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System Identification Using
Balanced Parameterizations
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Abstract—Some general issues in the “black-box” identification petrochemical sector, to find multivariable controllers handling
of multivariable systems are first discussed. It is then suggested 30 or 40 variables simultaneously. An essential ingredient of

that balanced parameterizations can be used to give identifiable o, 5 control scheme is a multivariable model of the process
forms. A particular advantage is that balanced parameterizations

are known for several useful classes of linear dynamic mod- P€ing controlled. ' o .
els, including stable minimal models, minimum-phase models, ~An important requirement in some applications is that the

positive-real models, and normalized coprime factor models. identification algorithm should, as far as possible, work rou-
Before optimizing the parameters of balanced parameterizations, tinely, automatically, and reliably, with no human intervention.

an initial model must be found. We use realization-based meth- C ¢ thod t vet deli thi . t but th
ods and so-called “subspace” methods for this purpose. These urrent methods cannot yet defiver this requirement, but the

methods are very effective at finding accurate initial models Methods presented in this paper seem to be more promising
without preliminary estimation of various structural indexes. The in this respect than others, at least for multivariable problems.

p?pberl e”deW'th two simulation ex_arrlnples, whu(:jh_comlpare the U(Sje One can expect that it will always be necessary to monitor

of balanced parameterizations with more traditional ones, an : I - .

three “real” examples based on practical problems: a distillation the resu!ts of an lde.ntlflcatlon algorlthm, either _by a human or
column, an industrial dryer, and the (irrational) spectrum of sea automatically. But, it should be possible to avoid the need for

waves. human decision making as part of the identification algorithm.

Index Terms—Balanced parameterizations, identifiable forms, Conceptually, thg .Identlflcatlon proplem for. multivariable
multivariable systems, parameter estimation, system identifica- Systems is very similar to that for single-variable systems.
tion. But, it is known from system theory that, whereas in the

single-variable case there is only one “structural” decision to
be made, namely the order of the model, in the multivariable
I. INTRODUCTION case a relatively large number of other “structural” decisions is
identificat ¢ multivariabl is of required. Making these decisions has always been a stumbling
HE identification of multivariable systems is o eXtrem%Iock for multivariable identification and has certainly made

_|mp0rtance in practice. The majority of s_ystems_ bemﬁ difficult to move toward methods which could be applied
manipulated or controlled, whether they are industrial prQ-

cesses, vehicles, aircraft, consumer products or, in a differ?rrﬂu“nely and automatically.” A major advance of the past

- . fen years has been the development of so-called “subspace
arena, markets and economies, have more than one m}gﬂ&y P P

and more than one output and usually exhibit significa éthods” for s;_/ste_m identi_fica_tion. These appear to be very

interactions between each other. The very widespread tendeﬁgzﬁedssml_ at f|nd||r_1 gtlml'JAI\nva_r;latl)a le modlelts yvltthhout making

to control each variable separately, pretending that the othd ecisions explicitly. AS Wil be seen fater In the paper, we
SE such methods to obtain initial models, and these methods

do not exist, is a compromise which to some extent has bed o
driven by the difficulty of obtaining multivariable models. undoubtedly make a great contribution to the success of the

Currently, commercial pressures in the process industrg&mplete identification scheme which we present here.
put a considerable premium on the achievement of maximalln the next three sections we motivate estimation of pa-
efficiency and quality, and a key to achieving this is to imfameters in “balanced” parameterizations. This is essentially
plement multivariable control, which exploits the interaction§!® same as conventional parametric identification, except
between variables. It is now not uncommon, for example in tf{gat we advocate an unusual choice of parameters. Then, we
discuss briefly the methods we use to obtain initial models.
Estimation of parameters involves the optimization of the
Manuscript received June 23, 1995. Recommended by Associate Edipparameters of these initial models. We then show how to
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parametric identification, as described in books such as [8]rther assumptions which imply stability (usually tHai(¢)}
[27], [38], and [46]. and {y(t)} are stationary stochastic processes and that the
It should be noted that an identification scheme for muéffects of any initial conditions are negligible).
tivariable systems which is very similar to ours in outline There are several reasons for using state-space models.
was already proposed by Akaike [1]. There, initial model$ransfer function models are very natural and convenient
were obtained by a kind of “subspace” method, and théy the single-input/single-output (SISO) case, namely when
were improved upon by using nonlinear optimization to obtaim = p = 1. But in the multivariable case, they have the
maximum likelihood estimates, though without using balancettawback that each element of the transfer function matrix is
parameterizations. independent of all the others. This means that it is difficult
to exploit any common behavior that may be present in the
II. PROBLEM SETTING real system—which is usually the case—when identifying a
Our objective is to find linear time-invariant (LTI) dynamicmOdeI' Each element has to be identified separately from '_[he
models for multivariate data. Mostly, we assume that tothers, n essence. ARMAX models do nqt suffer from th'|s
data is available in the form.of an in’put vector time seri oblem, since they can represent dynamic behavior which
m 8 common to the various input—output paths, as well as
{u(t): u(t) € R™, ¢ =1,--, N} and an output vector any dynamics common to the “input—output” and the “noise-

; i . p = .. i - . . . .
time series{y(t): y(t) € R”, ¢ = 1,.., N}. This corre- o i ppanavior. But in the multivariable case, the use of
sponds to measurements taken from some process whic . :

AX models becomes quite complicated. For example,

to be identified. Sometimes only the output measurements ar e , e ;
: T ! . enforcement of the “strictly proper” condition, or of causality,
available, and the objective is to find a model which produces . .
: IS much more complicated than in the SISO case.

an output with the same spectrum, or second-order statistics

as the observed output, when the model is driven by WhlteAnother problem which appears with ARMAX ‘models

. . ; IS that of needing an “identifiable parameterization.” The
noise. A variation of this problem occurs when the output da a . .
observed input-output behavior of a system can only de-

itself is not available, but its spectrum or autocovariance (either™ . : :

. o L . termine the transfer function of a model, not a particular

exact or approximate) is given; this is called the “stochasti¢ : . o

o répresentation of that transfer function. But there are infinitely
realization” problem.

A relatively novel use of identification is as a way ofm any different ARMAX models which correspond to the

o X . .~ same transfer function. It is usually considered essential to
obtaining approximate linear models from complex, detaile L . N
. . : X a representation in such a way that the identification
nonlinear models. Such nonlinear models are being bui . ; : :
. . . : algorithm is prevented from wandering over a family of
increasingly frequently for industrial processes and have lo :
. ; ' . . - ARMAX models, all of which correspond to the same transfer
been used in macroeconomics. The idea is to apply identifica- . L . . i
. . fdpction. This is certainly necessary for practical reasons;
tion methods to data generated by the nonlinear model, as i ) . . .
) . . otherwise, the algorithm may wander into representations
were data generated by some industrial plant. A very importan : : -
: : . " nvolving enormous numerical values for the coefficients,
difference, however, is that the experimental conditions can pe . : . e
I instance, and run into numerical difficulties caused by

chosen freely; for example, the input signal can be chosen tOt g limitations of finite precision. An alternative way of

an impulse, which is not usually possible with a real SySterH'ealing with this problem is by “regularization” [34]: the

Approximate linearization of a macroeconomic model usmgonditionin of the estimation is imoroved. for example. b
identification techniques was treated in [28]. There only ah 9 P ' pe, by

“initial model,” in the terminology of this paper, was found,penaIIZIng excessive norms o_f the_ _parameter vecFor. . It IS
. L more controversial whether an identifiable parameterization is
with no subsequent optimization of parameters. - . . e
. A needed for statistical reasons. Either identifiability, or some
In this paper we shall represent LTI multivariable systemﬁ . L
alternative way of obtaining convergence (such as regular-
as state-space models o . o ;
ization) seems to be necessary if the statistical properties of
parameter estimates (namely, the coefficients in the model) are
@t +1) = Az (t) + Bau(t) + Kqelt) @D 1o be analyzed. But it is questionable whether such properties
y(t) = Cax(t) + Dgu(t) + (). (2) are of interest. Statistical properties of the transfer function
estimates, and of estimates of system invariants such as pole
It will be assumed that nothing is known about the intern&bcations, are certainly important, but there are results which
structure of the model so that the state vector cannot usuallydt®w that these properties do not depend on the particular
given a physical interpretation. We have used the subscafipt “parameterization or even on whether a parameterization is
to emphasize that the model description assumes discrete tirdentifiable or not [27], [44].
Later in the paper we shall be jumping between discrete andState-space models share with ARMAX models the ben-
continuous-time representations, and this notation will help &it of representing common dynamics and the problem of
avoid confusion there. The tera{t) is a multivariable white requiring an identifiable parameterization. They are no better
noise process. than ARMAX models in this respect, but also no worse
We will usually assume that we are only interested im the multivariable case. (Whereas in the SISO case the
asymptotically stablenodels. This assumption of stability isproblems with ARMAX models can be dealt with more easily.)
usually required either because we knawpriori that the State-space models have some mild advantages: 1) causality
system being modeled is stable or because we make sdméuilt into the model structure; 2) the “strictly proper”
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property can be determined by inspection; 3) in generahidentifiable in the sense that at each such model there is a
the best and most reliable numerical algorithms for systemanifold (embedded in the algebraic set mentioned above) in
transformation, simplification, and analysis, as well as thbe parameter space on which the transfer function remains
exploitation of models in the synthesis of filters and contrahvariant. As mentioned earlier, such models must either be
systems, assume that the model is given in state-space foawonided, or the estimation algorithm must take measures to
A much stronger advantage of state-space models, as we stiadll with the consequent ill-conditioning.

