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Abstract—Some general issues in the “black-box” identification
of multivariable systems are first discussed. It is then suggested
that balanced parameterizations can be used to give identifiable
forms. A particular advantage is that balanced parameterizations
are known for several useful classes of linear dynamic mod-
els, including stable minimal models, minimum-phase models,
positive-real models, and normalized coprime factor models.
Before optimizing the parameters of balanced parameterizations,
an initial model must be found. We use realization-based meth-
ods and so-called “subspace” methods for this purpose. These
methods are very effective at finding accurate initial models
without preliminary estimation of various structural indexes. The
paper ends with two simulation examples, which compare the use
of balanced parameterizations with more traditional ones, and
three “real” examples based on practical problems: a distillation
column, an industrial dryer, and the (irrational) spectrum of sea
waves.

Index Terms—Balanced parameterizations, identifiable forms,
multivariable systems, parameter estimation, system identifica-
tion.

I. INTRODUCTION

T HE identification of multivariable systems is of extreme
importance in practice. The majority of systems being

manipulated or controlled, whether they are industrial pro-
cesses, vehicles, aircraft, consumer products or, in a different
arena, markets and economies, have more than one input
and more than one output and usually exhibit significant
interactions between each other. The very widespread tendency
to control each variable separately, pretending that the others
do not exist, is a compromise which to some extent has been
driven by the difficulty of obtaining multivariable models.

Currently, commercial pressures in the process industries
put a considerable premium on the achievement of maximal
efficiency and quality, and a key to achieving this is to im-
plement multivariable control, which exploits the interactions
between variables. It is now not uncommon, for example in the
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petrochemical sector, to find multivariable controllers handling
30 or 40 variables simultaneously. An essential ingredient of
such a control scheme is a multivariable model of the process
being controlled.

An important requirement in some applications is that the
identification algorithm should, as far as possible, work rou-
tinely, automatically, and reliably, with no human intervention.
Current methods cannot yet deliver this requirement, but the
methods presented in this paper seem to be more promising
in this respect than others, at least for multivariable problems.
One can expect that it will always be necessary to monitor
the results of an identification algorithm, either by a human or
automatically. But, it should be possible to avoid the need for
human decision making as part of the identification algorithm.

Conceptually, the identification problem for multivariable
systems is very similar to that for single-variable systems.
But, it is known from system theory that, whereas in the
single-variable case there is only one “structural” decision to
be made, namely the order of the model, in the multivariable
case a relatively large number of other “structural” decisions is
required. Making these decisions has always been a stumbling
block for multivariable identification and has certainly made
it difficult to move toward methods which could be applied
“routinely and automatically.” A major advance of the past
ten years has been the development of so-called “subspace
methods” for system identification. These appear to be very
successful at finding multivariable models without making
such decisions explicitly. As will be seen later in the paper, we
use such methods to obtain initial models, and these methods
undoubtedly make a great contribution to the success of the
complete identification scheme which we present here.

In the next three sections we motivate estimation of pa-
rameters in “balanced” parameterizations. This is essentially
the same as conventional parametric identification, except
that we advocate an unusual choice of parameters. Then, we
discuss briefly the methods we use to obtain initial models.
Estimation of parameters involves the optimization of the
parameters of these initial models. We then show how to
compute gradients, which are needed for parameter estimation,
when balanced parameterizations are used. Finally, we present
some examples. These are chosen to illustrate the use of
balanced parameterizations for various classes of models.
Some simulation examples are also included, which compare
the use of a balanced parameterization with the use of a
more conventional observable parameterization. It is assumed
that the reader is familiar with the basics of conventional
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parametric identification, as described in books such as [8],
[27], [38], and [46].

It should be noted that an identification scheme for mul-
tivariable systems which is very similar to ours in outline
was already proposed by Akaike [1]. There, initial models
were obtained by a kind of “subspace” method, and they
were improved upon by using nonlinear optimization to obtain
maximum likelihood estimates, though without using balanced
parameterizations.

II. PROBLEM SETTING

Our objective is to find linear time-invariant (LTI) dynamic
models for multivariate data. Mostly, we assume that the
data is available in the form of an input vector time series

and an output vector
time series . This corre-
sponds to measurements taken from some process which is
to be identified. Sometimes only the output measurements are
available, and the objective is to find a model which produces
an output with the same spectrum, or second-order statistics,
as the observed output, when the model is driven by white
noise. A variation of this problem occurs when the output data
itself is not available, but its spectrum or autocovariance (either
exact or approximate) is given; this is called the “stochastic
realization” problem.

A relatively novel use of identification is as a way of
obtaining approximate linear models from complex, detailed,
nonlinear models. Such nonlinear models are being built
increasingly frequently for industrial processes and have long
been used in macroeconomics. The idea is to apply identifica-
tion methods to data generated by the nonlinear model, as if it
were data generated by some industrial plant. A very important
difference, however, is that the experimental conditions can be
chosen freely; for example, the input signal can be chosen to be
an impulse, which is not usually possible with a real system.
Approximate linearization of a macroeconomic model using
identification techniques was treated in [28]. There only an
“initial model,” in the terminology of this paper, was found,
with no subsequent optimization of parameters.

In this paper we shall represent LTI multivariable systems
as state-space models

(1)

(2)

It will be assumed that nothing is known about the internal
structure of the model so that the state vector cannot usually be
given a physical interpretation. We have used the subscript “”
to emphasize that the model description assumes discrete time.
Later in the paper we shall be jumping between discrete and
continuous-time representations, and this notation will help to
avoid confusion there. The term is a multivariable white
noise process.

We will usually assume that we are only interested in
asymptotically stablemodels. This assumption of stability is
usually required either because we knowa priori that the
system being modeled is stable or because we make some

further assumptions which imply stability (usually that
and are stationary stochastic processes and that the
effects of any initial conditions are negligible).

There are several reasons for using state-space models.
Transfer function models are very natural and convenient
in the single-input/single-output (SISO) case, namely when

. But in the multivariable case, they have the
drawback that each element of the transfer function matrix is
independent of all the others. This means that it is difficult
to exploit any common behavior that may be present in the
real system—which is usually the case—when identifying a
model. Each element has to be identified separately from the
others, in essence. ARMAX models do not suffer from this
problem, since they can represent dynamic behavior which
is common to the various input–output paths, as well as
any dynamics common to the “input–output” and the “noise-
output” behavior. But in the multivariable case, the use of
ARMAX models becomes quite complicated. For example,
enforcement of the “strictly proper” condition, or of causality,
is much more complicated than in the SISO case.

