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Abstract

The surface states of intrinsic higher order topological phases are protected by the spa-
tial symmetries of a finite sample. This property makes the existing scattering theory of
topological invariants inapplicable: the scattering geometry is either incompatible with
the symmetry or does not probe the bulk topology. We resolve this obstacle by using
a symmetric scattering geometry that probes transport from the inside to the outside
of the sample. We demonstrate that the intrinsic higher order topology is captured by
the flux dependence of the reflection matrix. Our finding follows from identifying the
spectral flow of a flux line as a signature of higher order topology. We show how this scat-
tering approach applies to several examples of higher order topological insulators and
superconductors. Our theory provides an alternative approach for proving bulk-edge
correspondence in intrinsic higher order topological phases, especially in the presence
of disorder.
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1 Introduction

The protection of surface states in higher order topological phases is more subtle than in topo-
logical insulators. Similar to strong topological insulators, higher order topological insulators
(HOTIs) host surface states protected by local symmetries (time-reversal, particle-hole, or chi-
ral), but they rely on additional spatial symmetries [1]. While in strong topological phases
the existence of the edge state is guaranteed on the whole surface, in HOTIs any point of the
surface may be gapped and the surface state may be freely moved around. In two dimensions,
for example, a second order topological insulator with chiral symmetry hosts zero-dimensional
corner states at zero energy [2]. If this system has reflection symmetries, these states may be
removed by modifying the lattice termination—such phases are called extrinsic HOTIs [3-5]—
shown in Fig. 1(a). An intrinsic HOTI, on the other hand, hosts corner states protected by the
bulk-boundary correspondence. In two dimensions, for example, the combination of chiral
and four-fold rotation guarantees that changing the surface of the sample in a symmetric way
may not remove the corner states, see Fig. 1(b).

Despite the different nature of the surface states, important properties of topological in-
sulators also apply to higher order phases. First, some higher order phases are stable in the
presence of disorder, similar to strong topological phases [6-10]. This protection follows from
the observation that removing a protected surface state requires coupling it with its symmetry
partner, which, however, is located at the opposite edge of the sample. Therefore, because dis-
order acts locally, it does not remove the protected surface states. Secondly, several works used
flux response and dislocation defects as a signature of higher order topology [11-18], gener-
alizing the Laughlin argument. This is reminiscent of the spectral flow in strong topological
phases. We thus identify two open questions:

* Can we characterize the topology of a HOTI in the presence of disorder?

* Is there a correspondence between surface states existing at boundaries of symmetric
samples and flux response?

We adopt the scattering perspective to answer both questions. The scattering approach
considers a transport setup and studies the reflection matrix from the surface of a finite sample.
Previous works demonstrated that the reflection matrix at the Fermi level encodes the topolog-
ical invariant of strong topological insulators [19,20]. The topology of the reflection matrix
changes simultaneously with the appearance of perfect transmission through a finite sample.
Therefore, the scattering formalism proves that the changes of the scattering invariant—the
invariant determined using the reflection matrix—are accompanied by delocalization transi-
tions in disordered samples. Deep within the localized phase the reflection matrix is unitary
and it contains information about the low energy spectrum of the boundary. In a topological
system, this probes the anomalous Hamiltonian of the protected surface states. Furthermore,
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(b) O;v

Figure 1: Extrinsic and intrinsic higher order phases in the BBH model. The leads
(purple) are attached to the corners of the sample to probe the corner states in the
different sublattices (red and orange) via the reflection matrix r. (a) An extrinsic
phase has states that may be removed by changing the lattice termination (vertical
chains) (b) An intrinsic phase has states that are protected by the bulk topology and
cannot be removed by changing the lattice termination.

because this approach starts from a real space description of the system, scattering invariants
allow to study topological phases in amorphous [21] and quasi-crystalline materials. Finally,
determining the reflection matrix is more computationally efficient than obtaining the full
spectrum [22], making this approach competitive.

A direct application of the scattering formalism to higher order topological insulators is
to consider a finite sample and to attach leads where the zero modes may be located [3, 23,
24]. The scattering invariant computed this way may change whenever transmission between
disconnected leads appears, which may happen both when the bulk gap closes and when the
surface gap closes. The sensitivity to the surface gap glosing makes this approach suitable to
probe the topology of the extrinsic HOTTIs, but makes its applicability to intrinsic HOTIs unclear.
Due to the reliance on the protection by the surface gap, we call the established approach an
extrinsic scattering invariant, and we demonstrate that it fails when applied to intrinsic HOTIs
using the Benalcdzar-Bernevig-Hughes (BBH) model [25] as an example.

We resolve the limitation of the scattering theory of topological invariants and develop its
extension to intrinsic HOTIs by defining the intrinsic scattering invariants. We demonstrate
that our approach correctly classifies the topological phases in a disordered BBH model. We
then extend the approach to other second order HOTIs, and answer positively to the question
of the existence of a relation between higher order topology and flux response.

2 Why the extrinsic scattering invariant is not enough

The most direct approach to applying a scattering invariant to a HOTI is to use the appear-
ance of the protected zero modes on the edge. This requires probing a reflection matrix of a
finite symmetric sample with leads attached to its edges in a symmetric way. Symmetry class—
dependent functions of the reflection matrix at each lead count the number of protected zero
modes at the edge, and their parity was used as a scattering probe for HOTIs [3]. This extrinsic
scattering invariant, and similar real space HOTI invariants [26,27], rely on knowing the po-
sition of protected edge states, and therefore they are limited in usefulness for characterizing
an unknown system.
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Figure 2: Scattering geometries that probe the topology of a two-dimensional intrin-
sic higher order topological insulator using an extrinsic scattering invariant. Panels
(a) and (d) show the local charge density of the zero modes in the scattering region
with leads (purple) attached in two different configurations. The gap of the reflec-
tion matrix A = |detr| in (b/e) and the signature of r in (¢/f)—the invariant Q—are
sensitive to the location of the leads.

To illustrate the limitations of the extrinsic scattering invariant, we consider an example
two-dimensional intrinsic HOTI with four-fold rotation anticommuting with sublattice sym-
metry, known as the BBH model [25]. We construct a circular sample, attach four leads’ to its
edges, and compute the reflection matrix r of a single lead as a function of model parameters.
Applying the sublattice symmetry constraint, we transform r to the basis where r = . In this
basis, the topological invariant Q is the signature of the reflection matrix [ 19]—the difference
between the number of positive and negative eigenvalues of r.

We characterize the topological transition by additionally computing the gap of the reflec-
tion matrix: A = |detr|. This gap is a useful probe of scattering topological invariants because
it must vanish simultaneously with the topological invariant changing. Figure 2 shows the sig-
nature Q and the reflection gap A as a function of A/y, with A the intra-cell hopping and y
the inter-cell hopping of the BBH model. The value A/y = 1 corresponds to the topological
phase transition of the BBH model [25], which is shifted in a finite sample due to finite-size
effects. We observe that the topological invariant strongly depends on the sample geometry.
When the leads are attached at the points where the zero modes are located, the invariant
changes at the phase transition as expected [Fig. 2(a-c)]. On the other hand, if the leads are
attached exactly between the zero modes, as shown in Fig. 2(e-f), the invariant stays constant
across the phase transition.

This failure of the extrinsic scattering invariant to probe the topology of the intrinsic HOTI
is a consequence of the invariant being sensitive to the precise location of the zero modes as
well as the possibility for the invariant to change without the bulk gap closing. The same
limitation likely applies to several other real space probes of HOTI phases, such as localizer
invariant [28], multipole winding number [26], mode-shell correspondence [29], and Bott
index [30].