show later in this paper, is that there exist very nice identifiable The issue of which identifiable form to use, and even of
parameterizations of them. In particular, it is known how twhether to use one at all, is far from settled. True canonical
parameterize some specific classes of models which arefafns (in the algebraic sense) partition the set of systems
interest in applications. But perhaps the strongest argumensm that each system can be represented by exactly one set
favor of state-space models is the empirical fact that we cafiparameter values, but several (many!) structural forms are
assemble identification procedures for them which work welkeeded to cover the set of all systems [10], [45]. Glover and
and reliably. Willems [14] have argued that this is an avoidable problem;

It is usually desirable to find as simple a model as posne can use “overlapping” or “pseudo-canonical” forms which
sible for the data. This means first that the final state-spaeave the advantage that each form can represent the majority
model should be minimal. It also means that the minimalf systems—typically, each form can represent “almost all”
state dimension (McMillan degree}, should be as small systems, in the measure-theoretic sense—but now each system
as possible, given the data. Actually, there is an implicitan be represented in several such forms. Each system still
(sometimes explicit) tradeoff between the acceptable models a unique representation in each form, however, which
complexity and how well it matches the data. is all that matters for identification. Hanzon and Ober [18],

It is worth repeating that it is assumed in this paper that W&9] have proposed an overlapping form which bears some
are concerned with “black-box” identification, namely that weesemblance to the balanced form, which will be introduced
have no information on the internal structure of the real systeim the next section, which is designed to represent systems
which generated the data. If such information is available, th@n the neighborhood of those at which the structure of the
the methods presented here are not appropriate because Hagnced form changes. McKelvey [34] has argued that it is

do not preserve structural information of this kind. unnecessary to use an explicit parameterization at all; it is
enough to “regularize” the parameter estimation problem. In
I1l. | DENTIFIABLE PARAMETERIZATIONS fact, one of the schemes he proposes estimates a system which

A parameterization of a model islentifiableif only one is close to being balanced. A nice discussion and résom

. ch of the relevant literature is given by Veres [49].
parameter (vector) corresponds to each transfer function, thaj " o ) . .
L : It is worth mentioning that much of the discussion which
is, if the map from parameters to input—output behavior

S . B L appeatrs in the literature about parameterizations of systems is
is injective. Consider the “purely deterministic” state-spac : e L )
. S concerned with the difficulties of estimating the correct “struc-
model (1), (2) when there is no noise inptft) ; . . N
ture,” namely which particular form of a parameterization is
most appropriate, given a set of data. We believe that currently
a(t +1) = Aga(t) + Bau(?) (3)  available methods for obtaining initial models, such as those
y(t) = Cax(t) + Dau(t). (4) described later in Section VI-B, help to reduce the severity
of these problems. Evidence which we have for this is that if
It is known that the set of all possible input—output behaviomwe deliberately generate data using a model which does not
of this system is a manifold of dimensig¢m + p)n +mp [7]. have the generic structure and then apply our identification
However, the number of elements in tHg, B,, C;, andD,; methods to the data under the assumption that the strusture
matrices is(n +m + p)n +mp, SO it is clear thak? degrees generic, then the algorithms operate successfully and exhibit
of freedom must be removed if parameter identifiability is too difficulties [6]. The probable explanation for this is that
be achieved. It is most often suggested that this restriction the multivariable case the space of all stable systems of
be achieved by setting most of the parameters to zero given input and output dimensions and a given McMillan
one and using one of the standard reachable or observatggree are connected (in contrast to the SISO case) [4], [15],
forms [17], [23]. [40] so that the algorithms have no problem with working
As the parameters of such a form range over the rdal the immediate neighborhood of systems with nongeneric
numbers, both unstable and nonminimal systems will lstructure, since the parameterization remains reasonably well-
encountered. Most commonly, the system being identifiednditioned in nearly all directions in the parameter space.
is known to be stable, so it is clearly desirable to avoiflhis should be equally true for all algorithms.) When there
estimating an unstable model. Avoiding unstable models is ree several generic structures to choose from, as is the case
usually a problem with algorithms which rely on minimizingwith balanced parameterizations in the SISO case, then the
some cost function because the value of the cost functioarrect choice of such a structure is important, since the
usually becomes very large for an unstable model. Avoidiragorithm has no possibility of reaching the neighborhood of
nonminimal models involves the avoidance of an algebraic g6t correct system if an incorrect choice of structure is made.
in the (m + p)n-dimensional parameter space associated withappears that this can be done successfully by examining
the matricesdy, By, andC,. Nonminimal models are locally the structure of initial models which are obtained using the
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methods discussed in Section VI-B. Some evidence for thisdertain “structure” of a system, whereas each set of admissible

mentioned in Section VII. real-valued parameters specifies a particular (stable, minimal
and balanced) state-space realization, given such a structure.
V. BALANCED PARAMETERIZATIONS Note that the number of real-valued parameters required to

ecify a system varies from structure to structure. We shall

e the terngeneric structureto refer to the structure which

curs when all the Hankel singular values are distihct(n,

n; = 1, r; = 1). This structure is generic in the sense

i(t) = Aca(t) + Beu(t) (5) that slmost all of tgep ><h7_n ?ysten}i of Mclil./lillanf c_ieé:]rea .

can be represented in this form. The number of independent

y() =Cex(t) + Deu(t) (©) real—valueg parameters needed to specify a system wl?thin the

there exists a state coordinate transformativwhich brings generic structure isi(m + p) + mp, which is in fact the

this state-space realization to the balanced form, nameldignension of the manifold of alp x m stable systems of

state-space realization which has equal and diagonal reabl¢Millan degreen.

ability and observability Gramians. The diagonal elements of For system identification using balanced parameterizations,

the balanced Gramians are known as Hankel singular valiBg generic structure is usually sufficient, since almost all

and are input—output invariants. systems can be represented in this form. The generic struc-
One can define balanced realizations for discrete-time staplée has a much simpler parameterization compared with the

systems in a similar way. From a result of Mullis and Roberf¥ongeneric ones; since we need the generic structure, we give

[37], it follows that a digital filter implementation based orfletails here only for this case.

balanced realizations has minimum round-off noise due toln this case, the parameterization is given in terms of the

finite word-length effects. Also, Thiele [47] has shown thadtarameters as follows:

balanced realizations minimize a particular sensitivity measure

— .S
The concept of balanced state-space realizations was in E
duced by Moore [36]. He showed that given any continuougb
time stable state-space realization of an LTI system

of the transfer function due to variations in the entries of the 51 o2 gj oz g" [‘]’j Eff{{pxl
state-space matrices. 1 ~J n Uj €
. . . .. B B. B B: ¢ Rl Xm
A state-space system which is close to being nonminimal L J no

gives rise to an ill-conditioned parameter estimation problem, D D e R

in the sense that perturbations of the parameter estimates in T . )

certain directions (in the parameter space) have very litfd'€reéon > 0, UpU; = 1, B; # 0. and the first nonzero
effect on the input—output behavior of the estimated mod&lement ofB; is positive.

in a nonminimal model they would have no effect. The con- EvVery stable continuous-time transfer function of McMillan
sequence of this is that the accuracy of parameter estimatftgreen, with distinct Hankel singular values, can be realized
(as measured by the variance of the parameter estimates,t(Ae, Be, Ce, D.) as follows:

example) is low. In a sense, the use of a balanced realization

gives an estimation problem which is as well-conditioned A =[ay]

as possiblefor a given transfer functionWe see that this where

occurs from the following result [29], [36]: i&[G,] denotes (_ 1 B.BT fori=j
the smallest singular value of the reachability Gramian, and _ 205 07

a[G,] denotes the smallest singular value of the observability **9 = 1 o T T .
Gramian of a system, then the balanced realization of a system [ 07 =07 (0;BiB} — 0iC; Cy), for i # j

is the one which maximizes the valuewin (¢[G,], ¢[G,]). @)

In this sense the balanced realization of a given system is the B,
one which is “furthest away” from nonminimality. i

All minimal, stable, balanced continuous-time systems can B. = R (8)
be parameterized explicitly. Furthermore, this parameterization LB,

gives a true canonical form, in the sense that to each transfer C. =[C\ C; Cr]
function there corresponds a unique parameter vector agHere
that every minimal stable system of given dimensions can —
Y Y g C; =U;\/B;BY 9)

be represented by some parameter vector [22], [39], [52]. A
complete explicit parameterization was first derived by Ober, D.=D. (20)
and the particular form we use here is taken from [42].