Another problem which appears with ARMAX models
is that of needing an “identifiable parameterization.” The
observed input–output behavior of a system can only de-
termine the transfer function of a model, not a particular
representation of that transfer function. But there are infinitely
many different ARMAX models which correspond to the
same transfer function. It is usually considered essential to
fix a representation in such a way that the identification
algorithm is prevented from wandering over a family of
ARMAX models, all of which correspond to the same transfer
function. This is certainly necessary for practical reasons;
otherwise, the algorithm may wander into representations
involving enormous numerical values for the coefficients,
for instance, and run into numerical difficulties caused by
the limitations of finite precision. An alternative way of
dealing with this problem is by “regularization” [34]; the
conditioning of the estimation is improved, for example, by
penalizing excessive norms of the parameter vector. It is
more controversial whether an identifiable parameterization is
needed for statistical reasons. Either identifiability, or some
alternative way of obtaining convergence (such as regular-
ization) seems to be necessary if the statistical properties of
parameter estimates (namely, the coefficients in the model) are
to be analyzed. But it is questionable whether such properties
are of interest. Statistical properties of the transfer function
estimates, and of estimates of system invariants such as pole
locations, are certainly important, but there are results which
show that these properties do not depend on the particular
parameterization or even on whether a parameterization is
identifiable or not [27], [44].

State-space models share with ARMAX models the ben-
efit of representing common dynamics and the problem of
requiring an identifiable parameterization. They are no better
than ARMAX models in this respect, but also no worse
in the multivariable case. (Whereas in the SISO case the
problems with ARMAX models can be dealt with more easily.)
State-space models have some mild advantages: 1) causality
is built into the model structure; 2) the “strictly proper”
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property can be determined by inspection; 3) in general
the best and most reliable numerical algorithms for system
transformation, simplification, and analysis, as well as the
exploitation of models in the synthesis of filters and control
systems, assume that the model is given in state-space form.
A much stronger advantage of state-space models, as we shall
show later in this paper, is that there exist very nice identifiable
parameterizations of them. In particular, it is known how to
parameterize some specific classes of models which are of
interest in applications. But perhaps the strongest argument in
favor of state-space models is the empirical fact that we can
assemble identification procedures for them which work well
and reliably.

It is usually desirable to find as simple a model as pos-
sible for the data. This means first that the final state-space
model should be minimal. It also means that the minimal
state dimension (McMillan degree),, should be as small
as possible, given the data. Actually, there is an implicit
(sometimes explicit) tradeoff between the acceptable model
complexity and how well it matches the data.

It is worth repeating that it is assumed in this paper that we
are concerned with “black-box” identification, namely that we
have no information on the internal structure of the real system
which generated the data. If such information is available, then
the methods presented here are not appropriate because they
do not preserve structural information of this kind.

III. I DENTIFIABLE PARAMETERIZATIONS

A parameterization of a model isidentifiable if only one
parameter (vector) corresponds to each transfer function, that
is, if the map from parameters to input–output behavior
is injective. Consider the “purely deterministic” state-space
model (1), (2) when there is no noise input

(3)

(4)

It is known that the set of all possible input–output behaviors
of this system is a manifold of dimension [7].
However, the number of elements in the, , , and
matrices is , so it is clear that degrees
of freedom must be removed if parameter identifiability is to
be achieved. It is most often suggested that this restriction
be achieved by setting most of the parameters to zero or
one and using one of the standard reachable or observable
forms [17], [23].

As the parameters of such a form range over the real
numbers, both unstable and nonminimal systems will be
encountered. Most commonly, the system being identified
is known to be stable, so it is clearly desirable to avoid
estimating an unstable model. Avoiding unstable models is not
usually a problem with algorithms which rely on minimizing
some cost function because the value of the cost function
usually becomes very large for an unstable model. Avoiding
nonminimal models involves the avoidance of an algebraic set
in the -dimensional parameter space associated with
the matrices , , and . Nonminimal models are locally

unidentifiable in the sense that at each such model there is a
manifold (embedded in the algebraic set mentioned above) in
the parameter space on which the transfer function remains
invariant. As mentioned earlier, such models must either be
avoided, or the estimation algorithm must take measures to
deal with the consequent ill-conditioning.

The issue of which identifiable form to use, and even of
whether to use one at all, is far from settled. True canonical
forms (in the algebraic sense) partition the set of systems
so that each system can be represented by exactly one set
of parameter values, but several (many!) structural forms are
needed to cover the set of all systems [10], [45]. Glover and
Willems [14] have argued that this is an avoidable problem;
one can use “overlapping” or “pseudo-canonical” forms which
have the advantage that each form can represent the majority
of systems—typically, each form can represent “almost all”
systems, in the measure-theoretic sense—but now each system
can be represented in several such forms. Each system still
has a unique representation in each form, however, which
is all that matters for identification. Hanzon and Ober [18],
[19] have proposed an overlapping form which bears some
resemblance to the balanced form, which will be introduced
in the next section, which is designed to represent systems
in the neighborhood of those at which the structure of the
balanced form changes. McKelvey [34] has argued that it is
unnecessary to use an explicit parameterization at all; it is
enough to “regularize” the parameter estimation problem. In
fact, one of the schemes he proposes estimates a system which
is close to being balanced. A nice discussion and resumé of
much of the relevant literature is given by Veres [49].

It is worth mentioning that much of the discussion which
appears in the literature about parameterizations of systems is
concerned with the difficulties of estimating the correct “struc-
ture,” namely which particular form of a parameterization is
most appropriate, given a set of data. We believe that currently
available methods for obtaining initial models, such as those
described later in Section VI-B, help to reduce the severity
of these problems. Evidence which we have for this is that if
we deliberately generate data using a model which does not
have the generic structure and then apply our identification
methods to the data under the assumption that the structureis
generic, then the algorithms operate successfully and exhibit
no difficulties [6]. The probable explanation for this is that
in the multivariable case the space of all stable systems of
given input and output dimensions and a given McMillan
degree are connected (in contrast to the SISO case) [4], [15],
[40] so that the algorithms have no problem with working
in the immediate neighborhood of systems with nongeneric
structure, since the parameterization remains reasonably well-
conditioned in nearly all directions in the parameter space.
(This should be equally true for all algorithms.) When there
are several generic structures to choose from, as is the case
with balanced parameterizations in the SISO case, then the
correct choice of such a structure is important, since the
algorithm has no possibility of reaching the neighborhood of
the correct system if an incorrect choice of structure is made.
It appears that this can be done successfully by examining
the structure of initial models which are obtained using the
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methods discussed in Section VI-B. Some evidence for this is
mentioned in Section VII.