!Throughout the manuscript we use ideal leads, as defined in Ref. [20].
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Figure 3: Scattering geometries that probe the existence of zero-energy surface states
using the bulk symmetries. The reflection matrix r encodes the amplitudes of the
wavefunctions that are reflected back into the lead (purple) from the scattering re-
gion (turquoise). (a) Scattering setup used to probe topological phases protected by
local symmetries. A two-dimensional bulk Hamiltonian defines a one-dimensional
reflection matrix by attaching leads along one direction and applying twisted bound-
ary conditions in the other. The reflection matrices r and r’ capture the appearance of
zero-energy bound states (b). (c) Scattering setup used to probe topological phases
protected by spatial symmetries. A two-dimensional six-fold symmetric bulk Hamil-
tonian defines a one-dimensional reflection matrix by attaching symmetric leads and
introducing a flux through the center of the scattering region. The blue area shows
the matrix elements of the symmetry operator that gain a phase factor due to the flux,
defining C¢(¢). The scattering setup probes the reflection from the outer lead, which
is composed of six disjoint parts related to each other by the rotation symmetry.

3 Intrinsic scattering invariant construction

The scattering matrix S(E) relates the incoming and outgoing wavefunctions between the leads
at an energy E, and its elements are given by the scattering equation:

(H _ E) (\Pinain + \IJOUtS(E)ain + \Plocahzedain) =0, (1D

where H is the Hamiltonian of the scattering region and the leads, and ¥, w°Ut and wlocalized
are the wavefunctions of the incoming, outgoing, and localized states, respectively. These
wavefunctions are matrices with columns corresponding to different modes, see App. A for
a detailed description. To treat topology due to antisymmetries that map E to —E on the
same footing, we set the energy E to zero. The incoming and outgoing wavefunctions occupy
the same lead sites and orbitals, while the localized wavefunctions are only defined in the
scattering region. The total number of modes is the number of columns of the wavefunction
matrices Npodes = Nsites X Nombitals, Where Nges is the number of sites to which the leads are
attached, and N1 is the number of orbitals per site in the lead. The scattering equations
define a valid solution for any combination of amplitudes a™™ of the incoming modes. Because
the scattering matrix in Eq. (1) specifies a relation between the amplitudes of the incoming
and outgoing wavefunctions, the scattering matrix is a linear map rather than an operator.
Separating the leads into two groups imposes a block structure on the scattering matrix:

rot
S:(t r’)’ 2

where r, r’ are reflection matrices, and t, t’ are the transmission matrices.
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The scattering theory of topological invariants [ 20] relates the topology of a d-dimensional
bulk Hamiltonian Hy (kg), with ky the wave vector, to the topology of a d — 1-dimensional
effective Hamiltonian H.g(k,4_;). The dimensional reduction procedure to obtain this effective
Hamiltonian is as follows:

1. Construct a large finite sample with the Hamiltonian of the scattering region equal to
Hpy-

2. Attach two leads along one of the dimensions and apply twisted periodic boundary condi-
tions along all other dimensions, as shown in Fig. 3(a). The phases along each dimension
define the new wave vector k;_;.

3. Compute the reflection matrix r(ky_;) of one of these leads.

4. Choose a proper symmetry representation so that the symmetry constraints on r(kg_;)
simplify.

5. Define Hg(k4_1) using:

r=r, if Hp, has chiral symmetry,

H eff — 0 r . (3)
, otherwise.
r' 0

This effective Hamiltonian has zero eigenvalues simultaneously with r(k;_;) and a symmetry
class different from the symmetry of Hy,. The zero eigenvalues of r(ky_;) correspond to
quantized transmission eigenvalues from one lead to the other, which only happens if the gap
of Hy,p closes. Because of this relation, the topological invariants of H.g and Hy,, are equal.
An alternative interpretation of the scattering invariant is to consider a boundary between
the topological bulk and a trivial region. In this case, the boundary Green’s function defines
the topology of the bulk [31]. In the scattering description this boundary corresponds to
interrupting the lead with a reflection matrix r’ of the trivial region, as shown in Fig. 3(b). The
zero energy modes at an interface of an infinite system appear whenever rr’ has an eigenvalue
equal to 1, and therefore the protected zero energy solutions at the interface are encoded in
r.

While the procedure above may be applied to intrinsic HOTIs, the resulting scattering ge-
ometry either has leads swapped by the symmetry of the HOTI, or is incompatible with the
global spatial symmetry protecting the HOTI phase. This incompatibility makes the topology
of H.g different from the higher order topology of Hy,. Instead, in order to apply the scat-
tering approach to an intrinsic HOTI, the scattering geometry must be compatible with the
global spatial symmetry protecting the HOTI phase, and this symmetry must map the leads
onto themselves. At the same time, the two leads must be separated by the bulk rather than
belonging to the same surface, such that no topological boundary modes propagate between
them. This is required in order for zeros of the reflection matrix to correspond to the bulk
gap closing and therefore to probe only bulk topological transitions. Otherwise, zeros of the
reflection matrix could appear due to the closing of the surface gap and therefore not probe
the bulk topology, as illustrated in Sec. 2. To satisfy the requirements of the scattering theory
we propose to use a finite geometry with a hole: an annulus in two dimensions or a cylinder in
three dimensions, and attach one lead to the inside and one lead to the outside of the sample.
Figure 3(c) shows such a scattering geometry with both the inner and outer leads consisting
of several disjoint parts that are related among themselves by the rotating symmetry. Whether
the leads are attached to the entire circumference or only a part of it changes the magnitude
of the finite size effects, but keeps the topological properties of the scattering geometry the
same.
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Figure 4: Energy spectrum of a topological BBH model in an annulus geometry as
a function of the threaded flux ¢. The transparency of the bands is proportional to
the weight of the wavefunctions on the inner ring of the annulus, such that the four
states closest to the Fermi level are localized on the inner ring, while the states at
the outer ring are not shown. Sublattice symmetry makes the positive and negative
energies symmetric, pinning the states crossing to zero energy, but not at any specific
value of ¢p—the crossing at ¢ = 7 is fine-tuned. The spectral flow of the zero modes
is only present in the topological phase. The annulus used for the computation has
an inner radius ri,,., = 1 and an outer radius rqy, = 10, A/y = 0.4.

Similar to the dimensional reduction procedure, we apply twisted boundary conditions
in the direction parallel to the cylinder axis, which introduces a wave vector k;_,. Without
introducing additional parameters, this would result in a d — 2-dimensional reflection matrix,
which loses information about the angular direction along the cylinder and is unlikely to be
sufficient to determine the HOTI topology. To preserve the information about the angular
direction, we therefore introduce a flux ¢ through the center of the cylinder, which acts as an
additional momentum parameter. The resulting procedure maps a d-dimensional bulk onto a
d—1-dimensional H.g(¢, k4_5), similar to the dimensional reduction of the strong topological
insulators. Contracting the inner radius of the cylinder to a point generally gaps out the surface
modes due to finite size effects. Therefore, the flux is also necessary to cancel this splitting,
as shown in Fig. 4. This cancellation of the finite size splitting was reported in Ref. [32], in
a specific symmetry class. By confirming that the scattering invariants work in the annulus
geometry, we show that the flux response is a general feature of the higher order topology.

