embeddings to O(N).

The same attractive/repulsive split as Barnes-Hut t-SNE is used in FIt-SNE

(Section [2.3.1)):

V C - 4( attr,s Frep,i)-

The attractive force is computed sparsely via nearest-neighbor approximation and
needs to be computed only once, exactly as described in Section[2.3.1} The remainder
of this section therefore focuses entirely on FIt-SNE’s contribution: reducing the
computation of the repulsive force Fep; from O(N?) to O(N).

Kernel sums The key step is to express Fiep; purely in terms of convolution-like
kernel sums of the form

N

Srep(y:) = Y K(yi,)) [,

j=1
where the kernel K is either

1-— 51']' 1-— (51
) KQ(ylay) = 2 )
L+ [lys — sl (U flys gl

Kl(yia y]) =

with d;; the Kronecker delta, and the source f is one of

where y;(k) denotes the k-th component of y;.
K is used to compute the normalizing constant Z:

7 = Zl+||yl yill*) ZKlyz,y] ZZKlyu% Jij= ZCbKlflyz

i#]

K5 supplies the directional component of the repulsive force:

Fropi(1) = o (1) b1 00) — G101,
Fuoi(2) = 7 (5:2) G100 () — Prcs30)).
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Figure 2.6: The interpolation grid used by FIt-SNE. The bounding box of the embedding
is subdivided into equal-sized tiles, each populated with p = 3 equispaced interpolation
nodes per dimension.

Computing these kernel sums directly costs O(N?), which by itself accelerates
nothing. FIt-SNE instead reduces this cost in two stages: first, polynomial interpo-
lation onto a grid reduces the cost to be linear in N; second, the resulting grid-based
sum is evaluated using the Toeplitz structure of the kernel matrix via the FFT, allow-
ing higher accuracy at no extra asymptotic cost. The remainder of this subsection
covers the interpolation step; the FFT step is developed separately in Section [2.3.4]

Interpolation pipeline Rather than evaluating ¢ ; directly between the N scat-
tered embedding points, FIt-SNE evaluates it between interpolation nodes on a
regular grid, where the convolution structure exploited in Section becomes
available. The grid is constructed by covering the bounding box of the current em-
bedding with equal-sized square tiles, each endowed with p equispaced interpolation
nodes per dimension (Figure [2.6)).

Interpolation then proceeds in three steps:

1. Spread: the source values f; are interpolated from the datapoints onto the
interpolation nodes, w = BT f, where B is the interpolation matrix and w
the resulting values at the nodes.

2. Sum: the kernel sum is evaluated only between interpolation nodes, u = Kw.

3. Gather: the node values w are interpolated back to the original embedding
points, giving the approximate kernel sum ¢ = ¢.

Polynomial interpolation Interpolation within each tile is performed using La-
grange polynomials. Rather than fitting a single high-degree polynomial across the
whole grid, FIt-SNE uses a low-degree piecewise polynomial, fit independently per
tile. A single high-degree interpolant on equispaced nodes is prone to the Runge
phenomenon, large oscillations near the edges of the interpolation domain, which
worsen as more nodes are added. Using a piecewise polynomial with a small, fixed
number of nodes per tile (p = 3 is typical) avoids this. Here p denotes the number of
interpolation points per dimension, not the degree of the interpolating polynomial.
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Given a bound ¢ on the pointwise polynomial interpolation error within a tile,
an equivalent bound can be shown for the resulting kernel-sum approximation (see

Appendix :
N
|6(y) — o)l <e > ISl
j=1

Computational complexity Interpolating to and from the grid nodes (steps 1
and 3 above) costs O(Np?). Directly evaluating the kernel sum between grid nodes
(step 2) costs O((T'p*)?), where T is the number of grid tiles. Combining these gives
an overall cost of
O(Np* + (Tp?)?)
using interpolation alone. As shown in Section [2.3.4] exploiting the Toeplitz struc-
ture of the kernel matrix via the FFT reduces the node-to-node summation step to
O(Tp*log(Tp?)), giving
O(Np® + (Tp*) log(Tp?)).

Both expressions are linear in IV; the benefit of the FFT-accelerated version is that,
for a fixed computational budget, it permits a finer grid (larger 7', smaller tiles) and
therefore higher accuracy.

2.3.4 Use of the Fast Fourier Transform in FIt-SNE

The node-to-node kernel sum w = Kw introduced above currently costs O((Tp*)?)
to evaluate directly. We now show how two structural properties allow this to be
reduced to O(Tp*log(Tp?)) via the FFT. We derive this for a 1D embedding, where
the argument is cleanest.

Two properties of the kernel sum First, translation invariance: both K; and
K5 depend only on ||y; — y;|, so

K(yi +v, y; +v) = K(y;,y;) for any shift v,

and in particular K (y;,y;) = K(y;—y;, 0). This lets us write the kernel as a function
of a single difference, x(y; —y;) == K(y; — y;,0).

Second, a uniform grid: the interpolation nodes constructed above are equis-
paced, y; = yo + @ Ay, so that k(y; — y;) = /{((z — j)Ay) =! Ki_j.

Together, these let us rewrite the node-to-node kernel sum as

Slyi) =D kicy [y,
J
a discrete convolution of f with k.

Convolution using the FFT To see exactly why this convolution can be eval-
uated, it helps to write it as a matrix-vector product. Let M be the matrix with
entries M;; = K;—j, so that ¢ = M f. Since M;; depends only on the difference
1 — 7, every diagonal of M is constant: M is precisely a Toeplitz matriz. In other
words, translation invariance and the uniform grid are exactly the two conditions
that make the node-to-node kernel matrix Toeplitz.
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A matrix T € R™" is Toeplitz if T}; = t,_; for some sequence (tk)Z:i(n—l) [18]:

lo 1 l_(n—1)

131 to l—(n—2

- | (n-2)
tn—l tn—? o t()

Toeplitz structure alone does not reduce the cost of computing M f, a direct
matrix-vector product still costs O(n?). The remaining step is to embed T into a
circulant matrix that the FFT can act on directly.

A circulant matrix C' € R™*" is a Toeplitz matrix in which each row is a cyclic
shift of the previous one, Cj; = €(i—j) mod n, and is therefore fully determined by its
first column alone.

Any Toeplitz matrix T can be embedded into a circulant matrix C [18]. The
reason this embedding is useful is that circulant matrices are diagonalized by the
discrete Fourier transform:

C = F, ' diag(F,c) F,
[18], where F, is the n x n DFT matrix. Computing Cx therefore reduces to
x=F,x, ¢c=F,c, z=c.x x, y:Fn_lz7

i.e., two forward FFTs (one of which, F, ¢, can be precomputed once per iteration
and reused for every point), one inverse FFT, and an elementwise product. Since
F,,x is computed via the Fast Fourier Transform algorithm in O(n logn) rather than
O(n?), the entire node-to-node convolution costs O(nlogn).

Combining this with the interpolation cost from the previous subsection, the full
repulsive-force computation costs

O(Np* + (Tp?) log(Tp?)),

as stated above: the interpolation step is linear in N, and the FFT-accelerated
grid convolution is independent of N for a fixed grid resolution, so the overall cost
remains O(N).
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2.4 Hyperbolic Space

Now that we have discussed the concepts related to t-SNE in Euclidean space, we
will explain hyperbolic space to make hyperbolic t-SNE understandable.

To motivate hyperbolic space we will note that recalling Euclidean space is poor
at embedding exponential growing data structures like trees, as their number of
nodes increase exponentially, but Euclidean space volume increases polynomially. In
contrast, hyperbolic spaces have the property that volume increases exponentially
with radius [34]. More specifically, the volume of a ball of radius r in n-dimensional
Euclidean space grows polynomially,

V,ILE(T) x ",

whereas in n-dimensional hyperbolic space H" it grows exponentially [40],

VE(r) o en=r,

This exponential growth property allows tree-like structures to be embedded
accurately in low-dimensional hyperbolic spaces [41]. In particular, even two dimen-
sional hyperbolic space can accurately represent large hierarchies, making it well
suited for visualization tasks.

2.4.1 Overview of Hyperbolic Space

Hyperbolic space in n dimensions H" can be defined through the hyperboloid model,
where points lie on a manifold embedded in R**!. In this model, R"*! is equipped
with the Lorentzian bilinear form between two vectors ©, ® € R"*! given by |47]:

(0,P)p1 = —60,11Ppi1 + Z 0,P;.

i=1
The points in this model lie on the manifold given by [47],
H" = {0 e R"™" [ (0,0),1 = —1, ©,41 > 0}.

This model defines a complete, simply connected Riemannian manifold with a con-
stant negative curvature [8]. While the Lorentzian bilinear form (-, -),.; is indefinite
on R™! its restriction to each tangent space TgH" is positive definite, and therefore
defines a genuine inner product [47]. This restriction is precisely the Riemannian
metric on H". One can show from the metric that the geodesic distance between
two points ©, ® € H" in the hyperboloid model is given by [47],

dygn (O, @) = arccosh(—(O, ®),,.1).

The hyperboloid model is well suited for analytic calculations [47]. However, it
is not geometrically intuitive. Distances are computed using the Lorentzian inner
product, so the intrinsic geometry of the surface does not correspond to its Euclidean
appearance. Luckily, there are many models of hyperbolic space equivalent to the
hyperboloid model, which allow better visual intuition. In particular we will focus
on the Poincaré disk model of H? for visualization.
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In the Poincaré disk model, points are embedded on the unit disk,
D={yeR|y+y; <1},
and D is equipped with the following metric:
4
D E
9y = 7 2a2d
(= ylP)?

where g% is the standard Euclidean metric [44]. Note here that the metric gg) varies
with the distance from the center of the disk, implying distances and areas near the
edge of the disk are larger than they appear (see Figure .

(a) Poincaré disk model (b) Hyperbolic line and distance

Figure 2.7: (a) Tiling of the Poincaré disk by equal sized triangles [44]. Note that although
the triangles appear to be smaller near the edge of the disk, in fact all triangles have the
same area under the associated metric of the Poincaré disk. (b) Geodesic between points A
and B on the Poincaré disk (blue) and the hyperbolic line passing through them (gray) [17].
The inward curvature of the geodesic reflects the non-Euclidean metric. The hyperbolic
distance d exceeds the corresponding Euclidean distance.