IV. BALANCED PARAMETERIZATIONS

The concept of balanced state-space realizations was intro-
duced by Moore [36]. He showed that given any continuous-
time stable state-space realization of an LTI system

(5)

(6)

there exists a state coordinate transformationwhich brings
this state-space realization to the balanced form, namely a
state-space realization which has equal and diagonal reach-
ability and observability Gramians. The diagonal elements of
the balanced Gramians are known as Hankel singular values
and are input–output invariants.

One can define balanced realizations for discrete-time stable
systems in a similar way. From a result of Mullis and Roberts
[37], it follows that a digital filter implementation based on
balanced realizations has minimum round-off noise due to
finite word-length effects. Also, Thiele [47] has shown that
balanced realizations minimize a particular sensitivity measure
of the transfer function due to variations in the entries of the
state-space matrices.

A state-space system which is close to being nonminimal
gives rise to an ill-conditioned parameter estimation problem,
in the sense that perturbations of the parameter estimates in
certain directions (in the parameter space) have very little
effect on the input–output behavior of the estimated model;
in a nonminimal model they would have no effect. The con-
sequence of this is that the accuracy of parameter estimation
(as measured by the variance of the parameter estimates, for
example) is low. In a sense, the use of a balanced realization
gives an estimation problem which is as well-conditioned
as possiblefor a given transfer function. We see that this
occurs from the following result [29], [36]: if denotes
the smallest singular value of the reachability Gramian, and

denotes the smallest singular value of the observability
Gramian of a system, then the balanced realization of a system
is the one which maximizes the value of .
In this sense the balanced realization of a given system is the
one which is “furthest away” from nonminimality.

All minimal, stable, balanced continuous-time systems can
be parameterized explicitly. Furthermore, this parameterization
gives a true canonical form, in the sense that to each transfer
function there corresponds a unique parameter vector and
that every minimal stable system of given dimensions can
be represented by some parameter vector [22], [39], [52]. A
complete explicit parameterization was first derived by Ober,
and the particular form we use here is taken from [42].

There are two types of parameters within this parameteri-
zation—structural parameters and real-valued parameters. The
structural parameters are integer-valued, being the number of
distinct Hankel singular values,, the multiplicity of the th
Hankel singular value, ( ), and the rank of
blocks and ( ), which comprise the “ ”
and “ ” matrices. Each set of structural parameters specifies a

certain “structure” of a system, whereas each set of admissible
real-valued parameters specifies a particular (stable, minimal
and balanced) state-space realization, given such a structure.
Note that the number of real-valued parameters required to
specify a system varies from structure to structure. We shall
use the termgeneric structureto refer to the structure which
occurs when all the Hankel singular values are distinct ( ,

, ). This structure is generic in the sense
that almost all of the systems of McMillan degree
can be represented in this form. The number of independent
real-valued parameters needed to specify a system within the
generic structure is , which is in fact the
dimension of the manifold of all stable systems of
McMillan degree .

For system identification using balanced parameterizations,
the generic structure is usually sufficient, since almost all
systems can be represented in this form. The generic struc-
ture has a much simpler parameterization compared with the
nongeneric ones; since we need the generic structure, we give
details here only for this case.

In this case, the parameterization is given in terms of the
parameters as follows:

where , , , and the first nonzero
element of is positive.

Every stable continuous-time transfer function of McMillan
degree , with distinct Hankel singular values, can be realized
by as follows:

where

for

for

(7)

... (8)

where

(9)

(10)

It appears from this parameterization that once one has
decided to use the generic structure, then there are no more
integer parameters to be specified. However, this is only true
when there is more than one output. In the single-output
case ( ), the parameters “degenerate” into integer
parameters; they become scalars, and under the constraints
that , they can only take the values of
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. This results in different structures for the single-
output case (whose union is generic in the sense that distinct
singular values occur generically). This is in contrast with
the observable form, for which there is only one structure
in the single-output case and generic structures in the
multioutput case [27].

With the generic structure the parameters (which are
orthogonal matrices in the nongeneric case) become unit
vectors. For the multioutput ( ) case, if one parameterized
them directly, i.e., , then one would
also have to introduce the extra nonlinear equality constraints

for . However, this can
be avoided by parameterizing these unit vectors using polar
coordinates, as in (11), shown at the bottom of the page, and
the following bounds on the parameters:
and for . Now it
is known that the set of all unit vectors (which is
geometrically equivalent to the “hyper-sphere” ) cannot
be covered by one coordinate chart, and the polar coordinates
are no exception. In other words, some of the unit vectors
cannot be described by the above parameterization; these are
vectors of the form where .
So, some nonlinear equality constraints have been removed
at the expense of neglecting part of the parameter space.
However, if one really wants to cover the whole parameter
space, then an alternative idea is to use an adaptive type of
local coordinates. This can be described as follows: if is
the current estimate of , one can view as the point with
coordinates on the sphere , and the idea
is to parameterize the “hemisphere” on whose pole is .
All the points on this “hemisphere” can be described by

(12)

where is as defined in (11) but with the constraint on the
first parameter changed to , and a
unitary matrix whose first column is . In order to show that

parameterizes the said “hemisphere,” we need to verify
that the angle between the vectors and is always less
than . Let be this angle, then

(13)

by definition of

and since (14)

since is unitary (15)

Hence, is strictly positive and the result follows.
Finally, we remark that the matrix can easily be found by
applying QR factorization to the vector .

An advantage of using a balanced parameterization for
system identification is now apparent. One only has to check
a set of simple linear inequality constraints—that

, that the first nonzero element of each row of
is positive, and that the bounds on hold—in order to
see whether the model is minimal and stable. Since each of
these parameters can vary over a connected open subset of the
real line, it is possible to replace it by another unconstrained
parameter. For example, the inequality constraints between
the Hankel singular values () can be avoided by using the
alternative parameters

, and even the positivity constraint could be
removed by using .

Note that the parameterization described above only holds
for continuous-time systems. We have used the subscriptin
this section to emphasize that the parameterization is valid
for continuous-time systems only. One can obtain an implicit
parameterization for discrete-time systems by means of the
usual bilinear transformation between theand domains

(16)

(17)

This transformation preserves stability, minimality, and bal-
ancing.

We finish this section by showing what the balanced pa-
rameterization looks like in a given case. We consider ,

, , and we assume the generic case. Notice that
although this canonical form looks much more complicated
than the more usual observable form, it has exactly the same
number of free parameters (20, with 6 more in the “”
matrix); see (18)–(20), shown at the bottom of the next page.
Here is the th row of , and is the th column of .

V. USEFUL CLASSES OFMODELS

The parameterization presented in the previous section is
useful when it is knowna priori that the process being
identified is stable and when an output-error criterion is used,
namely that the model is

(21)

(22)

Depending on the nature of the process being identified and
on how the model is to be used, some other classes of models

...
...