We derive the constraints on the scattering matrix S by considering all the symmetries of
the Hamiltonian H and separately applying each of them to the scattering matrix. Applying
an operator O which may be unitary or antiunitary to the scattering equation gives us the
transformed scattering equation:

H(RO(¢: kd—Z)) (O‘I/inain + O\PoutS(d), kd—z)ain + O\Plocalizedain) =0 , (4)

where H(Ry(¢,ky_5)) = OH(¢,ky_)O7! is the transformed Hamiltonian, and R, is the
action of the operator in parameter space, which in general depends on flux and momenta.
To obtain the transformed scattering matrix S(R (¢, ky_5)), we act with the operator on O
on the wavefunctions and coefficients of the wavefunctions, and equate the coefficients of the
wavefunctions in Eq. (1) and Eq. (4) (see App. B for a detailed derivation). The action of an
operator on the lead wavefunctions depends on whether this operator is unitary or antiunitary,
and whether it is a symmetry or an antisymmetry of the Hamiltonian. We denote the unitary
symmetries U, unitary antisymmetries C (chiral symmetry), antiunitary symmetries 7 (time-
reversal symmetry), and antiunitary antisymmetries P (particle-hole symmetry). The action
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of these 4 types of operators on the lead modes is [20]:2

U\I/in — \I’inVu(¢> kd—z) , Ut = qJOUtQu(¢, kd—2) , (5a)
PO =0V, (¢, ky_s), PO = wOUQ L (p, ky_s), (5b)
TR =0V (b, kgp),  TE=0"Qr(¢,k4_), (50)
CUM =WV, (¢,kg—5),  CT"="Qe(¢,kg—2), (5d)

where Vp(¢, ky—) and Q(¢, ky_o) are unitary matrices, which we compute by projecting the
operator O onto the lead wavefunctions. By combining the transformed scattering equation
Eq. (4) with the transformed wavefunctions in Egs. (5), we obtain the transformed reflection
matrix :

F(Ru($:ka—2)) = Quld, kaa)r(d, kg_2)Vy(d,kgs), (6a)
F(—¢,—kq—2) = Qp(, ka—2)r" (¢, ka2)Vi($, ka_s), (6b)
F(—¢p,—kg—2) = V(9 kaa)r" (¢, kq—2)Q(, kg_s), (60)

F(@, ka—z) = Ve, kaa)r' (¢, kq_2)Q0 (¢, ka_s). (6d)

If O is a symmetry, then 7 = r and Egs. (6) provide symmetry constraints on r.

Due to r(¢, ky_,) being a linear map (as a submatrix of S), the symmetry operations (6)
apply to r(¢,ky_,) differently than to Hy,y. Additionally, due to Eq. (3), whenever Hy
has chiral symmetry, H.& does not, and vice versa. This results in the Altland-Zirnbauer sym-
metry class of Hy,, being related to that of H.g according to the Bott periodicity [20]. For
example, in the symmetry class D (P? = 1), particle-hole symmetry constraint is equivalent to
Hyy(k) = —H}, ;. (k) up to a basis choice. The reflection matrix symmetry constraint (6b)
is then equivalent to r(—¢, ky_s) = r*(—¢,—ky_,). After applying (3), the effective Hamilto-
nian belongs to the symmetry class BDI (72 = P2 =1).

The first step in determining how the spatial unitary symmetries apply to the effective
Hamiltonian is to identify the transformation R;,(¢, k4_,) under the symmetry operator /. The
scattering geometry of Fig. 3(c) respects all symmetries that leave the rotation axis invariant.
The momenta k;_, transform as vectors while the flux ¢ transforms as a pseudovector pointing
along the rotation axis. Translations and rotations both keep (¢, k,_,) invariant. Inversion
symmetry changes the sign of all vector components, while keeping pseudovectors the same:

RI(¢)kd—2) = (¢,_kd_2). (7)

Finally, a reflection symmetry M results in

RM(¢>kd—2) = (:Fqb::tkd—Z): (83)

with the sign depending on whether M commutes or anticommutes with rotation around the
axis. The next step requires constructing a symmetry operator in presence of flux ¢ inserted
at the rotation axis. We choose a gauge where the flux ¢ enters Hy,; as a phase expi¢ for
all hoppings across a branch cut, as shown in Fig. 3(c). Spatial rotations rotate this branch
cut by 27t/n, with n the number of rotations needed to do one full rotation, and inversion
rotates it by 7. Therefore, to keep the Hamiltonian invariant, wavefunctions in the scatter-
ing region between the initial and final position of the branch cut acquire a phase expi¢, as
shown in Fig. 3(c). We therefore find that the operator C, of the rotation by 27t/n expone-
niates to a flux dependent value: C(¢) = C(0)expi¢, and accordingly the representations

2Note that we choose a different convention for V and Q than in Ref. [20]. Swapping V « VT and Q < QT
would make our convention equivalent to Ref. [20].
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of the rotation symmetry Ve,»Qq, then satisfy VC”n = C;(0)expi¢ and Q’én = C;(0)expi¢.
Similarly, inversion rotates the branch cut by « and squares to Z2(¢) = Z?(0)expi¢, so that
VI2 =72(0)expi¢ and Q% =7%(0)expi¢. The periodic dependence r(¢) = r(¢ +2m) invites
interpreting ¢ as a momentum of H.g with the Brillouin zone spanned by k,_, and ¢. Within
this parallel, a C, rotation symmetry of Hy,j, which increments the polar angle by 27t /n, results
in a translation symmetry by 1/n of a unit cell of H.g. Likewise, inversion symmetry results
in a combination of reflection with respect to the plane perpendicular to the rotation axis
and translation by half a unit cell in H.g. In other words, inversion of the original scattering
geometry acts as a glide symmetry on H.

Rotations, inversions, and reflections are unitary symmetries, and therefore the symmetry
constraints on the reflection matrix r(¢,k,_,) are given by Eq. (6a). More general spatial
symmetries, like the C47 symmetry that protects the HOTI phase in three dimensions [1], are
a combination of a unitary operation with an antiunitary transformation or an antisymmetry.
We derive the symmetry constraints on the reflection matrix r by applying the individual op-
erators in the symmetry sequentially, and then combining the results. For example, the C;7
symmetry is composed of the four-fold rotation C, and time-reversal 7 operators, under which
the reflection matrix r transforms according to Egs. (6a) and (6¢) respectively. Therefore, the
transformation of the reflection matrix under C,7 is given by the product of the transforma-
tions under C4 and 7

F(—p,—ka_2) = Ve, 7(¢, kg_2)r" (¢, ka_2)QL, (¢, kg_2), (9)

where we define Ve, = Vi, (¢, kg 2)V7(¢, kg 2) and Qc,7 = Q7 (P, kq2)Qc, (¢, kg 2).
Once again, if C,7 is a symmetry, then 7# = r and the symmetry constraints on r are given
by the above equation.

In practice, the first step in determining the topological invariant requires finding a basis
for the incoming and outgoing wavefunctions where the symmetry constraints on the reflec-
tion matrix are minimal. Choosing an appropriate basis simplifies the time-reversal symmetry
constraint to either symmetry or antisymmetry of r(¢, ky_,), particle-hole symmetry becomes
areality constraint, and chiral symmetry becomes a Hermiticity constraint, as shown in App. B.
In the presence of multiple symmetries, we choose the basis where the chiral symmetry gives
a Hermiticity constraint if it is present, according to Eq. (3), and the other symmetries have a
minimal compatible form, following Ref. [20]. After performing this transformation, we rely
on the established theory of Hamiltonian topological invariants to determine the topological
invariant of Hg-.

4 Applications of the intrinsic scattering invariant

To confirm the universality of the procedure presented in the previous section, we demonstrate
how it applies to several important examples of HOTIs. These examples illustrate the ways in
which the spatial symmetries of the HOTI phase translate into a symmetry group of the dimen-
sionally reduced Hamiltonian. While we do not aim to provide a complete catalog of scattering
invariants for HOTISs, this section presents a strong argument in favor of the universality of the
procedure.