There are two types of parameters within this parameteri-It appears from this parameterization that once one has
zation—structural parameters and real-valued parameters. Beeided to use the generic structure, then there are no more
structural parameters are integer-valued, being the numbeilirgéger parameters to be specified. However, this is only true
distinct Hankel singular valueg, the multiplicity of thejth when there is more than one output. In the single-output
Hankel singular valueg; ( =1, ---, k), and the rank; of case p = 1), the parameterd/; “degenerate” into integer
blocks B; andC; (j = 1, ---, k), which comprise the B.” parameters; they become scalars, and under the constraints
and “C.” matrices. Each set of structural parameters specifieshent UjT U; = 1, they can only take the values &f, =
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+1. This results in2™ different structures for the single- Hence,cos(«) is strictly positive and the result follows.
output case (whose union is generic in the sense that distiratally, we remark that the matrix{ can easily be found by
singular values occur generically). This is in contrast withpplying QR factorization to the vecttﬁff.
the observable form, for which there is only one structure An advantage of using a balanced parameterization for
in the single-output case ar(g:ll) generic structures in the system identification is now apparent. One only has to check
multioutput case [27]. a set of simple linear inequality constraints—that> --- >

With the generic structure the parametérs (which are ¢, > 0, that the first nonzero element of each row Bf
orthogonal matrices in the nongeneric case) become uisitpositive, and that the bounds a# ; hold—in order to
vectors. For the multioutpup(> 1) case, if one parameterizedsee whether the model is minimal and stable. Since each of
them directly, i.e.,Uf = [u;1 --- u; p]*, then one would these parameters can vary over a connected open subset of the
also have to introduce the extra nonlinear equality constraimezal line, it is possible to replace it by another unconstrained
ufl + -+ ufp =1 for 1 < j < n. However, this can parameter. For example, the inequality constraints between
be avoided by parameterizing these unit vectors using pothe Hankel singular valuesrf) can be avoided by using the
coordinates, as in (11), shown at the bottom of the page, ailternative parameters;, = o; — o;41, (6 = 1, -+, n —
the following bounds on the parameterst /2 < ¢; 1 < 37/2 1), 7, = 0,, and even the positivity constraint could be
and —(7/2) < ¢;; < w/2 for 2 < ¢ < p. Now it removed by usindog ;.
is known that the set of alp x 1 unit vectors (which is  Note that the parameterization described above only holds
geometrically equivalent to the “hyper-sphetg”—1) cannot for continuous-time systems. We have used the subsgiipt
be covered by one coordinate chart, and the polar coordinatieis section to emphasize that the parameterization is valid
are no exception. In other words, some of the unit vectofsr continuous-time systems only. One can obtain an implicit
cannot be described by the above parameterization; these magmeterization for discrete-time systems by means of the

vectors of the form(0, u; o, -+, u; ,) Wherew; » > 0. usual bilinear transformation between thand z domains
So, some nonlinear equality constraints have been removed 1+ s

at the expense of neglecting part of the parameter space. =1"% (16)
However, if one really wants to cover the whole parameter =1

space, then an alternative idea is to use an adaptive type of ST I a7)

local coordinates. This can be described as followifﬁfis
the current estimate df;, one can view!; as the point with
coordinategw) |, -+ -, uj ,) on the spheré?~*, and the idea
is to parameterize the “hemisphere” §A~! whose pole iif]o.
All the pointsUj on this “hemisphere” can be described by

This transformation preserves stability, minimality, and bal-
ancing.
We finish this section by showing what the balanced pa-
rameterization looks like in a given case. We consider 4,
m = 2, p = 3, and we assume the generic case. Notice that
Uj = MU; (12) although this canonical form looks much more complicated
than the more usual observable form, it has exactly the same
whereUj is as defined in (11) but with the constraint on thgymber of free parameters (20, with 6 more in thB.*
first parameter changed tor /2 < ¢; 1 < /2,andM apxp matrix); see (18)—(20), shown at the bottom of the next page.
unitary matrix whose first column &7 In order to show that Here B; is theith row of B., andC; is theith column ofC..
U, parameterizes the said “hemisphere,” we need to verify
that the angle between the vectdrs and U;»J is always less V. USEFUL CLASSES OF MODELS

than /2. Let «« be this angle, then L , . L
The parameterization presented in the previous section is

cos (o) = (U]Q)TU]» (13) useful when it is knowna priori that the process being
_ (Mel)TMUj identified is stable and when an output-error criterion is used,
(by definition of M namely that the model is

and sincez; =[1, 0, ---, 0])  (14) x(t+ 1) = Age(t) + Byu(t) (21)
= cos (¢pj p—1) cos(P; p—2) cos (P, p—3) y(t) = Caa(t) + Dau(t) + v(t). (22)
- cos (¢, 2) cos (¢,1) Depending on the nature of the process being identified and
(since M is unitary). (15) on how the model is to be used, some other classes of models
uj 1 €08 (¢, p—1) €08 (¢, p—2) €08 (h),p—3) - - cos (¢j,2) cos (1)
wj, 2 c0s (¢, p—1) 08 (¢, p—2) €08 (b),p—3) - -+ cos (¢j,2) sin (h;,1)
U4 CcOs i p— CcOs i p— COs j.p—3) Sl i
U = 1'73 _ ((/)J,p 1) (¢J:p 2). ((/)JJJ 3) ((/)172) (11)
Ug, p—1 oS ((/)j,p—l) sin (¢j,p—2)

uj, p sin (¢, p—1)
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are also useful in system identification. In this section, we sh#tle parameterization so obtained can be described by the same
examine three such classes of linear models: minimum-phaset of parameters used in Section IV. Moreover, the state-
positive-real, and coprime factor models. We shall discuss h@pace matrices of this minimum-phase parameterization have
the concept of “balancing” can be extended to these classee same structures as those described in Section IV (in the
of models and present a balanced parameterization for eaemeric case).

one of them. Using the same notation as in Section 1V, except that we
relabel all theB’s by K’'s and replacem by p, all p x p
continuous-time stable and minimum-phase transfer functions
One of the uses of models is to predict future systePnLM(;gm”gn dggreeﬁ have a rn_mlfmal ;tatg-spage realization
responses. If the prediction is based entirely on past inputs,”” =< ~¢ <) whose generic form is given by
then a stable model is appropriate. However, if it is based on 4 _— [ai)] (26)
both past inputs and past outputs, then a stable and minimum-

phase model is required. A particular way to write down thi\gvhere

A. Minimum-Phase Models

A B e
model, if the system equations are given by (1) and (2), is the ~ %, KK, if o=y
one-step-ahead predictor in innovation form [17], [27] !