(11)



CHOU AND MACIEJOWSKI: SYSTEM IDENTIFICATION 961

are also useful in system identification. In this section, we shall
examine three such classes of linear models: minimum-phase,
positive-real, and coprime factor models. We shall discuss how
the concept of “balancing” can be extended to these classes
of models and present a balanced parameterization for each
one of them.

A. Minimum-Phase Models

One of the uses of models is to predict future system
responses. If the prediction is based entirely on past inputs,
then a stable model is appropriate. However, if it is based on
both past inputs and past outputs, then a stable and minimum-
phase model is required. A particular way to write down this
model, if the system equations are given by (1) and (2), is the
one-step-ahead predictor in innovation form [17], [27]

(23)

(24)

(25)

In this case, one requires the eigenvalues of bothand
to lie inside the unit circle, or equivalently,

the system with realization to be stable and
minimum-phase.

One can define minimum-phase balanced realizations in a
way analogous to Moore’s notion of balanced realizations
for stable systems. There are several different ways of defin-
ing minimum-phase balanced realizations [33], [42], and the
following definition is taken from the latter reference: letde-
note the realization of a continuous-time stable and minimum-
phase system and denote the inverse realization. Then

is said to be continuous-time minimum-phase balanced if
the reachability Gramian of and the observability Gramian
of are equal and diagonal. Discrete-time minimum-phase
balanced realizations are defined analogously.

McGinnie [33] has derived a minimum-phase balanced
parameterization based on the above definition. Interestingly,

the parameterization so obtained can be described by the same
set of parameters used in Section IV. Moreover, the state-
space matrices of this minimum-phase parameterization have
the same structures as those described in Section IV (in the
generic case).

Using the same notation as in Section IV, except that we
relabel all the ’s by ’s and replace by , all
continuous-time stable and minimum-phase transfer functions
of McMillan degree have a minimal state-space realization

whose generic form is given by

(26)

where

if

if

(27)

... (28)

where

and

(29)

where is invertible. (30)

Note that the constraints stated in Section IV also apply
here, and in addition is required to be invertible. This
parameterization is valid for continuous-time systems, but

(18)

(19)

(20)
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since the bilinear transformation preserves the minimum-phase
property, it can be used to obtain an implicit parameteriza-
tion of discrete-time minimum-phase systems. If, instead of
allowing to be any invertible matrix, we choose

(31)

then the feed-through term of the corresponding discrete-time
system will always be the identity matrix. In other words,
this choice of gives us an implicit parameterization of
all discrete-time innovation systems. Note that the parametric
constraints given in Section IV also ensure that the above
choice of is invertible.

The matrix which appears in (23) can now be allowed
to have arbitrary real entries. This allows nonminimum-phase
transfer function matrices relating to to be identified,
the minimum-phase “restriction” applying only to the transfer
function between and . This also allows the possibility
that the pair may be uncontrollable, which is reason-
able if the transfer function from to is of McMillan
degree smaller than.

The possibility of parameterizing minimum-phase systems
with almost no constraints on the parameters is a significant
advantage for identification.

B. Positive-Real Models

A different situation occurs when we wish to obtain an
innovation model

(32)

(33)

but instead of the measurements we have only estimates
of the autocovariancefunction

(34)

or of the spectral density of (which is the discrete Fourier
transform of the autocovariance). We still want an innovations
representation of , but now the requirement is that its
autocovariance should match the given one (approximately).

Under the assumption that the model (32), (33) is stable,
and letting and , it can
be shown that the autocovariance sequence
is equal to the impulse response of the following system:

(35)

(36)

where

(37)

(38)

(39)

Hence the standard approach [3], [13] to the “stochastic
realization” problem is as follows.

Step 1) Find a system which is stable
and has the sequence as its impulse
response.

Step 2) Solve the following positive-real Riccati equation:

(40)

[which arises by substituting (37) and (39) into
(38)] for and then find from (37).

The solution of (40) is not unique, but it can be shown that if
the smallest nonnegative solution is taken, then the resulting
triple gives an innovation representation [3],
[13]. Note that .

Of course, in the context of system identification we ex-
pect to find, in Step 1), a system whose impulse response
matches the given covariance sequence only approximately.
But, the complication is that if the impulse response of

is not a valid autocovariance sequence,
then the rest of the theory will not apply—we shall not be
able to find a solution of (40). Now a sequence

is a valid autocovariance sequence if and only if the
Toeplitz matrix built from it is positive definite [5]. A sta-
ble system which has a positive definite impulse response
is called positive real. To solve the approximate stochastic
realization problem, we need to identify a positive-real system
in Step 1).

There are several different ways of defining a balanced
positive-real system [11], [16], and one of the possibilities is to
assume that the minimal positive definite solutions to both (40)
and its dual are equal and diagonal. Based on the continuous-
time counterpart of this definition, a balanced parameterization
for continuous-time positive-real systems has been derived
[33], [42]. The fact that this parameterization is of continuous-
time systems again does not present any limitation, since the
bilinear transformation preserves the positive-real property;
we thus have an implicit parameterization of discrete-time
positive-real systems. As was the case with the two param-
eterizations already introduced above, this parameterization
can also be described by the same set of parameters given
in Section IV. Using the same notation as that given in
Section IV with , nearly all positive-real systems

of McMillan degree can be parameterized
as follows [33]:

(41)

where

if

if

(42)

... (43)
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where

(44)

(45)

In addition to the constraints stated in Section IV, the
following two constraints are now required in order to guar-
antee that the representation is positive-real: and

.
So again, we can estimate parameters, with only mild

constraints upon them, in the knowledge that we are not
straying outside the class of systems which is of interest.
In this case the parameters are thecanonical correlation
coefficients[1], [11]. They are a little more constrained than
the corresponding parameters in the earlier parameterizations,
since they are bounded above as well as below, but each
of them still ranges over a connected open subset of, so
this is still an easy constraint to handle. Remarkably, when a
positive-real system is parameterized in this way, the solution
to the continuous-time positive-real Riccati equation which
corresponds to (40) is diag , and this solution is
also the solution to the discrete-time Riccati equation(40),
since solutions to these two equations are left invariant by
the bilinear transformation. So, if we identify a positive-
real system in this parameterization, then we can obtain
immediately from (37) since we already know.