4.1 Intrinsic scattering invariant of BBH model

To construct the intrinsic scattering invariant of the BBH model, we first consider the re-
flection matrix of an annulus-shaped lattice with a flux ¢ and inner and outer leads, as
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shown in Fig. 5(a). In the topological phase, both surfaces of the annulus host four zero-
dimensional protected zero modes. Four-fold rotation and sublattice symmetries given by
Egs. (6a) and (6d) constrain the reflection matrix r(¢) as

r($) =Qc,($) r(®IV, (¢) = Ve r'()QL (10)

where VC44(¢) = Q‘é4(¢) = —expi¢ acquire a phase factor due to the flux ¢, as explained in

Sec. 3. Additionally, from C? = 1 we obtain that VCJ'- = Q.. Combining the anticommutation
C4C = —CC4 with Egs. (5a,5d) additionally yields

VeVe, (@) =—Qc,(¢)Ve. (11)

With all the constraints, we are ready to determine the intrinsic scattering invariant of the BBH
model.

As the first step, we simplify the problem by observing that C, = Cf commutes both with
C and C,4. Because sz(qb) = —exp(i¢), interpreting ¢ as a momentum parameter of the effec-
tive Hamiltonian means that the problem is invariant under translation by half a unit cell in
the corresponding direction. Therefore, we unfold the Brillouin zone and reduce the unit cell
to a primitive one to eliminate redundant degrees of freedom. Because the eigenvalues of C,
are =i exp(i¢ /2), they are periodic over 47 and the two subspaces of C,—and of any operator
that commutes with it—swap over a 27 interval. Therefore, we project r and the remaining
symmetries onto the subspace of C, with the eigenvalue i expi¢ /2, and consider their depen-
dence on ¢ € [0,41). The range of ¢ € [27,47) of the iexpi¢ /2 eigenspace is equivalent
to the range ¢ € [0,27) of the —iexpi¢ /2 eigenspace, so choosing one subspace over twice
the interval provides an equivalent representation. To avoid dealing with 47 periodicity, we
redefine ¢ := ¢ /2, which yields r(¢) that satisfies symmetry constraints equivalent to those
in Eq. (10), but with Vé = QZC4 =iexpi¢ instead. We call this procedure factoring out a sym-
metry, because r(¢) is no longer constrained by C,. We describe how to factor out a symmetry
and transform the remaining symmetries to the new basis in App. C.

We proceed simplifying the symmetry constrains by transforming to the eigen-
basis of the remaining symmetry operators. We redefine r(¢) := Vgr(qﬁ) and
Ve,(#) =—Qc,(¢) :=VV,(¢), and simplify the symmetry constraints to

r(¢) = Ve, (Ir(@IV, (9) =r'(e). (12)

The first equality corresponds to an anticommutation relation, making r(¢ ) block-offdiagonal
in the basis of V,. The second equality establishes that r(¢) is also Hermitian in this basis.
We then transform r(¢) to the eigenbasis of V,, and obtain the effective Hamiltonian

Heff(qb):(m?(p) h(g")), h(g +2m) = (), (13

where the blocks of He(¢) are in the basis of the different eigensubspaces of V,. The eigen-
subspaces of V¢, swap under ¢ — ¢ + 27, and therefore the effective Hamiltonian in Equa-
tion (13) is 4m-periodic in ¢. Contrary to the dimensional reduction procedure used for
strong topological insulators, this Hamiltonian has a sublattice-like symmetry—more specifi-
cally, a glide sublattice symmetry—just like its parent BBH model. The final step is to apply
the topological invariant of H.g(¢ ), however, to the best of our knowledge, the topology of
one-dimensional systems combining fractional translations and sublattice symmetries has not
been studied before. Therefore, we proceed to construct the invariant, although in most cases
one may apply the already established invariants to the effective Hamiltonian.
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Figure 5: Two scattering geometries of the BBH model and their intrinsic invariant in
the presence of globally symmetric disorder. (a/d) Annulus geometry with a flux ¢
threaded through the center and leads (purple) attached to the inner and outer rings.
In (a) the leads are attached where the zero modes are located and in (d) the leads
are in between the zero modes. The gap of the reflection matrix A = min|detr(¢)|
in (b/e) closes simultaneously with the sign change of the invariant Q in (c/f). The
results are shown for different outer ring sizes r = 10, 20,40, and in (c/f) the values
of Q are minimally shifted for clarity.

Because H.g(¢) is gapped as long as h(¢ ) has no zero eigenvalues, its topological invariant
must be a function of deth(¢). Because deth(¢ + 27) = deth*(¢), deth(¢) crosses the real
axis an odd number of times in the interval ¢ € [0,27). The Z, invariant of this system is
the parity of the number of the crossings by deth(¢ ) of the positive real axis. The crossings of
the real axis appear and disappear only in pairs, hence the parity of the number of crossings
changes only if deth(¢) = 0 for some ¢. Therefore we identify the scattering invariant of the
BBH model to be:

T

Q =sign (deth(—rc) exp [%J d logdeth(¢)]) €Z,y. (14)

—T

Because to compute h(¢ ) we project r(¢) onto the subspaces of C, as described in App. C, we
require special care to ensure that H.4(¢ ) depends continuously on ¢. We address this need
by computing an eigenvalue decomposition of V;, (¢) and Q,(¢) that varies smoothly with
¢, as described in the App. D. At this point, we have constructed a scattering invariant that
uses all of the spatial symmetries of the BBH model, an important difference from extrinsic
scattering invariants. Additionally, the invariant requires knowledge of the reflection matrix at
all values of ¢ €[0,27), in agreement with the spectral flow in Fig. 4, where the zero-energy
crossings of the BBH model are not pinned to any specific value of ¢.

We construct the model and compute the scattering matrix using Kwant [33]. To demon-
strate that the scattering invariant applies to disordered systems, we add a C,-symmetric dis-
order to the BBH model. Specifically, we choose the intra-cell hopping equal to A[1+6(x, y)],
where 6(x,y) = 6(y,—x) is symmetric under C, rotations, and each &(x, y) not related by
symmetry is an independent normally distributed random variable with zero mean and stan-
dard deviation 1/2. Enforcing the global symmetry of the disorder distribution is necessary to
compute the invariant, because we use the subspaces of the symmetry operator to project the
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reflection matrix. We present the resulting topological invariant for a single disorder realiza-
tion in Fig. 5. The invariant correctly changes at the phase transition of the BBH model, even
when the lead is attached far from the corner charges. Because scattering invariants rely on
the unitarity of the reflection matrix, the phase transition point is sensitive to finite-size effects
that may arise from the overlap of the wavefunctions between the inner and outer radius of
the annulus. Figures 5(b-f) show the gap of the reflection matrix A = min|detr(¢)| and the
invariant Q as a function of A/y for different outer radii r of the annulus. In the thermody-
namic limit of r — oo and complete absence of disorder, the invariant changes sign at A =,
as expected from the bulk topological invariant of the BBH model. Regardless of the presence
of disorder or the size of the annulus, the invariant is always quantized and changes sign only
if the reflection matrix has a zero eigenvalue.