Geodesics between two points take the form of circular arcs which curve inward
towards the origin (see Figure[2.7). The hyperbolic distance d}} between two points
y; and y; on the Poincaré disk is given by:

dt = arccosh(l +2 ly: — ys1” ) . (2.2)
Y (1= llill?) (1 =l 11*)

There is a simple and explicit mapping between the hyperboloid model and the

Poincaré disk model (see Figure . The mapping from the Poincaré disk point y
to the corresponding point © on the hyperboloid is given by,

2 L+ [lyll?
O = (y17"'7yn7 )
=yl 2
whereas the reverse mapping is given by,
1
= —(01,...,0,).
Y ®n+1 +1 ( ' )
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Figure 2.8: Correspondence between the hyperboloid and Poincaré models. The geodesic
on the hyperboloid (brown), projects onto a circular arc (red) on the Poincaré disk [48].

(a) Lorentz rotation (b) Lorentz boost

Figure 2.9: Illustration of the decomposition of the two components of a Lorentz trans-
formation |12]. Note that the blue dots maintain the same distance between themselves
under the transformation since the Lorentz transformation is an isometry.

2.4.2 Lorentz Transformations

Lorentz transformations are a group of distance-preserving transformations on H?2,
analogous to rotations in Euclidean space. We will use Lorentz transformations to
construct a tiling of the hyperbolic plane (see Section and for simplifying
polynomial interpolation (see Section .

Definition A function A : H® — H" is a Lorentz transformation iff [40]
(AO),A(®))p1 =(0,D),1 VO, H"

It can be shown that A must be linear and its matrix representation A is Lorentz
orthogonal [40] (i.e ATJA = J where J = diag(1,...,1,—1)).

Polar decomposition For constructing the tiling of H?, each tile is the image of
some base tile under a Lorentz transformation; and as such each tile is the same
size, and it is simple to map to the base tile and back. Since the tiling is constructed
radially outward from the origin, it is natural to work with a hyperbolic analogue
of polar coordinates.

For n = 2, any Lorentz transformation A with matrix representation A can be
written |15] as

cosf) —sinf 0 coshr 0 sinhr
A = R(m)B(r) R(n), R() = | sinf cosf 0], B(r) = 0o 1 0
0 0 1 sinhr 0 coshr

where R(6) is a rotation in the (©,0,) plane, fixing the timelike coordinate Os,
and B(r) is a Lorentz boost — the hyperbolic equivalent of a translation — by
distance r along the ©; axis (see Figure [2.9).
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1o o5 0o os 1o (b) Hyperbolic t-SNE embedding of a binary
tree |48].

(a) Hyperbolic t-SNE embedding of MNIST on
the Poincaré disk using the method of [44].

Figure 2.10: Examples of hyperbolic t-SNE embeddings.

Here we can define an orientation preserving Lorentz transformation by the trio
(m,r,n) with inverse (—n, —r, —m).

2.5 Hyperbolic t-SNE

The ability of hyperbolic spaces to embed hierarchical data with low distortion
motivates an extension of t-SNE to hyperbolic space, which we will call hyperbolic
t-SNE (see Figure|2.10]). We will first explain the basic concepts of hyperbolic t-SNE

through the method of Skrodzki et al. in Section [44]. In Section we will
then note the variations in approaches to hyperbolic t-SNE.

2.5.1 Basic method of hyperbolic t-SNE

In the following section, we will describe the approach of Skrodzki et al. [44]. This
method embeds points on the Poincaré disk, and additionally all calculations are
done directly in the Poincaré disk model. In this approach, the high-dimensional
symmetrized similarities p;; remain unchanged and only the embedding similarities
qi; are replaced by their hyperbolic analogs ¢/f. Here ¢/t is defined identically to g;;,
however, using hyperbolic distance instead of Euclidean distance:

(@)
D S (14 @)

where dZ-j is the hyperbolic distance between Poincaré embedding points y; and
y; (see Equation (2.2)). The cost function for hyperbolic t-SNE in turn uses these
hyperbolic distance similarities instead:

1
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Figure 2.11: Illustration of the exponential map projecting a tangent vector v, onto the
geodesic on the Poincaré disk D [44].

C=KL(P| Q" Zprlogp”

The gradient for the hyperbolic t-SNE cost functlon on the Poincaré disk is given
as,

1
grad, C' =4 " (p;—qi;) (1+(d}f)*) ™" d}f [(lyi = w3l + Bi)yi — Biys]

j N Y Bl
(2.3)

where 5; = 1 — ||y;||? is the distance of y; from the edge of the disk, d;; is the

o llvi=y;II”
BiB;
for a full derivation). However, due to an algebraic error in the derivation, this

correct gradient is not used in [44] or [20]. The issue is that the incorrect gradient
is missing a factor of dZf, giving the incorrect gradient G,, as,

geodesic distance between points y; and y;, and v = 1 + (see Appendix

’L]’

! )?/z - @‘yj} .

BV =1 [(Hys = y3I* + B:

The incorrect gradient G is used for Riemannian gradient descent. Riemannian
gradient descent is a generalization of gradient descent to Riemannian manifolds
which accounts for the fact that for a general manifold, geodesics will not be straight
lines. Whereas in regular gradient descent one adds a multiple of the gradient to
the current point to get the next iterant, in Riemannian gradient descent the next
iterant is calculated by using the exponential map of a multiple of the gradient.

The exponential map is a function which projects vectors from the tangent space
T, M of a manifold M to the manifold M itself, moving the point along the geodesic
determined by the tangent vector (see Figure . The exponential map on the
Poincaré disk for a tangent vector v at a point on the disk y; is given by,

o] v
exp,, (v) = y; ® <tanh< ,
! L—=Tlwll?/ vl

can be written in terms of the Mobius addition operator é, which is defined as [44],
(420 5) + ly01) v + (= llwill®) s
L 2{ys yi) + lwall?llys 12

The final form of the Riemannian gradient descent procedure can be summarized
as,

._42 pij — 4ij) (1 + (d7)*) ™

Yi Dy; =

yi(t—s-l) = expyﬁt) (—néygt) ) ,

k2
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where 7 is the learning rate and ygt) is the current iterant. The true procedure as
described in [44] also uses momentum.

2.5.2 Variations on hyperbolic t-SNE

There are multiple variations of hyperbolic t-SNE in the literature, and their salient
differences will be discussed in this section.

In Klimovskaia et al., the notable innovation is the use of the symmetric Kullback-
Leibler Divergence:

KL(PJ|Q™) + KL(Q™||P),

instead of the normal KL Divergence [22|. The symmetric divergence trades off local
structure for global structure [21].
In the hyperbolic t-SNE method of Zhou and Sharpee, the cost function,

KL(P[|Q") + AKL(P[|Q).

is used where the second term is a regularization term that penalizes unfaithful
distance values [49]. P and @) are calculated as follows [49]:

X L+ ||z — ] ; L+ g =yl

Pij = , Qi = .

The parameter X controls the balance between local and global structure preservation
[49]. Large values of A lead to clusters being positioned faithfully relative to each
other, but at the cost of less distinct clustering [49).

CO-SNE (Cauchy Origin SNE) has two notable features: using a general Cauchy
distribution instead of t-distribution, and adding a normalization term to preserve
global hierarchy [20]. CO-SNE uses a Cauchy distribution, a family of distributions
parameterized by parameter 7. When ~ = 1 this is the case of the t-distribution.
The justification for using a general Cauchy distribution (in the CO-SNE paper,
~v = 0.1 is typically used) is that the hyperbolic t-distribution has skinny tails which
causes the crowding problem, whereas using a Cauchy distribution with small v one
can obtain fatter tails [20]. This can also be seen as decreasing the attractive force
between neighbors [20]. The second aspect of CO-SNE is regularization term H
where |20],

1 & 2
Ho=— 3 (> = llwil?)
i=1
This regularization term is used in the final CO-SNE cost function:
M KL(PJ|Q™) + \oH,

where the effects of varying hyperparameter A; and Ay are discussed in the CO-SNE
paper’s supplement [20].

2.5.3 Hyperbolic Barnes-Hut acceleration

Hyperbolic Barnes-Hut acceleration [44] adapts the Euclidean Barnes-Hut acceler-
ation described in Section to hyperbolic t-SNE. Here we give a taste of what
changes when moving from the Euclidean to the hyperbolic setting. Embeddings
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Figure 2.12: Illustration of the polar quadtree data structure . The dots represent
embedded points and the rectangles are the cells.

are placed in the Poincaré disk model of hyperbolic space. The Poincaré disk is used
because it is conformal, meaning that angles are not distorted depending on where
in the disk they are measured. This property is useful because it helps in splitting
the space angularly into a hierarchy. Where Euclidean Barnes-Hut uses a quadtree,
hyperbolic Barnes-Hut instead uses a hyperbolic polar quadtree, as developed in [28§].

The polar quadtree The polar quadtree is illustrated in Figure [2.12] It is con-
structed as follows. The root cell of the quadtree is an annulus centered at the
origin that encompasses all embedding points y;. This root cell is then recursively
subdivided into four polar quadrilaterals by splitting both the angular and radial
directions. The angular split is performed at the midpoint mid, = (maxg + ming)/2,
while the radial split follows the modified splitting rule mid, = (max, + min,.)/2,
which produces equal-length radial subdivisions. This recursion continues until each
leaf node contains a single embedding point.

The traversal rule for whether a contribution is to be approximated, as described
in Section [2.3.1] is maintained:

Tcell
— < f
d (?sz yceu)

where d is the hyperbolic distance as defined in Equation . However, two
quantities in this expression are more complicated to compute than in the Euclidean
case.

The first is reqy, the diameter of the cell. In the Euclidean case, this is simply the
length of the cell’s diagonal. In the hyperbolic case, it is instead the larger of the
diagonal and the outer arc of the cell. This is because the outer arc can be larger
than the diagonal when the cell is far from the origin of the disk.

The second complication is yeep, the cell’s center. The arithmetic mean does not
exist in hyperbolic space. Instead, the natural replacement is the Fréchet mean.
However, the Fréchet mean can only be computed iteratively ﬂgﬂ It is therefore

26



2.6. RQ REFINEMENT CHAPTER 2. MATHEMATICAL BACKGROUND

more efficient to use the pseudo-Fréchet mean instead:
7(v;) 1
o) =3 (S8 )0 ) = =
’ z]: Zz'V(Ul) ! ’ 1— ||UjH2
which gives a closed-form approximation to the Fréchet mean [19].

Attractive and repulsive forces As in Euclidean Barnes-Hut, the gradient is
split into attractive and repulsive forces:

_ 1
Farz': zl+ dH2 1—
ttr, ;pj( ( 1])) Bj 72_1
1

- - 2 AV
@\/727_1[(“% yill* + Bi) v

where v;; and j3; are as defined in Section [2.5] The full gradient is then given by

[(lyi = y; I + Bi)yi — Biys] -

Frepl,i = Z Qz](l + (dz‘};‘)Q)il - ﬁzy]] )
J

éyi = 4(Fattr,z‘ - Freplvi).

