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Estimating the Performance of Patched Multirevolution Solar-Sail
Transfers Around Planets
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Delft University of Technology, 2628 CD Delft, The Netherlands
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Understanding of what is achievable with solar-sail technology around planetary bodies is in its infancy. The

seemingly simple problem of transferring from one circular orbit to another circular orbit with a solar sail around a

planet is yet to be fully characterized. This work aims to start filling that gap by analyzing the coplanar patched

multirevolution circular-to-circular (PMC2C) transfer. The PMC2C transfer is a continuous sequence of single-

revolution circular-to-circular (SC2C) transfers, where each SC2C transfer is optimized for the achieved radius

change in one orbital revolution. Then, the radius change and transfer time of a PMC2C transfer is obtained as the

aggregation of the individual SC2C increments. To generalize to all initial geometries, hundreds of PMC2C

transfers must be computed, which is not feasible in practice. To bypass this problem, the so-called patched

method is proposed. The patched method uses a semianalytical approach to estimate the radius change and the

transfer time of the PMC2C transfers, effectively removing the need for numerical optimization. Dimensionless in

nature, the patched method can be used for any sail design around any planet orbiting a star. With this tool, early

mission design is greatly simplified; hundreds of trajectories can be analyzed in a matter of minutes. In addition, the

generalized formulation reveals the best and worst orbital geometries and initial epochs to start a PMC2C transfer,

improving general knowledge of how to “sail” around planets.

I. Introduction

A LTHOUGH the bulk of solar-sail astrodynamics research is

focused on heliocentric trajectories, most missions (except

Interplanetary Kite-craft Accelerated by Radiation Of the Sun

[1]) have flown around Earth [2–5]. The newly launched

Advanced Composite Solar Sail System mission is the most

recent example [6]. However, a proper understanding of how to

sail around planets is still in its infancy, possibly due to the great

challenges posed by planet-bound sailing [7].

Previous research on planet-centered solar sailing focused on

escape trajectories or open-ended trajectories (e.g., pure orbit raising

or inclination-change maneuvers) [8–14]. The few works that did

consider orbit transfers did not approach the problem in a general-

ized fashion, mostly providing insights into specific examples. For

example, in [15], Fitzgerald used pseudospectral optimal control

mixed with averaging techniques to characterize a transfer from

geosynchronous transfer orbit (GTO) to geosynchronous equatorial

orbit (GEO) for various sail performances. Two different transfer

regimes were observed, where the bifurcation point was reached

when the transfer time surpassed one year. Although the paper

demonstrated that solar sails can tackle complex three-dimensional

planet-centered transfers, only the particular case of one GTO-to-

GEO transfer was analyzed. In [16], Kelly and Bevilacqua proposed

a solar-sail mission to remove debris from GEO. A complete

dynamical model that included eclipsing was defined for the sim-

ulations, proving the viability of the proposed concept. Nonetheless,

again, only specific transfers around the GEO region were consid-

ered. In [17], Bianchi et al. brought the solar-sail debris removal

concept to low Earth orbit (LEO). A preliminary mission divided
into multiple phases was showcased, where the various transfers
involved were computed using blending of locally optimal control
laws. Again, only one particular case study was contemplated in the
analyses; the influence of different geometries and initial epochs
was not investigated in detail. The work in [18] came closest to a
generalization of the planet-centered transfer problem, where Oguri
et al. provided a means to achieve any desired planet-centered
transfer in a locally optimal manner through the solar-sailing
Q-law, effectively solving the transfer problem for medium Earth
orbit (MEO) and beyond. Several examples were provided to show-
case the performance of the solar-sailing Q-law. However, the
inherent physics of the transfer problem were not entirely exposed.
A clear understanding of the general transfer capabilities of solar
sails is therefore still lacking.
In our latest work [19], we analyzed the simplest conceivable

planet-centered transfer: the coplanar single-revolution circular-to-
circular (SC2C) orbit transfer. The objective of the SC2C transfer is
defined as maximizing the orbital radius within one orbital revolu-
tion, starting from, and ending, in planar circular patched multi-
revolution circular-to-circular (PMC2C) orbits. Our goal in the
current paper is to extrapolate the results presented in [19] for the
SC2C transfer to the multirevolution case. We construct lengthy
multirevolution trajectories by patching together a series of sequen-
tially optimized SC2C transfers and refer to these new trajectories as
coplanar PMC2C orbit transfers. In theory, a solar sail can transfer
between any two coplanar circular orbits by means of such a
PMC2C transfer. Although not optimal, the PMC2C transfers are
valid transfers that can be used as initial guesses to initialize an
optimal control solver (which is left for future work).
A generalized understanding of the PMC2C transfers requires us

to consider a wide range of sail designs, orbital geometries, and
mission scenarios, for which thousands of PMC2C transfers would
have to be computed. Due to the low thrust provided by near-term
solar-sail technology, a modest PMC2C transfer of a few hundred
kilometers already entails hundreds of SC2C transfers, making the
computational load too demanding. To circumvent this issue, we
developed the so-called “patched method”. The patched method
uses a semianalytical formulation and the characteristics of the
SC2C transfer to provide quick estimates of the transfer time and
radius change (i.e., the performance) of the PMC2C transfers.
Furthermore, the method is dimensionless, which makes it valid
around any planet and for any given orbit geometry, initial time, and
solar-sail performance. We use the power of the patched method to
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show how the transfer performance varies with orbit geometry and
initial time, unveiling previously unknown characteristics that are
particular to solar-sail transfers.
The remainder of the article is organized as follows. Section II

describes the dynamical framework used in the study. Section III
summarizes our previous work on SC2C transfers, as the results are
needed in the formulation of the patched method. Section IVextrap-
olates the SC2C transfer to the many-revolution case through the
PMC2C transfer. Section V elaborates on the patched method, and
Sec. VI validates the predictions of the patched method against a set
of numerically computed PMC2C transfers. Finally, Sec. VII gath-
ers the conclusions that can be drawn from this work.

II. Dynamics

To define the transfer problem, we make use of two inertial
reference frames centered at the planet: the ecliptic reference frame
E�xe; ye; ze�, and the orbital reference frame I�x; y; z�. Figure 1
gathers schematics of both frames.
Figure 1a shows the ecliptic reference frame E�xe; ye; ze� and the

orbital plane. The ecliptic reference frame is centered at the planet,

with the xe axis aligned with the sun–planet direction S at the initial
epoch (e.g., for Earth, at the autumnal equinox). The ze axis is
aligned with the ecliptic north pole, and the ye axis completes the
right-handed triad. The orientation of the orbital plane is given by
the inclination i and the right ascension of the ascending node
(RAAN) Ω in the ecliptic frame. While the orbital plane remains

fixed in inertial space, the sun–planet direction S rotates counter-
clockwise in the ecliptic plane with a period P equal to the planet’s
orbital period. Note that, for the remainder of the paper, we refer to
one orbital period of the planet around the sun as a year.
Figure 1b shows the orbital reference frame I�x; y; z�, which is

also centered at the planet: the x axis matches the line of nodes, the z
axis is parallel to the orbit’s angular momentum vector h, and the y
axis completes the right-handed triad. The orbital reference frame is
used to formulate the equations of motion (EOMs).
Of importance to this work is the aspect angle β, defined as the