4.2 Systems with magnetic rotation symmetry

A natural application of scattering invariants arises in network models, which provide an ef-
ficient way to compute transport properties of large systems. This makes network models
a widely used platform to study localization—-delocalization transitions in quantum Hall sys-
tems [34,35] and higher-order topological insulators, as done, for example, in Refs. [6,36-38].
Topological invariants in network models, however, have an ambiguous topological classifica-
tion due to the absence of a bulk Hamiltonian. In this section, we demonstrate how the scat-
tering topological invariant resolves the ambiguous topological classification of HOTI network
models by considering a two-dimensional C,7 -symmetric topological superconductor. We use
the network model introduced in Ref. [39], where P? = 1 and (C,7)* = —1, to construct an
annulus geometry and, similar to tight-binding models, attach a lead to both the inside and
outside of the disk, as shown in Fig. 6(a). We construct the scattering geometry and compute
the reflection matrix using a network models package [40].

To construct the scattering invariant, we start by factoring out the C, = (C47')2 symmetry
that commutes with the reflection matrix and with all other symmetries. This consists of
projecting the reflection matrix onto one of the two eigensubspaces of C, and redefining the
momentum parameter ¢ := (¢ —)/2, as described in Sec. 4.1 and App. C. After simplifying

SEH SR
uitheir

SRS E S

%Mfﬁ ' T om0 a2 or

y

Figure 6: Two-dimensional C;7 +P-symmetric network model and its corresponding
phase diagram. (a) Annulus geometry (blue) with leads (purple) attached to the
inside and outside of the disk. The scattering unit cell has two sites and a flux ¢ is
threaded through its center. (b) Phase diagram as a function of network parameters
B,y for fixed a = /2 and 6 = 0.
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the symmetry representation, the particle-hole symmetry and the C,7 symmetry constraints
on r become

r(@)=r"(=¢),  r(¢)=—r"(—¢p)exp(—i¢/2), (15)

making the reflection matrix 4n-periodic. At ¢ = 0, these constraints define a real antisym-
metric reflection matrix, and therefore the topological invariant is:

Q = signPfH.(0) = signPfr(0) € Z,. (16)

Similar to the BBH model, the spectral flow of the Hamiltonian spectrum of this model has
a pair of zero-modes, which appear at ¢ = 0, and are protected by particle-hole symmetry
and a Kramers-like degeneracy originating from the C,7 symmetry. Figure 6(b) shows the
phase diagram of the network model as a function of the network parameters. The invariant
only changes if the reflection matrix has a zero eigenvalue, and it correctly identifies the HOTI
phase of the network model as found in Ref. [39].

Our theory for scattering invariants relies on constructing a symmetric scattering geometry
and attaching symmetric leads to both the outside and inside surfaces. We further demon-
strate the universality of this procedure by applying it to a three-dimensional C,7 -symmetric
HOTI [41] with protected hinge modes. We consider the model introduced in Ref. [41]:

H(k) =7,00(cosky + cosk, +cosk, =3 —u)+q; Z T,0;sink;

i=x,y2 a7
+q, T, 0;sink;sink, +q37,0¢ + p(cosk, —cosk,)T,00,

j=x,y

where o; and 7; are Pauli matrices acting on the spin and orbital degrees of freedom, k; are
the components of the wave vector, q; and p are strengths of the Hamiltonian terms that break
additional symmetries, and u drives the system through the phase transition. Because the
model is three-dimensional, the dimensional reduction procedure results in a two-dimensional
effective Hamiltonian for the scattering invariant. Additionally, because C,7 symmetry rotates
the system around the z-axis, we choose to keep k, and ¢ as the momentum parameters of
the effective Hamiltonian, and x and y as the spatial coordinates of the scattering geometry.
Therefore, we use a translationally invariant cylindrical geometry with leads attached to the
inside and outside of the cylinder, such that a total of eight hinge modes propagate along the
outer and inner surfaces, as shown in Fig. 7(a). We construct the scattering geometry and
model using Kwant [33] and Qsymm [42].

To construct the scattering invariant, once again we start by factoring out the C, = (C47')2
symmetry that commutes with the reflection matrix and with all other symmetries, as described
in Sec. 4.1. We obtain the reflection matrix constraints as:

r(¢7kz) :_TT(_¢:_kz)eXP(_i¢/2)~ (]—8)

Differently from the two-dimensional network model example, this model does not have a
particle-hole symmetry, and the reflection matrix is not constrained to be real. However, at
¢ = 0 and k, = 0, «t, the reflection matrix is still real and antisymmetric. The topological
invariant is then the same as that of a two-dimensional class All topological insulator [20], or
if expressed in terms of H.g, it is the invariant of the one-dimensional class DIII topological
superconductor [43]:

0— Pf[Hef(0, )]

1 T
= —— dlogdetH (0, k €7y, 19
i oo| - | atosderigok)] <z 19)

where Hq¢(0, k,) = r(0, k,). The resulting phase diagram is shown in Fig. 7(b-c).
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Figure 7: Three-dimensional C, 7 -symmetric HOTI. (a) Infinite cylindrical scattering
geometry with a flux ¢ threaded through the center. The leads (purple) are attached
to the inside and outside of the cylinder, both are surfaces with four edge modes
(red). (b) Gap of the reflection matrix A = min|detr(¢,k,)| and (c) invariant Q
as a function of the onsite potential u. For this computation we use g; = 1 and

q2=q3=p=0.1.

We observe that both in the two-dimensional and three-dimensional cases, the topological
invariant is determined by the reflection matrix at ¢ = 0. This is similar to an earlier work on
antiferromagnetic topological insulators [44]. Such behavior occurs whenever an antiunitary
symmetry is multiplied by a fractional translation, which makes the square of the symmetry
operator change between different high symmetry lines in the Brillouin zone. In our construc-
tion, the same principle applies to fractional rotations. Thanks to this observation, we also
conclude that the topological classification of systems with magnetic rotation exponentiating
to +1 is identical, except that the relevant value of ¢ shifts in the reduced Brillouin zone.

4.3 Axion insulator: 3D inversion

Finally, in this section, we demonstrate how to apply the scattering invariant to point-group

symmetries, which lack a preferred direction for the leads or boundary modes. As an exam-

ple, we consider a three-dimensional axion insulator [45-47], which is a second-order HOTI

protected by inversion symmetry. A finite axion insulator sample hosts a chiral mode that en-

circles the entire sample [48], as shown in Fig. 8(a). Inversion symmetry forbids the chiral

mode from being contracted to a point, but it does not constrain its position on the surface.
We construct a minimal model of an axion insulator with the following Hamiltonian:

H=—ut,0¢+ Z 2(1—cosk;)T,00+a Z sink;0;7, +BTy0 . (20)
i=X,y,2 i=x,y,2

Here o; and 7, are Pauli matrices acting on the spin and orbital degrees of freedom, and k; are
the components of the wave vector. The Hamiltonian parameter a is the spin-orbit coupling
strength, B is a magnetic field, which we use to break time-reversal symmetry, and u is the
chemical potential. This model is trivial for y < 0 and topological for u > 0. Because the HOTI
is protected by inversion symmetry, we construct an inversion-symmetric scattering geometry
for applying the scattering invariant. Such a geometry is a translationally-invariant cylinder
where k, and ¢ are the momentum parameters of the effective Hamiltonian, and x and y are

the spatial coordinates of the scattering geometry.
Inversion symmetry maps k, — —k, and ¢ — ¢, and constrains the reflection matrix

r(¢,k,) as:
Vi()r(d, k)Q(P) =r(d,—k,),  VEP)=QAp)=eT". 2D
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This follows from Egs. (5a) and (21), and becomes a commutation relation for k, = 0, 7.
The equivalent H.g (3) is two-dimensional, and it has a combination of a glide symmetry and
a sublattice symmetry. This topological phase was analyzed in Ref. [49], and its topological
invariant relies on block-diagonalizing the reflection matrix by projecting it onto the eigenbasis
of Vz(¢) and Qz(¢) at k, = 0 and k, = 7. The scattering invariant is:

detr,(—7,0) exp3 [ dyIndetr,(9,0)
detr, (=7, 7) exp 1 f_nn dg Indetr, (¢, )

s
Q =ssign exp % f dkz Indetr(—m,k,) |, (22)
0

where r, (¢, k,) is the reflection matrix projected onto the subspace of Vz(¢) and Q7(¢) with
eigenvalue e!?/2. Its graphical representation is shown in Fig. 8(b), and we identify the numer-
ator and denominator of the fraction as the way of defining /det r(—m,0) and 1/detr(—m, )
without the sign ambiguity. Similar to Sec. 4.1, we apply the procedure of App. D to ensure
that the integrands are smooth functions of ¢. By applying the invariant to the scattering
matrix of our example system, we confirm that the invariant switches at the phase transition,
as shown in Fig. 8(c-d). Fig. 8(d) shows an extended range of u where the invariant flips sign
due to the Fermi surface that appears for such values of .