The affinities p;; still appear only in the attractive force. Since this is unchanged
from the Fuclidean case, the same sparse k-nearest-neighbor acceleration used in Eu-

clidean Barnes-Hut (Section [2.3.1)) can be applied here directly. As in the Euclidean
case, this means that only the repulsive force still needs to be accelerated.

Computing the repulsive force The computation of the repulsive force proceeds
in three steps.

1. The polar quadtree is constructed.

2. Z is computed by descending depth-first through the polar quadtree, start-
ing at the root, and accumulating the contribution N ¢;cen Whenever the
traversal condition above is met.

3. For each embedding y;, we descend depth-first through the polar quadtree,
again starting at the root, accumulating the contribution

1

Ben/AT =1 [(ly: — eetll® + B) i — Bitieer]

to Flepl; Whenever the traversal condition is met.

N, cell qiz,cell Z
This procedure exhibits an O(N log N') complexity for a reasonable choice of the

parameter 0 [44].

2.6 Refinement of the research questions

Now that we have given sufficient background, let us return to our central research
question:
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Can the interpolation-based acceleration strategy of FIt-SNE be extended
to hyperbolic t-SNE?

We will decompose this into three questions:

RQ1. How can the hyperbolic t-SNE gradient be reformulated and decomposed into
components suitable for interpolation-based approximation?

RQ2. What tiling and local-coordinate scheme enables accurate polynomial interpo-
lation on hyperbolic space, given that, unlike a Euclidean grid, a hyperbolic
tiling cannot simply be refined?

RQ3. How does HIt-SNE perform relative to the exact method in terms of runtime,
approximation accuracy, and visual fidelity of the resulting embeddings?
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Chapter 3

Proposed Algorithm: Hyperbolic
Interpolation-based t-SNE

In this chapter, we propose a new algorithm, hyperbolic interpolation-based t-SNE
(HIt-SNE), which accelerates hyperbolic t-SNE through an interpolation-based ap-
proximation. HIt-SNE adapts the Euclidean t-SNE algorithm FIt-SNE [27]. In
Section we reformulate the hyperbolic gradient from [44], into a form amenable
to approximation. In Section we introduce the tiling of hyperbolic space and the
local interpolation scheme built upon it. In Section [3.3] we show how interpolation is
combined with exact near-field computation to efficiently approximate the gradient.
We conclude, in Section [3.4] with a full outline of the algorithm, together with an
asymptotic analysis of its runtime and a discussion of its parameters.

3.1 Reformulating Hyperbolic t-SNE for Approxi-
mation

This section addresses by reformulating the hyperbolic t-SNE gradient into a
form suitable for interpolation. We first, in Section [3.1.1], reformulate the gradient
in the hyperboloid model, then in Section [3.1.2] we split the gradient into repulsive
and attractive forces, and lastly in Section [3.1.3] we explain how the repulsive force
can be computed in terms of kernel sums.

3.1.1 Hyperboloid formulation of hyperbolic t-SNE

In current implementations of hyperbolic t-SNE the gradient is calculated in the
Poincar¢ model (see Equation (2.3)) [44] [20]. The expression for the Poincaré
gradient is unruly, and gradient descent in the Poincaré model has been found to
converge more slowly than in the hyperboloid model [47].

We propose a novel formulation of the hyperbolic t-SNE gradient in the hyper-
boloid model. Our formulation of the gradient in the hyperboloid model is given
as:

Vo C=—4> (py — ;)L +d%) " dij ((6:,0,)2, — 1)7/?[(6:,0,),10; + ],

J

where d;; is the hyperbolic distance between embedding points ©; and ©;.
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This form of the gradient is derived in Appendix Furthermore, we verified
that our newly derived hyperboloid gradient does indeed correspond to the Poincaré
gradient in Appendix

3.1.2 Splitting the hyperbolic t-SNE gradient into two ap-
proximation problems

The hyperboloid model gradient can be written as the difference between attractive
and repulsive forces:

Vg?c - _4(Fattr,i - Frep,i)'

The attractive force F,; is given as,

att” sz] + d2 ‘J' ((617 @j>i:1 - 1>71/2[<@i7 ®j>n:1@i -+ @j]

while the repulsive force Fiep,; is given as,

Frepi qu (1+d3) " diy ((8:,0;)01 — 1) (04, 0,)10; + 6]

The high-dimensional similarities p;; are constant, and as such can be computed
once and reused at each gradient descent iteration |27]. As p;; are also highly sparse,
with most entries exactly zero, the attractive force can be approximated by summing
only over the k-nearest neighbors [29].

The repulsive force admits no such simplification. The embedding similarities
¢i; are dense and decay slowly with distance, so every pair of points contributes
non-negligibly to the sum; restricting the repulsive force to a k-nearest-neighbor set
would discard real contributions from distant points rather than redundant com-
putation, introducing error rather than avoiding it. The g;; are also recomputed
at every iteration, since they depend on the current embedding positions, so any
approximation must be efficient to repeat at each step rather than reusable across
iterations. We therefore turn to a different strategy: rather than truncating the
sum, we approximate it directly by adapting FIt-SNE [27] to hyperbolic space.

3.1.3 Hyperbolic kernel sums

Following FIt-SNE, the repulsive force can be efficiently approximated by expressing
it as a sum of kernel-weighted source terms. For a kernel K and source values f,
define [27]

i, (1) ZK Ui Y5)
J#Z

As in FIt-SNE, two kernels are needed: K is used for the normalizing constant 7,
while K is used for the directional part of the force. Both are derived in Appendix

[B.1] and are given by

1 d;j

K1(85,0;) = 1 A K5(0i,0;) = m“@u@ Paa — 172
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Four source terms f are used: f; is used for the normalizing constant, while fs, f3,
and f; correspond to the three components of a point in the hyperboloid model.
These are likewise derived in Appendix [B.1], and are given by

fii=1 fo;=0;(1),  f3;,=0;2),  fi;=0;03).

Using these, define the normalizing constant Z = . ¢k, ,(0;) and the vector

X = <¢K2,f2<@i)7 ¢K2,f3(@i)7 ¢K27f4(@i))'
The repulsive force can then be constructed from Z and X; as

1
Frepi = Vi (0:i(0;, Xi)na + X;)
(see derivation in Appendix [B.1]).
The kernel sums above can be expressed more compactly in matrix notation.
Define (Kl)ij = K1(®27@j)(1 — (SZ]) and (Kz)i]’ = KQ(@z,@])(l — 51']'), where the
(1 — 6;;) factor enforces the j # ¢ exclusion from the sums above. The normalizing

constant and directional term then become
Z=1TK,1, X = K,0,

and the repulsive force Fi.,; takes the same form as above, with X; and Z given by
these matrix expressions.

3.2 Local interpolation on hyperbolic tiles

This section addresses RQ2] In this section we describe how the kernel sums from
Section can be approximated locally using polynomial interpolation. Both
kernels K7 and K, are smooth functions of the embedding points, so, as in FIt-SNE,
it is natural to approximate the kernel sums using polynomial interpolation [27].

Adapting this scheme from FIt-SNE to hyperbolic space raises three main issues.
First, tilings of hyperbolic space are difficult to generate, and even basic operations
such as checking whether a point lies in a given tile are nontrivial; we address tile
generation in Section and tile assignment in Section[3.2.2] Second, these tilings
cannot be refined, since tile size is fixed by the topology of the tiling; we recover the
accuracy this costs us with a separate near-field correction in Section [3.3.2] Third,
polynomials are not straightforward to define on hyperbolic space itself; we resolve
this by defining them in the tangent space of each tile, as described in Section [3.2.3]
and Section 3.2.41

3.2.1 Tile mesh generation

There are many different tilings of the hyperbolic plane. A regular hyperbolic tiling
is a tiling of the hyperbolic plane in which each tile is a regular polygon, i.e., a
polygon whose internal angles are all equal. Regular tilings are parameterized by a
pair (p, ¢), known as the Schlafli symbol, where p is the number of sides of each tile
and ¢ is the number of tiles meeting at each vertex. In HIt-SNE, we use the (4, 5)
tiling, also known as the order-5 square tiling (see Figure [3.2)).
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'Y T L
,F/L A\ F
B v R
R N L
* W ¥ F
L R
R S &
F \, L F
F F F

Figure 3.1: Illustration of the tiling construction |6]. The base tile is in the center. NWSE
represent tile creation in the cardinal directions, and L, F, and R represent tile creation in
the left, forward and right directions. The red line indicates an illegal move.

The method we use to generate the tiling is taken from [6]. In this approach, a
base tile centered at the origin of the Poincaré disk is defined, and all other tiles are
then constructed as images of the base tile under various Lorentzian transformations.
The base tile is a square whose corners lie at distance ¢ from the origin, where ¢
is computed from a: half the distance between adjacent tile centers [6]. Since a
tile’s edge lengths are fully determined by its Schlidfli symbol, both a and ¢ can be
calculated directly using hyperbolic trigonometry [6]:

cos(%)
~ 0.53,

sin (;{)
sinh(a)

mn(g)

Once the base tile is constructed, four neighboring tiles are built in the north,
west, south, and east directions by applying Lorentzian transformations that rotate
the base tile by a multiple of 7 and translate it forward by the inter-tile center
distance 2a [|6]. Starting from the base tile and these four cardinal neighbors, the
remaining tiles are then constructed recursively (see Figure [6]. At each step,
a tile can generate new tiles to its left, right, or forward. To avoid generating
redundant tiles, each tile’s allowed directions are restricted based on its parent: a
tile created via a left move may only create right or forward tiles; a tile created via
a right move may only create left or forward tiles; and a tile created via a forward
move may create tiles in any direction, except that a subsequent left move is only
permitted if the tile’s most recent non-forward move was not itself a left [6]. Finally,
to speed up adjacency computation during mesh generation, we construct the mesh
recursively in breadth-first order, so that each tile’s id corresponds to its distance
from the origin.

a = arccosh

~ 0.84.

¢ = arcsinh
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Figure 3.2: Order-5 square tiling of H?, viewed in the Poincaré projection.

3.2.2 Tile assignment

On a Euclidean grid, finding the tile that contains a point is trivial: divide each
coordinate by the tile width and round down. In hyperbolic space this is no longer
immediate. We first describe how to test whether a point lies in the base tile, then
extend this test to an arbitrary tile, and finally show how this point-in-tile test can
be used to efficiently find the tile containing a given point.