1+ e)KKT
#(t+ 1) = Agi(t) + Bau(t) + Kqe(t) (23) a; =4 7= oill+ o) KK,
§(t) = Cy(t) + Dyu(t) (24) —oi/1+03,/1+ 0]2»
y(t) =g(t) + e(t). (25) - = e,
(8) =4(t) +e(®) | -\/KiKiT,/KjKJTUiU]T , if ¢£ 7
In this case, one requires the eigenvalues of hdthand @27
Ag — K4Cy to lie inside the unit circle, or equivalently, e

the system with realizatiofAd,, K4, Cq4, I) to be stable and
minimum-phase.
One can define minimum-phase balanced realizations in a LK,

K.=|: (28)

way analogous to Moore’s notion of balanced realizations (¢, = DC.

for stable systems. There are several different ways of defippa e

ing minimum-phase balanced realizations [33], [42], and the . ~ ~ ~

following definition is taken from the latter reference: &tle- Ce=[C1 - Gy e Gl

note the realization of a continuous-time stable and minimurdnd

phase system and—! denote the inverse realization. Then ST - & 27, . KT

S is said to be continuous-time minimum-phase balanced if Ci= <0]K] * \/1 il \/K]K]) (29)
the reachability Gramian of and the observability Gramian D. =D whereD is invertible. (30)

of S~! are equal and diagonal. Discrete-time minimum-phase

balanced realizations are defined analogously. Note that the constraints stated in Section IV also apply
McGinnie [33] has derived a minimum-phase balancetere, and in additionD is required to be invertible. This

parameterization based on the above definition. Interestingbgrameterization is valid for continuous-time systems, but

i ||.Bl||2 O’QBlBg - 0'10?02 UgBlBg: - 0'10?03 O'4BlBZ - 0'10?04 T
T 20y 0% — o3 02 — o3 0% — o}
O'lBQBf - O'chcl ||B2||2 UgBQBg: - 020%103 O'4BQBZ - 020%104
0% - af B 209 0% - 0?2, 0% - UZ
Ac O’lBng - 0'30?1:01 O’QBng - 0'30??02 ||.Bg||2 O’4BgBZ - 0'30??04 (18)
0?2) — af 0?2) — 0% 203 0?2) — UZ
01343? - 0'404{01 O—2B4B%—‘ - 0'404{02 O'3.B4Bg: - 0'404{03 ||.B4||2
L 03 —o? o3 — o3 B 03 — o3 204 J
'211 212
21 b22
B. b31 b3 (19)
Lby1 by
[cos (12) cos (¢11)[|Bi]|  cos(¢22) cos(¢a1)||Ba||  cos(¢az) cos(¢a1)||Bs||  cos(¢pa2) cos(pa)||Bal|
Ce = |cos (¢12) sin(¢11)||B1]|  cos(@22) sin (¢21)|[Bel| cos (¢s2) sin (¢s1)|[Bs||  cos (¢az) sin (¢a1)|| Byl
sin (¢12)||B1|| sin (¢a2)|| Bz|| sin (¢32)||Ba| sin (¢42)|| Bal|

(20)
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since the bilinear transformation preserves the minimum-phaseStep 2) Solve the following positive-real Riccati equation:
property, it can be used to obtain an implicit parameteriza-

tion of discrete-time minimum-phase systems. If, instead of P =A4PAY + (By — AyPCY)
allowing D to be any invertible matrix, we choose [R(0) — CuPCT] ™Y (By — AgPCT)T (40)
: - d - d
D=I-C(I-A.+K.C.)"'K, (31)

] ] ) [which arises by substituting (37) and (39) into
then the feed-through term of the corresponding discrete-time (38)] for P and then findK, from (37).

system will always be the identity matrix. In other words

this choice of.D gives us an implicit parameterization Ofthe smallest nonnegative solution is taken, then the resulting

all discrete-time innovation systems. Note that the parametpic | (A4, Ka, Cg) gives an innovation representation [3]
constraints given in Section IV also ensure that the abot/ 1 No{ie: th(gtDj — R(0) '

choice of D is invertible. ) o
. . . Of course, in the context of system identification we ex-
The matrix B; which appears in (23) can now be allowet% y

o h bit | entries. This all . h ect to find, in Step 1), a system whose impulse response
0 have arbitrary real entries. 1nis alows NONMINIMUM-PNAyE-neg the given covariance sequence only approximately.

transff-zrlfunctlon matilces _rellatlr}Qt) to_y(t) o be identified, But, the complication is that if the impulse response of
the minimum-phase “restriction” applying only to the transfe

: : .. (Ag, B, Cyq, Dg) is not a valid autocovariance sequence,
function betweer(t) andy(t). This also allows the pOSSIbI|Ity{ @ Ba, Ca, Da) a

. e then the rest of the theory will not apply—we shall not be
thbal‘t t:ethpalg(Ad, fB d}z mat)_/ befunco?trf)llabtle,_ Wh;CI\r/ll 'T\Ar_ﬁason'able to find a solution of (40). Now a sequencB(r): 7 >
: e if the rflmstehr unction froma(t) to y(t) is of McMillan 0} is a valid autocovariance sequence if and only if the
egree smajer fhan. Toeplitz matrix built from it is positive definite [5]. A sta-

The possibility of parameterizing minimum-phase systenﬁe system which has a positive definite impulse response

with almost no.cons.t.rain'ts on the parameters is a Signiﬁc"’}gtcalled positive real To solve the approximate stochastic
advantage for identification. realization problem, we need to identify a positive-real system
in Step 1).
There are several different ways of defining a balanced
A different situation occurs when we wish to obtain ampositive-real system [11], [16], and one of the possibilities is to
innovation model assume that the minimal positive definite solutions to both (40)
and its dual are equal and diagonal. Based on the continuous-
2(t+ 1) = Agz(t) + Kae(?) (32)  time counterpart of this definition, a balanced parameterization
y(t) = Caz(t) + e(t) (33) for continuous-time positive-real systems has been derived
[33], [42]. The fact that this parameterization is of continuous-
time systems again does not present any limitation, since the
bilinear transformation preserves the positive-real property;
R(1) = Ey(t + m)y(t)* (r=0,1,2 ---,N) (34) Wwe thus have an implicit parameterization of discrete-time
positive-real systems. As was the case with the two param-
or of the spectral density af(t) (which is the discrete Fourier eterizations already introduced above, this parameterization
transform of the autocovariance). We still want an innovatiorgn also be described by the same set of parameters given
representation ofy(¢), but now the requirement is that itsin Section IV. Using the same notation as that given in
autocovariance should match the given one (approximately$ection IV withm = p, nearly allp x p positive-real systems
Under the assumption that the model (32), (33) is stable4,, B., C., D.) of McMillan degreen can be parameterized
and lettingP = E{«z(t)z(t)'} and@Q = E{e(t)e(t)'}, itcan as follows [33]:
be shown that the autocovariance seque@), R(1), -- -}

' The solution of (40) is not unique, but it can be shown that if

B. Positive-Real Models

but instead of the measuremenis) we have only estimates
of the autocovariancefunction

is equal to the impulse response of the following system: A =[ai] (41)
5t + 1) = Age(t) + Bau(t) (35) Where et
y(t) = Cuz(t) + R(O)u(t) (36) BiD7'Ci— ——=BDJ'B,  ifi=j
where aij =4 BiD;1Cy - ﬁ
_ T %
By, =A,PC; + K 0Q (37) -[Uj(l _ aiQ)BiDs—lB]T
P =AqPA] + K4QK] (38) | —ai(l-02)CI DA, if i # j
R(0) =C4PCY + Q. (39) (42)
7N Y
Hence the standard approach [3], [13] to the “stochastic Ds=D+D
realization” problem is as follows. B
Step 1) Find a systemAy, By, Cy4, Dy) which is stable B.= K (43)
and has the sequen¢®(r): 7 > 0} as its impulse B,

response. C.=[C, - C - G
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where Let G(s) be ap x m continuous-time transfer function ma-
C, =DY2U./B, D1 BT 44) trix of McMillan degreen andN.(s) and M.(s) be its normal-
A ! U9 zed left coprime factors such that.(s) = M.(s)"*N.(s).
D.=D. (45) Define the transfer functiod,(s) = [Ne(s) M.(s)], then

it can be shown thaiV.(s) and M,(s) are normalized left

In addition to the constraints stated in Section IV, thgoprime if and only ifF.(s) is coinner. (Here “normalized”
following two constraints are now required in order to guaimeans thatV.(s)N.(s)* + M.(s)M.(s)* = I for all s, and
antee that the representation is positive-réal>> o1 and “coinner” means thaf.(jw)F,(jw)* = I for all w [53].)
D+ D" > 0. By using the (general form of the) stable balanced canonical