Scattering invariants are a powerful tool to study localization—delocalization transitions in
disordered systems because they establish a direct connection between topology and transport
properties. Reference [6], for example, studied the effect of the bulk delocalization transition
of disordered axion insulators using a network model, and claimed that an earlier analysis [ 50,
51] of topological phases protected by an average symmetry does not extend to HOTIs. Our
scattering invariant, however, allows us to formulate a proof of the existence of the delocalized
phase in a disordered axion insulator along the lines of Ref. [50]. We do this by considering
a finite but large cylindrical sample with disorder in one half being an inversion image of the
disorder in the other half, such that locally disorder breaks inversion symmetry, but globally
the system is inversion symmetric. Because the scattering invariant must change across the
phase transition, a mode must perfectly transmit between the inner and outer radius of the
cylinder as a phase transition is crossed. Additionally, because the system is three-dimensional,
this implies that the perfectly transmitted mode is accompanied by a metallic phase. This
argument establishes that the axion insulator must have a delocalized phase in the presence
of disorder that is symmetric on average.

r=10 r=20 —— r=40
(a) (b) RAAGS e (c) 1
Wi AT A )
) Tg . | WV/\/V
O g 2
d wey @ =
k, J —11
— [0 g —-1/2 1/2

Iz

Figure 8: A three-dimensional inversion-symmetric second-order HOTI, the axion
insulator. (a) Finite geometry in the HOTI phase with a protected edge mode (red)
encircling the entire sample. (b) Brillouin zone of the effective Hamiltonian H.g with
the path and windings W of the invariant calculation. (c) Gap of the reflection matrix
A = min|detr(¢,k,)|. (d) Scattering invariant Q as a function of the chemical
potential u. The extended range of u (gray) for which the sign of the invariant
changes is due to the Fermi surface.

15


https://scipost.org
https://scipost.org/SciPostPhys.19.2.058

e SciPost Phys. 19, 058 (2025)

5 Conclusion and discussion

We presented a general construction of scattering invariants for second order intrinsic higher
order topological insulators and superconductors. To do so, we established a general pro-
cedure that relies on the compatibility of the spatial symmetries that protect a HOTI with
the geometry of the scattering region. Determining the topological invariant required us to
consider a geometry with separated inside and outside regions, and to consider the flux de-
pendence of the reflection matrix. Similar to the dimensional reduction procedure for strong
topological insulators [20], from a given model we constructed a lower-dimensional effective
Hamiltonian in a different symmetry class, and used the topological invariant of this effective
Hamiltonian to determine the topological phase of the original model. Differently from the
standard scattering theory of topological insulators, our procedure maps a rotation symmetry
on a translation symmetry, and an inversion symmetry on a glide symmetry.
We have applied the procedure to several prominent examples:

* The BBH model, a 2D HOTI protected by anticommuting C, and C symmetries.

* A 2D HOTI with a C,7 and P symmetry, for which we used a network model demon-
stration.

* A 3D HOTI with C,7 symmetry.
* A 3D axion insulator with inversion symmetry.

In all cases, the scattering invariant correctly identified the topological phase transitions re-
gardless of the detailed geometry of the scattering region. The topological invariants that we
used employ reasoning previously identified for antiferromagnetic topological insulators [44]
or for topological crystalline insulators [49]. Additionally, our approach enables us to fac-
tor out a pure rotation that commutes with the other symmetries, while the Hamiltonian ap-
proach [41] requires special treatment of such symmetries.

Our examples, together with general arguments, indicate that our approach applies to
all the second order HOTIs. On the other hand, higher order HOTIs, in particular three-
dimensional phases with zero-dimensional protected modes, do not seem to fit into our frame-
work. This is because one can choose the cylinder geometry so that the corner modes do not
appear on its inner or outer boundary. We expect that the need for holes with a flux in the
scattering geometry extends to higher order HOTIs. More specifically, we conjecture that third
order HOTIs need a scattering geometry with two holes and two fluxes ¢; threaded through
them, in such a way that the dimensional reduction procedure maps to a d — 1-dimensional
He(p1, P2, kq—3). The finite size gap of the surface states at the boundaries then goes to zero
as a function of the fluxes introduced.

Finally, our work reveals a different perspective on higher order topological insulators from
those presented in the literature. We have found that a nontrivial reflection matrix always
corresponds to the appearance of a zero energy mode in the original model’s spectrum, as
exemplified in the spectral flow of Fig. 4. Because the topology of r may not change when
the geometry is varied smoothly, we may contract the inner radius of the cylinder into a point
and extend the outer radius to infinity. This demonstrates that all second order HOTIs have
protected defect modes appearing at flux lines, which is a local property that was previously
overlooked. It is interesting to explore whether this property characterizes disordered higher
order topological phases, like those studied in Ref. [8]. It is also interesting to apply our
framework to identify quantized transport phenomena in HOTISs, likely related to the interplay
between adiabatic pumping [52,53] and symmetry eigenvalues.
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A Scattering equation

The scattering formalism describes the transport of electrons through a scattering region con-
nected to leads. The scattering region is a finite system of sites and orbitals that hosts lo-
calized wavefunctions, while the leads are semi-infinite and translational invariant, and thus
host plane waves. On the basis of sites and orbitals of the scattering region and the leads, the
Hamiltonian of the system is:

Hy PJVT
VP sr H lead v
H= V. Heq V' , (A.1)

|4 H lead VT

where H,, is the (big) Hamiltonian of the scattering region and Hy,,q4 is the (small) Hamiltonian
of the lead’s unit cell. Here we grouped all the leads into a single one. The coupling of the lead
to the scattering region takes the specific form VP, where V is the hopping matrix between
the leads and the scattering region and P, is the projector Py rectangular matrix with ones
in the diagonal and zeros everywhere else. Reference [22] contains a detailed review of the
scattering matrix formalism.

The scattering matrix S(E) relates the incoming and outgoing wavefunctions between the
leads at an energy E, and its elements are given by the scattering equations:

(Hap —ESqp) (\1/;';; ol + > s, ol + qf};;falizeda;“) =0, (A.2)
m
where H,;, is the Hamiltonian, and a and b label the sites and orbital degrees of freedom of the
scattering region and the leads. The incoming and outgoing wavefunctions ¥'™ and ¥°" are fi-
nite in the leads and vanish in the scattering region, while the localized wavefunctions w!°calized
are defined in the scattering region and may decay exponentially into the leads if evanescent
modes are present. The wavefunctions are matrices where each column corresponds to a
mode, and the rows label the sites and orbitals matching the size of the Hamiltonian. The
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total number of modes is N oqes = Niites X Nogbitals fOr ideal leads, i.e., leads that do not host
any evanescence modes, where Ng;.. is the number of sites from which the leads are attached,
and N,,ita1s 1S the number of orbitals per site in the lead. The scalars aﬁl are the amplitudes
of each incoming mode n. Because the leads are translational-invariant, the leads modes are
plane waves and we solve Eq. (A.2) using a sparse finite system of equations [22].