angle between the sun–planet direction S and the angular momen-
tum vector h (see Fig. 1b). The aspect angle determines the illumi-
nation conditions of the orbital plane: for β � 0 deg and β �
90 deg, the orbit is perpendicular and parallel to the incoming
sunlight, respectively. The aspect angle changes periodically due

to the yearly motion of S (see Sec. IV.B). Finally, note that the sun is
assumed to be infinitely far away from the planet (i.e., all sun rays

are parallel to Ŝ).
In this work, we adopt a simplified dynamical model: the motion

of the solar sail around the planet is described by accounting only
for point-mass gravity and the solar-sail acceleration, which is
modeled by assuming an ideal solar sail [7]. Then, in the orbital
frame, the EOMs adopt the form

dr

dt
� v;

dv

dt
� −

μ

r3
r� a0 S ⋅ n

2
n (1)

where r is the position vector, v the velocity vector, t the indepen-
dent variable time, μ the planet’s gravitational constant, a0 the solar-
sail characteristic acceleration at the planet’s average distance from

the sun, and n the normal vector perpendicular to the solar-sail
surface. Note that eclipses are not considered in Eq. (1). Numerical
integration of Eq. (1) with the initial state �r0; v0� at t � 0 and

the control law n � n�t� provides the trajectory of the solar sail
�r � r�t�; v � v�t�� around the planet.
The trajectory of the solar sail is assumed to be two-dimensional

and contained in the orbital plane. This assumption is enforced by
neglecting the out-of-plane component of the solar-sail acceleration

[i.e., a0�S ⋅ n�2n ⋅ z] in the EOMs; only the in-plane solar-sail
acceleration is considered in the EOMs. Note that, because the
magnitude of the solar-sail acceleration is only small and the control
is periodic [19], the out-of-plane motion during the transfer will be
equally small.
To improve stability during the numerical optimization, the

EOMs are scaled using the initial position, velocity, and orbital

period T0 � 2π r30∕μ, yielding

dρ
dτ

� 2πξ;
dξ
dτ

� 2π −
ρ

ρ3
� Ψu (2)

where ρ � r∕r0, ξ � v∕v0, τ � t∕T0, u � �S ⋅ n�2n, and Ψ �
a0∕g0. Note that g0 � μ∕r20 is the local gravitational acceleration

at the initial state.
The scaled EOMs in Eq. (2) only depend on one dimensionless

parameter, which is the scaled characteristic acceleration Ψ, which
represents the “strength” of the sail relative to the local gravity. A
particular sail design orbiting a planet will yield a smaller Ψ the
closer it gets to the planet. Note that, because the problem is scaled,
two real problems (e.g., initial circular orbits around Mars and
Earth) with the same scaled initial conditions, control u � u�τ�
and Ψ yield the same scaled trajectory. As shown throughout the
paper, the scaled formulation allows for easy computation of trans-
fer performances for any sail performance, which is a great charac-
teristic for preliminary solar-sail sizing studies.

III. Single-Revolution Transfers

In this section, we summarize the main results and conclusions of
our previous work. In [19], we characterized the simplest form of
planet-centered solar-sail transfer: the SC2C transfer. Here, we
condense the main results, as they will be needed for the formulation
of the patched method in Sec. V. In particular, we show the perfor-
mance of the SC2C transfer, which constitutes the building block of

b)a)

Fig. 1 Schematics of a) ecliptic reference frameE�xe;ye;ze�, and orientation of the orbital plane; and b) orbital reference frame I�x;y;z�, together with
the relevant variables involved in the formulation of the equations of motion.

150 LOSADA, VISSER, AND HEILIGERS

D
ow

nl
oa

de
d 

by
 T

ec
hn

is
ch

e 
U

ni
ve

rs
ite

it 
D

el
ft

 o
n 

Ja
nu

ar
y 

8,
 2

02
6 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.G
00

92
33

 



the transfers presented in Sec. IV. In this context, performance is
understood as achieved radius change after one orbital revolution.

A. Optimization Problem

The SC2C transfers arise as the solution to the following opti-
mization problem:

max
u∈B

r�tf� s:t: EOMs & e�tf� � 0 (3)

where u is the control vector, B the set of admissible controls, r the
orbital radius, EOMs the equations of motion with associated initial
conditions (see Sec. II), e the osculating eccentricity, and tf the final
time. The SC2C transfer is defined to span one orbital revolution,
meaning that, at tf, the initial and final position vectors are parallel.

Due to the small magnitude of the solar-sail acceleration, the radius
change will be small, and the final time will thus be approximately
equal to the initial orbital period. Note that, when computing SC2C
transfers, we neglect the motion of the sun as viewed from the planet

(i.e., S is constant) because the transfer time is significantly shorter
than the orbital period of the sun around the planet.
To solve the optimization problem posed in Eq. (3), we used the

commercially available General Purpose OPtimal Control Software
II software [20]. GPOPS-II uses direct collocation (i.e., variable-
order Gaussian quadrature methods) to translate the continuous
optimal control problem into a nonlinear program that is then solved
with Interior Point OPTimizer [21]. The automatic differentiation
toolbox ADiGator is used to obtain the required first- and second-
order derivatives of the dynamics, cost function, and con-
straints [22].

B. Performance

The performance of the SC2C transfer is defined as the achieved
radius change scaled with the initial radius:

η � δr

r0
(4)

where δr is the change in orbital radius obtained from solv-
ing Eq. (3).
In our previous work [19], it was found that the performance

depends on two parameters: the aspect angle β and the scaled
characteristic acceleration Ψ. Moreover, we concluded that these
dependencies could be separated as a product of two different
functions [19]:

η � ηr�Ψ� χ�β� (5)

where the reference performance function ηr only depends on Ψ,
and the mapping function χ only depends on β. The reference
performance function is computed by repeatedly solving Eq. (3)
for different values ofΨwhile keeping the aspect angle constant and
equal to β � 40 deg. Hence, ηr indicates how the performance

changes with altitude or sail design at an aspect angle of
β � 40 deg. The mapping function χ is obtained by following the
same procedure but varying β and keeping Ψ constant. Then, χ
shows how the performance varies with the aspect angle and can be
used to “map” ηr to aspect angles different from β � 40 deg. Using
both functions, we can effectively compute the performance of any
possible SC2C transfer.
Figure 2 gathers the plots of the mapping and reference perfor-

mance functions. The main observations can be summarized as
follows:
1) From Fig. 2a, it is clear that the performance drops signifi-

cantly as the aspect angle increases, where the best performance is
achieved for β � 0 deg (i.e., the incoming sunlight is perpendicular
to the orbital plane), and the minimum performance is achieved
for β � 90 deg (i.e., the incoming sunlight is parallel to the
orbital plane).
2) From Fig. 2b, we can see that the reference performance

function is linear in Ψ in log–log scale and increases for increasing
values of Ψ. Recall that Ψ is defined as the ratio of the characteristic
acceleration over the local gravitational acceleration. Hence, for a
fixed sail design (i.e., constant a0), the performance increases with
altitude. Or, equivalently, for a fixed altitude, performance increases
with a0.
3) The linearity in log–log scale shown in Fig. 2b breaks down at

large values of the scaled characteristic acceleration. At sufficiently
large values of Ψ, the solar sail is “blown away” from the planetary
system before it completes the SC2C transfer because the gravity of
the planet is too small to balance the solar-sail acceleration. It is

found that for Ψ < 1 × 10−2, Eq. (5) and Fig. 2 remain valid.
To compute the plots in Fig. 2, one could choose a value for β