To test membership in the base tile, we map the point from the hyperboloid
model, our default representation, to the gnomonic model (see Figure . The
gnomonic model is the hyperbolic analogue of the gnomonic projection of the sphere:
it is the central projection of the hyperboloid onto a plane, under which geodesics
map to straight line segments. We construct the base tile so that, in gnomonic
coordinates, it is an axis-aligned square (see Figure ; membership then reduces
to a pair of inequalities checking that each gnomonic coordinate of the point falls
within the bounds of the square.

For a general tile, we use the fact that every tile is the image of the base tile
under some isometry g of H2. A point p therefore lies in the tile g - T} if and only if
g~ 'p lies in the base tile Tj.

Checking membership this way for every tile costs O(Nes) per point. We re-
duce this to effectively constant time by exploiting the temporal locality of gradient
descent: at initialization, all points lie in the base tile, and at each subsequent iter-
ation we cache the tile assigned to each point. Provided points do not move too far
between iterations, a point’s new tile is either its previous tile or one of that tile’s
immediate neighbors, so it suffices to test only this small, fixed set rather than all
Ntﬂes tiles.

3.2.3 Local tangent coordinates

We perform polynomial interpolation locally, in the tangent space at the center of
cach tile. The most direct way to do this on H? is to map points to a tangent space
using the logarithmic map, interpolate there, and map the resulting interpolation
nodes back to the manifold using the exponential map. However, using a separate
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Order-5 square tiling {4, 5} in the gnomonic/Klein disk

) =
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Figure 3.3: Order-5 square tiling, viewed in the gnomonic projection. The base tile is
shown in the center.

tangent space for each tile leads to complicated formulas and additional implemen-
tation overhead. We therefore use a simpler tile-based construction instead: each
tile is first mapped to the base tile, interpolation is then performed in the tangent
space at the origin, and the resulting interpolation nodes are finally mapped back
to the manifold.

Concretely, embeddings in tile ¢ are first transformed to the base tile using the
inverse of the tile’s Lorentzian transformation. The embeddings are then converted
from our default hyperboloid model to the Poincaré model, since the Poincaré model
has simple exponential and logarithmic maps at the origin, given by [16]:

v

ol logy(y) = tanh™"(||y]|)

Y
expy(v) = tanh(]|v[]) T
[yl
The logarithmic map at the origin is then used to project the points onto the tangent
space at the origin. In summary, the local tangent-plane coordinates yi(t) for tile ¢

are given by
u =108 (p(A(01))). (3.1)

where A; is the Lorentzian transformation from the base tile to tile ¢, p is the
projection from the hyperboloid model to the Poincaré model, and @Et) is the i-th
point in tile .

3.2.4 Interpolation grid and weights

Now that our embeddings are projected into the Euclidean tangent space, we can
follow the interpolation procedure used in FIt-SNE: we construct a bounding box
around the points in each tile, and within that box lay down an equispaced p X p
grid of interpolation nodes. This grid serves two purposes: first, the source values
are interpolated onto the grid; second, the grid points are mapped back to global
coordinates so that the kernel matrix can be computed (see Figure [3.4)).
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Figure 3.4: Interpolation grids on top of the datapoints, colored by tile.

We now construct this grid explicitly for a single tile t. The local coordinates of

the points in tile ¢ are
o _ (v
W= (M) er.imtim,
Y

i,2
where n; is the number of points in tile . The bounding box of these points is given

by

agt) = min yz(?, bgt) = max yz(?, r=12.

1<i<ng " 1<i<ns “ "

The interpolation nodes in each direction are then chosen as

§t)7 tet 75;()t) € [a’gt)a bgt)]

along the z-coordinate, and

77§t)7 cre n1(7t) € |:agt)7 bgt)]

along the y-coordinate.
The degree-(p — 1) 1D Lagrange basis in the z-coordinate is given by

(1) oa =g
éa’ (.T):HW, azl,...,p,
7’;1 a _gr

and the 1D Lagrange basis in the y-coordinate is similarly given by

_ 0

(t,2) z Yy U(t
t7 P T —_
0 (y)—”—(t) Ok b=1,...,p.
7:& nb - 7)?’

53
S

The degree-(p — 1) 2D Lagrange basis is the tensor product of these two 1D bases:
Ly (@,y) = 60 () 477 (w).
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Writing j for the flat index corresponding to the pair (a,b), i.e. j = a+ (b— 1)p,
the interpolation matrix for the points in tile ¢, B® € R™*?* is then given by
BY = L (42 4)
The global coordinates of the interpolation nodes for tile ¢, written F§t), are

obtained by reversing the transformations from Section Writing z; = (&4, )
for the local coordinates of node j (again with j = a + (b — 1)p), we have

T\ = A (p~ (expy(2))) -

3.2.5 Sparse-tile fallback

Many tiles contain fewer than p? + 1 datapoints; we refer to these as sparse tiles.
In this case, interpolating onto a full p*-node grid is wasteful, since the exact points
themselves can be used instead. We therefore use the raw datapoints directly as
interpolation nodes, which amounts to using the identity matrix as the interpolation
matrix:

In the sparse-tile case, the global coordinates of the interpolation nodes are simply
the original datapoints,

' — el

3 7

3.3 Efficient approximation of hyperbolic kernel sums

¢

The previous section showed how to construct, for each tile ¢, an interpolation matrix
B® and a set of interpolation nodes I'. We now use these to efficiently approximate
the kernel sum ¢ = K f without ever forming the full N x N kernel matrix K.
Section [3.3.1]shows how interpolation gives a low-rank approximation of K, reducing
the cost of the kernel sum from O(N?) to a cost governed by the much smaller
number of interpolation nodes. Section then corrects this approximation for
nearby tiles, where interpolation is least accurate, by computing their interactions
exactly.

3.3.1 Far-field approximation

Recall that the exact kernel sum is ¢ = K f, where K;; = K(0;,0;). Evaluating
this directly costs O(N?), since every pair of points interacts. Interpolation lets
us avoid this: rather than evaluating K between all N? pairs of datapoints, we
evaluate it only between the much smaller set of interpolation nodes, and use the
interpolation matrices B to move data onto and off of this node set.

Concretely, stacking the per-tile interpolation matrices B® block-diagonally
gives the global interpolation matrix B € RV*¢,

BY o ... 0
0 B® ...
0 0 . BkT)
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Figure 3.5: Near-field correction regions N,.(t) for » = 0,1,2. Tile ¢ is marked by the red
square. Blue tiles are evaluated exactly, and orange tiles are approximated by interpolation.

where G = Tp? is the total number of interpolation nodes across all T' non-empty
tiles. The kernel evaluated between interpolation nodes is given by the block matrix
K € RGxCG,

K1) K2 ... gan
| K@y K2 ... KeD
K= .

K™ K@) ... K(TT)

where the block K®* contains the kernel evaluated between the interpolation nodes
of tiles ¢t and s,

KU = K(rg>,rgs>) .

Since, in general, G < N?, computing K is far cheaper than computing K directly.
However, evaluating K still costs O(G?), rather than the O(Glog G) achieved by
FIt-SNE. FIt-SNE reduces this cost via the FFT because two conditions hold si-
multaneously in the Euclidean setting (see Section [2.3.4): the kernel is translation-
invariant and the interpolation nodes lie on a uniform grid, so K;; = x(y; — y;)
and the node-to-node kernel matrix is Toeplitz. In hyperbolic space, even though
the kernel is isometry-invariant (it depends only on hyperbolic distance), the tiling
nodes have no analogous linear structure: there is no indexing of the tiles under
which K(I';,T';) depends only on i — j. The Toeplitz structure does not arise, and
the FFT cannot be applied.
Combining B and K, our low-rank approximation of the kernel is

K ~ BKB”,

where BT first interpolates each datapoint’s contribution onto the interpolation
nodes, the kernel is then applied between nodes via K, and B interpolates the
result back to the datapoints. The kernel sum ¢ can then be approximated as

¢ =BKB'f.

3.3.2 Near-field correction

We cannot refine the mesh, since tile size is fixed by the topology of the tiling.
Increasing the interpolation order p is also of limited use, since high-degree polyno-
mial interpolation becomes unstable (the Runge phenomenon). With neither option
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available, the only way to improve accuracy for points that are close together is to
compute their interactions exactly rather than approximately. We therefore com-
pute interactions between nearby tiles exactly, within a radius of r tiles, rather than
approximating them (see Figure .

To do this, we split the kernel into a far-field part, evaluated using the low-rank
approximation, and a near-field part, evaluated exactly. The far-field kernel is given

by

K(ts) _

far

— 0, dist(T3, Ts) < r,
K@) otherwise,

i.e., the approximate kernel is used for tile pairs farther than r tiles apart, and zeroed
out for nearby tile pairs, since those are instead handled exactly. The corresponding
near-field kernel is
(K ) {K(@za Gj)a dist (T;;ile(i% T;;ile(j)) <, anda i 7£ j
near Jij —

0, otherwise.
Combining the two gives a combined kernel,

Keonty ® BKpwB' + Kyear,
and a corrected approximation to the kernel sum,

d) ~ Kcombf'

In practice, we never construct the full matrix K., explicitly. Instead, we
compute the far-field and near-field contributions separately and sum them,

d) = d)far + d)neara
where .
¢far =B Kfar BT.f
is computed using the low-rank construction from Section |3.3.1] and

¢near = Knearf

is computed tile by tile without ever forming the full K., matrix: for a given tile
t

T
Pl = D KWL = Y KWfE,
s=1 SEN ()
where N,.(t) is the set of tiles within tile-distance r of ¢.
This gives an efficient approximation ¢ ~ @ + Puear to the kernel sum, com-
puted without ever forming the full N x N kernel matrix. In Section [3.4] we use this

approximation to compute Z and X;, and assemble them into the repulsive force
E‘ep,i'

3.4 Algorithm overview and asymptotic analysis

Algorithm [1] gives an overview of the HIt-SNE computation of the kernel sums,
which is used by Algorithm [2] to compute the approximate repulsive force. The
asymptotic analysis in Section [3.4.2] partially addresses [RQ3} the experiments in
Chapter {4] provide the empirical complement.
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3.4.1 Algorithm overview

Algorithm 1 Tile-interpolated computation of ¢

Input: Datapoints ©, interpolation order p, near-field radius r, kernel function K,
source matrix F'
Output: Approximate kernel sum ¢
1: Assign each point in © to a tile
2: Group points by tile, writing @® for the points assigned to tile ¢, and F® for
the corresponding rows of F'
for each nonempty tile t do
if |©®| < p? then
5: Use the datapoints themselves as interpolation nodes:

rY«—e®  B® T

6: else

7: Transform ©® to local tangent coordinates

8: Construct a p x p interpolation grid

9: Compute the Lagrange interpolation matrix B®

10: Transform the interpolation nodes back to global coordinates, giving T'®
11: end if

12: end for

13: Assemble B as the block-diagonal stack of B®) over all tiles ¢
14: Assemble the far-field interpolation-node kernel Kj,,:

(Ef(ts)) _ {K(th),F((,S)) o sE N,
ar ) b 0, s € NL(D).