In the context of scattering topological invariants, we are interested in the topology of
the scattering region. Therefore, Hy, is a HOTI Hamiltonian that preserves the symmetries of
interest, while H).,q only needs to globally preserve the symmetries. In practice, we create
either a tight-binding model of the scattering region or a network model. We make the tight-
binding model of a scattering region using the Kwant package [33] and test the symmetries
of the Hamiltonian using Qsymm [42]. Additionally, we construct ideal leads using Kwant,
see Ref. [54] for the code. A network model, such as we used for the 2D C,7 + P symmetric
system in section 4.2 consists of a combination of scattering matrices, each as a node within
the network. The links in between the nodes connect the different scattering regions and the
leads are once again plane waves to the scattering regions.

B Symmetry constraints on scattering matrices

In this section, we derive the constraints on the reflection matrix r imposed by a symmetry
operator . In general, applying an operator O to the scattering equation in Eq. (1) at E=10
gives:

H(Ro($,kq2)) (OF"a™ + OUS(§, kyp)a™ + OF?Ndgi) = 0, (B.1)

where H(Rp(¢,kq.2)) = OH(¢,ky,)O7! is the transformed Hamiltonian, and R, is the ac-
tion of the operator in parameter space. If the operator O is a symmetry of the Hamiltonian,
Eq. (B.1) constrains the scattering matrix S and the reflection matrix r. To derive the con-
straints on r, we equate the coefficients of the wavefunctions in the scattering equations to
the ones in the symmetry-transformed scattering equations. Therefore, we start by applying
O to the incoming and outgoing wavefunctions. Because O may be a unitary or antiunitary
operator, and a symmetry or antisymmetry, we consider four cases.

B.1 Unitary symmetry
Unitary symmetries map incoming and outgoing wavefunctions within the same Hilbert space:
OV =Uo (¢, kag), OV =T"Qu($,kqo), (B.2)

where V, and Q are matrices that act on the wavefunctions. Applying O to the wavefunctions
twice gives: . ‘ .
O(0¥™) = O(¥"Vp) = V"V (¢, kas),

outy _ out _ \{yinNn2 k (B.3)
O(0¥°") = O(¥*" Qo) = ¥"Qp (¢, ka2).
As a consequence, we obtain the following constraint:
(\I’in)TOZ‘IJin — VZ( ,k ) ),
o($,ka (B.4)

(\I,out)Toz\IJout — Qé(¢, kd-Z) ,

if O is a unitary symmetry.
Finally, we combine Egs. (B.2) and (B.1):

H(Ro(¢,ka.2)) (T"Vo (¢, kaa)a™ + Qo (¢, ka.2)S(¢, kyp)a™ + wo@dg™) = 0 (B.5)
— FI(RO(¢’ kd-z)) (\.Ijinain/ + \Potho((ﬁ, kd-Z)S(d), kd.z)V(;(¢, kd_z)ain’ + \I}localizedain) =0,
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where we identified o’ = Vo, kqo)a™. Because O is a symmetry, the solutions of Eq. (B.5)
are those of Eq. (1) for S(Rp(¢, ky)). Therefore, the scattering matrix S is constrained by
the symmetry operator O as:

Qo(®, k4 2)S(h, ka2)V($, kas) =SRo(d,kas)). (B.6)

B.2 Antiunitary antisymmetry

Antiunitary antisymmetries map incoming and outgoing wavefunctions within the same
Hilbert space, like unitary symmetries:

OV ="y (p,kgs),  OF™ =T"Qu(¢,kys), (B.7)

where Vj, and Q, are matrices that act on the wavefunctions. Applying O to the wavefunctions
twice gives: . ' '
O(O\Pm) = O(\I’mV@) = \IJmVO(d), kd_z)Vg(qb, kd—Z) N

O(OT°") = O(F"'Q) = ¥"Q (¢, ka2)Q (¢, kaa),

where we applied the conjugate operator K to the matrices V and Q. As a consequence, we
obtain the following constraint:

(B.8)

(T O = Vo (¢, ka2)V5 (¢, kaa),

j (B.9)
(T O™ = Qo (¢, ka.2)Q (¢, kaa),

if O is an antiunitary antisymmetry.
Finally, we combine Egs. (B.7) and (B.1):
ARo($,ka.2)) (¥Vo (¢, kap)a™ +¥°UQu (¢, ka2)S (d, kep)al™ +wlocalizedgin™) = o (B.10)
— H(Ro(¢, ko)) (\Pinain/ FTUQ (), kyo)SH(, kd-z)v(;(d)’ kd_z)ain’ + \I}localizedain) =0,
where we identified a = Vo(p,kqo)a™ . Because O is a symmetry, the solutions of

Eq. (B.10) are those of Eq. (1) for S(Rp(¢,k4.2)). Therefore, the scattering matrix S is con-
strained by the symmetry operator O as:

Qo($,ka2)S (9, ka2)Vy(h,kas) = SRo(e, ky.)). (B.11)

For example, in the presence of particle-hole symmetry Eq. (B.11) establishes that S is
isomorphic to a real matrix S’ at time-reversal invariant momenta if P2 = 1. To see this, we
use that VpVi = QpQp = P? = £1 to manipulate Eq.(B.11) and obtain

* T\* * T
(Vr(9kan) 5(6. kan)VVp(9.kan) ) =+1/Qp(dkaz) S(—,—ka2)y/Ve(d,kas)
(B.12)
where \/673 and vV denote the square root of the matrix. At time-reversal invariant mo-

menta we define S’ = \/QP*S Vg and find S’ = §™ for P2 =1, and §’ = 0,8%c, for

2 . . . * * .
P= = —1. The o, operator is required to satisfy v Qp+v/Qp = VVp/V » = —1. This con-
straint may be incompatible with other constraints if multiple symmetries are present.

B.3 Unitary antisymmetry

Unitary antisymmetries map incoming and outgoing wavefunctions to each other:

OV = WOV, (¢, k), OV = U"Q (¢, ko), (B.13)
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where V, and Q are matrices that act on the wavefunctions. Applying O to the wavefunctions
twice gives:

O(0O¥™) = O(¥*"Vp) = ¥"Q (¢, ka.2)Vo (P, kaa),
O(0¥°™) = O(F™"Qp) = ¥V (¢, ka2)Qo (P, ka2),

where we applied the conjugate operator K to the matrices V) and Q. As a consequence, we
obtain the following constraint:

(B.14)

(@M O™ = Qo (¢, kgo)Vo(d, kys),

(B.15)
(T O = Vi (¢, kg2)Qo($, ka2),

if O is a unitary antisymmetry.
Finally, we combine Egs. (B.13) and (B.1):
HRo($,ka2)) (¥ Vo 9, kar)a" +¥"Qo(¢, ka2)S(9,kap)a™ + W dqM) =0 (B.16)
= ARo(¢,ka2)) (T + TV (§, kg2)S (¢, ka2)Qp(@, kgn)o™ +whlolizedgin) = o,
where we identified ai?’ = Qo(¢,ky2)S(¢,kyo)a™. Because O is a symmetry, the solutions

of Eq. (B.16) are those of Eq. (1) for S(Rp(¢, kq.5)). Therefore, the scattering matrix S is
constrained by the symmetry operator O as:

Vo(, ka2)S(¢, ka2)Qh (¢, kaz) = SRo(d, ka.2))- (B8.17)

For example, in the presence of chiral symmetry Eq. (B.17) establishes that S is isomorphic
to a Hermitian matrix S’. To find the transformation that makes S Hermitian, we first observe
that Q:Ve = VoQe = C? =1 from Eq. (B.15). Then, we use Q"C = V. in Eq. (B.17) and find

' =5" for S'(¢,kaz) = Vi (¢, ka)S(¢,kq2).