different than 40 deg. For example, if β � 20 deg is used, χ will be
equal to one at 20 deg rather than at 40 deg (see Fig. 2a), and the line
representing ηr in Fig. 2b will shift downward but remain parallel to
the one shown in the plot (i.e., different vertical axis intercept, same
slope). In other words, the choice for β in the computation of Fig. 2
is arbitrary and does not have an impact on the results. Similarly,
because χ does not depend on Ψ, one can compute Fig. 2a for any
arbitrary value of Ψ and always obtain the same curve (consult [19]
for a detailed proof).
The main limitation of the plots in Fig. 2 is that eclipses are not

considered. When the sail enters the eclipse region, it cannot gen-
erate thrust. The effect on the performance of the SC2C transfers is
yet to be analyzed, but it surely will entail a performance loss.
However, independently from the orbit altitude, the smaller the
aspect angle, the smaller the chances of entering eclipse, where at
the limit of β � 0 deg, eclipses never occur; eclipses will therefore
mostly affect the performance at large aspect angles, where the
performance is already low (see Fig. 2a). Hence, we foresee that
the effects of eclipsing events will not have a profound impact on the
general conclusions drawn from Fig. 2.
Another limitation of the plots in Fig. 2 comes from the

assumption of an ideal solar-sail model. The ideal model considers
the membrane of the sail to be flat and perfectly reflective (i.e., a
spotless mirror). In reality, the membrane emits, absorbs, and

a) b)

Fig. 2 Functions that define the performance of the single-revolution circular-to-circular transfer: a) mapping function, and b) reference performance
function.
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reflects radiation. In addition, the membrane of the sail contains
wrinkles and billows under the solar radiation pressure once in orbit,
implying that, in reality, the membrane is not perfectly flat. Both
wrinkles and billowing cause a performance loss, but the trends
observed in Fig. 2 should remain unaltered. Of more importance is
the effect of the nonideal optical properties of the sail. The more
refined optical solar-sail model shows that, for increasing values of
the cone angle (i.e., the angle between the sun–planet line and the
sail’s normal vector), the thrust vector is no longer aligned with the
sail’s normal vector (i.e., the tangential component becomes dom-
inant) [7]. In [19], it was shown that, as the aspect angle increases,
the domain of the cone angle needed to execute the SC2C transfer
also increases, where at the limit β � 90 deg, the domain of the
cone angle is as high as (65, 90) deg. For such high cone angles, the
solar-sail acceleration obtained with a high-fidelity model deviates
significantly from that obtained with the ideal model. Hence, it is
expected that if a high-fidelity model is used, the curve in Fig. 2a
will change, with the differences increasing for increasing aspect
angles. Nevertheless, it is reasonable to assume that the main con-
clusions drawn from Fig. 2 will still hold. We chose the ideal model
to provide a generalized set of closed-form equations that allowed us
to derive previously unknown characteristics of the planet-centered
solar-sail transfer problem. Higher-fidelity solar-sail models are
usually tailored to a specific sail design and are not suitable for
generalization.
For use in the computation of the performance of the PMC2C

transfers, an analytical expression for the mapping function
is needed, which is obtained by fitting an eighth degree poly-
nomial to the data in Fig. 2a. The polynomial is expressed
as χ � 8

j�0 pjβ
j for β ∈ �0; π∕2�, where the coefficients

are: p0 � = 2.21529426884005, p1 = 0.083872533726236,
p2 = −12.4503541592147, p3 = 37.8806339189659, p4 = −65.
4280684988028, p5 = 67.6438452545547, p6 = −41.163077357
5200, p7 = 13.6413368229864, and p8 = −1.90025732895530.
Note that the mapping function χ�β� is symmetric with respect to
β � 90 deg [e.g., χ�60� � χ�120�] but that, for conciseness,
Fig. 2a only shows the left half of the mapping function. Similarly,
the reference performance function is fitted to a power law of
the form ηr � nΨm, where the resulting coefficients are n �
2.19795377389429 and m � 1.00062884835663.

IV. Multirevolution Transfers

In this section, we extrapolate the results presented in Sec. III for
the SC2C transfer to the multirevolution case. To put it simply, we
construct lengthy multirevolution trajectories by patching together a
series of sequential SC2C transfers. We refer to these new trajecto-
ries as PMC2C transfers. Because of the circularization that occurs
at each orbital revolution, the PMC2C transfer is not globally
optimal, but the result is a valid solar-sail transfer trajectory between
two arbitrarily separated circular orbits. As such, it can be used as an
initial guess for a more refined multirevolution trajectory optimiza-
tion process. Future work will look into using the PMC2C transfers
for that purpose.
Figure 3 depicts a schematic of the patching procedure, where the

individual SC2C transfers are shown in different colors. Each SC2C
transfer is optimized sequentially: the final conditions of the current
SC2C transfer become the initial conditions of the next SC2C
transfer. The process of generating a PMC2C transfer is computa-
tionally intense. Hundreds of SC2C transfers have to be optimized
to assemble a single PMC2C transfer. Nevertheless, the process is
robust and straightforward. The only limitations occur at high
altitudes, where the gravity of the planet becomes too low and the
sailcraft flies away from the planetary system, or the aspect angle
changes significantly during the one-revolution transfer time, pre-
venting GPOPS-II from achieving a converged SC2C transfer. In
our experience, we were able to obtain fully converged PMC2C
transfers within the domain presented in Sec. V.E.
Because of the very nature of a PMC2C transfer, the number of

revolutions N is discrete and unknown a priori. Each orbital revo-
lution adds a discrete time increase δt and a discrete radius change

δr to the total transfer (see Fig. 3). The final transfer time and radius
change are therefore an aggregation of all the individual SC2C

transfers (i.e., Δt � N
j�1 δtj and Δr � N

j�1 δrj). Our approach
to compute a PMC2C transfer is to keep patching SC2C transfers
until the desired value for Δr or Δt is reached. Then, the number of
revolutions becomes an output of the process.

A. Example Transfer

Figure 4a shows an example PMC2C transfer, where a sail with

a0 � 0.1 mm∕s2 is used to execute a transfer of 0.25 years around
Earth starting from GEO altitude (i.e., r0 � 42; 164 km) and at the
autumnal equinox. An inclination of 90 deg and a RAAN of 180 deg
are selected to place the orbital plane parallel to the �ye; ze� plane
and perpendicular to the initial sun–planet direction S�0�. Figure 4b
shows a zoomed-in view of the region along the −ze axis where the
patching occurs, where darker colors indicate an increasing number
of revolutions. In this example, the sail completed N � 84 orbital
revolutions (i.e., 84 individual SC2C optimizations) before reaching
the target transfer time of 0.25 years. The transfer took 9 s to
compute in one thread of an Apple M1 Pro processor, achieving
a final radius change of 3895 km (i.e., Δρ � 0.092).
Figure 5 gathers the evolutions of the aspect angle β (Fig. 5a), the

scaled radius change Δρ (Fig. 5b), and the osculating eccentricity
(Fig. 5c) of the transfer shown in Fig. 4. Let us start the discussion
with Fig. 5a. The aspect angle increases linearly from 0 to 90 deg:
the orbital plane is perpendicular to the initial sun–planet direction