So again, we can estimate parameters, with only mifgm given in Section IV, Ober and McFarlane [41] derived
constraints upon them, in the knowledge that we are ngtcanonical form for allp x (m + p) coinner functions of
straying outside the class of systems which is of interegjcmillan degreen and hence obtained a canonical form for
In this case the parametess are thecanonical correlation continuous-time normalized left coprime factors. Again, only
coefficients[1], [11]. They are a little more constrained thanhe generic structure of the canonical form will be given here.
the corresponding parameters in the earlier parameterizatiogte that the canonical form given here is slightly different
since they are bounded above as well as below, but eggbm that given in [41]; we have modified the expressions so
of them still ranges over a connected open subseéRpBO that they can be given in terms of the same set of parameters
this is still an easy constraint to handle. Remarkably, whenyged in Section IV. So, almost alk (m+p) coinner functions

positive-real system is parameterized in this way, the solut@g B., C., D,) of McMillan degreen can be parameterized
to the continuous-time positive-real Riccati equation whicgs follows:

corresponds to (40) is didgy, - --, o), andthis solution is

also the solution to the discrete-time Riccati equati@0),

since solutions to these two equations are left invariant by _
the bilinear transformation. So, if we identify a positive- e =0s]
real system in this parameterization, then we can ohigin Where

immediately from (37) since we already knaf —1 5 B;BY, ifi=j
20’1‘(1 — g, )
C. Normalized Coprime Factor Models Gij = 2_1 5
So far we have assumed that the process being modeled oA e 2T e
is stable. In the case of unstable processes, one can perform o BiB} — 0il = 05)C7Cs], i
identification in closed loop, with the process stabilized by (49)
a controller. In this case the relevant class of models is that B. =[B;; D]
of minimal systems which are not necessarily stable. Soypere
possible model is B €eR™™, B c R"XP (50)
z(t + 1) = Aga(t) + Bau(t) (46) [ Be1,1
y(t) = Cax(t) + Dau(t) + v(t) (47) Ba=|
Bcl,n
with (Ay4, Bg, Cy, Dg) @ minimal realization. One can define B - 7
a minimal balanced state-space realization by assuming that B “
the solutions to two particular algebraic Riccati equations are ~¢2 — : (51)
equal and diagonal [21], [41], and this leads to a parame- | Be2,n |
terization of all continuous-time minimal systems [41], [42]. B ol =B;SY? — 6;CFR™Y/?D (52)
Unfortunately, onecannotobtain an implicit parameterization Buy: = — B,SY2DT — 50T R-1/2 (53)
of discrete-time minimal systems using the bilinear transfor-~ " v - v
mation, as we have done for other model classes, because the &£ =1+ DD"
transformation is not defined if the continuous-time system S =7+ D7D (54)
has poles at1. C.=[Cy - Cn]
An alternative is to model the system using coprime faCtorvSvhere
for example 1 —
B ~ Ci = —— \/B:BIU; (55)
7(z) = M(2) " N(2)u(z) + 7(2) (48) 1-o0;

N N D. = [Dcl Dc2]
where N(z) and M (z) are normalized left coprime factors Ofwhere
the transfer function matrix, ant(z), 7(z), andz(z) are z _ R-12]) ¢ RPX™
transforms of the signals(t), y(¢), andv(t). We shall show Der =
later how an implicit parameterization of these factors can ped
obtained from their continuous-time counterparts. Doy =R7Y? e RPP, (56)
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Since the Hankel singular values of a coinner function are lesst necessarily the other way round). If the data is generated
than unity, we need the constraint> ¢; in addition to those by a linear system which does not satisfy this condition, then
stated in Section IV. Note that the state-space realizatioh€annot be represented by the balanced parameterization we
of the coprime factorsV.(s) and M,(s) are, respectively, employ. This appears to be a considerable restriction at first.
given by (A., B., C., D.1) and (A., B, C., D.2). Note But in practice it is not a significant restriction, because the
also that( A., B., C., D.) is in fact balanced in the sense of‘true” model is invariably nonlinear, or at least of very high
Moore with balanced Gramian didg;, -- -, o,). McMillan degree, and is therefore in any case not a member of
The discrete-time coprime factors can now be calculatéide set of candidate models. In this situation one of the roles
as follows. The key point is that if one applies the bilineaof the stochastic part of the model is to account for some
transformation to a continuous-time coinner functi@p(s), of the approximation error of the deterministic part. For this
then the resulting discrete-time functiGfy(z) is also coinner. purpose the stochastic part can always take advantage of all
Hence if (A4, [Bar Baz], Ca, [Da1 Dag]) is the discrete- the deterministic dynamics—in effect it provides some “noise”
time realization obtained under this transformation, with botlt the deterministic inputs—and consequently the estimated
“B” and “D” matrices partitioned in the same way as theimodels always have A4, K;) controllable. This situation
continuous-time counterparts, thém,, By, Cy, Dg1) and holds irrespective of the parameterization being employed.
(Ag, Byz, Cyq, Dyz) are realizations of the numerator and If there is only one output, it is important that the sign
denominator, respectively, of the discrete-time normalized lgfarameters (which determine the structure) are estimated cor-

coprime factors. rectly. Our experience with simulation examples shows that
the optimization algorithm diverges if the sign parameters are
VI. PARAMETER ESTIMATION incorrect. McGinnie has shown that it is in principle possible

A. Outline of Algorithm to estimatg these §ign parameters dir.ectly frqm the data [33],
though this is unlikely to be useful in practice because of

We propose that system identification can be carried oge very large data sets required. However, our experience of
in the following manner. Choose a discrete-time model clagsing the “N4SID” subspace algorithm to find initial estimates
which is of interest. If this is the class of asymptoticallfor about 200 artificially generated data sets (as described in

stable minimal systems, or of minimum-phase systems, or Séction VII) is that it haslwaysgiven us a correct structure
positive-real systems, or of coprime fractions, then paramgy date.

terize it using a balanced parameterization, together with the
bilinear transformation. Le denote the vector of real-valuedB. Finding an Initial Model
parameters which appear in this parameterization. A real issue, which is particularly acute in the multivariable
_Next, choose a criterion fgnctloﬁ(e) which measures the case, is how to get started, how to find a useful initial
difference between the available data and the performance,fqel. possible methods for finding initial models include
the model in some way. the instrumental variables method “IV” [27], model reduction-
Now estimate the parameters as follows. based methods [54], realization-based methods [24], [55], or
Step 1) Obtain an initial model somehow. the recently developed “subspace” methods such as MOESP
Step 2) Setk := 1. From the initial model obtain the initial [50], [51], N4SID [48], or CVA [25], [26]. The latter two
value of the parameter vectd, and if the number classes of methods seem to be particularly effective for finding
of outputs is one, the sign parameteysare as well. initial models of multivariable systems. These are the methods
Step 3) Setk := k + 1. Use an optimization algorithm which we use in preference to others, and we outline them
to find a parameter vectdt, such thatV'(6x) < very briefly.
V(0r-1). If possible, increase the efficiency of |f estimates of a (discrete-time) system’s impulse response
this step by computing the gradierW,V (). are available, then the approximate realization algorithm de-
Section VI-C shows how this can be donéliff) veloped in [24], [55], which obtains a low-rank approximate

is differentiable. _ factorization of the Hankel matrix built up from impulse
Step 4) If successfully converged, stop. Otherwise, findsponse estimates, can be used. It is in effect a numeri-
another initial model and return to Step 2). cally robust version of the Ho—Kalman algorithm [20]. If the

This outline is a rather general one, and it leaves a numkmemilable data is in the form of an estimated autocovariance
of options for the user. Since the criterion functitifd) is a sequence of a discrete-time stochastic process, then a closely
nonlinear function of its parameters, it is important that a gogdlated algorithm is available which produces an approximate
initial estimate is obtained so as to improve the convergenschastic realization of that process [12].
speed and to avoid convergence to a local minimum. ThereMore commonly, available data is in the form of actual
are many possibilities here, as outlined in the next subsectiamput and output sequences, obtained either from experiments

There is a slight restriction which arises when estimatr gathered during normal plant operation. For this case a
ing minimum-phase models using balanced parameterizatiodass of methods known as “subspace algorithms” has been
This is that the paifA., K.) in (26) and (28), and hence thedeveloped [25], [35], [48], [50]. These work by estimating
pair (A4, K4) in (23), must be controllable. This implies thatthe range space of an observability matrix from a low-rank
in the estimated model, all poles of the “deterministic” padpproximate factorization of a Hankel matrix built up from
of the model are also poles of the “stochastic” part (thoughe input—output data. These algorithms provide models of
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both deterministic and stochastic systems, namely of all theFor the parameterization of stable systems given in
matrices in the model (1), (2). Section IV, the formulas for the derivatives in the SISO
Both the “realization” and the “subspace” algorithms havease were given in [30]. A difference between the SISO
several attractive features: 1) they can be guaranteed to prod multivariable cases is that in the multi-input/multioutput
duce a model of the required class, and stability can (&IIMO) case closed-form formulas for the derivatives are
enforced [32], as can the minimum-phase property of any stwet always available; it may be necessary to solve some
chastic part of the model [48]; 2) they usually produce accurdieear equations and some Lyapunov equations in order to
models of the data, using relatively low state dimensions; 8ptain the derivatives [31]. However, even in the MIMO
they seem to be particularly easy to use. case, closed-form formulas are available when all the Hankel
singular values are distinct, namely in the generic case. In
the appendix we give explicit formulas for the derivatives
Parameter estimation algorithms can be made more efficiest, MIMO balanced state-space matrices given in Section IV.
both in terms of computation speed and of accuracy, if tfBerivatives for balanced parameterizations of the other classes
gradient of the objective functior’(§) with respect to the of models can be obtained similarly.
parameter vecto# is supplied to the algorithm. To compute
the gradient, three calculations are required.
1) The derivatives of the objective function must be ol?- Statistical Properties
tained in terms of the derivatives of the discrete-time For the case of estimating innovations models of the form
model matrices. (23)-(25) in a stochastic environment, it is appropriate to con-
2) The derivatives of the discrete-time model matricesider the statistical properties of the algorithm. Asymptotically
must be obtained in terms of the derivatives of th@vith the number of data points) the statistical properties of
continuous-time model matrices, which appear in thée estimated transfer function do not depend on the particular