15: Compute the far-field contribution:
¢far — BﬁfarBTF-

16: Initialize ¢pear < 0

17: for each nonempty tile £ do

18:  for each tile s € N,(t) do

19: Compute the exact near-field block, excluding self-interactions when s =

K3 = K(00,0{) (1-b40).
20: Add the exact contribution:

oY) o) 4 KRG,

near near

21: end for
22: end for

23: return ¢ = @ + Grear
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Algorithm 2 Repulsive-force computation from kernel sums

Input: Embedding points ©

Output: Repulsive force F,
1: Compute z < Algorithm 1 with kernel K3, source F =1
2: Set 7 « Zz 2
3: Compute X <« Algorithm 1 with kernel K5, source F' = ©
4: Assemble the repulsive force:

1
Flepi < Vi (0i(0;, Xi)na + Xi).

5: return Fi,

3.4.2 Complexity

The cost of HIt-SNE can be decomposed into the stages summarised in Table [3.1]
Let N be the number of datapoints and let 7" be the number of nonempty tiles.
For each nonempty tile ¢, let n; denote the number of datapoints assigned to that
tile. The sparse-tile fallback means that not every tile uses exactly p? interpolation
nodes. Instead, the number of interpolation nodes associated with tile # is

my = min(nh p2)7

and the total number of interpolation nodes G is given by,

T
G = Z me.
t=1

Since m; = min(n,p?) < ny and Y ,n, = N, it follows that G < N; and since
m; < p?, we have G < T'p?. In practice, we restrict our embeddings to a fixed tiling
with Tiiing tiles, so G < Tijing - P*-

Per-stage runtime

Stage Runtime

Tile assignment O(N)

Coordinate transformation ~ O(N)

Spread: datapoints — nodes O(Np?)

Far-field kernel evaluation 0(G?)

Far-field kernel application — O(G?)

Gather: nodes — datapoints O(Np?)

Near-field correction @ Z Z NN
t seNr(t)

Repulsive force computation O(N)

Table 3.1: Per-stage runtime cost of HIt-SNE.
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Tile assignment. Naively, assigning a datapoint to a tile could require testing
against every tile, giving a cost proportional to the total number of tiles. However,
as discussed in Section [3.2.2] the implementation reuses the tile assignment from the
previous iteration. Since datapoints move only a small amount between iterations, it
is usually sufficient to check the previous tile and the 12 neighboring tiles, resulting
in a constant amount of time per point lookup. Since there are N points the tile
assignment stage runtime is O(N).

Coordinate transformation, spread, and gather. Each datapoint is trans-
formed into the coordinate system of its tile and projected to a local tangent space.
This requires a constant amount of work per datapoint, so the coordinate transfor-
mation step has runtime O(XN). Datapoints in non-sparse tiles are then interpolated
onto the interpolation nodes via a matrix-vector multiply with the block-diagonal
matrix B, which has at most Np? non-zero entries, giving a spread cost of O(Np?).
The symmetric gather step (interpolating node values back to datapoints via B) has
the same cost.

Far-field kernel evaluation and application. The far-field kernel matrix is
evaluated between the GG interpolation nodes, giving a dense G x GG matrix at cost
O(G?). Applying this matrix to the interpolated source values costs a further O(G?).

Near-field correction. The near-field correction computes exact interactions be-
tween datapoints in nearby tiles, at cost

T

@) Z Z NN

t=1 seN;(t)

The near-field radius r controls the size of this term: at » = 0 the sum is empty and
this stage costs nothing; increasing r adds more tile pairs to each inner sum, raising
the near-field cost while improving accuracy.

Repulsive force computation. Once ¢ has been assembled from the far-field
and near-field contributions, the repulsive force on each datapoint is computed from
¢ and the normalisation constant Z = ). ¢;. Both require a single pass over the N
datapoints, giving a cost of O(N).

Total runtime

Combining the stages, the total runtime is

T
@) sz—i-GQ—i-Z Z NyMs
t=1 seN;(t)

In the r = 0 case the near-field term vanishes; substituting the bound G <
Tiiting - P* for a fixed tiling gives O(Np? + (Tijting - p?)?). Disregarding p, as p = 3 is
typically used, the second term is constant for a fixed tiling, so the overall cost is
O(N).
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In the r = 1 and r = 2 case, the analysis depends on how points are distributed
across tiles. Even under a uniform distribution with n, ~ N/T', the near-field sum
evaluates to O(T - |N,| - (N/T)*) = O(N?/T), which remains superlinear in N
unless T' grows with N. In the worst case, during the early exaggeration phase,
points cluster in the base tile and the algorithm devolves to the exact method’s
runtime of O(N?). In Chapter @, we will discuss possible solutions to this issue.

Memory

In practice, neither the far-field nor the near-field matrices need to be stored, since
only the matrix-vector product is required. The interpolation matrix B is stored,
as it is used twice per iteration (once for the spread and once for the gather), but
it is block-diagonal with at most Np? nonzero entries. Furthermore, since B could
be easily recomputed instead of being stored we could also calculate the spread and
gather step in O(N). The theoretical memory requirement is therefore O(N).

42



Chapter 4

Experiments

This chapter describes the experiments conducted to evaluate HIt-SNE against the
exact method, addressing the empirical component of RQ3] Section explains the
datasets with which the experiment will be conducted. Section describes the
experimental setup, including the dataset, hardware and software used, and the hy-
perparameters shared across all methods. Section describes the first experiment,
which examines how runtime and accuracy change at different iterations of the em-
bedding trajectory. Section describes the second experiment, which examines
how runtime and accuracy scale with the number of embedded points. Section
describes the third experiment, in which the final embeddings are computed entirely
in that method as would be done in the real-world setting, and the visual quality of
the output will be compared.

4.1 Datasets

In our experiments we used two different datasets: MNIST and Planaria.

The MNIST dataset consists of 70,000 grayscale images of handwritten digits,
each of size 28 x 28 pixels, giving a native dimensionality of 784 [26]. Each image
is labeled with the digit it depicts, from 0 to 9, giving 10 classes of roughly 7,000
images each (see Figure . MNIST is a standard benchmark for dimensionality
reduction and visualization algorithms: its known class structure makes it easy to
assess whether an embedding has preserved meaningful groupings, since a good
embedding should produce visually distinct clusters corresponding to each digit
class. It is worth noting, however, that MNIST does not have hierarchical structure
in the sense that motivates hyperbolic t-SNE since the ten digit classes have no
natural tree relation between them. It is used here as a benchmark because it is
well-understood and widely used in the t-SNE literature, not because it is a natural
fit for hyperbolic embedding.

The Planaria dataset consists of about 2000 high-dimensional vectors, each
recording the gene expression counts of a single cell of a specimen of Schmidtea
mediterranea, a planarian, a type of flatworm studied for its immortality [39]. The
hierarchical structure of the Planaria dataset can be seen in Figure as a cell
lineage: cells begin as neoblasts, a type of stem cell, and get differentiated further
and further until they become the familiar skin and muscle cells [39]. We included
the Planaria dataset in our experiments due to its hierarchical structure, as it is
typical of the data one would want to use hyperbolic t-SNE for.
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Figure 4.1: Tllustration from [39]. Lineage tree of Planaria cells, showcasing hierarchical
structure of cell types.

4.2 Setup

Experiments were conducted on the MNIST dataset [26] and the Planaria dataset
[39]. They were run on a single machine with an Intel Core Ultra 7 155H CPU, 16
physical cores, 22 logical CPUs, and 30 GiB of RAM. The code for tiling generation
and visualization was written in a separate C+-+ program. All other programs were
implemented in Python using NumPy v1.26.

To produce a t-SNE or hyperbolic t-SNE embedding, one starts with a PCA
embedding of sampled data from the dataset and then performs 2000 iterations of
gradient descent. Let us refer to the embedding at iteration k as ©*). We define an
embedding trajectory as the set of embeddings at all iterations:

{6™ | & € [0,2000)}.

To generate the ground-truth embedding trajectories, the exact hyperbolic t-
SNE method was run with the following hyperparameters: perplexity = 30, number
of iterations = 2000, and early exaggeration factor = 12 applied for the first 250
iterations. For experiments 1 and 2, a learning rate of 200 was used, for experiment
3 a learning rate of 10 was used for MNIST, and 2 for Planaria. Each embedding tra-
jectory was generated by sampling datapoints without replacement from the MNIST
dataset using a specified random seed.

HIt-SNE additionally requires a one-time setup cost to construct its tiling and
corresponding 1-nearest neighbor graph. The tiling was generated using the C+-+
visualization tool so that it encompassed all points appearing throughout the em-
bedding trajectory, resulting in a depth-7 tiling containing 2941 tiles. The neighbor
graph was subsequently generated in Python from the tiling.

In our experiments, we chose to measure the error and runtime associated with
computing the normalizing constant Z rather than the full gradient. The normaliz-
ing constant is simpler to analyse, being a single scalar quantity, while still requiring
the same kernel evaluation as the full gradient computation.

We compare four methods throughout: the exact method and HIt-SNE with
near-field radii » = 0,1,2. At r = 0, no near-field correction is applied; at r = 1,
interactions between points within the same tile are computed exactly; and at r = 2,
interactions between points in the same tile and adjacent tiles are computed exactly.
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We fix p = 3 as is done in the original FIt-SNE paper for all trials [27]. For each
method, we measure the wall-clock time required to compute Z and the relative
error of the approximate value of Z compared to the exact value.

4.3 Experiment 1: Per-iteration runtime and error

The goal of this experiment is to verify two expected properties of HIt-SNE during a
single embedding trajectory. First, at every iteration, the more approximate meth-
ods (lower r) should achieve lower runtimes than the more exact methods (higher
r and the exact method). Second, this speed advantage should come at the cost
of reduced accuracy, while the resulting error remains within a reasonable range
throughout the embedding process.

To test this, we generated a single embedding trajectory using the exact method,
consisting of 50k MNIST points. We did three separate runs. For each run we
randomly selected a set of bk points from the 50k embedding. At each iteration,
we computed both the exact value of Z and the HIt-SNE approximation of Z for
r =0,1,2, recording the runtime and relative error of each method.