S�0�, yielding an initial aspect angle of β�0� � 0 deg; one-quarter
of a year later, the sun–planet direction has moved 90 deg counter-

clockwise in the ecliptic plane (see how S changes in Fig. 4a),
matching the ye axis, and thus yielding a final aspect angle of
β�0.25� � 90 deg. The scaled radius change in Fig. 5b increases
rapidly at first, to flatten out at the end of the transfer: the smaller
aspect angles at the beginning of the transfer ensure high SC2C
performances in the patched sequence, whereas the larger values at
the end of the transfer cause SC2C performance to drop (see
Sec. III.B), leading to a slower increase for Δρ. The effect can also
be appreciated in Fig. 4b, where the curves clump together at the end
of the transfer. The nature of the PMC2C transfer is explicitly shown
in the eccentricity evolution in Fig. 5c. Note how the eccentricity is
brought to zero at every orbital revolution, indicating that the
PMC2C transfer is indeed a patched sequence of SC2C transfers.
If the eccentricity were allowed to grow throughout the transfer, a
more optimal result could be obtained. Initial investigations using
collocation techniques to optimize multirevolution circular-to-cir-
cular transfers suggest that, for some geometries, it is better to let the
eccentricity grow at the beginning of the transfer in order to later
bring it down to zero, indicating that the PMC2C transfers are
indeed suboptimal. Future work will assess the suboptimality of

Fig. 3 Schematic of the patching procedure.
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the PMC2C transfers by comparing against optimal multirevolution

circular-to-circular transfers.

B. Aspect-Angle Yearly Evolution

As shown in Figs. 4a and 5a, due to the large timescales of a

PMC2C transfer (i.e., fractions of a year), we have to relax the fixed-

sun assumption used in Sec. III. If the sun is no longer considered

fixed in frame I, the sun–planet direction S is free to move in the

ecliptic plane, yielding a time-varying aspect angle. Because the

performance of the PMC2C transfer largely depends on the aspect

angle (see Fig. 5b), this section analyzes the yearly evolution of the

aspect angle and identifies the best and worst epochs during the year

to start a PMC2C transfer.
Figure 6a shows a schematic of the geometry used to compute the

yearly evolution of the aspect angle. The schematic depicts the

ecliptic reference frame, the ecliptic plane, the orbital plane, and

the sun–planet direction at four equally spaced epochs during the

year. Figure 6b shows the yearly evolution of the aspect angle for

various orbital inclinations, where darker colors indicate larger

inclinations. For reference, the light green curve represents the

inclination of the GEO orbit. All orbits have an ecliptic RAAN of

0 deg and, at the initial time, the sun–planet direction matches the x

axis. When generating the figure, we assumed circular motion of the

planet around the star; and in line with the dynamics in Sec. II, the

orbits are fixed in inertial space.

Recall that the aspect angle β is defined as the angle between the

moving sun–planet direction S and the inertial orbit’s angular

momentum vector h. According to this definition, β�t� ∈ �0; π� for
a full year (see the continuous lines in Fig. 6b). As we shall see in

Sec. V, we are interested in the function composition χ�β�t��.

a) b)

Fig. 4 Example 84-revolution PMC2C transfer around Earth at GEO altitudes with the orbital plane placed perpendicular to the ecliptic plane:

a) general three-dimensional view in ecliptic frame, and b) zoomed-in view of the region where the patching occurs.

a)

c)

b)

Fig. 5 Example 84-revolution PMC2C transfer around Earth. Evolution as a function of the orbital revolutions of a) the aspect angle β, b) the scaled
radius increase Δρ, and c) the osculating eccentricity e.
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Because χ is symmetric with respect to π∕2 (see Sec. III.B), we can

simplify and reduce the values for β greater than π∕2 to the first

quadrant so that β�t� ∈ �0; π∕2� (i.e., for those epochs for which

β ∈ �π∕2; π�, we compute β 0 � π − β and then replace β � β 0). The
dashed lines in Fig. 6b represent the case where the aspect angle is

reduced to the first quadrant. Hereinafter, we focus the discussion on

these curves in the first quadrant.

The aspect angle varies periodically, reaching two minima and

two maxima during the year. The maxima are always at β �
90 deg, and occur when the sun–planet direction matches the line

of nodes of the orbit, or, in other words, when the sun–planet

direction is contained in the orbital plane (see Fig. 6a at 0 and 0.5

years, respectively). The minima occur exactly one-quarter of a year

after the maxima, when the sun–planet direction is perpendicular to

the line of nodes of the orbit (see Fig. 6a at 0.25 and 0.75 years,

respectively). Due to the geometry of the problem, the value of the

minima varies with the inclination of the orbit as βmin � π∕2 − i
(see Fig. 6a). One can readily see in Fig. 6b that the evolution of the

aspect angle for i � 90 deg is the only curve that reaches β �
0 deg (i.e., the sun–planet direction becomes perpendicular to the

orbital plane). As the inclination decreases, the minimum aspect

angle increases until, for i � 0 deg, the evolution of the aspect

angle is a horizontal line at β � 90 deg (i.e., the orbital plane

matches the ecliptic plane). Changing the initial RAAN produces

a time shift in the curves of Fig. 6b without changing their shape.

Indeed, changing the RAAN is equivalent to changing the initial

epoch because it changes the relative geometry between the line of

nodes of the orbit and the sun–planet direction.

After close inspection of Fig. 6b, the next two key points arise:

1) to identify the best epoch to start a PMC2C transfer of duration

Δt, and 2) to find the inclination that yields the best transfer

performance. To address the first point, recall from Fig. 2a that

the maximum SC2C performance is achieved for β � 0 deg. To
keep performance close to the maximum during the PMC2C trans-

fer, the transfer timespan Δt must be centered around the minima of

the curves in Fig. 6b. Hence, the answer to the first point is as

follows: the best epoch tb to start a PMC2C transfer of Δt is

tb � tmin − Δt∕2, where tmin is the epoch at which the minimum

aspect angle occurs [i.e., in Fig. 6b, at ν � 0.25 and 0.75 years

(i � 0 deg excluded)]. Following a similar reasoning, the worst

epoch tw to start a transfer is tw � tmax − Δt∕2, where tmax is the

epoch at which the maximum aspect angle occurs [i.e., in Fig. 6b, at

ν � 0 and 0.5 years (i � 0 deg excluded)]. If the transfer begins at

tb, the achieved change in orbital radiusΔrwill be greater than if the
transfer begins at tw (i.e., Δrb > Δrw). Starting the transfer at any

epoch in between tw and tb will yield Δr ∈ �Δrw;Δrb�.
To address the second point, it suffices to inspect Fig. 6b. The

inclination that will yield the largest Δr for a given Δt is 90 deg

because the evolution of the aspect angle for i � 90 deg is the only

one that reaches β � 0 deg. In contrast, the smallest Δr will occur
for i � 0 deg because the aspect angle is always 90 deg in that case.