C. Gradient Calculations

parameterizations. parameterization used, but do depend on the cost function
3) The derivatives of the continuous-time matrices, with’(§) and on the statistical properties of the data [27], [44]
respect to the parameters, must be computed. (or, equivalently, on the properties of the input and noise

The first of these depends on the particular identificatigignals and on the true system generating the datd).(#)
problem being solved, since it depends on the objectii® a “prediction-error” criterion, then under rather general
function being used. We will therefore not address this herggnditions, as the length of data increases, the estimated
but confine ourselves to showing how the other calculatiopgrameter vector converges almost surely to the value which

can be performed. minimizes, over the set of models in the search space, the
In terms of state-space transformations, the bilinear trarexpected value o¥. In particular, this occurs even if the true
formation can be expressed as system generating the data is not in the model set, which is of
relevance in view of the remarks made in Section VI-A above.
Aa(0) =(I+ A(9)) (I - (9)) (®7) If the true system, including the noise generatisr,in
By(0) =V2(I = Ac(6)) ™ (9) (58)  the model set, then asymptotic efficiency of the parameter
Ca(8) =V20.(0)(I — A(6))7* (59) vector estimate is obtained with a maximum likelihood method

Dy(8) =D.(8) + C.(0)(I — A(6))"*B.(6). (60) (€.9., a particular prediction error method in the presence

. . L . . f G [ [ 27], [46]. “Effici " h f t
By using this, the derivatives of the dlscrete-umestate-sp% aussian noise) [27], [46]. iciency” here Teters 1o

matrices can be related to the derivatives of the continuo see performance of various estimators of thame set of
natri ; vatly inu Lf)arameters that is, assuming a particular parameterization. It
time state-space matrices as follows:

says nothing about comparative estimator performance with

9(Aq(0)) _ (I + Ay(8)) I(Ac(0)) (I— A.(6))~' (61) various parameterizations. But, such comparisons make sense
0; 0; only if a parameterization is chosen because the parameters
d(Ba(9)) (I - AL(6))! A(A(0)) Ba(®) have some real independent meaning (such as values of

o0, © a6, 4 physical constants), and the estimation accuracy of individual
_1 9(Ba(8)) parameters then matters. In balanced parameterizations the

1
+ \/5(]_ A.(0)) a9, (62) parameters do not have any such meaning. The asymptotic
A(Cy(8)) (C.(6)) B estimation accuracy depends on the inverse of the expected
90, = V2 50 —A:9) . value of the Hessian of the criteridi() at the true parameter
‘ Za(A ) value [27]. It is certainly possible for the true system to

+ Cy(6) a0 (I —A0))71 (63) be such that this Hessian is arbitrarily close to singularity,

even with a balanced parameterization; consider for example
I(Du®)) _(De(6)) | 1 A(Ce(8) ? P

the innovation model (26)—(30) in the cage= 1, n = 2,

o9; 09 V2 06 K =k >0 Ky = ¢ > 0, and lete approach zero
Bty 4 L gy IAL) 5o arbitrarily closely. In this case the transfer function of the
Bq(0) + 5 Ca(8) Ba(0) . , . > o
2 a0; innovation model is arbitrarily close to being first-order, and
1 d(B.(9)) V(6) is almost independent oK. In this particular case

+ —= Cu(0)

NG (64)

a6, the arguments advanced in [29] and repeated in Section IV
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above suggest that the situation would be even worse with TABLE |

any other parameterization, but it is doubtful whether one COMPARING OBSERVABLE AND BALANCED FORMS (RANDOM SYSTEMS)

can make such a statement in general. Indeed, one of Qijiodel [Observability indices] | € (i=1,.,100) [ &" (i #£55) | &
: - : falanced 0.0216 0.0024 1.9170

examples (see Section VII) suggest; admittedly for a smag-=" 3 0005 000500024

data set—that there are cases for which other parameterizatiog&ervable 59 0.0031 0.0031 1 0.0024

are preferable. Observable 31 0.0034 0.0035 0.0024

There is some evidence that certain versions of subspace
methods are asymptotically efficient (in the sense of yielding TABLE Il
efficient parameter estimates) [9]. If this is so, then “Improv-  comparing OsserRvABLE AND BALANCED FORMS (REPEATED POLES)

ing” the initial r.no.del.found by such_ a method by_ s_ubsequent Number of sig. fig. | Observable form | Balanced form
parameter optimization adds nothing in a statistical sense, 7 6000 103
asymptotically. Of course, the situation may be very different ) 677 10-5
in practice with a finite data set, especially if the data set is 9 56 10-°

not very large.

VIl. EXAMPLES quality of the model of typen for theith (i =1, ---, 100)

In thi tion we oresent thr xamoles to show how b%meriment. The average valuedjf over the 100 experiments
S section we prese €€ examples to show ho r each model typen is summarized in the first column of

anc_:ed parameterizations can be used for esti_mgtin_g parame.}%ﬁe I. It appears that the balanced canonical form did much
of linear systems. The examples concern a distillation COleWOrse than the observable forms. This is due to the fact that for

an industrial dryer, and the spectrum of sea waves, and trber}'e of the experimentg & 55), the balanced form converged
illustrate the estimation of stable systems, minimum phase '

tems. and itive-real systems. r tivelv. The first T a false local minimum. The value ef: for all of the four
syste IS, and pos i e 'eabl sy\sNe bs gspﬁc cly. ('ath St Werent models is listed in the last column of Table 1. If this
examples are multivariable. YWe begin, NOWEver, With SOMg, iqjjar experiment is not included, then the average over the
artificially generated examples of systems in which the use S

bal d and ob bl terizati . d her 99 experiments, which is given in the second column of
alanced and observable parameterizations 1S compared. -, table, shows that the performance of the four different

types of models is almost identical.

2) Repeated PolesFor this example the true system was
In both of the simulation examples, a white noise input @ISO, with transfer functionl/(» — 0.98)%, and the data
length N samples was applied to a discrete-time linear systefongth wasN = 500. This system is generally considered
and a white noise disturbance was added to the system outjube “hard to identify” because of the great sensitivity of its
2(t) to create the “measured outpug(t). In both cases the pole locations to parameter values. This time we calculated
N4SID subspace algorithm (with no modeling of the outpuivo optimized models—one using the balanced form and
disturbance) was used to obtain an initial model. Parametetig other using the observable form. The entire optimization
were then optimized using functions from tRATLAB System procedure was performed using double precision arithmetic,
Identification Toolbox with the number of iterations of the except that at the beginning of each optimization iteration
optimizer limited to at most 60 in each case. The rms signahe parameter values were truncatedstsignificant figures.
to-noise ratio, of input signal to disturbance signal, was 100Three sets of experiments were performed, with= 7, 8,

A. Simulation Examples

in each case. and 9, respectively. For each value af, 100 sets of data
The quality of each model was measured by were generated and two different models, based on the two
N different parameterizations, were calculated from each set

€= Z[Q(t) —z2(t))? (65) of simulation data. Table Il shows the average valuee of

t=1 over 100 experiments for each value .ofand the choice of

garameterization. The balanced parameterization clearly did

whereg(t) is the output prediction of the model based on th : )
much better than the observable one in this case.