C. Normalized Coprime Factor Models

So far we have assumed that the process being modeled
is stable. In the case of unstable processes, one can perform
identification in closed loop, with the process stabilized by
a controller. In this case the relevant class of models is that
of minimal systems which are not necessarily stable. So a
possible model is

(46)

(47)

with a minimal realization. One can define
a minimal balanced state-space realization by assuming that
the solutions to two particular algebraic Riccati equations are
equal and diagonal [21], [41], and this leads to a parame-
terization of all continuous-time minimal systems [41], [42].
Unfortunately, onecannotobtain an implicit parameterization
of discrete-time minimal systems using the bilinear transfor-
mation, as we have done for other model classes, because the
transformation is not defined if the continuous-time system
has poles at 1.

An alternative is to model the system using coprime factors,
for example

(48)

where and are normalized left coprime factors of
the transfer function matrix, and , , and are
transforms of the signals , , and . We shall show
later how an implicit parameterization of these factors can be
obtained from their continuous-time counterparts.

Let be a continuous-time transfer function ma-
trix of McMillan degree and and be its normal-
ized left coprime factors such that .
Define the transfer function , then
it can be shown that and are normalized left
coprime if and only if is coinner. (Here “normalized”
means that for all , and
“coinner” means that for all [53].)

By using the (general form of the) stable balanced canonical
form given in Section IV, Ober and McFarlane [41] derived
a canonical form for all coinner functions of
McMillan degree and hence obtained a canonical form for
continuous-time normalized left coprime factors. Again, only
the generic structure of the canonical form will be given here.
Note that the canonical form given here is slightly different
from that given in [41]; we have modified the expressions so
that they can be given in terms of the same set of parameters
used in Section IV. So, almost all coinner functions

of McMillan degree can be parameterized
as follows:

where

if

if

(49)

where

(50)

...

... (51)

(52)

(53)

(54)

where

(55)

where

and

(56)
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Since the Hankel singular values of a coinner function are less
than unity, we need the constraint in addition to those
stated in Section IV. Note that the state-space realizations
of the coprime factors and are, respectively,
given by and . Note
also that is in fact balanced in the sense of
Moore with balanced Gramian diag .

The discrete-time coprime factors can now be calculated
as follows. The key point is that if one applies the bilinear
transformation to a continuous-time coinner function ,
then the resulting discrete-time function is also coinner.
Hence if is the discrete-
time realization obtained under this transformation, with both
“ ” and “ ” matrices partitioned in the same way as their
continuous-time counterparts, then and

are realizations of the numerator and
denominator, respectively, of the discrete-time normalized left
coprime factors.

VI. PARAMETER ESTIMATION

A. Outline of Algorithm

We propose that system identification can be carried out
in the following manner. Choose a discrete-time model class
which is of interest. If this is the class of asymptotically
stable minimal systems, or of minimum-phase systems, or of
positive-real systems, or of coprime fractions, then parame-
terize it using a balanced parameterization, together with the
bilinear transformation. Let denote the vector of real-valued
parameters which appear in this parameterization.

Next, choose a criterion function which measures the
difference between the available data and the performance of
the model in some way.

Now estimate the parameters as follows.

Step 1) Obtain an initial model somehow.
Step 2) Set . From the initial model obtain the initial

value of the parameter vector,, and if the number
of outputs is one, the sign parametersare as well.

Step 3) Set . Use an optimization algorithm
to find a parameter vector such that

. If possible, increase the efficiency of
this step by computing the gradient .
Section VI-C shows how this can be done if
is differentiable.

Step 4) If successfully converged, stop. Otherwise, find
another initial model and return to Step 2).

This outline is a rather general one, and it leaves a number
of options for the user. Since the criterion function is a
nonlinear function of its parameters, it is important that a good
initial estimate is obtained so as to improve the convergence
speed and to avoid convergence to a local minimum. There
are many possibilities here, as outlined in the next subsection.

There is a slight restriction which arises when estimat-
ing minimum-phase models using balanced parameterizations.
This is that the pair in (26) and (28), and hence the
pair in (23), must be controllable. This implies that,
in the estimated model, all poles of the “deterministic” part
of the model are also poles of the “stochastic” part (though

not necessarily the other way round). If the data is generated
by a linear system which does not satisfy this condition, then
it cannot be represented by the balanced parameterization we
employ. This appears to be a considerable restriction at first.
But in practice it is not a significant restriction, because the
“true” model is invariably nonlinear, or at least of very high
McMillan degree, and is therefore in any case not a member of
the set of candidate models. In this situation one of the roles
of the stochastic part of the model is to account for some
of the approximation error of the deterministic part. For this
purpose the stochastic part can always take advantage of all
the deterministic dynamics—in effect it provides some “noise”
at the deterministic inputs—and consequently the estimated
models always have controllable. This situation
holds irrespective of the parameterization being employed.

If there is only one output, it is important that the sign
parameters (which determine the structure) are estimated cor-
rectly. Our experience with simulation examples shows that
the optimization algorithm diverges if the sign parameters are
incorrect. McGinnie has shown that it is in principle possible
to estimate these sign parameters directly from the data [33],
though this is unlikely to be useful in practice because of
the very large data sets required. However, our experience of
using the “N4SID” subspace algorithm to find initial estimates
for about 200 artificially generated data sets (as described in
Section VII) is that it hasalwaysgiven us a correct structure
to date.

B. Finding an Initial Model

A real issue, which is particularly acute in the multivariable
case, is how to get started, how to find a useful initial
model. Possible methods for finding initial models include
the instrumental variables method “IV” [27], model reduction-
based methods [54], realization-based methods [24], [55], or
the recently developed “subspace” methods such as MOESP
[50], [51], N4SID [48], or CVA [25], [26]. The latter two
classes of methods seem to be particularly effective for finding
initial models of multivariable systems. These are the methods
which we use in preference to others, and we outline them
very briefly.

If estimates of a (discrete-time) system’s impulse response
are available, then the approximate realization algorithm de-
veloped in [24], [55], which obtains a low-rank approximate
factorization of the Hankel matrix built up from impulse
response estimates, can be used. It is in effect a numeri-
cally robust version of the Ho–Kalman algorithm [20]. If the
available data is in the form of an estimated autocovariance
sequence of a discrete-time stochastic process, then a closely
related algorithm is available which produces an approximate
stochastic realization of that process [12].

More commonly, available data is in the form of actual
input and output sequences, obtained either from experiments
or gathered during normal plant operation. For this case a
class of methods known as “subspace algorithms” has been
developed [25], [35], [48], [50]. These work by estimating
the range space of an observability matrix from a low-rank
approximate factorization of a Hankel matrix built up from
the input–output data. These algorithms provide models of
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both deterministic and stochastic systems, namely of all the
matrices in the model (1), (2).

Both the “realization” and the “subspace” algorithms have
several attractive features: 1) they can be guaranteed to pro-
duce a model of the required class, and stability can be
enforced [32], as can the minimum-phase property of any sto-
chastic part of the model [48]; 2) they usually produce accurate
models of the data, using relatively low state dimensions; 3)
they seem to be particularly easy to use.