V. Patched Method

The purpose of the patched method is to have a set of formulas
that links the radius change Δr with the transfer time Δt of a
PMC2C transfer. More precisely, the patched method exploits the
characteristics of the SC2C performance η (see Sec. III.B) to provide
estimates of the total transfer timeΔt and total radius changeΔr of a
PMC2C transfer without the need to numerically compute the
PMC2C transfer itself. Moreover, the set of formulas of the patched
method can relate Δr with Δt for any given orbit geometry and
initial time. That way, the patched method enables the fast evalu-
ation of many different PMC2C transfers during early mission
design.
To derive the sought-for set of formulas, we start with the

following differential equation in scaled units that relates a small
orbital radius change with a small transfer time:

dρ � dρ

dτ
dτ (6)

Because the scaled time τ roughly represents time in orbital revo-
lutions, the time derivative dρ∕dτ can be interpreted as the “change
in radius per orbital revolution”. Note that, for the particular case of
a PMC2C transfer, the change in radius per orbital revolution is, by
definition, the performance η of each SC2C transfer in the patched
sequence. Hence, using Eq. (5), we can approximate the time
derivative as

dρ

dτ
≍η � ηr χ (7)

Although η is not an instantaneous rate of change, it successfully
captures the secular variation of the scaled radius with the scaled
time, making Eq. (7) a fair approximation (see validation in Sec. VI).
In Sec. III.B, we concluded that, for a fixed sail design, ηr varies
with the orbital radius. During a lengthy PMC2C transfer, the orbital
radius can change significantly. To capture that effect in the patched
method, we further expand ηr as

ηr � ηr0 ρ1�s (8)

where ηr0 is the reference performance at the initial conditions

of the PMC2C transfer, and s is a coefficient that dictates how
performance varies with orbital radius. Combining Eqs. (6–8), we
obtain the differential equation that governs the patched method:

dρ � ηr0 ρ1�sχ dτ (9)

a) b)

Fig. 6 Representations of a) orbit geometry in the ecliptic reference frame, showing the time-dependent sun–planet direction at four equally spaced

epochs during the year; and b) yearly evolution of the aspect angle for 10 deg steps in the inclination (the light green curve represents the inclination of
the GEO orbit). The dashed lines represent the aspect angle when reduced to the first quadrant.
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At this stage, it is convenient to perform a change of variable from

scaled time τ to time in years ν. The relationship between both times

is T0τ � Pν, where P is the orbital period of the planet. Integrating

Eq. (9) and applying the change of variable yields

1�Δρ

1

dρ

ρ1�s
� ηr0

P

T0

ν0�Δν

ν0

χ dν (10)

where ν0 is the initial epoch and Δν the transfer time in years. To

ease readability, Eq. (10) can be condensed to

Λ � DΔΓ (11)

where Λ captures the left-hand-side integral and is the altitude

correction function, D � ηr0P∕T0 is referred to as the transforma-

tion constant, and the right-hand-side integral ΔΓ is coined the leaf

function. Below, we analyze each term separately.

A. Altitude Correction Function

The altitude correction function Λ considers the performance

variation with altitude in the patched method. It is obtained from

analytically evaluating the integral on the left-hand side of Eq. (10):

Λ � 1

s
1 −

1

�Δρ� 1�s (12)

The value for the parameter s is obtained empirically by fitting

Eq. (12) to a representative numerically computed PMC2C transfer;

see the Appendix for a detailed explanation of the fitting procedure.

We then obtain s � 0.495170003611198.
Figure 7 shows the evolution of the altitude correction function

over the scaled radius change. For increasing values of Δρ, the
function approaches a horizontal asymptote at Λ � 1∕s (dashed

line). For negative values of Δρ, the function approaches a vertical

asymptote atΔρ � −1 (not shown). Note that neither asymptote can

be reached: for large values of Δρ, the sail escapes from the

planetary system, whereas for Δρ approaching −1, the sail crashes
with the surface of the planet. In most practical situations, the scaled

radius change is small (e.g., for a transfer from GEO to the grave-

yard orbit Δρ � 0.007) and the effect of the altitude variation on the
performance is negligible. Indeed, mathematically from Eq. (12),

when Δρ ≪ 1, Λ ≈ Δρ (e.g., Λ � 0.007 for the GEO to grave-

yard case).

B. Transformation Constant

The transformation constant D can be easily computed from the

initial conditions of the transfer and the formulas in Sec. III.B:

D � ηr0
P

T0

� l nΨm P

T0

(13)

where l � f−1; 1g is the direction parameter. Note that a PMC2C
transfer can either increase or decrease the orbital radius. When
increasing the orbital radius, the performances of the SC2C transfers
in the sequence must always be positive. Conversely, when decreas-
ing the orbital radius, the individual performances must be negative.
The direction parameter is introduced to differentiate between the
two options: l � −1when decreasing the orbital radius (i.e.,D < 0),
and l � 1 when increasing the orbital radius (i.e., D > 0).
The term “transformation constant” comes from the fact that it

transforms Λ to ΔΓ [see Eq. (11)]. As we saw, in most cases,
Λ ≈ Δρ; and, as we shall see, ΔΓ is directly proportional to the
transfer time Δν. Hence, in practice, D transforms a target Δρ to the
required transfer time Δν.

C. Leaf Function

The leaf function ΔΓ is obtained from numerically evaluating the
integral on the right-hand side of Eq. (10). Although the integral can
be evaluated by starting from any initial epoch ν0, we focus on the
best and worst possible initial epochs to provide the envelope of the
transfer time for a given radius change (or vice versa). In Sec. IV.B,
the best and worst possible initial epochs were identified as νb �
νmin − Δν∕2 and νw � νmax − Δν∕2, respectively. Substituting
these epochs into the integration limits yields

ΔΓk �
νk�Δν

νk

χ�β�ν�� dν (14)

where k � fb;wg such that νk represents both the best and worst
initial epochs. Note that ΔΓb ≥ ΔΓw for any given transfer time Δν.
Moreover, choosing an initial epoch ν0 in between νw and νb will
yield ΔΓ ∈ �ΔΓw;ΔΓb�.
When numerically integrating Eq. (14) for increasing values of

Δν, Fig. 8 is obtained. The figure shows the transfer time Δν in
years over ΔΓ for the best and worst initial epochs and for various
orbit inclinations, where lighter colors represent smaller inclina-
tions. As in Fig. 6b, we assume circular motion of the planet around
the star and that the orbital plane is fixed in inertial space. By
inspecting the shapes in Fig. 8, the reader can understand where
the term “leaf function” comes from. For each value of the orbit
inclination, there are two lines: one linked to the best initial epoch,
and one to the worst initial epoch. Note how the best–worst line
pairs resemble an array of leaves that become thinner as the orbit
inclination decreases. Each leaf is the graphical representation of the
bounds of the leaf function ΔΓ. Indeed, for an epoch in between the
worst and best epochs, we obtain a line inside the corresponding
leaf. Figure 8 plays a central role in the patched method, as it allows
to easily understand the influence of orbit inclination and initial
epoch in the transfer performance.
The characteristics of Fig. 8 can be explained by inspecting

Eq. (14) and Fig. 6b. The integral in Eq. (14) is inversely propor-
tional to the area below the curves in Fig. 6b. For i � 90 deg, the
area below the corresponding curve in Fig. 6b changes significantly,
depending on where we start the integration. This is reflected in the
wide gap between the best and worst transfer times in Fig. 8.
Instead, for i � 0 deg, it is not relevant where we start the integra-
tion in Fig. 6b, as the corresponding curve is a straight line. This
translates into the straight line in Fig. 8 for i � 0 deg.
When a transfer time of Δν � 0.5 years is considered, the area

below the curves in Fig. 6b is the same, regardless of the initial
epoch, causing the best and worst lines in Fig. 8 to intersect. For
transfer times greater than 0.5 years (e.g., 0.6 years), the integral in
Eq. (14) can be computed as the integral from 0 to 0.5 years plus the
integral from 0 to 0.1 years. In other words, the integral in Eq. (14) is
periodic with a period of 0.5 years. Hence, for values of Δν greater
than 0.5, Fig. 8 can be expanded by simply stacking the best and
worst lines periodically at the intersection point (see Sec. V.D).
Finally, from Fig. 8, it is possible to infer how the inclination

influences the transfer performance. For a given value of ΔΓ, the
transfer time increases as the inclination decreases. The minimum
transfer time occurs for the best starting epoch for i � 90 deg, andFig. 7 Altitude correction function.
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the maximum transfer time occurs for i � 0 deg, when the sun–
planet direction lies in the orbital plane at all times.