B.4 Antiunitary symmetry

Antiunitary symmetries map incoming and outgoing wavefunctions to each other:
OV = V"V (§,kas),  OF =¥"Qo(¢, kqo), (B.18)

where V, and Q are matrices that act on the wavefunctions. Applying O to the wavefunctions
twice gives: _ .
O(0¥™) = O(¥°"Vp) = ¥"Qp (¢, ka2)V5(d, ka2),

O(0¥°") = O(F™Qp) = V™V (¢, ka2 )Ql (P, ka2),

where we applied the conjugate operator K to the matrices V) and Q. As a consequence, we
obtain the following constraint:

(B.19)

(TN O = Qo (¢, ka2)Vi (@, ka),

out TOZ out _ k * k (B'2O)
(T 0w Vol(¢,kq2)Qp(P, k42),

if O is an antiunitary symmetry.
Finally, we combine Egs. (B.18) and (B.1):

ARo(¢,ka2)) (¥ Vo (9, kaa)ad™ +TTQo (¢, kg 2)S" (¢, kaz)a™ +Wlieda™) =0 (B.21)
— I‘NI(RO(d), kas)) (\pinain/ + Y (), kd_z)ST(¢, de)Q’(LQ(d); kd_z)ain’ + \Illocalizedain) =0,
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where we identified @it = Qo(¢,ky2)S (P, kyo)a™" . Because O is a symmetry, the solutions
of Eq. (B.21) are those of Eq. (1) for S(Rp(¢, kq.5)). Therefore, the scattering matrix S is
constrained by the symmetry operator O as:

Vo($,ka2)ST(¢,ka2)Qh($, kaz) = SRo(d, ka.0)).- (B.22)

For example, in the presence of time-reversal symmetry Eq. (B.22) establishes that S is
isomorphic to an (anti)symmetric matrix S at time-reversal invariant momenta. To see this,
we first observe that Q7V; = VyQh = T2 = =£1 from Eq. (B.20). Then, we use Q;. =Vi==1
in Eq. (B.22) and find

(S(¢, ka2 )VE(, ka2))' = £S(—p,~ka)VE($,kgos)- (B.23)

At time-reversal invariant momenta, we obtain S’ = +S’T for S’ =S V;.

C Factoring out commuting symmetries

Whenever a symmetry group has a unitary symmetry C,, that commutes with all other elements
and satisfies C'(¢) = C](0)exp(i¢), we use the subspaces of C, to block-diagonalize the
reflection matrix. Because the eigenvalues of C,, are proportional to exp(i(¢ + 27j)/n), for
j € [0,n) the index of the eigenvalue, the periodicity of each of the blocks of the reflection
matrix becomes 27tn. A phase change of 27 corresponds to a map from the jth block to the
next—the j+ 1th block. Therefore, instead of considering the entire reflection matrix over the
21 range, we work with only one block over the 27tn range. We call this procedure factoring
out the symmetry C,, because C, is no longer a symmetry of a single block.

For example, in Sec. 4.1, in addition to the constraints of C4 and C, C, = (C,)? further
constrains the reflection matrix as:

Ve, (@Ir(9)QL, =r(¢), C.1)

where Vg, = (VC4)2 and Q¢, = (Qc, )?. We use this commutation relation to block-diagonalize
r into two blocks associated with the A, (¢) = *iexp(—i¢/2) eigenvalues of Cy:

(- (M ) Ve =161, ©2

T
U, () A_( ¢)) Uy, (@)r($)q,, (#)
where chz(qb) and UQCZ(¢) are the eigenvectors of Vi (¢) and Qc,(¢). Because
[Cy,C4] = [Cy,C] = 0, each block remains constrained by C4 and C. Additionally, because
the eigenvalues of C, swap when ¢ changes by 27, the blocks of r swap as well. Therefore,
each block contains the full information of the reflection matrix in the 47 range. Without loss

of generality, we redefine 2¢p — ¢ and redefine r(¢) as one of the blocks:
r(9)=Uy_ _(¢)r($)Uq,,—(9). (C.3)

The projection in Eq. (C.3) requires applying two different unitaries from the left and right,
because r is a linear map from the space of outgoing wavefunctions to the space of incoming
wavefunctions.

In Sec. 4.2 we use the same strategy to block-diagonalize the reflection matrix r into two
blocks associated with the i exp(—i¢ /2) eigenvalues of C,. In Sec. 4.3 we block-diagonalize
r into two blocks associated with the +iexp(—i¢/2) eigenvalues of Z at the k, = 0, 7 lines,
which are invariant under inversion.
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D Implementation of a smooth gauge choice for V and Q

The expressions for the topological invariants in Eq. (14), (19), (22) involve integrals of
the reflection matrices r(¢) and r(¢, kq.5) over a line. The reflection matrices are, however,
linear maps and not operators, making their eigenvalues gauge-dependent and, in general,
discontinuous functions of ¢ and kg 5. To compute the invariants we need to choose a gauge
for the reflection matrices that makes their eigenvalues continuous functions of ¢ and kg.5.

Because the reflection matrices in the invariant expressions are a result of applying a
parameter-dependent basis transformation to the original reflection matrices (see Eq. (C.3)),
we need to construct a smooth gauge for the eigenvectors of V(¢ ) and Q(¢). To do this, we
first compute V(¢ ) and Q(¢) for a set of N values ¢ € [0, 27], such that they are 27-periodic.
Then, we compute the eigendecomposition of V(¢ ) and Q(¢) for each ¢ and separate them
into two sets:

V() = A.()Uy (U] ($)+A_($)Uy_ (U] _($),
QP) = A (§IUq+(PIU ($)+A_($)Uqg (UL, (),

where A, (¢) are eigenvalues of V(¢ ) and Q(¢) smoothly varying with ¢, and Uy, .(¢) and
Uqg,+(¢) are the corresponding eigenvectors arranged as columns. The latter are not necessar-
ily smooth functions of ¢, and our goal is to construct a smooth gauge for them.

We construct a smooth gauge for each of the four sets of eigenvectors Uy, (¢ ) and Uy ()
by iterating over ¢ and following the steps below:

(D.1)

1. Compute the overlap matrix O(¢) = U‘L(qb)UV,Jr(d) +6¢).

2. Compute the singular value decomposition O(¢) = U(¢)S(p)IVT ().
3. Compute the gauge transformation matrix G(¢) = U(¢)V(¢).

4. Update the eigenvectors Uy (¢ +6¢) — Uy (¢ + 5P)GT ().

5. Repeat for the next value of ¢, until ¢ = 2.

6. Compute the overlap matrix O(27) and spread the gauge transformation uniformly over
all the eigenvectors.

The last step ensures that the gauge is also 27-periodic. Additionally, if a symmetry that maps
¢ to —¢ is present, e.g. time-reversal, we further constrain the gauge by choosing symmetric
eigenvectors at ¢ = 0, . By the end of this procedure, the overlap matrix O(¢) is the identity
matrix in the limit ¢ — 0, making the eigenvectors smooth functions of ¢. We repeat the
same procedure for the eigenvectors Uy_(¢) and U, +(¢). The code for constructing the
smooth gauge is available in Ref. [54].
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