measured input and(t) is the noise-free output of the true
plant. Thus, a good model should give a small valuee.of o
We remark that the N4SID algorithm gave the correct “sigh: Pistillation Column
parameters” in every case. This example concerns a fractional distillation column with
1) Random Systemdn this example the true system haghree inputs (input cooling temperature, reboiling temperature,
two inputs, two outputs and four states; it is generatehd pressure) and two outputs (top product flow rate, C4
randomly (using theMATLAB Control Toolboxfunction concentration). A complex “high-fidelity” nonlinear simula-
“drmodel”). In each experimentN = 100. We identify tion of the column was available, constructed from physical
four different fourth-order state-space models of output-errand thermodynamic “first-principles.” In order to exploit this
form—one using the stable balanced canonical from and thedel for control, an automatic way of approximating it by
other three using the three different choices of observability low-order linear model was required. The quality of the
indexes of the observable form. approximation was to be judged by its ability to reproduce
The above experiment was repeated 100 times using 10@&-amplitude step responses, although this is not the best
different, randomly generated systems. L&t denote the criterion for control applications. As is to be expected, and as
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160 T T T T T T T TABLE Il
o THE MODEL ACCURACY BEFORE AND AFTER OPTIMIZATION
140+ 1 Kung’s Al-Saggaf’s
Objective function V(6) | 6% order | 8" order | 6 order | 8% order
120+ i Before optimization 116.57 32.68 42.73 16.55
After optimization 27.54 9.94 23.84 13.68
100} .
8o _ respectively,D, and D; are diagonal scaling matrices, and
o ||.||F denotes the Frobenius norm.
60 - Table Il shows the values oV (#) before and after op-
timization for sixth- and eighth-order models obtained using
40r o ] both Kung's and Al-Saggaf's algorithms. The fact that each
o optimization depends on the initial estimate, even though the
208 il behavior of both initial models appears very similar, empha-
° o 5 o o o o e o sizes the susceptibility of parameter estimation to local optima.
% 2 4 6 8 10 12 14 16 Fig. 2 shows the step responses of the original nonlinear model

(the “real data”), the initial eight-state model obtained from
Kung's algorithm, and the final eight-state model obtained
after parameter estimation. It can be seen that parameter
we shall demonstrate later, a model which reproduced the stgpimization gives a significant improvement on the initial
response very well did not reproduce the frequency responsedel.
particularly well. Replicating the step response may not be particularly mean-
Since a simulation model was available, it was possible iogful for control, of course, since much attention is paid
produce impulse response data from it—in fact by differencing modeling low-frequency behavior, and it is precisely this
step response data—and therefore to use an approximsghavior that will be changed by feedback action. From
realization algorithm to obtain the initial model. The onlyParseval's theorem one expects that reproducing the impulse
property of the model knowa priori was that it was stable. response should give good reproduction of the frequency
It was therefore appropriate to use the “Lyapunov balancedsponse across all frequencies. Since we are starting with
parameterization of Section IV to improve the initial modela nonlinear model, and one for which computing even one
Extremely good results were obtained using McMillan degreéigme trajectory takes considerable computing resources, there
as low as six. is no “true frequency response.” We therefore consider the
An initial indication of a suitable state dimension for the linfrequency response of the 500-state FIR model, which matches
earized model was obtained by examining the Hankel singuték initial segment of the impulse response exactly, as the “true
values of a high-order model obtained by Kung's method [24}equency response.” Fig. 3 shows the frequency responses
This high-order model is in fact an FIR model, whose impulsef eighth-order models obtained by optimizing the impulse
response matches the initial segment of the nonlinear modedisd step response, respectively, and compares these with
impulse response exactly and is zero subsequently. For tihie “true frequency response.” It also shows the frequency
example we supplied the algorithm with an impulse responsgsponse of the eight-state “initial” model obtained using
over 250 time steps, the interval between steps representigng’s algorithm. All the models can be seen to have similar
10 s. Since there are three inputs and two outputs, the Hiquency responses. For a more careful comparison, Fig. 4
model hasnin (2, 3) x 250 = 500 states. The first 15 Hankel showsa[f(w) — f(w)] as a function ofu, wherew denotes
singular values (of 500) are shown in Fig. 1. Assessing thes@ greatest singular valug, denotes the “true” frequency
“by eye,” they indicate that about eight states should hesponse, and the response of a model, for three different
sufficient, and even six may be enough. Low-order models wiodels. As expected, the optimized impulse response gives a
these state dimensions were obtained by balanced truncatisstter approximation than the optimized step response, except
An alternative initial model was obtained by using a slightlat low frequencies. The “initial” (that is, unoptimized) eight-
different algorithm, due to Al-Saggaf [2], in which steady-statstate Kung model is superior to the optimized one up to
properties are preserved when model reduction by truncatign= 0.02 rad/s, approximately, and is as good as the optimized

is performed. step-response model at very low frequencies.
The parameter estimates were first improved by optimizing
the criterion

Fig. 1. The largest 15 singular values.

C. Industrial Dryer

N . The second example concerns an industrial drying process
V(8) = Z |IDY (£)D; = Y (¢, 0)||% (66) with three inputs and three outputs. Raw material enters the
t=0 dryer continuously, and the moisture in it is removed by

X passing hot gas over it. The efficiency of the process depends
where Y(¢) and Y (¢, 8) are the step response matrices, an both the temperature and the rate of flow of the hot gas.
time ¢, of the nonlinear model and of the linearized modelhe process inputs are: the fuel flow rate, the hot gas exhaust
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Fig. 2. The left-hand column shows the step responses of the simulation model (solid), the eight-state Kung's estimate obtained from scaled)data (dot

and the optimized model (dashed) for each input—output pair. The errors in step responses of both models are plotted on the right-hand column. Unit
time interval = 10 s.

fan speed, and the rate of flow of raw material. The threeIn this case it was appropriate to obtain a model in the “inno-
outputs are: dry bulb temperature, wet bulb temperature, aations” form (1), (2), with the noise modéH,, Ky, Cy, 1)
the moisture content of the raw material when it leaves tieing minimum-phase. We used the N4SID subspace algo-
dryer. rithm [48] to obtain an initial model. We then used the
The data for this example consists of measurements talganced parameterization of minimum-phase systems (the
on a real process. The first two inputs could be manipulatd¥firameters inB; and Dy being unrestricted) to improve
and pseudo-random binary signals were applied to these. Th@ model by prediction-error optimization. The optimization
third input was an external disturbance which could not iditerion was the unweighted one-step-ahead prediction error
manipulated but could be measured, and its actual value was
recorded. After a certain amount of preprocessing (detrending,
prefiltering and decimation), the data consisted of 867 samples
for each input and output, with sampling period 10 s. The first
600 samples were used to obtain a model, and the rest of #mal the results were judged according to the ability of the mod-
data was used for model validation. els to reproduce the validation output. A possible numerical

V(o) = Z ly(t) = 9()I* (67)
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Fig. 3. Comparison of frequency responses of alternative eight-state models. Solid line: FIR model; dashed line: eight-state, optimizedspopatse re
chained line: eight-state initial model; dotted line: eight-state, optimized step response.
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Fig. 4. Maximum singular value of difference from FIR model. Key as for Fig. 3.

indicator for this is where y;(t) and g,(t) are the measuredh output and the
N, one-step ahead predictéth output, respectively, and/,, is
Z (:(t) — D:(£))2 the number of samples in the validation data set. In Table IV,
3 3 3 .. —

¢ = 100 1 Z =1 % (68) the values ofe for initial models and optimized models of
3 ~ Ny ) order 2-10 are given. It can be seen from the table that the

Z(yi(t)) best model is the optimized model of order six. In Fig. 5,
=1 the simulated output of the sixth order subspace model and
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measured and model outputs prediction errors of models

output 1

0 .
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time (seconds) time (seconds)

output 2

0.5 - :
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output 3
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time (seconds) time (seconds)

Fig. 5. The left-hand column shows the predicted outputs on the validation data set, and the right-hand column shows the prediction errors af the model
measured output (solid), six-state subspace model (dotted), six-state optimized model (dashed).

that of the sixth order optimized model are plotted against the TABLE IV
validation data. It can be seen that both the subspace model and ~ MODEL ERROR OF SuBSPACE MODEL AND OPTIMIZED MODEL

the optimized model are able to predict the first two outputs  Jfodel order | Subspace models | Optimized models
very well, but the optimized model predicts the third output 2 26.3406 15.6249
significantly better than the subspace model. 3 14.6125 9.2920
4 13.9288 9.6979
D. Sea Wave Spectrum 5 12.5058 9.1138

*
Hydrodynamicists derive spectra of ocean waves on the ? 3'3323 g'ggg
basis of “first-principles” reasoning. A widely used example 3 11'1219 9'6294
is the Pierson—Moskwitz spectrum, which has the form 9 13.3647 9'1706
473h? —1673 10 9.3996 9.0817