C. Gradient Calculations

Parameter estimation algorithms can be made more efficient,
both in terms of computation speed and of accuracy, if the
gradient of the objective function with respect to the
parameter vector is supplied to the algorithm. To compute
the gradient, three calculations are required.

1) The derivatives of the objective function must be ob-
tained in terms of the derivatives of the discrete-time
model matrices.

2) The derivatives of the discrete-time model matrices
must be obtained in terms of the derivatives of the
continuous-time model matrices, which appear in the
parameterizations.

3) The derivatives of the continuous-time matrices, with
respect to the parameters, must be computed.

The first of these depends on the particular identification
problem being solved, since it depends on the objective
function being used. We will therefore not address this here,
but confine ourselves to showing how the other calculations
can be performed.

In terms of state-space transformations, the bilinear trans-
formation can be expressed as

(57)

(58)

(59)

(60)

By using this, the derivatives of the discrete-time state-space
matrices can be related to the derivatives of the continuous-
time state-space matrices as follows:

(61)

(62)

(63)

(64)

For the parameterization of stable systems given in
Section IV, the formulas for the derivatives in the SISO
case were given in [30]. A difference between the SISO
and multivariable cases is that in the multi-input/multioutput
(MIMO) case closed-form formulas for the derivatives are
not always available; it may be necessary to solve some
linear equations and some Lyapunov equations in order to
obtain the derivatives [31]. However, even in the MIMO
case, closed-form formulas are available when all the Hankel
singular values are distinct, namely in the generic case. In
the appendix we give explicit formulas for the derivatives
of MIMO balanced state-space matrices given in Section IV.
Derivatives for balanced parameterizations of the other classes
of models can be obtained similarly.

D. Statistical Properties

For the case of estimating innovations models of the form
(23)–(25) in a stochastic environment, it is appropriate to con-
sider the statistical properties of the algorithm. Asymptotically
(with the number of data points) the statistical properties of
the estimated transfer function do not depend on the particular
parameterization used, but do depend on the cost function

and on the statistical properties of the data [27], [44]
(or, equivalently, on the properties of the input and noise
signals and on the true system generating the data). If
is a “prediction-error” criterion, then under rather general
conditions, as the length of data increases, the estimated
parameter vector converges almost surely to the value which
minimizes, over the set of models in the search space, the
expected value of . In particular, this occurs even if the true
system generating the data is not in the model set, which is of
relevance in view of the remarks made in Section VI-A above.

If the true system, including the noise generator,is in
the model set, then asymptotic efficiency of the parameter
vector estimate is obtained with a maximum likelihood method
(e.g., a particular prediction error method in the presence
of Gaussian noise) [27], [46]. “Efficiency” here refers to
the performance of various estimators of thesame set of
parameters, that is, assuming a particular parameterization. It
says nothing about comparative estimator performance with
various parameterizations. But, such comparisons make sense
only if a parameterization is chosen because the parameters
have some real independent meaning (such as values of
physical constants), and the estimation accuracy of individual
parameters then matters. In balanced parameterizations the
parameters do not have any such meaning. The asymptotic
estimation accuracy depends on the inverse of the expected
value of the Hessian of the criterion at the true parameter
value [27]. It is certainly possible for the true system to
be such that this Hessian is arbitrarily close to singularity,
even with a balanced parameterization; consider for example
the innovation model (26)–(30) in the case , ,

, , and let approach zero
arbitrarily closely. In this case the transfer function of the
innovation model is arbitrarily close to being first-order, and

is almost independent of . In this particular case
the arguments advanced in [29] and repeated in Section IV
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above suggest that the situation would be even worse with
any other parameterization, but it is doubtful whether one
can make such a statement in general. Indeed, one of our
examples (see Section VII) suggests—admittedly for a small
data set—that there are cases for which other parameterizations
are preferable.

There is some evidence that certain versions of subspace
methods are asymptotically efficient (in the sense of yielding
efficient parameter estimates) [9]. If this is so, then “improv-
ing” the initial model found by such a method by subsequent
parameter optimization adds nothing in a statistical sense,
asymptotically. Of course, the situation may be very different
in practice with a finite data set, especially if the data set is
not very large.

VII. EXAMPLES

In this section we present three examples to show how bal-
anced parameterizations can be used for estimating parameters
of linear systems. The examples concern a distillation column,
an industrial dryer, and the spectrum of sea waves, and they
illustrate the estimation of stable systems, minimum phase
systems, and positive-real systems, respectively. The first two
examples are multivariable. We begin, however, with some
artificially generated examples of systems in which the use of
balanced and observable parameterizations is compared.

A. Simulation Examples

In both of the simulation examples, a white noise input of
length samples was applied to a discrete-time linear system,
and a white noise disturbance was added to the system output

to create the “measured output” . In both cases the
N4SID subspace algorithm (with no modeling of the output
disturbance) was used to obtain an initial model. Parameters
were then optimized using functions from theMATLAB System
Identification Toolbox, with the number of iterations of the
optimizer limited to at most 60 in each case. The rms signal-
to-noise ratio, of input signal to disturbance signal, was 100:1
in each case.

The quality of each model was measured by

(65)

where is the output prediction of the model based on the
measured input and is the noise-free output of the true
plant. Thus, a good model should give a small value of.
We remark that the N4SID algorithm gave the correct “sign
parameters” in every case.

1) Random Systems:In this example the true system has
two inputs, two outputs and four states; it is generated
randomly (using theMATLAB Control Toolbox function
“drmodel”). In each experiment, . We identify
four different fourth-order state-space models of output-error
form—one using the stable balanced canonical from and the
other three using the three different choices of observability
indexes of the observable form.

The above experiment was repeated 100 times using 100
different, randomly generated systems. Let denote the

TABLE I
COMPARING OBSERVABLE AND BALANCED FORMS (RANDOM SYSTEMS)

TABLE II
COMPARING OBSERVABLE AND BALANCED FORMS (REPEATED POLES)

quality of the model of type for the th
experiment. The average value of over the 100 experiments
for each model type is summarized in the first column of
Table I. It appears that the balanced canonical form did much
worse than the observable forms. This is due to the fact that for
one of the experiments ( ), the balanced form converged
to a false local minimum. The value of for all of the four
different models is listed in the last column of Table I. If this
particular experiment is not included, then the average over the
other 99 experiments, which is given in the second column of
the table, shows that the performance of the four different
types of models is almost identical.