D. Examples

The set of formulas of the patched method can be used to estimate
the performance of PMC2C transfers in two different ways: 1) the
“time mode” where, for a given target radius change Δρ, we want to
obtain the required transfer time Δν; and 2) the “range mode”
where, for a given transfer timeΔν, we want to obtain the achievable
Δρ. In addition, the method can be used to estimate these modes for
both increasing (“up”) and decreasing (“down”) the orbital radius.
In the next two subsections, both modes are discussed in more

detail and several examples are provided. In both subsections, the
following common parameters are used related to the planet (μ, P),
the initial epoch (ν0), the initial circular orbit (r0, i, Ω), and the sail
design (a0).

1. Time Mode

To obtain the transfer time Δν to reach a given radius change Δρ,
the following steps need to be taken:
1) Obtain Λ by substituting Δρ in Eq. (12). Note that Δρ < 0

when decreasing the orbital radius (down), yielding Λ < 0.
2) ComputeD. First, calculateΨ � �a0r20�∕μ and T0 � 2π r30∕μ.

Then, choose the direction parameter l: −1 if down and 1 if up. After
that, obtain ηr0 from ηr0 � l nΨm. Finally, D � ηr0P∕T0.

3) Evaluate ΔΓ � Λ∕D. Note that, becauseD and Λ always have
the same sign, ΔΓ > 0 for both the up and down cases.
4) To end, we need to solve Eq. (14) for Δν. However, Δν appears

in the upper integration bound, which makes Eq. (14) implicit inΔν.
We propose a simple bisection strategy to tackle the problem. With
the initial geometry of the orbit, one can compute the time evolution
of the aspect angle and numerically integrate Eq. (14) up to two
arbitrary transfer times Δν1 and Δν2 that encompass Δν, where
Δν1 < Δν2. Then, given that Δν ∈ �Δν1;Δν2�, use a bisection
method to iteratively converge to Δν under a certain tolerance. A
more straightforward, although less accurate, option is to use Fig. 8
and obtain Δν manually from the plot (see the examples in the
following).
To put the time mode into practice, we are going to analyze a

hypothetical solar-sail debris removal mission around Earth (i.e.,

μ � 3.986004418 × 105 km3∕s2, P � 365.256 days) using the
parameters of the recently launched ACS3 solar sail (i.e., a0 �
0.045 mm∕s2, mass m � 16 kg) [6]. The mission consists of two
phases: 1) moving a debris object of 130 kg from GEO (i.e.,
i � 23.44 deg, r0 � 42;164 km) to the graveyard orbit (i.e.,
Δr � 300 km), and 2) transferring from the graveyard orbit back
to GEO. Because the exact starting dates (i.e., ν0 and Ω) are
unknown, we are going to obtain the best and worst total mission
times in order to gain an understanding of the capabilities of an
ACS3-like solar sail for such a mission.

During the first phase of the mission, the characteristic acceler-

ation is reduced to a0 � 0.0049 mm∕s2 due to the extra mass from

the debris object. To obtain the transfer time envelope for the first

phase, we follow the steps of the time mode workflow: 1) from

Δρ � 0.007, we obtain Λ � 0.007; 2) Ψ � 2.2 × 10−5, then

ηr0 � 4.8 × 10−5, which gives D � 0.0176; 3) ΔΓ � 0.4; and

4) we use Fig. 8 to obtain the best and worst transfer times.
If we enter Fig. 8 at ΔΓ � 0.4 and try to intersect the light green

curve associated with the GEO inclination, this does not appear to

be feasible. The problem is solved by using the periodicity of

Eq. (14). Recall from the discussion in Sec. V.C that Eq. (14) is

periodic with a period of 0.5 years. Graphically, that means that we

can stack an arbitrary number of light green “leaves” to the right of

where the one in Fig. 8 ends (i.e., at ΔΓmaxji�23.44 � 0.108) until we
obtain an intersection for our particular value for ΔΓ. Figure 9a

illustrates the stacking procedure in this example: four leaves are

required before an intersection with the value ΔΓ � 0.4 is achieved.
The intersection yields the best and worst transfer times for phase

one: Δνb1 � 1.76 and Δνw1 � 1.89 years, respectively.
Equivalently, to avoid having to create Fig. 9a, we can use the

modulo operation ΔΓ%ΔΓmaxji�23.44 to obtain a remainder of

ΔΓ 0 � 0.076. The quotient represents the number of extra 0.5 years

to be added later: 3 × 0.5 � 1.5 years in this case. Figure 9b depicts
the modulo operation approach, where we can see that the inter-

section of ΔΓ 0 � 0.076 with the first leaf is exactly the same as the

intersection of ΔΓ � 0.4 with the fourth leaf: 0.26 and 0.39 years.

The number of full leaves in between is the number of extra 0.5

years to be added to obtain the total transfer times. Hence, we add

the extra 1.5 years to obtain the same best and worst transfer times

for phase one: Δνb1 � 1.76 and Δνw1 � 1.89 years, respectively.
Following the modulo approach, one does not need to create any

additional plots, as the remainder of the modulo operation will

always yield an intersection in Fig. 8.
For the second phase, 1) Λ ≈ Δρ � −0.007; 2) the debris is

released, returning a0 to its original value of 0.045 mm∕s2, which
yields D � −0.16; 3) ΔΓ � 0.044; and 4) we enter Fig. 8 to obtain

Δνb2 � 0.14 and Δνw2 � 0.28 years, respectively.
As a final step, we add the transfer times of both phases to obtain

the total best and worst transfer times: Δνb � 1.9 and Δνw �
2.17 years, respectively. It seems that, for this particular mission,

the launch date is not critical because the difference between the

worst and best total mission times is only 0.27 years. This hypo-

thetical example shows that with just a calculator and Fig. 8, the

mission designer can rapidly assess a large variety of mission

scenarios, improving the workflow during early mission design.

2. Range Mode

To obtain the achievable radius change Δρwithin a given transfer
time Δν , the following steps need to be taken:

Fig. 8 Best and worst transfer times Δν in years as a function of the leaf function ΔΓ for 10 deg steps in the inclination. The light green leaf represents
the inclination of the GEO orbit.
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1) Compute the aspect-angle curve as in Fig. 6b, associated with
the initial orbit, and numerically integrate Eq. (14) for a duration of
Δν years to obtain ΔΓ. Again, a more straightforward although less
accurate option is to use Fig. 8 to graphically obtain ΔΓ.
2) ComputeD. First, calculateΨ � �a0r20�∕μ and T0 � 2π r30∕μ.

Then, choose the direction parameter l: −1 if down and 1 if up. After
that, obtain ηr0 from ηr0 � l nΨm. Finally, D � ηr0P∕T0.