Pw) = rr o <W (69)

where & is the wave heightz is the zero-crossing period, control of ships, particularly for station-keeping (e.g., when
and w is the frequency [43]. In applications such as theecovering sunken objects or surveying), it is usually necessary
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Fig. 6. Spectra of initial four- and ten-state models.

to have finite-dimensional models of disturbances such asFig. 6 shows the exact spectrum and spectra of ten-state and
waves. It is therefore of great importance to find finitefour-stateinitial models for the casé = 1 m, » = 5 s. The
dimensional approximations of irrational spectra such as then-state spectrum is indistinguishable by eye from the exact
one. It is also important to do so with techniques which came. (Of course no rational spectrum can match the exact one
be generalized to multivariate spectra, since directional waae low frequencies, and the comparison would not look so
spectrum information is frequently available. favorable on logarithmic axes.) The parameters of the four-
The approach we use is to obtain the autocovariance furstate model were optimized, the loss function being the peak
tion ¢(7) corresponding to the given spectrufw) (by error between the exact spectrum and the model spectrum.
inverse discrete Fourier transformation) and then to use thig. 7 shows the spectra of the initial four-state model, the
approximate stochastic realization algorithm of [12] to findptimized four-state model, and the exact spectrum. It can be
an initial positive-real spectral summand, namely a finiteseen, by comparing Figs. 6 and 7, that the four-state optimized
dimensional system whose frequency respofi$e“?) sat- model gives almost as good an approximation to the spectrum
isfies ®(w) ~ G(e*T) + G(e=T) > 0. as the initial ten-state model. The optimized (discrete-time)
This initial model is then improved by optimizing thespectral factor in this case has transfer function as in (70a),
parameters in the positive-real balanced parameterization. $ltown at the bottom of the page, where it is assumed that the
nally, an approximate spectral factor is found from the insampling period isl’ = 1 s.
proved spectral summand, namely a stable, minimum-phasét should be remarked that the approximation we have
system whose frequency responsé:i“?) satisfies obtained is appropriate for tasks such as linear-quadratic (LQ)
control, because the increase in cost due to mismodeling the
Fe“TYFe™T) = G(e“T) + Gle™™T) ~ ®(w). (70) spectrum is bounded by a linear function safp_, ||®(w) —
d(w)]|. It is quite inappropriate for some of the traditional
This is the model usually needed in applications such asncerns of hydrodynamicists, such as predicting the “100-
Kalman filtering and optimal control. An alternative approachear wave,” because the very low-frequency information in
would be to find an initial spectral factor from the initialthe spectrum which is crucial for such concerns is modeled
spectral summand and then optimize; in this case the bektremely badly (as it must be, with any rational spectrum).
anced parameterization of minimum-phase systems, rather thaAlthough our example concerns a scalar spectrum, the
positive-real systems, would be needed. It is well known hoalgorithm extends to multivariate spectra with no modifications
to obtain the spectral factor from the spectral summand [12f the ideas and only minor modifications of the computational
[13], but numerical difficulties can be encountered at this stagaeps.

~0.001(5.02602* — 9.74542> + 4.13542% + 3.4071z — 2.4411)
B 7% —2.183723 4 2.339122 — 1.25332 + 0.3435

F(z) (70a)
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other parameterizations, particularly for multivariable systems,

0.12 T T T T T T

since the number of possible structures is very large for
balanced forms. It should therefore be emphasized that it is
the combination of balanced parameterizations with realization
and subspace methods that gives effective algorithms for

0.08f - identification.

i APPENDIX
DERIVATIVES OF MIMO STATE-SPACE MATRICES

0.041

vectors B; are parameterized 88,1, -- -, b;»] and the unit
i vectorsU; are parameterized according to (11).
1) Derivatives of B..:

a) 8Bc/8a: :~0 if z =0; 0rz = ¢i,j-

b) Let ch/ab“ = [bkl]v then

0.02

ol
¢]

3.5

Fig. 7. Spectra of four-state initial and optimized models (solid: original;

broken: initial model; chained: optimized). Ekl _ {(1) if k= L and! = j (71)
otherwise.
VIIl. CONCLUSIONS 2) Derivatives ofC.: i
Balanced parameterizations seem to offer an effective and The matrixC. depends orb;; and ¢, ; only.
convenient solution to the identifiability problem which occurs a) 9C./0x = 0 if x = o;.
when identifying multivariable linear systems. The relatively b) Let acc/agij = [é], then
recent development of subspace methods has already increased ~
the attractiveness of using state-space models for multivari- o by TN
able identification, and we believe that the use of balanced G = § ||Bi||2’ = (72)
parameterizations will reinforce this trend. 0, otherwise.
The ability to focus on specific subclasses of linear systems In other words
is a very nice feature of balanced parameterizations. We have
shown how this can be applied to particular examples. There 9C. _ 0o o, i 0 ‘ (73)
is scope to exploit this ability further in applications, such as agij = |TpxG-h ||Bi||2 px(n—i) |
identification of slowly time-varying systems, adaptive signal
processing, and control schemes. c) Before we give an expression for the derivative
We have not discussed the statistical consequences of using aC/d¢;, ;, we define the following function:
balanced parameterizations. Asymptotically (as the amount of ) q o1
data grows), the particular parameterization used does not 94 RxRI—=R
affect the statistics of the estimated transfer function. But in (K, B)—uw
many applications small-sample behavior is more important
than asymptotic behavior, and this can be expected to be such that
related to the computational efficiency of the parameter opti- ( w; =K cos(B1) cos(f=2) cos(fs3)---
mization, s_in<_:e b_oth are affected by the numerical conc_iitioning cos (By—1) cos ()
of the optimization problem. These questions remain to be
investigated for balanced parameterizations. We have found wz =K cos (1) cos () cos(fs) -+
examples for which balanced parameterizations give more cos (f34—1) sin ()
accurate results than the_ more traditio_nal_ observable forms, w3 =K cos (f1) cos (Ba) cos(fBs) - (74)
but also examples for which the opposite is true. .
A : . : sin (By-1)
nother aspect which has not been thoroughly investigated
yet is the question of structure estimation. Choosing a suitable : :
McMillan degree seems to be relatively straightforward with .
realization and subspace methods. These methods also seem wy =K cos (1) sin (52)
to avoid difficulties with the estimation of other structural ( wet1 =K sin(Br).

parameters, such as the sign parameters for one-output systems Also let
in the balanced forms. We emphasize that this is an attribute of

the methods for finding initial models, not of balanced parame- . { 1, ifj=1
terizations themselves. Indeed, without such effective methods = 7 ~ | cos(¢s, p—1) cos(@; p—2) - - cos(¢; ;), if j>1
for finding initial models, the structure estimation problem T Ll o ‘

with balanced parameterizations may well be worse than with 7 ~ [d)”_l t3 =2 e Pin }

The formulas for the derivatives of the state-space matrices
defined in Section IV are as follows. We assume that the row



CHOU AND MACIEJOWSKI: SYSTEM IDENTIFICATION

The derivativedC../0¢; ; is [4]

IC. || || gi-1(K5, ) %
0¢i.; Opx(i—1) Op—jyx1 Opx (n—i)
(75) [
3) Derivatives of A.: (6]
a) LetdA./dc; = [ax], then [9]
iy if k=1=i [10]
Tk
—220k01 BkBl [11]
(o} — 0 7)? [12]
M clcy, fork=+4andl #4 [13]
ap; = (Uk — 0] )
(01% + 012) 5 BT
(o7 —07)? BiBy -
N clcy, forl=iandk #4 (15]
L 0, otherwise. 16
) 76)
b) Let 8Ac/8b“ = [akl], then [17]
o = [18]
(b g
- fork=101=1 [19]
Ok
1 [20]
o} — o}
- 1 -
'<Ulblj - ~—20kbk10;{01>, for k =4 andl 75 % 211
|| Bl
1 [22]
oy = of [23]
-<O’15kj ||B ||2 akleCk Cl> forl=1 andk;éi [24]
1
L0, otherwise. [25]
(77)
c) Let 9A./d¢; ; = [an), then [26]
. [27]
gl =
Tk 8Ck T . . [28]
-_— C;, fork=q+andl#
of —of <a¢k1> : L . 291
78 29
B oG , forl:iandk;éi( )
0,% — al 8(/)171
. [30]
0, otherwise.
Note that 8Cy/d¢; ; is the kth column of [31]
8C./]d¢; .
[32]
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