2) Repeated Poles:For this example the true system was
SISO, with transfer function , and the data
length was . This system is generally considered
to be “hard to identify” because of the great sensitivity of its
pole locations to parameter values. This time we calculated
two optimized models—one using the balanced form and
the other using the observable form. The entire optimization
procedure was performed using double precision arithmetic,
except that at the beginning of each optimization iteration
the parameter values were truncated tosignificant figures.
Three sets of experiments were performed, with
and respectively. For each value of, 100 sets of data
were generated and two different models, based on the two
different parameterizations, were calculated from each set
of simulation data. Table II shows the average value of
over 100 experiments for each value ofand the choice of
parameterization. The balanced parameterization clearly did
much better than the observable one in this case.

B. Distillation Column

This example concerns a fractional distillation column with
three inputs (input cooling temperature, reboiling temperature,
and pressure) and two outputs (top product flow rate, C4
concentration). A complex “high-fidelity” nonlinear simula-
tion of the column was available, constructed from physical
and thermodynamic “first-principles.” In order to exploit this
model for control, an automatic way of approximating it by
a low-order linear model was required. The quality of the
approximation was to be judged by its ability to reproduce
low-amplitude step responses, although this is not the best
criterion for control applications. As is to be expected, and as
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Fig. 1. The largest 15 singular values.

we shall demonstrate later, a model which reproduced the step
response very well did not reproduce the frequency response
particularly well.

Since a simulation model was available, it was possible to
produce impulse response data from it—in fact by differencing
step response data—and therefore to use an approximate
realization algorithm to obtain the initial model. The only
property of the model knowna priori was that it was stable.
It was therefore appropriate to use the “Lyapunov balanced”
parameterization of Section IV to improve the initial model.
Extremely good results were obtained using McMillan degrees
as low as six.

An initial indication of a suitable state dimension for the lin-
earized model was obtained by examining the Hankel singular
values of a high-order model obtained by Kung’s method [24].
This high-order model is in fact an FIR model, whose impulse
response matches the initial segment of the nonlinear model’s
impulse response exactly and is zero subsequently. For this
example we supplied the algorithm with an impulse response
over 250 time steps, the interval between steps representing
10 s. Since there are three inputs and two outputs, the FIR
model has states. The first 15 Hankel
singular values (of 500) are shown in Fig. 1. Assessing these
“by eye,” they indicate that about eight states should be
sufficient, and even six may be enough. Low-order models of
these state dimensions were obtained by balanced truncation.
An alternative initial model was obtained by using a slightly
different algorithm, due to Al-Saggaf [2], in which steady-state
properties are preserved when model reduction by truncation
is performed.

The parameter estimates were first improved by optimizing
the criterion

(66)

where and are the step response matrices, at
time , of the nonlinear model and of the linearized model,

TABLE III
THE MODEL ACCURACY BEFORE AND AFTER OPTIMIZATION

respectively, and are diagonal scaling matrices, and
denotes the Frobenius norm.

Table III shows the values of before and after op-
timization for sixth- and eighth-order models obtained using
both Kung’s and Al-Saggaf’s algorithms. The fact that each
optimization depends on the initial estimate, even though the
behavior of both initial models appears very similar, empha-
sizes the susceptibility of parameter estimation to local optima.
Fig. 2 shows the step responses of the original nonlinear model
(the “real data”), the initial eight-state model obtained from
Kung’s algorithm, and the final eight-state model obtained
after parameter estimation. It can be seen that parameter
optimization gives a significant improvement on the initial
model.

Replicating the step response may not be particularly mean-
ingful for control, of course, since much attention is paid
to modeling low-frequency behavior, and it is precisely this
behavior that will be changed by feedback action. From
Parseval’s theorem one expects that reproducing the impulse
response should give good reproduction of the frequency
response across all frequencies. Since we are starting with
a nonlinear model, and one for which computing even one
time trajectory takes considerable computing resources, there
is no “true frequency response.” We therefore consider the
frequency response of the 500-state FIR model, which matches
the initial segment of the impulse response exactly, as the “true
frequency response.” Fig. 3 shows the frequency responses
of eighth-order models obtained by optimizing the impulse
and step response, respectively, and compares these with
the “true frequency response.” It also shows the frequency
response of the eight-state “initial” model obtained using
Kung’s algorithm. All the models can be seen to have similar
frequency responses. For a more careful comparison, Fig. 4
shows as a function of , where denotes
the greatest singular value, denotes the “true” frequency
response, and the response of a model, for three different
models. As expected, the optimized impulse response gives a
better approximation than the optimized step response, except
at low frequencies. The “initial” (that is, unoptimized) eight-
state Kung model is superior to the optimized one up to

rad/s, approximately, and is as good as the optimized
step-response model at very low frequencies.

C. Industrial Dryer

The second example concerns an industrial drying process
with three inputs and three outputs. Raw material enters the
dryer continuously, and the moisture in it is removed by
passing hot gas over it. The efficiency of the process depends
on both the temperature and the rate of flow of the hot gas.
The process inputs are: the fuel flow rate, the hot gas exhaust
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Fig. 2. The left-hand column shows the step responses of the simulation model (solid), the eight-state Kung’s estimate obtained from scaled data (dotted),
and the optimized model (dashed) for each input–output pair. The errors in step responses of both models are plotted on the right-hand column. Unit
time interval = 10 s.

fan speed, and the rate of flow of raw material. The three
outputs are: dry bulb temperature, wet bulb temperature, and
the moisture content of the raw material when it leaves the
dryer.

The data for this example consists of measurements taken
on a real process. The first two inputs could be manipulated,
and pseudo-random binary signals were applied to these. The
third input was an external disturbance which could not be
manipulated but could be measured, and its actual value was
recorded. After a certain amount of preprocessing (detrending,
prefiltering and decimation), the data consisted of 867 samples
for each input and output, with sampling period 10 s. The first
600 samples were used to obtain a model, and the rest of the
data was used for model validation.

In this case it was appropriate to obtain a model in the “inno-
vations” form (1), (2), with the noise model
being minimum-phase. We used the N4SID subspace algo-
rithm [48] to obtain an initial model. We then used the
balanced parameterization of minimum-phase systems (the
parameters in and being unrestricted) to improve
the model by prediction-error optimization. The optimization
criterion was the unweighted one-step-ahead prediction error

(67)

and the results were judged according to the ability of the mod-
els to reproduce the validation output. A possible numerical
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Fig. 3. Comparison of frequency responses of alternative eight-state models. Solid line: FIR model; dashed line: eight-state, optimized impulse response;
chained line: eight-state initial model; dotted line: eight-state, optimized step response.