We expect that for the » = 0 and the exact method, the runtime curve should be
constant, as both methods should be agnostic to the embedding point distribution
(which clustered densely in the base tile until around iteration 300). On the other
hand we expect that the runtime of the » = 1 method should be the same as the
exact method until around iteration 300 when points begin to leave the base tile,
and then it should decrease as the embeddings are more evenly spaced throughout
the disk. Likewise, for r = 2 the method should be the same as the exact method
until the points leave the inner 2 rings of points, and then should decrease in further
iterations. As for the error, we expect that the r = 0 method should decrease in
error, since at later iterations far-field interactions dominate.

4.4 Experiment 2: Runtime and error scaling with
problem size

The goal of this experiment is to examine how runtime and error scale with the num-
ber of embedded points N. Since the exact method computes pairwise interactions
between all points, its runtime is expected to scale quadratically, O(N?). HIt-SNE,
by contrast, is expected to scale linearly, O(N), for r = 0. HIt-SNE for » = 1 and
r = 2 should also scale linearly when datapoints are somewhat evenly distributed
among the tiles.

To test this, we generated a single embedding trajectory consisting of 50k MNIST
points (using the exact method) and selected iteration 1990, where the points ap-
peared to be well distributed throughout the embedding space. The problem sizes
N are logarithmically spaced between 10% and 5 x 10%,

N € {1000,...,50000} (logarithmically spaced). (4.1)

For each N, we generated 10 subsets of that size without replacement from the full
50k-point set. For each sampled subset, we evaluated all four methods (the exact
method and HIt-SNE with r» = 0, 1, 2), recording the runtime and relative error. The
mean and standard deviation were then computed across all subsets of the same size.
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We expect that the exact method will scale quadratically since all O(N?) interac-
tions are computed. We expect that the r = 0, 1, 2 methods will scale approximately
linearly, with » = 0 being the fastest, followed by r = 1 and r = 2. As for error, we
expect r = 0 to have the highest error as no near-field correction is added, followed
by r=1and r = 2.

4.5 Experiment 3: Visual Fidelity of the Final Em-
bedding

In this experiment we aim to determine how the HIt-SNE accelerated final embed-
dings visually compare to the exact method. Here we sampled a subset of 1000
samples from both the MNIST dataset and the Planaria dataset and generated em-
beddings using all four methods using 2000 iterations of gradient descent. At the
end we visually compare the results for relative cluster position and fidelity to the
exact method.

We expect that » = 1 and r = 2 should have the same relative cluster structure
as the exact method, as clusters are formed in the early exaggeration phase which
near-field correction should accurately capture. For r = 0 it is less clear whether the
relative clustering structure should hold as there is no near-field correction so the
early exaggeration phase may produce different clusters and in different positions.
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Chapter 5

Results

This chapter presents the results of the three experiments described in Chapter [4]
Section [5.1] presents the results of Experiment 1, examining runtime and accuracy
over the course of a single embedding trajectory. Section presents the results
of Experiment 2, examining how runtime and accuracy scale with the number of
embedded points. Section [5.3] presents the results of Experiment 3, showing the
difference in visual quality between the methods.

5.1 Experiment 1: Per-iteration runtime and error

Runtime at each iteration (W =5000)

— Exact method
0.7 1 —— r=0 (no near-field correction)
r=1 (same tile exact)
—— r=2 (same and adjacent tiles exact)

o o
(5} =]
I |

Runtime (sec)
o
=Y
1

o
W
|

0.2 1

M‘WJM W
0.1

T T T T T T T T
4] 250 500 750 1000 1250 1500 1750 2000
Iteration

Figure 5.1: Mean runtime per iteration during a single embedding trajectory, for the exact
method and HIt-SNE with near-field radius » = 0,1, 2. Results are averaged across three
embedding trajectories; shaded regions show one standard deviation.

Figure [5.1] shows the mean runtime per iteration for each method. The runtime
for all methods except for r = 0 increases sharply near the beginning (around
iteration 300) and then decreases afterwards. The relative runtime ordering between
the methods is as expected with r = 2 the slowest, then r = 1, and finally » = 0. All
methods, except for » = 0, show an initial rise in runtime over the first few hundred
iterations.
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Figure 5.2: A zoomed-in version of Figure with only iterations 250 to 500 shown, to
highlight the critical period after early exaggeration.

Error at each iteration (N =5000)
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Figure 5.3: Mean relative error per iteration between the HIt-SNE relative error in com-
puting Z and the exact Z, for r = 0,1, 2, averaged across three embedding trajectories.
Shaded regions show one standard deviation.

Figure [5.3] shows the mean relative error per iteration for the three HIt-SNE
variants. For r = 0 the error is high during early exaggeration, and then begins to
monotonically decrease. For » = 1 and r = 2, relative error is negligible throughout.

5.2 Experiment 2: Runtime and error scaling with
problem size

Figure [5.4]shows mean runtime as a function of problem size N. The exact method’s
runtime increases quadratically as N grows from 1k to 50k. In contrast, all three
HIt-SNE variants show a much flatter runtime curve across the same range of N,
remaining close together and growing only modestly as N increases, with r = 2
slightly higher than r = 1, which is in turn slightly higher than r» = 0.

Figure[5.5/shows mean relative error as a function of problem size N, at the same
fixed iteration. Across all problem sizes, the ordering between variants is consistent,
with » = 0 showing the highest error, followed by r = 1, then r = 2 with the lowest.
For the » = 0 method the error remains relatively constant. For » = 1 the error
seems to gradually increase and then asymptote. For r = 2 the error tracks r» = 1
then around a problem size of about 7k it begins to monotonically decrease.
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Runtime vs. problem size (at iteration 1990)

—— Exact method, m=2.00
—— r=0(no near-field correction), m=0.79

r=1 (same tile exact), m=0.82
1 — r=2(same and adjacent tiles exact), m=0.87

Runtime (sec)

10-14

o Number of datapollz:s N
Figure 5.4: Mean runtime as a function of problem size N, evaluated at iteration 1990
of a 50k-point embedding trajectory, for the exact method and HIt-SNE with r = 0,1, 2.
Results are averaged across repeated runs per problem size. Standard deviations are not
shown as they are too small to be visible. The linear regression slope m is given in the
legend.
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Figure 5.5: Mean relative error as a function of problem size N, evaluated at iteration
1990, for HIt-SNE with » = 0,1,2. Standard deviation is not shown as it is too small to
be visible.

5.3 Experiment 3: Visual Fidelity of the Final Em-
bedding

Figure [5.6| shows the final embeddings for the exact, and approximate methods for
a subset of the MNIST dataset. HIt-SNE with » = 2 produces visually identical
results to the exact method. HIt-SNE with » = 1 produces almost identical results
to the exact method, however some of the individual points are slightly moved (see
the green cluster in the northeast), but the relative clustering remains the same.
r = 0 produces an embedding where points are concentrated near the boundary of
the disk, but the relative cluster positions are somewhat preserved (see Figure .

Figure 5.8 shows the final embeddings for a subset of the Planaria dataset. These
embeddings share with the MNIST embeddings that » = 1 and r = 2 resemble the
exact method, but » = 0 is markedly different. The relative clustering in the Planaria
dataset is harder to ascertain, but there tends to be a consistency in the neuronal
class being central, and the neoblast class being located on the outskirts.
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Figure 5.6: Final embeddings generated on a 1k sample of MNIST using the exact (true)
method as compared to approximate methods (r = 0,1,2). The colors correspond to the
MNIST class labels (i.e the digits 0-9).
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Figure 5.7: A plot of the angle of each embedded point on the Poincaré disk, for each
method, on a 1k subset of MNIST. This plot is an unrolled version of the embedding, and
helps show the positions of the clusters relative to each other. The colors correspond to
the MNIST class labels (i.e the digits 0-9).
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Figure 5.8: Final embeddings generated on a 1k sample of the Planaria dataset using
the exact (true) method as compared to approximate methods (r = 0,1,2). The colors
correspond to classes of cell types.
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Chapter 6

Discussion

In this chapter we discuss the implications of our results and the limitations of
the HIt-SNE algorithm and our experiments. The sections below constitute our
answer toRQ3} How does HIt-SNE perform relative to the exact method in terms of
runtime, approximation accuracy, and visual fidelity of the resulting embeddings?

6.1 Runtime Behavior

We found empirically (see Figure that all variants of HIt-SNE outperform the
exact method for sufficiently large problem sizes, with the exact method scaling
approximately quadratically and HIt-SNE variants scaling approximately linearly,
consistent with the asymptotic analysis in Section [3.4.2] Two observations from the
experiments complicate this picture.

The first complication arises in Experiment 1. The runtime of the exact method
varies across iterations similarly to the » = 1 and r = 2 variants (see Figure [5.1)),
which is unexpected: each exact iteration requires the same N? interactions regard-
less of where the points are. Multiple runs reproduced this behavior. Since the
deviation is less than an order of magnitude and the main qualitative result, that
all HIt-SNE variants are faster than the exact method after the early exaggeration
phase, is unaffected, we do not investigate this further.

The second complication, also in Experiment 1, concerns the runtime of the r = 1
and r = 2 variants during early exaggeration. During the first ~300 iterations, all
points are concentrated in the base tile, so the near-field correction should dominate
and runtime should resemble the exact method’s and be constant. Instead, the
measured runtime starts low and rises. One possible explanation is that at N = 5000
the problem fits in CPU cache and memory-access patterns change as points spread
out. This remains an open question. Note that this behavior is separate from the
deeper performance problem during early exaggeration — the O(N?) cost when all
points are concentrated in a single tile — which is discussed in Section [6.3]

6.2 Approximation Quality

We found empirically that the r = 1 and r = 2 modes produce embeddings that
are visually true to the exact method, both on the MNIST digit dataset and on the
Planaria dataset (see Section . The r = 1 method shows very slight deviations
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in the position of individual points, but the overall cluster structure is preserved.

The r = 0 method, by contrast, accumulates non-negligible error at every iter-
ation. Its error profile is consistent with theoretical expectations: error is highest
during early exaggeration, when all points are concentrated in the base tile and
near-field interactions dominate, and decreases as points spread across tiles. One
empirical drawback of r = 0 is reduced stability during early exaggeration, requiring
a smaller learning rate to avoid large gradients. A second drawback is that » = 0
embeddings tend to crowd toward the boundary of the Poincaré disk, producing less
well-separated clusters.

6.3 The Early Exaggeration Problem and the Hy-
brid Method

The most significant practical limitation of HIt-SNE is that the accurate modes (r =
1 and r = 2) effectively devolve to the exact method during the early exaggeration
phase. As noted in Section when all points concentrate in the base tile the
near-field correction must cover every pair of points, giving an O(N?) cost per
iteration. This prevents running » = 1 or r = 2 on large datasets where the exact
method is already too slow.