3) Evaluate Λ � DΔΓ. Note that Λ > 0 for the up direction and
Λ < 0 for the down direction.
4) Solve for Δρ in Eq. (12). Again, note that Δρ > 0 for the up

case and Δρ < 0 for the down case, as expected.
To put the range mode in practice, consider a Sunjammer-type

sail with a0 � 0.22 mm∕s2 [23]. We are going to use the range
mode to obtain the change in circular orbit radius after a transfer
time of one year, starting from a MEO orbit with r0 � 15;000 km
and i � 50 deg. First, we need to compute ΔΓ for Δν � 1. To do
so, we again need to use the periodicity property of Eq. (14). As in
the example given for the time mode, we need to sequentially stack
the leaf corresponding to i � 50 deg until we equal or exceed the
given transfer time. In this example, taking into account that one
full leaf equals 0.5 years, we need to stack two leaves, yielding
ΔΓ � 2ΔΓmaxji�50 � 0.54. The rest of the workflow is straightfor-

ward: 2) Ψ � 1.24 × 10−4, ηr0 � 2.71 × 10−4, and thus D � 0.47;

3) Λ � 0.47 × 0.54 � 0.25; and 4) Δρ � 0.31. Finally, in physical
units, the sail would be able to change its circular orbit radius by
Δr � r0Δρ � 4650 km in one year.

E. Domain of the Method

The patched method produces accurate results within a specific
altitude band. We refer to this altitude band as the domain of the
patched method. The lower limit of the domain is the surface of the
planet, whereas the upper limit can be reached due to two different
causes: 1) surpassing the maximum value for Ψ, and 2) reaching an
unacceptable change in aspect angle per orbital revolution.
Concerning the first limitation, in Sec. III.B, it was highlighted

that Eq. (5) [i.e., one of the core assumptions of the patched method;
see Eq. (7)] is valid only if Ψ < 1 × 10−2. When the latter limit is
surpassed, the results in Fig. 2 can no longer accurately predict the
performance of each SC2C transfer in the PMC2C sequence, caus-
ing the predictions of the patched method to diverge from the real

values. Using the upper limit Ψmax � 1 × 10−2 and recalling that
Ψ � a0∕g0, we can derive an upper limit for the domain of the
patched method. That is, the maximum radius that a PMC2C trans-
fer can reach for the patched method to still provide accurate
predictions is

rmax �
μΨmax

a0
(15)

The maximum radius is inversely proportional to a0: the better the
sail performs, the narrower the domain of the patched method. Note

that the maximum radius refers to the final radius, and not the initial
one. It may therefore happen that we analyze a PMC2C transfer that
starts below rmax and surpasses rmax midtransfer. In that case, the
predictions of the patched method might be inaccurate.
The second limitation comes from the assumption made regard-

ing the aspect angle when computing the performance of the SC2C
transfers as defined in Sec. III. As mentioned in Sec. III.A, in
general, the period of the SC2C transfer is much smaller than the
orbital period of the planet (i.e., T0 ≪ P). However, for transfers
starting at high altitudes, this might not be the case. As altitude
increases, T0 grows, until at some point, the aspect angle cannot be
considered constant during the SC2C transfer and the assumption
made in Eq. (7) is no longer valid. It was found, through trial and
error, that a reasonable limit for the patched method to hold is an
aspect-angle change of 10 deg per revolution. For larger values,
GPOPS-II struggled to reach convergence in most cases, implying
that a PMC2C trajectory cannot be assembled.
Figure 10 shows the maximum radius as a function of the sail

loading σ for all planets in the solar system scaled with the mean
equatorial radius of each planet R. Note that, when considering
various planets, the characteristic acceleration is no longer the best
representation for the performance of a solar sail. The sail loading σ,
defined as sailcraft mass over total sail area, is a more convenient
parameter [7]. Both parameters are related via a0 � 2p∕σ, where p
is the solar radiation pressure at the planet’s mean distance from
the sun.
The lines in Fig. 10 extend to the sphere of influence of each

planet, represented with empty circular markers. The solid circular
markers denote the altitude at which the aspect angle changes 10 deg
per revolution, effectively representing the absolute upper bound of
the domain. The vertical lines mark three representative sail load-
ings: current (σ � 0.18 kg∕m2, a0 � 0.05 mm∕s2 at Earth), near-

term (σ � 0.09 kg∕m2, a0 � 0.1 mm∕s2 at Earth), and future

(σ � 0.009 kg∕m2, a0 � 1 mm∕s2 at Earth) sail technology [24].
The purpose of Fig. 10 is to allow the reader to rapidly obtain the

domain of the patched method. For example, using current sail
technology around Earth, the domain extends up to the solid
circular marker at rmax ≈ 12R (see how the vertical line represent-
ing current technology intersects the black line at the dashed
region in Fig. 10). Differently, for a futuristic sail, the upper bound
of the domain would reduce to approximately the GEO region
(the future-technology line intersects the black line at approxi-
mately rmax ≈ 10R).
Finally, it might seem that the lower end of the domain is not

the surface of the planet. Indeed, perturbations neglected in this
study, such as eclipses and atmospheric drag, are relevant at lower
altitudes, suggesting that the patched method cannot be applied for
low orbits. However, perturbations do not modify the mathematical
formulation of the patched method but instead the performance η of
the individual SC2C transfers in the patched sequence. In other
words, if one manages to compute η under a more complex dynami-
cal framework (e.g., optical sail model, atmospheric drag, eclipses,

b)a)

Fig. 9 Example of the stacking procedure using the GEO leaf: a) graphical approach, and b) modulo approach.
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planetary radiation pressure), the basic differential equation of the
patched method [i.e., Eq. (9)] still holds and can be numerically
integrated to provide radius change predictions for a given transfer
time. Eclipses might be particularly difficult to accommodate.
Under long eclipse conditions, it is possible that some of the
SC2C transfers in the patched sequence can no longer be computed.
A possible fix would be to consider that such failed SC2C transfers
do not contribute to the total PMC2C transfer (i.e., the sail is
deactivated for such cases). Although relevant, the validation and
testing of the mentioned approach is considered outside the scope of
this study, whose main objective is to present the equations of the
patched method and demonstrate its usage under simple dynamics.

VI. Numerical Validation

The patched method is a semianalytical approach based on the
assumption that the time derivative of the radius of the PMC2C
transfer can be approximated by the performance of the SC2C
transfer [see Eq. (7)]. Moreover, to account for the change in
performance with the change in radius, we fit the model to one
particular PMC2C transfer (see Sec. V.A), which does not neces-
sarily mean the patched method will perform well for other
PMC2C transfers. In this section, we test the correctness and
accuracy of the patched method against a range of test cases,
proving the validity of the latter assumptions. To do so, we
compare the performance estimates obtained using the patched
method against the performance obtained directly from PMC2C
transfers computed numerically (e.g., PMC2C transfer presented
in Sec. IV; see Fig. 4).
A sail with a0 � 0.1 mm∕s2 is used to execute various transfers

of 0.25 years around Earth starting at the autumnal equinox. Two
cases with different initial altitudes are considered: 1) an LEO case

with r0 � 7178 km, and 2) a GEO case with r0 � 42; 164 km. In

both cases, several inclinations (i.e., 0, 50, and 90 deg) and right

ascension of the ascending nodes (i.e., 0 and 90 deg) are taken into

account to cover a wide range of orbital geometries. Moreover, both

test cases fall within the domain of the method, as established

in Sec. V.E.