Fig. 4. Maximum singular value of difference from FIR model. Key as for Fig. 3.

indicator for this is

(68)

where and are the measuredth output and the
one-step ahead predictedth output, respectively, and is
the number of samples in the validation data set. In Table IV,
the values of for initial models and optimized models of
order 2–10 are given. It can be seen from the table that the
best model is the optimized model of order six. In Fig. 5,
the simulated output of the sixth order subspace model and
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Fig. 5. The left-hand column shows the predicted outputs on the validation data set, and the right-hand column shows the prediction errors of the models:
measured output (solid), six-state subspace model (dotted), six-state optimized model (dashed).

that of the sixth order optimized model are plotted against the
validation data. It can be seen that both the subspace model and
the optimized model are able to predict the first two outputs
very well, but the optimized model predicts the third output
significantly better than the subspace model.

D. Sea Wave Spectrum

Hydrodynamicists derive spectra of ocean waves on the
basis of “first-principles” reasoning. A widely used example
is the Pierson–Moskwitz spectrum, which has the form

(69)

where is the wave height, is the zero-crossing period,
and is the frequency [43]. In applications such as the

TABLE IV
MODEL ERROR OF SUBSPACE MODEL AND OPTIMIZED MODEL

control of ships, particularly for station-keeping (e.g., when
recovering sunken objects or surveying), it is usually necessary
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Fig. 6. Spectra of initial four- and ten-state models.

to have finite-dimensional models of disturbances such as
waves. It is therefore of great importance to find finite-
dimensional approximations of irrational spectra such as this
one. It is also important to do so with techniques which can
be generalized to multivariate spectra, since directional wave
spectrum information is frequently available.

The approach we use is to obtain the autocovariance func-
tion corresponding to the given spectrum (by
inverse discrete Fourier transformation) and then to use the
approximate stochastic realization algorithm of [12] to find
an initial positive-real spectral summand, namely a finite-
dimensional system whose frequency response sat-
isfies .

This initial model is then improved by optimizing the
parameters in the positive-real balanced parameterization. Fi-
nally, an approximate spectral factor is found from the im-
proved spectral summand, namely a stable, minimum-phase
system whose frequency response satisfies

(70)

This is the model usually needed in applications such as
Kalman filtering and optimal control. An alternative approach
would be to find an initial spectral factor from the initial
spectral summand and then optimize; in this case the bal-
anced parameterization of minimum-phase systems, rather than
positive-real systems, would be needed. It is well known how
to obtain the spectral factor from the spectral summand [12],
[13], but numerical difficulties can be encountered at this stage.

Fig. 6 shows the exact spectrum and spectra of ten-state and
four-stateinitial models for the case m, s. The
ten-state spectrum is indistinguishable by eye from the exact
one. (Of course no rational spectrum can match the exact one
at low frequencies, and the comparison would not look so
favorable on logarithmic axes.) The parameters of the four-
state model were optimized, the loss function being the peak
error between the exact spectrum and the model spectrum.
Fig. 7 shows the spectra of the initial four-state model, the
optimized four-state model, and the exact spectrum. It can be
seen, by comparing Figs. 6 and 7, that the four-state optimized
model gives almost as good an approximation to the spectrum
as the initial ten-state model. The optimized (discrete-time)
spectral factor in this case has transfer function as in (70a),
shown at the bottom of the page, where it is assumed that the
sampling period is s.

It should be remarked that the approximation we have
obtained is appropriate for tasks such as linear-quadratic (LQ)
control, because the increase in cost due to mismodeling the
spectrum is bounded by a linear function of

. It is quite inappropriate for some of the traditional
concerns of hydrodynamicists, such as predicting the “100-
year wave,” because the very low-frequency information in
the spectrum which is crucial for such concerns is modeled
extremely badly (as it must be, with any rational spectrum).

Although our example concerns a scalar spectrum, the
algorithm extends to multivariate spectra with no modifications
of the ideas and only minor modifications of the computational
steps.

(70a)
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Fig. 7. Spectra of four-state initial and optimized models (solid: original;
broken: initial model; chained: optimized).

VIII. C ONCLUSIONS

Balanced parameterizations seem to offer an effective and
convenient solution to the identifiability problem which occurs
when identifying multivariable linear systems. The relatively
recent development of subspace methods has already increased
the attractiveness of using state-space models for multivari-
able identification, and we believe that the use of balanced
parameterizations will reinforce this trend.

The ability to focus on specific subclasses of linear systems
is a very nice feature of balanced parameterizations. We have
shown how this can be applied to particular examples. There
is scope to exploit this ability further in applications, such as
identification of slowly time-varying systems, adaptive signal
processing, and control schemes.

We have not discussed the statistical consequences of using
balanced parameterizations. Asymptotically (as the amount of
data grows), the particular parameterization used does not
affect the statistics of the estimated transfer function. But in
many applications small-sample behavior is more important
than asymptotic behavior, and this can be expected to be
related to the computational efficiency of the parameter opti-
mization, since both are affected by the numerical conditioning
of the optimization problem. These questions remain to be
investigated for balanced parameterizations. We have found
examples for which balanced parameterizations give more
accurate results than the more traditional observable forms,
but also examples for which the opposite is true.

Another aspect which has not been thoroughly investigated
yet is the question of structure estimation. Choosing a suitable
McMillan degree seems to be relatively straightforward with
realization and subspace methods. These methods also seem
to avoid difficulties with the estimation of other structural
parameters, such as the sign parameters for one-output systems
in the balanced forms. We emphasize that this is an attribute of
the methods for finding initial models, not of balanced parame-
terizations themselves. Indeed, without such effective methods
for finding initial models, the structure estimation problem
with balanced parameterizations may well be worse than with

other parameterizations, particularly for multivariable systems,
since the number of possible structures is very large for
balanced forms. It should therefore be emphasized that it is
the combination of balanced parameterizations with realization
and subspace methods that gives effective algorithms for
identification.

APPENDIX

DERIVATIVES OF MIMO STATE-SPACE MATRICES

The formulas for the derivatives of the state-space matrices
defined in Section IV are as follows. We assume that the row
vectors are parameterized as and the unit
vectors are parameterized according to (11).

1) Derivatives of :

a) if or .
b) Let , then

if and
otherwise.

(71)

2) Derivatives of :
The matrix depends on and only.

a) if .
b) Let , then

if

otherwise.
(72)

In other words

(73)

c) Before we give an expression for the derivative
, we define the following function:

such that

...
...

(74)

Also let

if
if



CHOU AND MACIEJOWSKI: SYSTEM IDENTIFICATION 973

The derivative is

(75)

3) Derivatives of :

a) Let , then

if

for and

for and

otherwise.
(76)

b) Let , then

for

for and

for and

otherwise.
(77)

c) Let , then

for and

for and

otherwise.

(78)

Note that is the th column of
.
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