A practical workaround is a hybrid method: use r = 0 during early exaggeration
(or until points are sufficiently spread across tiles), then switch to » = 1 for the
remainder of the optimization. A comparison of the hybrid method against r = 0
and the exact method is shown in Figure The hybrid embedding preserves
the cluster structure of the r = 0 method while avoiding the boundary crowding
that r = 0 exhibits, producing embeddings closer in character to those of the exact
method.

Digit

LU= s T I = I T =]

Figure 6.1: Final embeddings generated on a 1k sample of MNIST using the exact (true)
method, the » = 0 method, and the hybrid method. Colors correspond to MNIST class
labels (digits 0-9).
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6.4 Limitations

Several aspects of the algorithm and the experiments remain untested or constrained.

We did not vary the interpolation order p. The FIt-SNE paper [27| recommends
p = 3 and cautions against higher values due to the Runge phenomenon. Preliminary
experiments using higher p and Chebyshev interpolation nodes — which mitigate
the Runge phenomenon — did not produce a meaningful reduction in error, so we
fixed p = 3 throughout.

We did not investigate the choice of tiling depth. For our experiments we selected
a tiling size by hand and constrained all points to lie within a fixed radius on the
Poincaré disk. Choosing too small a radius introduces distortion as points cluster
near the edge of the disk instead of spreading out. A practical implementation would
benefit from an adaptive tiling scheme, such as the one implemented in HyperRogue
[24], that expands the tiling dynamically as points spread out.

The scaling experiment (Experiment 2) was limited to a single late iteration when
points are most uniformly distributed, which presents the best-case scenario for the
near-field term and does not reflect the harder early-exaggeration regime. Scaling
plots at various iterations could be added to assess the impact of the near-field
correction on runtime.
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Chapter 7

Conclusion

This chapter concludes the thesis. Section returns to the research question and
its sub-questions, summarizing what this thesis has shown and where its results
remain incomplete. Section then looks beyond this thesis, discussing directions
for future research that follow from these results and their limitations.

7.1 Answering the Research Question

This thesis set out to answer whether the interpolation-based acceleration strat-
egy of FIt-SNE could be extended to hyperbolic t-SNE. We answer this question
affirmatively. HIt-SNE, the method proposed in this thesis, shows that the same
core idea behind FIt-SNE’s success carries over to hyperbolic space. In Euclidean
space, FIt-SNE works by replacing exact pairwise computation with local polyno-
mial interpolation. This idea still works once the gradient, tiling, and coordinate
system are suitably adapted for hyperbolic geometry. The result is a method that is
substantially faster than the exact approach, while remaining accurate enough for
practical use.

To answer our first sub-question: the hyperbolic t-SNE gradient can indeed
be reformulated and decomposed into components suitable for interpolation-based
approximation. First, we rewrote the gradient in the hyperboloid model, rather
than the Poincaré model used in existing implementations. We then verified that
this hyperboloid gradient agrees with the original Poincaré-model gradient. Second,
we rewrote this hyperboloid gradient as a small set of kernel sums, mirroring the
decomposition used by FIt-SNE in Euclidean space. This non-trivial decomposition
is what makes the gradient amenable to interpolation-based approximation in the
first place.

To answer our second sub-question: a regular hyperbolic tiling, combined with a
tile-local tangent-space coordinate scheme, makes accurate polynomial interpolation
possible on hyperbolic space. This is true even though the tiling itself cannot be
refined the way a Fuclidean grid can. We built this tiling using the construction of
[6]. To assign points to tiles efficiently, we used the gnomonic model, in which tile
membership reduces to a simple bounding-box test, and combined this with caching
to exploit the fact that points move only a small distance between iterations. Within
each tile, we performed interpolation locally in tangent-space coordinates, and for
tiles with too few points to fill a full interpolation grid, we fell back to using their
datapoints directly as interpolation nodes. To recover the accuracy lost from being
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unable to refine the tiling, we split the kernel sum into a near-field part, computed
exactly, and a far-field part, computed via interpolation. We efficiently computed
the near-field part tile by tile, without ever constructing the full near-field kernel
matrix, keeping this correction efficient even as the near-field radius grows.

To answer our third sub-question: the runtime of HIt-SNE scales favorably rel-
ative to the exact method, though our results here leave a few open questions. Its
accuracy also remains within a practical range, with some complications as well.
Our measured runtimes were broadly consistent with the expected asymptotic be-
havior, and all HIt-SNE variants were substantially faster than the exact method
throughout. For both » = 1 and r = 2, error remained low enough for practical use
at every iteration tested, and error also stayed stable as the number of embedded
points increased, with no sign of degrading at larger problem sizes. The hybrid
method proposed in Section [6.3] also addresses concerns with the tradeoff between
runtime and accuracy.

Overall, in terms of operating advice, it seems that the » = 1 option is superior
to the exact method and can serve as a drop-in replacement. The hybrid method,
however, handles large datasets well but produces embeddings that differ slightly
from the exact approach.

7.2 Future Research Directions

Here we specify a few possible directions for future research.

One useful direction would be to compare HIt-SNE to the only other acceleration
scheme for hyperbolic t-SNE: the Barnes-Hut-based acceleration of Skrodzki et al.
[44]. This would provide practical guidelines on when to use HIt-SNE over the
Barnes-Hut method. It would also be useful to evaluate the hybrid method and
the » = 0 method using the embedding distortion metrics presented in that work,
namely precision, recall, and nearest neighbor error, to determine whether, despite
having a different relative cluster structure from the exact method, they remain
equally informative about the underlying data.

Another area for further research would be to extend the recently developed Fast
Multipole Method of [14] into an acceleration scheme for hyperbolic space, as the
FMM offers better error bounds than either HIt-SNE or Barnes-Hut.

Figure 7.1: Illustration of a non-regular tiling from [10].
Additionally, since tile size in hyperbolic space is determined by the geometry of
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the tiling, specifically the number of tiles meeting at each vertex and their angles,
tile refinement could potentially be achieved by switching to a different regular tiling
or a non-regular tiling (see Figure . This might reduce the need for the hybrid
method and allow higher accuracy at lower cost during the early exaggeration period.

Further experiments on additional datasets, including highly hierarchical ones
evaluated with relevant quality metrics, could provide a useful indication of the
method’s robustness. Similarly, running Experiment 2 at different iterations of
the process and Experiment 1 with larger N values could help clarify the early
exaggeration problem and the anomalous behavior of the exact method.

Finally, gradient descent with momentum, as used in the Barnes-Hut method
of Skrodzki et al., could be adopted to speed up the optimization. Going a step
further, stochastic gradient descent could also be explored.
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Appendix A

Hyperbolic t-SNE Gradient
Derivations

A.1 t-SNE Gradient Derivation for a Generic Dis-
tance Function

This derivation will mainly follow the work of [48] which in turn follows [31].

Let r;; = dU, where d;; is an arbitrary distance function between embeddings y;

and y;.

The cost function is defined as:

Dij
C=KL(P|Q) = prlog =
i#£]

Applying the chain rule, and introducing Kronecker deltas,
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A.1. GENERIC DISTANCE APPENDIX A. GRADIENT DERIVATIONS

The partial derivatives w.r.t the squared distance can be split as follows:

oc 0
ory - Zpkl ory; log qri

k£l
0 147yt
=—zpkzmg(< Z’“) )
k£l Tij
L:;él k£l

Simplifying the first term,

Zpkl log(1+ry) "' = Zpkl + i) 5ki51j
k£l T k#l

= —pii (1 +ry) 7"

Simplifying the second term using the fact that > pp = 1,

0
Zpk - log Z
k£l Tij
1 0
= —Z (1 —i—?"kl)_l
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1 -2
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= —qi(1+7y)""

Combining the two terms, we arrive at a simple expression for the partial derivative
with respect to the squared distance:

87“1] [ pz](l + Tz]) Qij(l + Tz‘j)il]

= (pij — qi) (L +ry5) "

Substituting in our expression, we have a simple general form of the partial deriva-
tives of the cost function:

_42 pz] Qz] 1+d?j)_1d“

aym

These partial derivatives do not themselves constitute the gradient in a curved
space; rather, they serve as the building blocks from which the true gradient is
constructed. Specifically, we first assemble them into the Euclidean gradient [1]:

oC
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vire=| ;|
oC
Yid
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A.1. GENERIC DISTANCE APPENDIX A. GRADIENT DERIVATIONS

Note that "Euclidean" here refers to the metric used to compute the gradient’s
components, not to a claim that the embedding space itself is flat. The space can
still be curved, and this curvature is accounted for separately through the metric
tensor G(y;). We can use this Euclidean gradient together with the metric to yield
the true gradient [1]:

grad, C' = G(y;)~'V,*C
Now we will look at specific choices of distance function d;; for different embedding
spaces (note that ¢;; is a function of d;; and will change when we change embedding
spaces).

A.1.1 Euclidean case

In the Euclidean case, the metric G(y;) = I, so the Euclidean gradient is the true
gradient. The Euclidean distance and its gradient are given by,

dij = lyi — 5,
adij _ Yia — Yja
ia dij '
As such, the gradient is:
oC od;;
=4 i — Yig 1 d2 _1di’ Y
8yia z]:(pj QJ)( + zj) J ayia

= 42(%’ — i) (L4 d5) " (Yia — Yja) |
j

A.1.2 Poincaré disk

On the Poincaré disk, the metric is given by G(y;) = (m)q [44]. The distance
metric and its gradient on the Poincaré disk are given as:

d;; = arccosh(7)
adij 4 9
- i = Yill” + Pi)Yia — PilYja
On BT [y = Y3l * + Bi)via — Bitijal

I

where 5; = 1 — ||y;]|* is the distance of y; from the edge of the disk, and v =
a2
1+ 2% We verified that this form of the partial derivatives of the distance is
iPj
equivalent to the form found in [44]. The gradient is given as,
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A.1.3 Hyperboloid model

Under the hyperboloid model, instead of having the embeddings be in R", we instead
use embeddings in R"*. The metric is given by da? + - -+ + da? — da?, |, which
amounts to flipping the sign of the last component [8]. The inner product is,

n

<U7U>n:1 = —Up+1Un41 + E UiV
i=1

The distance and its partial derivatives are given as [47],
d;; = arccosh(—(0;,0;),.1)
8dij

50, — (O 0,)71 — 1)71/20 4 (—1) %m0

The gradient of the cost function in the ambient R"*! space under the hyperboloid
model is given as,

Ve, Cla = [G(6:)7' Vg C]
L, 0dy
= (=1 (i — i) (L4 d3) ' dy 8@;

J
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J
For ease of notation let us define
2 = (i — qi) (1 + ) 7" di ((8:,0;)5, —1)7'/
which allows us to write the ambient gradient simply as,

V& Cla =4 2;0,a
J

For gradient descent, we want the gradient on the tangent space of the hyperboloid
instead of in the ambient space. We compute the tangent space gradient by project-
ing the ambient space gradient on the tangent space as follows [47]:

[VE Cla = [V Cla + (61, V&' C) 0
Let us first find (©;, Vﬂé?:10>n;1:
<®i7 VHS;“CMJ = <@z‘, — Z Zij@j>n:1
J
J
Now we can find the tangent space gradient,
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[V Cla = [VE'Cla+ (61, V' C) 61

n:

=4 Z ZijGja + (_4) Z Zij <@u 6j>n:1(9ia
J J
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j

The exponential map in the hyperboloid model is given by [47]:

Expo (€) = cosh (€1) © + sinh (¢ 1) ﬁ

For visualizing our points in the hyperboloid model, we can transform the points
to points in the Poincaré model using the mapping,

1
- (@,.. .0,
Yy @n+1+1( 1 )

A.2 Proving the hyperboloid model gradient corre-
sponds to the Poincaré model gradient via the
differential map

In this section we will verify that the gradient in the hyperboloid model and the
gradient in the Poincaré model are indeed equivalent under the differential map.