Figure 11 shows the transfer time Δν in years as a function of the
scaled radius change Δρ for both the LEO (Fig. 11a) and GEO

(Fig. 11b) cases, where lighter colors indicate smaller orbit inclina-

tions. There are two lines of the same color per inclination, one for

each RAAN, where the “worst” and “best” lines occur for RAANs

0 and 90 deg, respectively. The solid lines correspond to the

predictions of the patched method; the circular markers denote the

values extracted from the numerical transfers. Note that each marker

represents the aggregated discrete radius change obtained after each

SC2C in the PMC2C sequence. Due to the smaller effect of the sail

on the trajectory in LEO, we can see in Fig. 11a denser population of

markers than in Fig. 11b, indicating that more revolutions are

required to obtain the same Δρ in LEO than in GEO. In addition,

note that in Fig. 11b there is one marker approximately every day.

One can see in Fig. 11 how well the markers follow the solid

lines. For a quantitative comparison, Table 1 gathers the absolute

and relative error root mean square (RMS) for both test cases, where

the error is the difference between the radius change predicted by the

patched method and the radius change obtained from the numerical

transfers. In addition, Table 2 shows the total runtime comparison

between both approaches (i.e., total time it took to compute all

cases), where the computation was performed in one thread of an

Apple M1 Pro processor. The relative error for all geometries

considered is smaller than 3 and 2% for the LEO and GEO cases,

respectively. The patched method is 7800 and 900 times faster than

a) b)

Fig. 11 Transfer time as a function of the scaled radius change for the a) LEO and b) GEO cases. The solid lines correspond to the predictions of the
patched method; and the circular markers represent the values obtained from the numerical transfers.

Fig. 10 Domain of the patched method for various planets of the solar system, represented as maximum radius over sail loading. The empty circular
markers mark the sphere of influence of each planet, whereas the solid circular markers indicate the point where an aspect-angle variation of 10 deg per
revolution is reached.
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the numerical computation for the LEO and GEO cases, respec-
tively. The small RMS indicates that the patched method accurately
represents the PMC2C transfers in these examples, while saving
significant computational resources. We believe that the user can
expect error levels of the same order of magnitude for any PMC2C
transfer that lies in the domain of the patched method. Therefore,
within its domain, the patched method can reliably and swiftly
predict the transfer time and range of the PMC2C transfers, effec-
tively removing the need to numerically compute them.

VII. Conclusions

This work revealed the basics of how to sail around planets by
exploring coplanar patched multirevolution circular-to-circular
(PMC2C) transfers. PMC2C transfers are a patched sequence of
optimal single-revolution circular-to-circular (SC2C) transfers; the
total radius change Δr and total transfer time Δt are obtained as the
summation of the individual optimal increments. The PMC2C trans-
fers are not globally optimal, but they might be used as a suitable
initial guess for the optimization of coplanar multirevolution circu-
lar-to-circular solar-sail transfers, as they effectively connect two
arbitrarily separated coplanar circular orbits. Although the compu-
tation of a single PMC2C transfer may be achieved in mere minutes,
the computational effort quickly increases when generalizing to all
possible geometries and sail performances. To overcome this issue,
the so-called patched method was proposed. Semianalytical in
nature, the patched method estimates the performance (that is, Δr
for a given Δt, or vice versa) of PMC2C transfers for any initial
condition.
Analyses of the equations governing the patched method reveal

the hidden nature of planet-centered solar sailing. The best and
worst geometries for a PMC2C transfer occur for an inclination
with respect to the ecliptic plane of 90 and 0 deg, respectively.
Moreover, the influence of the initial epoch on the transfer perfor-
mance is remarkable. The best and worst transfer times are identi-
fied and visually presented, providing mission designers with a
graphical tool to assess the transfer time envelope in a matter of
minutes. In general, the best and worst initial epochs occur near to
when the sun–planet direction is perpendicular and parallel to the

line of nodes of the orbit, respectively. Finally, changing the right
ascension of the ascending node of the orbit is equivalent to chang-
ing the initial epoch of the transfer, as it changes the relative
orientation of the sun–planet direction and the orbit’s line of nodes.
The patched method is dimensionless, meaning that it can provide

results for any solar-sail design and for solar-sail transfers around
any planet orbiting a star. However, it is only valid within a specified
altitude band. If the initial altitude of the PMC2C trajectory is too
high, the assumptions required to formulate the patched method are
violated. In addition, the better the performance of the solar sail, the
narrower the altitude band where the model is valid. It was shown
that, even for futuristic sail performances, the altitude bands in the
solar system remain large enough to render the patched method
useful in the far future.
One of the limitations of the patched method is the two-

dimensional assumption. The PMC2C transfers are constrained to
remain in the initial orbital plane. In reality, the out-of-plane solar-
sail acceleration causes an oscillatory motion around the initial
orbital plane. Due to the periodicity of the control law, the net
inclination error after one single revolution is almost zero. However,
for lengthy transfers (that is, more than one year), this error might
accumulate, yielding secular errors of the order of 1 deg. Moreover,
the patched method cannot provide estimates for missions requiring
large plane changes.
When comparing the radius change estimates of the semianalyt-

ical patched method against the radius change obtained from the
numerically computed PMC2C transfers, it was found that the error
introduced by the patched method remained below 3% across all
cases considered for a 1000-fold runtime reduction, rendering the
patched method an ideal tool for early mission design. It is believed
that tools like the patched method will ease the design of solar-sail
missions around Earth, paving the way for planet-centered solar
sailing.

Appendix: Fitting

The larger the radius change in a PMC2C transfer, the larger the
effect of the altitude on the performance of the individual SC2C
transfers. We consider a lengthy PMC2C transfer (i.e., Δρ � 9.4
and Δν � 1.04) to capture this effect in s. The initial parameters of

the fitted transfer are: a0 = 0.095 mm∕s3, h0 = 0 km, i = 90 deg,

RAAN = 90 deg, D = 1.33, and Ψ = 9.7 × 10−5. Note that the initial
altitude was set to an unrealistic value of 0 km to maximize Δρ.
The parameter s in Eq. (12) is obtained by fitting the numerically

computed transfer via nonlinear least squares. Figure A1 gathers
the results of the fitting process. The obtained value is s �
0.495170003611198, and the residual RMS is 4.95 × 10−3.
Figure A1a shows the fitted altitude correction function (solid line)
together with the discrete values (red circular markers) of the
numerical PMC2C transfer (i.e., sample values are obtained at the
end of each SC2C transfer in the sequence). The low value of
the RMS of the altitude correction function implies that the chosen
model is appropriate to represent the numerical data.

Table 2 Total runtime comparison

Method, s Numerical, s

LEO 0.1 780
GEO 0.1 90

a) b)

Fig. A1 Results of the fitting: a) fitted altitude correction function, and b) comparison between corrected and uncorrected predictions.

Table 1 Absolute and relative errors

RMS, km RMS, %

LEO 1.2 2.6
GEO 7.9 1.7
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Figure A1b shows Δν as a function of Δρ for the computed
transfer (red circular markers) together with the predictions of the
patched method using s � 0 (i.e., no altitude correction; dashed
line) and the fitted value (i.e., altitude correction; solid line). The
large difference between the predicted values highlights the impor-
tance of applying the altitude correction, especially when the value
of Δρ is large.
Although there is no mathematical proof that guarantees that the

obtained value for s is valid for all transfers, we found that the value
computed in this Appendix accurately represents a wide range of
different test transfers. We fitted s to transfers with increasing values
of Δρ and various geometries, and we found s to approach asymp-
totically a constant value, implying that we just needed to consider a
transfer with a sufficiently large Δρ to obtain the correct value for s.
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