The differential dple, : To,H" — T, B" is used to convert the tangent space
gradient in the hyperboloid model to the tangent space gradient of the Poincaré
model [|47]:

. 1 " O, [VHHO] +1
dole (VE . — v -
[ P|61 (V@z C)]Q’ @Z’7n+1 + 1 ([v@z C]a @i,n—i-l —|— 1 )

We can use the mapping from the Poincaré disk to the hyperboloid as follows
[47]:

2 1+ [l
0; = —(yih ) e —
1 —fyil]? 2

_ 2 1+ [yl
—ﬁi(yzla--wym? 9 )

)

Lemma 1. —(0;,0,),.1 ="
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Proof.

—(01,0))n1 = 01011011 — > 0,64

a=1

A (APl

BB { 4 v y])}
_ 2 (Ol
 BiB; { 2 2 yj)]

L+ g+ 1y 112 = Nyl Pyl P+ Nl P+ sl P + 1
= (1 =81 —=5;) + i =yl +2(yi - yy) + 1
=BiB; — Bi— B+ L+ ||lyi — yj|I* +2(wi - y;) + 1
= BiB + Wil P+ N |* + lyi — w511 + 2(wi - w5)
= BiB; + 2y — w5l I* + 4y - ;)

2 [+ wlHA+ Iyl o, ,]_ 2 [ﬁiﬁj+2||yi_yj||2+4(yi'yj)_ o
BiB3; 2 20 - 43) BB 2 20 - 43)

R OO
1+6i5j [Hyz y]H + 2(y; y]) 2(y; y])}

T T
= S5 1Y —Yj
Bib; !

Lemma 2.

Proof.

Oin+1+1 —1+|)5"H2 +1

Bi
L+ [lyil|? + Bi
B
(2—06:)+ B
Bi

]

Theorem 1. The pushforward of the hyperboloid gradient is indeed the Poincaré
gradient:

dp

6,(Vo,C) =V, C
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Proof. First we can note that both hyperboloid and Poincaré gradients can be writ-
ten using a common factor z;;:

dij 1

i = —4pij — @y
Zij (p] q])l-i-d?j /72_1

The hyperboloid gradient can be written as,

[vg?o]a = Z Zij [<@z7 @j>n:16ia + @ja]
J
while the Poincaré gradient can be written as,
n 1
(V5 Cla = = >z [y = w3l1° + Bi)yia = Bryia]
j J
Applying the differential to the hyperboloid gradient,
®io< [ng C]n—H
Oins1 +1
Gwz [VHn C] n+1)

= _ [Z ZZ]( ’Y@ZOZ + @]a) + = /82 ®za( ’y@i,n-i-l + @j(n'f'l)

J

[dple.(Ve, C)la = )

BiYja (L4 wil ) | B 1+ [ly;l?
Zzzij(—Vym—F ’ )+ym—yz’azzzj(—7 + = =)
J

B - 2 B 2
L+lwl? B 1+ [ly;1)? 51]
= > zij |Yia(—7 +7 - = ) + Yia -
Zj: ][ 2 By 2 B
2 2
Y; 1+ Yj
Z |:yzoz ﬁj’y + ﬁ] || || - ﬁz || ]H ) + yiaﬁi:|
B; 2
Simplifying the inner expression,
L lyll? o L+ lyll 1+ [yl |” 1+ ly;l?
2 2 2 2
_ 20y —y 11>, Bi 1+ |Jy;l?
BB 1+||y;||2
——T—Hi yil|? = Bi—a
B3, 2— 5
=—7f—m@%n—@ :
= —lyi — y;1)> —

~(Ilys = yyII* + /62‘)

Substituting our simplified expression in the differential of the hyperboloid gra-
dient, we arrive at the Poincaré gradient:
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L+ lyal®
2

Z i [ym(—ﬁﬂ + B

112 -
3, 5i1+ Hy]H )+yja5i:| = —Z@ [yia(Hyi_ysz“‘/Bi) _yjaﬁi}

2 — B
= [V}, Cla
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Appendix B
HIt-SNNE Derivations

B.1 HIt-SNE Kernel and Source Derivation

Here we show that the repulsive force Fip; can be written as a sum of kernel and
source functions in a compact form as described in Section [3.1.3]

rep i Z qz] 1 + d2 (<@Z7 @j>i:1 - 1)71/2[<@i7 @j>n:1@i + @J}
- Z (1+d}) 72 dij ((61,05)71 — 1)72[(6:,0;)410i + 6]
1
= E Z K2(@i7 ®j>[<®i> ®j>n:1@i + @j]
J

:%ZKQ(@i,@j (0:,0,),10; + = ZKQ (0:,0;)0

1
Z @z7ZK2 6176 n1+ ZKQ @17@
1

= E(®i<@ia X1 + X5)

The normalizing constant can be computed as follows:

7 = ZZ (1+d3)”

:ZZKl@i,@j)&
i g

:Z¢K1,f1

B.2 Interpolation Error Bounds

In this section we will expand the interpolation error bound from the FIt-SNE paper.
First in Appendix we will expand the original 1D case as mentioned in the
paper to 2D. Then in Appendix we will expand the 2D FIt-SNE error bound
to HIt-SNE. Note that this error bound as found in the FIt-SNE is not a bound on
the total error, but instead a bound on the error from the interactions within a tile.
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B.2.1 Bound on the interpolation error (FIt-SNE)

The following follows the proof in the one-dimensional case found in |27]. Let yZ@ €
R2?, fori = 1,...,n,, denote the embeddings located in tile ¢, where n; is the number
of points in that tile. Let a® and b® be the bottom-left and top-right corners of

tile ¢, respectively. The interpolation nodes in each direction are then chosen as
t [ @) @]
00 e ol
along the z-coordinate, and

ngt)7 R U;()t) < agt)7 bgt)

along the y- coordinate These are collected into the two-dimensional interpolation

) _

nodes «,, <§a ,nb ) for a,b=1,.

The degree-(p — 1) 1D Lagrange basm in the x-coordinate is given by

D T — 57(”1&)
r=1 (gt) - 57(“t)

r#a

a=1,...,p,

and the 1D Lagrange basis in the y-coordinate is similarly given by

)

p
-1 vt
=1 _771"

£

<33
S

The degree-(p — 1) 2D Lagrange basis is the tensor product of these two 1D bases:

LY (y) = €49 () 677 (o).

Let Kg)(y,z) be the bivariate polynomial interpolant of the kernel K(y, z),
whose values agree with those of K at the interpolation nodes:

KO (45 78) = K (75 24)

We now show that K, $ )( z) can be written in terms of the Lagrange polynomials

defined above:
K Z K(+.2) L8 w)

=2 (Z K (204 Li?(z)) L) (y)

a,b c,d

=3 K (258 1w 18 =),

ab c¢d

Let ¢ (y;) denote the approximation to ¢ (y;), the contribution to ¢(y;) from
the points in tile ¢:

- ZK(yi(t),yf)) £, ZK (® (yz Y > £
j=1
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where f]@ is the source value associated with the point y(-t)

He
To bound the kernel sum error ‘gg(t) (yi) — oD (y;)

, we first assume a uniform
bound on the interpolation error over the tile:

sup ‘Két)(y, z) — K(y, z)| <e.
yze[af? 0] x [af? 0]

The kernel sum error is then bounded as follows:

S5 (50 (4,410 — 1 (ol ) £

J=1

<Z‘Kt)(yz Y, ) K(yi(t),yj(»t))‘

60 w) = 0 (y1)| =

1’

For the case of computing the normalization constant Z, the source function is
f=1and,

(t t)
‘(/b[()l f1 (y:) Qb(Kl f1<yz)

which shows that the error bound is proportional to the number of points in a
the tile which can be reduced by refining the grid.

S ENy,

B.2.2 Bound on the interpolation error (HIt-SNE)

Let the map ¢; from embeddings in tile ¢ to their local tangent coordinates be defined
as

(i(©) =logo (p(A;1(©)))
so that the coordinates of the embeddings in the local tangent space are given by
gy =0, (@ )>, i=1.... ..
The interpolation nodes z](-t) € [agt), bgt)] X [agt), bgt)] and the bounding box a®, b(*)
are as given in Section [3.2, where the corresponding nodes on the manifold are
defined as I‘Eﬂ =/t (zj(t) .
Define the pullback of the kernel to the tangent coordinates of tile ¢ as

/i(t)(y,z) _ K(ft_l(y), gt—l(z)) , k@) . ([agt)’bgt)] X [agt),bét)}f — R,

so that in particular £ (yf ), y](t)> K(G)l(»t), 9@) Let K,(f) be the degree-(p — 1)

J
bivariate polynomial interpolant of x®), agreeing with it at the nodes zj(-t)

assume the uniform bound

, and

sup ‘Kag)(y, z) — k' (y, z)| <e.
yze[af? 0] x [af) 0]
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The approximation to ¢ (@@> is then obtained by evaluating the interpolant in

7

the tangent coordinates,

9001 =350 ot i) 1

and the error of the kernel sum is bounded by
EICHRIC \z (410) 0 (4 £

(yft)7y] ) “(yf ,yj(t))

9
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